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Ramanujan Birth Centenary International
Colloquium on Number Theory and Related
Topics
Bombay, 4-11 January 1988

REPORT

An International Colloquium on Number Theory and related topics
was held at the Tata Institute of Fundamental Research, Bombay during
4-11 January, 1988, to mark the birth centenary of Srinivasa Ramanujan.
The purpose of the Colloquium was to highlight recent developments in
Number Theory and related topics, especially those related to the work
of Ramanujan “such as the Circle method, Sieve methods and Combi-
natorial techniques in Number theory, Partition congruences, Rogers -
Ramanujan identities, Lacunarity of power series, Hypergeometric se-
ries and Special functions, Complex multiplication, Hecke theory etc.”

The Colloquium was organized by the Tata Institute of Fundamen-
tal Research with co-sponsorship from the International Mathematical
Union. Financial support was received from the International Mathe-
matical Union and the Sir Dorabji Tata Trust, as in former years. The
organizing committee of the Colloquium consisted of Professors M.S.
Narasimhan, S. Raghavan, M.S. Raghunathan, K. Ramachandra and
C.S. Seshadri and Dr. S.S. Rangachari. The International Mathematical
Union was represented on the committee by Professors M.S. Narasimhan
and C.S. Seshadri.

The following mathematicians delivered one-hour addresses at the
Colloquium:
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G.E. Andrews, R. Askey, B. C. Berndt, D. M. Bressoud, D. R.
Heath-Brown, N. V. Kuznetsov, K. Ramachandra, K. G. Ramanathan,
S. S. Rangachari, R. A. Rankin, I. Satake, W. M. Schmidt, A. Selberg,
J. P. Serre, T. N. Shorey and D. Zagier.

Professor H. Iwaniec could not attend the Colloquim but sent a paper
for inclusion in the Proceedings.

Besides members of the School of Mathematics of the Tata Institute
of Fundamental Research, mathematicians from universities and educa-
tional institutions in India, France, Canada, Japan and the United States
of America were also invited to attend the Colloquium.

The social programme for the Colloquium included a tea-party on
4 January, a classical Indian dance performance (Bharatanatyam) on 6
January, a film show and a dinner-party at the Institute on 7 January,
a violin recital (Hindustani music) on 8 January, an excursion to the
Elephanta Caves on 9 January and a farewell dinner-party on 10 January
1988.
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VARIANTS OF CLAUSEN’S FORMULA
FOR THE SQUARE OF A SPECIAL,F,

By RICHARD ASKEY*

1 Introduction

One of the most striking series Ramanujan [10] found is

9801
212

The first proofs of [T have been given recently by Jonathan and Peter
Borwein [3] and by David and Gregory Chudnovsky [5]. They have
also found other identities of a similar nature, [4], [3]. As they remark,

Clausen’s identity [6]
a,b 2a,2b,a+ b

L:x|| =3F2 1 ;X (1.2)
a+b+§ a+b+§, 2a + 2b

plays a central role in the derivation of (L.I). Here

(4n)!
[n!]4(4.99)4

:Z[1103+26390n] (L.1)
n=0

2

2 Fy

ai,....ap | o (@) - .. (ap)px"
pr(bl,...,bq’x) = Zi - (bpan! (13
with
(@), =T(n+ a)/T'(a). (1.4)

*Supported in part by an NSF grant, in part by a sabbatical leave from the University
of Wisconsin, and in part by funds the Graduate School of the University of Wisconsin.
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2 1 INTRODUCTION

Ramanujan stated an extension of Clausen’s formula

a,b 1-+V1l-x a,b 1-+V1l-x
2 Fy s ——— |2 F) ——— (L.5)
c 2 d 2
(a,b,(a+b)/2,(c+d)/2 )
=4F3 ;
c,d,a+b

when ¢ +d = a+ b + 1. When ¢ = d and the quadratic transformation

F,( a.b - 1——x)__ . (a/2,b/2 . )
Ma+rv+2 " 2 )7 ¥ Na+p+n2”

is used, the result is (I.2). The first published proof of (L3 is due to
Bailey [1]].

David and Gregory Chudnovsky have been asking me if there are
other results like Clausen’s formula, where the square of a ,F'; is repre-
sented as a generalized hypergeometric series. There are other instances,
ans one will be given explicitly. The method of deriving it is probably
similar to Ramanujan’s method of deriving Clausen’s formula. As a
warm up, here is how I think Ramanujan derived (L.2).

There are two chapters in Ramanujan’s Second Notebook devoted
to hypergeometric series. The first formula in this first of these two
chapters is the sum of the 2-balanced very well posited 7F¢. This is a
fundamental formula, as Ramanujan knew, since he started with it. This
sum is

a, 1 +(a/2),b,c,d,e,—n .
! 6(51/2, a+l1=b,a+l-c,a+1-d, a+1—-e,a+1-n ]
(1.6)
_(a+Dpa+l-b-cpla+1-b-dyla+1-c—-d),
S (a+1-bpa+1-op@+1-dyla+1-b-c—ad),

and
e=2a+1+n—-b—-c—d, (L.7)
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The phrases very well poised and 2-balanced are defined as follows.
A series

ap,dy,...,a
p+1Fp( P;x) (1.8)
...y

is said to be k-balanced if x = 1, if one of the numerator parameters is a
negative integer, and if

p P
k+Zaj=ij.

The series[L.8]is said to be well poised if ap+1 = a;+by = ... = a,+b,,.
It is very well poised if it is well poised and if a; = b; + 1. Observe that
the condition (I.7) comes from the series being 2-balanced.

Dougall [[7]] published the first derivation of (L.6). Ramanujan’s dis-
covery was probably later, but not much later.

To derive Clausen’s formula, first consider

ab ', & @O @i Dok
F ; = X! 1.9
[2 1( x)] ano 2 OOt 7

:Z(a)n<b)n4F3(—n,a,b,l-n—c .1)),1.

l-n—al-n-b, ¢

The 4F5 series that multiplies x" in the expression in (IL.9) is well
poised. While a well poised 3F; at x = 1 can be summed, and a very
well poised 5F4 can be summed when x = 1, a general well poised 4F3
at x = 1 cannot be summed. However when the series is 2-balanced it
can be summed. To see this, first reduce the very well poised 7F¢ to a
well poised 4F3. This is done by setting d = a/2, ¢ = (a + 1)/2. Then
(126) becomes

a,b,e,—n
4F3( ‘1) (1.10)

a+1-ba+1l—-cea+1+n
_(a+1)((a+1-2b)/2),((a+2—2b)[2),(1/2),
C(a+ 1=b)((a+1)/2),((a+2)/2)u((1 - 2b)/2),




4 2 THE FOUR BALANCED VERY WELL POISED 7F¢

_ (a+ Dyla+1-2b),(1/2),

~(@+1=b)y(a+ o1 -2b)/2),

3 (a+1-=2b),(1/2),

T (a+ 1 =b)(a+n+ D((1=2b)/2),

_ T(a+1-2b+2m(n+1/2)0(a+1-bI(a+n+ DI(1/2-b)
T Ta+1 =20/ a+1—-b+n(a+2n+ DI(1/2) = b +n)

This last expression can be used when a = —k. Then

—k,b,e,—n
4F3 ;1
1-b-k1-e-k,1+n-k

T —k-=2b+2n)(1/2 +m'((1/2) = D)I(1 — b —K)I'(1 +n —k)
T —k=2b( —k+2m)TA/2CA —k—b+n)(1/2) —=b +n)’

holds for n = k, kK + 1,..., and is a rational function of n, so it holds
when 7 is replaced by continuous parameter —a. The result is

F; ( —k,a,b,e . 1) _ Qa)(2b)i(a + b), (L11)

l—a—k 1-b—k 1—e—k | (aD)a+2b)

after simplification. Recall that this series is 2-balanced, soe = —a—b—
k+(1/2).

One can take a = —k in (L.G) and then remove the restriction that
one of the other parameters is a negative integer. However setting ¢ =
(1 -=k)/2,d = —k/2 to obtain the 4F3 leads to an indeterminate form, so
it is better to reduce to a 4F’5 initially before letting @ — —«.

Both (LI0) and (IIT)) are 2-balanced well poised series, but they
are different in that different parameters are used to terminate the series.
When (L.17) is used in (T.9), he result is Clausen’s formula (1.2)).

2 The four balanced very well poised ; Fj

To find another formula like Clausen’s identity, we can look for another
well poised series that can be summed. The obvious candidate is the
4-balanced very well poised 7F¢. There are two natural ways to sum
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this series. One is an easy consequence of (I.6), so it is a derivation
Ramanujan could have easily given. We start with it. Set
(b)(e)k

) = T b+ 1 - oy @1

and use the 2-balanced condition
e=2a+1+n-b—-c—d. (2.2)
A routine calculation gives

bla—Db)fi(b+1)—(e—Dia+1-e)fi(b)
3 (D)i(e — 1)
T (a+1=-byla+2-e)

[b(a—b)—(e—1)(a+1-e).

Observe that the last factor is
bla-b)—Ra+n-b-c—-d)(b+c+d-n-a)

=(n+37a—b—c—d+g)(n+37a—b—c—d—g)—(b—g—g)(b—g+g)

=(n+37“—b—c—d)z—(b—§>2=(n+2a—2b—c—d)(n+a—c—d);
SO

n+2a-2b—-c—d(n+a-c—-d)x

a,g+1,b,c,d,e—1,—n
X 7F¢g a i1
§,a+1—b,a+1—c,a+1—d,a+2—e,a+1+n
a,g+1,b+1,c,d,e—1,—n
:b(a—b)7F6 a 2 ;1
E,a—b,a+1—c,a+1—d,a+2—e,a+1+n

—(e=Da+1-e)x

a
a,—+1,b,c,d,e,—n

2 .

E,a+1—b,a+1—c,a+1—d,a+1—e,a+1+n

X 7F¢



6 2 THE FOUR BALANCED VERY WELL POISED 7F¢

_bla-b+n(a+a-b-c)la-b-d),la+1-c—d),
@+ 1-bya+l-on@+1-d,a-b-c—-d),
—QRa+n—-b-c—-d)(b+c+d-a)Xx
X(a+l)n(a+1—b—c)n(a+l—b—d)n(a+1—c—d)n
(a+1-b)y(a+1-c)pa+1-dy,(a—b—-c—-d),

or shifting e up by 1 and doing some algebra:

a

a,—+1,b,c,d,e,—n
Fe| 2 |
16| ¢4 ;

§,a+l—b, a+l—-c,a+l1-d, a+1—-e,a+1+n

3 (@a+ Dyla=b—cpla—b—-dyla—c—d,

S (a+1=bpa+1-0oa+1-dya—b—-c—d),

nn+2a—b-c—d)a-—b-c—d)
(a-b-c)a-b—-d)a—c—-d)

X 1+

when the series is 4-balanced, or equivalently when

e=2a+n-b-c-d.

(2.3)

2.4)

The second natural way to derive (2.3) uses a more complicated
formula than (I.6), but the calculations from the starting formula are
easier, and one can see how to extend the sum to the very well poised
2k-balanced series. The starting formula is Whipple’s transformation

[14]] between a very well poised 7F¢ and a balanced 4F5:

a,g+1,b,c,d,e,—n
7F6| 4 ;1
E,a+1—b,a+1—c,a+1—d,a+1—e,a+1+n
_(a+Dyla+1-b-c), -na+1—-d-eb,c
T @+ l-bpa+l-opt?

When e = 2a + n— b — c — d, the 4F3 on the right is

—n,b+c+1—n—a,b,c‘1
43 b+c-n—-aa+1-d, b+c+d+1-n—-d

(2.5)

1.
b+t+c—-n—-aa+1-da+1-e )
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(= (D) (k+b+c—n—a)
(a+1-dyb+c+d+1—-n—a)yk! b+c—n-a)

k=0

—-n,b,c
=3k, 1|+
a+l-db+c+d+1-n-a
(=n)bc
+ X
(a+1-db+c—n—-a)b+c+d+1—-n—-a)

1l-nb+1,c+1
X3F> ;1
a+2—-db+c+d+2-n—-a

The second 3F; is balanced, and so can be summed using the Pfaft-
Saalschiitz sum

dl1+b+c—-n—-d) (@@.d-b-c) (2.6)

-n,b,c d—-b),(d-
3F2( );1_( In(d = )y
The first 3F> is two balanced, and so can be written as the sum of 2
terms by use of the transformation formula:

3F2( -n,a,b 1) _ (c—a)u(c—b), o 27

c,d ") (©ulc—a-b),
-naa+b+1-n—-c—-d 1)

X 3F ;
3 2(a+1—n—c,a+1—n—d

For, when the series on the left of (2.7)) is k-balanced, the third numer-
ator parameter in the series on the right is 1 — k; so the series can be
written as the sum of k terms when k =1,2, ...

For those unacquainted with (Z.7), an argument giving a g-extension
is in the last section.

These series combine to give another derivation of (Z.3) when (2.4)
has been assumed. This method clearly extends to give the sum of the
2k-balanced very well poised 7 F'¢, but the resulting identity is too messy
to be worth stating until it is needed.

6



8 3 ANOTHER CLAUSEN TYPE IDENTITY.
3 Another Clausen type identity.

To obtain the next Clausen type identity take the 4F5 in (I.9) to be 4-
balanced, or take ¢ = a + b + 3/2. As before, specialize (Z.3) by taking
¢ =a/2,d = (a+ 1)/2 and make the series on the left 4-balanced. The
resulting series is

P —-n,a,b,e . 3.1
43 a+l+na+l-ba+1-¢ ’

_ ta+ Dn((a = 2b)/2)n((a - 2b - 1D/2)a(=3)n "
(a+1=b),((a+2)/2)n(a+2)/2)u(=% = b),

[ nn+a-b- %) )

X1+ 1
[(a—2b)/2][(a - 2b - 1)/2](-3)

~ (@—=2b— 1), (=), dn(n+a-b-H2b+1)

@+ 1=b)la+n+1)(-1—b), (a+2b)a—-2b-1)

The replace a by —k and after the same argument given above, replace
—n by a. The result is

- k’ a, b’ e (2a)k(2b)k(a + b)k
4F3 ;1] = x A
l-a-k1-b-k1-e—k (@) (b)r(2a + 2b + 2);
(3.2)
with A given by
Ao (2 + 4a + 4b + 8ab)k + k* — k 3.3)
2(a+b)2a+ 1)2b+ 1)
or by
A= k% + (8ab + 4a + 4b + Dk + 2(a + b)2a + 1)(2b + 1) (3.4)
B 2(a+ b)2a+ 1)2b + 1) '
and |
e=—-k—-a-b—-—. (3.5

2



Using (3.2) with A given by (3.3)) in (I.9), we obtain

2

a,b 2a,2b,a + b
2F2 35X = 3F2 3 X (36)
a+b+§ a+b+§ja+%+2
. 2ab x . 2a+ 1,2b+ 1,a+ b+ 1
P X
@+b+Da+b+3/2)° 2 a+b+%,2a+2b+3

abil [2a+2,2b+2,a+b+2 ]
X

+ > 3F 7 ;
2(a+b+3/2)(a+b+5/2) at+b+2,2a+2b+4

Using (3.2) with A given by (3.4) gives

a,b
2 Fy 35X
a+b+ -

2

2 2a.2b.a+b.c+1,d+1

=sky

3 5 N EN)
a+b+§,2a+2b+2,c,d

where ¢ and d are determined by

2+ (8ab+4a+4b+ Dx+2(a+b)2a+1)(2b+1) = (x+c)(x+d). (3.8)

4 Comments.

After working out the above results, I went to a library to see if they 8
were new. The fact that

a,b 2
»F 1:x|| ,n=0,1,..., 4.1

+b+n+
a n 3

is a generalized hypergeomatric series was proved by Goursat [8]. He

also showed that
2
a,b
2 Fy 3x
C
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is a generalized hypergeometric series only when ¢ = a + b + n + %
n=0,1,.... His proof that {@.]) is a generalized hypergeometric series
uses Clausen’s formula (I.2)), its derivative

a,b a+1,b+1
2F1 15X 2F1 3 53X (42)
a+b+§ a+b+§

2+ 1,2b+ 1,a+ b+ 1

=3 3 ;X
a+b+§,2a+2b+1

and the transformation

1 1
a,b a+—=,b+—

2 F x| =1 -x)"%F, 2 Z;X .
a+b+§ a+b+§

Of course Ramanujan knew all of those facts. Goursat also used some
recurrence relations. Ramanujan knew about some of the recurrence re-
lations hypergeometric series satisfy, and almost surely derived some of
his continued fractions from these recurrence relations. However Ra-
manujan did not use recurrence relations as much as he could have, or
as often as he used other properties of hypergeometric series. While
Ramanujan almost surely could have rediscovered Goursat’s result if he
had needed it, it is more likely he would have used an argument like the
one given above. Ramanujan does not seem to have found Whipple’s
transformation formula (2.3). He did find a limiting case with one pa-
rameter missing, but we have not found (2.3)) in any of the sheets of his.
If there is another treasure like the sheets in Trinity College, I would not
be surprised in (Z.3) is there.

Actually, I would be surprised if Ramanujan was very interested in
Goursat’s result. What he really loved was not general results that could
not be made very explicit, but beautiful formulas. I could imagine Ra-
manujan working out the details in section 3, but the resulting formulas
are already starting to be messier than those he loved.
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I sent an outline of the results in sections 2 and 3 to a couple of
people, and George Andrews wrote back that the 4-balanced very well
poised 7 F sum was found by Lakin [9]. The two proofs given in section
2 are easier than the two Lakin gave, so it is worth including them above.
Lakin also found a basic hypergeometric extension of this sum. The
derivation of his result from the g-extension of Whipple’s formula is the
most natural one, so it will be given in the next section.

5 The 3-balanced very well poised g¢-.

The analogue of Whipple’s transformation formula (2.3) was found by
Watson [13]]. It is

a,qVa,—q\a,b,c,d,e,q" 2!
ig, ——— 5.1
I\ Va, - va, 4,2 X L P Thede oD
b ¢ d e
_n aq
(aq; n(2; Pn . 77 g bre -
= ar 43 3
(Z: Dn(Zn ﬂ,ﬂ,M
d e a
where
@q)y=1-a)l-ag)...(1-aqd"") (5.2)
and
o (aO,---,ap‘qx]_ S (@0 @k - - - (ap; Xt (5.3)
1 s Y - . .
P by, by £ (b @k - (b Oi(q: i

The series (5.3) is called k-balanced at ¢/ if x = ¢/, one of the
numerator parameters is ¢~ and apa ...aqu = by...b,. Itis called
balanced if k = 1 and j = 1. The series (3.3) is well poised if apg =
aiby = ... = apb,, and very well poised if it is well poised and if
a; =qgby,a = —ay.
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12 5 THE 3-BALANCED VERY WELL POISED g¢1.

The sum that corresponds to (I.6) occurs when the 4¢3 in (3.)) be-
comes a 3¢, bey setting a’>¢"*! = bede, and using

n’ 9b ; n b; n
m(q a i )_(c/a Pulc/b; q) 5.4)

¢,q" "abe” (e @n(c/ab; @)y

to sum the resulting balanced 3¢;. Observe that the balancing condi-
tion is now 1-balanced in the g-case as opposed to 2-balanced in the
hypergeometric case.

The analogue of (2.3) requires a 3-balanced very well poised g7 at
¢*. To obtain this sum, use (3.1) with

ag  beg'™
4 _ 1 5.5
de a (5-5)
The 4¢3 becomes
-n. b 1=5b k—n
Z(CI s k(b Qrlcs Pt ( cq- " /a) (5.6)

o LG g 1= beq™a

B (q_n,b, ¢, ) be(1 =g ™)1 = Db)(1 = ¢)q
-2 ag/d,aq/e’ ©q (aq™ — be)(1 —aq/d)(1 — aq/e)

l—n bq,CC[
X 302 39,
\agird,agtre T

where
1 —bed"™ja=1-bcg™")a+bcg™(1 — ¢F)a

was used to break the series into two sums. The second sum on the
right in (5.6)) is balanced, and so can be summed by (5.4)). The first is 2-
balanced at ¢, and a g-extension of (2.7) can be sued to sum this series.
To obtain this transformation, recall a transformation of Sears [12]]:

(q ,a,b,c ) _ (@)” (ag'™"/e;q)ag" ™" | f+ n
de,f 9 d (€ Dn(fsDn

. a,d/b,d/c
“la, aq1 "te,ag /1 T

x  (5.7)
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when ¢'"abc = def.
Let b,d — 01in (??). The result is

—n n—1\1 1-n/,. I-nj¢.
3502(q ,a,c;q’q]:(efq )(“‘I L LN (5.8)

e.f a e n(fsDn
q",a.q'"aclef ]

X 342 34,
Y [aql‘”/e,aql‘”/f +4

When the left hand side is k-balanced, ¢"ac = efg~*; so that right hand
side is the sum of k terms.

Formula (3.8) with k& = 2 reduces to formula (27) in [9]. The result
obtained when the series on the right in (5.6) are summed is equivalent to
(29) in [9] comes from the series on the left in (5.6) when 1 — beg""a™!
is broken into the two parts 1 and —bcg"™"a~!. Since these identities
and the sum of (5.I) when it is 3-balaced at ¢> and very well poised are
given by Lakin [9]], they will not be repeated here.
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TITCHMARSH’S PHENOMENON FOR
Z(s)

By R. Balasubramanian® and K. Ramachandra™

1 Introduction

Under the title “On the frequency of Titchmarsh’s phenomenon for {(is)”
we have written seven papers [11, 12, 2, 1, 3, 4, 13] sometimes individ-
ually and sometimes jointly. the present article is a summary of these
results. The function {(s)(s = o + if) is defined in o > 0 by

n+l

| 1 d 1
“”:Z[J‘fu_?]*s_y

n=1 n

The sum on the right can be easily shown to be an entire function by a
repetition of the trick which we have employed to prove that this is an

analytic continuation of {(s) = >, n”*(c- > 1) in o > 0. Thus the serious

problem about £(s) is not the ar;lalytic continuation. But the conjecture
{(s) # 0in o > 1/2 is really a very serious problem. [This is called
Riemann hypothesis (R.H.)]. To serve as an introduction to our results
we will first state some results (free from any hypothesis). We next recall
some well-known consequences of Riemann hypothesis for comparison
with these results. We will be concerned with the size of |{(o + if)|
in1/2 < o < 1, t > ty where 1y is a large positive constant which
may depend on parameters like o and other constants like (arbitrarily
small positive) € when they appear. The letter A will denote an absolute
positive constant and C will denote a positive constant independent of ¢

15
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but may depend on other parameters. There may not be the same at each
occurrence.

10(1/2) + it] < 7€ (1)

(u = 1/2 is easy; u = 1/4 is a little more difficult, the fundamental
result 4 = 1/6 is due to G. H. Hardy, J.E. Littlewood and H. Weyl [19]].
There have been a number of important papers by various authors which
reduce u = 1/6, the latest being 4 = 9/56 due to E. Bombieri and H.
Iwaniec [7] and a further reduction by 51@ due to M. N. Huxley and N.
Watt. A. result of N. V. Kuznetsov proved by him in a paper presented
by him in this conference implies that we can take y = 1/8).

(o +it)] < (17" log ) )

(due to the ideas of I.M. Vinogradov, see A. Walfisz’s book [20]]; see
also H.-E. Richert [18])).

(o + if)| < #1T)*e )

(various values of u(o) are obtained by various methods by various au-
thors; see E. C. Titchmarsh’s book [19]].)

12(1 + ir)| < A(log 1)*/3 (3)

(due to the ideas of .M. Vinogradov, see A. Walfisz’s book [20].)
We now state consequences of R.H.

|£(1/2 + it)] < Exp(Alogt/loglogt) 4)
(due to J.E. Littlewood, see [19]))
(o + it)| Exp(C(log )*' =7 / log log 1), C = C(5), (5)

uniformly in 1/2 < 00 < 1 —6(6 > 0). (This is due to J.E. Littlewood,
E.C. Titchmarsh and others, see [19])

|£(1 + if)] < 2¢” + €)loglogt (6)
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(due to J.E. Littlewood, see [19]. Littlewood’s method shows that if 6
defined as the least upper bound of the real parts of the zeros of {(s) is
less than 1, then (@) would follow with some positive constant in place
of 2¢”. Here as elsewhere we denote by y the Euler’s constant).

If we compare (@), @), @) with @), @), (@ we see how much has
been achieved in the direction of Lindelof hypothesis (L. H.) (which is
a consequence of R.H.) with states that in (I)) we can take u = 0. A
consequence of L.H. is that we can take u(o-) = 0 in (2’). The L.H. has
also remained unsolved for a long time. We do not know whether we
can take p(o) = O for any value of o in 1/2 < o < 1. These results
seem to be out of reach for many centuries to come. Also we do not
know whether the results @), @), (@) can be improved on the assumption
of R.H.. However we can show that in (@) 2¢” cannot be replaced by
any constant less than ¢”. The corresponding results regarding (4) and
@) are not so satisfactory. In (@), we can show that we cannot replace
the right hand side by Exp((log t)%‘f) and that the right hand side in
() cannot be replaced by Exp((log)!="€)in 1/2+6 < o < 1 - 6.
These results (which are called € results) are due to J.E. Littlewood and
E.C. Titchmarsh. Littlewood generally assumes R.H. and Titchmarsh’s
results are independent of any hypothesis. For references to the work of
Littlewood and Titchmarsh see [19].

THE PROBLEM. Let o be fixed in o > 1/2 (00 may depend on T
and H to follow). Let / denote an interval of length H contained in
[7,2T], where H > 1000. (We may also make o depend on T and H;
for example, we can take o = 1 + 1/log H). In the first two papers

. . ) max _
of the series max second author investigated fin Il{ (o + it)|

max max ) .. max .
and also @ > o@rin Il{ (a + it)| and other problems like fin Il{ (o +1i1)]

where the minimum is taken over all intervals / of length H contained
in [7,2T]. (He has also improved Theorem ?? of [L1]] as follows. Let

o n K
Gy = 3, D

n=1

). Then the RHS in Theorem ?? can be replaced

15
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by Ux 3] Ian( )I

n<U

These and other problems were studied further in papers [2, 1, 3, 4, 13].

(log n)" with the condition 1000 loglog X < U < X).

2 Key result and its applications.

The method employed in the first paper of series was systematized by
the second of us in [14]]. This was improved by us in [5]]; but this im-
provement (though a significant progress) does not give any new Q re-
sults. The net result is as follows.

Theorem 1. Let {a,} be a sequence of complex numbers satisfying a; =
1 and forn > 2, la,| < (n(H + 204, where H > 0 and A is an arbitrary
positive constant. Let 0 < H < T and F(s) = ), a,n™* be analytically

n=1
continuable in oo > 0 and continuous in o= > 0. Then

s O[ f|F(o-+ zt)|2dt]

CpX a (1 - logn N 1
n< s+ 1" logH loglog H

where C4 > 0 is effective and depends only on A.

Corollary. If |F(0'+zt)| < Exp Exp then — f |F(it)|*dt >

logn N 1
logH loglogH )/

Ot

1
ECA )y |6ln|2(1—
n<%+1

PRrOOF OF THE cOorROLLARY. One method of deduction of the corollary is
by Gabriel’s two variable two variable convexity theorem coupled with
the kernel Exp .(sin(z/100)?), (see the appendix to [15]]). For another
method see [[14]]. Note that this kernel decays in |Re z| < 1/2 uniformly
at most like a constant multiple of (Exp Exp(c|Im z|))~! where ¢ > 0 is
a constant. Given faster decaying kernels we can deduce the Corollary
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with more relaxed conditions. The same applies to all applications of
the key theorem. It may be remarked that we do not know any kernel
which decays (uniformly in |z] < 1/2) at most like a constant multiple
of (Exp Exp(c|Im z]))~! where ¢ is any large positive constant.

We begin the applications by the following remark, which follows
from The theorem by putting F(s) = ({(a + s)F where @ > 1/2 (we
may assume without loss of generality that H exceeds a large positive
constant) and k is a positive integer which may depend on H.

Theorem 2. We have, for a > 1/2,

1/2k

di(n))? logn 1
L i > [Cy Y = (k( )) (1—10gH+10 = H) ,
] g glog

o=

where k < log H so that the condition di(n) < (n(H +2)4 is satisfied. (In
fact it may be noted that the maximum of RHS is attained in k < log H

itself).

Remark. We may also state a similar theorem for

(o +in)|™

oza,tel
where @ > 1/2 + 6 and (00 > @ — §/2,t1in I) is free from zeros of £(s).
Here ¢ is an arbitrary positive constant.
max
k>1
(R.H.S.) in Theorem[2l By a very ingenious argument, R. Balasubrama-
nian has shown (see [1]]) that its logarithm is asymptotic to

It is not very difficult to investigate the order of magnitude of

Co(log H/ loglog H)'/?

where Cy = 0.75..., when @ = 1/2. This gives the best known Q result

max i( log H )1/2]
o>1tinl 4 \loglogH /) |

Earlier in [2]], we had obtained a small positive constant in place of 17

|£(o + it)| > Exp
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3/4. Balasubramanian’s asymptotic formula shows that it is not pos-
sible to replace 3/4 by even 0.76 by our method. Earlier to our result
[2], nearly around the same time, H.L. Montgomery [9] had obtained
the constant 1/20 (in place of 3/4) on the assumption of Riemann hy-
pothesis. We would also like to remark that in order to obtain the maxi-
mum order (of RHS in Theorem [2)) as k varies, we have to take (in case
a = 1/2) a large number of terms of the sum and ignore the rest. One
the contrary, when a > 1/2 + ¢ it is enough to take a particular term,
namely, the maximum term of the sum. If 1/2 +6 < @ < 1 — 6 then
it is enough to take n to be the biggest square-free product of the first k
primes, which does not exceed H. If @ = 1, then for each p we select
that prime power p™ for which (d;(p™))>p~ 2" is the largest and then
take n to be the product of the first k prime powers p™ which does not
exceed H (for details see [2] or [17].) If & = 1 + (1/log H) for instance
we may take out from (d(n))>n~>® the portion n~/1°¢ ) (which cer-
tainly exceeds e 2forn < H). In the first of us has shown that even
if we take all the terms of the sum we do not get a better result. In fact
following the method of [1]] we may show that

log | Max > [di(n))?
g k>1\n<x p2e

1/2k
) l (log X! (log log x)

tends to a positive constant if 1/2 + 6 < @ < 1 — 6. These results show
the limitations of our method. However out net result are

Theorem 3(A). We have, if 1/2+6<a<1-96,

max

C(log H)'~
ocza,tinl

+1it E
[{(o +in)| > Xp( log log

1 1
Theorem 3(B). We have, if 1 — @ <a<l+ @,

max

) ) ~
o>a tin I|{(0+ it) > e”(loglog H — loglog log H + O(1)).
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Remark 1. H. L. Montgomery [9] has shown thatif 1/2+6 <a<1-6
then |{(a + it)| exceeds Exp[C(log ni-1/ (loglog )] for a sequence of
values of ¢ tending to infinity by a different method. But this method
does not enable one to conclude that the maximum of |{(a+it)| as ¢ varies
for example, over [T,2T] exceeds Exp[C(log T)'~*]/(loglog T)?]. The
lower bound Exp[C(log T)'~*/(log log T)] given by our method seems
to be the best known till today.

Remark 2. N. Levinson [§] has shown by a different method that [£(1 +
it)| exceeds e” log log t + O(1) for a sequence of values of ¢ tending to in-
finity. But, for short intervals like [T, 2T], ours is the only result known.

Remark 3. Let 1/2 + 6 < @ < 1 — 6. I suspected that if we take F(s) =
(log Z(a + 5))* then we might get a better result Theorem But it

was shown by H. L. Montgomery [[10] that if (log £(s))* = 3 ax(n)n™",
n=1

max b2k
. [Z(akm))zn‘Z“]

n<x

then

lies between two constant multiples of (log x)'~*(log log x)~!.

Remark 4. H.L. Montgomery has conjectured [9]] thatif 1/2 < a < 1-6
then |{(a + it)| does not exceed Exp([C(log t)l“’]/[log log t]%)

3 Further study of the maximum in 1/2 +6 < a <
I — 6 by other methods.

In the second paper of the series [12], the second of us proved that if
1/2+6 < @ < 1 -9 and [ runs over all intervals, of fixed length H,
contained in [T, 27T] then

min max

log log( I tin Il{(a + it)l) ~ ({1 -a)loglogH,

provided C < 100loglogT < H < Exp[Dlog T]/[loglog T]) where C
is a large positive constant and D a positive constant depending only on

18
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a. This aspect of the problem has been studied further by us in [2]]. The
method is very closely related to a principle which we formulated and
employed in [6]. The main result of [3]] is as follows:

Theorem 3. let @ be as above, E > 1 an arbitrary constant, C < H <
DlogT
Xp| —————
loglog T
positive constant. Then there are > TH™F disjoint open intervals I (of
fixed length H) all contained in [T, 2T, such that,

) where C is a large positive constant and D an arbitrary

log H)'~ log log H)' =
w < max |log {(a + it)| < M.
(loglog H)®  tinl (loglog H)

Here log {(s) is the analytic continuation in t > 2 along lines parallel to
the real axis (and free from zeros of {(s)) from o > 1. The Vinogradov
symbol < means “less than a positive constant times”.

4 Study of the maximum on o = 1.

As a corollary to Theorem 3, we deduced in [4] the following

Theorem 4. Let J denote the interval I (of Theorem[3) with intervals of
length (log H)? removed from both extremities. Then

tr?:}w(l +if)| < e”[log log H + log log log H + O(1)].

Note that LHS is > e”(loglog H — logloglog H + O(1)) by applying the
Corollary to the key theorem. (The conditions for deriving this lower
bound from the Corollary to the key theorem are satisfied in the course
of the proof of Theorem[3).

The key result of §2] can be used to obtain lower bounds for
max
o=21,tinl
multiplied by the factor (6/7) for |(o + if)|"'. But to obtain lower

|{(o + it)| and also a similar result (the lower bound gets
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max . max -] ..
bounds for tin Il{ (1 + it)| and for tin l.l{ (1 + it)|”" we need conditions

looking like 100logloglog7 < H < T. But by a somewhat compli-
cated application of the key result and other techniques the second of
us [13] proved the following theorem. To state the theorem it is bet-
ter to introduce some notation. The letter § will, as before, denote the
least upper bound of the real parts of the zeros of {(s) (we do not know
whether § < 1 or not). For x > 1 we define log; x = log x and for
n > 2 we define log, x to be log(log,_; x); similarly we define for real x,
Exp;(x) = Exp(x) and for n > 2 we define Exp,(x) = Exp(Exp,_;(x)).

Theorem 5. Consider for open intervals I (for t, of length H > 100)

contained in [T,2T] where T > Ty, a large positive constant, the in-
equality

ZHI,ISXIM(l + it)| > e”(loglog H — logloglog H — p), (*)

where p is a certain real constant which is effective. Then we have the
following four results:

(1) (*) holds for all I for which T > H > A log, T
(2) If 6 < 1 then (*) holds for all I for which T > H > A logs T.

(3) Let now H < Aylog, T. Consider a set of disjoint intervals I (of
fixed length H) for which (%) is false. Then the number of such
intervals I does not exceed TXl_l where X1 = Exp,(BH) where 5
is a certain positive constant less than Al_l.

(4) Let now H < Azlogs T. Consider a set of disjoint intervals I (of
fixed length H) for which (%) is false. Then the number of such
intervals I does not exceed T X5 "'where X, = Exps(8'H) where 3/
is a certain positive constant which is less than A I

5 An announcement

In this section the length of the interval will not be denoted by H. We
wish to announce a result [[16] due to the second author which is ob-

20
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tained by quite a different method.

Theorem 6. Let € be a constant satisfying 0 < € < 1, T > Ty(e), a
bi). If from the inter-
loglog T

vals T < t < T + X we exclude certain (boundedly many depending
on €) disjoint open intervals I each of length at most X~ then in the
remaining portions of the interval, we have,

constant depending only on €, X = EXp(

[log {(1 +it)| < eloglogT.

Further put By = A(logT)"™(log log T)~" where u = 2/3 and A is
any positive constant. Consider the rectangle R defined by o > 1 — [y,
T <t < T+éX. LetIdenote an open interval for t of length 1/X and let
J denote the corresponding rectangle o > 1 — By, t in I. Then with the
exception of certain boundedly many (depending on € and A) disjoint
rectangles J we have for s in R,

[log {(s)| < eloglog T
where T > Ty(€,A)

Remark . The first result can be proved without assuming the Vino-
gradov’s zero free region. But if we assume the Vinogradov’s zero free
region, we get a better upper bound for the number of intervals which
have to be excluded. However, for the proof of the second part, the
Vinogradov zero free region is essential.
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RAMANUJAN’S FORMULAS FOR
EISENSTEIN SERIES

By Bruce C. Berndt*

As 1s cusTomARY, N denotes the set of positive integers, Z denotes the
ring of rational integers, .7 = {7 : Im 7 > 0}, and

To(n) = {(Cc’ Z) ca,b,c,d € Z, ad —be = 1, ¢ = 0(mod n)},
where n € N. If n = 1, ['g(1) is the full modular group I'(1).
Let

2k
Ext)=1- 242 k4
— g%

and
Fu(t) = Ex(7) — nEy(n1),

where g = ¢, 7 € J, and n € N. Although E»(7) is not a modular
form, it can be easily shown that F,(7) is a modular form of weight 2
and trivial multiplier system on ['¢(n).

In a very famous paper [8, pp. 23-39], Ramanujan gave formu-
las for F,, whenn = 2,3,4,5,7,11,15,17,19,23,31,35. However, no
proofs are indicated. Furthermore, in Chapter 21 of his second note-
book [9], Ramanujan offers, without proofs, formulas for F,, when n =
3,5,7,9,11,15,17,19,23,25,31,35. In contrast to [§] where only one
formula is given for each value of n, in [9]] several formulas are stated
for most values of 7.

*Research partially supported by a grant from the Vaughn Foundation.
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Part of Ramanujan’s motivation in calculating F,, arose from its ap-
pearance in certain approximations to 7 found by Ramanujan [8]. J.M.
and P.B. Borwein [6]] have extensively developed Ramanujan’s ideas.
Using their work, we shall very briefly indicate how these approxima-
tions are obtained. Let K denote the complete elliptic integral of the
first kind associated with the modulus &, where 0 < k < 1, and let E’
denote the complete elliptic integral of the second kind associated with
the complementary modulus k' = V1 — k2. For r > 0, define

E’ bis
a(r) = K Ak
where k = k(r) = Oé(e‘” \&Y Gg(e‘” Vr), where 6, and 65 are the classical
theta-functions, usually so denoted. Put a,, = a(n*r), where m € N U
{0} and n € N. There exists a recursion formula for a,, in terms of F,
[6, p. 158]. This leads to an approximation of for 1/ given by

0<a,—1/r<16n"\re™" Vi

provided that rn®" > 1 [6 p. 169]. For complete details, see [6]].

The Borweins leave the calculation of F,, for n = 2,3, 4 as exercises
[6, p. 161]. In fact, they [6, 9. 158] state that “The verification... is
tedious but straightforward for small n. For larger n, we rely on Ra-
manujan.” The Surpose of this paper is to indicate how Ramanujan’s
formulas for F,, can be proved. Complete proofs for all of Ramanu-
jan’s formulas for F,, can be found in the author’s forthcoming book [2].
We offer two general approaches. The first is probably similar to that
employed by Ramanujan, while the second depends upon the theory of
modular forms.

The first method rests upon modular equations. Thus, we need to
give the definition of a modular equation, as understood by Ramanujan.

Definition. Let K, K’, L, and L’ denote complete elliptic integrals of
the first kind associated with the moduli k, K’, [, and I, respectively.
Suppose that the equality
KL b
"KL (
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holds for some n € N. Then a modular equation of degree n is a relation
between the moduli k and / which is implied by ().

Ramanujan sets @ = k> and 8 = [>.
If g = exp(-nK’/K) and

o(g) = i q"

j:—oo
then it is well known that
T 5
K=—- .
k4 (@)

Furthermore, set z, = ¢*(¢").

Definition. The multiplier m for a modular equation of degree n is de-
fined by
K S

L o)

In his notebooks [9]], Ramanujan devotes more space to modular
equations than to any other topic. Despite this, Ramanujan never pub-
lished any of his work on modular equations, except for the aforemen-
tioned formulas for Eisenstein series in [8]]. For an expository account
of Ramanujan’s discoveries on modular equations, see our paper [1.
Some of Ramanujan’s modular equations have been proved in three pa-
pers 31, [4], [5]] that we have coauthored with A. J. Biagioli and J. M.
Purtilo. For proofs of all of Ramanujan’s modular equations, see the
author’s forthcoming book [2].

We now state perhaps the primary formula that Ramanujan em-
ployed in establishing formulas for F,(7). He has not stated this for-
mula in either [§]] or [9]. However, some cryptic remarks on p. 253 of
his second notebook [9] point to a result such as that given below.

Theorem 1. Let g, F,, a, 5, m, and z; be as given above. Then

o sd o (BU-p)
F,(r) = —a(l (I)Zl da Log(m6a’(1 - a’)) '
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We now sketch proofs for three of seven formulas for F3(7) found
in Entry 3 of Chapter 21 in Ramanujan’s second notebook [9]].

Theorem 2. Let ¢, a, and 8 be as given above. Put
OEDI
=0
Then

1 4 3643 2
$5(r) : = =5 Fa(r) = {%} @)
= (@™ (@) — AP (~* (-q) (3)

1
=38 @E @1+ Vop+ VI -0)1-p). @)

The last formula was stated by Ramanujan in [8], [0, p. 33].

Proof. Letting n = 3 in Theorem [T} we find that

(&)

1 d 1-
§3() = 5ol - a)z?a Log (M)

méa(l — @)

We need to determine the interdependence of @, and m in order to
calculate the derivative above. From our work [2]] on modular equations
of degree 3 in Section 5 of Chapter 19 in Ramanujan’s second notebook

9,

_(m*=DO-m??

ol - 256m6 ©
B =B m*m*—1)? 7
a(l-a) (9-m2? "~
and ,
dm 3 16m )

da (9 —m2)?
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Substituting (@)-(8) into (@) and employing the chain rule, we deduce
that

m>-1)O-m?) , d m? -1

S = — Log|—— 9
3(7) 1612 Vam 2\ n© - m?) ©)

z 2 2

= Tem T

If we now use the definition of m, we find that @) readily follows.
Using again the definition of m, we may rewrite (@) in the form
9 —m?)(m® -1
S3(n) =znzn|l- ( X > ) (10)
16m

= z1z3(1 — {aB(1 — a)(1 - B}/,

where we have employed (@) and (7). Now in Chapter 17 of his second
notebook [9]], Ramanujan offers a “catalogue” of evaluations of theta-
functions in terms of g(¢"), a(B), and z;(z,). In particular, from Entry
11,

1
U(-q) = <5zl)”2{a<1 - a)/q'®

and .
(=) = (32) (B0 =PI’}

Solving these two equalities for (1 — @) and B(1 — (), respectively, and
substituting them in (IQ), we immediately deduce (3).
The simplest modular equation of degree 3 is given by

@@ +{1 -1 -y =1. (11)

This was first discovered by Legendre and may be found in Cayley’s
book [[7, p. 196], for example. Ramanujan [9] chpater 19, Entry 5(ii)]
rediscovered (I). If we square both sides of (1)) and substitute in (I0),
we immediately deduce ).

Unfortunately, we have been unsuccessful in using Theorem [I] to
establish certain formulas of Ramanujan for F, (7). We thus have had
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to invoke the theory of modular forms in these cases. In order to offer
one such example, we need to make an additional definition. Let, in the
notation of Ramanujan,

feo = Ja-g),

J=1

where, as above, ¢ = ¢™7. Note that f(—¢*) = ¢~ /'?5(r), where 5
denotes the Dedekind eta-function. We now state Entry 8(i) in Chapter
21 of Ramanujan’s second notebook [9]. |

Theorem 3. Let ¢, Y, and f be defined as above. Then

1
-3Fn@ = 5 (@)¢(q") - 201> @) *(¢") (12)
+ 320" =) (=) = 2040~ (=¢").

We now briefly describe how the theory of modular forms can be
used to prove Theorem [3l The functions ¢(g), ¥(q), and f(—q) are asso-
ciated with modular forms of weight 1/2 on

rQ)= {(Z’ Z) €T(l):a=d=1(mod 2),b = c = 0(mod 2)}.

Thus, (I2) is first converted into an equality relating modular forms.
Each of the five expressions in (I2) is a modular form of weight 2 on
I'@) N Ty ). We have already mentioned that the multiplier system
of F1(7) is trivial. By employing the multiplier system of n(r), we can
show that each of the four expressions on the right side of (I2) also has
a trivial multiplier system.

LetT' = I'(2) N Ty(p), where p is an odd prime. Let .% be a funda-
mental set for I'. If F is a nonconstant modular form of weight » on I,
then the valence formula

S Orde(Fi2) = L+ (13)
€7 2
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is valid, where Ordr(F : z) is the invariant order of F at z. Suppose that
we can show that the coefficients of ¢°,¢',4%,...,¢" in F are equal to
0, i.e. Ordp(F; 00) > u+ 1. Suppose furthermore that u + 1 > %r(p +1).
Then if Ordp(F : z) > 0 for each z € .7,

1
Z Ordr(F;z) 2 Ordp(F;00) 2 u+ 1 > 5r(p +1).

EF

Hence F(r) = 0, for otherwise, we could have a contradiction to the
valence formula (13)).
Now write the proposed identity (I2) in the form

F:=Fi+...+F5=0. (14)

We have shown that F is a modular form of weight 2 and trivial multi-
plier system on I' = T'@) N To(II). Moreover, Ordr(F : z) > 0 for each
z € F. Since (1/2)r(p + g) = 12, it suffices to show that the coefhi-
cients of ¢/, 0 < j < 12, in F are equal to 0 in order to prove (I4), and
hence also (I2). Using MACSYMA, we have indeed done this, and so
the proof of Theorem (B)) has been completed.

More complete details on the use of modular forms and MACSYMA
in proving modular equations may be found in [2] and [4]].

We are grateful to A.J. Biagioli and J.M. Purtilo for their collabora-
tion on modular forms and MACSYMA, respectively.
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ON THE PROOF OF ANDREWS’
g-DYSON CONJECTURE

By D. M. Bressoud*

THis 1s 4 breif sketch of work done by Doron Zeilberger, Ian Goulden
and myself in late 1983 and early 1984 which settled in the affirmative
a conjecture made by George Andrews [1]] as well as more detailed con-
jectures made by Kevin Kadell [12]].

The problem has its origins in the evaluation of a definite integral
which arose in a physical problem [3]], its solution has given evaluations
for other definite integrals arising in physics [4]. The original integral
was discovered by Freeman Dyson [3]]:

2r 2n

I(n,2) = Qo)™ f f 1A (eD)Fd0, . .. db,, (1)
0 0

where _ _ '

An(€?) = TI(e"% — %), 1 < j<k < n.
Dyson conjectured that
_T(nz+1)
S I+ 1)
a conjecture which was simultaneously and independently proved by
Gunson [[7]] and Wilson [23]].

