(p,p)-GALOIS REPRESENTATIONS ATTACHED TO
AUTOMORPHIC FORMS ON GL,

EKNATH GHATE AND NARASIMHA KUMAR

ABSTRACT. We study the local reducibility at p of the p-adic Galois represen-
tation attached to a cuspidal automorphic representation of GL,(Ag). In the
case that the underlying Weil-Deligne representation is Frobenius semisimple
and indecomposable, we analyze the reducibility completely. We use methods
from p-adic Hodge theory, and work under a transversality assumption on the
Hodge and Newton filtrations in the corresponding filtered module.

1. INTRODUCTION

Let f =377, a,(f)¢" be a primitive elliptic modular cusp form of weight k& > 2,
level N > 1, and nebentypus x : (Z/NZ)* — C*. Let Ky denote the number field
generated by the Fourier coefficients of f. Fix an embedding of Q into @p, and let
© be the prime of Q determined by this embedding. Let p also denote the induced
prime of K¢, and let K¢, be the completion of K at p. For a global or local field
F of characteristic 0, let Gg denote the absolute Galois group of F. There is a
global Galois representation

(11) Pf.e - GQ — GLQ(Kﬁ@)
associated to f (and p) by Deligne which has the property that for all primes £ { Np,
trace(ps o, (Froby)) = as(f) and det(ps ,(Frob,)) = x(£)¢F 1.

Thus det(py,,) = Xxffyj:}p, where Xcyc,p is the p-adic cyclotomic character.

It is a well-known result of Ribet that the global representation py,, is irreducible.
However, if f is ordinary at g, i.e., a,(f) is a p-adic unit, then an important
theorem of Wiles, valid more generally for Hilbert modular forms, says that the
corresponding local representation is reducible.

Theorem 1.1 ([W88]). Let f be a p-ordinary primitive form as above. Then the
restriction of py ., to the decomposition subgroup Gq, is reducible. More precisely,
there exists a basis in which

(X MBI Xy
(12) pf,p'GQp < O A((l) ’

where x = XxpXx' is the decomposition of x into its p and prime-to-p-parts, A(x) :
Go, & K fX o U8 the unramified character which takes arithmetic Frobenius to x,
and u : Gg, — Kj, is a continuous function. Here o is (i) the unit root of
X2 —a,(f)X +p*"1x(p) if pt N (ii) the unit a,(f) if p||N, p{cond(x), k = 2 (iii)
the unit a,(f) if p|N, v,(N) = vy(cond(x)). In all cases a8 = x'(p)p*~L.

The numbering used in this paper differs slightly from that used in the published version.
1
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Moreover, in case (i), a,(f) is a unit if and only if £ = 2, and one can easily show
that pf,o|cg, is irreducible when & > 2.

Urban has generalized Theorem 1.1 to the case of primitive Siegel modular cusp
forms of genus 2. We briefly recall this result here. Let 7w be a cuspidal automorphic
representation on GSp,(Ag) whose archimedean component 7., belongs to the
discrete series, with cohomological weights (a,b;a 4+ b) with @ > b > 0. For each
prime p, Laumon, Taylor and Weissauer have defined a four-dimensional Galois
representation

prp  Go — GL4(Qp)
with standard properties. Let p be an unramified prime for 7. Then Tilouine and
Urban have generalized the notion of ordinariness for such primes p in three ways to
what they call Borel ordinary, Siegel ordinary, and Klingen ordinary (these terms
come from the underlying parabolic subgroups of GSp,(Ag)). In the Borel case,
the p-ordinariness of 7 implies that the Hecke polynomial of m,, namely

(X —a)(X = B)(X = )(X =),

has the property that the p-adic valuations of o, 3, v and 6 are 0, b+ 1, a + 2 and
a + b+ 3, respectively.

Theorem 1.2 ([U05], [TU99]). Say m is a Borel p-ordinary cuspidal automor-
phic representation of GSpy(Ag) which is stable at oo with cohomological weights
(a,b;a + b). Then the restriction of pr, to the decomposition subgroup Gq, s
upper-triangular. More precisely, there is a basis in which Pn,p|G@p

A(é/pa+b+3) . ngtl?;?’ " % "
0 AV /D) - XEE * *
~ ’ b b )
0 0 )‘(B/p +1) : Xc;c];p *
0 0 0 )\(a)

where \(x) is the unramified character which takes arithmetic Frobenius to x.

We remark that p, , above is the contragredient of the one used in [U05] (we also
use the arithmetic Frobenius in defining our unramified characters), so the theorem
matches exactly with [U05, Cor. 1 (iii)]. Similar results in the Siegel and Klingen
cases can be found in the other parts of [U05, Cor. 1].

The local Galois representations appearing in Theorems 1.1 and 1.2 are some-
times referred to as (p, p)-Galois representations. The goal of this paper is to prove
structure theorems for the local (p, p)-Galois representations attached to automor-
phic forms on GL, (Ag).

In the first part of this paper (cf. Section 3) we reprove Theorem 1.1 using the
celebrated work of Colmez-Fontaine [CF00] establishing an equivalence of categories
between potentially semistable representations and filtered (¢, N)-modules with
coefficients and descent data. Our proof is quite simple and serves to illustrate the
techniques that will be used in the rest of the paper.

In the second and main part of this work (Section 4 onwards), we generalize
Theorem 1.1 to the local (p, p)-Galois representations attached to an automorphic
form 7 on GL, (Ag). We assume that the global p-adic Galois representation py ,
attached to 7 exists, and that it satisfies several natural properties, e.g., it lives in
a strictly compatible system of Galois representations, and satisfies Local-Global
compatibility. Recently, much progress has been made on this front: such Galois
representations have been attached to what are referred to as RAESDC (regular,
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algebraic, essentially self dual, cuspidal) automorphic forms on GL,,(Ag) by Clozel,
Harris, Kottwitz and Taylor, and for conjugate self-dual automorphic forms over
CM fields these representations were shown to satisfy Local-Global compatibility
away from p by Taylor-Yoshida. Under some standard hypotheses (e.g., that the
Hodge and Newton filtrations are in general position in the corresponding crystal,
cf. Assumption 4.6 in the text), we show that in several cases the corresponding
local (p, p)-representation p7r7,,|(;Qp has an ‘upper-triangular’ form, and completely
determine the ‘diagonal’ characters. In other cases, and perhaps more interest-
ingly, we give conditions under which this local representation is irreducible. For
instance, we directly generalize the comment about irreducibility made just after
the statement of Theorem 1.1. As a sample of our results, let us state the following
theorem (which is a collation of Theorems 6.6, 6.7 and 7.17 in the text).

Theorem 1.3 (Indecomposable Case). Say 7 is a cuspidal automorphic form on
GLyn (Ag) with infinitesimal character given by the integers —31 > -+ > —Bn.
Suppose that the Weil-Deligne representation attached to m, is Frobenius semisimple
and indecomposable, i.e.,

WD(prp

G@p) ~Tm & Sp(”)?

where Tp, is an irreducible representation of Wo, of dimension m > 1, and Sp(n)
is the special representation, for n > 1. Assume that Assumption 4.6 holds.

(i) Suppose m =1 and 71 = xo - X' is a character, where X is the ramified part,
and X' is an unramified character mapping arithmetic Frobenius to a.

a) If w is ordinary at p (i.e., vy(a) = —f1), then the B; are necessarily consecutive
integers, and prplcg, ~

X0 - Amar) - Xeyelp * *
0 Xo - ACaear)  Xeyep T *

—Bi—(n—1

0 0 0 xo- )\(ﬁ) Xeve'p =

where A(x) is the unramified character taking arithmetic Frobenius to x.
b) If m is not p-ordinary, then pxplc,, is irreducible.
(it) Suppose m > 2. Then prp|cq, is irreducible.

The theorem gives complete information about the reducibility of the (p,p)-
representation in the indecomposable case (under Assumption 4.6). In particular,
the image of the (p,p)-representation tends to be either in a minimal parabolic
subgroup or a maximal parabolic subgroup of GL,,. While this is forced in the GLs
setting, it is somewhat surprising that the image does not lie in any ‘intermediate’
parabolic subgroups even in the GL,, setting. Finally we point out that parts (7)
b) and (4¢) of the theorem imply that the global representation p, , is irreducible
(see also [TY07, Cor. B] for the case of conjugate self-dual representations over
CM fields).

The theorem is proved in Sections 6 and 7, using methods from p-adic Hodge
theory. It is well-known that the category of Weil-Deligne representations is equiv-
alent to the category of (¢, N)-modules [BS07, Prop. 4.1]. In Section 7, we clas-
sify the (¢, N)-submodules of the (p, N)-module associated to the indecomposable
Weil-Deligne representation in the theorem. This classification plays a key role in
analyzing the (p,p)-representation once the Hodge filtration is introduced. Along
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the way, we take a slight detour to write down explicitly the filtered (¢, N)-module
attached to an m-dimensional ‘unramified supercuspidal’ representation, since this
might be a useful addition to the literature (cf. [GMO09] for the two-dimensional
case).

The terminology ‘indecomposable case’ in the discussion above refers to the
standard fact that every Frobenius semisimple indecomposable Weil-Deligne repre-
sentation has the form stated in the theorem. Some results in the decomposable
case (where the Weil-Deligne representation is a direct sum of indecomposables)
are given in Section 8, though the principal series case is treated completely a bit
earlier, in Section 5 (in the spherical case our results overlap with those in D. Ger-
aghty’s recent thesis, and we thank T. Gee for pointing this out to us). We refer the
reader to these sections for explicit statements of results. Of the remaining sections,
Section 2 recalls some useful facts from p-adic Hodge theory, whereas Section 4 re-
calls some general facts and conjectures about Galois representations associated to
automorphic forms on GL,,(Ag).

2. p-ADIC HODGE THEORY

We start by recalling some results we need from p-adic Hodge theory. For the
basic definitions in the subject, e.g., of Fontaine’s ring By;, filtered (¢, N)-modules
with coefficients and descent data, Newton and Hodge numbers, see [F94], [FO],
[GMO09, §2].

2.1. Newton and Hodge Numbers. We start by stating some facts about New-
ton and Hodge numbers, which do not seem to be in the literature when the coef-
ficients are not necessarily Q,.

Let F' and E be two finite field extensions of Q, and assume that all the con-
jugates of F' are contained in E. Suppose D is a free of finite rank module over
F ®q, E. Then clearly

(2.1) dimp D = [E: Q] - rankpe,, pD.

Lemma 2.1. Suppose Dy C D1 are two free of finite rank modules over F ®q, E.
Then D1/Ds is also free of finite rank = rank(D) — rank(Ds).

Proof. Tt suffices to show any basis of Dy can be extended to a basis of D;. For
any I’ ®q, F-module D, we have:

(2.2) D~ [] Do

o:F—FE
where D, = D ®pgr,- £. Apply this isomorphism to D;. Look at the image of
Dy, of D5 in each projection Di,. Since the D1, are vector spaces over E, we can
extend to the basis of the E-subspaces Do, to a basis of the D;,. Now pulling
back the extended basis vectors in each D;,, we get a basis of D; which extends
the basis of Ds. O

Lemma 2.2 (Newton number). Suppose D is a filtered (p, N, F, E)-module of rank
n, such that the action of ¢ is E-semisimple, i.e., there exists a basis {e1, - ,en}
of D such that ¢(e;) = a;e;, for some a; € E*. Then

tn(D) = [E: Qp] : Z”p(ai)'

i=1
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Proof. The proof is standard from the definition of the Newton number. O

Lemma 2.3 (Hodge number). Suppose D is a filtered (o, N, F, E)-module of rank
n. Then

(2.3) ty(D) =[E: Q- Zl -rankpe, B gr'Dp.

=7
Proof. Since D is a filtered (¢, N, F, E)-module, there exists a separated, exhausted
and decreasing filtration (Fil'Dp);ez of (F®q, E)-submodules of Dp := F®req, B
D. Then, by forgetting the E-module structure, D is also a filtered (¢, N, F,Q,)-

module and each term of the filtration {Fil’ Dy} can also thought of as an F-module.
By a standard formula (see, e.g., [FO, Prop. 6.45]), we have:

tH(D) = ZZ . dimF gI‘iDF7
i€z
with gr'Dp = FiliDF/FiliHDp, with gr’ Dp thought of as an F-module. Savitt has
observed [S05] that each Fil’ Dp is free of finite rank over F ®g, E. By Lemma 2.1,

we have gr' D is also a free of finite rank module over F ®q, £. Applying (2.1),
we obtain the lemma. |

Remark 1. By the last two lemmas, one can drop the common factor of [E : Q)]
when checking the admissibility of a filtered (¢, N, F, E)-module.

Corollary 2.4. Suppose D is a filtered (¢, N, F, E)-module of rank 1. Then
(2.4) ta(D) =[E: Q- B,
where B is the unique integer such that 0 = Fil’"'Dp - Fil’Dp = Dp.

Lemma 2.5. Let Dy, D2 be two filtered (p, N, F, E)-modules, of rank r1, ra, re-
spectively. Assume that the action of p on D1, Do is semisimple. Then

(2.5a) tn (D1 ® Dy) =rank(Dy) tn(D2) 4 rank(Ds) tn(D1),
(2.5Db) tr (D1 ® Dy) = rank(Dq) tgy (D) + rank(Ds2) tg(D1).
Remark 2. The above formulas are well-known if £ = Q,.

Proof. The proof of (2.5a) is an easy check. It is enough to prove (2.5b) when D,
Dy are of rank 1, since

A" (D1 ® Dy) = A"(D2) @ -+ @ A" (D) A" (D) @ - -+ @ A" (D),

r1-times ro-times

where the tensor products are taken over F'®gq, E. In this case (2.5b) follows from
Corollary 2.4. O

2.2. Potentially semistable representations. Let F and F' be two finite exten-
sions of Qp, and let V' be a finite dimensional vector space over E.

