NOTES ON FIXED POINT AND DUALITY
THEOREMS IN ALGEBRAIC TOPOLOGY

S.K. ROUSHON

ABSTRACT. These are the notes of lectures for the Advanced
Instructional School in Algebraic Topology, June 13 to July
02, 2011, North-Eastern Hill University, Shillong, India.

1. INTRODUCTION

In these lectures we plan to study some fundamental duality theo-
rems and a fixed point theorem in Algebraic Topology and their appli-
cations. Mainly we will follow the book of Hatcher ([1]).

We will study some Algebraic Topological properties which are de-
termined by the local properties of a certain class of spaces, called
manifolds. We will need to consider mainly compact spaces, but proofs
of results will force us to consider noncompact spaces as well. The du-
ality theorems will show a strong symmetry and relations in homology
and cohomology groups under certain (orientabilty) hypothesis. This
will help us answer some questions in Topology which are otherwise
difficult to see or prove. Furthermore, a fixed point theorem will be
proved which is more general than the Brouwer fixed point theorem.

2. MANIFOLDS AND ORIENTATION: DEFINITIONS, (LOCAL)
HOMOLOGICAL PROPERTIES

A manifold is a Hausdorff topological space which locally looks like
the Euclidean space. That is, every point of the topological space has a
neighbourhood homeomorphic to some Euclidean space R". Obviously
any open set of R” is a manifold. The standard example of an n-
dimensional manifold is the n-sphere:

S" — {(x17$27...,$n+1) ER”—H | x%+x§+...+xi+l — 1}

This can be proved using stereographic projection. Also the prod-
uct of two manifolds is again a manifold with respect to the product
topology. Furthermore, using the definition of a covering space it fol-
lows that for a covering space X — X, X is a manifold if and only if
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X is a manifold. More generally two locally homeomorphic spaces are
manifolds if one of them is.

The very first homological property of a manifold is local. Let X be
an n-dimensional manifold and z € X. Then

H(X,X —{z};Z) ~ H;(R",R" — {0}; Z)
~ H, 1(R" —{0};Z) ~ H; 1(S" 5 Z).

The first isomorphism is by excision, the second one follows from the
long homology exact sequence for the pair (R”, R™ — {0}) and noting
that R™ is contractible. Therefore, we get the following. For n > 1
H;(X, X —{x};Z) ~ Z for i = n and zero otherwise. Hence the local
homology of a manifold determines the dimension of the manifold if it
is connected.

The most crucial hypothesis we will need is called orientability of a
manifold. The definition is in terms of local homology which satisfy
some consistency condition. Intuitively in dimension 1 an orientation
is a process to fix a direction locally which continuously follow along
the space. In dimension 2 it is to decide an anticlockwise or clockwise
direction which amounts to the choice of a generator of Hy(X, X —
{z};Z) ~ H,(S';Z) ~ Z). Here observe that this S! is nothing but a
small circle around the point x and the orientation at x is just a choice
of a direction on this circle. In case of R” we see that this property is
invariant under rotation and gets reversed under reflection along a line.
Since a rotation of S™ is of degree one and hence preserves the choice of
the generator of the local homology and on the other hand a reflection
sends a generator of the local homology to its negative. Furthermore,
a choice of a generator of H,(R",R™ — {z}) determines a generator of
H,(R",R™ — {y}) at any other point y € R™. This can be deduced
by the following. Let B be a ball containing both the points x and y.
Then there is the following canonical isomorphisms.

H,(R"R" —{z};Z2) ~ H,(R",R" — B)
~ H,(R",R" — {y}).
This idea will help us to define an orientable manifold in general.

Definition 2.1. Let M be an n-dimensional manifold. Then an orien-
tation at a point x € M is a choice of a generator of H, (M, M —
{x};Z) ~ Z. An orientation for M is a function = +— p, for all
x € M which satisfies the following consistency condition. Each z €
M has a neighbourhood R®™ C M containing a ball B centered at
x such that p, for each y € B is the image of one generator pp
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of H,(M,M — B) ~ H,(R",R" — B) ~ Z under the natural map
H,(M,M — B) ~ H,(M,M — {y}). If a manifold has an orientation
then it is called orientable.

Let us now do a general construction of orientable manifold. We
show that every manifold has a two-sheeted orientable covering.

Let M = {1, | * € M and p, is a generator of H,(M, M — {z})}.

The map p, — z is a two-to-one surjective map. We now topolo-
gize M to make this map a covering space projection. Let B C R" C
M be an open ball in M and ugp is a generator of H,(M,M — B)
(which is isomorphic to Z). Then define U(ug) = {j. € M | = €
B and p, is the image of ug under H, (M, M—B) — H,(M,M—{z})}.
The sets U(up) form a base for a topology on M which makes the pro-
jection a covering map.

We leave it as an exercise that M is an orientable manifold.

Before we give some concrete examples let us observe the following.

Proposition 2.1. Let M be connected. Then M is orientable if and
only if M has two components.

Proof. Since M is connected M either has one or two components. If
M has two components then each component projects homeomorphi-
cally onto M. Since M is orientable, each of its components are also
orientable and therefore M is orientable being homeomorphic to an
orientable manifold.

Conversely if M is orientable, it has exactly two orientations since M
is connected. Each if these orientations defines a component of M. O

M is called the orientation cover of M.

For example the cylinder is the orientation cover of the Mébius band
and the 2-torus is the orientation cover of the Klein Bottle. Since both
the cylinder and the 2-torus are connected, the Mobius band and the
Klein Bottle are non-orientable.

