REDUCTIONS OF GALOIS REPRESENTATIONS FOR SLOPES IN (1,2)

SHALINI BHATTACHARYA AND EKNATH GHATE

ABSTRACT. We describe the semisimplifications of the mod p reductions of certain crystalline
two-dimensional local Galois representations of slopes in (1,2) and all weights. The proof uses the
compatibility between the p-adic and mod p Local Langlands Correspondences for GL2(Qp). We
also give a complete description of the submodules generated by the second highest monomial in

the mod p symmetric power representations of GL2(Fyp).

1. INTRODUCTION

Let p be an odd prime. In this paper we study the reductions of two-dimensional crystalline
p-adic representations of the local Galois group Gg,. The answer is known when the weight £ is
smaller than 2p + 1 [E92], [B03a], [BO3b] or when the slope is greater than L’;%ﬂ [BLZ04]. The
answer is also known if the slope is small, that is, in the range (0,1) [BG09], [G10], [BG13]. Here
we treat the next range of fractional slopes (1,2), for all weights k > 2.

Let E be a finite extension field of Q, and let v be the valuation of Q, normalized so that v(p) = 1.
Let a, € E with v(ap) > 0 and let k > 2. Let Vi 4, be the irreducible crystalline representation of
Gq, with Hodge-Tate weights (0, k — 1) such that DcriS(kaap) = Di.q,, where Dy, ., = Ee; @ Eey is
the filtered p-module as defined in [B11, §2.3]. Let V} o, be the semisimplification of the reduction
of Vi a,, thought of as a representation over pr.

Let w = wy and wy denote the fundamental characters of level 1 and 2 respectively, and let ind(w$)
denote the representation of G, obtained by inducing the character wg from GQPQ. Let unr(z) be
the unramified character of G, taking (geometric) Frobenius at p to x € Fy. Then, a priori, Vi q,
is isomorphic either to ind(w§) ® unr(A) or unr(A)w® & unr(p)w’, for some a, b € Z and A, pu € Fy.
The former representation is irreducible on G, when (p + 1) { a, whereas the latter is reducible
on Gg,. The following theorem describes Vkﬂp when 1 < v(ap) < 2. Since the answer is known

completely for weights k£ < 2p + 1, we shall assume that k > 2p + 2.

Theorem 1.1. Letp > 3. Let 1 < wv(ap) <2 and k> 2p+2. Letr=k—2=0b mod (p— 1), with
2<b<p. Whenb=3 and v(a,) = %, assume that

(x) = (7)o =
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Then, Vk,ap has the following shape on Gq, -

ind(wy™), ifptr(r—1)
ind(wgﬂ’), ifplr(r—1),

b=2 —

ind(wy ™), ifpfr—b

3<b<p-1 =
ind(wS—H)? ifp | r—= b7
ind(wyt?), ifp>tr—b
unr(v/—=1)w @ unr(—v/-1w, if p*|r —b.

Using the theorem, and known results for 2 < k < 2p + 1, we obtain:

b=p —

Corollary 1.2. Letp > 3. If k > 2 is even and v(ap) lies in (1,2), then Vk,ap is irreducible.

It is in fact conjectured [BG15, Conj. 4.1.1] that if k is even and v(a,) is non-integral, then the
reduction Vj, 4, is irreducible on Gg,. This follows for slopes in (0, 1) by [BG09]. Theorem 1.1 shows
that V4, can be reducible on Gg, for slopes in (1,2) only when b = p or b =3 (or both). Since k
is clearly odd in these cases, the corollary follows.

Let py : Gal(Q/Q) — GL2(E) denote the global Galois representation attached to a primitive
cusp form f =3 anq™ € Si(To(N)) of (even) weight k > 2 and level N coprime to p. It is known
that p f|G@p is isomorphic to Vj 4, , at least if af) # 4pF—1. This condition always holds for slopes in
3

(1,2) except possibly when k =4 and a, = £2p2. Since it is expected to hold generally, we assume

it. We obtain:
Corollary 1.3. Let p > 3. If the slope of f at p lies in (1,2), then ﬁf|g% is irreducible.

Remark 1.4. Here are several remarks.

e Theorem 1.1 treats all weights for slopes in the range (1,2), subject to a hypothesis. It
builds on [GG15, Thm. 2], which treated weights less than p? — p.

e The hypothesis (x) in the theorem applies only when b = 3 and v(a,) = % and is mild in the
sense that it holds whenever the unit Z—E and ("3')(r — 2) have distinct reductions in F,,.

e The theorem agrees with all previous results for weights 2 < k& < 2p + 1 described in [B11,
Thm. 5.2.1] when specialized to slopes in (1,2). It could therefore be stated for all weights
k > 2. We note that (x) is satisfied for weights k < 2p + 1, except possibly for k = 5.

e When b = p and p? | 7 — b, the theorem shows that Vj 4, is always reducible if p > 5 (and
under the hypothesis (x) when p = 3). This is a new phenomenon not occurring for slopes
n (0,1). When b =3, v(a,) = 2 and (x) fails, we expect that V., might also be reducible
in some cases, by analogy with the main result of [BG13].

o Fix k,a, and b = b(k) as in Theorem 1.1. Then the theorem implies the following local
constancy result: for any other weight k¥’ > 2p + 2 with ¥’ = k mod p'T® (p — 1), the
reduction Vk’,ap is isomorphic to Vk:,ap; except possibly if v(a,) = % and b = 3. We refer to

[B12, Thm. B] for a general local constancy result for any positive slope.



The proof of Theorem 1.1 uses the p-adic and mod p Local Langlands Correspondences due to
Breuil, Berger, Colmez, Dospinescu, Paskunas [B03al, [B03b], [BB10], [C10], [CDP14], [P13], and an
important compatibility between them with respect to the process of reduction [B10]. The general
strategy is due to Breuil and Buzzard-Gee and is outlined in [B03b], [BG09], [GG15]. We briefly
recall it now and explain several new obstacles we must surmount along the way.

Let G = GL2(Q,), K = GL2(Z,) be the standard maximal compact subgroup of G and Z = Q;,
be the center of G. Consider the locally algebraic representation of G
ind% 2Sym"Q?2

Hka =
,ap )
T—a,

where r = k — 2, indf( » is compact induction and T is the Hecke operator, and consider the lattice
in Il 4, given by

2
P

(T — ap)(indizSymr@%) N ind%ZSymTZ%

ind% ,Sym’Z

(1.1)  Opy,, := image (imdg*;ZSymrifj — Hk,%) ~

It is known that the semisimplification of the reduction of this lattice satisfies @ZS;% o~ LL(V;MF),
where LL is the (semisimple) mod p Local Langlands Correspondence of Breuil [B03b]. One might
require here the conditions a2 # 4pF~1 and a, # £(1+p)p*=2)/2_ see [BB10], but these clearly hold
if k > 2p+2 and v(ap) < 2. By the injectivity of the mod p Local Langlands Correspondence, (:)7‘;;%
determines Vj o, completely, and so it suffices to compute O q,.

Let V, = Sym"F? be the usual symmetric power representation of I' := GLy(FF,) (hence of KZ,
with p € Z acting trivially). Clearly there is a surjective map

(1.2) ind% ,V, = Opa,,

for r = k—2. Write X}, o, for the kernel. A model for V;. is the space of all homogeneous polynomials
of degree r in the two variables X and Y over F, with the standard action of . Let X, 1 C V,
be the I'- (hence K Z-) submodule generated by X"~Y. Let V,* and V,** be the submodules of V.
consisting of polynomials divisible by 6 and 62 respectively, for § := XPY — XYP. If r > 2p + 1,
then Buzzard-Gee have shown [BG09, Rem. 4.4]:

e v(ay) >1 = ind%, X, ; C Xk,aps

e v(a,) <2 = ind%, V;* C Xk,a,-
The proof of Theorem 1.1 for k = 2p + 2 is known (cf. [GG15, §2]) and involves slightly different
techniques, so for the rest of this introduction assume that r > 2p 4+ 1. It follows that when
1 <wv(ap,) < 2, the map (1.2) induces a surjective map ind%, Q — O,q,, Where
Vi
Q= X, 1+ Vr**

To proceed further, one needs to understand the ‘final quotient’ Q). It is not hard to see that a

priori (Q has up to 3 Jordan-Hélder factors as a I'-module. The exact structure of @ is derived in §3

to §6 by giving a complete description of the submodule X, _; and understanding to what extent it
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intersects with V;**. When 0 < v(a,) < 1, the relevant ‘final quotient’ in [BG09] is always irreducible
allowing the authors to compute the reduction (up to separating out some reducible cases) using the

useful general result [BG09, Prop. 3.3]. When 1 < v(a,) < 2, we show @ is irreducible if and only if
e b=2pir(r—1)orb=p, ptr—0b,
and we obtain V} ,, immediately in these cases (Theorem 8.1).

Generically, the quotient @) has length 2 when 1 < v(a,) < 2. In fact, we show that ) has exactly

two Jordan-Holder factors, say J and J’, in the cases complementary to those above

e b=2p[r(r—1)orb=p,plr—»,
as well as in the generic case

e3<b<p—1landptr—b.
We now use the Hecke operator T to ‘eliminate’ one of J or J'. Something similar was done
in [B03b] and [GG15] for bounded weights. That this can be done for all weights is one of the
new contributions of this paper (see §8). It involves constructing certain rational functions f €
ind?( 7 Sym” _12), such that (T'—a,)f € indf( ZSymTZf, is integral, with reduction mapping to a simple
function in say ind%, J' that generates this last space of functions as a G-module. As (T — a,)f
lies in the denominator of the expression (1.1) describing Ok,a,, its reduction lies in Xy, 4, . Thus we

obtain a surjection indf(z J — ék,ap and can apply [BG09, Prop. 3.3] again. For instance, let
Ji=Vpp1 @D P and Jy =V, 4, ® D,

where D denotes the determinant character. Then in the latter (generic) case above, Q = J; @ Jo is
a direct sum. We construct a function f which eliminates J' = Jy so that J = J; survives, showing
that Vi q, = ind(w5t?) (Theorem 8.3).

The situation is more complicated when @ has 3 Jordan-Holder factors, namely Jy = V,_o ® D,
in addition to J; and Jy above. That this happens at all came as a surprise to us since it did not
happen in the range of weights considered in [GG15]. We show that this happens for the first time
when r = p? — p + 3, and in general whenever

e3<b<p—1landp|r—b.
This time we construct functions f killing Jo and J; (except when b = 3, v(a,) = £ and v(al—p?®) >
3), so that Jo survives instead, and the reduction becomes ind(w3™) (Theorems 8.6, 8.7). Since J,
was also the ‘final quotient’ in [BG09], the reduction in these cases is the same as the generic answer
obtained for slopes in (0, 1).

As a final twist in the tale, we remark that even though one can eliminate all but 1 Jordan-Hélder
factor J, one needs to further separate out the reducible cases when J = V,_» ® D", for some n.
This happens in three cases:

e b=3,pfr—ob,
e b=p=3,p|lr—09,
e b=np, p*|r—b.



In §9 we construct additional functions and use them to show that the map inngJ — @k’ap
factors either through the cokernel of T or the cokernel of T2 — ¢T' + 1, for some ¢ € Fp, and then
apply the mod p Local Langlands Correspondence directly to compute Vk,%, as was done in [B03b],
[BG13]. In the first two cases, we show that the map above factors through the cokernel of T' so
that the reducible case never occurs. We work under the assumption (x), namely if v(a,) = 3, then
v(al— (Tgl) (r—2)p?) is equal to 3, which is the generic sub-case (Theorem 9.1). On the other hand,
in the third case we show that if p > 5 or if p = 3 = b and (%) holds, then the map factors through
the cokernel of T2 + 1, so that Vj 4, is reducible and is as in Theorem 1.1 (Theorem 9.2).

One of the key ingredients that go into the proof of Theorem 1.1 is a complete description of the
structure of the submodule X,_; of V.. We give its structure now as the result might be of some
independent interest. To avoid technicalities, we state the following theorem in a weaker form than
what we actually prove. Let M := My (F,) be the semigroup of 2 x 2 matrices over F,, and consider

V, as a representation of M, with the obvious extension of the action of I' = GLy(F)) on it.

Theorem 1.5. Let p > 3. Letr > 2p+1 and let X,y = (X"7'Y) be the M-submodule of V,
generated by the second highest monomial. Then 2 < length X, < 4, as an M-module. More
precisely, if 2 < b<p—1, then X,_1 fits into the exact sequence of M-modules

Vop1 @D @V, 1 @D = X, g =V, @ D&V, =0,
and if b =p, then
VieDP ! 5 X, 1 > W =0,
where W is a quotient of the length 3 M-module Va,_1.

Theorem 1.5 is proved for representations defined over F,, in §3 and §4 using results of Glover
[G78]. Here we have stated the corresponding result after extending scalars to I_Fp. We recall that
V¥ is the largest singular M-submodule of V,. [G78, (4.1)]. It is the M-module structure of X, _;
given in the theorem rather than just the I'-module structure that plays a key role in understanding
how X,_; intersects with V¥ and V*.

A more precise description of the structure of X,_; can be found in Propositions 3.13 and 4.9.
There we show that the Jordan-Holder factors in Theorem 1.5 that actually occur in X,_; are
completely determined by the sum of the p-adic digits of an integer related to r. As a corollary, we

obtain the following curious formula for the dimension of X,._; in all cases.