Definition 1. A representation p : Gg, — GL(V) is said to be semistable over F,
or F-semistable, if dimp, D p(V) = dimp, (By ®g, V)¢F = dimg, V where Fy =
BgF. If such an F exists, p is said to be a potentially semistable representation. If
F = Q,, we say that p is semistable.
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Remark 3. If p is F-semistable, then p is F'-semistable for any finite extension of
F'/F. Hence we may and do assume that F' is Galois over Q,,.

The following fundamental theorem plays a key role in subsequent arguments.

Theorem 2.6 ([CF00]). There is an equivalence of categories between F-semistable
representations p : G, — GLn(E) with Hodge-Tate weights —f, < --- < —p1 and
admissible filtered (¢, N, F, E)-modules D of rank n over Fy ®q, E such that the
jumps in the Hodge filtration Fil'Dp on Dp := F ®p, D are at f1 <--- < B,

The jumps in the filtration on Dp = F ®p, Ds, r(p) are the negatives of the
Hodge-Tate weights of p. That is, if h is a Hodge-Tate weight, then Fil™" ™ (D) €
Filfh(DF). The equivalence of categories in the theorem is induced by Fontaine’s
functor Dy p. The Frobenius ¢, monodromy N, and filtration on By induce the
corresponding structures on Dg; (V). There is also an induced action of Gal(F/Q))
on Dg; p(V). As an illustration of the power of the theorem we recall the following
useful (and well-known) fact:

Corollary 2.7. Every potentially semistable character x : Gg, — E* is of the
form x = xo - Mag) - Xéyqp} where xo 18 a finite order character of Gal(F/Qp),
for a cyclotomic extension F' of Q,, —i € Z is the Newton number of Dy r(X),
and A ag) is the unramified character that takes arithmetic Frobenius to the unit
ap =p~"'/a € OF, where a = ¢(v)/v for any non-zero vector v in Ds; r(x).

Proof. Every potentially semistable x : Gg — E* is F-semistable for a sufficiently
large cyclotomic extension of Q,. Let Dy r(x) be the corresponding filtered (¢, N)-
module with coefficients and descent data. Suppose that the induced Gal(F/Q,)-
action on Dg p(x) is given the character xo. Now consider the F-semistable E-
valued character x' := Xo - A(ao) - Xiye,- One easily checks that Dy p(x') =

Dgt,r(x)- By Theorem 2.6, we have x = x" = xo0 - A(a0) - Xty p- O

2.3. Weil-Deligne representations. We now recall the definition of the Weil-
Deligne representation associated to an [F-semistable representation p : Gg, —
GL,(E), due to Fontaine. We assume that F/Q, is Galois and F' C E. Let
Wr denote the Weil group of F. For any (p, N, F, E)-module D, we have the
decomposition

[FO:Q;D]
(2.6) D~ [ D
i=1

where D; = D O (Fowq, E,o') E, and o is the arithmetic Frobenius of Fy/Q,.

Definition 2 (Weil-Deligne representation). Let p : Gg, — GL,(E) be an F-
semistable representation. Let D be the corresponding filtered module. Noting
Wao,/Wr = Gal(F/Q,), we let

(2.7) g€ W@p act on D by (g mod Wg) o (p—a(g),

where the image of g in Gal(F,/F,,) is the a(g)-th power of the arithmetic Frobenius
at p. We also have an action of N via the monodromy operator on D. These
actions induce a Weil-Deligne action on each D; in (2.6) and the resulting Weil-
Deligne representations are all isomorphic. This isomorphism class is defined to be
the Weil-Deligne representation WD(p) associated to p.
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Remark 4. If F/Q,, is totally ramified and Frob, € W, is the arithmetic Frobenius,
then observe that WD(p)(Frob,) acts by p~ 1.

Lemma 2.8. Let p: Gal(Q,/Q,) — GL,(E) be a potentially semistable represen-
tation. If WD(p) is irreducible, then so is p.

Proof. Suppose the space V which affords p is reducible. By Theorem 2.6, the
reducibility of V is equivalent to the existence of a non-trivial admissible filtered
(¢, N, F, E)-submodule of Dg; (V). From the definition of the Weil-Deligne action
given above, this submodule is both Wg, and N stable. Thus WD(p) is reducible,
a contradiction. (]

3. THE CASE OF GL,

Let f be a primitive cusp form, which is p-ordinary. Let 7 be the correspond-
ing cuspidal automorphic representation on GL2(Ag). Let ps,, be the associated
Galois representation. In this section, we shall reprove Theorem 1.1 (reducibility
of pf,p|G@p )-

Wiles’ original proof in [W88] involves some amount of p-adic Hodge theory.
More precisely it uses some Dieudonné theory for the abelian varieties associated
by Shimura to cuspforms of weight 2. The result for forms of weight greater than
2 is then deduced by a clever use of certain auxiliary A-adic Galois representations
attached to Hida families of ordinary forms [H86] (see [BGK10, §6] for a detailed ex-
position of the argument). The proof we give below avoids Hida theory completely,
and as the expert will note, is a simple extension of Wiles’ weight 2 argument. We
remark that this proof could not have been given in [W88], since the equivalence of
categories of Colmez and Fontaine (Theorem 2.6) was of course unavailable at the
time.

Another key ingredient in our proof is the fact that Galois representations at-
tached to elliptic modular eigenforms live in strictly compatible systems of Galois
representations [S97]. The consequent ability to transfer information about the
Weil-Deligne parameter between various members of the family has been used to
great effect in recent times (e.g., in the Khare-Wintenberger proof of Serre’s con-
jecture) and is important for us as well. We start by recalling the definition of such
a system of Galois representations following [KW09, §5].

Let F be a number field, £ be a prime, and let p : G — GL,,(Q/) be a continuous
global Galois representation.

Definition 3. Say that p is geometric if it is unramified outside a finite set of
primes of F' and its restrictions to the decomposition group at primes above ¢ are
potentially semistable.

A geometric representation defines, for every prime ¢ of F, a representation of the
Weil-Deligne group at ¢, denoted by WD,, with values in GL,,(Qy), well defined
up to conjugacy. For g of characteristic not ¢, the definition is classical, and comes
from the theory of Deligne-Grothendieck, and for g of characteristic ¢, the definition
comes from Fontaine theory (Definition 2).

Definition 4. For a number field L, we call an L-rational, n-dimensional strictly
compatible system of geometric representations (pg) of Gr the data of:

(1) For each prime ¢ and each embedding i : L — Q¢, a continuous, semisimple
representation py : Gp — GL,,(Qy) that is geometric.
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(2) for each prime g of F', an F-semisimple (Frobenius semisimple) representa-
tion r, of the Weil-Deligne group WD, with values in GL,, (L) such that:

e 7, is unramified for all ¢ outside a finite set.

e for each £ and each i : L < Qy, the Frobenius semisimple Weil-Deligne
representation WD, — GL,(Qy) associated to pe|p, is conjugate to ry
(via the embedding i : L — Q).

e There are n distinct integers f; < --- < B, such that p, has Hodge-
Tate weights {—f1,...,—f,} (the minus signs arise since the weights
are the negatives of the jumps in the Hodge filtration on the associated
filtered module).

By work of Faltings, it is known that pf7p|G@p is a potentially semistable rep-
resentation with Hodge-Tate weights (0,k — 1). Let D be the admissible filtered
(¢, N, F, E)-module associated to this representation for a suitable choices of F', and
E = Ky . By Theorem 2.6, the study of the structure of the (p, p)-Galois represen-
tation p f,m|G@p reduces to that of the study of the filtered module D. In particular,
Pf.olGq, is reducible if and only if D has a non-trivial admissible submodule.

As mentioned above, a key ingredient in our proof of Theorem 1.1 is that the
representation py,, lives in a strictly compatible system of Galois representations
(pf.a), where A varies over the primes of K;. This result is the culmination of
the work of several people, including Langlands, Deligne, Carayol, Katz-Messing
and most recently Saito [S97]. In particular, one may read off the Weil-Deligne
representation WD(py,|c,, ) on D (cf. Definition 2) by looking at the Weil-Deligne
representation attached to py x |G@p for a place A of Ky with X { p. As a consequence,
one may read off, e.g., the characteristic polynomial of crystalline Frobenius ¢
purely in terms of a Ad-adic member of the strictly compatible family for A { p. Now
it is well-known that f is ordinary at p only if the underlying local automorphic
representation 7, is in the principal series or (an unramified twist of) the Steinberg
representation. We obtain:

Theorem 3.1 (Carayol, Deligne, Langlands, Katz-Messing, Saito [S97]). The char-
acteristic polynomial P(X) of the (inverse of) crystalline Frobenius ¢ on D coin-
cides with that of py x(Froby,) for a place A of Ky with A{p. More precisely, in the
cases we need, P(X) is given by:
e (Unramified principal series) If p ¥ N, then pf’p|GQp is crystalline and
P(X) = X?—ap(f)X + x(p)p"".
o (Steinberg) If p||N and vp(cond(x)) = 0, then pyolc,, is Qp-semistable
and P(X) = (X = ap(f))(X = pay(f))-
e (Ramified principal series) If p|N with vy(N) = v,(cond(x)), then prola,,
is potentially crystalline and P(X) = (X — a,(/))(X — X' (p)a,(f)), where
X' denotes the prime-to-p part of the conductor x.

More generally, the complete rank 2 filtered (p, N, F, E)-module D can be written
down quite explicitly in all the above cases ([B01], [GMO09]). We now give a proof of
Theorem 1.1 using this structure of D, which we first recall below in various cases.

3.1. Good reduction: p{ N. In this case F' = Q, and py,o|cq, is crystalline. Let
D = D,q,(pf.0lcq,) be the corresponding filtered (¢, N)-module. Let a and 8 be
the two roots of P(X) = X2 —a,(f)X +x(p)p*~1, with v,(a) = 0 and v,(8) = k—1
(recall v,(ap(f)) =0).
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The structure of the filtered module D in this case is well-known (see [BO1, p.
30-32], where the normalizations are a bit different). There are essentially two
possibilities for D depending on whether D is decomposable or indecomposable.
Assume that the crystal is decomposable (e.g., if f is a CM form). Let ej, ey
be the eigenvectors for ¢ with eigenvalues 1/a and 1/8 (cf. Remark 4). Then
D= E€1 D EeQ, with

p(er) = aleg
D= v(e2) = Ble
N = 0
Fil'(Dp) = 0ifi>1, Fe;if2—k<i<0, Difi<1—k.
If D is indecomposable, then D = Fe; ® Fes, and
p(er) = ale+piFe
D— p(ez) = B le
N = 0
Fil'(Dp) = 0ifi>1, Fe;if2—k<i<0, Difi<1—k.

3.2. Steinberg case: p || N and p { cond(x). In this case py,e[c,, is semistable

over F' = Q, but is not crystalline, and v,(a,(f)) = %52. Note v,(a,(f)) = 0 if
and only if k¥ = 2. Let D be the corresponding filtered (¢, N)-module over Q, (cf.
[GMO09, §3.1]). Set a = a,(f) and 5 = pa,(f), so that the eigenvalues of crystalline
Frobenius are 1/a =p/8 and 1/8. Then D = Fe; @ Ees, and

p(e1) pB e
¢(e2) = fle
D= N(el) = €2
Nez) = 0
Fil'(Drp) = 0ifi>1, E(e; — Lep)if2—k<i<0, Difi<1—k,

for some unique non-zero £ € F.

3.3. Ramified principal series: v,(cond(x)) = v,(N) > 1. In this case pf,o|cq,
is potentially crystalline. If m is the exact power of p dividing N and cond(y),
then pf,p|G@p becomes crystalline over the totally ramified abelian extension F' =
Qp(ptpm) of Qp. Decompose x = xpX' into its p-part and prime-to-p part.

Let D be the associated admissible filtered (¢, N, F, E)-module. An explicit
description of this module was given in [GMO09, §3.2]. Let a = a,(f) and 8 =
X' (p)a,(f). Then D = Ee; & Eey, with

pler) = ale

ple2) = B le
D=<N = 0

gler) = e

gle2) = xplg)e2

for g € Gal(F/Q,). Moreover, in [GMO09, §3.2], the filtered module associated to
Pf.olGe, was further classified into three types. Since vy(ap(f)) = 0, this module is
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either Doyd-split OF Dord-non-split (cf. [GMO09, 3.2]). The corresponding filtrations in
these cases are given by

Fil'(Dp) = 0ifi>1, (FRE)e; if2—k<i<0, Dpifi<1—k, and,
Fil'(Dp) = 0ifi>1, (FQE)(ze, +yes) if 2—k<i<0, Dpifi<1—k,

respectively, where z and y are explicit non-zero Gauss sum like quantities in F'® F
(see [GMO09, §3.2] for their exact definitions, which we do not need here).

3.4. Proof of Wiles’ theorem. Let D,, be the submodule of D generated by e,,,
for n = 1, 2. Since, in all cases, the ‘line’ which determines the interesting step in

the filtration on Dp, is transverse to Dy r, the induced filtration on Dy f is given
by

(3.1) - =Fil'(Dyp) =+ =Fil?* *(Dy p) =0 C Fil' *(Dy,p) = Doy = - -

Thus tgy(D2) =1 —k in all cases.

In the principal series cases (i.e., the first and third cases above), we see that
tn(D2) = vp(871) =1 — k, so that Dy is an admissible p-submodule of D (in the
corresponding split subcases D; is also admissible but we do not need that here).
In the second (Steinberg) case, Ds is the only (¢, N)-submodule of rank 1, since N
must act trivially on any such module. Moreover, ty(D2) = v,(871) = —% which
equals 1 — k = ty(Ds) if and only if £k = 2. Thus Dy is an admissible submodule
if and only if ¥ = 2, and D is irreducible if & > 2. Thus, in all (ordinary) cases,
we have shown the existence of an admissible submodule Dy of the filtered module
D associated to hWk;@p such that on the quotient D/Ds, crystalline Frobenius ¢
acts by an explicit element o' of valuation zero.