It is sufficient to prove that conjecture for positive integral integral
z. In this case, we can use the following equality:

I(n,z) 2)

An(e”) =TI — e)(e™ — &%), (3)

*Partially supported by N.S.F. grant no. DMS.-8521580

35

31



32

36
— H(l _ el'(e_,‘—ﬁk))(l _ ei(ek—e_,‘))'

If we set x; = ¢'%i, then the integral picks out the constant term in a
polynomial in xp, xl‘l, ey X x;l. Given a monomial, M, in the x;’s, let
[M] denote the coefficient of M in the succeeding polynomial. Let x°
denote the monomial in which each x; appears to the power 0. Equation
@) for z € N can be restated as

O = xj/x0)%(1 = xi/x))° = Qe L Si<ks<n. 4)

Dyson discovered that more was probably true, and actually stated
his conjecture in the following form:

[T = /20 (1 = xe/x ) (5)
_(a+...+ay)
T oal. . ay!

In 1975, Andrews []] noted that equation (3) seemed to have a nice
generalization in which the product (1 — x)* could be replaced by

(®)a = (1 = x)(1 = xq)(1 = x¢%)...(1 = xg*"")
Specifically, Andrews conjectured the following:
[T/ X (X X )ays 1< j <k <, (6)

_ (Q)a1+...+a,,
Day - (@,

On reason for the interest in equations (3) and (@) is the intractabil-
ity of the blunt approach. If one expands the binomials in equations
(@), the constant term is a simple summation when n = 3, and Dyson’s
conjecture is the classical identity:

a1 +az ap + ajs a) +as
Z(_l) ( i )(i—a2 +a3)(i+a1 —az) (7)
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_ (—l)az ay +ay +as
ap,az,a3 |’

For larger n, however, the constant term is an (”51 )—fold summation,
and virtually nothing is known about such non-trivial multiple summa-
tions.

The same situation applies to Andrews’ conjecture, except that in-
stead of multiple hypergeometric series we get multiple basic hyperge-
ometric series.

To understand how equation (@) was first proved, one must under-
stand an ingenious combinatorial proof of Dyson’s equation (3) which
was found by Zeilberger a few years earlier. Equation (@) is equiv-
alent to

[ty T = )+ (8)
— (_1)a2+2a3+...+(n—1)a,, (a] +...t a’l)!
all...a,!
We can formally expand the product of binomials in equation (8):
M = 2% = 3 (=) @1 g™ )
TeT*

where .7* is the set of “multi-tournaments” in which each pair of play-
ers, say j and k, meet a total of a; + a; times and the “winner” of each
game is recorded. The exponent w;(T) is the number of games won by
player i, and u(T') records the number of “upsets” : k > j and k beats ;.
If we let 7 C .7 be the subset of multi-tournaments in which each
player j wins (n — 1)a; games, then equation (8) can be restated as:

Z (_1)M(T) — (_1)02+...+(1’l—1)an (Cl] +...+ Cln) ‘ (10)

al,...,da
TeT 1s s “n

The right side of equation (I0) involves the multinomial coefficient
which counts the number of “words” which can be constructed with
ail’s, a2’ s, ...,a,n"s. Each such word corresponds to a multi-tourna-
ment in a natural way. Given j and k, remove the subword of length
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a; + ay in the letters j and k. The winners in order are read off left to
right.

As an example, if n =4, a; = a, = az = a4 = 2, the word 32114243
corresponds to the multi-tournament:

2112
3113
1144
3223
2424
3443

We observe that the number of upsets is always ar +2az +...+(n—1)a,.
If we let .77 C . be the subset of multi-tournaments which do not
correspond to a word, then equation (I0) can be further simplified to

>y =o. (11)

TeT'

Zeilberger showed how to prove this by establishing a bijection be-
tween the set of T € .7 for which u(T) is even and the set of T € .7’ for
which u(T') is odd. We shall demonstrate the bijection with an example.
Let T be

2111
3133
1144
2232
2424
3443

Inspection immediately shows us that while this element is in .7,
it cannot be the two letter subwords of a single word. Nevertheless,
we shall attempt to construct a word to which this multi-tournament
corresponds.
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The leading entries of each row define a tournement:
2 beats 1, 3 beats 1, 1 beats 4, etc. Schematically, this tournament is
given by:

/\

We call a tournament “transitive” if it contains no cycles, “non-transi-
tive” otherwise. If our multi-tournament arose from a single word, then
this tournament is transitive and the player beating everyone else is the
first letter of the word. Since our tournament is transitive, it is possible
at this stage that it comes from a single word. We record the first letter
: 2, and modify the tournement by looking at the next outcome of the
games of player 2: 1 beats 2, 2 beats 3, 4 beats 2.

The tournament becomes :

Our tournament is now non-transitive which will eventually happen
if and only if 7 is in 7.

Every non-transitive tournament contains a 3-cycle and reversing
the arrows in a 3-cycle will change the parity of the number of upsets
in the tournament. We have two 3-cycles in this tournament. which one
we choose to reverse is significant.

If we reverse 2 — 3 — 4 — 2 and then restore the first letter, 2, we
get the multi-tournament

2111
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3133
1144
2332
2224
4443

But the leading entries of this multi-tournament give us a non-transitive
tournament:

/\

An iteration of our procedure would not take us back to the original
multitournament.

If no letters of the word have been recorded, then it doesn’t matter
which 3-cycle we reverse as long as we are consistent. If at least one
letter has been recorded, then we are in a peculiar situation. Let v be the
last letter recorded. Since we have only changed the arrows connected
to vy, all cycles of the non-transitive tournament include vertex v;.

Let the remaining vertices be labelled v;,vs,...,v, where v, beats
v3 beats . .. beats v, and choose the smallest i for which v; beats v; and
v;iy+1 beats vy. It is the 3-cycle vi — v; — v;y1 — v that we reverse.

it is exactly this procedure that was used to prove Andrews’ conjec-
ture, except that the details are more complicated because the parameter
q introduces an additional weight on the multi-tournaments.

The proof first demonstrates that

ERETEAMCTNED (12)
— (_1)a2+...+(n—l)a,, Z(_l)y(T)qwt(T)’ (13)
teF

where wt(T) is the sum of the “Major Indices” of all the two letter words
in the multi-tournament. The Major Index of a word is the sum of the
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number of letters to the left of each “descent” in the word. Thus
32114243

has four descents : (32, 21, 42, 43) , and its major index is 1 +2+5+7 =
15.

On the other hand, if we sum the major indices of the two letter
subwords of 32114243, we get 1 + 1+ 0+ 1 + 2 + 3 = 8. This sum
of Major Indices is called the Z-statistic, denoted Z(7T"). The second
part of the proof involves showing that the sum of ¢%") over all multi-
tournaments corresponding to a single word is equal to

(Day +...+a,
(@Da, - (@a,
Equation (&) now reduces to verifying that
D =g <o, (14)

TeT’

The bijection given above does not preserve weights. The last and most
elaborate part of the proof involves finding and verifying a bijection
which does.

It is curious that this combinatorial approach is still the only known
proof of equation ().

Goulden and I[[3]] generalized this proof of yield a more useful iden-
tity. In the following we let A be an arbitrary set of unordered pairs
(j,k), 1 < j#k<n,x(S)is 1if S is true, O otherwise, Sy4 is the set of
permutations of {1,...,n} for which j > i and o 1) implies (i, j) ¢ A,
and wr(or) is the sum over all j of a; times the number of k < j for which
o '(j) < o7 (k).

[OTTC; /X0 a, (XX ) a =) (15)
_ (q)a|+...+a,, wi(or) 1 - qafr(j)
" Day - (@ Z A (16)
moeCy

This identity implies several conjectures of Kadell [12] and has had
applications in studying the characters of S L(n, C)[21]] and in evaluating
definite integrals arising in statistical mechanics [4]].
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The theorems first conjectured by Dyson and Andrews are only the
tip of the iceberg of a very extensive theory. These identities are related
to the Vandermonde determinant formula which is Weyl’s denominator
formula for the root system A,,. Macdonald conjectured the appro-
priate generalizations to arbitrary root systems and he and W.G. Morris
[16]] gave conjectures and some proofs for the basic analogs.

Macdonald’s conjecture for the root system BC, was discovered to
be equivalent to a multi-dimensional beta integral evaluation of Selberg
[18L[19]]. A basic analog of this was conjectured by Askey [2]]. Habsieger
[8] and Kadell independently proved Askey’s conjecture and then
Habsieger [9] and Zeilberger showed that this integral evaluation
implied some of Morris’ conjectures.

Most recently, Kadell [14]] has proved Macdonal’s conjecture for the
basic analog of the BC,, conjecture, Garvan [6] has done the same for
F4, and E.M. Opdam has proved the original Macdonald conjecture
for arbitrary root systems. Only the basic analogs for the special root
systems Eg, E7 and Eg are unproven at the moment.

Stembridge [22] has found a strikingly simple proof of Andrews’
conjecture in the case where the parameters are equal. He has also found
formulas for some of the non-constant terms [21]]. Connections with rep-
resentation theory can be found in an article by Stanley [20]. Hanlon has
pursued the connections between these identities and cyclic homology

(10 1.
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WEYL'S INEQUALITY, WARING’S
PROBLEM AND DIOPHANTINE
APPROXIMATION

By D.R. Heath-Brown

For FIXED POSITIVE integers s and k, we define

N

Rox(N) = #{(ny,...,np) € N' : Zn’; = N}
1

One central question in Waring’s problem is to prove the Hardy-
Littlewood asymptotic formula

I'(1+1/k)°

(s/k)-1 (s/k)—-1-6
TG/h) S(N)N + O(N ) (1)

Rs,k(N) =

for as large a range of s as possible. To tackle this, one uses an expo-

nential sum
P

S(a) = Z e(anb),

n=1
where P = [N'/¥]. One then has

1

Ry x(N) = fS(a)se(—aN)dx. 2)

0

The trivial bound for S (@) is |S (@)| < P. However, one can improve
on this for suitable a, by using the following estimate.
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WEYL’s INEQUALITY. Let |a — a/q| < q_z, with (a,q) = 1. Then
S(@) < PMe(g + PV 4 gP 2,

for any € > 0.
Thus if & can be approximated with P < ¢ < P¥! one has

S(a) < P72, 3)
and the corresponding contribution to (2) is
<« ps-2""+e) o ppslh=1-6

provided that s > 2"k, Those a which have no useable approximation

produce the main term of (I). Thus one obtains (@) for s > 1 + 2%~ k.
One can improve on this agrument by using an average bound.
HuA’s INeQuaLITY. For any € > 0, one has

1
f IS (@) da <, P* ke,
0

This leads to (@) for s > 1 + 2. Until recently, this was the best
known range for (), for small k > 3.

The sum S (@) may also be used in Diophantine approximation prob-
lems. It was shown by Danicic that if € > 0 and k € N are given,
then there exists P(e, k) as follows. For any P > P(e, k) and any « € R,
one can find n < P with

llart]| < PE2 4)

This generalizes Dirichlet’s approximation Theorem, when k£ = 1,
and a result of Heilbronn @), for k = 2. To prove Danicic’s theorem
one can use a result of Montgomery (see Baker [[I, Theorem 2.2]): If
[lan|l > Afor 1 < n < P, then

Z |Z e(hay)| > P/6.

1<hgA-! n<P
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We therefore wish to estimate

Z IS (ah)). 5

As with Weyl’s inequality, this can be done satisfactorily, with a
. . 1-k . .
relative saving of =2 *€, unless a has an approximation

,q < P. 6)

Thus Montgomery’s result allows us to take A = P2 of course,
if @) holds then ||agX|| < A, and ¢ < P.

A sharpening of Weyl’s inequality has recently been obtained (Heath-
Brown [3])).

Theorem 1. Let | —a/q| < g~% with (a,q) = 1, and suppose that k > 6.
Then )
S((l) < P1+E(Pq—1 +P—2 +qP1—k)(4+3)2_

for any € > 0.

Thus
S(a) < Pl—(4/3)21’k+e’

if P3 < g < P¥=3. One therefore has a sharper bound than (3)), but for a
shorter range of ¢, (and only for k£ > 6). Closely related to Theorem 1 is
an improvement on Hua’s Inequality (Heath-Brown [3]]).

Theorem 2. Letk > 6 and € > 0. Then

1
f|S (a)|(7/8)2k da < p/82 ~k+e
0

As before one may deduce :

Corollary. The Hardy-Littlewood asymptotic formula [lI|] holds for k >

7
6ands>1+§2k.
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One may also try to sharpen Danicic’s result. One obtains a saving

in @) of

p@4/32' e

relative to the trivial estimate, unless

A 3
= qg< P

la —a/ql <

Unfortunately in this latter case, one gets no useable bound for IIaqk [].
The attempt to improve on (@) therefore fails. However, if one starts with
an approximation | — a/q| < ¢~2 and fixes P = [¢(!/¥], for example,
one is led to an “unlocalized” result (Heath-Brown [3]]).

Theorem 3. Let @ € R and € > 0 be given. For any integer k > 6, there
are infinitely many n € N with

1k
”G.’I’lkH < ne—(4/3)2 .

Let us now look at the proof of Theorem 1. One uses Weyl’s “square
and difference” trick, but with the symmetric difference

(Vi)(x) = (x + 1) — (x = h)
in place of the forward difference. After j steps, one has

S@P < PP IR(@)) (7)

hi,....hj

where |h;| < P/2 and

R(@) = R@;hy,....h) = )" e@Vi, ...V, ().

nel

Here 1 is a subinterval of [1, P], depending on Ay, ..., h;. As afunc-
tion of n, the polynomial

Vi, - Vi, ()
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has degree k — j. An appropriate version of Weyl’s Inequality would
therefore give 4
R(a) < P12 e, (8)

for suitable a. in conjunction with (Z) we would then obtain

j i i _ol=(k=))
IS(@)? <« pY=i~t. pi. pl=27t
whence
_Al-k
S(a) < P72+,

for suitable a. One thus merely recovers Weyl’s Inequality again.

To improve on this, we replace (§) by a mean-value bound, where
one averages over the parameters /;. If one takes j = k— 1 or k — 2
then R(w) is a linear or quadratic sum, and the bound (8) is essentially
best possible. Thus nothing can be gained by averaging. One therefore
chooses j = k — 3, in which case R(«) is a cubic sum of the form

R(a) = Z e(An3 + Bn).
nel

Here the interval / and the coefficients A and B depend on the 4;. In
fact, A takes the form

k!
A= g2"‘%1 .

Had one used forward differences in deriving (7)) rather than sym-
metric differences, there would have been a term in n appearing in R(),
and so one would have to average over three coefficients, rather than
two. With j = k — 3, the Weyl bound now takes the form

IR(@)] < P, ©)
for suitable @, whereas one would conjecture that
IR(a)] < P2,

in general. In fact, one can easily prove that
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1

f f | Y e(An® + Bn)°dAdB < P, (10)

0 n<P

by counting the number of solutions of the simultaneous equations

3 3 3 _ 3

ny+n,+n +I’l +I’l

1T = 6 (1<n <P)
n1+n2+n3—n4+n5+n6

To pass from the sum on the right hand side of (7)) to the mean value
(10), one uses the bound

’

Z:mmﬁ<#ﬁmeWZaM+wm%wB

hi....hg—3 n<P

where

JV—E?XﬂMMNWM4ﬁH%ﬁﬁm.NM4a—A”<P4}

Here we exclude the possibility that any /; vanishes, both in the sum
>.” and in the maximum occurring in the definition of .4". It is apparent
that there is a loss of a factor P in passing from the discrete average
of R(«) over the h; to the mean-value (I0). Nonetheless, one finds that
R() is O(P*3*€) on average, and this is a sufficient improvement on (@)
for the proof of Theorem [11
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THE CIRCLE METHOD AND THE
FOURIER COEFFICIENTS OF
MODULAR FORMS

By Henryk Iwaniec

To the memory of Srinivasa Ramanujan

1 Introduction.

The circle method was first used in number theory by G. Hardy and S.
Ramanujan [2]] to establish an asymptotic formula for the partition func-
tion (see also [[7]]) and it was applied extensively in the series of papers
under the common title : Some problems of “Partitio Numerorum” by G.
Hardy and J.E. Littlewood to study additive problems such as the War-
ing problem or the Goldbach problem (see for example [1]]). The method
was particularly interesting for additive problems with many summands.
Yet at that time the important results were conditional subject to sharp
estimates for the relevant extponential sums.

Perhaps the most ambitious are the binary problems, i.e. the prob-
lems of evaluating the number of solutions to the equation

a+b=n,

where a, b range over finite sets of integers A, B respectively and »n is a
fixed integer. Clearly, the number of solutions is given by the integral
(Vinogradov’s modification)

1
f e(— a/n) ( e(aa)] [Z e(ab)] da
0 acA

beB
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The Hardy-Littlewood arguments fail to handle the binary problem for
a fundamental reason—the use of Parseval’s identity

1

| Z e(aa)Pda = |A.

0 acA

It is evident that when dealing with a binary problem one cannot ignore a
cancellation in the integration over any set of positive constant measure.
Taking this into account in 1926, H. D. Kloosterman [4] introduced a
brilliant refinement which is described by Yu. V. Linnik in [6] as the
process of levelling (a sophisticated partition of the segment 0 < o < 1
by means of Farey’s points). Kloosterman’s method was originally used
for the binary problem in which a and b assume values of some quadratic
forms. The important point should be mentioned that the exponential

sum
Z e(aa)

acA

is evaluated precisely enough to control the oscillatory behaviour of the
remainder term which is usually of the order of magnitude |A|'/?. Both
the partition of the segment 0 < @ < 1 and the nature of the remainder
term comprise the appearance of the Kloosterman sums

o md + nd
S@in,n:c)= Z e(—c ),

d(mod c¢)

where Y * means that the summation ranges over d prime to ¢ and d
is the multiplicative inverse to d(mod c). Then a non-trivial bound for
S (m, n; c) yields a cancellation of the remainder terms and consequently
one breaks the barrier set by the use of Parseval’s identity. The Kloost-
erman device enables one to handle a large class of binary problems.
Moreover it turns out to be successful in answering various questions
about the Fourier coefficients of modular forms (see for example [3]]).
Kloosterman did not exploit a cancellation of terms of summation
over the moduli ¢ that exists due to the variation of sign of the Klooster-
man sum S (m, n; ¢). In this connection Linnik [6] was led to formulate
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the following hypothesis

Z ¢ 'S(m,n;c) < C€

c<C

and he said : “This hypothesis can be considered as a certain analogy
to the well-known hypothesis of Hasse on the behaviour of congruence
zeta-functions arising by the reduction of a given curve with respect to
all prime moduli.” A somewhat stronger statement was expressed by
A. Selberg [8] in the context of estimating the Fourier coefficients of
modular forms. The recent developments in the spectral theory of au-
tomorphic functions brought a remarkable progress towards the Linnik-
Selberg hypothesis.

If one sequence A or B in the binary problem has no reference to the
modular forms, then naturally other exponential sums emerge in place
of the Kloosterman sums. For example see the paper by C. Hooley [3]] in
which the Kloosterman refinement is applied to advance in the Waring
problem for cubes under the Riemann hypothesis for certain Hasse-Weil
L-Functions.

In this paper we elaborate the Kloosterman ideas in a general con-
text. We shall express the distribution

lifn=0
6(n) =4 .
Oifn+0
in terms of the Ramanujan sums
- d
Sn;c) = Z e(n—)
C
d(mod ¢)

and of new sums of type

- d+v d
sno= 33 ([S))efrc).
d(rg; c) ¢ ¢

where (({)) = { — [{] — 1/2. We shall establish a formula for the Fourier
coefficient of a cusp form in terms of the Kloosterman sums S (i, n; ¢)
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and of the new Kloosterman type sums

S (mn:c) = Z ((d+v))e(md+nd)'
d(mod c) ¢ ¢

These sums are closely related. Indeed, by the Fourier expansion (bound-
edly convergent)

@)= D @riky e + 011 + I,

O<|h|l<H

where ||£]| is the distance of £ to the nearest integer, it follows that

log?2
Suomm o= ) (2mh)“e(hv)S(m+h, n;c)+0(1+c o8 c).

c
0<|h|<H

We expect, but were not able to prove it, that the error term above should
be ]
0[0‘(1 + 5)2].
H
2 A general resulit.

We begin by considering a periodic function f(x) of period 1 with the 50
aim of evaluating its mean value

1
u(f) = f Foodsx.
0

Divide the range of integration by Farey’s points of order C, i.e. by the
rational numbers d/c with

1<c¢<C 0<d<c, (d,c)=1

For 2 < ¢ < C let M(d/c) stand for the interval whose endpoints are
Farey’s mediants, i.e.

Emc_l_d+d_ d+d+_c_1_ 1 c_l+ 1
c] le+c c+er| e cle+e) ¢ clc+ey)
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where d_/c_ < d/c < d/c, are the adjacent points. For ¢ = 1 we have
d=0and wesetcy =C,ds = F1,

()

upH= > > f fldx

1<e<C 0<d<c

-1 1
cC+1'C+1]

‘We obtain

Miaje)
. (ove)
d+x
SDIEED Y (C o P
1e<C - 0=d<c_ ¥ 1 ¢

For notational simplicity, put F(x) = f((d + x)/c). We have

[ (-1\dt [ (1\dr

—(c4c_)! ct+e- c+cy

(c+ei)™!

r 1\ dt
X_(HF X (OF -] —=,
- [ () xor() 5
c
where
Xo(0) lift>c+ce
1) =
N 0if C<t<c+es.
We find that

=55 (559)-(59)

inC<t<c+Candclearly Xz(f) = lift > c+ C. Since C < c + ¢z <
¢+ C and cd+ — czd = F1 we have

[C¢d
C¢:
C

]c +d = ¥d(mod ¢).
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Hence we obtain

F(x)dx = fmin{l, I_CC} [F(_Tl) + F(%)] %
C

c+C

(ctey)!

—(c+c_)!

Setting

d+1!
C

* 7 7 -1
Gulfi)= Y ((djv))f(df )
d(mod ¢)

Theorem 1. We have

Gufi0)= ) f(
d(mod c¢)

and

we conclude

whH =S¢ f min{1,—<} G, + G c)—’
C

c+C

d
+ Z f (Gic = G + Gt = G 105

Now suppose f(x) is the additive character, 52
f(x) = e(nx).
We then have

u(f) = 8(n). Gi(f ) = e(g)S(n;cx
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and

Ga(f:0) = ¢( 25,00,
so Theorem [Tl turns into

Theorem 2. Let C be a positive integer. We have

8(n) = D(n) + D(n) + E(n) + E(n)

with
Dy =S ¢S (n:c) f min }dl
c Iz
and
C c+C it
E(n) = f{fef-wdma—&mw»—
Z J (ct) 2

3 A formula for the Fourier coefficients of a cusp
form.

Now let f be given by

f(x) = e(=nxu(x + iy),

where u(z) is an automorphic function with respect to the modular group
I' = SL,(Z). Thus we have

(d+t‘1 ) ( (d+t‘1 )) (—c? clt )
u +iy|=uly +iy||=ul— - -
c c c 1 +icty

for some y = (i _* d) e I'. Hence

- - d\ (-d -
Gz(f;C)=e(—n) Z e(—n—)u(—— lc )
ct) & c c + icty
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and
- - d+ d\ (-d 1t
oaro(3) 5 (MM o)
ct daod o) c c c + icty
Suppose u(z) is a Maass cusp form, so it has the Fourier expansion 53

u(z) = Z onW(mz),

m#0

where W(z) is the Whittaker function defined on C R that satisfies the

rules
W((1 T) z) = ()W)

W(z) = W(-2), W(z) = W(Q).

and

Hence it follows that
u(f) = o, Wiiny),
—-n - —mc‘lt
Gifie) = e(Z2) Y S om: C)W( )

for 1 + icty
and
* -1
n —mc™ 't
Gu(fi0) = (——) Sv(=m,—n; )W .
tv(f c)=e p n;)o—m v(=m, —n;c) (1+lCly)

Combining the above evaluations with Theorem [[land using the proper-
ties S, (-m,—n;c) = S,(m,n;c) and S_,(m,n;c) = =S ,(—-m, —n;c) we
conclude

Theorem 3. Let u(z) be a Maass cusp form on the modular group whose
Fourier coefficients o, are real. Let C be a positive integer. Then, for
anyn # 0, andy > 0, we have

o, W(iny) = Un,u) + ﬁ(n,y) + Vin,y) + V(n,y),
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where
< r n met t—C) dt
= oy ! ; — in{l —}—
Un,y) ,,,Z#)O— Zc S(m,n,c)fe(ct)W(l_icty)mm{ T 2
and
C
V(n,y) = Z O’mZC_IX
m#0 1

c+C
n me 't dt
X fe(;) (1 et ){Sc(m n;c) — t(m,n;c)}t—2
c

54 Remarks. The convergenece of both series is very rapid. Indeed, if u(z)
is an eigenform of the Laplace-Beltrami operator

02 o?
_ 2
A-y(@ﬂa—yz)

with eigenvalue A = s(1 — 5), Re s = 1/2, i.e. if
(A+ Du(z) =
then the Whittaker function is given by
W(@) = 21" K1 p2rlyDe),

where K, (y) is the Macdonald Bessel function. By the ingegral repre-
sentation of Poisson for K, (y) we obtain for z = x + iy with y > 0,

s—1
W(z) = (z)mff (1+4—ﬂy)] dé.

In particular for s on the line Re s = 1/2 it gives

I(3)
IC(s)I”

IW(z)| < e —2=
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so the terms of the series U(n,y) and V(n,y) decay exponentially as
|m| — oo. In practice only the few first terms matter.

There is a great flexibility in choosing C and y. A good choice is
C = vnandy = n! for n > 0, giving the upper bound o, < n™1/* + ¢
by Weil’s estimate for Kloosterman sums. Other applications will be
discussed elsewhere.

I would like to thank Prof. S. Raghavan for interesting mathematical
comments on this paper.
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SUMS OF KLOOSTERMAN SUMS AND
THE EIGHTH POWER MOMENT OF THE
RIEMANN ZETA-FUNCTION

By N. V. Kuznetsov

Dedicated to Atle Selberg

0 Introduction.

The domain of mathematics which will be discussed here was called
“Kloostermania” by M. Huxley. This name outlined (but not too sharply)
the boundary between number theory, the theory of the modular and au-
tomorphic functions, spectral theory and geometry.

The beginning was due to Poincaré. The contribution which de-
fined the base of this theory was given by Petersson, Hecke, Rankin and
Maass. In the last few decades, its development was stimulated by the
famous talk of Atle Selberg at Tata Institute and by L. Faddeev’s work
which clarified the spectral expansion.

It was ten years ago when I found the explicit form of the con-
nection between sums of Kloosterman sums (“known quantities’) and
Fourier coefficients of cusp forms (unknown quantities which are very
mysterious up to this day). In the next year, R. Bruggeman rediscovered
(independently) a part of these results. From that time, the number of
publications is increasing rapidly in this domain.

So it happened that the Kloosterman sums (which will be defined be-
low) arose firstly for improving the Hardy-Littlewood “circle method”.

But these sums would have arisen earlier, if Poincare had wished to
calculated the Fourier coeflicients of the series which are called today

63
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“the Poincaré series”.

The goal of this paper is to make more popular this dynamic branch
of Mathematics and to demonstrate new possibilities for the Riemann
zeta-functions.

The first part of the paper (the short subsection 1.1-1.13) contains
known results. The second part gives, as a new consequence of the
“Kuznetsov trace formula”, the exact order for the eighth power moment
of the Riemann zeta-function. Namely. we have, for some absolute
constant B > 4.

T
1
f 65 + it)¥dt < T(log T)'**B, T — +co.
0

From various consequences of this estimate, one can derive the con-
clusion: there is a fixed constant B so that

1
1C(= + i) < |18 (log i), 1| = oo, 1 is real.
3 g

Part I. Sums of Kloosterman sums

1.1 The Lobatcevskii plane.

This plane will be considered as the upper half plane H of the complex
variable z = x + iy, x,y € R, y > 0, with the metric

ds* =y 2(dx® + dy?), (1.1)

measure
du(z) = y2dx dy (1.2)
and with the corresponding Laplace operator

o2 0
L=——=+—=]|. 1.3
(ax2+ay2) (-
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The full modular group acts on this plane in the natural way:

ax+b
I yz=——,a,b,c,d€Z, ad —bc = 1. (1.4)

cz+d
Most of the results may be developed for certain Fuchsian groups but
there are no essentially new ideas for these cases; so, I restrict myself to

the full modular group I only.

1.2 The appearance of Kloosterman sums.

Their appearance is inescapable, if one calculates the Fourier coeffi-
cients of an automorphic function which is defined as a sum over a

gorup.
For example, let us define the classical Poincaré series by

(4rnyk!

e R

S Heaemynz1 (15)
yelo/T

(where I', is generated by the translation z — z + 1, j(y,2) = cz+ d if
the transformation 7y is defined by a matrix (. ;) and we assume that k
is an even integer and k > 4). Then, for the m-th Fourier coefficient fo
this series we have an almost obvious formula (the so-called ‘“Petersson
formula™):

1
pn,m(k) = an(Z’ k)e(—mx)dx 2Ty (1.6)

0
_ Gryrm)t!

- 1
Th—1) (Opm + 2mi kZ ZS(n,m;c)Jk_l

c>1

(47T nm))9nam > 13
C

where J;_; is the Bessel function of the order k — 1 and § is the Kloost-

erman sum

(1.7)

d d
S(n,m;c) := e u)

1<d<|cl,(d,0)=1 ( ¢
dd’=1(mod c)
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We have a similar (but more complicated) representation, for the
Fourier coefficients of the non-holomorphic Poincaré-Selberg series which,
for Re s > 1, is defined by

Uz, ) = Z (Imyz)*e(nyz), n> 1, (1.8)
velw/y
(For n = 0, it is the Eisenstein series.)
For the Kloosterman sums, we have the famous estimate due to A.
Weil:
IS (n, m; ¢)| < (2n, 2m, c)d*(c)c'/?. (1.9)
But, for the applications, we need estimates for the averages of these
sums. Yu V. Linnik was the first to conjecture that Kloosterman sums
oscillate regularly; his conjecture is that

Z %S(n,m;c)

<X

<pm X€ (1.10)

for every € > 0 as X — +oo.

It is obvious that A-Weil’s estimate give only O(X!/2+€) on the right
side and A. Selberg destroyed the hopes of any near progress in this con-
jecture when he constructed the counterexamples of groups for which
Linnik conjecture is not valid (1963).

At this point, there was a nice result from my first paper on this
subject (1977): for every fixed € > 0, we have
lS(n,m;c) < X 1/00€ (1.11)

I1<e<X

At the same time, for the “smoothing” average, we have a stronger
estimate : if ¢ € C*(0, ), ¢ = 0 outside the interval (a, 2a) and if, for
r

every fixed integer r > 0, we have (6_) @(x) < a™", then, for every
x

fixed A > 0, the following estimate is valid:

<a? a— +o. (1.12)

D @S (,m;0)

a<c<2a

Thus it is a confirmation of the Linnik conjecture.
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1.3 The eigenfunctions of the automorphic Laplacian.

As a generalization of the classical cusp forms of even integral weight
k (which are regular functions on the upper half plane such that f(yz) =
F(y,2)f(z) for any vy € T and y*?|f(z)| is bounded for y > 0, the
Poincaré series P,(z,k),n > 1, being an example of a cusp form of
weight k with respect to full modular group), Maass introduced the non-
holomorphic cusp forms (the so called Maass waves).

The Laplace operator L in L*(T/H) has a continuous spectrum on
the half axis 4 > % and a discrete spectrum dg = 0,0 < A} < A < ...
with limit point at co (note that 4; =~ 91.07...). For the case of the
full modular group, there are no exceptional eigenvalues in the interval
(O, 4) (Huxley proved that the same is true for any congruence subgroup
with the level < 19). So L*(I'/H) decomposes as LZ, (I'/H) @ L2, ,(T'/H)
where LZ‘ is the continuous direct sum of E(z, 4 5 +it), t € R (E being the
Eisenstein series) and L2, is spanned by the eigenfunctions u () given

by

cusp

> 8214]' 8214]'
Luj= |52 * 52 | = 4% (1.13)
Uj(y2) = uj(2), y € T (ujou;) = f u,Pdu(z) < oo.

I/H

Any f € L*(T'/H) which is smooth enough can be expanded into
eigenfunctions of L and we have

f@) = Z(f MJ)MJ(Z)+—f(f EC, 5 +lr))E(Z,— +irydr  (1.14)

J20

if we choose u; so that we have an orthonormal basis {u;} ;>¢.
Note that the Eisenstein series has the Fourier expansion

AEDRS
ey 0

5( ) ZTs(n)e(nx)Ks 122nlnly), £(s) = n°T(5){(2s),

n#0

E(z,s) = (1.15)
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where K,_1,2(.) is the modified Bessel function of order s — % and

-1/2
- Il \*
75(n) = [ 2o gy = Z (E (1.16)
din
d>0
61 The eigenfunctions of a point A; of the discrete spectrum have a

similar Fourier expansion

uj= ij(n)e(nx) VYK, (2rlnly) (1.17)

n#0
: _ 1 1
Wlth/\/j— /lj_Z’/lj>Z‘

1.4 The Hecke operators.

The ideas behind Hecke operators go back to Poincare and Mordell used
them to prove that Ramanujan’s 7-function was multiplicative.
The main observation is a simple fact that if H is a subgroup if I with
finite index, so that I is a finite coset union (J Hy,, and f is automorphic
J

on H, then }; f(y;z) is automorphic on I'.

J
By appropriately choosing the set of representatives, we can define
the n-th Hecke operator as the average

(T, f)(2) = Z > (a“b) (1.18)

ad n b(mod d)

For this normalization, we have

TuTw= ) Tye (1.19)
d|(n,m)

and all these operators commute.
Now we have a set of commuting Hermitian operators, with the
same set of eigenfunctions that arose for the Laplace operator. Thus
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we can choose the eigenfunctions of the Laplace operator, so that in the
basis which was constructed from these, each Hecke operator has a di-
agonal form. Then these eigenfunctions will be called “Maass waves”.
For that, choose

Touj =tj(muj, n>1,j>0, (1.20)
TLE(., s) = Ts(WE(., s). (1.21)

The eigenvalues ¢;(n) of the discrete spectrum of the n-th Hecke op-
erator T}, are connected with the Fourier coefficients of u; by the equal-
ities

pi(Dti(n) =pj(n), n>1,j> 1. (1.22)

It is convenient to choose the eigenfunctions so that they will be

eigenfunctions of the operator 7_:

(T )@ = f(=2).

Then T_ju; = €;u; with €; = +1 and we have
pj(=n) =€pjMtjn), n>1,j> 1. (1.23)

1.5 The sum formulae for Kloosterman sums.

The natural generalization of the classical Petersson formula

(fs Pn) = f F(@Pu(z, k)y*du(z) (1.24)
I/H
= ay(n)(= n — th Fourier coefficient)

for any f from the space M of the regular cusp forms of weight k is
the same formula for the inner product (f, U,(., 5)) for an automorphic
f from the space of cusp forms M of weight zero.

It is not hard to show that the non-holomorphic Poincaré series
U,(z, s) may be continued analytically (with its Fourier expansion) in
the half plane Res > % (this being based on A. Weil’s estimate for
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the Kloosterman sum). So, for Res;, Rsy > %, the inner product
(Un(., s1), Upn(.,s52)) is well-defined. Since U, may be expressed as a
sum over a group, this inner product is a sum of Kloosterman sums. On
the other hand, the inner product (u;, U,) may be calculated explicitly in
terms of ['-functions and the n-th Fourier coefficient of j-th eigenfunc-
tion u; of the automorphic Laplacian, Hence the bilinear form of n-th
Fourier coefficients of the eigenfunctions

> pimp mhiy))

>0

for a certain test function /4, may be expressed as a sum of Kloosterman
sums.

Of course, we have, for the case (U,(., s1), Un(., 52)), two free vari-
ables sy, s, and we can try to construct an arbitrary test function in our
bilinear form by integration with respect to these variables.

This plan was fulfilled in my first paper and in this way, we have
following sum formula (referred to by some authors as the “Kuznetsov
trace formula”).

Theorem 1. Let us assume that the function h(r) of the complex variable
r is regular in the strip |Imr| < 6 with some 6 > % and |h(r)| < |78 for
some B > 2 when r — co in this strip.

Then, for any integers n,m > 1, we have

(o)

S 1
Zajlj(n)lj(m)h()(j) * i fT(l/2)+ir(n)T(1/2)+ir(m)x (1.25)
i1 %
« h(r)dr _
(1 + 2ir)]

= 5;2"1 fr th(zr)h(r)dr + Z éS(n, m; c)go(

c1

4 \/nm)
C b

where
a; = (ch(zy ) o (DI, (1.26)
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{ is the Riemann zeta function and for x > 0, the function ¢(x) is defined
in terms of h by the integral transform

(o)

2i h
p(x) = f Joir(X)———= : (r) (1.27)
pi ch(x )

—00

Identity (I.23) is modified in the following manner, if the integers,
n, m on the right-hand side have different signs.

Theorem 2. Assume that the function h satisfies the conditions of the
preceding theorem. Then, for any integers n, m > 1, we have
(]

1
Z €jatj(n)tj(m)h(y;) + i fT(1/2)+ir(n)T(1/2)+ir(m)

=1

h(r)dr
121+ 2in)?

—00

(1.28)
= Z -S(n,—m; C)L//(47TW)
c>1
where Y(x), for x > 0, is defined in terms of h by the integral
4 (o9
Y(x) = — f Koir(X)h(r), sh(zr)dr. (1.29)
bis

—00

We can invert identities (1.23) and (I.28) and we shall assume that
the sum of Kloosterman sums is given rather than the bilinear form in
the Fourier coefficients.

Theorem 3. Assume that to a function  : [0,00) — C, the integral
transform

h(r) = 2ch(zr) f Kzir(X)lﬁ(X)d—; (1.30)
0

associates the functions h(r) satisfying the conditions of Theorem [Il
Then, for this ¥ and for integers n, m > 1, identity (L28)) is satisfied,
where h is defined by the integral (I.30).
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Theorem 4. Let ¢ € C3(0, ), ©(0) = ¢’(0) = 0 and assume that ¢(x),
together with its derivatives up to the third order, is O(x~) for some
B > 2, as x — oo. Then, for any integers n,m > 1, we have

[ee)

f Jo(x)(x)dx+ (1.31)
0

1
Z ES(n,m;C)SDH

c1

dr\nm) Onm
 2n

(o)

1
+ Z ajtj(n)tj(m)h(y ;) + e fT(1/2)+ir(n)7'(1/2)+ir(m)

=1

h(r)dr
(1 + 2ir)2’

—00

where the functions ¢p(x) and h(r) are defined in terms of ¢ by the
integral transforms

[ee] * d
on() = ) =2 ) k= Vs [ o). (132
k=1 0

in

( dx
25h(nr) f(JZir(x) - J—Zir(X))SO(x)7- (1.33)
0

h(r) =

It should be useful to note that the transformation ¢ — ¢ in (IL32)
is a projection by which, to a given ¢, one associates its component
orthogonal on the semiaxis x > 0 (with respect to the measure x~!dx) to
all the Bessel functions of odd integral order.

Together with (I32), this projection can be defined by the equality

00 1

er(x) = e(x) = x f p(u)( f §Jo(x€)Jo(u&)dé)du (1.34)
0

0

=p(x)—x st(u) xJo(u)Jy (x; - uzfo(x)J1 () "
X“—U
0

65 and any sufficiently smooth ¢ admits a decomposition

¢ =py+ (- 9¢n) (1.35)
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where ¢ — ¢ is a combination of the Bessel functions defined by
while ¢y is equal to integral (IL27)), in which by /& one means the integral
transform (I.33)) of the function ¢.

The classical Petersson formula

DIt m) = (1.36)

=

1
= F6um + 21 ) =S (n,m, )i (
c=1 ¢

471\/%)

(where fj form an orthogonal basis in the space .} of cusp forms of
weight &, || fj,kll2 = (fjr fix) and vx = dim .7} ) allows us to represent the

surm e

1
§ =S((n,m;c))p
C

c1

(1.37)
c

as a bilinear form in the eigenvalues of the Hecke operators for the case
when ¢ may be represented by the Neumann series of the Bessel func-
tions of odd order. Together with (I.31) this gives a representation of the
sum (L.37) as a bilinear form of the eigenvalues of the Hecke operators
(in all .} with even k and .#) for an arbitrary “good” function .

1.6 Some relations with Bessel functions.

The special case of the following expansion in terms of Bessel functions
is the crucial key to prove the identities of the preceding theorems (Re-
ally our identities are consequences of a suitable averaging of the initial
identity which results from a comparison of two different expressions
for the inner product (U,(., 1 + it), U, (., 1 —it)), t € R).

2

Theorem 5.Let f € C%(0, ), f(0) = 0 and 3 |fO(x)| < x7B for some
r=0

B> 2 asx > +co. Let @ € R and F(x,t; @) be defined by the equality

Fx, 1) = J;,(x) cos g(a —if) = J_y(x) cos g(a +in.  (1.38)
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Then we have the representation

(o)

66 where

~ tdt
fo == f Fxtaf@ o) g teosmay T
0
) Dreca(®ha(f)
n>(a-1)/2
o r dx
Pta) = f Fxta) (0%, (1.40)
0
r dx
ha(f) =2C2n+1-a) fj2n+1—a(x)f(x)7- (L.41)
0

1.7 Some consequences.

We have an explicit from of the connection between p(n) and the sum
of Kloosterman sums. For this reason, we can transform the information
about the Kloosterman sums into information about the Fourier coeffi-
cients of the eigenfunctions and vice versa.

The first example is the confirmation of the Linnik conjecture. The
second is
Theorem 6. For anyn > 1, as T — +oo, we have

2
Z @ jzé(n) = % + O(T(log T + d*(n))) + O(~\/nd3(n)log® n) (1.42)

XG<T

where a; = (chme) loy(DF s = % = 3.d(%)
didydz=n  d|n

The following (indirect) consequence is due to V. Bykovskij:

Z d(n® — D) = T(ey(D)log T + co(D)) + Op((T log T)*?)  (1.43)

n<T

where D is a fixed non-square and ¢y, cg are constants.
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H. Iwaniec proved the excellent estimate for the number n(X) of
the conjugate primitive hyperbolic classes {Py} with NPy < X:

mr(X) = liX + O(X33**€) for any € > 0. (1.44)

The proof is based essentially on the sum formulae for Kloosterman
sums.

We have some progress in the additive divisor problem (H. Iwaniec
and J.-M. Deshoouillers and myself):

Z d(n)d(n + N) = TP>(log T, N) + On(T log T)*'?) (1.45)

n<T

where P,(z, N) is a polynomial in z of degree 2.

1.8 The Hecke series.

To each eigenfunction of the ring of Hecke operators (regular in the
case of .} with k > 0 and real analytic in the case of .#), we associate
the Dirichlet series whose n-th coefficient is the eigenvalue of the n-th
Hecke operator.

As we have relations connecting the spectra of the Hecke operators
with the Fourier coefficients of the eigenfunctions, these series differ,
only upto normalization, from the series associated by Hecke to regular
parabolic cusps by means of the Mellin transform.

We set

(o)

Hop(s;x) = ) el tjx(n), (1.46)

n=1
(o8]

Ji(s5x) = Z e(nx)n™"t;(n),

n=1

and we denote by .%,(s; x) the Hecke series associated with the Eisenstein-
Maass series E(z,v),

Lo(s:x) = Z e(nx)n~*1,(n). (1.47)

n>1
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For x = 0, these series are denoted by J7(s), J(s), Z,(s) respec-
tively.

Theorem 7. Let x be rational, x = %l with (d,c) =1, ¢ 2 1. Then

(1) Hu(s,d]c), Hi(s,d]c) are entire functions of s,

(2) forv # % the only singularities of £,(s,d/c) are simple poles at
the point s = v + % and sy = % — v with residues ¢~*"¢(2v) and
02"_2{(2 — 2v); the function ((S — 2 —(@- %)2)%(& d/c) is an
entire function of s.

For what follows, it is convenient to set
2u—-1

y(u,v) = INu+v- %)F(u—v+ %); (1.48)

T

as a consequence of the functional equation for the gamma function, this
function for any u, v € C satisfies the relation

Y(u, v)y(1 — u,v) = —(cos® ru — sin® 7v) . (1.49)
Theorem 8. The Hecke series have functional equations of the Riemann
type; moreover
1) for even integers k > 12 and for (d,c) = 1, ¢ > 1, we have
Hi(s,dfe) = —(4n/e) " y(1 = 5, k/2) cos(ns) (1 = 5, ~d'[c)

(1.50)
where d’ is defined by the congruence dd’ = 1(mod c)

2) with the same d’,

ZL(s,d]c) = (47r/c)2s_1y(1 — s, V){—cos(ms)%,(1 —s,—d/c)+
(1.51)

+ sin(mv).%4,(1 — s,d’/c)},

H(s,d/c) = (47r/c)2€_1y(1 -, % +ix;) (1.52)

{=cos(ns) (1 = s5,d'|c) + €jch(nmy ;) 75(1 — 5,d/c)}.
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We conclude with the simple but important consequence of the mul-
tiplicative relations (ILT9) for Hecke operators : forRe s > 1+|Rev— %l,
we have

& 7, (n)t(n) 1 1 !
2 S g v v (1Y)

If we replace t;(n) by 7,,(n) (that corresponds to the continuous spec-
trum of the Hecke operators) then the well-known Ramanujan identity
will arise instead of (I.33):

o w(mT(n)
> — = (1.54)

n=1

n=1

1
= @§(S+V—,u)§(8+u—V)C(S—v—,u+ DZCs+v+p—1).

For this reason, equality (IL33)) is a direct generalization of the Ra-
manujan identity; both will be essential for the estimate of the eighth
moment of the Riemann zeta-function.

1.9 The spectral mean of Hecke series.

Let N > 1 be an integer and let s, v be complex variables. We set

Z8(s,vih) = Z ajtj(N).H (s + v — %)%j(s —v+ %)hm) (1.55)

=1

1 1
235, vih) = > €jajtj(N)H (s +v = (s = v+ Dhlx)) (156)

=1

(with a; = (ch(my j))‘1 lo j(l)lz). Here the summation is over the positive
discrete spectrum of the automorphic Laplacian and one assumes that
its eigenfunctions have been selected in such a manner that they are at
the same time eigenfunctions of the ring of Hecke operators and of the
reflection operator 7_1(€; = +1 are the eigenvalues of 7_y).

Further, we define the square mean of the Hecke series over the
continuous spectrum by the equality

ZO(s,vih) = (1.57)
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1 oo{(s+v—%+ir)§(s+v—%—ir){(s—v+%+ir)§(s—v+%—ir)
B _f {(1+2in{ (1 = 2ir)

X (1 72)+ir(N)R(r)dr

with the stipulation that, by means of integral (I.37), the function Z(°)

is defined under the conditions
1 1
Re(s +v — 5) <I1,Re(s—v+ 5) <1.

If any one of the points s + (v — %) lies to the right hand side of the
unit line, then the integral (I.37) defines another function, connected
with Zj(\f) by the Sokhotskii formulae. Fro example, if by Zl(\f), we denote
the function which is defined by (L37) with Re s > 1, Rev = %, then a
simple computation gives

Z (s, v ) = Z$ (5, v; h) + 44y (s, V(s — v — %))+
+4{n(s, 1 = v)h(i(s +v — %))

where we have introduced the notation

{(2s = 1){(2v)
Z(2—2s+2v)

and the regularity strip of / is assumed to be sufficiently wide for the
right hand side to make sense.