An interesting consequence of the above proposition is that if M
is connected and (M) does not contain any index 2 subgroup (for
example if M is simply connected) then M is orientable. Thus any
manifold with finite odd order fundamental group is orientable.

Now we proceed to define another useful cover of M.

Mz ={po | © € M, 1o € Ho(M, M — {z})}.

We topologize My in the same way as M so that My — M be-
comes a Z-sheeted covering map. Let B C R™ C M be an open ball in
M and pp € H,(M,M — B). Then define U(ug) = {p. € Mz | x €
B and p, is the image of up under H,,(M,M—B) — H,(M,M—{z})}.
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The sets U(up) form a base for a topology on My which makes the pro-
jection a covering map.

Note that the topology of My is so defined that a continuous section
« : M — My such that a(z) is a generator of H, (M, M — {z}) for all
x € M defines an orientation of M.

We can also define orientability of manifolds when we take the ho-
mology groups with coefficients in a more general commutative ring
with unity R. An element u € R is called a generator of R if Ru = R.
That is if v is an unit in R.

Now we say a manifold M is R-orientable if the same conditions are
satisfied as in Z-orientabilty but with coefficients in R and demanding
that each p, is a generator of R. Similarly we can also define the R-
sheeted covering My of M. Finally we say M is R-orientable if there
is a section of Mr — R taking values in units in the ring R.

We are now in a position to deduce some important homological
properties of manifolds related to orientability.

A manifold is called closed if it is compact.

Theorem 2.1. Let R be a commutative ring with unity. Let M be a
closed connected manifold.

(a) If M is R-orientable then the map H,(M;R) — H,(M,M —
{z}; R) is an isomorphism for all x € M.

(b) If M is not R-orientable the map H,(M;R) — H,(M,M —
{z}; R) is injective with image {r € R | 2r = 0} for all x € M.

(¢) H(M;R) =0 for alli >n+ 1.

Remark 2.1. Note that (a) implies that there exists a class [M] €
H,(M; R) whose images [M], in H,(M,M — {x}; R) for z € M de-
fine an orientation in M. [M] is called the fundamental class for this
orientation on M.

Conversely, if there exists such a class [M] € H,(M;R) so that
[M],, is a generator of H,(M,M — {z};R) for all x € M then this
defines an orientation on M. Since if B C R" C M is a ball then for
all x € B the map H,(M; R) — H,(M;M — {x}; R) factors through
H, (M, M — B; R) which implies that the map x +— [M], is a continuous
section of Mr — M with images generators of R. Furthermore, this
implies that M is compact. Since [M], will be zero for x not in the
image of a cycle representing [M] but on the other hand this image is
compact. [M] is also called an orientation class of M.

The Theorem follows from the following Lemma. This Lemma will
be used throughout our course of lectures.



NOTES ON ALGEBRAIC TOPOLOGY 5

Lemma 2.1. Let M be a connected manifold of dimension n and A C
M be a compact subset. Then the following hold.

(a) H{(M,M — A;R) =0 fori>n+1 and a class in H,(M, M —
A; R) is zero if and only if its image in H, (M, M — {x}; R) is zero for
all z € A.

(b) If x — v, is a section of the covering map Mr — M, then there
is a unique class ay € Hy(M, M — A; R) whose image in H,(M, M —
{z}; R) is v, for all z € A.

Proof of Theorem 2.1. Since M is compact we apply Lemma 2.1 for
the case A = M. Then (c) of Theorem is immediate from (a) of the
Lemma.

Let T'r(M) be the set of sections of Mpr — M. Then I'g(M) is an
abelian group (by pointwise addition) and a module over R. Define
H,(M;R) — I'r(M) by a — {a,} where {a,} is the section which
sends z to a,. (a) and b) of the Lemma imply that this homomorphism
is an isomorphism.

Next we note the following observation.

Any element of T'gr(M) is uniquely determined by its value at one
point in M. This can be checked by using the continuity of the section.

Proof of (a) is immediate using (a) and (b) of the Lemma and the
above observation.

Proof of (b): the injectivity parts follows from (a) of the Lemma. The
remaining part follows from the structure of the covering projection
Mpr — M as we describe below.

Note that there is a canonical isomorphism H,(M, M — {z}; R) ~
H,(M,M —{z};Z) ® R. Each r € R determines a subcovering space
M, of Mg consisting of the points +u, ®x € H,(M, M —{x}; R) for u,
a generator of H, (M, M — {z};Z). If r has order 2 in R then r = —r
so M, is just a copy of M, and otherwise M, is isomorphic to the two-
sheeted cover M. M r is the union of these M,’s which are disjoint
except for the equality M, = M_,. O

Proof of Lemma 2.1. The proof is in several steps.

(1) If the Lemma is true for compact subsets A, B and AN B then
it is true for their union AU B.

Let us first write down a Mayer-Vietoris long exact sequence:

o Hy (M, M — AN B)——H, (M, M — AU B)->—~

H,(M,M — A) & H,(M,M — B)—"~H,(M,M — AN B)
Where ¢(a) = (a, —a) and (e, 5) = o + B.
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Plugging the hypothesis in the above exact sequence we get that
H;(M,M — AU B) =0 for : > n+ 1. Furthermore, the above exact
sequence reduces to the following.

0—H, (M, M — AU B)— = H,(M,M — A) ® H,(M, M — B)

— Y H,(M,M — AN B)

Let o € H, (M, M — AU B) such that o, = 0in H,, (M, M —{z}) for
all z € AU B. Since the map H,(M,M — AU B) — H,(M, M — {x})
factors through H,(M, M — A) we get (a4), = 0 for all z € A. So by
hypothesis @y = 0 and similarly ap = 0. Since ¢ is injective o = 0.
This proves (a).

