CONTROL THEOREMS FOR ORDINARY
2-ADIC FAMILIES OF MODULAR FORMS

EKNATH GHATE AND NARASIMHA KUMAR

ABSTRACT. We prove a control theorem for Hida’s ordinary Hecke algebra for the prime p = 2,
thereby establishing a uniqueness result for ordinary 2-adic families of cusp forms. As a conse-
quence we show that the possibly finitely many exceptions that arise, in showing that the local
Galois representations attached to the arithmetic members of a non-CM ordinary 2-adic family
of cuspidal eigenforms are all non-split, contain no CM forms.

1. INTRODUCTION

Hida theory for the prime p is the theory [Hid86a], [Hid86b] that deals with p-ordinary families
of elliptic modular forms. While generalizations are now available, for automorphic forms on groups
other than GL2 and base fields other than @@, many authors tend to shy away from the prime p = 2.

The goal of this paper is to check that some of the basic results in the literature stated for odd
primes p (and originally for p > 5 in [Hid86a], [Hid86b]) remain valid for the prime p = 2. In
particular, we shall check that Hida’s control theorem (Theorem 8.1) for the ordinary A-adic Hecke
algebra holds in this setting. Such control theorems are of fundamental importance since

(i) they are connected to the fact that the dimension of the space of ordinary cusp forms
SYT1(Np"),Zy,) of tame level N coprime to p, and r fixed, is bounded independent of the
weight k, even though the dimension of the ambient space of cusp forms grows large with
k, and

(ii) they can be used to prove existence and uniqueness results for p-ordinary cusp forms in
Hida families.

Both these applications are well known when p is odd. As a result of our work here, we similarly
deduce that a 2-stabilized ordinary cuspidal newform of weight at least 2 lives in a unique primitive
2-ordinary cuspidal family, up to Galois conjugacy (cf. Section 9). As a consequence, we are able
to separate primitive 2-adic CM families from primitive non-CM families.

The proof of the control theorem in the case p = 2 given here uses a melange of techniques from
several of Hida’s papers. However, since some key facts needed from the theory of mod 2 modular
forms do not still seem to be known, we have had to replace these with other ingredients; see in
particular the proof of Theorem 5.3.

The reason we decided to embark on this project was to understand to what extent a recent
application of Hida theory for odd primes p, namely to understanding the local splitting behaviour
of p-ordinary modular Galois representations, continues to hold for the prime p = 2. As explained
in [Gha04], a direct geometric approach to this problem using the motive attached to the underlying
form only seems possible when the weight is 2. Following instead the Hida theoretic approach in
[GV04] for odd primes p, and assuming that a modularity result of Buzzard [Buz03] for Artin-like
representations holds in sufficient generality for the prime p = 2 (see [All12] for some progress on
this front), we show that almost all arithmetic members of a primitive non-CM 2-ordinary family
of cusp forms have locally non-split Galois representations. The uniqueness result mentioned above
implies that none of these possibly finitely many exceptions are CM forms. Thus, as for odd primes
p, if an exception occurs in a 2-ordinary non-CM family, it would give a genuine counterexample to
the natural guess of Greenberg that p-ordinary modular Galois representations tend to be locally
split only if the underlying form has CM.
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2. PRELIMINARIES

We recall some background and notation.

Let ® be a torsion-free congruence subgroup of SLy(Z). Then ® acts freely on the upper half
complex plane H by linear fractional transformations. Let Y be the complex open manifold asso-
ciated to @, i.e., Y = ®\H. Let C(®P) denote a finite set of representatives for the ®-equivalence
classes of cusps. Let X be the smooth compactification of Y obtained by adjoining the cusps in
C (D).

For any Z[®]-module M, equipped with the discrete topology, let F(M) = ®\(H x M), where
a € & acts on H x M by a(z,m) = (az,am) for (z,m) € H x M. We denote by the same
symbol F(M) the sheaf of continuous sections of the natural covering map F'(M) — Y. The sheaf
cohomology group is denoted by H (Y, F(M)) and compactly supported cohomology is denoted by
H.(Y, F(M)). The parabolic sheaf cohomology group H (Y, F'(M)) is the image of H.(Y, F(M)) in
H(Y, F(M)).

We relate the sheaf cohomology group with group cohomology. For n > 0, let L,(Z
be the n-th symmetric power representation of SLy(Z). For an abelian group A, let
L, (Z) ®z A. It is naturally an SLy(Z)-module through its action on the left factor.

It is well-known that

HY (Y, F(Lo(A))) = H (@, Ly(A)),
where H*(®, L,,(A)) denotes the i-th group cohomology of the Z[®]-module L, (A). This isomor-
phism is compatible with the action of the Hecke operators. Moreover, we have

Hy (Y, F(Ln(A))) = Hy (@, Ly (4)),

where the right hand side is the first parabolic group cohomology group and this isomorphism is
again equivariant for the action of the Hecke operators.

When we study the ordinary parts of cohomology groups of I'1 (Np") with (p, N) =1, for different
r’s, we will also need to consider the ordinary parts of cohomology groups of ®7, for r > s > 0,
where

2 = T (Np*) N To(p") = {(Cc” Z) € SLy(Z) | ¢ =0 (mod Np'), a =1 (mod NpS)} .

From now on p = 2, ¢ = 4 and (2, N) = 1. Let Tp = I'y = Z} and for » > 2, let ', denote the
subgroup 1+ p"Z, of I, where I' =I'y = 1 + ¢Z,,. There is a short exact sequence of groups

0—-T1(N2") - & - T,/T, — 0,

induced by ®; > (‘C‘ S) ++ d € T'y/T",.. For convenience write ®, for ®, for > 0. In Hida theory,
for primes p > 3, the congruence subgroup ®; plays an important role, but when p = 2, the role of
this group is played by the congruence subgroup ®5 = I'g(4) NT';1(N). Note that this last group is
torsion-free if N > 1.

Let K be a finite extension of Q, and Ok be the integral closure of Z, in K. Let Z denote the
group 1'£1(Z/NpTZ)>< =Zy x(Z/NZ)*. We may consider I' = 'y = 1+4Z,, as a subgroup of Z; let

u denote a generator of 'y, often taken to be 1+ ¢. By definition, there is a tautological character
t: T = A = Ok[[I']], which takes u to itself in Ax. For each character x : I' — O, the element
P, = (u) — x(u) is a prime element, and Ax/P,Ax ~ O, so that ¢(u) corresponds to x(u). If
x(u) = e(u)u®, where € is a finite order character of I', we write Py . for P, and simply Py if € is
trivial. We may identify Ax with O [[X]] sending u to 1 + X and in this case, Py ¢ is nothing but
(14 X) — e(u)u*. When K = Q,, we denote Ag, by A.

Finally, let w denote the mod 4 cyclotomic character, that is, w is the mod 4 character defined
by w(x) = %1, for x = +1 (mod 4).

3. MAIN THEOREMS

Recall that p = 2, and N is odd. We only use the congruence subgroup I'; (Np") with r > 2,
which is a torsion-free group. We denote the corresponding complex Riemann surface by Y, and its
compactification by X,.. Let H!(Y,., M) and H*(X,., M) denote the corresponding sheaf cohomology
groups for each constant sheaf M of Z-modules. It is well-known that

S2(T1(Np")) =~ H' (X, R),
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where the right hand side of the isomorphism, the sheaf cohomology with R coefficients, can be iden-
tified with de Rham cohomology. The above isomorphism is invariant under the Hecke action. The
Hecke algebra ho(I'1 (Np"), Z) acts on H' (X, Z) and therefore h2(T'1(Np"),Z,) acts on H' (X, Z,),
HY(X,,Q,), H'(X,,T,), where H*(X,, M) = H'(X,,Z) @z M and T, := Q,/Z,.

For every positive integer r» > 2, we simply write

V, =H'(X,,T,), W,=H(Y,,T,).