Assume that we are in the first two cases, so that F' = Q,. By Theorem 2.6,
the representation p f,gJ|GQp is clearly reducible, with a one-dimensional submodule
given by the character A(5/ pk_l)xfy_c}p (see Corollary 2.7), and quotient given by
the unramified character A\(a) (again, by Corollary 2.7), proving the theorem in
these cases. In the last case (when F' # Q) we may still use Theorem 2.6 to deduce
that pfo|cg, is reducible. Indeed, the one dimensional module D; is a filtered
(¢, N, F, E)-module, with descent data given by the character x, of Gal(F/Q,),
so by the one dimensional case of Theorem 2.6, D5y corresponds to the character
P = Xp)\(ﬁ/pk’l)xfy’c%p of Gg,. Since Dy C D as filtered modules with descent
data, we see V(¢) is a one dimensional submodule of py,e|c,, with unramified
quotient given by A(«), proving the theorem in this case as well.

To recap, we have proved that if v(a,(f)) = 0, then pyp[q, is reducible with
quotient given by the unramified character which sends arithmetic Frobenius to

e the unique p-adic unit root of X2 — a,(f)X + x(p)p*~t =0if p{ N, or,

o a,(f)ifp|| N, pfcond(x) and k =2, or if v,(NN) = cond(x) > 1,
and submodule completely determined by the condition that the determinant is
XX&se,- Moreover, Pt.0lGq, 1 irreducible if p || N, p f cond(x) and k > 2.

4. THE cASE oF GL,

The goal of this paper is to prove various generalizations of Theorem 1.1 for the
local (p, p)-Galois representations attached to automorphic forms on GL,,(Ag). In
this section we collect together some facts about such automorphic forms and their
Galois representations needed for the proof. The main results we need are the Local
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Langlands correspondence (now a theorem of Henniart [H00] and Harris-Taylor
[HT01]), and the existence of strictly compatible systems of Galois representations
attached to cuspidal automorphic forms on GL,, (much progress has been made on
this by Clozel, Harris, Kottwitz and Taylor [CHTO08]).

4.1. Local Langlands correspondence. We state a few results concerning the
Local Langlands correspondence, which we need later. We follow Kudla’s article
[K91], noting this article follows Rodier [R82], which in turn is based on the original
work of Bernstein and Zelevinsky.

Let F be a complete non-Archimedean local field of residue characteristic p, let
n > 1, and let G = GL,,(F). For a partition n = n; +ns + --- + n, of n, let P be
the corresponding parabolic subgroup of G, M the Levi subgroup of P, and N the
unipotent radical of P. Let §p denote the modulus character of the adjoint action
of Mon N. If c =01 ®R0oy®---® 0, is a smooth representation of M on V', we let

1S(c) = {f : G = V| f smooth on G and f(nmg) = 53(m)(c(m)(f(9))},

forn € N, m € M, g € G. G acts on functions in I§ (o) by right translation and
I§(0) is the usual induced representation of o. It is an admissible representation
of finite length.

A result of Bernstein-Zelevinsky says that if all the o; are supercuspidal, and o
is irreducible, smooth and admissible, then I§ (o) is reducible if and only if n; = n;
and o; = 0;(1) for some i # j. For the partition n = m +m+ --- + m (r times),
and for a supercuspidal representation of o of GL,,(F), call the data

(4.1) (0,0(1),--+,o0(r—1))=o,0(r—1)]=A

a segment. Clearly IS (A) is reducible. By [K91, Thm. 1.2.2], the induced repre-
sentation 7§ (A) has a unique irreducible quotient Q(A) which is essentially square-
integrable.

Two segments

Al = [0’170'1(7‘1 — 1)] and AQ = [0’270'2(7"2 — ].)]

are said to be linked if Ay € Ag, Ay & Ay, and Ay U Ay is a segment. We say
that A; precedes Ay if Ay and Ay are linked and if o9 = o1 (k), for some positive
integer k.

Theorem 4.1 (Langlands classification). Given segments Ay, -+, A,, assume that
fori < j, A; does not precede Aj. Then

(1) The induced representation IS (Q(A1) ®--- @ Q(A,)) admits a unique irre-
ducible quotient Q(Aq,--- ,A,), called the Langlands quotient. Moreover,
r and the segments A; up to permutation are uniquely determined by the
Langlands quotient.

(2) Ewery irreducible admissible representation of GLy,(F) is isomorphic to
some Q(Aq,--- ,A).

(3) The induced representation I1S(Q(A1) ® -+ @ Q(A,.)) is irreducible if and
only if no two of the segments A; and A; are linked.

So much for the automorphic side. We now turn to the Galois side. Recall that
a representation of Wy is said to be Frobenius semisimple if arithmetic Frobenius
acts semisimply. An admissible representation of the Weil-Deligne group of F' is
one for which the action of Wy is Frobenius semisimple. Let Sp(r) denote the
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Weil-Deligne representation of order r with the usual definition. When F' = Q,
there is a basis {f;} of Sp(r) for which ¢f; = p*~1f;, and Nf; = f;_1 for i > 1 and
Nfi = 0. It is well-known that every indecomposable admissible representation
of the Weil-Deligne group of F' is of the form 7 ® Sp(r) where 7 is an irreducible
admissible representation of W and r > 1. Moreover (cf. [R94, §5, Cor. 2]), every
admissible representation of the Weil-Deligne group of F' is of the form

@ 7 ® Sp(ry),

where the 7; are irreducible admissible representations of Wx and the r; are positive
integers.

Theorem 4.2 (Local Langlands correspondence). ([HT01, VII.2.20], [H00], [K80]).
There exists a bijection between isomorphism classes of irreducible admissible rep-
resentations of GL,,(F) and isomorphism classes of admissible n-dimensional rep-
resentations of the Weil-Deligne group of F.

The correspondence is given as follows. The key point is to construct a bijection
®p: 0 7= Ppr(0) between the set of isomorphism classes of supercuspidal rep-
resentations of GL,, (F') and the set of isomorphism classes of irreducible admissible
representations of Wp. This is due to Henniart [H00] and Harris-Taylor [HT01].
Then, to Q(A), for the segment A = [0, 0(r — 1)], one associates the indecompos-
able admissible representation ® r(0) ® Sp(r) of the Weil-Deligne group of F. More
generally, to the Langlands quotient Q(Aq, -+, A,), where A; = [04, 04(r; — 1)], for
i = 1 to r, one associates the admissible representation ®;®r(0;) ® Sp(r;) of the
Weil-Deligne group of F'.

4.2. Automorphic forms on GL,. The Harish-Chandra isomorphism identifies
the center 3, of the universal enveloping algebra of the complexified Lie algebra gl,,
of GL,,, with the algebra C[X1, X5, - - , X,,]°", where the symmetric group S,, acts
by permuting the X;. Given a multiset H = {z1, z2,...,z,} of n complex numbers
one obtains an infinitesimal character of 3, given by xg : X; — x;.

Cuspidal automorphic forms with infinitesimal character x i (or more simply just
H) are smooth functions f : GL,,(Q)\GL,,(Ag) — C satisfying the usual finiteness
condition under a maximal compact subgroup, a cuspidality condition, and a growth
condition for which we refer the reader to [T04]. In addition, if z € 3,, then 2z - f =
xu(2)f. The space of such functions is denoted by A%, (GL,,(Q)\GL,,(Ag)). This

space is a direct sum of irreducible admissible GLn(A((@OO)) x (gl,,, O(n))-modules
each occurring with multiplicity one, and these irreducible constituents are referred
to as cuspidal automorphic representations on GL,, (Ag) with infinitesimal character
XH. Let m be such an automorphic representation (we will also refer to 7 as an
automorphic form). By a result of Flath, « is a restricted tensor product m = ®;7Tp
(cf. [B97, Thm. 3.3.3]) of local automorphic representations.

4.3. Galois representations. Let m be an automorphic form on GL,(Ag) with
infinitesimal character x g, where H is a multiset of integers. The following very
strong, but natural, conjecture seems to be part of the folklore.

Conjecture 4.3. Let H consist of n distinct integers. There is a strictly compatible
system of Galois representations (pr ¢) associated to 7, with Hodge-Tate weights H,
such that Local-Global compatibility holds.
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Here Local-Global compatibility means that the underlying semisimplified Weil-
Deligne representation at p in the compatible system (which is independent of the
residue characteristic £ of the coefficients by hypothesis) corresponds to 7, via the
Local Langlands correspondence. Considerable evidence towards this conjecture is
available for self-dual representations thanks to the work of Clozel, Kottwitz, Harris
and Taylor. We quote the following theorem from Taylor’s paper [T04], referring
to that paper for the original references (e.g., [C91]).

Theorem 4.4 (cf. [T04], Thm. 3.6). Let H consist of n distinct integers. Suppose
that the contragredient representation m" = w®1) for some character ¢ : Q*\Ag —
C*, and suppose that for some prime q, the representation m, is square-integrable.
Then there is a continuous representation

pri: Go — GL,(Qy)

such that pmg|G@2 is potentially semistable with Hodge-Tate weights given by H, and
such that for any prime p # £, the semisimplification of the Weil-Deligne representa-
tion attached to pw,g|GQp is the same as the Weil-Deligne representation associated
by the Local Langlands correspondence to m,, except possibly for the monodromy
operator.

Subsequent work of Taylor and Yoshida [TY07] shows that the two Weil-Deligne
representations in the theorem above are in fact the same (i.e., the monodromy
operators also match).

In any case, for the rest of this paper we shall assume that Conjecture 4.3 holds.
In particular, we assume that the Weil-Deligne representation at p associated to a
p-adic member of the compatible system of Galois representations attached to 7
using Fontaine theory is the same as the Weil-Deligne representation at p attached
to an f-adic member of the family, for ¢ # p.

4.4. A variant, following [CHTO08]. A variant of the above result can be found
in [CHTO08]. We state this now using the notation and terminology from [CHTOS,
§4.3].

Say 7 is an RAESDC (regular, algebraic, essentially self dual, cuspidal) auto-
morphic representation if 7 is a cuspidal automorphic representation such that

o 1/ =7 ® x for some character x : Q*\Ag — C*.
® T, has the same infinitesimal character as some irreducible algebraic rep-
resentation of GL,,.

Let a € Z™ satisty
(42) ay 2> -+ 2 Qp.

Let =, denote the irreducible algebraic representation of GL,, with highest weight
a. We say that an RAESDC automorphic representation 7 has weight a if 7w, has
the same infinitesimal character as ZY; in this case there is an integer w, such that
a; + apy1—; = wq for all i.

Let S be a finite set of primes of Q. For v € S let p, be an irreducible square
integrable representation of GL,(Q,). Say that an RAESDC representation 7 has
type {py tves if for each v € S, 7, is an unramified twist of p,’.

With this setup, Clozel, Harris, and Taylor attached a Galois representation to
an RAESDC 7.
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Theorem 4.5 ([CHTO08], Prop. 4.3.1). Let ¢ : Q) ~ C. Let m be an RAESDC
automorphic representation as above of weight a and type {p,}ves. Then there is
a continuous semisimple Galois representation

re.(m) : Gal(Q/Q) — GL,(Qy)
with the following properties:
(1) For every prime p1 £, we have

reu (MG, = (re(e1mp) ) (1 = n)™,
where ry is the reciprocity map defined in [HTO1].
(2) If £ = p, then the restriction 7’[7L(’/T)|GQP is potentially semistable and if m,
is unramified then it is crystalline, with Hodge-Tate weights —(a; +n — j)
forj=1,...,n.

4.5. Newton and Hodge filtration. Let p,r,p\g% be the (p,p)-representation
attached to an automorphic form 7 and D be the corresponding filtered (¢, N, F, E)-
module (for suitable choices of F and F).

Note that there are are two natural filtrations on D, the Hodge filtration Fil’ Dy
and the Newton filtration defined by ordering the slopes of the crystalline Frobenius
(the valuations of the roots of ¢.) To keep the analysis of the structure of the (p, p)-
representation pﬂ7p|(;% within reasonable limits in this paper, we shall make the
following assumption.

Assumption 4.6. The Newton filtration on DF is in general position with respect
to the Hodge filtration Fil'Dp.

Here, if V' is a space and Fil’iV and Fil%V are two filtrations on V then we say
they are in general position if each FiliV is as transverse as possible to each FilgV.
We remark that the condition above is in some sense generic since two random
filtrations on a space tend to be in general position.

4.6. (Quasi-) Ordinary representations. As mentioned earlier, our goal is to
prove that the (p,p)-representation attached to 7 is ‘upper-triangular’ in several
cases. To this end it is convenient to recall the following terminology (see, e.g.,
Greenberg [G94, p.152] or Ochiai [O01, Def. 3.1]).

Definition 5. Let F' be a number field. A p-adic representation V' of G is called
ordinary (respectively quasi-ordinary), if the following conditions are satisfied:

(1) For each place v of F over p, there is a decreasing filtration of Gp,-modules
- FillV D Fil5H YV O -
such that Fil,V =V for i < 0 and Fil,V = 0 for i > 0.
(2) For each v and each 4, I,, acts on Fil’ V/Fil*"'V via the character Xeyep>

where Xcyc,p is the p-adic cyclotomic character (respectively, there exists
an open subgroup of I, which acts on Fil’ V/Fil’™'V via Xeyep)-

5. PRINCIPAL SERIES

Let 7 be an automorphic representation on GL,,(Ag) with infinitesimal character
H, for a set of distinct integers H. Let 7, denote the local automorphic represen-
tation of GL,(Qp). In this section we study the behaviour of the (p,p)-Galois
representation assuming that m, is in the principal series.
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5.1. Spherical case. Assume that 7, is an unramified principal series represen-
tation. Since 7, is a spherical representation of GL, (Q,), there exist unramified
characters x1,. .., xn of Q) such that 7, is the Langlands quotient Q(x1, ..., Xn)-
We can parametrize the isomorphism class of this representation by the Satake
parameters ai, ..., oy, for a; = x;(w), where w is a uniformizer for Q,,.