Proof of (b) for AU B. Let z — «, be a section of Mp — M. By
hypothesis there exists ay € H,(M,M — A) and ap € H,(M,M — B)
such that (o), = a, for all z € A and (ap), = «a, for all z € B. Now
note that ¥ (a4) and ¥ (ap) have the defining properties of aanp and
hence by uniqueness ¥ (a4) = ¥(ap) = aanp. Therefore (as, —ap) =
0. By exactness of the sequence there is aap € H,(M,M — AU B)
such that ¢(aaup) = (a4, —apg). This asup maps to as and ag, so
aaup has images «, for all x € AU B since as and apg have also the
same property. This proves (b).

(2) Reduction to M = R". Let A C M be compact. Then there exist
open sets Uy, Us,...,U,, and compact sets A; C U; fori =1,2,...,m
such that U; is homeomorphic to R” and A = U;A;. We apply (1) to
AjUAU...UA,,_; and A,, and by induction we see that we need to
prove the Lemma for compact set A C R" C M. By excision we are
reduced to the case M = R".

(3) M = R™ and A is a finite subcomplex of some triangulation of
R™.

If A has only one simplex then the Lemma is obvious. Thus we can
use an induction on the number of simplices and apply (1) to complete
the proof in this case.

(4) Let A be an arbitrary compact subset of R". Let o € H;(R", R"—
A) be represented by the cycle z and C be the image of the singular
simplices in dz. Then C' is compact. Let 6 = dist(A,C) > 0. Let A"
be a large simplex in R™ such that A C A"™. Subdivide A" sufficient
number of times so that diameter of each simplex is < §. Let K =
{0 | 0N A+#D where ¢ C A" is a simplex}.

Then K is a simplicial complex disjoint from C. Also K is finite.
Clearly z defines a cycle and hence an element ayx € H;(R",R" — K)
which goes to a in H;(R",R" — A). If i > n then by (3) H;(R",R" —
K) =0 and hence o = 0. Therefore H;(R",R" — A) = 0.
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If i = n and «, is zero in H,(R",R" —{z}) for all x € A then a,, =0
for all x € K. Therefore by (3) ax = 0 and hence v = 0. This proves
(a).

To check (b) choose a large ball B containing A. Then the isomor-
phisms H,(R",R"—B) — H,(R",R"—{z}) factors through H,(R", R"—
A). (b) now easily follows using continuity of a section.

Finally, the uniqueness in (b) follows from (a). O

We have the following easy consequence.

Corollary 2.1. Let M be a closed manifold. Then H,(M;Zs) = Zs.
And H,(M;Z) = 0 or Z if and only if M is non-orientable or orientable
respectively.

We can deduce some more as can be seen in the following.

Corollary 2.2. Let M be a closed connected n-manifold. Then the
torsion subgroup of H,_1(M;Z) is trivial if M is orientable and Zo if
M is non-orientable.

Proof. This is an application of the universal coefficient theorem for
homology.

H,(M;G) ~ (H,(M;Z) ® G) & Tor(H,_(M:Z),G).

Let M be orientable. If possible assume that H,_;(M,Z) contains
some torsion. Then clearly for some prime p, H,(M;Z,) would be
larger than the Z, coming from H, (M;Z). In the non-orientable case,
H,(M;Z,,) is either Zs or 0 depending on whether m is odd or even.
Therefore the torsion part of H,,_1(M;Z) must be Z,. O

Another application of the lemma is the following homological result
for noncompact manifolds.

Proposition 2.2. If M is a connected noncompact manifold of dimen-
sion n, then H;(M;R) =0 fori > n.

Proof. Let [z] € H;(M; R) be an element represented by a cycle z. Note
that the image of z in M is compact. Hence we can find an open set
U in M containing this image so that U is compact. Let V =M — U.
Consider the following part of the long exact homology sequence of the
triple (M, U UV, V).

Hip (M,UUV; R) —= H;(UUV,V; R) — H;(M,V; R)

| !

H;(U; R) H;(M; R)
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By Lemma 2.1 for i > n H; 1 (M, UUV; R) = H;(M,V; R) = 0 since
both V and U UV are complement of compact sets.

Therefore H;(U; R) = 0. Thus z is a boundary in U and hence in
M. Hence H;(M;R) =0 for i > n.

i = n case. Since M is connected the image [z], of the class [z]
in H,(M,M — {z}; R) must either be zero for all z € M or nonzero
for all z. Since M is noncompact and [z], is always zero for all x not
in the image of z and the image of z is compact. Thus by Lemma
2.1 z represents zero in H,(M,V; R) and hence in H;(U; R) also since
H,1(M,UUV;R)=0 by Lemma 2.1 again. So [z] =0 in H,(M; R)
and since z was an arbitrary choice we get H,(M; R) = 0. O

3. CAP PRODUCT, STATEMENTS OF POINCARE DUALITY FOR
CoMPACT AND NON-COMPACT MANIFOLDS

If M is a closed R-orientable manifold of dimension n the Poincaré
duality theorem says that there is an isomorphism

HY(M;R) — H,_;(M;R)

for each i. In this section we set up the methods to define the above
homomorphism and to prove a crucial lemma. The proof will require
the consideration of noncompact manifolds in some inductive steps and
define a similar map for noncompact manifold. But in the noncompact
case the ordinary cohomology will not work. Instead we need to define
something called cohomology with compact support.

