p-ADIC ASAI L-FUNCTIONS ATTACHED TO BIANCHI CUSP
FORMS

BASKAR BALASUBRAMANYAM, EKNATH GHATE, AND RAVITHEJA VANGALA

ABSTRACT. We establish a rationality result for the twisted Asai L-values attached to
a Bianchi cusp form and construct distributions interpolating these L-values. Using the
method of abstract Kummer congruences, we then outline the main steps needed to
show that these distributions come from a measure.

1. PRELIMINARIES

Let F' be an imaginary quadratic field with ring of integers Or. Write F' = Q(v/—D)
with D > 0 and —D the discriminant of F'. Let Si(n) denote the space of Bianchi cusp
forms of weight k = (k, k), k > 2, and level n and central character with trivial finite part
and infinity type (2—k,2—k). Let f € Sg(n) be a normalized eigenform and let ¢(m, f) be
the Fourier coefficients of f, for any integral ideal m C Op. The eigenform f corresponds
to a tuple (f1,..., fn) of classical Bianchi cusp forms, where h is the class number of F.
We take f = f; € Si(I'o(n)) and only focus on this since the Asai L-function depends
only on f;.

Let ¢(r), for r > 1, denote ¢((r), f). Define the Asai L-function of f by the formula
Gs, f) = Ln(2s — 2k +2,1) Y ()

r=1

rs’
where N is the positive generator of the ideal n N Z and Ly(s, 1) is the L-function
attached to the trivial character modulo N. The special values of this function are
investigated in [Gha99]. A generalization to cusp forms defined over CM fields can be
found in [Gh99b)].

Let p € Z be an odd prime integer that is relatively prime to N and that is also
unramified in F. Let x : (Z/p’Z)* — C* be a Dirichlet character with conductor
dividing p’. Define the twisted Asai L-function of f by the formula

G(s,x, f) = Ln(25 — 2k + 2, %) i M

TsS
r=1
This has an Euler product expansion
G(s,x. [) =[] Gils, x. ),
!

where the local L-functions at all but finitely many primes [ are described as follows. Let
[ # p be an integer prime, not dividing N. For any [|I, let a4([) and as(I) denote the
reciprocal roots of the Hecke polynomial of f at I: 1 — ¢([, f)X + Nm([)*1X2. Then

X IT.,,(1 = x(Da(a (1) it =1,
Clov = (1= x(Da (NI (1 = 2D 222) (1 — x(Dag(DI™*) if [ = s inert,
(L)1 = Y Da () (1 — x @I (1 = x(Dad()i~*
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We want to find ‘periods’ and prove that the special values of the twisted Asai L-
functions are algebraic after dividing by these periods. We also want to p-adically inter-
polate the special values of G(s, x, f) as x varies over characters of p-power conductor.

2. COMPLEX VALUED DISTRIBUTIONS

Following Panchishkin, we now construct a complex valued distribution that is related
to the twisted Asai L-function. This section basically follows Coates—Perrin-Riou [CP89]
and Courtieu—Panchishkin [CP04, §1.6].

The function G(s, f) has an Euler product formula

G(57f> = HGZ(S7f) = Zd<r>

)
rs
r=1

and hence satisfies the hypothesis in the above references. We now assume that our fixed
prime p splits as pp in F'. A similar argument will also work for p inert. Then the local
Euler factor at p is of the form G,(s, f) = F(p~*)~! where

F(X) = (1= aa(p)an(p)X)(1 — ar(p)az(p) X)(1 — aa(p)ar(p) X)(1 — az(p)az(p) X).

In what follows we shall assume that f is totally ordinary at p. Hence we may assume,
by possibly switching the subscripts i = 1, 2, that the inverse root s := a;(p)a;(p) of the
polynomial F'(X) is a p-adic unit. Also define a polynomial H(X) as

H(X) = (1= a1(p)az(p)X)(1 — az(p)ai(p) X)(1 — az(p)az(p)X).
Let By = 1 and define By, By and Bj such that
H(X) =1+ B X + By X? + B3 X°.

Let x : (Z/p’Z)* — C* be a character with conductor C\, = p/x. We want to define a
complex valued distribution that interpolates the values of the twisted L-function:

Gls,x. ) = 3 XD

r=1

Define functions P : Q — C by the formula

e r)e2mird
R =Y M

r=1

which converges absolutely for R(s) sufficiently large. Define a distribution i on Z) by
the formula

. . Pl 2 o
uS(a' + p]Zp) = : Z BiPS(apZ/p])p_Zs-
=0

KJ

We need to check that this satisfies the distribution relations. We will do this by showing
that

(1) > x@)isla+p'Z,)
a mod pJ

is independent of j as long as j > j,. For any character x and integer M, define the
generalized Gauss sum

Gupi = Z x(a)e?mieM/v.

a mod pJ
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It can be verified that
G__{wwcmﬂMWW>ﬁwww
Mps —

0 otherwise,

where G(x) = G 5, is the Gauss sum of x.
From the definition, we can write the quantity in equation as

pj(s—l) 3 - _
G M@ By d(n)em
i=0 r=1

a mod pJ

Z»p_isd(r)r_sG

pir,pl

p]S ]X s — pir pi,r
@ (03 Batder (55 (%)

Here 17 is the characteristic function of integers. It appears since the only terms that
contribute to the sum are those with p?=x|p'r (this follows from the above formula for
Girpi). Now write each r = ryry, where 7y is the p-power part and 5 is the away from
p-part of r respectively. We know that

_ ([ pir o pir

X(WW):X%“<mi>’Md
PiT —1 Piﬁ

E\pi-ix ) — "B\ piix )

Using these in equation ([2)), we get the expression

S— ]x ] 7
(3) p’ (ZX 7“2 7“2 ) Zsz wd 7’1 (pﬂ T;X) 1z (;;Ci) .