Note that pr |Gy, is crystalline with Hodge-Tate weights H. Let D be the
corresponding filtered p-module. Let the jumps in the filtration on D be f; < f2 <
-++ < By (so that the Hodge-Tate weights H are —f3; > -+ > —f3,.

Definition 6. Say that the automorphic representation 7 is p-ordinary if §; +
vplag) =0foralli=1,...,n.

We remark that if 7 is p-ordinary, then the v,(cy;) are integers.

Theorem 5.1 (Spherical case). Let m be a cuspidal automorphic representation of
GL,,(Ag) with infinitesimal character given by the integers —f1 > --- > =0, and
such that m, is in the unramified principal series with Satake parameters aq, ..., o,.
If m is p-ordinary, then prplcg, ~

)\(pvz?é(lﬁl)) ’ Xc_yﬁc,}p * *
0 )\(pvz(vl(iﬂ) ' Xc_y[z?p *
0 0 . «
n— 7Bn7
0 0 )‘(m) “Xeyerp *
0 0 0 )\(pv;x(?xn) )) ' X(?}/ﬂc:Lp
In particular, pw,p'G@p is ordinary.
Proof. Since m, is p-ordinary, we have that v,(ay,) < vp(an—1) < -+ < vp(a1).

By strict compatibility, the characteristic polynomial of the inverse of crystalline
Frobenius of D,, is equal to [[,(X — o).

Since the v, () are distinct, there exists a basis of eigenvectors of D,, for the
operator ¢, say {e;}, with corresponding eigenvalues {o; '}. For any integer 1 <
i <, let D; be the g-submodule generated by {e,--- ,e;}. Since D,, is admissible
we know that tgy(D;) <tn(D;) foralli=1,...,n.

The filtration on D,, is

(5.1) ...COCFiI’(D,)C---CFiI”"(D,) =D, C---

Since D,, is admissible, we have that

(5.2) Z Bi=— va(ai)'
i=1 i=1

By Assumption 4.6, we have that the jumps in the induced filtration on D, _; are
Bi,...,Bn-1. By (5.2), we have

(53) ta(Dn 1) = S B = =3 wplas) = tx (Do),
i=1 =1

since 8, = —vp(ay). This implies that D,,_q is admissible. Moreover, D,,/D,,_q
is also admissible since ty(D,,/Dyp_1) = B, and tn(Dy/Dp—1) = —vp(ew,), since ¢
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acts on D,,/D,,_1 by a;,; 1. Therefore, the Galois representation pﬂ7p|(;@p looks like

Pn—1 *
5.4 ~ 'ny —Pn ’
(5.4) p ( 0 AGots) xcyﬁc;p>
where p,,_1 is the n — 1-dimensional representation of Gg, which corresponds to
D,_;.
Repeating this argument successively for D,,_1, D;,_s,...,Dj, we obtain the
theorem. [

Corollary 5.2. When n = 2, and 7 corresponds to f, we recover part (i) of
Theorem 1.1 (at least when k > 3 is odd).

Proof. Say 0 < vy(a) <wv,(8) < k—1. It is well-known (cf. [B97]) that the Satake
parameters at p satisfy the formulas a; = ﬁ P 2" and ay = - p 3. In fact
L(s,m) = L(s+ "5, f) and pr, = py,p ® xcygp, where (k — 1)/2 €Zif kis odd
In particular, the Hodge-Tate weights of pw,p|GQp are — 35 = ; and —f, = &L,

distinct integers if £k > 3 is odd. By the p-ordinariness COIldlthIl for 7, we have

that v,(a2) = 5% and v,(a1) = £51. By the theorem above, we obtain

k—1
Ao /p*=172) - xedep *
~ 1—k .
Qp 0 )‘(a2/p(l_k)m) * Xeye,p

Pr.plG

kE—1

Twisting both sides by Xcy% p, we recover part (i) of Theorem 1.1. (]

5.1.1. Variant, following [CHTO8]. Let = now be an RAESDC form of weight a
as in Section 4.4 and let m, denote the local p-adic automorphic representation
associated to w. For any i = 1,...,n, set ﬂn+1 ; = a; +n — 1, where q;’s are as

n (4.2). We have that g8, > ﬁn 1 > -+ > 1, and the Hodge-Tate weights are

_ﬁ/ < ﬁn 1 <. < ﬁl'

Assume that 7, is in the unramified principal series, so 7, = Q(X1, X2 - - Xn)
where y;’s are unramified characters of Q). Set o = x; (w)p%. Let tl(,] ) denote the
GL"( ») | where T,Sj ) is the j-th Hecke operator as in [CHTO8],

and mp is spanned by a GL,,(Z,)-fixed vector, unique up to a constant. We
Would like to compute the right hand side in the display in part (1) of Theorem 4.5.
By [CHTO08, Cor. 3.1.2], in the spherical case, one has

(re(e™"mp) ) (1 = m)(Frob, ) = JJ(X — o)

%

—xn_ tf(})Xn71 T (71)jpju2_l)

eigenvalue of T(J) onm
GLo(Z,)

. . n(n—1)
t[()J)Xn J 44 (71)"]) 2 t;n)’
where Frob, ! is geometric Frobenius. Let s; denote the j-th elementary symmet-

ric polynomial. Then from the equation above, for any j = 1,---,n, we have

p ) = si(ah) = p™F s;(x(p)) and hence ¢ = s;(xi(p)p™ T . In this

setting we make:

Definition 7. Say that the autornorphic representation w is p-ordinary if 5] +
vp(af) =0foralli=1,-

Again, if 7 is p-ordinary, then the v, (o) are integers.



(p, p)-GALOIS REPRESENTATIONS 17

Note that by strict compatibility, crystalline Frobenius has characteristic poly-
nomial exactly that above. The following theorem follows in a manner identical to
that used to prove Theorem 5.1.

Theorem 5.3 (Spherical case, variant). Let 7 be a cuspidal automorphic form on

GL,(Ag) of weight a, as is Section 4.4. Let rp ,(m) be the corresponding p-adic

Galois representation, with Hodge Tate weights —f,  ,_; = a; +n — i, for i =

1,...,n. Suppose m, is in the principal series with Satake parameters oy, ..., oy,
n—1

and set o = a;p = . If m is p-ordinary, then rp,.(7)|G,, ~

(pvf(t'l)) * Xeyep * Tt *
’ *ﬂ/
0 (pu:(ié)) : XCyc?p s *
0 *
. —Br_
0 A( ru:{;;zil)) *Xeyelp | *
’ 713;
0 0 0 Atr)) - Xevelp

In particular, rp,,(7)|G,, is ordinary.

The result above was also obtained by D. Geraghty in the course of proving
modularity lifting theorems for GL,, (see Lem. 2.7.7 and Cor. 2.7.8 of [G10]). We
thank T. Gee for pointing this out to us.

5.2. Ramified principal series case. Returning to the case where 7 is an auto-
morphic form with infinitesimal character H, we assume now that the automorphic
representation m, = Q(x1,...,Xn), where x; are possibly ramified characters of
Q-

pBy the local Langlands correspondence, we think of the x; as characters of
the Weil group Wg,. In particular y; restricted to the inertia group have finite
image. By strict compatibility, WD(p)|7, ~ @xi|r,- The characters x;|;, factor

7
through Gal(Q}"((pm)/Qy") =~ Gal(Q,((pm)/Qp) for some m > 1. Denote Qp((pm)
by F. Observe that F' is a finite abelian totally ramified extension of Q,. Let
G, * Go, = GL,(E) be the corresponding (p, p)-representation. Note that
Pr.plcy is crystalline.
Let D,, be the corresponding filtered module. Then D,, = Fe; +- - -+ Ee,, where
g € Gal(F/Q,) acts by x; on e;. A short computation shows that ¢(e;) = a; 'e;,
where a; = x;(wp), for wp a uniformizer of F'.

Using Corollary 2.7, and following the proof of Theorem 5.1, we obtain:

p7r7p

Theorem 5.4 (Ramified principal series). Say m, = Q(X1,...,Xn) 15 in the rami-

fied principal series. If w is p-ordinary, then prp G, ™
w1 M8r) Xl - - -
0 X2 )‘(ﬁ) Xc_yéz?p *
0 0 e %
0 0 0 Xn A(p’U:{g‘n) )) . Xc_yﬁc?p

In particular, pW,p|GQp s quasi-ordinary.
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6. STEINBERG CASE

In this section we treat the case where the Weil-Deligne representation attached
to m, is a twist of the special representation Sp(n).

6.1. Unramified twist of Steinberg. We start with the case where the Weil-
Deligne representation attached to m, is of the form x ® Sp(n), where x is an
unramified character.

Let D be the filtered (p, N,Q,, E)-module attached to pﬂ}p|GQp. Thus D is
a vector space over E. Note N = 0 and N"~! # 0 so that there is a basis
{fnyfn—ly .. .,fl} of D with fi—l = Nfl, for 1 < i S n and Nfl = 0, i.e.,

(6.1) Fo B S E Ao

Say x takes arithmetic Frobenius to a. Since Ny = ppN, we may assume that
i—1

o(fi) = a;lfi, for all i = 1,...,n, where a;l = £2—. When a = 1, D reduces to

Sp(n) mentioned in Section 4.1.
For each 1 < i < n, let D; denote the subspace (f;,-- , f1). Clearly, dim(D;) = i
and Dy C Dy € --- C D,,. We have:

Lemma 6.1. For every integer 1 < r < n, there is a unique N -submodule of D, of
rank v, namely D,..

Proof. Let D’ be a N-submodule of D, of rank r. Say the order of nilpotency of
N on D' is i, i.e., N\ = 0 and N1 # 0. Then, D’ C Ker(N*). Observe that
dim(Ker(N?)) = i, because Ker(N?) is generated by (fi, -, f1). Hence, we have
r < i. Clearly, the order of nilpotency of N on D’ is less than or equal to r. Hence
i=rand D' =Ker(N") = (fr, -, f1)- O

Let B, > --- > (1 be the jumps in the Hodge filtration on D. We assume that
the Hodge filtration is in general position with respect to the Newton filtration
given by the D; (cf. Assumption 4.6). An example of such a filtration is

(62) <fn> g <fnafn71> g g <fn7f’n717"' 7f2> g <fnafn71a"' vf1>~

The following elementary lemma plays an important role in later proofs.

Lemma 6.2. Let m be a natural number. Let {a;}7, be an increasing (resp.,
decreasing) sequence of integers such that |a;+1 — a;] = m. Let {b;}_, be an-
other increasing (resp., decreasing) sequence of integers, such that |b;11 — b;| > m.
Assume that Y, a; = >, b;. If an, = b, or a; = by, then a; = b;,V i.

Proof. Let us prove the lemma when a,, = b,, and the a; are increasing. The proof

in the other cases is similar. We have:
n

(6.3) m(n—14+n—2+-+1) <> (bp=bi) = ¥ (an—a;) = m(n—1+n—2+---+1)
i=1 i=1

The first equality in the above expression follows from a,, = b,,. From the equation

above, we see that b, — b; = a,, — a;, for every 1 < ¢ < n. Since a,, = b,, we have

that a; = b;, for every 1 <i <n. O

By Lemma 6.1, the D; are the only (p, N)-submodules of D. The following
proposition shows that if two ‘consecutive’ submodules D; and D, are admissible
then all the D; are admissible.
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Proposition 6.3. Suppose there exists an integer 1 < i < n such that both D; and
D;y1 are admissible. Then each D,, for 1 < r < mn, is admissible. Moreover, the (;
are consecutive integers.

Proof. Since D; and D;;1 are admissible, we have the following equalities:
Br+Bet-+ 8= —Z”p(ar)v

BitBat -+ Biy1=— Y vplon).

From these expressions, we have that

(6.5) —vp(ait1) = Bis1.

Define a, = —vp(a,) and b, = f,, for 1 <r < n. Hence, we have
Ap > "> Q42 > Qi1 > Q5 > -+ > 041,

(6.6) A

bn>"‘>bi+2>bi+1>bi>"'>b1-

By (6.5), a;+1 = biy1. By Lemma 6.2 and by (6.4), we have that a, = b,., for all
1<r<i+4+1
Since D,, is admissible, we have

(6.7) tn(Dn) = Br=—> wvplay) =tn(Dy).

From (6.4) and (6.7), we have that

n

(6.8) D Br==> vlaw)

r=i+1 r=i+1

Again, by (6.6) and Lemma 6.2, we have that a, = b,., for all i + 1 <r < n. Hence
Br = —vp(a,), for all 1 < r < n. This shows that all the other D;’s are admissible.
Also, the ; are consecutive integers since the v,(«;) are consecutive integers. O

Corollary 6.4. Keeping the notation as above, admissibility of D1 or D,,_1 implies
the admissibility of all other D;.

Theorem 6.5. Assume that the Hodge filtration on D is in general position with
respect to the D; (cf. Assumption 4.6). Then the crystal D is either irreducible or
reducible, in which case each D;, for 1 < i <n is admissible.

