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International Colloquium on Discrete
Subgroups of Lie Groups and Applications
to Moduli
Bombay, 8-15 January 1973

REPORT

AN INTERNATIONAL COLLOQUIUM on ‘Discrete Subgroups of
Lie Groups and Applications to Moduli’ was held at the Tata Institute
of Fundamental Research, Bombay, from 8 to 15 January 1973. The
purpose of the Colloquium was to discuss recent developments in some
aspects of the following topics: (i) Lattices in Lie groups, (ii) Arithmetic
groups, automorphic forms and related number-theoretic questions, (iii)
Moduli problems and discrete groups. The Colloquium was a closed
meeting of experts and of others specially interested in the subject.

Th Colloquium was jointly sponsored by the International Mathe-
matical Union and the Tata Institute of Fundamental Research, and was
financially supported by them and the Sir Dorabji Tata Trust.

An Organizing Committee consisting of Professors A. Borel. M. S.
Narasimhan, M. S. Raghunathan, K. G. Ramananthan and E. Vesentini
was in charge of the scientific programme. Professors A. Borel and
E. Vesentini acted as representatives of the International Mathematical
Union on the Organizing Committee.

The following mathematicians gave invited addresses at the Col-
loquium: W. L. Baily, Jr., E. Freitag, H. Garland, P. A. Griffiths, G.
Harder, Y. Thara, G. D. Mostow, D. Mumford, M. S. Raghunathan and
W. Schmid.
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Professor E. B. Vinberg, who was unable to attend the Colloquium,
sent in a paper.

The invited lectures were of fifty minutes’ duration. These were
followed by discussions. In addition to the programme of invited ad-
dresses, there we expository and survey lectures and lectures by some
invited speakers giving more details of their work.

The social programme during the Colloquium included a Tea Party
on 8 January; a Violin recital (Classical Indian Music) on 9 January; a
programme of Western Music on 10 January; a performance of Classical
Indian Dances (Bharata Natyan) on 12 January; a Film Show (Pather
Panchali) on 13 January; and a dinner at the Institute on 14 January.
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FOURIER COEFFICIENTS OF
EISENSTEIN SERIES ON THE ADELE
GROUP

By WALTER L. BAILY, JR.

Much orF waar I wish to present in this lecture will shortly appear
elsewhere [J3]], so for the published part of this presentation I shall con-
fine myself to a restatement of certain definitions and results, concluding
with a few remarks on an area that seems to hold some interest. As in
[3]], T wish to add here also that many of the actual proofs are to be found
in the thesis of L. C. Tsao [8]].

Let G be a connected, semi-simple, linear algebraic group defined
over Q, which, for simplicity, we assume to be Q-simple (by which
we mean G has no proper, connected, normal subgroups defined over
Q). We assume G to be simply-connected, which implies in particular
that Gr 1s connected Ch. 7, §5]. Assume that Gr has no compact
(connected) simple factors and that if K is a maximal compact subgroup
of it, then X = K/GR has a Gr-invariant complex structure, i.e., X is
Hermitian symmetric. Then [6] strong approximation holds for G. We
assume, finally, that rk(G) (the common dimension of all maximal, Q-
split tori of G) is > 0 and that the Q-relative root system ¢ ; of G is
of type C (in the Cartan-Killing classification). Then there exists a to-
tally real algebraic number field k£ and a connected, almost absolutely
simple, simply-connected algebraic group G’ defined over k such that
G = Zx)G’; therefore, if G is written as a direct product I1G; of al-
most absolutely simple factors G;, then each G; is defined over a totally
real algebraic number field, each G; is simply-connected, each Gr is
connected and the relative root systems g ); = Rr 2.(G;) are of type C

1



2 WALTER L. BAILY, JR.

[4].

Letting K; denote a maximal compact subgroup of G;r, the Hermi-
tian symmetric space X; = K;/G;r is isomorphic to a tube domain since
R > is of type C [[7]], hence X = I1;X; is bi-holomorphically equivalent
to a tube domain

T={Z=X+iY € C"Y € R},

where R is a certain type of open, convex cone in R". Let H be the
group of linear affine transformations of T of the form Z +— AZ + B,
where B € R", and A is a linear transformation of R” carrying R onto
itself, and let H be its complete pre-image in Ggr with respect to the
natural homomorphism of Gg into Hol(T), the group of biholomorphic
automorphisms of T. Then H = Pg, where P is an R-parabolic sub-
group of G, and from our assumption that ¢ 2 is of type C, it follows
that we may assume P to be defined over Q (the reasons for which are
somewhat technical, but may all be found in [4]]).

Assume G € GL(V), where V is a finite-dimensional, complex vec-
tor space with a Q-structure. Let A be a lattice in Vg, i.e., a discrete
subgroup such that Vgr/A is compact, and suppose that A C Vq. Let
I' ={y € Gg|y-A = A}, and for each finite prime p, let A, =
ANQOzZy, Ky = {y € Gq, | v - Ap = Ap}. It may be seen, since strong
approximation holds for G, that Kj, is the closure I'y of I' in G, (in
the ordinary p-adic topology). Now the adele group G4 of G is defined
as [I'Gq,, where II" denotes restricted direct product with respect to
the family {K,} of compact sub-groups. Define K., = K, K* = II K,

<00
(Cartesian product). ’

For all but a finite number of finite p, we have GQp = Kp - Pq, and
by changing the lattice A at a finite number of places, we may assume
[5] that Go, = K} - Pq, for all finite p. In addition, from the Iwasawa
decomposition we have GR = K - POR, where POR denotes the identity
component of PR.

We may write the Lie algebra gc of G as the direct sum of fc, the
complexification of the Lie algebra f of K, and of two Abelian subalge-
bras p* and p~, both normalized by f, such that p* may be indentified
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with C" D> T. Let K¢ be the analytic subgroup of G¢ with Lie algebra
fc and let P* = exp(p*); then K¢ - P* is a parabolic subgroup of G
which we may take to be the same as P, and P* = U is its unipotent
radical. Now p* has the structure of a Jordan algebra over C, supplied
with a homogeneous norm form .4” such that Ad K¢ is contained in the
similarity group

" =1{g € GL(n,C) = GL(»") | A (gX) = v(g)- N/ (X)}

of A, where v : .¥ — C* is a rational character [7]], defined over Q if
we arrange things such that K¢ = L is a Q-Levi subgroup of P. (Note
that K and LR are, respectively, compact and non-compact real forms
of Kc.) Define v, as the character on K¢ given by ve,(k) = v(Ady+ k).
Define v, as the character on K¢ given by v (k) = v(Ad, +k). If p <
oo let | | be the “standard” p-adic norm, so that the product formula
holds. We define (for p < o0) y, on Pq, by xp(ku) = [v(Ady +k)lp,
k € Lqg,, u € Uq, and x4 on P4 by xa((pp)) = Ilpxp(pp), which is
well defined since for (pp) € P4, we have yp(pp) = 1 for all but a
finite number of p. Now v, is bounded on K and v takes positive real
values on POR, hence veo(K N POR) = {1}. Moreover, K, is compact and
therefore yp(Kp N Pg,) = {1}. Now let m be any positive integer. Define
Pg = {(pp) € Palpe = 1}, so that P4 = PR‘Pg, and put P}, = P%Pg.
From our previous discussion it is clear that G4 = K* - P}. Define the
function ¢,, of G4 by

Em(k* - pi) = Veolkeo) " xa(p:)™",

where p. € P}, k* € K*, k" = (kp). It follows from the preceding that
¢m 1s well defined.
By the product formula, y4(p) = 1 for p = pq. Define

G = D enlgy), g€GCa.
)/EGQ/PQ

By a criterion of Godement, this converges normally on G4 if m is suf-
ficiently large.
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Let g € GRr, Z € T C p*; we may write [4]

exp(Z)-g=p -k(Z,g)exp(Z - g),

where p~ € P, k(Z,g) € K¢, Z - g € T (this is, in fact, the defini-
tion of the operation of Gg on T (loc.cit.)); we then define v(Z, g) =
Veo(K(Z, 8)). v(Z, g1)V(Z - g1, g2) . Letting E denote the (suitably chosen)
identity of the Jordan algebra p*, we have iE € T, iE is the unique fixed
point of K, and it follows from the definitions that if (iE)-g = Z, g € Gy,
and if we put

Em(Z) = v(E, 8)" En(g),

then &, is a holomorphic function on T and we have, in fact,

EZ) = ) vZY " MP PR (1)

’}/EGQ/PQ

where p, € Pg is such that y € K* - p,, - POR,I |4 being the adelic norm.
Thus &, is a holomorphic automorphic form on T with respect to I'.

If welet Q = I'N U, then &,(Z + 60) = &,(Z) for all 6 € Q, since
v(Z,0)" = 1 and &, is an automorphic form with respect to the system
of automorphy factors {v(Z, y)"}; hence, &,, has a Fourier expansion

En2) = ) an(DEWT,2),

Te®'

where €( ) = ¢*™0), (', ) is an inner product on p* such that (pa, pa) c
Q, with respect to which the cone  is selfdual, and ®’ is the lattice dual
to ® with respect to (, ). It follows from the “regular” behaviour of
&y “at infinity” (Koecher’s principle) that a,,(T) = O unless 7 € ® N t.
Our main concern is with arithmetic problems related to the Fourier
coefficients a,,(T).

One can show that the Fourier coeflicients of &, are all rational num-
bers. To do this, we first apply the Bruhat decomposition to group the
terms in the series (1). We have Gg = |J Pqt;Pq, where r = rko(G)

0<j<r
and ¢; runs over a certain set of double coset representatives of the rel-

ative Q-Weyl group of G with respect to the relative Q-Weyl group of
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L. In particular, ¢, represents the total involution of g W(G) = oW, and
induction shows that it is sufficient, for proving rationality, to consider
the series over the biggest cell €* = Pqgt,Pq:

En@) = Y WZy) " Mp I 2)
veC*/Pq

On the other hand, writing ¢ = ¢,, we can see that ¢ normalizes L, so
that €*/Pq = Uqt (as a set of coset representatives). We obtain

En@y= > vz WP, 3)
yeUqt

where | |4 is the adelic norm. If u € Uq,. then ut € G, so that we may
write uc = k - p, where k € Ky, p € Pq,, and we define kp(u) = |v(p)|l‘,1.
Now Uy, for any field k, is a vector space over k, and in this sense for
u = Uq,, au is defined for any @ € Qp. Crucial for developments is the

Proposition. If u € Z;f (the group of p-adic units) and u € Uq,, then
Kp(uu) = kp(u).

This can be proved in most cases, at least, by appealing to classi-
fication; however, the smoothest and most general proof [8]] appears to
depend on the results of Bruhat and Tits [5, 9].

One may show, using the Poisson summation formula along the lines
of Siegel [10], that each of the Fourier coefficients a;,(T) of the series
E’ (Z) has an “Euler product expansion”:

ay(T)=S(T)- p1<"[ Sp(T).

Here S o (T) is a fractional power of the Jordan algebra norm N(T)
of T multiplied by a product of “gamma” factors independent of 7', and
Sp(T) is given by the formula

Sp(M) = > (T, u)p()",

MEUQP/AP
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where (, ) is the inner product on the Jordan algebra mentioned previ-
ously and ¢, is a character of absolute value one on the additive group
Qp/Zp whose restriction to p! Z,/Z, is non-trivial. By using the propo-
sition, one may see that each factor S (T) is a rational number for each
finite p; and then by specific calculation of S,(T') for all but a finite
number of “bad” p and by using known facts about special values of {—
and L-functions, one may prove that all a,(T') are rational numbers. For
further details, we refer to [8 3].

We wish to draw attention to the functions «p(u). It will be noticed
that the definition of «;, depends on the choice of local lattice Ap; in
other words, the collection of functions {«,} depends on the choice of
arithmetic group I', and now we want to ask if there is any natural choice
for I'.

We have G ¢ GL(V), G is simply connected, and G = Ry;QG’,
where k is a totally real algebraic number field and G’ ¢ GL(V’) is al-
most absolutely simple and simply-connected. And we have assumed
conditions that imply for each Galois injection o : k — Q (the algebraic
closure of Q) that (“G’)r is non-compact, thus strong approximation
holds for G. Now A is a lattice in VR contained in Vg and I' is the
stabilizer of A. Let I'y be the closure of I' in G, with respect to the
p-adic topology. It can be shown that I'y = K, is “special” maximal
compact [3, 9] for all but a finite number of finite p (H. Hijikata has
communicated a proof of this to me), and thus Gq, = Kp - Pq,, at least
for all but a finite number of finite p. Now by “adjusting” the lattice A
at a finite number of places, we can assume this to be so for all p. If
I'p is special maximal compact in G, for all finite p. If I'y is special
maximal compact in Gq, for all finite p, then we call Iy is special max-
imal compact in Gq, for all finite p, then we call I a “special arithmetic
subgroup” of Gr. Let " be another special arithmetic subgroup. Then
[, = I, (since Ap = Ay) for all but a finite number of p. If § is the
finite set of finite p for which this is not true, we know, in some cases at
least, that for each p € S there exits an outer automorphism ay of Gq,
such that ap(I'p) = I, In virtue of strong approximation, we can then
(in such cases), up to an automorphism of the Qy-relative , extended
Dynkin diagram for a finite number of p, pass from the one special
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arithmetic group to the other by an inner automorphism of G¢q. This
makes it reasonable to wonder whether this is a general phenomenon,
and if so, what smallest class of automorphisms would suffice to iden-
tify all special arithmetic groups if G is absolutely simple. Moreover,
it suggests something “natural” about the arithmetic structure associ-
ated to a special arithmetic group. It would seem inviting to look more
closely at such groups to see, for example, if or when they are maximal
discrete in Gg or to see if the normalizers of their images in Hol(¥) are
maximal discrete in the latter. This might be worthwhile in connection
with results of [1]] giving a criterion for the Satake compactification of 7
/T to be defined over Q. And of course it would be intriguing to know
whether in general there is any natural moduli problem attached to such
discontinuous groups.
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AUTOMORPHY FACTORS OF
HILBERT’S

By EBERHARD FREITAG

Introduction. Let I" be a group of analytic automorphisms of a domain 9
D c C". By an automorphy factor of I' we understand a family of
functions I(z,y), z € D, vy € I holomorphic on D and without zeros,
which satisfy the condition

1zy"y) = 1@z y").
The most-occurring factors are the following ones

1) The trivial factors

h
I(z,y) = %

Here £ is a holomorphic function on D without zeros.
2) The powers of the complex functions determinant (Jacobian).

3) The abelian characters v of T’

I(z,7) = v(y).

The determination of all automorphy factors belonging to a discontin-
uous group is a difficult problem in general. It is roughly equivalent to
the calculation of

Pic D/T" = group of analytic line bundles on D/T".

9
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More precisely, if I' operates without fixed points, we have

Pic D/T = group of automorphy factors

subgroup of trivial factors

There is a well-known isomorphism
Pic D/T = H'(D/T, )

(O = sheaf of automorphic functions,
O* = sheaf of invertible automorphic functions).
By means of the exact sequence

exp
0-Z—-0—0 =0,

we reduce the original problem to the calculation of

a) the singular cohomology of D/I"
b) the analytical cohomology H"(D/T, 6).

This program could be carried out almost completely for the domain
D = H" = H X ...x H, H the usual upper half-plane.

Matsushima and Shimura succeeded in calculating those groups in case
of a compact quotient by means of the Hodge theory [3]]. As for the non-
compact quotients D/I" (Hilbert’s modular groups) similar complete re-

sults have been found.

a) The singular cohomology was inverstigated by G. Harder [2].

Let us give a very brief indication of the specific problems arising

in the non-compact case.

By “cutting off cusps” of D/I" one gets a manifold with boundary.

There is a natural mapping from the cohomology of the whole
space D/I" to the (well-known) cohomology of the boundary. In
the mentioned paper, Harder determined the image and the kernel
of this map. His detailed study of this problem leads into the
theory of non-analytic modular forms, especially into the theory

of Eisenstein series.
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b) The analytical cohomology was determined in [1]].

To overcome the discrepancy between the standard compactifi-
cation of D/I" and a non-singular model, we had to carry out a
thorough investigation of the algebraic nature of the cups. But it
was not necessary to get a concrete resolution of the cusps.

1. The main result. In the following let I be a group of simultaneously
fractional linear substitutions

aizy + by anZn + by
M(zy,...,2y) =

ciz1+dy’ 7 epzn + dy

of the half space 11

H" ={(z1,...,z0) € C";Imz, > 0 for 1 <v <n}.

We are only interested in the case in which I' is commensurable with
Hilbert’s modular group of a totally real number field. We define the
complex power

a’ =ellee g0

by the principal branch of the logarithm.

Theorem 1. In case of n > 3 the only automorphy factors of T are:

h(M;)
I(z, M) = v(M +d,)*
(2. M) = v )1_[<cvzv DY
where
a) r=(ry,...,ry) is a vector of rational numbers;

b) {v(M)}per is a system of complex numbers of absolute value one;

¢) his a holomorphic invertible function on H".

"The method used for the proof is valid also in case of n < 3. But one has to carry
out some separate investigations because in this case the first cohomology groups are
not trivial.
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This factorisation of I is unique.

By a system of multipliers of weight r = (ry,...,r,) we understand
a family {v(M)}yer of complex numbers of absolute value one, such that

1z, M) = v(M) | [(evzs +d)™

v=1
is a factor of automorphy.

AMENDMENT TO THEOREMlIl.

1) The group of abelian characters of T is ﬁnite.

2) If r =(r1,...,ry) is the weight of a multiplier system, the compo-
nents r, have to be rational and their denominators are bounded
(by a number which may depend on the group).

We now discuss an application of the main theorem.
A meromorphic modular form with respect to I' is a meromorphic
function on H" satisfying the functional equations:

fMz) = v(M) H(Cva +d,)*" f(z) for M €T

v=1

We cell r = (rq, ..., r,) the weight and v(M) the multiplier system of f.
We are interested in the zeros and poles of f which we describe by
a divisor (f) as usual.
By a divisor we understand a formal and locally finite sum

D:ZnyT, ny €Z
Y

the summation being taken over irreducible closed analytic sub-varieties
of codimension one.

2A more general result has been proved by Serre [4].
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Theorem 2. Let & be a I'-invariant divisor on H", n > 3. There exists
a meromorphic modular form f with the property

7 = (/).

Proof. The space H" is a topologically trivial Stein-space. Therefore
we can find a meromorphic function g on H" with

7 =(g).
The function
g(Mz)
8@’
is without poles and zeros because & is '-invariant. We therefore can
apply Theorem[Il Put

I(z, M) = MeT

_8
f=3
O

2. Sketch of proof. The group I operates in a natural way on the
multiplicative group H(D, 0*) of holomorphic invertible functions on
D =H".

The automorphy factors are nothing else but the 1-cocycles with
regard to the standard complex and the trivial factors h(yz)/h(z) are the
1 - coboundaries, i.e.,

H\T,H(D,0") = groupo fautomorphy factors

subgroupo ftrivial factors
Theorem [l may thus be formulated as follows

Theorem 3. The group H' (T, H*(D,O")) is finitely generated and of
free rank n.

We now want to pass on a subgroup Iy C I' of finite index in order to
eliminate the elements of finite order. Let Iy C I" be a normal subgroup
of finite index. Putting

A = H'(D,0"

13
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we obtain by means of the Hochschild-Serre sequence
0— H'(T/Ty, C*) - H'(T,A) » H'(To, A" — H*T/Ty, C*).
(Since every holomorphic modular function is constant, we have
Al =C*)

The groups H'(I'/T’y, C*) are finite. This is proved by means of the
sequence
0-Z->C—->C"—>0.

In general, the cohomology groups of a finite group which acts trivially
on Z, are finite.

We therefore can assume without loss of generality:

The group T is a congruence-subgroup of Hilbert’s modular group
without torsion.

In the case at hand it is easy to be seen

H'(T,H(D,0%) = H'(D/T,0"),

i.e. there is a one-to-one correspondence between the factor classes and
the classes of isomorphic analytical line bundles on Xy = D/I".
We now treat the group

Pic Xy = H'(Xy,0"), Xo = D/T
by means of the sequence
exp
0-Z—-0—00 —0.

Hereby O is the sheaf of holomorphic functions on X(. From the long
cohomology sequence results

H'(Xy,0) — Pic Xy — H>(Xo, Z).
We thus have to calculate the groups H (X, 0) and H*(Xy, Z).

Theorem 4. The groups H'(Xy, O) vanish for | <v <n-—2.
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Proof. Let S be the finite set of cusp classes of I" and
X=XyUS

the standard compactification of Xy = D/I". There is a long exact se-
quence, which combines the cohomology with supports in S with the
usual cohomology of sheafs

H{(X,0) » H'(X,0) - H"(Xo,0) - H{''(X,0) - H"*'(X,0).
From my paper [1]] the results (Theorem 7.1).
H¢(X,0) ~ H'(X,0)for 1 <v<n

is taken.
An analysis of the proof shows that this isomorphism is induced by
the natural mapping

H¢(X,0) — H'(X,0).
In case of n > 3 we now obtain the exact sequence
0 — Pic X — H' (X0, Z).

Obviously the free rank of Pic X is not smaller than n because the au-
tomorphy factors

I(z M) = (cyz, +d,)* (1<v<n)
are independent of each other. O

Therefore Theorem 3l has been proved if one knows that H*(Xo,Z) 15
is of free rank n. That means

Theorem 5. In case of n > 3 we have

dimc H*(Xo,C) = n, Xo = D/I.
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Proof. We derive the calculation of the 2nd Betti number of X, from
Harder’s investigations on the singular cohomology of Xy = D/T [2]].
This will be explained briefly in the following.
By cutting off cusps we obtain a bounded manifold X* which is ho-
motopically equivalent to X. (The boundary component at the cusp is
given by

n
[[mz=c; c>0)
v=1]
In the paper quoted above, Harder gives a decomposition of the sin-
gular cohomology of X,

H'(Xy,C) = H'(X*,C)
= Hy (X", C) () Hyp (X7, ©) P Hiyp(X7, C).
This decomposition has the following properties:
(1) The canonical mapping
i H (x5, C) » H(0X",0)
defines an isomorphism of Hj,¢(Xp, C) onto the image of ™.

(2) Huniv(Xp, C) is a subring, generated by the cohomology-classes
attached to the universal harmonic forms

dx, N dy,

5 , I<v<n
Yy

(3) The cohomology classes in H(yy,(Xo, C) can be represented by
harmonic cusp-forms (which are rapidly decreasing at infinity).

The image of {* can be represented by means of the theory of Eisenstein-
series. One has

HV

inf

X0, C)=0forl <v<n-1.

16  For the subspace of cusp forms H,,(Xo, C) one has a Hodge decom-
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P9
cusp @ H cusp*

ptq=r

position

This part of the theory coincides with the investigations of Matsushima
and Shimura [3]] who treated the case of a compact quotient D/I". One
has

Hgyip(Xo, €) = 0 for v # n and therefore
H*(D/T.C) = Hi;, (X0, C)(n > 3).

llan
A basis of this vector space is represented by the harmonic forms
dx, A dy,

1<v<n
2
W

O

Remark. The dimension of Hfl’lzp can be calculated explicitly using the
methods of [Il]. One obtains an expression in terms of Shimizu’s rank
polynomials.

3. Line bundles on the standard compactificaiton D/I". Every I'-
invariant divisor Z on H"(n > 3) can be represented by a modular form
of a certain weight r = (ry, ..., r,) according to Theorem 2l
Finally we investigate the problem in which case the weight r satis-
fies the condition
rp=...=rny,.

Firstly, & defines a divisor on Xy = H"/I" which can be continued to a
divisor on the standard compactification X = D/T" due to a well-known
theorem of Remmert.

Then, we call 2 a Cartier divisor, if the associated divisorial sheaf
on X is a line bundle, i.e. for each point x € X (even if it is a cusp) exists
an open neighbourhood U and a meromorphic function f : U — C
which represents Z:

(f)=2/U.

At the regular points, this is automatically the case.
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Theorem 6. In the case of n > 3 the following two conditions are equiv-
alent for a I'-invariant divisor:

i) The divisor 9 is defined by a meromorphic modular form of the
1ype

r

f(Mz) = v(M) n(cvzv +d)?| f@forMeT
v=1

(VM) = 1;r € Q).

ii) A suitable multiple k9, k € Z, of D is a Cartier divisor.

Proof. The condition (ii) is only relevant in the case of cusps. One has
to ovserve that in H"/I" only a finite number of quotient singularities
occur.

Firstly we show 1) = ii).

We may assume that r is integer because we can replace f by a
suitable power. In that case v has to be an abelian character.

This character has — owing to amendment 2 of Theorem [I]— finite
order. Therefore we may assume v = 1.

Let co be acusp of I'.

The form f is invariant by the affine substitutions of I

I et a

and therefore induces a meromorphic function in a neightbourhood of
the cusp, which obviously represents the divisor Z.
i) = 1):
We may assume that & is a Cartier divisor. This means for the cusp:
There exists a meromorphic function
g:U.—»CU.={z€e H;N(Imz) > C}
with the properties

a) gis I'-invariant,

17
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b) (g) = Z in U...

The function i = A is holomorphic and without zeros. The transforma-
8

tion law

12 -1/2,,]1 "

€ € 04 ,

h(ez + @) = v[ 0 i ]]—[ €'h(z)
v=1

is valid. By means of a variant of Koecher’s principle one sees, that the

limit value

Iim h(z)=C

N(Im z)—o0
exists and is finite. |
The same argument also holds for the function — instead of 4. There-

fore C has to be different from zero. It follows that
12 _—1/2 n
€ €' a .
V[O 6—1/2]' |€C=

and therefore
ry=...="ry.

Finally we mention an interesting application without supplying the
proof. O

ConcrusioN 1o TueorREMEL In case of n > 3 we have
PicX =7, X = H"/T" (standard-compactification).

We also have got some information about a generator of Pic X. Choose
a natural number e, such that

v¢ =id forrI.

Then #¢ (# = canonical divisor) defines a line-bundle on X.
This bundle generates a subgroup of finite index in Pic X

N =[PicX : {#",v=0mod e}].
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It is possible to calculate the Chern-class of a generator of Pic X

n

1 e dz, A\ dZ
%e/N - = Sy Y By )
A= omN Z‘ 2

This defines in fact a cohomology class on X.
We now make use of the fact that Chern-classes are always integral,

i.e.
f c(MNyez,

Y

where 7y is a two-dimensional cycle on X. Such cycles can be con-
structed by means of certain specializations. The simplest case is

1 = ... = Zp.
If one carries out the integration, one obtains conditions for N.

Example. If I' If I is the full Hilbert-modular group, then

e/N_ﬂ
f (K )—3NEZ.

1= =2n
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ON THE COHOMOLOGY OF DISCRETE
SUBGROUPS OF SEMI-SIMPLE LIE
GROUPS

By HOWARD GARLAND

1 Introduction

We begin with a classical situation. Thus, let M be a compact Rieman-
nian manifold, let C?(M) denote the space of C* g-forms on M, and
let (, ) denote the positive-definite inner product on C4(M), coming
from the Riemannian metric ds®. Let d : CY(M) — C9*'(M) denote
exterior differentiation, let 6 denote the adjoint of d (with respect to
(, )) and let A denote the Laplacian A = do + dd, Let H? = kernel
(A : CY(M) — C9(M)) then if HY(M,R) denotes the g™ cohomology
group of M with real coefficients, we have the Hodge-deRham Theo-
rem:

H' ~ HI(M,R). (1.1)

At the same time, there is, after lifting to the orthonormal frame
bundle, a well-known decomposition of the Laplacian (see [4]])

A =A% +R.

where (A*®, D), ® € C4(M), is positive semi-definite, and R is de-
fined in terms of the Riemannian curvature. Thus, if (R®, @) is positive-
definite, we have that H9(M,R) = 0, thanks to[[.1] This idea is due to
Bochner. A variant of this idea was applied by Calabi and Weil to the
study of the cohomology of certain local coefficient systems, for the pur-
pose of proving a rigidity theorem for discrete subgroups of Lie groups

21
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(see [11]]). Here, I wish to discuss a method for applying Bochner’s idea
to the study of the cohomology of discrete subgroups of p-adic groups.
In particular, I will introduce a notion of “p-adic curvature”, which plays
a role in cohomology vanishing theorems for discrete subgroups of p-
adic groups, analogous to the role played by R in the argument sketched
above. The details will appear in [7].

We mention that for rank 2 p-adic groups, the p-adic curvature co-
incides with a certain incidence matrix used by Feit, Higman, and Tits
to study finite simple groups (thus they proved the following rigidity
theorem: A finite B — N pair of rank > 3 is of Lie type!). Before giv-
ing a more extensive discussion of the p-adic case, we will begin with
the case of discrete subgroups of real semi-simple Lie groups. This will
motivate the analogy between the real and p-adic cases.

2 The real case

Let G be a real semi-simple, linear Lie group with no compact factors,
let K € G be a maximal compact subgroup, and I' C G a discrete sub-
group such that G/I" is compact. The space X = K/I is topologically
a cell. For simplicity, we assume I is torsion-free. Then the action of
I" on X is free and proper, and hence X — X/I" is a covering. Thus we
have an isomorphism

HYT,B) ~ HY(X/T,R),

where H9(T', R) denotes the ¢™ Eilenberg-MacLane group of I' with re-
spect to trivial action on R. On the other hand, the space X is a Rie-
mannian symmetric space, and hence X/I' is a compact, Riemannian,
locally symmetric space. Hence one is tempted to apply Bochner’s idea,
as described earlier, in order to compute the cohomology groups of X/I".
However, in this case, the curvature form (R®, @) is negative, and hence
Bochner’s idea does not apply—at least not at first glance. Matsushima
was not discouraged by this, and was inspired, in part by the compu-
tation of Calabi and Weil, to develop an ingenious modification of the
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Bochner idea. He then succeeded in calculating H9(X/I',R) in a large
number of cases (see Matsushima [9] and Nagano-Kaneyuki [10]).

To give a rough description of Matsushima’s results, we let X,, de-
note the compact dual of X. Now the group G acts on X (to the right).
We may identify /9, the space of G-invariant differential ¢g-forms on X,
with a space of g-forms on X/I', and we do so whenever convenient. In
fact, making this identification, /7 is contained in the space of harmonic
g-forms on X/I'. On the other hand /7 is isomorphic (in a natural way)
to the space of all harmonic g-forms on X,,, and hence we have a natural
map

¢ : Hi(X,,R) > HY(X/T,R).

Matsushima proved that in a large number of cases the map ¢ is an
isomorphism. Roughly, his idea was the following: he considered the
lift of a harmonic form on X/I'" to G/I', expanded the lifted form in
terms of a basis of right invariant forms, and proved the derivatives with
respect to right invariant vector fields, of the resulting coefficients were
zero, i.e., he applied the Bochner idea to the right-invariant derivatives
of the coefficients.

It is interesting to pursue matters in the real case when I is arith-
metic but I'/I" is not necessarily compact. First, one should remark that
whereas the map ¢ is injective when G/I is compact (this being a con-
sequence of the Hodge theorem), ¢ is not in general injective when G/I"
is not compact. However, I proved that in a large number of cases ¢
is surjective. Thus, if H*(X,,R) = 0, we obtain a vanishing theorem
for H*(X/T",R), and this is how I proved the finiteness theorem for K,
(see [6]). Then Borel proved that in a certain (substantial) range, ¢ is
injective, and thus he obtained the stability theorems (see [1]]).

With a further view to developments in the p-adic case, I will con-
clude this section with some remarks on the proof of surjectivity. The
proof of surjectivity breaks into two parts. The first part is an adapta-
tion of Matsushima’s argument to prove that square integrable harmonic
g-forms on X/I" are in fact in /9 (for those cases where Matsushima’s
theorem holds). The second part is a square integrability criterion: one
shows that for given X and for a certain range of ¢, every cohomology

23
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class in H4(X/T", R) has a square summable representative (see [8]]).

3 The p-adic case

Let &, be a non-archimedean completion of an algebraic number field or
of a function field over a finite field. Let G be a simply connected al-
gebraic linear group which is defined and simple over k&, (the simplicity
assumption causes little trouble, thanks to a spectral sequence argument
of Borel). We let [ = rank;, G, and assume / > 0. Let G = Gy, be the k-
rational points of G. Then G inherits a topology from k,. We let G C G
be a discrete subgroup and for simplicity we assume I is torsion-free.
For the time being, we also assume the coset space I'/G is compact.

Bruhat and Tits have associated a certain simplicial complex J with
G (see [2] and [3]]). Without giving an exact description of the Bruhat-
Tits complex, let us mention some of its properties:

(i) 3 1is contractible.
(i) G acts (to the left, say) simplicially on 3.
(iii))  The action of G on Jis proper.
(iv)  The action of I" on J is free.
(v) TI'/3is a finite complex.
(vi) dim3J =1L (3.1)
We remark that (i) is a theorem of Solomon and Tits, that (iv) is a
consequence of our assumption that I" is torsion-free, that (ii), (iii). (v)
and (vi) are immediate consequences of the definition of I. Also. though
I'/I may not be simplicial, we assume for simplicity that it is. By (i),
(ii1), and (iv), we have

HY(T,R) ~ H(T/3, R).

Serre was the one who observed this isomorphism and of course he also
noted the immediate consequence that

HIT,R)=0, ¢g>1. (3.2)
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On the other hand, from an entirely different viewpoint, Kazhdan
proved that
HY(T'R) = 0, whenever [ > 2, (3.3)

(see D).
From (3.2)), (3.3) and his computation of the Euler characteristic of
I', Serre was led to conjecture that

HIT,R) =0, O0<g<lL
In [7]], we have proved

Theorem 3.4. Given [, there exists an integer N(I) such that if the car-
dinality of the residue class field of k, is at least N(I) , if G is a simply
connected algebraic linear group which is defined and simple over k,,
and such that ranky, G = [, if G = Gy,, and if I C G is a discrete sub-
group such that U'/T is compact, then HI(I',R) = 0,0 < g < [; i.e., Serre
s conjecture holds for T.

Remark . In Theorem 3.4] we do not assume T is torsion-free. In §4|
we shall give an indication of the proof. For the present we mention
that our proof bears an analogy to the real case, and that in particular,
we introduce a notion of p-adic curvature. Our argument then rests on
certain estimates for the eigenvalues of this p-adic curvature. It seems
likely that our restriction on the cardinality of the residue class field is
unnecessary and only results from the fact that our curvature estimates
are not sharp.

4 Square summable cohomology and an indication
of proofs

We shall axiomatize our proof. We continue to use the notation of §3l
In §B3] we mentioned a certain complex I'/J, which for simplicity, we
assumed to be simplicial. Here we drop the assumption that I'/G is
compact or correspondingly that I'/J is a finite complex.

25
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It turns our that we can describe a portion of our arguments in the
following general setting: Let S be a locally finite simplicial complex of
dimension / and assume we are given a strictly positive valued function
A on the simplies of € (A(c) > 0, for every simplex o of €). We shall
refer to A as a Riemannian metric. Furthermore, let v(&) denote the
vertices of S, and assume we are given a partition

W&) = AjU...UAw (4.1)

of v(S) into /+ 1 mutually disjoint subsets, Ay, ... A, such that no two
vertices in the same A; ever span a one-simplex.
Let C4(3) denote the real valued, oriented g-cochains on S, and let

d: Ci(G) - CI* ()
denote the simplicial coboundary. Let
C(®) =P (@) (direct sum).

q=0
Then if ®, ¥ € C(S) we set

@¥= > AOV¥(),
o=simplex of S

whenever the sum on the right converges absolutely. Since ©, ¥ are
defined on oriented simplices, we have to say just how one defines the
right-hand side. For each geometric simplex o, pick an oriented rep-
resentative . Then for such o, set ®(07) = ®(F) and Y(o) = Y(5).
Then the products ®(c")¥(o) do not depend on the choices we made for
oriented representatives, and so the right-hand sum is also independent
of these choices.

We let L9 = L9(®) consist of all ® € C9(®) such that (O, @) < 0.
Then L9(S) is a subspace of C4(S), and is a Hilbert space with respect
to the inner product (,). When & is a finite complex, we have of course
that L9(®) = C4(®) is a finite dimensional vector space.

We now assume

d(LY(6)) c L1*(®)
d: L) - Lq”((ﬁ) is bounded. 4.2)
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Remark. Borel has pointed out that if & = I'/J, then @.2)) holds. Let §
be the adjoint of d. Thus

dD,¥) = (¥,8%), e LI(S), ¥e L‘1“(6). 4.3)
We set
At =6d, A =dd+do,

and we let
H? = (kernel (A)) N L1(©).

The elements of H? are called harmonic (g—) cocycles. From 3]
we have that ® € HY if and only if d® = 6@ = 0. It then follows that
we have an orthogonal direct sum decomposition

LY(S)=H®im d ®im 6. (4.4)
(Here “—-" denotes closure). When @ is finite, (@.4) implies
H? = H1(S, R). 4.5)

We have obtained (#.4)) and (#.3) from our Riemannian metric 1. We
now use the partition (.J)) to develop an analogue of Bochner’s idea.

Thus, foreach a € {1,...,[+ 1}, we define
®(7), 7 has a vertex in A,
Pa(P)(7) = )
0, otherwise,

where of course ® € C9(S) and 7 is an oriented g-simplex. We note

that P,(L9(S)) c LY(S) and that p, : LI(S) — LI(S) is a projection;
i.e., p2 = po and p, is self adjoint. From now on, we regard p, as an
operator on L7(S). We set

dy = peodop,
O =Pa000py, a=1,....01+1.

Then d, and A, are adjoints of one another and

do = dopg, 0¢ = pa 0 0. (4.6)

27
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We set AY = 6,dy, d, = d — d,. Let ® € H?; then a simple calcula-
tion shows that for all «

0 = (6dD, ®) = (A} D, D) — (d,, D, d,, D). 4.7)
It turns out that when S = I'/3, the following also holds (for g > O
do®,d,® = (1 = po)®, D). (4.8)

On the other hand, the operator A} plays the role of a curvature
tensor, and has a nice geometric interpretation. Thus we might ask: If
A} is an analogue of a tensor field, then what is A} “at a point™; i.e., at
avertex v € A,, say?

To answer this question, let X, be the boundary of the star of v. We
define a Riemannian metric A, on X, as follows: If o is a ¢ — 1 simplex
(g>0)in X, we set

A, =) =Av- o).

where v - o denotes the join of v and 0. We let d,, denote the simplicial
coboundary on X, and we let 9, denote the adjoint of d,, relative to the
inner product on cochains defined by 4,. Then A} on C4(S), g > 0, may
be regarded, in a precise manner, as a field of operators assigned to the
vertices of A,; namely, to each vertex v of A,, we assign the operator
0,d, acting on g — 1 cochains of X,. In order to make a more precise
(but slightly different) statement, let ( , ), denote the inner product on
cochains defined by 4,. Also, if ® € CY(S), ¢ > 0, and v € A,, we let
,@ € C77! be defined by ,®(X) = O(v - ). We then have

(AP, D) = Z (6vdy (v D), v D)y (4.9)

veAy

Moreover, if ® € HY, then 6® = 0. Thus the second formula of
(4.6) implies 6,® = 0. This, it turns out, implies that if v € A, and if 2,

'Borel has observed (see [?]) that for any finite simplicial complex &, that if each
A; is a single point (our assumption that 1 + dim © = number of sets in the partition is
unnecessary) and if A(o-) = number of simplices of maximum dimension, with o as a
face, then (&8) holds.
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is ¢ — 1 connected, then the cochain ,® is in the positive eigenspace of
8,d,! Thus, if k, is the minimal positive eigenvalue of 6,d, on C7~1(Z,),
and if

@ : s
K, = min«k K, = MIiNn K
q veAy v a

then (£.9), @.8) and @.7), and our assumption that no two vertices of
A, span a one-simplex, yield

0> (k4 + 1) (po @, po®) — (D, D). (4.10)
Summing these inequalities over all @ we obtain
Theorem 4.11. Let g > 0. Then the inequality
kg >(A-g)g+1)7" (4.12)

implies HY = 0. In particular, if S is finite then (£12) implies H1(G,R) =
0.

Remark. Thanks to (.3), the first assertion of the theorem implies the
second.

S Some further comments on the non-compact case

We continue with the notation of §§3]and [l

Definition. We will say A* is W-elliptic in dimension g, in case there
exists ac > 0 such that

(AT®, D) > (D, D),
for all ® € (kernel 9) N L4.

A direct argument then shows:

Proposition. If A* is W-elliptic in dimension q, then d : Lq — L9*' is 29
closed and H, = {0}.
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But in fact, estimates of the type described in §4 allow us to conclude
that for certain I'/J and for certain g, it is true that A* is W-elliptic in
dimension ¢q. It follows that for I'/J and for certain ¢, one can prove
that every cocycle in L,(I'/3) is cohomologous to zero. In particular,
consider the case when I' € G is discrete and I'/G has finite invariant
volume. Then, since for I'/3 we have now obtained one analogue of
part one of the argument described at the end of §2] we are led to ask
about part two. That is, when is it true that every cocycle in C4(I'/3J) is
cohomologous to a square-summable cocycle? Since we are assuming
I'/G has finite invariant volume, this question is only interesting in the
function field case. The feeling then is that when I is arithmetic, the
answer is always yes. If so, one could obtain the function field analogues
of the results described in §2] for arithmetic groups in the number field
case, provided, one could circumvent the problem that in the function
field case I' need not have a torsion-free subgroup of finite index.
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RECENT DEVELOPMENTS IN HODGE
THEORY: A DISCUSSION OF
TECHNIQUES AND RESULTS

By PHILLIP GRIFFITHS and WILFRIED SCHMID

Introduction

In this paper, we shall review several recent developments in Hodge the-
ory, as applied to the study of the cohomology of algebraic varieties. In
some sense, we are continuing the report [21]] of the first author, in which
the then current work in Hodge theory was discussed without proof and
a number of open problems were raised. Here we shall be concerned pri-
marily with methods of proof, i.e., understanding in as transparent terms
as possible the techniques utilized in this recent work in Hodge theory.
We shall also present some results, due to the second author [41]], which
have just now been published, and shall bring up to date the status of the
problems raised in [21]].

One of the recent developments we shall discuss is Deligne’s theory
of mixed Hodge structures ([12]], [13]], [14]]). In this work, Deligne ex-
tends classical Hodge theory first to open, smooth varieties [13]], then to
complete, singular varieties [14]], and finally to general varieties, also in
[14]]. The heuristic reasoning explaining why such a theory should be
possible is given in [12].

Deligne’s technique is to use resolution of singularities [29], in or-
der to be able in each case to write the cohomology of the variety in
question as being derived from the cohomology of Kéhler manifolds by
homological algebra. Typically this process gives the cohomology of
the variety as the abutment of a spectral sequence whose E; or E, term
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is the cohomology of a smooth projective variety. Thus the E; or E;
term has a Hodge structure, and in order for this structure to survive as
a Hodge structure on E,, inducing the desired mixed Hodge structure
on the cohomology of the variety, it is necessary that the spectral se-
quence degenerates. Following a discussion of the formalism of Hodge
structures and mixed Hodge structures in §1, we have in §2 (a), §4, and
§5 (d) presented several typical degeneration arguments in as direct a
manner as we could.

In §4] we construct the mixed Hodge structure on the cohomology
of the simplest singular complete varieties, namely those having only
normal crossings as singularities. Here the main reason for the various
degeneration theorems can be clearly isolated. The result in §4 stops
far short of proving the existence of a mixed Hodge structure on the
cohomology of a general singular variety [14]. However, it is the method
by which one most frequently calculates this mixed Hodge structure (cf.
[10], for instance), once it is known to exits.

In §5 we have reproved the main result in the open case [13]] from a
more analytic and less homological point of view. Our main idea is, in-
stead of using the customary de Rham complex of C* forms on a com-
pact Kihler manifold, to utilize a larger complex containing L'-forms
with certain precise types of singularities, and where the Gysin map can
be given on the form level preserving the Hodge filtration. This com-
plex is discussed in §2Ib), where it is pointed out that the introduction
of singular forms is necessary in order to have such a Gysin map on the
form level. Operating inside this complex allows us to see clearly the
differentials in the relevant spectral sequence in the open case, and to
conclude the degeneracy result from the principle of two types (§§5(d),
(e).

Section 6 is devoted to some applications of Deligne’s theory. First
in §8la), we give his “theorem on the fixed part”, which is the main tool
in Deligne’s study of the moduli of Hodge structures. Then, in §6(b), we
give a direct proof of an interesting result from [[13]], concerning mero-
morphic differential forms on algebraic verieties; and finally we discuss
an application of mixed Hodge structures to intermediate Jacobians in

§alc).
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The second technique which we shall explore in some depth is the
use of hyperbolic complex analysis, as it applies to variation of Hodge
structure. Hyperbolic complex analysis is the study of the influence of
negative curvature on holomorphic mappings. The classifying spaces
for variation of Hodge structure are negatively curved, relative to the
holomorphic maps which might arise in algebraic geometry (cf. [L1]],
[25]], and §3(a), (b)), and so it is natural to apply the general philosophy
in this case.

Following a discussion of the basic Ahlfors lemma and its variants
in §7(a), we have given Borel’s proof of the quasi-unipotence of the
Picard-Lefschetz transformation in[Z{b); this should illustrate in a sim-
ple fashion the power of the method.

Perhaps the most penetrating use of the philosophy of hyperbolic
complex analysis occurs in the Nevanlinna theory [24]], which affords
a general mechanism for analyzing the singularities of a holomorphic
mapping. Following a preliminary result from Nevanlinna theory in
$8la), we have used this technique to give rather simple, geometric
proofs of Borel’s extension theorem [5]] in §8(b), and of the Riemann
extension theorem for variation of Hodge structure in $8(c).

A final recent development we shall discuss is the work by the sec-
ond author [41] and joint work by him and Clemens [10], concerning the
asymptotic behavior of the Hodge structures on the cohomology groups
of an algebraic variety as it acquires singularities. In §0(a), we have
used the theorem on regular singular points (3] (c)), together with the
Ahlfors lemma, to give an alternate proof of the first theorem from [41]].
This result, the nilpotent orbit theorem, reduces the case of a general de-
generation of Hodge structure to the study of a special king a nilpotent
orbit in a classifying space for variation of Hodge structure. It seems
possible to use Nevanlinna theory in place of the theorem on regular
singular points to prove the same result, but we have not purshed this
here.

The second main theorem from [41]], the S L,-orbit theorem, gives
a detailed and somewhat technical description of the nilpotent orbits
which can come up when a one-parameter family of Hodge structures
degenerates. The proof depends heavily on Lie theory. In §9(b), besides



35

stating the theorem, we describe the observations which originally led
to the proof, as well as to the statement, of the theorem.