3.1. Cap product. Let X be an arbitrary space and R be a commu-
tative ring with unity. Let k& > [ be nonnegative integers. Then we
define the cap product

~: Cu(X; R) x CYX; R) — Cy_1(X; R)

in the following way.
For o : A¥ — X a singular k-simplex and a cochain ¢ : C!(X; R) =
hom(Cy(X; R), R)

We now check the following formula.

O~ ¢) = (=1)(00 ~ ¢ — 0 ~ 5¢).
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g™ 5¢ = EE:O(_l)igﬁ(ghvo ~~~~~ U yunrs Uz+1])0’[vz+1 ~~~~~ v
On the other hand we have

0(0 - ¢) = Zﬁzl(_l)i_l¢(g|[vo 77777 vz])al[vz ~~~~~ TiyeenyUR] -
This proves the assertion

Ao ~ ¢) = (=1)(90 ~ ¢ — 0 ~ 59).

Thus if ¢ is a cycle and ¢ is a cocycle then clearly o —~ ¢ is a cycle.
Furthermore the following are satisfied.

(1) do = 0 implies o —~ ¢ is a boundary if ¢ is a coboundary.

(2) d¢ = 0 implies 0 —~ ¢ is a boundary if ¢ is a boundary.

These above facts imply that there is an induced cap product map

~: Hy(X; R) x H(X; R) = H,_(X; R)

which is bilinear.
There are similar cap product map in relative situation as follows.

~: Hy(X, A;R) x H(X; R) — Hyp_ (X, A; R)
~: Hy(X, A;R) x H(X, A;R) — Hy (X R)
~: Hy(X,AUB; R) x H(X,A;R) — Hy_(X, B; R)
There is also a naturality property satisfied by the cap product. Let

f: X — Y be a continuous function, a € Hy(X) and ¢ € H!(Y).
Consider the following diagram.

Hk(X) X HI(X);>H]€_Z(X)

A

Hk(Y> X Hl(Y) — Hk—l(Y)
Then the naturality of the cap product says the following.

fila) ~ ¢ = fila ~ f(9))
The above can be checked by replacing fo for ¢ in the definition of

cap product.
Now we are in a position to define the homomorphism in the Poincaré

duality theorem.
Let M be a closed R-oriented n-dimensional manifold and [M] €

H,(M;R) be the fundamental class of the orientation. Then the cap
product with [M] defines a map

Dy H*(M; R) — H, (M; R).
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That is Dys(¢) = [M] ~ ¢ for ¢ € H*(M; R).
Then the theorem says that D), is an isomorphism for all k.

Theorem 3.1 (Poincaré duality theorem). Let M be a closed connected
R-orientable n-dimensional manifold with fundamental class [M]. Then
the map Dy : H*(M; R) — H,_x(M; R) is an isomorphism for all k.

Example For a closed orientable manifold with a triangulation the
fundamental class will look like ¥ 4 o; where o;’s are top dimensional
simplices in the triangulation of the manifold. This can be checked
using Lemma 2.1. That is the two facts that the map H,(M : R) —
H, (M, M —{z}; R) is an isomorphism and the fundamental class goes
to a generator of the local homology at x.

The proof of the duality theorem is again in the same spirit of the
proof of Lemma 2.1. The argument is by induction and we need to
consider non-compact manifold in the process. We have to state a du-
ality theorem for non-compact manifolds. For which we need a different
cohomology group.

3.2. Cohomology with compact support. To motivate the situ-
ation we first consider the simplicial case. Let X be a locally finite
simplicial complex and G be an abelian group. Consider the simpli-
cial cochain group C*(X;G) = hom(Cy(X;G),G) and define a sub-
group C%(X; @) consisting of cochains which take nonzero value only
on finitely many simplices. It is then easy to see that the coboundary
map restricts to these cochain groups. Since by the locally finiteness
condition an n-simplex is intersected by only finitely many simplices
of (n 4+ 1)-dimension. Therefore we get a subcomplex C%(X;G) of
C*(X; G) called the compactly supported cochain complex and coho-
mology of this complex is called the compactly supported cohomology
groups of X.
Example. Equip R with the simplicial structure where the integer
points are zero simplices. Then show that H:(R;G) = 0 for i # 1 and
G fori = 1.

Let us now see the singular situation. Let X be an arbitrary topo-
logical space. Define

CHX;G)={¢p € C'(X;G) | there exists a compact set K, such

that ¢ takes zero value on any chain in X — K}

Then again C¥(X;G) forms a subcomplex of C*(X;G) and its’ co-
homology groups are called the compactly supported cohomology groups
of X.



NOTES ON ALGEBRAIC TOPOLOGY 11

Remark 3.1. Here we remark that in the above definition if we de-
mand that ¢ should vanish only on simplices in X — K, then the
resulting groups will not form a subcomplex because the coboundary
map will not be defined.

For our purpose we need an alternate way to look at these groups.
Let K C X be a compact subset. Consider the relative cochain sub-
complex C*(X, X - K;G) C C*(X;G). For compact subsets K C L we
get homomorphism C*(X, X — K; G) — C*(X, X — L; G) which induces
homomorphism in cohomology H (X, X — K;G) — H'(X, X — L; Q).
Also the set of all compact subsets of X forms a directed set under the
partial ordering induced by inclusion of sets. Therefore we can take the
direct limit of the collection { H (X, X — K;G)}x and then it is easy
to show that it is isomorphic to the compactly supported cohomology
we defined above.

Therefore we can think of compactly supported cohomology as the
direct limit of local cohomology supported at compact sets.
Example. It is easy to show that H{(R"; G) = 0 for i # n and = G
for ¢ = n. Just consider the closed balls as the compact sets. Since the
closed balls form a cofinal subset of the set of all compact subsets.