Since H'(X,., T,) ~ H'(X,,Q,)/H'(X,,Z,), we see that V,, and W, are p-divisible modules of finite
Zy-corank. Therefore End(V,) and End(WV,) are free of finite rank. Hence one can define Hida’s
idempotent operator e, attached to the Hecke operator T}, in End(V,) and End(W,). Define the
ordinary parts of V.. to be V0 = ¢,V, and similarly for W,. V? is a module for h3(I'1(Np"),Z,),
the ordinary part of h2(I'1(Np"),Z,). By abuse of notation, we will use the same notation e for the
various e,’s.

There is also an action of To(Np")/T'1(Np") on V? and W?. Let V denote the direct limit of V,
and define similarly W, V9 and W°. Since (Z/Np"Z)* acts on V? and W2, hence Z acts on VY and
WP, In particular V° and W° become continuous modules over the Iwasawa algebra A = Z,[[I]]
if we equip them with the discrete topology. Let V9= Homy,, (V°,T,), respectively W°, be the
Pontryagin dual module of VY, respectively WY. Then V° and W° are compact A-modules. We can
now state one of the main theorems of this article.

Theorem 3.1. Let p=2. We have:

(1) For each positive integer r > 2, the restriction morphism of cohomology groups induces an
isomorphism of VO onto (V°)'. The same result also holds for W°.
(2) Let N > 1. The modules VO and W° are free modules of finite rank over A.

The first part of Theorem 3.1 gives control of the ordinary parts of the cohomology modules
associated with the decreasing sequence of congruence subgroups I'y (Np"), for r > 2, and we refer
to such a result as a control theorem (for cohomology).

4. CONTROL THEOREM FOR COHOMOLOGY

In this section, we prove part (1) of Theorem 3.1.

When studying the action of the Hecke operators on cohomology groups or on parabolic coho-
mology groups, often one needs to decompose certain double coset spaces into a disjoint union of left
cosets with a clever choice of coset representatives. Such decompositions can be found in [Hid86b,
Lem. 4.3]. We recall with proof only part (ii) of that lemma, since the hypotheses of the original
statement are mildly misstated. We refer the reader to [Hid86b] for the other parts, especially since
the lemma is only used implicitly below, in the proof of Proposition 4.5.

Lemma 4.1. Let r, m > 1, r > s. For every integer u € Z, let «,, € My(Z) be such that
aw = (§ %) (mod Np™(mr)y and det(an,) = p™.
Then we have a disjoint decomposition

uw mod p™

Proof. Suppose that m > r. The proof in the other case is similar. The group I'" in (3.3.2) of [Shi71,
p. 67], is just @2, for r > s, if we take t = 1, h to be the kernel of (Z/Np")* — (Z/Np®)* and N
to be Np”. Now by [Shi71, Prop. 3.33], we have that ®3(§ ) @2 = {8 € A’|det(8) = p™}, where
A’ is as in [Shi71, p. 68]. The elements «, belongs to the right hand side of the above equality.
Observe that u = v’ (mod p™) if and only if a, = a, (mod p™). By the same proposition, the
number of left cosets of ®2 is p™. Thus, the «,, for u (mod p™), are candidates for the coset
representatives. (]

Before we start the proof of the control theorem, let us state another lemma.

Lemma 4.2. Let {M, },>2 be an inductive system of compatible modules over Z,[I'/T',], respectively.
Assume that for all r >t > 2, Mt = M;. Then (hg M) = M.
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Proof. Clearly, @MT is a module over Z,[[I']]. For every integer ¢ > 0, one knows HY(T',, lim M) =
gl HY(Ty, M,.). In particular, when ¢ = 0, we have that (l_n} M)t = lim (M,)F'e = M, where the
1ast equality follows from the assumption. O

Now, we start the proof of the control theorem for cohomology.
Lemma 4.3. If ®5/T1(Np") acts on T, trivially, then H*(®3/T'1(Np"),T,) = 0.

Proof. Since ®5/T'1(Np") is a finite cyclic group, H?(®$/T'1(Np"), T,) = T,/NT,, where N denote
the norm map from T, to itself. Since ®£/I'1(Np") acts on T), trivially, A is multiplication by the
index of I'1 (Np") in <I>S hence is surjective. O

Lemma 4.4. For each v > s > 2, eH'(I'1(Np®),T,) ~ eH'(®:,T,), where e is the idempotent
operator attached to T, on the respective groups.

Proof. Since ®5 C T'y(Np®), there is a restriction map H'(I';(Np®),T,) — H!'(®5,T,). We have
the following commutative diagram

HYTy (Np*), Tp)  —&>  HY®LT))

res

. .
l,, Mﬁ l

H{(Ty(Np*), Tp)  ——  HY(®LT,).

res

By applying the idempotent operator, we get that the vertical morphisms are isomorphisms and
hence the diagonal map is an isomorphism. O

For each r > s > 2, we have the inflation-restriction sequence
0 — H'(®7/T1(Np"), Tp) = H'(®},T,) — H'(T1(Np"), Tp)"* — H*(@;/T1(Np"), T,) = 0

where the last term vanishes by Lemma 4.3. The image of the group H!(®$/I'y(Np"),T,) inside
H'(®$,T,) is annihilated by the idempotent e attached to T}, by [Hid86b, Lem. 6.1]. Therefore,

eH' (], T,) = eH'(T1(Np"), Ty)"* = W,)'

By Lemma 4.4, we have that W0 = eH!(I'y(Np*), T,) ~ eH'(®$,T,). By combining these isomor-
phisms, we get
W2~ (W,

By Lemma 4.2, for any r > 2, we have that (W) ~ W0, This finishes the proof of the control
theorem for WY. Note that so far the proof works for all primes p > 2.

Now, we shall prove the control theorem for V°, concentrating on what changes need to be made
in Hida’s original proof when p = 2. For a torsion-free congruence subgroup ®, let P(®) denote a
set of generators of @, the stabilizer of ® at s, for s € C(®). Then, for r > 2, W, is given by

{(p S HOII?[(Fl(]VpT)7 Tp) | Z Lp(ﬂ') = 0}’
n€P(I'1(Np™))
and V,. is the submodule of W, given by

Ve = {(p € Hom(I'1(Np"), T,) | ¢(m) =0, for m € P(Fl(]\fpr))}7

since the group I'1(Np") acts trivially on T,. For a detailed proof of the above equalities, see
[Hid86b, p. 583].

By Lemma 4.2, it is enough to prove that (V2)'s = V0 for r > s > 2. It is clear that there is a
map V, — V.. By taking the ordinary parts of I's-invariants, we have an inclusion V9 « (V9)I's
Therefore it is enough to prove the surjectivity of this last map. Since (W2)'s = WY, given
a homomorphism ¢ : I'1(Np") — T, invariant under I'; and satisfying ¢|. = ¢, there exists a
homomorphism 1 : I'1(Np®) — T, with 9| = ¢ such that ¢ = ¢ on I';(Np"). Thus, we need to
show that ¢ (7) = 0, for all 7 € P(I'y(Np®)), i.e., ¢ € eH}(I'1(Np®),T,), assuming the same holds
for ¢ with r instead of s.
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Let [¢)] denote the equivalence class of 4 in the module
G(I1(Np®), Ty) := H (T (Np®), Ty,) /Hy (T1 (Np®), Ty).

We need to show that [¢)] = 0. We know that [¢]|c = [¢]. If [¢]]1—e = [¢], then [¢)] = 0, since e is
an idempotent. Hence, it is enough to show that

[Y]h-e = [¥]

holds. By following the strategy in [Hid86b], this reduces to proving [Hid86b, Thm. 5.8], which
characterizes the elements of (1 — e)G(I'1(Np®), T,) as elements of the set

V(T,) := {¢¥ € Hom(I'1(Np®*)%,T,)|¢(r)=0, forall m € P(I'1(Np®))
corresponding to the unramified cusps},

where the module I'y (Np®)2y is the free submodule of I'1(Np®)a, generated by the elements of
P(I'y(Np®)). Under the above equality, if ¢» € V(T,), then [¢)] = (1 —e)[¢)'] and hence [¢][1_e = [¢]
holds. Thus it suffices to show that ¢ € V(T,). Since every unramified cusp of X, over Xy is under
an unramified cusp of X, over Xy, the elements of P(T';(Np®)) corresponding to unramified cusps
in X, can be taken to be among the elements of P(I';(Np")) corresponding to unramified cusps
in X,. Then ¢(7) = ¢(7) =0, for all # € P(I'1(Np®)), which corresponds to unramified cusps of
1 (Np*), as desired.