Corollary 1.6. Let p > 3 and let r > 2p+ 1. Write r = p"u, withptu. Set § =0 if r = u and
0 = 1 otherwise. Let ¥ be the sum of the digits of u — 1 in its base p expansion. Then

2N +2+46(p+1-3%), fS<p—1
2 + 2, ifE>p—1.

dim XT,1 =
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2. BAsics

2.1. Hecke operator 7. Recall G = GL2(Q,) and KZ = GL2(Z;)Q}, is the standard compact mod
center subgroup of G. Let R be a Z,-algebra and let V = Sym"R? ® D* be the usual symmetric
power representation of KZ twisted by a power of the determinant character D (with p € Z acting
trivially), modeled on homogeneous polynomials of degree r in the variables X, Y over R. For g € G,
v eV, let [g,v] € ind?(ZV be the function with support in K Zg~! given by
, gg-v ifge€KZg!
g —
0 otherwise.
Any function in ind%,V is a finite linear combination of functions of the form [g,v], for g € G and

v € V. The Hecke operator T is defined by its action on these elementary functions via

@1 T(ge Y =] [g(5R) v (X ~NX +pY)] + [9(55) . v(@X, V)],

AEF,
where [A] denotes the Teichmiiller representative of A € IF,,. We will always denote the Hecke operator
acting on ind$ ,V for various choices of R = Zy, Q, or F,, and for different values of 7 and s by T,

as the underlying space will be clear from the context.

2.2. The mod p Local Langlands Correspondence. Let V be a weight, i.e., an irreducible
representation of GLy(F,), thought of as a representation of K Z by inflating to GL2(Z,) and making
p € Qy act trivially. Let V. = SymTRQ7 be the r-th symmetric power of the standard two-dimensional
representation of GL(F,) on IF‘ZQ). The set of weights V is exactly the set of modules V, ® D?, for
0<r<p—-land0<i<p—-2.For0<r<p-1,AeF, andn:@;ﬁlﬁ‘;asmoothcharacter,let
ind% Ve

T ® (n o det)

m(r, A, m)

be the smooth admissible representation of G, where ind?( 7 is compact induction and 7' is the Hecke
operator defined above; T generates the Hecke algebra Endg (ind% , V;.) = F,[T]. With this notation,
Breuil’s semisimple mod p Local Langlands Correspondence [B03b, Def. 1.1] is given by:

e A=0: indwi™en L m(r,0,n),

e \£0: (w”lunr(/\) P unr()\’l)) ®n 2N a(r, ) o n(lp—3—7r], A7 nwth)ss,
where {0,1,...,p—2} 5 [p—3—r] =p—3—7r mod (p—1). It is clear from the classification
of smooth admissible irreducible representations of G by Barthel-Livné [BL94] and Breuil [B03a],
that this correspondence is not surjective. However, the map “LL” above is an injection and so it

is enough to know LL(V;MP) to determine Vk,ap-

2.3. Modular representations of M and I'. In order to make use of results in Glover [G78], let
us abuse notation a bit and let V,. be the space of homogeneous polynomials F'(X,Y") in two variables
X and Y of degree r with coefficients in the finite field F,, rather than in ]Fp. For the next few

sections (up to §6) we similarly consider all subquotients of V. as representations defined over F,,.



This is not so serious as once we have established the structure of X,_; or Q over F,, it immediately
implies the corresponding result over ]Fp, by extension of scalars. Let M be the semigroup My (F),)

under multiplication. Then M acts on V. by the formula
(28)-F(X,Y) = F(aX 4 cY,bX 4+ dY),

making V, an M-module, or more precisely, an F,[M]-module. One has to be careful with the
notation V;. while using results from [G78] as Glover indexed the symmetric power representations
by dimension instead of the degree of the polynomials involved. In this paper, V.. always has
dimension r + 1.

We denote the set of singular matrices by N C M. An F,[M]-module V is called ‘singular’, if
each matrix ¢ € N annihilates V, i.e., if t- V =0, for all t € N. The largest singular submodule of
an arbitrary F,[M]-module V is denoted by V*. Note that any M-linear map must take a singular
submodule (of its domain) to a singular submodule (of the range). This simple observation will be
very useful for us.

Let X, and X,_; be the F,[M]-submodules of V,. generated by the monomials X" and Xy
respectively. One can check that X, C X,_; and are spanned by the sets {X", (kX +Y)" : k€ F,}
and {X", V", X(kX +Y) "1 (X +1Y)"7'Y : k,l € F,} respectively [GG15, Lem. 3]. Thus we have
dim X, <p+1 and dim X,_; < 2p+ 2. We will describe the explicit structure of the modules X,
and X, _1, according to the different congruence classes a € {1,2,...,p—1} with » =a mod (p—1).
It will also be convenient to use the representatives b € {2,...,p — 1, p} of the congruence classes of
r mod (p—1).

For s € N, we denote the sum of the digits of s in its base p expansion by ¥,(s). It is easy to
see that ¥,(s) = s mod (p — 1), for any s € N. Let us write r = p™u, where n = v(r) and hence
ptu. The sum ¥, (u— 1) plays a key role in the study of the module X,_;. For r = a mod (p—1),
observe that the sum X,(u — 1) =a —1 mod (p — 1), therefore it varies discretely over the infinite
set {a—1,p+a—2,2p+a—-3,--}.

Let = 0(X,Y") denote the special polynomial XPY — XYP. For r > p+ 1, we know [GT78, (4.1)]

0, ifr<p

Vi ={FeV,:0|F}=
Vr7p71®D; 1f7“2p+1

is the largest singular submodule of V,.. We define V,**, another important submodule of V,., by

V= {F eV,: 0| F} 0, ifr<2p+2
Vicop—2 ® D2 ifr>2p+2.
Note that V;** is obviously not the largest singular submodule of V*.
Next we introduce the submodules X := X, NV, X =X, NV*, X' | =X, NV} and
X=X, 1NV It follows that X¥ and X_; are the largest singular submodules inside X,
and X,_; respectively. The group GL2(F,) C M is denoted by I'. For r > 2p+ 1, we will study the
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T'-module structure of
V.

Q T X'r—l +‘/r** !
We will be particularly interested in the bottom row of the following commutative diagram of M-

modules (hence also of I'-modules):

0 0 0

0 X7 Xr—1 Xr1 0
X X X7

v v, v
2.2 0 T T r 0

v %
0 : - 0

Ve X 9 VX,
0 0 0

Proposition 2.1. Letp > 3 and r > p, with r = a mod (p — 1), for 1 < a < p—1. Then the
T-module structure of V,./V.* is given by

v,
(2.3) 0=V, — 7 Vo—a—1 @ D* = 0.

r

The sequence splits as a sequence of I'-modules if and only if a = p — 1.

Proof. For r > p, we obtain that V,./V;* = Vo4, 1/V,5 1, using [GT78, (4.2)]. The exact sequence
then follows from [B03b, Lem. 5.3]. Note that it must split when a = p — 1, as V,,_; is an injective
I'-module. The fact that it is non-split for the other congruence classes can be derived from the
I'-module structure of V1,1 (see, e.g., [G78, (6.4)] or [GG15, Thm. 5]). O

Proposition 2.2. Let p > 3 and 2p+1 <r =a mod (p— 1), with 1 < a < p—1. Then the
T-module structure of V¥ /V** is given by

V*
(2.4) 0—>1/;,_2®D—>V1*—>V1—>0, ifa=1,
Vi ,
(2.5) O—>1/;,,1®D—>V**—>VO®D—>O, ifa =2,
‘/r* a—1 .
(2.6) 0—>Veo®D— T = Va1 ®D 7 =0, if3<a<p-1,

and the sequences split if and only if a = 2.



Proof. We use [GT78, (4.1)] to get that V*/V™* = (V,_, 1/V 1) ®D. Since p <r—p—1hy
hypothesis, we apply Proposition 2.1 to deduce the I'-module structure of (V,—,—1/V;",_1)®@D. O

The following lemma will be used many times throughout the article to determine if certain

polynomials F' € V, are divisible by @ or #2. We skip the proof since it is elementary.

Lemma 2.3. Suppose F(X,Y) = > ¢;- X"77YJ € F,[X,Y] is such that c; # 0 implies that
0<j<r
j=a mod (p—1), for some fized a € {1,2,--- ,p—1}. Then

(i) F eV if and only if co = ¢y =0 and 3 _c; =0 in Iy

J
(i) FeV ifand only if co =c1 = cr—1 =¢, =0 and Y ¢c; =Y je; =0 in Fp.
J J

2.4. Reduction of binomial coefficients. In this article, the mod p reductions of binomial coef-
ficients play a very important role. We will repeatedly use the following theorem and often refer to

it as Lucas’ theorem, as it was proved by E. Lucas in 1878.

Theorem 2.4. For any prime p, let m and n be two non-negative integers with p-adic expansions
m = mp® + mp_1p" 1 4+ mg and n = ngp® + np_1p" 1 + -+ + no respectively. Then () =
(M) (M=t e (M) mod p, with the convention that (7) =0, if b> a.

N NEg—1 no

The following elementary congruence mod p will also be used in the text. For any ¢ > 0,

pilki_ -1, ifi=n(p—1), for somen > 1,
k=0 0

, otherwise (including the case i = 0, as 0° = 1).

This follows from the following frequently used fact in characteristic zero. For any i > 0,

P, if i =0,
(2.7) Z[)\]i =qp—1, ifi=n(p—1)for somen > 1,
A<t 0’ if (p - 1) sza

where [A] € Z, is the Teichmiiller representative of A € IF,,.
We now state some important congruences, leaving the proofs to the reader as exercises. These
technical lemmas are used in checking the criteria given in Lemma 2.3, and also in constructing

functions f € indf( z Symr@% with certain desired properties (cf. §7, §8 and §9).

Lemma 2.5. Forr=a mod (p— 1), with 1 <a <p—1, we have

Sy = Z (;) =0 mod p.

0<g <,
j=a mod (p—1)

1 a—rT
Moreover, we have —S, = —— mod p, for p > 2.
D a
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Lemma 2.6. Letr =b mod (p— 1), with 2 < b < p. Then we have

T, = Z (T) =b—7r mod p.

0<j<r—1, J
j=b—1 mod (p—1)

Lemma 2.7. Let p >3, r=1 mod (p— 1), i.e., b = p with the notation above. If p | r, then

o () T () e

1<j<r, 0<j<r—1,
j=1 mod (p—1) j=0 mod (p—1)

3. THE CASET =1 mod (p—1)

In this section, we compute the Jordan-Holder (JH) factors of @ as a I'-module, when r = 1

mod (p — 1). This is the case a = 1 and b = p, with the notation above.

Lemma 3.1. Letp>3,r>1 and letr=1 mod (p—1).
() Ifpir, then X}/ X * =V,_2® D, as a T'-module.
(ii) If p | r, then X}/ X} =0.

Proof. (i) Consider the polynomial F(X,Y) = > (kX +Y)" € X,. We have
kEF,

F(X,Y) = 2(7) S R XTIy = O (;) X"IY9 mod p.

Jj=0 kel 0<j<m,
j=1 mod (p—1)

The sum of the coefficients of F(X,Y) is congruent to 0 mod p, by Lemma 2.5. Applying Lemma
2.3, we get that F(X,Y) € V;*. As p{r, the coefficient of X" 1Y in F(X,Y) is —r # 0 mod p.
Hence F(X,Y) ¢ V.**, and so F(X,Y) has non-zero image in X*/X**. For r = 2p — 1, we have
0# X} /X CVF/V¥* =V, »®D, which is irreducible and the result follows. If » > 3p — 2, then
V¥ /V** has dimension p + 1, but [G78, (4.5)] implies that dim X < dim X, < p+ 1. So we have
0# X5 /X CVr/V¥*. Now it follows from Proposition 2.2 that X/ X * = V,_, ® D.

(ii) Write » = p"u, where n > 1 and p { u. The map ¢ : X,, = X,, defined by «(H(X,Y)) :=
H(XP",Y?P"), is a well-defined M-linear surjection from X, to X,. It is also an injection, as
H(XP",YP") = H(X,Y)?" € F,[X,Y]. Hence the M-isomorphism ¢ : X,, — X, must take X}, the
largest singular submodule of X,,, isomorphically to X.

If wu=1, then X} = X* =0, so X} = X}* follows trivially. If w > 1, then asptu=r =1
mod (p—1), we get u>2p—1and V) =2 V,_,_1 ® D. For any F € X}, we have F' = ((H), for
some H € X. Writing H = 0H' with H' € V,,_,_1, we get F = 1(H) = (0H')"". As n > 1, clearly
6? divides F. Therefore X C V,**, equivalently X = X*. O

The p-adic expansion of  — 1 will play an important role in our study of the module X,._;. Write
(3.1) r—1=rmp™ 4 P p™ 4 ipt

where r; € {0,1,--- ,p— 1}, m > i and 7y, 7, # 0. If ¢ > 0, then we let r; =0, for 0 < j <i—1.
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With the notation introduced in Section 2.3, we have a = 1, so X,(r — 1) = 0 mod (p — 1).
Excluding the case r = 1, note that the smallest possible value of ¥,(r — 1) is p — 1. Also recall
that the dimension of X, _; is bounded above by 2p 4+ 2 and a standard generating set is given by
X" Y", XX +Y) L (X +1Y)"7Y 1 k1l € Fp}, over Fp.