Now we need the mean with respect to the weights of the Hecke
series associated with regular cusp forms. For an integer k£ > 1, we set

En(s,v) = Ty(N)

pICk-1D) [k —1) &

Zyi(s,v) =2(=1 @ Zla,zk(l)l 1j2k(N) (1.58)

X I k(s +v — E)ﬁfj,zk(s —Vv+ 5)

where ;51 (N) is the eigenvalue of the N-th Hecke operator in the space
My of regular cusp forms of weight 2k, vo; = dim .#5;; the empty sum
for 1 <k < 5andk =7 is assumed to be equal to zero.
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Assume now that 1" = {hy-1};2, is a sequence of sufficiently fast
decreasing numbers; we define the mean of the Hecke series with re-
spect to weights by the equality

205, vih) = ) o1 Ziads,v) (1.59)
k=6

1.10 The convolution formula.

Some of the consequences of the algebra of modular forms are the so
called “exact formulae”, an example of which is the identity

N-1

1
2, 733N =n) = s (@1(N) = 03(N), 7alm) = Y dt - (1.60)
n=1 din

A source of similar identities is the obvious assertion that the product of
modular forms of weight £ and / is a modular form of weight k + [.

There are analogues of these identities for the real analytic Eisen-
stein series of weight zero. For an integer N > 1, we associate to a pair
of series E(z, s) and E(z, v) the expression of convolution type

(o)

Wi (s, v;wo, wy) = N*! Z T,(n)(01-2s(n — N)wo(yn/N)  (1.61)

n=1

+01-25(n + N)wi(yn/N))

where 071-25(0) means {(2s—1) and wy, w; are assumed to be sufficiently
smooth and sufficiently fast decreasing for x — +oo.

Theorem 9. Assume that the functions wy, wy are continuous on the
semiaxis x > 0 together with derivatives up to the fourth order, w;(0) =
w}(O) =0 for j = 0,1 and that, for x — +oo, the functions w j(x) as well
as their derivatives up to the third order are O(x®) for some B > 4.

Then, for any integer N > 1 and s, v € C satisfying Rev = 3,5 <
Re S < 1, we have

Wa(s, viwoswi) = Z3 (s, v ho) + Z\ (s, vihy)+ (1.62)
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1
ZO (s, v ho + ) + Z8 (s, v ) + (s, V(. 0+

In(s, 1 — v)V(%, 1=-v)+ v = s, v)V(s,v) + (1 — 5,1 —v)|X
V(s,1-v)

where

_ {25){(2v)

In(s,v) = m

Tsv(N), (1.63)

V(s,v) =2 f (11 = "2 )wo(x) = (1 + )2 w ()P dx  (1.64)
0

and the column vector h(r; s,v) = (ZO) is defined in terms of w = (xo)
1 1

by the integral transform

(o)

1 .
h(r 5.v) = ﬂf(ko(x, (5) +ir) 0 )(ﬁ)zm 9 (1.65)

ki(x, 1 +ir)

) w(y)ydydx

0
f(ko(xy,v) ki (xy. v)
J Vi) ko)

71  with the kernels

~ Jo-1(x) = J1-2(%)
ko(x,v) = 2 c0s0m) , (1.66)

ki(x,v) = % sin(7rv) Ko, 1 (x).

Finally, the coefficients of the mean of the regular forms Z](\f) are
given by the relations

th—l = 2(2k - Dx

= 2s5—1 P
x f ch_mx)(ﬁ) f (ko (Cxys VWO () + ki (e, vywn ())ydy dx.
0 0
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1.11 Some consequences of the convolution formula.

The first example of the use of (L.62) is the additive divisor problem;
if we choose s = v = 1/2, w; = 0 and wq so that it is close to 1 in
the interval (0, v/T/N) (so that wo( Vn/N) will be close to 1 for n < T),
then the left hand side of (I.62)) gives the sum on the left side of (I.43).
Terms with the integral (I.64)) are leading terms and all other terms give
the remainder term.

Of course, the asymptotic formula for the additive divisor problem is
crucial for the investigation of the fourth power moment of the Riemann
zeta-function. A consequence of (L62) in this direction is the following

Theorem. (N. Zavorotnyi, 1987). Let T — +oo; then, for any € > 0, we
have

T
f |§(% +if)*dt = TP4(log T) + O(T*3+€) (1.67)
0

where P4(2) is a polynomial in z of the fourth degree with constant coef-
ficients.

We can consider the functions A and &; in (L62) as given; the fol-
lowing unusual integral transform is useful to invert (L.62)).
Let us define the matrix kernel K(x, v) by the equality

ko(x,v)  ki(x, V)) (1.68)

Rixv) = (kl(x, v ko)

with ko, k; from (L.66). Now we shall consider the matrix equation

(o0

W) = [ Ky vut) vy (1.69)

72



73

82 0 INTRODUCTION.

Theorem 10. Let Rev = % and w € L*(0, c0) in the sense that wy, w) €
L*(0, c0). Then there exists a unique solution u in L*(0, o) of the equa-
tion (1.69) and this solution is given by the formula

(o0

) = [ Ly uw) vy (1.70)

0

where the integral is understood in the mean-square sense.
Now, as a special case of the convolution formula (1.62), we have
the following asymptotic formulae.

Theorem 11. Let T — +oo. Then for a fixed o and t € R with % <0<
1, we have

T2 2-20) (T2\'
Z ajl Ao + il = = Qo) + c@=20) (17 )+ O(T log T)
? 20 -0) \2n
X;<T
(1.71)
while, for o = % the right-hand side has to be replaced by
27?2
—5(log T + 2y — 1 + 2log(27)) + O(T log T). (1.72)
bis

1.12 The explicit formulae for the transformation (I.63)

We rewrite equality (I.63)) in the form

[ee)

wo Ao Aol
h= | A(r,y;s, dy,A = , 1.73
[acssm()omna=(3o 4] am
0

where the matrix kernel A, under the conditions Rev = %, % <Res <1,
|limr| < Re s, is determined by the integrals that appear in the term-by-
term integration in (L63). All these integrals are given in tables (these
are the Weber-Schatheitlin integrals); we will be needing the following
explicit form for the kernels A, j, 1 =0, 1.
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Proposition 1. Let us denote, for Rev = %, % <Res< 1, |Imrl<Res

1 1
a=s+v——+ir,b=s—v+§+ir,c=1+2ir, (1.74)

1 1
a'=s+v=—§—ir, b'=s—v+§—ir, ' =1-2ir. (1.75)

Then, for 0 <y < 1, we have

(o)

1
Q> Aoo(r, s 5,v) = 1y f ko(x, 5 + inko(xy, v)(%)zf‘ldx (1.76)
0
1 L(@I'(@) ,, , oo .
frd F . 2 .
ZCOS(Trv){ T2 v F(a,a’;2v;y")sinm(s + v)+
NN
+%y2_2"F(b, b':2 = 2v;y*)sina(s — v)}
and fory > 1,
Q2> Ago(ry; 5,v) = (1.77)
- 1-2s r (b 1
=2 (‘a) ( )F a,b;c; — |cosn(s + ir)—
2sh(nr) | y~1T(c) 2
F ’ F b/ 1
—%F(a’, b’ —z)cos n(s - ir)}
Y y

At the same time, for all y > 0, we have

) Ago(r, v 5, v) = sin(s)[(2s — Dy? |1 —y?|'"2x  (1.78)
L) (a)L(D)(D)
2xl°(2s) cos(rms)
(ch’7r + sin® v — sin® ws)y* F(a, d’; 2531 — y%)

F(1—-b,1-b:2-25:1-y")+

where, in the first term, the absolute value sign combines the two cases
y<landy>1.

Proposition 2. With the same parameters, we have
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Q)5 Agy (1, 5, v) = nyka(X, % + irky (xy, v)(%)%—ldx (1.79)
0

B iy1—2s sin(7rv) F(a)F(b)F( b _l)

= T 3ehom Y1IT(c) Ty

-TWWMF@ﬂmfl»
yc’—l F(C’) y2

Proposition 3. The kernel A is defined by the relation

Q0> Ao, y; 5,v) = 7y f ki (x, % + ir)ki (xy, V)(g)zs_ldx (1.80)
0
_ L@@ (B (D") ch(rr) sin(ﬂv)yva(a, a/; 251 — yz)'
nl'(2s)

Proposition 4. With the parameters (ILZ4)-(LZ3), we have

r 1
@&HmWM&w=mfhu5+mmWw§W%u=
0
Ch(?TI’) r(a)r(a,) 2v ’ 2
— F Sy — _
2cos(7rv){ Fay . F@ai2vi=y)
rore) -, )
e IR B2 = 2v; — 1.81
F(2—2v)y (0,0 v, =y) (1.81)
and, at the same time,
o> ALy s, v) = (1.82)
iy1=25  (T(a)[(b 1
=2 (‘a) ( )F a,b;c;,—— |cosn(s +ir)—
2sh(nr) | ye=!T(c) y?
L) (B 1
—%F(d’;b’;c’;——z)cosﬂs - ir)}.
Y () y
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Proposition 5. Let us write the quantities hy,_ in (L62) as
hak-1(s,v) = f(Ag()’; 5, V)Wo(Y) + AL (; 5,V)w1 (1)dy. (1.83)
0

Then, for0 <y <1,

Qn* A y; 5,v) = (1.84)
2k -1 I(s+v—1+k)
cos(mv) {F(Zv)F(l —s—v+k)
I'k+s—-v)
"TQ-20WI(v—s+k)

yva(k+s+v— 1,s+v—k;2v;y2)—

yz—ZVF(k+s—v,s+ 1 —v—k;2—2v;y2)}

and, fory > 1,
@ny AL 5 = (1.85)
(-DFsin(rs) Tk + s +v — DIk + s — v) y
ﬂ-yzk+25—2 r(zk _ 1)

1
F(k+s+v—1,k+s—v;2k;—2).
y

For the second kernel in (L83), we have

Cm> ALy s,v) = (1.86)
sin(mv) I'tk+s+v—DI(k+s—v)
ﬂy2k+2s—2 r(zk _ 1)

1
Flk+s+v-1, k+s—v;2k;——2)
y

Part II. The eighth moment of the Riemann
zeta-function.
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2.1 The result and a rough sketch of the proof.

Since the question about the true order of zeta-function on the critical
line is open even today - and it will be so in the foreseeable future-, a
sizeable part of the theory of the Riemann zeta-function is an attempt to
present the asymptotic mean value

T

1 1

ng(z +in)kde, k=1,2,... (2.1)
0

The case k = 4 will be investigated here; for this case, the following
new estimate will be given.

Theorem 12. There is an absolute constant B such that
T
L8 B
Ig“(z +in)|°dt < T(log T) 2.2)
0

when T — +oo.

Furthermore, the same estimate is valid for the fourth power mo-
ment of the Hecke series of the discrete spectrum of the automorphic
Laplacian. Namely, we have

Theorem 13. For every fixed j > 1 with the same B as in 2.2), we have
- 1
ajfljfj(z +in*dt < T(log T)2™°, T — +co. (2.3)
0

To give these estimates we shall consider the fourth spectral moment
of the Hecke series over the discrete and continuous spectrum. The one
over the discrete spectrum is defined by

zdis ( 5V h) - 2.4)
psH

Za%mw— DA s = v+ A +p—3) A -+ 3)
! £(25)¢(2p)

h(x ;)

>
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with
a; = (ch(my ;) o, (DI (2.5)
Of course, this function results from the following summation (see
the generalized Ramanujan identity (.33))):

@=zlmmmmmzﬁwmmwwhq (2.6)

n®  mP
n,m>1 j=1

Zdis(s’v
pPsH

when Re s > Rev — %l +1,Rep > |Reu— %l + 1. The function

S,V

28)(20)Z%8 h
amm(w)

is regular in some domain of the kind Re s > 50" Rep > po, where s(,00
depend on the order of decay of the function |A(r)| for |r| = +c0.

We shall denote by Z4 ( Y

bl

‘h) the expression obtained on replac-

2

ing a; by €;e; in @.0):

h) = Z Tv(n) T/l(m) [Z E]a']l](n)t](m)h(,\/])\] (27)

n2  m .
n,m>1 j=1

Zdis(s’v
psH

In the same manner as in (2.6), we define the fourth spectral moment
over the continuous spectrum by

S,V
P> 1

h) = L fZ(s; v, 1 +irZ(p; i, ! +ir) h.(r)dr -
4r 2 2 (1 +2ind(1 = 2ir)
(2.8)
where we assume Re(s + (v — %)) > 1, Re(p = (u - %)) > 1 and the
notation z is introduced for the right side of the well-known Ramanujan
identity:

ZSOn (

(o0

dmwzﬂﬂﬂ (2.9)

ns
n=1
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1
=——({(s+v-wl(s—v+mwl(s+v+u-1)x
{(2@{ 104 104 I
Ls—v—pu+1).
Finally, for the given sequence h* = {hy-1};_, we define the fourth
moment of the Hecke series over regular cusp forms

Zcusp S,V h*) — 2 (_1)k/2h B (210)
(P,,U ; =
k=0(mod 2)
Vk
Ty(m)Ty(m)
X Zaj,k Z Wtj,k(n)tj,k(m),
j=1 nm=1

where vy = dim .#} is the dimension of the space .# of the regular
cusp forms of weight k and #;,(n) are the eigenvalues of the n-th Hecke
operators in this space .#. The quantities « ; are the normalized coef-
ficients; if the functions fj; form an orthonormal basis in .#}, then

@ik = T‘mj,k(mz, (2.11)

where a(1) is the first Fourier coefficient of f;x. Together with (Z.10),
we have

Vi
Zcusp (;’ “j h*) =2 Z (_])k/zhk_l Z X (2.12)
’ k=2 J=1
k=0(mod 2)
Hals +v = ) x(s = v+ DA plp + u = ) Ao —p + 3)
{(25)¢(2p) ’

this equality is quite similar to (2.4).
Now we shall describe the main idea. We shall consider the double
Dirichlet series

90) - 5 DO e . (2.13)

nsmr
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where the coeflicients are sums of Kloosterman sums with the smooth
“test” function ¢:

N 1 47 \Jnm
K@) = Y =S (n,+m; C)so( ) (2.14)
c ¢
cz1
Since there is a functional equation of the Riemann type for the

Dirichlet series

o0
a a .
%, (S, —) = Z nSty(n)e(n—), e(x) = ¥,
c c
n=1
when a, ¢ € Z are coprime and this equation connects .Z,(S, ¢) with
Z(1-s, J_r%:), aa’ = 1(mod c¢), a functional equation has to exist for the

S,

functions L&) ( ’ (,0); it will connect this function with the functions

’

of the same kind L& (>

% :
go) for an appropriate ¢. As a consequence

2

of the sum formula for Kloosterman sums, it means that there is a func-
tional equation for the function
(s
P M

Z(S, Vh):Zdis(S, 1%
R

P M
roughly speaking, this equation (which will be written below in detail)
is the result of the exchange of s and p and the replacement of /4 by some
integral transform.
Now, on the left side of this functional equation, for the special case

1 1
S=u= 5”0 =y= 3 +it,t € R is large and positive, (2.16)

we have in the continuous spectrum the product

h); (2.15)

1 1 1 1
43(5 +ir + ir)§3(§ Hit—inN(5 it +ind(5 —it=ir)  (217)
and the other product will be on the right side; namely, we have therein

43(% + ir)§3(% - ir){(% + 2it + 2ir)§(% + 2it — 2ir). (2.18)
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After this specialization, we shall choose the special function % essen-
tially as exp(—ar?) with a fixed positive @. Then the essential part of the
interval of the integration is |r| < (log /2. The length of this interval
is small in comparison to the large ¢ and for this reason, (using the Rie-
mann functional equation), we can reduce the main term of our product
on the left side to the form

r . o4
|§’4(§ +it+ir){ (5 + it —ir)|.

It means that we may hope to estimate the integral
€ ©O 1 1
f f wT(t)|g“(E + it + ir)g“(5 + it — ir)dirdr (2.19)
—€ 0

for arbitrary small positive €, if w7(f) is the smooth function which is
not zero for t € (7,27T) only and close to 1 when %T <t < %T (see
picture).

figure 79 page

The main term will be close to the integral

(o0

é f wr G + il

0

if € <« (log T)72 (see subsection (Z.4)); so we have the eighth moment
of the Riemann zeta-function here. At the same time, the contribution
of the discrete spectrum is positive too. Hence the desired conclusion
follows if the integrals on the right side can be estimated with sufficient
accuracy.

But the integrand for these integrals contains one Hecke series only;
so the integration may be done asymptotically. As a result, we shall
reduce the problem of the estimate of the eighth power moment to the
problem of the estimate for the fourth spectral moment. It is sufficient
to prove our theorem for the latter.
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In the conclusion of the introduction of the second part, we shall
note that the estimate

1
45+ in] < 1'/8(log 1))B1, , 1 — oo,

follows from 2.2), By = %B + %
It is preceptibly better than the last achievement in the long chain of
the results of the kind |£(3 + if) < [f]".

2.2 The first functional equation

Since the sum Z% + Z" s connected with the sum of Kloosterman
sums, we shall consider the triple sum

90) - ) DR ), 3.1

L(i) s, vV
nSmpP

P, H

n,m=1

Here the notation (2.14) is used and we assume that a function ¢ is
“good” namely, the Mellin transform @(u)

(o0

P(u) = f P(x)x"dx, (3.2)

0

is regular in the strip —@p < Reu < a; with positive @, @ and |p(u)|
decreases sufficiently rapidly in this strip. For this reason, we can write

o(x) = % f f GQu)xdu, x > 0, (3.3)

ir (@)

(9
where f stands for the integral over the line Reu = @. As we have
(@)

IS (n,m; ©)| < 2 (n,m, ¢)d(c),

80
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the triple sum (3.I) converges absolutely if @ < —1 and both Re(s + @),
Re(p + @) are larger than 1. For this case, we have, for the sum (3.1)), the
following expression

1ol
¢)= — )X (3.4)

c1

L& (S’ v
P, M

d
Lils + 1, L + . =) /4nY @)
ad=1(mod C)(a) ¢ ¢

Now we shall integrate over the line Re u = ap where ag will be chosen
so that both Re(s + ap), Re(p + ag) are negative. Taking into account the
contribution from the poles, we have

1@ (; ; Q0) (3.5)
%;@(p —s+ % —,£d)P(3 — 20 — 2s)) N
O (G2 -p s 5010
42 -2

eCu+1-2p)+
n 1 Z ! Z L(s+u,a/c0)Llp +u, +d/6)( )2u¢(2”)d”

in c
cx1 ad=1(mod c)

3
(4)22n i oS —pt 5 —ﬂ’a/c‘)¢(3—2,u—2p))}+

In the last term, we shall use the functional equation (L31). If the sign
“plus” is taken, then it gives for our sum the expression

Zl > —TV(n)T“fm)G(n,m;c)@o(4”W)+ (3.6)
cz1 ¢ nm=1 nPm ¢

+S (n, —m: ) D, (4" ‘C/%))
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where
Oy = Dg(x; 5, v; 0, 1) = 3.7
1
e fy(l —s—uv)y(l —p — u, p)x
in
(a0)

(cosnt(s + ) cos (o + u) + sin(zv) sin(ﬂu))xz"gb(Zu)du,

Dy = Oy(x;5,v;0,u) = (3.8)
1
= - f y(1 = s —u,vyy(l = p — u, p)(sin(ru)x
(ap)

cos 71(s + u) + sin(zv) cos 7(p + ) x> GQu)du,

Of course, when the sign “minus” is taken in (3.3), then the same
function s ®y and ®; are the coefficients, but ®y will occur with
S (n,—m; c) and ®; with S (n, m; c).

We have ®;(x) = O(x?minResRep)y 35 x — 0+ and these functions
are bounded when x is large. For this reason, the triple sums in (3.6)
converge absolutely and we can again interchange the order of the sum-
mations. Hence we have, in (3.7)), the sum

Lo (p’ ! @0) + 10 (p’ Y CI)l) (3.9)
s, M . U
for the case “+” on the left side (3.3]) and
L (p’ v @1) + 1O (’0’ v (DO) (3.10)
s, M , M

for the other case.
Now we are ready to give the first functional equation.

Theorem 14. Let Rev = Reyu = % and let, for some positive § < %, the
variables s, p satisfy % <Res, Rep < %+6. Let ¢ : [0, 00) — C have the
Mellin transform @(u) such that $(u) is regular for —% -20 <Reu<?2.
Then we have

L& ( 5 v

Py M 55 5

:L(+>(p’ ! )L(‘)(‘O’ Y )+ 3.11
90) | 90 | #! (3.11)
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2s—1
4 260 ( ECY) kv s, 1002 + 1 — 25)+

£2s)  \(4m)>
+ g(f )222? Ao+ 1—vis, e — 2v—2s))
260! (4(2(;1)
{2p) \(4m)

N {2 —2p)
(4m)2-2m

s+ w0,v)PC2u+ 1 - 2p)+
s+ 1 =03 —2u - 2rh0)) ;

where @, O are defined by the following integral transformations
@000 = o(xisvipn) =% 2 [[oemomur @12
0
ki (&, vk (. w)e(En/ ) "> dédn
D;(x) = D (x; 5, v p, ) = X472 f (ko(&, Vko(p, i)+ (3.13)

0
ki€, Vko(n, p)p(én/x)E 2! " dgdn.

Of course, it is the same as what we have in (3.3). If Rep > Res,
then in the first term on the right side of (3.3), one has the sum

Z} c2s Z ne- s:l—\(/+()1/2)S(0’n;c) = (3.14)
1 Z T, (n)or1-25(n) _ dp+vis)
(25) nP—s+tv+(1/2) £(25)

83 On the right side, we have a meromorphic function of p in the half-
plane Rep > %; so this equality holds for the analytic continuation of
the initial sum

1 1d
Zﬁ Z %(p—s-f‘\/‘l'z,z) (315)
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if we can be sure that this function is meromorphic not only for Rep >
Re 5. It is sufficient for this to know that .Z,,(w, %) as a function of c is
bounded in the mean when Rew > % (except at the poles). But this fact
is a consequence of the Bombieri-Vinogradov inequality which asserts
that
2 P+Q
< max(Q, M?) Z b (3.16)
n=P

P+Q

d
D n-rbme(=)

for an arbitrary sequence of complex numbers b(n).

Now one can check that relations (3.12) - (3.13) and 3.7) - (3.8) are

idential. We have the tabular integrals

2. 2

1<c<M (d,0)=1

(9

fko(x, W Ldx = y(f,v)cos(ﬂ), 0<Rew<>.  (3.17)
2 2 2

0

fkl(x, ¥ ldx = y(%, v) sin(zrv), Rew > 0, (3.18)

0

After writing ¢ in (3.12)-(B.13) as the Mellin integral,
2u
1
o(Z)= [ e (i) d,
X in én
we shall come to an absolutely convergent triple integral if
3 3
max(:l - Res, i Rep) < Reu <min(l —Res, 1 —Rep).

Hence there is a non-empty strip where we can integrate in any order;
this gives our relations for @y and @;.

2.3 The main functional equation: the preparations.

For the given function A(r) and the sequence h* := {hy;— 1},‘21, we shall

consider the function
R R e e ]
P, M P M P M
4.1

ps M
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84 When Re s, Re p > 1, this function is equal to

()

D DT ) Dun f rhGOh(Ddr) = (4.2)
ut n*mpP s

—00

-1 ( s, V‘ 90) + izz(s + 05V, 1) frth(n'r)h(r)dr
pPs H T ,
where ¢ corresponds to 4 and 4* in the sense of Theorems [I] and 41

Our intention must be clear now; we shall use the first functional
equation for L™ and after this, the analytic continuation of both sides
will be carried out.

Firstly, it is convenient to write the analytic continuation for the
function Z;™". Let us denote by Z°" the integral in which (under the
usual conditions Rev = Reyu = %) we have Res < 1, Rep < 1. Then
Z;™" and Z°" are connected by the following relation.

Proposition 6. Let h be a regular function on the sufficiently wide strip
[Imr] < A A > % Then for Res > 1, Rep < 1, the meromorphic

S?

continuation of Zg™" ( ;‘ h) is given by the equality.

zeon (; ; h) — zeon (; ; h)+ 4.3)
+§(2s—1) {2v)z(pspu, 1 —s+v)
2(29) L2 +2v—25)

h(i(s —v — %))} +

(2 -2v)z(o; 2 —s—V) . 3
74— 2v—2y) h(i(s +v — 5))+
(2p—-1) [{Qwzsiv,1—p+p), . 1
h —y-=
7@p) { {erau—2p) W THT
{2 -2ws;v,2—p—p), . 3
(G—2u-2p)  @rk- 5))} |

Really Z;°" is a Cauchy integral, because { has only a simple pole.
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so the poles of z(s; v, % + ir) are the points r;, 1 < j < 4, with

iNn=—=-—-s+v,in==-—-S—Vv, r3=—r1, r'4 = —n.
2 2 ’

When Res > 1 the points ry, r, are lying above the real axis and if
Res < 1, they are below the same. Now one can deform the path of
integration (see picture; the deformation must be so small that the func-
tions (1 + +2ir) have no zeros inside the lines; it is possible, since the
Riemann zeta-function has no zeros on the line Re s = 1) and the desired
conclusion is the result of the direct calculation of the residues.

figure 85 page
N

(O
s, u 7 )
as a bilinear form in the eigenvalues of the Hecke operators. For this,
we need to consider the integral transforms of Theorems @) and ().

The situation now is the following : for a given h, we define ¢ by the
transformation (I.27)), or what is the same, by the equality

The next step is the representation of the functions L*) (

p(x) = % f ko(x, % + iu)uth(mu)h(u)du, 4.4)

and thereafter, we should calculate the integrals @y and @, in (3.12]) and
(B313) with this ¢ and finally the integral transformations

[ee)

1 d
ho(r) = ho(rs s, vip, ) = ﬂfko(x, 5t ir)‘l)o(x)?x, (4.5)
0

[ee)

1 d
h(r) = hi(r;s,vip,p) = ﬂfkl 5+ IO (). (4.6)
X
0
In order to obtain an asymptotic estimate, it is preferable to diminish

the length of the sequence of these integral transformations; we give the
results in the following

85
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Proposition 7. Assume that the function h(u) is even and regular in the
strip | Im u| < % and h has zeros at u = i%. Let |h| decrease as O(|u|™®)
for some B > 4 when |u| — oo with |Imu| < % Then the function hy is
given by the integral transform

ho(r) = %fBo(r;u;p, v, i; )u th(zmu)h(u)du 4.7

where, with the notation from (I18), (IZ9), we have, for Rev = Re u =
%, % <Res, Rep <1

Bo(r,u; p, v, 15 8) = f(Aoo(V, &, p,v)Ago(u, é;l - P, )+ (4.8)
0
A ( . l _ 2p—-25—1
o1\r, é:’p’ V)AOI(u’ é:, 1 puu))‘f dé:
and here
Bo(r,u; p, v, 5 8) = Bo(r, u; s, 4, v; p). 4.9)

Proposition 8. Under the same conditions

[ee)

hi(r) = %fBl(r,u; s, 1, v; p)u th(ru)h(u)du (4.10)

where, with the notation (I.18), (L80),
By(r,u; 5,14, v; 0) = Bi(r,u;0,v, 145 5) = 4.11)

r 1
= f(Alo(”,f, s, 1) Ago(u, E;l -5, V)+
0

1
+ AN E, s, Ao (u, & 1 -5, v)E= " 1de.

Both the propositions result from term-by-term integration in the
corresponding multiple integrals; it is sufficient to consider the first re-

lation (@.7)).
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First of all, the function ¢ in @34), for our case, is O(x>) when x — 0
and O(x~1/2) for x — +oo. Furthermore, the Mellin transform of this
function, which is defined by the integral

P(w) : = f Q(0)x" " dx = (4.12)
0
= 2Cos (ﬂ) fy wl + iu | u th(ru)h(u)du
Vs 2 2°2

is regular for Rew > —3 and |@(w)| may be estimated as O(jw[R¢"~1)
when |w| — oo and Re w is fixed.

For this reason, the integrals (3.7) - (3.8) are absolutely convergent
if @y < Re(s +p) — 1. At the same time, both the integrals with k;(x, % +
ir)x x>$*+2+2u=3 for j = 0, 1 are absolutely convergent for 1 —Re(s+p) <
Reu < % — Re(s + p). If Re(s + p) > %, we can choose «a( in such a
manner that the term-by-term integration would be valid in the integrals
which will arise on replacing ®@; in (4.3)) and (4.6)) by the representations
B2 and @.8). In this way, we have

oo

ho(r) = %futh (mu)h(u)x (4.13)

1 1
xf yis+p+w-— 1,5 +ir)y(1 —s —w,v)y(l —p—w,y)y(w,i + )X
()

X cos(nrw) sinzw(s + p + w)(cos (s + w) sin(zv)+

+ cos (p + w) sin(zu))dwdu.

After this, it is sufficient to check that two representations are identical
for Re s, Re p < 1; but this results immediately from the explicit formu-
lae for the Mellin transforms of the kernels k; and the definitions of the
kernels Ay .

To finish the preparations, it remains to write the coefficients in the
sum over the regular cusps for the sum of Kloosterman sums with weight
function @ and, finally, to consider the analytic continuation of the

/;’ v h() +h1).

function Z(C)On (
» M
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The first is not difficult; it is sufficient to do the formal substitution
r =ik - %) in the expression for hp(r) and to note the well-known
limiting case
. _ I'a+2k+ DB +2k+1)
lim (T'(c))"' F(a, b;c;2) = 4.14
C_lj_gk( (©))" F(a,b;c;z2) T2k +2) X (414

XXV F(a + 2k + 1,b + 2k + 152k + 2;2)

which holds for a positive integer k.

The analytic continuation is given by the same kind of relation as in
@3); so it is sufficient to calculate the values (hg +hy)(i(s—1) = (u— %))
and (ho + hy)(i(p — 1) = (v = ).

Proposition 9. Let h be the same function as in Proposition ([); then,
for% <Res, Rep <1, Rev=Reu= % we have

[ee)

1 2 N

(ho + h)(i(p—v— 5)) = = fu th (mu)h(u)Bo(u; p, 1, s — v)du (4.15)
where

Bo(u; p, i1, w) = 2m)' =% sin(zp)[(2p — 1)x (4.16)

X f (1 = 1" Ago(u, 1/€;1 = p, )+
0
+(1+ &) A (w.1/€;1 - p, e~ de.

This relation is a consequence of the explicit formulae for the ker-
nels Ay, If r=i(p—v - %), then, in these formulae, we have

a=2v,b=1,c=2-2p+2v;d =2p—-1,b' =2p—2v,c’ =2p —2v.

Now, we have, for the special case of the hypergeometric functions,
F(0,b;c;z) =1 and F(a,b;b;z) = (1 —z)™® and as a result, we have the
following equalities

1 1
Aoo(ilp —v = 2).8p,v) + Arolilp = v = 5).&:p.v) (4.17)
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= 2" sin(rp)[ (20 — DIE? — 1!

and

1 1
AOl(i(p i E)’f,p, V) + A]](l(p -y — 5)";‘:’[)’ V)
= 2m)'"% sin(p)L(2p — D|E* + 1|21,

our proposition follows from these expressions.

2.4 The main functional equation and the specialization.

Theorem 15. Assume that the even function h(r) is regular in the strip
[Im 7| < % decreases as O(|r|™8), B > 4, when r — oo in this strip and
has zeros at r = i%. Then we have, for Rev = Reu = %, % < Res,
Rep < 1, the following functional equation

Zdix(s’ Vh)+zcon(s’ v
Iz ps M

T

h) = (5.1)

>

+Zdis (p’ v‘ho)-ﬁ-Zdis (,0, 1%
u

h1)+
7

+zcon PV ho + hy | + Z°%P P> h*l.
s, MU s, M
+CD¢(S, v; p, 1) + (I)w(s, 1=v;p,u) + (I)w(p,,u; s, V)+
Dy(p, 1 = 5 5,v) + Ip(s, v p, 1) + Ip(s, 1 = v; p, p)+
+95(0, 15 8,v) + I, 1 — 115 8,v) + Dy, (5, v p, )+

+ﬁho+h1(s’ 1 - V;pa ﬂ) + ﬁho+h1(p9/l; S, V) + 90h0+h1(,0, 1 - /*la S, V)

bl ’

1%

where hy and hy are defined in terms of h by (1) and ([EIQ), the se- 89
quence h* is the result of the formal substitution of i(k — %) in place of r
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in the expression for hy(r) and

] _ {@2s=1)(2v) ) B o 1
(s, vip, 1) = Z2p) {2+ 2v = 2S)Z(S,,Ll, 1-p+vh(i(o-v 2))
(5.2)

(47T)2S—2v—1 §(2V)

Z2) 2o+ v, s, wpRv+1-2s) (5.3)

Oy(s,v;p,pu) =2
with ¢ from (&4).
This functional equation follows simply on putting together the pre-
ceding considerations.
Of particular interest is the special case when s, v, p, u are chosen
as in (2.16)) and the function £ is positive for real » and decreases very
rapidly; namely, we choose

— (2 122 2 2 é—a#
h(r) = (r +4) (r +4)(r + 4)e , a>0. 5.4)

Now we have only one variable ¢ and, for brevity, we shall introduce
new notation. Let, for s = u = %, p=u= % + it and further, for the
function & from (5.4), let

s, Vv

Zo(t) = L25)(2p)Z°" h .
(1) = £(25)¢(2p) (p’ u ) (5.5)

Then we have

Z(1) = (5.6)

h(r)dr,

1 (AG +it—indG +it—ing — it +ing(s —it—ir)
Ef (1 + 2ir)P2

where the main contribution is determined by the interval || < (log £)!/?
(we assume that 7 is a positive large number). For this reason, we can
write

{(% + it + ir){(% +it—ir) = {(% — it + ir){(% —it—iry(t,r), (5.7)
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where
r(l_2+lr)r(__l_f_z
X(t’ l’) =t ; zt ir i 12r (58)
F(4 )F(4 5)
2it 2
- 1(2—”) eZit(l +0(r s 1))
t t
Now we have
Xx(t,0)Z:(1) = (5.9)
1 CIAG + i+ indt G i —i 1+ 72
1 f CGriringGri=il oM7)
IZ(1 + 2ir)? t

and the main term in the integrand is positive. If we estimate the integral

f wr(x(t, 0 Z.(t)dt, T — +oo, (5.10)
0

then the desired estimate for the eighth moment will be a consequence
of the following simple statement.

Proposition 10. For T — +oo, we have, with a fixed positive integer
k > 1 and for every fixed 5 > 0,

2T 2T (1+6)
f |g’(% + i)k dt < (log T)* f |§(% + it)[kdt (5.11)
T T(1-6)
To prove this inequality, one can see firstly that
|g’(l + ut)| < log T max Z N N (5.12)
2 w1 |4 n’ 2

and we have with 4M = T2/3 and € = (log T)™!
e+iM

— = f {(s+w)x — + O),x<t. (5.13)
—in 2ri
e—iM
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As a consequence of (3.12), (3.13) and Holder’s inequality, we have

2T 2T+M M 2k
9 N % 1 2k dn
| (= +it)|™dt < (logT) |{(= + €+ i) dt -
2 2 e + in|
T T-M M
(5.14)
2T+M
1
< (log T)* f 45 + e+ it) [k dt
T-M
2T+M
1
< (log T)* f |g(§ + it)kde, M = T*,

T-M
91 since the last integral is non-increasing as a function of e.
Now, for every positive € € (0, 1) we have

(2, 0)Z:(1)] > f |§4(% +it+ ir)§4(% + it — in)|\PPh(r)dr

T LU PO NP B B
> ¢ (2+n)| f (€ —r)r h(r)ar|g4(2+n+zr)g4(2+n ir)ldr,
(5.15)

so that

f wr(Ox(t,0)Z(t)dt > € f |48(% + if)lwr (H)di— (5.16)

([ w0l + i [ wrof' 5 + infan'™

If € = A(log T)~? with some sufficiently small constant A, then the
last term of the right side of (3.16)) is of a lower order than the first term
and so we have the inequality

fa)r(t)lg“w(% +in)dr < (log T)°| fwr(t))((t, 0Z.()dt|.  (5.17)

For this reason, an estimate for the integral in (3.10) is sufficient for our
purpose.
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2.5 The functions /;: the non-essential terms.

To carry out the non-trivial integration over ¢, we must know the asymp-
totic behaviour of the functions ko and h; in the special case (2.16),
where p = v = % + it with some large positive . The plan is simple:
instead of the hypergeometric functions we shall use the corresponding
asymptotic formulae (these will be written by the asymptotic integration
of the differential equation with a large parameter) and after this, using
the saddle-point method, we shal integrate over &.

2.5.1 The integral with A(;in (.8)

We have (see (I.79)
I 1\ i€/2n' %,
A s s 1 — P3| = lux 61
ol (” AR 2) 2shom) © ©.D
I2(1 = p + iu) )
—_—F(1 - ju, 1 — w, 1+ 2iu;, —
T+ 20 (1 =-p+iu, 1l —p+iu; 1+ 2iu; —€)+

+ {the same with u — —u},
i(2n&)17% sin(mp)L'(2p — % +ir)[(3 + ir)
- X
2£2rsh(mé)T(1 + 2ir)

Aoi (1., p,p) = (6.2)

1 1 1
F(2p -3 + ir, 3 +ir; 1 + 2ir; —?) + {the same with r —» —r},

Later, we shall use the following method of considering our inte-
grals. It is well-known that the function

w= ZC/Z(I T Z)(a+b+1_c)/2F(Cl,b;C; iZ)

is a solution of the differential euqation

w=0

(6.3)
As a consequence (using an appropriate transformation of the vari-
albe), we see that the function

W) = (tgn/2) /224 (cos /2)* 2 x (6.4)

L (c@C-¢) 1-(a+b-c? 3cla+b+1-c)—ab
w'+ + +
472 4(1 F 2)? 2(1 F2)
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F(l —p+iu, 1 —p +iu; 1 + 2iu; —1g°n/2)

satisfies the differential equation (for p = % + it):

d* : 1
_V2V+(_t2+ ;‘ +— )W:O. (6.5)
dn sin“n/2  4sin“n

Hence, for large ¢ and 0 < n <  — ¢ for any fixed 6 > 0, we have

I'(1+2i 1
w= N 21+ 0) ©6)

This consequence is the distinctive feature of our method of consid-
ereing the asymptotic behaviour for all hypergeometric functions here.
This method is based on the principle: “neighbouring equations have
neighbouring solutions”; the method of estimation for the correspond-
ing closeness is routine today (see, for example, [5]], where the estimates
are written for similar equations).

Now the following statment would be obvious for the reader: the
contribution of the term with the kernels Ao, from (.8 is negligible for
large values of ¢. Indeed,

2T (1 —p+it) < e ™

and the part of the integral with £ < Ar(log#)~! with some (small) fixed
A is small. But, for large &, we have an additional resource. We shall
assume that parameter « in the definition of the initial function A(r) will
be small; then we can move the path of the integration over u in (7)) and
(@I0) and the factor of the type &2 for & > t(logt)™! and Imu > +A
will give O(t**(log 1)**). Here A is defined by the width of the strip
where (ch(zu))~'h(u) is regular; for the function (3.4), one can choose
A=1.

onr the same reason, one can reject the term with Ag; (u, é; 1- p.%)
in the expression (@.10), @.IT) for the function A;. ‘

Furthermore, we have

I2p -4 +inr2p-1—ir
['(2p)

AIO(r"f’puO) = (67)
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A 1 1 )
sin(mp)é F(2p — 3 +ir,2p — 3 ir;20;1 — &%)

and the hypergeometric function with these parameters is a solution of
the differential equation

2,1
W,,+[p<1—p) Lt )W:o 65)

Z(1x2)? z(l+2)

ifw=2(x2FQ2p— % +ir,2p — % — ir; 2p; ¥z). For the upper sign
(which corresponds to & > 1), all solutions are oscillating; at the same
time, we have

T2p -3 +inl2p -1 —ir)
['(2p)

< eXp(—g(|2t ]+ 20— 1| = 30)

< (6.9)

sin(7p)

< exp(—g(max(t, 2t — 31))

So, if & > 1, the kernel (6.7) is exponentially small. For the case
& < 1 (which corresponds in (6.8) to the case z € (0, 1) and the sign
“minus”), the solution (6.8) does not exceed exp(rarcsin+/1 — £2) and
so we have the factor ¢™/? for ¢ = 0 only. But the contribution of the
interval with small &, & < ¢~ !logt, is small (for the same reason - one
can move the path of the integration over « and to render the factor &2
small).

2.6 The integral with Ag.
2.6.1 The explicit form.

The unique essential term is the first integral in (£.8]) and we shall con-
sider this term in greater detail; in passing, we shall give some examples
of the asymptotic integration of the differential equations with a large
parameter.
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First of all, we shall write the result of substituting the special values
for our parameters. Let us introduce the notation

v=vp,r) =P+ z)pF(% +ir, % —ir2 - 2p;—2) (7.1)
and

w=w(zp,u) = [P (1 + )P (p +iup + iu; 2p;-2)  (7.2)
(here z is a real variable and z > —1). Then we have, for all £ > 0,

QY Ago(r, & p,p) = (7.3)
= sin(rp)[(2p — DWE = 13p,7) + Av(E® — 151 = p, 1))

where

_Tp- 14Nl 2p - % —ir) ch(rr)

T(2p)L(2pb — 1) sin(27p)” 74)

This relation is a consequence of (I.Z8)) and the simple relationship
F(a,b;c;z) = (1- z)"‘“‘bF(c —a,c—b;c;z). The representation (Z.3) is
very convenient for r < 2¢, because, in this case we have |A| < ¢,
Hence with exponential accuracy, we can retain just the first term on the
right side (Z.3)) for r < 2#(1 — ) with some fixed (small) § > 0.

The representation will be used for the other kernel too; here,
we shall use the relation F(a,b;c,z) = 7 “F(a,c — b;c; Z_Ll) and as a
consequence we shall obtain the equality

1 1
Q)= Ago(u, % 1-p,3) = (7.5)
= sin(@p)[(1 — 2p)W(E — 1;p,u) — Bw(E - 151 - p, u))
where

ch’ru + cos?mp T2(1 — p + iw)[2(1 — p — iu)
7 sin(27p) T2 -20)I(1 - 2p)

(7.6)
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Now, after the change of the variable of integration &2 — 1 — z, we
have a representation for the essential part of the function (kg + hy):

(o0

hO(r, u; 1) = f Aoo(r, & p, p) Ao, é; 1-p, %)fzf)‘zdf (7.7)
0
ﬂtg(ﬂp)
(v( 20,7) + Az 1 = p, ) (W(z; p, u)—
dz
—-Bw(z; 1 —p, M))W

and for r < 2(1 — ¢)t with fixed § > 0, we can reject the term with A.

If » > 2t, then the representation (I78) is not convenient: the
bounded function is expressed here as a linear combination of expo-
nentially large terms. The relations (I.76) and (I.77) are more suitable
in this case (One can see that (L78)) is the consequence of the preceding
equalities and the Kummer relations, which connect the hypergeometric
function in z with the functions of the argument 1 — z).

To write the explicit form of the obtained equality for 42, we shall
introduce the additional notation

. 1 1
Wz p,1) = VP~ 2P F(2p — 5 *ing +inl+2in2),  (18)
Wz p, 1) = 22(1 = 2)'2F(p + iu, p — iu; 2p; 7). (7.9)

Then, for the function 4?(r, u; ), we have the representation

O (r,u;1) = Cy(r, p) f v(=z; 1 = p, (w(z — 1;p,u)- (7.10)

1
dz -
-Bw(z—-1;1-p, M))m + f(Cz(V,p)V(Z;p, r+
0

O __d=
+Co=r PP, =)L = 230,u) = BA(L = 231 = p ) 57—
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where
Now we have 10 integrals V;, 0 < j < 9; we shall enumerate these

integrals so that 2% is equal to the sum

VO +AV1 —BVz—ABV3 or
CV4 — C1BVs + Cy(r,p)Vs + Co(—1,p)V7 — BCy(r, p)Vg — BCo(—1, p) V.

Later, we shall see that the essential contribution will arise only from
the integrals V and V4.

2.6.2 The Liouville-Green transformation

There is a clear method worked out for the asymptotic integration of the
differential equations of the second order with a large parameter. This
method is based on the Liouvill-Green transformation. Assume we have
a differential equation of the kind

d

—, 7.13
= (7.13)

v+ (P po@) + p1(@)v =0, =

where  is a large positive parameter and pg, p; are real functions. then
we can transform the independent variable and the unknown function by
the relation

dé
dz’

The formal differentiation gives, for the function W the equation

v=EDRWER), & = (7.14)

W
— +E7(Ppo+p1 -

dé

where {£, z} denotes the Schwarzian derivative,

1

E{f, ZHW = 0. (7.15)

If one can choose the function & so that the new equation is close
to the equation with the known solution, then we shall be successful in
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finding the desired asymptotic approximation. The possibility of get-
ting the known functions is explained by the vast set of the investigated
equations for the special functions.

The simplest case is one when pg has no zeros and p; is smooth and
bounded. Then we can choose & so that £2pg = +1. If pg has a zero of
the first order, then we can transform our equation, choosing £ 2pg = &
(so that &' will be smooth); the Airy function will arise as the main
term of the asymptotic formula. For the case when pg has two simple
zeros nearby, one transforms the initial equation to the Weber equation;
if po has a zero and a pole (both simple), then the transformation to the
Whittaker equation will be useful and so on.

For the purpose of giving asymptotic forumlae for the four functions
v, w, ¥, w in the integrals V/, it is sufficient to use the inequalities from
(51

The initial differential equations for these functions have the form
(Z13); the coefficients py, p; are given in the following tables where the
parameter « is equal to 77 and ¢(z) = z(1 + 2):

Function Coefficients:

Po D1
v g1 + ?q(2)) (29(2)) (1 + ¢(2))
w (zq(2)™" —u*((1+2)q(x)) "'+

+(29(2)2(1 + q(2))
(q(=2)(@* — Pz + %) | 2q(=2)72(1 + q(-2))
(—zq(-2))7! u (g(=2)™" + 2¢9(-2)2(1 + g(—2))

<

=2

2.6.3 The function v, the case z > 0 or the case z € (—1,0) and a < 2.

The function v, the case z > 0 or the case z € (—1,0) and @ < 2. For
these cases, we shall use the transformation (Z14) by choosing

1 +a%q

2 q =z(1 +2), (7.16)

£
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and therefore we can assume

2V+a21l + afg + 1

=1 1 7.17
£() = loglgl + alog ————— (7.17)
\/1 +a%q+ +J4g + 1
—2log ;
2
so ¢ = log|z] + O(z) when z — 0.
Now equation (Z.I3)), for this case, has the form
il +12W = Q1(E.a)W (7.18)
—_— = N4 .
g2 !
where, with ¢ = g(z(£)), we have
1
01 = —7zq(1 + )3 (0P (a? - 16)g — 4(a? +2)). (7.19)

It is essential that this function tends to zero both when ¢ — 0 and
g — oo. Taking into account the fact v = |z]77(1+0(z)) = e % (1+0(e%))
when g — 0 (it corresponds to & — —o0), we conclude that, for all z > 0,
v has the asymptotic expansion

an(&; O1)

S (7.20)

EP(z;p,r) = e Z
n=0

where
£ é
ap=1,a) = le(n)dn,---,ann =a,+ le(n)an(n)dn- (7.21)

The polynomial 1 + a?¢(=2) = 1 — a?z(1 — z) has no zeros in the
interval z € (0, 1) if a? < 4; for this reason, we can use the same trans-
formation and we have the same expansion (Z.20) for —z € (0,1) if
a@* <4(1 -9).
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2.6.4 The function w : z positive.