0,71

Note that here we have also used the fact that d(r) = d(ry)d(r2).
We also know that
> d(r)ryt=F(p)

where the sum is taking over all powers of p. Moreover, we also have
O Bp ™) F(p*) ' =Hp " )F(p*) " =1 —rp*) "

Hence

Z Bip~ ZSd Z Hordpr‘gr

0,71

where the r3 varies over all powers of p. We also have the relation
KOS =N Bid(r).
r3=piri

Hence setting r3 = p'ri, we see that the only terms that contribute to the sum in equation
(3) are those p-powers 73 of the form p/~/xr, for some p-power 4. Also note that as ry
varies over all positive integers prime to p, we get

Z X(r2)d(r2)ry® = G(s, X, f)-
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We remark that if y is the trivial character of Z, then G(s, ¥, f) is just the p-deprived
Asai L-function Gp(s, f)"'G(s, f), where G, (s, f) is the local Euler factor at p, since the
function on Z induced by the trivial character y is taken to vanish on pZ. In any case,

we can rewrite equation as

ij—jx = ordprs,.—s.- "3 '3
——GOOG(s,x, ) ) r gy (pjjx) 1y (pjjx)

jS—Jx o .

= GG s X, ) 30 1 U )
ij(s*l) — ordprg,,—S.—

= GO0G(s. X ) YR x ()
x(s—1)

GG . ).

since X(r4) = 0, unless 74 = 1, since by convention all Dirichlet characters of Z, including
the trivial character, are thought of as functions on Z by requiring that they vanish on
pZ. This simultaneously checks the distribution relations and establishes the relationship

x(s—1)
(4) / v i =22 600G, v f)

between these measures and twisted Asai L-values.

We remark here that these calculations hold only for s € C where G(s, f) is absolutely
convergent. And this is known for all s such that R(s) > k + 1, in view of the Hecke
bound c(I, f) = O(Nm(I)*/2), for all but finitely many primes [ of F.

In order to construct a measure, we need to show that this is a bounded distribution
(after possibly dividing by some periods). We now modify the distribution fis to construct
the distribution

ps(a +pin) = fis(a "’p]Zp) + fis(—a +ijp)-
The distribution relations for u, follows from those of ji;. Moreover

[ 2 [ xdps if x is even,
/Xd“S{ 0 if yisodd.

In the next section, we shall prove that the values of the distribution [ x dps in
, for specific values of s, are rational, after dividing by some periods. In Section |§|,
we conjecture that these values are even p-adically bounded. We then conjecture that
these values satisfy the so called abstract Kummer congruences, and hence come from a
measure.

3. RATIONALITY RESULT FOR TWISTED ASAI L-VALUES

Let n = k — 2 and set n = (n,n). For any Op-algebra A, let L(n, A) denote the set
of polynomials in 4 variables (X, Y, X,Y) with coefficients in A, which are homogeneous

of degree n in (X,Y) and homogeneous of degree n in (X,Y). We define an action of
SLy(A) on this set by

v P(X7 Y777?) = P(’YL(X7 Y)t7'7L<7’ ?)t)

= P(dX — bY, —cX + aY, —bY,—¢cX +aY),
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for v = [Z Z] € SLy(A) and where 7* = det(y)y~! is the adjoint matrix of . Let Ty(n)

and 'y (n) be the usual congruence subgroups of SLy(Or) with respect to the ideal n. Let
H={(z,t)|2€ Cand t € R with ¢t > 0}

be the hyperbolic upper half-space in R3. There is an action of SLy(Or) on ‘H which
is induced by identifying H with SLy(C)/SU(C) = GLy(C)/[SU3(C) - C*]. The last
identification is given by a transitive action of SLy(C) on H defined via g +— ¢ - €, for
g € SLy(C) and € = (0,1) € H. We will let L(n, A) denote the system of local coefficients
associated to L(n, A). So L(n, A) is the sheaf of locally constant sections of the projection

Fo(m)\(H x L(n, A)) — To(n)\H.

Analogous to the Eichler-Shimura isomorphism for classical cusp forms, there are isomor-
phisms
dq : Sk(Lo(n)) — H,,,(To(m)\H, L(n, C)),

cusp
for ¢ = 1,2. Here the cohomology on the right is cuspidal cohomology with local coeffi-
cients. We take § = §; since we are interested in 1-forms.

Let us now describe the image of §(f) under this map. Let 7 € SLy(C) and z = (2,t) €

. _zt] , recall that the action of v on z is by

‘H. After identifying z with the matrix [Z

vz = [p(a)z+ p(b)][p(c)z + p(d)] ",

0

where p(a) = [ d]' Define the automorphy factor j(v,z) = p(c)z + p(d) € GLy(C).

o)
0
Let L(2n + 2,C) denote the space of homogeneous polynomials of degree 2n + 2 in two
variables (S, T") and coefficients in C. We will consider L(2n + 2, C) with a left action of
SLy(C).

Recall that f is a function H — L(2n+2,C) that satisfies the transformation property

fz (8. 7)) = f(2,"5(7,2)(8,T)"),
for v € I'g(n). There is a related ‘cusp form’ F' : SLy(C) — L(2n+2,C) on SLy(C) which
is defined by the formula

f(z(8,T)") = F(g,"j(g,€)(S, T)"),

where g € SLy(C) is chosen such that g€ = z.
By Clebsch-Gordon, there is an SU,(C)-equivariant homomorphism

®:L2n+2,C) — L(n,C)® L(2,C).
Then 6(f) can explicitly be described as [Gha99, (13)]

() o(f)(g) =g-(®oF(g)), VgeSLy(C).

Note that here the action of g on L(n, C) is as described above. But the action of SLy(C)
on L(2,C) is identified with the natural action of SLy(C) on Q'(H) = Cdz & Cdt & Cdz
(see [Gha99, (6)]). The identification of L(2,C) with Q'(#) is given by sending A%
dz, AB — —dt and B* — —dz. With this identification, we view d(f) as a L(n, C)-
valued differential form. It is also invariant under the action of SUy(C) [Gha99, (14)], so
it descends to a vector valued 1-form on H. Moreover, if v € I'g(n), then

0(f)(vz) = - (6(f)(2))-
So 0(f) descends to an element of H} . (To(n)\H, L(n,C)).

cusp
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We make this formula more explicit. Let U and V be auxiliary variables and define
the following homogeneous polynomial of degree 2n + 2 by

Q — <(2TL + 2> (_1>2n+2aUav2n+2a)

o a=0,...,.2n+2

Define (X,Y, X,V, A, B) = [ho(X,Y, X, YV, A, B), ... on2(X,Y,X,Y, A, B)]' by the
formula
(XV =YU)"(XU+YV)"(AV — BU)* =Q - ¢,

where each 1; is a polynomial that is homogeneous of degree n in (X,Y’), homogeneous
of degree n in (X,Y) and homogeneous of degree 2 in (A, B).