Lemma 3.2. Forp>2,ifp<r=1 mod (p—1) and L =X,(r —1) =p—1, then

p—1 p—1
Y XX +Y)'=-X" and D (X+1IY)'Y =-Y" modp.
k=0 =0

As a consequence, dim X, _1 < 2p.

Proof. Tt is enough to show one of the congruences, since the other will then follow by applying the
matrix w = (9 }) to it. We compute that

p—1

-1
FX,Y)=Y X(kX+Y)'= > — <r ) XY TS mod p.
k=0 0<s<r s
s=0 mod (p—1)

We claim that if 0 < s <r—1and s =0 mod (p — 1), then (tl) =0 mod p. The claim implies
that F(X,Y)=—(""]) - X" = —X" mod p, as required.

Proof of claim: Let s = s,,p™ + -+ + s1p + so be the p-adic expansion of s < r — 1, where m
is as in the expansion (3.1) above. Since s =0 mod (p — 1), we have X,(s) =0 mod (p — 1) too.
If (tl) # 0 mod p, then by Lucas’ theorem 0 < s; < r;, for all j. Taking the sum, we get that
0<ZX,(s) <X =p—1. Butsince s >0, £,(s) has to be a strictly positive multiple of p — 1, and so

it is p — 1. Hence s; = r;, for all j < m, and we have s = r — 1, which is a contradiction. O

We observe that p | r if and only if 1o = p—1in (3.1). Thereforeif ¥ =¥, ,(r—1) = ro+---+ry, =
p—1, then the condition p | r is equivalent to r = p. Our next proposition treats the case ¥ = p—1,
and to avoid the possibility of p dividing r, we exclude the case r = p. The fact that p { r will be

used crucially in the proof. This does not matter, as eventually we wish to compute @ for r > 2p+1.

Proposition 3.3. Forp>2, ifp<r=1 mod (p—1) and ¥ =3,(r — 1) =p—1, then
(1) X,—1 = Vap_1 as an M-module, and the M-module structure of X, is given by

0= Vpa®D— X, — V1 —0.
(i) X} 1 =X;=V, o@D and X}*, =X =0.

T

(iii) Forr > 2p, Q has only one JH factor V1, as a T'-module.
Proof. 1t is easy to check that {S(kS + T)*=2, (S +IT)?*=2T : k,l € F,} gives a basis of Va,_1
over F,. We define an F-linear map 7 : Vap—1 — X,—1, by n (S(kS+T)%7%) = X (kX +Y) !
and 7 ((S +1T)?P72T) = (X +1Y)""'Y, for k,l € F,,. Note that for r < p? — p+ 1, the map n is
the same as the one used in the proof of [GG15, Prop. 6]. We claim that n is in fact an M-linear

injection. By Lemma 3.2, we have

(3-2) NS = X7, (T =Y.
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The M-linearity can be checked on the basis elements of V5,_; above by an elementary compu-
tation which uses the fact that r — 1 =0 mod (p — 1) and (3.2), so we leave it to the reader.

As a I-module, soc(Vap—1) = Vo, =V, o® D is irreducible. Therefore if kern # 0, then it must
p—1
contain the submodule Vy: ;. Consider H(S,T) = > (k})-S*~1 = (SPT — ST?)SP~2 € Vi, ;.

By M-linearity, we have n(H) = F(X,Y) € X\ X}*, where F is as in the proof of Lemma 3.1 (i).
In particular, this shows that H ¢ kern. As V-1 ¢ kern, we have kern = 0.

Thus 7 : Vop—1 — X, is an injective M-linear map. By Lemma 3.2, dim X, _; < 2p = dim V3,1,
forcing 1 to be an isomorphism. Therefore the largest singular submodule X_; inside X,_; has to
be isomorphic to V| = V), 5 ® D, the largest singular submodule of V5, ;. Then Lemma 3.1 (i)
implies that X/ is a non-zero submodule of X ;| = V,,_» ® D, which is irreducible. So we must
have X* = X} ;. Again by Lemma 3.1 (i), X;*,(2 X}*) is a proper submodule of X ;. Hence
X, =X7=0.

Since dim(X,_1/X* ;) = p+ 1 = dim(V,./V,*), the rightmost module in the bottom row of
Diagram (2.2) is 0. As the dimension of X} ;/X;*, is p — 1, the leftmost module must have
dimension 2. It has to be Vi, as the short exact sequence (2.4) does not split for p > 3. For p = 2
and r > 5, the only two-dimensional quotient of V,* /V** is V4, as one checks that V* /V* 2V, @ V},.
Hence we get Q = V; as a ['-module. O

The next lemma about the dimension of X,_; is a special case of Lemma 4.2, proved at the

beginning of Section 4.

Lemma 3.4. For p > 2, suppose p{ r =1 mod (p—1). If ¥ = X,(r—1) > p—1, then
dim X,_; = 2p + 2.

Lemma 3.5. For any r, if dim X,_1 = 2p+ 2, then dim X,, = p + 1.

Proof. Suppose X, has dimension smaller than p + 1. Then the standard spanning set of X,. is

linearly dependent, i.e., there exist constants A,cx € F,, for k € {0,1,...,p — 1}, not all zero, such

p—1
that AX" + > ¢ (kX +Y)" = 0, which implies that
k=0

p—1 p—1
AX" +cY" + ) kep X (kX +Y) 714 ek (X + E7Y)TTY =0,
k=1 k=1

But this shows that the standard spanning set {X",Y", X (kX +Y)" "1 (X + Y)Y : k,l € F,}
of X, _1 is linearly dependent, contradicting the hypothesis dim X,._; = 2p + 2. O

For any r, let us set 7/ := r—1. The trick introduced in [GG15] of using the structure of X,. C V,.

to study X,._; C V,. via the map ¢ described below, turns out to be very useful in general.

Lemma 3.6. There exists an M -linear surjection ¢ : X, @ Vi — X, _1.
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Proof. The map ¢, 1 : Vv ® Vi — V,. sending u ® v — uw, for u € V,» and v € Vj, is M-linear by
[G78, (5.1)]. Let ¢ be its restriction to the M-submodule X,» @ V; C V,» ® V4. The module X, ® V;
is generated by X" ® X and X" @Y, which map to X" and X" 'Y € X,_; respectively. So the
image of ¢ lands in X,._; C V,.. The surjectivity follows as X"~'Y generates X, _;. O

Lemma 3.7. Forp >3, ifr=1 mod (p— 1), with £,(r") > p — 1, then
(i) X = X has dimension 1 over F,,. In fact, it is M-isomorphic to DP~1.

(il) ¢(X% ® Vi) CV** and ¢(X* @ Vi) =V, @ DP~L.

Proof. Consider F(X,Y) := X" + S (kX +Y)" € X,» C V,u. It is easy to see that
keF,

/
FX,Y)=- Y (§>X ~iY7  mod p.
o<j<r’
j=0 mod (p—1)

Using Lemmas 2.3 and 2.5 we check that F'(X,Y) € V3*, for p > 3. Since L,(r") > p—1 or
equivalently X, (r') > 2p — 2, using Lucas’ theorem one can show that at least one of the coefficients
(’;) above is non-zero mod p. So we have 0 # F(X,Y) € X" C X7 Since 7’ =p—1 mod (p—1),

[G78, (4.5)] gives the following short exact sequence of M-modules:
(3.3) 0= X=X = V1 —0.

As dim X,» <p+1 and X" # 0, we must have dim X* = dim X, = 1. Hence X" = X, = D",
for some n > 1. Checking the action of diagonal matrices on F(X,Y), we get n =p — 1.

As X}* = X7, each element of X}, is divisible by 6?. Therefore it follows from the definition of
the map ¢ that (X}, ® V1) C V,**. For any non-zero F' € X/, note that ¢(F ® X) = FX # 0. We
know that X* ® V4 = V4 @ DP~! is irreducible of dimension 2 and its image under ¢ is non-zero.

Hence (X @ V1) 2 Vi @ DP~1 C X, ;. O
Proposition 3.8. Letp>3,r>2p andpfr=1 mod (p—1). If E=%,(r—1)>p—1, then
(i) The M-module structures of X,—1 and X, are given by the exact sequences
0=VieDPt = X, 1 — Vo1 —0,
0=V, 2o®D —= X, =V = 0.
(i) X2V, o@D and X;_, 2V, @DP 1@V, @ D.

(iii) X * =0 and X*, 2V, ® DP~1L.
(iv) Q@ = Vi as a I'-module.

Proof. By Lemma 3.4, dim X,._1 = 2p+2, so by Lemma 3.6, we must have dim X,»®V; > 2p+2. This
forces X, to have its highest possible dimension, namely, p+1. Thus the M-map ¢ : X, ®@V; - X,

is actually an isomorphism. Tensoring the short exact sequence (3.3) by Vi, we get the exact sequence

0-X oV —->Xy Vi - V.10V —0.
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The middle module is M-isomorphic to X, _1, and the rightmost module is M-isomorphic to Va,_1,
by [G78, (5.3)]. Thus the exact sequence reduces to

(3.4) 0—-X"®Vi— X1 — Vop_1 — 0,

where X ®V; 2 V3@ DP~!, by Lemma 3.7 (i). Since M-linear maps must take singular submodules

to singular submodules, the above sequence gives rise to the following exact sequence
(3.5) 0-VieDP ' 5 X | =V =V, 50D.

The rightmost module above is irreducible, so the map X ; — V,,_o ® D is either the zero map or
it is a surjection. By Lemma 3.5, dim X, = p + 1 and so by [G78, (4.5)], we have dim X = p — 1.
By Lemma 3.1 (i), we get X* = 0 and X =2 V,_o ® D must be a JH factor of X ;. Therefore the

* ~

rightmost map above must be surjective, as otherwise X ; = V; ® DP~!. So we have
(3.6) 0> X eVi2VieDP !t 5 X | -V, @D —0.

Thus X/, has two JH factors, of dimensions 2 and p—1 respectively. Moreover, since X = V,,_2®D

is a submodule of X_;, the sequence above must split, and we must have
X =X oW e X 2VieDP eV, ,@D.

Knowing the structure of X, as above, next we want to see how the submodule X*, sits inside
it. By Lemma 3.7 (ii), we have ¢(X 5 ® V1) C V**, on the other hand X, NV;** = X* = 0. Therefore
X =X/ NV =¢(X: @Vy) 2V, ® DP~! has dimension 2.

Now we count the dimension dim @ = 2p + 2 — dim X,_; + dim X*; = 2. The final statement
Q =V follows from Diagram (2.2) as in the proof of Proposition 3.3. |

Thus we know () is isomorphic to V; whenever r is prime to p. Next we treat the case p divides
r. Since r =1 mod (p — 1), we see that r can be a pure p-power. We will show that @ has two
JH factors as a I-module, irrespective of whether r is a p-power or not. The following result about
dim X,_; when p | r is stated without proof, as it follows from the more general Lemma 4.3 in

Section 4.

Lemma 3.9. Let p > 2 andr = 1 mod (p — 1). If p | v but r is not a pure p-power, then
dim X,_; =2p+ 2.

Lemma 3.10. For p > 2 and r = p", with n > 2, we have dim X,_1 = p+ 3.

Proof. We know that I' = B U BwB, where B C T' is the subgroup of upper-triangular matrices,
and w = (9}). Using this decomposition and the fact that r = p", one can see that the F,[I']-span
of X"~V € V, is generated by the set {X", X"~V Y" X(kX +Y) "' :k € F,} over F,. We will
show that this generating set is linearly independent. Suppose that

p—1
AX"+BY "+ DXV 4+ e X(kX +Y)T! =0,
k=0
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where A, B, D, ¢j. € Fy, for each k. Clearly, it is enough to show that c; = 0, for each k € F},. Since
r—1=p" —1 for some n > 2, Lucas’ theorem says that (7:1) Z0 modp, for 0 < i <r—1.

As r —p > 2, equating the coefficients of X?Y"~% on both sides, for 2 < i < p, we get that
p=1 )

> crki™t =0 mod p. The non-vanishing of the Vandermonde determinant now shows that ¢z = 0,
k=1

for all k € Iy, |
Remark 3.11. Note that the proof does not work for r = p, since we need r —p > 2. Also the lemma

is trivially false for » = p, because then X,._; C V,. must have dimension < p + 1.

The next proposition describes the structure of @ for p | r. Note that if » > p is a multiple of p,

then for v = r — 1, we have X,(r’) > p — 1, so we can apply Lemma 3.7.

Proposition 3.12. For p > 3, let r (> p) be a multiple of p such that r =1 mod (p — 1).
(i) If r = p™ withn > 2, then X} = X}* =0 and X;_; = X}*, has dimension 2.

T
(ii) If r is not a pure p-power, then X} = X* =V, o ® D and X}_| = X}*| has dimension
p+1.

(iii) In either case, Q is a non-trivial extension of V4 by V_o ® D, as a I'-module.

Proof. (i) By Lemma 3.7, dim X}, = 1 and dimX,» = p + 1 by [G78, (4.5)]. By Lemma 3.10,
dim X,_; = p+ 3. By Lemma 3.6, we get a surjection ¢ : X,» ® V; — X,._1, with a non-zero kernel
of dimension 2(p+1) — (p+3)=p— 1.

Note that W := B is a quotient of (X,~/X ) ® V1, which is M-isomorphic to Va,_1 by

(ZS(X;; ® Vl)
[GT8, (4.5), (5.3)]. We have the exact sequence of M-modules

05 X503 X,y = W 0.
Restricting it to the maximal singular submodules, we get the exact sequence
0= X5 eV S Xr_, — W,

where W* denotes the largest singular submodule of W. By Lemmas 3.10 and 3.7 (ii), we get
dimW = (p+3) —2 = p+ 1. Being a (p + 1)-dimensional quotient of Va,_1, W must be M-
isomorphic to Va,_1/V5, 5.