Some applications of these two theorems will be mentioned in §T0
we also summarize joint results of Clements and the second author about
the topology of a degenerating family of projective manifolds, which
again are partly based on the two theorems.

We conclude with an appendix, reviewing the current status of the
problems and conjectures contained in the report of the first author.

1 Basic definitions

(a) Hodge structures. Let Hg be a finite dimensional real vector space,
containing a lattice Hz, and let H = Hg ®g C be its complexification.

Definition 1.1. ‘A Hodge structure of weight m’ on H consists of a direct
sum decomposition

H = (X) H", with H" = A"
prq=m
(Barring denotes complex conjugation.)
Remark. The prototypical example is the decomposition according to
Hodge type of the m-th complex cohomology group of a compact Kéhler
manifold. In this case, m, p, ¢ > 0; however, it will be convenient to

admit also negative values for m, p, and ¢. For example, the Hodge
structure of Tate T (1) is defined by

Hz =7, HgR = R, H:C’ m= -2, andH:H_l’_].

For any two Hodge structures H, H’, both of weight m, the direct
sum H @ H’ carries an obvious Hodge structure, also of weight m. Sim-
ilarly, if H and H’ have possibly different weight m and m’,

He® H', Hom(H,H'), A\’H, H*

inherit Hodge structures of weight m + m’, m" —m, pm, and —m, respec-
tively: 4 € Hom(H, H’) has Hodge type (p, g) if A(H™*) c (H")P*"4*¢
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for all 7, s; in particular, this definition applies to H* = Hom(H, C),
with C carrying the trivial Hodge structure of weight 0; H ® H’ can be
identified with Hom(H*, H’), and ®” H induces a Hodge structure on its
subspace APH.

Definition 1.2. A linear map ¢ : H — H'’ between vector spaces with
Hodge structures will be called a morphism (of Hodge structures) if it is
defined over Q, relative to the lattices Hy, H;,, and if o(HP?) C (H")P,
for all p,q. More generally, ¢ is a morphism of type (r,r) if again it is
defined over Q, and if it has type (r,r) when viewed as an element of
Hom(H, H').

As a trivial, but nevertheless important, observation we note that
morphism of type (r, 7) must vanish unless the weights m and m’ of H
and H’ satisfy m’ = m + 2r.

To each Hodge structure H = @)=, H"? of weight m one asso-
ciates the Hodge filtration

H>...cFPFr' o FP c FP* 5. 50 with FP = @5 ,H™ . (1.3)

It may be convenient to visualize the definition by means of the pic-
ture below:

FP va—p+1
A A
- 1 L~ Z o

(p+1,g—1) (g) (P—1,q+1) (p—2, ¢+2)

The Hodge filtration determines the Hodge structure completely,
since
HP = FP N F1 (1.4)

Conversely, a descending filtration {F”} of H arises as the Hodge
filtration of some Hodge structure of weight m if and only if

FPe F" "' 5 H, forall p. (1.5)

Thus one has a 1:1 correspondence between Hodge structures and
Hodge filtrations, i.e., filtrations satisfying (L3).
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In terms of this latter description, a linear map ¢ : H — H’, which
shall be defined over Q, becomes a morphism of type (r, r) exactly when
it preserves the Hodge filtration, with a shift by r; in other words, when

@(FP) c F'P*", for all p. (1.6)

Now let ¢ be a morphism of type (r,r), v a vector in F’7*" N Im .
By decomposing a vector in the inverse image of v according to Hodge
type, one finds that v lies in the image of F”. Thus:

a morphism of Hodge structures of type (r, r) preserves the Hodge
filtrations strictly, with a shift by 7, in the sense that

@(FP) = F'P*" N Im ¢, for all p. (L.7)

We consider a Hodge structure H = &4 ,-,, /1”7 and a bilinear form
Q on H, which shall be defined over Q. Also Q shall be symmetric if m
is even, skew if m is odd.

Definition 1.8. The Hodge structure is polarized by Q if
QHP4, HY 4 =0) unlessp=q, q=p’,
(V=1)P71Q(,v) >0  forve H?, v £ 0.

Apparently, the polarization form Q must be nondegenerate. The
Weil operator C : H — H of the Hodge structure is defined by

C, =(V-1)"1y, forv e HP, (1.9)

In terms of the Hodge filtration and the Weil operator, the two conditions
in[[.8] become equivalent to

Q(FP, F"Pthy =0 }

Q(Cv,7) >0 forv # 0. (1.10)

The example we have in mind is the Hodge bilinear form on the
primitive part of the cohomology of a smooth, projective variety over C,
as will be discussed below.
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It should be mentioned that the operations of tensor product, Hom
exterior product, and duality can also be performed in the context of
polarized Hodge structures. For example, if Q and Q' are polarization
forms for Hodge structures H and H’, then the induced bilinear form on
H ® H’ polarizes the product Hodge structure.

(b) Mixed Hodge structures. The symbols H, Hr, Hyz shall have the
same meaning as in the previous section.

Definition 1.11. ‘A mixed Hodge structure’ on H consists of two filtra-
tions,
Oc...cWu,1cW,cW,C...CH,

the ‘weight filtration’ which shall be defined over Q, and
H>..DFPlSFP S FPHl S 50,

the ‘Hodge filtration’, such that the filtration induced by the latter on
Grp,(W,) = W,,/W,,_1 defines a Hodge structure of weight m, for each
m (the induced filtration on Gr,,(W.) is given by

FP(Grpy(W,)) = Wy O\ FP /Wy N FP).

Remark . The notion of a mixed Hodge structure contains that of a
Hodge structure of weight m as a special case; as Hodge filtration one
takes the Hodge filtration in the old sense, and the weight filtration is
defined by W,, = H, W,,,_; = 0.

According to the definition of a mixed Hodge structure, only the
successive quotients of the weight filtration have direct sum decom-
positions according to Hodge type. However, the following lemma of
Deligne [13]] provides a more subtle global decomposition of H. For
any pair of integers (p, g), we consider the subspace

P9 = (FP A Wpig) N (FI N Wy + F7N O Wyga+

+ Fq_z N Wp+q_3 + .. )
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It is certainly not the case that /77 = [?”, but one does have the con-
gruence /79 = [“Pmod W, », as will follow from the proof of lemma
[L12below. This congruence 174 = [9Pmod W4, explains why every
mixed Hodge structure with a weight filtration of length two splits over
R, into a sum of two Hodge structures of pure weight. This splitting, of
course, may be incompatible with the rational structure. As soon as the
weight filtration has length greater than two, a “general” mixed Hodge
structure will not split over R.

Lemma 1.12 (cf. Lemma 1.2.8 of [13]].). Under the projection W,, —
Grp,(W,), 1P, with p + g = m, maps isomorphically onto the Hodge
subspace Gr,,(W.,)P1. Moreover,

Wm — @p+q<m1p’q’

and
FP =@y, ®, 1™,

Proof. Inview of (L.3)), the definition of a mixed Hodge structure amounts

to the following:

given any v € W, and integers p, g, with p + g = m + 1,

one can write v =v" + ¥’ + u, such that v’ € F¥ n'W,,,

v € F1NW,, and u € W,,_y; this decomposition is unique

modulo W,,,_;. (%)

In order to prove the first assertion of the lemma, we fix m, p, g,

subject tom = p+¢q, and @ € Gr,,(W,)P4. Then a can be represented by
some vy € F” N W, and also by some i1y € F? N W,,. Both are unique
upto W,,_1, and vy = iig + wq, for some wy € W,,_;. By induction on &,
starting with k = 0, we shall find vectors

vi € FP NW,, Wi € W1k

u EFINW,+FI ' AWyo + FI2A Wz +...+ FIF AW,

which will be unique up to W,,_x, such that v represents a, and v, =
iix + wy. For k = 0, this has been done (F4*' c F4!). If vk, ug, wy have
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been picked, we apply @) to wy: we write wi = w) + W} + Wy, with
Wl’c e FPnNWy_1_k, wi € Frkn Wi—1-k» Wir1 € Wy—a—k, uniquely
modulo W;,—>_x. The vectors wii1, Vi1 = v — Wy, U1 = g +w, then
have the desired properties. For large enough k, W,,_1_x = 0; hence «
has a unique representative in /7. We may deduce that

Wy =W 1 ® (®p+q:mlp’q),

and thus W,, = @,44<nI"?. As for the last statement of the lemma, the
sum of the 7”9 is now known to be direct. Also, one containment is
obvious. We consider some v € F?, and we let m be the least integer
for which v € W,,,. The image of v in Gr,,,(W,)) has Hodge components
of type (i,m — i), with i > p, because v € FP N W,,. Subtraction off
components in the spaces I*"~/, with i > p, we can push v into W,,_;.
Continuing with descending induction on m, we find that v € &;5, ®
®,1", as was to be shown.

A morphism between two mixed Hodge structures {H, W,,, F?},
{H', W, ,F'P} is a rationally defined linear map ¢; H — H’, such that
e(W,) ¢ W, and o(FP) c F’P. More generally, a rationally defined
linear mapy : H — H’ will be called a morphism of mixed Hodge
structures of type (r,r) if (W,,) ¢ W/, @(FP)  F'P*", for all p and
m. In this case, the induced mapping

¢ : Gry(W,) — Grm+2r(W:<)

becomes a morphism of type (7, r) relative to the two Hodge structures
of weights m and m + 2r, respectively. |

Lemma 1.13. A morphism of type (r,r) between mixed Hodge struc-
tures is strict with respect to both the weight and Hodge filtrations,
with the appropriate shift in indices. More precisely, g(W;,) = W) N
Imy, o(FP) = F'’’*" N1Im .

Proof. The definition of the subspaces /79 immediately gives the con-
tainments p(/79) C I'P*47" Now letv € W/ NIm g, so that v = ¢(u)
for some u € H. According to (L12),

u= Z uP4, with u?? e P14,
P4
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Then @uP9) € I'P*"™4*" and v = 3, , p(uP?) = inW/ _, . Again appeal-
ing to[L.12] we deduce that ¢(u”?) = 0, unless p + g < m. Hence

V= 4,0[ Z up’q} € o(Wy,).

ptq<m

The case of the Hodge filtration is treated similarly. |

Lemma 1.14. Let ¢ : H — H' be a morphism of mixed Hodge struc-
tures of type (r,r). Then the induced Hodge and weight filtrations put
mixed Hodge structure both on the kernel and the cokernel.

Proof. As for the kernel, given v € ker¢o N W, and any integer p, we
must exhibit vectors

V ekerogN W, N FP, V' ekeron W, N F" Py ekeron W,

=77

such that v = v/ + V"' +u, and these must be uniquely determined modulo
ker ¢ N Wy,—;. The uniqueness already follows from the corresponding
statement about H. Also, there do exist u’ € W,,NF?, "’ € W,,NF"P*!,
such that v = u’ + #’’mod W,,_;. Since ¢(v) = 0, we conclude that ¢(u),
o) € W', . By appealing to (LI2) and decomposing u’ into its
components in the subspaces I C H, we can find u} € W,,_; N F?, so
that o(u’) = @(u}). Similarly, p(u”) = ¢(u|’) for some u} € Wy, N
Fm=P*L The vectors v/ = ' —u/, V' = u”" —u/,w =v—Vv =V
have the desired properties. In order to prove the assertion about the
cokernel, one only has to check one nontrivial fact: if u € W,, N F'P,
ve W, N Fm=r+l andifu+7ve w _ +Img, thenu,v e W _ +Ime.
Using (II2), this can be done, in a manner similar to the argument
above. Details are left to the reader. O

Corollary 1.15. Let (H*,d) be a finite dimensional complex with a
mixed Hodge structure, and such that the differential d is a morphism
of mixed Hodge structures of type (r,r), for some r. Then in induced
filtrations on the cohomology determine a mixed Hodge structure.

As a final remark, whose verification is left to the reader, we want
to add the
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Observation 1.16. Let 0 - H" — H — H” — 0 be an exact sequence
of vector spaces. If two filtrations {W;} and {F?} for H induce mixed
Hodge structures on both H’ and H”, then they determine a mixed
Hodge structure on H itself.

2 Classical Hodge theory

(a) The cohomology of a Kdhler manifold. Let V be a compact, complex
manifold of dimension n, and A*(V) the de Rham complex of C* forms
on v. The decomposition into type

AN (V) =, ,API(V)

reflects the complex structure on V, and via de Rham’s theorem has
implications in the cohomology H*(V, C). However, not very much is
known about this unless V is Kahler, or at least nearly Kéhler. In this
case, there are two main sources for the many profound implications
which the complex structure plus the Kédhler metric have in the coholo-
mogy, and we shall briefly discuss these.

Suppose that ds%, = X; jgijdz;dz; is a Kihler metric with fundamen-

V-1
tal (1,1)-form w = TZ,-, j&ijdz; N\ dZj. The operators

L : AK(V) = A2 (v)
A AR(V) = ARy

are defined by L(p) = w A ¢ and A = adjoint of L = =+ * L, where
% 1 AK(V) = A2K(V) is the duality or “star” operator.
Letting
P: AK(v) = AKv)

be given by P(¢) = (k — n) ¢, the commutation relations

[L,A] =P
[P,L] =2L 2.1)
[P,A] = —2A
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exactly say that we have a Lie algebra homomorphism

p : sl(2) = End(A*(V)),

given by
p(Ey) =L
p(E-) = A
p(H) =P,

where E, = (8(1)), E_ = (?8), and H = ((1)_01) are the usual basis

elements for sl (2). The first main source for the structure on H*(V)
arises from the commutation relation

[p,A] =0 (2.2)

where A = dd* + d*d is the Laplacian associated to ds% Letting
(V) = {p € A*(V) : Ap = 0} be the harmonic forms the Hodge
theorem [44]).

HH(V) = Hpp(V)

together with (Z.2) tells us that p induces a representation
0« & sl(2) = End(H*(V)) (2.3)

on the cohomology level. Applying the standard facts about representa-
tions of sl to p.., one obtains first the so-called Hard Lefschetz theorem

Lk Bk vy S EmR ), (2.4)
and secondly the Lefschetz decomposition
H'(V) = @<ty L P (V), (2.5)

where

"Here we are adopting the viewpoint of Chern (see also [48]), where the proofs
of our statements can be found. Alternate sources are or [47].
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PRV = ker( V) s By 2.6)

is the primitive part of (n — k)th cohomology group.

We shall briefly discuss an application of (2Z.4) and @2.3) to prove
degeneration of a spectral sequence; the argument it due to Blanchard
and Deligne.

Let X be a Kihler manifold (possibly non-compact), S a complex
manifold, and

f:X->S
a smooth, proper holomorphic mappingEl The Theorem of Leray
gives a spectral sequence {E,} with
E}? = HP(S,R} (C))
E. = H*(X)

where the direct image sheaf R;& (C) comes from the presheaf

U — H(f'(U),0).

The theorem asserts that £, = E,.

To prove this, we remark that the Kéihler metric on X induces oper-
ators L, A on the direct image sheaves R;}*(C) which commute with the
differentials in the spectral sequence. In particular, the hard Lefschetz
Theorem (2.4) and Lefschetz decomposition (2.3) become

L*: R7H(C) S RIFH(C)
R (C) = &xL*P?4(C),

where P; 2k = ker{L*! : R” k) - R;’ﬁ“z}. We shall check that
dr = 0, the proof that the hlgher d, = 0 being the same. Using the
Lefschetz decomposition, it will suffice to show that d, = 0 on P’}* kC).

2f : X — § is a differential fibre bundle whose fibres are compact Kzhler manifolds;
cf. Bl for further discussion.
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Now in the diagram

LK+l

HP(S, P}H(C)) HP(S, R}2(0))

: :

HP(S, R () HPP(S, R (C)),

the bottom row is injective by Hard Lefschetz and the top row is zero
by the definition of primitivity. Thus d» = 0.
The second main source for the structure on H*(V) is the relation

Ay =275 2.7)
between the Laplacians for d and 0. It follows from (7)) that
[A7pq] =0 2.8)

where 7, , : A*(V) — AP4(V) is the projection onto the space of (p, q)-
forms. Using (2.8)) and the isomorphism

A (V) = H(V,C),
we obtain the Hodge decomposition

H"(V.C) = (D HP(V),
prg=m
HPU(V) = HPA(V)

where H?4(V) = {¢ € AP : dp = 0} /{dA™ N AP-1}.

In particular, H"(V, C) has a Hodge structure of weight m. Note that
the Lefschetz decomposition is topological, whereas the Hodge decom-
position reflects the complex structure (or the moduli) of V.

Let us assume for the moment that the Kihler metric ds%, is induced
by a projective embedding of V. In this case, the Kéhler operator L, on
the cohomology level, is defined over Q. Since the fundamental form w

3This identity is equivalent to the metric being Kéhlertian
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has Hodge type (1, 1), L turns out to be a morphism of Hodge structures
of type (1, 1). from this, one can deduce that the Hodge structure of
H™(V,C) restricts to a Hodge structure on the subspace P"(V,C). The
Hodge bilinear form

0 : P"(V,C)x P™(V,C) » C

is defined by

Ol [¥]) = ()™ f NN

v

if ¢, ¥ € A™(V) represent [¢], [¥] € P™(V). According to the Hodge-
Riemann bilinear relations [43]],

Q(P™(V) N HPA(V), P™V)nH" 4 (V) =0
unless p =¢’, g = p’, and
(N=1)P"1Q(c, &) > 0if c € P"(V) N HPU(V), ¢ # 0.
Hence:

the Hodge bilinear form Q polarizes the Hodge structure

on the primitive part of the cohomology groups (2.9)

(cf. §1ka)).
There are two applications of (2.7) we want to mention. Define the
Hodge filtration on the de Rham complex by

FPA*(V) = @Ai’*(V).

izp

Lemma 2.10. The exterior derivative d is strict with respect to the
Hodge filtration on A*(V). In other words, if ¢ € FPA*(V) and ¢ = dn
for some n € A*(V), then n can be chosen to lie in FPA*(V).
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Proof. Write ¢ = ¢, + ¢’ where ¢’ € FP*IA*(V). Thendyp = 0 =
d¢p, =0,and ¢ = dn = ¢, = O + dn” for some 17/, "’ Since Ay = Ag
by (2.7), the harmonic space for d is orthogonal to dA*(V), as well as
to A*(V). Thus the d-harmonic part of ¢, is zero, and so ¢, = Oy,
where i, € FPA*(V). Then ¢ — dys € FP*1A*(V), and we may continue
inductively.

Using the general mechanism of the spectral sequence of a filtered
complex, the Hodge filtration on the de Rham complex gives rise to the
Hodge - de Rham sepectral squence {E,} with

E\ = Hy(A"(V),
Esw = Hpp(V).
Lemma 210 is equivalent to the degeneration assertion
E, = E, (2.11)
and implies the Dolbeault isomorphism
HP9(V) ~ H1(V,QP). (2.12)

It also implies that the filtration on H*(V, C) induced by the filtration
FPA*(V) on the C* forms is just the usual Hodge filtration.

The second application of (2.7) which we want to mention is the
following |

Lemma 2.13. If ¢ € AP4(V) is an exact form, then we have both

© = 0n for some ' € AP~ with oy’ = 0; and
¢ =" for somen’ € AP47 with '’ = 0.

Proof. The d-cohomology class of ¢ is zero, and thus ¢ = dn’ where
7 = 0"Gyyp, and Gy is the Green’s operator for d(Gy = Aa‘l) on the
orthogonal complement of the harmonic space [44]). Now 7’ has type
(p—1,9); and 9’ = 0, since [0*,0] = 0 = [Gy,d]. O
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The use of Lemma comes up in the principle of two types:
If [¢] € H™(V,C) can be represented by ¢’ € AP (V), and also by
@’ € AP"4(V) with p’ # p”, then [¢] = 0. In practice, we may
have a “secondary” cohomological construction which involves writing
a cocycle as a coboundary, doing some manipulation, and then arriving
at a cohomology class. This class may turn out to be zero, using 2.13]and
the principle of two types, It is this heuristic reasoning which underlies
the degeneration arguments for the various spectral sequences discussed
in §§4 Bl below.

(b) Some comments about the Gysin mapping. Let V be a compact
Kihler manifold, and D c V a smooth divisor. Applying Poincaré du-
ality to the homology mapping

H,(D)-> H,(V)
induced by the inclusion D C V, one obtains the Gysin map
HYD) L HI (V). (2.14)

Since both the Poincaré duality isomorphisms and i are morphisms of
Hodge structures (of appropriate types), y is also a morphism, of type
(1,1). We shall give a method for computing y on the form level; as it
turns out, this cannot be done in the complex of C* forms, if one wants
to preserve the Hodge filtration. The computation will be useful in §3
In fact, the proof of the degeneration of the spectral sequence used in
putting a mixed Hodge structure on the cohomology of an open variety
will-follow from an obvious extension of our computation of y on the
form level.

(i) DeriNiTION FO GYSIN MAPPING. Let [D] be the holomorphic line bundle
associated to D, o € T'(V,O[D]) a holomorphic section with (o) = D
and |o7| the length function with respect to a fibre metric for [D] — V.
Define

— 1 2
n= Zn\/—_la log ||

_ _ (2.15)
w=0n= \é—__ﬂl(?(') log o]
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wis a C*(1, 1)-form on V, which represents the dual cohomology class
c1([D]) (cf. §0 of [24])). If D is locally given by f = 0, then

1 df
n= vy
2nV-1 f
where 0 is a C*(1, 0) form.

Definition. A*(log(D)) is the sub-complex of the de Rham complex A*(V—
D) generated by A*(V) and n.

+0

A form ¢ € A*(log(D)) may be (non-uniquely) written as
p=aAn+p, (2.16)

where a, B € A*(V). The restriction «@|p is not ambiguous, however.
Hence we may define R : A*(log(D)) — A*"1(D) by

R(p) - alp,’ (2.17)
and let W* c A*(log(D)) be the kernel of R. There is an obvious inclu-
sion '

AX(V)D W,
and we shall prove shortly the

Proposition 2.18. The inclusion i induces an isomorphism on d and 0
cohomology.

Assuming this, the Gysin map on the form level is given as follows:
For a € AP4(D), Choose & € A”4(V) with &@|p = «, and set

y)=d@An) =darn+taAw. (2.19)

If @ is a closed form on D, then y(«) is a closed form in W* and defines
a class
y(@) € H'(W") = Hpp(V),

using (2.18). We claim that this prescription, up to a factor of +1, rep-
resents the Gysin map 2.14).

4A*(log)(D) is a special case of the C* log complex associated to a divisor with
normal crossings, which is discussed in §3](a).
3R is the Poincaré residue operator discussed in §3(b).
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Proof. Given a closed form @ on D and a closed form s on V, we must

show that
fy(a/)/\t//=ifa/\g[/.
1% D

Let T be a solid tube of radius € around D. By (2.19) and Stokes theorem

fy(a/)/\t//=—limf d//\r]/\t,[/=ifa/\t,l/,
v =0 Jar, D
1 .
since lim — f . f(ee)df = £(0) for any C* function f. O
e—0 27 J0

(i) CommenTs. (A) The forms in A*(log(D)) are integrable on V, in the

sense that
| f PAY| < oo
1%

for ¢ € A*(log(D)) and any ¥ € A*(V), and thus they define currents on
V (cf. §2 in [18]]), Now 7 satisfies the equation of currents.

dn =w —{D}

where {D} is the current defined by integration over D, whereas the
forms ¢ € W* satisty

d, in the _ d, in the
sense of currents/ ~ \sense of forms

This is basically the reason why (Z.I8]) holds.
(B) The Hodge filtration F” on A*(V) extends to a filtration

FPW* = @5, W™
on the bigraded complex W*. Since
Hi(A*(V)) = H3 (W)

is an isomorphism by (2.1I8), it follows from the discussion in 2(a) that
the spectral sequence associated to F”W* degenerates at £, and that the
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induced filtration on H*(W*) = H*(V,C) is the usual Hodge filtration.
Referring to (2.19), we see that

FPA*(D) L FPriw™,
which again shows: The Gysin mapping @14) is a morphism of Hodge
structures of type (1,1).

(C) Apropos the comment just made, we can see the necessity for going
outside the class of C* forms in order to give y on the form level. If we
think of D as a C* manifold, then the extension @ of & may be taken to
be closed in a tubular neighborhood of D. Then d(nA&) = wA@—nAda
is C* on V. However, if « lies in the pth level of the Hodge filtration,
then in general we cannot find & which is closed near D and is also in
the pth level; the primary obstruction to doing this is a class in

H*(D, Q0 '[D))

which may not be zero. The complex W* is probably the smallest one
in which vy is defined.

(iii) Proor oF (2.18). First observe that the definition of A*(log(D})) and
W* localize: that is to say, there are obviously defined complexes of
sheaves ./*, o/*(log(D)), and #* on V such that

A'(V) =TV, &)
A*(log(D)) = I'(V, &/ (log(D}))
W =TV, #").

The usual sheaf-theoretic proof of de Rham’s theorem will apply if we
can prove the Poincaré lemma

Lemma 2.20. The sheaf sequences on 'V
0 - C - Woi>”//li>7/2 - ...
P g l J 2
0 - Q) — WP — yYrt — Yyr- —

are exact.

The sheaves .&7*, .&/*(log(D)), #'* all satisfy H?(V;) = 0 for g > 0.
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Proof. The problem is local around a point p € D, where we choose
holomorphic coordinates (z, w) = (z, wy,...,w,—1) on V such that D is
given by z = 0. Sections of #* may be written as (cf. (2.16))

dz
p=aAN—+p
Z
where a, B8 are C* forms, and where (cf. (2.17)

al,=o =0, and

B does not involve dz.
Suppose that dep = 0 and deg ¢ > 0. Write
B=yAdZ+9

where ¢ involves only dw and dw. Then dp = 0 = d,6 = 0 (d,, =
exterior derivative with respect to the w’s), and so 6 = d,,6 by the usual
Poincaré lemma with C* dependence on parameters [[16]. Now

d
go—dé’za//\—Z +pB Adz.
<
where B8 does not involve dz. Again, dp = 0 = d,,8 = 0 and so
d
B =d,0 =y A & (mod exact forms). Write ¢ = ¢' A dZ + ", where
b4
Y involves only dw, dw. Then d,,¢/"" = 0 and ¥"’|,—o = 0. We may write
d
W' = d,n, with n|,—o = 0 [16]], and then subtracting d (77 A —Z) gives
b4
_dz
¢ =TANdZAN— (mod exact forms).
<
Once more d,, v = 0 and so T = d,,w, so that
_ o dz
g0=pdz/\?, dyp = 0.
Now p = p(z, Z), and by the d-Poincaré lemma [39]

pdz = 0, £(0) =0,
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d
so that subtracting d (f A —Z) gives finally that ¢ is exact.
Z

The proof of the d-Poincaré lemma in the present context is done in
the same way, using [39]]. O

d
Remark . The d-Poincaré lemma is false in #*; forms f(Z)—Z, with
<

f(@) =X a,7", are 0-closed but not d-exact.

3 Variation of Hodge structure.

On a compact Kéhler manifold, the Hodge decompositions of the com-
plex cohomology groups reflect the complex structure of the manifold.
Since a Hodge structure is a much simpler object than a global complex
structure, by passing to the Hodge decompositions, one obtains a sim-
plified model of the complex structure of the manifold. In some sense,
this process is analogous to looking at the topology of a space in terms
of its homology. The study of variation of Hodge structure was begun
in [18, [19]]. We shall recall the constructions which are relevant for this
paper. One can approach the subject from several points of view. Each
has its advantages, and so we shall discuss and relate them in the three
parts of this section. One more general comment: For technical reasons,
which will become apparent below, it is necessary to consider the polar-
ized Hodge structures on the primitive parts of the cohomology, rather
than the Hodge structures on the full cohomology. Since the former
completely determine the latter, no information is lost by doing so.

(a) The Hodge bundles. Throughout this section, X and S will denote
connected complex manifolds, and 7 : X — § a holmorphic proper
mapping with connected fibres, which is everywhere of maximal rank.
Moreover, X is assumed to be embedded in some projective space, but
not necessarily as a closed submanifold. Each fibre V; = al(s),seS,
then becomes a projective manifold. WE shall refer to this geometric
situation as a family of polarized algebraic manifoldsﬂ In practice, such

"By the polarization of the fibres V,, we mean the datum of the cohomology class of
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families usually arise as follows: let X and § be projective varieties and
n: X — S aproper algebraic mapping, whose generic fibre is smooth.
If we set S equal to the subset of the regular set of § over which 7 has
smooth fibres, and X = 771(S), we obtain a family of polarized algebraic
manifolds.

Disregarding the complex structures, one may think of 7 : X — S
as a C* bundle. For each integer m between 0 and 2n(n = dimc V), the
direct image sheaf R} (C) is the sheaf of flat sections of a flat complex
vector bundle H”" — §. The fibre of H" over s € S has a natural iden-
tification with H"(V;, C). According to harmonic theory with variable
coefficients [33]], the dimensions of the Hodge subspaces H”*4(V) with
p + g = m, depend upper semicontinuously on s. Since their sum, be-
ing a topological invariant, remains constant, so does each of the sum-
mands. Again appealing to the results of [33]] one now finds that the
Hodge subspaces H”9(V;) are the fibres of a C*-subbundle H”¢ c H™.
As a preliminary definition, which will soon be changed slightly, we set
Fr = ®i>pHi’m‘i. Let T* — S be the holomorphic cotangent bundle,
and

V:O0H") - OH"®T"),

the flat connection of H”. The following result of the first author pro-
vides the starting point of the study of variation of Hodge structures.

Theorem 3.21 ([18]). Each ¥? is a holomorphic subbundle of H™. Fur-
thermore,

VOF?) c OF~' @ TY).

One can paraphrase the second statement roughly by saying that
infinitesimally the subspaces H”4(V) get shifted by a change in indices
of at most one. When it is restated in terms of period matrices, as we
shall do below, it looks like an infinitesimal period relation. For families
of algebraic curves, this condition is vacuous. However, in the general

a projective embedding. Instead of assuming that the total space X lies in some PV, we
only need a polarization for each fibre, which is constant with respect to s, in the sense
that the polarizations form a global of the direct image sheaf R (Z) on S..
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case, it becomes a crucial ingredient of virtually all arguments about
variation of Hodge structure.

The Kéhler operator L : H™(F;) — H"™2(V,) is defined solely
in terms of topological quantities. It therefore extends to a flat bun-
dle map L : H” — H"™*2. Let P™ be the kernel of L""*!  acting on
H™. Then P™ becomes a flat subbundle of H”, whose fibres correspond
to the subspaces P"(V;) ¢ H™(Vy). It is the complexification of a flat
real subbundle Py, and Py in turn contains a flat lattice bundle P7;. In
terms of a local flat trivialization, P"(Vy) N HP4(V) is the intersection
of a fixed vector space with a family of continuously varying subspaces.
Hence the dimension depends semicontinuously on s. The sum of these
dimensions, with p + ¢ = m, equals the dimension of P"(V), which is
constant. We may conclude that P"* " H”»9 has constant fibre dimension,
and is therefore a C*-subbundle of P". Changing notation, we now set

F? = @5,P" NH"".
From (3.21), one immediately deduces the two analogous statements

F? is a holomorphic subbundle of P”, and

VOFP) c O(F'~' @ T*). 3.2)

Finally, since the Hodge bilinear form Q does not depend on the com-
plex structures of the fibres, we may view it as a flat bilinear form on the
bundle P™.

For some applications, it is convenient to consider collections of
vector bundles with the various properties mentioned above, even if the
situation does not arise directly from a family of algebraic manifolds.
We gather the ingredients in the form of a definition. Let S be a complex
manifold. By a variation of Hodge structure, with base S of weight m,
we shall mean a collection of the following data:

(1) a flat complex vector bundle H — §, containing a flat, real sub-
bundle Hp, so that H is the complexification of Hg, together with
a flat bundle of lattices Hz C Hg;

(ii) aflat bilinear form Q : Hx H — C, with Q(f, e) = (-=1)"QC(e, f),
which is rational with respect to Hy;
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(iii) a descending filtration of H by a family of holomorphic sub-
bundles H 5 ... > FP! 5 FP 5 FPt! 5 ... 5 0, so that
VO(FP) 5> O(FP~! @ T*);

these data have to satisfy the conditions that at each s € S, the fibres of
the {F7”} at s define a Hodge structure of weight m on the fibre of H, and
this Hodge structure is to be polarized by Q.

The bilinear form Q determines indefinite Hermitian metrics on the
bundles {F7}. It is thus possible to apply the methods of Hermitian dif-
ferential geometry, as was done by the first author in [19]. We shall take
up these matters again in §10.

(b) Classifying spaces and the period mapping. Not surprisingly, the
bundles {F”} of a variation of Hodge structure can be realized as the
pullbacks of certain universal bundles over a classifying space. This
classifying space parametrizes the polarized Hodge structure on a fixed
vector space. In order to recall the construction, which was given in
[18]], we consider a finite dimensional complex vector space H, with a
real form Hgr C H and a lattice Hz C Hg. We also fix an integer m and
a rationally defined bilinear form Q on H, which shall be symmetric
if m is even, and skew if m is odd. Next, we let {#”7} be a collection
of nonnegative integers, corresponding to pairs of indices (p, g) with
p + q = m, such that h%? = k> and Th?? = dim H. By D, we denote
the set of decreasing filtrations

H>..oFP'SFPSFrtl S 50
which satisfy the two conditions

a) dmFP =y, hi”""',}

(3.3)
b) Q(FP,Fm=r+ly = .

In a natural way, D lies as a subvariety in a product of Grassmann
varieties. By elementary arguments in linear algebra one finds that the
algebraic group

G¢ = orthogonal group of O
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=T € GIH)|Q(Tu,Tv) = Q(u,v) forallu, ve H}  (3.4)

operates transitively on D. In particular, D) cannot have any singularities;
it is a projective manifold. The subset D of all those points in D) which
correspond to filtrations {F”} with the property

(N=12""Q@, %) > 0if ve FP N F"P, v #0, (3.5)

is open in the Hausdorff topology of D. Hence D inherits the structure of
a complex manifold from D. Any filtration {F*} belonging to a point D
automatically satisfies (I.3), and therefore determines a Hodge structure
of weight m on H for which Q is a polarization, and such that dim H?¢ =
hP4. We call D a classifying space for polarized Hodge structures, and
D its dual space.

Almost by definition, the trivial vector bundle H = D x H over D is
filtered by decreasing family of holomorphic subbundles

Ho..ODOF'SFSEP 5. 50

whose fibres over any point of D constitute the filtration of H corre-
sponding to the point in question. Let V be the trivial flat connection
on H, and x a point of D. We shall say that a tangent vector X at x is
horizontal if

V,.O(F?), c OF"™"),, forall p. (3.6)

The transitive action of G¢ on D lifts to the family bundles {F”} and
the tangent bundle. This action maps horizontal tangent vectors again
to horizontal tangent vectors. In particular, the spaces of horizontal tan-
gent vectors at the various points of D have constant dimension, and
they fit together, to form a G¢-invariant, holomorphic subbundle of the
holomorphic tangent bundle T — D. We shall call it the horizontal tan-
gent subbundle, Tj. A holomorphic mapping f of a complex manifold
S into D, or into the open submanifold D c D, is said to be horizontal if
the induced mapping f; between the tangent spaces takes values in the
horizontal tangent subbundle.
Let Gr € G¢ be the subgroup of real points,

GRr = {T S Gc|THR C HR}. (3.7)
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The action of GRr preserves D C D. By arguments in linear algebra
(cf. [18]), one can show that Gg acts transitively on D. Thus D has the
structures of a homogeneous space, and this is the key to understanding
all of the more subtle properties of D. In order to realize D as a quotient
space of G, we fix a base point, or origin, 0 € D. It corresponds
to a filtration {F’ (’)’ } of H, the reference Hodge filtration, which in turn
determines the reference Hodge structure {Hg’q}. The automorphism
group G¢ of D operates with isotropy group

Bc = (T € G¢|TF{ c F} for all p} (3.8)

at 0; Bc is a parabolic subgroup of G¢, and one has the identification
D = G¢/Bc. We denote the group of real points in B¢ by V, i.e.

V = B¢ N GR. (3.9

Then V is the isotropy subgroup of Gr at o, and D =~ Ggr/V. Under
these identifications, the inclusion D c D corresponds to

D ~Gr/V = Gr/Gr N B¢ = G¢/Be = D. (3.10)

Let Cy be the Weil operator of the reference Hodge structure, so that
Cov = (V=1P9yifve Hg’q. Since V commutes with complex conju-
gation, it fixes not only the filtration {F g }, but also the reference Hodge
structure, and therefore also the positive definite hermitian form

(u,v) = Q(Cou,v), u, veH.

Hence:
V is a compact subgroup of GR. (3.11)

As an arithmetic subgroup of Gg,
I'=Gz = {T S GR|THZ C Hz}

is discrete in Gg. Coupled with (3.I1)) and the identification D ~ Gr/V,
this shows:

I' operates properly discontinuously on D. (3.12)
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In particular, the quotient I' D has the structures of a normal analytic
space. If we had considered arbitrary Hodge structures, rather than po-
larized Hodge structure only, the analogous statements would be false.
Before coming back to the properties of the classifying space D,
we recall the definition of period mapping. Let (H, F?) be a variation
of Hodge structure, of weight m, with base space S—for example, the
variation of Hodge structure corresponding to the mth primitive coho-
mology groups of the fibres of a family of polarized algebraic manifolds
m: X — §. The pullback of the flat vector bundle H to the universal
covering § of S is canonically trivial. Thus it makes sense to talk of the
fibre H of this pullback. The flat bundle H — § is then associated to
the principal bundle 711(S) — S by a representation ¢ : 71(S) — GI(H).
The flat subbundle Hg c H, the flat lattice bundle Hz c Hg, and the
flat pairing Q : H X H — C correspond to, respectively, a real form
Hy C H, alattice Hz C Hg, and a bilinear form Q on H. All of these
objects are preserved by the representation ¢, so that ¢ takes values in
I' = Gz. The bundles F” — § pull back to holomorphic subbundles of
the trivial bundle H x S. At each point of §, the fibres of these pullbacks
determine a filtration of H, which corresponds to a Hodge structure of
weight m on H, with polarization Q. For these Hodge structures, the
dimensions A”9 = dim HP*Y are constant. We now consider the classi-
fying space for Hodge structures D which corresponds to the collection
of Hodge numbers {h”9}. For each s € §, the Hodge structure deter-
mined by s corresponds to a definite point in D. This gives a mapping
F : § — D. As a direct consequence of the definition of the complex
structure of D, F is holomorphic. Also the condition (iii) for a variation
of Hodge structure ensures that F is a horizontal mapping. Next, if the
points s, s’ € § are related by an element y of the fundamental group of
S,and if T = go(y)ﬁ then the Hodge structures corresponding to s and
s are related by T : i.e. F(s") = TF(s). In particular, when F is com-

8For example, if the variation of Hodge structure arises from the mth primitive co-
homology groups of the fibres of a family of polarized algebraic manifolds 7 : X — A*
parametrized by the punctured disc A", and if ,er (A") is the canonical generator,
T = ¢(y) represents the action of y on the mth primitive cohomology group of a typical
fibre V. This element 7 is usually called the Picard-Lefschetz transformation.
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posed with the projection D — I'/D, the resulting mapping becomes
m1(8)-invariant. Thus we obtain a mapping f : S — I'/D, which is the
period mapping of the variation of Hodge structure. As follows from
the construction,

the period mapping is holomorphic, locally liftable,
and it has horizontal local liftings. (3.13)

By “locally liftable” we mean that f, restricted to any sufficiently small
open set in S, factors through the projection D — I'/D.

This process, which associates to a variation of Hodge structure the
period mapping, can almost be reversed. Let f : § — I'/D be a mapping
of the connected complex manifold S into I'/ D, with all of the properties
mentioned in (313). Then there exists a holomorphic horizontal map F :
§ — D, which makes the diagram

S _r D
"

S ——TI/D

commutative. Moreover, for each y € m1(S), one can choose an element
T, €T, so that
F(yS) = T,F(s), forall s€ §.

Since I' does not operate fixed point-free, 7, may not be uniquely de-
termined by y, in which case y +— T, need not be a representation of
m1(S). However, if there does exits a homomorphism ¢ : 71(S) — T,
with ¢(y) = T, for suitable choices of T, then ¢ will determine a flat
bundle H — §. All the other ingredients of a variation of Hodge struc-
ture can now also be reconstructed; details are left to the reader.

We briefly mention the classical situation, which has motivated the
study of variation of Hodge structure. Let 7 : X — S be a family of prin-
cipally polarized, g-dimensional abelian varieties, or of non-singular al-
gebraic curves of genus g. The classifying space fot the Hodge struc-
tures on the first cohomology groups is then the Siegel upper half plane

This cannot happen if f is “sufficiently general”.
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H,, the discrete group I' is the Siegel moduler group, and the period
mapping f : S — I'/H, associates to each fibre of the family the usual
invariant in the quotient I'/ H,.

The Siegel upper half plane, as is well known, has a realization as a
bounded symmetric domain. The classifying space for the Hodge struc-
tures on the cohomology of algebraic K3 surfaces also has this property;
it is a hermitian symmetric domain of type IV. In general however, D
may be very far from being a boundee domain. In fact, D will usually
not have any nonconstant holomorphic functions. On the other hand,
the classifying spaces behave somewhat like bounded domains, as far as
horizontal mappings into them are concerned. The important feature is
the existence of a metric which is negatively curved in the horizontal di-
rections. How this affects mappings into D will be taken up in §7. Here
we shall only give a precise statement about the metric in question, to
which we can refer later.

Proposition 3.14. Let D be a classifying space for Hodge structures.
Then there exits a Gr-invariant hermitian metric on D, whose holomor-
phic sectional curvatures in all horizontal tangent directions are nega-
tive and uniformly bounded away from zero.

A general discussion of the manifolds which can arise as classifying
spaces for Hodge structures is contained in [25]. The proposition is
proven in §9 of that paper. Deligne has given a short, self-contained
proof in [I1]]. Incidentally, in order to have results like (3.14), one is
again forced to look at polarized Hodge structures.

proof in [I1]]. Incidentally, in order to have results like (3.14), one
is again forced to look at polarized Hodge structures.

In some applications of the theory of variation of Hodge structure,
one is confronted with technical problems of the following type: If E —
D is a homogeneous, holomorphic vector bundle@, and if the restriction
of E to D carries a Gg-invariant metric, how does the metric behave as
one approaches the boundary of D? In order to illustrate the kind of
arguments which are made possible by the homogeneous structure of D,

10§ e. a vector bundle to which the action of G on D lifts.
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we shall look at this question in particular; the answer will also be of
use elsewhere in this paper.

Some preliminary remarks are needed. We recall the identification
D ~ G¢/Bc. A holomorphic representation 7 : B¢ — GI(E) associates
a vector bundle E to the principal bundle Bc — G¢ — D. Its total space
can be identified with G¢ X E/ ~, with the equivalent relation ~ defined
by (g1, be) ~ (g,e) if b € Be. The action of G¢ on the first factor of
G¢ X E then induces an action on E and turns E into a homogeneous
vector bundle. Conversely, every homogeneous vector bundle arises in
this fashion. The restriction of E to D ~ Gg/V may be thought of as the
vector bundle associated to the principal bundle V — Gr — D by the
representation 7|y. Because of the compactness of V, one can choose a
V-invariant inner product on the vector space £. When E is identified
with the fibre of E over the origin, by translating the inner product via
GR, one obtains a Gr-invariant metric on B — D. It should be pointed
out that any two Ggr-invariant metrics will be mutually bounded.

We are interested in comparing a Ggr-invariant metric to a global
Hermitian metric of E over D, near the boundary of D. Since D is
compact, the choice of a global metric will not matter. However, there
exist metrics with which one can calculate particularly easily, because
they are derived from the homogeneous structure of D). We shall proceed
to describe them. As before, Cy shall denote the Weil operator of the
reference Hodge structure. Then

(u,v) = Q(Cou,v), u,veH, (3.15)

defines a positive definite inner product on H. Let M C G¢ be the
intersection of G¢ with the unitary group of this inner product; it is a
compact subgroup of G¢. One can check directly that

dimR M = dimc GC = dimR GR. (3.16)

Next, we claim that
MNBc =V, (3.17)

in fact, every g € M N B¢ leaves both the reference Hodge filtration
and the inner product (3.13)) invariant, and must therefore also keep the
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Hodge subspaces of the reference Hodge filtration fixed. In particular,
g commutes with Cy. Thus g preserves the Hermitian form Q(u, ¥), as
well as the bilinear form Q. This is possible only if g € GR, so that

MNBcCGrNBe=V.

The reverse containment is clear, and (3.17) is proven. Then M-orbit of
the origin in D can now be indentified with M/V; because of (3.16), it
has the same dimension as D ~ Ggr/V and must be open in D. On the
other hand, the compactness of M forces the orbit to be closed. Thus

M operates transitively on D, with isotopy group V.
at the origin, so that D ~ M/V. (3.18)

Just as a V-invariant inner product on E gives rise to a Gg- invariant
Hermitian metric for E — D, such an inner product can be translated
around by M, to give an M, to give an M-invariant Hermitian metric for
E over all of D.

We now consider two Hermitian metrics /iy, hp for E of which the
first is Gr-invariant and defined over D, and the second M-invariant and
defined over all of D. We also assume that the two metrics coincide on
the fibre over the origin. Let x be a point of D and e a vector in the fibre
of E over x. We can write x as the g-translate of the origin, for some
g € GR, and also as the m-translate of the origin, for some m € M. Since
Bc is the isotropy subgroup of G¢ at the origin, g = mb, with b € Bc.
In order to compute the H;-length of e, we may translate e by g~! to
the origin and compute the length there. Similarly, the /h,-length of e
is the length of its translate by m~! at the origin. It follows that /; and
hy at x are mutually bounded by, respectively, the operator norm of 7(b)
and the operator norm of 7(b!), relative to the V-invariant inner product
on E which corresponds to the two metrics. The matrix entries of 7(b)
and 7(b~") are rational functions of those of b, when b is viewed as an
element of the matrix group G¢. Because of the compactness of M, the
matrix entries of b = m~!g are bounded by a constant multiple of the
largest matrix entry of g. For any g € GR, we let ||g|| denote the operator
norm of g on H, relative to some inner product on H. According to what
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has been argued above, the metrics 4| and &, on the fibre of E over x
must be mutually bounded by a constant multiple of a suitable power of
llgll. Clearly this remains correct if we replace #; by any Ggr-invariant
metric and s, by any global Hermitian metric for E over all of D. We
have proven:

Lemma 3.19. Let E — D be a homogeneous holomorphic vector bun-
dle, hy a Gr-invariant metric for the restriction of E to D, and hy a
global Hermitian metric for E over D. There exist constants C, N with
the following property : if x € D is the g-translate of the origin, with
g € G, then each of the two metrics hy, h at x is bounded by C||g|[
times the other.