Let z € H, then since SLy(C) acts transitively on #, there is a g € SLy(C) such that
z = g€ where e = (0,1) € H. Let F* : SLy(C) — C, for a« = 0,...,2n + 2, be the
components of the function F': SLy(C) — L(2n + 2,C). Then

(o F)(g) = [F°(g),...,F"(g9)] - ¥(X,Y, XY, A B)
and

3(f)(z) = g:(®oF(g)) = [F°(q), ..., F*""(g)](g" (X, Y)', g"(X, V)", (g7, ) (A, B)"),
where A%, AB, B? are replaced by dz, —dt, —dz.

Now, let 8 € F' C C and let T denote the translation map H — H given by sending
z = (z,t) = (24 B,t). When we view H as a quotient space of SLy(C), this map is
induced by sending the coset gSU3(C) — v39SUs(C), where

)

Let I (n) := 7§1F0<n)7ﬁ C SLo(F). Notice that if TS (n)g’SU,(C) = I'2 (n)gSUy(C), then
Lo(n)y59'SUs(C) = I'o(n)y39SU2(C). Thus the translation map T3 induces a well-defined
map

LY (m)\H — To(m)\ K,
which we again denote by Tj.

We now recall some basic facts about functoriality of cohomology with local coefficients.
For i = 1,2, let X, be topological spaces with universal covers X; and fundamental groups
I'; (after fixing some base points). Let M; be local coefficient systems on Xj, i.e., each
M; is an abelian group with an action of the fundamental group I';. Let ¢ : X; — X5 be
a map between the spaces, it induces a map ¢, : I'y = I's on the fundamental groups. A
map between the coefficient systems gz~5 : My — M, is said to be compatible with ¢ if it
satisfies

71(5<m2) = ¢(Pu(11)m2), Vmg € My and vy € T'y.

In other words, ¢ must be a map between representations when M, is viewed as a repre-
sentation of I'; via the map ¢,. For any compatible pair (¢, gz~5), there exists an induced
map
¢* : Hq(XQ, MQ) — Hq(X17 Ml)

at the level of cohomology. This map is constructed as follows. Let S,(X;) denote the
singular complex of the universal covers. There is a natural action on the right by I'; via
deck transformations. Given a singular ¢-simplex o : A? — X; and ¢ € T;, we convert
this right action into a left action by setting g-o = o - g~!. The cohomology groups with
local coefficients are given by the homology of the complex Homgr, (S, (X;), M;). The
map ¢* is induced by the following map on the complexes (which we again denote by ¢*)

gb* : HOIHZF2 (SQ(X2>, MQ) — I‘IOII]ZF1 (Sq(f(l), Ml)
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Given a cochain C' € Homgr, (S,(X3), My) and 7: A? — X, € S,(X)), define

(6) ¢*(C) (1) = o(C(p o)),

where we continue to denote by ¢ : X, — X, the unique lift of ¢ : X7 — X5 to
the universal covers. This construction is independent of the base points chosen in the
beginning.

Let us now apply this to our situation with X; = ') (n)\X and X, = Ty(n)\H. In
this case, [y = [J(n) and Ty = Ty(n) and they act on M; = M, = L(n,C) since
they are subgroups of SLy(F'). We take the map ¢ to be the translation map T3 which
induces, at the level of fundamental groups, the map (T}3), : Iy (n) — To(n) which sends
751775 — . It is an easy check that the map Tﬂ : My — M, sending P %TIP, for
P € L(n,C), is compatible with 7. By the discussion above this induces a map at the
level of cohomology

T5 : HY(To(n)\H, L(n,C)) — HI(TG(n)\H, L(n, C)).

When ¢ = 1, what is the image of the element 6(f) € H'(To(n)\H,L(n,C))? After
translating the above map T3 in terms of vector valued differential forms, we get that

T36(£)(2) @ 251600 002) B 97150 - (@0 Flpg)) = g (@0 Fly9)
= [F(99), -, "2 (y59)] - (9" (X, Y)', 9" (X, V), (g7, ) (A, B)').
Here z € H and we take g € SLy(C) such that gz = €, and A%, AB, B? are to be replaced
by dz, —dt, —dz.

Following [Gha99, §5.2], we now want to compute the restriction T3 (5(f))la where
H = {x+it|z,t € Randt> 0} is the usual upper half-plane which is embedded into
the hyperbolic 3-space H as

. [x —t]
T+t — .
T

t
Asin loc. cit., we make the following two simplifications. Firstly, since we wish to compute

this differential form on H, we set dz = dZz in our computations. Secondly, we only need

to calculate the differential form {(1) _11 (T5(8(f))|m), so we set & =0 in ¢ and only
calculate the modified differential form which we denote by TQWNH Note that the
components v, of ¥, for a« = 0,...,2n + 2, are given by

W A%cq —2ABcy 1 + B?co o

(") |

wa(X,Y,Y,Y, A7 B) = (_1)

where

Wy X = 3 () ()

§,k=0 J
n=a+j—k

t x

Forx,tERandt>0,letg:\/ig[0 1

]. Then g-e = (z,t) e HC H and ¢* = §* =

1 —z 1 - . 10 o
\/%[0 t]- Moreover, j(g~', ) 12](9,6)2\/%[0 1}. Let fo, fora =0,...,2n+ 2,

be the components of f : H — L(2n + 2,C). The precise relationship between f* and
F“ is given by
1
f2) = —== F(9)-
\/%2 +2
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Note that if z = (z,t), then T3(z) = (2 + 3, t) does not affect the ¢ coordinate. Hence
(e 1 «
[ (Tsz) = WF (789)-

Using this and the pullback formula, we get

QM\/Q"” T, XAVIY, “XANIY, A LB
B = VA @iz (5 VeV, GXVAT o Do)

2n+2

= 3 STz ea(X Y, X4V, A, B),

where we replace (A2 AB, B?) by (dx,—dt, —dx). We have now constructed an element
T3(8(/)lis € H,p(TE(N\EL £ (1, ©)) where TH(N) := T (n) N To(N) = T (n) NSLa(Z),
since in the latter matrix group, the lower left entries are divisible by N. As in [Gha99,
see below Lemma 2], we have a decomposition of this cohomology group as