The proof of [Hid86b, Thm. 5.8] depends, firstly, on various relations between the dimensions
of the space of Eisenstein series for I'; (Np") with coefficients in A and the boundary cohomology
G (Np"), L,(A)) = ®recr, (Np ) H (T1(Np")s, Ly (A)), for any subalgebra A of C or C,, and
secondly, on the validity of [Hid86b, Prop. 5.7]. The results on the dimensions of the space of
Eisenstein series and the space G*(T';(Np"), L,(A)) also holds for the prime p = 2. But, in the
proof of [Hid86b, Prop. 5.7], one crucially uses the fact that p # 2. Thus to finish the proof of the
control theorem for V° when p = 2, it suffices to check that the proposition holds. Before we do
that, let us introduce the notion of regular and irregular cusps.

The stabilizer @ at a cusp s € C'(®P) of a torsion-free congruence subgroup @ is an infinite cyclic
group. We fix an element o = a5 in SLo(Z) for each s € C(®) such that a(co) = s. We can choose
a generator m = 7, of @, so that o~ 'ra = +(§ {) with u > 0.

Definition 1. When o ‘1o = —((1) 11‘), we say that the cusp s is irregular, and otherwise, we say
that s is regular.

This definition makes sense since —1 ¢ ®, by assumption. We also remark that some authors define
irregularity by the condition o~ '7a = (Bl _“1), with uw > 0. This is easily seen to be equivalent to
the above by taking the inverse of the generator .

Coming back to the proof, the difference between [Hid86b, Prop. 5.7] and the analogous result
for p = 2 (Proposition 4.5 below) is that in the former case, i.e., when ® = T'y(Np") for p > 5
and r > 1, the group @ is torsion-free with regular cusps, whereas in the latter case, i.e., when
® =T1(Np"), for p = 2 and r > 2, the group ® is torsion-free, but its cusps are not necessarily
regular. For example, when N = 1 and r = 2, the group I'; (4) has both regular and irregular cusps.
These irregular cusps create problems in the proof given in [Hid86b, Prop. 5.7] when p = 2.

Proposition 4.5. Let ® = I'y(Np") with r > 2. Let A be either Z,, Z,/p'Z, or any field of
characteristic 0. Let s be any unramified cusp of ® and ps : G'(®, A) := Bpec(o)H (P, A) —
HY (@, A) be the natural projection map. Then for any c € G1(®, A), we have that ps(cle) = ps(c),
where e is the idempotent operator attached to T),.

Proof. For any positive integer M > 5, all the cusps of I'1 (M) are regular. Hence, when p = 2, all
cusps of T'1 (Np"), for N > 3 or r > 3 are regular (so in particular are the unramified ones). So, it is
enough to consider the case when ® = I';(4). By [Hid86b, Lem. 5.1], T'; (4) has a unique unramified
cusp, namely co. We see that this cusp is also regular since otherwise we would have

Ts = Moo :_((lJif)

for some u > 0, which is not an element of T';(4). Hence, when N = 1 and r = 2, the unique
unramified cusp is also regular. Thus Hida’s original proof of [Hid86b, Prop. 5.7] for regular cusps
applies when p = 2 as well. O
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Remark 1. Subsequently we will only need to consider N > 3, for applications to p-adic families.
Also, in the odd prime case, the statement of [Hid86b, Prop. 5.7] also treats the groups ® = &2 for
r > s > 0. Since we do not need this part of the proposition when p = 2, we ignore it. In fact, if ®
has elements of finite order (this happens for small values of N and s when p = 2), it is not clear
that the proposition holds for such ®.

This finishes the proof of the control theorem for cohomology.

5. FREENESS

In this section, we prove that the modules V° and W° are free of finite rank over Z,[[X]],
completing the proof of Theorem 3.1. We restate this formally as:

Theorem 5.1. Let p = 2, N > 1 be odd, and A = Z,[[X]]. The modules V° and W° are free
modules of finite rank over A.

The freeness of W° follows from [Kum, Thm. 5.3], by Poincare duality. The claim for V°
is more subtle and requires more machinery and results. We start by recalling without proof a
lemma [Hid86b, Lem. 6.3] which is useful in proving the freeness of V°.

Lemma 5.2. A compact continuous A-module M is free of finite rank r over A if and only if there
is a subset I of positive integers and infinitely many elements { P, }ner in A such that M[P,] ~ T,
for all n € I, where M is the Pontryagin dual of M and M[P,] = {m € M|P,,.m = 0}.

We know that the group Z; (recall p = 2) acts on V0. In particular, us = (Z/qZ)* acts on V°

(recall ¢ = 4). Write

VO =V2%0) @ VO(1),
where V(a) = {v € V°| v|¢ = (%, for ( € us}. Since the action of I' commutes with the action
of pa, V°(a) is also a A-module, for a = 0, 1. Let V%(a) denote the Pontryagin dual of V°(a). We
shall show V°(a) is a free module of rank 2r(a) over A, where r(a) is the rank of the Hecke algebra
bg((PQa wa’ Zp)

By part (1) of Theorem 3.1, we have that V%(a)/a3V°(a), where as is the augmentation ideal
of Zy[[[']], is a free module of rank 2r(a) over Z,. By Nakayama’s lemma, we see that V°(a) is a
finitely generated A-module with minimal number of generators 2r(a). Hence there is a surjection
from A%"(®) — V%(a). Hence, by duality, we have

VO (a)[P,] = T2,
where P, is the prime ideal of A defined in section 2. Now define
HY(Ty (Np), 2y /7 Zy) o= {0 € BYTL(ND), 2,/ Z,) | o] = 270 for 2 € 2},
Hy (DL (Np"), 5 Zyp 0" L) v= HH(C1(ND"), 13 2y /9" L) OV HL (D1 (NDT), Zyp /0" L),
Suppose that the following inclusions and isomorphisms are true for r > 2:

e (@2, Ln(Zy)) © Zp/p Ly = ey (o, Ln(Zy/pLy))

(2:) eH;(‘I)T, Ln(Zy/p"Zy)) (23) eH;((I)th/pTZp(n)) (5.1)

Z; eH;(Fl(NpT), n; Ly /D" L) ‘(;; Vo(a)[Pn],
where the last inclusion holds only if 7 = a (mod 2). Then we have

eHllj(<I>2, Ly(Zyp)) ® Zy[p"Zyp — Vo(a)[P,] — T?)r(a)-
Taking direct limits with respect to r, we have that
eHY (P2, L (Zy)) ® Ty, — VO (a)[P] < T2 (). (5.2)

In the next section, we prove that the module eH}(®o, Ly, (Z,)) is Zy-free (see Lemma 6.2). More
precisely, we prove in Theorem 6.1 that:

Theorem 5.3. The Zy-rank of the module eH}(®o, Ly (Zy)) is 2r(a), for n = a (mod 2).
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Proof. For p > 5, the theorem is proved in [Hid86a, Thm. 3.1 and Cor. 3.2]. In his proof of [Hid86a,
Thm. 3.1], Hida uses results from the theory of Katz modular forms, the theory of mod p modular
forms and the fact that p > 5. For the prime p = 2, we need different arguments to prove the
theorem and we postpone the proof to the next section. O

We complete the proof of Theorem 5.1, assuming Theorem 5.3.

Proof. By Theorem 5.3, we have that 'H‘?,T(a) ~ eH}(®3, Ly (Zy)) © Ty. Hence, V(a)[P,] ~ T?,T(a),
for all n = a (mod 2). The theorem now follows from Lemma 5.2. O

Now, we shall show that the inclusions and isomorphisms in (5.1) hold. This is the content of
the next few lemmas and propositions. The following proposition proves the inclusion (1) in (5.1).