By [G78, (4.6)], W has a unique non-zero minimal submodule, namely,
W' = (Xop_1 + V22—1) [Vop—1-

Note that the singular matrix (§ J) acts trivially on X 2r—1 which is non-zero in W’. Thus the unique
minimal submodule W’ is non-singular, so W* = 0, giving us an M-isomorphism X}, ® V4 2, X5 .
Now by Lemma 3.7 (ii), X}_; = ¢(X, ® V1) = X*, has dimension 2.

(ii) If r = p™u for some n > 1 and ptu > 2p — 1, then dim X,_; = 2p + 2, by Lemma 3.9. We
have shown in the proof of Lemma 3.1 (ii) that X = X* = X, which is isomorphic to V,—2 ® D,
as pfu (cf. Propositions 3.3 and 3.8). We proceed exactly as in the proof of Proposition 3.8, to get
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that X | 2 ¢(X} ® V1) @ X* has dimension p 4+ 1. By Lemma 3.7, we know ¢(X ® V1) C V.
Thus both the summands of X _; are contained in V**. Hence X*; := X} NV = X*_,.

(iii) Using part (i), (ii) above and Lemmas 3.9, 3.10, we count that dim(X,_,/X*;) = p+ 1.
Hence dim@ = 2p+ 2 —dim X,_; + dim X*, = p+ 1. Since X ; = X*,, the natural map
V¥ /V** — @ is injective, hence an isomorphism by dimension count. Now the I'-module structure

of @ follows from the short exact sequence (2.4). O

Note that in the course of studying the structure of @), we have derived the complete structure
of the M-submodule X,_; CV,, for r =1 mod (p — 1), summarized as follows:
Proposition 3.13. Letp >3, r>p, andr =1 mod (p — 1).
() IfE(r—1)=p—1 (sopftr), then X,_1 = Vop_1 as an M-module.
(ii) If Xp(r—1) > p—1 and r # p", then we have a short exact sequence of M-modules
0—-V® Dp_1 — X,1— Vgpfl — 0.

(iii) If r = p™, for somen > 2 (so Lp(r —1) > p—1), then we have a short exact sequence of
M -modules
0-VieDPF 'S5 X, 1 W0,

where W = Vo, 1 /V5, 4 is a non-trivial extension of V,—2 @ D by V1.

4. STRUCTURE OF X,_1

In this section we will study the M-submodule X,_; of V, generated by X"~ 'Y, for r lying in
any congruence class @ modulo (p — 1). Recall that X, is the M-submodule of V,. generated by X".
For r < p—1, we have X, = X,._; = V,., since V, is irreducible. We begin with the following easily
proved lemma showing that outside this small range of r, the module X, is properly contained in
X 1.

Lemma 4.1. For any p > 2, if r > p, then X, C X, _1.
The following lemma is valid for r lying in any congruence class ¢ mod (p—1), with 1 < a < p—1.
Lemma 4.2. Letp>2,r>2p+1andptr. If 2:=%,(r—1) > p, then dim X, _; = 2p + 2.

Proof. We claim that the spanning set {X", V", X(kX +Y) "1, (X +1Y)""'Y : k,l € F,} of X, 1
is linearly independent. Suppose there exist constants A, B,c;,d; € Fp, for k, [ =0,1,--- ,p — 1,

satisfying the equation

p—1 p—1
(4.1) AX"4+ BY"+ ) X (kX +Y) N+ d(X +1Y) 7Y =0.
k=0 =0

We want to show that A = B = ¢, = d; = 0, for all k, [ € F,. It is enough to show that
e, = d; =0, for all k, | # 0, since that implies that AX" 4+ BY" 4+ cg XY "1 + dy X"~ 'Y = 0, hence
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A= B =c¢y=dy=0too. As the matrix (9 }) flips the coefficients ¢;’s to d;’s in (4.1), it is enough
to show that d; =0, for each I =1,2,--- ,p — 1. Let us define, for i,j > 0,

p—1 p—1
C; = chki, D; = Zdllj.
k=1 =1

Note that C;, D; depend only on the congruence classes of 4,5 mod (p — 1). By the non-vanishing
of the Vandermonde determinant, if Dy = Dy = --- = D,_1 =0, then (dy,--- ,dp—1) = (0,---,0).
Thus the proof reduces to showing that D; =0, for 1 <t <p—1.

Comparing the coefficients of X" ~¢=1Y**! on both sides of (4.1), we get
(4.2) (Z;i)Crgt—i— (r; 1)Dt =0,for1<t<r-3.

Let r — 1 =rp,p™+ -+ +rip + ro, as in (3.1), with r; being the rightmost non-zero coefficient.
Note that 0 < rg < p — 1, as by hypothesis p { r.

We will first consider the D;’s with 1 < t < r;. Suppose rg = 0, then for 1 < ¢t < r;, choose
t' :=tp'. Clearly r —3 >t =t mod (p — 1), so we apply it to equation (4.2), to get Dy = D; = 0,
since (;:_11) =0# (";1) mod p, by Lucas’ theorem. If rg # 0, i.e., ; = rg, let ' > 0 be the smallest
positive integer such that 7y # 0. Then we choose t' :=t+p" —1 =1t mod (p — 1) and check that

t’ <r — 3. Now equation (4.2) gives us the following two linear equations:

r—1 r—1

r—2— Dy =0,
<t+1>0 “Jr( t ) ¢ =0
r—1 r—1
(- owws (73 om0

The determinant of the corresponding matrix is congruent to

) - (IE) = (0E)() vpze me

since we have 0 < rg + 1,7; < p — 1. This shows that D; = C,_5_; = 0.

Next we deal with the D;’s, forr; <t <p—1. As¥X =r;4+r;41+- -+ 71y > p, we can write ¢ as

t=7r;i+sip1+- 4 5m, with 0 < s; <7y, for all j. Let us choose t=ript+ sini‘*‘l 4+t Sp™,
m

clearly t’ =t mod (p—1). We observe that since t = rj+s;41+- - -+s,m < p—1 <p < > r; = X, there

Jj=t
must exist at least one j > 4, such that s; < r;. This implies that ¢’ < r—1—p! <r—1-pit! <r-3.
By our choice of ¢/, we have t' +1 =75+ 1 mod p, with 0 <79 <rg+1<p—1,asrg <p— 1.

Hence (Tﬁl) =0 mod p by Lucas’ theorem. Also note that (71) = (1) () - (;m) # 0 mod p.

1 T3/ \Sit1
Now using (4.2) for ¢/, we get Dy = Dy = 0.
Thus we conclude D; =0, for allt =1,2,--- ,p— 1. O

Lemma 4.3. Let p > 2, r = p"u with n > 1 and p ¥ u, and say r = a mod (p — 1), with
1<a<p-1.IfYX:=3,(u—1)>a—1, thendimX,_; = 2p+ 2.

Proof. We skip the details of this proof as the basic idea is the same as that of Lemma 4.2. O
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Remark 4.4. The special cases a = 1 of the two lemmas above have been used in Section 3. Thus the
proof of the structure of X,._1, for a = 1, becomes complete now. Next we will study the structure
of X,_1, for r lying in higher congruence classes, i.e., for 2 < a < p — 1. The structure of X,._; for
r =1 mod (p — 1) will be used as the first step of an inductive process. Note that the condition

2 < a < p—1 implies that the prime p under consideration is odd.

In spite of the lemmas above, the module X, _; often has small dimension, as we are going to
show below. The next lemma is complementary to Lemma 4.2, for a > 2. Note that the condition

Y,(r—1) = a—1 forces r to be prime to p.

Lemma 4.5. Letp>3,r>pandletr=a mod (p—1), with2<a<p-1. If X =3,(r—1)=
a—1, then dim X,_1 = 2a. In fact, X, =2V, and X,_1 2V, o ® D&V, as M-modules.

Proof. Write v’ =r —1 = rpyp™ 4+ rp_1p™ 1 + -+ 11p + 1o, where each r; € {0,1,--- ,p— 1} and
ro+ -+ 7m =a— 1, by hypothesis. For any «, 5 € F,,, we have

(aX +8Y)" = (aX?" +BYP" )" .. (aX? 4+ BYP)" - (aX + BY)™ mod p.

Considering this as a polynomial in o and 3, we get that

a—1
(X +BY)" = a'B* 1 R(X,Y),
i=0
where the polynomials F; are independent of o and 8. Hence X, is contained in the [F)-span of the
polynomials Fy, Fy, ..., Fa—1. Thus dim(X,.) < a. But by [G78, (4.5)], we know X,. /X = V,_4,

hence X,» =V,_; and X, = 0. By [G78, (5.2)] and Lemma 3.6, we have the surjection
(4.3) Xy @Vi 2V, y@ D@V, 5 X, 5.

By [GT78, (4.5)], we know that V, is a quotient of X,.. In fact, by an argument similar to the one just
given for X, , we have X, =V, and X = 0, since X,,(r) = a. Now by Lemma 4.1, the surjection in

(4.3) has to be an isomorphism. O

Lemma 4.6. For any r > p, let r =a mod (p — 1), for some 1 < a <p—1. Then either X =0
or X; =2V, o1 ®D* as an M-module.

Proof. The statement for a = 1 is proved in Section 3 (cf. Propositions 3.3, 3.8, 3.12). Now we use
the method of induction to prove it for 2 < a < p—1. So assuming the statement for all congruence
classes less than a, we want to prove it for r =a mod (p — 1).

Recall that for r = p™u with p t u, X,, & X,., where the M-linear isomorphism is simply given by
F s FP" for any F € X,. So the largest singular submodules X, and X' are M-isomorphic. We
also note that if v < p, then X,, =V, and X} = X} = 0. Thus without loss of generality we may
assume that u > p and p{r, ie., r =u > p. We denote ' :=r —1, asusual. Asptrand X=a—1
mod (p — 1), r satisfies the hypothesis of either Lemma 4.5 or Lemma 4.2. So dim X,._; is either 2a
or 2p + 2 respectively. In the first case we know X, =2 V,, so X = 0 by [G78, (4.5)].
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In the second case, Lemma 4.2, Lemma 3.5 and [G78, (4.5)] together tell us that dim X} = p —a.
By Lemma 3.6, we have the M-map ¢ : X;,v @ Vi — X,_1. As dim X,._1; = 2p + 2 in this case, X,
must have maximum possible dimension p + 1, and hence X, # 0. By the induction hypothesis,
we get X 2 V,_, ® D*1. Counting dimensions we conclude that the map ¢ above must be an

isomorphism. The short exact sequence
0 — XV —-XpV —V,10V7 —0
implies, by [G78, (5.2)], that we have
0—=V0a1®D*@Vp 01 @D — X, 1 — Vo s @DBV, —0,

giving the M-module structure of X,._;.

The obvious choice for the (p — a)-dimensional subspace X C X, 1 is Vp_o—1 ® D* In the
particular case when 2a = p 4+ 1, we eliminate the possibility of X* being isomorphic to V,_2 ® D
by using the fact that X, is indecomposable as an M-module [G78, (4.6)], so X, cannot be M-
isomorphic to Vo,_o ® D ® V. So X = V,_,_1 ® D, as desired. O

Recall that in the case a = 1, we have X/ X** #£ 0 if and only if p 1 r, by Lemma 3.1. Our next

lemma shows that, for all the higher congruence classes, X/ X** = 0 always.
Lemma 4.7. Letp>3,r>2pandr=a mod (p—1). If 2<a <p-—1, then X} = X}*.

Proof. For r = 2p, one has X, = V5 and X = 0, so there is nothing to prove. So assume r > 2p.
If X:/X* # 0, then by Lemma 4.6 we must have X/X** =2 V,_,_1 ® D* But the short exact
sequences (2.5) and (2.6) given by Proposition 2.2 tell us that V,_,_1 ® D® is not a I'-submodule of
V¥ /V**. This is a contradiction. O

The next lemma is complementary to Lemma 4.3 for a > 2 and is comparable to Lemma 3.10 for

a = 1. Tt generates examples of X, _; with relatively small dimension, under the hypothesis p | r.

Lemma 4.8. Let p > 3, r > 2p and let p divide r = a mod (p — 1), with 2 < a < p—1. Write
r=p'u, wheren>1andpfu. If E,(u—1)=a—1, then dimX,_; =a+p+2.

Proof. Since p | r, we have p {1/ :=r —1=p—1 mod p. As r > p, we know that X,(" — 1) is
at least p— 1. Since £,(r' —1) =7 —1=a—2 mod (p— 1), we have E,(r' —1) > p+a—3. If
a > 3, then by Lemma 4.2 and Lemma 3.5 we get dim X,» = p+ 1. On the other hand if a = 2, then
Propositions 3.3 and 3.8 show that dim X,» = p+1. In any case, X%, # 0, by [G78, (4.5)]. Therefore
X2V, ,®D*! by Lemma 4.6. Now using [G78, (4.5), (5.2)], we get

0—Vpeou1 @D @V, g1 @D ' — X, @V — V0@ DV, —— 0.
|

X'rfl
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Since r = p™u, we know that X, = X,. As X,(u—1) = a — 1, we have X,, 2 V,, by Lemma
4.5 if u > p, and by the fact that V,, = V, is irreducible if u < p. So X, = V, has dimension
a+1<p+1, and Lemma 3.5 implies that dim X,_; < 2p + 2. Hence all of the four JH factors
of X,» ® V; given above cannot occur in the quotient X,_;. We will show that the last three JH
factors, i.e., Vp_q41 ® D' V,_o® D and V,, always occur in X,_;. Therefore Vp—a—1 ® D® must
die in X,_;. Adding the dimensions of the JH factors we will get dim X,._; = a + p + 2, as desired.