(7) H', (TS (N)\H, L(n,C)) —>@ tusp (L0 (N\H, £(2n — 2m, C)).

cusp

We will call the projection of T3(d(f))a into the m-th component by T7(d2n—2m(f)),
slightly abusing notation since the subscript 2n — 2m should technically be outside the
parentheses. For each m, define

fa (é)_;'_(_1)7L+17a+'mf2n+27a(g)

ifa=0,1,...,n,

(8) “(2) )
e % fa=n+1.
(n+1)
Then, we have
e~ 2n—2m
(9) TE (62n72m(f>)(‘r, t) = Z (Aldx + 2Bldt)t2n7m*leY2n72mfl,
1=0
where
n+1
A= Z(—l)aga(Tﬂ(x, t)a(m, 1, a),
a=0
n+1
B, = Z(—l)aga(T,g(:I:,t))b(m,l,a)’
a=0

with a(m, [, @) and b(m, [, ) the integers defined at the end of [Gha99, §5].
For any n > 0 and any Z[1/nl]-algebra A, there is an SLi(Z)-equivariant pairing
[Gha99l Lemma 4]
(,):L(n,A)® L(n,A) — A,

which induces by Poincare duality a pairing
(, ) : HATSNNH, Lin, 4)) © B (T§(N)\HL £(n, A)) — HA(TS(N)\H, ) - A,

where the last map H E(Fg (N)\H, A) — A is given by integrating a compactly supported
2-form on a fundamental domain [['J(N)\H] of I7(N)\H. We will use this pairing when
A =C, A= FE is a p-adic number field with p > n, and with A = Op, its ring of integers.
When A = C, the pairing can be extended to

(1) Hoyop (T (N)\H, L(n, C))@H (T (N\H, £(n, C)) = HZ,,,(Ty (N)\H, €) — CU{oo}.

cusp Ccusp
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For each m, there is an Eisenstein differential form E5, .., for [ (N) given by

(10) Egn—Zm—l—Q(S? Z) = Z P)/_l : Fy* (w ys)’

yETH(N) \I§(N)

where w = (X — 2Y)?"?"dz. One may check that

1
B _ S
(11)  Ej,_ 2m+2(5 z) = E : (cz + d)2n—2m+2|cz + d|?s Yy w.
y=(2b)erf(v) \rg )

We view E§n72m+2 as an element of H'(I2(N)\H, £(n,C)). We now wish to evaluate

<T§(52n72m(f>> EQﬁn 2m+2>

following [Gha99, §6.3]. We have

(T3 (02n-2m(f)); Eopsmsa) = / (T5 (022 () (@, 1), By, 1))

[T5 (N)\H]

= [ T o () B )

where the ~ indicates that we have twisted the differential forms by the action of the

|1 . - .
matrix [ :c} . Using a standard unwinding argument, the last integral becomes

0 1
/ / G (£)), 58,

where & = (X — itY)*" *"dz. Using the expression (9 for T (0an—2m(f))(,t) and the
definition of the pairing, we have

1 2n—2m

/ / 52n om(f)), Wt®) :/ / Z QAT daedt
0 J0 -

1 2n—2m

) / / Z i B2t dadt.
0 0 1=0

We denote the first integral by I; and the second integral by I,. We now compute [
using the definition of A; as

2n—2m n+1

Z l“Z mJ,a/ / *(Ty(w, )t dadt.

Using the Fourier expansion for the a-th component of f, see [Gha99, (7)] with a; = 1,
we get

pcrste.0) =" ) | S ctea (i)"ﬂ_amn1<4mrs\>eF<5<x+ﬁ>> ,

2 SO\
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where ep(w) = 2™ 1r/e) Using (§) and plugging this into the expression for I}, we get

2n—2m

Z J+1 Z m,l,a / Z Sd t2n m+1+s

LeFX

§ n+l—a § a—n—1
((m) Kon1(4mt|€]) + (—1)rtmtlze (m) Kn+1a(4m\§|)> dt

1 2n—2m
0

EEFX

Ko(4rtle])dt /0 er(E(x + B))da

The only terms c¢(£d) that survive are when £ = \/ifD, for some 0 # r € Z, and in this
1
case [, ep(x)dr = 1.

2n—2m

> l“Z Fatm.10) 3= er(r8/ =Dt (= |)
/0 " pniomes {Ka_n_l (4%0 ) (4%0} »
+ 2§mil+1(—1)”+1a(m,l,n +1) ;QF(Tﬁ/\/j)C(T) /0°° (n+i—mes fo (4%|> "

The Bessel functions have the property [Gha99, Lemma 7]

/ K, (at)t"'dt = 2" 21T (“ ;L ”) r (“ S ’/) .
0

This implies that the two Bessel functions in the sum above will cancel each other unless
a=n+1+m mod (2). Setting s’ = 2n + 2 — m + s, we have

CURY s SFORS U ARG S e

=0 a=0 0#£reZ
a=n+1+m (2)

o\ r n+l—m+a+s r n+3—-—m—a+s
7] 7|’ 2 2

* AL((%))ZZH\/;S > alm 1) Y enr8VD))

1=0 0£relZ [ ‘

F<2n+22—m—|—s)2

We will take § = %=L for some rational number b. Then the term ep(r3/v/—D) = 2.

Now we break the sum over r into a sum over positive integers and a sum over negative
n+l—a

integers. The term ( o ) equals (—1)™ when r is positive and is 1 when r is negative.