Proposition 5.4. For all™ > 1 and n > 0, we have
eHy (@2, Ln(Zp)) @ LZyp/p" Ly — eHy (P2, Lu(Zy/p" L))
Proof. For any Z,-module A, the short exact sequence of modules
0 — eH} (P2, Ly (Zp)) — eH (®a, Ly (Zy)) — eH' (P2, Ly (Zy))/eHy (P2, L (Zp)) — 0
induces the long exact sequence
Tor(eH"' (92, Ln(Zp))/eH) (P2, Ln(Zy)), A) = eH (@2, L (Zp)) ® A — eH' (92, Ly (Zy)) ® A.

If eH' (P2, L (Zy))/eH}(®o, Ly (Zy)) is Zy-free, then the first term in the above exact sequence is
zero, and in particular this is so when A = Z,/p"Z,. So the second map above is injective. Now,
for any congruence subgroup @,

eHY(®, L, (Z,)) ® A S5 eHY (@, L, (A)),

and under this identification, this second map above preserves parabolic classes, proving the theo-
rem. The Z,-freeness of the module eH' (®2, Ly, (Zy))/eH} (@2, Ln(Zy)) follows from [Hid88a, Prop.
2.3]. Although this proposition was proved there for I'y (Np"), for p > 5, the same proof works for
O, for p=2and N > 3 with (2, N) =1. O

The isomorphisms (2) and (3) in (5.1) follows from [Hid86b, Cor. 4.5], noting that the argument
given there works for p = 2 and for ®,, instead of p odd and the ®; there. The following lemma
proves the inclusion (4).

Lemma 5.5. For r > 2, we have an inclusion

eH} (P, Zy /P Zyp(n)) < eH (D1 (ND"), 03 Zy /9" L)
Proof. We have the following inflation-restriction sequence for the groups I'y(Np") C ®,:

0 — HY(®,/T1(Np"), Zp/p"Lp(n)) — H (P, Zy/p"Ly(n))
- Hl(Fl(Npr)v Zp/pTZp(”))q)r/Fl(Npr)-
Since
Hl(Fl(Npr)vZp/pTZp(”))q)r/Fl(Npr) — Hl(Fl(Npr)7n§ Zp[p"Zp),
we have the following exact sequence
0 — HY(®,/T1(ND"), Zp/p" Lp(n)) = HY (P, Zp /1" Ly (n)) — H' (DL (NDP"), 1 Ly /9" L)

By [Hid86b, Lem. 6.1], we have

eH' (@, Zy /D" Zp(n)) — eH' (CL(ND"), 15 Zy /D" Lp).
Hence, we have the required claim. O

The following lemma proves inclusion (5) in (5.1).

Lemma 5.6. ¢H}(T'1(Np"),n;Zy,/p"Zy) — V°(a)[Py], if n = a (mod 2).
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Proof. Observe that, eHL(T'y(Np"),n; Zp/p"Zy) is the subspace of eH} (I'y (Np"), Z /p"Z,) on which
L) act by v|z = z"v, where v is a cohomology class. The group V%(a)[P,] is also the subspace of
V0 such that Z,) acts by v|z = 2z"v, where v € V0. This is true because ju acts by (¢ = (¢ and
v € T acts by v|y = y™.

By [Hid86b, p. 584, (5.4)], we have that eH] (I'(Np"), Zy/p'Zy) ~ eH (L1 (Np"), Zy,) @ Ly [ p' L.
Since tensor product commutes with direct limits, we have that

limg eH} (D1 (Np"), Zy /D' Zy) = eHy (D1 (ND"), Zp) ©z, Tp == eHy (P1(Np"), Ty).
t

By part (1) of Theorem 3.1 (i.e., (V°)I'» ~ VY for every r > 2), we have that
eH (Ty(Np"), Zy /" Zy) — V°.

Now the lemma follows, since this map respects the action of Z . O

6. CONSTANT RANK

In this section, we prove that the ranks of certain cuspidal ordinary 2-adic Hecke algebras of
different weights are all equal to the rank of a weight 2 cuspidal ordinary Hecke algebra. As in the
previous section, p =2 and N > 1 is odd.

For a = 0 or 1, recall that r(a) is the rank of the Hecke algebra h3(®2,w?,Z,), where w denotes
the mod 4 cyclotomic character. For simplicity, we write A(w™) for the sheaf with twisted action
Ly(w™, A), for any Z,-module A.

Theorem 6.1. For each positive integer n = a (mod 2),
rankz,, f)?H_Q((I)g,Zp) =r(a).

Before proving this theorem, we need to gather some results, which we do now.
Lemma 6.2. Forr > s> 0, the module eH'(®%, L,,(Zy)) is Zy-free, for n > 0.
Proof. The short exact sequence

0—L,(Zy) = L,(Qp) = Lp(T,) = 0
induces a long exact sequence of cohomology groups for the group ®;
HO(@F, L (Qp)) % HO(@F, Ln(T,)) 5 HY (@2, Lo (7)) 2 H' (D}, Lo (Qy)).

If n = 0, then the map « is surjective and hence the map 3 is zero. Therefore the map ~ is injective
and HY(®3, L,,(Z,)) is Z,-free. Assume that n > 0. If we can show that eH%(®$, L,,(T,)) = 0, then
the lemma follows. The operator T}, acts on L, (T,) by z|T, = Y '_, (1 ~8) 'z, where A* = Adj(A).

0p
We see that T}, acts on any p-torsion element of H%(®$, L,,(T,)) by the matrix () and hence T2
acts trivially on such elements, hence the idempotent e annihilates H(®%, L,,(T,)). O

Corollary 6.3. For any integer n > 0, the module eH(®a, Z,(w™)) is Z,-free.

Proof. If n is even, then w™ = 1, hence this follows from the lemma and when n is odd, the proof
is similar to the proof of the lemma. O

Lemma 6.4. eH! (P2, Ln(Zy)) ® Zy/qZy ~ el (P2, L (Zy/qZLy)).
Proof. By Proposition 5.4 with r = 2, the map
0 — eH} (P2, Ln(Zp)) ® Zyp/qZy — eHL (P2, L (Zp/qZy)).-

is injective. For the surjectivity, we work with sheaf cohomology instead of group cohomology. Let Y
be the complex open manifold associated with ®5. Observe that we have the following commutative
diagram:

CHL(Y, F(Ln(Zy)))/q ——» eHL(Y, F(L,(Z,))) /g s eH'(Y, F(L,(
J [ |
nl

eHL(Y, F(Ln(Zp/qZy))) — eHL (Y, F(Ln(Zp/qZyp))) — eH' (Y, F(L

Zp)))/q

L/ qLp)))-
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By [Hid88a, Cor. 2.2], the first vertical map is an isomorphism. As a result, we get that the middle
vertical map is surjective and the lemma follows. O

Lemma 6.5. For any n >0, eH (Y, F(Z,(w")))/q ~ eH (Y, F(Z,/qZ,(w™))).
Proof. The short exact sequence
0 — Zp(W") > Zp(W") = Zp/qZp(w™) — 0
induces another short exact sequence
0 — HY(Y, F(Zy(w") ® Zp/qLy — H' (Y, F(Zp/qZy(w"))) — HX(Y, F(Zy(w")))ld] = 0,

where H?(Y, F(Z,(w™)))[q) = {z € H*(Y, F(Z,(w™))) | g.x = 0}. This last group vanishes, since the
cohomological dimension of ®; is 1. O

Proposition 6.6. The module e(H' (®y, Zy(w))/H} (P2, Zy(w))) is Zy-free.

Proof. For i =0, 1, define
Gi((I)?’M) = D Hi(((I)Q)SvM)v
seC(P3)
for any ®s-module M. For each s € C(®3) and x € G (P4, M), we write x, for the component of x
in H'((®3)s, M). The module G*(®5, M) has a natural action of the Hecke operators and we have
an exact sequence of abelian groups for which the maps are compatible with the action of the Hecke
operators:
0 — H} (@3, M) — H' (®, M) — G'(®3, M).