Now we are in a position to define duality for noncompact manifolds.

Let M be an R-oriented n-dimensional manifold possibly noncom-
pact. We define a duality map Dy, : H¥(M; R) — H,_1(M;R) in the
following way.

Let K € L € M be compact subsets of M. Then we have the
following diagram.

H,(M,M - K) x H*(M, M — K) ——~ H,_(M)
H,(M,M — L) x H*M, M — L) —— H,_(M)

By Lemma 2.1 there exist unique classes ux € H,(M, M — K) and
pr € H,(M, M — L) restricting to the given orientation at each point
of K and L respectively.

By uniqueness we get i, (u1,) = pix. By naturality of cap product we
get

pr —~ o =i(ur) ~a=pu, ~i(a)
for o € H*(M, M — K).

Thus we get ux —~ o = g, —~ i*(«). This shows that the duality map
HY(M,M — K) — H,_(M) factors through H*(M, M — L). Hence
we get a homomorphism in the limit.

Dy H¥(M; R) — H,,_(M;R)
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Theorem 3.2 (Poincaré duality theorem for noncompact manifold).
Let M be an R-orientable manifold (possibly non-compact) of dimen-
ston n. Then Dy is an isomorphism for all k.

The proof of this general theorem depends on the following lemma.

Lemma 3.1. Let U and V' be two open subsets of M such that M =
UUV, then there is a diagram of Mayer-Vietoris sequences commutative
up to sign.

- ——=HNUNV) HKU) @ HE(V)
iDW iDU@DV iDM

o ——=H, (UNV) ——H, x(U) ® Hpps(V) — Hp (M) —

e BN UAV)

HE (M) —

iDUmV
- nfkq(UﬂV) — ...

Proof. Let K C U and L C V be compact subsets. Then we have
Mayer-Vietoris sequences fitting in a diagram as below. Now we need
to introduce the following notation: (X, X — A) := (X|A).

o —— H*(M|K N L) — H*(M|K) & H*(M|L) —
HYUNV|KNL) H*(U|K) & H*(V|L)
iﬂKﬁL“ iMKAEB—uL’“
H, (U)® Hy (V) ——
—— H*(M|K U L) —>> H*(M|K N L)

e H, W (UNV)

\LP«KUL’\ llJKr}L’\

Hy (M) —2 H, . (UNV)

Above the isomorphisms ~ are induced by excision. Taking limit
varying the compact sets K C U and L C V and assuming that the
above diagram is commutative completes the proof of the lemma. Since
any compact subset of U NV is contained in a compact set of the form
KNL where K C U and L C V are compact. Similar for U UV. Also
since direct limit of exact sequences is exact.

We need to show that the diagram involving K and L above is com-
mutative up to sign. The commutativity of the first and the second
square is trivial. We have to check it for the third square only.
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Let A= M—K and B = M —L. Let us first compute the connecting
homomorphisms § and 0.

Note that ¢ is obtained from the following short exact sequence of
cochain complexes.

0—C*(M,A+B)—C*(M,A)&C*(M,B) - C*(M,ANB) —0

where C*(M, A + B) is the group of cochains on M which vanish on
chains in A and chains in B. Let ¢ € C*(M,A N B) be a cocycle.
Then ¢ = ¢4 — ¢p for o4 € C*(M,A) and ¢p € C*(M,B). So
¢ = 04 — d¢p = 0 which implies dp4 = d¢pp. Therefore, §[p] =
[0p4] = [0¢p]. Similarly for [z] € H.(M) 0[z] = [0zy] = [0zv] where
zy € C*(U) and zy € C*(V).

Remark 3.2. Here is a correction to the above paragraph. Note that
C % (M,A+ B) is not the same as C*(M, A U B) but the inclusion
C*(M,AU B) C C*(M, A+ B) induces isomorphism on cohomology.
So the correct interpretation of the connecting homomorphism will be
d[p] = [0pa + 0] for some ¢p € C*(M, A+ B).

Remark 3.3. Also notice that there are two different types of § (0),
one is the coboundary for the cochain (chain) complex and another
is the connecting homomorphism in the Mayer-Vietoris sequence for
cohomology (homology).

By barycentric subdivision the class pxyp can be represented by a
chain « of the form o = ay_p + apny + ay_k of sum of chains in
U—-L UNV and in V — K respectively.

Note that under the map H,(M|K U L) % H,(M|K N L) the class
Lo goes to iy ([apny]) since ap—, and ay_ i both lies outside K N L.
Hence by uniqueness of puxnz it is represented by apny. Similarly
ay—r + auny represents .

Let us now write the third square in the following form where we
identified H*™(M|K N L) with H*(U N V|K N L) using excision.

H*(M|KUL)—% H*Y(UNV|KNL)
i#KuL“ lﬂKnL’“

H, (M) - H, 1 (UNV)

Let ¢ be a cocycle representing an element in H*(M|K U L). Then
d0p = d¢p4 and hence ¢ goes to @ —~ dpa = ayny — dpa = dayny —
gbA. Since 0 = 8(04Um/ — ¢A) = (_1)k(80fUﬂV — gbA — Qyny (squ)

Now going the other way in the above square we get ¢ goes to
a~ ¢ = (- —~ ¢)+ (apny — ¢+ av_xg —~ ¢). Here we have
written the above in chains in U and V' in separate bracket. This will
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ease to compute the connecting homomorphism. Therefore we need to
calculate the value of d(¢y_ —~ ¢) only.