In order to make the lemma useful, one has to know how ||g|| grows
as the point x approaches the boundary of D. For this purpose, we recall
some standard facts from the theory of symmetric spaces Let Gg be
a semisimple matrix group, and K C Gr a maximal compact subgroup.
The quotient Ggr/K then carries a Gr-invariant, Riemannian metric ds?,
which is essentially unique. In the Lie algebra of gy of Gg, the subagebra
tp corresponding to K has a unique Ad K-invariant complement pg. We
now choose a maximal abelian subspace qp in py, and we denote the
subgroup exp ap of Gg by A. All elements of A act semisimply, under
any finite dimensional representation of Gg. One then has the (non-
unique) decomposition

GrR=KAK. (3.20)

Moreover, with respect to a suitable Euclidean metric on ao

X +— exp XK is a locally and globally isometric,
totally geodesic embedding of A in Gr/K. (3.21)

In our situation, as the “orthogonal group” of a nondegenerate, sym-
metric or skew symmetric bilinear form, Ggr will certainly be semisim-
ple. Because of (B.I1)), there exists a maximal compact subgroup K of

""Helgason’s book [27] is a good reference.
12If the Riemannian structure ds® is the one corresponding to the Killing form, the
restriction of the Killing form to ap will be the “suitable Euclidean metric”.
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GRr which contains V. Relative to any two Gg invariant metrics, the
projection
D ~ Gr/V — Gr/K (3.22)

is bounded. Let x € D be the g-translate of the origin, with g € GR.
We write g = kjaka, ki, k, € K, a € A. According to (3.2I) and the
boundedness of the projection (3.22)), the Euclidean norm of log a is
bounded by some multiple of the distance pp(x, 0). The abelian group A
can be simultaneously diagonalized, because all of its elements operate
semisimply. Hence the operator norm of a cannot exceed some multiple
of a suitable power of exppp(x,0). Since g = kjak;, and since K is
compact, this gives the same kind of estimate also for the operator norm
of g. Thus:

Lemma 3.23. There exist positive constants B, M, with the following
property: if x € D is the g-translate of the origin, with g € GR, then

ligll < Bexp M,,,(X,0).

With this lemma, the comparison of the metrics in (3.19) can now
be rephrased in a more intrinsic manner.

(¢) Period matrices. In his book [30] on harmonic integrals, Hodge
phrased his results on the cohomology of Kihler manifolds in the lan-
guage of period matrices. For some questions, such as computations of
specific examples, it is useful to be able to think in this way, and so we
shall give a brief “dictionary”, relating the preceding discussion to the
language of period matrices. This description of Hodge structures will
be used in §§8, 9 below. We conclude this section with a proof of the
theorem of the regularity of the connection on the Hodge bundles.

Let us consider a polarized Hodge structure {H”-4} of weight m on
the vector space H, with polarization form Q. Once and for all, we
assume that H”¢ = 0 unless p,q > 0. Also to simplify the discussion,
we shall limit ourselves mainly to the case when m = 2, with only some
parenthetical remarks about the general case. Under these hypotheses,
the Hodge filtration has length 2:

H=F'>F'>5F>>0. (3.24)
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For 0 < k < 2, F¥ and F3~* are perpendicular with respect to Q. On the
other hand, Q is nondegenerate, and F* and F3>* have complementary
dimensions, so that F37% = FkL As an immediate consequence, we see
that 2 already determines the remaining subspaces We now let the
polarized Hodge structure vary, keeping the polarization form Q and the
Hodge number r = dim H>? = dim H%? and s = dim H"! fixed. The
points of the dual space D of the classifying space D then correspond
exactly to the subspaces

F? c H, with dim F? = r, Q(F?,F?) = 0. (3.25)

Such a subspace can be completed to a filtration (3.24)) by setting F' =
F?L. The subspace belongs to a point of D when the appropriate positiv-
ity conditions are satisfied. In our special case, they can be compressed
into the single condition

—Q,¥) > 0ifve F2, v#0. (3.26)

Indeed, by conjugation, the condition on H%? follows from (3.26), and
the condition on H! = (H*° ® H%?)* is automatic, since Q has exactly
s positive eigenvalues.

In order to represent the points of D and D by period matrices, we
pick a basis {ey,...,ey s} of the lattice Hz, and we denote the dual
basis by {A', ..., 2%*5}. Relative to the basis {¢;}, the bilinear form Q
is specified by a (2r + s) X (2r + s) matrix, which we shall also call Q.
Given a subspace F' 2 as in (3.23)), we choose a basis {vy, ..., v,}, and we
let Q be the (2r + s) X r matrix whose (i, j)-entry is (', vj); this is the
period matrix of the Hodge structure in questio It clearly determines
the Hodge structure completely. Every nonsingular (2r + s) X r matrix
Q which satisfies the first of the two bilinear relations

‘000 = 0}

1000 > 0 527

31n general, it suffices to know F¥, for [m/2] + 1 < k < m; if k < [m/2], F* is then
determined by F* = (F"*h*,

"4For arbitrary m, one obtains a collection of [(m+1)/2] period matrices, correspond-
ing to the subspaces F*,[m/2] +1 < k < m.
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corresponds to a point of D. If it satisfies the second relation as well, hen
it is the period matrix of an actual Hodge structure. Two such matrices
Q and Q' belong to the same point of D, or of D exactly when Q' = QA,
for some invertible r X r matrix A. This equivalence relation reflects
the freedom of choice of a basis of F2. In the preceding discussion, the
basis {e;} of Hz has been kept fixed; changing it has the effect of pre-
multiplying the period matrices by the transpose of the change-of-base
matrix.

The set of tall nonsingular (2r+ s) X r matrices €2, modulo the equiv-
alence relation Q ~ QA, is a particular realization of the Grassmannian
Gr(r,2r + s) of r-planes in CZ+5_ The first of the two bilinear relations
(B27) exhibits D as a sub-variety of this Grassmannian. By associating
to each nonsingular matrix Q the Pliicker coordinates

Qiy .. Qi
Qila---sir = det E ’
Q1 ... Q.

one obtains the Pliicker embedding of Gr(r, 2r + s), and thereby also of
its subvariety D, in the projective space of dimension (er-i- %)= 1. The

set of period matrices forms the total space of a holomorphic principal
bundle over D, with structure group Gl(r, C). The character of Gl(r, C)
induces a holomorphic line bundle L. — D, whose space of sections has
the Pliicker coordinates €;, ;. as a basis.

Like any principal bundle, the bundle of period matrices has local
section. Hence every holomorphic mapping f : § — D can be repre-
sented locally by a holomorphic, matrix-valued function Q(s), s € S,
whose values satisfy the two bilinear relations (3.27). The mapping f
is horizontal exactly when the column vectors of d€2 correspond to one-
forms with values in F! = F21; in other words, when

'Q(>5)QdQ(s) = 0, (3.28)

which looks like an infinitesimal period relation.
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We now consider a variation of Hodge structure with base S 12 or,
more concretely, the periods of holomorphic two-forms for a polarized
family of algebraic manifolds 7 : X — §. We fix a base point sg € S,
and we choose a basic {e;} of the fibre of Hz over sy. In the geomet-
ric situation, this amounts to choosing a basis for the primitive part of
H,(Vy,, Z). Displacing the e; horizontally, we obtain a flat frame {e;(s)},
s € §, for the pullback of Hz to the universal covering § of S. If
p:m(S) = Gz = SO(Q,7Z) is the representation corresponding to the
flat bundle H — S, one finds that

ei(ys) = o(y)ei(s), whenever y € m(S), s€S. (3.29)

It may be possible to find a holomorphic frame {o1, ..., o} of the bun-
dle F> — S, although usually only outside of a subvariety of S. By
pairing the os with the dual frame to {e;(s)}, we obtain a holomorphi-
cally varying period matrix Q(s), s € §, which describes the period
mapping% The transformation property implies

Q(ys) = p(y)Q(s), fory e m1(S), se§. (3.30)

Equivalently, we may think of Q(s) as a multiple-valued tunction on §.

We shall use the language of period matrices to sketch a proof of
the theorem on regular singular points. Let 7 : X — A* be a family of
polarized algebraic manifolds over the punctured disc A* = {z € C|0 <
|z] < 1}, which can be continued to a family 7 : X — A over the entire
disc A, by inserting a possibly singular fibre over the origin. For any
m between 0 and the fibre dimension, we consider the period mapping
f S — M =T/D which corresponds to the m-th primitive cohomology
groups.

Theorem 3.31. (Regular singular points ). The period mapping can be
represented by holomorphic, multiple valued period matrices {t € A*},

15The assumptions made at the beginning of this section still apply.
+1
1%For a general m, this process yields a collection {€2;(s)} of [mT] matrix valued

functions.

"The theory of differential equations with regular singular points arising in algebraic
geometry is discussed extensively in where several different proofs of the regularity
theorem are given.
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which satisfy the estimate
@Il < Cle™
in the slit disc 0 < argt < 2m.

Remark . For a more concrete statement of the theorem, one should
mention which choice of a holomorphic frame of the bundles F” — A*
gives period matrices with this property. This will be done in the course
of the argument.

SkETCH OF PROOE. We will discuss how one proves the theorem for
m = 2, i.e. for the periods of the holomorphic two-forms, referring to
the reference cited in footnote (17) for the general argument. Our proof
will be analytic, but it is worthwhile remarking that a purely algebraic
argument has been found by Katz [31]].

By assumption, there is a projective embedding X ¢ PV. Standard
arguments involving the Lefschetz theorem allows us to replace V; =
7~ 1(¢) by a surface lying in VB, and so we shall assume that the V, are
algebraic surfaces. A generic projection X — P3 will now realize the V,
as hypersurfaces in P3 given by a single polynomial equation of fixed
degree

P(x,y,z;1) =0, (3.32)

where the coefficients of P are holomorphic functions of ¢ € A. For this,
we may have to shrink the disc A. The arguments given by Landman
[33] show that we may assume that the surface has at most ordi-
nary singularities for t # O The holomorphic 2-forms on V; are given

by
_ 0(x,y,z;)dx A dy
2 (x,y,z:1)

3The point is that, if dim V, = n, and if S; = V, N P"~2 is a generic intersection, then
there is an injection
H(V,,Q) = H*(S,,0)

9Families of surfaces with ordinary singularities are discussed in Appendix Ii to
[19].
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where Q(x, y, z;¢) is a polynomial of degree 6—4 vanishing on the double
curve of V£ Since dim H>%(V,) is constant, if follows that we may
choose a basis

Q;(x,y,z;)dx A dy

oP .
B—Z(X,y, z; 1)

wj(t) = (3.33)
for H>O(V,), where the Q i(x,y,2;1) are polynomials of degree 6 — 4
whose coefficients are holomorphic functions of ¢ in the whole disc A,
again possibly after shrinking A. We may think of the w;(f) as an alge-
braic framing for the vector bundle F> — A*. In more sheaf-theoretic
terms, the w(#) are rational sections of the coherent sheaf over A,

0 2
Ry (Qxn)

which give a basis for each fibre R%(Qi / it # 0). Tt is this latter
language which forms the natural setting for the generalization of our
argument to Hodge structures of arbitrary weight.

Now choose a basis ey, ... ey, for the primitive part of H>(Vy,, Q).
The cycles e; displace in a multiple-valued fashion to give cycles e;(t)
all fibres V(¢ # 0). Moreover, by considering the “collapsing map”

VI - VO’

the cycles ¢;(f) will tend to cycles e;(0) on Vy, and during this process
the volumes of the e;(r) will remain bounded (cf. the explicit description
of the ¢;(r) given by Landman [33]]). It is now clear that the integrals

satisfy the estimate
[ w0y =0

ei(t)
on any section 0 < argt < 2. The period matrix

Q) = (f a)j(t))
e;(1)

describes the period mapping, and so we have proved the theorem.

20This is classical; cf. the reference cited in footnote (19).
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4 Varieties with normal crossings.

As was mentioned in the introduction, Deligne has put functorial mixed
Hodge structures on the complex cohomology groups of a projective
variety [14]]. The construction involues a substantial amount of homo-
logical algebra. However, the mixed Hodge structures can be described
very concretely in one special case, namely that of a variety with normal
crossings. According to Hironaka [29], a suitable modification of an ar-
bitrary variety has this form. For many applications, the knowledge of
the general existence theorem, together with the concrete description in
the case of a variety with normal crossings, suffices already.

(AppED IN PrROOF: Recent notes by M. Anderson at the [.A.S. give a
proof of Deligne’s general result, extending the methods of this section.)

Thus we consider a compact analytic space V, which can be realized
locally as a union of coordinate hyperplanes

(@ z) €C Mz 2o =0, [zl <€) (4.1)

We assume moreover that globally V = D; U ... U Dy, where the D are
compact Kihler manifolds meeting transversely, as in ..

Proposition 4.2. On H*(V,C), there exists a mixed Hodge structure,
which is functorial for holomorphic mappings between compact analytic
spaces satisfying the above two conditions.

As a corollary to the proof, we will find that the weight filtration on
H™(V, C) has the form

ObcWocW,cC...CcW,_1 CW,, =H"(V,C);

in particular, /”4(H™(V,C)) = O unless p,g > O and p + g < m. The
same restrictions apply to the mixed Hodge structures on the cohomol-
ogy of a general projective variety.

The proof will be given in several steps.

Step ONE. We recall the spectral sequence of a double complex [[17].
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72 4 VARIETIES WITH NORMAL CROSSINGS.
Let A™ = @ 4>0A" be a bigraded vector space and assume given

d:AP9 — AP g2 = ()
51 AP — AP 52 = (4.3)
ds +6d = 0.

Then one may consider the total differential D = d+¢ : A* — A*, where
A% = @,,,-1AP4. There is a spectral sequence {EX*} with

Ey\ = H)(A™);

Ey = Hy(Hy(A™)); @.4)
dy = ; and

E. = Hp(A™).

Here the filtration on Hj)(A**), with associated graded E, is in-
duced from the filtration W, = ®,<,A”", on A™*

Step Two. For each index set I = {iy,...,i,} C{l,..., N} we set

D1=Dilﬁ...ﬁD

lg>

11l = q,
pll = u D; (disjoint union).
1I1=q

Each D9 is a compact Kihler manifold, and we define
AP4 = AP(D[q]),

where A*(D!9)) is the usual de Rham complex. A form ¢ € AP may be

written as
$ = Z @1,
=g

@1 € AP(Dy) is the “value” of ¢ on D. Define

d: AP1 — AP*14(d = exterior derivative), and
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5 AP 5 AP+l

by the formula

q
1
GO g = 2 D', i (4.5)
=1 D(j1...jg+1)

The properties (@.3) are immediate, and so {A**, d, 6} is a double com-
plex.

Lemma 4.6. (de Rham theorem for V): H;(A™) = H*(V,C).
Proof. There are obvious sheaves /7 on V with I'(V, &/P%) = AP4
and where H'(V, o7P9) = 0 for r > O (partition of unity). Setting &7" =
®p+g=nAP? we consider the complex of sheaves

0 - Cy — 42701)5271 i)ﬂfz - ...

The usual sheaf-theoretic proof of the de Rham theorem on manifolds
will apply if we can prove the Poincaré lemma for D.

This may be done directly, or deduced from the spectral sequence of
a double complex as follows: Let A”9(U) = T'(U, «7P9), where U is the
open set (4.I) on V. By the usual d-Poincaré lemma

Hy (AP =0, p>0.
H(A%%) = H° (¢ — fold intersections).
In the spectral sequence for {AP9(U), d, 6},
EVT=0, p>0,
EY = CW.
The dy map 6 : E?’q - E?’q” is given by the same formula as occurs in
the coboundary operator of a simplex, and consequently
Eg’q =0ifp+qg>0,
EY? = C=HU,0).

Thus E, = E., and we have the Poincaré lemma for D. m|
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Step THREE. Returning to the global case, we define a weight filtra-
tion w, and Hodge filtration FP on A** by

W, = &A™,
nT s } (4.7)

FP = @, ,FP(A™).

associated graded of the weight filtration on Hj,(A™) is the E, term in
the spectral sequence of a double complex. Thus proposition (@.2)) will
follow from the

Lemma 4.8. The Hodge filtration (&]) induces a Hodge structure of
pure weight m on ET. in the spectral sequence of (A™,d, 0).

Referring to (£.4) the E; term is
ET = @,H™(D'1),

and consequently has a Hodge structure of pure weight m induced by
the Hodge filtration (7). The d; map is

§:E! - EY

and, by (4.3)) is a morphism of Hodge structures of pure weight m. Thus
by Corollary (LI3) the EZ' term has a Hodge structure of pure weight
m. Our task will be complete if we can show that

E; = E. 4.9)

This is accomplished in the last step of our proof.
Step Four. We must show that

dy=dz=...=0.

Suppose that [a] € Eg 4 Then [a] is represented by a class in H™ (D).
Decomposing this class into type, we may assume that [@] is represented
by a closed C* form @ on D! which has type (r, s) with 7 + s = m. The
condition d;[a] = 0 is that

oa =dp (4.10)
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for some 8 € A™~14*! and then

da(a@) = 6B

viewed as a class in E; ~La+2 - Applying Lemma (Z.13), we may write
in two ways

oa = dp’

oa = dp”

where 8’ has type (r, s—1) and 8 has type (r—1, s). But [68] = [68”] in
Eg"l which has a Hodge structure of pure weight m — 1. Thus dh[a] =0
by the principle of two types.

5 The case of non-compact varieties.

Let X be a smooth, quasiprojective algebraic variety/C. We will prove
the following result of Deligne [13]]:

Theorem 5.1. The cohomology H*(X) has a functorial mixed Hodge
structure.

The following will be corollaries of the proof of (3.1)):

Corollary 5.2. The Hodge numbers h”1(H"(X)) = 0 unless 0 < p,
g<nn<p+qg<2n

Corollary 5.3. Let X be a smooth compactification (cf. ${a) below) of
X. Then the image of H*(X) — H"(X) is W,{H"(X)}.

(a) The C* log complex. According to Hironaka [29], we may find a
smooth compactification X of X. Thus X is a smooth, projective variety
on which there is a divisor D with normal crossings, such that X = X—D.
Locally D is given by

z2=(z1,...2,) € C"
lzil < € (5.4)

Zl---Zk=Oa
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and it will simplify matters notationally to assume (as we may) that
globally
D=DU...UDy,

where the D; are smooth divisors meeting transversely. The general case
can be treated with only a slight additional twist.

X U
Do
—
X
Fig 5.5

By a neighborhood at infinity we will mean an open set U C X given
by (3.4). By U we will mean the polycylinder |z;| < € so that

U=U-UnD.
Definition 5.6. The ‘C* log complex’ A*(U,log{D)) is the complex of
C® forms ¢ € A*(U) such that

21 .- 2k
... dp

are C® in U.

Note that A*(U, log(D)) is closed under d, and it will follow from
Lemma (57) that the product of two forms in A*(U,log(D)) is again
in the log complex. Thus A*(U,log(D)) is a sub-complex of the full
de Rham complex A*(U). Note that A*(U,log(D)) is not closed under
conjugation.
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d d
Lemma 5.7. A*(U, log(D)) = A* (U){ o ﬂ}
21 Zk

Proof. We assume that k = 1; the general case is similar. Clearly

d d
A (U){ S, ﬂ} C A*(U, log(D)).
21 Zk
Conversely, suppose that @ € A*(U, log{D)) and write
d
a=pA =y l,
<1 <1

where f3, v do not involve dz;. By the first condition in (3.6), we may
assume that 3, y are C* in U. Now

oo = ((dﬂ/\da) N d_y)+ ¥ A dz
Z1

2 (z1)?
and the second condition in (3.6) gives that Y _se A*(U). Then
4|
dz; d
a= ﬂ/\—+(5l1es1nA(U){ Zl} O
4| |

Definition 5.8. The ‘C® log complex’ A*(X,log(D)) on X is the sub-
complex of A*(X) consisting of all ¢ which are in A*(U,log(D)) for all
neighborhoods U at infinity.

To give the global analogue of (3.7), we consider the line bundles
[D;] — X and choose sections o; € I'(X, O[D;]) with (o) = D; and fibre
metrics in [D;]. Setting

it follows (cf. §2Ib)) that

A*(X,log(Dy) = A*(X){n1, - - ., ), (5.9)
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and w; € Hf)R()_() is the dual cohomology class of D;.
It will be proved now that the natural map

H*(A™(X,log(D})) —» H"(A"(X)) = H"(X, C)
is an isomorphism, and that A*(X, log(D)) has a weight and Hodge fil-
tration inducing a mixed Hodge structure on H*(X).

(b) The weight filtration and the Poincaré residue operator.

Definition .On A*(X,log(D)) we define the weight (filtration’
W; = Wi(A*(X,log(D)) to be those forms ¢ such that locally at infin-

ity

_ (dz dz;
¢emw%ﬁawf%.
Zi; dZi,
: . dz;
Informally, ¢ has weight [ if ¢ involves at most /—s. Clearly
<i
Wi C Wi
dw; c W, (5.10)

WiAWp C Wi

Note that the definitions of the log complex and weight filtration are
local around a point z € X. Thus we may define complexes of sheaves
on X

/" (log(D))
Wi = Wi(/"(log(D}))

such that A*(X,log(D)) = I'(X, «/*(log(D))) and similarly for W;. By
the usual partition of unity argument, these sheaves have no higher
higher cohomology.

Given that D = D; U...U Dy, we shall use the following notations:

I={i,....,ii} c{l,...,N} isan index set;
D;=Din...nD

ik7
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1| = k;
and
D = Uy Dy
Definition. The ‘Poincaré residue operator’

REV: (o *(log(Dy)) — A*K (D!

is defined by

dz; dz;
RO (g nA Z A A ﬂ) = alp,. 5.11)

% iy
The following lemma is easy to verity
Lemma 5.12. (i) R™ is well defined and R¥(#;_,) = 0; and
(ii) R™ commutes with d, 0, and 0.

Not quite so simple is the Poincaré lemma in the present context.
To explain it, we recall that associated to a complex of sheaves .Z* =

{..—> $p$$p“ — ...} on a space, the cohomology sheaf
(L)
is that sheaf coming from the presheaf
U +— cohomology of {...T'(U, =5,”")Ll"(U, 2y -

Thus, e.g. , the statement 29(.Z*) = 0 for g > 0 is nothing other than
the Poincaré lemma. In the situation that we shall encounter, .Z* will
be a subcomplex of the de Rham sheaf and will be closed under d, 9,
and . We shall denote the various cohomology sheaves by H(LT),
HG (L), H (L),

2LA* (2 is the sheaf of C* forms on D!, sometimes referred to as the de Bham
sheaf.
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Lemma 5.13. The induced mappings

RY - A W W) = A (7 (DW))
R A7 W) W) — A (7 (D))

are isomorphisms.

The proof of (3.13) is essentially the same as the proof of Proposi-
tion (2.18)), and will be omitted.
(c) de Rham’s theorem for the log complex.

Proposition 5.14. The inclusion A*(X,log{D)) — A*(X) induces an
isomorphism on cohomology. Thus

H*(A*X, log(D))—H*)(X, C).

Proof. Essentially, this proposition is true because it is true locally at
infinity by (3.13). The easiest way to make this precise is using some
homological nonsense.

The basic fact we shall utilize is that if £* = {... — $p$.§f”+l -
...} is acomplex of sheaves on a space Y and if the cohomology HY(Y, £?) =
0 for g > O then there is a spectral sequence {E,} with

Ey = H'(Y, (L")
E® = cohomology of {...T'(¥, .iﬂp)id“(Y, oty )

(cf. [I7]], pages 176-179). As an application, we see that if £*, ™ are
two complexes of sheaves with HY(Y, £*) = 0 = HI(Y, %) for g > 0,
and if we are given a morphism

AR

22Since R™ is surjective, the subtlety here is that there are forms a € %; with RIMa =

d
Obuta ¢ % (e.g. Z—Z on C.) What must be proved is that these don’t matter when
we pas to cohomology. The lemma is false for -cohomology, essentially because we

. z dz
are using — and not — for the long complex.
z z
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of complexes of sheaves such that cohomology sheaf map
Yo 2 (L)Y H(H)
is an isomorphism, then the global cohomology map

ker{['(Y, £P) — [(Y, LP*h)} . ker{['(Y, #P) — [(Y, ¢ Py}
dr(Y, Lr+1) dr(y, 2 r-1

is also an isomorphism.

We shall apply this principle taking ¥ = X, £* = &/*(log(D)), and
A = j.(e/*(X)), where j : X < X is the inclusion mapping. Note
that T(X, o*(log(D))) = A*(X,log(D)) and T'(X, j.(</*(X))) = A*(X).
Proposition [3.14] consequently follows from the m|

Lemma. The induced mapping
A (A (log(D))—> A" (ju(A" (X))
is an isomorphism.

Proof. The question is local in a neighborhood U at infinity give by

@- Let
{ 1’..., k} {{ l}}

d
be the free differential graded algebra generated by ﬂ, e,
2] Zk
having differential d = 0. There is a commutative triangle

& and

A*(U, logs(D)) A*(U)
\ /

of complexes, and v, is an isomorphism on cohomology by the usual de 78



79

82 5 THE CASE OF NON-COMPACT VARIETIES.

Rham theorem. Thus it will suffice to show that p, is an isomorphism
on cohomology.

dz:
There is an obvious weight filtration W, (C {{ﬁ}}) such that

el worams

Moreover, there is a commutative triangle

C Wi(A™(U, log(D))).

Wi(A*(Ullog(D))) R s=k (K]
Wi A (Ulog(D)) ATH(DHE N U)

wicl =)

where . is obviously an isomorphism on cohomology, and R is also
an isomorphism by Lemma (5.13)). (This is the main step in the proof).
Thus @, is an isomorphism on cohomology. Using this it follows induc-
tively on / that

d i *
w: W [C {{Z—Z}}] — Wi(A"(U,log(D)))

i

induces an isomorphism on cohomology. For [ = k, we obtain our
lemma. O

Remark. Lemma[3.13] plus the same method of proof gives the
Corollary 5.15. The residue mapping R¥ : Wi, /Wiy — A* %D

induces isomorphism on both d and partial cohomology.

(d) The weight and Hodge filtration on cohomology. On the C*
log complex A*(X,log(D)) we have defined the weight filtration, W; in
§3Ib), and we now define the Hodge filtration by

FPA*(X,log(D)) = ®;5,A""(X,log(D)). (5.16)
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The weight and Hodge filtrations induce filtrations on the cohomology
H*(A*(log(D))) = H*(X,C), and it is to be proved that (with suitable
indexing!) this gives a mixed Hodge structure.

Proposition 5.17. The weight filtration W,{H* (X, C)} is defined over Q.

Proof. We begin with a preliminary remark. Suppose that
¢ € Wi(A*(X, log(D)))
18 a closed form of filtration level /. Then the Poincaré residue
R e A=D1

is a closed form giving a cohomology class in H*~!(D!, C). If this
class is zero, then by Corollary we may find & € W, such that
@Y — do e Wi_1.
To prove the proposition, we take a closed form ¢ € A*(X, log(D)).
Then
Ry e H* (D", C)

is well defined. If ¢ € W,_, then RI"l¢ = 0, and conversely if Ry
is zero in cohomology, then by the above remark we may find 6 €
A*(X,log(Dy)) such that ¢ — df € W,_;. Repeating this argument we
find that

WH{H*(X,C)} ={p e H'(X,C): R"p = ... =Ry =0}  (5.18)

where, on the right hand side, the R[V]go are taken in H*(D!"!, C). With
the description (3.18)), it is clear that the weight filtration W/{H*(X, C)}
is defined over Q.

Now consider the filtration

W = Wi(A* (X, log(D))) (5.19)

on the log complex. The indices have been reversed in order to give
decreasing filtration,

oWl wHl S
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sot that we may consider the spectral sequence (=s.s.) of a filtered com-
plex [17]]. Accordingly, there is a s.s. {E,} such that E, is the associated
graded to the weight filtration on H*(X, C) and

El — H*(W_I/W_l+l).
O

Lemma 5.20. The Hodge filtration {FP)} induces a Hodge structure of
pure weight k + 1 on HX(W=H /w1,

Proof. Using the obvious notations,
FPW W) = @5y W)/ Wi

The Poincaré residue operator induces

10
Frowywh) S pretanpldy),
Applying Corollary [5.15] it follows that
Hk(W—l /W—l+1) ~ Hk—l (D[l])
is a morphism of Hodge structures of type (-1, —1). |

Lemma 5.21. The mapping d, : E\ — E;| is a morphism of Hodge
structures.

Proof. Using the isomorphism
Ei =& H" (D)),
we shall prove using (Z.19) that d; is given by Gysin mappings
H*(D;,..i)) > H*™(Dj, i)
A class ¢ € H*(W~!/W="1) may be represented by a form

¢ € Wi(A*(X,log(Dy))
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such that RYdp = dRP ¢ = 0. Then by definition
dip = R"1d,,

since d; is the coboundary map arising from the exact sequence of
complexes

O — W[_l/W1_2 — W[/W1_2 — Wl/Wl—l g 0

Write ny = i, A... An;, and ¢ = Y, nr A ¢r. Then by an obvious
lil=!

computation
I-1
R ]dSD|D,-] iy = Z Hwj A iy i+ 1 ANdei i)
J
which is just the Gysin mapping according to (Z.19). m]

Corollary 5.22. The weight and Hodge filtrations on A*(X,log(D)) in-
duce a mixed Hodge structure on Ej.

Proof. This follows from Lemmas[3.20}, 5.21] and Corollary [[.13] i

The main remaining step in the proof of Deligne’s theorem is to
show that the spectral sequence in question degenerates at E,. This will
be proved in the next section.

(e) Completion of the proof of Theorem[3.1}

(1) Degeneration of the spectral sequence.

We continue the discussion of §8lc). In case D is smooth, the
weight filtration is just Wy € W; and consequently E, = E,. The
crucial case is when D = Dy U D, and we shall check here that
d, = 0—this will suffice to make clear how the general argument
goes.

Let @ be a class in

E[? = H'(W_,/W)) = H"*(D; N D)
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(cf.B.13). We may assume that @ is represented by a closed
C*(p,q) form on D; N D,. Let @ be a C* extension of a and

n1, 1> as in (3.9). Then
A'=m AmAa
gives a form in W»{A*(X, log(D))} with
RPA" = a.

If di = 0, then, referring to the proof of Lemma (3.2I). we may
find forms S; on D; such that

RM(@A )p, = m Ada +wy A dlp, = dﬂl,} 523)

RM(dAp, = 1y Ada + wy A &|p, = dps.

Moreover, we may choose the §; to have type (p+¢g+1,0)+... +

(p+1,q) (cf. @IQ)). Setting B’ = —(171 A By + 12 A B) where the
Bi are C™ extensions of 3, 8>, we find the relations

REA +B) =«
RP(d(A” + B)) = RM(d(A’ + B')) =0 } (5.24)
d(A” + B') € FP*2A*(X, log(D)).

Now we may repeat the same argument using 771, 772 and solv-
ing the equations (5.23)) emphasizing the opposite direction in the
Hodge filtration. This leads to A", B” satisfying

RA” + B") = «
R dA” + B")) = R(M(d(A” + B")) =0 (5.25)
d(A” + B") € FP*2A*(X,log(D)).

Since deg[d(A’ + B')] = p + g+ 3, equations (3.24) and (3.23) say
exactly that dya € E has total degree p + ¢ + 3 and is in

FP2(EQ)F N FT™(EY) = 0,

since E, has a mixed Hodge structure by (3.22). Thus aa = 0.

BRecall that d, : E; —2 — EJ.
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Remark. As was the case in the proof of Lemma (7)), this proof
is simply an application of the principle of two types as discussed
at the end of §2(a).

Tying up loose ends.

Given X, we have chosen a smooth completion X of X, defined the
log complex A*(X, log(D)) with weight filtration W,, and Hodge
filtration F7, and proved that

H*(A"(X,log(D))) = H*(X, C);

the filtration W,,, F? induce a mixed
Hodge structure on H*(A*(X, log(D))).

Moreover, Corollaries and 3.3] follow immediately from the
definitions of W, and (3.20Q). It remains, therefore, to prove inde-
pendence of our construction from the smooth completion X and
functoriality.

Observe first that, given a diagram

Ye——-sY
fl l? (5.26)
X——X

then 7* © A'(X,log(D)) — A*(Y,log(D)) commutes with the
weight and Hodge filtrations. Given smooth completions X, X»
of X, by there exists a smooth completion X3 and a diagram

X3
X 1 V) Xz

O ¢
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and independence of the smooth compactification follows. Given

a morphism YL using again we may find a diagram (5.26))
and this implies functoriality.

6 Application of mixed Hodge structures.

(a) Application to moduli. Let X, S be smooth quasi-projective varieties
and f : X — S a smooth, proper mapping. Setting V, = f~1(s)(s € 5),
we may think of X as an algebraic family {V}ses of smooth, projective
varieties with algebraic parameter space S. Pick a base point sy € S and
set V = V. The fundamental group (S, so) acts on the cohomology
H"(V,Q), and we let
I" = H'(V,C)"

by the invariant part of the cohomology under this action. Note that for
each point s € S there is a well-defined inclusion

is: I" — H"(Vy,C)
obtained by “transporting” I" to V along some path from sy to s.

Proposition 6.1 (cf. Corollary 4.1.2 of [13])). I" ¢ H"(V,C) has an
induced Hodge structure, and the inclusions iy are all morphisms of
Hodge structures.

Remark. In other words, if ¢ is an invariant cohomology class and if in
each H"(V;, C) we decompose ¢ into (p, q) type

p= Z Pp.q(s)

p+q=n

then the ¢, () are constant in s. In particular, if ¢ is of fixed type (p, q)
at one point s € S, then ¢ is everywhere of the same (p, g) type.

In [19], Proposition was proved for an arbitrary variation of
Hodge structure H — S with compact base space S. Using the results
of the second author [41]] discussed in §9] below, (6.I) may be proved
for an arbitrary variation of Hodge structure H — § with an algebraic
variety as base space (cf. 10Q).



89

Proof. According to Deligne’s degeneration theorem discussed in §2)(a),
the image of

H"(X,C)-H"(V,C)
is exactly I". Note that i;(/") is then the image of
H"(X,C)~5H"(V,, C)

for all s € S. Let X be a smooth compactification of X. In the diagram

H'"(X,C) —2—~ H"(V,C)

| <

H"(X,C)
we will show that
image p = image p. (6.2)
If this is done, then because p is a morphism of Hodge structures, 85

I"= H'"(X,C)/ketp

will have an induced Hodge structure. Since ker p = ker p, for all s, the
inclusion i will be morphisms of Hodge structures and our proposition
is proved. o

According to Theorem [5.1] the cohomology H"(X, C) has a functo-
rial mixed Hodge structure {W,,, F*, H"(X, C)} with

W,(H"(X,C)) = Image{H" (X, C) —» H"(X, C)}. (6.3)

Since H"(X, C) and H"(V, C) have mixed Hodge structures of pure weight
n and all maps are morphisms of mixed Hodge structures, our assertion
(6.2) follows from (6.3)) and the strictness Lemma (I.10).

(b) A direct proof of a result of Deligne about meromorphic forms
on projective varieties. Let V be a compact Kéhler manifold. It is well
known that

(i) every holomorphic form on V is closed; } 6.4)

(i1) a non-zero holomorphic form is not exact.
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Clearly (ii) = (i), and (ii) may be most easily seen as follows: Sup-
pose that ¢ % 0 is a holomorphic g-form and ¢ = dn for a C* form .
Letting w be the Kihler form, by Stokes’ theorem, and because dw = 0,

O<(\/—_1)q2fgo/\g'0/\w”_q:(V—_l)qud(n/\gb/\a)”_q):o,

a contradiction. In Deligne proved the following generalization of
©.4):

Proposition 6.5. Let D C V be a divisor with normal crossings and
¢ € I'(V,Q9(log(D))) a meromorphic g-form having a logarithmic sin-
gularity on D. Then

(i) do =0, and
(ii) if ¢ =0in HY(V — D, C), then ¢ = 0.

Proof. We shall give a proof similar to the special case discussed above.
Observe that the result is not changed if we replace D by D + H, where
H is a suitable hypersurface section relative to a projective embedding
of V. Thus we are free to make D as ample as we wish.

We first show that (i) = (ii). Settingu = V — D, if

¢ € I(V,QY(log(D)))

is zero in H%(u, C), then taking u to be affine, we have by the algebraic
de Rham theorem [26]] that

p=dn (6.6)
where 7 is meromorphic on V and holomorphic on U. The obstruction
to lowering the order of pole of i along D to one are in cohomology

groups (cf. §10/in [20])
H'(V,Q ®OluD)) (x> 0,u > 0),

and these may be made zero by making D more ample. Thus we may
assume that 7 has a pole of order one on D, and then

n € T(V, Q4" (log(D)))
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by (6.6). Applying (i), 0 = dn = w which gives (ii).

We now prove (i). The Poincaré residue (cf. 3Ib)) R(y) is a holo-
morphic ¢ — 1 form on D, and thus dR(¢) = 0 by the usual result on
Kihler manifolds. Thus

R(dy) = d(Rg) = 0,
and so dy is holomorphic on V. Let T be an e-tube around D. Then
0< (V-1 f do A dp A "4 (since dg is holomorphic on V)
4

=(V=1) 1ir1(1) f ©A % A "9 (Stokes’ theorem)
(g aTE

(-1 — g1 .
= R(p) Adp A "9 (by residue formula)
2rNV-1Jp
=0,
since R(¢) has type (¢ — 1,0) and dg has type (0, g + 1). O

(c) Intermediate Jacobians. Let V be a smooth projective variety of 87
dimension n and
TWV)= ®Z:1Tq(V)

the intermediate Jacobian of If o/(V) are the algebraic cycles on
V which are algebraically equivalent to zero and taken modulo rational
equivalence, then one has the Abel-Jacobi mapping

¢ A (V)= T(V).

The image ¢{.</(V)} is an abelian subvariety /°(V), and an outstand-
ing problem is to (i) describe I°(V') algebro-geometrically and (ii) prove
that, up to isogeny, IS(V) is the dual abelian variety Ir?_q qWtol 0 (V).

n—q+1

24The general reference fo this section is [22]], whose terminology and notations we
shall follow. Intermediate Jacobians are also discussed in [36].

BT,(VYFIH*=(V = C)/H**(V,C)/H*"(V, Z), so that T, (V) = H'(V,0)/H"(V, Z)
and T,,(V) = Alb(V).
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Using Deligne’s theory, it is possible to do this in one significant new
case, which shall now be discussed.

To explain this result, we recall from §1 of [22] the notion of inci-
dence equivalence, and let 2(V) C o/ (V) be algebraic cycles which are
incidence equivalent to zero. The quotient

(V)] 2(V) = Pic®(V)

was termed in the identity component of the (algebraic) Picard
variety of V. Abel’s theorem (loc. cit, §3) gives a factorization

12

o (V) V)

(6.7)

Pic(V)

It is conjecturally the case that (i)  is an isogeny, and (ii) that the duality
relation .
Pic)(V) = Pic)_, (V) (6.8)

is valid upto isogeny. We shall prove that this is so when

dimV =2m + 1 is odd } 69)

H?*'(V,C) = 0 for ¢ # m*®.

Proof. We shall first discuss a special case. Let {Z}ses be an algebraic
family of m-dimensional subvarieties Z; C V with smooth, projective
parameter space S, and which is in general position so that the incidence
divisors

Ds={s" €S :ZyNZs+ 0}

2Examples of such V are complete intersections in PV. The reason for assuming
is that all of H*"*!(V, Q) is primitive (§2), and thus the cup-product H>"*'(V,Q) ®
H>"1(V,Q) — Q is non-degenerate on any sub-Hodge structure of H>"*1(V, Q).
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are defined. The correspondences

§ ——Zg
Dy

induce mappings

Alb(S) ——=1°(V)

ln - “ (6.10)
Pic(S)
where the factorization n = ¥°¢ is a consequence of Abel’s theorem (§3
of [22]]). The homology intersection relation

(pu(@), By = (@, n:(B))s (@, B € Hi(S, 7)) (6.11)
is easy to verity, and it follows from (6.10) and (6.11) that up to isogeny

is non-singular on . (6.12)

@[H1(S, Q)]

Now ¢.[H (X, C)] is a sub-Hodge structure of Hy,,+1(V, Q), and conse-
quently the intersection pairing is non-singular on ¢.[H;(S, C)], since
H?"*1(V,C) is all primitive by the assumption (.9). Thus ker? =
ker ¥ in this case.

In general, the point is that if {Z}g is any algebraic family of al-
gebraic m-cycles on V, then

. Hi(S,C) = Hopi1 (V,C)

ker ¢ = kern
in (6.10)

the intersection pairing
} o

is a morphism of mixed Hodge structures of type (m, m) and, as a result,
the intersection pairing is non-degenerate on

@ [H (A (V),C)] C Hyps1(V, C).

Now the same argument as before may be applied to give our desired
conclusion. O
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7 Hyperbolic complex analysis and the period map-
ping.

(a) General commments: the Ahlfors lemma. Hyperbolic complex anal-
ysis is the study of holomorphic mappings into negatively curved com-
plex manifolds; i.e. complex manifolds M having an Hermitian metric
dsﬁ,, whose holomorphic sectional curvatures Ky () ({ € T(M) = holo-
morphic tangent bundle of M) satisfy

Ky(0) < —A < 0% (7.1)

If N c¢ M is a complex submanifold with induced metric dsjzv, then for
{eT(N),
Kn(@) = Ku(@) = ISP, (7.2)

where S () is the second fundamental form of N in M. In particular,
N is negatively curved if M is, and this is one of the two reasons why
hyperbolic complex analysis works so well, the other being the Ahlfors
Lemma[Z7] below.
Let A = {z € C : |z] < 1} be the unit disc and define a pseudometric
on A to be given by
h(z)dzdz, (7.3)

where h(z) is C* on A and h(z) > 0 on A — R, for some discrete subset
R of A. The Gaussian curvature and Ricci form are defined by

1 0*logh
K(h) = ——
*) 2h 0207
V=1 (8*1
Ric(w) = Y=L (2192R) 1\ iz = _k(hy: (7.4)
4 0207

V-1
here w = Thdz A d7 is the (1)) form associated to the metric.

?"The general philosophy and uses of hyperbolic complex analysis are discussed in
the monograph by Kobayashi, and the paper by Wu, both of which contain the
relevant definitions and differential-geometric formulas.
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The rules (cf. [24]] for further discussion),
V-1
4
Ric(f*w) = f* Ric(w) (f : A > A holomorphic)

Ric(e'w) = (00u) + Ric(w)

afford easy manipulation of the Gaussian curvatures.

If f: A - M is a non-constant holomorphic mapping into a neg-
atively curved complex manifold M, then by (Z.2) f *dsﬁ,, is a pseudo-
metric on A, whose Gaussian curvature K satisfies

K<-A<02 (7.5)

The Ahlfors lemma compares a general pseudo-metric satisfying (Z.3)
to the Poincaré metric

2 _ s _ _dzdz
dsp = 7(2)dzdZ = gy

76
Ric (4L a(@)dz A dz) = Yln(dz n dz (7:0)

Despite its simplicity, it is one of the most powerful and subtle tools
available in the study of holomorphic mappings.

Lemma 7.7 (Ahlfors). Given a pseudo-metric h(z)dzdz on A whose
Gaussian curvature satisfies K(z) < —1, then h(z) < JT(Z).
2dzd?
Proof. Let ds%,(p) = ¢p(2)dzdz = ﬁ be the Poincaré metric on
-z

Apo ={z : 7] < p} with Gaussian curvature K, = —1. Writing

h(2)dzdz = py(2)ds(p),

1
8The pseudo-metric — f*(ds?,) has Gaussian curvature K < —1, and in this way we
may always assume that A = 1 in[Z1l The points zy € R where h(zy) = 0 should be
thought of as having K(zp) = —oo.
The invariant form of the Schwarz lemma [28]], due to Pick, states thatif £ : A — A
is a holomorphic mapping, then f*(ds%) <3, or equivalently
If )P s
(I =1f@2D* ~ (1=l
this follows from the Ahlfors lemma taking /(z)dzdz = f*(ds3). Note that the proof of
() is quite similar to the proof of the Schwarz lemma.
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it will suffice to show that u, < 1 for p < 1 since

lirr} Hp(2) = u1(z)  (z € A fixed).
p—

The reason for doing this is that u,(z) goes to zero as |z] — p forp < 1,
and thus y, has a maximum at some point zop € A,. By the maximum

principle and (Z.4)),

S 82 10g /lp(ZO)
- 0207

Since K, = —1 and K(zp) < -1,

= Kpmp(20) — K(z0)h(z0)-

ho(z0) < 7,(20),

which is the same as 11,(z9) < 1.
To conclude this section, there are three little properties of the Poincaré
metric we wish to record for future reference. O

(1) LetU ={z€ C:z=x+1iy, y> 0} be the upper half plane and
pu(z,7) the distance measured in the Poincaré metric
dx* + dy?
ds%3 Ay 5 4
y
on U. From the formula for ds%,

1
pu(zz+1)=—. (7.8)
Imz

92 (i) Let A* = {0 < |z] < 1} be the punctured disc and A; ={0 < |7 <
p}. Via the universal coveringmap

U— A
2eV-1z

I—e

the Poincaré metric induces the metric
dzdz

dst = ———=
P 122 (log |zl)?

(7.9)



97

on A*. Denoting by pa-(z,7’) the distane on A* measured using
[7.9 for fixed zand 0 < 7 < 1

1
pa-(z,tz) = O(log log 7 (7.10)

Proof. Using we have
1

1
d 1
pa(z,12) = [f slogl/s] [f—g(loglog ;)ds]

=0 (log log ;) .

(iii) Finally, it follows from [Z.9]that for p < 1

VoI dzAdz dxd
f AL S f X o (111)
J 2 |P(loglzl?)? y?
{le <1/2

y > —logp

so that A}, has finite non-Euclidean area for p < 1.