Proof. If D is irreducible, then we are done. If not, there exists an ¢, such that D;
is admissible. If D;_; or D;;; is admissible, then by Proposition 6.3, all the D,
are admissible. So, it is enough to consider the case where neither D; 1 nor D;q



20 EKNATH GHATE AND NARASIMHA KUMAR

is admissible (and D; is admissible). We have:

r=i—1
(6.9a) Bit Pt 4 Biir<— > vplan),

r=1
(6.9b) BitBot +Bi== vpla),

r=1

r=i+1
(6.9¢) B+ P2+ + Bit1 < — Z vp ().

r=1
Subtracting (6.9b) from (6.9a), we get —f8; < wv,(e). Subtracting (6.9b) from
(6.9¢), we get Biv1 < —vp(aip1) = —vp(a;) + 1. Adding these inequalities, we
obtain ;41 — ; < 1. But this is a contradiction, since ;11 > §;. This proves the
theorem. (]

Definition 8. Say 7 is p-ordinary if 51 + v,(a) = 0.

Note that if 7 is p-ordinary, then D; is admissible, so the flag D1 C Dy C -+ C
D,, is an admissible flag by Theorem 6.5 (an easy check shows that if 7 is p-ordinary
then Assumption 4.6 holds automatically).

Applying the above discussion to the local Galois representation pmp|GQp, we
obtain:

Theorem 6.6 (Unramified twist of Steinberg). Say 7 is a cuspidal automorphic
form with infinitesimal character given by the integers —[31 > --- > —[f,,. Suppose
that 7, is an unramified twist of the Steinberg representation, i.e., WD(pW,p|G@p) ~
X ® Sp(n), where x is the unramified character mapping arithmetic Frobenius to «.
If m is ordinary at p (i.e., vy(a) = —P1), then the B; are necessarily consecutive
integers and prplGq, ~

MA@ ) Xyt * *
0 Mm@ ) Xyt *
0 0 * J
—B1—(n—1
0 0 0 ASm) Xever
where AN(=zy) s an unramified character taking arithmetic Frobenius to —S=,
pUP pUP

and in particular, Pw,p|G@p 1s ordinary. If w is not p-ordinary, and Assumption 4.6
holds, then pxplcq, is irreducible.

Proof. By strict compatibility, D is the filtered (¢, N, Q,, E)-module attached to
pﬂyp\GQp. If 7 is p-ordinary, then we are done and the characters on the diagonal
are determined by corollary 2.7.

If 7 is not p-ordinary, we claim that D is irreducible. Indeed, if D is reducible,
then by Theorem 6.5, all D;, and in particular D;, are admissible, so 7 is p-
ordinary. O

6.2. Ramified twist of Steinberg.

Theorem 6.7 (Ramified twist of Steinberg). Let the notation and hypotheses be as
in Theorem 6.6, except that this time assume that WD(pr plq, ) ~ x®Sp(n), where
X is an arbitrary, possibly ramified, character. Write x = xo - X' where xo is the
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ramified part of x, and X' is an unramified character taking arithmetic Frobenius

to a. If m is p-ordinary (81 = —vp(a)), then the B; are consecutive integers and
pﬂ,p‘G@p ~
XO')\(]%)'X&%,, % *
0 X0 Aopar)  Xefep ' o *
0 0 x
0 0 0 X0 M) xavey "V

If w is not p-ordinary, and Assumption 4.6 holds, then pmp|g% is trreducible.

Proof. Let F' be a totally ramified abelian (cyclotomic) extension of Q, such that
Xolrr = 1. Then the reducibility of pr ,|c, over F' can be shown exactly as in The-
orem 6.6, and the theorem over Q,, follows using the descent data of the underlying
filtered module. If 7 is not p-ordinary, then by arguments similar to those used in
proving Theorem 6.6, pr ,|c, is irreducible, so that pﬂ,p\g% is also irreducible. [

7. SUPERCUSPIDAL ® STEINBERG

We now turn to the case where the Weil-Deligne representation attached to m, is
indecomposable. Thus we assume that WD(pr p|cq, ) is Frobenius semisimple and
is of the form 7 ® Sp(n), where 7 is an irreducible m-dimensional representation
corresponding to a supercuspidal representation of GL,,, for m > 1, and Sp(n) for
n > 1 denotes the usual special representation.

We first classify the (¢, N, F, E)-submodules of D, the crystal attached to the
local representation prplcg,, where WD(prplGy,) = 7 ® Sp(n), for m > 1 and
n > 1. This classification will be used in the last subsection to study the structure
of Pw,p|G@p» taking the filtration on D into account.

Recall that there is a equivalence of categories between (y, N)-modules with
coefficients and descent data, and Weil-Deligne representations [BS07, Prop. 4.1].
Write D, respectively Dgp(yy, for the (o, N)-modules corresponding to 7, respec-
tively Sp(n), etc. The main result of the first few sections is:

Theorem 7.1. All the (¢, N, F, E)-submodules of D = D ® Dgpy(,,) are of the form
D; & Dgp(ry, for some 1 <r < n.

We prove the theorem in stages, since this is how the theorem was discovered,
and it also allows one to appreciate the general argument. However the impatient
reader may turn straight to the Section 7.3 where the general case is treated. Note
the case that m = 1 was treated in the previous section (twist of Steinberg), and
the case n = 1 is vacuously true. The next simplest case is when m = 2 and n = 2,
and we start with this case in the next section.

The following lemma will be useful in our analysis throughout.

Lemma 7.2. The theory of Jordan canonical forms can be extended to nilpotent
operators on free of finite rank (Fy ® E)-modules, and we call the number of blocks
in the Jordan decomposition of the monodromy operator N as the ‘index’ of N.

Proof. One simply extends the usual theory of Jordan canonical forms on each
projection under (2.6) to modules over Fy ® E-modules. (]
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71. m = 2 and n = 2. We start with an exhaustive study of the case when
T corresponds to a supercuspidal representation of GL2(Q,) whose Weil-Deligne
representation is the 2-dimensional representation obtained by inducing a character
from a quadratic extension K of Q,, and n = 2. The methods used in this case will
be used to deal with more general cases in subsequent subsections.

We also assume, for simplicity, that the quadratic extension of @, mentioned
above is K = Q,2, the unramified quadratic extension of Q,. By abusing language
a bit we shall say that 7 corresponds to an unramified supercuspidal representation.
The argument in the ramified supercuspidal case (i.e., K/Q, ramified quadratic)
was also worked out in detail, but is excluded here for the sake of brevity.

Thus we assume that there is a character x of W2, the Weil group of Q,2, which
does not extend to W), the Weil group of Q, (i.e., x # x? on W2, equivalently
X # X7 on W2, where o is the non-trivial automorphism of Gal(Q,2/Q,)) such
that

W,
|1, ~ Inszthp ~xl1, ®X°|1,-

The corresponding (¢, N)-module in this case can be written down quite explicitly
and we refer the reader to [GMO09, §3.3] for details. Briefly there is an abelian field
F' (depending on x), generated by o (a lift to F' of the automorphism o above) and
elements g of the inertia group I(F/K) of Gal(F/K), and an element ¢ € E such
that D, is free of rank 2 with basis ey, €3, and satisfies:

pler) = et
80(62) = %62,
N = 0,
D, = Dunr—sc[a : b] = (7(61) = €9,
olex) = e1,
gler) = (1®x(g)e, gel(F/K)
gle2) = (1®@x7(g))e2. g€ I(F/K).

We do not write down the Hodge filtration since we do not need it here.

For the second factor, we recall that the module Dg;,(2) has a basis fi, fo with
properties described at the start of Section 6.1. Then D = D, ® Dgp2) has a basis
of 4 vectors {v;}?_; defined as follows

v=e1®fr|va=e1®fi
v3=ex® folva=e® fi

Observe that on D, the monodromy operator N =1® N+ N®1 =1® N has
kernel of rank 2, and this space is generated by the vectors ve and vy.

For notational simplicity, write z for 1 ® z, if z € E and note that for z =
Y 2®e € Fg®E, o(2) = >,0(%) ®e;. Then the induced action on D, the
tensor product of the two (¢, N)-modules D, and Dg;(), is summarized in the
following table:

V=@ fs = @fi | 3= fr|u=e®f

@ Lu; 502 Lvs N
N (%) 0 V4 0

o V3 Vg U1 U2

g x(g)v1 x(g)ve X7 (9)vs X7 (9)vs
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7.1.1. Rank 1 submodules of D.
Lemma 7.3. There are no rank 1 (¢, N, F, E)-submodules of D.

Proof. Let (v) be a free module of rank-1 admissible (¢, N, F, E)-submodule of D.
Write v = avy + bvg + cvz + dvg where a,b, ¢, d € (Fy ®q, ). Since the rank of (v)
is 1, we have Nwv is zero. From the above table, it is easy to see that v has to be
equal to bvy + dva, for some b, d. Assume that ¢(v) = a,v. Since ¢ is bijective, o,
is a unit. We compute:

o @ 1 1
a,(bvg + dvy) = a,v = v = o(b)—=vy + o(d)—=v
p(bvg +dva) = apv = ¢ ()\/£2 ()\/134
(equality (1) follows from the fact that (v) is p-stable and equality (2) from the
table). By comparing coefficients, we have

(7.1) a Vb =o(b), a,Vtd=o(d).

Lemma 7.4. Suppose x is a non-zero and a non-unit element of Fy @ E. Then
o(x) # cx, for every c € Fy @ E.

From the above relations for b (resp., d) and by Lemma 7.4, we conclude that b
(resp., d) is either zero or a unit.

We know that o also acts on v. Suppose that o(v) = ¢,v, for some ¢, € (Fu®FE),
with ¢2™ =1 (this m is the m of [GM09, §3.3], and not the m of this paper which
is presently 2). Then

¢o(bug + dvy) = cov Wy @ o(b)vg + o(d)ve
(equality (1) follows from the fact that (v) is o-stable and equality (2) from the
table). By comparing coefficients, we have

(7.2) cob=0(d), c,d=oc(b).

From these relations, we can conclude that b is zero if and only if d is zero. Since
v is non-zero, we have that both b and d are both units.

Now, we shall use the fact that (v) is I(F/K)-invariant. For every g € I(F/K),
we have

1 2
cq(bvz +dvg) = cgv D g-v 2 x(9)bvs + X7 (g)dus

(equality (1) follows from the fact that (v) is I(F/K)-stable and equality (2) from
the table). Now, by comparing coefficients, and using the fact that b and d are
units, we have

(7.3) cg =x(9), ¢g=x"(9)
Hence x(g) = x°(g), for every g € I(F/K). This is a contradiction. Hence, there
are no l-dimensional (p, N, F, E')-submodules of D. O

Remark 5. The above argument shows that there are no (¢, Gal(F/Q,))-stable
submodules of rank 1 of either (vy,v4) or, as one can show similarly, (vq, vs). This
observation will be used later. There is also a simpler proof of this Lemma which
avoids working with the above explicit manipulations which works for general m
and n (cf. the proof of Lemma 7.11).
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7.1.2. Rank 2 submodules of D.
Lemma 7.5. The only rank 2 (p, N, F, E)-submodule of D is (va,v4) = D;®Dgp1)-

Proof. Let D' be a filtered (p, N, F, E)-module of rank 2. Suppose the index of
N =1, i.e., there exists a basis, say (w1, N(w1)), of D’ such that N?(w;) is zero.
It is easy to see that (N(w;)) is a rank 1 (p, N, F, E)-submodule of D. But, we
know that there are no such submodules of D by the previous Lemma. Therefore,
the index of N is not equal to 1.

Suppose the index of N = 2, i.e., there exists a basis, say (w1, ws), of D’ such
that N(w;) and N(ws) are both zero. We know that the kernel of N is (va,v4).
Therefore, we have that (wy,ws) C (v, v4). But both are free modules of the same
rank, hence equality holds. O

7.1.3. Rank 3 submodules of D.
Lemma 7.6. There are no rank 3 (¢, N, F, E)-submodules of D.

Proof. Suppose D’ is a (¢, N, F, E)-submodule of D of rank 3. Suppose the index
of nilpotency of N is 3, i.e., there are 3 linearly independent vectors of D’, such
that N acts trivially on these vectors. But, this cannot happen, because the kernel
of N has rank 2.

Suppose the index of nilpotency of N is 2, that is, there exists a basis, say
w1, wa, N(ws), of D’ such that N (wy), N2(ws) are both zero. Clearly (wy, N(wz)) =
(va,v4). Thus there is a vector w) = ajv; + azvs such that D' = (wh, ve,v4). But
(wh) is stable by ¢. Indeed ¢ acts by a scalar on w} since, a priori, gw} is a linear
combination of wh, ve and v4, but the vy and vy components do not appear since
¢ preserves the space (vq,vs). Similarly (w) is also Gal(F/Qy)-stable. But then
(wh) C (v1,v3) is a rank 1 module stable by ¢ and Gal(F'/Q,), which is not possible
(cf. Remark 5).

Suppose the index of nilpotency of N is 1. But this case does not arise since the
index of nilpotency of N on D is 2. O

7.1.4. Proof of Theorem 7.1 when m = 2 and n = 2. This follows immediately from
Lemmas 7.3, 7.5, and 7.6, when 7 is an unramified supercuspidal representation of
dimension m = 2, and n = 2. As we remarked earlier, the case when 7 is a ramified
supercuspidal representation is proved in a very similar manner using the notation
in [GMO09, §3.4] (the only difference in the computations are the role of o is now
played by the automorphism ¢ there).

We mention some immediate corollaries of Theorem 7.1 in the present case. Let
7 be an automorphic form on GL4(Ag) with infinitesimal character consisting of
distinct integers —84 < --- < —f1. Let p = pw’p|g@p be the corresponding (p, p)-
representation. Suppose that WD(p) ~ 7 ® Sp(2), where 7 is a supercuspidal
representation of dimension 2, as above. Let D = D(p) be the corresponding
admissible filtered (¢, N, F, E)-module. Note that 84, > 83 > 82 > (3 are also the
drops in the Hodge filtration on Dp.

Corollary 7.7. With notation as above, the crystal D is irreducible if and only if
(va,v4) is not an admissible (¢, N, F, E)-submodule of D.