The second sum over r does not have such a term, so we assume that m is even in order
to be able to put these terms together into a single term. The terms c(r) and |r|* are
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obviously independent of the sign of r. So finally, we have
2n—2m

- (_1>n+1\/55, - 27irb —2mirb C<T) 41
L= 2(2r)2nt2-mts ; (e +e ) e ; t
(12) n+1
n+l—-—m+a+s n+3—m-—a-+s
Z a(m,l, )T r ,
— 2 2
a=n+1+m (2)
in the @« = n + 1 term, which we will adjust for. By
Putting

where there is an extra factor of
a similar computation, I will also have an expression in terms of b(m, 1, «)

together these two expressions, we get that
VD' &, |
E <627rz7‘b + 6—27rz7”b) c,f::) X 20(87.]0)7

(T35 (n—2m(f))s Espysma(5)) = (m)irs 2

where we collect all the combinations of Gamma factors appearing in both I; and I, and

denote it by G._(s, f).
Now let x : (Z/p'Z)* — C* be a primitive character (so j = j,) and recall that
= (r)x(r)

(5.%.f) = L(2s =2k +2,¢) 3 €

r=1

Substituting the formula
- 1 2mira/p’
X(r)=—— x(a)e
=g L X0
a mod p.
in the above equation, we get
1 = o
Ly(2n —2m + 2 + 2s, )22)—( ) Z x(a) Z c(r/) p2mira/p
X r=1 re

a mod pJ

G(s',x, f) =

Now assume that y is an even character, i.e., x(—1) = 1. Then grouping together the

terms coming from a and —a, we get

(s, X f)—LN(2n—2m+2+28,>22)ﬁZX(G)Z -

C(T) (627rira/pj + e—27rira/p1)7

acER
where R is half of the representatives modulo p’ such that if @ € R, then —a & R. We
now write G(s', x, f) in terms of the inner product considered earlier
, (27T>2n+27m+s L
Gl (s, f)VD

ZX Tﬁ (02— 2m(f))’E2ﬁn—2m+2(8)>

a€ER

with 8 = av/—D/2p’.
G/ (s, f)T'(s+2n—2m+2). Dividing both sides of the above equation

Let Go(s, f) = G
by the period G(x?)(2m)?" 22 we obtain
!/ = 2n+2—m+s _ =2
G(X)G(S 7X7 f) — (27T) S LN(2n 23j7;’mt22 +_2287X ) ‘F(8+2n_2m+2>
Goo(s, /)V'D (2m) G(x?)
E2ﬁn 2m+2(5>>

GO @rpramet
ZX Tﬁ 5211 2m<f))

a€ER
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We evaluate this expression at s = 0. Note that G (0, f) # 0, by [Gha99, §6.4] using
some special arguments, and by Lanphier-Skogman and Ochiai [LSO14] as a consequence
of their proof of [Gha99, Conjecture 1]. The special value Ly (2n — 2m + 2, x*) becomes
rational after dividing by the period G(x?)(27)**~?™*2. We denote this ratio by L°(2n —
2m + 2, x?). We get

(14)
G(x)G2n—m+2,X, f)
G(X?)S oo

Here Q. is defined as

= L°(2n—2m+2, )22) Z X(a> <TE<52n72m<f))a Egn—2m+2(0)>'

a€R

(2m)tn=3mHD (2, — 2m + 2)

Goo(o,f)\/EanerQ
We now conclude rationality properties of the special values G(2n — 2m + 2,, f)
from equation ([14). Choose a period (f) such that after dividing by this period, the
differential form
o(f)

6O(f) = W S Hclusp

takes rational values. Here F is a sufficiently large p-adic field, containing the field of
rationality of the form f, which we also view as a subfield of C after fixing an isomorphism
between C and Q,. Then

Qoo =

(Co(m\H, L(n, E))

T36(/)ls = Q) - T (f)]e

noting that if \/—D € FE, which we assume, then the image T56°(f)|u of 0°(f) under the
map

Tilen = HiypDo(m\H, L0, E)) = Hp(Fo\H, L(1, E)) = H, (Do (N)\H, L(n, E)),

cusp cusp

is also rational. Since Clebsch-Gordan preserves rationality, for 0 < m < n, we obtain
that

T3 (d2n—2m(f)) = Q) - T5 (03,9, (f));
where T;(05, ,,(f)) € HY,(Cg(N)\H, £(2n — 2m, E)) is also rational.
The rational cuspidal class Tj(d5 (f)) is cohomologous to a compactly supported

2n—2m
rational class which has the same value when paired with Ej, . .»(0) (see the proof of
[Gha99, Theorem 1]). Since the differential form ES ., +2(0) coming from the Eisenstein
series is F-rational, at least when m # n (see Proposition [1] in Section {4| below), and
the pairing between compactly supported rational classes and such classes preserves FE-
rationality, the following theorem follows from , if E contains the field of rationality
of x, which we again assume.

Theorem 1 (Rationality result for twisted Asai L-values). Let E be a sufficiently large
p-adic number field with p1 2N D. Let 0 < m < n be even and x be even. Then

Gx)G2n —m+2,x, f)
G(x*)Q(f)Qe0

This result matches with [Gha99l Theorem 1] when x is trivial. In that theorem it was
assumed that the finite part of the central character of f is non-trivial primarily to deal
with the rationality of the Eisenstein series when m = n. In this paper, we have assumed
(for simplicity) that the finite part of the central character of f is trivial. We could still
probably include the case m = n in the theorem above, by using the rationality of the
Eisenstein series Ej (0, z) — pES (0, pz) instead (see [Gha99, Remark 2]).

c kL.
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4. RATIONALITY OF EISENSTEIN COHOMOLOGY CLASSES

We start by recalling the following result that goes back to Harder [Har81], [Har87].
See also [Hid94) §10].

Lemma 1. FEisenstein cohomology classes corresponding to Eisenstein series whose con-
stant terms at every cusp are rational are rational cohomology classes.

Proof. We use notation in this proof that is independent of the rest of the paper. Let
I' C SLy(Z) be a congruence subgroup and L(n,C) denote the sheaf of locally constant
sections of 7 : I'\(H x L(n,C)) — T'\H. Consider the restriction map to boundary
cohomology given by
R: H'(T\H, L(n,C)) — HyT\H, L(n,C)) := @ H"(T\H, L(n, C)),
13
where ¢ varies through the cusps of I'. We know that

H'(P\H, L(n, C)) = Hp,gp(T\HL L(n, C)) & Hp; (T\H, L(n, C)),

where H.,,, and Hp,, are the cuspidal and Eisenstein part of cohomology respectively.

The restriction of R to Hp,, is an isomorphism

R: Hy, (T\H, L(n,C)) — € H'(T¢\H, L(n,C))
3

w i ce(0,w),

where c¢(0, w) is the differential form corresponding to the “constant term” in the Fourier
expansion at the cusp & of the differential form w corresponding to the underlying Eisen-
stein series. Clearly R preserves the rational structures on both sides. The following fact
is due to Harder.

Fact: There exists a section
M : ®H' (TAH, L(n, C)) — H'(T\H, L(n, C))
of R preserving rational structures on both sides.