Note that d(¢y_ —~ ¢) = (=1)*0py_, —~ ¢ since ¢ = 0. Which is
equal to (—1)*0ay_; —~ ¢4 since dpy_;, —~ ¢p = 0 for ¢p being zero
on chains in B = M — L. Finally we get (—1)*"'0ay~y —~ ¢4 since
8<05U—L +aUﬂV) ~ qu =0 for 8(aU_L "’aUﬂ\/) being a chainin U — K
and ay_p + ayny represents px and ¢4 vanishes in A = M — K.

Thus the diagram commutes up to sign. U

4. PROOF OF THE POINCARE DUALITY THEOREM

Proof of the Poincaré duality theorem. We need to first deduce two in-
ductive steps: finite and infinite.

(A) Let M = U UV where U and V are open sets of M. Assume
that Dy, Dy and Dypny are isomorphism. Then by Lemma 3.1 D), is
an isomorphism.

(B) Let M be the union of open sets U; C Uy C --- such that the
duality maps Dy, are isomorphisms, then so is D), since the following
point are satisfied.

° thCUi Hk(M, M — K) ~eT thCU,‘ Hk(UZ, UZ — K) ~ H?(Uz)

e Since there are more compact sets in U;y; than in U; we have
a natural map limgcy, H*(M, M — K) — limgcy,,, H*(M,M — K).
Thus we have maps H*(U;) — H*(U;14).

e Notice that any compact set in M is contained in some U;. Hence

e Furthermore H, (M) = lim; H,,_(U;).

The map D), is then the limit of the isomorphisms Dy, and hence
is an isomorphism.

Now we complete the proof of the theorem in three steps.

(1) Let M = R". Regard M as the interior of the n-simplex A™.
Then the duality map can be identified with the map H*(A"™, A™)(~
HE(A™)) — H,_x(A"). Where (fundamental class) [A"] € H, (A", 0A™)
is the homology class of the identity map A™ — A™ and the above map
is the cap product with [A"].

The only nontrivial map is when k£ = n. A generator of H"(A™, 0A™)
is represented by a cocycle ¢ which takes the value 1 on [A"].

It is easy to check that [A™] ~ [¢] is a generator of Hy(A™).

(2) Let M be an arbitrary open set of R”. Let us write M as a union
of convex open subsets U; (for example open balls). Define V; = U;;U;.
Note that Dy, are isomorphism for all ¢ by (1). Also U; NV, and V;
both are intersections of (n — 1) convex subsets. By induction on the
convex open sets in the cover, Dy, and Dy,y, are isomorphisms. Now
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since Vi41 = U; U'V; we see that Dy,,, is an isomorphism. By (B) Dy
is an isomorphism since M is an increasing union of the open sets V;.

(3) If M is a finite or countable infinite union of open sets U; homeo-
morphic to R" the two applications of (2) and on the second application
replace ‘convex open sets’ by ‘open sets’ proves that D, is an isomor-
phism.

Thus we have completed the proof of the Poincaré duality theorem
for closed manifolds and manifolds which are countable union of open
sets homeomorphic to R"™.

For manifolds which cannot be written in the above form we can use
Zorn’s Lemma to complete the proof.

Let M be an arbitrary non-compact connected manifold of dimension
n. Consider the collection

A={U | U C M open and Dy is an isomorphism}.

Then A is partially ordered and if B C A is a totally ordered subset
then for V.= U{B | B € B} Dy is an isomorphism by (B). Hence
by Zorn’s Lemma there is a maximal element C' € A for which D¢
is an isomorphism. We claim that M = C. If not then there is a
point x € M — C'. Let B C R" be a ball neighbourhood of x in M.
Then Dy is an isomorphism by (1) and Dyny is an isomorphism by
(2). Therefore using (A) we see that Deyy is an isomorphism which is
a contradiction to the maximality of A. O

5. LEFSCHETZ AND ALEXANDER DUALITY THEOREM:
STATEMENTS AND PROOFS

Let R} = {(z1,22,...,2,) € R" | 2, > 0}. A Hausdorff topologi-
cal space M is called a manifold with boundary if each x € M has a
neighbourhood homeomorphic either to R"™ or to R’!. Let x € M then
H, (M, M —{x}; R) = 0 if = corresponds to a point on z,, = 0 and it is
R if x corresponds to a point on x,, > 0. The subspace on M consist-
ing of the points of the former type is called the boundary of M and is
denoted by OM and is characterized by the above homological observa-
tion. Also it is easy to show that JM is a manifold of dimension n — 1
without boundary. For example R’ itself is a manifold with boundary.
Also D" = {(z1, 22, ...,7,) € R" | ¥ ;27 < 1} is a manifold with S"~*
as boundary. More generally a closed manifold minus an open ball is
an example of such a manifold.

M is called R-orientable if M — OM is R-orientable.

A collar neighbourhood of the boundary M of a manifold with
boundary M is the image of an embedding OM x [0,1) — M such that
¢(x,0) =z for all x € OM.
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Proposition 5.1. The boundary of any compact manifold with bound-
ary has a collar neighbourhood.

Proof. See the proof in the book of Hatcher. It basically uses the
existence of partition of unity for compact manifolds. O

The Lefschetz duality theorem is the relative version of the Poincaré
duality for compact manifolds with nonempty boundary. The proof
is also immediate from the Poincaré duality theorem for noncompact
manifolds.

Theorem 5.1 (Lefschetz duality theorem). Let M be an R-oriented
compact connected manifold with boundary. Then there is an isomor-
phism

Dy H¥(M,0M; R) — H,_(M; R)
for all k.