Proof. We know that D does not have any rank 1 or rank 3 (, N, F, E)-submodules.
By Lemma 7.5, there exists a unique rank 2 (p, N, F, E')-submodule of D, which
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is D’ = (vg,v4). Hence the admissibility of D’ is equivalent to the reducibility of
D. (]

Corollary 7.8. The crystal D is irreducible if no two of the four B; add up to
—vp(t). In particular p is irreducible in this case.

Proof. By Corollary 7.7, D is irreducible if and only if D' = (vs,v4) is not an
admissible submodule. The submodule D’ is not admissible if no two of the four
B; add up to tx(D’) which is —v,(t), from the table above. O

7.2. 7 unramified supercuspidal of dim m > 2 and n > 2. We now prove
Theorem 7.1 for general m and n, assuming 7 is an ‘unramified supercuspidal
representation’. Let us explain this terminology. We assume that 7 is an induced
representation of dimension m, i.e., 7 >~ Ind%’;{ X, where K is a p-adic field such
that [K : Qp) = m, and x is a character of Wg. This is known to always hold
if (p,m) = 1 or p > m. For simplicity, we shall assume that K is the unique
unramified extension of Q,, namely Q,=. We refer to 7 in this case as an unramified
supercuspidal representation.

Following the methods of [GMO09, §3.3], we first explicitly write down the crystal
D = D, whose underlying Weil-Deligne representation is an unramified supercus-
pidal representation 7 of dimension m. This is done in the next few subsections.
The arguments are similar to those given in [GM09, §3.3], with some minor modi-
fications. We outline the steps now.

Let o be the generator of Gal(Q,m /Q,) and let I,m denote the inertia subgroup
of Qpm. Then

W. k3
Tl =1,m = (Indy” X)[1,m ~ &21X7 [1,m -

Since 7 is irreducible, by Mackey’s criterion, we have that x # X‘Ti7 for all 4, on
Wpm and also on I,m. Moreover, we have that X7 #x°, for any i # j.

7.2.1. Description of Gal(F'/Q,). First, we need to construct a finite extension F
over K such that 7|7, is trivial and which simultaneously has the property that
F/Q, is Galois. The construction of an explicit such field F' is given in [GMO09,
§3.3.1], in the case K = Q2 using Lubin-Tate theory. The structure of Gal(F/Q,)
is described in the same place. The case K = Q,= may be treated in a very similar
manner. Write d for what was called m in [GMO09, §3.3.1], since m already has mean-
ing here. Then F' may be chosen such that Gal(F/Q),) is the semi-direct product of
a cyclic group (o) with ¢™? = 1, with the product of the cyclic groups A = (), with
67" =1 =1, and T = [[", (v;), with each *yfn =1, for some n. Moreover, the max-
imal unramified extension Fy of F is Fy = Q'* and Gal(Fy/Q,) = (3) = Z/md,
such that 7| is the generator of Gal(K/Q,). By abuse of notation, we denote &
by o itself.

7.2.2. Description of the Galois action. Recall D is a free Fy ®qg, E-module of rank
m. Let D; = D ®pgpo &, for i = 0,1,--- ,md — 1, be the component of D
corresponding to ¢?. Each D; is a Weil-Deligne representation with an action of
Wp.
By the definition of the Weil-Deligne representation, the action of I, matches
with the action of the inertia subgroup of Gal(F'/Q,), namely A xI'. The restriction
of x to I, can be written as x|;, = wy, H;zl Xi, where w,, is the fundamental
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character of level m, r > 1, and y; is the character of I' which takes ; to a p™-th
root, of unity (;, fori =1,...,m.

We see that each D; has a basis v;1,v;9,...,0;m such that if i = k (mod m),
for some 0 < kK <m — 1, then
—k—1
(7.4) g-vig=x" " (9)vij,

forall j=1,--- ,m.
Since o takes D; to D,11, using (7.4), we may assume that

o(vij) = Vig1,j,

for all 4, j.

7.2.3. Description of action of . The operator ¢ acts in a cyclic manner as well,
taking D; to D;y1. Since ¢ commutes with the action of inertia, we see that

90(’02',]') = CjVit+1,5+1,
for some cj, for all 1 < j < m. Observe that c;’s does not depend on 4, since ¢
commutes with o.

For all 1 < k < m, define, i = H§:1 c; and % = 1. Replace the extension F
with a finite extension, again denoted by F, so that it contains all m-th roots of all
¢j. Let z/c; denote a particular m-th root, for each j.

We now write down a basis of D, say {e;}1", such that ¢(e;) = m%/mei. First,
we shall define e; and the other e;’s are defined by e; = o*~te;. The vector e; is
given by

md—1 Jjo
B (tm) ™
1= E BT CARS
j=0 Jo

Jj=jo (mod m), 0<jo<m~—1
Here we use the obvious convention that if j is such that j = jo (mod m), with
1 < jo < m, then v; ; := v; j,- A small computation shows that ¢(e1) = #61.
Since ¢ commutes with o, we have p(e;) = #ei, for all 1 <14 < m. We obtain

that D, is a free rank m module over Fy ® E with basis e;, ¢ = 1,...,m such that
plei) = %mei,
(75) D, = N(ei) = 0,
ole;)) = €it1,
i—1
gles) = (1ox? (9)e), gel(F/K),

forall 1 <i<m.
When m = 2, this (¢, N)-module is exactly the one given in [GMO09, §3.3] (though
the e; used here differ by a scalar from the e; used there).

7.2.4. Description of the filtration. For the sake of completeness, let us make some
brief comments about the filtration on D., even though we shall not need to use
the filtration in this paper.

Let D be an arbitrary filtered (o, N, F, E)-module and write Dp = F® D, where
the tensor product is taken over Fy ® E. It is known that every Galois stable line
(F ®q, F) -v in Dp is generated by a Galois stable vector v (cf. [GM09, Lemma
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3.1]). The proof uses the fact H'(Gal(F/Q,), (F ®q, E)*) = 0. In fact, for any
n>1:

H' (Gal(F/Q,), GL,(F g, E)) = H(Gal(F/Q,), [[ GL.(E)),

F—FE

o H' (Gal(F/Q,), Ind "/ % GL, (E)),

5 H'({e}, GLA(B)) = {0},
(where (1) follows from the permutation action of Gal(F/Q,) on [] GL,(E) and
F

SE
(2) follows from Shapiro’s lemma). Using this vanishing, we can prove the following

general fact.

Lemma 7.9. Every Gal(F/Q,)-stable submodule of Dr has a basis consisting of
Galois invariant vectors.

Proof. Let D' be a Galois stable submodule of Dg. Savitt has observed that
any F' ®q, E-submodule of a filtered module with descent data (i.e., Gal(F/Q,)-
action) has to be free [S05, Lemma 2.1]. Hence D’ is a free of finite rank, say,
r. If {vi,vs,---,v,} is a basis of D', then for every g € Gal(F/Q,), we have
g - (v1,v2,- - ,00)" = ¢glv1,0v2,- -+ ,0,)", for some ¢g € GLy(F ®q, F). Moreover,
cg is 1-cocycle, ie., ¢g € Z'(Gal(F/Q,), GL, (F ®q, E)). By the vanishing result
above, ¢, is coboundary, hence ¢, = cg(c)!, for some ¢ € GL,,(F ®q, E). Replac-
ing the basis (v1,vs,- -, v,)" with ¢+ (v1,v2,- -+ ,v,)f, we may assume that ¢, = 1
and that each vector in {v1,v2,...,v,} is invariant under Gal(F/Q),). O

In particular each step Fil'(Dp) in the filtration on D is spanned by Gal(F/Q,)-
invariant vectors. In [GMO09, §3.3.4] the Hodge filtration on Dy was written down
explicitly when D = D, and 7 is a 2-dimensional unramified supercuspidal repre-
sentation. Presumably this can be done also when 7 has dimension m > 2, but we
refrain from pursuing this here.

7.2.5. Proof of Theorem 7.1. We now turn to the proof of Theorem 7.1, when 7 is
an unramified supercuspidal representation of dimension m.

Now D; has basis ey, . . ., e, with properties described above. Recall that Dgp ()
has basis fn, fn—1, .- -, f1, with properties described at the start of Section 6.1. Then
D = D; ® Dgp(n) has a basis of mn vectors {v;};*"} defined by the table:

v =¢€e1® fn vy =e1 ® fr_1 vy =e® fi
Un+1262®fn ’Un+2262®fn71 U2n262®f1
Vint1 = €i+1 @ fn Ving2 = €41 @ fn1 | Vi = e @ f1
U(m—l)n-{—l =en® fn U(m—l)n+2 =em® fnfl | Umn = e, @ fl

The action of ¢, N, o € Gal(F/Q,) and g € I(F/K), on the vectors in the table
above can be written down explicitly, as in the table in Section 7.1. We only note
that ¢ acts by a scalar, N shifts one column to the right, o shifts one row down,
and each g acts by a scalar. In particular, the span of the vectors in each column
in the table above is stable under the actions of ¢ and Gal(F/Q)). The following
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lemma concerning this submodule is useful (c¢f. Remark 5 for the case m = 2 and
n=2).

Lemma 7.10. Let 1 <i <n. There are no rank r (¢, Gal(F/Q,))-sub-modules of

<'Uia Untiy- -+ U(mfl)n+i> CD:® DSp(n)a
for1<r<m-—1.
Proof. Suppose there exists such a (free) module D’ with basis wy,ws,. .., w,.
Project D’ to a fixed component say j-th under (2.6), and write w?,...,w’ for
the corresponding basis elements of the projection. Since {wj}]_;’s are linearly
independent, up to an ordering of {i,n +14,...,(m — 1)n + i}, we may write:
. o
w 1 0 0 * =* i
j v
(7.6) w% _ 0 1 0 * =x n-4i
P DY DR ... ... * *
J 0 0 - 1 x x j
Wy, TXm ’Ugm—l)n+1'

Assume one of the *’s in the above matrix is non-zero. Without loss of generality,
assume that a * in the first row is non-zero, and denote it by a. Then

R P
for some r + 1 < k < m. Using the action of g € I(F/K), we see from the above
matrix that

g wi = cqui,
J

for some ¢, € E. Now (7.5) and by comparing the coefficients of vl,vinﬂ., in the

above equality we see that

Uk:
x(9) =x" (9),
for every g € I(F/K), a contradiction.

Thus, we may assume that all the *’s in the above matrix are zero. So, locally
(D')?, the image of D’ in the j-th projection, is generated by r-vectors from the set
(vl vniis - U iynaids 885 (D) = (V] i Vyngis - -+ V), ma)» Where 0 < i <
Jo<...<jr<m-—1. .

Let w; be the element of D corresponding to (v} ,,,;), as j varies through all

projections, under (2.6). Similarly, define ws,...,w,. If any w; is in the set
{vi,Vngis -, Vm—1)n+i}, then using the action of o € Gal(F/Q,), we see that
D' = (vi,Vn+is- -, Vm—1)n+i), & contradiction, since the rank of D’ is at most
m — 1.

Therefore, none of the w; are basis vectors. Hence, we may write:

m—1
W1 = AxVknyi + Z A§Vjnti,
j=k+1
where the a; € Fy ® E and aj is neither zero nor a unit in Fy ® E, for some
1 <k < m —1. The other basis vectors ws,...,w, are contained in the span of
{V(k+1)nti> - -+ s V(m—1)n4i}- Moreover, we have

(77) DI:<wlyw2a"' ;wr>:<w17@2,”' awr>
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Write (1) = >, ¢;w;, for some ¢;. Now, by comparing the coefficients of vipn44
on both sides of the above equality, we see that

o(a) = c1 - ay.
But, by Lemma 7.4, this cannot happen. O

Now, we prove Theorem 7.1 for 7 an unramified supercuspidal representation of
dimension n.

Let D’ be a rank r (¢, N, F, E)-submodule of D. By the lemma above (applied
when ¢ = n, i.e., to the span of the vectors in the last column of the table above),
the index of N on D’ cannot be smaller than m, since otherwise the kernel of N
on D" would be a (p, Gal(F/Qy))-submodule of (vy,,voy, ..., Vmy) of rank smaller
than m. The index of D’ can also clearly not be bigger than m, since the index of
N on D is exactly m. We conclude that the index of N on D’ has to be m. Hence,

there are positive integers r1 < ro < ... < 1,y such that r = Z;ﬂ r; and vectors
w1, Ws, ..., Wy, in D’ such that D’ is a free module generated by the basis elements
NIw;. We arrange these basis elements as follows:
-1
Wy, Nwl, ...,er w1,
-1
w2, ng, ...,]\ﬂ’2 w2,
-1
(78) Wi, ka, ey N'* WEg
T —r;1—1 s —r T —1
Wk+1, ka:-‘rla"'aN BT W41, NTFH 1wk+17 RN NTFH Wk+1,
Wi, Nwpm, N?wp,, ..., Ny N, oo, N,

Suppose, towards a contradiction, that there exists 1 < k < m—1 such that r; =

rg = .-+ =1k_1 =1L but ry < 1. It is easy to check that the span of the vectors
in the last ry columns in the table above is nothing but D" = (v,_(r,—1),- -+, Un,
Vap—(ri=1)s++ 3 V2n, - + > Umn—(ri—1)» - - - » Umn), the kernel of N™ on D. Indeed, both

spaces are of the same rank and the former is contained in the latter since N™ kills
the former space. Thus D' =

T —r1—1 Tm—T1—1 "
(Wra1, NWg 1, -, N 7070k 0900 o Wy, N,y - oo, N 1w, @ D

We now study the span of the basis vectors of D’ contained in the (ry + 1)-th
column from the right in (7.8) (this is the first, from the right,‘short’ column of
vectors). Since, e.g., N(N" +1="1=1yy 1) € D", the top-most vector in this ‘short’
column

N7y € (Up iy Von—rys e e v Uiy ) @ D"
Thus as a basis element of D’, we may replace N+ ~"1"1y, .1 by a linear com-
bination wj_ | := a1V, + G2V2p—r, + -+ + GUmn—r,. The same applies to the
other basis vectors of D’ in this column and we may replace the second through

last vector in this column by similar linear combinations wj, Loreees wh,.
We now claim that the module (wj,_,...,w;,) is (¢, Gal(F'/Qy))-invariant. In-

deed, pwj_ ; € D" has order of nilpotency r; +1 (since wj_ ; does), hence is a linear
combination of the w] and the vectors

Un—(ri—=1)r+-+1Uny- s Umn—(r;—1)s -+ - s Umn-
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However the last vectors do not appear since (Up—r, , Van—ry,* ** » Umn—r ) 18 p-stable,
SO PWj € (Wjyq,...,Wwy,). An identical argument applies to the other vectors
QW) 9, s pw,,. In a very similar fashion one can show that (wj_ ,---wy,) is
Gal(F/Qp)-stable (this time g € I(F/K) acts by a scalar on each of the vectors
Un—rys V2n—rys " Umn—r, and o € Gal(F/Q,) permutes them, but the same argu-
ment applies). But now

(Why1y - W) C (Unrys U2n—rys - - Upin—ry )
violates Lemma 7.10, since it a (¢, Gal(F/Q,))-submodule of rank 1 < m — k <
m — 1.
The upshot is that such a k does not exist, all the r;’s are equal, r is divisible by
m, and D' = D" is spanned only by vectors in the last r; columns in (7.8) above.
That is, D' is exactly D; ® Dgp(r,), proving the theorem.