From the exact sequence above we see that if the module eG!(®2,7Z,(w)) is Z,-free, then the
proposition follows. Consider the long exact sequence of cohomology groups

GO(@2,Qp(w)) £ GO(@2, Ty (w)) = G (B3, Z,(w)) — G (@2, Qy(w)),

induced by the short exact sequence 0 = Z,(w) = Qp(w) = Tp(w) — 0.
Since the image of 3 is p-divisible, it is sufficient to know that for all z € G%(®2, T, (w))[p], z|T,
belongs to 3(G%(®2,Q,(w))). Then a small computation shows that

e(G® (@2, Ty(w))/B(G* (P2, Qp(w)))) = 0,
and hence eG! (P, L,,(Z,(w))) is Z,-free. We now prove, for all € G®(®,, T, (w))[p], the element
z|T, belongs to B(G%(P2,Q,(w))).

Since (2, N) =1 and N > 3, all the cusps of @5 are regular, because irregularity for ®o implies
the irregularity for I'y (IV), but there are no irregular cusps for I'y (V). Let s € C(®3) be a cusp of
Py Let oy = (¢ 4) € SL2(Z) such that a,(c0) = s. If m, denotes a generator for (®2)s, we may
write

s :ozs((l)’f)ofl (1_Ca“ au ) € @y, with u # 0. (6.1)

—c2u 14cau

The structure of G%(®2, M(w)) depends on the action 75 on M. In order to study this, let us
divide the cusps into two types. If p | u, then we refer to this cusp as being of type 1, otherwise of
type 2. We assume that @, acts trivially on M, because we are only interested in the cases when
M =Z,, Q, or T,. Let z be an element of G%(®2, T, (w))[p].

If s is a cusp of type 1, then we see that H((®3),, M (w)) = M by (6.1) and moreover the map f; is
surjective, where 35 : HO((®2)s, Qp(w)) — H((®2)s, Tp(w)). Hence (z|T})s € B(H((P2)s, Qp(w)) =
Q).

Suppose s is a cusp of type 2. If 7, acts trivially on M, then H?((®3),, M (w)) = M and if 7, does
not act trivially on M, then HO((®2)s, M(w)) = M[2]. In the former case, again (z|T})s € B(Qp).

In the latter case,
-1

(@ Tp)s = > (v(69)me) -,

]

=0
where 7 € ®; such that ¢t = y(§5)(s) € C(®2). Since x is 2-torsion, we see that (z[T},), =

S (L) a = Yy a = 22 = 0 € BHO((D2)5,Qp(w))) = 0. Hence we have that for any
z € G%(®2, Tp(w))[p], the element z|T}, belongs to B(G%(P2, Qp(w))). O

N

Remark 2. In the above proof, we have used the fact that p = 2.
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Corollary 6.7. eH! (D2, Z,(w"))/q — eHl (P2, Zp/qZy(w™)).

Proof. When n is even, this follows from Proposition 5.4 with » = 2. When n is odd, the injectivity
of the first vertical map follows from the following diagram

eHy (Y, F(Zp(w)))/¢ ——— eH'(Y, F(Z,(w)))/q

eH (Y, F(Zp/qZp(w))) —— eH" (Y, F(Zy/qZLp(w))),

since « is injective by Proposition 6.6, and the second vertical map is an isomorphism by Lemma 6.5.
O

Now we shall give a proof Theorem 6.1.

Proof. Tt is enough to prove that the Z,-rank of eH}(®2, L,(Z,)) is the same as the Z,-rank of
eH} (P2, Zy(w®)) (the modules are Z,-free by Lemma 6.2 and by its corollary). By (5.2), we see
that the rank of eH}(®2, Ly, (Zy)) is less than or equal to the rank of eH} (P, Zj(w®)).

Again by Lemma 6.2 and by its corollary, it is enough to show the Z,/qZ,-rank of the module
eHl(®g, Ly, (Zy)) ® Zy/qZy, is greater than or equal to that of eHL(®g, Zy(w®)) ® Zy/qZ,. We have
the following

eHé((I)g, Ly(Zyp)) ®@ Zp/qZy (TN) €H:’((D2, Ly(Zy/qZy))

" " (6.2)
(EN) eHrl)((I)%Zp/qZp(w ) <(;)) eH;((I)z,Zp(w ) ® Zp/qZy,
where the isomorphisms (1), (2) and the inclusion (3) follow from Lemma 6.4, the isomorphism (3)
in (5.1) with » = 2, and Corollary 6.7, respectively. Hence the theorem is proved. (]

7. A-ADIC HECKE ALGEBRAS

Recall that our aim is to prove a control theorem for Hida’s ordinary Hecke algebra, which we
now introduce.

Each element f in Si(I'1(Np")), for » > 0, has the Fourier expansion f(z) = > an(f)q", for
complex constants a,(f). By means of this, we may embed S(I'1(Np")) into the power series
C[[q]]- One may then give a rational structure on Sy (I'1(Np")) by defining the A-rational subspace
Sk(T'1(Np"), A) for each subalgebra A of C by S,(T'1(Np"), A) = Sp(T1(Np")) N A[[q]]-

For any r > s > 1, we have a commutative diagram for all n:

Sk(T'1(Np®), A) —— Sk(I'1(Np"), A)

P” Pﬂ

Sk(T1(Np*), A) —— Sp(T1(Np"), A),

where the horizontal arrows are the natural inclusion. Then the restriction of each Hecke operator
in by (T'1(Np"), A) to the subspace S(I'1 (Np®), A) is again contained in the algebra by (T'; (Np®), A).
Thus, we have surjective A-algebra homomorphism, b (T'y (Np"), A) — bhx(T'1(Np*), A) and since
T, + T, we have that h)(T1(Np"), A) — hY(I'1(Np*), A) for each r > s > 1, where the ordinary
part is defined by using Hida’s idempotent attached to Tj,.
Now, take limits and set:
be(C1(Np™), A) = lim by (D1 (Np"), 4),  bR(C1(Np™), A) := lim by (L1 (Np"), A),

Sk(Np™, A) = U2 Sp(T1(Np"), A).
In Lemma 7.2 below we show there is a surjection b, ('t (Np>), A) — b, (T'1(Np>), A), for
weights k1 > ko > 2, and hence on the ordinary parts. Before we state it, we need to define a

pairing between certain Hecke algebras and certain spaces of modular forms. Recall that K is a
finite extension of Q, and Of is the integral closure of Z, in K. Put

Sp(Np", K/Ok) = Sk (T'1(Np"), K)/Sk(T'1(Np"), Ok).
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By definition, one can embed this space via g-expansion into the module of formal series K/Ok|[[q]].
We take the injective limit:

Sk(Np™, K/Ok) = lim Si(Np", K/Ok) = K/Ok|[q])-

Then Si(Np>®,K/Ok) ~ Sip(Np>®,K)/Sk(Np>,0k). The algebra bh;(I'1(Np>*),Ok) acts on
Sk (Np™, K/Ok). Define the pairing

() : b1 (Np™), Ok) x S(Np™, K/Ok) — K/Ok,
by (hvf) = a(17f|h) Then (h7f|g) = (h’ga f)7 for all h7 g € bk(rl(Npoo)aoK) Equlp the space
Sk (Np™, K/Ok) with the discrete topology. We have (cf. [Hid86b, Lem. 7.1]):

Lemma 7.1. The pairing above shows that h(I'1(Np"),Z,) and Sp(I'1(Np"),T,) (respectively,
ho(T1(Np"),Zy) and SYUT1(Np"),Tp)), forr =1,2,...,00, are Pontryagin duals.

Lemma 7.2. For ki > ko > 2, there exists a surjection
bk, (C1(Np™), Ok ) — b, (T1(Np™), Ok).