For F(X,Y) € Vi, let 0,,(F) := Fx@X+Fy®Y € V,,_1®V}, where Fx, Fy are the usual partial
derivatives of F'. It is shown on [G78, p. 449] that the injection V,,_ 411 @D — (V,_,@D* 1)o@V,
zﬁﬂ - 8p—a+1 (¢ in the notation of [G78]). So the monomial XP~2+! €
Vp—at+1 ® D*"! maps to the non-zero element X7~ *® X € (V,_, ® D*"!')@V;. Let F € X}, be the

image of X?~% under the isomorphism V,_, ® D! 5 X7, Then under the composition of maps

can be given by the map

Vyar1 ®D L (V@D @ Vi =5 XL o Vi S X,

the monomial XP~%*+! s XP~ @ X+ F®X — X-F # 0in X,_;. This shows that Vo—a+1 ® D1
must be a JH factor of X, _;.

Note that by hypothesis r = 0 Z a mod p. We refer to Lemma 6.1 in Section 6 to show that
Vaeo® D is a JH factor of X,._1, if 3 < a < p—1. For a = 2, the hypothesis implies that » must be
of the form r = p"(p™ + 1) with m 4+ n > 2. An elementary calculation using Lucas’ theorem shows
that in this case the M-linear map X,_; — Vo ® D, sending X" 'Y + 1, is well-defined. Thus
Va—o ® D is a JH factor of X,._; for all a > 2.

Finally, V, is always a JH factor of X,_1, by [G78, (4.5)]. O

We write r = p™u, where p{ u and n > 0 is an integer. Note that if p { r, then « simply equals
r, and n = 0. Clearly u = a mod (p — 1) as well, so the sum of the p-adic digits of u — 1 lies in the
congruence class a —1 mod (p —1). We denote this sum by ¥ := X,(u — 1). Then the M-module

structure of X, _; proved in this section can be summarized as follows:

Proposition 4.9. Letp >3, r > 2p, andr =a mod (p — 1), with 2 < a < p—1. Then with the

notation above

(i) If E=a—1andptr (ie., n=0), then dim X,_; = 2a and as an M-module
Xr—l = Va—2 ®D @ Va~

(i) If ¥=a—1andp|r (ie, n>0), then dim X,_; = a+ p+ 2, and we have the following

exact sequence of M-modules
0—=Vprap1 @D ' — X, | —V, 50D &V, =0

(iil) If ¥ > a — 1, or equivalently X > p+ a — 2, then dim X,_; = 2p + 2, and we have the

following exact sequence of M-modules

0=Vyq1®D" ® Vo1 @D ' 5 X, 1 =V, 20D &V, —0.
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5. THE CASE r =2 mod (p— 1)

With the notation of Section 2.3, let @ = 2. In particular, p will denote an odd prime throughout
this section. By Proposition 2.2, we get V,* /V* = V,,_1 ® D&V, ® D as a I-module. For r’ :=r—1,
we know by [G78, (4.5)] that X,/X = V4. As usual by Lemma 3.6 and [G78, (5.2)], we get the

following commutative diagram of M-modules:

0 — XV — XV — VD& Vo —— 0

o T

00— (X5 @V, X, 0.
(X eW) 1 S5 ® 1)

Lemma 5.1. Letp >3, r >2p andr =2 mod (p—1). If ptr, then there is an M-linear surjection
X /X0 > Ve D.

Proof. We claim that the following composition of maps is non-zero, hence surjective:

X* ViV “1gid Vap
7;;1 :*g *p 1®D’l/1 ®id 2f2®D—»VO®D7
erl V;“ ‘/rfpfl ‘/2;072

where ¢ is the M-isomorphism in [G78, (4.2)] and the rightmost surjection is induced from the
I-linear map in [B03b, 5.3(ii)]. Indeed, one checks that under the above composition of maps,
F(X,Y)=X""'Y — XY"1 € X7_| maps to Tp_flp € Vo ® D, which is non-zero, as p t r. Note that
the composition is automatically M-linear, since both its domain and range are singular modules. [

Lemma 5.2. Letp >3, r > 2p, andr =2 mod (p—1). Ifptr :=r—1, then (X}, @V;) C X}
but (X} @ Vi) € Xi*,.

Proof. The inclusion is obvious from the definition of the map ¢. For the rest, note F(X,Y) :=
p—1 ,

Y (kX +Y)" € X}, as shown in the proof of Lemma 3.1 (i). The coefficient of X"~'Y in
k=0

$(F® X) = F(X,Y) - X is the same as the coefficient of X™' =Y in F, which is congruent to
—r’ mod p. By hypothesis p 1/, so 6? cannot divide ¢(F ® X). Therefore (X @ Vi) € X*,. O

Lemmas 5.1 and 5.2 will be used to study the I'-module Q. If p { r(r — 1), then we can use both

the lemmas simultaneously to prove the following simple structure of Q).

Proposition 5.3. Letp >3, 7 >2p andr =2 mod (p—1). Ifpfr(r—1), then Q =2 V,_3® D?

as a I'-module.

Proof. Since p tr(r—1), we have ¥ = X,(r —1) > a— 1 = 1 with the notation of Proposition 4.9, as
otherwise 3 = 1, which forces » — 1 to be a p-power. So by Proposition 4.9 (iii), dim X, _; = 2p+ 2,

and we have

(5.2) 00—V, 30DV, 1®D — X,_1 — Vo@D& Vo — 0,
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noting that here V, 3@ D?*®V,_1 ® D = ¢(X}, ® Vi) C X,_1.
Restricting this short exact sequence of M-modules to the largest singular submodules, we get

the structure of X ;:
(5.3) 00—V, 30D*0V, 1D — X, — Vo@D —0,

where the last surjection follows from the fact that Vo ® D is a JH factor of X' ;, by Lemma 5.1.

Next we want to compute the JH factors of X**;. By Lemma 3.5 and [G78, (4.5)], we have
dim X = p—2. By Lemmas 4.7 and 4.6, we get that X;* = X = V,_3 ® D2, hence this submodule
of (X @ V1) (C X_;) is in fact contained in X;*,. By Lemma 5.2, the other JH factor V,_; ® D
of ¢(X¥ ®V4) cannot occur in X**,. Since Vj ® D occurs only once in X,_;, Lemma 5.1 tells that
Vo ® D cannot be a JH factor of X*,. Thus we get X}*, 2V, 3 ® D?.

So now we know all the JH factors of X,_;, X ; and X}*;. As X* ,/X*, has two JH factors
Vp—1 ® D and V) ® D, we have X;_,/X}*, = V*/V*, and the left module in the bottom row of
Diagram (2.2) vanishes. On the other hand X,_1/X/_; has only one JH factor V3, so the short
exact sequence (2.3) of I'-modules implies that the rightmost module in the bottom row of Diagram
(2.2) is V,,_3 ® D?. Therefore Q is I-isomorphic to V,_3 @ D?. O

Next we will treat the case p | r(r — 1). Note that if p | (r — 1), then p { r and we can still use

Lemma 5.1. Similarly if p | 7, then p{ (r — 1) and we can use Lemma 5.2.

Proposition 5.4. Letp >3, r >2p andr =2 mod (p—1). Ifp|r—1,thenQ=V,.1®D &
Vy—3 @ D? as a T-module.

Proof. If r — 1 is a pure p-power, then by Proposition 4.9 (i), X,—1 = Vo ® D @ V5 as an M-module.
Hence X | = Vp ® D, being the largest singular submodule of X,_;. By Lemma 5.1, X**, must
be zero. In other words, X, _1/X ;=2 Voand X} ,/X*, 2 Vo ® D.

If r — 1 is not a pure p-power, then ¥,(r — 1) > p. By Proposition 4.9 (iii), dim X, _; = 2p + 2

and we have the exact sequence of M-modules
00—V, 30D?*0V, 18D — X, 1 — Vo@D&Vy — 0.
Note that V,_3@D?®V,_1®@D = ¢(X®@V1) C X,_1, with the notation of Diagram (5.1). Similarly

as in the proof of Proposition 5.3, we use Lemma 5.1 to obtain

0—o(XeV) — X' | — VoD —0.

As p | v/, by Lemma 3.1 (ii) we have X, = X, therefore ¢(X) @ Vi) = ¢(X* ® V1) must be
contained inside X *;. On the other hand Vo ® D occurs only once in X,_1, so Lemma 5.1 implies
that Vo ® D cannot be a JH factor of X;*;. Thus X}*, = ¢(X @ V1) 2V, 3@ D*®V,_; ® D.
Thus again we get X,_1/X} ; 2 Vs and X} /X, 2 Vo ® D.

Therefore by the exact sequences (2.3) and (2.5), the bottom row of Diagram (2.2) reduces to
0—V,1®D—Q —V,_ 32D? —0.

Now the result follows as V,_1 ® D is an injective I'-module. O
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Proposition 5.5. Let p >3, r>2p andr =2 mod (p—1). If p | r, then the T'-module structure
of Q is given by
0—Vo®D—Q—V, 30D*—0.

Proof. Let us write r = p"u, n > 1 and p { u. Looking at Diagram (5.1) and using Proposition 4.9,

we get the exact sequence of M-modules
0 —W —=X,_1 —VWeDoV, — 0,

V,.1©D, if S, (u—1) =1,

Voc1 @ D& Vp_3 @ D% if Sp(u—1) > p.
Restricting the above sequence to the largest singular submodules, we get

where W = ¢(X), @ V1) =

(5.4) 0—W-—X', —VWeD—0,

where the last map has to be a surjection, as otherwise V5 ® D would be a JH factor of V,./V,*, which
is not true by the sequence (2.3).

Now we claim that the restriction of the map X ; - V5 ® D in (5.4) to the submodule X*; is
also non-zero, and hence surjective.

Proof of claim: If not, then the above map factors via n; : X} /X, - V@ D C V; ® V.
We can check that the elements X T',YT/ € X,» map to X,Y € Vi respectively under the map
X, = X/ X5 2 Vi, Hence, for F(X,Y)=X""1Y Y™ 1X = X" QY -Y" 0X) € ¢(X V),
we get M (F) = X®Y —-Y ®X € V3 ® V5. Note that the non-zero element X ® Y — Y ® X of
ViV, 2 Vy® D ® V, actually belongs to Vo ® D, as it projects to XY —YX =0 € V5. So
m(F) # 0. Now we consider the composition of maps ny : X} /X, — V*/V** - Vy ® D, as
described in the proof of Lemma 5.1. If 7y is the zero map, then the short exact sequence (2.4)
implies that X*_,/X*, CV,_1 ® D, contradicting the existence of 1y : X*_, /X *; -V, ® D. So
72 is a non-zero map. But the calculation in the proof of Lemma 5.1 shows that 7o (F) = 0, since
p | 7. Thus we end up with two different surjections ny,n2 : X 1/ X*, - V5 ® D, one containing
F in its kernel and the other not. This forces Vo ® D to be a repeated JH factor of X*_;/X*,
contradicting the fact that it occurs only once in X ;. Thus the claim is proved.

If ¥,(u— 1) > p, then the extra JH factor V,_3 ® D? of W is actually the submodule X (cf.
Lemma 4.6), which equals X**, by Lemma 4.7. So this JH factor is in fact contained in X*,. By
Lemma 5.2, we know that W = ¢(X}, @ V1) € X;*,. Therefore

0, i X, (u—1) =1,

Wy =WnX> =
Voes® D2, if Bp(u—1) > p.

By the claim above, the structure of X *; is now given by

0—-W) - X" - Vh®D—0.
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Hence we always have X,_1/X} | & Vs, and X /X", 2 W/W7 2 V,_; ® D. Next we use the
exact sequences (2.3) and (2.5) to see that the bottom row of Diagram (2.2) reduces to

0—Vo®D—Q—V, 32D*—0.

O

Remark 5.6. The short exact sequences in Proposition 2.2 split only when a = 2, the case we are
dealing with. Note that all three possible non-zero submodules of V) /V* =2V, @ D& V,_1 ® D
occur as X ;/X}*, in the three distinct cases pfr(r—1), p| (r—1) and p | r.

6. THE CASEr=a mod (p—1), WiTH3<a<p-1

In this section we describe the I'-module structure of @ for r = a mod (p—1), with3 < a <p-—1.
Note that this bound on a forces the prime p to be at least 5.

Lemma 6.1. Letp > 5, r >2p, r =a mod (p—1), with3 <a <p-—1. If r Z a mod p, then
Xy /X% contains Voo @ D as a I'-submodule.

Proof. By the non-split short exact sequence (2.6), it is enough to show the submodule X} ;/X;*,

of V¥/V.** is non-zero. Using Lemma 2.3 (i) and Lemma 2.6, one may check that the polynomial

p—1
FX,Y)=(a—DX"'Y 4+ > kX +Y) 7' X € X7 ).
k=0
But F ¢ V** as the coefficient of X"~V in F(X,Y) equals (a — 1) — (::é) =a—71#0 mod p, by
hypothesis. So F' maps to a non-zero element in X*_;/X**,. O

Lemma 6.2. Letp>5 andr=a mod (p—1), with3<a<p-—1. Ifr =a mod p, then we have
Xoo1 C Xo + V™ and X*_ /X2, = 0.