7.3. General case: m > 2 and n > 2. Now, we shall prove Theorem 7.1 in
general. Thus, we show that the only (¢, N, F, E)-submodules of D = D; ® Dgp (),
for any irreducible representation 7 of Wg, dimension m > 2, and n > 2, are of the
form D; ® Dgpyy, for some 1 <7 < n.

The proof uses ideas introduced for the special cases proved so far. Note that
in the previous section many explicit formulas were used regarding the action of ¢
and Gal(F/Q,) which depended on the shape of the unramified supercuspidal 7.
In fact it is possible to do away with these explicit formulas completely.

Recall that the module Dgy(,,y has a basis {fn, fn—1,--,f1}, with properties
as in Section 6.1, and say that D, has a basis {e1,ea, - ,e,,} over Fy @ E. Let
{vi}i¥7 denote the basis of D = D ® Dgp(,y defined exactly as in the table at the
start of Section 7.2.5.

Lemma 7.11. There are no rank r (¢, N, F, E')-submodules of D on which N acts
trivially, for 1 <r <m—1.

Proof. Suppose there exists such a module, say D, of rank 7 < m. Since N acts
trivially on D, we have D C (vp,V2n, -+ ,Umn) = D7 ® Dgp1y ~ D,. But 7 is
irreducible, so D is irreducible by Lemma 2.8, a contradiction. O

Corollary 7.12. The index of N on a (¢, N, F, E)-submodule of D is m.

Proof of Theorem 7.1. Let D" be a (o, N, F, E)-submodule of D = D, ® Dgp(y,)-
From the corollary above, there are m blocks in the Jordan canonical form of N on
D’. Without loss of generality assume that the blocks have sizes; <1 < --- <1y
with 7" | r; = rank D’. Suppose w1, - ,wy, are the corresponding basis vectors
in D’ such that the order of nilpotency of N on w; is r;, so that the N7 (w;) form
a basis of D’. If all the r; are equal to say r, then the usual argument shows
D' = D; ® Dgp(ry. We show that this is indeed the case.

Suppose towards a contradiction that r; # r;41 for some 1 < i < m. For
1 < i < n, let D; be span of the vectors in the last ¢ columns in the table at the
start of Section 7.2.5. Observe that D; = D, ® Ker(N*) = D, ® Dsy 4

Now, arrange the basis vectors of D', i.e., the N7wy, as in (7.8). With respect to
this arrangement, denote the span of the vectors in the last 7 columns as A4;. Since
r; # Tit1, the rank of the space A,,11/A,, is less than m. Moreover, A,,11/A,, is
a subspace of D, 11/D,., i.e., there is an inclusion of (p, N, F, E)-modules

ATH-l/ATi — DT’1‘+1/DT«;'
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Now

Dy, +1/Dr; = (D7 ® Dsp(r, 1))/ (Dr @ Dsp(r,))
~ Dr @ (Dsp(r,+1)/ Dsp(r))
=~ D7 ® Dsp1)
~ D,.

(7.9)

All the isomorphisms above are isomorphisms of (¢, N, F, E')-modules over Fy ® E.
By Lemma 7.11, the above inclusion is not possible! Hence all the r; are indeed
equal. This finishes the proof of Theorem 7.1. (]

7.4. Filtration on D = D; ® Dgy(,). We finally can apply the discussion above
to write down the structure of the (p, p)-representation attached to an automorphic
form on GLyy,, (Ag).

We start with some remarks. Suppose D; and Dy are two admissible filtered
modules. Tt is well-known (cf. [T96]) that the tensor product D; ® D is also
admissible. The difficulty in proving this lies in the fact that one does not have much
information about the structure of the (p, N)-submodules of the tensor product. If
they are of the form D’ ® D" where D’ and D" are admissible (¢, N)-submodules
of Dy and D5 respectively, then one could use Lemma 2.5 to prove that D' @ D" is
also admissible. But not all the submodules of D; ® D4 are of this form.

However in the previous section we have just shown (cf. Theorem 7.1), that for
D = D; ® Dgp(n), all the (¢, N, F, E)-submodules of D are of the form D ® Dgy(ry,
for some 1 < r < n. This fact allows us to study the crystal D and its submodules,
once we introduce the Hodge filtration.

7.4.1. Filtration in general position. Assume that the Hodge filtration on D is in
general position with respect to the Newton filtration (cf. Assumption 4.6). Let

m be the rank of D,. Let {ﬁ”}zqu;::{n be the jumps in the Hodge filtration with

51‘1)]‘1 > Bi27j2, if i1 > 19, OT if i1 = 1 and jl > jg. Thus
ﬁn,m > ﬁn,m—l > > ﬁn,l > ﬁn—l,m > > ﬁl,m > > 61,1-
Define, for every 1 < k < n,
j=m
b= Bris
j=1
and
ar = tn(Dr ® Dspry) — tn(Dr ® Dgpk—1)) = tn (D7) +m(k — 1),
where the last equality follows from Lemma 2.5. Clearly, we have that
bp > byp_1 > > by > by,
Ap > Ap—1 >+ > Qg > a1.
Observe that b;41 — b; > m?2 and a;+1 — a; = m, for every 1 < i < n. Since D is

admissible, the submodule D ® Dg,(;) of D is admissible if and only if 2221 by, =
22:1 ak-

The arguments below are similar to the ones used when analyzing the Steinberg
case. We start with an analog of Lemma 6.2.
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Lemma 7.13. Let {a;}_; be an increasing sequence of integers, such that a; 41 —
a; = m, for every i and for some fived natural number m. Let {b;}!_; be an
increasing sequence of integers, such that b;y1 —b; > m?2, for every i. Suppose that
Yoiai = ;bi. If ap =by or ay = by, then m =1 and hence a; = b;, for all i.

Proof. Let us prove the lemma when a,, = b,,. We have:
n n
mi*(n—14+n—2+---+1) < Z(bn—bi) = Z(an—ai) =mn—14n—24---+1).
i=1 i=1
The first equality in the above expression follows from a, = b,. From the above
inequality, we see m = 1. Now, the rest of the proof follows from Lemma 6.2. The
proof when a; = by is similar. O

Theorem 7.14. If D, ® Dgy(;y and D ® Dgpiq1) are admissible submodules of
D, then m = 1, in which case all the D; @ Dgy;), for 1 < i < n, are admissible.

Proof. Since D; ® Dgp;y and D ® Dgp(;41) are admissible, we have:

b1+bz+"'+bizzar,
r=1

(7.10) o

b1+b2+"'+bi+1:2ar~
r=1

From these expressions, we have b1 = a;4+1. As recalled above:
by > -+ >bi+2 >bi+1 > b; >"'>b17
Ap > 0 > Qg2 > Qg1 > A >0 > G-

Since a;4+1 = b;+1 and (7.10) holds, by Lemma 7.13 we have m = 1 and a; = b;, for
all 1 <i < n. This shows that all the D, ® Dgiy are admissible. O

Theorem 7.15. Let D = D; ® Dgyn) and assume that the Hodge filtration on D
is in general position (cf. Assumption 4.6). Then either D is irreducible or D is
reducible, in which case m = 1 and the (@, N, F, E)-submodules D; ® Dgy;y, for
1 <i<n are all admissible.

Proof. Let D; = D; ® Dgp;, for 1 <@ < n. If D is irreducible then we are done. If
not, by Theorem 7.1, there exists an 1 <+¢ < n such that D; is admissible. If D;_4
or D;; is also admissible, then by the theorem above, m = 1 and hence all the
(¢, N, F, E)-submodules of D are admissible. So, assume D,_; and D, are not
admissible, but D; is admissible. We shall show that this is not possible. Indeed,
we have:

r=i—1

(7.11&) by +by+---4+bi1 < Z Qr,
r=1

(7.11b) bitbat - +b=> a,
r=1
r=i+1

(7.11(}) b1 +ba+---+biy1 < Z Q.
r=1



(p, p)-GALOIS REPRESENTATIONS 33

Subtracting (7.11b) from (7.11a), we get —b; < —a;. Subtracting (7.11b) from
(7.11c), we get bj11 < a;+1. Adding these two inequalities, we get b1 — b; <
a;+1 — a; = m. But this is a contradiction, since b; 11 — b; > m. O

For emphasis we state separately the following corollary:

Corollary 7.16. With assumptions as above, for any m > 2, the crystal D =
D; ® Dgp(ny is irreducible.
Definition 9. Say = is ordinary at p if a1 = by, i.e., tny(D;) = Z;nzl B1,j-

This condition implies m = 1, and this definition then coincides with Definition 8.
Applying the above discussion to the local (p, p)-representation in a strictly com-
patible system, we obtain:

Theorem 7.17 (Indecomposable case). Say 7 is a cuspidal automorphic form with
infinitesimal character consisting of distinct integers. Suppose that
WD(prp

where T, is an irreducible representation of Wq, of dimension m > 1, and n > 1.
Assume that Assumption 4.6 holds.

G@p) ~ T ® Sp(n),

e If w is ordinary at p, then pﬂ',p|G@p is reducible, in which case m = 1 and
71 is a character and prplcg, is (quasi)-ordinary as in Theorems 6.6 and
6.7.

e [fm is not ordinary at p, then pﬂ’p\g@p 1s 1rreducible.

7.4.2. Tensor product filtration. One might wonder what happens if the filtration
on D is not necessarily in general position. As an example, here we consider just
one case arising from the so called tensor product filtration.

Assume that D, and Dg(,,) are the usual filtered (o, N, F, E')-modules and equip
D; ® Dgp(ny with the tensor product filtration. By the formulas in Lemma 2.5 one
can prove:

Lemma 7.18. Suppose that D = D, @ Dgyny has the tensor product filtration.
Fiz 1 <7 <n. Then D; ® Dgp(y is an admissible submodule of D if and only if
Dgp(ry is an admissible submodule of Dgp(y)-

We recall that if the filtration on Dgp(,) is in general position (as in Assump-
tion 4.6), then we have shown that furthermore Dgp(,y is an admissible submodule
of Dgp(py if and only if Dgp(qy is an admissible submodule.

Remark 6. The lemma can be used to give an example where the tensor product
filtration on D is not in general position (i.e., does not satisfy Assumption 4.6).
Suppose 7 is an irreducible representation of dimension m = 2 and Dgp(2) has
weight 2 (cf. [GMO09, §3.1]). Note (fi) is an admissible submodule of Dgpa).
Hence, by the lemma, D ® (f1) is an admissible submodule of D; ® Dgpay. If the
tensor product filtration satisfies Assumption 4.6, then the admissibility of D, ®(f1)
would contradict Theorem 7.15, since m = 2.

In any case, we have the following application to local Galois representations.

Proposition 7.19. Suppose that pﬁ,p|G@p ~ pr @ Psp(n) 18 a tensor product of two
(p, p)-representations, with underlying Weil-Deligne representations T and Sp(n)
respectively. If psp(n) is irreducible, then so is pw,p|GQp.
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8. GENERAL WEIL-DELIGNE REPRESENTATIONS

So far, we have studied the (p, p)-representation attached to m, when the under-
lying Weil-Deligne representation is indecomposable. We now make some remarks
in the general setting where the Weil-Deligne representation can be decomposed
into a direct sum of indecomposable representations.

8.1. Sum of twisted Steinberg. For simplicity we start with the case where the
indecomposable pieces are twists of the Steinberg representation by an unramified
character. Thus we assume the underlying Weil-Deligne representation is

Dy, ® Dsp(ny) @ Dy, @ Dsp(ng) @ -+ @ Dy, ® Dsp(n,),

where n; > 1 and x; are unramified characters taking arithmetic Frobenius to «;.
Let x;(w) = a; where w is a uniformizer of Q, . Without loss of generality we may
assume that v,(a1) > vp(ag) > -+ > vp(ay).
Let n =Y 7 n;. Let {8}, ;—, be the jumps in the Hodge filtration such that
Bi17j1 > 6127]'2, if 71 > 9 or i1 = i9 and jl > jg. Thus
Br,nT > > /B'r,l >
5T717nT71 > > ﬁrfl,l > >
52,712 > > /62,1 >
Bipn, >-> P
Let D be a filtered (¢, N, Q,, E)-module with associated Weil-Deligne represen-
tation as above. We now define a flag inside D as follows.