(b) Unipotence of the Picard-Lefschetz transformation. Let D = Gr/V
be a classifying space for polarized Hodge structures, I' = Gz the arith-
metic group of integral points in GR, and I'/D the corresponding mod-
ular variety. Now the principle of hyperbolic complex analysis does
not apply to I'/D, but it does apply relative to those holomorphic map-
pings which might come from algebraic geometry. More precisely, from

(B14), (Z2), and (1) we have
Lemma 7.12. Let f : A — I'/D be a locally liftable, holomorphic,
horizontal mapping. Then

f*(dsh) < ds3,

where ds%) is the metric on I'/ D induced from the Gr-invariant metric
on D and dsi is the Poincaré metric.
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A beautiful and simple application of (Z.12) to the Picard-Lefschetz
transformation (§3Ib)) has been given by Borel. Let

f:A*—>T/D (7.13)

be a locally liftable, holomorphic, horizontal mapping of the punctured
disc into I'/D. Letting U = {z = x + iy, y > 0} be the universal covering
of A*, we obtain from (ZI3) a diagram

1] r T (7.14)
A~/

where ' : U — D is a holomorphic horizontal mapping which covers
f. In particular
F(z+ 1) =T"F(2). (7.15)

where T € I is the Picard-Lefschetz transformation associated to f.
Proposition 7.16 (Borel). The eigenvalues of T are roots of unity.

Proof. According to a theorem of Kronecker, an algebraic integer, all
of whose conjugates have absolute value one, must be a root of unity.
Since T € Gz is an integral matrix, it will therefore suffice to show that
all eigenvalues of 7" have modulus one. Now V C Gp is a compact
matrix group, and thus the cigenvalues of all 2 € V are of absolute value
one. Thus it will be enough to find a sequence {g,} C Gr such that

grlegn — V.

3When f : A* — I'/D “comes from algebraic geometry”, i.e. when there is a family
x5 A

of polarized projective varieties with f(f) = “Hodge structure on P"(7~!())”, then
is part of the so-called monodromy theorem (cf. Landman [33]] for the original proof plus
further references). Matrices T all of whose eigenvalues have finite order are said to be
quasi-unipotent. For a suitable positive integer N, TV — I is then nilpotent. The exact
position of T in G¢ has been determined in [41]] (cf. §10).
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Let {z,} € U be a sequence of points such that Im z, — co. Denoting by
pp and py the distances associated to dszD and ds%], we have by (Z13),

(Z.12), and (Z8)
Pp(F(2,), T*F(2,)) = pp(F (20), F(z, + 1))
< puzn,zp +1)
C
h Imz,

which tends to zero as n — oco. On the other hand, since Gg acts tran-
sitively on D, we may write F(z,) = g, - po for some g, € Gr(py =
reference point in D), and

00(P0, &, Tgupo) = pp(8nPos TgupPo) — 0

since ds%) is Gg invariant. Thus g;'T'g, — V. and we are done.
Further applications of the Ahlfors’ lemma to variation of Hodge

structure will be discussed in §§8, 9 below, and are also given in §9 and

Appendix D of [19]. ]

8 Applications of Nevanlinna theory to the period
mapping.

(a) A preliminary result from Nevanlinna theory. The general philoso-
phy of hyperbolic complex analysis perhaps finds its deepest manifesta-
tion in the Nevanlinna theory (cf. pages 247-260 in [38]] and [24]). We
want to give two applications of this theory to variation of Hodge struc-
ture, and as a preliminary we shall prove a proposition which is a sort of
big Picard theorem. Our method is similar to that in §9 (b) of [24]].

Let V be a projective algebraic variety and U C V an open subset
consisting of smooth points’’| We wish to find conditions under which
a holomorphic mapping

f:AN" > U

extends across the origin z = 0, to a holomorphic mapping

31Both cases where U is a Zariski open set in V and where U = D is a classifying
space for Hodge structures and V = D is the compact dual will be used.

95



8 APPLICATIONS OF NEVANLINNA THEORY TO THE PERIOD
100 MAPPING.

fiA—V?

On U we assume given a negatively curved ds%, with associated (1,1)
form wy. On V we assume given an algebraic line bundle L. — V and
holomorphic sections o, . . . oy such that the rational map

[0'0,...,O'N]1V—>RN

is a holomorphic embedding on U. The rations ¢, = o, /0 are rational
functions on V, the pullbacks f*¢, are meromorphic functions on A*,
and clearly

f(2) extends across z = 0 < the meromorphic
functions f*¢, do not have an essential

singularity at z = 0. (8.1)

Relating the metric on U to the algebraic geometry on V we assume that
there exists a fibre metric in the restriction L|;; — U which satisfies the
two conditions .

(i) dd° log # < Cwy(o € T(U,O(L)))*
ag

1 (8.2)
(i) loi(f ()] = O(W) (zeAY)

Proposition 8.3. Under the above conditions, any holomorphic map-
ping f: A" — U extends to [ : A — V.

32We are interested in the possible singularity of f(z) at z = 0, and not on the bound-
ary circle |z] = 1. Thus we shall assume that f extends to the slightly larger punctured
discO< |zl < 1+e

1
33For any holomorphic section o, the ¢* (1,1) form dd® log —; represents the Chern
la

class of Ly computed from the curvature of the given metric (cf. §0) (a) of [24]]

3*This proposition implies the usual big Piccard theorem by taking V = P', U =
P' — {0,1, 0}, L — P' to be the standard bundle with usual sections and metric, and
ds%] the metric constructed in §2 of [24].
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Proof. A meromorphic function ¢(z) on A* has an inessential singularity
at z = 0 & for some A the equation

o)=a (aeP', zeA)

has < A solutions for all points a € P!; this follows from the Casorati-
Weierstrass theorem. Given a linear combination

N
o= ajo; (a; € C)
i=0

of our sections o-;, we consider the section

[fo e T(A",O(f*L)).

Denote by n(c, r) the number of zeroes of f*oin A, = {% <7l € 1}

It will suffice to show that we have a uniform estimate
n(o,r) <A (8.4)

for all  and o.

Now the problem of estimating the counting function n(c, r), both
from above and from below, is the basic problem of Nevanlinna theory
(cf. the Introduction to [24]). In the present situation, we shall simply
apply the First Main Theorem (FMT) of Nevanlinna theory to the data
at hand to prove the upper bound (8.4) (The Second Main Theorem is
the tool for proving more subtle lower bounds.)

To give the FMT, we let u(z) > 0 be a C* function on 0 < [z] < 1
such that, around any point z,

1(2) = Iz = 200 o(2). (8.5)
where g is C* and po(z9) > 0. We call y, the multiplicity of zo and let

D:Z:uZo 20

30f course, we assume that f*o # 0. Recall also that f is assumed to extend across
the circle |z] = 1.
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be the divisor of u. Denote by

n(p) = degree(D N Ap)
P

d
Mn=fmmf

1
the counting functions associated to D. Clearly
np) <A (8.6)
is equivalent to an estimate
N(r) <Alogr + B. (8.7)
Taking (z) = |f*(0)(z)]>, D = D, is the divisor of f*o and (84) follows
from (87) with a uniform A independent of o~. The following Jensen-

type formula is the FMT in the present context. O

Lemma 8.8. For u(z) as above, we have
2r r P
1 1. X
N() = — flogu(—e’e) d@—f fdd‘ log | 22 + 0(1).
2n r P
0 1 0

1
Proof. Make the change of variables w = — so that A, is given by 1 <
Z

2
pla, = | [ 1w = wo P
(0%

(88) is the usual Jensen formula. In case ul4, is everywhere > 0, log
is C* and Stokes’ theorem applies to give

lgl < p. In case

r r

d d
ffddclog,u —p:f fdclogy @
1 p p

Ap 1 Nowl=p
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r 27
1 .
= f p 2| L f log u(pe')do do
op | 2r Iel

1 0
2n

2r
1 - 1 i
= —flog,u(re’e)de——flog/l(ele)de,
2n 2n
0 0

which is the desired formula. The general case follows by writing

Hla, = (l_[ lw = el - o,

where pp > 0 on A,.
The estimate ([8.7) follows immediately from the Ahlfors’ lemma 98

D), Z11), our assumptions (8.2)), and the integral formula (8.8):
L
> flogu (—e*’) do < Aylogr+ B, by (ii) in 82);
JT r
0

fdd"’logl <Cff*wu by 82)
a, K a,
<Ay < oo by (7)) and ZID),
and so N(r) < Alogr+ B(A =A| + Ay) by [8.9).

Remark. The estimate

r

f f oy %pzoaogr) (8.9)
AP

0

may be proved by (8.8) without using the Ahlfors lemma as follows:
Write

V-1
[fwy = ——pudz A dZ
2r
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and apply (8:8) to u, using the negative curvature assumption in the form

, V=1
dd" logp > ——pdz A dz. (8.10)

to obtain:

r

T(r) = f f oy ?p by definition
A

0

0
r P 1 2r d
= f f — f u(te”)d@ tdt ap (polar coordinates)
1 2w P

0 0

N

. d
<(f dd‘logu)—p . by &I0)
A, P

2n
1 )
<3 f log u(re®)do + 0(1) by &)
JT
0

2n
1 .
< log 7 f u(re’”)d@] +0(1) concavity of log
Fis
0

[T (r)
| dr?
(2T (r)
| dr?

= log ] + O(log r); i.e.

T(r) <log + 0(log r). (8.11)

99 It is a calculus lemma that “@811) © T'(r) is 0(log r)” (cf. . [38]], page
253). This proves (8.9).

(b) Borel’s extension theorem. Let D be a bounded, symmetric domain,
I' € Aut(D) an arithmetically defined discrete group of automorphisms,
and U = I'/D. Borel and Baily [2] have constructed a compactification
V of U, where V is a projective variety in which U appears as a Zariski
open set. From our point of view, V may be best described as follows:
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Let K — D be the canonical line bundle (canonical factor of auto-
morphy). The I'-invariant sections of K¥ — D are called automorphic
forms of weight u and induce sections o € I'(U, O(K*)). Now the graded
ring ®,50l'(U, O(KH)) is of finite type and for sufficiently large u the
sections in I'(U, O(KH)), induce an embedding U < P in which U ap-
pears as a Zariski open set in its Zariski closure V.

Proposition 8.12 (Borel). A holomorphic mapping [ : A* — U extends
tof:A—>V.

Proof. It is well known that K — D has an invariant metric whose
Chern class w is a negatively-curved ds%) on D. This then gives the ds%/
in §8a), and we may take L = K and (i) in (8.2) is satisfied. For our
sections o; € T'(U, O(K")), we take the so-called cusp forms: these are
automorphic forms which, so to speak, vanish at infinity [2]. For such
o, the length

sup [o7i(p)| < +o0
peU

is bounded, and for large u there are sufficiently many cusp forms to
induce a projective embedding of U. Proposition (§8.3) now applies to
yield a proof of Borel’s result. |

Remarks. (i) Properly speaking, what we have proved is that, given
f : A" — T'/D, the ratio o/o” of two cusp forms of the same
weight pulls back to give a meromorphic function f*(o /o) hav-
ing an inessential singularity at z = 0. With a little work, the
same could be proved for general automorphic forms using the
full strength of condition (ii) in (8.2).

(ii) The result of Borel [5]] is stronger, in that he shows that if
Y xA-suU

is a holomorphic mapping of a punctured polycylinder into I'/D,
then f extends holomorphically to

fiA XA SV

36¢f. Andreotti-Grauert [[I]] for a function-theoretic proof. The proofs of these state-
ments require general information about the fundamental domains for I'.
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In both his proof and the later proof by Kobayashi-Ochiai, exten-
sive use is made of the detailed description of Siegel sets. The
strongest result along these lines is due to Kierman-Kobayashi
[32]], who show that

F:T/D->T"/D
extends continuously to the compactifications on each side.

(c) A Riemann extension theorem for variation of Hodge structures. As
a second application of Nevanlinna theory, we shall prove the following

(cf. [19], [411)

Proposition 8.13. Let D be a classifying space for variation of Hodge
structure and f : A* — D a holomorphic, horizontal mapping, Then f
extends to f : A — D.

Proof. Let D be the compact dual to D. We will first prove that f ex-
tends to f : A — D, where possibly f(0) € dD. For this we want to
apply Proposition (83) when U = D, V = D and L — D is a standard
ample homogeneous line bundle (cf. §3 (b)). Writing

D =GRr/V
D =M}V,

the line bundle L — D has an M-invariant metric | |5; and L — D has
a Gr-invariant metric | |;. The ratio

is a positive C* function on D. Let 0 € D be the reference point and
denote by pp(p, q) the Gr-invariant distance on D. From Lemmas[3.19)
and[3.23]in §3 (b) we have

x(p) = 0(exp pp(0, p)). (8.14)
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We are now ready to verify the hypotheses of Proposition The
sections o; € T'(D, O(L)) will be chosen as a basis for this vector space;
obviously

sup |oi(@)ly < C < 0. (8.15)
qeD

For the metric in L|y, we take | |g, then clearly

1
dd‘ log — = O(wp),
ol

since both forms are Gr-invariant. Finally

loi(f(@)le = loi(f(@)mx (f(2)

< Cy(f(x) , by (8.15)

= 0(exp pp(f(z0), f(2))) , by (8.14)

= O(log l) , by (7.10).
Izl

Thus we may apply (83) to have f : A — D extending our original
mapping.

In proving that f(0) € D, we shall limit ourselves to the case of
Hodge structures of weight two. The general case can be treated simi-
larly, and this will also provide an alternative point of view for the proof
of (8.13). We shall use the notation of §3 (c¢). In particular, we make the
identifications H = C¥*5, Hz = Z**S, and the bilinear from Q corre-
sponds to a (2r + s) X (2r + s) symmetric, nonsingular, rational matrix 102
Q. The Grassmann variety Gr(r,2r + s) of r-planes in H = C¥*S will
be realized as the set of nonsingular (2r + s) X r matrices 2, modulo the
equivalence relation

Q~ QA, if A € GI(r, C). (8.16)
The subvariety D ¢ Gr(r,2r + s) is described by the equation

'Q0Q =0, (8.17)
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and the points of D correspond to those Q which satisfy, in addition to

1D,
-'QQ0 > 0. (8.18)

The line bundle L — D which we shall is the one induced by the
character A — det A of GI(r, C). Given an index set

I={1<ii<ip<...<i,<2r+ys],

wet let Q; be the corresponding minor of Q. As was discussed in §3(c),
the space of sections of L — D is spanned by the Pliicker coordinates

o = det Q.

The M-invariant and Gr-invariant metrics on L are given by, respec-
tively,
| det Q|

det('QOQ)’

where ||Q||2 = X;| det Q;|*. Thus the comparison function is

_|detQy?

2
= —HQHZ and |G'I|G =

2
|0'I|M

[)]5

X8 = S iaon)

(8.19)
We are now ready to prove that given a horizontal holomorphic map-
ping
f: A — D such that
f:(A"YcD

then f(0) € D. Represent f(z) by a holomorphic matrix €)(z) having
rank k for all z € A. Then

~'Q(2)0Q(z) = H(z) > 0

for z € A*, and we want to show that H(0) > 0. In any case H(0) > 0,
and if the inequality is not strict, then

det H(z) < Clz| (8.20)
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103 for small |z|. Since ||Q@)|* = 0(1), it follows from (819) and (€20)
that for |z] < €

A
x(Q(z)) > E (8.21)

On the other hand, by (814) and (Z10),

1 H
Xx(A(2)) < B(log H) . (8.22)
The inequalities (821) and (822) cannot both hold, and thus f(0) €
D. O

9 Asymptotic analysis of the period mapping.

Recently the second author has been able to give a detailed analysis of
an arbitrary variation of Hodge structre over the punctured disc [41]]. In
this section, we shall discuss the two main theorems from [41]], giving in
the “geometric case’ an alternate proof of the first result, the nilpotent
orbit theorem, and then presenting a heuristic discussion of the motiva-
tion and proof of the second result, the S L;-orbit theorem.

(a) The nilpotent orbit theorem. Let D be a classifying space for varia-

tion of Hodge sturcture and
f:AN—>T/D 9.1)

a locally liftable, holomorphic, horizontal mapping (§3(b)). Denote by
U ={w=u+iv:v> 0} the upper half plane and let

U— A
Wi z = e V1w

37The “geometric case” means that we assume given a complex manifold X and a
proper holomorphic mapping 7 : X — A such that 7 is smooth outside 7~'(0) and
such that there is a projective embedding X — PV. The fibers V. = 7~!(z) are smooth,
projective varieties for z # 0, but V, may have singularities. As explained in §3] this
situation generates a holomorphic period mapping f : A* — T'/D. The results in [41]]
are proved for an arbitrary locally liftable, holomorphic, horizontal mapping f.
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be the universal covering mapping. Then (9.7) induces

v—F%Fr .p

9.2)

f

AN —T/D

Fw+1)=T-F(w)

104 where T is the Picard-Lefschetz transformation (cf. I(b)). Using (Z.16)

and passing to a finite cyclic covering of A* if necessary, we may assume
that 7 is unipotent with index of unipotency l Define

— )2 _ 1\
T-D +...+(—1)Z(Tll)

G(w) = exp(-wN)F(w) € D. 9.3)

N=logT =(T-1)-

From (9.2) we see that G(w + 1) = G(w), so that G induces a mapping
g: A" - D.

Proposition 9.4. In the geometric case, this mapping extends to a holo-
morphic mapping g : A — D.

Proof. We consider the case of Hodge structures of weight two. Then
f(2) is given by a period matrix (cf. Bc))

Qz) = f wi(2) |,

Ty

where w;(z) are a basis for H 2’O(VZ) and the 7y, are a basis for the prim-
itive part of Hy(V>,Q), According to the theorem on regular singular

3Thus / is the smallest integer such that (7 — I)"*! = 0. It is a consequence of the
results [41]] that / < m where m is the weight of the Hodge structures classified by D
(cf: [33] for the geometric case).
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points (§3Ic)), the w;(z) may be chosen so that

|fa)i(Z)| =0(z™®) (0 <argz < 2n).
Yu

Now g(z) is the point in the Grassmannian given by the matrix

_ logz ) 5
e —22 N|Q@z) = ¥
( 2r V-1
Since N*1=0, it follows that 105
I @)l = 0(lzl ). (9.5)

Consider the composed mapping

A5 Gr(r,2r + s)

)

P(%r+S)—1

where p is the Pliicker embedding. Using (0.3)), it is clear that h(z) is
given by a homogeneous vector

hz) = [h1(2), ..., Ay (2)]

where the /;(z), begin the kxk minors of W¥(z), are meromorphic at z = 0.
Taking a common factor z7 out of all 4;(z), we may arrange that the /;(z)
are holomorphic at z = 0 and some /;(0) # 0. Then g extends across the
origin as desired. o

Remark. It seems likely that this proposition could be proved in gen-
eral, using Nevanlinna theory and arguments similar to those in §8I(b).
We set g(0) = po € D and consider the nilpotent orbit

O(w) = exp(wN)po (wel)
Ow+ 1) = TO(w).
3That is to say, g(z) is the k-plane in C*** spanned by the columns of ¥(z).

(9.6)
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Theorem 9.7 (NILPOTENT OROBIT THEOREM). (i) For Imw > C, the orbit
O € D and w — O(w) is a horizontal mapping; and (ii) given € > 0,

pp(F(w),O(w)) < A(e) exp(—2n(1 — €) Imw)
106 for Imw > C.@

Proof. We continue discussing the case of Hodge structures of weight
two. Accordingly we may represent f(z) by a period matrix Q(z) satis-
fying (8.16) and the relations

'‘Q(2)0Q(z) =0
~'Q(2)09(z) > 0

Q)0 (2) =0

Q(e™2) = TQ(2),

where Q(e?™z) is the result of analytically continuing Q(z) around z = 0
and T = ¢V is the Picard-Lefschetz transformation. Now define

- 2ri
Y(z) = e "ONQ(y).

Then W(e*"'z) = ¥(z), and indeed ¥(2) is the period matrix representing
g(z) in @.4), so that we assume P(z) extends across z = 0 as a mapping
into D. Set.

Y(0) =¥ = po € D.

The orbit mapping O(z) is represented by the matrix

0(z) = VY.

40By the second condition in (9.6) and (i) in the theorem, O induces a locally, liftable
holomorphic, horizontal mapping

O:A; — I'/D;

(i1) says that O(z) and f(z) are asymptotic in the sense of the estimate.
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It follows from the nilpotency of N that
Q(z) = O(2) + zE(z,log 2) 9.9)

where Z(z,log z) is a polynomial in log z whose coefficients are holo-
morphic functions of z. Our theorem will follow by looking closely at
(©.9) and using the Ahlfors Lemma (Z.7), together with the metric com-

parison Lemmas (3.19) and (3.23).
We first prove that ©(z) is horizontal. Differentiating (@.9) gives

1 N
Q'(2) = 5=—0(2) + Ei(z,log 2) (9.10)
2ni z
where Z1(z, log z) is as before, Plugging (@.10Q) into the third relation in
(??) and looking at the coefficient of — gives
z
"PoONY, = 0,

which implies that ®(z) is horizontal.
Next we want to prove that for 0 < |z] < p

~-'0(z)00(z) > 0, 9.11)
this being the condition that @(z) € D. By ([©.9)
0 < ~'Q(2)0Q(z) = —'O(2)00(z) + |zI' “T(2) (9.12)

where I'(z) is bounded near z = 0. The idea now is to show, using the
Ahlfors lemma, that

k
~"Q(2)0Q(2) > c(log |i—|) 1 (9.13)

for some K; (@.11)) then follows from ([@.12) and (0.13). We begin by
looking at

- m 1 @
h(z) = det{~"Q(2)0Q(2)} = ;) ha(2) (log E)

107



108

114 9 ASYMPTOTIC ANALYSIS OF THE PERIOD MAPPING.
m B
. t VRN . 1
Jj(2) = det{-'0O(z)00(2)} = Z Jp(2) (log E) (9.14)
5=0

where h,(z), js(z) are C* functions on |z] < p. By @.12),
0 < h(z) = j(2) + 0(lz)'~©). (9.15)

Suppose for a moment we can show that

1 a
h(z) > C(log n) (9.16)
z
for some (possibly negative) o. From (@.16) it follows first that not all
ho(0) = 0. If hy(0) = ... = hyy1(0) = 0, h(0) > 0, they by (@.13),
i) = ... = jr1(0) = 0 and j,(0) > 0, so that j(z) > 0 for || < p.

To prove (9.16), we use (8.19) and (8.22)) to obtain

L) _ Clogg)

hz) IQEIP T IR

1V
which gives (@.16)), since |Q(z)|*> > C (log n) for some 6.
F

Now we were able to prove that j(z) > 0 for 0 < |z] < p using @.12))
and Lemmas and 3. 23] relating the M-and Gg-invariant metrics in
the homogeneous line bundle L. — D. Applying the same argument to
the homogeneous vector bundle E — D, whose fibre Eq is the vector
space spanned by the columns of Q, gives (9.13) and subsequently

-'0(z)00(z) > 0 for 0 < || < p.

The estimate

pp(f(2),0(2) = 0(z]' ™)

is proved by a similar argument, and will therefore be omitted. O

(b) The S Ly-orbit Theorem. Theorem (9.7) asserts that the period map-
ping of a degenerating family of Hodge structures is asymptotic to a
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mapping of a very special nature. By itself, this result is not particu-
larly useful. It merely allows one to reduce questions about he original
mapping to questions about the approximating nilpotent orbit. To get
further, one needs a description of the nilpotent orbits which can come
up. Such a description is the content of the second main theorem of [41]],
the S L,-orbit theorem.

In the remarks preceeding ([@.7), the Picard-Lefschetz transforma-
tion T is an element of the arithmetic group Gz, which has been made
unipotent, if necessary, by going to a finite covering of A*. This makes
N = logT a rational, nilpotent element of the Lie algebra gy of Gg.
Thus we have the following data: a point py € D, a rational and nilpo-
tent element N € g, and a constant C, such that

’ > C,
exp(wN)'po € D, forwe C, Imw > C } 9.17)

and w — exp(wN) py is a horizontal map.

Let us first look at the simplest possible case, when D is the ordinary
upper half plane U, D the Riemann sphere P! = C U {co}, and G the
group S L(2,R). The Lie algebra sl(2, R) contains exactly two conjugacy
classes of nonzero nilpotent elements, namely those of

o o) = (o)

If N is one of these two, exp(wN) po equals po + w in the first instance,

-1

1

and (— + w) in the second. The condition (9.17)) eliminates the latter
20

possibility. Hence, up to an automorphism of U, the approximating

nilpotent orbit takes the form w + py + w. The period mapping of a
family of elliptic curves which acquire an ordinary double point has this
kind of singularity.

In very general terms, the S L,-orbit theorem, combined with the
nilpotent orbit theorem, says the following: given any one-parameter
family of Hodge structures which becomes singular, one can equivari-
antly embed a copy of the upper half plane in the classifying space, such
that the period mapping asymptotically approaches a mapping into this

109
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upper half plane, of the type described just above. The copy of the upper
half plane arises as an orbit of the group S L(2, R), and this may serve to
explain the name of the theorem.

For a precise statement, some more notation will be necessary. We
consider the basis

I e N e ST N U WS A ST
Z_(\/—_1 0 ) *‘5( 1 \/—_1) “5(1 —\/—_1)

(9.18)
of the Lie algebra sl(2, C), and we set

-1 0 0 1
)
As usual, U will stand for the upper half plane; we also identify P! with

the Riemann sphere C U {co}.

Theorem 9.19 (S L,-orBIT THEOREM). Under the hypotheses (9.17), there
exist

(1) a homomorphism of algebraic groups v : SL(2,C) — G¢, de-
fined over R,

(i) a holomorphic, horizontal embedding ¢ : U — D, which is
S L(2, R)-equivariant with respect to s,

(iii) and a holomorphic mapping w +— g(w) of a neighborhood ¥ of
oo in P into Ge.

with all of the following properties:
(a) exp(wN) o py = g(—= V=1w) o J(w) forwe UN ¥
(b) g(0) = e, and g(v) € Gg for V=1v € ¥ N V=1R*;
(©) N =yu.(F);

(d) with respect to the Hodge structure corresponding to the point
Y(V-1) € D, the linear transformations y.(X;), ¥.(Z), ¥.(X-)
are of Hodge type (—1, 1), (0,0) and (1, —1) respectively;
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() if gw) = 1 + gyw™' + gow™2 + ... is the power series expan-

sion of the matrix-valued function g(w) around w = oo, then
(adN)*' g = 0;

() ad y.(A) operates semisimply, with integral eigenvalues; let g,
be the component of gy in the [-eigenspace; then gi = 0 unless
[<k-1,fork>1.

Moreover, when the condition g(oo) = e is weakened to g(c) €
exp(Image{ad N : g9 — go} Nkernel{ad N : g9 — go}), one can arrange
that the homomorphism s is defined over Q.

According to (a) and (b), the two mappings w — exp(wN) o pg
and w —> (w) take the same value at w = oo; the conditions (e),
(f), when looked at more closely, actually say that the two mappings
are asymptotic as Imw — oo. In various applications (cf §I0), (c),
(e), and (f) allow one to reduce problems about the nilpotent orbit to
questions about 1. Because of (d), the one-parameter family of Hodge
structures parameterized by the S L,-orbit i degenerates in a vary simple
fashion. To be more precise, the upper half plane U classifies polarized
Hodge structures of weight 1 on C?; from this universal family, by the
operations of symmetric products, tensor products with constant Hodge
structures, and direct sums, the family parametrized by ¢ can be built
up.

Although the proof of the theorem is technical, its basic idea can be
described in simple terms. We shall do so below, in the hope that this
may motivate and clarify the statement of the theorem.

Let {H(‘;7 !} be the reference Hodge structure on H, corresponding to
the base point of D. It induces a Hodge structure of weight zero on
Hom(H, H) which in turn determines a Hodge structure {g”>”} the Lie
algebra g of G¢c. We identify the real subspace gy of g with the Lie
algebra of Gr. Then

vy = go,o N gp is the Lie algebra of the subgroup V C Gg;
b = @007 is the Lie algebra of B¢ C G¢; under the natural

isomorphism between ®,-0g” " = g/b and the holomorphic
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tangent space of D = G¢/Bc at the origin, g~"*! corresponds to

the subspace of horizontal vectors. (9.20)
According to the hypotheses (9.17),
vi—exp(V-1vN) pg, withveR, v>C, (9.21)

represents a smooth, real curve in D = Ggr/V. The Ad V invariant
splitting

g0 = 0o ® (®px08” " N go)
defines a Gr-invariant connection on the principal bundle

V — Gr — D = GRr/V.

Hence there exists an essentially unique lifting v — h(v) € Gg of the
curve ([@.21) to Gr, which is tangential to this connection.
We now introduce the three gg-valued functions

AW) = =20 W (v), F(v) = Adh(v)"'N, E(v) = —CoF(v) (9.22)

(the apostrophe stands for differentiation, and Cy denotes the Weil op-
erator of the Hodge structure {g”>"”} on g), which are defined for v € R,
v > C. By construction of i(v), A(v) takes values in ®,08”" 7. Because
of the horizontal nature of he mapping

vi— h(v) o0 =exp(V=1vN) o pg € D = Gr/Y,

combined with the last statement in (9.20), A(v) actually lies in oMo
a1 N go. When the holomorphic tangent space of D = Gc/Bc at
the origin is identified with g/b, the image of F(v) in g/b represents the

tangent vector in the o direction of the orbit w — exp(wN) o pg at
w = V—1v, translated back to the origin by 2(v)~!. Similarly, —%A(v)
represents the tangent vector in the % direction. Since the orbit is a
holomorphic mapping, we find that A(v) + 2 V=1F(v) € b. Thus
Ew),Fv e M eg™eg' )N,
Aw) € @@ g N, 9.23)
AW) +2V=-1F@) e g" ' @ ¢°0.
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The functions A(v); E(v), F(v) satisfy the system of differential
equations

2E; (v) = —[A(v), E(v)]
2F'(v) = [A(v), F()] (9.24)
A'(v) = ~[E(v), F)]

Indeed, the second equation is obtained by differentiating the equation
which defines F(v), the first equation follows from the second by ap-
plying the Weil operator on both sides, and the third is a formal conse-
quence of the preceding two, if one uses the information in ([©@.23).

For the moment, let us assume that

h(v) has a Laurent series expansion in powers of y~ e

near v = oo, for some @ € N, which converges and represents
h(v) for all sufficiently large y € R. (9.25)

The functions A(v), E(v), F(v) will then share this property. According
to the discussion of the Ahlfors lemma and its consequences in §7] the

mapping
w = exp((w + (V=1C)N) o pg, w € U,)

is distance-decreasing, relative to the Poincaré metric on U. Conse-
quently JA(W)|| = 0(v™') as y — co. With some additional work, one
obtains the same estimate for E(v) and F(v). Hence, still under the as-
sumption that holds, the functions (9.22)) have series expansions

AW) = on_1 + Alv_l_l/“ +...
E(Wv)=Epyw '+ Epy Ve 4 (9.26)

F(v)=Fy ' + Fpy Ve g

The equations (9.24) now give recursive relations on the coefficients of
the series. In particular,

[Ao, Eol = 2E0, [Qo, Fol = =2Fy, [Eo, Fo] = Ao.
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Also, if Ag = Eg = Fy, all three series must vanish identically, which
can happen only if N = 0. We may disregard this special case. Hence
Ap, Eo, Fo, span a subalgebra sl(2, R) € gp; this observation is the key
to the entire proof. The recursion relations which follow from (9.24),
when analyzed in terms of the representation theory of sl(2, R), limit the
possibilities for the coefficients A;, E;, F; very much. For example, if
one defines a Ggr-valued function g(v) by

1
h(v) = g(v) CXP(—E log vAy),

g(»)~'¢’(v) turns out to have a convergent power series expansion in
integral powers of v™! near v = oo, starting with a term of order v=2.
Thus g(v) must be regular near v = oo, and g(v) becomes defined for
complex values of its variable v. Similarly, one obtains the various other
ingredients and conclusions of the thorem.

It remains to justify the assumption [@.23). To begin with, by ele-
mentary arguments in linear algebra, one constructs a lifting v +— h(v)
of the curve ([©.21)) to Gg, which need not be tangential to the connection
used to define A(v), but which does have the property (9.23). The two
liftings h(v), hi(v) are then related by a V-valued function. This function
satisfies a linear differential equation with (at worst) a regular singular
point at v = oco. As a result, 4(v) has a series expansion in fractional
powers of v™! and integral powers of log v. An algebraic argument,
which depends on the structure theory of a semisimple Lie algebra, then
excludes the presence of logarithmic terms, proving (9.23).

10 Some applications

(a) Monodromy and the weight filtraion. We consider a family of polar-
ized algebraic manifolds 7 : XtoA*, parametrized by the punctured disc
A*, and we let

T:P"V,C) — P"(V,;,C)

denote the Picard-Lefschetz transformation; thus 7T is the action of the
canonical generator of m1(A*) on the mth primitive cohomology group
of a typical fibre V, = 771(¢), t € A*.
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According to Landman’s monodromy theorem [Ii_il] some power
T* of T is unipotent, and 7% has index of unipotency at most m (i.e. (T*—
1" = 0). In (Z.16), we gave Borel’s simple proof of the first part of the
statement. Conjecture (8.4) of suggested a somewhat sharper bond
on the index of unipotency, which has been proven by Katz [31]]. As a
direct consequence of the S L,-orbit theorem, one obtains an additional
slight improvement of the bound:

Proposition 10.1. Ler [ be the largest number of successive nonzero
Hodge subspaces of P"(V;, C); then (T* — 1) = 0.

Proof. We set N = log T; since T* = exp N, it suffices to show that
N' = 0. In the notation of @.19), N = y.(F). Any two nonzero nilpo-
tent elements of sl(2, C) are conjugate, and thus ..(F), ¥.(X_) are con-
jugate under some g € G¢. By part (d) of (9.19), in the Hodge structure
corresponding to the point y(V—1) € D, y.(X_) shifts the indices of
the Hodge subspaces exactly by one, so that ¢..(X_) = 0. Hence also
N =y, (F)' = 0.

With slightly more care, Conjecture 8.4 in the appendix of [21] can
also deduced from the S L,-orbit theorem. The index of unipoency is
of course not the only significant information which one can give about
a nilpotent linear transformation. More subtle properties of the Picard-
Lefschetz transformation are implicit in Deligne’s conjecture (9.17) in
[21]], concerning the limit of a degenerating family of Hodge structures,
which we shall now discuss.

We again look at a family 7 : X — A*, as described above, and we
set N = log T*. Then N"*! = 0, according to the monodromy theo-
rem. From pp. 255-6 of [21]], we recall the existence of the monodromy
weight filtration

OcWocWyc...CcWy1 C Wy, =PV, C), (10.2)

“I'The theorem, and various proofs of it, are discussed in [21]]. It should also be
mentioned that all the “geometric” proofs depend on the existence of a continuation of
the family to the entire disc; if a suitable, possibly singular, fibre is inserted over the
origin. Moreover, some arguments require that the family should come from a global,
algebro-geometric family.
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which is characterised uniquely by the following properties:

N : W; c W,_,, forall [, and
(10.3)

N Wit/ Winsi-1 = Wi/ Wi—i—1 is an isomorphism.

Since N is defined over Q, so is the filtration. The vector spaces P"(V,, C)
are the fibres of a flat bundle P”* — A* (cf. 3(a)), and with respect to the
flat structure, N becomes independent of z. Hence (10.2) defines a filtra-
tion of P by flat subbundles

0cWycC...c Wy, 1 CcWy, =P". (10.4)

The pullback of P by the universal covering U — A*, 7 —> " ‘/‘_lz,
becomes canonically trivial, so that we may talk of the fibre H of this
pullback. Now (I0.4) corresponds to a rationally defined filtration

OcWoccW,cC...c Wy, C Wy, =H, (10.5)

(I03) remains valid in this context. To each point z € U, there corre-
sponds a Hodge filtration {F?} on H, such that TF! = F f ', (cf. ().
According to Deligne’s Conjecture (9.17) in [21]], for every z € U with
sufficiently large imaginary part, the two filtrations {F”} and {W;} were
to give a mixed Hodge structure on H. Deligne has since pointed out
that this is more than should be expected.

Instead, the conjecture holds “in the limit”, as can be deduced from
the two theorems of §0] Full details can be round in §6 of [41]]; here we

shall only give a precise statement of the result and a brief indication
of the proof. For every z € U, we consider the filtration {exp (—iN) o

F f }, which is invariant under z +— z + k, because exp N = Tk, Asa
consequence of the nilpotent orbit theorem, the limit

FP = lim exp(—iN)oFf (10.6)

Imz—o

exists. Indeed, the filtration {FZ} corresponds to the point pg € D. O
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Theorem 10.7. The two filtrations {F%}, {W}} constitute a mixed Hodge
structure on H. With respect to it, N : H — H is a morphism of type

(-1,-1).

Conjecture in [21]] also contains some statements about the
interaction of the polarization form and N; these again hold in the limit:
the quotients W;/W,_; carry suitably defined bilinear forms, which po-
larize the Hodge structures of pure weight on the quotients.

As for the proof of (I0.7), the nilpotent orbit theorem allows us to
assume that the period mapping is one of the special orbits to which
theorem applies. Because of (@.19), and part (e) in particular, the
filtration {F2,} and the filtration corresponding to the point J( V-1) € D
induce the same filtrations on the quotients W;/W,_;. Hence the nilpo-
tent orbit can be replaced by the S L-orbit #(U). As was mentioned
above ([@.19), the Hodge structures corresponding to the points (z) de-
generate in a very simple manner as Imz — oo, and in this situation,
(I0.7) can be verified by an explicit computation.

When a one-parameter family of algebraic manifolds degenerates
to a singular variety, the limiting mixed Hodge structure has geometric
significance. We shall take this up in (b) below.

The S L,-orbit theorem also leads to a description of the monodromy
weight filtration, in terms of order of growth of cohomology classes.
We assume that the total space X of the family 7 : X — A" lies as an
immersed submanifold in some projective space. The standard metric
of this projective space restricts to a Kéhler metric on each of the fibres
V, = 7~ 1(#). With respect to the Kihler metrics, one can measure the
length of a cohomology class ¢ € P"(V,,C), t € A*. In other words,
the flat bundle P — A* inherits a Hermitian metric. Now let ¢ € H be
given By flat translation, one obtains a multiple-valued, flat section
of P — A*. The length of its values in the various fibres of P” is a
multiple-valued, real function, which we denote by t — ||c||;, t € A™.
Over any radial ray or proper angular sector in A*, one can choose a
single-valued determination of this function.

“2As before, H denotes the fibre of the pullback of P to the universal covering
U— A"
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Theorem 10.8. An elements c € H belongs to W, if and only if
llellr = 0((=log )2, as 1 — 0,

over some, or equivalently any, radial sector in A*.

A detailed proof can be found in §8l of [41]]. As a first step, the
nilpotent orbit theorem allows on e to assume, in effect, that the pullback
of the period mapping to the universal covering U — A" is one of the
special nilpotent orbits. By (@.19), in particular part (f), one may further
replace the orbit by the embedding ¢ : U — D. This situation can be
treated by an easy, explicit computation.

If a cohomology class ¢ € P"(V;,C) is invariant under the action
of the fundamental group, i.e. if Tc = c, it must lie in the kernel of N.
In view of the second statement in (I0.3)), W,, contains the kernel of N.
Hence ||c||, = 0 (1), as t — 0.

Corollary 10.9. An invariant cohomology class has bounded length,
near the puncture of A*.

Remark. Although we have stated the preceding results only for fami-
lies of algebraic manifolds, they carry over immediately to the case of
arbitrary variation of Hodge structure, parametrized by A*.

In [[19]], the first author studied global properties of the period map-
ping of a variation of Hodge structure with compact parameter space.
The main technical result was (a slightly more general version of) the
“theorem of the fixed part” (cf. §6(a)), from which the properties of
the period mapping were essentially deduced as corollaries. Roughly
speaking, the argument went as follows: Let o be a flat section of the
total bundle H of the variation of Hodge structure. If o takes values in
the subbundle F” c H, for some p, then the length of the (p,m — p)
Hodge component of o is a plurisubharmonic function on the parameter
space S, as follows from the curvature properties of the Hodge bundles.
Moreover, the (p, m — p)-component of o is flat exactly when the length
function is constant. Since a compact analytic space does not admit non-
constant plurisubharmonic functions, the (p, m — p)-component must be
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flat, and one can now apply induction on p, peeling off one Hodge com-
ponent at a time.

If §, instead of being compact, is only Zariski open in some compact

analytic space, it may carry nonconstant plurisubharmonic functions,
but all of these are unbounded. Hence the arguments of [19] carry over
to this more general situation, as soon as one knows the boundedness
of the length functions which come up in the proof. Corollary
gives just the needed information. Section 7 of describes in more
detail how the results of [19] can be extended. We should also add that
the “theorem of the fixed part” was proved by Deligne for algebraic
families, as described in §6(a).
(b) Degeneration of algebraic manifolds. In this section, we shall
summarize some results of H. Clemens and the second author about
the topology of a family of algebraic manifolds which acquire singu-
larities [10]. Let X be an immersed submanifold of some projective
space, 7 : X — A a proper holomorphic map onto he unit disc A,
with connected fibres, which has maximal rank at each point of X =
7Y A*)A* = A—-{0}). Thus7: X —» A*isa family of polarized alge-
braic manifolds, as defined in §3] and the central fibre V = 7~!(0) has
the structure of projective variety. We may think of V() as a specializa-
tion of the typical fibre V;, = n7(¢), t € A*. It is natural to ask to what
extent the topology of the general fibre determines that of the singular
fibre (or vice versa).

In some sense, the question is not really well posed. One can per-
form operations on the family, such as blowing up or down along a sub-
variety of Vj, going to a finite covering of the base, again blowing up
or down, etc., which affect the singular fibre, but not the regular fibre.
Thus, in order to get as concrete results as possible, one should bring
the singular fibre into some kind of “normal form”. According to Hi-
ronaka, one can arrange that V; is a divisor in X, with no singularities
other than normal crossings. Recently Mumford showed that in addition
by repeated blowing up and change of the base parameter, all compo-
nents of Vj can be made to have multiplicity one. In this case, Vj can
be covered by coordinate systems with local holomorphic coordinates
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21,225+ - -» Zn+1, Such that

(21 s Znrl) =21 722 - U

for some [, depending on the coordinate system. Unless we say other-
wise, we shall assume that this simplification has been made. We also
assume, as we may, that the components of V{y have no self-intersection.
Some of the final conclusions, like the solution of the “local invariant
cycle problem”, do not depend on these assumptions, whereas others
do.

After shrinking the base A, if necessary, the family 7 : X — A will
continue to a neighborhood of the closure of A. The boundary dX =
7 1(0A) is then a C* fibre bundle over dA, with fibre V,(t € dA). Let

T H*(V,) — H*(V,)

be the Picard-Lefschetz transformation, i.e. the action of the canonical
generator of m1(A*) = m;(0A) on the cohomolog of the typical fibre
V,. One then had the exact sequence of a fibre bundle with base S,

— H"(0X) — H™(V)) LN H™(V,) — H"™(0X) — (10.10)

Under the hypotheses we made, 7 itself is already unipotent; inthe
notation of part (a), k = 1. This follows from the “geometric” proofs
of the monodromy theorem, e.g. Landman’s [33]. We set N = logT.
Since N and (7T'—1) have the same kernels and cokernels, we may replace
(T — 1) by N in (I0.IQ), which gives the exact sequence

—s H™0X) — H™(V)) 5 H"(V,) — H™(0X) —  (10.11)

The total space X has the central fibre V; as a strong retract (cf. [§]]),
so that H*(X) = H*(V). Taking into account Poincaré duality, the exact
cohomology sequence of the pair (X, 3X) therefore becomes

— H™Y(0X) — Hap-mi2(Vo) — H™ (Vo) — H™(0X) —>
(10.12)

“Here, as in the following, the homology and cohomology groups have complex
coefficients.
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(n = dim¢ V;). The exact sequences (I0.11) and (I0.12) can be com-
bined into the diagram

— H"(Vp) H"(V}) —— H™(V})

H™(0X) H™1(6X)
7 ~ 7
— H"\(V,) Hapme1 (Vo) — H™ (Vo) N

(10.13)
Except for a shift in the indices by one, the two rows are identical. Let
us look at one of them, with the missing arrows filled in:

N ]
— Hapmia(Vo) 5 H™(Vo) = H™(V,) = H™(V;) 5 Hapm(Vo) —> .
(10.14)

Under the identifications Hay,—ms2(Vo) = H™(X, 0X), H™(Vy) = H™(X),

u corresponds to the natural mapping H™(X,0X) — H™(X); v is the
mapping on cohomology induced by the “collapsing map” V, — Vj;
and finally ¢ is dual to v, with a shift in indices, and relative to Poincaré
duality on H*(V,).

According to Deligne [14], H*(V))) carries a canonical mixed Hodge
structure, which was described explicitly in §4l By duality, H.(Vy) in-
herits a mixed Hodge structure, too. Theorem (I0.7) gives the existence
of a limiting mixed Hodge structure on the primitive part of the coho-
mology of the nonsingular fibres. Since the Lefschetz decomposition
and the Picard-Lefschetz transformation commute, one can deduce the
analogous statement about the full cohomology. To be more precise, let
H™ — A* be the flat bundle of the mth cohomology groups of the fibres,
and let H™ be the fibre of the pullback of H" to the universal covering
U — A*, which is canonically trivial. On H™, there is a unique ratio-
nal filtration {W;} with the properties (I0.3). A limiting Hodge filtration
{FL} on H™ can be defined as in (I0.6). Then {FL} and {W;} give a
mixed Hodge structure on H™.

For each t € A*, one can choose various natural identifications j :
H™ = H™(V,), which are indexed by the fibre of U — A" over t. Any
two of them are related by a power of T = exp N. Hence j~' - v, ¢ - j,
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and of course j~' - N - j become independent of the particular choice of
Jj. We may therefore replace H"(V,) in (I0.14) by H™, for the sake of
simplicity, we shall not change the symbols for the maps which occur:

— Hopm2 (V) 25 B Vo) 5 1" 5 5" Y Hy (Vo) —
(10.15)
All of the vector spaces in (I0.13) now carry canonical mixed Hodge
structure. The main results of [10] can be summarized by the formal
statement

Theorem 10.16. The sequence (10.13)) is exact. The mappings u, v, N,
W are morphisms of mixed Hodge structures, of types (n+1,n+1), (0,0),
(—1,-1), and (—n, —n), respectively.

The local invariant cycle problem, listed as Conjecture 8.1 in [21]],
122 asks whether the image of H"(Vy) in H"(V;), t € A", consists of all
m1(A*)-invariant cohomology classes. For surfaces, an affirmative an-
swer was given by Katz, and in general, by Deligne (unpublished); both
arguments depend on having the family come from a global algebraic
family. Theorem (I0.16) now also answer this problem
Because of the mixed Hodge structures which are present, and with
the help of Lemma (L.I3), quite a bit of information beyond the local
invariant cycle problem can be squeezed out of the theorem. We do not
want to go into details here, and instead refer the reader to [10].

Appendix

The current status of the problems and conjectures listed in [21]].