Proof. Let us first define the map D,,;. Using the existence of a collar
neighbourhood it is easy to deduce that H;(M,0M; R) and H;(M —
OM,0M x (0,¢)) are isomorphic for all i. Hence by Lemma 2.1 there
is a fundamental class [M] € H,(M,0M;R) which restricts to the
orientation in each point of M — M. Therefore taking cap product
with [M] gives a map Dy : H¥(M,0M;R) — H, x(M;R). Next,
using the existence of collar neighbourhood we see that H*(M,dM)
and HX(M — OM; R) are isomorphic and similarly H,_;(M;R) and
H, (M — OM; R) are isomorphic. This completes the proof of the
theorem. O

Theorem 5.2 (Alexander duality theorem). Let K C S" be a compact

locally contractible nonempty proper subspace. Then Hp(S" — K;7Z) ~
H" *Y(K;Z) for alli.

It is important to note here that the theorem implies that the ho-
mology of the complement of K depends only on K as long as it is not
too wild a space. However for an arbitrary compact subspace there is
Alexander duality but we need to consider Cech cohomology theory.

Proof. Let k # 0. Then we have the following deductions.

H,(S" — K) = H,(S" — K)
~ H"*(S" — K)( Poincaré duality )
~ lim H"*S" - K,U — K)

KcU

~ lim H"*(S",U)( Excision )
KcU
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~ lim H" " YU)ifi #0

KCU
~ ﬁ”_k_l(K)

The second isomorphism is by definition of compactly supported co-
homology. The fourth isomorphism is obtained from the long exact
sequence of cohomology for pairs. The final isomorphism is described
below.

Since K is locally contractible it has a neighbourhood Uy in S™ of
which K is a retract. Therefore in the limit above we can take only
those neighbourhood of K which are contained in Uy. These open sets
will retract to K by restricting the retraction of Uy. This information
can be used to show that limg-y H*(U) — H*(K) is surjective.

To check injectivity we need to find an open set V C U C U, contain-
ing K such that the inclusion V' — U is homotopic to the retraction
V — K. Let us first prove injectivity of limgcy H*(U) — H*(K) using
this fact. Existence of the above V' implies that the inclusion induced
map H*(U) — H*(V) factors through H*(K'). Hence if some element
of H*(U) goes to zero in H*(K) then it goes to zero in H*(V) also.
Thus proving the required injectivity.

Let us now prove the existence of V. Let U C Uy and r : U — K
be the retraction. Define U x I — R™ C S" by the following formula
(u,t) = u(l —t) + tr(u). This is a homotopy of the identity to the
retraction U — K. Also it clearly takes K x I to K. Using compactness
of I we can therefore find an open set V C U containing K which has
all the required property.

We still have to consider the case of ¢ = 0. In this case the fourth
isomorphism above does not hold. To get around this problem we use
the naturality of the first three isomorphism and map them to the case
when K = U = () and then take the kernel of these maps to get the
isomorphism Hy(S") ~ limgcy H"*(U) which is then identified with
H"(K) as we did above.

This completes the proof of the Alexander duality theorem. O

6. EXAMPLES AND APPLICATIONS

In this section we derive some consequences of the duality theorems
we proved.

Let M be a closed manifold of dimension n. The very first implication
of the Poincaré duality theorem is that H;(M;Z,) = H'(M;Z,) =
0 for ¢ > n. Now if M is also orientable then further we have got
isomorphism Hy(M;Z) — H"*(M;Z) for all k. This implies the above
vanishing results with integer coefficients as well. Let us now recall that
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a closed manifold has finitely generated homology. (see Corollaries A.8
and A.9 in the Appendix in [1]). The universal coefficient theorem says
the following.

H"(M;Z) ~ hom(H,(M;Z),7) ® Ext(H,_1(M,7),Z).

Since homology groups of M are finitely generated using properties
of Ext we get the following.

Ext(H, 1(M;Z),7Z) = torsion part of H, (M;Z) = T,_1(M;Z)(say).

Furthermore, note that hom(H,(M;Z),Z) ~ H,(M;Z)/T,(M;Z).
Hence H"(M;Z) ~ H,(M;Z)/T,(M;Z) ® T,,_1(M;Z). Now let us
assume that M is oriented and apply Poincaré duality and see that

Hy(M;Z) ~ H" " (M3 Z) ~ Hy_ (M3 Z) )T t(M;Z) @ Ty (M Z2).

Therefore we get the following two equalities for closed oriented man-
ifolds:

(1), Hp(M;2)[Ty(M;Z) ~= Hy (M3 Z) [ Tk (M Z2).

(2) Tk(M,Z) ~ Tn_k_l(M;Z).

Thus the free parts of H,(M;Z) and H,_(M;Z) are isomorphic and
the torsion parts of Hy(M;Z) and H,_j_1(M;Z) are isomorphic.
Exercise. Check the above two equalities (1) and (2) for the manifold
St x -+ x S (n-times) directly using Kiinneth formula.

We now deduce an interesting application of the Alexander dual-
ity theorem. Let K be the Klein’s bottle. We show that K can-
not be embedded in R3. Because, if it is so then K can also be
embedded in S? and then by the Alexander duality theorem we get
Hy(S? — K) ~ H>*(K). Now, by the universal coefficients theorem
we have H>*(K) ~ hom(Hy_1(K),Z) ® Ext(H,_(K),Z). Put k = 0.
Then Ho(S? — K) is free. Hence H?*(K) = H?*(K) is free. There-
fore Ext(H,(K),Z) is trivial. Which implies H;(K) is free. That is a
contradiction as H;(K) contains Zs.

For more exercises on these lectures we refer the reader to the corre-
sponding chapters in the book [1]. Some exercises have been accumu-
lated in the section Exercises in this notes.