For the case z > 0, we suppose &2 = z72(1 + z)~!, so that z = sh™2&

and & = 21log((1/4z) + (V1 +(1/z))). The transformed equation has
the form

d*w 1
7 (z + 4—52) W = Q)W (7.22)
with
0 _u_2+l(l_L) (7.23)
T2 4\E@ T w) '

when & — 0 (which corresponds to z — o), we have

e L@
EWEP ) = o =) el

(logz+2r—(1)— F—(p+lu) - lﬂ—,(p—l )+ O(IOZgZ)).

(Here the analytic continuation of the hypergeometric function is used
in the logarithmic case). If z — 0, then ElPw = 711 + 0(z)) =
22ite=iE % (1 + O(e™)) and for this reason, our solution must be pro-
portional to V& X H(()z)(tf) (it is the Hankel function). Finally, have the
uniform asymptotic expansion

/20 inl'(2p) H? bu©)
Bt =~ | VR (tf);

(7.25)

HAEHP )Y, ”(5)}

n>1

N —

¢
where by = 1, ¢ = szdn and forn > 1,
0

¢
1 1
bu&) = —5en(®) = 5 f Q2 (X)cn(X)dx, (7.26)
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& &
1 1 1 d
cne1(8) = Eb;(§)+ EfQZ(x)bn(x)dx_ Zf(x_lcn(X))%- (7.27)
0 0

99
The same solution may be expanded again when & > &, with some
fixed &y > 0; then we have

b i i N An(E: ©2)

EPw(z; p,u) = 227 = (7.28)
n=>0
where @y = 1 and the other coefficients are given by the recurrence
relations (ZZI) with the replacement of Q1 by 0, = 0, — (§)¢72.

2.6.5 The function w : z negative.

In essence, there is no difference from the previous case. To get an
asymptotic formula for w(—z; p, u) with z € (0, 1), we choose the new
variable £(z) = 2log(1/ vz + (V1/z) = 1), so that & = 772(1 — 2)! and
z= (ch%)‘z; z = 0 corresponds to & = +co. The transformed equation
for the function W = &'/2W(-z; p, u) has the form

2 u? 1
—2+(t2+ — + 2)W:O. (7.30)
dé sh*&é/2  4sh*¢é
As the initial condition at z = 0 is
w(=z;p,u) = (1 + 0(2)),
we have, for & > &y with fixed & > 0, the expansion
a, (&, 03) (7.31)

L1200 — 92it ,=ité
EVw(=z,p, 1) e ; 2’

where ap = 1 and a,, n > 1, are defined by the relations (Z2I)) with
Q3 = —u*(sh&/2)™% — (2shé)~2 instead of Q.
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If ¢ were small (which corresponds to a neighbourhood of z = 1),
then we rewrite equation (Z.30Q) as

2
d—W+(t2+(4u2+l)§l)W=Q4w

O X PV AR

TUNE T ) d\@ T )

When z — 1, we have, as a consequence of the Kummer relation
between the hypergeometric function in z and in (1 — z).

I'2p)[(—2iu)

2o—iu)

(7.32)

F(o +iu,p +iu;2p;z7) = Flo +iu,p +iu; 1 + 2iu; 1 — 2)+

—Flg/(op)ll(f;b)[) (1- z)_Zi”F(p —iu,p —iu; 1 —2iu; 1 — 7).
(7.33)
It gives the initial condition at ¢ = 0 for our function
ENPDW(-zp,u)
W= r(z;o)(ﬁ)”2 %(6)2’"(1 + 0 )) + (7.34)
r(zlu) f —2iu
+F2(p — )( )21+ O@E))).

It means that this solution is a linear combination of solutions which
are close to A(i)(p, u) VEJ 12, (t€) and we have

e 2 shQru)2(p — iu)

{\[ 1) Y, 2 o oy Y ”(5)}

n=0 nx1

(7.35)

+ {the same with u — —u}

where by = 1 and the coefficients are defined by relations which are

similar to (Z.26) and (Z.27)).
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2.6.6 The function 4 © for o < 4(1 - 6).

We shall use the standard formulae for the method of the stationary
phase from [6]. The main principle (not an all-embracing one and nev-
ertheless true for our integrals with hypergeometric functions) is the fol-
lowing statement: if one has an integral without points of the stationary
phase, then this integral will be small in a suitable sense.

It is easy to check that there is no point of the stationary phase in
the integral with v(z; o, r)w(z; 1 — p, u). Furthermore, the coefficient A
in (Z7) is exponentially small for o> < 4(1 — 6). For these reasons, the
function 4 is defined by the integral V; only.

To distinguish the functions “£” in the asymptotic formulae for v and
w we shall write &, and &,,. With this agreement, the integral Vj is equal
asymptotically to

i [ SPEHER) +H@)

(1 + a2q) /41 + )34 &(z,a)dz (7:36)

-1

where & is an asymptotic series in ' with smooth and bounded coeffi-
cients; the main term in & is equal to 7r/16. Now

\/1+a2q_ 1

q V1l +z2

&t =
and the point of the stationary phase is equal to
w=a?-1 (7.37)
At this point, we have
2tlog 2 —t&,(z0) — t&,(20) = 2t —r)log(2t—r)—2tlogt+rlogr (7.38)

and |
t€.(20) + t€,(20) = —Etas. (7.39)

The other details may be omitted here; the methods explained in [6]
give us the following



2.6 The integral with Ay. 117

Proposition 11. Let r < 2t(1 — 6) with some fixed small 6 > 0 and t be
large. Then the function h©) can be written as

1 .
WO, u, 1) = —=" D E(t, r, u) (7.40)
t\r

where
w(t,r) == 2t —r)log(2t — r) — 2tlogt + rlogr — % (7.41)

and & is a smooth non-oscillating function, |&| < 1 and for any fixed
integer n > 1, [(0/0t)"&| < 7.

2.6.7 The case r = 2(1 — 9)t.

Now we shall use the representation (Z.I0). Here C(+r, p) is exponen-
tially small for 2¢ — |r| > 1. At the same time, for all o2, there are not
turning points in the equation for ¥ and this function has an oscillating
nature. For the points of the stationary phase in the integrals with ¥ and
w, we have the equation

@1 -2 ' Va2( -+ 2 = (1 -2V, (7.42)

or, what is the same, 7o = a2. So, there are no such points in the interval
(0, 1); for this reason, the last integral on the right side of (ZI0Q) can be
omitted.

When « is close to 2, the full asymptotic investigation of the function
v(-z;1 — p, r) is very complicated. But due to a fortunate coincidence,
the simplest case is sufficient for our purposes.

The fact of the matter is given by (1) the exponentially small nature
of the coefficient C(r, p) for r — 2¢ > 1 and 2) the absence of points of
the stationary phase in the interval z > % for r > 2(1 — 6). Really, the
equation for these points is

-2 V1 -2zl —2) = (1 =) V), 1 —a?2(1-2) > 0, (7.43)

and zo = a2 is the unique possible solution. For this reason, it is suffi-
cient to know the exact asymptotic formulae for the function v(-z;1 —
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p,r) in the interval z < o 2(1 + ) only. But the turning points of
our equation (the zeros of the polynomial 1 — a?z(1 — z)) are z*) =
2(a(a + Va? —4))~!; these points are close to % when « is close to 2.
So we have the interval ((%, %), for example) where the stationary point
lies and the positive polynomial 1 + a>g(—z) is strongly separated from
zero. For the last reason, we have, in this interval, an asymptotic expan-
sion of the same kind as in (Z20). The unique natural difference is the
exchange of the signs, because p is replaced by 1 — p here:

22 e, \O @&y, O1)
-z l—p,r)=¢€" — 7.43
Sezlopn =t ) 2o (7.43)
n=0
Now one can see that at the stationary point zo = a2, we have

1(é,(20) — Ew(z0)) = =2t + r)log(2t + r) + 2tlog(2t) + rlogr (7.44)
and &, — &, = —%015 at this point.
As a consequence of the Stirling expansion, in the case 2t — r > 1,
s
8t
1
+(2t — r)log(2t — r) — 4tlog(2t) + O (2t )))
—r

Ci(r,p) = —exp (i(2t + r) log(2t + 1)+ (7.45)

so that for r < 2¢(1 — §) with 6 > 0 at the point zg = a2

€1 preiEeorintt = gvir) . X (1 + 0(%)) (7.46)

where  is the same phase as in (Z.40).

To estimate the contribution of the integration over the complement
of the interval (@~ — 6, @2 + §), especially in the transition region |a? —
4| < 6, we shall use approximation by the Weber functions.

Let, for definiteness, a > 2 and the quantity > = (% —a~?) be small.
Then the differential equation for v(—z; p, r) may be written in the form

’” 2 16(12 - 62) 3+ 4Z2 )

1 1
+ + =0,-=<z< = 7.47
Ta-a2r T a-4a22)” ¢ (747)

2 2



2.6 The integral with Ay. 119

103 (here z is written instead of z — % in the initial equation).
The corresponding Liouville-Green transformation is taken by choos-

ing
_16(22 - €Y)

202 2

- — 7.48
EE -V =T (7.48)
with the conditions £(—€) = —y, & > 0. The new parameter 7y is chosen

so that the equality £(+¢€) = v is fulfilled. This last condition gives

Y =21-V1-4) =41+ +..)) (7.49)

If we denote €'z and y~'¢ as x and y(x, €), then for the Schwarzian
derivative {£, z}, we have the expression e‘z{y, x} and the function y(x, €)
is defined by the equation

N A
(o 1)(dx) = U _iear (7.50)

Here the function on the right hand side is a power series in €> with the
leading term (x> — 1). For this reason, we have a solution of the form

y(x,€) = x+ ezyl(x) + e4y2(x) +... (7.51)

Hence the Schwarzian derivative {y, x} is of order O(€?) (it being obvious
that {x, x} = 0) and as a result, we have the boundedness of {£,z} in a
certain interval €> < 63. Now we have the transformed equation for the
function W = &'/2y;

W 0

v +1r7(E =YW = Ou(&, W (7.52)
where Q4 is bounded uniformly (in €) for all £ € (—o0,00) and at the
same time, this function tends to zero, for & — *oo, as 0(5‘2).

An estimate of the closeness of the solutions of this equation to the
solutions of the equation with Q4 = 0 (the Weber functions is given
in [7]). We have useful inequalities for the Weber functions and the
full asymptotic expansions due to F. Olver [8]. They allow us to given
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the asymptotic formulae for v in the transition region a?4. After that,
everyone who is a past master in integration by parts will be also to
prove the smallness for all integrals, except in the case considered. As a
result we have

Proposition 12. For any r with the condition 1 < r < 2t + Bglogt, for
fixed By > 1, we have

1 1 :
"0, 1) = —\/_cl (r, 5 n) NN E(t, ) (7.53)
r

where

Yot ) = =2t + ) log (21 + ) + 2t log(2f) + rlog r — ;—T (7.54)

and & is a smooth non-oscillating function,

<t"n=01,... (7.55)

&, )| < 1, ‘(g) E(t,r)

If r > 2t + By log t with fixed By > 1, then

WO, 1) 350, (7.56)

2.7 The integration over ¢
2.7.1 The summation formulae

The next step is the calculation of the integrals over ¢, where the in-
tegrand contains the Hecke series (associated with the continuous or
discrete spectrum) and the function hO(r, f). To do this, we need to
approximate the corresponding Hecke series by a finite sum; it will be
achieved by using the following summation formulae (using other forms
of the functional equations for the Hecke series).

Proposition 13. Assume that ¢ : [0, 00) — C and its Mellin transform
@(s) satisfies the conditions:

1) @(2s) is regular in the strip ag < Re s < a; with some ay < 0 and
) > 1;
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i) for o € [y, 1], the function

(A +1e)7"7%7 + D720 + 2in)

is integrable on the axis (—oo, +c0). Then, for any v with Rev = ; and
for any relatively prime integers c, d with ¢ > 1, one has the identity

47” ( )TV() (4”‘/_)_24(2 D v+ e (8.1
n=1

(4m)?

{2 -2v),

+2
(4 )2 2v

P3G -2v)+

3 f (elond [\ v) + el [k (x VR, V)l

nx1

where d' is defined by the congruence dd’ = 1(mod c) and the kernels
ko, k1 are defined by the relations (1.66).

Proposition 14. Let ¢ have the same properties as in (8.1) and let tj(n),
n=12,..., be the eigenvalues of n-th Hecke operator. Let A; > % and
let the j-th eigenfunction of the automorphic Laplacian be even. Then,
for any coprime integers ¢, d with ¢ > 1, we have

i e(@)zj(n)go(“”ﬁ) - (8.2)
C e C C

= Zt](n)mf(e( —nd' |c)ko(x\n, = ! +1X,)+

n=1

( d/)lq (x\/_ +z)(]))<,0(x)x dx.

105

2.7.2 The integration over 7.

Our next problem is the asymptotic calculation of the integral

I(T) = f wT(z)%j(% +2i)h O (x j, (1, 0)dt (8.3)
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(where y is defined by the equality (3.8)) and the similar integral

I(T,r) = f a)T(t)g(% +2it + ir){(% +2it — iryh O (r, £)x(, 0)dt. (8.4)

We shall consider the second integral; the first one may be consid-
ered in the same manner.

Let 8 : [0,00) — [0, 1] be the infinitely smooth monotone function
with the conditions

Bx)+pB(1/x) =1, p(x) =0for0< x< (8.5)

| —

(and for this reason S(x) = 1 if x > )
If Re s > 1, writing v instead of % 5 + ir for brevity, we have, for any
positive 6,

Ls+v=1/Us=v+1/2)= ) (8.6)

n=1

[ee)

Z (6n>rv<n)+Z n=B(1[om)T,(n).

n=1 n=1

Applying, to the second sum, the summation formula .1) with ¢ =
d = 1, we shall obtain the representation

Ls+v=1/2)(s—v+1/2) = Z n= p(on)t,(n)+ (8.7)

n=1

+(47r)251 Tv(n) f (ko(x Vn,v) + ki (x Vn, v))ﬁ( ”) x5 dx—
1

n=

(1/2)¢(2v)
uflg (X)X A7) gy—

s—v—1

s+v—(3/2
5 +v—(3/ ){(2 2v) f,B( ))CS+V (S/Z)dx

s+v—3
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106 (using integration by parts in the terms with the Mellin transform of the
function S).

The series on the right side of (8.7) are convergent absolutely for all
values of Re s (as will be obvious after some integrations by parts); so
this identity gives the meromorphic continuation of the function on the
left hand side in the critical strip 0 < Re s < 1.

If we calculate the integrals in (87) (using the asymptotic formu-
lae for the Bessel functions of large order) then the so-called “shortened
functional equation” will be the result. But there is no need for an ex-
plicit asymptotic form, for the purpose of integration over ¢ in our case.

We can do the first integration over #: in the case 2t — r > 1, we
have the inner integral

L wT(Z)eil/l(r,[)—4it 10g(x/471)+2it 10g([/27r)—2iléa(r Z)ﬂ (88)
v i

with ¢ and & from (Z40). Here the point of the stationary phase is

defined by the equation
2

2U—r=. (8.9)
8

Note that 7 € (7,27T) and x* > 85 '72 in the integrand. So, for
0 = g7, the derivative of the function in the exponent is < —log x <
—log T'. Hence we have the possibility of integrating by parts any num-
ber of times. Each integration by parts will give the additional factor
O(t)n in the integrand. After multiple integration by parts over ¢, we
shall do the integration by parts over x (to obtain the absolutely conver-
gent series summed over 1)

As a consequence, we can reject the second series in the represen-
tation (8.7) and this rejection does not affect any remainder terms in the
integral (8.4)

There are some differences in the case when the quantity 2¢ — r may 107
be small, i.e. when 2T < r < 4T (note that wy(f) = 0 for + < T and
t > 2T). For this case, we have a slightly different expression ([Z.33))
instead of (Z40). Using the Stirling expansion for I'(3 + 2if +ir) and the
Binet representation for log F(% +2it—ir), we can rewrite this expression



124 0 INTRODUCTION.
in the form

h(O)(r’ t)eZil]Og(l/Zﬂ)—Zil — Leilﬂ(r,t)gl (r’ [), (810)

G

where &7 has the same properties as & and

Ui (nt) = 2t — r)(log(% +i2t — 1)) — %T) —2tlog(dm)—  (8.11)

v

The zero of the function

61# 1 X
= 4los =
ot % 4n
lies to the right of the interval of integration. So we can carry out inte-

gration by parts and this gives us

2T J 2t , t
f wT(t)éaleiG(’)Tt =_ f (“’Tt(t)@ﬁ) f ¢SO dr dr. (8.12)
T T 1

where G(t) = ¥ (r, 1) —4tlog 41 Now in the inner integral, we have an-
74

alytic functions ans for this reason, we can use the saddle-point method.
We shall integrate over the curve 7 = 7(y; r, t), which is parametrized by
the real positive new variable y; this curve is defined by the condition
that imaginary part of the function in the exponent is constant:

iG(t) =iG(t) -y, y> 0. (8.13)
Then the inner integral has the form

eiG(t) [fe_y(Gl(T(y))T’(y))_ldy + O(e_r) (8.14)

0
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(Note that Re(iy 1 (r, 7)) < 7(r—27) if 7 is small in comparison with 7/2).

It means that there is the possibility of repeating the integration by
parts and so on.

108 Hence, the contribution of the second sum on the right side of (8.7)
in the integral over ¢ is negligible in any case.

In the last terms on the right side of (87), the integrand is not zero
for % < x < 2 only. For this reason, we have the same integral (with
the replacement of x/(4x) by (x6)~(/? and with the additional factor
(i2t-r)— %)‘1 ); these terms contribute to the integral over ¢, the quantity
OT VP L1 + 2in).

Of course, the same considerations are applicable to the integral with
H(5 + 2it).

Thus, to calculate the integrals (83) and (8.4), we can replace the
corresponding Hecke series by the finite sum with the weight function
B(on) if we choose 6 = 7.

We have O(T) members in these sums and its estimate gives us the
following main inequality.

Proposition 15. The integrals 7 (T,r). Z(T) are exponentially small
forr—4T > logT, y; — 4T > logT and for r,xj < 4T +1logT), we
have

|Z(1 + 2ir)| + log T
N ,
| (D) < 1/T (8.16)

| (T, )| < r> 1, (8.15)

First of all, we have the same integrals as in 8.8) with 2z log(4zn)
instead of 4¢log ;- in the exponent.

There is no large difference between the cases r < 27T and r €
(2T,4T) and the first case is typical.

It is convenient to use transformation (of the variable of integration)
t = 5 + 4xny (with the obvious intention of fixing the position of the
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point of the stationary phase); then we have the integral

(o0

IB(\iil) . 47_[\/% . e—irlog(47m)+irlogr—ir—(iﬂ/4) fg(ny’ r)e47rin(y logy_y)dy
d 0
(8.17)
with
2 2
o) = LLETXED) ot r2), (8.18)

2nx+r/2

This integral is the classic example of an exercise in the method of
stationary phase. It is essential that the derivatives with the respect to
y, of the function g(ny, r) are bounded by O(T~!) here. Really, we have
n<Tandforl/=0,1,...

o\ (oY .
(E) Ert < T I(E) wr < T

Using the usual formulae, we shall obtain the expression

2nB(on)

(4ﬂn)—ireirlog r—ir>< (819)

1 11 1
N+—Ig" +¢+—=|+0|=
T G R )
’ d ’ ’’ o
where ’ := o and g, g’, g” are taken at y = 1; all these quantities are
Y

o(T™).
The summation of the absolute values is not sufficient for our pur-
poses but there is no problem in effecting this with the desired accuracy.
Let us suppose that

3(s,r) = f B6x)g(x, r)x*dx. (8.20)
0

It is an entire function of s, if » < 27 and meromorphic with simple
poles at s = 0, —1,-2,..., when r € (2T,4T); if r > 4T, then this
function is identically zero.
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First of all, we can write

[ee)

3(s,r) =T°! f go(x, )x*'dx (8.21)
0

with
w1 2nrx +r/(2T))

go(x, r) = B(8nx) x0T Er,Tx+r/2) (8.22)
If, in the beginning, Re s > 0, then
3(s,r) = —(1/5)T*! f x*ghdx (8.23)
0
— 1 Ts—l fxs+1g//dx
s(s+1) 0
0

This representation gives the meromorphic continuation on the whole
s-plane at the same time, we see that, for any fixed B > 1,

g(s,r) = O(TR |5 7B) (8.24)

when |s| — oo and Re s is fixed.
Now, with this function, we have, for v = % +ir,

Z i.n)g(n, r) = L f L(8)(s + 2ir)g (s, r)ds (8.25)
e n 2711(3/2)

where f denotes the integral over the line Re s = o

(0)
Let us move the path of the integration and integrate over the line

Res = —%. The poles at s = 1, s = 1 — 2ir and s = 0 give the terms

< (1 + 2ir)| + %l{(Zirﬂ (8.26)

110
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and the integral over the line Re s = —% contributes O(T~3/2r). Since
£(2ir) = O(r'/?)¢(1 = 2ir) and r < T, it proves the inequality (813). In
the second case, we have the same representation.

t 1
35 o) = - f H(s + ix R(s.x )ds (8.27)

et G2
but without the poles on the line Re s = 1. There is no pole at s = 0
also; really, from the functional equation for the Hecke series, we have
(xiy ;) = 0, if this series corresponds to the even eigenfunction (¢; =
+1 in (IL32); note that %”j(%) = 0if ¢; = —1, so the consideration of the
case €; = +1 is sufficient for our purpose). On the line Re s = —|%, for
the case |s| = o(r), we have

|75(s + ix )l < M0 = (1 — 5 = 2ixj)I5(1 — s —ix;)|  (8.28)

< lesle_(”/m

Together with (824, it gives the estimate O(y;7~>/?) for the sum (§.27).
The other terms from the asymptotic formula (8.19) contribute only
smaller quantities and inequality (8.16)) is proved.

2.8 The sum over cusps.

2.8.1 The explicit form.

The next step will be to estimate the contribution of the sum

h*)
in the integral over .
Firstly, we shall write the explicit form of the coefficients /y;—; in
this sum; these coefficients hy;_;(¢), k = 6,7, ..., result from the analytic
continuation of the integral

1
Zeusp ( 2° :?
pPs 35

r dx
22k - 1)flzk—1(X)‘Do(X; s, v,p,/l)7 ©.1)
0
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at the point s = u = %, p=v= % + it; here @y is the same function as in
(B12) with ¢ from [@.4) (where h means the function (3.4)).
Let us introduce some additional notation:

wi(2) = 2121 = )2 F(k, 1 = ks 15 2), (9.2)

0
U -9 PR+ e 1+ e-k1+262)) . (93)

wi(z) = e

Further, let, for real z with z < 1, vx(z) and y(z; t, u) be defined by
_ 1.0k 1/2 e
vi(2) = lzI" (1 = 2) "= F(k, k; 2k; 2), 9.4)
. 1 1
Yz t,u) = |2 V2T - z)l/zF(E it i, 5+ it = s 1+ 2it52) (9.5)
Finally, it is convenient to suppose

F(Z + it + m)F( — it + iu)
I'(1 + 2iu)

b(u,1) = (9.6)

With this notation, the coeflicients /y;_1(¢) in the sum Z"P in the
case of our specialization are defined by the following equality.

Proposition 16. We have

o1 (£) = 22k — 1) f (B (u, 1) + B (u, 1) + B (u, 1)) 9.7)

uth (mu)h(u)du,
where the kernels are given by

BY(u,1) = (9.8)
1

r
f(Wk(x) + 2(—(k) - —(1)) wi(0))(b(u, D)y(x; u, 1)+

dx

i —it
+b(=u, 1)y(x; —u, 1))x B2l —x)
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_ =D 1

Bg‘)(u, 1) = 3TN Vi(xX)(b(t, w)y(x; t, u)+ 9.9)
0

1

) d
(=1, W)y(x; 1, 1)) X e

X321 = xy
icth(e)l2) 1.
B, = T 0 f V(= (b, Oy (x; 0= (9.10)
0
dx
_b(_u’ t))’(_x, —u, t))m .

112

2.8.2 The equations.

To estimate the integrals (9.8)-(0.10), we shall use again the same method
of asymptotic integration of the differential equation with a large param-
eter. This large parameter will be the integer k for the function wy, Wy
and v, and ¢ for y(x; u, 1), y(x; ¢, u).

It is convenient to write here all equations to clarify the nature (os-
cillatory or monotonic) of the corresponding functions.

The function y(x;t, u) is a solution of the equation

2 2 2
t 1—-x+x u

"+ + - =0, 9.11
Y (x2(1—x) 421 = x2 x(l—x))y ©-1D)

and so this function is oscillatory.
When the parameters ¢ and u are interchanged, we have for the func-
tion y(x; u, t) the equation

t2

1= 2 2
: X u )y:o; 9.12)

o (_x(l ) ae(-x2 21 -»

it is obvious that, for large ¢, the solutions are non-oscillatory.
Now both the functions wg(x) and Wy (x) are solutions of the equation

_iy
w"+[(k 2) ! )w=0 (9.13)

-0 a2 =x2
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Finally, the function v (x) is a solution of the equation

p ( (k—%)2 1—x+x2)
Vv =

TR0 -x a2 -x2

(9.14)

2.8.3 The order of the integrals.

From the Stirling expansion, it follows for a large positive ¢

22 ; 1+ u?
=————¢ "1 .1
b(u,1) T+ 2iu)e ( + O( ; )) (9.15)

(noting that, in all integrals, we can assume |u| < log f) and at the same

time,
1/2 o 2
b(t, 1) = (;) o~ 2it=ipi/4 (1 +0 (1 +t” )) (9.16)

So the integrals (9.8) and (9.10) are negligible and it is sufficient to
consider (©.9).

For both the functions v(x) and y(x;t, u) the transformation

x = (ch (£/2))72, £ € (0, +0) 9.17)

of the variable is suitable. Then, for the functions

Vi@) = €"Pv(x(©)), Y& t,u) = EPy(x(€); 1, u) (9.18)
We have the differential equations
&V 11 ~
d_é'-‘z + [— (k - 5) + 4Sh2§] Vi = 0, (919)
a2y |, 1 u?
— - Y=0 9.20
de? " (Z " 4sh’& ch2§/2) ©:20

If we take into account the initial conditions, then we can conclude
that V; must be proportional to

1 1
(k= 5)7' 2 VEK (k= )8) (9.21)

113
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with an absolute coeflicient (not depending on k). At the same time, Y
must have the main term

(constant) - £~'/% \JEH (1€). (9.22)

For this reason, the main term of the asymptotic formula for the integral
in (0.9) is defined by the integral

1 N 1
(k= )72 f E9(E)Ko((k — 5)5)H§f’<rf)df (9.23)
0

where g(0) # 0 and g(¢) in some neighbourhood of ¢ = 0 is a power
series in &2. All such integrals are O(t>) and because of the factor
(I'(2k))~'T%(k) we have the following estimate.

Proposition 17. Let hy,_| be defined by the equality (0.7); then
lhok—1 (1) < 27547372, (9.24)
It means that the trivial estimate for the integral over ¢ is sufficient
and we can omit the sum Z"P,

2.9 The eighth moment.

Let us for brevity, denote by M (s, v; p, ) the sum of all “main terms” on
the right side of (3.I) (excepting the functions Z4is, Zdis| zcon and zeusp)
for the case of the specialization (5.4). Further, let

M) = ”}i_f)rll/z L25)p)M (s, v; p, ). (10.1)
o= (1/2)+it

Then a cumulative result of our preceding considerations is the in-
equality

1
Za’jfwT(l)I«%”j(E+it)l4dt-

I

T

)
1+0 h(y )+ (10.2)
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0 1 1 1
+(log T)™° f wr(i(3 +inlfdt < = > aj|ffj(§)|3+
X j<4T

0
4T ! J )

S 94 0

+ Of |§(2 + ir)| NIRRT + Of wr(t)x(t, 0)M(t)dt.

As |¢ (% +ir)| < (Il + DV, the integral with the sixth power of zeta
function is estimated by the quantity O(T!~!/6+€) for any € > 0. The
sum over the discrete spectrum on the right side is not larger than

X 1/2 X 172
;LZ af«%”f‘] [Z aj%”ﬁ(z)} (103

= £/<AT

Here the second sum is O(T> log T'). For the first sum, the estimate
O(T?*€) for any € > 0 due to H. Iwaniec and J. M. Deshouillers is
known. But this estimate may be elaborated; if, in the main functional
equation, we choose the function 4 so that hiscloseto 1 for -7 <r< T
ands=u=p=v= %, then we should get an asymptotic formula for
this fourth spectral moment. A suitable A(r) may be taken, for example,

) -1 7
hs(r) = [ f (ch(ar))—‘dr] f (ché(r —n))'dn (10.4)
) -T
with a fixed small positive ¢. Then the main term will be
1
Z o (5) > T2 (10.5)
Xj<T

and the contribution from the continuous spectrum is

1
< (log T)? f 45 + inBdr < T3, (10.6)
0

On the right side of the functional equation, we have the same quan-
tities <%”j4(%) but with another weight function Ao (y ;)+h (x ;) (note again

115
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that %”j(%) = 01if €; = —1). This function results from the integration of
the initial 4 with an oscillatory kernel and for this reason, its order must
be smaller; hence, an asymptotic formula must exist for the fourth spec-
tral moment with the main term T%(log T)™. So the product (I0.3) may
be estimated as O(T (log T)®) with some fixed B (positive, of course).
For this reason, the proof will be complete, if we estimate the integral
with the “main” terms; simultaneously, the estimate for the integrals
with fourth power of the Hecke series follows.

2.9.1 The integral with hy.

First of all, we shall calculate the integral with /g in the first term on the

right side of (3.1).
The key to do this is the equality

(o9 (o)

fh(r)rth(nr)dr = —g f]o(x)go(x) dx (10.7)

—00 0

if arbitrary “good” functions s and ¢ are connected by the transforma-

tion (L27) (compare the coefficients before 6, ,, in (L23) and (L31;
the proof of (I0.7) is contained in [1I]). Now, for our function h(r), we
have the representation (£.7) and it is sufficient to calculate the integral

(9

ono(r; & p,v)r th(zr)dr. (10.8)

—00

It may be interpreted as the main term in the summation formula for
the sum of Kloosterman sums with weight function ¢(x) = né(4m)' =2
ko(x&,v) (€ being considered as the parameter). It allows us to use (I0.7)
and using the tabular integrals, we come to the relation

(o0 (o0

fho(r)rth(ﬂr)dr: fh(u)uth(ﬂu)bo(u; s, vy 0, du (10.9)

—00 —00
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where, with the additional notation,

wo(&;p,v) = (10.10)
%70 (v +p = 3)&" 1 1
= ST @I G/2 —v—pyf WP Ty VP T 5i20E),
v1(&p,v) = (10.11)
12\ 1 1 1 11
:;(E) F(p+v—5)F(p—v+5)F(p+v—§,p—v+§,l,g)
we have
1-2,
bo(u; s, v; p, ) = —(47T2)ﬂ p>< (10.12)
1
1
f (@o(€:p.v) + @01 p. 1 = V) Aoo(u, 7! — P )EP T dE+
0
r 1
+2 [ 1@ p T = dg

1

r 1
+2 f ¢1(—E%p, V)Am(u,g;l—p,u)fz”‘zs‘ldg}.
0

2.9.2 The transition to the limit.

No problems arises from terms which contain the values of the initial
function at points p+ (v—3)— 1 and s+ (u—3) — 1. Since h(+4), h'(£4)
are zeros, only one term is non-zero when s = u = % This term contains
the value h(i(2it — %)) which is exponentially small.

Further, taking into account the representations (4.13)), and

({I0.9), we can write the sum of all the other terms as

[ee)

f u th(mu)h(u){Z(25)(2p)Co(u; s, v, p, 1) }du. (10.13)

—00
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We know definitely that the function in the brackets must be finite
for our specialization, because the left side of the main identity is finite
(in addition, for an arbitrary function /). Firstly, we can take p = v;
then we come to the limit © — s, and finally, take the limiting case
s — % The requirement for the result to be finite in this limiting process
will give us several identities for the integrals with some hypergeomet-
ric functions; after all, we shall come to a linear combination of some
terms with the products of the derivatives {¥'(1 + 2if). The number of
zeta-functions in each term does not exceed 6 and the order of the differ-
entiation is not larger than 4. The coefficients of this linear combination
are some integrals with hypergeometric functions and their derivatives
with respect to parameters. So these coefficients may be investigated in
the same manner as before; for this reason, the integral with the “main”
terms (over ) does not exceed O(T (log T)?) with some fixed B.

This would be the end of the proof. Of course, someone can say
that, indeed, some final steps are not there. It is true; but I believe that
there are no pressing reasons to extend this sufficiently long paper and
it would be better to publish the details somewhere else.
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ON RAMANUIJAN’S ELLIPTIC
INTEGRALS AND MODULAR
IDENTITIES

By S. Raghavan and S. S. Rangachari

Introduction It is known from Hecke ([5]], p. 472) that ‘special
integrals of the third kind” of stufe N (i.e. having logarithmic singulari-
ties at most at the cusps of the principal congruence subgroup I'(V) turn
out to be of elementary type, namely, logarithms of functions invariant
under I'(N). Results of this kind have been discovered much earlier by
Ramanujan in [11] as may be seen in the sequel, especially in §21 In this
connection, Ramanujan was perhaps, one of the first to have considered
the problem of ‘evaluating’ elliptic integrals associated with modular
curves of small level, although elliptic integrals, in general, have been
investigated in depth by various mathematicians such as Jacobi, Cayley
and others. In the literature, transformations of orders 2, 3, 5 have been
employed with a view to reduce formidable elliptic integrals to simpler
(or more explicit) form [4].

In [11], Ramanujan has considered elliptic integrals associated with
['o(N) for N = 5,7,10, 14,15 and also a solitary hyperelliptic integral
(for I'p(35)). Various such elliptic integrals are found in scattered form
in [[11], with endeavours, via quadratic and higher order transformations
and interesting modular relations, to simplify them.

The principal objective of this paper is to make a systematic study of
all the elliptic integrals and associated formulae recorded by Ramanujan
in [11]] and provide complete proofs.

We shall, in addition, uphold various modular identities involving
Eisenstein series stated by Ramanujan in different places in [11]] and
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presumably used by him in computing singular values of modular func-
tions. With the help of such identities, we exhibit a nonlinear differen-
tial equation for Eisenstein series denoted in §3|by &), for p = 5,7; for
p = 5, this differential equation is essentially equivalent to the nonlin-
ear differential equation written down by ramanujan [11]] for a function
F(As), where As is a ‘Hauptmodul’ for I'y(5). One has to compare these
with nonlinear differential equations obtained by Eichler-Zagier [2] for
divisor values of Weierstrass’ elliptic function.

1 Notation and preliminary results

1.1 Let $ denote the complex upper half-plane and for z € $, let
x = €2 5o that |x| < 1. By I'(1) = I', we mean the modular group
{(g Z) la,b,c,d € Z, ad — bc = 1}, acting on $ via the analytic home-
omorphisms z — (az + b)(cz + d)~'. As usual, [(N) := {(‘C‘Z) €
I'lc = O(mod N)}. By O, R we mean the normalized Eisenstein series
Es(z) = 14240 Y, ( 3 d3)e2”i”Z,E6(z) =1-504 % ( 3 dS)XeZ’"'”Z

n=1 \0<d|n n=1 \0<d|n
of weights 4 and 6 respectively. Further, P stands for E»(z) = 1 —24 X

D ( > d e2inz Connecting E,, E4 and Eg, we have the important
n=1 \0<d|n
relations ([9]], p. 142) :

E4— E2 = —120(Ey)

E¢ — EyEq = =309(Ey4) (D
EZ — E2Eg = —20(Ej)
1 d d
here ¢ := — — = x—.
where 2mi dz xdx

Following Ramanujan, we write for |x], |x'| < 1,

FOox) o= T4 ) (! YD (0 4 ()
n=1

= [ [0+ 20y 00+ oY1 = ey
n=0
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140 1 NOTATION AND PRELIMINARY RESULTS
(from Gauss and Jacobi).

Further, setting f(—x) := f(—x, —x?) for |x] < 1, we know that 7(z) =
x1/2* f(—x) is just Dedekind’s p-function; indeed, 7(z) = e*/>*x [T (1-

n=1
€22y and moreover, 1]24 =(1/ 1728)(E2 - Eg). For rational r > 0, let 1,
be defined by 77,(z) = n(rz) for z € $. Then the function x™/8xn3(2)/n(2)

is just Ramanujan’s function ¥(z), as found in [?]. Setting

& Sn+1 Sn+4
s a2 3 ysT ] A= 2Hd -0
u=x f( X, x)/f( X, x)_x n(l_x5n+2)(1_x5n+3)
n=0
we know that u is a ‘Hauptmodul’ for the group I'(5) of genus 0. Also,
u, can be represented as an infinite continued fraction continued frac-
K5 v 2

tion y = — —— - Moreover, we know from Ramanujan [10] the
1+ 1+ 1+

modular relations :

L/u—1-u=mnys/ns, (2)
1’ =11 -’ = n°/nS. (3)

Let us note that, on the right hand side of (3), we have just 1/1s, where
As = 1]2/7]6 is just a ‘Hauptmodul’ for the group I'g(5) of genus O.
Likewise, for the congruence subgroup I'g(7) of genus 0, we have 17 :=
77‘71 /n* as a ‘Hauptmodul’.

Between u and u, defined by u,(z) = u(2z), we have the modular
relation ([10], p. 326) :

uz/u2 =1+ uu%)/(l - uu%)
= +k)/(1-k) 4)

where we have written k for uu% following Ramanujan ([11], p.
/78). From (@), we see easily that

= k(1= k)? /(1 + k)%, w5 = (1 +k)/(1 - k). (5)
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The group I'g(p) for odd primes p is known to have two cusps 0 and
oo and Eisenstein series of Nebentypus (=1, p, x,) corresponding to the
two cusps are given. for [/ > 2, by

E?(Z;Xp) = Z [ Z dl_l)(p(n/d)} eZninz (6)
n=1 \1<d|n
- (_1)[1/2] [-11/2 s B
EX(ixy) = (2—:)1(1— 1)! ;X,,(n)n Ly
Z [Z dl—lXp(d)] eZm'nz
n=1 \l<dn

where y,(m) denotes the Legendre symbol (%), [ 1denotes the integral
part and further, y,(-1) = (-1, necessarily ([3l], p. 818). There exist
two linearly independent series E;(z), E;(pz) for even [ > 2, which are
of Haupttypus (-1, p, 1); however, for [ = 2, there is just one Eisenstein
series of Haupttypus (=2, p, 1) and it is given by

E>(z;1;T0(p)) = Ex(2) — pE2(p2)

n=1 \1<d|n
ptd

For p = 5and / = 2, we know from [§] that Eg(z;)(5) = ng/n 122
and further, denoting simply by E(z; x5) obtained by ‘normalizing’
E(z; x5) so as to have constant term —(1/5), we also have Ex(z; xs5) =
—(1/5)7° Ins.

In the case p = 7 and | = 3, ES(z;x7) is upto a constant factor,
just the cube of the Eisenstein series E;(z; x7) of Nebentypus (-1, 7, x7)
given by

Ex@x7) = 1+2 ) xq(n)

n+1

(see [[L1]], 8.
1 —x*

Logarithmic differentiation of  with respect to x gives
24 dn 24 dn

= =F
n xdx 2min dz 22) ®)
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Similarly, logarithmic differentiation of u = x> [](1 — x¥**s* and

n=1

up, = x213 ]—[1(1 — x2myesm) gives
n=

[ee)

ldu 1 Z n)(5(n)x”_1

= 9
udx 5Sx 1 -x" ©)
1
=—=Exz: x5),
X
1 du 2
——2 = ~ZEQ2zx5).
upy dx X

For the Hauptmodul 4, = (17,/7)**/%?~D for p = 5, 7 we have likewise

1-p da

P
— =E(z 1;T 10
2xi A dz 2(z; 1;To(p)) (10)
in view of (§)) and (??).
k 1 +k-k
Setting r = , 8= where k is just the function uu%
1-k? 1 — 4k — k?

considered above, we recall from Weber ([14]], p. 86) the formulae
rs’ = x| Ja+ 29 = G
n=1

P =20 | [+ = o/ns?.

n=1

123 These imply immediately that r>* = (r°s°)/rs’ and so

- 1 mn

= (11)
k r 1]77?0
1
2 (x3) xHinmo

1
= W) NER BV
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_ P - i)

W) 1

The last-mentioned equality is a consequence of Ramanujan’s identity
V@) - P (0) = fO a2 x)

proved by Watson [[13] and called a “rudimentary” example of the use of
quadratic forms. (See also [1]], pp. 63-65 which provides a proof osten-
sibly “more difficult” and further “similar to that of Entry 9(iii), which is
obviously an analogue of Entry 10(v), a fact made even more transpar-
ent by Entry 10(iv)”). In contrast, the following Proposition 1(ii) gives
an independent, refreshingly different and perhaps even elegant proof
for Ramanujan’s identity above; in fact, one needs merely to substitute
¥(x) = x18pZ(z)/n(z) therein and note further that f(x, x*)f(x?, x) =
x4 ()3 (2)/(n(2)m10(2)). This proof corroborates G.N. Watson’s be-
lief that Ramanujan discovered this formula “not by manipulating quad-
ratic forms but by transforming series of Lambert’s type”.

Proposition 1.
() m3mz = 5705 = mnsmo/m
(i) 73m3 — 7°ny = manzmo.

Proof. We first rewrite these identities in terms of the Eisenstein series
Eg(z; xs) and E3°(z; xs5) obtained by normalizing E3(z; x5), using the
relations E(Z)(z; Xs) = ng /n, Ex(z xs) = —%ns /15 and the ‘Hauptmodul’
T: 107]277?0/(773775) for I'p(10), as follows :

Q) Eazxs) — Ex(2zixs) = —%Ez(m)

4.2

., 0
(i) ES@xs) + ESQzxs) = n;ﬂj ES(Q2z:xs)
10
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By direct checking (see also [3]], p. 449) we see that the modu-
lar function 7 has a simple zero at ico and a simple pole at 0. On
the other hand, E»(z;ys) is regular at ico and in view of the relation
Ex(=1/z;x5) = (2% VS)E(z/5) from ([3], p. 819), Ex(z; xs) has a zero
at 0. Consequently, (r/2 + 1)E;(z; x5) which is regular at ico and 0O is
indeed an entire modular form of weight 2 (and nebentypus) for I'o(10).
Thus the proof of (i)’ reduces to showing that (t/2 + 1)Ex(z;x5) =

E>(2z; x5). In view of Hecke’s result ([S)], Satz 2, p. 811 — see also

I'(1) : Tp(10)] x 2
p. 953), it is enough to compare the first [T : ToO1 x (= 3) co-

efficients in the Fourier expansions of both sides. That the first three
Fourier coeflicients agree on both sides is immediate from the following
expansions :

1 . . .
Ex(z3x5) = —5t eI _ Mz _ pbmiz 4

(T/2+ 1) = 1 + 567 4+ 15" + 406577 + ...

(/2 + DEx(z; x5) = —% +0- e+ M40

1 ; , .
E>2z x5) = 37 0- e 4 ¥ 1 (. 5y

This proves (i)’ and therefore (i). Using (i), we may rewrite the factor

1312/ (n*77,) on the right hand side of (i)’ as 5 + 10/7. Hence (i)’ will

follow, if we establish

(i) — 10E§(z;)(s) = E9(Q2z; x5).
Now 7/(471 + 10) is seen to be regular at all the cusps of I'4(10), except
those equivalent to +1/5 where it has a simple pole. Further, Eg(z; X5)
of Nebentypus (-2, 5, xs) has a zero at co and hence at +1/5 (equivalent
to oo under I'5(5). Consequently [7/(47 + 10)]E(2) (z; x5) is an entire mod-
ular form of weight 2 (and Nebentypus) for I'g(10). From the Fourier

expansions

T . . .
— eZmz _ e4mz +0- e6mz +oee-
47+ 10
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E(Z)(Z;XS) = oMz 4 pAmiz o iz ’

it is clear that the first three Fourier coefficients of [7/(41+ 10)]E(2) (Z x5)
coincide with the corresponding coefficients of E(Z)(2z; Xs5)- This proves
(i1)”" by Hecke’s theorem above and hence (i) is proved.

Remark . As a further illustration for the utility of Proposition [T we 125
give an alternative proof for Ramanujan’s identity

P () = SxPPOY> ()
X 2x2 3x3 44 6x°
1—-x2 1-x* 1-x06 1-2x8 1-xI2

(See [11], pp. 45-49 for a “rather difficult” proof which uses besides “re-
sults from Section 137, leading nevertheless to no “circular reasoning”
etc.). The right hand side of this identity is just

5800 - 55 S s

n=1 m=0 n=1
= ES(z3x5) — E9(Q22, x5)
19 1m
S 2 4y 8 p 227)
5ns  Sno
TI2 ( 4.2 7757757710)
5 s ————
n51M0

=n ’72’710/’7§’ by Proposition 1(ii),

6,,2 2.6
. S . mn
while the left hand side is precisely ’723’710 5210 '723’7130 X (772775

wns ol

2 3
4 )= n 7727710

, using Proposition 1(i).
5
1.2 We have gathered here, from Chapter XIX of the Notebooks, many

of Ramanujan’s identities involving the functions ¢(q) := 1 +2 }; q”2
n=1
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or ¥(q) = ¢ *?(2z)/n(z) introduced by him in Chapter XVI with
q := exp(2miz) or various transforms of ¢ and . We shall rewrite the
identities (with a view to elucidate them) in terms of the normalized
Eisenstein series E4(z) of weight 4 for I'¢(1), its transforms and the fol-
lowing Eisenstein series of Haupttypus or Nebentypus (—k, N, €) with €
equal to the trivial character modulo N or the real character €(n) := (%)
modulo N and e(—1) = (-=1)* namely

Exn1(2) = Er1(z;To(N)s €) := Z [ Z e(n/d)d"‘l]ez’””z

n=1 \1<d|n

Exn:(2) = Exa(z; To(N); €) := yr(N) + Z [ Z e(d)d"‘l} p2minz

n=1 \l<d|n

with a constant y;(/N) that can be determined. We note that with ¢ =
exp(27iz), ¢* is a modular form of weight 1 with multipliers for the
congruence subgroup I'g(4). For dealing with products of transforms of
¥, we recall from Honda and Miyawaki (J. Math. Soc. Japan, 26(1974),

362-373) that the power product [] T]Z_j with integral 7, ...,t., ny,...,n,
j=1

is a modular form of weight %(nl +---+n,) for the congruence subgroup
[o(l.c.m.t)) if 24 divides both nyt; + -+ - + j.t. and (l.cm. t;) X (n1/t; +
J J

--- + n,/t,) Ramanujan’s identities referred to may now be rewritten as
follows.