(a) Torelli-type questions -ﬂi Conjecture 7.2 has been proved by
Piatetskii-Shapiro and Shafarevich [40]. Very briefly, they deduce
the global Torelli theorem from the local result by verifying the

#0One can show that going to a finite covering, blowing up, etc. does not affect the
statement in question.
43The numbering of sections, problems, etc. is that of [21]].
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global statement for “sufficiently many” polarized K3 surfaces. It
seems to be still unknown whether every point in I'/D comes from
a polarized K3 surface having at most rational singularities [37]].

Problem (Z3) has been settled in the affirmative by Tjurin [43]],
and independently by Clements and the first author [9]. A recent
paper by Tjurin discusses the general problem of the global
Torelli theorem for the Fano threefolds.

The local Torelli problem (Z)) for simply connected surfaces of
general type seems to remain open. In their recent work on canon-
ical embeddings of surfaces of general type, Bombieri and Ko-
daira [3] have found surfaces whose canonical series exhibit var-
ious kinds of extreme behavior (generalizing that of hyperelliptic
curves), and Cornalba has verified the local Torelli theorem for
these.

Local monodromy and the behavior of the periods at infinity (§§8]
O). As was mentioned already in §I0(b) above, the local invari-
ant cycle problem (B.I) has been solved by Katz for families of
surfaces, and by Deligne in general; see also [[10]. Problem (8.2))
about the local monodromy around an isolated singularity was
settled by counterexamples of A’Campo and Deligne. Conjecture
8.4 was proven by Katz [31]], and the refined version 8.4" in the
appendix is a consequence of the results of [41] (cf. §9 10 (a)
above).

For the classifying spaces of the periods of holomorphic two-
forms, Cattani [[6] has constructed a partial compactification, as
suggested by conjecture 9.2. The general case is still open, as
is conjecture 9.5, even in the special case of Hodge structures
of weight two. Conjecture 9.17 is discussed in detail in 10l (a)
above.

Uniformization of periods; automorphic cohomology (§§10, ??).
As far as we know, there has been no substantial progress on con-
jecture [I0.1] problem (I0.6), and problem (??). Sommese (Har-
vard thesis, to appear) seems close to a solution of conjecture
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10.5] although some details remain unsettled at the time of this
writing.

(d) General uniformization (§??). Problem ?? has been answered in
the affirmative by the first author [23]]. However, the result lacks
the symmetry exhibited by the classical uniformization theorem:;
basically, this is due to the breakdown of the theory of conformal
mappings in the case of several variables. (Consequently, the the-
orem in should be thought of only as a partial result, and we
refer to the above paper for a further discussion and specific open
problems, having to do with the general uniformization question
for algebraic varieties).

We want to conclude by stating a new problem. Let7 : X — S be
an algebraic family of polarized algebraic manifolds, and

I < Hom(H"(V,,), H"(V,,). o €S,

the global monodromy group, i.e. the action of 1(S) on the mth
cohomology group of a typical fibre Vy, = 771(S).

Problem. Is the monodromy group an arithmetic group?

To be more precise, we recall that I” lies in the automorphism group
GRr of the appropriate classifying space of Hodge structures, and that
I' ¢ Gz (cf. §3). The Zariski closure over Q of G in Gg, which we
denote by gr(I), is the group of real points of an algebraic Q-group. We
are asking whether I is arithmetic in this group; equivalently, whether

[T: GzNGrI)] < oo.

The period mapping can be taken to have values in the quotient I'/D
(rather than Gz/D), and the volume of its image in ['/D can be shown
to be finite [19]]. This at least lends some plausibility to the conjecture.
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ON THE COHOMOLOGY OF DISCRETE
ARITHMETICALLY DEFINED GROUPS*

By G. HARDER

Introduction

In this paper I want to come back to the questions which I discussed in 129
[7]. These questions arise from the study of the cohomology of discrete
arithmetically defined groups I'. To investigate the cohomology of I'
one considers the action of I' on the corresponding symmetric space X
and makes use of the fact that H'(X/I'R) = H'(I',R). If this quotient
X/T is compact then the Hodge theory (comp. [12] §31) is a powerful
tool for the investigation of these cohomology groups. But in general
the quotient X/I" is not compact and my concern in this paper are those
phenomena which are due to this noncompactness. The Hodge theory
fails in this case and I want to find a substitute for it or in other words I
want to get control of the deviation from Hodge theory. The basic idea
is to make use of Langland’s theory of Eisenstein series (comp. [8]]) to
describe the cohomology at “infinity”.

In this paper I mainly consider the case that I" is of rank one, i.e.
the semi-simple group G/K which defines I" is of rank one over the al-
gebraic number field k. The main result is Theorem 4.6. This theorem
is to some extent a generalization of Theorem 2.1 in [7] which is stated
there without proof. On the other hand the results in [7] are still much
more precise, because in the case of G = S L, /k the intertwining opera-

*Supported by the “Sonderforschungsbereich fiir theoretische Mathematik an der
Universitidt Bonn” and NSF grant GP-36418X.
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tors c(s) (comp. §3) are accessible for explicit computations. I hope to
come back to these problems later.

1 Basic notions and results on the cohomology of I'.

Let G, be a real Lie group acting transitively from the right on a con-
tractible C*-manifold X. Let xy € X and let us assume that the stabilizer
of xy is a compact subgroup K. Therefore we have K/G = X.

Let I' € G be a discrete subgroup without torsion, let us assume
that X/I" is a manifold; then I is the fundamental group of X/I" and the
higher homotopy groups of X/I" are trivial, i.e. , X/I" is a K(I', 1)-space.

Let E be a finite dimensional vector space over the complex numbers
of let pos 1 Goo = GL(E) be arepresentation of G,. We define an action
of G on the functions f : X — E by

To()(x) = poolg™)(f(xy)) for x € X and g € G

We restrict the action of G, on X and E to the subgroup I', then we
can construct the induced bundle £, — X/I and it follows from the
definition of the induced bundles that the C*-sections of Epm — X/
are precisely the [-invariant C*-functions f : XtoE. The pull back
of the bundle Epw to X is the trivial bundle EX over X and the trivial
connection on E x X induces a flat connection V on E,, which will be
called the canonical connection on E'pw. By means of this connection we
define the sheaf of locally constant sections in E,,_, and the cohomology
with coefficients in this sheaf will be denoted by

H'(X/T, Ep,) = H'(T, peo, E)

These cohomology groups can also be defined via the de Rham-
cohomology: Let Q°(X/I', E) be the vector space of C*-p-differential
forms on X/T" with values in £,_. Making use of the canonical connec-
tion we define the exterior derivative d : QP(X/T, E) — QP*Y(X/T,E)
which is given by the following formula : If Py, P,,... P, are C*-
vector fields on X/I" and if w € QP(X/I', E) then
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i=p+1
dw(Py,+ Ppi) = Y (=1 Vpw(Pr, - Piy o, Ppen)+
i=1
+ Z (_I)H-Ja)([Pl’P]]’ Pl9-- Pl9 9P]a aP]a 9Pp+1) (11)

I<i<k<p+1

Since V is flat we have d> = 0 and it is well known that the cohomol-
ogy groups of the de Rham complex (Q-(X/I', E), d) are canonically iso-
morphic to the cohomology groups H'(X/, E’w) (comp. [10], §1 Prop.
1.1).

We may look at our bundle £, from a different point of view. We
consider the fibration

q:G/T - X/T

which is principal with structure group K. Therefore the restriction of
P to K defines another induced bundle E,  whose global C*-sections
are given by the C*-functions

f:Gx/T > E
which satisfy
f(kg) = peo(k)(f(g)) for all g € Goo, k € K.

Lemma 1.2. For any C*-section f of E,,, we define a section fofE,.
by
F(0) = F(x08) = peol8™) f(x0)x = x08

The the mapping f — f induces an isomorphism from E,, to Epm

The proof is either trivial or can be found in [10], Prop. 3.1.

By means of this identification we can define a connection V on E,, |
and we shall derive a formula for this connection in terms of the bundle
E,., itself.

Let ® be the Lie algebra of right invariant vector fields on G,. Let
K be the Lie algebra of K and we put p = G/K. Let T¢ (resp. TX) be
the tangent bundle of G, /I" (resp. X/I'). The projection ¢ defines at any
point g € G a surjection

Dg,q:T —(5—>T , X = Xog
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and this yields isomorphisms
Dy, : p—TX.

This shows that ¢*(T*) = G /I" X p and that the C*-vector fields on
X/T" can be identified with the C*-functions

P:G,/T —p
which satisfy
P(kg) = ad,(k)P(g) g€ G, k€K, (1.3)

i.e. , the tangent bundle of X/T" is the bundle induced by adjoint repre-
sentation ad, of K on p.
Now we can give our formula for the connection V.

Lemma 14. Let f : Goo /I = E be C*-section of E,,, and let P : Kg —
p be a tangent vector at x = xo g = Kg. Then

Ve (Nle = P(©)f1g — peo(P@)(f(Q))

where P(g) is a representative for P(g) in ®, and where P(g)f |g is the
ordinary derivative of the function f with respect to the tangent vector

P(g) at g.

This lemma follows from direct calculations and it is also essentially
stated in [10], Prop. 4.1.

Remark. The bundles E,,_ and E,_ are only two different realizations
of the same thing. We need Epm — X/I for the definition of the con-
nections V and V, but from now on we shall work with the realization
E,. — X/T.

Let us now assume that G, is the group of real points of a reductive
algebraic group over R. Then the Lie algebra splits

G ="Bo®
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where B is the centre of ®’ and where ® is the semisimple part of ®.
Let us assume moreover that K C G, is a maximal compact sub-group,
then X = K/G is homeomorphic to an euclidean space. Let

B:6x6®—R

be a symmetric nondegenerate bilinear form on ® which has the follow-
ing properties

(1) B is invariant under the adjoint action of G, on ©®.

(2) The restriction of B to R is negative definite and if p is the or-
thogonal complement of & with respect to B, then B/p is positive
definite.

The condition (1) implies that ® = B ®’ is orthogonal with respect
to B.

By means of the identification De,q TP > chf) we define as usual a
Riemannian metric on X.

We assume now that p, is the complexification of a real represen-
tation pg : G — GL(Ey). Following Matsushima and Murakami in [10]
we call an euclidean bilinear form

(Y EgxEy—> R
admissible if
(1) () is invariant under p(K),

(2) (po(Pe, ) = (e, pa(P)f) forall P € p, e. f € Ej.

We extend ¢, ) to a hermitian form on E = Ey X C. The existence of
such an admissible metric on Ej is proved in [10], Lemma 3.1, if K is
connected. In the general case we have to average over the different
connected components of K.
let us fix an admissible metric on E. It induces a C-linear isomor-
phism
#: E-—E" = Homc(E, C)
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which is defined by (#a)(b) = (b, a) for all a,b € E. Because of con-
dition (1) this extends to an isomorphism # : E, ——FE, This yields a
map

#: QP(X/T, E)=>QP(X/T,EY), (1.5)

If dim X = N and if I preserves an orientation of X then we define the
operator
x: QP(X/T, X) — QN P(X/T, E) (1.6)

(comp. [10], §2) as usual and it is easy to see that * and # commute.

If w € QP(X/T,E) and ' € QVN=P(X/T, E*) then w A o’ takes its
values in £ ® E* and the evaluation map tr : E® E* — C brings us back
to the complex numbers. We define

(w, ) =trw A ') € QVX/T, C) (1.7)

We now define as usual a hermitian inner product on the C*-p-forms
with compact support

(w, 'y = f(a), % o #w')

X/r
The operator ¢ : QPY(X/T,E) —» QP(X/T,E) is defined as the adjoint

of d with respect to this metric. We know from [10]], §2lthat this operator
can also be defined by

§=(=DP s To#ato .
We define that Laplacian
A =do+dd.

This Laplacian operator does not depend on the choice of an orien-
tation on X and therefore we can define A also if I' does not preserve the
orientation.

If the quotient X/I" is compact then one knows that a harmonic p-
form w, i.e. , a form that satisfies Aw = 0, is closed and coclosed, i.e. ,
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it satisfies dw = 0 and dw = 0. Therefore we get a mapping from the
space of harmonic forms H?(x/I", E) to the cohomology

H?(X/T,E) = {w € QP(X/T', E)|A,, = 0} — HP(X/T,E)

and a straightforward generalization of the Hodge theory (comp. [12],
§31, Cor. 3) tells us that this map is an isomorphism.

To conclude this section we shall explain the relation of A to the
Casimir operator C. The bundle E,_ is the induced bundle of the rep-
resentation p.|K, and we have seen that the tangent bundle TX is the
bundle induced by ad,. Therefore we have a natural identification be-
tween the space QP(XT', E) and the functions

¢ : Goo/T — Hom(AL, E)
which satisfy
p(kg) = APad (k) ® peo(k)(p(8)) 8 € Geo, k € K (1.8)

where ad,; is the dual representation to ad,.

The enveloping algebra U(®) is operating as an algebra of differen-
tial operators on the C*-functions on G, /I" with values in Hom(AY, E)
(Comp. [8]], Chap. I, §2)). Our metric on & defines the Casimir operator
C € B(®) = centre of U(®), and this is an operator of order 2which
sends the functions ¢ satisfying (L8] into itself. We can extend the
representation p., of ® in End(E, E) to a representation ps, of U(®) in
End(E, E). Then we have for all C*-p-forms ¢ : G, /T — Hom(Ag ,E)
the formula

Ay = =Cy + poo(C)y. (1.9)

This is the lemma of Kuga and it is proved in [10] §6 for semisimple
groups. The generalization to the reductive case is easy.

2 The cohomology of ‘parabolic’ discrete groups.

Let k be an algebraic number field and let G/k be a semisimple algebraic
group. We define koo = k®p R = R" @ C" and we put G, = Gi,.
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Let I' c G be an arithmetically defined subgroup without torsoin. Let
pr : G = GL(V) be a rational representation of G/k. From this we get
a representation p., of G on the vector space £y = V ®q R. Let us
fix an admissible metric on Ey with respect to a fixed maximal compact
subgroup K C G. Again we put E = Ey X C. This is the situation to
which we shall apply the results of §I1

Let P € G/k be a parabolic subgroup. In this section we shall inves-
tigate the cohomology groups

H'('N Py, pl, E)

where ' N P, = I' N Py, C P is the “parabolic” discrete group in the
heading of this section.

Let us assume that G/k is simply connected. Then the character
module X(P) = Hom(P,G,,) is generated by fundamental dominant
weights y1, ..., x,. These characters y; induce homomorphisms

il : Poo — (RT)"
il : p — Nio/rxi(p))l

The intersection of the kernels of these homomorphisms |y;| is called
P (1), and it is well known that P, (1)NI' = PooNI". Weput X = K/G
where K is our fixed maximal compact subgroup and xy = Ke € X. We
define

X(1) = Xp(1) = xoPoo(1).
This is a s-codimensional subspace of X which depends on P. We drop

the index P if it is clear with respect to which P this subspace is defined.
Since X(1) is contractible we have

H'(X(1)/TN P, E)=H (X/T N Po,E)=H (TN Pe, pl, E)

where pl, is of course the restriction of pe t0 Peo.

Let us denote the unipotent radical of P by U. Then M = P/U is
reductive algebraic group over k, and M, (1) is the group of real points
of an algebraic subgroup of M X gR. Let Kj; be the image of K N P,
in M, (1) then the quotient

Xy = Ky/Mo(1)
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is again a symmetric space. As metric on X); we take the one which
is induced by the restriction of the Killing form to the Lie algebra of
M (1), this restriction satisfies obviously the conditions (1) and (2) in
§1l Let I, be the image of I' N Py, in M, (1)—this is again an arith-
metically defined group. The map

7 X(1)/T N Poo — Xy /T

is easily seen to be an fibration with fiber Us/Us N I'. Therefore we
have a spectral sequence

HP?(Xp /Ty, H(Us /Us NTL,E)) = H'(X(1)/T N P, E) (2.1)
p+q=n.
We shall see that this spectral sequence collapses and that the cohomol-
ogy H'(X(1)/T' N P, E) is actually the direct sum of the E,-terms on
the left hand side.

First we apply the considerations of §I] to the cohomology of the
fiber. Since K N Uy, = e the tangent bundle and the bundle E,_ re-
stricted to Uy /U N T are trivial and QY(U, E) is the space of Ceo-
functions w : U, — Hom(A%u, E) where u is the Lie algebra of right
invariant vector fields on Us. The group U, is acting on the g-forms by

right translations, and Q9(Us /UNI', E) consists exactly of those forms
which are invariant under U, N I'. Therefore we have an embedding

Hom(A'u, E) = Q' (Us, E)V~<5Q (U /U N T, E).
We have also a map in the opposite direction
h:w— f w(u)du.
Uso/UsNT
Here, du is a Haar measure on U, such that vol;,(Us /U, NT) = 1.

Theorem 2.2 (van Est, [4]]). The maps j and h induce isomorphisms on 137
the cohomology which are inverse to each other. We have

H (Ux/UxsNTL,E)=H (u,E)
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where the expression on the right hand side denote the cohomology of
the Lie algebra u with coefficients in the u-module E.

The first assertion is essentially a special case of Theorem 8 in van
Est’s paper, and the second one follows from his Theorem 9; but at this
place we have to make a few remarks about signs. Let us assume for the
moment that U, is any Lie group and that u is the Lie algebra of right
invariant vector fields. If p, is still our representation of U, in GL(E)
then we define as usual for 7 € u

exp(tD)f — f

(D) f =1i
Peo(T)f = lim ;

and with this definition £ becomes a right u-module, i.e. , we have

(Poo(T1)Ppoo (T2) = Poo(T2)peo (T f = po[T2, T1D f for T1, To € u, f € E

where of course [T T,] = T1T, — T,T;. Especially for the adjoint repre-
sentation this yields ad(T'1)(T>) = [T>,T1]. For a right u-module E the
cohomology groups are computed from the following complex (comp.
(3], Chap. XIII, §8).

d d
—s Hom(AY'u, E) = Hom(AY, E) = Hom(AY"'u, E) —

where for f € Hom(A%u, E) we have

i=q+1
df(Tl L) Tq+1) = Z (_1)lpOO(Tl)f(T1 L) Ti? K] Tq+1)+
i=1

L DT AATL T T Ty, T Ty,

I<i<j<g+1

(2.3)

Actually the second statement of Theorem is easy consequence of
the definitions, Lemmal[l.4] and formula[2.3]

In the spectral sequence (2.1) we have to take the cohomology of
X /Ty with coeflicients in the local system of the cohomology of the
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138 fiber H' (U /Us NT,E) = H (4, E). This local system is determined
by the operation of the fundamental group I'y; on H'(u, E). On the other
hand, the group P (1) acts in a natural way on the cochain complex
which defines H (u, E) and this gives us a representation of M (1) on
H'(u, E). We claim that the restriction of the latter action to 'y is equal
to the first one. To see this we have to consider the pull back of the
fibration 7 over r itself, we get a diagram

s

X(1)/T NPy Xm/Tu
Y — %~ X(1)/T NP,

and the fiber bundle ¥ > X (1)/T' N Py is induced by the operation of
I'N Py on Us/Us NT. But then the corresponding assertion for the
fibration 7’ is clear, and this proves our original claim.

This tells us that we can apply the results of §{I to the E;-terms of
the spectral sequence. The next thing we shall do is to construct for a
fixed ¢ an imbedding

QF(Xy /T, H(u, E)) — Q7 (X(1)/T N P, E)

and we shall see that this imbedding commutes with the exterior deriva-
tives.

The Cartan involution corresponding to K is denoted by 6. It induces
the well-known Cartan decomposition ® = & p. Moreover it is well
known that the intersection

My = P NP,

is a real Levi subgroup of P, and that the restriction of 6 to My, is again
a Cartan involution. We introduce a positive definite metric on ® by

Bo(N,N") = —=B(N, O(N"))

where B is the Killing form. In M., we fix the maximal compact sub-
group K N My, = Ky.
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Lemma 2.4. The metric By restricted to u is admissible with respect to
the adjoint representation of M« on u.

Proof. Obvious. O

This metric on u extends to an admissible metric on Hom(A%u, E)
since we have already chosen an admissible metric on E. Following
Kostant [9] we construct the adjoint operator 6 : Hom(A” wE) —
Hom(A?~ 'y, E) to the coboundary operator d. Since our metric is in-
variant under the action of K, the operators d and 6 commute with the
action of Kj;. We define the Laplacian by L = d¢6 + dd, and Kostant has
proved (comp. [9], Prop. 2.1 and 3.5.4)

H(u, E)->{{ € Hom(Au, E)|L{ = 0} = H(u, E).

This is an M, invariant subspace of Hom(Afu, E) since our metric is
admissible.

Let us put P = Lie(Pw), P; = Lie(Pw(1)), m = Lie(M,,) and m, =
Lie(M(1)). The Cartan decomposition of m (resp. m,) with respect to
the restriction of 6 to M., (resp. . M, (1)) is denoted by

m= Ky®p
(resp. .)
m, = fiw 6951

With respect to By we have the following orthogonal decomposition

(comp. [6], Prop. 1.1.1)
P=mou

and this induces
Pl=mo&u=8y,0p &u

Our general considerations in {1l yield that the tangent bundle of X(1)
(resp. Xyy) is canonically isomorphic to the bundle which is induced by
the adjoint operation of Ky on p; @ u (resp. p;). Let us introduce the
notation r; = p; ® u. Then we have the decomposition of Kj;-modules

N'ri=N@Grouw = @ APpy© Au
p+q=n
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We have interpreted an element in QP (X /'y, H(u, E)) as a C™-
function
¢ 1 M(1)/Tyy — Hom(APpy, H(u, E))

which satisfies

p(kg) = APady (k) ® Alad, (k) ® peo(k)((g))
(comp. (L.8)). But since H(u, E) ¢ Hom(A%u, E) we have
Hom(A”p;, H(u, E)) € Hom(AP%;, Hom(A%u, E)) ¢ Hom(A”™r |, E)

we may as well consider ¢ as an element of QP*4(X(1)/T N P, E).
Therefore we have constructed an embedding where we consider g as
fixed and p as variable. Let us denote by dj; the exterior derivative
of the complex Q (X, /Ty, HY(u, E)) and respectively by d the exterior
derivative of Q°(X(1)/T' N Pw, E).

Lemma 2.6. We have
igody =doiy,.

Proof. Le us take a form ¢ € QP(Xy /Iy, Hi(u, E)), we put ¢ = is(¢).
We pull these two forms back to P, (1)/I" N P, and carry out the com-
putations upstairs, the forms upstairs will be denoted by the same let-
ters. By My, My, -, M;, (resp. .U1,U,,...) we denote the right invari-
ant vector fields on Pe(1) which are obtained from elements M; € m,
(resp.U; € u) . (Therefore is no confusion in the notation since the in-
dices are always less than infinity in M,). We get from our construction

SD(MI ’ MZ’ ) Mp)(Ul s "y Uq) = Sb(Ml’ MZ’ y Mps Ula y Uq)

and moreover it is clear that ¢ is bihomogeneous of degree (p, q), i.e. ,
we have ¢(-M;-,-U-) = 0 unless the number of M’s (resp. .U’s) is equal
to p (resp. .q). This implies that

d()b(Ml, T Mp’ U19 "y Uq+1) = O

because the terms involving V,y,, [M;, M;], and [M;, U] are zero and the
terms involving Vy, and [U;, U,] add up to zero since ¢ takes its values
in HY(u, E). Therefore we have only to compute

140
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dSD(M] s s Mp+1 s Ul s s Uq)
This breaks up into several terms; we use Lemma[[.4] repeatedly to get

d‘,’b(M19 " Mp+1’ Ula ) Uq) =

i=p+1
DD M@M, - My, Myir, Us -, Uy M
i=1
i=p+1
- Z (_1)l+1p00(Ml)¢(M1’ ) M19 ) Mp+19 U19 ) Uq) (II)
i=1

+ Z (_1)l+1¢([Mh M]]’ Ml’ 7Mls ’M]’ 9M +1> Ula Yy Uq) (III)
I<i<j<p+l
i=p+l j=q
£ ) > EDIT (M, UL My, My, My, +
=1 j=1
+ Ula ) U]? ) Uq) (IV)

+2 other terms which vanish because ¢ is bihomogeneous of degree

P, 9.
On the other hand we have

dMSD(M]’ T Mp+1) =
i=p+1
DD MMy, -, M-, M) ()
i=1
i=p+1
= > D oo (M) + Aady(M))e(My, -, My, Mpey) (1)
i=1
O CDTe(My M), My My M M), (D)
I<i<j<p+1
We have to evaluate this on (Uy, -, U,) and we see that (I) = (I’) and (III)
= (IIT"). We claim that II’ = II + IV. We see that the typical term in IV
is equal to

(_1)l¢(M19 ) Mia ) Mp+la Ula ) [Mb U]]a ) Uq)
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We see that (II") naturally breaks up into two terms, one of them is
obviously equal to (II) and the other one is

i=p+1

DD (ATady (Mp)p(My, -, M, Mpi1)) (U, Up).
i=1

If we take into account that ad,(M;)(U;) = [U;, M;] (comp. remark
following Theorem then we see that this second term is equal to
av).

We introduced an admissible metric on Hom(A%u, E) which induces
an admissible metric on HY(u, E). From this metric we get a Laplacian
operator

Ay QP Xy /Ty, B (u, E)) — QP (Xp /Ty, HY (4, E)).

On the other hand we have a Laplacian operator A; on the complex
Q' (x(1)/T" N P, E) which is defined by means of the admissible metric
on E. |

Lemma 2.7. We put s = dim(u). Then we have
quAM =A1 Oiq.

Proof. Let us denote by M2 (1) (resp. . Kg,,) the connected components
of My (1) (resp. . Kjr). Since Xj; is connected we know that Xy, =
Ku/Mw(1) = K9,/M2, (1) and we may assume that 'y, € M2, (1), since
the Laplacian operator does not depend on an orientation. If we put
s = dimu, then K](‘L acts trivially on A’u, we choose an isomorphism
A°u—R. The nondegenerated pairing

Hom(A%u, E) x Hom(A*™u, E*) — C = Hom(A*,C)
induces a nondegenerated pairing
HYu, E) x H"4(u, E*) — C

which is compatible with the action of K]?l.
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To prove the assertion in our lemma, we compare the operators ¢,
and . The operator ¢, is constructed by means of the mapping (comp.

)
#y LH (1, E) — HY(u, E)* = H (u, E”)

and 07 is constructed by means of the operator
#: QPY(X(1)/T N P, E)-=QP*(X(1)/T N P, E¥)

which is constructed by means of the admissible metric on E. The -
operator on the forms on X(1)/I' N Py is defined by means of the re-
striction of By to r; = Py ® u where this decomposition is orthogonal. If
we restrict By to u we get the admissible metric on u which induces the
admissible metric on H?(u, E). Therefore we get the following commu-
tative diagram

QP (X /Ty, H(u, E))  QX(DT O P, E)

(= 1)1=P sy oty %ot
Q" P(Xpy [ Tar, H (1, E¥)) BN Q=P 4(X(1)/T N Poo, E*)
whee n = dim X,;. A simple calculation yields
igody =0101i,
and now the lemma is obvious. O

Theorem 2.8. If X;/T "y is compact then the mapping i induces an iso-
morphism for the cohomology

" ¢ @pegenH? Kot [Tog, B, E)~>H"(X(1)/T N Poo, E).

Proof. The Lemma[2.6 tells us that i* induces a homomorphism on the
cohomology. The Hodge theory tells us that the cohomology groups
on both sides are isomorphic to the corresponding spaces of harmonic
forms with respect to Ay, and A;. This implies that i* is injective and
the surjectivity follows then from the spectral sequence.
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The group M., is the group of real points of an algebraic group over
the real numbers. Let us denote by T the connected component of the
identity of the centre of that group. This is a torus over R and let us
denote its group of real points by Tw,. The adjoint action induces an
operation of T, on H%(u, E) which is semisimple, and the eigenvalues
of this action are induced by algebraic characters of 7. The metric By
induces a decompositian

Too = Tw(1)'A
D A-((RY)FY
@ a—=(x1l(@), -, lrl(@) (2.9)

where we shall use @ to identify A = ((R*)*) and we shall write a =
(11,1, t). If r = 1 we write a = t. We now restrict our above action to
A, Then A acts by algebraic characters

/1:a—>a/l=t;l1 A el

on HY(u, E) and we denote the corresponding decomposition by

H(,E) = (F) Hi(u, E) (2.10)
A

and we shall call Hﬁ(g, E) the space of classes of weight A.
The group A acts on Hom(A*u, C) by the character a — a~% where
2p is the sum of the positive roots. This implies

#hy  H(w E) — B! (u, EY).

Since the action of A on H?(u, E) commutes with the action of M.,
we get a decomposition

HX0)/TNPy, E) = GBAH/i(X(l)/F NPy, E)
=&, H (Xy /Ty, H}(u, E))
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3 Extension of differential forms and Eisenstein se-
ries.

We assume that G/k is of k-rank one. If P € G/k is a minimal parabolic
subgroup then we have only one fundamental dominant weight y :
P — G,,. We define the function (comp. 2.9)

h: X — (R
h:x=xp— Il(p) =t

This function is equivariant with respect to the action of P.. Let us

dx de . . ) . .
denote h* (—) = = this is a P.-invariant 1-form on the symmetric
X

space X.
We define X(t) = {x € X|h(x) = t}. Let us define T as the vector
field on X which is orthogonal to the vector fields along the slices X ()

dt
and for which T(T) = 1.
The metric By induces a decomposition

Po =A-Po(l)

where A centralizes K N P, and where |y| : A—>(R")" is the identifica-
tion we introduced at the end of §21 Now the mapping

m; - X(1)—=X(@)
m; : x = xop—xotp p € Ps(1)

is a diffeomorphism which is compatible with the action of P, (1). There-
fore it induces a diffeomorphism

my: X(1)/T'N Py — X(@)/T N Py

and we find a diffeomorphism X/T" N P.—=(X(1)/T' N Ps,) X R. The
tangent bundle TX of X/T" N P, has the orthogonal decomposition

T =T & (T)
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where T(’)( is the bundle of tangent vectors along the slices X(7) and where
(T) is the subbundle spanned by the vector field 7. In the language of
induced bundles this corresponds to the decomposition

r=r,®CT

where T now is considered as an element of Lie (A) and where r = p®u
(comp. §21). The group K, acts trivially on T'.

We now want to give some preparations which are necessary for the
definition of Eisenstein series. Let us start with a cohomology class

[¢] € H"(X(1)/T N P, E).
This cohomology class has a unique harmonic representative
Q"X(1)/T' N Pu, E)
which may be viewed as a function
¢ : Poo(1)/T' N Poo(1) — Hom(A"r,, E)
which satisfies for k € Ky, p € Poo(1), u € Uw
p(kpu) = A™ ad; (k) ® po(k)((P))

(comp. (L8)). The right invariance with respect to the action of U,
follows from Theorem (2.8)). We have a K y;-invariant embedding

Hom(A"r,, E) < Hom(A"r, E).

On the bigger space the group K is acting, but the smaller space is not 146
necessarily invariant under this action of K. We now extend our function
¢ to a function

¢s : Goo/G N Poe — Hom(A"'r, E)

by
os(kip) = A™ ad; (k) ® poo(k)(e(p)) "



147

134 EXTENSION OF DIFFERENTIAL FORMS AND EISENSTEIN SERIES.

where p € Po(1), k € K, t € A, and s € C. This function can be
considered as a differential p-form on X/I' N Ps. In this case p is of
course an integer.

We now denote the exterior derivative (resp. exterior coderivation,
resp. Laplacian operator) on the complex Q' (X/I' N P, E) by d (resp. .
o0, resp. A). Then

Lemma 3.1. If [¢] is of weight A, then

dt
dSDS = (_P—S—/l)T A s
0ps =0
Agg = (s* = (p + D)D)

Proof. We pull ¢, back to P.,. We have to evaluate dp; on m + 1-tuples
of right invariant vector fields. Since ¢ itself is closed the only nonzero
terms are

dSDS(T’ Ml"’Ma’ U]?" Ub) Ml e ﬁ19 U] GZ
a+b=m

Since ¢ (T, -, M, -, U") = 0 we get for this last expression

Ay (M, M, Ur, - Up) + Y (=) (T, U, My, -U )

1<j<b

= (_p - S)SDS(M]’ ) Ma’ Ul sy Ub) _pOO(T)SDS(M]a K Ma’ Ul 5"y Ub)_
- Z QDS(Mls ) Mm Ula ) [T9 U]]7 ) Ub)

1<j<b

Since ad(T)(U;) = [U;, T] (comp. remark following Theorem [2.2) we
see that the last two terms add up to —A¢(My, -, My, Uy, -, Up). To prove
the second formula we compare the operators * and # on Q' (X/I' N
P, E) to the corresponding operators | and #; on Q" (X(1)/T' NP, E).
It is clear that #; is the restriction of # to Q*(X(1)/T' N P, E) and since
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dt
- is orthogonal to the vector fields along the slices X(¢) we get

d
gy = P A(s10),
d (3.2)
* (7 A SDs) = (*1¢0)s

Since ¢ is harmonic we find
N R et (4
0ps = (=D)P" 7" ot d#t o xpy = — 7 ot 'd 7 AN#Hox)s]|=0

because of our previous formula.

To prove the formula for the Laplacian operator, we have to observe
that it follows from our considerations at the end of §2/that *; o #,@ =
*)7 o #pr is of weight —2p — A. Then the formula becomes obvious.

We want to define the Eisenstein series E(g, s) € QF(X/T"; E) which
is associated to [¢]. To do this we have to recall the general context in
which the Eisenstein series are defined.

We start with a representation

o K — GL(V)

where dimV < +co. Let n € Homg,,(V, V), we introduce the vector
space

km) = o(k forke K
S Ma(D)/Taps 1) = (i + M1y — 1 | V0T = T O Tor ke M}

(Cup)(m) = n((m))

where C); is the Casimir operator. This vector space is of finite di-
mension since M (1)/I'y; is compact and since the Casimir operator in-
duces an elliptic operator on the bundle V, — Xj,;/I"y; which is induced
by o. If ¢y € &/ (Mo (1)/Ty,0,n) we put, following Harish-Chandra,
Us(g) = U(ktp) = o(kw(p)™"" (comp. [7I, Chap. II, §2) and we
define for s € C, Re(s) > p

E@y.9) =EW.9)= > g

ael'/TNPs
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It is known that this series converges for Re(s) > p and that it has mero- 148
morphic continuation into the entire s-plane (comp. [8], Chap. IV).

If P’ is another minimal parabolic subgroup then the constant Fourier
coefficient of E(g,y, s) along P’ is defined by

EV (g, ¥, 5) = f E(gu', ¢, s)du’
U /U’ coNI’

where U’ is the unipotent radical of P’ and where
voly (U JU. . NT) = 1.

We shall state briefly some of the results concerning there constant
Fourier coeflicients which are proved in [8]], Chap. II. We put

] 0if P and P’ are not I'-conjugate
| 1if P and P’ are I'-conjugate.

If € = 1 we assume that P = P’. Then
E” (. 5) = eW)s + (c())-s
where c(s) is a linear mapping
c(s) : LMo(1)/Ty, 0,m) — (MG (D/Tug, 0,1

which is meromorphic in the variable s. We claim that this follows from
[8], Chap. II, Theorem 5 and the results in Chap. IV on analytic contin-
uation. To see this we choose an element y € K which conjugates M.,
to M’ and which conjugates P into the opposite P’ of P’ with respect
to M/, i.e., P,,,NP., = M’,. This map sends the Casimir operator on
Mo (1) to the Casimir operator onM/ (1) and it sends n € Homg,,(V, V)
into an element
7' = ad(y)() € Homg,,, (V. V).

Then our statement above is a slight modification of Lemma 36 in [§]],
Chap. 1L
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Now we come back to the cohomology. We have seen that the co-
homology group H"(X(1)/T' N P, E) can be identified with the space
of harmonic forms

¢ Mo(1)/Ty — @ Hom(APP,, H'(u, E)) for which Ay = 0
ptrq=m
(comp. Theorem 2.8). We have the inclusions 149
(D Hom(A”51. H'(u, E)) € () Hom(A? 1, Hom(A%u, E))

ptrgq=m prq=m

= Hom(A"r,, E) c Hom(A™r, E).

The biggest space is invariant under K; the other spaces are in general
only Kjps-invariant. The Laplacian operator Ay acts on the space of
functions

¢ Mo(1)/Tyy — (D) Hom(A”5, Hom(A‘w, E))
ptrq=m

which satisfy (L8], and it follows from the lemma of Kuga that (comp.

(9)
App = —Cyo + ACy)yp

where A(Cy) = @p - Apg(Cy) and A, 4(Cyy) is the linear transfor-
mation induced by the Casimir on

Hom(A?p;, Hom(A%u, E)).
Because of our identifications
ACy) € End(Hom(Amfl, E))

and since
A"r=A"r, ® A" 'r, ® CT

we may extend A(Cy) trivially to A" r, ® CT and therefore we may
consider A(Cyy) also as an element of

Endg,,(Hom(A"r, E)).
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Our considerations shown that
H"(X(1)/T N Poo; E) = & (Moo(D)I pg, A ad” ®peo, A(Cpr))

and therefore we can associate to any cohomology class an Eisenstein
series. Let us denote

A (Moo(1)/Tag, A™ ad" 1 ® peo, ACur) = A"
It is clear that in this case we have
c(s) : %ﬁﬁflm) — %ASI@

since the representation adz1 |K)s extends to the normaliser of Kj; in
K. O

Remark. The space .77}, plays only an auxiliary role; we need, it, be-
cause we want to have a home for our c(s)¢ and we want to have some
space of functions which is invariant under the transformations c(s). It
is not clear that the c(s)y is again a cohomology class if ¢ was one.

The Eisenstein series will now be used in the following context: We
know that X/T" is up to homotopy a compact manifold V with boundary
0V . The theory of Eisenstein series will help us to associate to any coho-
mology class [¢] € H™(0V; E) an Eisenstein series E(p, s) € Q"™(X/I" :
E).

Before we can do this we must recall some facts from reduction
theory. Let Py, P», ..., P, be a set of representatives for the ['-conjugacy
classes of minimal parabolic subgroups. We consider the projection

i=d
Y=| |X/rnPie— XIT.
i=1

For each X/T'NP; o we have the functions #; : X/TNP; . — (R*)* which
have been introduced above. We collect these functions to a function
h:Y — (RH)*If ty > 0 we define

Y(10) = {y € YIh(y) < to}.



159

It is well known that we can choose 7y > 0, such that the mapping
Y(tp) — X/T is injective and locally diffeomorphic (comp. [2], The-
orem 17.10). Let us identify Y(¢y) with its image. The complement of
Y(tp) is a compact manifold V with boundary Y (comp. [2], loc. cit.,).
The boundary components of V are the manifolds X;(#9)/I' N P; ., where
X;(to) is of course {x € X|h;(x) = ty}.

Now we come back to the Eisenstein series. Let us consider a co-
homology class [¢] € H"(JV, E), then this class may be considered as a

vector [¢] = ([¢1], ..., [¢q]) Where
lei] € H"(Xi(10)/T N Pj o, E).
Since we have the identification
my, : Xi(1)/T N Pjo — Xi(t0)/T N P oo

we can associate an Eisenstein series to each of the classes [¢;] and we

put
i=d

E(g,5)= ) Egi,9).
i=1

This is a differential form on X/T".
We call [¢] € H"(0V, E) a cohomology class of weight A if its com-
ponents [¢1], ..., [¢q] are of weight A. In this case we have (Lemma

BD

_ (2 2
AE(p, 5) = (s* = (1 + p)")E(g, s)} (3.3)

AE(p, s) = 0.

For any cohomology class [¢] on the boundary we consider the constant
Fourier coefficients of E(g, s) along the P’s

d
Efi(, 5) = (¢1)s + [Z Cij(S)SOj]

j-1

and we collect them to a vector

EP(p,5) = (EP' (¢, 9),...,E"(p, 9)).
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We shall write symbolically

EP (g, 5) = (9)s + (c(5)p)—s.

For the rest of the paper we keep this notation for the constant
Fourier coefficient. This is slightly sloppy because it means that we
do so as if there is only one cusp. But otherwise the notation becomes
clumsy and the arguments are essentially the same.

4 Cohomology classes represented by singular val-
ues of the Eisenstein series.

If ¢ is of weight A, then we know that Ae(gp, 5) = (s> — (0 + 1)?)E(¢, 5).
Therefore we get a harmonic form if we evaluate E(yp, s) at the special
values s = +(p+4). Of course we have to be careful, since E(yp, s) might
have a pole at such a special value. Our main concern will be the case
where this pole is of order one. Then we put

Ress—p 1 E(p, 5) = SE}}} (5=p=DEp,s) = E'(g,p+ ).

We call these differential forms E(gp, (o + 1)) or E’(p, (0 + 1)) the
singular values of the Eisenstein series. We shall discuss the following
two problems:

(A) When does a singular value represent a cohomology class, i.e. ,
when is it closed?

(B) In case it represents a cohomology class, what is the restriction of
this class to the boundary?

To attack these questions we have to consider the constant Fourier co-
efficient. First of all we claim that dE(p,p + 1) = 0 if and only if
d(EF (g, p+A)) = 0. It is clear that the first statement implies the second
one. To see the other direction we have to recall the notation of the space
of cusp forms. A differential form w € Q™(X/I', E) is called a cusp form
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if it is square integrable and if (comp. [8]] Chap. I, §2))

a)P(g) = f w(gu)du = 0.

Us/UiNI

Here we interpret w as a function on G /I" which satisfies (1.8). We
know that for any cusp form w € Q"*!(X/T', E), which is an eigenfunc-
tion with respect to the centre of the universal enveloping algebra, the
integral

(dE(g1p + ), w)) = f (dE(g1p + ), +oFi)
X/r

exists ([8]. Chap. I, Lemma 15). The results in [§8]], Chap. I also imply
that the value of this integral is equal to (E(p, A + ¢), dw) (apply cor. to
Lemma 10 and Lemma 14). But the latter integral is zero since dw is a
cusp form. Now our assertion follows from Theorem 4 in [8]], Chap. I.

If dE(¢,p + ) = 0 then we see from our Theorem and the
description of the boundary that [E(¢, p+4)] and [E Plp, p+ )] represent
the same cohomology class on the boundary 9V of V.

We decompose the space Hom(A™r,, E)) with respect to the action
of A and write

Hom(A"r,, E) = () Hom, (A"r,, E)
u

where the u’s are algebraic characters on A (comp. §2)). Moreover we
write

dt -1
Hom(A™r, E) = Qﬂ} Hom,(A"r,, E) & @ —C A Hom, (A", E).

This yields a decomposition of c(s)¢:

d
c(s)p = Z cu($)p + Z 7t A ny(8)e.
u

u
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From this we get the following rather messy formula for the exterior
derivative of E(g, s) where ¢ is supposed to be of weight A (comp.
Lemmal[3.1])

d d
dE"(8.5) = (=5 = p- DT A (@), + Z#:(s —p =5 A o)

d
_ Z (TZ A dnﬂ(s)go)_s + zﬂ:(dcﬂ(s)go)_s. 4.1)

(Actually we have to apply a slight generalization of Lemma [3.J). On
the other hand we may also start from the function

dt dt
— A Po(1)/T NPy —> — A Hom(A"r,, E) ¢ Hom(A"™*'r, E)

S . . . . dt
and we may consider its associated Eisenstein series £ (7 A @, s]. Then

it is clear that
dt 1
EP(— A, s) = —dEF (g, s). (4.2)
t -s—=p—=41

The operator * o # induces an isomorphism
o #: Hom(A™r, E) — Hom(AY™"r, E*), N = dim(X)

which commutes with the action of K. We apply this operator on both
sides of (.2)) and since the construction of Eisenstein series commutes
with the operator * o #, we obtain

1
EP(x) o#19,5) = — o#dE" (¢, 5) (4.3)

(comp. (32)).

We now assume that 4 > —p and that ¢ runs over the classes of
weight 4. We shall investigate the influence of the behavior of the Eisen-
stein series at p + 4 > 0 on the solution of our problems (A) and (B).
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We know that the Eisenstein series has at most a pole of order 1 at this
point. (comp. [8], Chap. IV, §6). We put

C, = res ¢ (s)and N, = res n,(s).
K s=p+A H( ) K s=p+A M( )
Then we get for the residue of the Eisenstein series

d
<me+@=;wwuﬂ+ZX{Amwﬂ

—p-1

Moreover it follows from the scalar product formula (comp. [8], Chap,
IV, §8) that E’(¢, p + A) is square integrable and that

1E (0, A+ p)IE = g, Cag) = jﬁ<%momQ¢ 44
X(1/TNPw)

(for notation comp. (1.7)) where ¢ is a positive constant. We have to

dt
observe that Cy¢ for 4 # A and — A N, are orthogonal to ¢.

A theorem of Andreotti and Vesentini (comp. [1I], Prop. 7 and [5]],
Prop. 3.20) tells us that E’(p, A + p) is a closed form. Then it follows
from formula @.J) that the forms C,¢p are closed. We write Cyp =
C 1 + H where Ay C 19 = 0 and where H is a sum of eigenvectors to
nonzero eigenvalues of Aj;. Then we have

[Cap] = [Cagpl and (@, C,) = (¢, Ca, ). 4.4

We define Ci[¢] = [Cy, ¢].
It follows from (&4) and @.47) that C; is a positive selfadjoint pos-
itive operator and therefore we have an orthogonal decomposition

H"™(0V, E) = ker(C) ® im(C)).
Another consequence of (&4) and (@.4) is

Lemma 4.5. If ¢ € ker(C,) then E(g, s) is holomorphic at the point
p+ A
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We are now ready to state and to prove the first part of our main 155
result.

Theorem 4.6.1. Let us assume that A > —p. Then the form E'(¢,p + 1)
is closed for all [¢] € HY(3V, E) and

[E' (¢, p + Dllav = Calgl.

Proof. We have already seen that E’(¢,p + A) is closed. We get from
@1

) dt
0=dE"(g,p+2) = zﬂlm =)~ A Cuf)p-re
- Z (— A dNHgo) + 2 d(Cu)pa.
—-p—A M

This yields that V¢ is a boundary for A4 # u, and that implies the last
assertion of the theorem.

The next case which we shall consider is 1 < —p. We have the
isomorphism

x1 o # : HY(OV,E) — Hf_Vz;"j;l(av, E").
Since —2p — A > —p we can decompose the right hand side

a A‘(av E) = ker(C_zy-) +im(C—zp-)).

We put
Fy = o# ker(C_py_y).