Proof. The lemma is trivial for r = a as V, is irreducible. Thus for each a, r = p?> — p+a is the first

non-trivial integer satisfying the hypotheses. We begin by expanding the following element of X,

S RTERX +Y) = —r XY - > <r> -X"7Y7  mod p.
kEF, 0<j<r—1 J
j=a—1 mod (p—1)
Using Lemma 2.3 (ii) and Lemma 2.6, one checks that F(X,Y) := > (5) - X"V is

0<g<r—1
j=a—1 mod (p—1)

in fact contained in V,**, implying that the monomial —rXY"~! is contained in X, + V,;**. Since
r=a# 0 mod p, we have X,_; C X, + V*. Hence X} _; C X,_1 N (X} + V**), which equals
X1 N (X 4+ V), by Lemma 4.7. But X* C V,**  so we have X ; C X,_; NV = X*,. The

reverse inclusion is obvious and therefore X} ; = X' * . O
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Remark 6.3. Tt was proved in [GG15, Prop. 4] that X, 1 ¢ X, + V,** for p <r <p?> —p+2 and
all primes p. The lemma above shows that the upper bound is sharp, at least if p > 5, since the
smallest non-trivial r covered by the lemma is p? — p + 3. As we show just below, the fact that
X,—1 C X, + V* causes @) to have 3 JH factors, leading to additional complications.

Proposition 6.4. Letp > 5, r > 2p andr =a mod (p — 1), with 3 < a < p—1. The I'-module

structure of Q is as follows.

(i) If r # a mod p, then
0—=Vpap1 @D ' —Q —V, o 1®D* —0,

and moreover the exact sequence above is I'-split.
(ii) Ifr =a mod p, then

0 — VSV —Q— Vo1 ®D* — 0,
where V.* J[V** is the non-trivial extension of Vp_a11 ® D by Vo ® D.
Proof. Let 7’ :=r — 1. As explained in Section 4 (cf. Proposition 4.9), we have
0—d(XHieoWV) — X, 31—V, 20DV, = 0.
Restricting the above M-linear maps to the largest singular submodules, we get
0—o(XHeV) — X' | —V, 20D —=0.

Indeed, the short exact sequence (2.3) shows that V,_2 ® D is not a JH factor of V,./V}*, so the
surjection X,_1 — V,_2 ® D cannot factor through X, /X 1,
surjective. As 2 <a—1<p— 2, by Lemma 4.7 we have X, = X”*. Hence by the definition of the
¢ map, we get (X}, @ V1) C X}*,.

If r # a mod p, then Lemma 6.1 implies that X ;/X}*; must have exactly one JH factor,
namely V,_o ® D. So we have X,_1/X} | =2V, and X/ /X *, 2 V,_2 ® D. Now using the short

exact sequences (2.3) and (2.6), the bottom row of Diagram (2.2) reduces to

hence the rightmost map above is

0—Vpap1 @D P —Q—V, o1 @D —0.

That the sequence splits follows from [BP12, Cor. 5.6 (i)], which implies that there exists no non-
trivial extension between the I-modules V,,_,—1 ® D* and V,_,41 ® De—1,
On the other hand if » = ¢ mod p, then X,_1/X} | = V, as before, but X' ;/X**, =0, by

Lemma 6.2. Now using the short exact sequence (2.3), the bottom row of Diagram (2.2) reduces to
0 — VSV —Q— Vy_eo1 ®D* — 0,

where the structure of V,*/V** is given by the exact sequence (2.6). O
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7. COMBINATORIAL LEMMAS

In this section we prove some technical lemmas which are used repeatedly in the next two sections.

Only the first lemma is proved in detail as the techniques used to prove the others are similar.

Lemma 7.1. Let r = a mod (p — 1), with 2 < a < p—1. Then one can choose integers o; € Z,
forallj =a mod (p—1), with 0 < j < r, such that

(i) (;) = o ; mod p, for all j as above,
(i) > o =0 mod 3,
(iii) ]Ejaj =0 mod p?,
j=1
(iv) ¥ () a, = (3) modp, ifa=2,

j>2 0 mod p, if3<a<p-—1.
Proof. For r < ap, note that ¥,(r) = a and one can check using Lucas’ theorem that (;) =0 modp
for all the j’s listed above. In this case we simply choose a; = 0, for all j. So now assume r > ap,
hence j = a, ap are both contained in the list of j’s above. Let a’ be a fixed integer such that a’'a = 1

mod p?, and then let us choose the aj, for all 0 < j < r, with j =a mod (p — 1), as follows:

(7.1) o = (f),forj;«éa,ap7
J
r
(7.2) oy = — > a’j<,>,
) a<j<r J

(73 o = =% (7))

We will show that these a; satisfy the properties (i), (ii), (iii) and (iv).
(i) Note that j (;) =r (;j)7 for any j > 1. Using Lemma 2.5, for r — 1 and r respectively, we
obtain

_ , (r=1\ @5 , (r—=1\ , [r\ _(r
a, = - Z ar(j_1> = ar(a_l)—aa(a>:<a) mod p,
a<j<r

j=a mod (p—1)

j=
(2.5) T T (T
Ogp = (a) + (ap) g = (ap) mod p.

For j # a, ap, property (i) is trivially satisfied.

(ii) By our choice of ¢, in fact Y a; = 0.
J
(iii) Since a’a = 1 mod p?, using equation (7.2) we get a - o, = — > j (j) mod p?.
<j<r,
j=a amid T(p—l)

;p) mod p, we have ap - o = ap(;p) mod p?. Using these two congruences

we conclude that Y ja; =0 mod p?, as desired.
J

Since o, = (
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(iv) We use property (i) and Lemma 2.5 for r — 2 to get

J — IN(T _ T\ [r—2
2 <2> AR <2> (y) - <2) <j —2>
0<j<r o<y<r
j=a mod (p—1) j=a mod (p—1) j=a mod (p—1)

(5) modp, ifa=2,

0 mod p, if3<a<p-1.
|

Lemma 7.2. Letr =b mod (p—1), and 3 <b<p. Ifp|r—b, then one can choose integers [3;,
forallj=b—1 mod (p—1), withb—1<j <r—1, satisfying:

(1) B; = (;) mod p, for all j as above,

(2) 3 (2)B; =0 mod p>", forn=0, 1 and 2.

jzn
Proof. Asp|b—r, we have r =b mod (p? — p), so we may assume r > p?> — p + b. Thus we have

j=b—1,(b—1)p are two of the j’s in the expression for T, in Lemma 2.6. Let us choose

(7.4) B; = (;) forall j #b—1,(b—1)p,
(7.5) G o= - % bj(])
b—1<j<r—1

j=b—1 mod (p—1)

(7.6) Bo-1)p = — Z (T.)—Bb—h

i1 M
Jj#(b—1)p

where b’ is any integer satisfying (b — 1)’ = 1 mod p?>. One can now check that the integers Bj
satisfy the required properties. The proof uses the congruence in Lemma 2.6 and is similar to that

of Lemma 7.1, so we leave it as an exercise. O

Lemma 7.3. Letp >3, r=1 mod (p—1), i.e., b=p. Suppose that p* | r — p. Then
(1) One can choose oj € Z, for all j =1 mod (p — 1), with p < j < r, satisfying:
(1) a; = (;) mod p?, for all j as above,

(2) ¥ (2)o; =0 mod p*™", forn =0, 1 and 2,

n
Jjzn

3) X (a; =
j23(3) ! 1 mod p, ifp=3.

(ii) One can choose v; € Z, for all j =0 mod (p— 1), withp—1 < j <r—1, satisfying:

0 modp, ifp>5H

(1) v = (;) mod p?, for all j as above,
(2) 3 ()7 =0 mod p*~", forn =0, 1 and 2,

jzn

0 mod p, ifp>5
j>3 - mod p, if p=3.
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Proof. Similar to that of Lemma 7.1 and 7.2, and uses the congruences given in Lemma 2.7. O

Remark 7.4. The integers o, §;, 7; in the lemmas above are not unique, but their existence will be
crucial for us. We will use these integers in §8 and §9 to construct functions to eliminate JH factors

of @, and to compute the reduction Vk,ap, which is the main goal of this paper.

8. ELIMINATION OF JH FACTORS

For the rest of this paper, we will work under the assumption that 1 < v(a,) < 2.

Let us recall Proposition 3.3 in [BG09]: If Oy, is a quotient of ind% ,(V, ® D) for some
0<s<p-—1, then Vi, = ind(w;JrH(pﬂ)”)7 unless s = p — 2, where one has the additional
possibility that ‘_/k,ap is reducible and isomorphic to w™ @ w™ on I,,, the inertia subgroup at p. Using
this result one can specify the shape of Vk,ap when @ is irreducible as a I'-module, up to the fact

that V;ﬁap may be occasionally reducible, as mentioned above. For example, we have

Theorem 8.1. Let p > 3 and r > 2p.
(i) Ifr=1 mod (p—1) and ptr, then Vkﬂp =~ ind(w3). If p = 3, then Vkﬂp can also possibly

be reducible and trivial on Ip,.
(ii) Ifr=2 mod (p—1) and ptr(r — 1), then Vi 4, = ind(w3).

Proof. As 1 <w(ap) < 2, there exists a surjection ind%,Q — Ok,a,- In part (i), we have Q = V; by
Propositions 3.3 and 3.8. In part (ii), Q = V,,_3 ® D? by Proposition 5.3. Since @ is irreducible in
both cases, we apply [BG09, Prop. 3.3] to determine Vk,%. O

Remark 8.2. In fact, Theorem 9.1 in the next section will imply that the reducible possibility in
part (i) above never occurs. Note that for p = 3, the condition p { r implies that (Tgl) =0 mod p
and therefore the hypothesis of Theorem 9.1 is automatically satisfied.

As we have already seen, @ is usually not irreducible. It can have two and sometimes even three
JH factors as a I'-module depending on the congruence class of » modulo both p—1 and p. In these
cases we will use the explicit formula for the Hecke operator T acting on the space ind%’; ZSymT@f),
to eliminate one or two JH factors of @, so that we can use [BG09, Prop. 3.3].

To work explicitly with the Hecke operator T, we need to recall some well-known formulas in-
volving T from [B03b]. For m = 0, set Iy = {0}, and for m > 0, let

L ={[Xo] + Mlp+ -+ Amoalp™ ! 2 N €Fp} C Zy,

where the square brackets denote Teichmiiller representatives. For m > 1, there is a truncation map
[ Jm-1:Im = Ln_1 given by taking the first m — 1 terms in the p-adic expansion above; for m = 1,
[ Jm—1 is the O-map. Let o = ((1) g). For m >0 and A € I, let

0 pmoA 1 1 0
= and = ,
Im 2 < 0 1) gm,)x <p)\ pm+1



29

noting that 98’0 = Id is the identity matrix and gé’o = « in GG. Recall the decomposition

G = I x2@.0"
m>0, \EX,
i€{0,1}
Thus, a general element in indf( 4V, for a KZ-module V| is a finite sum of elementary functions
of the form [g,v], with g = g7, \ or g}, ,, for some A € I, and v € V. For a Z,-algebra R, let
v=>" XY €V = Sym"R? @ D*. Expanding the formula (2.1) for the Hecke operator T'
one may write T' = T 4+ T~, where

S i (i o\ e

T+([92,,u’vD = Z g?L—‘,—l,l}.—‘,—p”)ﬂZ pjzcz<>()\) J X ij 5

xely =0 = M
- - - r—i i p— (-1 I i
T ,v) = |90 a2 | DP cz<) (n_1> XY (n>0),

i =\= J P

- | B
P () = a3 p x| o)

=0

The formulas for 7+ and T~ will be used to calculate the (T — a,)-image of the functions f €
ind% ZSymT@f,. Though T is a G-linear operator, note that T+ and T~ are not G-linear. Formulas
similar to those above describe how T acts on functions of the form [g}l 0] but we will not use
these functions in this article.

An integral function, i.e., an element of ind%’; ZSymTZ?j will be said to “die mod p”, if it maps to

zero in ind%’; ZSymrIF‘?g under the standard reduction map.

Theorem 8.3. Letp>5,7>2p,r=a mod (p—1), with3 <a <p-—1. Ifr #a mod p, then

there exists a surjection
ind% ,(Vp—ai1 ® D7) — Op 0, -

As a consequence, Vk,ap = ind(w§+p), if a > 3. For a = 3, we have the additional possibility that

Vk,ap is reducible and its restriction to I is w? P w?.

Proof. By Proposition 6.4 (i), we have @ = J; @ J3 as a I'-module, where J; = V,_441 ® D% 1 and
Jo =Vp_q—1®D“. Let Fy be the image of ind?(ZJl in ék,a,, under the surjection indf(ZQ —» (:)k,ap7

and let Fy denote the quotient @k,% /Fi. Then we have the commutative diagram:

0 —— ind%,J; —— ind$,Q —— ind%,Jo —— 0

N

0 Fy Ok,a, Fy 0.

We will construct a function in X ,, = ker(indf(z‘/} —» @kﬁ%), which maps to a function of the

form [g,v] € ind?(ZJQ under the surjection in the top row above, for some g € G and 0 # v € Js.
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Since the G-span of [g,v] is all of ind% ,J,, we get Fy = 0 and Ok,q, = Fy is a quotient of ind%, J;.
The final conclusion follows by applying [BG09, Prop. 3.3].
Consider the function f € ind% ZSymT(@g defined by f := fa + fi1 + fo with

1, T
o= > {gg,p[xl’p'(y - Xrly ”H)}v
X€F,

-1 o
o= 1 (-1 Z aj - XTIy |

pap 0<g<r

j=a mod (p—1)
F 0, ifa<p—1,
0 =
1d, =8 (xr — xropHlyr-1)| | ifa=p 1,
P

where the o € Z are integers satisfying the four properties stated in Lemma 7.1.