(1) ¢*(q) = E12(z:To(); )

(2) ¢*(q) = 8(E22(z:To(4); 1) — 4E»5(4z;To(4); 1))

(3) ¢%(q) = 5(Ea(2) — 2E4(22) + 16E4(42))

@) @ QU@ )=5PW DY (@) = E22(z:To(5); D=E22(22;To(5); 1)
(5) 50(¢* (@) = &> @Pp(q*) = 4(E252(2) = 2E252(22) — 4E2 52(42))
(6) 250(9)¢’> (@) — (@) 9(q°) = 40(E252(2) — 4E52(42))

(D) Y@ /¥(G®) = 2567 W@ (@) = 5(E252(2) = 2E252(22))
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®) q¥’ (@Y(@) = 9 WY (¢) = E332(2) = E332(22)
) 99(9¢* (@) = &> @Pp(q?) = 8(E332(2) — 2E332(22) — 8E332(42))
(10) ¥ (@)/¥(q®) = E132() — E132(22)
(11) ©*(@)/@(q®) = 6(E132(2) + 2E1 32(22) — 2E1 32(42))
(12) (g W(q®) = E132(2) = E132(42)
(13) ©(@e(g*) = 2E1 32() + 2E) 32(42))
(14) g (@Y*(@?) = E232(2) — E232(22)
(15) Y*(@e* (@) = 4(E232(2) — 2E232(22) + 4E232(42))
(16) q(@(q") = E172(2) — E172(22)

(17) e(@¢(q’) = E172(2) — 2E172(22) + 2E1 72(42)

The identities are easily proved by noting that both sides are modular
forms of weight k for I'o(M) for the appropriate value of M and compar-
ing their first 1 + %(FO(I) : [o(M) corresponding Fourier coefficients in
the light of Hecke’s theorem ([3]], p. 811).

. . . 1 —1\2
Remark. Using Proposition [I, we can prove the relation y = m (fﬁ)
for the Hauptmoduls y := ng /% and u := ¥%(q)/v?(g°) for T(5) and
['p(10) respectively. Substituting this relation between y and u, we ob-
tain

2 _
1+22y + 125y _M2(11—5)4
(2 (u = 5)* + 22u(u — 1)*(u — 5)% + 125(u — D4

= m(y2+2,u +5)2 (W -2u+5)
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148 2 ELLIPTIC INTEGRALS CONSIDERED BY RAMANUJAN

As a consequence, we obtain Entry 4(i) of Chapter XXI of the Note-
books in the following form :

V()
w(q)

We have, as an analogue of assertion (i) of Proposition[I] the identity
0’ (q) — X)) = 477%1]57720/17774 which is a consequence of the remarks
above. We note further that Entry 5(i) in Chapter XXI is equivalent to
the easily proved relations :

1 Ins)(1 + 22y + 125912 = 2222 + 2 + 5)(u® — 2u + 5)1/?

n

q
l-g

2
(E172(2))* = (1 + 22( ) ) = E272(2) = Ex(2) — TE2(72)

with the usual definition of E;, and

(E172())° =0 [n7 + 130°13 + 4972 /.

One needs, for these, merely to verify the equality of at most the first
3 corresponding Fourier coefficients on both sides, in view of Hecke’s
theorem again.

Other relations stated by Ramanujan for 2, y*, y°, y®, 03 /3, 903/ @,
w3, ;b_%/ v, 3, 773 /13 may be derived in the same manner.

The proofs of identities (@)—(LI) as indicated above may be seen to
be simpler than those in [[1]] (p. 45-56, 12-16). One may also compare
the proofs of identities (I2)-(I3) with those outlined in Hardy’s “Ra-
manujan” (pp. 220-222)

2 Elliptic integrals considered by Ramanujan

2.1 Let us being with the simplest example of elliptic integrals for
which Ramanujan ([11]], p. + 1) has written explicit primitives

[ =dx Q*? —R
f VO =log S (13)
e 2m
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Applying Ramanujan’s “very useful substitution” Z = R?/Q>, we have

dZ _dR _d 1 dZ R*-Q°
=2— — 3—Q and hence (I)) leads to —x— = Q
Z ‘R "0 7" dx OR

d Q¥ -R_ dZ d 1-Vz dz 1
.x_l = X—  — = ,MQ
dx Q3/2 R “dxaz ° 1+ VZ dx \Z(zZ-1)

Since R(i) = 0, (I3) is proved. 128

. Now

2.2 We take up next Ramanujan’s formula on page /78 of [[11]
explicitly evaluating an elliptic integral in elementary terms :

5 1 3 \
Y ()SC) dx _ u ”2 + \/—log te u1422 (With €= S 1)
W) x — €2uu; 2
(14)
- 2 )3
From (@), log(u?u}) = (k8E1 ;) Also u% - %

by substituting the infinite product expansion for f. Using Ramanujan’s
identity ([10] II, p. 234) proved by Berndt ([1]], p. 57)

¥ (x) d  f(x*x)
o, 25 2w’ (x7) = 1 - Sx—- log o

we may thus rewrite (I4)) as

X

1 -
3.5 —
8leﬁ(X)lﬂ(X)dX—10g1+k+\/gogm
0

fxd . l—k 1 1+e—3k .
= J—— - I - X
dx g \/_ -3k

0

fx 8k’
= d.x
(1= k(1 — 4k —12)

0

1 1+e3k
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denoting differentiation with respect to x by ’. Therefore (I4) will be
established, once we show that
k/
1 — k2

1 -k 3,.5
=\ — 4| O (). (15)

Now we obtain from @), by logarithmic differentiation (with respect to
x) that

1
K(1-k% = Eu’z/uz —u'Ju

1
;(Ez(z;)(s) - E,(2z:x5)), by (@

1 5 5

5x(nz/mo 7’ /ns)

__m

- 5xn?
TIsMm1o

. 51]277‘1‘0, by (i) of Proposition [11

129 Thus using (I)), we see that (I5) will be proved, if we show that

T, 1~ 4, xn%n?o

73 M X2
5 5
2
Lo ThsMo _ 215 4. (16)
2 M0

But the right hand side is just n‘z‘ng - 57721]‘110 by (ii) of proposition [Tland
so (L6) is just identity (i) of the same proposition, proving Ramanujan’s
assertion (14).

3 Elliptic integrals arising from cusp forms

3.1 Onpage +1 of [[11], Ramanujan writes down the formula

X 2tan~!(1/V5)
dx 1 do
7777377577157 =z

> 9 .
.2
0 2tan*1(1/\/§)( %) 1- 55 sin” ¢
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n(@n*(152)

, PGPSz
‘unique’ holomorphic differential for I'g(15).

For the proof of (??), we need to note the following from Fricke
2mi dr
(131, pp. 438-439). If T := (p3ms5/mmis)® and o =

dmlnmsnsis dz’
then o2 = 7% — 1073 — 1372 + 107 + 1; the two modular functions 7

and o generate the field of modular functions for ['o(15). Note that
7 =¢ 22 + 3 + ... has a simple pole at ico. Now

where v = The integrand on the left hand side is the

X

Z
dx . .
f’]’lwsms? = 2nmi f’l’]a']sms dz (z=1iy,y>0)

0 joo

r d
=f i (18)
J Ver - 1003 = 1322 + 107 + |

Further X* — 10X° - 13X?> + 10X + 1 = (X?> - 11X - DX>+X - 1) =
X+eHX-)X-eHX+e)withe=(V5+1)/2and € > ! >
—€ > —e. To evaluate the (real-valued) integral (I8), it is enough
to consider the range € < T < oo, since for other values of 7, say
€' < 1 < &, the expression inside the radical sign viz. (t + €)(1 —
€)(t — € ') X ( + €) becomes negative and hence the integrand will
be purely imaginary. Using formula (78) in §66 of Greenhill [4] (with
a = 65,,3 =€l v = —€7,8 = —€) we have, for € < T < 0.

.
f dr

) Ve =103 = 1322 + 107 + 1
=

2 i \/(6‘1 +e)(T—€)
= Nl

VE +eS)e +o (@ +e)(t—€)

2 V5 (7-¢€)

Sn
5 6+3V5(T—€l)

130
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) ¢
§f (19)
0 AJ1- sm )
-1, =5y(.5
: ,_ (e +e)e+e 9 o .
since kK = e to %5 The upper limit ¢ in (I9) is given
5 - 6+2V5
by sin? ¢ = V5@ El) or cos’ ¢ = +25 (T+E3 so that
6+3V5@—€h) 6+3V5@—€h)
547
¢ = tan~! (— ) From Ramanujan ([10], p. 208), we know that,
2¢ T+e€
for ¢, ¢ with cot ¢; - tan(%tﬁz) = {J1-& sinf.

o1 J 2 J
2f—¢=f—¢ (20)
0 AJl—-K2sin®¢ o /1 —KZsin’¢
However, from above, we have
[ 514 Jr—¢€ 9 V5 (1-6)
t 1 —k2sin?¢ = | — 1———
(tan ¢) koS¢ (26 T+e 2533 (r—€1)

51/4 T—6 462(T+€_5)
T+e (332 (r—€)

3 (t—e)T+€d)
- \/_ T+e(rt—€l)

1 @2 -11r-1)
- \/‘ (72+T—1)

131 Thus from (19) and 20), we obtain

dr
Vet - 1073 - 1372 + 107 + 1
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2 11—
(S y 25

1 f de
> 0 A1 - % sin’ ¢
2! (5 )

__d
> 0 1/1—%sin2¢5

r dr _f dr _f‘ dr
f\/f‘l_..._k] / \/7-4_...4_] / \/7-4_74.]

2tan~'(1/V5)
1 do

s | =
0 1- % sin’ ¢
_]( 1 \/l—llv—v2)
0 V5 1412
_1 4
3 — % sin® 1)

2tan

_ 1-11v—?
2 tan 1(% ‘/(1 ) ))
+Vv—v

d¢

1
5 9 .2
2tan='(1/V5) 1= 35sin"¢

which together with (I8) gives us Ramanujan’s formula (??).
The right hand side of (??) admits of interesting reduction when
one resorts to well-known transformations available for elliptic integrals

such as Landen’s transformation or Gauss’ transformation. On page

132



154 3 ELLIPTIC INTEGRALS ARISING FROM CUSP FORMS

+ 1 of [11], Ramanujan also notes that

2tan~'(1/V5)
_ 1 f i
5 1= Zsintg
Ztan‘l(% %]
/2
: d
9 f Y o
9 1 - L sin?
31 1/
2tan~! (1-v/€3) \/m
(l+ve3) (1=v/e)(1+v/€)
also equal to
tan“(3_ \/g)
1 d
4 f Y o
Ny
tan™!| 3~ ‘/5)\/@ To
(1-ve)(1+v/e)

with v and € as above.
To prove ([ﬂ]), let us use Landen’s transformation ([12]], p. 496) :

’ K281n ¢ 1+ Vl—K \/ };1/11'? Slnzd/

for tan(y — ¢) — (V1 — k%) tan ¢ (23)

with k = 3/5 and determine the limits of integration on the right hand
side corresponding to those on the left hand side of (23). We have only
to verify that the relations

1-11v—12

tan(y — ¢) = tan¢ tan(¢/2) = \/5 Trv_2

together imply that

C1-v/@ | (L+ve)l —ved)
tan(y/2) = 1163 \/(1 —v/e)X1 +v/ed)
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so that the upper limit 7r/2 for y in (ZI)) will correspond to 2 tan~!(1/ V/5)
arising for v = 0. Setting #; = tan(¢/2), to, = tan((y — ¢)/2), we have

then 5 49
153 141

=tan(y — @) = =

1-1 =9 51-1

and so

+ 4.

1)

R - 1) L1 25 (1 ~ )2
~ 4n T 2\16 2

Since 1-12 = 1-(1-11v—v*)/[5(1+v—v?)] = (4/5)(1+4v—v?)/(1+v—1?)
and (25/16)(1 — 11)?/22 +4 = 9(1 +v*)* /{(1 + v —v*) x (1 = 11v = v})},

we have
= =V5(0+4v—v?) +3(1+v)

2 —
24/(1 +v—v2)(1 = 11v —2)
noting that only the positive root has to be taken for #,, in view of #,
having to be positive for large v. Thus

(e —-v)(€ —v)
VA =v/e)1 +ve)(1 —ved)(1 +v/e)

o [ =v/e —ve)
“C Na+vol +v/&)

15}

Finally
1 [1=11v=? 2 -2 [(d=v/e)(1-ved)
an(w/2) = n+t BN 102 L+v=v7+ € \imatno
an(y/2) = l-nty _e2(-vé)
V5 (1+ve)

(1-ved)
I=v/owvedre) (1+v/e)+ \/56‘2(1 —v/e)

1/(1 + ve) V3(1 + ve) — e 2(1 — véd)

_ [ A=vé)d+ve) (A -ve)
S NA=v/e +v/e)  (1+ved)

establishing the validity of 2I).
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In order to prove 22), apply Gauss’ transformation [12]] :

f d 2 f dy
Ji—sinzg 1HK \/1—[4K/(1+K)2]sin2¢

for sin(2y — ¢) = ksin¢

134 with x = 3/5 again and determine the limits of integration which corre-
spond to each other on either side. From sin(2y — ¢) = (3/5) sin ¢, we
get a quadratic equation for ¢ := tan y, viz.

5t _ g _2S2__ V5 =11y —v)(1 +v —12)
4—12 1 —tan®(¢/2) 2 (1 +4v —v2)
proceeding as in the earlier case. Since by the same calculations,
00 +4v—v? 36(1 +v*)?
(1= 1y =v)(1 +v—12) -1y =) +v—v2)

we get

—V5(1 +4v —v) +3(1 +1?)
VI =11y =12)(1 +v —12)
taking the positive square root as before. Thus

2 \/(1 —v/e)1 - veS)

tany =t =

(1 +ve)l +v/ed)

giving the lower limit for y in @2)); the upper limit tan~'(3— V/5) clearly
corresponds to the upper limit 2 tan~!(1/ V5) arising when v = 0. Con-
sequently Ramanujan’s formula (22)) is proved.

2 2
3 15
Using a different ‘uniformiser’ v; := W related to I'g(15),
. n-(2)n*(5z)
Ramanujan ([11], p. 70/78) also records the formula :
x 2tan~!(1/V5)
dx 1
f’l’h’]s’hs; =3 f Vdp 1 - s1n ¢ (24)
0 1-3
2tan*1 &

V3(1 +3v)
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In view of formula (??), it suffices to show that
[1-11lv—v2 1-3y 25)
l+v—1v2  1+3w
in order to prove (24). Substituting for v and vy on both sides of 23]
and simplifying further, (23)) will follow from

315)° = (ms) n3mis=S5(mansmis)’ =9ms)nsmis)’ —(qms)® = 0. (26)
Formula (26), however, is a consequence of the following

Proposition 2. 135

5.5 5.5
MmN T
S35t = Samansmis)? - Ymmis)t - —=2 =0, (27)
s n3ns

Proof. Each term on the left hand side of (27) can be shown to be a
modular form of weight 4 for I'¢(15) and it is not hard to derive the

following Fourier expansions (writing x for ¢**<) :
m:
S5 xd 2428 -2 -0 - 820 —4x” — 1548
s

+7¢ -0 204
—n4n§:—x+4x2—2x3—8x4+5x5+8x6—6x7+O-x8+23x9

—20-x104...

— 5(mansmis)? = =52 + 10x° + 5x* + 0 X0 — 2525 — 10x7 + 1528
—10x° +25x10 4+ ...

—9mms)t = -9 +0- 2 +0- X +36x°+0-x" +0-x® — 18x°
+0-x10 4.

(i)’ _
315

X +5- =50 - 11+ 2007 +0- 28 =24
_5x10+...

From these expansions, the left hand side of (27) is a modular form of
weight 4 for I'g(15) all of whose Fourier coefficients corresponding to
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e?m for 0 < n < 8 = 4[I'(1) : Ty(15)]/12 vanish. By Hecke’s theorem
(L), p. 811-see also p. 953) again, this modular form has to vanish
identically. o

Remark. We may rewrite (27) in terms of the above modular functions

v, vq for T'p(15) as
1 1
- —v=-5-9—-—=0 (28)
1% Vi
If we show that the left hand side (which is already regular on all of & is
also regular at all the four cusps of I'g(15), we can obtain an alternative

proof for 27), via (28).

3.2 Ramanujan has considered on the same page + 1 of [L1] an
elliptic integral coming now from the group ['g(14) of genus 1 and has
noted the formula

X

dx d
f e = f ¢ 29)
X \/1 _ 16V2-13

)
0 cos“(% tg V13+16\/§) 3242 sin” ¢
where v := (q14/m2m7)" i 4
Tl T
We know that 7 := 1/v, and o0 := ————— are connected

4mlmaig dz
by the relation 0> = t* — 1473 + 1972 — 147 + 1, from Fricke ([3], pp.

451-453) and in fact, they generate the field of modular functions for
[o(14). Proceeding as in §3.11 we have

X 100
dx . . .
f e = f nmenn1adz (with z =iy, y > 0)
0 b4
r d
= f i (30)
J VT 1403 41977 — 147 + 1

Now X* —14X3 +19X> - 14X + 1 = (X — )X = B)[(X — m)* + n*) where
a@=1T+4V2+ V711 +8V2), 8= L7 +4V2 - V7411 +8+2),
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m= %(7—4 \/5), n? = %(8 \5—11). From Greenhill ([4], p. 61 as quoted
from page 23 of “Elliptische Funktionen” by Enneper), we obtain

fx dx
J X~ )X = PIX —m)? +n?)

1 Cn_l{H(X—ﬂ)—K(X—a) K}
- VHK HX-B)+KX-a)

! f ¢

Vi1 K 0 AJ1—«2sin’ ¢
HX-B) - KX -a)
HX-p) +KX-a)
AN2+ VT 11 + 8V2), K? = (B—m)*+n? = 4 V2(T+4N2- VT /11 + 8V2),
and & = 1 - H(e - p)* - H* - K*}/HK. Also, HK = 8V2 and

K = (16\/5 - 13)/(32 \5). Hence, for the (real-valued) integral (30) 137
wherein T > @ necessarily, we have the value

J-fle

with¢:cos—1( ),sz(a—m)2+n2:4\/§(7+

&

COS"(Hi — = s ¢
—K—v) (HB+Ka)
V) @ 32\/5

_ ! f 40
8 \/E H*Kfvz(Hlijn)) \/1 _ 16 \/5 -13 S 2

COS4(\/13+]6\/§)

7

1 do
/ 16V2-13 . 2
8 \/Ecosl( V13+716\/§ ﬂ) \/1 TRV Sin” ¢

I-vy

since H*8 = K*>a = HK, (HB-Ka)/(K-H) = 1 = (HB+ Ka)/(H+K)
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and (H-K)/(H+K) = (H> - K?)/(H* + K* + 2HK) = \/13 +16V2.
This proves formula (29).

3.3 An integral of the same form as above but not of elliptic type has
been mentioned by Ramanujan on page /78 of [11]] :

X

dt
777757777735— =
0 \/(1—t+ VO(1 = 3 = Vi(5 + 9t + 512))
(31)
where v3 = (735175177)*. i
Ifr:=1/+v3and o = — %7 then by Fricke ([3]], pp. 444-
223 dz’

445), 0' and 7 are modular functions for I'9(35) connected by the relation
0?2 =18 — 477 — 61° — 475 — 97* + 4¢3 — 672 + 47 + 1. [The right hand
side factorizes as (72 + 7 — 1)(t% — 57° — 973 — 5t — 1)]. As in earlier
examples,

X

f 7dt
7777577777%5 -
X J @+ 710 - 57° =903 — 57 - 1)

:%f@\/(l—ﬁ V(I = 3 = Vi(5 + 91+ 512))
0

(setting 7 = 1/ V1)

Remarks. The further reduction of this hyperelliptic integral can be car-
ried out by known methods in the theory of elliptic functions ([4], pp.
159-160).

It is interesting to note the following relation between P = n/n7 and
Q = 1s/n35 on page 303 of [10] :

(PQ)* - 5+49/(PQ)* = (Q/P)* — 5(Q/P)* - 5(P/Q)* - (P/ Q)
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which is the same as equation (29) on page 446 of Fricke (3); the latter
is itself a consequence of the above relation between o and 7.

3.4 Ramanujan has also considered elliptic integrals wherein the inte-

grand involves (higher) powers of . On page /54 of [[11], he has
written down the following formulae :

x 2tan~ (534 V)
dx d
53/4[,727727 _ f ¢ (32)
i i \/ 1 - €5573/25in? ¢
/2

=2 f d¢ (33)

55-3/2 «in2
cos—![(e)5/2] \/1 —€3573/2sin" ¢

2 tan~ ' [514 g (x0) [y (x)]

d
=5 f ¢ (34)
0 \/1—6/\/§)sin2¢
: 6 /1,6 AP xx ~1/8 o 2
recalling that As = ng/n°, u = T ies U(x) =x X n5(2)/n(z)

and € = (V5 + 1)/2.
Before proving (32)-(34), we state

Proposition 3.

(i) Ea(2) - SE(52) = ~4° [15) \[1 + 2215 + 12522
(ii) E4(z) =n'0/nz +250n*nd + 31257 /n?
(i) E4(52) = n'°/nZ + 100yt + 5ni° /.

Proof. We know that 1'°/ ng, r]4r]‘51, 1];0 /1 form a basis for the space of
modular forms of Haupttypus (-4, 5, 1) and their Fourier expansions are
given by

nlO/ng — 1 _ IOEZHiZ + 356471'1'2 + ..
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n4n45l — eZm'z _ 4e4m'z 4

néO/UZ — e47riz +een

Writing E4 = an'?/ 775 + Bty + /11]50 /n? and comparing the first three
Fourier coefficients, we have a =1, -10a + 8 = 240, 35a¢ — 48 +
A =21601ie. @ = 1,6 =250, 4 = 3125, proving (ii). The proof of
(iii) is identical. For proving (i), we have only to argue instead with
[E2(2) — 5E2(5z)]2 of Haupttypus (-4, 5, 1) and identify it likewise with
16(5'%/ ’75 + 220y + 1251];0 /1?). Identity (i) is stated by Ramanujan on

page@ /81 of[ll]. ]

Corollary. x(£1s5) = 172 \[s + 222 + 1253,

Proof is immediate from (??), (I0) and (i) of Proposition 3l
We now proceed to prove (32)). In fact, from the Corollary, we have

X

d
53/4f s ; T 534 f 3, 22 2 (since As(iee) =0)
\//l + 13545 + 13545

0 125

; (35)

IS f\/ﬂ[m1 L2+ (&P

dropping the suffix 5 from As. Now, using formula (24) on page 40 of
Greenhill ([4], §46) with@ = 0,m = —11/5%,n = 2/5%, H? := (@—m)*+
n? = 1/5% &% = 1 = (@ -m)/H] = 5V5 - 11)/(2.5%/?) = €5/5°2,
we see that (33)) is the same as

1 _I{H—/l 6—5} f de
cn — =
3/4 g > 53/2
5 VH H+45 0 \/1 — €5573/25in% ¢

But cos ¢ = (5732 - 2)/(573% + 2 implies that tan(¢/2) = 53/ /21 and
so (32)) is proved.
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To prove that the right hand side of (32) is the same as (33)), let
us first invoke the following transformation formulae from Ramanujan

([10]], Chapter X VII, 7(vi) and 7(ii), pp. 207-208) :

fﬁd—¢ _zfad—¢

0 /1 —«&2sin’¢ 0 A/l —«%sin’¢

(where tan(8/2) = (tana)| V1 — &2 sin” @)
A

de
-2 | — =22
([ V1 — k% cos? ¢
(where tan A = (tana) V1 — «?)

which together imply that

/2

r d d

f—"’:z f %

0 1-ksin¢ 5, A/1-k2sin?¢
Now taking

K =€7/5% and A= (n/2) - cos” ((eu)’?),

we have
tan A = (eu)>?] \J1 - (eu)s,
tana = (tan )/ V1 — k2 = 534452 ) |1 = (ew),
1 -&?sin®a = 1/(1 + e_sus)

and

tan(8/2) = (tan @) V1 — «? sin” @

= 534512 \/(1 — )1 + e3ud)

163

(36)

140
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=534 Vus — w5 - 11 = 53* s,

by @). Our assertion above concerning (32)) and (33) is immediate.

Finally, we show that the right hand side of (32) coincides with (34]).
For this, we need to use Ramanujan’s transformation formula ([[10], p.
231 — see also Smith [12], p. 469) :

A B
f =173 f (37
0 \/1—K2sm¢ * ao \/1—/1 sin” ¢
3 3
, a@Q+a) , 2+«
where = T:2g , M —a(1+2a) and
tan((A — B)/2) = (1 — a)/(2a + 1) tan B. (38)

Taking @ = 1/(€2 V5), we have 1 — @ = 3/(eV5), 2a + 1 = 3/ V5,
2+ =3e/V5, k* = €3/5%2 and 12 = €/ V5. Further, in (37), if we
take A = 2tan~ (54 VA5)B = 2tan~![5'/4 \xy(x°)/y(x)], we have to
verify that (38)) holds. But the latter is the same as

ns _ M Lo 7o /1315 )
o mns 1= 507, /m5ns)?

which, on the other hand, follows at once from Proposition [l It is now
clear that (37) implies our assertion concerning (32)) and (34).

Remark. On the same page in [11] wherein Ramanujan has noted down
formulae (32)-(34) as well as the integrals in (39)-@I) considered in
§3.5, one finds also values of «?, k¥*(1 —«?) corresponding to two succes-
sive “cubic” transformations. We should mention here that classically
the object of applying such transformations to elliptic integrals repeat-
edly was the realisation of the complete integral in the limit ([4], p. 322).

3.5 Formulae (32)-(34) were connected with the modular relation (3)
for u. The following formulae due to Ramanujan ([[L1]], p. /54) are



3.5 165

analogous and connected with the modular relation (2) instead :
/2

n
4/4[ -9 f a¢ (39)
\/771/5775 x cos- v \/1 —(e71/V5)sin? ¢

2tan~!(5"/4 V155

d
. ¢ (40)
5 - VB)sin’g
2tan~ (534 ((p1/5+15) /G115 +575)) \Vns/mys)
1 d¢
V5 0 \/ 1 - (€5/5%/2)sin* ¢
(41)
1du I
Before proving (39), we note that, by virtue of (9), il /ns
X X
1 d 11
and so u = u(l)exp(—— n__x)' But u(l) = —— = (V5 -
Syms x 1+ 1+
1)/2 = €. Moreover, u < € ! since x = ¢ ¥ < 1 (for y > 0) and
> dx
—= f 77__ < 0. Using @) it is now easily seen that the left hand side
X

of @]) is the same as

51/4

f du :51/4f u
J Vu—i? - i3 J V-u(u+e)u—el)

(noting O<u< E_l)

—51/4ff (42)
V-u(u+ e)(u—el)

But from Greenbhill ([4], formula (14), p. 36), we know that
cos™! (V)

5]/4f =2 d¢
) Fulu+ - e 5 1=/ VS)sin2g

142
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taking M = 17! + &2 and () = € /(e + €!) = €/ V5 therein.
Letting u tend to 0 in (??) and substituting into (42)), we see that formula
@9 is true.

In order to verify that (@0) is the same as the right hand side of
[@9), we have only to use Ramanujan’s formula (36) with k2 = €1/ V5
and 1 = Z — cos™!(+/en); indeed, tand = (eu/(1 — eu))!/?, tan’ @ =
V5 u/(1 — eu), 1 — (€'/V5)sin>a = 1/(1 + € 'u) and consequently
tan /2 = (eu/(1- 614))1/251/4/(6+u)1/2 51/4(77577/771/5) in view of ().

For proving that (@0) and (1)) are the same, we appeal to the Leg-
endre transformation ([4], p. 323) :

f" dé o fw dy
0 AJ1—«2sin’ ¢ 2+l A1 —p2sin?y
(with tan —— o+ 5 id = (a+ 1)tan ¢)

where % = (o* +2¢°%)/Q2a + 1) and p? = o[(@ +2)/(2a + 1)]?; we need
only to take @ = €7 !, ¢ = 2tan”!(5!/4 \M1/515) and y = 2tan~! (534 .

. +
75 - [nys + 1)/ Grys + Sns)] and verify that tan 2 . id
1) tan ¢.

= (a +

3.6 Finally, we take up an interesting formula stated by Ramanujan

({11, p. /54) concerning u, namely

1
3 8d Sd
WS = L C+f’7—— 125[—5— (44)
23 ‘S‘x 4 x
X

where

/2

C=5"-n+4 f \/ 1 — e5573/25in” ¢ dop—
0
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/2

f \d¢ \/ 1 — 35732 5in% ¢
0

143
To prove @4)), we first remark that G := 2 y/As5(u” + u™>) is the same
as 212515 + 22 + 1/ 15, in view of the modular relation (3)). Hence

dG _ 125-1/43  di
dx 12515 + 22 + 1/ 15 dx

8 3
1 n "
== (125_2 - 77_)’ by Corollary to Proposition 3
x\ ot

Now, by the fundamental theorem of the integral calculus,
X d X 8 d
G(x) - G(e™ /%) = f 125ﬁ—x f T2 (for any 6 > 0)
ntox X

672”/9 67271/6 5

Consequently, we have

1 X
3 8 d 8 d
u‘5+u5=n—3 C’+fn—4—x+125fni—x (45)
2m J s X ] mox
where
87271/6 3 1 .
d d
C’ = G(e %) ~ 125 f Tsdx _ f T2
n* x MBS
0 e—27/0

It is easy to see that C’ is independent of 6 and moreover C’ < G(e~ /%)

for all & > 0. From the transformation formula for the n-function, we
find that

IRt
(-5 15

8
s (1 2 77(2)
125'774(5) G

125 - (46)
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and therefore

e—2n/8 3 1 g
d d 1
125 f n—i—x: f n—4—x-(using z—>——).
n* x ne X 5z
0 o=218/5

As aresult,

1
8 8
d d
C = G(e—Zn/G) —250 f n_i_x — G(e—zn/e) _9 f 77_4_x
7] X
0 o-270/5

Formula (43) may now be rewritten as

e—27r/9 X ]
3 8d d
u_5+u5=% C+ n—4—x+125fn—i—x,
X X
15 e s o-27/0 T
denoting
1 o e—27r/9
d d
C + f 77_4_x +125 f n_i—x(: G(e™ 7% clearly) by C.
X nt x
—2n/0 5
e

This last stated formula for ™ + u> may be deemed to be obtained

from (43)), merely by replacing the limits of integration 0, 1 therein by
e~/ and further the constant of integration C’ there by C(= G(e7%y).
Ramanujan evaluates the constant C for @ = 1, V5 and 5. Taking 8 = V5
first, we obtain from @8) with z = i/ V5, that 12515(=1/(5i/ V3)) =
1/A5(i/ V5), i.e. As(i/ V'5) = 573/, Hence

C =G>V =2(125 . 5732 1 22 + 32 = 4(11 + 5V5)/2)1/2,

in agreement with Ramanujan’s value for C for this case. Again, us-
ing the functional equation for As implied by @6@) with z = i, we have
12525(i) = 1/45(i/5) and therefore G(e™>") = G(e 2*/°). From Ra-
manujan’s identity (iii) in §4} viz.

Eg = (7 [ = 500i3 /i1 = 5° - i3 /i”)* (1 + 2245 + 125.3),
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we infer A5(i) is a root of the polynomial 1 — 500X — 15625X? since
Es(i) = 0 and the polynomial 1 + 22X + 125X has no real root. Thus
As5(i) = 1/(5€)® and consequently, G(e~2"/%) = G(e™?") = 6-5'/4(3+ V5);
however, this does not agree with the value for C given by Ramanujan.

Remark. It is possible to express C’ in terms of complete elliptic inte-
grals of the first and the second kind as Ramanujan has noted in connec-
tion with C in (@4).

4 Identities for Eisenstein series We discuss in this sec-
tion several useful identities for E4(z), E4(pz), E¢(z) and Eg(pz) for
p =5, 7 written down by Ramanujan ([[L1]], p. /78, also p.
/75) :

(i) E3(2) = "/nz + 2500 s + 5° - n’ /)’
(i) E3(52) = (" /m3 + 100"t + 5n° /n?)?
(iil) Eg(z) = (o /m3=500m3 /=550 /n®)* (142208 In®+125nL% /n'?)
(iv) EZ(52) = m3* ("> /ng> +4n° [ng—m > (1+22n8 /n® + 12505 /n'?)
V) E;@) =@ [n7 +5-T0'm + ' /m)> (" 7 + 13°m3 + 49n] /)
Vi) E3(T2) = ' [ + 5P + m3 /)@ [mg + 130713 + 4973 /)
(vi)) Eg@) = (7 [ =75 + 2N’ = 721 + 8T /)
@' fn7 = 725 = 2ND’n3 = 7321 - 8NV’ /n)?
(vii)) Eg(72) = (" /m7 — (7 + 2N’ n + (21 + 8 VT /)*x
@' fn7 = (1 =2ND’n3 + 21 - 8NT)n] /n)?

Identities (i) and (ii) have already been proved as (ii) and (iii) in
Proposition [2 in §3.4l One can derive the other identities in a similar
fashion. We can also deduce these identities from the results of Klein
([, p. 46). If 7| := —/lgl and 7, = A ! then for elliptic modular
function j(z), we have from Klein (see also [4], p. 329) the following
relations :
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130 DIFFERENTIAL EQUATIONS SATISFIED BY ‘EISENSTEIN SERIES’
(i) 1728)j(z) = (] — 2507; + 5°)* /(-7))
(i) 1728(52) = (3 — 1071 +5)*/(~71)
(i) 1728(j(z) — 1) = (7 + 5007 — 50)2(v1 — 227 + 125)/(~(1}))
(iv) 1728(j(52) — 1) = (13 — 47y — 1)* (17 — 227 + 125)/(-7y)
(V) 1728(z) = (15 + 5 - T* 12 + 7*)* (7% + 137, + 49) /7]
(vi) 1728(72) = (t3 + 512 + 1)’ (73 + 1312 + 49) /7,

(vii) 1728[j(z) - ) = (x5 =10- 713 =9 - 7*13 =2 - 1°1, = 7")?/7}
(viii) 1728(j(72) =D = (5 + 14 .13 +9- 713 + 10 - 712 = 1)* /12
Substituting for j(z) = E3/(E; — E2) = E3/(1728 7**), we deduce Ra-
manujan’s identities (i)-(viii) immediately from the above identities (i)-
(viii).

One finds a few more striking identities involving the Eisenstein se-
ries E4 and Eg, stated by Ramanujan ([[11], p. +1):

(E2(2) + 94E4(z)E4(52) + 625E2(52))'/?
= 12V50' /2 + 265" 5t + 125710 /i) (47)

(5(Es(z) + 125E6(52))* — (126)* E6(2)E6(52))'/ (48)

= 252" /3 + 6273 + 12505 i)' 1 + 220" g + 125, /)2

Identity (7)) may be verified by squaring both sides, substituting
the expressions for E4(z) and E4(5z) from the identities (i)-(ii) above
and checking that the coefficients corresponding to the monomials 7°*,
n'8n8, n'*ni?, n°ni® and n2* are the same on both sides. A similar remark

applies to identity 8]), using now identities (iii)-(iv) for E¢ above.
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S Differential equations satisfied by ‘Eisenstein se-
ries’ We discuss, in this section, a differential equation mentioned
by Ramanujan ([11], p. @ /81) for certain ‘Eisenstein series’. First,
let us recall ‘Hecke summation’ ([S]], p. 469) for Eisenstem series of
weight 2 :

Lt —2 -5
Lt Z (cz+d) ez + d|
(e.d)=1

c>0
—6i N :
_ _ 124 d eanz
n(z—-2) nZ:; [oZd;n ]
—6i
- l_ + E»(2) “49)
7(z—-72)

The left hand side of (49) picks up a factor of automorphy of weight
2 under modular substitutions but is not holomorphic in z, due to the
presence of —6i/(m(z — 7)) on the right hand side; on the other hand,
E» is holomorphic but it does not have a nice behaviour under modular
transformations. Now associated with E>(z) and E»(5z), Ramanujan has
introduced on page @ /81 of [11]] a function F through the equations

Ex(2) = (7 /ns)[(1 + 2225 + 12522)!/2 — 30F (1s)]

Ex(52) = (0’ /ms)[(1 + 2225 + 12523)!/% — 6F(1s)] (50)

These two equations for F' are certainly consistent by virtue of (i) in
Proposition [3 above; further, they clearly imply that

F(As) = —(1/24)(ns /m )(Ex(2) — E2(52))
= —(5/m)é5(2) (51)
on defining &5(z) = (E2(z) — E2(52))/24. For F(As5), Ramanujan ([11],

p- @ ) has recorded the non-linear differential equation.

(142245 +12523)"2 (%F) = 1+(25/2)4s +[5/(225)]F*(As). (52)
5
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This differential equation may be verified by using the relation E4 =
E% — 129(E,) from (1) and the identity (i) above, namely

Eq = g2(1 + 25025 + 312542) = g2(hs(ds) + 2285 + 300042

with
gs:=n/ns and hs(X):= 1+ 22X + 125X°.

In fact, by (30), E3 = g2(hs(1s5) — 60 Vhs(As)F + 900F?) and further
H(E2) = g3(=5 Vhs(A5)F+150F +1125+12543-3045 Vhs(d5) 72 F) on
noting that 915 = gsAs Vhs(1s) in view of the Corollary to Proposition
Bl Now F = —&5/gs and logarithmic differentiation with respect to z
gives IF)/F = (965)/&5 — (9gs5)/g5 = (965)/ 65 + SgsF, by (8) and
(50). This enables us to rewrite (52) as a differential equation for & :

25
=5 I’ (53)

The right hand side can be expressed as a linear combination of E4(z),
E4(5z) and n4n‘5‘ which form a basis for the space of modular forms of
Haupttypus (-4, 5, 1).

5
965 = 565 = —s -

Remark. The differential equation (33) for & is perhaps the right ana-
logue of the first relation in (1), for the case of I'g(5). We derive next an
analogue for the case of I'g(7) as follows.

Let us start from Ramanujan’s identity (v) above for E,4, namely
Ey=g7(1+5-72 7 + 7' 27)(g7 - ho(A7))'? (54)

where g7 := 1]7/777 and h7(X) := 1+ 13X + 49X%. We might men-

tion here that (g7 - hr (A3 s just the Eisenstein series E(z;y7) =

142 3 xy7(m)xx"/(1—x") of weight 1 and (real) Nebentypus (—1, 7, x7);
n=1

further Elz(z, Xx7) happens to be precisely —(1/6)E>(z; 1;T0(7)). By anal-

ogy with Ramanujan’s function F(As) above, let us introduce F| =
F1(17) by the two equations

Ex(2) = &7 ((1/0)F 1 (A7) + 127 (7))



Ex(T2) = g3 (1/6)F (A7) + K5 (A7)
The consistency of (33) follows from the relation
Ex(z; 1;To(7)) + 6E5(z; x7) = 0
In view of (8), we have
_ " o3 d
Fi(r) = 8, (Ex(@) = Ex(72)) = (12/Tmig; ™ -(l0g g7).

Moreover, by (I0), (??) and (33).

(1/17)(6%17) = 2i/6)(TE2(T2) — Ea(2)) = 2xiga* 123 (47).

Now (), (34) and (33) together imply that

g PP +5- 720 + 74 2%)
= ¢33 ((49/36)F? + (1/3)F; - B2 (A7)+

d
h? (7)) - 120E, and (—Ez)
dz
d \(7
-1/3 2/3
=(2/3)g; (dzg7)(5Fl+h7 (/17))+

d \(7., 2
& ( dzﬂq) (EFI (A7) + hy P (A9)(13 + 9817)).

Consequently, we obtain the differential equation
Fi o) + [7/(1200)0h5 P F3(47) + 22427 + 24 = 0.

Defining & by & = (1/24)g2"° Fy, we see that

dé& dal d
(1/£7>d—7 = [F1(17)/F1u7>]—7 +(2/3)7-(og g7)

= ~2nidy g x h”3(/17) x [(7/7247)11 " (A7)
Fi + (22427 + 24)/F)) + (287i/3)&

173

(55)
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= (147i/3)& — 2ni/3)(3 + 2847) 4785 WP (7)) &.

This leads at once to a differential equation for &% (analogous to (33)) :
7 02 1 2\ 4/3,1/3
9E7 — 5@@7 = —5(3/17 +2847)g, " h,'"(47)

1
= —5(3/17g7 +285¢7)E1(z; x7)

= PR E1(zx7) — (28/3)013 /ME1(z: x7)-

148 The right hand side, being a modular form of weight 4 for I'o(7) is ex-
pressible as a linear combination of E4(z), E4(7z) and (nn7)3E1 Zx7);
note that by Ramanujan’s identities (v), (vi) above, E1(z;x7) divides
E4(z) and E4(7z) and hence every modular form of Haupttypus (-4, 7, 1).

Remark. Eichler and Zagier [2] have obtained for the N-divisor values
of Weierstrass’ p-function a non-linear differential equation of degree 2
with the coefficients independent of N. Eisenstein series of weight 2 for
I'(NV) are known to be expressible linearly in terms of these Weierstrass’
N-divisor values. For the ‘Eisenstein series’ &5, &7 which are analogues
of E, for I'y(5), I'g(7) respectively, we have again a non-linear differ-
ential equation whose coefficients however depend on the stufe. In any
case, it is remarkable that Ramanujan has recorded in [11]] the interest-
ing differential equation (52)) for F(As) which is the same as (33) and
which does not seem to have been observed prior to Ramanujan.

References

[1] B. C. BernpT : Chapter 19 of Ramanujan’s second notebook
(Preprint).

[2] M. Erchier and D. ZaGier : On the zeros of the Weierstrass g-
function, Math. Annalen 258 (1982), 399-407.

[3] R.Fricke : Die Elliptische Funktionen und ihre Anwendungen, Bd.
II, B. G. Teubner Verlag, 1922.



REFERENCES 175

[4] A. G. GreenHILL : The Applications of Elliptic Functions, Dover
Publications Inc., New York.

[5] E. Hecke : Gesammelte Abhandlungen, Vandenhoeck und
Ruprecht, Gottingen.

[6] G. H. HarDY : Ramanujan, Chelsea Publishing Company, New
York.

[7] F. KLeN : Gesammelte Abhandlungen, Vol. 111, Springer-Verlag.

[8] S. RagHavan : On certain identities due to Ramanujan, Quart. J.
Math. Oxford (2), 37(1986) 221-229.

[9] S. Ramanuian : Collected Papers, Cambridge University Press.

[10] S. Ramanuian : Notebooks of Srinivasa Ramanujan, Vol. 11, Tata
Institute of Fundamental Research, Bombay.

[11] S.RamanuiaN: “Lost Notebook” (Manuscript with Trinity College
Library, Cambridge), The Lost Notebook and Other Unpublished
Papers, Narosa Publishing House, New Delhi.

[12] H.J.S. SmrtH : Collected Papers, Vol. 11, Chelsea Publishing Com-
pany, New York.

[13] G. N. Warson : Proof of certain identities in combinatory analysis,
Jour. Indian Math. Soc. 20 (1933), 57-69.

[14] H. WEBER : lehrbuch der Algebra, Bd. 1II, Chelsea Publishing
Company, New York.

School of Mathematics

Tata Institute of Fundamental Research
Homi Bhabha Road

Bombay 400 005 (India)

149



ON SOME THEOREMS STATED BY
RAMANUJAN

By K. G. Ramanathan

151 1 Ramanujan seems to have been fascinated by the continued frac-

tions
2rit/5 2nit 4wt
e e e
R(7) = 1
@ 1+ 1+ I+ M
and
e7ri‘r/5 em"r eZm’T
S(r) = (2)

- 1+ 1-

where 7 = x + iy, y > 0, i = V—1. We discusses them in many places in
the Notebooks and more importantly in the ‘Lost’” Notebook. In partic-
ular, he evaluated R(t) and S (7) for T = i \/n for many rational values of
n > 0. Some of these evaluations were sent by him to Hardy in his early
letters from India. A number of evaluations of R(7) and S () contained
in the ‘Lost’ Notebook were discussed and upheld by us using the
Kronecker limit formula which seems to be well adapted for these prob-
lems. We do not, of course, know Ramanujan’s methods. They could
not be the method using the limit formula. There are two evaluations [7,
p. 46] which are particularly intriguing. The are

3+ V5) + 665+ V5
S(i\/§)=( + V5) + 4/6(5 + V5)

) (3)r
3+ V5+ 4/6(5- V5
S/ V3) = M 1 ( ) (4R
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As far as we know, these two results have not been proved until now.
In attempting to prove these, we encountered another of Ramanujan’s
evaluations. If 4, for integers n > 1 is defined by

(/2)\n/3
Ay = S (1 + ™YL N1 = ) g6

33

the Ramanujan states
=129 =307 =4+ V17,5 = 2+ V5)%,

A3z = 18 +3V33, 04 = 32 + 5 V41,
Ao = 55 + 12V21, g9 = 500 + 53 V89, ..

The function A,, seems to have been introduced earlier in the Notebooks
(Vol 2, p. 393) where Ramanujan gives a formula for evaluating 4, for
5 = 11,19,43,67, 163 and others. Itis to be noticed that these values of
—2 are precisely the discriminates = 5(mod 8) of imaginary quadratic
fields of class number one. If we use Dedekind’s modular form

77(7-) — eniT/lZ 1—[(1 _ ean"r)‘
n=1

&)

then

1 l] . 3 6
{nu +m/:7)]} ©

"33 N3 +iV3n)]

As was shown by us in [3], if =37 is a fundamental discriminant of an
imaginary quadratic field K = Q(V-3n) which has only one class in
each genus of ideal classes, then A, can be evaluated fairly easily using
L-series. For example, for n = 17,41, 89 this property is true. How-
ever, for n = 25, 49 the numbers —3.25 and —3.49 are not fundamental
discriminant of an imaginary quadratic field K = Q(V-3n) which has
only one class in each genus of ideal classes, then A, can be evaluated
fairly easily using L-series. For example, for n = 17,41, 89 this prop-
erty is true. However, for n = 25, 49 the numbers —3.25 and —3.49 are
not fundamental discriminants but nevertheless they are discriminants in
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the orders in Q( V-3) with conductors 5 and 7, with similar properties
with regard to genera of ring ideal classes. One has then an analogue of
the Kronecker limit formula for the L-series of such ideal classes which
leads to the evaluation of A»5 and A49 and consequently to the proof of
(3) and (4). For n = 9 and 33, the subrings of Q(V-3) and Q(V-11)
with conductors 3 have similar properties but the evaluation of A9 and
A33 depends on different ideas.

Ramanujan, in every case, seems to consider only dicriminants, fun-
damental or not, which have only two classes. We shall do the same in
this note and restrict further to odd discriminants with class number 2
since we are dealing only with S (7).

2 Let K = Q(Vd), d < 0 be an imaginary quadratic field with dis-
criminant d and class number A(d). Let R be the maximal order in K
and for any rational integer f > 1, R the ring with conductor f. Clearly
R = R,. The ring Ry has discriminant d f2 and a minimal basis (1, 6)
where

VPP ifdf? = 1(mod 4) 0

0 = 7
NDE it df? = O(mod 4)

where D = |d|.