O

Theorem 4.6.2. If 1 < —p, and if [¢] € F) then E(p, s) is holomorphic
at —p — A, Moreover the form E(p,—p — A) is closed. The restriction of
[E(p, —p — A)] to the boundary is given by

[E(p, —p = Dlla, = [¢] + [c2p-a(=p — Dg].
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Proof. If [¢] € F,, then we have by definition #; o ;¢ € ker(C’_zp_,l).
We have to apply the formula (@3] twice. The first time we substitute
#1 o x1¢ for ¢ and get

EP(.5) = —S%p-i-/l.dEP(#l o k1, S).

Now we obtain from LemmalL.3]that the right-hand side is holomorphic
at —p — A, and this proves that E(y, s) is holomorphic at —p — A. The
second time we apply (£3) to ¢ itself; again we get from Lemma (4.3)
that E(p, —p — A) is closed. The rest is clear, the arguments are exactly
the same as in the proof of Theorem (£.6.1).

The last case is 2 = —p. We know from [8]], Chap. 1V, §7 that E(¢, )
is holomorphic at s = 0. Moreover we have

#1 01 : H" (V,E) — H"""'(9V,E")

and it follows from @.3) that E(¢p,0) is always closed. Therefore we
have to check the restriction of [E(¢p, 0)] to the boundary dV.

When we introduced the Eisenstein series we embedded the coho-
mology of the boundary into a bigger space H™ and we have the dia-
gram

c(0) : H"(0V, E) —— 5 (m)

| |

c(0) : M —— pm,

The functional equation for the Eisenstein series tells us that c(0)? = id
(comp. [8], Chap. IV, §6). Therefore we can decompose with respect to
the eigenvalues +1 and get

H(m) — H(m) o H(m)
v .
It is clear that for y € H"
E"(y,0) = 2()o

and for ¢ € H' we have E (¥, 0) = 0. We claim O
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Theorem 4.6.3. We have
H’_”p((?V, E) = H’_"p((?V, E), o H’_”p((?V, E)_

where
H"(0V,E). = H" 0 H" (3V, E).

The image of the map
projo r: H"(X/T, E) — H”,(0V,E)
is H”,(0V, E)+ and for [¢] € H”,(0V, E), we have
[E(p, O)lav = 2[¢].

Proof. Only the first statement has to be proved. We consider the pair-
ing

H" (0V.E)x HY," " '(9V,E*) — C
which is given by

(el D f(% %)
av

(comp. §I). This mapping is nondegenerate and is easy to see that for
classes [¢] and [] which are restrictions of classes on X/I" we have

(el [¥]) = 0.
If R (resp. §) is the space of classes in

H* 8V, E)(resp. HY "' (9V, E*))

which are restriction of classes on X/I" then we see that R and S are
orthogonal with respect to { ) and therefore

dimR +dim § < dim H” (9V, E) = dim H, "~ (8V, E*).

On the other hand we know that for any ¢ € H” (V. E) (resp. ¢ €
H’_ng—l(av, E*)) we have

[E(e,O)llav € R, (resp. [E(,0)]lay € S).
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The kernel of
el — [E(e, O)llov, (resp. [y] — [EW, 0)]lav)
is
A" A\ H"(V,E) = F, (resp. A" a HN "0V, E) = H).
It follows from our first inequality that
dim F + dim H > dim H"(0V, E).
The formula @3)) tells us that
# 0w (F) c ANV nHY DoV, E)
# o= (H) c A" 0 H" 9V, E).
Since 158
S D #ox(F)
RO #, 0+ (H),
it follows that
R = H"@V,E).,
S =H(OV,E")-,
and that dim R + dim S = dim H"(0V, E). This proves the theorem. O
Corollary 4.7. The image of the restriction map
r:HX/T,E) — H(OV,E)
is compatible with the decomposition

P @v.Eye H,, 0V, E) @ H @V, E).
A>—p

If a cohomology class on the boundary is in the image of r then we can
find a representative in H (X/I', E) which is represented by a singular
value of an Eisenstein series.
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COHOMOLOGY CLASSES REPRESENTED BY SINGULAR VALUES
OF THE EISENSTEIN SERIES.

Proof. This is clear from our previous considerations. |

Concluding Remarks. (1) A consequence of our results it that we have

2)

3)

a decomposition
H'(X/T,E)=H/(X/T,E)® H ((X/T', E)

where H is the image of the cohomology with compact support
in the usual cohomology and where H_ .(X/I', E) maps isomorphi-
cally to the image of . We have some sort of control of this com-
plementary space H, .(X/I', E) in terms of the Eisenstein series and
we know how to compute this space if we have enough information
concerning the behavior of the Eisenstein series at certain critical
values of s and to get this information we have to understand the
“intertwining operators” c(s).

We think that Theorem (4.6.2)) can be sharpened since it seems to
be plausible that ¢, 2(=p — ) = 0 or even ¢, a(s) = 0. If
this would no be the case then we could get some rationality re-
sult. Let us assume our group G is defined over Q and that p is
a re-presentation defined over Q. In this case the vector spaces
H'(X/T', E) and H'(0V, E) have a natural Q-structure and the map r
is also defined over Q. Therefore we know that the image of the
restriction map is also defined over Q. Therefore we know that the
image of the restriction map is also defined over Q and hence it fol-
lows from Theorem (.6.2)) that c_o,—y(—p — A) is defined over Q.
This seems to us would be a too strong consequence and therefore
we tend to believe that ¢_o,_(—p — 1) is defined over Q. This seems
to us would be a too strong consequence and therefore we tend to
believe that c_»,_, vanishes at —p — A. This vanishing should follow
from computations at infinity which unfortunately seem to be rather
messy.

There are of course some cases where our information is slightly
better, if we are dealing with cohomology classes of weight 4 > 0.
In this case p + 1 > p and E(¢, s) is certainly holomorphic as p + A.
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This means that the map (Theorem (.6.2))
H'(X/T,E) — H;@V.E)® H 5 _oup

has as its image a subspace which projects isomorphically to the
second summand. If our conjecture made in Remark (2) is true then
the image would be exactly the second summand.

The classes in H; (X/T', E) are in general not square integrable un-
less they come from a pole, i.e. , they are represented by a residue of
an Eisenstein series (comp. [I1]], §5). The classes in H,;(X/T’, E) are
of course all square integrable and therefore we can épply Hodge
theory to investigate that part of the cohomology. We have a split-
ting

H|(x/T,E) = H,(X/T',E) ® Hp,;(X/T, E)

where the first summand denotes the space which is spanned by the
harmonic cusps forms and where the second space is spanned by
classes which are represented by certain residues of Eisenstein se-
ries which are harmonic. Hopefully we can apply the Hodge theory
verbatim to the first part; the nature of the second part seems to be
unclear. We have very explicit informations if G = S L, /k, (comp.
[7], Prop. 2.3).
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ON MODULAR CURVES OVER FINITE
FIELDS

By YASUTAKA IHARA

Introduction.

We shall prove a certain basic theorem on modular curves over finite
fields. This gives a solution of a conjecture raised at the Boulder summer
school in 1965 [7]. The congruence subgroup property of the modular
group of degree two over Z(1/p) is faithfully reflected in this theorem.

Let p be a fixed prime number, F be the algebraic closure of the
prime field of characteristic p, and F,»(m > 1) be the finite subfield of
F with p" elements. Let j be a variable over F. For each positive integer
n with p £ n, let L, be the field of modular functions of level n over F(})
(with respect to j) in the sense of Igusa [5]. Then L,/F(j) is a Galois
extension with Galois group isomorphic to S Ly(L/n)/ + I. We know
that there is a canonical choice of a Galois extension K,/ F 2 (j) with the
same Galois group as L, /F (), satisfying K,- F = L,and K, N F = Fp
([7], [8]]; see §1). The field K,, is obtained as the fixed field of the action
of pZonL,. Call a prime divisor P of K, supersingular if the residue
class of j at P is a supersingular “j-invariant”. An important fact, which
becomes apparent by lowering the field of modular functions from L, to
K, is that all supersingular prime divisors of K, are of degree one over
F . This proof is in [8]. For n > 1, the number of supersingular prime
divisors of K, is equal to (1/12) (p — D[K, : K;]. We shall prove that
following

Theorem. There is no non-trivial unramified extension of K, in which
all supersingular prime divisors are decomposed completely.
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This, combined with Igusa’s result [5]] on the ramifications of L, /L,
(which says that the ramifications of L,/L; are almost analogous to
those of the corresponding situation in characteristic 0), gives the fol-
lowing complete characterization of the Galois extension K, /K,, where
r > 1 and K, is the composite of K, for all n:

Corollary . K, /K, is the maximum Galois extension of K, satisfying
the following two properties; (i) it is tamely ramified, and unramified
outside the cusps of K,; (ii) the supersingular prime divisors af K, are
decomposed completely.

If one wants to emphasize the arithmetic nature of the theorem, one
may restate the theorem in the following way: “the Galois group of the
maximum unramified Galois extension of K, is topologically generated
by the p*-th power Frobenius automorphisms of (all extensions of) the
supersingular prime divisors of K,.” Some direct applications of this to
the distribution of supersingular prime divisors are given in §2. If one
wants to look at the theorem as a theorem on the fundamental group, one
may formulate it as follows. let I'j = PS Ly(Z?) be the modular group
over Z'P) = Z[1/p] and T',, the principle congruence subgroup of I'; with
level n(p 1 n). Let X,, be a complete non-singular model of K,,. Then,
for r > 1, “there is a categorical equivalence between subgroups of T',
with finite indices and those finite separable irreducible coverings of X,
defined over F ,» and satisfying the above two conditions (1), (i1).” (The
second condition (ii) is geometrically stated as “all points lying on the
supersingular points of X, are F-rational”.) In this sense, the modular
group of degree two over ZP is the fundamental group defined by (i),
(ii).

We shall mention here that it is essential to consider the groups over
ZP) and the curves over F 2. It cannot be replaced by the groups over
Z and the curves F. Roughly speaking, considering the group over Z
corresponds to considering the condition (i) alone. The condition (i)
alone cannot characterize the system of coverings defined by the modu-
lar curves X, as each X, for n > 6 has so many non-trivial unramified
coverings and they are all from outside the system (see §1. 2, §2). Such
unramified coverings of X,, correspond to non-congruence subgroups
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of PSL,(Z). The passage from PS L,(Z) to PS L,(Z") kills all non-
congruence subgroups. Our theorem says, as a corresponding geomet-
ric fact, that all non-trivial unramified coverings of X,, are killed by the
condition (ii), i.e. , by the super-singular Frobeniuses. The connection
between the function field K,, (or the curve X,,) and I, is essential, as
our previous studies [7]], [8]], and also the proof of the present theorem
show.

In §Il we shall give some preliminaries, and in §2] we shall state
our theorem in several different forms, with some corollaries. The proof
will be given in he rest of the paper, in §§3HA

METHOD FOR PROOF. The modular group over Z” has the congru-
ence subgroup property (Mennicke, Serre), and our theorem is a faithful
reflection of this property. The proof goes through directly by chasing
away the obstacles (clouds!). It consists of the following steps (a)-(d).

(a) A geometric interpretation of the congruence subgroup property

as the “simply-connectedness” of the system {R, A RO ‘2, Ry} of
three compact Riemann surfaces. The Riemann surfaces R,, R),
and RY are defined by the fuchsian groups A,, A, and AY, where
A, is the principal congruence subgroup of PS L,(Z) of level n,

-1
,_(p O p 0 ,
Anz(o 1) A,,(O 1),andA2:AnﬂAn.

The system is essentially the graph of the modular correspon-
dence “T(p) for level n”’. (However, R2 is not immersed in the
product R, X R;.) The interpretation is made possible due to the
fact that I',, is the free product of A, and A; with amalgamated
subgroup AY. And the congruence subgroup property is used in
the following form that I';, is generated only by the parabolic ele-
ments (§3).

(b) A geometric interpretation of the theorem to be proved as the
. v W
“simply-connectedness” of the system {X,, < X,? — X} of three

F p2-curves. Here, X, is as above, X, is its conjugate over F,, and
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(©)

(d)

I  PRELIMINARIES.

XY is the union of the graphs IT, IT" of two p-th power morphisms
X, = X, X, — X, (both graphs being taken on X, X X, . Actu-
ally, X? is partially normalized so that IT and 1" are crossing only
at the supersingular points (§4).

The bridge connecting these two systems, i.e., the congruence
relation “Rg = [1+ I'(mod p)”. This is presented in §5.1. Due to
our canonical choice of the curves over F» and their p-adic lift-
ing, where the action of pZ is trivialized, the congruence relation
is in its symmetric form. Also, we use the non-singular curve R?l
instead of its image in R, X R),, and this corresponds to that IT, IT’
are crossing only at the supersingular points Besider the general
formulations of congruence relations by Shimura [18]], it is also
meaningful to draw attention to this canonical and natural form of
the congruence relation.

Passing the bridge, using a celebrated theorem of Grothen-dieck
on the unique p-adic liftability of étale coverings (§6).

I am very grateful to Professor P. Deligne who read my first ver-
sion of the proof and kindly pointed out to me a simplification by
an extended use of a theorem of Grothendieck (see §6.2).

1 Preliminaries.

‘We shall review the definitions and some basic facts related to the fields
of modular functions over finite fields.

1.1 Let p be the fixed prime number, and n be a positive integer not

divisible by p. In §I.11 F, will denote any field of characteristic either
0 or p, satisfying the following condition. Let W, be the group of n-
th roots of unity in the fixed separable closure of F),, let W, be the
inductive union of W, for all n (with p 1 n), and consider the cyclotomic
extension F = F,(Wy). Then our condition on F), is that the Galois

"We learnt this from Igusa [3]], p. 472 (footnote); cf. also Deligne [i], No. 4
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group G(F/F),) contains, and is topologically generated by, a special
element o that acts on W, as { — ¢”. This being assumed, put F,n =
F,(Wyn_y), for each positive integer m. Then F is a cyclic extension
of F), with degree m, and it is the fixed field of o™ in F. The Krull
topology of G(F/F ) induces, via o, the product of [-adic topologies
of Z over all prime numbers / (including p), and G(F/F ) is canonically
isomorphic to the completion Z of Z by this topology. For each a € Z,
the corresponding element of G(F/F,) will be denoted by ¢, and the
automorphism of W, induced by o will be denoted simply as “p®”.
Examples of F, are the prime field of characteristic p, the p-adic field
Q,,. the decomposition field of p in the cyclotomic field Q(W.,) over the
rational number field Q, etc.

Now let j be a variable over F,, and E be any elliptic curve over
the rational function field F,(j), having j as its absolute invariant. The
equation of Tate,

) 3 36 1
Y?+XY =X — - X - - , (T);
j— 1728 Jj— 1728
gives an example of E. For each n, let E, be the group of n-th division

points of E, and put E, = |J E,. Then, since E, = (Z/n)? the deter-
ptn
minant give a homomorphism AutE,, — (Z/n)*. Identifying the two

groups (Z/n)* and Aut W, in the canonical way, we shall consider the
determinant as giving a homomorphism Aut £, — Aut W,,, which will
be filtrated to the homomorphism at infinity,

det : AutE,, — Aut We,. (1.1.1)

Let g be the Galois group over F,(j) of its separable closure. Then g acts
on E, and W, and the two actions are compatible with the homomor-
phism (LI.I). In particular, by our assumption on F,, the determinant

of the action of each element of g on E., must belong to pZ.

Proposition 1.1.2 (Igusa). The subgroup of Aut E, generated by the
change of sign —1« (1w the identify map of E) and the actions of
all elements of g on E consists of all those elements of Aut Ec, whose
determinants belong to p*.
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Proof. By Igusa [3]], this subgroup contains all elements with determi-
nant unity, as j is a variable over F. The Proposition follows immedi-
ately from this and our assumption on F,. (For characteristic 0, see also
Shimura [17], [18]].) |

Corollary. For at least one choice of the sign +, there exists an element
of g acting on Ew as £p - 1.

Definitions . The fields on the left are by definition the fixed fields of
the groups on the right. The groups are closed subgroups of g defined
by their actions on E., and W, (the two actions being connected by the
determinant). The symbol “1” denotes the identity map of the indicated

group.

Lo, {1 on E}
/ . —
Ko ‘ {ipZ on E.}
‘ /L" {xlon E,-1on Wy}
K‘" | (@3 |
Ly =F()) ‘ {1 on W)
— )
K - FPZ(.]) {pZZ on Wy —

The group corresponding to K, is defined by
{£p® on E, and p** on We, for some common a € Z}. (1.1.3)

It is the composite of the groups corresponding to Ko, and L.

Thus, K, is a finite Galois extension of F,(j), and it is an algebraic
function field of one variable with exact constant field F .. The field L,
is the field of modular functions of level n over F(j) in the sense of [3]],
and the relations between L, and K,, are L,, = K,,- F, K,, = L,N K. The
fields L, Ko are the composites of L,, K, for all n, and Lo, = K - F.

The Galois group G(K,,/ K1) is canonically isomorphic to G(L, /L),
and hence by Prop. [[LI.2l, canonically isomorphic to Aut' E,/ + I,
where Aut! E, is the group of all automorphisms of E, with determi-
nant unity. So, each choice of an isomorphism ¢, : E,=(Z/n)* defines
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an isomorphism «, : G(K,,/K|)>S Ly(Z/n)/ + 1. If we fix an isomor-
phism w,, : W,>Z/n, we can impose on ¢, the following condition that

wp(e(u,v)) = |eu, &v|, (u,v € Ey), (1.1.4)

where e : E, X E, — W, is the Weil’s Riemannian form with respect to
the divisor (= —) class of degree one (Weil [19] Ch. IX), and is the matri-
cial determinant. This condition (IT.4) defines a unique S L,(Z/n)-class
of €,, and hence a unique class of @, modulo inner automorphisms. We
shall fix an isomorphism

w: Ww%h_r>nZ/n, (1.1.5)
which defines a unique class of isomorphisms
a: G(Koo/Kl)%l(iLn(SLz(Z/n)/ +1) (1.1.6)

modulo inner automorphisms.

Let Iy = PSLy(Z") be the modular group over Z” = Z[1/p]
and I',, be the principal congruence subgroup of level n. Then I'y /T, is
canonically isomorphic to S L(Z/n) + I; hence the right side of
is canonically isomorphic to liLn(Fl/Fn). Therefore, (I.1.6) induces an
injection

t: ] = G(Ke/Ky). (1.1.7)

which is intrinsic up to inner automorphisms of G(K. /K1), once w is
fixed. The congruence subgroups of I'; are in one-to-one correspon-
dence with finite extensions of K| in K. In particular, I',, corresponds
to K, (for any choice of w).

It is easy to check that the fields K,,, L, are independent of the spe-
cial choice of E. Also, the classes of @ and ¢, considered up to inner
automorphisms of G(K /K1), depend only on w and not on the special
choice of E.

We shall call K,, the field of modular functions of level n over F P2

167
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1.2 Now we shall specify F, as the prime field of characteristic p, so
that F'is the algebraic closure of ), and We, = F X, Foreacha € FU(),
P, will denote the prime divisor of the function field Ky = F () de-
fined by j = a(mod P,). So, for a,b € F, P, = Pp holds if and only
if a, b are conjugate over F,». The prime divisor P is called cuspi-
dal, and P, is called supersingular if a is a super-singular “j-invariant”
In the latter case, we have a € F ., so that all supersingular prime di-
visors of K are of degree one over F .. Other special prime divisors
of K| are Py7p3 and Pg. When p = 2 or 3, Py;p8 = Py is the unique
supersingular prime divisor of K. In all other cases, Pi7,g(resp. .Pg)
is supersingular if and only if p = —1(mod 4)(resp. .p = —1(mod 3)).
For any intermediate field K of K,/K; and a prime divisor P of K, we
call P cuspidal (resp. . super-singular) when its restriction to K is cus-
pidal (resp. . supersingular). We shall review some basic facts about the
Galois extension K, /L.

THE Ramrirication. It is independent of the constant field. Hence the ram-
ification of K, /K is described by that of L,/L;, which was determined
by Igusa [[3] as follows.

(IG. 1) P = P. It is tamely ramified in K.,/K;, and has an extension

0 1
In particular, the ramification index of Py, in K, /K] is equal to n,
and moreover, K, is the maximum extension of K; in K, with this prop-
erty. The second point follows immediately from the local congruence
subgroup property of PS L, that the principal congruence subgroup of

to K., whose inertia group is topologically generated by ¢ ((1 1))3

1
level n of the group liLn(S Ly(Z,/n")) is normally generated by (0 rlz) in

the topological sense. Thus:

Proposition 1.2.1. There is no non-trivial unramified extension of K,
contained in K.

This implies that all non-trivial unramified extensions of K,, for
each n, are outside K.

2This last point is not explicitly stated in [3]], but follows easily from the arguments
used there. See also [8], II, Ch. 5, §28 for an alternative proof.
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(IG. 2) P = Py78, Po. If p # 2,3, these prime divisors are tamely
ramified in K, with indices 2, 3, respectively. If p = 2 or p = 3,
P72 = Py is wildly ramified with indices 12(p = 2) or 6(p = 3). In
all cases, the ramifications of P78, Py in K /K are accomplished in
K, /K, for any n > 1, so that each extension of P;7,g or Py is unramified
in Ko,/K, forn > 1.

IG. 3) P # P, Pi728, Po. These prime divisors P are unramified in
Ko /K;.

1.3 The decomposition. The following assertion is an immediate con-
sequence of Theorem 3, 4, 5 of our previous note [§]], IT, Ch. 5 (§§24,
26, 28). It can also be proved directly without any essential difficulty.

Proposition 1.3.1. A prime divisor of K« is of degree one over F if
and only if it is supersingular.

(This includes in particular that the cuspidal prime divisors of K
are not of degree one over F..)
As a direct formal consequence of Prop. [[L3.1], we have:

Proposition 1.3.1°. There exists a non-zero ideal nyZ of Z such that
Jor each b € noZ, the prime divisors of K, of degree one over F ,» are
precisely the supersingular prine divisors of K,,.

Let &, denote the number of supersingular prime divisors of K. It
is well known that

1 1 -1 1 -3
hy = P+ (1 + (7)) -3 (1 - (7)), (1.3.2)

By = 12(p— DIK, : Ki]l, (n> D). (1.3.2),

12
The second formula follows from the first by using (IG2), (IG3).

In [8]], Ch. 5, more intimate arithmetic relations between the group
I',, and the field K, are presented, but they will not be directly used here.

2 The main theorem.
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2.1 For each positive integer n with p 1 n, let K,, be the modular func-
tion field of level n over the finite field F 2 defined in §1. Then, K,, has
a special finite set of prime divisors sy, ..., s, of degree one, the super-

. . . 1
singular prime divisors, where h, = E(p - DI[K, : K{]forn > 1 (see
SL3D.
MaIN THEOREM (FIRST FORMULATION). Let M,, be the maximum unramified
Galois extension of K,, and s1, ..., s, be the set of all supersingular
M,/ K
prime divisors of K,. Then the Frobenius conjugacy classes ﬁ}

l
of si(i =1,...,h,) generated, in the topological sense, the Galois group

of M,/ K.

(Since M, /K, is generally non-abelian, the Frobenius automorphism
associates to each prime divisor of K, a conjugacy class of the Galois
group, which is called the Frobenius conjugacy class.)

In a more suggestive way, one may state it as “the non-abelian divi-
sor class group of K, is generated by the supersingular prime divisors
Slyeens Sy

The restriction of the theorem to abelian extensions gives:

Corollary 1. The divisor class group of K, is generated by the classes
of supersingular prime divisors si,. .., Sp,.

Remark 1. According to the Grothendieck theory of fundamental groups,
the Galois group of the maximum unramified Galois extension of an al-
gebraic function field of genus g > 0 (over any algebraically closed
constant field) is isomorphic to the projective limit of some subsystem
of the system of all finite factor groups of the abstract group defined by
2g generators ay, ..., Qg, B1,. .., B, with a single relation

1 -1 ~1 -1
aifray By gBa, By =1

For characteristic 0, it is the projective limit of a/l finite factor groups
(as is classically well known), and for characteristic p > 0, the best
(general type) information on this subsystem is that it contains all those
finite factor groups whose orders are not divisible by p. This gives a
general idea on the structure of the Galois group. Note that our result is
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of a completely different type. It also gives some topological generators
of the Galois group, but its aim is not to describe the structure of the
Galois group, but to describe the arithmetic distriction of supersingu-
lar prime divisors and to characterize the field K, by ramifications and
supersingular complete decompositions (see [MT 3] below). While the
structure of the Galois group of M,,/K, itself is similar to the case of
characteristic 0, our assertion is what properly belongs to characteristic
p > 0.

It is necessary to look at our theorem from several different angles,
and so we shall present various different (but equivalent) versions of the
theorem under the names [MT i]. The first formulation will hereafter be
cited as [MT 1],,.. For example, and immediate variation is the following:

[MT 2],,. There is no non-trivial unramified extension of K, in which

all supersingular prime divisors sy, ..., s;, of K, are decomposed com-
pletely.
Remark 2. If K is a finite unramified extension of K, in which sy, ..., sp,

are decomposed completely, the curve for K’ has at least [K’ : K,].h,
number of F'-rational points. It should be mentioned here that [MT
2], cannot be proved only by the estimation of the number of rational
points.

The above two formulations of the theorem are convenient for the 171
presentations of the new part of its content. But to exhibit its natural
form, we must let n — oo. As noted in 1] the constant field extension
L, = K,,- F is nothing but the modular function field of level n over F(})
in the sense of [3]]. Let M,, be, as in [MT 1],,, the maximum unramified
Galois extension of K, (or equivalently, of L,), and take the composites
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My, Lo, Koo of My, Ly, K, for all n (with p { n):

KM/L‘OO |
| L M
K,— |
n

| Li=F()
Kl =Fp2(j)

By Prop. [L2.1] we have M,,NK, = K, and (equivalently) M,NLe = L,.
No, [MT 1], gives immediately:

[MT 1] (resp. . [MT 2]s). One can replace n by oo in [MT 1],
(resp. . [MT 2],).

Here, by definition, the unramified extensions of K., are those ex-
tensions of K., contained in M.

Fix any positive integer r with » > 1 and p 1 r. Let n be any positive
integer with p { n. Then, as reviewed in §??, L,./L, is unramified
outside the cusps, and the ramification index at each cusp is precisely
n. In particular, the cusps are tamely ramified. Therefore, M, (resp. .
M) is the maximum Galois extension of K, satisfying the following
condition (i 1)(i 2), (resp. . (i 1) (i 2)w);

(1 1) it is unramified outside the cusps of K,
(12), the ramification index of each cusp is a factor of n, resp. .
(12)e each cusp is at most tamely ramified.

Therefore, we obtain from [MT 2] the following simple characterization
of K, (resp. . K).

[MT 3] K, r (resp. K« ) is the maximum Galois extension of K, sat-
isfying (i 1)(i 2), (resp. (i 1)(i 2 )o) and the following property (ii):

(ii) the supersingular prime divisors of K, are decomposed completely.
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Of course, to be able to say that “[MT 3] characterizes K, (or Ko)”,
it is necessary that the base field K,, its cusps, and its supersingular
prime divisors are all explicitly presentable. A well-known case when
they are explicitly presented is where r = 2(p # 2). Then K» = F (1),
the rational function field, with cusps at 0, 1, co, and supersingular prime
divisors at the zeros of the polynomial

b bzi 1
PW =) (] 4. =51

i=0

the prime divisors of K, being expressed by the residue classes of A.
Therefore, this special case gives the following.

Let p be an odd prime and n be a positive integer with p 1 n. Then
Koo (resp. .Kzy) is the maximum Galois extension of F () satisfying:

(1 1) it is unramified outside 0, 1, co:

(12) (resp. (i 2),) 0, 1, co are tamely ramified (resp. . 0, I, oo are
tamely ramified with ramification index dividing n);

(iii) the zeros of P(A) are decomposed completely.

One may restate [MT 3] in a more suggestive way as “the subgroup
4

of the non-abelian divisor class group of K, with conductor [] c;, the
i=1
product of all distinct cusps of K,, and generated by the supersingular
prime divisors sy, ..., sy, of K,, is precisely that group corresponding to
the Galois extension Ko, of K,”.
The restriction to abelian extensions gives:

Corollary 2. The subgroup of the divisor class group of K, with cus-
4

pidal conductor [] ¢; and generated by the supersingular prime divi-
i=1

SOrs §1,...,Sp, 1S precisely that group corresponding to the maximum

abelian extension of K, contained in K.

For example, if r = 2, the maximum abelian extension of K; in K,

173
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is given by

Fp GOV O G0 (p#2.3)
Fp (=08, 0% (p=3),

where I = 1 — A. Therefore, we obtain easily from Corollary 2] the fol-
lowing multiplicative property of the set of supersingular “A-invariants”.

Corollary 3 (p # 2,3). Consider the group G = (F;z)8 X (F:z)8 and
the subgroup H = {(x,y) € Glxy € (F;2)24} of G with index 3. Define
an H-coset H by H' = {(x,y) € C’I%xy € (F;Z)M}, and let G be the

subgroup of G generated by H'. Let S be the set of all zeros of P(1). For
each s € S put gg = (—s,—5"), where s’ = 1 — 5. Then

(a) g€ H forany s € S,
(b) gs-g7'(s,t €S) generate H;
hence (c) gs(s € §) generate G.

Finally, let T’y = PS L,(Z”’) and T',, be the principal congruence sub-
group of level n. Then, in view of the isomorphism G(K /K )i>1<iLnF1 /Ty
(§I.1) and the congruence subgroup property of I'y, [MT 3] can also be
formulated as follows:

[MT 4]. There is a categorical equivalence between subgroups with
finite indices of I, and finite extensions of K, satisfying (i 1), (i 2) and
(ii).

Or in short, “I', is the strict fundamental group of K, defined by (i
1), (i 2) and (ii)”.

In § a more geometric version of [MT]’s will be given.

Remark 3. [MT 3] characterizes the extensions K,,,/K,, for r > 1. If
one wants to take K; as the base field, one must first observe that not
only the cusp P, but also P73 and Py are ramified in K/K;. If p # 2,
3 and n > 1, the ramification indices of these three prime divisors of K
in K,,/K are n, 2, 3, respectively (and all other prime divisors of K| are
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174 unramified). So, by [MT 2],, K, is a maximal extension of K| having
(i) this ramification property, and (ii) the property that all prime divisors
lying on the supersingular prime divisors of K; are of degree one over
F>. But here, we cannot replace “maximal” by “maximum”. In fact,
due to the situation that the ramifying prime divisors Pj7p8 or Py can
be supersingular (for p = —1(mod 4) or —1(mod 3) respectively), the
composite of two extensions of K satisfying above two properties may
not satisfy them. This is why we did not formulate the characterization
of the extension K,,./K, for r = 1. Our theorem was formulated as
a conjecture in [7], [8]] and [9]. Among them, the formulation in [8]],
II, Ch. 5, “§ = R 7, contains an error in the definition of [ arising
from the misobservation of this subtle situation which, of course, can be
easily corrected

3 The complex system {R, iRSLR,’Q}.

In this section, we shall prove a lemma in characteristic 0, which is
the complex version of the theorem to proved. It is a reflection of the
congruence subgroup property of the modular group over Z. This
property is in fact faithfully reflected due to the fact that the modular
group over ZP) is a free product of two modular groups over Z with
amalgamation. Our theorem will finally be reduced to this lemma.

3.1 Consider a system {RLROLR’} of compact Riemann surfaces
R, R’, R® and surjective morphisms ¢, ¢’. unramified covering of such a

system {RLROLR’} is defined by a commutative diagram

R
r f"l Rf (3.1.1)

fl RO S
R% ¢\ /

3The second definition on p. 179 ([8]] II) is the correct one.
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175 of surjective morphisms beween compact Riemann surfaces satisfying
the following conditions (a), (b), (c):

(a) The degrees of morphisms indicated by parallel arrows are equal.

(b) Let F, F' be the smallest Galois coverings of R, R’ containing f,
[’ as subcoverings, respectively. Then F and ¢, F' and ¢’, are
both linearly disjoint.

(c) The vertical coverings f, f’ and f° are unramified.

The degree of the vertical coverings is called the degree of the cov-
rring (B.1.1). Equivalence of two such coverings is defined by a com-
mutative diagram connecting the two covering systems by three isomor-
phisms. For example, if € is an automorphism of R* commuting with
19, then replacing ¢* by ¢* o €’ (and leaving all others fixed) only gives
an equivalent covering. In fact, by (b), there is some automorphism € of
R* commuting with £, such that ¢* o €® = € o ¢*. But then, it is clear
that the new covering is equivalent to the old one. Up to equivalence,
giving an unramified covering (3.1.1)) is the same thing as giving a pair
{f, f'} of unramified coverings f : R* — R, f’ : R¥ — R’ satisfying
(b), for which the fiber products R*>1§R0 and R01>e<'R*, are isomorphic as

coverings of R®. (These products are connected by the linear disjoint-
ness, and non-singular by the unramifiedness of f, f’; so that they are
also compact Riemann surfaces.)

R*>1§R0 ~ ROXR*

R \ / R 3.1.1%)
\ R /
R R

By the above remark, the choice of =~ in ((3.1.1")) does not affect the
equivalence class.

Definition. The system {R Ry AN R’} will be called ‘simply-connected,
if it has no other unramified covering than that of degree one.
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3.2 Now let n be any positive integer with p 1 n and A,, be the principle
congruence subgroup of level n of the modular group Ay = PSLy(Z)

over Z. Put
a b
€ o)ee)

-1
r _ P 0 p 0 _ a p_l b
An_(o 1) An(o 1)_{(])0 d )

AS:AHOA;:{(? Z)GA” czO(modp)}.

Then they define a system {A, « AY — A’} of fuchsian groups, the
arrows indicating the inclusions. Note that AU is of index p + 1 in A,

and A. Let {R, i RY 4, R} } be the corresponding system of compact
Riemann surfaces, i.e. , R,, R, RY are the compactified quotients of the
complex upper half plane by A,, A, AY; and ¢, ¢’ are the canonical
coverings defined by the inclusions A? < A,,, AY < A7

Lemma 3.2. For each positive integer n with p { n, the system {R, <
RO AN Ry} is simply-connected.
Let I} = PSLy(Z) be the modular group over Z?) and T, be the

principal congruence subgroup of level n. The proof is based on the
following properties (A), (B) of I',,.

(A) T, is the free product of A, and A;, with amalgamated subgroup
A,

n

1
erated only by parabolic elements.

(B) I', is normally generated by ((1) ) in I'y; in particular, it is gen-

The property (A) was proved in our previous work. It is a corollary
of the corresponding property of the local groups ([8]], I, Ch. 2, §28, p.
111, or a more full-fledged geometric exposition in [[13]]). The property
(B) was proved by Mennicke [12]] and Serre [16]. It is equivalent to
the congruence subgroup property of I’} modulo the local congruence
subgroup property.

176
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3.3 Proof of Lemma[3.2] Write
{R RO 4, R’} and {A — A — A’}
instead of of writing with suffix n. Suppose that there is an unramified

covering (3.1.T)) of degree m. Then there is a corresponding commuta-
tive diagram of inclusions of fuchsian groups

A0

(3.3.1)

|

A A

with
(A:A*) = (A : A*) = (A% : A*0) = m, (3.3.2)
A A=A, AT AY = A |

A NAY = A" N AD = A0, (3.3.3)

Pb(A) = Ph(A*), Pb(A') = Pb(A*), Ph(A?) = Pb(A™),  (3.3.4)

where Pb( ) is the set of all parabolic elements of the group inside the
parenthesis. The first two equalities of (3.3.3) are the consequences of
the condition (b), the rest of (3.3.3) is the consequence of the first two
equalities and the condition (a), and (3.3.4)) is a consequence of (c).

Now let I'* be the subgroup of I' = T, generated by A* and A*". We
shall deduce from (3.3.2), (3.3.3) and the property (A) of I that

T:T"=m, (3.3.5)
and from (3.3.4) that
Pb(’) = Pb(I'™). (3.3.6)

But then, by the property (B) of I', (3.3.6) would imply ' = I'*, and
hence m = 1 by (3.3.3). So it remains to prove (3.3.3) and (3.3.6).

Let 1 = Mo, My,..., M), (resp. 1 = M(’), My, ..,M;,) be representa-
tives of the coset spaces A**/A* (resp. A**/A*"). Then by (3:3.3), they
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are also representatives of AO/A (resp. A%/A"). Since T is generated by
A and A’, each element y of I" can be expressed in the form

y =60My M ... MM, (6o €A, ji.....ir # 0). (3.3.7)

The set of all those y € T having an expression (3.3.7) with 6y € A*
forms a subgroup of I, since M; and M} belong to A* and A*' respec-

tively. It is clear that this subgroup is I'*. Therefore, A? - T* = T'; hence
(T : T = (A" : A N\ T). But by the property (A) of T, the expres-
sion 337]) is unique (see Krosh [10] II, for the general theorems on
free products with amalgamations). Therefore, we have A N T = A*0,
which gives (I' : T*) = (A? : A*%) = m. Thus, is settled.

To check (3.3.G), let y € T be parabolic, and put y = +I + p*A(k >
1), where I is the identity matrix and A is a Z-integral matrix with A> =
0. Then y”k =+ + A € PSLy(Z). Hence y”k belongs to A and hence
to A* by 334). Therefore, y** € T*. But for any parabolic element
v of 'y, its order relative to any subgroup with finite index of I'; is not
divisible by p. In fact, by the above argument, y”k € PSLy(Z), and

. . . 11 .
hence yl’k is conjugate to an integral power of (O 1). Therefore, vy is

conjugate to ((1) ll)) with some b € Z». But ((1) ll)) is conjugate to

-1
its p’-th power (by (p 0 g)), hence v is also conjugate to its p>-th
power y”z. This gives the above assertion, and hence also that y € ™.
Therefore, (3.3.6) is also settled. The lemma follows.

3.4 As for the covering (B.I.I) of those systems obtained from the
system of fuchsian groups {A « A0 = A}—{A, « A2 — A}, the linear
disjointness of F and ¢ (resp. . F' and ¢’) follows automatically from
the unramifiedness of f (resp. . f’). In fact, let A* be the fuchsian group
corresponding to R*, and A*™ be the intersection of all conjugates of A*
in A. Then the unramifiedness of f gives Pb(A) = Pb(A*); hence also

Pb(A) = Pb(A™). But Pb(AY) C Pb(A), as (}11 (1)) ¢ A, In particular,

178
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A** is not contained in A°. But as is well known, there is no proper
intermediate group between A and A°. (This is clear since A’/A can be
Z Z) > de~N(mod p),
and A acts doubly transitively on this line as a group of linear fractional
transforms.) Therefore, A°-A**A, which implies the linear disjointness
of F and ¢.

identified with the projective line over F), by (

3.5 The general picture. To clarify the general situation, we note the
following. As1 in §B2) , let Ty = PSL,(ZP), and put A = PSLy(Z),
A= (l(; (1)) A (l(; (1)) and A(]) = A;NA]. Then, (i) I'y is a free product
of A; and A with amalgamated subgroup AY, and (ii) for any subgroup
I' of I'; with finite index, it holds that A? -I' = I'y. (Since I'y is dense
in PSL>(Q,), Q, being the p-adic field, the topological closure of T" in
PS L>(Q)) is of finite index in PSL(Q,). But since PSL,(Q,) is an
infinite simple group, it has no non-trivial subgroups with finite indices.
Therefore, I is dense in PS L»(Q),). This gives A(l) I =T.) From these
two properties (i), (ii), it follows directly that the associateion

T~ (AAN), (A=TNA, AN =TnA) (3.5.1)

gives a one-to-one correspondence between subgroups I' of I'; with fi-
nite indices and the pairs {A, A’} of subgroups A C Ay, A’ C A} with
finite indices satisfying A%-A = A, AYA" = A and AYNA = AN A Tt
is also easy to check, by the argument similar to that used in the proof of
Lemma 3.1, that I is a free product of A and A” with amalgamated sub-
group A’ = AN A’, and that Iy : T) = (A} : A) = (A] : A) = (A9 : A%).
We may call {A, A’} the canonical generating pair of fuchsian groups
forT. For ' =T, it is nothing but {A,, A} defined in §3.2

Now let {R SR L R’} be the system of compact Riemann sur-
faces corresponding to {A « A — A’}. Then there is a canonical
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covering
R<Z R ‘. A A0 — A
f L f° l f 'L corresponding to L l L
0 ’ 0 ’
R1<TR]T>R1 Ay =—A] —= A}

(3.5.2)
The covering (3.3.2) satisfies the conditions (a), (b) of §3.11 and instead
of (c), the following weaker condition:
’ . . . . . 0
(¢") The ramification index of f° at each non-cuspidal point P of R} 180
is a factor of the ramification index at P of the covering 7€ — A? /H—
R(l) of R(l) by the upper half plane H.
It follows immediately from the above remarks that the functor

’

I~ (RER L RY (3.5.3)

gives a categorical equivalence between subgroups with finite indices of
. ®1 ¢ R
I’y and those coverings of the system { R «— R? — R ¢ satisfying (a),

(b), ().
Finally, let I'* denote the subgroup of I' generated by Pb(I'). It is of
finite index, as I contains some [, and I';, = I[,,. If I is torsion-free, I'™*

corresponds to the maximum unramified covering of {R ERL R’} so
that Lemma 3.2 is valied for U if and only if T* = T'. As an example, let
n > 1land I DI, be that group with which I'/T’, is the center of I'; /T,.
Then I’ is torsion-free, [* = I',;, and I'/T’,, is an elementary 2-group of
rank r, where r is the number of distinct prime factors of the numerator

Pn @n . . . .
of n/2, so that {Rn — R0 R;} is the maximum unramified covering

of {JRE R L, R’} with the elementary 2-group of rank r as the Galois
group.



181

192 4 THE CHARACTERISTIC P SYSTEM {XN Lxo L X]’\,}

4 The characteristic p system {Xn hd X0 Y, X,;}

In §31 we gave a geometric interpretation of the congruence subgroup
property of PSL,(Z) as the simply-connectedness of the system

R, i RO v, R;l} of three compact Riemann surfaces (for all n with

p 1 n). In this section, we shall give another geometric interpretation,
an interpretation of some arithmetic condition in characteristic p. It is
based on a simple principle, which makes it possible to reformulate our
theorem in geometric terms.

4.1 Let g be any positive power of p, F,> be the finite field with 7
elements, and F be its algebraic closure. Suppose given an algebraic
curve X over Fp and a specified set S of F p-rational points of X; as-
sumed that X is complete, non-singular and absolutely irreducible, and
that S is non-empty. Then, starting from such a pair of X and S we can
construct a system.

{x L xo ‘L} @.1.1)

of three algebraic curves X, X’, X° and surjective morphisms v, ¢’ of
degree g + 1, as follows. First, X" is the conjugate of X over F,. Then,
there are two g-th power morphisms 7 : X — X’ and 7’ : X’ — X. Let
I, IT’ be their graphs, both taken on X x X’;

IT = {(x, xD|x € X}, IT" = {(x"?, x")|x" € X'}. (4.1.2)

Observe that the intersection IT N I1” consists of all points of X — X’
of the form (x, x'), where x, x” are F > -rational points of X, X’ that are
mutually conjugate over F,. Put

SO={(x,xX)elINI|x e S}. (4.1.3)

Each of the two curves I, [1" is a complete non-singular absolutely ir-
reducible curve lying on X x X’, and they intersect transversally at each
point of [T NIT’". The union I[TU IT" can be regarded as a reducible curve
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having ordinary double points arising from these intersections. Denote
by I1 + IT’ the disjoint sum, and by ¢ : [T + 1" — [T U IT’ the canonical
covering. Then ¢ separates all double points of IT U IT". Subcoverings of
¢ are those which separate some parts of them. Let

xs%:ntn' (4.1.4)
S

be that subcovering of ¢ defined by the condition that the double points

of U I1” are precisely the points lying on S°. It is obtained by separating
s
precisely those double points of IT U I1” belonging to the complement of

SO%in I NIT. Put

g =prious®,

4.1.5
W = praousO), 1)

X0 =M+IT, {
SO
where pri(i = 1,2) is the projection to the i-th factor of X X X’. Then ¢ :
X% = X,y : X° > X’ are surjective morphisms of degree ¢ + 1. Note
that |1 " are isomorphisms and that |1, y’|I1 are purely inseparable
with degree g. The system (@11 is thus constructed.

4.2 Now consider an unramified covering f : ¥ — X of X. Here,
Y is an algebraic curve over F,» assumed to be complete nonsingular
and irreducible over F,» (but may not be absolutely irreducible), and
S is assumed to be defined over F . We shall be concerned with the
following conditions (A) and (A”) on X, S, Y and f.

(A) All points of Y lying on S are F p-rational points.

If (A) is satisfied, Y has at least one Fj-rational point and such a
point of Y must lie on all absolute irreducible components of Y. But
since Y is non-singular, this implies that Y must be absolutely irre-
ducible. A slightly weaker condition is the following:

(A") Each absolute irreducible component of Y has an F p-structure
satisfying (A).

More precisely, let Y; be an absolute irreducible component of Y.
Then (A’) imposes that there is an algebraic curve Y, over F and an
isomorphism @ : Y{—Y, over F such that f o a™! : ¥, — X satisfies

182
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(A). Since all absolute irreducible components of Y are mutually conju-
gate over F, it is satisfied all all components if so for one component.
If (A”) is satisfied, all absolute irreducible components of ¥ must be iso-
morphic (over F). A covering f is called a constant field extension if
its restriction to each absolute irreducible component is an isomorphism
(over F). Such a covering satisfies (A”), and it is essentially the cover-
ing of X by quzm/[:qz (X), m being the number of absolute irreducible
components of Y. The following proposition is an elementary exercise.

Proposition 4.2.1. The condition (A’) is equivalent to the existence of
an automorphism € of Y defined over F satisfying the following con-

ditions: (i) f o € = f, (ii) €y =yqu0rally e Ywith f(y) € S.

It is is clear that such € is unique and that (A) is equivalent to € = 1.
We shall give some geometric interpretations of the conditions (A),
(A’). For this purpose, let Sy be the set of all F-rational points of ¥
lying on S';
2
Sy={yeYh? =y f(y S}

If Sy is non-empty, Y must be absolutely irreducible. Define ry, 77;, Iy,
IT,, S (}), and the system

'Y
{Y 2ryo U Y’} (4.2.2)

in the same manner as in §4.1] starting from Y and Sy. (If Y is not
absolutely irreducible and hence without F-rational points, then Ily
and IT}, do not intersect on Y X Y’, and Y0 is the disjoint sum of these
two graphs.) Let f" : Y’ — X’ be the conjugate of f over F,. Then
ffomy=mo fand fon o f’. Therefore, (f X f/): Y XYV — XXX’
maps Iy into IT, and IT, into IT’, thus inducing the morphisms

1. 02 . 177 ’
Oy -1, 20, - I, } 42.3)

0, Y1) w (1, xT) - (9, 5") v (X9, )

where x = f(y) and X’ = f’(y’). They are unramified coverings since
£ corresponds to the unramified covering f : ¥ — X via the two
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isomorphisms pry : I[Iy—>Y, pry : 15X, (Similar for f°2.) By the
definition of Sy, the points (y, y?) € Ily and (y'?,y") € II}, intersect on Y0
if and only if y/ = y?, y = y¢ and f(y) € S. But in this case, f°!((y, y?))
and 92((y"9,y")) intersect on X°. Therefore, there is q unique morphism,
721 Y% — XO such that fO|lly = f% and fOIT}, = f*2. The diagram

% \w;/
Y Y’
fO
“4.2.4)

’

S A
XO
/,/W \
X v X’

1s commutative.