Applying the explicit formulas for T+ and 7, using Lemma 7.1 and the facts r > 2p, 3 <p—1
and 1 < v(ap) < 2, we get that the functions T fo, T~ f1, T f1, ap fo, apf2 are all integral and
die mod p. We compute that TV f; € ind?(Z<X7’_1Y>Zp +p- ind%';ZSymTZf,, hence it maps to
0 € ind% ,Q. Next we use the formulas for 7~, T+ and the identity (2.7) to compute that

T_f2 - apfl +T+f0 = [9?707F(Xa Y)] mod b,

where

-1 o
Fx,Y)= % 1) ((r) = aj) XTI YT
o<j<r p J
j=a mod (p—1)

Note that F'(X,Y) is integral, as a; = (;) mod p, for each 7, by Lemma 7.1.
All the information above together implies that (T'—a,)f € ind% 2Sym"Z2, so its reduction lies in

Xk.a,- Moreover, the reduction (T — a,) f maps to [¢7 o, , Pra(F)] € ind% ,.Jz, where Pry : Q — Jp is

Ve
the projection map. It is clear from Diagram (2.2) that Prs is induced by the map V. — v Jo.

Noting that the monomial Y maps to 0 in @), we have "

1 T N 1 r
Pry(F) = —Pry (<,>a>oXTJY5 = — ((,)a->~Pr2 X'Tye),
(F) ;p i) ;p i) ) Pral )
since all the mixed monomials in F(X,Y) are congruent to scalar multiples of X"~ *Y* modulo
V*. Under the composition V,./V* — Vasp—1/Vasp-1 = Vp—a—1 ® D* = Ja, where the first
isomorphism is ¢~1 of [G78, (4.2)] and the next surjection is induced from [B03b, Lem. 5.3], we
have

X"V mod V' XP7Y®  mod V'

o XPTITO L,

Therefore Pro(F) = ¢ - Pra(X™79Y%) = ¢ - XP~17% where ¢ is the mod p reduction of the sum
1
—3 = ((;) — ozj) € Z. By property (ii) of the integers a; stated in Lemma 7.1, ¢ is the reduction of
j P
J
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1 _
—=- Z(;) € Z, which is congruent to !
P

so we get ¢ € IE_T;‘,. Thus the reduction (T — a,)f maps to [g,v] € ind% ,.Jo, where g = 970 € G and

a4 mod p, by Lemma 2.5. By hypothesis, r Z a mod p,

v = c¢- XP~17% i a non-zero element in J,, and we are done. |

The following theorem is complementary to Theorem 8.1 (ii).
Theorem 8.4. Let p>3,r>2p,r=2 mod (p—1). If p|r(r—1), then Vk,ap ~ ind(wgﬂ’).

Proof. If p | r(r — 1), then @ has two JH factors by Propositions 5.4 and 5.5. We will eliminate

the JH factor Jo = V,_3 ® D?. We take the function f = fo + f1 + f2 as in the proof of Theorem

8.3, for a = 2. Note that property (iv) in Lemma 7.1 implies that Z@)aj = (g) =0 mod p, by
J

hypothesis. Now by the same argument as in Theorem 8.3, we eliminate the JH factor Js, except
for the following subtlety: to show T~ f; =0 mod p, we used the bound 3 < p — 1 in Theorem 8.3.
This cannot be used in the present case as a = 2 and so p = 3 is allowed. But p | r(r — 1) implies

that o, _py1 = ( =0 mod p by Lucas’ theorem. This ensures that T~ f; dies mod p even in

s
r—p+1)
this case.

Therefore if p | » — 1, then we have a surjection ind%Z(Vp_l ® D) —» C:);Wp by Proposition 5.4,
and if p | r, then we have ind%,(Vp ® D) — Ok,a, by Proposition 5.5. Now we use [BG09, Prop.

3.3] to draw the final conclusion. ]

Next we treat some cases where () has three JH factors and those coming from V,*/V** are to be
eliminated. We begin by stating the following easy lemma. Note that we already have a complete
solution to the problem in the case b = 2 by Theorem 8.1 (ii) and Theorem 8.4. Therefore we assume

b > 3 from now on.

Lemma 8.5. Letp >3, r > 2p, r =b mod (p— 1), with 3 < b < p. Then we have the non-split

short exact sequence of T'-modules
0= Jo:=Ve2a®D =V /V = J ==V, py1 @ D' =0, where

(i) The monomials Y*=2 X*=2 € Jy map to 0Y""P~! and 0X" P~ respectively in V,* /V,**.
(ii) The polynomials OY™=P=1 X"=P=1 € V*/V** map to 0 € J; and X" P~F1Y"=2 maps
to XP~0*l e J;.

Proof. The exact sequence is given by Proposition 2.2. By [G78, (4.1), (4.2)], we have an isomor-
S

phism V*/V** v ed, (Vo+b—3/V1p_3) @ D. Then one computes the images of the polynomials

mentioned above under the I'maps Vy—2 ® D < (Vp4-3/V,y_3) ® D and (Vpip—3/V,p3) @ D —

V,—p41 ® D1 respectively, using the explicit formulas from [B0O3b, Lem. 5.3]. |

The next two theorems are complementary to Theorem 8.3 above.

Theorem 8.6. Letp >5,r>2p andr=b mod (p—1), with4d <b<p-—1. Ifr =b mod p, then
VkA,ap &= ind(wngl)'
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Proof. By Proposition 6.4 (ii), @ contains V,*/V.** as a submodule, which is an extension of J; by
Jo, with the notation of Lemma 8.5. Let Fy; denote the image of ind% ,(V;*/V,**) inside Ok,q,, and
let Fy := C:)k,ap /Fo1. Then we have the following commutative diagram of G-maps

0 —— ind% (V7 /V**) —— ind$ ,Q —— ind% ,J, —— 0

| Lo

0 Foq Ok,a, I3 0,

where Jy = Vj_p—1 ® D’. We will show that Fy; = 0, under the hypothesis r = b mod p.
Consider f = fo + f1 € ind% ZSymT@z, given by

p - T r— r ]. —Dp e —_ B
fi = Z {g?,p\], —[A]P 2.(Y -X be)} + [9?10’ g . (XY 1 xr=btlyb 1) 7
AEF}, ap Qp
-1 .
fO = Id, Z 27(2772) /BJ XT*]YJ ,
a

0<j<r—1 p
j=b—1 mod (p—1)

where the 3; are the integers from Lemma 7.2.
Using b > 2 and the fact that p | r — b, we check that 77 f; = 0 mod p. Similarly, T~ fo = 0
mod p, since v(az/p) < 3 < p. We use the fact b > 3, together with the properties satisfied by the

integers f3; in Lemma 7.2 to conclude that T% fo =0 mod p as well. Next we compute that

Th=apf=ld > (p;il)p ((7) - Bj) XTIV
P

0<j<r—1 J
j=b—1 mod (p—1)

which again dies mod p, since 8; = (;) mod p for each j, by Lemma 7.2. Finally we get (T'— a,) f
is integral and (T' — ap)f = —apfi mod p. As r =b mod p, we have

(T—ap)f = —[glg r(1—p) (XY™—' - X" 0Hyt1)]

—-p—-0b+1
_ |:g?)07 b0 (’I" p + _X'r—p—b-‘,-lyb—Q +Y7‘—p—1> mod V,\**:|
0
1

p—1
= [g 0 —b-0 (erpberle*Q — erpfl)] mod p.

Let v be the image of —b- 6 (X"P~0F1y?=2 — y"==1) in V*/V**. Then the reduction (T —ap)f
maps to [gf o, v] € ind% ,(V*/V*) C ind%,Q. By Lemma 8.5, v maps to the non-zero element
—b- XPMl ¢ J = Vb1 ® D1 As the short exact sequence (2.6) is non-split, v generates
the whole module V;*/V;** over I, so the element [g{ o, v] generates ind%, (V*/V**) over G. Thus
Fp,1 = 0 and hence ék,% 2 [y is a quotient of indgz(‘/},,bq ® D). Finally we apply [BG09, Prop.
3.3] to get the structure of Vj 4. O
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However, for b = 3 < p — 1, we do not have a complete solution to the problem of computing
Vk,ap when r = b mod p(p — 1). But we have the following theorem which is applicable whenever
2 —
v(ap) # 3. It is also applicable if v(a,) = 2, unless the unit Z—g reduces to 1 in F),.
Theorem 8.7. Let p > 5, 7 > 2p and r = 3 mod p(p — 1). If v(ay) = 3, then assume that
v(a2 — p*) = 3. Then Vi,q, = ind(w3).

Proof. If v(a,) < 3/2, then we consider f = fy + f1, where fy are fi are as in the proof of Theorem
8.6 with b = 3. The formula for the Hecke operator shows that (I — a,)f is still integral. As b= 3,
Sp—1
now T fy does not necessarily die mod p. In fact we have T" fo = | g9, %2) ()82 - XT'_2Y2]
' a

P
mod p, which is integral because v(af}) < 3, and we have

3 -1 B B B
(T =) =T o=y = |abo T iy 22— r(1 =) (07 = x| mod
P
Note that » =3 mod p and also 8y = (;) = (S) =3 mod p by Lucas’ theorem. As XY"~! vanishes
in @, the reduction (T'—a,)f maps to the image of [g?yo, 3 (1 —p?’/af)) (XT_QY2 — XYT_l)] in
ind% ,Q. The hypothesis implies that 1 — p®/a is a p-adic unit. So, the module ind% , (V> V)

maps to 0 in (:);mp7 as explained in the proof of Theorem 8.6.
2

a
If v(a,) > 3/2, then we consider the new function f' = £ - f = fJ + f{, given by

P
a _ _ 1—-p)ra _ .
= > [g?,wg’wp (Y- X7 3Y3)}+[g?,o, LoDy (xyrt - xr2y?)|
AEF: p p
(p—1) .
i = |14, -B; XYY
0 Z p2 J

0<j<r—1
j=2 mod (p—1)

where the 3; are the integers from Lemma 7.2. The computations are very similar to the previous

case, except that now we have a,f{ = 0 mod p, since v(af,/p3) > 0. Finally we get (T — a,)f’
TV fy = [90, (p—1)B2- X"72Y?] mod p. So the reduction (T —ap)f’ maps to the image of
(920, 3(XY""! — X"~2Y?)] in ind ,Q. The rest of the proof follows as in the previous case. [

Remark 8.8. Note that when b = 3 and p|r — b, the hypothesis (x) in Theorem 1.1 is equivalent to
the condition v(a2 —p*) = 3 above. If v(a2 — p®) > 3, so necessarily v(a,) = 3, we can only show

that Vj 4, is either ind(w3) or ind(ws*P), or it is reducible of the form w? @ w? or w® @ w on I,.

The following theorem is complementary to Theorem 8.1 (i). It treats the casep | r =1 mod p—1,
where @) has two JH factors. With the notation of Lemma 7.2, a = 1 is equivalent to b = p, and so

the condition p | r can also be stated as r = b mod p.

Theorem 8.9. Forp >3, letp <r =1 mod (p— 1) and suppose p | r. If p =3 and v(a,) = %

2

then further assume that v(a? — p®) = 3. Then we have
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(i) If p* t r—p, then there is a surjection ind$,V; — Ok,a,- As a consequence, Vi o, = ind(w3)
unless p = 3, in which case Vkﬂs may be reducible and trivial on Is.
ii) If p? | r — p, then there is a surjection ind% ,(V,_o @ D) — Oy,,.. As a consequence, either
KZ\Vp sGp

Vlaap =~ ind(w3) or Vk,ap is reducible with the shape w ®w on I,.