Now let w € Hy, (T\H, £L(n,C)) be such that R(w) is rational. Then M (R(w)) is rational
and R(M(R(w))) = R(w). Since R is an isomorphism we have M (R(w)) = w. Hence, w
is rational. Thus the Eisenstein class w is rational if and only if the constant term in the
Fourier expansion at every cusp is rational. This proves the lemma. U

Proposition 1. If m # n, then the Fisenstein differential form
E5n72m+2(0) € Hl (FIEB)(N)\]HL £(2n - 2m7 E))
1s rational, for a sufficiently large p-adic number field E.

Proof. Recall that g = a/=D if 7 > 1 (and § =0if 7 =0). We claim that Fg(N) =

2pJ
’yﬂ_lFo(‘ﬂ)’yg N SLy(Z) is independent of a. We do this by showing that

(15) F'g(N):{(‘C’g)ESLg(Z) ta=d modyp’, c=0 mod Np*}.

Indeed, if 5 = 0, holds trivially, since in this case 73 = 1, so both sides of
are equal to I'g(N). So assume that j > 1. Since p is odd and we are considering
representatives a € R = (Z/p’Z)* /{+£1}, by replacing a by p’ — a if necessary, we may
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assume that all @ € R are even, so that pj\/—D_lﬁ € Z. Let v = (2%) € T'o(M) and
5= (o1)- Then

) — B b—d+ (a—
(16) V5 e = (a Ccﬁ 5(1—|—(CCZB CB)B).

Assume that the matrix in is in SLy(Z), so is in Fg(N). Then a—cf, b—dS+(a—cB)p,
¢, d+cf € Z. Note that ¢ € Z < ¢ € NZ. Since a — ¢f and d + ¢f8 € Z, we have
b—df+(a—cB)BeZ < (b+cf)+(a—cB—d—cB)BEZ
& Rb)+cB*€Zand S(b) =i(a—cB—d—cB)p
s pYlcand a —cf=d+cB mod p’,
since p 1 2D and both $(b), \/E_1S(6) € 3Z. Therefore I (N) is contained in the right

hand side of . On the other hand, if v is any matrix on the right hand side of ,
then by replacing # by —f in , one checks that 757751 € [y(M). It follows that

equality holds in .
From , we have

SLy(Z)oo = { (%' 1) :n € Z} C TH(N).

Thus Ty (V) = SLy(Z)+. Also, note that the coset Iy (N) oo (2 8) in T (N)oo\I'y (N) con-
tains all the matrices of T’ (N) whose bottom row equals (¢, d). Hence T'5(N)oo\['J(N)
is in bijection with the set

A= {(c,d) € Z*~{(0,0)}: (¢c,d) =1,c=0 mod Np*,d==+1 mod p’}/{£1}.

For each integer k > 3 and (u,v) € (Z/Np*)?, consider the Eisenstein series

(U,U) o ;
By (z) = E (o2t d)F
(c,d)=(u,v) mod Np2I
(C,d):l

This Eisenstein series differs from the Eisenstein series in [DS05, (4.4)] by a factor of
ENp2 = % or 1. By , we have

1

B _
E2n72m+2(072) = Z (cz + d)2n—2m+2 W
(e,d)eEA
1 u,v
(17) = 5 Z E§n7—)2m+2(z) s W,

(u,0)€(Z/Np> L)?
u=0 mod Np?

v=+1 mod pJ
noting that 2n — 2m + 2 > 4, since m # n. By [DS05, (4.6)], for k > 3, we have
(18) B = > G M),
1€(Z/Np>Z)*
where
—  u(m)
Gl = Y, =%

m=1 )
m=l mod Np%
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(+) is the Mébius function, and
! 1
Gy (z) = —_—
F (cd)ZeZQ (cz+d)~*

(¢,d)=(u,v) mod Np?I

We will obtain the g-expansion of the Eisenstein series E5. 42(0,2) = > anq”, using
(7, and the g-expansion of the Eisenstein series above using facts from [DS05].
Let k > 2 an integer and ¢ be the Euler totient function. For v € (Z/Np*)*, we have

Cy= Yt

d=v mod Np?%

_ i dfk_i_(_l)k i dfk
d=1 j **UCrl;)%inQj
(19) d’UI;lOde =
abe=nd (I DERLORECSORNC VD DO ARY
4 mod Np2i ¢ mod Np?/
:W > @ DRE(1))e(0) Lk, ) |

v mod Np2i

where the penultimate step follows from [DS05, Page 122]. If k is even, then (1 +
(=1)*4p(—1)) is equal to 2 (resp. 0) if ¢ is even (resp. odd). A similar expression
for ¢! (k,p) in terms of Dirichlet L-functions can also be derived. For | € (Z/Np¥7Z)*,
by the orthogonality relations, we have

[e.9] 1 B B
Clhop) =) —5= >, ) "(m) plmym™*
m=1 SO(Np ) 1 mod Np2i
1 e _
= N2 Z ()~ Z¢(m) p(mym="
PINDH) e —
mo p
1
(20) = > YO)TLkY) T
P(NPY) | o
where the last step follows from by multiplying the corresponding L-functions. Therefore
_ 1 _ _ _
Clhop) + GHkp) = —5= Y (WO +o(=)) Lk, )
P(ND) e
mo p
2
21 =— () Lk, )
(21) cira PRI
1 mod Np2J

By and , we have

1 1= (uw
(22) EQﬁn—2m+2<Oa Z) = 5 Z Z Ci(Qn —2m+ 27 M)GZn—(Qm)-&Q(z) CW.
(uw)E(Z/Np*Z)? 1€(Z/Np>Z)*
u=0 mod Np?J
v=%41 mod p’
For simplicity, let & = 2n — 2m + 2. By the description of the set A, we have (¢,d) € A
implies that Np¥ | ¢ and (c¢,d) = 1, so the congruence class v of d mod Np¥ has order
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Np% . Therefore, for m < n, by [DSO5 Theorem 4.2.3], we have

(u'v") _ 27” 2mlz/Np27
2 =
(23) G2 = 6 )+ §j

for tuples (v',v") occurring in (22)), where

O_](g_ll v') (l) Z Sgl’l(l/)l/k7162ﬂ-w,l,/Np2j )