We consider in Ry only ideals which are prime to f. As is well
known, there is a (1, 1) correspondence between ideals in R prime to f
and those in R prime to f. If a and b are two ideals prime to f, in Ry,
then they are said to be in the same ideal class in Ry if there exist A and

i in Ry both prime to f such that
Ag = ub

This leads to a class division of ideals of R into ideal classes. The
number A(d f?) of these ideal classes is given by

h(d) -
af = ZOELLD ®
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where ¢([ f]) denotes the Euler function of the ideal [ /] in R so that

1
el =1 [a -5 ©)
%/ f *

where » runs through all prime ideals in R dividing f and ¢(f) in the
denominator is the ordinary totient function. The number e is the index
of the group of units in Ry in the group of units of R.

It is to be noted that formula (8)) is still true if d > 0.

Let C be any ideal class in R¢. The zeta function {;(s, C) of the class
C is defined by

£(8,0)= > (Noy™, Res > 1 (10)
aeC
(a.f)=1
where a runs through all integral ideals in C which are prime to f. If £
is an ideal in the class C~! which is prime to f, then

. (NO)? -
£j(s,0) = > INel™ (11)
w
0+ael
(a.f)=1
w being the number of roots of unity in Ry. If > 1, then w = 2.

If f > 1, because of the restrictive summation in (L)), it is not
possible to apply at once the Kronecker Limit formula to C}i(s, C). We
shall see that for our purposes, the zeta function of the class C in the
extended sense defined below would be sufficient. Put

(NE) s
Le(s,C) = Na 12
7(5.0) = — ; INal (12)
ael
with a running through all elements of £ not equal to zero. The sum in
(12 is then an Epstein zeta function.

We shall choose the ideal class C in a particular way using the (1, 1)
correspondence between ring ideal classes and binary, positive, primi-
tive integral quadratic forms with discriminant d fz, d being, of course,
a negative fundamental discriminant.
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Let p be a prime number dividing d but not f (we assume that
such primes exist). We shall construct a binary, primitive, positive form
which represents p primitively. Let

px2 + bxy + cy2
be the quadratic form with discriminant d £ so that
b* —4pc = df>. (13)
Clearly p|b and so if b = pb;, d = pd;, then
pbt —dc = d, f*.
Let p be odd. If df? is odd, then
p—di f* = 0(mod 4)

and so we choose b; = 1 and

c=(p-dif’)/4.
The quadratic form
p—dif?
px*+ pry + ==y

is primitive since p { d; and is odd. It has discriminant df?. We choose
the ideals class C to be the inverse of the ideal class C~! represented by
the ideal ¢ with basis (1, z) where

_ 172
Z:Hfdf/p (14)

The ideal clearly has norm equal to 1/p. Note that (p, f) = 1.
If p is odd and df? is even, then, by ([3), 2p|b;. One easily sees that
we can again take the quadratic form to be

px* +2pxy + (p — di 2 /4)y*
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which means that the ideal class C! is represented by the ideal (1,2)

with
2= 4df*/2p (15)

In a similar way, we obtain for C! the ideal class represented by the
ideal (1, z) with

%(l + 4/df?]2) , p=2,(d/4) odd 16)
Z =
\df?/4 , p=2,(d/4) even

If we go back to formula (I2)) and take C = Cj as the principal class and
apply the Kronecker limit formula ([5, formula 6]), we have

- ii_r)l}[é“f(& Co) = 5(s5,C) =
= (4r/w /D f2)log(N[1,z)"*|n(z)/n(O)I*)
where w = wy is the number of roots of unity in Ry, z is given by (14),
(I3) and (I6) and 6 by (). The two functions (s, Cp) and {(s, C) are

the zeta functions of the classes Cy and C respectively in the extended
sense.

(17

3 Inorder to proceed further, it is necessary to obtain another expres-
sion for the left side of (I7).

Let y be any character of the ring ideal class group of R;. We define
the L-function

(@)
Lisx)= ) ()I(Va)s,Res>1. (18)
(IER/‘
((l,fl)zl

since y is a multiplicative function on the ideal of Ry prime to f.
Ly(s,0) = [ [0 = xGoNz™) (19)
f

Furthermore
Li(s,0) = ) x(C)j(s,0) (20)
C
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where C runs through all ring ideal classes of Ry.
If y is a non-principal character, it is shown by Meyer that we have
even the relation

Li(s.0) = > x(C)(s,0) 21)
C

in terms of the zeta functions of classes in the extended sense. Formula
(21D has the advantage that one can apply the Kronecker limit formula.
If now we assume that every genus of ring ideal classes of Ry has only
one class in it, then one has

— 272 144(5,Co) = 4y(5,C) = ) Lis.x) (22)

x(c)=—1

where the sum runs through all characters which take the value —1 on
C, 2"~! being the number of genera.

We now define the genus characters.

Let df? have the decomposition

df* = dodj,

where dj is a fundamental discriminant and d; a discriminant. For such
a decomposition, we have a character of the class group of Ry

d,
Xay () = (N—i)

d
for all prime ideals x which do not divide d f?; (—0) being the Kronecker

symbol ([9, p. 380 et seq]). For prime ideals not dividing dy, (??) also
makes sense. If » divides d, then take

_ (%
Xd()(%) = (m)

It is to be noted that dy and d; have only divisors of f as common divisor.
We shall now confine ourselves to the case

df? odd, h(df?) =2,(d, f) = 1. (23)
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Since d is a fundamental discriminant,
df?* = —pf?, p=-1(mod 4) (24)

Further df? has only one non-trivial decomposition

—pf-f ,if f=1(mod 4
dfz::{ pf-f . if f=1(mod 4) 05)

—f-pf ,if f=—-1(mod 4)
Following Siegel [8]], we see that there is only one L-series and

L_pp(s) - Ly(s), if f = 1(mod 4)

L(s,x) = { )
L_¢(s)- Lys(s), if f =—1(mod 4)

where L.(s) is the ordinary Dirichlet L series.
From 22)), we get

- }YEI}(Cf(S, Co) — (s, C)) = L(1, x)
and therefore, from (7)) using the fact that w = 2 for f > 1, we get

2
—1+iVf2/p
X n (T) {(G(f)h(_pf)h(f) , f = 1(m0d 4)

(e(pMPIICEI20 | f = —1(mod 4)

where h(—pf), ... are class numbers, €(f) and e(pf) are the fundamental
units in the real quadratic fields Q( \/7 ) and Q( \/ﬁ) respectively and
wo the number of roots of unity in Q( \/—_f ).

From the definition of A,, and formula (??), we see that we can eval-
uate A, if p = 3 and the conditions (23)) are satisfied.

They are indeed satisfied in cases

df? =-3-5%,-3.7°

as seen from the tables in [I]]. In case p = 3, f = 5, we have 157
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e(f) = (V5+1)/2 and h(-15) = 2.

We therefore have

6
—14i+/25/3
dys = n( ’ ) - ‘/§+1)6—(2+\/§)2 (5)
25—3\/5, n(‘”é‘/ﬁ) = 3 = R

In a similar way, if p = 3, f = 7, h(21) = 1, e(21) = (5 + V21)/2. This
gives since wy = 2,

3
5+ V21
m:( +2\/_) =554+ 12V21. (5)r

The value of A5 enables us to prove Ramanujan’s statements (??) and
(2?). It is known, by taking 7 = i V3 in ([4], p. 700]) that

nGV3/5) fGV3/5)

SGVI ' +1-831V3) = 26
[SGV3] + (iV3) BV BV (26)
where f(7) is Schlefli’s modular function
fy = e BB _ iy @)
n(n)
If we use the formula
n(-1/7) = (-in)*n(z) (28)

Then

n(iV3/5)fV3/5) _ ( 5 )”2 nl(l +iV25/3)/2]
n(iS V3)£(i5 V3) V3 n(1 +iv75/2)
so that, by definition of A;s,

[SGVRHIT +1-830V3) = V5 -2 = V5(V5+1)/2
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Solving the above quadratic equation for S (i V3) and using the fact that
S (i \/5) > 0, we get

-3 5 6(5 5
SVE) = G+ V3) + /65 + V5)

4

The value of S (i/ V3) can be obtained by again using (27) and 8) or
by using the formula

V51
2

r

\/52—1]: \/5(\/52—1J 9)

(S(T)+ ](S(—I/T)+

which was stated by Ramanujan in his Notebooks. It was first proved 158

by Watson. (See also [4]).
If we use the formulae (29) and

[(S(r))5 + ( \/52— 1)5] + ((5(—1/57)5 . (%)5)
= 5\/5( \/52_ 1)5

proved by us, one can obtain the values of S [i5%( \/5)1] where k is any
rational integer and 1 = =1.

(30)

4  We shall prove now the other statements of Ramanujan in (?7?).
In the first place,

! (n(i/ V3) £l ﬁ))ﬁ |
3V3\niV3)  f(iV3)
If we now use the formulae (27) and 28) we get

A =1
Consider now Ag. By definition,

. (77((1+i\/§)/2))6
"33 (1 + 3V3)2)
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If we use the product expansion of the n-function, then

9

i (n(a)))6 a)_—l+i\/§
— | > —

" 33 \nGw) - Gb

On the other hand,

nGw)\°
=27 ——
¢ (n(w))

is a root of the equation
2+ 187 + B(wy -27=0

where
B3(w) = j(w) — 1728

and j(w) is the well-known Klein’s invariant ([OL p. 504]). Weber has
shown that

L((=1+iV3)/2) =i24V3

and therefore A = Ay is a root, positive, of
-8 +18x2 -27=0.

This however equals
(x+ D)(x = 3)°

which shows that
A9 =3 (S)r

Consider now w = (1 + i\/ﬁ)/2. Then

A33

i (Tl(w))6_3\/§i
C 33 \nGw))

a

where

. (n(3(—1 + i\/ﬁ)/2)]6
(-1 +iV11)/2)
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From Weber [9, p. 504],

C14iVIT
/13(+Tl\/_):56i\/ﬁ

and hence A is the positive root of
9x* —56V33x3 +18-3%- 82 -3 =0 (32)

This quartic equation can be solved by the classical methods of the the-
ory of algebraic equations. One obtains

A= A3 = 3(6 + V33).

In fact, Weber (loc. cit) has given the values of A3((—1 +i /n)/2) for
n =19,43,67 and 163 and thus A3, is a root of a quadratic equation like
(32) from which A3, can be evaluated.
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THE ADJOINT HECKE OPERATOR II

By R. A. Rankin

1 Introduction Progress on the theory of modular forms and as-
sociated Euler products can be divided roughly into three stages. At the
first fundamental stage there is the work of Hecke [3]], who introduced
the linear operators 7}, now associated with his name. The second stage
comprises the work of Petersson [8]], who observed that the space M of
cusp forms of given level, weight and character is a finite-dimensional
Hilbert space, and showed that the adjoint Hecke operator 7', is a scalar
multiple of T,,, provided that n is a prime to the level N of M. The
foundations of the third stage were laid by Atkin and Lehner [1I], who
separated off from M the subspace M~ consisting essentially of forms
of lower level, and concentrated their attention on its orthogonal com-
plement M*, showing by delicate methods that M* has an orthogonal
basis of forms that are eigenforms for all the operators 7}, and not only
for those with n prime to N.

The present paper arose from an effort to simplify the arguments of
the third stage, by investigating the properties of the adjoint operator
T, for all n, and showing, if possible, that it commutes with 7}, on the
subspace M*. We recall that, for any forms f and g in M, T}, is defined
by

(fIT0 ) = (£, 8IT}). (1.1)
Petersson proved that 7, = y(n)T, if (N,n) = 1, where y is the associ-
ated Dirichlet character. For this he provided two proofs. Of these one
[8] was fairly direct, but had a combinatorial part in which a common
left and right transversal of a certain group was shown to exist (Hilfs-
satz 2), and did not seem applicable to other values of n. On the other
hand, his other earlier proof [7] (p. 68), although only valid when the
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190 2 GROUPS, MATRICES AND CHARACTERS

weight k of the space exceeds 2, seemed more promising, although tech-
nically somewhat complicated, as it involved the evaluation of G|T,, for
an arbitrary Poincaré series G in M.

This is the method developed in my first paper under the same title
[10]], where is yielded an apparently previously unknown explicit defi-
nition of 7, for (n,N) # 1. The case when N is a prime number was
then investigated in detail using properties of Poincaré series. However,
for composite N this method becomes decidedly more complicated, be-
cause of increased number of incongruent cusps of verying cusp widths
and parameters. In the present paper the general case is considered in a
relatively simple way without the use of Poincaré series, and the explicit
definition of the adjoint operator, found in [10], is proved by a different
method.

2 Groups, matrices and characters As is customary, we
write
(1) := SL(2,Z) (2.1)

for the modular group and, for any positive real number m, we denote
by €, the set of all matrices

T .= [‘Cl Z] 2.2)

belonging to GL(2,R) and having determinant m. We shall be particu-
larly concerned with the group

I'o(N) ={T €I'(1) : ¢ = O(mod N)}, (2.3)

where N is a positive integer, and require the following special matrices
inI'(1):

10 11 0 -1 10
I:[o 1]’ U:[O 1]’ V:[l 0]’ W:[l 1]' 24

Write also
I'(N) ={T €T(1) : T = I(mod N)}. (2.5)
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For various positive rational values of m we write

1 0
I = [O m] (2.6)
Throughout k will be a positive integer and, for typographical rea-
sons we write .
K=—-k-1. 2.7
7 (2.7
Let
H={zeC:Imz> 0}, (2.8)
and put, as customary,
e(z) = exp2miz) (z € C). (2.9)
For T € Q,,, we define
az+b
= T:z= d. 2.1
Sl z=cz+ (2.10)

For any function f: H - Cand T € Q,,(m > 0) we define
FQIT = (T : 2) ™ (det Y2 f(T~). (2.11)
This depends of course on k, which is fixed. Note that
f@Ww =m™ 2 f/m), f@U" =m"?fmz). (2.12)

The letters p and g will always denote prime numbers, and we write

P={0,1,...,p—1}, P"={1,2,...,q— 1}, (2.13)
0=1{0,1,....g—1}, 0" ={1,2,...,q—1}. (2.14)

Throughout, y denotes a character modulo N such that
x(=1) = (1) 2.15)

it follows that, when & is odd, N > 3. We denote by N(y) the conductor
of y and put
n(y) = N/N(y). (2.16)

163



192 3 M(N,K,yx)AND ITS SUBSPACES

Note that, for any positive integer r,

rin(x) © NOI(N/r). (2.17)

The principal character modulo m is denoted by ¢,,.
Accordingly, y may be written as

X =x"en, (2.18)
where y* is a primitive character modulo N(x). When (2.17) holds
Xri=X"enr (2.19)
is a character modulo N/r with conductor y*.
3 M(N,k, xy) and its subspaces A standard notation for the
vector space of cusp forms belonging to a group I' and having weight k

and multiplier system v is
{I',k,vio 3.1

and we shall write
M = M(N, k,x) = {[o(N), k, x}o. (3.2)

Thus M is a space of level N, weight k and character y.
For any positive integers r and s satisfying

rin(y), slr (3.3)

we define
C(r, s,xr) := M(N/r, k, )5, (3.4)

where y, is defined by (2.19). Note that
C(, Ly = M. (3.5
It is easy to see that

C(rys,xr) SM(Ns/r, k, xr/s) € M. (3.6)
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Whenever r > 1 and s < r the level of C(r,s,y,) is less than
N. When r = s > 1 the level is N, but the space is isomorphic to
M(N/r,k, x,) and so can be regarded as a space of essentially lower
level. For this reason we define

M~ = € 5,0 > 1, rin(x), ). (3.7)

Then M~ is a subspace of M of essentially lower level and any mem-
ber of M~ is called an oldform. Now M is a finite-dimensional Hilbert
space, and we define M* to be the orthogonal complement of M~ in M,
so that

M=M &M (3.8)

The definition of M~ can be simplified, as the following Theorem
shows.

Theorem 3.1. We have

M~ =P Cp.xy). (3.9)
plny)
where
C(p.x) =C(p, Lxp) ®C(p, p, xp)- (3.10)
Proof. We observe that
C(rs,t, xrs) S C(r,t, x, )tlr, rs|n(y)) (3.11)
and
C(rs,rt, xrs) € C(s,1, xs)(ts, rsin(y)) (3.12)

It is clear that (3.I1)) holds. To prove (B.12) take any
F e C(rs,rt, xrs),

so that we can put
F =gt = fl7;1

164
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where
f € M(N/I’S, k,/\/rs)-

Now take any T € I'o(N/s), so that
Ty := J.'TJ, € To(N/(rs)).
Then

gT = fII,'T = fIT I = x (T A1
=xrs(T1)g = xs(T)g,

so that g € M(N/s, k, x), and this proves (3.12)).

By successive applications of (3.11) and (3.12) we complete the

proof of the theorem.

4 The Fricke involution H, Forany r € N define

0 -1
meavl

so that H? = —rI and H:' = —r~'H,. It is easily verified that

H:'To(r)H, = H.To(HNH; ' = To(r).

Lemma 4.1. Let N = rs where rin(y). Then
M(N/r.k,x )IHs = M(N/r,k, x,).

In particular
M(N, k, )|Hy = M(N, k, x).

Further, if N = pt, where pln(y), then
C(p,p.xp)lHN = C(p, 1. x )

and
C(p, LxplHn = C(p, p.X p)-

O

4.1

4.2)

(4.3)

(4.4)

4.5)

(4.6)
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165 Proof. Let f € M(N/r, k, x,)|H; sothat f = g|H,, where g € M(N/r, k, x»).
Take any T € I'g(N/r) so that

H'TH, € Ty(s).
Then
fIT = gITH, = g|lH,H;'TH, = x,(H;'TH,)g|H,
= x,(H;'TH)f = X.(D)f.
Moreover
C(p. p:xp)lHy = C(p, 1 x ), Hy = C(p, 1, x,)|Hy
= C(P, 13Xp)9

by @4) with N replaced by ¢. This gives (©.3) and (&.6) follows by
replacing y by y and operating again on the right with Hy. O

Lemma 4.2. If N = pt, then
HyJ,U"Hy! = pWw™ 7. 4.7)
Proof. Straightforward. O

5 The Hecke operators 7, Forany n € N and any f €
M(N, k, x) define the operator T,,(N, y) = T,, by

d
ATy =n 3" M@ faUuly (5.1)

ad=n u=1

where J is given by (2.7), and observe that, for any prime p we have, in
particular,

ATy = 5| D AU + X1, | (5.2)

ueP
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see 212). It is clear that, in (3.2)), « can run through any complete set
of residues modulo p.

If
N=pt, ptt and feC(p,1 xp), (5.3)
if follows from (3.2) that
ATyt xp) = AT,(N ) + pPXx (D) FIT,! (5.4)

and we note that y,(p) # 0 in this case.
We now summarize some of the known properties of the operators.
For any f € M, let

(o)

f@)= Z a(r)e(rz). (5.5)
r=1
Then .
FQITy =) an(Me(ra), (5.6)
r=1
where
a(r)= . d x(da(nr/d). (5.7)
di(mr)
Moreover, we have
M|T,c M (neN) (5.8)

and

ATDITy = ) d DTy (m €Non €M), (5.9)
d|(m,n)

It follows that the operators commute and that 7}, is completely deter-
mined when 7', is known for each prime p|n.
Moreover, as shown in Petersson [§]], if f and g belong to M, then

(fITn. &) = x(n)(f,g|T,) for (n,N) = 1. (5.10)

Here the inner product is defined for cusp forms f and g of weight k on
a subgroup I of finite index 4 in I'(1) by

1
(.0 =(FeD =5 f f FOgY 2dxdy. (.11
F
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where x = Rez, y = Imz and .# is any fundamental region in H for I.
In §6] we shall require this definition for various subgroups I" contained

in [(1). It follows from (3.10Q) that 7};, the adjoint operator, is given by

T, =xmT, for (n,N)=1. (5.12)

6 The adjoint operator T; for p|N For any prime p|N and
J € M define the operator 7, = T,(N, x) by

fIT; = fIHNT,Hy' = fIHy'T,Hy (6.1)
= p* > flHN T U HY!
ueP
= > Aw! (6.2)
ueP

by Lemma4.2]
Since T,(N, x) = T,(N, Y) it follows from (@.4) that

M|T, € M. (6.3)

Theorem 6.1. For any prime p|N, T, is the adjoint operator to T}, i.e.

(fIT,,8) = (f,8lTy) for f and g in M. (6.4)

For the proof we require the following Lemma, which we quote from
Theorem 5.2.1 of [9]].

Lemma 6.2. (i) If1'| and ', are subgroups of I'(1) of finite index inI'(1) 167
and 'y C Ty, then

(f’g:rl):(f’g:FZ)

whenever f and g both belong to {I'y, k, v}o.
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(i1) Let I be a congruence subgroup of I'(1) of finite index and let, for
any prime p,
I, =INI(p). (6.5)

Suppose that f and g belong to {I', k,v}o and let L € Q,,. Then
(f.&:1) = (fIL,glL; L™'T,L). (6.6)

Proof of Theorem. Take any f and g in M and write
F = fIT,,
so that f € M by (6.3). Note that, if S € I['(pN), then
SIS = fIS'W Tt
where S’ € I'(N), so that y(S’) = 1. Hence, for any u € Z,
AW e (T(pN), k, 1o,
and so, by Lemmal[6.2}i) and (6.2),

(F.g : To(N)) = (F,g; T(pm) = pX > (FIW™"J5", &: T(pN))

ueP

= pX > (AW, g T(pN)).

ueP

Write
N
A, = J,,W”’U” =W JpU” €Q,

and note that, when I = I'(pN),
I') =T'(pN),
by (6.3), so that

A;'TpA, = T,'T(pN)J, 2 T(pN?).
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Taking L = A, in (G.6), we get
(F,g:To(N) = ¥ > (f, lAu; T(pN?)

uep

=p* [f, > aw Ut l"(pNz))

ueP

= p* (f, > gld, Ut r(pN2>}

ueP
= (f.8ITp: T(pN*)
= (/. 8ITp; To(N)).
This completes the proof of the theorem.

Theorem 6.3. Let m and n be positive integers. Then the following pairs
of operators on M commute :
1) Ty, Ty Gi) T, T (id) Ty, Ty provided that (m,n,N) = 1.

Proof. (i) follows from (3.9) and this yields (ii), since

NIT,T,.8) = (f. 81T T ).

By (0.12) and (i) we need only prove that 7', and T, commute when p
and ¢ are different primes dividing N.
Write N = pgs and define S, by

Su’quUupw—WqS‘lljl — W—qus‘]!:quUu

for (u,w) € Q x P. Then it is easy to see that S,,, € I'o(N) and that
X(Suw) = 1. Now, if f € M, since up and wq run through complete sets
of residues modulo p and modulo ¢ respectively, we have

* —wa?s —
AT Ty = (p* Y- > AW g, U

ueQ webP
— (pq)K Z Z f|-]q UupW—quJ;1
weP ueQ

= fIT,T;.
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7 The action of the operators on M
Theorem 7.1. For alln € N

MIT,cM -M|T,c M". (7.1)
In particular, if p is any prime dividing N and N = pt, we have :
(i) For (n,N) =1 and pln(y)

Clp, LxpIT, € C(p, 1, xp), C(p, p xp)IT, € C(p, p. xp). (7.2)

(i) If pln(x),

C(p, P xpITp € C(p, 1, xp), Clp, Lx )T, € C(p, p,xp)- (7.3)
(ii1) If p and q are different primes dividing n(y),

C(g, LxIT, € C(g, 1,x4), C(q, Lx T, € Clg, L xq), (7.4)

C(q, 4. xITp € C(q. 4. X9)- C(q, 4. x)IT, € C(q.q. xg)-  (7.5)
(v) If pln(x) and p?|N,

Cp, LxpIT, € C(p, 1, xp), C(p, p, x)IT, € C(p, p.xp) (7.6)

(v) If pln(x,) and p* ¥ N.
C(p, LxpT, € C(p.xp), C(p, pxp)IT, € Clp.xp).  (1.7)

Proof. In view of Theorem 3.1l (Z.I) will follow if we prove parts (i)-
(v) of the theorem. For the proof of (i) see pp. 321-322 of [9]. By (&),

(@.3) and (4.6 it is only necessary to prove those parts of (Z3)-(Z.7) that
involve the operator T,.

169 For (7.3) we note that

C(p, p. xp)pU" = C(p, 1L xp)IU" = C(p, 1, xp).
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For (Z4) note that the operator T,(N, ) is the same as the operator
T,(N/q,xg) since p divides N/q and the latter operator maps the space
M(N/q, k,x,) into itself. Also, if N = pgs and f = glJ;1 € C(q,9.xq)
then g € C(q, 1, x,) and

AT, = p5 > gl Ut = pK > gld, U
ueP u=P

= glT,J;" € Clp. Lyl = Cq.q.xy).

which proves (Z.3).

(Z.8) follows for the same reason as (Z.4), since p divides N/p and
the operators T,(N, x) and T,(N/p, x ) are identical.

Finally, assume that p|n(y) but p2 t N. We assume (3.3)) and deduce
that

ST (N, x) € C(p, L, xp) ® C(p, p, xp) = C(p, xp),
from (3.4). O
Theorem 7.2. For alln € N
M*|T, c M* and M*|T; C M".
Proof. Take any f € M* and g € M~. Then
(fITn, 8) = (f.8IT,) =0

by Theorem [Z1l Hence f|T, € M*. The proof of the second part is
similar. |

Theorem 7.3. Let My = M|Hy. Then (My)~™ = M~ |Hy.

Proof. By @.4)
My = M(N,k, ),

so that (Mp)™ is a vector sum of the spaces C(p, 1,x,) and C(p, p,x,);
the result follows. O
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8 The operators 7,7, and T, T ,(p|N)

Lemma 8.1. Let R be a right transversal of T'o(N) in Tg(t), where N =
tp, and put

Wo = Jw. (8.1)

weP

Then we may take
(1) M =Ry, when p 1 t, and

(i) R =Ry UR*, when p 1 t, where

t P
and s is chosen so that s € P and st = —1(mod p).

This is straightforward : note that R* € I'(1).
Lemma 8.2. Let f € M(N, k, ), where pln(y). Then

Fo= Z XRFIR € M(t,k, x,),
ReNR

sothat F € M.

Proof. Let the members of R be R.(r = 1,2,...,h) where h = [[o(?) :
['o(N)], and take any S € I'g(¥). Then RS is also a right transversal of
I'o(N) in I'y(¢) and so

R.S =S,R,

where R, € R and S, € T'o(N). Note that

XRX(S) = x(S x(RY).

Then

h h
FIS = Y XR)fIRS = ) ¥(RSIS R,
r=1 r=1
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h h
= D XROXS IR = ) (S WRDSIR;
r=1 r=1

=x(S)F.
It follows that ' € M(t,k, ) and this proves the lemma. |

Lemma 8.3. Suppose that N = pt, where plt, and that y is a character
modulo N. Then, for some integer m € P,

x(1 + rt) = e(mr/p)(r € Z). (8.3)
Moreover

m =0 if and only if pln(y). (8.4)

Proof. Since
(1 +0? = 1(mod N),

x(1 + 1) = e(m/p) for some m € P and (83) follows since
1+rt= (141" (mod p).
If pln(y), then N(y)|t and so m = 0, Conversely, if N(y) 1 ¢, then
x(n) # x(n+1)
for some n prime to N and so, taking rn = 1(mod N).
1# x(1+rp),

from which it follows that m # 0, by (83).
We now define

o) =0 if p4n(y); 6(x) =1 if pln(y). (8.5)

Further, for any prime p dividing N we put N = pt, as usual, and
define
0 if plt, pln(x),
a(p) =P if p i1, plny), (8.6)
Pt if p ot n(y).

Then we have o 171
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Theorem 8.4. Let f € M(N, k, x) and suppose that p|N. Then

NT,Ty —alp)f e M™,

and
fIT,T} ~ ap)f € M.
Accordingly, if f € M*, then

AT, TS = fITST, = a(p)f.

(8.7)

(8.8)

(8.9)

Proof. We write N = pt and, in the first instance, assume that p { t.

Then we can write

/\/ = wpwt’

where ¢, and ; are characters modulo p and modulo 7, respectively.

For any integers u, v, w we write

Su,v,w) = W"y'w™

_ 1 —uvt u
Tty —wH+uwt) 1 —uwt

and, for any n € P* we define ' = P* by nn’ = 1(mod p).

The finite set of ordered pairs P X P can be written as

PxP:A*UUAV

veP

where
A" ={w,u) € P> :w#0, u=(wt)}
Ap = {(w,u) € P> : w =0}

and, for v € P*

Ay ={w,u)eP>uz o), w=ur—v)}.

(8.10)

(8.11)

(8.12)

(8.13)
(8.14)

(8.15)

It is easily checked that these p + 1 sets are disjoint and that their union
is P2. Note also that, for (w, u) € A,(v # 0), we have S (u, v, w) € To(N).



For any f € M(N, k, y) we write

s'= L AWMU s= YT AIWTMUMw e P)

(w,u)eA* (w,u)eA,
so that
AT, = P2 + ) s,

veP

For (w,u) € A*, we put
Sw=W"U"R)",
where R* is defined by (82). Then S, € I')(N) and
XS = xlwst + (1 —wut)(1 + st)/p}
= Up(=wl(p)

and so, by (8.16),

s = ) fSWR = U(p) D wp(-wfIR®

weP* weP*

= (p = DS (P)fIR",

by (83), since pln(y) if and only if ¢, is the principal character.

Clearly
o=y flU" =pf

weP*

and, for v # 0,

sy = Z 118 (u, v, w)W"

(w,u)eA,

= > x(U—wnfIw”

(w,u)eA,

= D X =wnfIW" = (1 —uvn) fIW

ueP ueP

205

(8.16)

(8.17)

(8.18)

(8.19)
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= 60)(p = DAAW™ (8.20)

Accordingly, by (8.18, 19, 20) we have

fT,T,=p'? ((pf +30)(p — 1) {Z FIWY + %@)ﬂR*}) . (821)

vep*
This gives
AT,Ty =ap)f for ptt ptn(y). (8.22)
If, however, p|n(y), then ¢, = y, and

AT3T, = a(p)f + p2(p - DF, (8.23)

where

F =" fIW + 5 (p)fIR

veP

= > YRS, (8.24)

ReR

It follows from Lemma[82) that F € M~.
It remains to consider the case when plt. In this case S(w,w,u) €
I'o(N) and we write

PxP= U B,, (8.25)
weP
where
B, ={(w,u) : u € P}. (8.26)
Then
ATTy = P72 ) b, (8.27)
weP
where

tw — Z f| W—Wt Uu

(w,u)eB,,

= ZflS (u, w, w)W""

ueP
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= > x(1 = wun) fIW"" (8.28)
ueP

Hence
to = pf. (8.29)
When w € P*, we have by Lemma [8.73] that

x(1 —wut) = e(—mwu/p)(m € P),
where m = 0 if and only if pln(y). Hence, by (8.3),

ty = P5(/\,/)f|WWt

and so

ATT, = pHF+000 Y AW, (8.30)

weP*

Accordingly, if pln(y), then
AT, = p! Z fIRe M~ (8.31)
RE‘RO

while, when p 1 n(y),
ATT, = p* ' f. (8.32)
Accordingly, (87) holds in either case.
To prove (8.8) we write f = g|Hy, where g € M(N, k, y). Then
fIT, Ty = glHNT, T, = glHyT,Hy' - HNT},

= gIT HNT, = gIT; T, Hy

={a(p)g + M|Hy = a(p)f + hiHy

=a(p)f+1,
say, where h € M~ (y) and therefore, by Theorem[Z3l ' € M~.

It remains to prove (89). If f € M*, then f|T,T, € M* and so
AT, T, —a(p)f € M*. 1t follows from (8.7) that

ATST, = a(p)f.

The proof that f|T,T, = a(p)f is similar. Theorem B.4lis proved. O
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Corollary 8.5. Suppose that f € M™ and that, for some p|N we have
pln(x). Then, in the notation of Lemmal8.2)

D XDAT =0.
TeR

This follows from (8.24) and (8.37)).

9 The action of the operators on M™ 1n this section we
are concerned solely with the space M*.

We recall that a linear operator on a Hilbert space is said to be nor-
mal if it commutes with its adjoint. Let .% be the family of all the
operators T, and 7,;(n € N). Then it follows from Theorems [6.3] and [8.4]
that .% is a family of normal operators acting on M* and that any two
members of .% commute. Now M is a finite-dimensional Hilbert space
and so, from a standard theorem on operators on such spaces (see pp.
267 and 291 of [2]]), we deduce

Theorem 9.1. M™ has an orthogonal basis of forms, each of which is
an eigenvector for all the operators in .%. Moreover, if [ is such a
basis element, with Fourier expansion (3.3), we may assume that f is
primitive, i.e. that a(1) = 1, and then

fIT, = a)f, fIT; = a@m)f(n € N). (9.1)

Further,
a(n) = y(ma(n) for (n,N) =1, 9.2)

and, for any prime p dividing N,
la(p)® = a(p). 9.3)

Proof. If f is an eigenvector of all the operators T, (n € N) with eigen-
value A(n), then we have, taking r = 1 in (3.7)

A(ma(l) = a,(1) = a(n)(n € N),

which shows that a(1) # 0; by division, we may assume that a(1) = 1
and then we have A(n) = a(n). Since T,; = ()T, for (n,N) = 1, @.2)
follows and (8.9) gives (@.3).
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Each basis element is called a newform and M* is the newform
space.

It may be noted that, from (8.6) and (9.3), the absolute value of the
eigenvalue a(p), where p divides N, emerges naturally from the proof of
Theorem In certain cases one can determine a(p) rather than |a(p)|;
see [I], [4], [6]], [O]]. In this connexion I take the opportunity to correct
an error in the statement of Theorem 9.4.8 (iii) of [9], where condition
(d) should be replaced by

p1t, pt (N/Ny.

In conclusion, it may be noted that, although the paper [5]] is not
concerned with the determination of adjoint Hecke operators, the linear
operator C, there introduced has points of similarity with the operator
T, + Ty, which is clearly normal on each of the subspaces M, M~ and
M. o

References

[1] A.O.L. Arkin and J. Lenner : Hecke operators on I'g(m), Math,
Ann. 185 (1969), 134-160.

[2] F.R. GANTMACHER : Matrix theory, vol. 1. Chelsea, 1960.

[3] E. Hecke : Ueber Modulfunktionen und die Dirichletschen Reihen
mit Eulerscher Produktentwicklung I, Math. Ann. 144(1937), 1-28
Math. Ann. 114(1937), 316-351.

[4] W.C.W. L1: Newforms and functional equations, Math. Ann. 212
(1975), 285-315.

[5] W.C.W. L1 : Diagonalizing modular forms, J. Algebra 99(1986),
210-231.

[6] A.P.Ogca : On the eigenvalues of Hecke operators, Math. Ann. 179
(1969). 101-108.

175



210 REFERENCES

[7] H. Petersson : Ueber eine Metrisierung der ganzen Modulformen,
Jber, Deutsch. Math. Verein. 49(1939), 49-75.

[8] H. Petersson : Konstruktion der samtlichen Losungen einer Rie-
mannschen Funktionalgleichung durch Dirichlet-Reihen mit Eu-
lerscher Produktentwicklung II, Math. Ann. 166 (1939), 39-64.

[9] R.A. RaNKIN : Modular forms and functions, Cambridge Univer-
sity Press 1977.

[10] R. A. RankiN : The adjoint Hecke operator 1, J. Madras University
(to appear).

University of Glasgow
Glasgow G12 8QW
Scotland



ON ZETA FUNCTIONS ASSOCIATED
WITH SELF-DUAL HOMOGENEOUS
CONES

By Ichiro Satake

Ler % be and (irreducible) self-dual homogeneous cone is a vec-
tor space V with a Q-structure such that the automorphism group G =
Aut(V, €)° is defined over O. Let M be a lattice in V and letI" = {g €
GlgM = M}. Then by definition the zeta function associated with € is
given by

ZeM;s)= > IDIINW™ (s€0), (1)
xD\ENM
where I'y = {1 € I'|Ax = x} and N(x) is the “norm” of x (see[I).

The purpose of this note is to supplement our previous report [SOJ
in the following points. First, in2] we will show that, except for the case
E = Z,(R) and G is O-split (treated in [?]), the fundamental assump-
tion (2.6) in [SS]] is satisfied, so that we can apply the general results of
Sato-Shintani on the zeta functions of prehomogeneous vector spaces to
our case. In §3 we will determine that poles and the residues of the zeta
functions, and, in[@] the functional equations (cf. [SO], Th. 2.3.1, 2.3.3).
These will be done including the case d is odd, which was excluded in
[SE] and [SQ]. In particular, we will show that the matrix U (x) giving
the functional equations is always diagonalizable.

1  Let V be areal vector space of dimension n endowed with a posi-
tive definite inner product ( ). Let % be a self-dual homogeneous cone
in V, i.e. an open convex cone with vertex at O satisfying the following
two conditions :

211
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(i) € is “self-dual”, i.e. one has

€ =€ ={xeVlx,y))0 forall ye % —{0}}.

(ii) The automorphism group of %,
G = Aut(V,%)° = {g € GL(V)|g¥ = €},

is transitive on € (° denotes the connected component of the iden-
tity.)

In what follows, we assume for simplicity that € is irreducible and ex-
clude the trivial case ¥ = R, (the half-line of positive numbers). Then
G is (the identity connected component of) a reductive algebraic group
defined over R with R-rank » > 2 and one has G = G* X R, where G*
is R-simple. (For the treatment of the reducible case, see [SQ].) For any

178 ¢ € €, the stabilizer K = G, is a maximal compact subgroup of G and
one has G/K = %. We can (hence will) assume that the base point ¢
and the inner product ( ) are so chosen that for g € G one has gcy = ¢g
if and only if g‘1 = g. We further normalize ( ) by {(cg, co) = 7.

We set g = LieG, k = LieK, k = LieK and let g = k + p be
the corresponding Cartan decomposition. As is well-known (see e.g.
[ST]]), there exists a unique structure of Jordan algebra on V with the unit
element ¢ such that, denoting by 7, (x € V) the Jordan multiplication
y = xy(y € V), one has p = {T\(x € V)}. We denote by N(x) the
reduced norm of this Jordan algebra. Then N : V — R is a polynomial
function of degree r defined over R satisfying the following conditions :

N(co) = 1, N(gx) = det(g)"/"N(x) (g€ G,x€eV). 2)

It is then clear that y(g) = det(g)"/" is a rational character of the alge-
braic group G.

One can find a system of mutually orthogonal primitive idempotents
{e;(1 <1 < r)} such that

r

co = Z e, eiej = ojje;,
i=1
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which we call a “primitive decomposition” of ¢o. Then a = {T,,(1 <i <
r)}r is a maximal (abelian) subalgebra in p. It is known that the system
of R-roots (relative to a) is of type (A,) and all the R-roots have the same
multiplicity d. One has a direct sum decomposition

V= @ka

k<l
where
{x € Vlexx = x} k=1,
Vi = :
{xeVlgx=ex=3xt (k<D,

and one has dimVy;, = 1 and dim Vy; = d(k < [). Hence one has the

relation

n d
;:1+§(r—1). (3)

We assume that there is given a O-structure on V (i.e. a O-vector
space Vg in V with V = Vg ®g R) such that G is defined over O and
co € Vp. Then, clearly, K, ( ), N, y are all defined over O. We denote
by ry the O-rank of G. Then it can be shown that rq is a divisor of r. So
we set 0 = r/rg. The possible values of ¢ are as listed below.

€ r d )
Z,(R) >2 1 1 or 2 (r even)
Z,.(C) >2 2 olr 179
P,(H) >3 4 1
P5(0) 3 8 1
P(1,n-1) 2 >3 1

2 Todefine the zeta function, we fix a lattice M in V compatible with
the given O-structure and let I' be the stabilizer of M in G. Then I is
an arithmetic subgroup of G acting properly discontinuously on %. For
x € V, we denote by G, and I', the stabilizers of xin G and I'.

Let S denote the singular set {x € V|[N(x) = 0} and put V* =V - §.
Let V* denote the set of all x € V* with “signature” (r — i, 1) (see §3).
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Then one has an (open G-orbit decomposition

ve=| v )
i=0
Clearly one has V) = -V

L V=7,

For x € V3, G, is arreldu(?tive subgroup defined over O and I'y is
an arithmetic subgroup. We denote by u(x) the volume of I',\G, with
respect to a suitably normalized Haar measure on G,. In particular, if
x € €, then G, is compact, I is finite, and one has u(x) = IT,! < 0.
For all x € V;Q(l < i< r—1),one has u(x) < oo except for the case
r=2,d =06 = 1. In what follows, we exclude this case, which is treated
in [Si] and [?]. For 0 < i < r we define a zeta function associated with
the G-orbit VX by

EM;s)= > pING@I, (5)

xEF\MﬂV,.X

where the summation is taken over a complete set of representatives of

the I'-orbits in M N VZ.X. Clearly one has &; = &,_; and &y(M;; s) is the zeta

function Z4(M; s) associated with the self-dual homogeneous cone €.
To discuss the convergence of these zeta functions, we need

Lemma 1. Let G! = {g € G|det(g) = 1} and for f € ./ (V) (the Schwartz
space) set

= [ [Z f(gX)]dlg-

GGt M

where d'g is a (suitably normalized) Haar measure on G'. Then, if
do > 2, the integral on the right hand side is absolutely convergent and
the map f — I(f, M) is a tempered distribution on V.

This is proved by applying Weil’s criterion ([W], p. 90, Lem. 5).
For ¢ > 0 put

1o
Ac = {diag(ti,.... )l € Ry, [ 1= Ltiftis 2 ¢
i=1



215
1<i<rp-D}

Then, since every O-root has the multiplicity d&?, it is enough to show
that

0
f{ Sup(1 t._2)5(1+(d/2)(6—1)) %
| | (e

5 U=t

rol

1 .- 2 1a—
X ]—[ Sup(L, 1717 ) (7 1y l—ltldt,<oo

1<i<j<ry
(See [SSI], p. 166, Lem. 4.3.) Putting 7; = (t,'tl.jrll)l/’(’, one has for some
cl1 > 0

i-1
Sup(1, tl-_z) < 1_[7']%](,

k=1

i-1

sup(Le7' ;Y <er [ | [ | =76 < s

k=1 i<k<j

k>ro/2
ro—1
~1\-1 —i(ro—i
[Tt =] ] .

i<j i=1

In view of these estimates, one sees that the above integral is

ro—1 r—l
Sczf[l—[ o= ’)6“} l_[t_ldt,

Ae NiED
for some ¢, > 0, where
{2 -dsi+ 1) for 1 <i<{[ro/2l,
Y 2-dG(ro—i)+ 1) for [ro/2]1+1<i<ry— 1.

If d6 > 2, one has v; < O for all 1 < i < rg — 1, which proves our
assertion.
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In what follows, we assume that d6 > 2. Then Lemma [I] assures
that the fundamental assumption (2.6) in [SS] is satisfies, so that we can
apply the general results obtained there. (As we shall see in §3] the con-
dition (2.13) in [SS] is also satisfied). In particular, by [SS]], Theorem 2,
(i), the Dirichlet series on the right hand side of (3 converges absolutely
for Re s > n/r and the function &;(M; s) thus defined can be continued to
a meromorphic function on the whole complex plane. It is known that,
even in the case d = 6 = 1, the Dirichlet series defining Z4(M; s) has
the same property ([?]).

3 We now consider the G-orbit decomposition of the singular set S =
V — V*. Every element x in V can be expressed in the form

x= k[z a/vev] with k€ K,a, € R, (6)
v=1
where (ay,...,a,) is uniquely determined up to the order (indepen-

dently of the choice of the primitive decomposition {e,}) ([S3]], Prop. 3).
We say that x is of rank p and of signature (o — i, ) if, in a suitable order
of (@), one has ay,...,a; <0, @j41,...,ap > 0,ap41 = ... = a, = 0.
ForO<p<r—-1land0<i<p, we set

§® = {x € V|rank x = p},
S¥ = {x e Vlsignx = (o — i, ).
Then it is easy to see that the G-orbit decomposition of S is given by

_ )
s= ] s (7
0<p<r-1
0<i<p
Since G! is transitive on each S Ep), @) is also the G'-orbit decomposition
of S. Thus the condition (2.13) in [SS] is certainly satisfied.
By [SS]], Lemmas 2.7 and 2.8, (i), there exists a G'-invariant mea-
sure dv®(v) on S satisfying the relation

&P (gv) = x(9)" ') (geGves?) (8)

181
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for some s,; € R. To describe the measure dv?® explicitly, we use the
following parametrization of § .

Set
r—=p r
e=Zev, e =cy—e= Z e,
v=1 v=r—p+1

and V) = V,(e) = {x € V]ex = Ax}. Writing v € V in the form
Vv =y +vipp +vy, vi € Vale),

we set 182
§®(e") = (v e SP|Ny(vo) # O}, 9)

where Ny denotes the norm of the Jordan subalgebra Vy(e). Then S ©(¢”)
is a Zariski open set in S® and by [S3], Lemma 1 every element v in
S ®)(¢") can be written uniquely in the form

v =expledy)vg with ye€ V1/2, vo € Vo, (10)

where in general xOy = T, + [T, Ty] (Koecher’s notation).
By a well-known identity in the Jordan algebra one has for any y, y’
in V1 /2(6)
[[Ty’ Ty’]a Te] = Ty(y’e)—y’(ye) =0.
Hence one has [eOly, edy’] = 0 (by [S3]], (4)) and
exp(edy) - exp(ey’) = exp(ea(y +y")).

Therefore S)(e’) can be viewed as a principal bundle of the additive
group V1 ,2(e) with base space Vy = Vj(e) by the action

v > exp(emyv(y € Vija(e), v € S (e)).
It follows, that, if one puts
du(v) =dy-dvg for v =-exp(edy)vy,y € Vis2,vo € Vo,

then there exists a continuous function ¢ = ¢,; : Vo(e) — R such
that dv®(v) = @(vo)~'du(v). Putting g = A1 in (8), one sees that ¢ is
homogeneous of degree p(1 + %(p = 1) —rsp;.
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Not let Gy be the subgroup of G generated by exp T (x € Vy(e)).
Then the V,(e)’s are Gy-invariant. For gy € Gy, one has go|V;(e) = id.
and No(govo) = xo(go)No(vg) for vo € Vp(e), where yo is a rational
character of G satisfying the relation

det(golVo(e)) = xo(go)' @21, (11)

Lemma 2. For gg € Gy, one has

det(golV12) = xo(g0) /P, (12)
X(g0) = xo(go). (13)

Proof. Since gpe = e, one has fory € Vi,
go(emy)vo = (ed'gy'y)govo.
Hence go(yvo) = ("g5'y) - (govo), or
20Tv,'80 = Tgpyy 0D Vipa(e). ()

By [SF], Lemma 2, (i), one has det(2T,,|V}/2) = No(vp)?" ). Taking
the determinant of both sides of (*), one has

det(go|V1/2)*No(vo)™ ™ = No(govo)™" 7,
whence follows (I12). Since
x(80) TP = det(go) = det(golV2) - det(gol Vo),
(13) follows from (1) and (12)). O
By () and (I2) one has

du(gov) = d('gy"y) - d(govo)

= vo(go) @RT=PIHIHEDO-D g )

Hence by (8) and (I3) one has

1-(d/2)(r=2p+1)=sp,

@(govo) = xo(go) @(vo).
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In particular, ¢ is homogeneous of degree p(1— %(r—2p+ 1)—s,,:). Com-

bining this with what we mentioned above, we see that s, ; = %p, which

is independent of 0 < i < p, and that ¢(vy) is given by cN(vg)! =@/ r=p+1)

for some ¢ > 0. We normalize dv®)(v) by putting ¢ = 2-%0=P),
Summing up, we have

Lemma 3. In the expression (10), aG-invariant measure on S® is
given by
VP (v) = 27900 Ny (1) PPy dyy. (14)

and one has

v (gv) = x() PP (v) (g€ G,veSP). (15)

4  Weset ¥ = ®j« V(2 < k < r). Then every element v in S ©)(e")
can be written uniquely in the form

1 1
V= Z €tk (ek + Ex,'( + —x',%(l - ek)), (16)

k=r—p+1 4
X €Vt R, g=x1(r—p+1<k<r)

(see [S3]], Prop. 1). In this expression, it is easy to see that

-

dv(p)(v) = =(d/2)p2r—p=1) l_[ (tl(cd/z)(Zk—Hp—l)—ldtk)dx" (17)
k=r—p+1

Y.