Proof. By Proposition 3.12 (iii), we have Q = V¥ /V** is an extension of J; = Vi by Jy = V,_2® D.
Let Fy C ék,ap be the image of ind?(ZJo under the map ind%';ZQ —» ék,ap- Then F; := ék,ap/Fo is

a quotient of ind$ ,.J; and we have the following commutative diagram:

0 — ind%,Jop —— ind%,Q —— ind%,J; —— 0

I

0 Fy Ok,a, Fy 0.

We show Fy = 0 if p?> {r —p and Fy = 0 if p? | 7 — p. Then (i) and (ii) will follow as usual.
(i) Consider f = fo+ f1+ fo € ind?(ZSymr 712,, given by

0 P\]p*Q T T—p\V P

foo= 3 | Sapmy (VT XTI

A€EF, p

_ 0 p—1 . r—jvJj
fi = 91,05 M' Z Bj- X"y
0<j<r—1

L j=0 mod (p—1)

_ 1_
h = @S2 xrn)

L p

where the 8; are the integers from Lemma 7.2. Using the formula for the Hecke operator, one checks
that TF fo, T~ f1, —ap fo, T fo, —ap fo are all integral and die mod p. Also T*f; = 0 mod p by
Lemma 7.2, i.e., by the properties satisfied by the integers ;. Moreover,

-1 T N
T~ fot T fo—apf1 = | 970, p—D). Z (( ) - ﬁj> CXTIYT XYt mod p.
p 0<j<r—1 J
j=0 mod (p—1)
Note that the function above is integral because each 3; = (;) mod p by Lemma 7.2, and p | r
by hypothesis. Now modifying the polynomial above by a suitable XY™ !-term, we can see that

- _ ayrfpfl
(T — ap) f has the same image as {g?,o, (p—1) (F(X, Y)+ (p?”)pﬂ in ind% ,Q, where

1 o _
F(X’ Y) = Z - ((T) — ﬂg) LXTIYI — u . XPYyT TP,
0<j<r—1 p J p
j=0 mod (p—1)
Using Lemmas 7.2, 2.7 and 2.6 we see that F/(X,Y) € V**, by Lemma 2.3. Hence (T — a,)f maps

(r pp) . [9?,0, Herpfl] in indIG(ZQ. By hypothesis, p? |  — p. Thus ¢ = (r — p)/p

to the image of
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is a non-zero element in F,. By Lemma 8.5 (i), the element c - [¢),,Y?7?] € ind% ,.Jo maps to
0 € Fy C Op,q,. Since c¢- [9?,(» Y?~2] generates all of ind% ,.Jy as a G-module, we have Fy = 0 and
Ok,a, = Fi is a quotient of ind% ,J;.

(ii) If p? | r — p, we consider the function f = fo + f1 + fo € indf(ZSym @12), given by

y = 0 , [A];D—Q (YT _ XTPYP + 0 ’ (1 —p)T . Xyr—l _ Xr—p+lyp—1 ,
92,p[A] 92,00 —
AEFy 7 Gp pap
0 p—1 r—jvsi
o= 9100 " Z v - XY
p 0<j<r—1
j=0 mod (p—1)
1—
fo = [Id, L. (X’“—X”YT_”)},
ap

where the 7, are integers from Lemma 7.3 (ii). Using Lemma 7.3 we check that if either p > 5 or if
p=3and v(apy) < 3/2, then T* fo, T fo + T~ fo —apf1, T~ f1, T f1,T~ fo are all integral and die
mod p. That leaves us with (T'— ap)f = —apfo —apfo =

— r r— p— 1)r r— r— _
> [g%p[)\],—[)\]p L= X pr)} + {93,0» %(XY L_ xrortlyr-1)
)\E]F;

+ [Id, (p—1)- (X" - XPYT_”)} mod p.
Therefore the image of the reduction (7' — a,)f in ind%,Q is the same as that of

- r— r— p—1)r r— r— -
S (8~ (O =Xy | [, Py ety
AEFs,

+ [Id, (p—1)- (XY™t - XPY"P)].
As we have r/p =1 mod p by hypothesis, the function above is congruent to

D98 P T2OXT TP ) gl g, XTTPHYPT - XY 4 [Id, 07T mod p.

AEF:
Since X" PHyr-1 — Xyr—1 =¢.(X"=2+lyr=2 4 ... L Y7 P~1) we have
Xr_p+1Yp_1 _ XYT_l —9. ((’I" - 2p + 1) 3 Xr—2p+1yp—2 T Yr—p—l) mod V**.
p—1 "

Applying Lemma 8.5 (i) we get that (T — a,)f maps to (950, —X] € ind%,J; under the map
ind%,Q — ind%, J;. As [99.0, —X] generates all of ind%,J; as a G-module, we get F; = 0 and so
@k,ap = Fp is a quotient of ind%ZJo.

If p = 3 and v(a,) > 3/2, then note that T~ f; and T f; do not die mod p any more, and (T —a,) f
is not necessarily integral. In this case we consider the modified new function f" := (a2/p*)- f, with
f as above. Then one checks (T — a,)f’ is integral and maps to ¢ - [¢9 4, X] € ind% ,.J;, where
c= ﬁ]%/p?’. By the extra hypothesis in the case v(a,) = 3/2, ¢ is always a non-zero element in
F,, and thus the JH factor J; is killed again. O
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Remark 8.10. In the next section we will show that in part (i) above the reducible case does not

occur when p = 3, and that in part (ii) Vk,ap is always reducible.

9. SEPARATING OUT REDUCIBLE AND IRREDUCIBLE CASES

If ©y,q, is a quotient of ind% ,(V,_o ® D™), then [BG09, Prop. 3.3] fails to determine Via,- In
this case, either Vk’% o ind(wé’_l"’”(”"’l)) is irreducible or it is reducible with Vk,a,,hp >~ " P wn.

We have faced this problem in the following cases, cf. Theorems 8.1 (i), 8.3 and 8.9.
(1) If b= 3 and p'+*®) {1 — b, then we have ind%, (Vp—2 ® D?) — Opq,, hence

p+3

ind(w§™), or

Viaslty w? B w?.
(2) If b= pand p? | r — b, then under the extra hypothesis ‘v(a,) = 3/2 = v(a; —p®) = 3, when
p =23, we have ind% , (V,_o ® D) — Ok,a,, hence

In this section we mostly separate out the reducible and irreducible possibilities above. We will
show that Vkﬂp is ‘almost always’ irreducible in the first case whereas it is always reducible in the
second case above. In the first case, we work under the mild hypothesis (*) in Theorem 1.1. Note
that (%) holds trivially if p | (Tgl). In particular, it holds for the smallest new weight treated in this
paper, namely, k = 2p + 3.

Theorem 9.1. Letp >3, 7> 2p, r =3 mod (p—1) and p**®) {r—3. Ifv(a,) = 3 then further

assume that v (a2 — ("5 ") (r — 2)p®) = 3. Then Viq, = ind(w8*?) is irreducible.

Proof. Assuming the hypothesis, we will show that the G-map indf(ZJl —» (:)k}ap given by Propo-
sitions 3.3, 3.8 and Theorem 8.9 (i) for p = 3, and by Theorem 8.3 for p > 5, factors through the
cokernel of the Hecke operator T" acting on indiZJl, where J; = V2 ® D?2.

If v(al) <w ((Tgl)) + 3, we consider the function f = fo + f1 + fo, where

1 r—p— r—p—
fo = Z |:gg7p[>\]’ ZH(X P2y _yTP 1) ,
\€EF, p
(p—1p r—jyi
fl = 9?707 Z T : OéjX Tyd )
0<j<r—1 p
j=2 mod (p—1)

; 0, ifp>5
O =

10, OS2 (x7 = Xty )] i =3,

where the «; are integers from Lemma 7.1, applied with r —1 =2 mod (p — 1), instead of r.
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It is easy to see using the formula for the Hecke operator that T+ fy, T~ fi are integral and

—1 L
die mod p. Moreover T~ fo — apf1 + T fo = | g%, 3 p—1p ((’“fl) - aj) XTIy
’ 0<j<r—1 ap J
j=2 mod (p—1)
also dies mod p, since v(a,) < 2 and each a; = (’?1) mod p, by Lemma 7.1. Also, T~ fp and
apfo die mod p, which is relevant only when p = 3. We use the four properties of the a; in

Lemma 7.1, and the fact that v(af)) <w ((7;1)) + 3 to conclude that T'" f; is also integral and that

3(p—1
THfi = )%; [gg,p[k]’ % (rgl) . XT2Y2] mod p. Thus (T' — a,) f is integral and
P p

3(p — _
T == 3 o 0002y ooty EEZD (T ey a

2
AEF, @ 2
Note that the image of X" 72Y? in Q is the same as that of
—p—2
X 2Y2o XYl = (XY e YT P = <’"pl L XTP2y 4 Yr—p—l) mod V™.
p—

Hence (T — a,)f maps to > [gg L —_XP2 4 Zé(rgl)(r —-2) .Xp*2} € ind% ,;(V,_2 ® D?) by
A\EF, ’ P

Lemma 8.5. This equals ¢ - T([g{ 5, XP7?]), with ¢ = i ("3")(r —2) — 1. Using the hypothesis

aZ\ 2
one checks that the constant ¢ € IF,, is non-zero, hence the map ind%z J1 = O,q, factors through

7(p — 2,0,w?). Therefore the reducible case cannot occur and kaap =~ ind (w§+3 .

Now let v(a2) > v ((";")) +3. As v(a2) < 4, this forces p { (";") and so v(a2) > 3. Note that
in this case (T'— ap)f is not integral for the f above. However, we can use the following modified
function ' = fi+ f1 + f§ :

a2
féz%'f2 = Z {93,”],

a, - O(X7P2Y — erl)}

3
p AEF, p
, 0 (p-1) r—jvi
flzﬁ'fl = |91,0 Z T'%’X Y
0<j<r—1
j=2 mod (p—1)
féza—f’-fo 0, ifp>5
P [Id, Uoplew (xr X”*P“Yp*l)}  ifp=3,

with the same «; as before. Now a, f3, a,, f} dies mod p, as v(af,) > 3. Also Tt f), T~ f1, T~ f and
T~ f) —apfi + T f} die mod p as before, and hence

(T—ap)f =T f] = Z {gg,pp\], (p—1) (T g 1) XT_QYQ} mod p.

AEF,,
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This maps to /\z]:F 99 s (7= 2)("5") .XP*Q} = (r—2)("y") - T([¢%0, XP~%]) under the map
cF,

ind% ,V, — ind%,Q — ind%Ji, as shown above. Since (r — 2)(";') is a p-adic unit, the map

2
ind%zgh —» (:)k,ap factors through the image of T', and we have V;@’ap = ind(w§+3). a

Surprisingly, if b = p and p? | r — p, then Vk,% is always reducible, at least if p > 5. This is
the first time in this paper that we have obtained a family of examples where Vk#p is reducible, for
slopes in the range 1 < v(ap) < 2. The following theorem describes the action of both inertia and

Frobenius elements.

Theorem 9.2. Letp>3,r>2p andr =1 mod (p—1), s.e., b=p. If p=3 and v(a,) = %, then
further assume that v(a? — p3) = 3. If p? | r — p, then Vk@p is reducible and

P
Vk,% = unr (\/—1) w @ unr (—\/—1) w.

Proof. We claim that the map ind% ,(V,_o ® D) — Ok,a, given by Theorem 8.9 (ii) factors through

ind% ,(V,_ 2 ® D
— K(ZZIEQZ— 21)® ) =7 (p -2, \/—l,w) ¥ (p -2, —\/—l,w). Once this claim is proved, the result

follows as we know that (:)k,ap lies in the image of the mod p Local Langlands Correspondence.
Proof of the claim: Let us consider f = fo+ f1 + fo € indf(z Symr@ﬁ7 given by

1 T r— (1—p) ” e

P [gg”’["”m’a'(y - pyp)}jL > {gg,w (YT XY

A, b A€F, P

MGJF;

(r—1) e

o= Z 9(1),[,\]7 2 Z o - X"y

)\G]Fp p 1<j<r

j=1 mod (p—1)
fo = {Id7 L. (X’“*ly _eryp)} 7
Ap

where the ; are integers from Lemma 7.3 (i). If either p > 5 or p = 3 and v(a,) < 3/2, then we use
the fact that p? | r — p and the properties satisfied by the «; to conclude that all of TF fo, T f1,
T~ f1, T~ fo, T~ fa — apfi + T fo are integral and die mod p. Thus (T — a,)f is integral, and is

congruent mod p to

r— T r r— r—
~apfo—apfa= 3 [ 98 iy XTIV YT | {Idv g XY - XTEYR)
A, n€F,

Since Y, X"~'Y map to 0 in Q, and as r/p = 1 mod p by hypothesis, the image of the integral

function above in ind?( @ is the same as that of

- Z [gg,p[u]ﬂ,\], 9Xr_p‘1} — [1d, 6x7771],
X, peF,
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which, by the formula for 72 and by Lemma 8.5, is the image of

(T° + d, - X2 = Y [gg’p[u] LD —XP‘Q} +[1d, —XP2] € ind% ,Jo = ind (V> ® D)
A, n€F,
in ind%,Q. As [Id, —X?~2] generates the G-module ind% ,.Jy, the image (T2 + 1)(ind% ,Jy) must
map to 0 under the G-map ind%ZJo —» ék,ap-
When p = 3 and v(a,) > 3/2, then (T — a,) f is not necessarily integral for the function f above.
However, if we consider [’ := (af,/pS) -f, then (T'—ay) f’ is integral with reduction equal to the image
of ¢+ (T? + 1)[Id, X] € ind% ,Jo inside ind ,Q, for ¢ = 1 —a2/p3 € F,. By the extra hypothesis

when v(a,) = 3/2, we see ¢ is non-zero, and the result follows as before. O

Errata to [GG15]
256, 1. 21: a = (3 () should be a = ().
267, 1. 13: “hat” should be “that”.
273, 1. 15: Sym Q2 should be Sym* Q2.
274, 1. 15 and 1. 18: “3 < a < p—3” should be “3<a<p-—1".

284: When a = p — 1, part (2) of Lemma 28 is not true, since dy = —pp%l is not integral

[ )
T e T e

and so w is non-integral. This can be corrected by modifying the function f5. Set f = fo+ fa,
with fo = [Id, %(X’”*HIYP*1 — X")]. One checks that T~ fy is integral and vanishes mod
p and that T fo + T fo = [ o, w'], with w’ integral. Thus, (T — a,)f is integral and the

proof of Theorem 27 proceeds as before with w replaced by w'.
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