7. LEFSCHETZ FIXED POINT THEOREM AND ITS APPLICATION

In this lecture we will prove a general version of the Brouwer fixed
point theorem. The question is that given a finite simplicial complex
X and a continuous map f : X — X find a condition which will ensure
that there is a point z € X such that f(z) = z. A more general
question is that given two such spaces X and Y and two continuous
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maps f,g: X — Y find a condition which will guarantee that there is
a point x € X such that f(z) = g(z). This last question of which the
first one is a consequence was answered by Lefschetz. For a detailed
information on fixed point theorems of Lefschetz see the book [2].

To state the Lefschetz fixed point theorem we need to define a ho-
mological invariant called Lefschetz number. Recall that given an n xn
matrix A = {a;;} (say over the integers) the trace of A, denoted, tr(A)
is 3;a;;. Given two matrices A and B, tr(AB) = tr(BA). Thus under
conjugation the trace of a matrix does not change and hence if we rep-
resent the linear map A : Z" — Z" under a change of coordinates by a
different matrix then the trace does not change. Therefore, without any
confusion we can talk about trace of a linear map. Furthermore, given
a finitely generated abelian group GG and a homomorphism f: G — G
we define the trace of f, tr(f) as the trace of the induced linear map
f: G/{torsion} — G/{torsion}.

Definition 7.1. Let X be a finite simplicial complex and f: X — X
be a continuous map. Then the Lefschetz number 7(f) is defined as
Yi(=1)r(fe s Hi(X,Z) — H{(X,Z)).

Theorem 7.1. Let X and f be as in the Definition. If T7(f) # 0 then
there is a point x € X such that f(z) = .

An immediate corollary is the Brouwer fixed point theorem. More
generally, if X has homology of a point or has finite homology groups
then any continuous map has a fixed point. For a concrete example let
X = RP? then we know that the homology groups of X are finite and
therefore any continuous map f : RP?* — RP? has a fixed point. It is
evident that the compactness hypothesis is necessary. As for example
take R! and f be a translation by some non-zero number. Then 7(f) =
1 but f has no fixed point.

Proof of Theorem 7.1. At first equip X with a metric d. Which can
easily be done by giving Euclidean metric in every simplex so that
common edges from different simplices gets the same metric from the
bigger simplices. Or it can be done by embedding the simplicial com-
plex in a A" in some Euclidean space and then take the restricted
Euclidean metric.

Since X is compact there is an € > 0 so that d(z, f(x)) > € for all
x € X. Choose a subdivision of L of X so that the star of any simplex in
L has diameter < €/2. Applying the simplicial approximation theorem
there is a further subdivision K of L and a simplicial map g : K — L
homotopic to f. By construction this ¢ has the property that for each
simplex o of K, f(o) is contained in the star of the simplex g(o).
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Then g(o0) No = @ for each simplex ¢ of K since for z € o, o lies
within distance €¢/2 of x and g(o) lies within distance €/2 of f(z),
while d(z, f(z)) > e.

Since f and g are homotopic, 7(f) = 7(g). Since g is simplicial it
takes the n-skeleton K" of K to the n-skeleton L™ of L, but since K is a
subdivision of L L™ C K". Thus g induces chain map H, (K™, K"!) —
H,(K", K"1) on the cellular chain complex to itself of K. We claim
the following.

7(9) = Bu(—=1)"tr(g. : Ho(K", K™ 1) — H, (K", K™ 1)).

Recall that H, (K", K"!) is a free abelian group on the n-simplices of
K, now since g(o)No = () for all simplex o in K we see that tr(g.) =0
and hence 7(g) = 0 which is a contradiction.

Now we only need to prove the above displayed equality. Let (), :=
H, (K", K"1). Then we have the following two commutative diagram
where the vertical maps are induced by g¢.

0 ——=ker(0,) —= C, —=img(0,) —= 0

ngn lgcn igln

0 — ker(0,) — C,, —=img(9,) —=0

0 —=img(Opt1) — ker(0,) — H,(K) —=0

\Lgln+1 \LgKn ian

0 ——=1img(Opy1) — ker(0,) — H,(K) —=0

It is easy to prove the following two equalities. tr(gc,) = tr(gx,) +
tr(gr,) and tr(9x,) = tr(9m,) + tr(gr,.,). Substitute the second into
the first and then multiply by (—1)" and take sum over n. The tr(gy,)
terms will cancel out and that will prove the claim. 0

8. EXERCISES

1. Show that the following manifolds are non-orientable: RP?* for k a
positive integer, Mobius band and Klein bottle.

2. Let M be a closed manifold of dimension n. Assume that m; (M) is
finite of odd order. Prove that H,_1(M;Z) is torsion free.

3. Show that no non-orientable surface can be embedded in R3.

4. Show that removing finitely many points from the interior (that is
M —0M) of a manifold does not affect the orientability of the manifold.
5. Let M be a closed manifold and A C M is a compact subset. Prove
that there is an isomorphism H, (M, M — A) — I'4(M) where I'4(M)
is the R-module of sections of the covering projection p : Mg — M
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on the subset A, that is the continuous maps ¢ : A — Mg such that
poq=idy.

6. Let A be a compact locally contractible space and f,g : A —
S™ be two embeddings. Show that H,(M — f(A)) is isomorphic to
H,(M — g(A)) for all n.

7. Show that the Poincaré duality theorem for R-orientable manifolds
is equivalent to the isomorphism of the duality map

Dan - H*((A™,0A"); R) — Hy(A™; R).
8. Show that any continuous map f : M(G,2k + 1) — M(G,2k + 1)
has a fixed point.
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