ForO<p<r-land0<i<p,let é”p(’l.) denote the set of all r-tuples
€ = (¢,) €{0,1,—1}" such that

where dx = Ildx; is the Euclidean measure on &; _ |

6&=00<v<r—-p,=xl(r-p+1<v<r),
and #{vle, = -1} = i.

Fore = (¢) € é;fri), let S (Ep) denote the set of all vin S ¥ (¢’) of the form 184
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(I6) with the given (g,). Then clearly one has

SN S = ]_[ s®.

ec&W
.

Let &7 = {1}, and for n = (q) € & let V) denote the AN-orbit
of 3,_, mkex, where A = expa and N is the unipotent subgroup of G

generated by exp(};_, ex0x;)(xx € 7¢). Then [] V; is a Zariski open
neg(r)
subset of V*.

Proposition 1. Let 0 < p < r—1and 0 < i < p. Then, for f €
Cy (L1 Vi), one has

P
f FOP ) = l—[[(27r)_(d/2)kl"(%zk) X
k=1

s»
x e (gNBZ’) f F@ING@I™ P du,
&1

Vi

where the summation is taken over all € € éap(?n e &Y, e(-) stands for
exp(r V-1-) and

r k=1
NG = ) Ek[Zm +nk(k—r+p)]-
k=r—p+1 =1

The proof is similar to that of [SE], (21), and we use basically the
same notation as in [SF]. Write u € V in the form

r r
M=Z§k6’k+zuk,
=1 =2

with
& eR™, u €V
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and for 1 <k < rset

k k
M(k) = Z{-‘]e] + Z Uuj.
J=1 j=2
For a self-adjoint linear operator T on ¥, and x; € ¥, we write

T{xi] = (xx, Txpe)-

In particular, 185

(k=1)

u VD x] = Tyaon ] = (o, D xp).

Now, writing v € § ip) in the form (I6)), one has

r

1 1
(u,vy = Z Exlk (fk + §<Mk, X))+ Zu(k_l)[x,'c])

k=r—p+1

(see [SFEI, p. 476). ForA>0andr—p+1 <k < r, put

- V-1
Ok = O(4, fk,u(k 1)) =Aly - TfkTu(k—l)ry/k.

Then, for u € [] V¥, one has

\/_1 ) r
(w.v) = = mk:;+1tk<ﬂ—2v—1ekfk+

-1 1
+ O X, — geka‘luk - ZQ;I[uk])

1
Hence, putting gx(1) = A -2 V-1gé; + ZQZ] [ux], one has

®)
I = f F)dv® ()
Se
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= f[ff(u)e((u,v))du] v (v)

§© \V
— n=d/2)p2r-p=1) Z F(u)du x
ne&" V;(
r o0
. d/2)k=rip-1-1_[ V-1
+ /111_r>r(1) Z flk e(—z lqu(/l)) dry X
k=r—p+1 0
V-1 ’ B - ’
X f e( 3 1t Ok X — ekaluk dxk.
22222297977
186 For u € V¥, one has, in the notation of [SF], sign yx(u) = ne(1 <k < 7).
Hence
V=1 NI R .
fe(—z 1t Ok X, — —2 Ekaluk dxk = l‘k(d/z)(k b det(Qy) 172
Yk

k-1
d
~1) ,~(d/2)(k~1 - “Dy-
N zd(k l)tk( /2)( )e[gkam] |N(k 1)(u(k 1))| d/2
=1
(1 - 0),

r N
f AdIDrap)1 (T,k o /1)) dr,

0

=T (%l(k —r+ p)) (i)~

R o ) [
(1 - 0).

Moreover, one has

l—[ NED @ @) = Ny .

k=r—p+1
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Therefore, putting &’ =k —r+p(r—p+ 1 <k <r), one has

Te = 20200 S i x
r]e(D@(r)VX
n

x lim [ > de@ T (%lk/) (nqk(/l))‘(d/z”"]

-0

k=r—p+1

- ﬁ (20" “P¥ (/2K

Zn: [ Z [[Z”’]‘”k(" ‘r+P>H f F@IN@™ P du,

k=r—p+1 I<k

which proves the Proposition.

5  Weput
k=1

Also, putting n(n7) = #k|ll < k < g = =1} forp € &7, we set 187
éa(’) {n e &7\n(n) = j}. Then for ne @@ ") an easy computation shows
that

NE = (r—2j)p-2ir—p-2p—1)+

r k-1
+ > (1—ek){ > (1—m)—(1+nk)<k—r+p)},

k=r—p+1 I=r—p+1

where p = #{k|l <k <r—p,n =—1}and ¥’ indicates that the summa-
tion is taken over k (or [) > r —p + 1.

d

We claim that }} e(gNé'Z)) depends only on i and j = n(n) and is
ec&™

Pl

independent of the choice of 7 € @@J ") Then the formula in Proposition



224 5

[ can be written as

ff(v)dv(p)(v) = Z’"ijff(u)W(u)l_(d/z)”du,
s® =0 >

where

=1, Z (N(’”) (ne &),

ecs")
“p,i

When d is even, the above claim is obvious, since
e (g Ng;])) — VTTWRp (] dIXC—p=Dip)
In this case, one has
—— (_1)<d/2)(r—p—1>z‘(ﬁi’) (=1)12pi,

Introducing a new variable y, one has the relation

P
Z rijyi — \/_1(d/2)rp/1p . (_1)(d/2)9j(1 + (_1)(d/2)(r—p—1)y)p'

i=0

When d is odd, we set
w = (=1 (= V=1rPD

Then for 7 € & ) one has

o)

o .

2 Z el - e
i=0 EE(@(")
P,

2(1=e)/2{ X (1=np) [ 2+(1+ni) (k—r+p) / 2} .

G L (wy)’

i€

(19)

(20)

1)

(22)
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p ’
v . > A=np)2+(1+n)k/2
= GNP Jas enfe T gy,
k=1

188 where the summation ) is taken over all 0 < i < p, € € é;fri). It can
i€ ’
be shown that the last expression depends only on i and j. Actually,
defining r;; by (20), one obtains the relation

P
iy = &P A (= N=T1)dI (22)
i=0
A=Y (o even),
(1 = w?y?)P=D2 (1 = (=1)/(= V=1)4"P=Dy)(p odd).

Now, for the given Q-structure one has § Ep) N Vg # 0 if and only if
p is a multiple of 6 = r/ry. By the general theory of Sato-Shintani, we
know that for x € ¥’ N Vg the stabilizer G| of x in G is unimodular
and for a normalized Haar measure dv, on G one has

' (x) = f dvy < oo,
GLT,
the normalization being made by the relation
[ sendte=uien [ o) e
G'/r, s
It is known furthermore that one has

Con= Y < (23)

xI\Mns¥

([SS]}, Proof of Lemma 2.7). It can be shown that Kgp)(M) is a finite
sum of certain special values of the zeta functions associated with the
“rational boundary components” in § Ep).
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By [SSI], Theorem 2, (ii), one obtains the follows
Proposition 2. Assume that d6 > 2. Then the zeta functions & (M 5)(0 <

J < 1) are holomorphic except for possible simple poles at s = % — %p

with0 < p <r-1, dlp and

o
Resg_s_g, & = vol(V/M") Z KM, (24)
i=0
where M* is the dual lattice of M and Kl(.p)(M *) and r;j are given by @3)
(for M*) and @2, (22)).

In the case d is even, we set

P
R = vol(V/M*)A, V-11/2re .. Z(—1)<d/2>(’—ﬂ+‘>i(’,’ )Kf.”)(M*). (25)
1
i=0

In particular, for p = 0, one has RO = vol(V/M*) - ,ul(O) > 0.

Lemma 4. When d = 0(4) or p = r—1(2), one has R®) # 0. Whend = 2
(4) and p = r = 1(2), one has R® = 0.
This follows immediately from the fact that Kl(.p)(M *) > 0 and

© ey — P ag*
k(M) = Kp_i(M ).

By Proposition [2] the residue of £; at s = 2 — %p(O <p<r—-19p)
is given by (—1)4/2PJR®)_ Hence, in particular, every & (0 <J<r)has
a pole at s = n/r. It follows from Lemma [4] that, when d = 0(4), every
&; has exactly ry poles at s = % — %61{(0 <k<rg—1). Whend = 2(4)
and r is odd, every &; has exactly (ro + 1)/2 poles at the above s with
even k. When d = 2(4) and r is even, one can only say that, if ¢ is odd,
every &; has at least [(ro + 1)/2] poles.

6 By the general theory of Sato-Shintani we know that the zeta func-
tions satisfy functional equations of the following form

* - -5+ - d
¢; (M 2 - s) = vol(v/a) [ [1(2my sk ”r(s - Stk = 1) x

k=1

(26)
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e(29) Z(; E(M: ) (s)
0<j=<r),

where u;;(s) is a polynomial in e(—3) determined by the following rela-
tion

f FaINGP~ """ du = Z[(zm‘”(d”)("‘”r(s - %’(k -D)|x @)
X k=1

xe(7s) Om,(s) f F@ING)™ du

J=
(OSiSr,ny(V)).
By computing the left hand side of 7)), it was shown in [SF] that 190
wi(s)= Y uel(s)  (ne &), ®)

Ee@@[(r)

ey () = e[—Ngf 1 Z (Eknk (s - —r) - S)

(The fact that the right hand side of () depends only on j = n(z) is
shown in the following lines. This is not a priori clear as stated in [SF],
p. 477.)

First, one can write

d a 1—-¢ k_ll—m 1+T]k d
MEH(S):e[EkEZI 5 [I:EI 5 T k]+Z(l—rJ)_
1« (l+ekl—77k 1—6k1+r]k)( d)

+ S—Er

2422 2 2

where

Put

d
x=e(-3), (= V=100,
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d<h - | 1 (d even),
ﬁ =¢e| - n =
k 2 2 (_1)#{I|1£1Sk—1,m:—1} (d Odd),

y(%,3) = ) ten(s)y',

i€

where the summation X is taken over all 0 < i < r, € € éai(r). Then by
an easy computation one obtains

M%%w=(—V3VHIIF(J}‘Ukb_ia)+

k=1
(1+m( d L AN
e[—z[ 2 (s—5r+dk)—d; 2 }\/—_1 y]
= [ [a+ "B [ e+ 0 g,

=1 m=-1

When d is even, one has ¢ = (=1)/20+D 5, = 1 and

(%, y) = (1 + L) ™ (x + Zy). (28)
When d is odd, one has ¢? = (—1)"*! and

1y (x,y) = (1 + Zxy) P21 = Loy =D ¢ (29)
x (x + IR (= g1yl

191 Thus, in either case, one sees that u,(x,y) depends only on j = n(n).
Hence one writes u;(x, y) for it. [(28) and 29) are the same as (23)) in
[SE].]

The semisimplicity of the matrix U D(x) = j(x)) was shown in
[SE] except for the case d = 1. Hence, in the rest of the paper, we
assume that d = 1. By our assumption dé > 2, one then has ¢ = 2 and
so r is even. However, we include also the case r is odd.

First, suppose that r is odd. Then ¢ = (—=1)"*1/? and one has

(1 = 2y?) D22 — )1 = Zxy)  (j even),

. ; 30
(1 = x2y) =22 = y)U=D2(x = zy) - (j odd). G0

uj(x,)’) = {



229

Dividing the set of indices in two blocks by their parity, we write

U U,_

) _ ++ +

U (x) - (U_+ U__) s

where U, are square matrices of size % consisting of u;;(x) with

(i, j) of the given parity (e.g. U,_ consisting of u;;(x) with i even and j
odd). Then @0) gives

1 X
Uist = Pur-1)/2 2 1)) Ui = xUyy,
Uoy = ={xUsy, U-m =—{U,s,

or more symbolically

1 2 1
U(r)(x)=p(r_1)/2 ((—X2 fl))®(—§x _xg), (31)

where p(,_1)/2 denotes the symmetric tensor representation of degree
1. Thus we see the U")(x) is diagonalizable and similar to

0 1-x2 0 1-
=iz ((1 b0 ))®(1 +x 0 x) €=1

0 1-x° 1 0
p(r—l)/Z((1+x2 Ox ))®( gx 1_x)@:—l)-

Next, suppose that r is even. Then ¢ = (—1)"/?2 V-1 and

or

(1 + x2y2) D22 4 y2)il2 (j even),
(1 + x2yH)=mDR (2 4 y2) 0D = fxy)(x + ¢y) - (j odd).

(32)
Hence, in the notation similar to the above, one has 192

1«2
Uy = Pr/2 (()CZ 1 )) >

uj(x,y) = {
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1 2
Ui- = x(6ij + i j+1)Pr/2-1 NIE

)CZ

U—+ = 09

2
U_— =L = )pyo-i ((xlz x] ))

Thus U")(x) is again diagonalizable and similar to

1+x> 0 1+x> 0
Pr/2 (( _Bx 1— XZ))GBZ;(I - xz)pr/Z—l (( _Bx 1 - XZ))‘

These results imply that one can simplify the functional equations,
introducing certain L-functions, and obtain some information about the
special values of the zeta functions, as was done in [SO] in the case d is

cven.
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THE NUMBER OF RATIONAL
APPROXIMATIONS TO ALGEBRAIC
NUMBERS AND THE NUMBER OF
SOLUTIONS OF NORM FORM
EQUATIONS

By Wolfgang M. Schmidt

RECENTLY, AFTER 1 had lectured on Norm Form equations [[11]], Schinzel
said : “But now can it be, how can it be in number theory, that one could
possibly prove the finiteness of a set of natural numbers, but obtain no
estimate of its cardinality ?”” The next day, he himself provided the fol-
lowing answer : Suppose we can prove for a set S of natural numbers
that for any x, x" in § we have x’ < 2x. Then § is finite, but unless we
can find a particular x € §, we cannot estimate the cardinality of S, and
even less can be provide a bound for the size of elements in S.

More generally, for C > 1, call aset S of positive integers a C-set, if
X' < Cx for any x, X’ € S. What we said above applies more generally
to any C-set. On the other hand, we define a A-set where 4 > 1 to be
a set S with the following Gap Principle : When x, x" are in S with
x> x, then X > Ax. A (C, A)-set is both a C-set and a A-set. Let
Xo < X1 < ...< x, be elements of a (C, 1)-set S. Then x, < Cxq and
x;i > Axi—1(i = 1,...,v), so that x, > A"xg. Therefore A" < C, and
v < (log C)/(log A), so that S has cardinality

IS] < 1+ (log C)/(log A).
In this argument, we did not need to assume that S consists of integers.

232
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A situation very much like this occurs in the Thue-Siegel-Roth The-
orem. Let me begin with Thue’s Theorem. It asserts that when « is
algebraic of degree r > 3, and if 4 > (r/2) + 1, then there are only
finitely many rationals x/y with |@ — (x/y)| < [y|™. Let Y be the set
of positive y such that there is a reduced fraction x/y which satisfies
this inequality; then Y is finite according to Thue. It is well known that
Thue’s Theorem (and subsequent theorems of Siegel, Roth, Schmidt)
are “ineffective” in the sense that they do not provide an upper bound
for the (size of) elements of Y. An analysis of Thue’s proof shows that
it yields an explicit constant B = B(a, u), such that if S| is the set of
y € Y with y < B(a, ), the so-called “small solutions”, and if S, is the
set of y € Y with y > B(a, ), the so-called “large solutions”, then the
following holds. First, it is trivial that the cardinality of S| does not ex-
ceed the explicit bound B(«, ). Second, there is an explicit C = C(a, w)
such that S, is an exponential C-set in the sense that

y =Yy

for any y, ¥ in S,. This shows that S, (and hence Y) is finite, but

gives no information on the cardinality. However, it turns out that there
is also an exponential Gap Principle. Suppose ¥y > y lie in S, and
la — (x/y)| < y™, la— (x'/y)| <y ™. Since Y was defined in terms of
reduced fractions, we have x/y # x’/y" and

/

X X X
==
y

Sy Y

<lo—-=|+ <y H 4y TH <2y7H

y

’ X

so that y' > %y“‘l. Nowif 1 < A < u—-1,sayif 4 = y/2 and if
y > B(a, u) where B(a, 1) was chosen large enough, then we have

Y >y
i.e., an exponential Gap Principle. Thus S is an exponential (C, 1)-set,
and its cardinality may be explicitly bounded by 1 + (log C)/(log 1). But
note that even though we can estimate the cardinality of a (C, A)-set,

we cannot estimate the size of its elements, and hence Thue’s Theorem
remains ineffective.

196
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The situation is similar for Siegel’s Theorem, where the condition
u > (r/2) + 1 is relaxed to u > 2 /r, and for the Dyson-Gelfond Theo-
rem, with the condition u > \2r.

Roth finally relaxed the condition to u > 2. His Theorem says that
for @ as above and ¢ > 0, there are only finitely many rationals x/y with
la — (x/y)| < |y|‘2“5. Again we can form the set Y of denominators and
distinguish small solutions y < B(a, ¢) and large solutions y > B(«, 9).
This time we cannot assert that the large solutions form an exponential
C-set. But there are explicit C = C(a,0) and m = m(a, ) where m is
an integer, such that the large solutions are the union of m exponential
C-sets, hence (C, A)-sets. This again gives a bound for the cardinality.

Explicit bounds for the number of solutions of | — (x/y)| < y‘2‘5
with y > 0 were given by Davenport and Roth [3]. More recently,
Bombieri and Van der Poorten [2]] came up with better bounds by using
anew theorem of Esnault and Viehweg [4] in place of “Roth’s Lemma”.
They considered the slightly stronger inequality.

1
< 64y2+6

‘ X
y

and showed that the number of solutions x/y in reduced form with y > 0
is
2 -2
- loglog4H 3000 (log r)* log(506~“ log r) ’
log(1 + 6) &

provided that 0 < § < §y with some absolute 6y. Here H = H(«) is the
height of « (related to the naive height, which is the maximum modulus
of the coefficients of the minimal defining polynomial of a over Z).

The first summand in (I) comes essentially from the small solutions,
the second summand from the large solutions. Although initially the
small solutions appeared to be more tractable, it turns out that they are
responsible for the dependency of H in (). In fact, the first summand
in (D) is best possible (See, e.g. [8].)

Now let us turn to simultaneous approximation. Some years ago,
I proved the following [O]] : Suppose aj,...,a, are algebraic, with 1,
ay,...,a, linearly independent over O. Then there are only finitely

)
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many rational points (x;/y,..., x,/y) with y > 0 and
i = G/l <y TG =1, ) )

for given ¢ > 0. Here, when n > 1, we cannot at present estimate the
number of solutions.

Following the method in [I1]], we can try to find explicit B, C, m
depending only on ay, ..., ay, 6, such that the numbers y > B occurring
in solutions of @) (the “large solutions™) constitute not more than m
exponential C-sets. The real difficulty is with the Gap Principle.

Write @ = (a1, ...,a,), x = (x1/y,..., x,/y), and write () as
| |
abc < y_l_(l/”)_‘s, 3)

where 1 denotes the maximum norm. Now let xg, . . ., x, be solutions
of @) with yg < y; < ... <y, where y; = y(x;)(i = 0,...,n). Writing

xi = (xi1/Yis- .-, Xin/yi), and assuming the determinant is not zero, we
have
o1 Xon Xor _ Xon
1 1y0...y0 1y0 ap... 5=
— < . =
YOYL -+ Yn 13l dm Il _ g, i g
Yn Yn Yn Yn
< (n+ DIGoyr - yp) "I
Therefore
1
(1/n)+6 1+né
> R >
Vn T 1)!()’0)’1 Yn-1) o 1)!y0

With A = 1+(nd/2) and yo > B large, this leads to y, > yé. Although this
would give a Gap Principle involving only every n' term in a sequence
X0, X1, ... of approximations, it would be very useful in estimating the
number of such approximations.

Where is the catch ? The catch lies in the assumption that the above
determinant is not zero. The determinant will be zero precisely when
X0, X1,...,X, (with are in R") lie in an (n — 1)-dimensional linear sub-
manifold of R"”. Henceforth we shall call such a submanifold a hyper-
plane. E.g., when n = 2, the determinant will be zero when xg, x1, x; lie
on a line.
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So we cannot really estimate the number of solutions x of (3). What
we can do is the following (see [[12]). We can give an explicit t = #(a, ),
such that the solutions x of (3) lie in a collection of ¢ hyperplanes.

The following argument shows why it is unlikely that we will soon
be able to estimate the number of solution x of (3) when n > 1. Given
QO > 1, the inequalities

ul < O, loju —vi < QYD G=1,....n-1)

define a parallelepiped Il of volume 2" in the space of vectors u =
(v, uy,...u,—1). By Minkowski, there is a nonzero integer point u in
I1. In fact, for given € > 0 and for large Q, the n™ minimum g, = w1, (Q)
of IT has u, < Q¢ (See [O]. But we don’t know how large Q has to
be). For such Q there are n independent integer points uy,...,u, in the
blown up parallelepiped Q¢II. The linear combinations ciu; +- - - + ¢, U,
with |¢i] + -+ + |c,] < QF lie in Q%*I1. Thus for large Q, there are
> ¢(n)Q" > Q¢ nonproportional integer points in Q%II.
Suppose now that

0<o<
nn—1)
and let € have 6 + 7¢ < 1/(n(n + 1)). Suppose we have a rational hy-
perplane $ which comes very close to @ = (a1, ..., @,). Say 9 is given
by
apg+a X+ +--+a,X, =0,
with coprime integers ag, @i, . . . , a,. Suppose |a,| = max(|la;|, ..., |a,|) =

a, say and $ is so close to « that
lag + aja) + - - - + apary| < a”2/€. 4
Set Q = a'/¢, and let u be in Q*TI(Q), so that
ul < Q"€ Jau —vil < QMO Gi= 1 -1, (5)
199 Then with y = a,u, x; = a,v;(i = 1,...,n — 1) we have

lojy — xi| < aQ~M/n=D+2e = o=(W/G=D)43e (G =1 p—1).
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On the other hand, if we set x,, = —(apu+ajvy +---+a,—-1v,—1), then
@) yields

|a'ny _ xn| < naQ—(l/(n—l))+25 + |u|a—2/e < nQ—(l/(n—l))+3e + Q1+26Q—2

< Q—(l/(n—l))+4e

if a, and hence Q, is large. When u # 0, then u # 0 by (@), so let us say
that u > 0. Then y = au < Q'*%¢; and since

1 1 1
—— —de] /1 +36) 2 —— —Te> -+,
n-—1 n—1 n

we have
Xi

‘a/l- - D <y EWm=oG =1, ).

This holds for u # 0 in Q*II(Q). By what we said above, there will in
general be > Q€ non-proportional such u, and hence there will be > Q¢
solutions to @) or @).

This will happen if there is a single hyperplane $ with () and with
large a. As is well known, the linear form inequality (@) is dual to simul-
taneous approximations. Thus in order to bound the number of solutions
of @), we would have to give a bound for the size a of solutions of the
dual inequality @). Thus we would have to have an “effective” result
on the linear forms inequality @). But such an effective result is un-
known even in the case n = 1, since the Thue-Siegel-Roth Theorem is
ineffetive.

Now let us turn to Thue equations and Norm Form equations. A
Thue equation is an equation

F(x,y) = m, (6)

where F is a binary form of degree r > 3 with rational integer coef-
ficients which is irreducible over the rationals. Over C it factors as
F = a(x — a1y)...(x — a,y) where a € Z, and {ay,...,,} is a set

of conjugate algebraic numbers. A Norm Form equation is an equation

F(xi,...,x,)=m (N
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where F is a norm form, i.e.
-
F=a n(a(ll)xl +-0 4 a/;’)xn),
i=1

where a1,...,a, lie in an algebraic number field K of degree r, and
where & — oV, ..., a — o) are the embeddings of K into C.

Using his result on approximation to algebraic numbers (applied
to ay,...,a,), Thus showed that (@) has only finitely many solutions.
Bounds involving m, r and the size of the coefficients of F' were given
by Lewis and Mahler [6]. Siegel had conjectured that there were
bounds depending only on m and r. The first such bounds were derived
by Evertse [5]]. Later, Bombieri and Schmidt [T]] established the bound

Cr1+w

for the number of coprime solutions x, y, where c is an absolute constant
and w = w(m) the number of distinct prime factors of m. Notice the
contrast with diophantine approximation, where the dependency of ()
on the height H cannot be eliminated! Siegel also had conjectured that
there should be a bound which depends only on the number of nonzero
coeflicients. It turns out that there is no bound independent of m. How-
ever, Mueller and Schmidt [7] proved Siegel’s conjecture in the modified
form that there is a bound which depends only on m and the number of
nonzero coefficients of F' (but which is independent of the degree r).

Some years age ([10]), I proved that when F is “non-degenerate”,
then the equation (7) has only finitely many solutions. I now can give
an explicit bound for the number of solutions which depends only on
n, r, m, but which is independent of the coefficients of F. In fact, the
proof by induction on the number n of variables would break down if
at some stage we had dependency on the coefficients. It will be conve-
nient to formulate the result in terms of primitive solutions with g.c.d.
(x1,...,x,) = 1. I can prove (see [13]]) that the number of primitive
solutions of a non-degenerate Norm Form equation with coefficients in
Z1is

<CiCy
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where
30n n+4
C; =minG? ", /E) with E=Qn"

r w
Cy = ( ) dy_1(m"),
n—1

with d,_; (x) denoting the number of factorizations x = xj ... x,—; with
positive factors.
In the proof, I write the equation as al;...L, = m where L; =

a(li)xl + -+ a/s)xn(i =1,...,r), and I deduce the existence of iy, ...,i,
such that ; , ..., L;, are independent and

Ly (X) ... Li,®)| < X[ det(Ly,, ..., L) (8)
with suitable 6 > 0, where x = (xy,...,x,), and [x| is its norm. In-

equalities (8) are derived in various ways, depending on whether x is
“small” or “large”. Then (8) is dealt with by a semieffective version of
the Subspace Theorem [[11]].

It is to be hoped that these results will lead to bounds for the number
of solutions of S -unit equations, and the multiplicities of linear recursive
sequences.
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LINEAR OPERATORS AND
AUTOMORPHIC FORMS

By Atle Selberg

1  We consider a bounded symmetric complex domain B in the sense
of Elie Carta and denote the group of analytic mappings of B onto
itself by G, points in B by z and the elements of G by g : z — gz
By a multiplier (or automorphy factor) p¢(z), we understand a function
defined on G X B which is analytic (holomorphic) in z and differentiable
in g such that

Pg15:(2) = Pg,(822)Pg, (2). (1.1)

Any such multiplier defines a kernel function k,(z,z) which transforms
in the way

ko(82,32) = pg(2)pg(Dkp(z,2). (1.2)

We need only to write, for some fixed zg in B,

ky(2,7) = |og(z0)*

where g is a solution of z = gzp and it is clear that this does not depend
on the particular g chosen, but only on the point z.
From (IL.2), we get that

8% log k,(z,2)
ds? = kA M
’ Z oz

is an invariant metric on B under the action of the group G. Thus, if
B is irreducible, we get that this metric can differ only by a constant

'See for instance Siegel [3]], Chapter XI.
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factor from the Bergmann metric. If B is reducible, it must be a lin-
ear combination of the Bergmann metrics of the irreducible factors of
B. For irreducible B, one easily derives that, up to a factor of the form
cf (z)% where f(z) is analytic, k,(z,z) coincides with a real power of
the Bergmann kernel function and p,(z) is, apart from a ‘trivial’ multi-
plier of the form f(gz)/f(z), equal to a power of the jacobian j,(z) of
the mapping g. Similarly, if B is reducible, p¢(z) is, apart from a trivial
factor f(gz)/f(z), equal to a product of powers of the jacobians of the
mapping g with respect to the various irreducible factors of B.

We may mention that essentially the same conclusion could be drawn
from the weaker premise that instead of (L)), pg(2) satisfies the relation

I0g16, (D] = g, (822)llpg, (2], (1.3)

then, apart from a factor of the form ¢, f(gz)/ f(z) where f is analytic
and |eg| = 1, pg(z) is equal to a product of powers of the jacobians of the
mapping z — gz with respect to the irreducible factors of B.

We shall study linear operators on functions defined on B, which
have the property of transforming with a multiplier on each side under
the mappings of the group G. Call the operator L = L, and define Lg,
through the relation

Ly F(2) = [LF(8 2)lemsge
then L should transform according to the rule
Ly = pg(dLa0g (2), (1.4)

where p and o are two multipliersEI

We ask the question : for which B and which choices of multipliers
p and o do such operators exist? And when they exist, determine their
form as explicitly as possible.

It is easily seen that we may restrict ourselves to the case that B is
irreducible and then derive the results for the general case from those
obtained for the irreducible factors of B in case B is irreducible.

2From now on, we disregard trivial multipliers and consider only products of powers
of the jacobians for the irreducible factors of B. This is only an apparent restriction.
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As is know there are six types of irreducible bounded symmetric
domains. If we denote a matrix with m rows and n columns by Z(""
and the (n, n) unit matrix E or E®, there are the four main types :

M) Z=2mn E-7'7>0,

) Z=27"" 7' = -7, E~Z Z > 0.
() Z=27Z"". 7' =7, E-~ZZ>0, and
(V) Z=27"Y.Z'z < a+1zzP) < 1.

Here Z’ denotes the transposed matrix. In addition, there are the
types V and VI — the two exceptional bounded symmetric domains of
complex dimension 16 and 27 respectively; we shall not give a definition
here.

It should also be noted that for n = 2, the domain IV is reducible
and that there is also some overlapping between the four types for low
dimension; the unit circle |z] < 1 in one complex variable is, for instance,
a special case of all the four types.

2 The question of linear operators that transform according to the
rule (L4) can be split in two :

(a) Operators that conserve the multiplier, i.e. when (L4) holds, but
with p,(2) = 0,(2).

We shall refer to such operators as invariant (though, strictly speak-
ing, they are so only if p,(z) = 1 identically).

It is well-known that invariant operators exist for all the bounded
symmetric domains B and for all multipliers p,(z); for given p the dif-
ferential operators form a finitely generated ring, where the number of
independent generators equals the rank of the group G (or of the sym-
metric space). In this ring, all elements, except the constant, contain

3See Siegel [3], Chapter X1 for instance.
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differentiations both with respect to z and z. The form of integral opera-
tors is easily given explicitly for B irreducible; if py(z) = (jg(z))™" where
J¢(2) denotes the jacobian of the mapping g, then

kzm\
1 = [16.0(522) oo 1)
J K& D)
where dwy is the invariant volume element, k(z, {) is the Bergmann ker-
nel function and x(z, {) is a “point pair invariant” satisfying x(gz, g¢{) =
x(z,¢) for all zand ¢ in B and g in G.
In particular, for analytic functions f(z), we have the reproducing

Operator B
kDY
a=q [ ( 3 ) Qe (22)
’ KGO ‘

where ¢, is a certain polynomial in r. (Z.2)) is valid for a certain hilbert-
space of analytic functions if r > rg, the largest zero of the polynomial
Cr

B

(b) Operators that change the multiplier, i.e. which transform in the
way (L4) but with p,(z) # 07,(2).

The question (b) is more complex than (a), but it is not difficult to
establish that linear operators that change the multiplier do not exist for
all the irreducible domains, but only for a certain subclass.

To see this, we may look at the compact subgroup of G which leaves
some point 7y in B fixed, the so-called stability group or isotropy group
of zo. It is simplest to choose the point O where all the coordinates
are zero and the compact subgroup Ky which keeps O fixed. For all
the six types of bounded symmetric domains, the way they are usually
defined, the elements of K| are linear transformations, and K is essen-
tially (sometimes, a slight change of variables being necessary as in type
IIT where we would put a factor 1/ V2 in the elements of the symmetric
matrix which are off the main diagonal) a subgroup of the unitary group

“4See Selberg [4]
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U(N) where N is the complex dimension of B and ji(z) = jix(0), where
k € Ky, is a one-dimensional representation of Kj.

It is clear that if there exists a linear operator satisfying (L), then,
in particular, (I.4) must hold for g restricted to Ky and we consider the
functional .Z that L, represents at z = 0.

On the other hand, it is not hard to show that if we have a linear
functional . which has the required property (I.4) for g in K, then it
can be extended to a linear operator L, by means of the relation (I.4)
with z = g0, but the general form of this operator seems awkward to
obtain in this way, particularly if it is a differential operator.

It is easily seen that an integral operator

Lf= f Wz, ) f(§)dwy
B

where h(z, ¢) is a short form for h(z, 7, £, £), must in order to satisfy (I4),
have a kernel h(z, £) which satisfies

h(gz, 8) = pg(R)oy (Oh(z.{) (2.3)
and, in particular, for g = k € K, if we put £ = 0, we get

h(kz,0) = pr(2)oy ' (0)h(z, 0)
or since pi(2) = pi(0),

h(kz,0) = pr(0)o; (0)h(z, 0). (2.4)

Since we may assume that /(z, {) is analytic in z and zﬁ it is clear that
the expansion of /(z, 0) in terms of powers of z and z for z near 0, must
start with a homogeneous polynomial p(z,z) which also transforms by
the factor py, (O)a']:1 (0) when we replace z by kz.

Similarly, if D, is a differential operator which obeys the transfor-

3If our original A(z, £) is not so, we may form the convolution of L. with a suitable
operator of the form (ZI) on the left which preserves the multiplier p,(z).
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0

mation rule (L4), at z = 0 it takes the form of a polynomial in % and
Z

6 .

az

a 9
Dy=P -, -
0 (6z 6z)

. . 0
When z and so dz undergoes a unitary transformation from Kj, % un-
Z

dergoes the contragredient transformation; so we are again led to a poly-
nomial (which we may assume to be homogeneous, otherwise taking the
homogeneous part of lowest degree that is not identically zero) which
transforms in the way (2.4) when the variables undergo the contragre-

dient transformation to k (Actually, if we interchange % and P the
< Z

0 0 . —_
vector e undergoes the same transformation as (z, z)).
Z 0z

It is now easy to see for the various types of B whether such poly-
nomials exist when p,(z) # 0,4(2).
We find that for type I, they exist only if m = n and are then of the
form
2I'P(z,2) or [zI'P(z,2)

where |z| is the determinant of z, r some positive integer and P(z,7) some
homogeneous polynomial which is invariant under K.
For type 11, they exist only if n is even and are then of the form

P}(z)P(z,E or P}(E)P(Z,Z)

where P(2) is the polynomial called the Pfaffian of z (actually |z1/2,

since the determinant is a square in this case), r again is a positive

integer and P, a homogeneous polynomial which is invariant under K.
For type 111, they exist for all n and are of the form

l2"P(z,2) or [2'P(z,2)

where r is a positive integer and P(z,7) homogeneous and invariant un-
der K.
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For type 1V, they again exist and are of the form
(7 2"P(z,7) or (Z'2)Pz72)

with r a positive integer and P(z,z) again homogeneous and invariant
under K.

For the types V and VI which (for good reason!) we have not exhib-
ited explicitly, we find they do not exist for type V but, for type VI, they
exist and are given by the form

p3@)'P(z,2) or p3@)P(EI)

where r and P are as before and p3 is a certain cubic polynomial in 27
variables.

3 In order to derive more explicitly the form of the linear operators
that transform according to (I.4) in the cases where we have seen they
can exist, we note that the cases we have listed in the previous section
are precisely the cases when the bounded domain B, by a suitable an-
alytic mapping, becomes a so-called “positive half-space’ld, and when
the group G by this mapping, becomes a real group (by which we mean
that in this new unbounded version of our domain, we have gz = gz7).

By a positive half-space, we understand a domain of z = x + iy,
where the column vector x is unrestricted, while the vector y is required
to lie in a homogeneous positivity-domain Y in the sense of Koechern.
As before, we shall use N to denote the complex dimension.

We recall some of the properties of a homogeneous positivity do-
main Y. It is a cone such that, for any two vectors y'!) and y® in Y, we
have always

yy@ > 08 3.1)

%M. Koecher [2] writes “half-space”; I prefer “positive half-space” since it indicates
the connection with a positivity-domain.

M. Koecher [1]]

8Koecher’s definition is more general; he has (3.I)) in the form y'Sy® > 0, where
S is a nonsingular symmetric real matrix, but (3.I) covers the cases we consider.
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and so that if, for some vector y", (3.1)) holds for all y® in Y, then y(!
also liesin Y.

There also exists a group Gy of real matrices A such that y — Ay
maps Y onto itself; this group is transitive on Y. In particular, for any
scalar A > 0, we have Ay € Y for y € Y, so that Y is a cone. It is seen
from (3.I) that if A is in Gy, then y — A’~'y also maps Y onto itself; so,
we may, without restriction, assume that with A, always A’ also lies
in Gy.

There exists a homogeneous polynomial Q(y), which we choose to
be of minimal degree ¢ > 0 such that Q(y) is positive in ¥ and

O(Ay) = |A1“N O(y)° (3.2)
If we define fori=1,...,N,’
dlo
= TR0, (33)
Vi

then y — y* is an involution which carries Y into itself. We have’

O(y")O(y) = constant, (3.4)

and, by a suitable choice of Q (which by (3.2) is only determined up to
a constant factor) we get

000 =1 (3.4

Also, 32) gives y*'y = g and (A y)* = A’"'y*.
On Y, we have an invariant volume element

vy = (@) dy (3.5)

where we have written dy for the euclidean volume element. We also
have an invariant metric
2

dst=- Z dyidy;

1<ij<N 001

log O(y)dy;dy;. (3.6)

20ur Q(y) = (N(y))?N, where N(.) is Koecher’s “Norm-function”.
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The involution y — y* (which is actually a symmetry) has a fixed point
e and we have Q(e) = 1.

Now consider the positive half-space of z = x + iy where x is unre-
stricted and y is in Y and the group generated by translations of the form
7 — z+a where a is a real vector, z — Az for A in Gy and 7 — 7" where

0
7z =——1logQ(z), for i=1,...,N.
0z

We call this group G.
If we write
0
<
we shall show that for g in G,
D;z - (jg(z)—(1/2)(rq/N+1)D;(jg(z))—(l/Z)(rq/N—l) (3.8)

where r is any positive integer. If gz = z+a, (3.8)) is obvious and also for
gz = Az with A in Gy so we really need to prove (3.8) only for gz = z*.
To do this, we first look at the ¥ space. Actually Y is a symmetric
space; for any two points y) and y® in Y, there exists an A in Gy such
that Ay(D = y@* Ay® = y(U* Thus Gy and the * operation satisfy the
conditions for G and u in Selberg [IZI]
Also, we see that if r is a positive integer, then

0
Ly=0'(»n0 (a—y) (3.9)

is an operator invariant under the group Gy.

It follows from a general resul that under the * operation the op-
erator L given by (3.9) goes into the formal adjoint L* with respect to
the invariant measure dV), or otherwise expressed

Ly =L}

10See Selberg [10], p. 51.
See Selberg [3], top of p. 53. In the context given there, the proof is obvious.
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Thus for two suitable functions f and g, we have

[ ro,s0x0001as = [ g0 K00 Ndy:
Y

Y

Inserting the expression for L, we see that it is easy to find the formal

0
adjoint L*, since the formal adjoint of Q" (8_) with respect to the eu-
y
. . 0 0
clidean measure is Q" | —— | = (-=1)9Q" | —|. We get
dy dy

0
f FOLg») Q) ™My = f f(y)(Q(y)"N/qQ’(a—y)g(y)dy
Y Y

0
g Q (— 6—y) Q) Mif(y)dy

~<g’ %%

0
g (Q(y)N/ 90 (—a—y) o)™ qf(y)) X

d
X Gy
Thus
L= o"ye (—a%) 0" M(y).
211 Also

0
L= Q’(y*)Q’( ay*)

(B
=070 (ay*).

Comparing these two expressions for L*, we get

0 0
Q’( 3 ) = 0"y Q" (——) Q0 Na(y) (3.10)
'y dy
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0
= (1)1 Ny Q" (5) 0 Na(y).

But, from (3.10), it follows immediately that

Q’(i) = Q’*N/%z)Q’(ﬁ) 0V (z). (3.11)
oz* 0z

It remains to determine the jacobian of the mapping z — z* or j.(z). We
have

%" g0t
—_ = = 0
0z 07,0z gL
so that 5
.(2) = |- 1 .
J+(2) ’ 72 02, 0g 0(2)

If, as before, dy denotes the euclidean volume element, we have, for
the invariant volume element in Y,

Q)N Miay* = Q) Ndy

or using (3.4),
dy* = (Q())*Ndy.

Since the symmetry y — y* preserves orientation or not according as N
is even or odd, we get

- = (=DM,
Y

8% log O(y)
dy; 0y,

= (=DY@u) M.

It is therefore obvious that 212

_9*10g Q)

— -2N/q
0z; 0z Q@) ’

J«(2) =

Combining this with (3.11)), we get that (3.8) holds also for gz = z*; thus
(B.8) holds for all g in G.
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It is however clear that (3.8), which is really an algebraic identity,
holds in a much larger group than G. Let us define Gy as the group
of complex matrices whose entries satisfy the algebraic relations which
define Gy and consider the group G generated by translations z = z+a
where a may now be a complex vector, z — Az for A in Gy and z > 7*.
Clearly (3.8) as an algebraic identity holds for any transformation g in
G.

The transformations of G do not, in general, map the positive half-
space onto itself. G is actually large enough to map the positive half-
space back into a bounded symmetric domain-in most cases, the original
one (this being, for instance, true for the first three types listed at the
end of §2) — or one may have to add a final unitary transformation
which does not lie in Ky (this being the case for type IV where the
transformation z; — z;, z; — izj for 1 < j < n would be needed at

the end; for type 1V, the positivity domain can be defined as y; > 0,

y% —y% — .- —y2 > 0 and we have Q(y) = %(y% —y% — - = y2); 50
the last transformation is needed to transform z5 — z3 — -+ — z2 into
7z = z% + o+ z,zl). At any rate, we get, in each case, the form of
the differential operator and its transformation formula for the original

bounded domain.

for

0z

, that
0z;j

In the case of type I with m = n, we get, writing

if
¢Z = (AZ + B)(CZ + D)™

where A, B, C, D are complex (n,n) matrices such that é g =1, then

r

a r
=|CZ+ D™ |CZ + D|"™. (3.12)

oz

‘ 0
0gZ
In the case of type II, for Z = Z?"?" and Z' = -Z, let g be the

transformation
§Z = (AZ + BY(CZ + D)™

where A, B, C and D are (2n,2n) complex matrices with the property
that for M = (’é g), J = (g g), we have

MJIM=1J]
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0 0
and |M| = 1. Then writing Pf(a—z)for Pf(a_) where Py is the Pfaf-
Zij
fian, we have

o \\ o\
— || = (r+2n-1)/2 (r-2n+1)/2
(Pf(agz)) |ICZ +D| (Pf(az)) |CZ + D . (3.13)

For type 11, if we define

1+6,'j 0
2 Oz

7
0z
where 6;; is the Kronecker symbol (1 on the main diagonal, 0 off it) and
gZ = (AZ + B)(CZ + D)_l where, for M = (é g), 1= (g _f ), we have
M'IM = I and |M| = 1, then again

r

‘i — |CZ+ D|r+(n+1)/2

a r
5z a_z‘ |CZ + D|~D/2, (3.14)

In the case of type IV, we will confine ourselves to stating the form
for the original bounded domain without defining the more general group
G or giving the explicit forms of g or the jacobian j,(z).

n a2
If we define D, = 3, — then
i=1 07
Dy, = (jo@)™ "D Do) (3.15)

For the type VI, we do not give explicit formulas.

Since these differential operators only contain differentiations with
respect to z and not z, we see that if, for real @, we put in a factor
(k(z,z))™® on the left side and a factor (k(z,z))* on the right (k being
again the Bergmann kernel function), we again get an operator which
satisfies (L4) but the two multipliers p, and o, have each been multi-
plied by (jy())".

Besides the operators D so constructed, we may, of course, also
consider their complex conjugates D. These do not satisfy (I4), since
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we required our multipliers to be analytic in z. We note that D would
transform in the way

Dy = @) D(Gs@)
where @ and 8 depend on D. If we now define
D, = (k(z,2) "Dk DY,
we see that
Dy: = (jo@) " D:(jg2)™”
and so this operator has the required behaviour. Here, since the differ-

entiations in D, are with respect to z and not z, we can clearly replace
the pair («, 8) by any other pair of real numbers (a’,8") as long as

o - =a-p.

It can be shown that all differential operators which satisfy (L4) can
be obtained by combining the operators D or D with suitable invariant
differential operators of the kind mentioned under (@) at the beginning

of 1

4  To find the general form of integral operators that transform in the
required way, we may again look at the representation of the domain B
as a positive half-space where the analytic mappings gz are real, which
is to say : gz = gz. We have, of course, also that j,(z) = w.

Considering the Bergmann kernel function of this half-space, we get
thus

k(gz, g0) = k(gz, §2)
= (jo(2)jg () k(z, )
= (jg(2)jg () k(z, ).

If we now write ¢ instead of Z, this becomes

k(gz, 8) = (jo(2)jo () k(z, ).
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From this, we see that if we put

(k(z’ Z))(a+b)/2(k(z, é’))(a—b)/Z

hap(z,0) = —
#ed) (kL. D)@

, 4.1

where b > a and b — a is such that (k(z, 0))“ /% is single-valued for z
and ¢ in the positive half-spacd'2, then @) transforms in the way given

by @3), with p,(2) = (jg(2)™, 04(0) = (o).
If b < a, we write

k“(z,2)

K3

The most general form of a kernel which transforms in the way given by
@.3) is of the form

hap(z,0) = hp,a(£, 2). (4.1

h(z, §) = x(z, Hhap(z: ) (4.2)

where x is an invariant of the point pair z and ¢ while £, 4(z, {) is given
by @) or (4.1) according to the sign of b — a.

For the bounded domains, the form of the kernels is more compli-
cated than for the positive half-spaces.

5  For the reducible bounded symmetric domains, these same ques-
tions can be answered by using our results for the irreducible factors.