I
1/'=0 mod Np?i

Constant term:
By and , the constant term ag in the g-expansion of E,’f (0, 2) equals

w=y 3 S k)

(u,w)e(Z/Np*iZ)? 1€(Z/Np2Z)*
u=0 mod Np?J

v=+1 mod pJ
ST VREED DIl DR (U TCXO R DI T
- 252 ’ ! U)
(u,v)e(Z/NpQJZ)Q le(Z/Np¥Z)* QD(Np ) 1 mod Np2J 11 mod Np2J
u=0 mod Np?J 11 even

v==41 mod p’

N 1Lk ) .
"R, 2 2 Ty L, PO

(u0)E(Z/Np*Z)? 4ppr mod Np> 1€(Z/Np>IZ)*
u=0 mod Np?J Y1 even
v==+1 mod p?

ok 1 1
@ SO(N—Z?%) Z Z V1(v)

(u0)E(Z/Np¥Z)? 1 mod Np%
u=0 mod Np? Y1 even
v==+1 mod p?

:W 2 >, i@+ en(-0)T)

(u,w)E(Z/Np?Z)? 1 mod Np2i
u=0 mod Np?J
v=+1 mod p?

where (*) follows from and (20), and () and (x * ) follow from the orthogonality
relations.

Higher Fourier coefficients:
Clearly affj')(l) = 0 if Np¥ {1. So assume that [ is a multiple of Np¥. Say | = Np%1".

Then
U;(c(ili,)(l) _ Z Sgn(l/)llk—1€27riv/l//Np21’
l/‘l//
which is clearly E-rational if E contains a sufficiently large cyclotomic number field
depending on j. From and , we see that the coefficient a;r of ¢ in the Fourier
expansion of E,f (0, z) equals

— 1 E n(fe (_27T2)k n=1(0,v) N le,,
ap = 9 2 : CJr( ’M)(k—l)!(Np%)ko-k_l ( D )
(uw)E(Z/Np¥Z)? ne(Z/NpIZ)*

u=0 mod Np?J
v=%41 mod p?
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If 5 = 0, one checks that the formula for a;» above reduces to a well-known expression (see
[Miy89, Theorem 7.1.3 and (7.1.30)]), and in particular a;» € Q is rational. So assume
that 5 > 0. Then

1 n —n (_27T7’)k n~1(0,) 24 11
apn = 5 Z ' Z (C+(k>ﬂ)+C+ (knu))(k_ 1)!<Np2j>k0_k—1 (Np ! )
(u,0)€(Z/NpHZ)? ne(Z/Np>z)
©u=0 mod Nplzj
v=1 mod pJ?

@ ! . L (—2m)
- o(Np%) Z Z Z U(n) " Lk, ) 1(l<: —1)I(Np)k
(u0)E(Z/Np¥2)? ne(Z/Np¥Z)* « mod Np?I '
u=0 mod Np?J ¥ even
v=1 mod p’

. O.Zii(o»v) (szjl//)

ey —2k A Gy
2 X > 2. v (N;) G(¢)Byg

(u,1))€(Z/Np2jZ_)2 n€(Z/Np?IZ)* ) mod Np3J ¥
u=0 mod Np?I Y even
v=1 mod p’

Lo MNP,

where in the last step we have used the following special value result for the Dirichlet
L-function:

—2mi)*G (V) By, 5
@y Ly = - OB

2k!C’1’Z
where Uy denotes the conductor of 1. Thus a;» is again E-rational for a sufficiently large
p-adic number field E containing an appropriate cyclotomic number field.

Summarizing, the computations above show that EQ’Bn_Qm +2(0,2) has an E-rational ¢-
expansion » .~ a,q" (at the cusp oo) if E contains a sufficiently large cyclotomic number
field (which depends on j). By [DS05, Proposition 4.2.1], since ES“", ol = ESY .
for all v € SLy(Z), the Eisenstein series Egn_m +2(0,2) has an E-rational g-expansion at

if ¢ is even and k > 0 is even,

each cusp ¢ of Fg (N). The proposition now follows from Lemma O

5. TOWARDS INTEGRALITY

Note that the map TE|H can also be described as the pull-back of a differential form
via the map
Sg: TH(N)\H — To(n)\H
given by sending

X

We now choose 6°(f) such that it generates H_,,,(To(n)\H, L(n, Op))[f], which is a
rank one Opg-submodule of A}, (To(n)\H, L(n, Og)), where O is the valuation ring of
E and H' denotes the image of the integral cohomology in the rational cohomology under
the natural map. We correspondingly refine the period Q(f) so that Q(f) € C*/O5.

Since 8 = 2L we have 7[;1 - P € L(n, 20g), for P € L(n,Og). Thus, the map S

. z —t
x+@tr—>yﬁ{t ]

297 ) p2ni
does not preserve cohomology with integral coefficients, but instead induces a map
* T 7 e ]_
(25) Sﬁ : Hclusp(ro(n)\Ha ‘C(ﬂa OE')) — Hclusp(rlg(N)\H7 ‘C’(ﬂ7 WOE))7

on cohomology.



18 B. BALASUBRAMANYAM, E. GHATE, AND RAVITHEJA VANGALA

Lemma 2. Assume p > n. Then under the Clebsch-Gordan decomposition , we have

. 1
SB( cusp(r()( )\H ‘C(n OE '—> @) cusp (N)\]HL £<2TL - 2m7 WOE))
Proof. Let V = ( a)?Z? — 8)?ZY)' By |Gha99, Lemma 2], the projection to the m-th

component in (7)) is induced by P(X,Y, X,Y) —» 4 V"P(X,Y, X,Y) |X x- Clearly the

projection continues to be defined with Op coefficients if p > n. As remarked in (25), S5
does not preserve integrality. However, since

Vi XmYRXTTY) =
0 S S — 0 —nl = =
[ X"y — BX)FX" Y + BX) ! — ke X" R(Y — BX)IXTNY + BX),
0X 0X
we see that if P € L(n Og), the total power of p/ in the denominator goes down by one
after applying V to ’yﬂ - P. Tterating this, we see V™ (v, .P) e L(2n—2m, J(Qn —0g),

for m =0,...,n, proving the lemma. Il

We now assume that the prime p is greater than n, so that we may apply the lemma
above. Let

(26) 38 an(1)) € Hi (T (NNEL £ = 2m, i Op)

be the image of 6°(f) under the map followed by the projection to the m-th compo-
nent in the Clebsch-Gordan decomposition in Lemma [2 Again note the slight abuse of
notation, since the subscript 2n — 2m should be outside the brackets.