Proof. The proof is similar to the proof of [Hid86b, Lem. 7.2]. For p = 2, we need to work with a
different Eisenstein series than the one given in that lemma. For r > 2, define a formal g-expansion
for each ¢t € (Z/p"Z)* by

- 1 - n
G(r,t) = —top™ " + 5 + E E segn(d) | ¢",
n=1 m
d=t (Cilmld pT)

where ¢ is an integer satisfying 0 < ¢y < p" and tg =t mod p". Then, as shown by Hecke, G(r,t)
gives the g-expansion of an element of M (I';(Np"), Q) and satisfies
G(r,t)]y = G(r,at) for (g 3) e Do(Np").

Put E(r,t) = —p"G(r,t). For odd primes p, the congruence E(r,t) =t (mod p") holds. For the even
prime p = 2, the congruence that holds is E(r,t) =t (mod p"~!). Multiplication by the Eisenstein
series F(r,1) gives an injective morphism

byt Sk—l(Npooan)[pril} — Sk(pran)[pT71]~

Using the injective limit of the maps ¢, and Lemma 7.1, we can finish the proof of the lemma along
the lines of the proof of [Hid86b, Lem. 7.2]. O

It is known, by [Hid88b, Thm. 3.2], that the map in the above lemma is an isomorphism. This the-
orem is stated adelically, but includes the case of p = 2. Thus, the Hecke algebra h9(I'y (Np™), Ok)
is independent of the weight, for all k& > 2. Denote this Hecke algebra by h°(N, O).

8. CONTROL THEOREM FOR ORDINARY HECKE ALGEBRAS

In this section, we prove a control theorem for Hida’s ordinary Hecke algebras for the prime
p = 2. Recall K is a finite extension of Q, and O is integral closure of Z, in K. Let € be a
character of I'/T', with values in O, with r > 2. In this section, we write A for Ax and Q(A) for
the field of fractions of Ag.

We know that (N, Ok ) acts on the finite free A-module V°. Hence the A-module h°(N, Ok)
is finitely generated and torsion-free, since the action is faithful on V°. By abuse of notation,
let Py also denote the prime ideal generated by the prime element Py . = ¢(u) — e(u)u®. By
the independence of weight of h°(V, Ok), there is a surjective homomorphisms of Og-algebras,
respectively, of A-algebras:

p:h°(N,Ok) = b(®2,€,0k) and Ap,, - Ap, . /PocAp,, = K, (8.1)
inducing the map
ﬁk,e : hO(N7 OK) ®A APk,€ - hg((bf?w €, OK) ®OK K7
which in turn factors via Py, to give the map:
Pk.e * hO<N7 OK) ®A AP]C’E/P]C,E - bg(q)ga €, OK) ®OK K~ h2<®37 €, K)a

where Ap, /Py cAp, . is identified with K with ¢(u) corresponding to u”e(u).
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Theorem 8.1. The natural map
Pke * bO(Nv OK) A APk,e/Pk7€ - hg(@%, €, K)
is an tsomorphism.

Proof. Since the module h°(N, Ok ) is finitely generated and torsion-free over A, so is h°(N, Ok p, .
over Ap, .. Since any finitely generated torsion-free module over a discrete valuation ring is free, the
module hO(N, Ok )p,.. is free and hence it makes sense to speak of its rank. Let S(k, €) (respectively,
R(k,€)) denote the rank of h°(N, Ok )p, . (respectively, hY (@7, €, K)). A priori the number S(k,€)
depends on k and e. Since

02N, Ok)p,., @ap, . Q(A) = BN, Ox) @1 Q(A),

we see that S(k, €) is independent of k and € and we denote this common value by R.

We first prove the theorem for weights & > 2 by assuming that it holds for £ = 2. The Eisenstein
series £(2, 1) above has the property that £(2,1) = 1 (mod 2). Multiplication by E(2,1)*~2 induces
an injection

S3(T1(Np"), Tp)[p] = SR(T1(Np"), Tp)[p).

By duality, we have a surjection
bg(FI(Npr)7Zp) ® Zp/pLyp — bg(rl(NpT), Lp) ® Lip [ L.
Then
R :T,] > Y R(k,€) = ranko, (b7(I'1(Np"), Ok))

> ranko, (h3(F1(Np"), Ok)) = R[L : I',],

where the last equality follows by assumption. This can happen only if R(k,e) = R for all k¢,
showing py . is an isomorphism.

Now, we shall prove the result for k = 2. By Theorem 3.1, we have that the Z,-rank of
eH!(T'1(Np"),Zy) is equal to 2[T : ;] rankz, h3(I'1 (Ngq), Z,). Hence,

rankz, 3(L'1(Np"), Zy) = [I" : ;] rankz, 3(I'1(Nq), Zy).

Since H3(I'1(Np"), K) = ®.h3(®2, €, K), the left hand side of the equality above is also >__ R(2,€).
If rankz, §3(I'1(Nq),Zy) = R, then [ : T'.]JR = 3  R(2,¢). Since R > R(2,¢), we get R = R(2,¢),
for each ¢, as desired. Thus, we need to show that R = rankz b5(I'1(Ng),Z,). This is proved in
Theorem 8.3 below. (]

The following lemma is well-known; for the proof refer to [Hid86b, Lem. 6.4].

Lemma 8.2. For any subfield K of C or C,, HY(T'\(M), Ln(K)) is free of rank 2 over the Hecke
algebra Y,42(C1(M), K) for each positive integer M.

Set € := ((1) 9 ) The matrix e normalizes I'; (Np") for r > 1. Let M be a module over the Hecke
algebra h(I'; (Np"),Z). Let M* denote the subspaces of M defined by {m=+[eJm | m € M}. Since €
normalizes I'; (Np"), the action of [¢] = [['1 (Np")el'1 (Np")] commutes with that of the Hecke algebra
hY(T'1(Np"),Z) on M. Therefore, the modules M* are stable under the action of h(I';(Np"), Z).
For simplicity, we write h3(N,Z,) for the weight-2 A-adic Hecke algebra h3(I'1 (Np™),Z,).

Theorem 8.3. The surjective map
patriv 05 (N, Z,) @a Ap, /Py — 55(T1(Ng),Q,)
is an isomorphism.
Proof. By Theorem 3.1, we have (V°)I' = V9 for » > 2, and in particular (V°)'2 = V9, i.e.,

VO[P,y] = eH'(X3,T,) = eHl(T'1(Ng),T,), where the last equality follows from [Hid86b, p. 583
(5.3)]. Again by the same theorem, we have

V0PV ~ Homg, (eH}(T'1(Nq), Zy), Zy). (8.2)

Since VY is direct limit over V0, we see that [e] acts on VY and the action commutes with that of

the Hecke algebra h3(N, Z,). There is a map VT & V'~ — VO, which is an isomorphism if p is odd.
Since p = 2, we tensor this with Ap, so that we have an isomorphism (V°%)p, & (V°7)p, ~ VP, .
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Let V% denote the Pontryagin dual of V9%, Then (VOT)p, & (VO )p, ~ V5 . We can think of
h3(N,Z,)p, as a subalgebra of the endomorphism algebra of (V%)p, and hence we shall restrict
ourselves to the module (V°)p,. We now prove that

(Vo) b, /P2 (V) p, = §3(T'1(Nq), Qp).

We remark that since p = 2 and we work with (V°%)p,, the above isomorphism is with Q,-
coefficients, otherwise we would have worked with VOt and the above isomorphism would have
been with Z,-coefficients. Since the functor Homgz, (—,T,) commutes with the +-action after
tensoring with Ap,, we see that VO* @y Ap, ~ (V§)* holds. Hence (V°¥)p,/Po(V'¥)p, ~
(VB /Pa(VE,)* ~ (V8 /P,VE))*, where the last isomorphism is an easy check. We have that

(V) p /Pe(VI )R = (Vi /PaVE)T

5, (Homz, (HL(T1(Na), 2,), Z,) @z, Q) (8.3)

= Homg, (eH}(T1(Nq), Q) ", Q) = b3(T1(Ng),Qp),
where the last equality follows from Lemma 8.2 and the third equality follows from the fact that
for any Q,-module M, Homg, (M, Q,)* ~ Homg, (M*,Q,).