It is possible to generalize the problem we considered and ask sim-
ilar questions for, say, bilinear operators operating on two functions are
more generally, g-linear operators acting on ¢ functions; for instance, to
be able to produce from two automorphic forms a new one which de-
pends linearly on these two, but whose multiplier is not the product of
the multipliers of these two forms. Again, one would begin by looking
at the stability group of the point O in B. Thus, for instance, it is easy to
show that such bilinear operators exist for type I of Z™" = znm,

"2This is true if b — a is an integral multiple of £, since it is not hard to show that
apart from a constant factor k(z, ) is equal to (Q(%))‘ZN /a,
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whereas for Z there are no such g-linear operators for ¢ < E
Whether such multi-linear operators are of much interest is doubtful.

I originally determined the explicit transformation formulas for the
differential operators considered in §3] in the year 1960. My first aim

was to construct operators that effected the shift in automorphy factors
k

dk
in the same way as the operators y*—7y~ and y**! —*~1 do in the
dzk Y

case of the upper half-plane.

Later, I used them to effect analytic continuation of Dirichlet se-
ries associated with the Fourier expansions of modular forms in pos-
itive half-spaces where the Fourier expansion contains singular terms,
and also to get the analytic continuation for the Dirichlet series associ-
ated with two such modular forms in the case when singular terms are
present.

I lectured off and on, on these matters, the first time in Hamburg in
the summer of 1961, later at various conferences, at Copenhagen (1964),
Jyviskyld (1970), Bar Ilan (1981) and other places abroad.

In the sixties, some of the applications were privately communicated
to Hans Maass, Howard Resnikoft and Audrey Terras, all of whom (with
my permission) utilised some of this material in their publications.
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SOME EXPONENTIAL DIOPHANTINE
EQUATIONS (1I)

By T. N. Shorey

217
1 Ramanujan [19] observed in 1913 that

12+7=23,32+7=2452+7=25 "
112+7=27,(181)% + 7 =215,
We are looking for the solutions of
¥ +7=2" inintegers x> 0,m > 0. ()

Ramanujan [19] conjectured in 1913 that all the solutions of () are
given by (). Nagell confirmed this conjecture in 1948. Equation
@) is known as Ramanujan-Nagell equation.

Ratet [20] observed in 1916 that

-1 5-1
S 2-1  5-1°
Thus 31 has all the digits equal to one with respect to the base 2 as well
as the base 5. The next year, Goormaghtigh [[I1] found an other integer
satisfying a similar property :
281 90° -1
2-1  90-1"
The letter N denotes an integer greater than two and we write w(N — 1)

for the number of distinct prime factors of N — 1. Let us consider the
following equation which gives () and @) :

"1 y -1
2-1  y-1

31

3)

8191 =

“4)

N = in integers n > 0,y > 2. (5)
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By completing square on the right hand side of (), we obtain
AN +4 = 2y + 1> +7 =22,

Now, we apply the above mentioned result of Nagell to derive that (3)
has no solution other than the ones given by (3) and ).
More general than equation (@) is
1 _ 1 no _ 1
N = ol = 2 in integers y; > 1,yp > 1,n; > 2,np > 2.
-1 y»-1

Thus N has all the digits equal to one with respect to the base y; as well
as the base y;. Let S (V) denote the set of all integers y with 1 <y < N—1
such that NV has all the digits equal to one with respect to the base y.
Further, we put

S(N) = IS(N)I.

Thus
s(31) = s(8191) = 2.

A conjecture, due to Ratat and Goormaghtigh, states that
s(N) <1, N=#31 and N # 8191. (6)

Goormaghtigh [[T1]] checked this conjecture for N < (10)*. For y €
S(N), we have

n_ 1
N=2"" u>3. (7)
y—1
We put
n=1IN;y). (8

For an integer v > 1, we denote by P(v) the greatest prime factor of v
and w(v) the number of distinct prime divisors of v. Further, we write
P(1) = 1 and w(1) = 0. Then, the author proved the following
result.

Theorem 1. Let

N#31, N#8191 and w(®N -1)<5. 9)
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There is at most one 'y € S(N) such that [(N;y) is odd.
If N is a prime number, then we see from () and (8) that I(N;y) is
an odd prime and hence, we derive

Corollary 1. For a prime N satisfying Q), we have
s(N) < 1.

Thus, the conjecture (6) is valid for all primes N satisfying w(N —
1) < 5. By sieve methods, it is known that the number of primes N < Z
with w(N — 1) < 5 is at least constant times Z(log Z)~2. The equation
1 _ 1 no _ 1
2 _ D inintegers y; > 1y, > 1,n; >2,m,>2 (10)
-1 y»-1

has been considered by several authors. The first results are due to
Makowski and Schinzel [14]]. Further, Davenport, Lewis and Schinzel
[6] applied a theorem of Siegel on integer points on curves to show
that equation (I0) with fixed n; and n, has only finitely many solu-
tions in integers y; > 1 and y, > 1. It follows from Baker’s effective
version of Thue’s theorem [36] that equation (IQ) implies that max
(n1,ny) is bounded by an effectively computable number C depending
only on y; and y,, The author [26] applied a theorem of Baker [1I] on
the approximations of certain algebraic numbers by rationals proved by
hyper-geometric method that there are at most 17 pairs (ny, ny) satisfy-
ing (I0). Balasubramanian and the author [4]] applied the theory of linear
forms in logarithms to show that the number C, as above, depends only
on the greatest prime factor of y;y,. See also [23]] and [27]. Finally,
it follows from a theorem of Schinzel and Tijdeman [22]] that equation
(I0) implies that mas (n1, y,) is bounded by an effectively computable
number depending only on y; and ny. Hence, equation (I0) has only
finitely many solutions if any two out of the four variables yy, y;, 1y, no
are fixed.
A weaker conjecture than (@) states that

s(N)<Ci, N=3,4,...
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where C; > 0 is an effectively computable absolute constant. See Lox-
ton [13]] where he derived from the theory of linear forms in logarithms
that

S(N) = O((log N)/2%€) e > 0. (11)

The author [29] proved that

{max(Za)(N— H=3,00 if o(N-1)<4
s(N) < : (12)
20N —1)—4 if WN—-1)>4

in an elementary way. If w(N — 1) is small, we observe that (I2)) is more
precise than (II). Finally, it is easy to observe that s(N) < w(N — 1)
whenever N is prime.

In this paragraph, we suppose that N is a perfect power. Then, we
can combine theorem [l with theorem 5(iv)] to derive that s(N) < 1
for every N exceeding certain effectively computable absolute constant
C; and satisfying w(N — 1) < 5. In fact, it has been conjectured that
s(N) = 0 for N > C, and we refer to for an account of results
proved in this direction.

Suppose that N—1 is a perfect power, say a g-th perfect power. Then,
we subtract one on both the sides of (7)) to derive that

n—1

-1
N—1=y2 . yeS.
y—1

Consequently, we see that both y as well as (! — 1)/(y — 1) are g-th
perfect powers. Now, we apply [25], theorem 3] to obtain the following
result.

Theorem 2. There exists an effectively computable absolute constant Cs
such that s(N) = 0 whenever N — 1 is a perfect power and N > Cs.
In other words, the equation

n

zq+1:y

1 inintegers z> 1,¢g> 1,y > 1,n> 2.
y—

has only finitely many solutions. Furthermore, this assertion is effective.
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2  Letus put
up = L,uy =9, u, = 3uy_1 — 2uy,_2(m > 2).
It is easy to check that
Uy = 2" = T(m 2 0).

Ramanujan-Nagell equation (@) asks for squares in this binary recursive
sequence. By Nagell, there are only five squares in this sequence. Sev-
eral authors have worked on finding perfect powers in binary recursive
sequences. For example, in the Fibonacci sequence

up =0,u; = 1, uy = U1 + tyy_o(m > 2),
Cohn [3] and Wyler [37], independently, proved that
up=0,u; =1,up = 1,u;p =144
are the only squares and London and Finkelstein [12] showed that
upo=0,u; =1, up = 1,us =8

are the only cubes. It has been derived from the theory of linear forms
in logarithms that there are only finitely many perfect powers in a non-
degenerate binary recursive sequence. See Petho [[18] and Shorey and
Stewart [30]; the latter paper and [31]] contain also applications of this
and related results to certain Diophantine equations.

Now, we turn to define a non-degenerate binary recursive sequence.
Letr, s € Z with s # 0 and 72 + 4s # 0. Let ug, u; € Z and

Uy = Tp_1 + Sty_p(m > 2).

Let o and 8 be roots of X> — rX — 5. Observe that ¢ # 0 and o # S.
Further
w, =aa” +bB"  (m > 0) (13)
where
uoB — u Uy — upa

Ba "T (1
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(o)

The sequence {uy}; _, is called non-degenerate if ab # 0 and @/p is not
a root of unity. Ramanujan’s 7-function satisfies the following recursive
relation :

uo =0,u; = 1, uy = 7(p)up—1 — p”um_z(m > 2, p prime)
and
Uy = T(pm_l) (m>1).

Let @, and 3, be roots of X> — 7(p)X + p'!. Then, by (I3) and ([4), we

have ] 1
m+1 _ pm+
@p By

ap=pBp

This sequence is non-degenerate whenever 7(p) # 0. Further, by Deligne,

Ups1 = T(p™) = (15)

vyl = 1Byl = p''/2.

It is well-known that Thue-Siegel-Roth-Schmidt method and Gel’-
fond-Baker theory of linear forms in logarithms are powerful tools in
studying recursive sequences. In particular, these methods can be ap-
plied to obtain some results on Ramanujan’s 7-function. For example,
an estimate of Baker [3]] applied to (13)) gives

|T(pm)| > p(llm/Q)—Cz; 10g(m+1) lf T(le) + 0

Here C4 > 0 is an effectively computable absolute constant. The author
[28] applied this estimate together with [33] Corollary 7.1] to obtain the
following result.

Theorem 3. Let p be a prime number such that T(p) # 0. Then
(") =7(p") (m#n)

implies that
max(m,n, p) < Cs

where Cs > 0 is an effectively computable absolute constant.
We refer to [16] and [28]] for an account of applications of the theory
of linear forms in logarithms to Ramanujan’s 7-function.
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3 This section is a continuation of §1 of [27]. Erdés [7] and Rigge
[21]], independently, proved that the product of two or more consecutive
positive integers is never a square. Erdos and Selfridge [9], by develop-
ing on an elementary method of Erdos [8]], confirmed an old conjecture
by proving that the product of two or more consecutive positive integers
is never a power. In this section, we consider the corresponding problem
for consecutive members of an arithmetical progression.

First, we introduce some notation. Letb > 0,d > 0,m > 0,y > 0,
k > 2 and [ > 2 be integers such that P(b) < k and (m,d) = 1. Let
d; be the maximal divisor of d such that all the prime divisors of d; are
# 1(mod /) and we write d, = d/d;. We consider the equation

mm+d)...(m+ (k- 1)d) = by (16)

We shall follow this notation, without reference, in this section. As
already stated, equation (I6) with d = b = 1 is not possible. Also, due
to Fermat and Euler, equation (I6) with » = 1,/ = 2 and k = 4 is not
possible.

Erdos conjectured that equation (I6) with » = 1 implies that k is
bounded by an effectively computable absolute constant. Under certain
restrictions, we wish to confirm this conjecture for equation (I6). For
this, it is natural to exclude the case that

Pm(m +d)...(m+ (k- Dd)) < k. (17)
Then, we refer to to observe that (I7) implies that either d = 1 or

m = 2,d =7, k = 3. Therefore, we always suppose, without reference,
that

Pmm+d)...(m+*k-1)d)>k if d=1 and b>1. (18)

By a well-known theorem of Sylvester, the assumption (I8)) is certainly
satisfied whenever m > k.
Marszalek confirmed the conjecture of Erdos for a fixed 4.
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More precisely, he proved that equation (I6) with b = 1 implies that

k < exp(Ced®?) if 1=2,
k < exp(C;d"?) if 1=3,
k < Cgd'? if 1 =4,
k < Cod if 1>5,

(19)

where Cg, C7, Cg and Cy are explicitly given absolute constants.

The author proved that equation (I6) with / > 3 implies that k
is bounded by an effectively computable number depending only on the
greatest prime factor of d. Also, the author [27] confirmed the conjec-
ture of Erdos whenever d, = 1 and [ > 3.

Suppose the equation (I6) is satisfied. Then, Shorey and Tijdeman

33]|! proved that k is bounded by an effectively computable number
depending only on / and w(d). More precisely, they proved that

19D > Ciok/log k (20)

where Cjo and the subsequent letters Cyy, ..., Cog are effectively com-
putable absolute constants. Further, in [33]], they sharpened the above-
mentioned result of the author by proving that

(d >)dy > C1 k2, (21)
We combine (20) and (ZI) to conclude that

d> kclz(log log k)/(log log log k) k> C13.

This improves considerably the estimates (19).
For € > 0, Shorey and Tijdeman [33]] proved that equation (I6) with
k> C{, = C|,(¢e) implies that

m<d*k'te if1=2

'"We refer to [33] for more general and more precise versions of the results stated
here from [33]].
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and
m+ (k- 1)d < Cyskd) "™ if 12 3. (22)

We show that the estimate (22)) is quite precise for sufficiently large /.

Theorem 4. Suppose that equation (1) is satisfied. There exist effec-
tively computable absolute constants C1¢ > 0 and Ci7 > 0 such that for
k > Ci¢, we have

m > d' =N (23)

where
A= l_l(log 1)2(10g log(l + 1)). (24)

We combine (23) and @21)) to derive the following result.

Corollary 2. There exists an effectively computable absolute constant
C1g > 0 such that equation (18) with | > Cig implies that k is bounded
by an effectively computable number depending only on m.

We may combine Corollary 2] and Z0) to conclude that equation
(I6) implies that k is bounded by an effectively computable number de-
pending only on m and w(d). The proof of theorem [ depends on the
estimates of Baker [3]] and the author lemma 2] on linear forms in
logarithms.

Proof of theorem [dl We denote by Cjo, ..., Cog effectively computable
absolute positive constants. We may assume that k > Cy9 with Cjg
sufficiently large. We may also suppose that [ > Cjg, otherwise (23)
follows immediately. We suppose that

m<d N (25)

and we shall arrive at a contradiction.
By (16), we have

m+id=axt (0<i<k) (26)
where a; and x; are positive integers satisfying

P(a) <k, [x,', ﬂp] - 1.

p<k
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We put
S =A{ag,...,ak-1}.

In view of the theorem of Erdos and Selfridge mentioned in the begin-
ning of this section, we may assume that b > 1 whenever d = 1. Then,
we derive from (I8) and that the left hand side of (I6) is divisible
by a prime > k. Now, it follows from (I6) that

m+ (k—1d > (k+1)
which, by @23)), implies that
m+d>k, d>K2. (27)

We denote by S the set of all a; with 1 < i < k such that x; = 1.

Observe, by (26), that the elements of S are distinct. Now, we apply an
argument of Erdos (see [10]], lemma 2.1) to derive from (27) that

IS1] < k/2 + n(k).

We denote by T the set of all i with 1 < i < k such that a; ¢ S| and we
write S, for the set of all ¢; € S withi € T. Then

IT| > k/4. (28)

We put
b,’ = a,'/i (l € T)

and let S” be the set of all b; withi e T. Leti € T, j e T withi > jand
b; = b;. Then, by (26},

Jai(x =¥ = (j = m. (29)
Now, we observe that the left hand side of (29) exceeds
(= )aix)=" = (j = yom + )P, (30)
Therefore, by (29) and (30),

d < o+ )V < m
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which implies 23). Thus, we may suppose that the elements of S’ are
distinct.
For every prime p < k, we choose an f = f(p) € T such that

ord,(as) > max ord,(a;).
ieT

225 We write T for the set obtained by deleting from 7T all f(p) with p < k.
Then, by (28], we see that

|T1] > k/8.

Further, it is easy to see from (26) and (m, d) = 1 that

l_[ai < K~

i€T
Then, there exists a subset 75 of T} such that
th :=1|T>| > k/16 3D

and
a;i <k2, ieT,. (32)
We re-arrange the elements b; with i € T, as

b, <b <b

iy e e ity *

For simplicity of notation, we write
B,=b;,1<v<n.
Then, we see from (32)) that

-1 B
Zlog( 1;+]) < 33logk.

v=1 v

Now, by (ZI)), we see that there exists u with 1 < u < £, such that

B
log (g—”) < Cy(log k) Jk < k172, (33)
u
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By (26), we have
BuiX,,, — BuX,, = Fm
where

iy~

n T sl

Xy+1 = Xipgrs Xy = Xi» F = ( - )
l/-ll/J+1

Therefore, by 23,

e el
By "
Thus, by @34), (33) and 1)),
)
H
We apply an estimate of Baker [3] on linear forms in logarithms to derive
that the left hand side of (34) exceeds

<2md™' <247, (34)

< 2d7™M + Cyo(log k) Jk < k=12

exp(—Co "' logl logdlog kloglogk). (35)
We combine (34)) and (33) to obtain 226
A; < Cyl 'logllogk loglogk
which, by @4), implies that
I < k&>, (36)

Now, we are ready to apply lemma 2 of [24]] in the same way as in
the proof of lemma 6 of [24]]. We apply this lemma withn = 2, A; = k%3,
A=(m+(k=1Dd)"!, 1) = Cos, T2 = Cys and u = C3 to the linear form
(B4). Then, we observe that the right hand side of inequality (@) of this
lemma exceeds
d=Cel s g™

Therefore, the lemma implies that

B/1+1 h Xy+1 P
B, x, )"
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where p < Cy7 is a prime number and 0 < J; < p is an integer. Then,
since each of X,, > 1 and X,,;1 > 1 has no prime factor < k, we see that
X, and X, are p-th perfect powers and

m+ (k—1Dd > k'P.

As in the proof of lemma 6 of [24], we carry out [(log logk)*] + 1
inductive steps to conclude that X, and X,,,| are /[L-th perfect powers
for some integer L satisfying

2
C(zlg)g log k) > [ > plog log k)Z. (37)

Then, we apply an estimate of Baker [3]] on linear forms in logarithms,
(@6) and (37)) to derive that the left hand side of (34) exceeds

exp(—Cas(IL) ' log d(log k) log logh) > d™" > 2d™™

which contradicts (34). This completes the proof of theorem [l
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THE DILOGARITHM FUNCTION IN
GEOMETRY AND NUMBER THEORY'!

By D. Zagier

THE DILOGRARITHM FuncTion is the function defined by the power
series

X . n

b4
Li = — for |7 < 1.
2(2) HZ:; 3 l2]
The definition and the name, of course, come from the analogy with
the Taylor series of the ordinary logarithm around 1,

X .n

Z
~log(l-2)= )" = for k<1,

n=1
which leads similarly to the definition of the polylogarithm

X .n

Lim(z)=22—m for |7l <1, m=1,2,...

n=1

The relation

L i@ = i@ m=2)
dz z

is obvious and leads by induction to the extension of the domain of
definition of Li,, to the cut plane C — (1, c0); in particular, the analytic

This paper is a revised version of a lecture given in Bonn on the occasion of
F. Hirzebruch’s 60th birthday, (October 1987) and has also appeared under the title
“The remarkable dilogarithm™ in the Journal of Mathematical and Physical Sciences,
22(1988).
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continuation of the dilogarithm is given by

Z

d
Lij(z) = —flog(l —u);u for z € C— (1, 00).
0

path of integration -

0 1 cut

Thus the dilogarithm is one of the simplest non-elementary func-
tions one can imagine. It is also one of the strangest. It occurs not
quite often enough, and in not quite an important enough way, to be
included in the Valhalla of the great transcendental functions — the
gamma function, Bessel and Legendre functions, hypergeometric se-
ries, or Riemann’s zeta function. And yet it occurs too often, and in
far too varied contexts, to be dismissed as a mere curiosity. First de-
fined by Euler, it has been studied by some of the great mathematicians
of the past — Abel, Lobachevsky, Kummer, and Ramanujan, to name
just a few — and there is a whole book devoted to it [4]]. Almost all
of its appearances in mathematics, and almost all the formulas relating
to it, have something of the fantastical in them, as if this function alone
among all others possessed a sense of humor. In this paper we wish to
discuss some of these appearances and some of these formulas, to give
at least an idea of this remarkable and too little-known function.

1 Special values Let us start with the question of special values.
Most functions have either on exactly computable special values (Bessel
functions, for instance) or else a countable, easily describable set of
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them; thus, for the gamma function

I'(n)=(m-1)!, F(n + %) = (22’:;)!! v,

and for the Riemann zeta function

772 7T4 7T6
1
C(O)Z—E, {(=2)=0, {=4=0,...,
1 1 1
C(—1)=—§, C(—3)=m, {(—5)2—25—2,....

Now so the dilogarithm. As far as anyone knows, there are exactly
eight values of z for which z and Liy(z) can both be given in closed form

Liy(0) = 0
2
. T
le(l):Z’
2
. T
le(—l)——ﬁ,
1\ = 1
Lir[=]= = — = log?(2
12(2) B 20g(),
— 2 1
Lis |2 \/gﬂ——logz + V5
2 )15 2
-1 2 1
Liz;\/g:n——logz +\/§,
2 10 2
1-+5 1 1+ 5
Li =—— + = log’
12( 2 15+20g( 2 ]
-1-+5 1 L,(1+15
Liy| ———|=-=+ =1 .
12( 2 1o+2°g( 2
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Let me describe a recent experience where these special values fig-
ures, and which admirably illustrates what I said about the bizarreness of
the occurrences of the dilogarithm in mathematics. From Bruce Berndt
via Henri Cohen I learned of a still unproved assertion in the Notebooks
of Srinivasa Ramanujan (Vol. 2, p. 289, formula (4)) : Ramanujan says
that, for g and x between 0 and 1,

q q
=1-=
q" q*
X+ g 1+ 3
X+ 1 1- 7=
qlz q4
X+ 1+
X+ qsx

“very nearly.” He does not explain what this means, but a little ex-
perimentation shows that what is meant is that the two expressions are
numerically very close when ¢ is near 1; thus for ¢ = 0.9 and x = 0.5
one has

LHS = 0.7767340194. . ., RHS = 0.7767340180....

A graphical illustration of this is also shown.

qg=0.8

The quantitative interpretation turned out as follows [9]] : The dif-
ference between the left and right sides of Ramanujan’s equation is
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2
5
sl for x = 1, ¢ — 1 (the proof of this used the identities
(e2g)
1 © . (1) g5 +3n/2
1+ =] ]a-® = %
X q i 2(_1)rq r2+r
+ e —
2
q
1+
e
1+
1+

which are consequences of the Rogers-Ramanujan identities and are
surely among the most beautiful formulas in mathematics). For x — 0
and ¢ — 1 the difference is question is O(e™ /¥/1084) and for 0 < x < 1
and ¢ — 1 it is O(e“™¥/1°249) where ¢’(x) = 0(1/x) arcsinh (x/2) =
—% log(+/1 + x2/4 + x/2). For these three formulas to be compatible,
one needs

1

1 T 71'2 71'2
f—IOg(vl +x2/4+x/2)dx =c(0)=c(1) = — - — = —,

X 4 5 20
0

NS}

Using integration by parts and formula A.3.1 (6) of () one finds
1 1
f— log( VT +X2/4+ x/2)dx = =3 Lip (( i+ 274 - x/2)2) -
X
1
) log? ( V1+x2/4 + x/2) + (log x) log ( V1 +x2/4 + x/2) +C,

235 so
1
1
f— 1+x2/4+x/2)dx
X
0

_ %Liz(l) - %(Liz (3 _2\/5] +log? (—1 +2‘/§))

7r2 o’

_—— — =

“12730 20
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2 Functional equations In contrast to the paucity of special
values, the dilogarithm function satisfies a plethora of functional equa-
tions. To begin with, there are the two reflection properties

Liz(1/2) = —Liz(z) — (7*/6) — (1/2)log*(~2)
Lir(1 - 2) = — Lis(2) + (72/6) — log(z) log(1 — 2).

Together they say that the six functions

z—1

. : 1 : (1 : .z
LIQ(Z), L12 (1—_Z) . le (T) = le (2) = le(] — Z), — le (Z—_l)

are equal modulo elementary functions. Then there is the duplication
formula

Lir(:2), Lis (1#_1) Lip (ﬂ) —Li, (%) —Liy(1 - 7). Li (L)

Z z—1

are equal modulo elementary functions. Then there is the duplication
formula
Liz(z%) = 2(Liz(2) + Liz(~2))

and more generally the “distribution property”

Lir(x) = n Z Libz) (n=1,23,...).

'=x
Next, there is the two-variable, five-term relation

. . . X . 1=y
Lir(x) + Lix(y) + Lip (1 ) + Lip(1 — xy) + Lip ( )

— Xy 1 —xy

2
=T log(log(l — x) — log(y)log(1 — y) +log( -« )log( 1=y )
2 1 —xy 1—xy
which (in this or one of the many equivalent forms obtained by applying
the symmetry properties given above) was discovered and rediscovered
by Spence (1809). Abel (1827), Hill (1828), Kummer (1840), Schaef-
fer (1846), and doubtless others. (Despite appearances, this relation is 236
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symmetric in the five arguments : if these are numbered cyclically as z,

. n— 4 .
with n € Z/5Z, then 1 — z, = n-l ntl Zn—2Zn+2.) There is

I=zp 1 1= zp11

also the six-term relation

11 1
— + —+ — =1 = Lip(x) + Lix(y) + Lix(2)
X y z

<3l e

discovered by Kummer (1840) and Newman (1892). Finally, there is the
strange many-variable equation

. (X
L@ = ) L12(—)+C(f), (1)
a
F=z
f@)=1
where f(x) is any polynomial without constant term and C(f) a (com-
plicated) constant depending on f. For f quadratic, this reduces to the
five-term relation, while for f of degree # it involves n> + 1 values of the
dilogarithm.
All of the functional equations of Li, are easily proved by differenti-
ation, while the special values given in the previous section are obtained
by combining suitable functional equations. See [4]].

3 The Block-Wigner function D(z) and its general-
ization The function Lis(z), extended as above to C — (1, c0), jumps
by 2nilog |z] as z crosses the cut. Thus the function Liy(z) + iarg(l —
z)log|z|, where arg denotes the branch of the argument lying between
—m and 7, is continuous. Surprisingly, its imaginary part

D(2) = I(Lix(2)) + art(1 — z) log 2]
is not only continuous, but satisfies

(D) D(z) is real analytic on C except at the two points 0 and 1, where
it is continuous but not differentiable (it has singularities of type
rlog r there.)
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Level Curves
of D(z)

The above graph shows the behaviour of D(z). (We have plotted the
level curves D(z) = 0,.2,.4,.6,.8,.9,1.0 in the upper half-plane. The
values in the lower half-plane are obtained from D(z) = —D(z). The
maximum of D is 1.0149. . ., attained at the point (1 + i\/§)/2.)

The function D(z), which was discovered by D. Wigner and S. Bloch
(cf. [1I]), has many other beautiful properties. In particular :

(II) D(z), which is a real-valued function of C, can be expressed in
terms of a function of a single real variable, namely

NG 1-1/z 1/(1-2)
D(Z)‘z[D(z)”’(l—1/2)+D(1/<1—2>)] @

which expresses D(z) for arbitrary complex z in terms of the func-

tion
) . > sinnf
D(e") = J[Liy(e)] =
() = S[Lig(e™)] ,?:1 >

Note that the real part of Li, on the unit circle is elementary :

v cosnf  w*  OQ2n —6)
Z = for 0<6<2n)

n=1

237
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Formula (2) is due to Kummer.

(IIT) All of the functional equations satisfied by Liy(z) lose the ele-
mentary correction terms (constants and products of logarithms)
when expressed in terms of D(z). In particular, one has the 6-fold

symmetry
1 1
b0 =o(1-3)=n(r5)

_ _D(%) = -D(1-2) = -D(—5) 3)

and the five-term relation

1-x

D(x)+D(y)+D(1

)+D(1—xy)+D(1;y)=0, (4)
I —xy

while replacing Liy by D in the many-term relation (Il) makes the
constant C(f) disappear.

The functional equations become even cleaner if we think of D as
being a function not of a single complex number but of the cross-ratio
of four such numbers, i.e. if we define

0 —2221 —413
23~

D(z0,21,22,23) = D( )(ZO,Z1,Z2,Z3 € C). &)

Then the symmetry properties (3) say that D is invariant under even,
anti-invariant under odd permutations of its four variables, the five-term
relation (@) takes on the attractive form

4
> =D, T 2) =0 (20,24 €PYO). (6)
i=0

(we will see the geometric interpretation of this later), and the multi-
variable formula (I)) generalizes to the following beautiful formula :

Z D(20, 71,72, 23) = nD(ag, a1, az,a3) (20, a1,a,a3 € P
zefNar)
nefNa)
zef N (az)
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239 where f : P! — P! is a function of degree n and ag = f(zo). (Equation
(D is the special case when f is a polynomial, so f~!(c0) is co with
multiplicity n.)

Finally, we mention that a real-analytic function on PH(C)-{0, 1, oo}
built up out of the polylogarithms in the same way as D(z) was con-
structed from the dilogarithm, has been defined by Ramakrishnan [6]].
His function (slightly modified) is given by

1 m—k 1 m
D= [mHlZ( Clogkd™ - Qo2 U

(so Di(z) = log|z'/? = 7712, D»(z) = D(z)) and satisfies

Dy, (1) = (-1)""'Du(2),
Z

z( ilog|z)™ 1 +z
(m-D!'1-z

a%Dm(o = 5 ( ne1(2) +
However, it does not seem to have analogues of the properties (II) and
(III) : for example, it is apparently impossible to express D3(z) for arbi-
trary complex z in terms of only the function D3(e?) = 2o (cosnb)/ n,
and passing from Li3 to D3 removes many but not all of the numerious
lower-order terms in the various functional equations of the trilogarithm,

e.g. .
- )
—_ I

D';()C) + D3(1 - X) + D3 ()C

= Ds(1 il 1 1 )CZ
- 3()+12 og|x(1 — x)|log . )2 gl—x’
x( _y)2 x1l-y
D; (m)+D3(xy)+D3 (y) 2D; (;T)
—2133()“(1 —Y))_2D3(y(1 —x))_2D3(1 _y)
x-1 -1 1-—x
w2
—2D3(x) - 2D5(y) = 2D3(1)——1oglxy|10g “|log|* e ‘
y(1-x)?
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Nevertheless, these higher Bloch-Wigner functions do occur. In study-
ing the so-called “Heegner points” on modular curves, B. Gross and I
had to study for n = 2, 3,... “higher weight Green’s functions” for $/I"
($ = complex upper half-plane, I' = S L,(Z) or a congruence subgroup).
These are functions G,(z1,22) = G,S?/ F(zl ,22) defined on $H/T'x H/TI', real-
analytic in both variables except for a logarithmic singularity along the
diagonal z; = 2o, and satisfying A; G, = A,,G, = n(n — 1)G,, where
A, = y*(8%/9x*+07/9y?) is the hyperbolic Laplace operator with respect
to z = x + iy € 9. They are obtained as

G @2 = ) GRa, )
yell

where G;? is defined analogously to G,(f’/ " but with /T replaced by 9.
The functions G% (n=2,3,...) are elementary, e.g.,

— + 2.
|z1 — Z2f?

g |21 — z2? |21 — z2l?
G 1.2) = (1 +

2y1y2

In between G;? and G;?/ I are the functions G;?/ - ZreZG,S?(zl,Q +r).
It turns out [[10] that these are expressible in terms of the D,,(m =
1,3,....2n-1),e.g.,

G (z1.22) = (D7) + Dy

4my1y2
Y+

5 (Dl(eZHi(m—zz)) + DI(EZFi(Zl_EZ)))
Yiy2

+

I do not know the reasons for this connection.

4 Volumes of Hyperbolic 3-manifolds... The diloga-
rithm occurs in connection with measurement of volumes in Euclidean,
spherical, and hyperbolic geometry. We will be concerned with the last
of these. Let $3 be the Lobachevsky space (space of non- Euclidean
solid geometry). We will use the half-space model, in which 93 is rep-
resented by C X R, with the standard hyperbolic metric in which the

240
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geodesics are either vertical lines or semicircles in vertical planes with
endpoints in C X {0} and the geodesic planes are either vertical planes
or else hemispheres with boundary in C X {0}. An ideal tetrahedron is a
tetrahedron whose vertices are all in 93 = C U {oo} = P!(C). Let A be
such a tetrahedron. Although the vertices are at infinity, the (hyperbolic)
volume is finite. It is given by

Vol(A) = D(29, 21, 22, 23), (7)

where zg, ...,z3 € C are the vertices of A and D is the function defined
in (3. In the special case that three of the vertices of A are o0, 0, and 1,
equation (7)) reduces to the formula (due essentially to Lobachevsky)

Vol(A) = D(z). ()

.

In fact, equations (7)) and (8) are equivalent since any 4-tuple of
points zo, ..., z3 can be brought into the form {co, 0, 1, z} by the action
of some element of S L,(C) on P!(C), and the group S L,(C) acts on $3
by isometries.

The (anti-) symmetry properties of D under permutations of the z;
are obvious from the geometric interpretation (Z), since renumbering the
vertices leaves A unchanged but may reverse its orientation. Formula
(@) is also an immediate consequence of (7)), since the five tetrahedra
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spanned by four at a time of zg,...,24 € P!(C), counted positively or
negatively as in (@), add up algebraically to the zero 3-cycle.

The reason that we are interested in hyperbolic tetrahedra is that
these are the building blocks of hyperbolic 3-manifolds, which in turn
(according to Thurston) are the key objects for understanding three-
dimensional geometry and topology. A hyperbolic 3-manifold is a 3-
dimensional riemannian manifold M which is locally modelled on (i.e.,
isometric to portions of) hyperbolic 3-space 93; equivalently, it has con-
stant negative curvature —1. We are interested in complete oriented
hyperbolic 3-manifolds which have finite volume (they are then either
compact or have finitely many “cusps” diffeomorphic to S! x S x R,).
Such a manifold can obviously be triangulated into small geodesic sim-
plices which will be hyperbolic tetrahedra. Less obvious is that (possi-
bly after removing from M a finite number of closed geodesics) there
is always a triangulation into ideal tetrahedra (the part of such a tetra-
hedron going out towards a vertex at infinity will then either tend to a
cusp of M or else spiral in around one of the deleted curves). Let these
tetrahedra be numbered Ay, ..., A, and assume (after an isometry of $3
if necessary) that the vertices of A, are at oo, 0, 1 and z,. Then

Vol(M) = Z D(z,). ©)
v=1

Of course, the numbers z, are not uniquely determined by A, since they
depend on the order in which the vertices were sent to {c0, 0, 1, z,}, but
the non-uniqueness consists (since everything is oriented) only in re-
placing z, by 1 — 1/z, or 1/(1 — z,) and hence does not affect the value
of D(z,).

One of the objects of interest in the study of hyperbolic 3-manifolds
is the “volume spectrum”

Vol = {Vol(M)|M hyperbolic 3-manifold} c R,.

From the work of Jgrgensen and Thurston one knows the Vol is a count-
able and well-ordered subset of R, (i.e. every subset has a smallest
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element), and its exact nature is of considerable interest both in topol-
ogy and number theory. Equation (@) as it stands says nothing about
this set since any real number can be written as a finite sum of values
D(z), z € C. However, the parameters z, of the tetrahedra triangulating
a complete hyperbolic 3-manifold satisfy an extra relation, namely

Dlaad-z)=0, (10)
v=1

where the sum is taken in the abelian group A?C* (the set of all formal
linear combinations x A y, x, y € C*, subject to the relations x A x = 0
and (x;x2) Ay = x; Ay + x Ay). (This follows from assertions in [3]]
or form Corollary 2.4 of [5]] applied to suitable x and y). Now (@) does
give information about Vol because the set of numbers X7_, D(z,) with z,
satisfying (I0) is countable. This fact was proved by Bloch [1]]. To make
a more precise statement, we introduce the Bloch group. Consider the

abelian group of formal sums [z;] + - - - + [z,] with z1,...,2, € C* = {1}
satisfying (I0). As one easily checks, it contains the elements
1 1- -
el [ = [ Dl 11 =, [+ D]+ | —= [+ [T =]+ | —=| (1)
X 1- 1—xy

for all x and y in C* — {1} with xy # 1, corresponding to the symmetry
properties and 5-term relation satisfied by D(-). The Block group is
defined as

PBe = {[z1] + -+ + [z4] satisfying (IQ)}/(subgroup generated by
the elements (I1))
(12)
(this is slightly different from the usual definitions). The definition of the
Block group in terms of the relations satisfied by D(-) makes it obvious
that D extends to a linear map D : HBc + R by [z1] + -+ + [z,] +
D(z1) + - - -+ D(z,), and Bloch’s result (related to Mostow rigidity) says
that the set D(%c) coincides with D(,%’@) (where ,%’@ is defined by (12))

but with the z, lying in @X —{1}). Thus D(%c) is countable, and (@) and
(I0) imply that Vol is contained in this countable set. The structure of
,%’@ which is very subtle, will be discussed below.
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We give an example of a non-trivial element of the Bloch group. For

convenience, set @ = - 2\/3, B= -l _2\/3. Then
(Hﬁ] (1_v_—7) (_1+v_—7) (5_v_—7]
2 A + A

2 2 4 4

2
2(—[?)/\a+(é)/\(%)=ﬁ2/\a—,3/\a2=2-,8/\a—2—-ﬁ/\01=0,
244 So
2 1+2‘/__7]+ _1+4‘/__7]e%. (13)

This example should make it clear why non-trivial elements of % can
only arise from algebraic numbers — the key relations 1 + 8 = @ and
1 — B! = a?/pB above forced @ and S to be algebraic.

S ...and values of Dedekind zeta functions Let F be
an algebraic number field, say of degree N over O. Among its most im-
portant invariants are the discriminant d, the numbers r; and r, of real
and imaginary archimedean valuations, and the Dedekind zeta-function
{r(s). For the non-number-theorist we recall the (approximate) defini-
tions. The field F can be represented as Q(a) where « is a root of an
irreducible monic polynomial f € Z[x] of degree N. The discriminant
of f is an integer dy and d is given by c2d ¢ for some natural number
¢ with |d +. The polynomial f, which is irreducible over Q, in general
becomes reducible over R, where it splits into r; linear and r, quadratic
factors (thus r| > 0, r, > 0, r; + 2r, = N). It also in general becomes
reducible when it is reduced modulo a prime p, but if p 1 d; then its
irreducible factors modulo p are all distinct, say ry , linear factors, r;
quadratic ones, etc. (so ry,, +2ry , +--- = N). Then {r(s) is the Dirich-
let series given by an Euler product I1,Z,(p™* )~! where Z,(t) for p 1 dy
is the monic polynomial (1 — #)"t»(1 — Y2 .. of degree N and Zp(t)
for p|dy is a certain monic polynomial of degree < N. Thus (ry, ;) and
{r(s) encode the information about the behaviour of f (and hence F)
over the real and p-adic numbers, respectively.
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As an example, let F' be an imaginary quadratic field O( v—a) with

a > 1 squarefree. Here N = 2, d = —aor —4a, r; = 0, r, = 1.
The Dedekind zeta function has the form ) r(n)n~® where r(n) counts
n>1

representations of n by certain quadratic forms of discriminant d; it can
also be represented as the product of the Riemann zeta function {(s) =
{8 ) with an L-series L(s) = D (%) n~* where (%) is a symbol taking the
n>1
values +1 or 0 and which is periodic of period |d| in n. Thus fora =7
1

1
lovm=5 D oAy
2 e 0.0) (X% + xy + 2y%)

S o (-7
RN
226
where (=) is +1 for n = 1,2, 4(mod 7), —1 for n = 3,5,6(mod 7), and
0 for n = O(mod 7).

One of the questions of interest is the evaluation of the Dedekind
zeta function at suitable integer arguments. For the Riemann zeta func-
tion we have the special values cited at the beginning of this paper.
More generally, if F is totally real (i.e., r; = N, r, = 0), then a the-
orem of Siegel and Klingen implies that {r(m) for m = 2,4, ... equals
a"™N/ Vd times a rational number. If r, > 0, then no such simple result
holds. However, in the case F = Q(v~a), then using the representation
Lr(s) = {(s)L(s) and the formula £(2) = 72/6 and writing the periodic
function (d/n) as a finite linear combination of terms ™" ¢, we obtain

d|—1
2 |d|

2:
{r(2) 6«@;

d .
(—) D(e" 4y (F imaginary quadratic),
n

e.g.,
2

4@(‘/__7)(2) — 3 \/7 (D(eZm'ﬂ) + D(e4m'/7) _ D(e6m'/7))

Thus the values of {#(2) for imaginary quadratic fields can be expressed
in closed form in terms of values of the Bloch-Wigner function D(z) at
algebraic arguments z.
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By using the ideas of the last section we can prove a much stronger
statement. Let & denote the ring of integers of F' (this is the Z-lattice in
C spanned by 1 and v-a or (1 + v—a)/2, depending whether d = —4a
or d = —a). Then the group I' = SL,(0) is a discrete subgroup of
S L,(C) and therefore acts on hyperbolic space $3 by isometries. A
classical result of Humbert gives the volume of the quotient space $H3/I"
as |d]?/? x 4 #(2)/47%. On the other hand, $3/T" (or, more precisely, a
certain covering of it of low degree) can be triangulated into ideal tetra-
hedra with vertices belonging to P!(F) c P!(C), and this leads to a

representation
2

T
() = 3o Z n,D(z,)

with n, in Z and z, in F itself rather than in the much larger field
Q(e*™ 4)([8]], Theorem 3). For instance, in our example F' = Q(V-7)

we find
_ 4n? 1+ V=7 1+ V=7
gF(z)_zlxﬁ(zD( 2 )+D( 4 )]

This equation together with the fact that {(2) = 1.89484144897... #0
implies that the element (I3)) has infinite order in %c.

In [8], it was pointed out that the same kind of argument works
for all number fields, not just imaginary quadratic ones. If , = 1 but
N > 2 then one can again associate to F (in many different ways) a dis-
crete subgroup I' € S L,(C) such that Vol($3/T') is a rational multiple
of d|'/ 2{ 7(2) x m21~N) This manifold $3/T" is now compact, so the de-
composition into ideal tetrahedra is a little less obvious than in the case
of imaginary quadratic F, but by decomposing into non-ideal tetrahedra
(tetrahedra with vertices in the interior of $3) and writing these as dif-
ferences of ideal ones, it was shown that the volume is an integral linear
combination of values of D(z) with z of degree at most 4 over F. For
F completely arbitrary there is still a similar statement, except that now
one gets discrete groups " acting on Sjgz; the final result ([8]], Theorem 1)
is that |d|'/? x ¢p(2)/7*"1#) is a rational linear combination of r,-fold
products D). .. D(z"™) with each z¥ of degree < 4 over F (more
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precisely, over the i complex embedding F® of F, i.e. over the sub-
field Q(a®) of C where a'” is one of the two roots of the i" quadratic
factor of f(x) over R).

But in fact much more is true : the z can be chosen in F© itself
(rather than of degree 4 over this field), and the phrase “rational linear
combination of r,-fold products” can be replaced by “rational multiple
of an r, X rp determinant.” We will not attempt to give more than a very
sketchy account of why this is true, lumping together work of Wigner,
Bloch, Dupont, Sah, Levine, Merkuriev, Suslin, ... for the purpose (ref-
erences are [1], [3]], and the survey paper [7]]). This work connects the
Bloch group defined in the last section with the algebraic K-theory of
the underlying field; specifically, the grou A is equal, at least after
tensoring it with O, to a certain quotient K;“d(F ) of K3(F). The exact
definition of KI"(F) is not relevant here. What is relevant is that this
group has been studied by Borel [2], who showed that it is isomorphic
(modulo torsion) to Z"? and that there is a canonical homomorphism,
the “regulator mapping,” from it into R such that the co-volume of
the image in a non-zero rational multiple of ||/ 2{ #(2)/721+272: more-
over, it is known that under the identification of K;“d(F ) with A this

mapping corresponds to the composition Br — (%) 2, R"2, where
the first arrow comes from using the r, embeddings F ¢ C(a — o).
Putting all this together gives the following beautiful picture : The group
A /{torsion}, is isomorphic to Z". Let {j,...,{,, by any r linearly
independent elements of it, and form the matrix with entires D({;’)),
(i,j = 1,...,7r2). Then the determinant of this matrix is a non-zero ra-
tional multiple of ld|"/ 2{ 7(2)/721+272 If instead of taking any r; linearly
independent elements we choose the {; to be a basis of % /{torsion},
then this rational multiple (chosen positively) is an invariant of F, inde-
pendent of the choice of £;. This rational multiple is then conjecturally
related to the quotient of the order of K3(F)iosion by the order of the

'Tt should be mentioned that the definition of %, which we gave for F = C or Q
must be modified slightly when F is a number field because F* is no longer divisible;
however, this is a minor point, affecting only the torsion in the Bloch group, and will be
ignored here.
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finite group K»>(Or) where Of denotes the ring of integers of F' (Licht-
enbaum conjectures).

This all sounds very abstract, but it is fact not. There is a reasonably
efficient algorithm to produce many elements of % for any number
field F. If we do this, for instance, for F' an imaginary quadratic field,
and compute D(¢) for each element € %Br which we find, then after
a while we are at least morally certain of having identified the lattice
D(Ar) C R exactly (after finding k elements at random, we have only
about one chance in 2* of having landed in the same non-trivial sublat-
tice each time). By the results just quoted, this lattice is generated by a
number of the form «|d|*/ 2{ #(2)/7* with « rational, and the conjecture
referred to above says that x should have the form % where T is the or-
der of the finite group K»(OF), at least for d < —4 (in this case the order
of K3(F)orsion 18 always 24). Calculations done by H. Gangl in Bonn for
several hundred imaginary quadratic fields support this; the « he found
all have the form % for some integer 7" and this integer agrees with the
order of K>(OF) in the few cases where the latter is known. Here is a
small excerpt from his tables :

|d|‘7 8 11 1519 20 23 24 31 35 3940 ... 303 472 479 491 555 583
T‘211211212261...22 5 14 13 28 34

(the omitted values contain only the primes 2 and 3; 3 occurs whenever
d = 3(mod 9) and there is also some regularity in the powers of 2 occur-
ring). Thus one of the many virtues of the mysterious dilogarithm is that
it gives, at least conjecturally, an effective way of calculating the orders
of certain groups in algebraic K-theory!

To conclude, we mention that Borel’s work connects not only
Ki3nd(F ) and {r(2) but more generally Kizr;‘f_l(F ) and {r(m) for any inte-
ger m > 1. No elementary description of the higher K-groups analogous
to the description of K3 in terms of B is known, but one can at least spec-
ulate that these groups and their regulator mappings may be related to
the higher polylogarithms and that, more specifically, the value of {r(m)
is always a simple multiple of a determinant (7, X1, or (r{+ 1) X (r;+12)
depending whether m is even or odd) whose entries are linear combina-
tions of values of the Bloch-Wigner-Ramakrishnan function D,,(z) with
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arguments z € F. As the simplest case, one can guess that for a real
quadratic field F the value of {r(3)/{(3) = L(3), where L(s) is a Dirich-
let L-Function of a real quadratic character of period d) is equal to d=>/?
times a simple rational linear combination of differences D3(x) — D3(x")
with x € F, where x’ denotes the conjugate of x over Q. Here is one
(numerical) example of this :

1+2\/§)_D3(1 —2\/5)_

2752 5 (3)/L3) = D3(
- 3052+ V) = Ds2 - V)

(both sides are equal approximately to 1.493317411778544726). I have
found many other examples, but the general picture is not yet clear.
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