Proposition 4.2.5. The condition (A) is equivalent to that all points of 184
Y0 lying on the double points of X° are double points, and equivalent
also to that f° is étale.

Proof. The double points of X correspond to the points of S°. Take
(x,x’) € S and let yy,...,y,(m = deg f) be the points of ¥ lying on
x. We can assume that yy,...,y, are F, P -rational points and y,41,...,Vm
are not (0 < r < m). Then the points of Iy (resp. . IT}) lying on (x, x")
by fO! (resp. . f%2)are (v;, y/)(1 < i< m) (resp. . (y,-,y?_l) (1<i<m)).
Therefore, the points of Y° lying on (x, x’) by f are:

-1
(a) the double points (y,-,y?) = (y,',y? ) (1<i<r),
(b) the simple points (yj,y;{) (r+1<j<m),
(b’) the simple points (yj,y?_l) (r+1<j<m).

This proves the first equivalence. On the other hand, f° is always un-
ramified, and the condition » = m is equivalent to the flatness of fo;
whence the second equivalence. g.e.d. O
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Lemma 4.2.6. Let f : Y —» X and g : Z — X be two unramified
coverings of X over Fp by irreducible complete non-singular curves
over F o, and g' : Z/ — X' be the conjugate of g over Fy. Then

YxX? ~ X% 7’ over X°
X X’

holds if and only if (i) Y ~ Z over X and (ii) f satisfies (A’).

Proof. Look at the left half of the diagram @2.4). Leta : YO - Y >§X0

be the canonical morphism, i.e. , the morphism defined by prj oca = ¥y
and prooa = f°. Then « is an injective isomorphism on each irreducible
component Iy, IT}, of ¥ 0 and produces new double points on the image,

by a((y;,»)) = a((yj,yj‘l))(r +1 < j < m) for each (x,x') € SO°.
Therefore Y>)§X0 is the sum of IIy and II}, where (y,y?) € Ily and

(y,y7 1 € IT}, intersect transversally for each y € Y with f(y) € S.
Similarly, X0)>(</Z’ is the sum of Ilz and II’, where (z,z%) € Iz and

(zqz,zq) € Il intersect transversally for each z € Z with g(z) € §. Sup-
pose that there is an isomorphism ¢ : Y >§ZOL>X0 )>(<,Z’ over X°. Then §

induces an isomorphism I1y——II; over II and H;%H’Z over I1’; con-
sequently an isomorphism €, : Y——>Z over X and €] : Y'—Z’ over X’.
Let €, be the conjugate of €], over F,. Now take any y € Y with f(y) € §.
Then & maps (v, y7) to (¥, (y)7) and (y,y7 ) to (y2, (y2)7 ). There-
fore, (', (y)?) and (y2, (y© )q_]) must coincide on X° }>(<,Z’. We obtain

y2 = (o )‘12. Therefore, € = 6261_1 satisfies the conditions (i), (ii) of
Prop. B2.TL hence f satisfies (A’). Conversely, if there are isomor-
phisms € : Y>§XOL>X0)>(<,Z’ over X" by combining €, = € 'e and e in
the above way. (Since the intersections are transversal, the morphisms
of two irreducible components give rise to a morphism of the sum if and
only if they coincide on the interesecting points.) q.e.d. O

Corollary. The condition (A) is equivalent to

Y ~ Y>§X0 ~ X0;<,X’ over X°, 4.2.7)
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and (A’) is equivalent to
Y>§XO ~ X0)>(</Y’ over X°. (4.2.7")

Proof. The second assertion follows immediately from the lemma. That
(A) implies @.2.7) is obvious by the proof of the lemma (the explicit
constructions of the fiber products). Conversely, since Y >}§X0 is étale

over X° (being a base change of an étale X)-scheme Y, with X, ¥ noethe-
rian; or as is clear by its explicit presentation given above), (£.2.7) im-
plies that Y? is étale over X°, which implies (A) by Prop. E.23lq.e.d. ©

4.3 Now, let K be any finite extension of K| = F »2(J) contained in Ko
(§1.1), and X be a complete non-singular model of K over F 2. Let S be
the set of all supersingular prime divisors of K. Since the elements of S
are of degree one over F (§(@C3)), they can be regarded as F 2 -rational

points of X. Define the system { X Zx0 L x\asin §(.T)), starting
from these X and S'. When K = K,,, we shall denote the system by

{xn Lx Y, x,;}. 4.3.1)

Then by §4.2]and by the Corollary of Lemma[.2.6, our Main Theorem
[MT 2], is equivalent to the following:

MT 5),,. Let f : Y — X, be an unramified covering of X,, over
F 2 by a complete non-singular irreducible curve Y over F . Let [ :
Y' — Xj be the conjugate of [ over F, and suppose that there is an
isomorphism

Y)>(<HX2 ~ X0 XY’ overx. (4.3.2)

Then f must be a constant field extension (i.e. , an isomorphism on each
absolute irreducible component).

We shall prove our theorem in this form.

Note that if n belongs to the ideal ngZ of Prop 1.3.1’, so that all F -
rational points of X, are supersingular, then we have X! = IT U IT" for
the ordinary union taken on X, X X,.
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4.4 Supplement Etale coverings and simply-connectedness of

{X Lxo Y, X’}.
ooV, .
In general, let { X «— X" — X’ tbe as in §4.1] and

Y<~—W——Y

fl hl f/l . Y, Y irreducible over Fp; 4.4.1)
X<—X'—>X
v v’
187 be a commutative diagram of surjective morphisms of complete alge-
braic curves, all defined over F . It will be called an étale covering of

degree m of {X <i X0 l//—>}, if the three vertical morphisms f, f’, h are

étale coverings (finite étale morphisms) of the same well-defined degree
m. Since X, X’ are non — singular, f, f’ are étale if and only if they are
unramified. If (£.4.])) is étale, the canonical morphisms W — Y >§X0 and

W — X0 )>(< Y’ must be isomorphisms over X", so that
Y>§X0 ~x° % Y’ overX’. (4.4.2)

Conversely, if f, f are unramified coverings of X, X’ with which (@
holds, then we can construct an étale covering (EZ]]) by putting W =
Y><X0 (Equivalence of two étale coverings of {X hd X L X'} is

deﬁned in the natural way, so that the choice of isomorphisms of (£.4.2))
does not affect the equivalence class; see §3.1] for a similar argument.
Note also that the linear disjointness condition, the condition (b) in §3.1]

is automatically satisfied for the étale coverings of {X <i X0 w—) X'.

. .. . . Y’ .
Thus, up to equivalence, giving an étale covering of {X i X0 = X'} is
the same thing as giving a pair of unramified coverings { f, f’} satisfying
@42). In view of Lemma [£2.6] we can assume that f’ : ¥/ — X’ is
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’

the conjugate of f over F,. Therefore, étale coverings of {X i Xy —
X'} and unramified coverings of X satisfying (A’) are equivalent notions
(there is a categorical equivalence between them). Each étale covering
@.47) defines the automorphism € of Y over X, which may be called

. . . . . v s
the twist of this covering. Then, étale coverings of (X «— X° — X’}
without twist and unramified coverings of X satisfying (A) are also the
equivalent notions.

One may define the simply-connectedness of {X i X0 L X'} as
follows, that it is simply-connected if the only étale coverings are those
with which the vertical coverings are isomorphisms on each absolute
irreducible component. In these terms, our Main Theorem can also be
stated as:

[MT 6],,. The system {X, i X,? 4#_) X} is simply-connected.

S The congruence relation.

In this section we shall present and prove one natural version of the
congruence relation

5.1 Let p be the fixed prime number, and n be a positive integer not
divisible by p. Let #;, be the group of complex n-th roots of unity, put

Yo = \U #;, and consider the cyclotomic extension .# = Q(#4,) over
pin
the rational number field Q. Let .%, be the decomposition field of p in

. Then .F = .7,(#), and the field .7, satisfies the condition of LTI
for F,. Let #,»(m > 1) be the unique extension of .%, of degree m in
Z. Let

W€ Heo—5limZ/n (5.1.1)
H

be the standard isomorphism that maps exp(2mia/n) to a(mod n) for
each a, n.

4cf. the previous versions [3], [17, [6], [, [18].
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On the other hand, let F), be the prime field of characteristic p, F
be its algebraic closure, W, be the group of n-th roots of unity in F, and

We = U Wy, so that F = F,(W,) (and in fact Wo, = F*). Then each
pin
place .# — F maps #, isomorphically onto W, and there are pre-

cisely as many places .% — F as elements of the Galois group G(.% /Q)
(and as many equivalence classes of places as elements of G.%,/Q)).
since the canonical homomorphism G(.%/Q) — Aut %, is a surjective
isomorphism, we see that there are precisely as many places .# — F as
isomorphism #4, =~ W,,. Each isomorphism #,,— W, determines via
wc an isomorphism Wwéli_r)nZ/n, so that places .# — F and isomor-
phisms ch,%li_r)nZ/n are in a canonical one-to-one correspondence.
We shall fix

w : Weo—1limZ/n, (5.1.2)

—

and the corresponding place
pl: % — F. (5.1.3)

Let 3 be the valuation ring of (5.1.3) and put 3,» = 3N .Z .
Now let T be any subgroup of I'; = PS Ly(ZP) with finite index,
and {A, A’} be the canonical generating pair of fuchsian groups for I'

$BI), ie.,

0

-1
A =T N PSLyZ), A’:Fm(p O) PSLQ(Z)(I(; ;

0 1 ) (5.1.4)

Put A = AN A/, and let {R EROL, R’} be the system of compact
Riemann surfaces corresponding to {A < A? — A’}. On the other hand,
let K be the finite extension of K| = F 2 () contained in K, that corre-
sponds to I" by an injective isomorphism ¢ : I'j — G(K/K) belonging
to w (see §L.IL recall that ¢ is determined by w up to inner automor-
phisms of G(K /K1), so that K is determined up to isomorphisms over
K1). Take a complete non-singular model X of K, let X’ be its con-
jugate over F,, and let X° be the sum of IT and II’ with precisely the
supersingular crossings, where I1, I1" are the graphs on X X X’ of the
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p-th power morphisms X — X’, X’ — X, respectively (see §4.11 §4.73).

Let {X i X0 l//—> X’} be the system of F 2-curves thus defined. If
I' = T, the principal congruence subgroup of level n, then the systems

(R E RS Ryand (X < X0 L5 X7} are nothing but (R, < RO % R/}
and {X,, L X9 N X} defined in §3.21and §4.3] respectively.

¥ 3’
Theorem (Congruence relation). There exists a system {5&” — 2" >z ’}

of 3,2-schemes which are proper over 3,2, and 3,,-morphisms ‘¥, ¥,
such that

{% L g0, %’}@c: {RiRO “’éR'} (5.15 C)
3.2

(as systems of complex algebraic curves).
and 190

{7 & 205 2 QF, = {x Ex0 L, x'} (5.15 p)

3p2

where the first tensoring is with respect to the identity embedding 3> —
F < C, and the second tensoring is with respect to the place (3.1.3)
that corresponds to the isomorphism (3.1.2) used to define X.

Here, we listed only those properties of the schemes that are neces-
sary for our purpose. By our construction, the schemes 2°, 20, 2
are also normal, and 2", 2" are mutually conjugate over 3.

An isomorphism between two systems is by definition a triple of iso-
morphisms between curves commuting with the four given morphisms.

We shall write down the proof for the principal congruence sub-
groups I',. Then, the other cases follow directly, only by checking
a number of compatibilities. (And we need use the theorem only for
r=r,)

5.2 In this section, we shall construct the function fields with p-adic
valuations and verify the “generic” congruence relation. The proof is
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obtained by Shimura’s method [17]. Owing to a result of Igusa [6], it
works for all p with p ¥ n. The only new point to be noted here is that
the action of p? is trivialized. In any case, we shall present a full proof
for the sake of completeness.

Let j be a variable over F,, the prime field of characteristic p, and
J be a variable over .%,. Let K,,, L, be the fields defined in §(TI) with
respect to F), and j; and %, .Z, be the corresponding fields defined
with respect to ., and J.

(A)

(B)

The relation between the two characteristics is as follows. Extend
the place (3.1.3) to the place of .%(J) onto F(j) by J ~» j, and
call it also as pl.

pl: F(J) = FUJ) (J~ ). (5.2.1)

Let pl, be an extension of pl to .%,. Then pl, maps %, onto L,.
This is due to Igusa [5]], [6]. In fact, this follows directly from
the following two facts, that [.£, : Z#(J)] = [L, : F(j)] (due to
Prop. and that there is an elliptic curve over .%,(J) with
absolute invariant J having a good reduction at (3.2.1) (e.g., the
curve defined by (7T);, §I.I). Therefore, the discrete valuation
of .Z(J) corresponding to (3.2.J) has a unique and unramified
extension to .%,, and pl, is unique up to automorphisms of L,
over F,(J). By [5l], [6], %, and L, have the same genus. It is
easy to check that pl, maps J, onto K,. (Just to back to the
definitions of %, K,, and use the curves (T),, (T); to compare
the two characteristics).

Fix an algebraic closure Q to .#(J). Let J/ € Q be a modular
transform of degree p of J, i.e. , a root of the absolute modular
equation @,(X, J) = 0. Then J’ is of degree p + 1 over Q(J) and
also over .Z,,. Let %, be the transform of .’#, by an isomorphism
J ~> H' over .#,. Then

Jn(J') = 2, (), (5.2.2)
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so that we have a diagram

o
/ l/ \ %/
n 0 / /
Ky = (J) = 2, (J).
| men |
Fp(J) Fp(J)
(5.2.3)

The proof of (53.2.2) proceeds as follows. Let E be an elliptic
curve over .#,(J) with absolute invariant J, E” be its transform
by J ~» J over .#,, and A : E — E’ be an isogeny of degree
p. Then A is unique up to the sign. Hence an automorphism 7
of Q over .%,(J,J’) can change A only up to the sign. Therefore,
7(A(u)) = xA(t(u))(u € E) holds for such 7, and the equality
(32.2)) is reduced to the definitions of .%;,, .#,. We denote by .Z,/
the transform of ., by J ~» J" over .%), so that ., = %,/. F,
and .Z,(J") = Z(J). Put

L= 2= L.

Let E, E’, A : E — E’ be as in (B). Then there is a unique au-
tomorphism o of £ over F, satisfying the following properties
(1), (1), (iii);

(i) ol is the Frobenius automorphism over .%,;

G) o) =J,0(")=J.

(ii1) if & is an extension of o to £, & acts as =4 on E,.

It is clear that such o is at most unique. It is also easy to check
that the condition (iii) does not depend on the choice of E and
A. To show the existence, observe first that there exists an auto-
morphism & of Q satisfying (i), (ii) (symmetricity of the modular
equation). Then EY = E’; hence & maps E., onto E’,. Consider
the automorphism u ~> ¢ '(Au) of E.. Its determinant is unity
by (i) and by deg A = p. Therefore, by Prop. we can find
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an automorphism 7 of Q over .%(J) acting on E, as =5~ ! o A.
Moreover, since %, and J’ are linearly disjoint over .%(J), we
can assume that 7 is trivial on .%#(J, J'). Replacing & by 5’1, we
obtain & = =1 on E,, as desired.

Let o be as above. Then o maps %, onto %,/, &, onto J,,
and o is the identity on 0. In fact, the first two statements are
trivial consequences of (ii). Let 1% : E’ — E be the transform
of A by &. Then A% o A is an endomorphism of E of degree p?,
which must be +p (since J is a variable). Therefore, by (iii), o?
acts as +p on E, i.e., the identity on .%,. Thus, o induces an
involution of 7",

Proposition 5.2.4. Let o be the involution of %, defined above.
Then we have the following diagram of discrete valuations of the
corresponding fields on the right:
B, ~ - %;z %0
PN sl 528)
Pn Sy, <
where (i) v, is the discrete valuation of J, corresponding to the
place pl, (see (A)), and v}, is its conjugate by o; (ii) B,, B, are
mutually o-conjugate distinct valuations of X, each lying on p,,
and v/,; moreover, B,,, B/, are the only extensions of p, to X, and
also of pl, to 2 (iii) if x, X' are mutually o-conjugate elements
of J,, X, that are integral with respect to v,, v, then

X = x’(mod B,), x = x’P(mod B)). (5.2.6)

Proof. Let B be any extension of p, to 2. By the Kronecker
congruence relation for the absolute modular equation @, (X, J) =
0, we have J’ = JP*!(mod B) for one choice of the sign. In
particular, J'(mod B) is transcendental over F,, so that B lies
on p,. Replacing B by B if necessary, we may assume H' =
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JP(mod B). Consider the restriction of o to ., which maps .%,
isomorphically onto .Z,. The restriction of B to .7, is the unique
extension of p, to %, and the restriction of B to .Z) is the unique
extension of p), to .Z,. Hence 0|y, leaves B invariant. Let E
have a good reduction at (3.2.J). Then since J’ = JP(mod B),
A(mod B) must be the p-th power map up to the sign. Therefore,
by the property (iii) of o, 0 ¢, induces the p-th power map of
the residue field of .%,mod B. (It induces the p-th power map on
the field, i.e. , .%,(J)mod B, and on the generators of %, mod B
over the base field.) This proves the first congruence of (3.2.6)
for B = B,. It also shows that the residue field of Z;'mod B, is
the p-th power of that of &, mod 3B,,. Hence the residue extension
degree of B, /p;, must be a multiple of p. But since the sum of the
products of ramification indices and the residue extension degrees
for all extensions of p;, to Ji/no must be equal to [Ji/nO ] =
p + 1, it follows immediately that the residue extension degree of
B, /v, must precisely p, that the ramification index is one, and
that there is precisely one more extension of p/ to .#,°. The rest
follows immediately by using the transform B/, = BJ. |

Corollary 1. The ramification index equals 1 for all of the four
extensions B, [Pn, B, /v, Bl /Pn, B,/v,; the residue extension
degree equals 1 for the first two and equals p for the latter two.

Corollary 2. Let I, I’ be the valuation rings of v, v, respectively,
and let I° be the intersection of the valuation rings of 8, and of
B!. Then (i) I° is the integral closure of I, and also of I', in %,°.
(ii) I° is generated by I and I';

°’=Lr. (5.2.7)

Proof. (i) is obvious. To check (ii), it suffices to show that 0=

I[J’]. Since %0 = J,[J'], each z € %0 can be expressed as
P .

z= Y a;J"(a; € ;). It suffices to show that “a; € I(0 < i < p)

i=0
and z € pI® imply ¢; € pI(0 < i < p)”. Suppose a; € I(0 <
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i < p)and z € pI°. Then z = O(mod B,) gives Y a;j” = 0,
i
and z = O(mod B)) gives }; sz j' = 0, where @ is an element of
i

K, reduced from q;. Since 1, j,..., j'”‘1 are linearly independent
over K” we obtain@; = 0(1 <i < p—1) and a0+a,,j!’2 =a,j=0.
But j being transcendental over F,, we have jl”2 # J; hence also
ap=ap = 0. O

(B

Proposition 5.2.8. Extend the constant field 7, of (3.2.3) to C
with respect to the identity embedding %, — C. Let J(z) be the
absolute modular function (so normalized as J( \/—_1) = 1728).
Then the fields (3.2.3) over C are isomorphically mapped over
L, J) ~ (J(2),J(pz)) onto the modular function fields corre-
sponding to the following system of fuchsian groups;

AO

n

SN

Ay A,

0
/ A \
Aq A’l
This is obvious.

5.3 Preliminaries for the construction of schemes.

(A) In general, let % /k be an algebraic function field of one vari-
able with exact constant field k. We assume that k is perfect. Let
g = g( |k) be the genus. If D is any divisor of 7 /k, L(D)
will denote the k-module of all multiples of D! in .#. Then
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the Riemann-Roch theorem gives rank L(D) = degD — g + 1 for
deg D > 2g — 2. By a theorem of Mumford [13]] Theorem 6, we
have

L(DD") = L(D)L(D") for degD > 2g — 1,deg D" > 2g. (5.3.1)

(We shall only need a far weaker result, that (3.3.1) holds for
deg D and deg D’ greater than some absolute constant depend-
ing only on the genus.) For each finite non-empty set 7 of prime

divisors of 7 /k put D(T) = () Dp where P runs over all prime
peT

divisors of . /k not contained in T and Dp is the valuation ring
of P. Then ®0) = | J L(D") for D = [] P.
vl PeT

Let v be a non-trivial discrete valuation of k, and V be some exten-
sion of v to .#". Let i and / denote the valuation rings of v and V
respectively, and for each subset * of #" denote by = the residue
class of (I N *)mod V. Assume that k is also perfect. After Lam-
precht [I]]]ﬂ V is called regular if the following three conditions
are satisfied; (i) the value groups of .#™ and of k* coincide; (ii)
[k is also an algebraic function field of one variable with exact
constant field k; (iii) g(# /k) = g(# /k). If V satisfies (i) and I
is any k-module in .#" of a finite rank d, then 9t is also a finite
k-module of the same rank d (and I N M is a finite free i-module
of rank d); see [11]]. Suppose now that V is regular. Then by [L1]],
there is a unique degree preserving homomorphism D ~» D of the
group of divisors of .# /k into that of .# /k, with the properties
that D > 1 implies D > 1 and that D = (x) with x € #%, % # 0, oo
implies D = (%). Since L(D) c L(D) and rank L(D) = rank L(D)
are valid for any D, we obtain

L(D) = L(D) for deg D > 2g — 2. (5.3.2)

By using (3.3.1) for D, D’ and (3.3.2) for DD’ (and elementary
divisor theory for finite i-modules), we obtain immediately

INL(DD) = (I N LD)) (I N L(D)) (5.3.3)

3[11]] weakened the assumptions in the Deuring theory [2]].
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for degD > 2g — 1, degD’ > 2g. Now, for each finite non-
empty set T of prime divisors of .# /k, put I'") = I N D7), Then
170 = [ [T holds trivially, and

T _ (1), (1) (5.3.4)

holds due to (3.3.3). For each T, let T denote the collection of
all prime factors of P, where P runs over all elements of T. Then
gives

1M = D), (5.3.5)

By gluing together the normal affine schemes Spec I'”) for all T
in the natural way, we obtain a prescheme 2~ which is in fact a
scheme due to (5.3.4). By the identify injection i — I, 2~
may be regarded as an i-scheme. It is proper and smooth over i.
That it is proper can be checked easily by the valuative criterion.
(Use the following fact due to Lamprecht [11]]. If V is regular,
there exists an element ¢ € % with the properties that % /k(z)
is a finite separable extension, that 7 is transcendental over k and
that V is the unique extension of Vlk(t) to J#".) The generic and
the special fibers 2 ® k and & ® k are proper smooth curves

over k and k with functlon fields Ji/ and ¥ respectively.

Now let .7 be a finite separable extension of .#~ without con-
stant field extensions. Let I° be the integral closure of I in 7 0. If
Vi,...,V, are all the distinct extensions of V to .#°, I? is the in-
tersection of the valuation rings of V1, ..., V. For each finite non-
empty set T of prime divisors of %, put I°D = 190 DT where
T is the set of all extensions of prime divisors of .#/k belonging
to 7. Then 1°7) is the integral closure of I™ in .#°. Since 17
is noetherian and #"*/.#  is a finite separable extension, 1°7) is a
finite /7-module. Let 2°° be the prescheme obtained by gluing
together the normal affine schemes Spec I (for all finite non-
empty sets T of prime divisors of # /k) in the natural way. Then
the canonical morphism ¥ : 270 — 2 is finite, so that 2 is
also a proper i-scheme called the integral closure of .2 in .#©,
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(D) Now let ¢; and f; be the ramification index and the residue exten-

sion we have
S

Z eifi =4 (5.3.6)
i=1
Let K; be the residue field of #° with respect to V;, and k; be
the exact constant field of K; (which is a finite extension of k).
Put r; = [k; : k], and g = g(#°/k), gi = g(Ki/k;). Then by Ner-
ing , (or by the “invariance of Euler-Poincaré characteristic’;
Grothendieck [4]], Ch. III, Theorem 7.9.4), it holds that

N

g-1= > riefgi—1)+p (5.3.7)
i=1
where 2p is the degree of the conductor (defined in [14]]). (Ner-
ing’s assumptions are satisfied in view of the existence of such an
element 7 of %" as noted in (B), and of the equality (3.3.6) which
implies that the radical degree is one.)

5.4 The system {%1 Al 20 z, ,%”n’} Let n be any positive integer
with p { n, and 7, %, #,° be as in §5.21 They are algebraic function
fields of one variable with exact constant field k£ = 91,2. Let p,, p);
B,,, B, be the discrete valuations defined in Prop. 5.2.4] The valuation
rings of p,, p;, are denoted by 1, I’, and the intersection of the valuation
rings of B, and of B/, is denoted by I°. Puti = I Nk = 3p2- Then,
since p, is regular by §5.21 (A), we can construct a standard i-scheme
%, as in 831 (B). Its conjugate 2,/ is defined in the same way. The
integral closures of 2, and of .2}/ in .#,° coincide, as they are normal,
proper over #, and have the same set of local rings for points of codi-
mension one. Call this integral closure 2,0, Let ¥ : 2,0 — 2, ¥ :
2,0 — 2! be the canonical morphisms. We shall show that the system

P Al 20 X, 5&””’} thus constructed satisfies the required properties.

n

The schemes are proper over 3,2 by §5.3] (B), (C). The isomorphism

Scf. Popp [20], which contains corrections of mistakes in [14].
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(G130 follows immediately from Prop. 3.2.81 As for the isomor-
phism (5.1.5 p), first, we can identify 2, ® F» = X,,, 2,/ ® F 2 = X),.
Then, a direct geometric translation of Prop. 3.2.4] and its Cor. 2] gives
that the canonical covering I1 + I1" — IT U IT” is decomposed as :

N+ > 2, ®F, > TUIl'. (5.4.1)

To complete the proof of our congruence relation, it remains to check
that the double points of Z,° ® F 2 are precisely at the supersingular
points. This can be proved in at least two different ways. One is ob-
tained by looking carefully at the canonical one-to-one correspondence
between the non-supersingular F-rational points of X, and the double
points of the image of R?l in R, X R}; and by refining Cor. [2] of Prop.
[3.2.4] We shall apply an indirect but shorter proof, using the following

Lemma 5.4.2. Let g, g° be the genus of R,, RY respectively, and h,, be
the number of supersingular prime divisors of K,,. Then

O —1=2g,— 1) +hy

Proof. For n = 1, so that g; = 0, the equality g? = h; —11s well
known, and can be checked immediately by comparing the formula for
hy (quoted in[(T.3:2),)) with the (well-known) genus formula for “T'o(p)”.
For n > 1, the Hurwitz formula gives

1
L-1=(p+Dg, -1+ 5P = Dt (5.4.3)

U, being the number of cusps of R,. In fact, on each cusp of R,, there
are precisely two cusps of R, one unramified and the other ramified
with index p. (To check this, one needs only note that the largest normal
subgroup of A, contained in A? is the principal congruence subgroup of
level np, denoted by A,,, and that a parabolic element of A,, is contained
in A, if and only if it is a p-th power in A,.) Since there are no other
ramifications in the covering ¢ : R? — R, for n > 1, we obtain (5.4.3)
by Hurwitz.
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Now, (5.43) and [T.3:2),] give

1 1
gn =28+ 1= (p=1ign =1+ Zp) = 5 (p = DA 2 A)

1
= (P = DIK, : K1l = hy.

This proves Lemma[5.4.2)

Lemma 5.4.4. The number of double points of 2,0 X) F 2 equals hy.

3p2

Proof. We shall apply §5.31 (D) for # = %, #° = %02,V = p,,
and {Vy, Vo} = {8B,, B} (so that s = 2). Then g = gg and g| = g = gy,
r; = ¢; = 1, and p is the number of double points of %10®F P2 Therefore,
(37]) and Lemma[5.42 give p = h,,.

Now we shall complete the proof of our congruence relation. De-
note by §,, S, the sets of supersingular points of X,,, the points of X,
corresponding to the double points of 2" ® F 2, and the F-rational
points of X,,, respectively. Then

S,CcS,), S,cS) 1S =1S,,
the last equality by Lemma[5.4.4] But by Prop. 1.3.1’, we have
S,=S8 (menyZ),

so that §,, = S, holds for n € ngZ. But there is a canonical morphism
%:19 — 3&"”0 for n|n’, so that S, € S, holds for all n. Therefore, S, = S,
holds for all n. |

6 Completing the proof.

The proof of our Main theorem can now be completed by a direct use of
the following theorem of Grothendieck.
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Theorem (Grothendieck [4], 18.3.4). Let A be a noetherian ring, I an
ideal of A such that A is separable and complete with respect to the [
preadic topology. Put A = A/I, S = SpecA, S = SpecA. Let % be
an S -scheme which is proper over S, and put 2 = X >}§§. Then the

functor & ~»> Y ;%7 of the category of A -schemes which are finite

and étale over & into that the 4 -schemes which are finite and étale
over 2, is a categorical equivalence.

6.1 Our congruence relation for the principal congruence subgroup
. ¥ P’

of level n gives a system of 3, schemes {,%, — 20— 3&””’}, whose

products with C and F' > are isomorphic to

{R,, ERVE R;} and {Xn Lx Y, X,’l}

respectively (§5.1). We shall replace 3,2 by its completion Z ., and
consider Z,, 2/, Z"... as already tensored with Z,. (Note that Z,
is the ring of Witt vectors over F».) Then %, 2,/ 2,0 are proper over
Z,.>. (In particular, they are of finite type over Z,, and hence they are
noetherian.)

Let f : Y — X, an unramified covering of X, satisfying the assump-
tions of [MT 5], (§4.3). Since f is étale and 2, is proper over Z ., the
above theorem of Grothendieck shows that f : ¥ — X, can be lifted to
an étale covering F : & — Z,. Since 2, 2,0 are noetherian, F gives
rise to an étale covering FO! : & x 20 — 20, In the same way, we

can start from f” : Y/ — X, and we obtain the diagram

@3); %10 %10 OX-,@/
/ n n \ ,
@\ FM Az 7
20 /
F n F
%1/ \%;

(6.1.1)
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of sz—schemes and sz—morphisms (with F, F'; F 01 p02 étale) with
which the special fiber is

Y )>(<X2 =~ XOxy’
0 X,
v \ / Ty
\ o (6.1.2)
X, X,
But since .2, is proper over Z 2+ the isomorphism (4.3.2) and the unique-
ness of liftings in the above Grothendieck theorem give 201
@3); 20 ~ ,%P;;/@’ over 2.0 (6.1.3)

Therefore by (3.1.5C) and Lemma3.2] F : % — 2, must be a constant
field extension. But then, f must also be a constant field extension. This
proves [MT 5],,.

6.2 In the first version of my proof, whose sketch was circulated (sum-
mer 1972), I proved (6.1.3) from (£3.2) (under a slightly different for-
mulation) by using some p-adic analysis, not knowing much of the
Grothendieck theorem (although I used it to lift f). The p-adic analysis
that I used was based on the general theory of Krasner, and (a higher
level version for) Deligne’s p-adic rigidity of the modular transforms of
degree p. Proferssor Deligne kindly pointed out to me that this part can
be directly proved by the Grothendieck theorem. I am very much grate-
ful to him for his kind remark, which simplified the proof considerably.
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STRONG RIGIDITY OF DISCRETE
SUBGROUPS AND QUASI-CONFORMAL
MAPPINGS OVER A DIVISION
ALGEBRA

By G.D.MOSTOW

Ler G BE a semi-simple analytic linear group having no compact
normal subgroup other than (1) and let I" be a lattice in G, that is, a dis-
crete subgroup such that G/I" has finite Haar measure. The pair (G,T) is
called strongly rigid if it is uniquely determined by I'; that is, given two
such pairs (G,I') and (G’,I"”), and given an isomorphism 6 : ' — I7,
then 6 extends to an analytic isomorphism of G to G’. In [3d], I an-
nounced the strong rigidity of (G,I") if G/I" is compact and G has no
R-rank 1 factors. In this paper, I will indicate the proof of strong rigid-
ity in the case of R-rank 1 groups other than PL(2, R)-rigidity being
false for this latter group, as is seen from the example of two analyti-
cally inequivalent compact Riemann surfaces S and S’ of genus greater
than one: (PL(2,R),I’) is not rigid if I is the fundamental group of the
surface §.

My method of proving strong rigidity evolved from an effort to un-
derstand the failure of rigidity in PL(2, R) from a geometric viewpoint.
If X denotes the simply connected covering space of S and S’, then
we may regard X as the interior of the unit disc in the complex plane.
As differentiable transformation groups on X, I' and " are equivalent.
Why then are they inequivalent in the complex analytic sense? or to
rephrase the question, why are they not conjugate in PL(2, R)? The nat-
ural conjecture is: because they are not differentiably equivalent on the
boundary of X.
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This fact is quite general. In [3a], I proved:

Let (G,I') and (G’,I"”) be two pairs as above. Let X be the sym-
metric Riemannian space associated to G; that is X = G/K where K is
a maximal compact subgroup of G. Let X, denote the unique compact
G-orbit in a maximal Satake compactification of G; or equivalently, the
Furstenberg maximal boundary of X (cf. [, [5]], [3¢c]). Let X" and X(’) be
the corresponding spaces associated with G’. Let 6 : I’ — I"" be an iso-
morphism and let ¢ : X — X’ be a I'-space morphism. Then if ¢ extends
to a diffeomorphism of X, to X/, 6 extends to an analytic isomorphism
of Gto G'.

The question then arose: given two pairs (G,I) and (G’,I”), can
one always find a I'-space morphism ¢ : X — X’ which extends to a
homeomorphism of Xy to X;? Under the added hypothesis that G/I" and
G’ /T are compact, the answer turned out to be affirmative.

Actually, the hypothesis that G/T" and G’/I” are compact was nec-
essary for establishing only one lemma, albeit a central lemma, which I
shall now describe.

It is known that we lose no generality in assuming that I" is torsion-
free. Therefore we assume that I operates freely on X. As is well
known, the space X is homemorphic to euclidean space. Thus both X
and X’ are universal principal I'-bundles, and therefore there is a I'-space
morphism ¢ : X — X’; that is, a continuous (but not necessarily injec-
tive) map such that

@(y x) = 6(y)e(x)
for all y € I', x € X. Under the hypothesis that G/I" and G'/T"” are
compact, one can prove that ¢ can be chosen to be a pseudo-isometry.

Icallamapy : X — X’ between two metric spaces a (k, b) pseudoi-
sometry if

(1) dx(p(x), p(y) < kdx(x,y), all x,yin X

(i) kK 'dx(x,y) < dy (p(x), () for all x,yin X

such that dx(x,y) > b.
A pseudo-isometry is a map which is a (k, b) pseudo-isometry for
some (k, b).

204



205

218 G. D. MOSTOW

In [3d], we have

Theorem. Let G and G’ be linear analytic groups, let T and I e lattices
in G and G’ respectively. Let 0 : T — I be an isomorphism, and let
o : X > X and ¢’ : X' - X be I'-space pseudo-isometries. Then ¢
extends to a homeomorphism ¢ : Xo — X{.

The proofs of the announcements in [3d] are in [3e]. The question
arises, what about the smoothness of ¢(? If G has no R-rank 1 factors,
then not only is ¢y smooth, but it in fact provides the desired extension
of the isomorphism 6 of I to I”.

Theorem. The map ¢q induces an isomorphism of the Tits geometry of
G onto the Tits geometry of G’. Assume G and G’ have no compact
normal subgroups other than (1). If G has no factors of R-rank 1, then

00 Gx, 095 =Gy

and thus 6 is the restriction to I of the continuous (and hence analytic)
isomorphism
-1
8xg 7™ P0° 88Xy ¥y >
where gx, denotes the action of g on Xo.

Two clarifying comments are in order. First, the kernel of the ho-
momorphism G — Gy, is the maximum normal compact subgroup of
G; by hypothesis, it consists only of the identity element. Secondly, the
isomorphism between the Tits geometries induced by ¢q is continuous,
and by the generalized Fundamental Theorem of Projective Geometry
for Tits geometries, induces an isomorphism of G to G’ provided there
are no R-rank 1 factors. The reason for this exception is that a continu-
ous incidence-preserving bijective map between two projective n-planes
need not be a projective transformation if n = 1.

We now take up the case of R-rank 1 groups G. In this case the
symmetric space X associated to G is hyperbolic space Hyg where K is
the field of real numbers R or complex numbers C, the quaternions H,
or the Cayley numbers Q. That is, K is a composition division algebra
over R with a positive definite norm.
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In case K = R, Hy is the n-dimensional simply connected space of
constant negative curvature. As a model for H’,, we can take the interior
of the unit ball in R" with the G-invariant metric

|dx]

ds =
S D

where |dx?> = dx% +...+ dx,zl. This metric ds differs from the euclidean
metric by merely a point-function multiplicative factor. Therefore any
map ¢ : Hg — Hg which is conformal with respect to ds is conformal
with respect to the euclidean metric |dx|]. More generally, any home-
omorphism ¢ : Hg — Hg which is quasi-conformal with respect to
the G-invariant metric is quasi-conformal with respect to the euclidean
metric, quasi-conformal is defined as follows:

A homeomorphism ¢ : X — X’ between two metric spaces is called

L(p,t
k-quasi-conformal if: (1) lim supﬂ < oo atall p € X where L(p, t)

—o lp,1)
-0
(resp. I(p, 1)) is the radius of the circumscribed (resp. inscribed) ball

with center ¢(p) of the image ¢(B(p, 1)), where B(p,t) is the ball with
center p and radius t;
L(p,t

@) lim sup 22

t—0 l(p ’ t)
A map ¢ is called quasi-conformal if it is k-quasi-conformal for

some k.
In [3b], I proved: If ¢ is a quasi-conformal I'-space morphism of Hy
to Hy then the boundary map ¢ : Xo — X is a mobius map. Thus

<t for almost all p.

@o o Gy, 05061 = Gy,

in this case too, and 6 : I' — [ extends to an analytic automorphism of
G.

The proof makes essential use of the theory of quasi-conformal map-
pings for euclidean space.

Now in case K = C,H, or O, we can again represent HI”( as the
interior of the unit ball in K", but, as is well known, the G-invariant
metric is no longer related to the euclidean metric by a multiplicative
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point-function factor. If K = R, C or H, the metric is
ds* = (1 =[x~ (dx® + (1 = )~ (@, 0)P).
One can calculate the hyperbolic distance between two points x and y of
Hy:
| 11— (x,y)l
(1= x2)2(1 = |y2)1/2
If K = O, then n < 2 and we have

(1= ()P + Ry »'?)
(1 =[x = )2

d(x,y) = cosh™

d(x,y) = cosh™

where x = (x1, x2), ¥y = (y1,2), and

27'R(x,y) = R(x182)(251) — R(Fay2)(F1x1)

{Note that for any p, g, r in O, Rp(q r) = Rq(rp)}.

It is of some interest therefore that one can successfully develop an
analogue of quasi-conformal mappings for K as well as for R.

Let dy denote the positive real valued function on K" defined by the
formula

47 o, )* = 11 = (6, 9)% + R(x, ) — (1 = [dP)(1 = [yP)
= |x = P = (PP = (6 9)P) + R(x, y).

For any x, y on the unit sphere,
do(x,y) > |x = yl.

We can regard K" as a subset of projective n-space over K, and
the K-lines in K" are subsets of dimension k = dimg K = 1,2,4, or
8. The intersection of a K-line with Hy is a geodesic subspace. The
intersection of K-lines with Xy are called K-spheres. By a real 2-plane
in Hy we mean a 2-dimensional hyperbolic subspace which lies in no K-
line. The boundary of a real two-plane is called an R-circle (even though
it is not always a euclidean circle). If, however, the K-line (resp. . real
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two-plane) passes through the origin, then the corresponding K-sphere
(resp. . R-circle) is a great K-sphere (resp. . R-circle).

We have

do(x,y) = |x —y|, if x, y are on the same great R-circle,

do(x,y) = 2lx — yl)l/z, if x, y are on the same great K-sphere.

If we attempted to form a metric from dy, it would yield the usual
geodesic are length along great R-circles, but would yield infinite are
length along great K-spheres. Thus we call dy a semi-metric. We set for
any p € Xp

K(p,1) ={q € Xo; do(p,q) <1}

and we call K(p, 1) the dy-ball of center p and radius z.

Given R-rank 1 groups G and G’ containing isomorphic lattices I
and I, let ¢ : X — X’ be a ['-space pseudo-isometry as above, and let
%o : Xo — X, be the induced boundary homeomorphism.

We set for any p € Xo,

L(p,t) = inf{s; po(K(p, 1)) € K'(¢o(p), 5)}
I(p, 1) = sup{s; po(K(p, 1)) D> K'(¢o(p), 5)}

Then one proves
Theorem. There is a positive constant K such that for all p € X

lim sup Lip, 1)
t—0 Z(P, t)

We can describe this result by saying that the boundary map is K-
quasi-conformal with respect to the semi-metric dy.

This theorem has striking consequences. It allows us to prove in the
first instance

Theorem. The boundary map ¢ is absolutely continuous on almost all
R-circles, if H;l( * lel'

This result in turn allows us to form non-zero directional derivatives
of g on sets of positive measure along R-circles.
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Upon utilizing the fact that I" operates ergodically at the boundary,
we can succeed ultimately in proving that the map ¢ is induced by an
isomorphism of G. Thus once again we find

%0 © Gx, 09061 = G;co'

Putting together our results on R-rank greater than one hand on R-
rank 1, our method yields the

Theorem. Let G be a semi-simple analytic linear group having no com-
pact normal subgroups other than 1, and let T be a discrete cocompact
subgroup. Assume that there is no continuous homomorphism « : G —
PL(2,R) with n(I') discrete. Then the pair (G,T') is rigid (cf. [3e]).

Recent results of Margulis and Raghunathan establish the above the-
orem if we replace “cocompact” by “non-compact lattice”, and add the
hypothesis that G has no R-rank 1 factors.

As pointed out above, we use the cocompactness of I" only to con-
struct the pseudo-isometry ¢. However, if sufficient information is avail-
able about a fundamental domain for I', one can construct a pseudo-
isometry in the non-compact case as well. This was recently verified by
Gopal Prasad for the case of lattices in groups with a R-rank 1 factor.

Thus, putting together the results of Margulis, Raghunathan, Prasad,
and [3e] we can weaken the hypothesis of “cocompact” in the above
theorem to merely “lattice”.
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A NEW APPROACH TO
COMPACTIFYING LOCALLY
SYMMETRIC VARIETIES

By DAVID MUMFORD

Suppose D 1s a bounded symmetric domain and I' € Aut(D) is a
discrete group of arithmetic type. Then Borel and Baily [2] have shown
that D/T" can be canonically embedded as a Zariski-open subset in a pro-
jective variety D/T. However, Igusa [6] and others have found that the
singularities of D/T are extraordinarily complicated and this presents a
significant obstacle to using algebraic geometry on D/T in order to de-
rive information on automorphic forms on D, etc. Igusa [7] for D = I,
and 9tz (M,, = Siegel’s n X n upper half-space) and I' commensurable
with S p(2n,Z), and Hirzebruch for D = My x Ny and I' commen-
surable with § L(2, R) (R = integers in a real quadratic field) have given
explicit resolutions of D_/F Independently, Satake [9]] and I working in
collaboration with Y. Tai, M. Rapaport and A. Ash have attacked the
general case, using closely related methods. The purpose of this paper
is to give a very short outline of my approach. It builds in an essential
way on the construction of “torus embeddings”, a theory which has been
published in the Springer Lecture Notes [8] (by G. Kempf, F. Knudsen,
B. Saint-Donat and myself; some of which has been worked out in-
dependently by M. Demazure [3]] and M. Hochster [5]). We intend to
publish full details of the present research as soon as possible in a se-
quel “Toroidal Embeddings II” to the Notes [§]]. At the present time,
however, we cannot claim to have written down complete proofs of our
“Main Theorem” and although I definitely believe it is true and not dif-
ficult, it is more accurate to describe the ideas below only as a suggested
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approach to the problem of constructing a non-singular compactification
of D/T.

1

Let us look first at the familiar case:

D =M,
I'=SLQ2,7Z).

We know that D/I" = C via the elliptic modular function j and adding 212
one point j = oo, we get the unique non-singular compactification:

D/l ¢ DT

C c CP!

However, let me describe a way of glueing in the point at co that will
suggest generalizations:

StEP a. Factor the map 9t 25 C as follows

My < A

{wImw >0} {£0<]|]<1)
where ¢ = ¥ If Ty = {(0 ll’)’ be Z} C SL(2,Z), then

1
AT = EIR]/FQ.

Step b. Partially compactify A} by adding the origin

A c A= (g k< 1.
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StEP ¢. Note that if
M (0) = {w|Imw > ¢},

then if ¢ is large enough, S L(2, Z)-equivalence in 9 reduces, in
N, (c), to T'y-equivalence:

w1, wy € My(c) el *)
=y, yesLe.z 75"

Now 9t (c) maps to A}, where

Ay =1{Z]0 < 121 < b)
b= —27rc

’

and @) says:
res3: A, — Cis injective.

213 SteP d. This gives us the situation:

(Interior of closure of A; in Ay) = A,

It is easy to see that CP! is nothing but the union of C and A,
glued on A;.

2

Let us look next at how this procedure can be generalized to the n X n
Siegel case:

D=M, = {Q|Q n X n complex symmetric matrix,
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Im Q positive definite},
r=S$pQ2n7Z).

Actually, it is usually more convenient to replace S p(2n,Z) by a sub-
group of finite index, or else to allow V-manifold-type singularities on
D/T and D/T, because of the elements of finite order in I which need
not act freely. We will ignore this technicality. Of course, these V-
manifold singularities can also be resolved: but that involves a totally
different set of problems.