Let v denote the vector in (V°F)p, corresponding to 1 in h3(I';(Ngq),Q,) in (8.3). Therefore, we
have a map h3(N,Z,)p, — (V') p, defined by mapping h — hv. This map is a surjective map by
Nakayama’s lemma and by (8.3). The map is injective since the Hecke action is faithful on (V) p,.
Therefore, we have h3(N,Z,)p, ~ (VF)p,. Tensoring this isomorphism with Ap,/P» and using
(8.3), we obtain the theorem. O

9. UNIQUENESS

In this section, we prove a uniqueness result for Hida families. Let f be a p-stabilized newform.
Let Py denote the unique height one prime ideal, induced by f, via the isomorphism in Theorem 8.1.
Suppose ) = Py lies over the prime ideal Py ., where the integer k and the character ¢ depend on
f.

First we show that, for the prime P = Py, of A, the localized Hecke algebra h°(N,Ok)q is
étale over Ap, . We deduce the uniqueness result as a consequence. For simplicity, let us denote

h°(N, Ok) by h°(N).

Proposition 9.1. The localized Hecke algebra h°(N)q is étale over Ap and Qh°(N)g = PH°(N)q,
i.e., B°(N)q is a regular local ring.

Proof. We apply [Nek06, Lem. 12.7.6], with A = A, B = h°(N) and J = 0 (and also by switching
the roles of P and Q). The first condition of that lemma, namely the Hecke algebra h°(N) is finitely
generated and torsion-free over A follows, as mentioned earlier, from Theorem 3.1. By Theorem 8.1,
the short exact sequence in the second part of that lemma reduces to

0= P = (P2 e, K) 5 Qulan(f))pz; — O,

where the last map is given by T,, — a,(f) and P denote the kernel of a. By analyzing the proof of
that lemma, we see that if Pp = 0, where Pp denote the localisation, then the proposition follows.
From the theory of newforms, one knows that h?(®2 ¢, K)p = Qp(an(f))5,, hence Pp =0. O

Now we recall the definition of a 2-adic A-adic form. Let p = 2. Let L denote the integral closure
of A in a finite extension of Q(A). Let ¢ denote a p"~2-th root of unity in Qp, the algebraic closure
of Qp, with 7 > 2, and let k > 1 be a positive integer. The assignment X — (1 + q)* — 1 yields a
Z,-algebra homomorphism ¢y ¢ : A — @p. We shall say that a height one prime P &€ Spec(L)(@p)
has weight k if the corresponding A-algebra homomorphism P : L — @p extends ¢ ¢ on A for some
k > 1 and for some (. In addition we say that P is arithmetic if P has weight k > 2.

Recall N is an integer prime to p. We need some notation for certain Dirichlet characters. Let:

e 1) be a Dirichlet character of level Ngq,
e w be the mod 4 cyclotomic character,
e ¢ be the character y, mod 2" for each root of unity ¢ of order 2"~2 with r > 2 defined by
first decomposing
(Zp/2"Lp)* = (Zp/qZp)* X Z/27 72,
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where the second factor is generated by 1+ ¢, and then by setting
X¢=1on (Zy/qZy)* and x¢(1+q)=C.

Definition 2. Let F =3 7 a(n,F)q" € L|[q]] be a formal g-ezpansion with coefficients a(n,F) €
I. We say F is a A-adic form of tame level N and character ¢ if for each arithmetic point
P € Spec(L)(Qp) lying over ¢y ¢, with k > 2 and ¢ of order 2"=2,r > 2, the specialization

P(F) € Qylla]]
of F at P is the g-expansion of a classical cusp form f € Sp(N2",x), where x = pw™Fx,.

The notion of primitive, ordinary, p-distinguished for A-adic forms can be defined similar to the
classical case. For definitions, refer to [GV04, §3].

We remark that there is no 2-adic Hida theory when the tame level is 1, showing that our
assumption that N > 1 in several previous sections loses no generality. Indeed, we have that:

Proposition 9.2. There are no ordinary A-adic eigenforms of tame level 1.

Proof. If such a A-adic eigenform were to exist, then for every integer £ > 2 and r > 2, its’
specialization at Py ¢, where ¢ is a 2"~ 2-th root of unity, would be an element of Sy, (pr7wa_kxc),
for some a € N. For parity reasons, (—1)¢% = (—1)* hence a is even. But, if r = 2 and k is
even, then are no 2-ordinary, 2-stabilized Hecke eigenforms in Sk (4, triv). For newforms this follows
from [Miy89, Thm. 4.6.17] and for oldforms from loc. cit. and the fact that X((2) has genus 0,
and from Hatada [Hat79]. Since there are no ordinary specializations in even weight, there are no
2-ordinary A-adic eigenforms of tame level 1. O

Corollary 9.3. For odd integers k, the space eS,%‘“eW(4,w) 18 2ero.

Proof. This follows immediately from the proposition noting that every 2-ordinary eigenform in the
above space must live in a 2-ordinary Hida family of tame level 1. O

Remark 3. It can be checked independently that the dimensions of eS7™°%(4,w) for k =3, 5, 7, 9,
11, 13, 15, 17, are indeed all zero, whereas the dimensions of SZ™°V(4,w) for k=3, 5, 7, 9, 11, 13,
15, 17 are 0, 1, 2,...,7, respectively.

We now turn to the uniqueness result for 2-adic families.

Theorem 9.4. Any p-ordinary elliptic p-stabilized newform is an arithmetic specialization of a
unique Hida family, up to Galois conjugacy.

Proof. By (8.1), we know that any p-ordinary eigenform lives in a Hida family. We want to show
that such a family is unique, up to Galois conjugacy (this last caveat is necessary since if a form lies
in F by specialization under P : L — Q,, then it also lies in the conjugate family F?, by specializing
under 0~ o P : L7 — Q,. Note that F and F’ correspond to the same minimal prime ideal of
BO(V)).

Assume the contrary. Let A\; and Ao denote the algebra homomorphisms from h°(N) to L and
L' respectively, where L, L’ are finite integral extensions of A. Let P, and P denote the minimal
prime ideals of h°(N) which are the respective kernels of these homomorphisms. Since A; and Ay
have one arithmetic specialization in common, there are two algebra homomorphisms P : L — @p
and P': L' — Qp such that PoA; = P/ o Ay = Ap pr, say. Then the kernel of A\p ps is a height one
prime of h(N), denote by Q, containing both P; and P, and lying over P = Py ¢ for some k > 2,
C.

By Proposition 9.1, h°(N)q is a regular local ring. But, a regular a local ring is a domain, hence
the prime ideals P; and P, have to be equal. O

As an application of the last result we now show that the notion of CM-ness is pure with respect
to families.

Proposition 9.5. Let F be a primitive 2-adic Hida family. Then either all arithmetic specializa-
tions are CM forms or no arithmetic specialization is a CM form.
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Proof. The proof is the same as for odd prime p, once one has the uniqueness result for p = 2.
Indeed a CM family is defined to be one which is obtained as the theta series of a A-adic Hecke
character of an imaginary quadratic field. Clearly all its arithmetic specializations are CM forms.
Now start with an arbitrary CM form. Assume it lives in a non-CM family (one which is not a
theta series). Then explicit interpolation allows us to also construct a CM family passing through
this CM form. Clearly the non-CM family and the CM family are not Galois conjugate, which is a
contradiction by Theorem 9.4. O

In view of this result from now on we may and do speak of CM and non-CM 2-adic Hida families.

10. APPLICATIONS TO (GALOIS REPRESENTATIONS

In [GV04], the splitting of the local Galois representations associated to ordinary eigenforms was
studied for odd primes p. We carry out the same analysis for the case of p = 2, assuming that the
relevant result of Buzzard continues to hold for p = 2 in the residually dihedral setting. That is,
under this assumption, we prove that in a non-CM 2-adic Hida family, all arithmetic specializations
have non-split local Galois representation, except for a possible finite set of exceptions. By Propo-
sition 9.5, we are able to exclude CM forms from this finite exceptional set, but we do not yet know
if this set is empty.