(8.1)

Dy, ® Dgp (i if1<i<n,

D Dxl ®DSp(n1)@DX2 ®DSp(ifn1) ifng +1 <0< ny +no,

©;21 Dy, ® Dsp(n) @ Dy, ® Dspli—(n—n,)) ifn—nr+1<i<n.

Clearly, D,, is the full (¢, N)-module D. We now show that the above flag is
admissible if and only if 7 is ordinary at p in the following sense:

Definition 10. Say 7 is ordinary at p if 8;1 = —vp(e) for all 1 < i <r.

We remark that the notion of ordinariness extends the previous definitions given
in Definition 6, when all the n; = 1 and Definition 8, when » =1 and m = 1. We
have:

Theorem 8.1. Assume that Assumption 4.6 holds. Then the flag {D;} is an
admissible flag in D (i.e., each D; is an admissible submodule of D) if and only if
m is ordinary at p.

Proof. The ‘only if’ part is clear. Indeed if the Hodge filtration is in general position
then the jump in the filtration on Dy will be the last number in (8.1), i.e., f1,1,
and the admissibility of Dy shows that 811 = —vp(ay). Similarly, the jumps in the
filtration on D,,, (respectively D, ;1) are the last n; numbers (respectively the last
ny numbers along with B2 1) in (8.1) above, and clearly tn(Dyp,+1) = tn(Dp,y) —
vp(a), so the admissibility of D,,, and D,,, 41 together shows that 521 = —v,(a2),
etc.
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Let us prove the ‘if” part. Since $11 = —vp(a1), D1 is admissible. Since Ds is a
(¢, N,Qp, E)-submodule of D we have that

Bi1+ P12 < (1—vp(ar)) + (—vp(ar))

and hence ﬂl’g < 1-— Up(Oél) =1+ 51’1. Thus 61,2 — ﬂl,l < 1. But ,61’2 — 61,1 > 1,
by (8.1), hence equality holds, i.e.,

Pr2 = (1 —wvp(a1)).
Therefore,
Br1+ Pr2 = (1 —vp(a1)) + (—vp(ar)).

By a similar argument, we see that

(8.2) 2B = (5= 1= vplen)).

This shows that D,,, is admissible.
Since D, 11 is an (p, N, F, E)-submodule of D, we have that

Y B+ Ban <Y (= 1—uvp(a)) + (—vp(az)),
j=1 j=1

but this inequality is actually an equality, by (8.2), and since B21 = —v,(az) by
assumption. This shows that D, 4 is also admissible. The admissibility of the
other D; is proved in a similar manner. a

8.2. General ordinary case. We now assume that as a (¢, N, F, E)-module,
D= Drl X DSp(nl) @ DTQ 0y DSp(ng) DD D‘rr & DSp(nr)a

where n; € N and 7;’s are irreducible representations of Wg, of degree m;. Without
loss of generality we may assume ty (D) <tn(Dr,) < -+ <tn(Dr,).

We now define a flag inside D7, ® Dgp(n,) @ -+ @ D7, @ Dgp(n, ), and show that
this flag is admissible if and only if there is a relation between some numbers a;
(depending on Newton numbers) and b; (depending on Hodge numbers). More

precisely, define the flag {D;} in D by

DT] ®DSp(z) lflglgnla

D Dﬁ ®DSp(n1)EBDTQ ®DSp(i—n1) if ny+1<i<mn + na,

®4_1Dr. ® Dsp(ny) ® D7, @ Dspi—(n—n,)) ifn—n,+1<i<n.

Clearly, D,, = D.

We now define the numbers a; and b;. Let {8; ;} be the jumps in the Hodge
filtration associated to D such that 3;, j, > Bi, j,, if i1 > ig or if i; = iy but j; > ja.
Thus, in the case r = 2, the jumps in the filtration are:
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5m1+m2,n2 > ﬂml-&-mz—l,nz > > Bm1+1,nz >
Bmitmana—1 > Bmytma—1ma—1 > > Bmgting—1 >0 >
ﬂmﬁ-mz,l > ﬂml-&-mz—l,l > > Bm1+1,1 >
Brming > Bma—1,m > > P, >
Bmini—1 > Bmi—1n1-1 > > B 1 > >
Bmi1 > Bmi—1,1 > > By

Define, for every 1 < k < nq,

1=m1

b= Biks
i=1

ap = tn (D7, @ Dsp(ry) — tn(D7, @ Dspe—1)) = tn(Dry) +ma(k —1).

Clearly, we have that

bnl >bn1,1 > > by > by,

Apy > Apy—1 > > A2 > Q1.
Observe that b,y 1 — b; > m? and a;41 — a; = my, for 1 < i < ny. Under
Assumption 4.6, the jumps in the induced Hodge filtration on D, ® Dgy(;) are
Bmij >+ > Bi1, so that Dy @ Dgp(;) is an admissible submodule of D if and
only if Y7 _ by =7 ak.

Similarly define by and ay for all 1 < k <n = Z: n;. For example, if ny +1 <

ny + k < ny + no, define

i:mz

bry+k = E Brny+i ks
i=1

Uny 1k = tN (D7, @ Dgpiy) — tn (D7, ® Dspk—1)) = tn(Dr,) +ma(k —1).
Again, we have
bnytns > bnggng—1 > > bpyyo > by 4,
Anydng > Opydng—1 > " > Apy42 > Gpy i1,
and b1 — b; > m% and a;4+1 — a; = ma, for every n1 + 1 <1 < nj + ng, ete.

Definition 11. Say = is ordinary at p if Uizt g = bZ’“i 41 for1 <i<r.
J= 1= E

Note that this definition of ordinariness reduces to Definition 9 when r = 1, but
also to Definition 10 since it implies m; =1, for 1 <i <.

Theorem 8.2. Assume that Assumption 4.6 holds. Then, the flag {D;} is admis-
sible (i.e., each D; is an admissible submodule of D) if and only if w is ordinary at

p.

Proof. We prove the ‘only if’ direction for r = 2, since the general case is similar,
and only notationally more cumbersome. Thus we have to show that if the flag {D; }
is admissible, then a; = b; and a,,+1 = bp,+1. The proof is an easy application of
Lemma 7.13. Indeed

e The admissibility of D; shows that a; = b;.

e The admissibility of D,, and a; = b; shows m; = 1 and a; = b; for

1 <i<ny (by Lemma 7.13).
e The admissibility of D,,+1 and D,,, together shows a,,+1 = bp,41-
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e The admissibility of Dy, 4n, and D,, and ap,4+1 = by, 4+1 shows my =1
and an, 4 = by, 4 for 1 <14 < ngy (by Lemma 7.13).
Since all m; = 1, the proof of the ‘if’ part of the theorem is exactly the same
as the ‘if’ part of the proof of Theorem 8.1, noting bZi‘—1nj+1 = f;1 and and
P

Uysicty g = —vp(ay), for 1 <i <. O
Remark 7. The theorem does not tell us when D is irreducible, since there are
a large number of (¢, N, F, E)-submodules of D which are not part of the flag
considered above. For instance, it seems hard to determine the admissibility of the
submodule D., @ Dgp(p,), €xcept when i = 1.

Translating the theorem above in terms of the (p, p)-representation, we obtain:

Theorem 8.3 (Decomposable case). Say 7 is a cuspidal automorphic form on
GLn (Ag) with infinitesimal character given by the integers —f1 > -+ > —fn.
Suppose that N =>""_, m;n; and

WD(prplaq,) ~ Sizi7i @ Sp(ni),
where 7; is an irreducible representation of dimensions m; > 1, andn; > 1. If 7 is

ordinary at p, then m; = 1 for all i, the B; occur in r blocks of consecutive integers,
of lengths n;, for 1 <i <r, and

pnl *k . e %
0  pn
p7r7p|G@p ~ 0 02 * )
0 0 0 po

where each py, is an n;-dimensional representation with shape similar to that in
Theorem 6.7. In particular, p,r7p|GQp is quasi-ordinary.

8.3. Further remarks. Theorem 8.3 treats the general ordinary case. In the gen-
eral non-ordinary case, the behaviour of the (p, p)-representation is more complex
and we do not have complete information about reducibility (compare with the
indecomposable case treated in Theorem 7.17). In this section we content ourselves
with a few concluding remarks about new issues that arise.

To fix ideas we assume that the Weil-Deligne representation associated to m, is
of the form

X1 ® Sp(2) & x2 ® Sp(2),

where x1 and xo are unramified characters of Wy, taking arithmetic Frobenius
to a1 and ap, respectively. Let D be the associated (¢, N,Q,, E)-module. Let
B4 > B3 > B2 > 1 be the jumps in the Hodge filtration on D. We continue to
assume that Assumption 4.6 holds.

8.3.1. Classification of (¢, N)-submodules of D. Just as in previous sections, we
ignore the filtration, and first classify the (¢, N,Q,, E)-submodules of D.

Let e1, e = N(e1) be a basis of x1 ® Sp(2) and f1, fo = N(f1) be a basis of
X2 ® Sp(2). Sometimes we write (e2) for x; ® Sp(1), etc.

If &1 = ay, then any 1-dimensional subspace of {(es, f2) is a (¢, N)-submodule
of D, with Newton number —v,(a1). In particular, there exists infinitely many
1-dimensional submodules of D. This is already in striking contrast with the state-
ment of Theorem 7.1, which says that in the indecomposable case there are only
finitely many (¢, N)-submodules. So already we can expect that the analysis in
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the decomposable case might be much more complex. We remark, however, that if
a1 # ag, then (es) and (fs) are the only 1-dimensional submodules of D.

Again, if @7 = ag, then the 2-dimensional (p, N)-submodule of D are of the
form (aeq + cf1, aea + cfa), for some a, ¢ € E, with Newton number 1 — 2v,(aq). If
a1 # g, but p/ag = 1/ag, then again there are again infinitely many 2-dimensional
(¢, N)-submodules and they are given by (e; 4+ bfa,e2) or (f1 + bea, fo), for some
be E. If oy # ag and p/ay # 1/a, then there are only finitely many 2-dimensional
(¢, N)-submodules: they are x1®Sp(2), x2®Sp(2) and the diagonal one x1 ®Sp(1)®
X2 ® Sp(1).

Finally, like the 1-dimensional case, if a; = aa, then all the 3-dimensional (¢, N)-
submodules of D are of form (aey + bf1, e, f2), for any a,b € E, with Newton
number 1 — 3v,(a1). If a1 # a9, there are exactly two 3-dimensional submodules,
namely y1 ® Sp(2) ® x2 ® Sp(1) and x1 ® Sp(1) ® x2 ® Sp(2).

Hence, if we choose a7 and ag generically (i.e., a1 # ag and a1 # pasg), then
there are only finitely many (¢, N)-submodules of D, otherwise there are infinitely
many (¢, N)-submodules of D. The following table contains the possible Newton
numbers of the (p, N)-submodules D’ of D.

dimg D’ tn(D’) when oy # as ty(D’) when ay = an
1 —vp(a1), —vp(a2) —vp(ar)
2 —vp(aq) — vp(az), 1 —2vp(a1), 1 — 2v,(az) 1—2v,(1)
3 1 —2v,(1) —vp(aa), 1 —vp(an) — 2up(2) 1 —3v,()
4 1—2v,(n) +1—2v,(c2) 2 — vy (aq)

8.3.2. An irreducible example. We can now easily construct examples such that the
crystal D is irreducible. For instance, choose any o € E with v,(a1) = 0 and take
ag = ay. Take (B4, B3, B2, 61) = (2,1,0,—1). Using the table above, one can easily
check that there are no admissible (¢, N)-submodules of D, except for D itself. We
note that since oy = «y, there are infinitely many (¢, N)-submodules of D, but
only finitely many conditions to check for non-admissibility.

8.3.3. All complete flags cannot be reducible. In proving Theorem 8.3 we showed
that ordinariness implies that a particular complete flag is admissible. We now wish
to point out that not all complete flags in D are necessarily admissible, even under
the ordinariness assumption. Indeed, in the setting of the example of this section,
if we choose a1 and s such that v,(aq) # vp(a2), then any two complete flags
whose 1-dimensional subspaces are (es) and (f2), respectively, cannot be admissible
simultaneously, since (under Assumption 4.6) we have both $; = —vp(a1) and

P = —up(az).

8.3.4. Intermediate cases. Finally, in the general decomposable case, the regularity
(distinct Hodge-Tate weights) of the (p, p)-representation pr |Gy, does not imply
that it is either (quasi)-ordinary in the sense of Definition 5 or irreducible (compare
with Theorem 7.17). We now give an example of such an ‘intermediate case’; i.e.,
an example for which the (p, p)-representation is reducible, but such that there is
no complete flag of reducible submodules.

Let D be as above. Choose a; and g such that v,(aq) = 1 and v,(ag) = —10.
Take (B84, 83, B2, 01) = (17,4,0,—1). From the table above, we see that x; ® Sp(1),
X1 ® Sp(2), and D, are admissible and all the other (p, N)-submodules satisfy the
condition that their Hodge numbers are less than or equal to their Newton numbers.
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So D is reducible. However, since a3 # as and a3 # pasg, there are only two 3-
dimensional (¢, N)-submodules of D, and again from the table we see that neither
is admissible. Hence, there is no admissible complete flag of (¢, N)-submodules of
D.

Errata. We end this paper by correcting some errors in [GMO09].

e p. 2254, lines 6 and 7: Q should be Q,
e p. 2257, first two lines should be ¢(e;) = %61 and ¢(eq) = %62

e p. 2260: first three lines in the middle display should be p(e1) = %el,
pleg) = %627 and t € O, valy(t) = k — 1. Moreover, t is to be chosen in
§3.4.3 satisfying t? = 1/c (we may take ¢ = d, since ¢ commutes with ¢,
and s is no longer required).
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