By Proposition [I], we know that

1 -
(27> E26n72m+2(0) € EHI(Fg(N)\Ha L(Zn - Qm) OE))7

for some integer ¢; > 0, depending on j.

Let S denote the finite set of excluded primes above (i.e., p | 2ND and p < n), which
we extend to include the primes p < 2n + 4. We remark that if p € S, then p > 2n which
ensures that the duality pairing (, ) is a well-defined pairing on cohomology with integral
coefficients L(2n — 2m, Og).

For the refined period €( f) defined above, we get the following partial integrality result.

Proposition 2. Suppose p is not in the finite set of primes S, and that E s a sufficiently
large p-adic number field as above. Let 0 < m < n be even and x be an even character of
conductor p’x. Then

Q(NHG() 0 pix(n=3m+3) e,

Proof. Indeed, this follows from the fact that by the special value in the statement
of the proposition has a cohomological description in terms of integrals of the form

/ S*(sgn 2m(f) /\ Egnfm+2‘
(05 (N)\H]

These are integrals of cohomology classes with specifiable denominator over an integral
cycle, hence belong to O with specifiable denominator. The size of the denominator can
be computed from and , taking j = j,, and the fact that the Dirichlet L-value
n satisfies L°(2n — 2m + 2, %) € WOE (which in turn follows easily from a

(28)
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special values result like , noting that the corresponding twisted Bernoulli numbers lie

in pi-(’) p by a standard formula for these numbers involving the usual Bernoulli numbers

X
up to Bsg,.2, and by the well-known result of von Staudt-Clausen which says that p does
not divide the denominators of these Bernoulli numbers since p — 1 > 2n + 2, by the

definition of the set .5). O

6. CONSTRUCTING BOUNDED DISTRIBUTIONS

Finally, we now define our p-adic distribution by the formula

o 1
M2n—m+2 - Q(f)Qoo * HU2n—m+2-

These distributions are certainly defined whenever 2n —m + 2 > k + 2 which is the same
as m < n — 2, but may possibly be defined for all 0 < m < n, by analytic continuation.

We wish to show that u3, .., is a bounded distribution and hence a measure. To this
end we recall the notion of abstract Kummer congruences.

Theorem 2 (Abstract Kummer congruences). Let Y = Z), let O, be the ring of integers
of C, and let {f;} be a collection of continuous functions in C(Y,O,) such that the C,-
linear span of {fi} is dense in C(Y,C,). Let {a;} be a system of elements with a; € O,.
Then the existence of an Op-valued measure p on'Y with the property

[ fdu=a,
Y

is equivalent to the following congruences: for an arbitrary choice of elements b, € C,
almost all zero, and for n > 0, we have

> bifi(y) €Oy, forally €Y = ba; € p"O,.

We apply this theorem with f; the collection of Dirichlet characters x of (Z/p’Z)*, for
all 7 > 1, thought of as functions of Y = Z7, and with a, € O, the values of u(x), for a
given Cp-valued distribution p on Y. To prove that p is an Op-valued measure on Y, it
suffices to prove Kummer congruences of the more specialized form

(29) ZX_I(a)X(y) ep 'O, forallye Y = ZX_I(CL)/L(X) ep 0,

X

where  varies over all characters mod p/, for a ﬁxed j > 1, and where the first congruence
in follows from the identity PN X '(a)x = ¢(p?)Lyspiz,, for L4,z the characteristic
function of the coset a + p’Z, C Z,. Indeed, then the second congruence in shows
that p is Op-valued on 1,,7,, whence on all O,-valued step functions on Z,, whence on
all O,-valued continuous functions on Y.

Claim. The Kummer congruences hold for = psg, ., o, for m < n —2 even.

In order to prove this claim we must show that the second sum Y7 x~" ()5, 42(X)
in should firstly a) be integral and secondly b) be in p’'O,. Now shows that
for any even character y and m even:

(30)
/ 2 _ 2GR GOG (2 —m 4+ 2%, f) 1
X Alop—mi2 = 1o QNG P n—2mt2)+e;
at least if x is a unit, which we have assumed. For odd characters y, the integral above
vanishes. Thus shows that the second sum above is in JTm@m with ¢; =

OE7
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max, ¢ . This is still quite far from the integrality claimed in part a). Assuming that
part a) holds, one must then further prove the congruence in part b).

In any case, assuming the Claim, we have that p3, ., is a measure, for 0 <m < n—2
even.

Let z, : Z; — O, be the usual embedding. We now wish to glue the measures p13, ,, 1o,
for 0 < m even, into one measure p° satisfying (see [CP89, Lemma 4.4], noting ¢(V') there
equals 1)

(31) /

To do this, we again appeal to the abstract Kummer congruences in the theorem above.
For the f;, we consider a slightly larger class of functions than the Dirichlet characters
X above, namely those of the form z,™ - x, for 0 < m < n, with m even. We set
amy = (=1)™2p3, 1 5(x) € Oy, which should be equal to 1°(z, ™), by above. We
now assume that

X dp® = (=1)"? / Ly X Al o

X X
P ZP

Claim. The a,,, satisfy the abstract Kummer congruences:

D b3, "X)(Y) €PO,, forally €Y = > bpyamy €90,
m,x

m?X

It would then follow from Theorem 2| that there is a measure p° such that holds.
Note that the Kummer congruences in the latter claim actually imply the ones in the
former claim for 43, . .,, by choosing the by, = x '(a) if m" = m, and b, = 0 if
m’ # m. We expect that the proof of these Kummer congruences should be similar to
the Kummer congruences proved by Panchishkin in his construction of the p-adic Rankin
product L-function attached to two cusp forms f and g, described in detail in [Pan88] (see
also [CP04], and [GV19] where a sign similar to the one occurring in (31)) is corrected).

Since p° and ps,,, agree on a dense set of functions, namely all x, the measure u° is
just the measure 3, ,,. We now define the p-adic Asai L-function as the Mellin transform
of the measure p° = 3, o

L,(x) = / x(a) dus, o, forall x :Z; — C;.
Zy
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