Recall p denotes the prime 2 and ¢ = 4. We recall some preliminaries on ordinary eigenforms
and their associated Galois representations. Let f =" | a,(f)¢™ be a primitive elliptic modular
Hecke eigenform of weight k£ > 2 and nebentypus x : (Z/Np")* — C*, for some r > 0. (The two
usages of ¢, that in the g-expansion and the natural number 4, should be clear from the context!)
Let Ky denote the number field generated by the Fourier coefficients of the cusp form f. Fix an
embedding i, of Q into @p. Let o be the prime of Q determined by this embedding. Let @ also
denote the induced prime of Ky, and let K, be the completion of K; at p. Let G, denote the
absolute Galois group of Q,, and also the decomposition group at p. There is a Galois representation

pr=pre: Gal(Q/Q) — GLa(Ky,),
associated to f (and p) which has the property that for all primes ¢{ Np,
trace(ps(Froby)) = as(f) and det(ps(Froby)) = x(£)¢F 1.

Recall f is ordinary at g (or p-ordinary), if a,(f) is p-adic unit. If f is ordinary at g, then the
result of Wiles [Wil88] shows that the restriction of py to the decomposition group G, is upper-

triangular, i.e.,
o v
prla,~ (O 6) ;

where 9, € : G, = K fx o are characters with e unramified and ¢ : G, — Ky is a continuous
function. We say that the ordinary representation py|q, splits, if the representation space of py can
be written as direct sum of two Gp-invariant lines.

10.1. Buzzard’s result. We shall assume that a slight strengthening of a result of Buzzard holds.
Let O denote the ring of integers in a finite extension L of Q,. Let p : Gal(Q/Q) — GL2(O) be
a continuous representation. Let A\ denote the maximal ideal of O and let p denote the mod A
reduction of p. The following result is proved in [Buz03], and we refer to that paper for a detailed
explanation of all the hypotheses.

Theorem 10.1 (Buzzard). Assume that

(1) p is ramified at finitely many primes and p is modular,

(2) p is absolutely irreducible when restricted to Gal(Q/Q(7)),

(3) plg, is the direct sum of two 1-dimensional characters a and 8 : G, — O%, such that a (1)
and B(Ip) are finite, and (a/B) mod X\ is non-trivial,

(4) ple) £ 1.

(5) p(e) is both a-modular and S-modular, in the sense that there are eigenforms fo with T),-
eigenvalue &(Froby,) and fs with T,-eigenvalue B(Frob,) giving rise to p,

(6) The projective image of p is not dihedral.
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Then p is modular, in the sense that there exists an embedding i : L — C and a classical weight
1 cuspidal eigenform f such that the composite i o p is isomorphic to the representation associated
to f by Deligne and Serre.

Let us comment on the assumption (6). There is no restriction (6) on the projective image of
p for odd primes p in [Buz03]. For p = 2, this assumption was made due to the unavailability
of ‘R4 = T theorems’ in the residually dihedral setting. In his recent thesis, Allen [All12] has
proved such a theorem, deducing the modularity of nearly ordinary 2-adic residually dihedral Galois
representations. He works under some assumptions, the most crucial for us being that he assumes
that the prime 2 does not split in the quadratic extension of Q corresponding to the (dihedral)
residual representation. However, for the application of Buzzard’s theorem we have in mind below,
the prime 2 does split in this extension. It appears that extending Allen’s result to the split case
might not be possible without a new idea. From now on we therefore assume that Theorem 10.1
holds without condition (6).

Remark 4. In [All12], the splitting assumption on the prime 2 is made in order to ensure that the
dihedral locus is small in the Hecke algebra. This guarantees the existence of certain ‘nice’ primes
that are needed in order to use a connectivity result of Raynaud in the course of the proof.

10.2. A-adic Galois representations. We state a few facts about A-adic Galois representations.
Let F € I[[q]] be a primitive A-adic form of level N and with character ¢. Let Kr denote the
quotient field of I. Then there exists a Galois representation attached to F, constructed by Hida,
and Wiles in the case of p = 2,

pr : Gal(Q/Q) — GLy(K£),

such that for each arithmetic point P of I, P(pz), the specialization of pr at P, is isomorphic to
the representation p; attached to f = P(F) by Deligne. Note that if £ is a prime number such that
¢1 Np, then

trace(pz(Froby)) = a(¢, F) € I, det(pz(Froby)) = 1(£)k(Frob )¢ !,

where x : Gal(Q/Q) — A is the ‘A-adic cyclotomic character’.
The restriction of pr to G, also turns out to be ‘upper-triangular’. More precisely, the represen-

tation pr|g, has the following shape
(5]: ur
prle, ~ ( 0 6;) ’

where dr,er : G, — K3 are characters with ez unramified, and ur : G, — Kr is a continuous
map. Let
Cr = E;—l.UJ: € Zl (Gp, K;(S;e}l))

be the associated cocycle. Then the representation

pFla, splits if and only if [cx] =0 in Hl(Gp,Kf((Sfe}l)).
We shall shortly show that for a primitive 2-adic family F whose residual representation satisfies
some technical conditions (cf. conditions (1), (2), (3) below), the corresponding representation pr
splits at p if and if F is a CM family. As a consequence, standard descent arguments allow us to
conclude the following partial result towards Greenberg’s question on the local splitting of ordinary
2-adic modular Galois representations.

Theorem 10.2. Let F be a primitive non-CM 2-ordinary Hida family of eigenforms with the
property that

(1) pr is p-distinguished,

(2) pr is absolutely irreducible, when restricted to Gal(Q/Q(3)),

(3) pr(c) #1 and px(c) is both a-modular and S-modular.
Then, for all but except possibly finitely many arithmetic members f € F, the representation py|a,
is non-split. Moreover the possible exceptions are necessarily non-CM forms.

For the definitions of primitive and p-distinguished, refer to [GV04, §2]. We remark again that
the last statement in the theorem is a consequence of uniqueness for 2-adic families, proved in the
last section.
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10.3. Local splitting for A-adic eigenforms.

Proposition 10.3. Let F be a primitive 2-adic A-adic eigenform of fived tame level N satisfying
conditions (1)-(3) above. Then pr|a, splits if and only if F is of CM type.

Proof. The proof is very similar to that for odd primes given in [GV04, Prop. 14]. One shows that
the following statements are equivalent.

(1) prla, splits.

(2) F has infinitely many weight one classical specializations.

(3) F has infinitely many weight one classical CM specializations.
(4) F is of CM type.
For the readers convenience, we prove the implications (1) = (2), to show how the strengthened
version of Buzzard’s result is used. For the remaining implications, we refer the reader to [GV04,
Prop. 14], although a shorter proof of the implication (3) = (4) can be found in [DG12].
(1) = (2): Recall that we have the following characters:

Y : Gal(Q/Q) — @; the character of F of conductor Ng,
k:Gal(Q/Q) — A*, the A-adic cyclotomic character,
v: Gal(Q/Q) — Z)  the 2-adic cyclotomic character.

We know that det(pz)= yrv 1. The specialization of det(pz) at ¢y ¢ is xv*~1, where x = 1w Fx,.
By assumption pr|g, splits, i.e.,
Yrv~t 0
prl, ( 0o 1)

Let P be a weight one point of L extending ¢1,¢ : A — Q. It follows that P(pr) = pp(r) has the
following shape on I,:
wl 0
ppF)l,~ (w 0 1) ’

noting that the characters on the diagonal have finite order. Now by Theorem 10.1, we have that

PP(F) ~ Pfs
where f is a primitive weight 1 form of level N2", with character yw~'x, where ¢ is exactly of
order 2772, r > 2. As we vary the point P, and therefore r > 2, we obtain infinitely many classical
weight 1 specializations of F as required.

We remark that elementary arguments (cf. [GV04, (2) = (3) of Prop. 14]), allow us to conclude
that infinitely many of these must be of CM type, and in particular the residual representation must
necessarily be of dihedral type. Moreover, by ordinariness, the prime 2 will split in the corresponding
imaginary quadratic field. This explains why it is crucial to assume that Buzzard’s result holds in
this case as well.

O
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