Step a’: Factor M, — M, /T as follows:

m, 30 M, /T

‘n
{z

Z n X n complex symmetric matrix, Z;; # 0 }
. I, B
where Z;; = ¥, If Ty = {( " )

and —log|Z;;| positive definite
0 I,

and symmetric

B e M,(Z) }cr

then
3V =M, /T.

n

Step b’: Note that I0 is an open set in the algebraic torus group:
S Z n X n symmetric
Z,'j +#0

(the group law being componentwise multiplication). The gen-
eralization of A in the first case is now given by the theory of
equivariant torus embeddings which we must now summarize

Torus embedding theory:

T = an algebraic torus of dimension 7, i.e. ,= (C*)",
N = n1(T) a free abelian group of rank n, Ng = N Q R,
Nc = N ® C so that
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T = Nc/N (viaexp : Nc = T),
M = Hom(N, Z) = [the group of characters 2" : T — C*].

If @« € M, write X* : T — C* for the associated character write
(x, a) for the pairing of Mg and Ng.

Yo = closed convex rational polyhedral cone in Nr (i.e., o =
{xe Nr|{(x,a;) > 0, 1 < i < N} for some finite set of points
a; € M), which are “proper”: o 2 pos. dim subspace of N

Xogor SPEC(CL..., X%, .. Joemns}, & = dual of o~ in M.

Then X, is a normal affine variety, T is an open subset of X, and
the action of T on itself extends to an action of 7" on X-; moreover
all such embeddings T C X arise like this. X, is non-singular if o
is a simplicial cone generated by a subset of a basis of N.

V{o,} = collection of such ¢”’s such that every face of a o, is
some 0, and every intersection o, N o is a common face,
Xio,) = U X;,, where X, and X, are glued along X,
(&3

a/ﬁu'ﬁ

(which is, in fact, an open subset of each).

Then X, is an irreducible separated normal scheme, locally of
finite type over C, T is an open subset of X|., and the action of
T extends; again all such embeddings arise like this (Sumihiro

[LOD).

Let N, r = vector space of real n X n symmetric matrices,
N, = lattice of integral ones,
C, = cone of positive semi-definite matrices.

Then for all collections {c,}, 0o C N,r being closed convex
rational polyhedral proper cones, fitting together as above, we get

52 C Sn C X{a',]}-
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It can be shown that for all a:

dxeX,,— U X, and a neighborhood

B face of « _
¢ U of xin X, such that U c 3

if and only if o, C C,.

For this reason, we assume that o-, € C,,, all @, and define

~0

S, = Interior of closure of 3% in Xio,)-

Then

~0

\sncSO{

n{oq}

is the partial compactification of 3¥ which we shall use.

SteP ¢’: There seem to be several choices for an n-dimensional analog
of Mt (c) but we take:

M, (c) = {Q e M,

VkeZ, k#(0),
k- (ImQ) -k > c.

By Siegel-Minkowski reduction theory, it can be shown that if ¢
is large enough, S p(2n, Z)-equivalence in M, reduces, in N, (c),
not to ['g-equivalence but to I'j-equivalence; where:

. {(A B )‘AeGL(n,Z), BeMn(Z)and}
L=

0 ‘A" A 'B symmetric
A B\|A, DeGLnZ)
= N SpQ2n,Z).
{(0 D)‘ Bemyzy O OP )}

Let 32 = image of M, (¢) in J,,.

Then I'y /Ty = GL(n,Z) acts on the torus J,, preserving the open 216
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subsets 3V and I, and we get the situation:

3¢ C 30 c 3,

IC/(T1/To) < I2/(T'y/Tp)

AN

AN
AN
AN
EN

M, /T

where the dotted arrow is injective.

SteP d’: It is now clear how to finish up: we must assume that the col-
lection {0, } satisfies the condition VY y € I'; /Iy, ¥, 38 such that
Yo, = op (under the natural action of I'||Ip on 3J,, hence on
N, r). Then the action of I'{ /T’y on J,, extends to Xj,;. Define

~C

S,y = Interior of closure of 3¢ in X, Z

and consider

M, /T

3¢ /(rl/m\

3¢ 1/ (T'1/To)

n{oq

and glue!

Some comments: First of all, there are many things to check in
the above procedure, but we will not try to justify them here. Sec-
ondly, this glueing alone will never give us something compact;
but what I do claim is that if you take just enough o7,s, in the
sense:
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Z positive semi-definite with null-
(@) Uoy =4Z € NyRr

space defined over Q
(b) Modulo I'; /Ty, the set of o, ’s is finite,

then the resulting partial compactification of i, /I" does cover the
entire O-dimensional boundary component: and moreover it “an-
alytically prolongs” to a compactification M, /T of M,/ in the
following way:

(a) let
~0

S, = Interior of closure of 3% in X,

(b) require the existence of a map :

~
0
3, c

M, T < ML

where 7 is surjective and open and 9t,,/T" is open and dense
in 9, /T.

Thirdly, the resulting space is not necessarily non-singular.
However, if the o,’s are chosen satisfying:

(c) Ya, o, is the set of positive linear combinations of matrices
Ay,...,Ar € Ny, which are part of a basis of the free abelian
group N,

and if S p(2n, Z) is replaced by a subgroup I of finite index with-
out elements of finite order, then we get a non-singular compact-
ification of 9, /I". Even without these two conditions, the singu-
larities are quite mild, e.g., rational (and if the o,’s are merely
simplicial cones, the singularities are V-manifolds). Fourthly, an
objection may be raised that there is still a huge amount of free-
dom in the choice of the o, ’s, leading to a whole family of non-
singular compactifications rather than one best possible one. This
in fact discouraged me for several years and made me think the
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theory was not useful (the simplest case I know where this non-
uniqueness seems really basic is 9t4). But I believe now that this
non-uniqueness is a fact of life or higher-dimensional birational
geometry and that for many application, this class of compactifi-
cations is just as usable as one canonical one would be.

3

218 Finally, and with many more gaps, let me sketch how I believe this pro-
cedure extends to the general case:

D = any bounded symmetric domain,

I' = an arithmetic subgroup of Aut(D).

Assume for simplicity that I" has no elements of finite order.
SteP @”. For every rational boundary component F, we get groups:
Aut(D)° > N(F) > U(F)
where
N(F) = {g € Aut(D")|g" = F|

U(F) = center of unipotent radical of N(F) :

this is just a real vector space under addition.

LetI'o =T'Nn U(F): alattice in U(F) and I'y = ' N N(F).
We factor D — D/T" via:

D — D/F() B D/F] — D/F

Step b”’: To describe D relative to F suitably, embed D in D, its com-
pact dual, so that the complexification G¢ of Aut(D) acts on D.
Moving D around only on by U(F)c, we get an intermediate open
set:

Dc U(F)c-DcD.
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This gives us a description of D as a Siegel Domain of 3rd kind as
follows: I claim

U(F)c -D=U(F)c X&(F)

for some complex vector bundle p - &£(F) — F over F itself
(the isomorphism being complex analytic and taking the action
of U(F)c on the left to translations in the 1st factor on the right),
and that this isomorphism restricts to:

D = {(u, x)| Imu € C(F) + h(x)|

for some open convex cone C(F) C U(F) and real analytic map
h:&F) - UWF). Let T(F) = U(F)c/Ty: this is an algebraic
torus group over C. We get

D/To c (UWF)c:-D)/Toy=T(F)x&EF).

We now choose a collection {o,} of rational polyhedral cones in 219
C(F) and note that these define, by our general theory, an embed-
ding

T(F ) C X{(ra}-

Define
(D/To)io,y = Interior of closure of D/TyinXi,,y X &(F).
Step ¢”’. If y € C(F) and K C F is a compact set, let
D(y,K) =Ty - {(u, 0)| Imu € C(F) + h(x) + 7, p(x) € K.
Then, I believe, for all K, if c is large enough, the composition
D(c,K)/T — D/T'| - D/T
is injective

Step d”’. Assume now that the collection {o-,} satisfies the conditions:
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(a) Yy € I'1/Iy, and Yo, yo, = some op; and modulo this

action, there are only finitely many o7, s.

(b) C(F) c Jo, € C(F).

It requires proof at this point that such {o,} exist — this seems
quite likely. Define

(D(c, K)/To)e,y = Interior of closure of D(c, K)/I'y in
X{(ra} X éo(F)

and consider:

D/T’

. K)/F\

(D(c, K)/T0)(o,y/(T'1/T0)

and glue! The whole set-up is summarized in the figure overleaf.
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Summary of spaces

DOMAIN D(c)C p C U(F);-D —— D
LEVEL
exp exp exp
TORUS D(e)/T, C DT, C T(F) x e(F)
LEVEL / / / I'/To

L5 X(oa) X €(F) acts here

(D(e)/T0) (o34 5 (D/T¢) (.1 C

D(c)/Ty D/|H

\,
\,
N\,
N\,
N\,

[(D(€)/T0)(.1/(T1/T0)] CS 5 [(D/To) o} /(T /T)]

\,

\,
N\,

<
%
MODULI &j
LEVEL %

@

-
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Step €”. Finally, if we let F range over the finite set of I'-inequivalent
rational boundary components, we must check that if suitably
compatible collections {07, } are chosen for each F, then these par-
tial compactifications are compatible in the sense that they are all
part of one big compact Hausdorff space D/I" containing D/T as
an open dense set (this D/I" being uniquely determined by these
requirements) and such that there are even unramified maps = in
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the diagram

D/Ty - (D/T0)iery)
|
|
| T
v
D/T C D/T
The compatibility of the {c,}’s can be expressed as follows:

Say Fy, F C D are 2 rational boundary components and F; C F;.
Then

U(Fy) D U(F,) and C(F,) = face of C(F1).

Then we require that the set of cones 0'&2) C C(F1) be exactly the
set 0'8) N C(F3).

4

In order to express more clearly what our compactification depends on,
and to relate it to the theory of toroidal embeddings ([8], Ch. II), it is
convenient to introduce the following interesting abstract cone:

=l ] comfr= ] «@&mrane

rat. boundary I-equiv. classes
Comp. F of rat. F

where y € I" acts on | | C(F) by the natural maps C(F) 5 C(yF) for all
F

F. To express the structure that X has, we use the definition.

Definition. A ‘conical polyhedral complex is a topological space X,

plus a finite stratification {S .} of X, (i.e. , a partition of X into disjoint
locally closed pieces S, such that each S, is a union of various S B'S)
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222 plus for each « a finite-dimensional vector-space V, of real valued con-
tinuous functions on S, such that :

(a) ifng =dimV, and fi,..., fn, is a basis of Vo, then (fi) : So —
bR"™ is a homeomorphism of S , with an open convex polyhedral
cone C, C R,

(b) (f))~" extends to a continuous surjective map
() Ca =S,

mapping the open faces Ca(ﬂ ) of Cy (= closed faces less their own
Jfaces) homeomorphically to the strata S g in § . and inducing iso-
morphisms

rCSC(@(lin. fens.onR™) 5 Vg.

'This definition is a slight modification of that used in [8] to allow 2 faces of the

same polyhedra to be identified. Thus
S1

So

is allowed, as well as the previously allowed:
S

S5 (bottom)

Sa (top)

S
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Now for each compatible set of decompositions {0, r}, £ becomes
a conical polyhedral complex: just take the S s to be the images of the
sets (0o, r — faces of o r). In particular, this makes X into a topological
space with piecewise-linear structure; these structures are easily seen
to be independent of the choice of {0, r}’s. Note that conversely, the
structure {S,, V,} of conical polyhedral complex on X determines the
{oq.F} s: they are just the closures of the connected components of the
inverse images in the various C(F)’s of the strata §,. We shall call the
structures {S,, V,} on X that arise from choices of {7 r}’s, admissible
conical polyhedral subdivisions of X.

Moreover X has even more structure: it contains the abstract “lat-

tice”
Yz = [|_| C(F)N r) /T
F

(here regard C(F) c U(F) C Aut(D)?, so that C(F) N T makes sense),
which plays the role of the set of orders of approach to co in D/T. In
fact, let

without essential singularity at 0 € A

set of analytic maps ¢ : A* — D/T
R.S.(D/F)z{ YHe maps / }

(R. S. is short for “Riemann surface” as used by Zariski in higher-
dimensional birational geometry). We get a natural surjective map:

ord : R.S. (D/T) - Xy
by the procedure: lift ¢ to @ : H — D, H = {z] Im z > 0}, such that
Pzymod T = p(e*™)
hence for some yy € I':
Pz + 1) = yo@(2), V. €H.

Then g can be shown to lie in C(F) for some F, hence it determines an
element of Xz.
We can now state the main result we hope to prove:
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Main Theorem (?). Let D be a bounded symmetric domain, T’ c Aut D°
an arithmetic group without elements of finite order, and X the piecewise-
linear topological space defined by D and T" as above. Then there is a
map

toroidal embeddings
D/T c DJT, where
D_/F is a compact
algebraic space

Admissible conical
polyhedral subdivisions | —
{Sa, Vol of X

such that if (D /) is the conical polyhedral complex associated by the
theory in [[8] to this toroidal embeddingd, there is a unique isomorphism
@ making the diagram

z

ord
R.S.(D/T) x|

ord

%(D/T)

commute. The map is a functor in the sense that if (subd), is finer than
(subd),, then (D_/l")(l) dominates (D_/l")(z). An integrality condition on
the subdivision {S ., V,} characterize which D_/F’s are non-singular (see
p. 11 above).

I also expect that certain convexity properties of the subdivision im-
ply D/I" projective.
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DISCRETE GROUPS AND
Q-STRUCTURES ON SEMI-SIMPLE LIE
GROUPS

By M. S. RAGHUNATHAN

Introduction.

The main aim of this paper is to establish the following result.

Main Theorem. Let G be a connected linear semisimple algebraic group
defined over R of R-rank > 2 and with trivial centre. Let G be the con-
nected component of the identity in G, the group of R-rational points
of G. Assume that G has no non-trivial compact connected normal sub-
group. Let I C G be a discrete subgroup such that G /T is non-compact
ans has finite Haar measure. Assume further that I' N G’ is finite for ev-
ery connected proper normal subgroup G’ of G. Then there exists a Q-
algebraic group G* and an isomorphism (defined over R) f : G* - G
such that f~'(') c Ga and for every proper Q-parabolic subgroup P of
G*, Pn £~ is an arithmetic subgroup of P.

If in addition, there exists a unipotent 6 € I" which is contained in
two distinct maximal unipotent subgroups of 6 € I which is contained
in two distinct maximal unipotent subgroups of T, then f~'(T') is an
arithmetic subgroup of G*; in this case, Q-rank G* > 2.

The main theorem with the exception of the last assertion was an-
nounced by Margolis [10] in 1969. (In a recent letter Margolis informs
the author that he has proved the arithmeticity of f~!(I') in all cases.)
As no proofs were available for a long time the present author pursued
the problem on his own despite the announcement. Most of the work in

241
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this paper was done while the author was visiting at Osaka University
during March-June 1972. The author would like to take this opportunity
to express his warmest thanks to the J.S.P.S. and Professor Murakami
and his colleagues for their king hospitality. Later, in January 1973, the
author spoke on the work at the International Colloquium on “Discrete
subgroups of Lie groups” held in Bombay

Margolis’ proof is apparently based on the following result:

Theorem. Let X € M(n,R) be a nilpotent matrix. Then the map f :
R — SL(n,R)/S L(n,Z) defined by f(t) = n(exp tX), wherer : S L(n, R)
SL(n,R)/S L(n,Z) is the natural map, is not proper.

(A proof of the theorem by Margolis has appeared. The result
was conjectured first by Pjatetski-Shapiro [13] and some years later, in-
dependently by H. Garland and the author (see Raghunathan [17]))).

The author tried without success to prove this result and eventually
obtained the main theorem without the use of the lemma. Some parts
of this paper especially in §2] can perhaps be shortened with the aid of
this theorem; but it does not help shorten the paper on the whole signif-
icantly. A theorem proved by the author (Raghunathan [[I4]], Theorem
11.16) can in some ways be regarded as the starting point. Repeated use
is also made of the basic result on the existence of unipotent elements
in discrete groups due to Kazdan-Margolis [8]].

We now indicate how the main result is proved explaining in the
process also how the paper is organised.

The main result above is formulated for lattices. However, we will
work with what we call “L-subgroups”. The class of L-subgroups is a
priori a wider class than that of lattices. (However, at the end of the
paper one finds that L-subgroups are indeed lattices). In §Il we gener-
alise Borel’s density theorem (Borel [2]]) to L-subgroups. A justification
for including this material here can perhaps be found in the following:
that arithmetic subgroups are L-subgroups is essentially the Godement
compactness-criterion which is only the first step towards proving that

The proofs given here are somewhat different from those outlined in the talk.
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arithmetic groups are indeed latticesB The impatient reader can skip
this section beyond §?? altogether and go on to §21 He need only read
“lattice” for “L-subgroup” everywhere.

The material in §2] contains the most difficult steps. We prove here
the following (notation as in the statement of the main theorem):

There exists an R-parabolic subgroup N of G and a normal R-subgroup

Ny of codimension 1 in N containing the unipotent radical F of N with
the following properties: let L be the Zariski-closure of NN I in G and
E the centre of F; then L/E and F carry natural Q-structures such that
(@) FNT (resp. . image of L NI in L/E)is arithmetic and (b) the nat-
ural action of L/E on F is defined over Q; moreover if L = L. N G and
No =Ny NG, then L C Ny and Ny/L is compact.

The proof is involved and rather difficult to outline. It makes use
of the techniques—not merely the final results—of Kazdan and Mar-
golis [8]. In this section, we also introduce the notion of rank for an
L-subgroup. L-subgroups of rank 1 and rank > 1 are treated separately
in the subsequent sections.

§Blbegins with the following characterisation of L-subgroups of rank
1.

I' € G is (L-subgroup) of rank 1 if and only if every unipotent (#
identity) in I" is contained in a unique maximal unipotent subgroup of I.

The case of rank 1 L-subgroups is then handled as follows. One
starts with a parabolic subgroup N as described above and shows that
a conjugate of N by any element of I' not in N is opposed to N; as
a consequence one obtains a semi-direct product decomposition N =
ML.F with F the unipotent radical such that (M N I')(F N I') has finite
index in NN I'. Also the assumption that R-rank G > 1 guarantees that
M N T is sufficiently big (to guarantee that its centraliser in F is in the
centre of .%). If M is the Zariski-closure of M N T, then D = M, - F
has a natural Q-structure in which D N I is arithmetic. Now let 6 €
I' — N; then M? = 6NO~! N D is shown to be a maximal reductive Q-
subgroup of D so that one can find x, y € Fq such that xMfx~! = M,

2Curiously enough, we never use the fact, that arithmetic groups are lattices, in this
paper.
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yM;y!' = 67! (M?)Q, leading to: x0'y is in the normaliser of M. From
this we immediately obtain, what one expects should be the Bruhat-
decomposition of elements of I'. Using this decomposition, it is then
shown that trace (ad(Ad6(X))ad Y) € Q, for every pair X, Y € f (= Lie
algebra of F) such thatexp X,exp Y e FNT.

§§413] are independent of §3](and can be read without reading §3)).

In the higher rank case we start again with a parabolic group N as
above. The problem of finding M c N such that M NTI'. F N T has finite
index in N N I', now presents certain difficulties (because no conjugate
of N need be opposed to N). However in §4] we prove the main theorem
for L-subgroups of rank > 2 under the additional hypothesis that we
can indeed find such an M in N. Under this additional assumption, one
constructs a complete set of what one would expect to be the conjugacy
classes maximal Q-parabolics—if there was a Q-structure on G with
I' arithmetic. Once this is done, there are “enough” unipotents to play
around with to obtain the main theorem (including the arithmeticity of
D).

The problem of finding M as described in the paragraph above is
taken up in §3 It is interpreted as a cohomology-vanishing result and
the requisite vanishing theorem are proved when N is not conjugate to
any opposing parabolic subgroup. Where N is conjugate to an opposing
group, the problem is handled as in the rank 1 case.

The appendix contains the proofs of two results used in the main
body of the paper.

The following notational conventions are used. As usual Q (resp. .
R, resp. . C) denotes the field of rational (resp. . real, resp. complex)
numbers and Z, the ring of integers. By an algebraic group we mean
a complex algebraic subgroup of GL(n,C) in general. However (es-
pecially in §I] and ) the term algebraic group sometimes refers to the
group of R-rational points Gr of an algebraic group G defined over R or
even a subgroup of Gr containing the identity component of Gg. Cor-
respondingly the meaning of terms like “Zariski-dense” and ‘“Zariski-
closure” will depend on the context. To avoid (or atleast reduce the pos-
sibilities of) confusion, we adopt the following convention: bold face
capital roman letters are used to denote complex algebraic groups while
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real Lie groups are usually denoted by ordinary capital italic letters. Fur-
ther, if G is an algebraic group defined over R and H C Gr is any “alge-
braic” subgroup, H, the corresponding bold face letter is used to denote
its Zariski-closure in G. Greek capital letters are usually used to denote
discrete groups: as far as possible we use corresponding roman (bold
face) capital letters to denote their “real” (complex) Zariski-closures (in
algebraic groups that contain them). Lie algebras over R (resp. . C) are
denoted by gothic lower case (resp. . capital gothic) letters. The Lie
algebra of a Lie group is denoted by the gothic equivalent of the roman
letter used to denote the group. For a Lie group H, H° denotes its iden-
tity component. (On the whole the notation used is inevitably somewhat
unwieldy and, possibly a little confusing; the author seeks the reader’s
indulgence for this).

Standard results on algebraic groups are used without giving any
references. They can in any event be found in Borel or Borel-Tits
[6]. Proofs of most of the results on discrete groups used in this paper
can be found in Raghunathan [14]. Some results of which we make
frequent use are listed below for convenient reference.

Lemma 1.1. Let G be a Lie group and I C G a discrete subgroup. Let
@ c T be any finite set and Z be the centraliser of ® in G. Then the map
Z/ZNT — G/ is proper.

Proof. (It suffices to show that ZI" is closed in G. Letz, € Z,y, € I’
be sequences such that z,y, converges to a limit x € G. For § € O,
¥, 210z, y, = ¥;'0y, is a convergent sequence contained in T'. Since
@ is finite, there exists m such that y;l Oy, = y,;l Oy, for all € ® and
n>mie. yyy,' €Zconsequently x = xy, 'y, € Zy). o

Theorem L.2. (Malcev [Ol]). Let N be a nilpotent connected simply con-
nected Lie group and n its Lie algebra and exp : n — N, the exponential
map. Let I' C N be any discrete subgroup. Let N be a unipotent alge-
braic subgroup such that N C NR. Then we have the following results.

(i) T is finitely generated.
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(ii) N/T is compact if and only if I is Zariski-dense in N.

(iii) If NJT is compact, the Z-linear span of exp™'(I') is a lattice in
the (vector space) n. The Q-Linear span of exp~'(I') is a Q-Lie
subalgebra of n. Consequently N acquires a Q-structure. For a
subgroup U Cc N, U/U N T is compact if and only if the Zariski-

230 closure U of U is defined over Q. In particular if E denotes the
centre of N, E/E N T is compact.

Proofs are also available in Raghunathan ([14]], Chapter II).

Theorem 1.3. (Auslander [1I], Wang [21]]). Let G be a connected Lie
group and I a lattice in G. Let R (resp. . N) be the radical (resp. . max-
imal connected nilpotent normal subgroup of G). Let S be a maximal
connected semisimple subgroup of G and S’ the kernel of the action of
S on R. If S” has no nontrivial compact connected normal subgroup,
then RIRNT and N/N N T are compact.

A proof is given in Chapter VIII of Raghunathan ([14], Corollary
8.28).

Theorem I.4. (Garland-Raghunathan [7]]). Let G be a connected linear
semisimple Lie group and U C G a connected unipotent subgroup. Let
Z be the centraliser of U in G and B a maximal reductive subgroup of
Z. Then the kernel of the action of B on U is normal in G. If U is not
contained in any proper normal subgroup of G, this kernel is discrete
(hence central).

A proof can also be found in Chapter XI of Raghunathan ([14]],
Proposition 11.19).

Theorem L.5. (Borel-Tits [6l]) Let G be a connected linear semisimple
Lie group and U be a unipotent subgroup. Let P be the normaliser of U.
Let p (resp. 1) be the Lie algebra of P (resp. U). If U is the unipotent
radical of P, we can find X € g with the following properties:

(i) ad X is semisimple and all its eigen-values are real;



DISCRETE GROUPS AND Q-STRUCTURES ON SEMI-SIMPLE LIE
GROUPS 247

(ii) for A€ R, let §(A) = {v € g|[X,v] = Av}; then

w= "9, p=) .

>0 >0

For a proof see Borel-Tits [5] (The theorem proved in this reference
is for algebraic groups, but the present formulation is an immediate con-
sequence; see also Mostow [12]] and Raghunathan ([14]], Chap. XII).

Corollary L.6. Let G be a connected linear semisimple Lie group and

H c G an algebraic subgroup with a non-trivial unipotent radical V.

Let B be a maximal reductive subgroup. Then there exists X € g (= Lie 231
algebra of G) such that

(i) ad X is semisimple and has all eigen-values real,
(ii) for A € R, let g(A) = {v € g[X,v] = A, v}, then the Lie algebra of

V is contained in ) g(d),
>0

(iii) {exptX}_co<i<co Ccentralises B.
Theorem 1.7. (Mahler’s criterion). Let
m:SLn,R) > SL(n,R)/SL(n,7Z)

denote the natural map. Let {X,}1<n<co be any sequence in S L(n, R).
Then the following two conditions are equivalent:

(i) n(x,) has no convergent subsequence;
(ii) There exist unipotents 6, € I' — {e} such that x,,@,,x;l tends to e.
For a proof, see for instance, Raghunathan ([14]], Chapter X).

Theorem L.8. (Zassenhaus [22]], Kazdan-Margolis [8]]). Let G be a Lie
group. Then there exists a neighbourhood Q of e in G with the following
property: if ' C G is any discrete subgroup, I N Q is contained in a
connected nilpotent subgroup of G.
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A neighbourhood Q of e in G as in the above theorem will be called
a Zassenhaus neighbourhood of e in G.
A proof is given in Raghunathan ([14]], Chapter VIII).

1 L-subgroup: a density theorem and consequences.

1.1 Let G be aconnected linear semisimple Lie group without compact
factors. Let g be the Lie algebra of G. We fix once for all a norm, || ||,
ong. Fora > 0, let V(a) = {X € g||X|| < a}. Fix also a constant
ap > 0 such that the exponential map exp : ¢ — G maps V = V(ap)
diffeomorphically onto an open subset U of G. For a < ag, let U(a) =
exp V(a). For g € U, we set |g| = || X]| where X € V is the unique element
such that exp X = g. We need two definitions for the formulation of the
first result.

Definition 1.2. For constants C > ¢ > 1 and a > O with 0 < a <
b = aC < ag and a discrete subgroup © of G, an element g € G is
(a, c, C)-adapted to @ if the following conditions hold:

(i) Adg(V(a)) UAdg ' (V(a) C V(b),
(hence gU(a)g‘1 U g_1 U(a)g c U(b)) where b = aC;

(ii) for x e ® N U(b), gxg~' € U and c|x| < ngg_ll < Clx|.

Definition 1.3. A discrete subgroup I C G is an L-subgroup if it has the
following property:

Let p : G — G/I' be the natural map and E C G any subset; then
p(E) is relatively compact if and only if there exists a neighbourhood W
of e in G such that gTg™' "W = {e} forall g € E.

(Equivalently, for a sequence g, € G, p(g), has no convergent sub-
sequence if and only if there exists a sequence 6, € I' — {e} such that
gn6ng, ! converges to e).

Remark 1.4. A lattice in G is an L-subgroup. An arithmetic subgroup
of G is an L-subgroup (this last fact can be proved directly without ap-
pealing to the fact that arithmetic subgroups are lattices).
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The next lemma is essentially due to Kazdan and Margolis [8]. We
give a proof, as the technique of the proof itself is needed later. Kazdan
and Margolis [8] formulate and prove the lemma for lattices; the present
formulation is to be found in Raghunathan ([14]], Ch. XI).

Lemma 1.5. Fix constants C, ¢, awithC > c¢ > 1and 0 < aC = b < ay.
Let " C G be an L-subgroup and E a compact subset of G such that

ET > {geGlgl'g™' nU(a) = (e)}.

Let S’ be the finite set {7y € F|Ey NEU(bD) #} and S the set of unipotents
inS’. Letd > 0, a > d, be a constant such that no element of S’—
S has a conjugate in U(d"). Let m be the least positive integer such
that "\d’ > a and let d = C~"*'a. Suppose now that we are given
elements g, {g1| | < r < oo} with the following properties: let h, = g h,_
with hy = gy and T, = hrgFg_lhr_l,' then g41 is (C, ¢, a)-adapted to T',
and gr+1 = (e) if [, N U(a) = (e).

Then, there exists a minimal integer k > 0 such that Iy N U(a) =
(e). Further we can find 0 € T such that hy,180 € E. Moreover if
glg ' nU) # (e), then for any x € T with hk_lgxg_lh,:_ll € Ula),
gxgl e Ud') and 7' x0 € S. In particular, x is unipotent.

Proof. Letd' = inf{|gxg‘1| |x el —(e),gxg™ ' € U(a)}. Let p be an
integer such that ¢’a’ > a. We then claim that I', N U(a) = (e). For this
we observe first that if for some integer r > 0, we have h,gxg™'h;! €
U(a) then | gxg_ll < c"lhrgxg‘1 h;l |. To see this we argue by induction
on r. In fact if
hgxg”' ;! € Ua),
we have
he-1gxg” bl = g7 (hegxg ™' by g, € U(D).

Since g, is (C, ¢, a)-adapted to I',_; we have
clhy1gxg~ | < 1hrgxg™ ', (+)
Thus h,_1gxg™! hr‘_l1 € U(a) so that by induction hypothesis,

hr—1gxg ™ It 1 > ¢ Hgxg . ()

233
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The claim now follows from (x) and (+x). Consider now I';, N U(a). If
hpgxg™'h,! € U(a), we conclude that |gxg™"| < ¢™Pa < a’ (by virtue of
our choice of p); this implies that gxg™! = (e) in view of the definition
of a’. |

This proves the first assertion.
Let &k be the minimal integer such that I';,; NU(a) = (e). This means
that

(hen1gTg ™ i) N Ua) = (e)

and by the definition of E, we can find 8 € I" such that ¢ = ;180 € E.
This proves the second assertion.

Suppose now gl'g™! N U(d) # (e). Let r be the smallest integer such
that for x € I with gxg™' € U(d), hy+18xg™"h7}, ¢ U(a). Evidently r <
k. Moreover since h,gxg~'h, € U(a), we conclude that hp(gvcg‘lh!‘,1 €

U(a) for all p < r and hence that for 0 < p < r, we have
hpgxg™ | < CPxl.

It follows that C"*!|x| > a. Since |x| < d, we conclude that r > m.
Evidently k£ > r so that k > m. Now if x € I' is such that hkgxg‘lh;1 €
U(a), we see that |gxg™!| < ¢™*-a < ¢™ -a < d'. This proves that
lgxg™'| < d’ie., gxg~! € U(d’). Finally we note that we have

hir1gxg” Ity = g6 67" € Ub)(= U(aC))

where g € E. Thus
EO0'x0 N U(b)E #

ie. ,07'x0 € S’. Since 6~ x# has a conjugate gxg~ ' in U(d’"), 6 ' x0 € S.

Remark 1.6. According to Kazdan and Margolis [8] we can find C, ¢, a
with 1 < ¢ < C,0 < aC = b < agp such that for any discrete subgroup ®
of G, we can find g € G(a, ¢, C)-adapted to .

As a consequence we observe that we have
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Theorem 1.7. Let I’ ¢ G be an L-subgroup and m : G — G/T the
natural map. Let g, € G be any sequence. Then n(g),, has no convergent
subsequence if and only if we can find unipotents 08, € I'—{e} such that
gnbng, ! converges to e.

(Theorem [.7] again was established by Kazdan and Margolis when
I" is a lattice).

This theorem guarantees the existence of nontrivial unipotent ele-
ments in an L-subgroup I' C G such that G /I is not compact.

We will now obtain a generalisation to L-subgroups of a theorem of
Borel for lattices.

Theorem 1.8. An L-subgroup I C G is Zariski-dense in G.

Proof. Let H be the Zariski-closure of G. Then H has finitely many
connected components. Replacing I' by a subgroup of finite index, we
can assume that H is connected: note that a subgroup of finite index in
I' is again an L-subgroup. Assume that H # G. We assert then that
H is contained in a proper reductive subgroup of G. Now according to
Mostow [[12]], a maximal connected subgroup M of G is either reductive
or its Lie algebra b is of the following form: there exists X € g such that
ad X is semisimple and has all eigen-values real and m is the span of the
eigenspaces of Ad X corresponding to the non-negative eigen-values of
ad X. Thus to prove that last assertion we may without loss of generality
assume that there exists X € g with the following properties;

(1) ad X is semisimple;
(i1) the eigen-values of ad X are real;

(iii) for A € R, let g* = {z € g| [X,Z] = AZ} and m = Y g'; then
<0
hH c m where b is the Lie algebra of H.

Now letn = 3 g'and mg = ng. Let M, My and N be the Lie sub-
>0
groups corresponding to m, g and n respectively. Then M is the semi-

direct product of My and N. It is a closed subgroup of G containing H.
Further N is unipotent and the exponential maps n homeomorphically
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onto N. Let g = exp X. Clearly then if || || denotes a norm on g with
respect to which ad X is symmetric, then

d IAd g (D)l > |I1Z]]
g xg™" = xfor x € M.

(*)

Consider now the sequence {g'}1<< In G. From (x) one sees easily
that g'T'g™" N W = {e} for a suitable neighbourhood W of e in G: note
that I' ¢ H so that every element of I is of the form x - y with x € My
and y € N. Since I' is an L-subgroup we can find {@, € I['(C H)}1<n<co
such that g"a, € E, where E is a compact subset of G. Passing to a
subsequence, we see that we obtain a sequence A, of integers such that
g'nb, converges to a limit x(¢ H) where 6, = a,, Nowlet® c I’
be a finite set and consider the sequence g*6,¢0,'g", ¢ € ®; these
sequences converge to limits. On the other hand for ¢ € @, 6,96, €
H c M, so that we have 9,1506’;1 = x,exp Y, where x, € My, ¥, e n. It
follows that
gV 0,00, g = x, - exp Ad g (¥,).

Thus we conclude that x,, and Ad g**(Y,) must be convergent sequences.
In view of (x), this implies that Y, must converge as well. But then
6,40, must converge as well. Since 6,¢6,! € T, we conclude that for
all large n and ¢ € ®, we have

Ongl,' = i1y = ¢". say.

Now assume that @ is so chosen that the centraliser of @ in G is the
same as that of H(Such a finite set ® can be found: in factifp : G —
Autg F is a faithful linear representation, we need only choose @ such
that p(®) generates the associative subalgebra of Endr(F’) generated by
p(H)). Clearly then an element 2 € G commutes with H if and only if &
commutes with ®* = {¢*|¢ € ®}. Consider now the sequence g ¢*g .
Let ¢* = x" exp Y* € ®* where x* € My and Y* € n. Then

grg g™ = x*.exp (Ad gV (Y")).

From (x) we conclude then that this sequence converges if and only if
Y* = 0. Since gl ¢p*g™ = g6,06,' g~ for all large n, this sequence
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does converge so that Y* = 0 i.e. ¢* = x* € M. Thus g commutes with
®* i.e. H commutes with g. From this one concludes that H ¢ M. We
have thus shown that if H # G, then H is contained in a proper reductive
subgroup of G.

Now assume that H # G and let M be a proper reductive subgroup
of G containing H. M being reductive, we can find a representation
p: G — Autg F of G and a vector fy € F such that

M = {x € G|p(0fy = fo).
Now if G/M is compact,
E = { ferF | p(G)f is relatively compact in F' }

is a G-stable subspace which is non-zero. The representation of G on E
is then equivalent to a unitary representation. Since G has no compact
factors, G acts trivially on E, a contradiction since fy € E. Thus G/M
is not compact. Since M D I', G/I is not compact. Thus I' contains a
unipotent. Now let S (# e) be the minimal connected normal semisimple
subgroup of M containing all the unipotents in I. We can then write
M = S C where C is the centraliser of S in M and S N C is finite. Let s
be the Lie subalgebra of g corresponding to S. We have then

g=s0f=s@cpf

where f and §” are S -stable and ¢ is the Lie subalgebra corresponding to
C and
f=coaf.

Now if ' is a trivial s-module, s is an ideal in g so that G = S - S’ where
S’ is the centraliser of S in G. Since G/M is non-compact, we can find
gn € S’ such that p(g,) (where p : G — G/I is the natural map) has no
convergent subsequence; then there exist unipotents 6, € I'—(e) such
that g,6, g;l converges to e, a contradiction since 6, € I' C § and S and
S’ commute. Thus we conclude f’ is a non-trivial s-module. Now from
the representation theory of real semisimple Lie algebras one concludes
easily the following:

237
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Let ® c I' be a maximal unipotent subgroup. Then there exists
Y e {,Y # 0, such that (i) ad Y is nilpotent and (ii) Ad ¢(Y) = Y for all
¢ € @. Consider now again a representation p : G — Aut F such that
there exists a vector fy € F such that

M = (M € G|p()fo = fo)-

Now the orbit map t — p(exp tY) fy gives a homeomorphism of R onto
a closed subset of F (see Rosenlicht [[19]]). We conclude from this that
{(exp tY)M}_co<i<co 18 a closed subset of G. In particular, the sequence
{expnY}i<i<e has no convergent subsequent modulo M hence, a for-
tiori, modulo I'. Let g, = expnY. We assume, as we may without loss
of generality, that a finite system X of generators for ® is contained in a
Zassenhaus neighbourhood Q of ¢ in G. Now in view of Theorem [I.7]
we can find unipotents 6, € I'—{e} such that g,,6,g, ! converges to e. For
large n, thus g,6,g,' € Q. Since g,Z¢g,;! = X c Q, §, and T generate a
unipotent subgroup of I'. In view of the maximality of @, 6§, € ®. But
then g,149ng;1 = 0,, a contradiction. This completes the proof of O

As a consequence, we obtain the following corollaries. We omit
their proofs which are analogous to those in the case of lattices. For
proofs for lattices see for instance Raghunathan [1, Chapter V]; the
proofs given there carry over with minor verbal changes.

Corollary 1.9. Let I' C G be an L-subgroup. Then the centraliser of T’
is the centre of G. The normaliser of I in G is discrete.

Corollary 1.10. LetT" C G be an L-subgroup and H a connected normal
subgroup of G. Let H' be the connected centraliser of H in G. Let
f (resp. . ') be the natural map of G on G/H (resp.. G/H’). The
following conditions on I are equivalent:

(1) f()is a discrete subgroup of G/H.
(2) f(I")is a discrete subgroup of G/H’.

(3) I'n H is an L-subgroup of H.
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(4) TN H' is an L-subgroup of H'.

(5) T contains (' " H) (' N H') as a subgroup of finite index.
(6) I' N H is Zariski-dense in H.

(7) I' 0 H’ is Zariski-dense in H’.

Definition 1.11. An L-subgroup I C G is reducible if there exist proper
normal subgroups H, H' in G as in[[_I0 such that T satisfies one of the
equivalent conditions (1) — (7) of that corollary. If I is not reducible
we will say that T is irreducible.

We have then

Corollary 1.12. The following conditions on an L-subgroup T of G are
equivalent:

(1) T is irreducible,

(2) if H is any proper connected normal subgroup of G, H NI is not
an L-subgroup of H,

(3) if H is any proper connected normal subgroup of G, H N T is
central in H,

(4) if H is any proper connected normal subgroup of G, HI is not
closed,

(5) under the same hypothesis as in (4), HI is dense in G.
With the Definition[I.TT]we can formulate a decomposition theorem.

Corollary 1.13. Let I' € G be an L-subgroup; then we can find con-
nected normal subgroups {H,'|1 < i< r}of G such that

) H\.Hy...H, =G,
(1) HiNH{.Hy...H;i_|.Hjy ...H, is finite,

(i) H; N T is an irreducible L-subgroup of H;,
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(iv) [I(H; NT) has finite index in T
i=1
Corollary 1.14. Let I' C G be a non-uniform L-subgroup. Then T is
irreducible if and only if no unipotent element of I' belongs to a proper
(connected) normal subgroup of G.

2 P-subgroups.

From now on, we fix once for all a non-uniform irreducible L-subgroup
I" of G. We state below two results which are proved for lattices Raghu-
nathan ([14]], Chapter XI). The proofs given there carry over with minor
verbal changes to the case of L-subgroups.

Theorem 2.1. Let A be a subgroup of I and ® a unipotent subgroup of I’
maximal among all unipotent subgroups of I normalised by A. Assume
that ® # (e). Let D(resp. .F) be the zariski-closure of A (resp. . ®). Let
f be the Lie algebra of F and o : D w— GL(f) the adjoint representation
of D oni. Let M be a maximal reductive subgroup of D. Then MnN
(kernel o) is finite.

The second result we need is a consequence of the above theorem
(cf. 1.1 for notation not explained above).

Theorem 2.2. There exists a constant 5 > 0, B < ag such that an element
v € I has a conjugate in U(B) (by an element of G) if and only if y is
unipotent.

We will not sharpen Theorem 2.1l further.

Theorem 2.3. The hypothesis and notation are those of Theorem 2.1}
Then Centraliser F = Centre of G. Centre of F. Consequently M N
kera C Centre of G.

We begin with

Claim 2.4. Let Z = Centraliser of F. Then Z|/Z N Z is compact.
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We observe first that the map
Z/ZNnT' - G/T

is proper (in fact Z = Centraliser of ® and @ is finitely generated; (@));
hence Lemma [l applies). Suppose now z, € Z is any sequence such
that p(z,), p : Z — Z/Z N T being the natural map, has no convergent
subsequence; then we can find 6, € I'—e, 8, unipotent, such that z,ﬂ,,z;l
converges to e. Now we assume, as we may, that a finite set of generators
2 of @ is contained in a Zassenhaus neighbourhood Q of e in G. Then
for 6 € X, z,0z,' = 6 so that for all large n,z,0,z," and T = z7,%7;!
generate a nilpotent (hence unipotent) subgroup. Forming successive
commutators one obtains a sequence ¢, € Z N I'—(e) of unipotents
such that z,¢,z,! converges to e. It is evidently sufficient to prove the
following now.

Assertion 2.5. Any unipotent elements in Z N T belongs to ©.

To prove this, we argue as follows. Let S be the Zariski-elosure of
Z NT. Since A normalises ®, A normalises Z as well as Z NT. Let
AN = A. ZNT and D’ the Zariski-closure of A’. Now @ is evidently
maximal among unipotent subgroups normalised by A’. It follows that
any maximal reductive subgroup of D’ and hence, a fortiori, any maxi-
mal reductive subgroup of S acts on F with finite kernel. Since S acts
trivially on F we conclude that any maximal reductive subgroup of S is
finite. It follows that the set of all unipotent elements in Z N I" generate
a unipotent subgroup V. Evidently ¥ normalises ® so that ¥ - @ is a
unipotent subgroup of I'. The group ¥ is normalised by A so that ¥ - ©
is normalised by A. In view of the maximality of ©, YO = ®i.e. ¥ C O.
This proves the assertion and hence the claim.

2.6 To establish Theorem we argue as follows: M Nkero C Z;
let B be a maximal reductive subgroup of Z containing this finite group.
Then the kernel of the action of B on the unipotent radical N of Z is a
normal subgroup of G (cf. Theorem I), hence a semisimple subgroup
without compact factors. It follows from Theorem I that (since Z/Z N T
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is compact) N/N N T is compact. Now NNI' ¢ ¥ < ® and since
B C Z, B acts trivially on ®@. Further N NI is the Centre of @ hence
non-trivial. According to Corollary [[LT4l N N T is not contained in any
proper connected normal subgroup of G. It follows now (again from
Theorem I) that B is normal in G and hence discrete and central. This
proves Theorem 2.3

2.7 Suppose now that @ is a unipotent subgroup of I and F is the
Zariski-closure of @. Assume that the centraliser of F is (centre of G.
centre of F') (this holds in particular when ¢ (# (e)) is maximal among
unipotent groups normalised by a subgroup A of I': Theorem 2.3). Let
N* denote the normaliser of F' and N the identity component of N*. Let
o denote the adjoint action of N* on F, as well as on the Lie algebra {
of F:0 : N* — GL(f). Let

Ny = {x € N*|detor(x) = +1}
Ny = {x € N| deto(x) = 1}

(note that No = Ny N N). Finally, let % c f denote the Z-span of
exp‘1 ®; .Z is alattice in f (see Theorem [2)). We have then

Proposition 2.8. A sequence x, € Ny is relatively compact modulo T if
and only if o(x,) (in GL(Y)) is relatively compact modulo GL(ZL).

The proofs below, of this proposition as well as the next one, were
obtained in collaboration with H. Garland.

2.9 Let {x,}1<n<0 be a sequence in Ny such that o(x,) is relatively
compact modulo GL(.Z). Assume that x, is not relatively compact
modulo I'. Replacing {x,}1<,<c by a subsequence if necessary, we can
assume that there exist 8, € I'—e, 6, unipotent such that xné’nx,;] con-
verges to e. On the other hand, we can find u, € GL(%) such that
o(x,)u, is relatively compact. It follows that we can find a sequence
of bases {en(i)|1 < i € plicnce Of £ and a compact subset E of f
such that o(x,)e,(i) € Efor 1 < i < pand 1 < n < co. Now we
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can find an integer » > 0 such that expr.x € @ for all x € .Z. Let
(i) = exp r.e,(i). Evidently then, we can find a compact subset E’ C F
such that x,0,(i)x,! € E'for1 <i< pand1 <n<oco. LetgeG
be an element such that gE’g~' ¢ Q, a Zassenhaus neighbourhood of
e in G. Then for large n, gx,@,(i)x,;'g”" as well as gx,0,,x;'g”" be-
long to Q. Thus x,¢,(i)x,' and 6, generate together a nilpotent, hence
unipotent group. Forming successive commutators of 6, with the ¢, (i)
we obtain a unipotent sequence ¥, (# e) of elements in I' centralising
the {¢,()big|]l < i < p} such that x,'¥,x, I tends to e as n tends to
co. Now the group generated by ¢,(i), 1 < i < p, it is easily seen, is
Zariski-dense in F. Thus ¥, € centraliser of F. In view of Theorem
¥, € F. Let X,, € .Z be the unique (non-zero) element such that
exp X, = ¥,. Then o(x,)X, tends to zero as n tends to co. On the other
hand o(x,). X,, = o-(xn).un.urlen where o(x;,).u, is relatively compact
in GL(f) and u, € GL(Z) so that u,'X,, € £. Since .Z is a lattice in
f, 0(x,)X, cannot converge to e as n tends to oo, a contradiction. Thus
if o7(x,) is relatively compact modulo GL(.Z), x, is relatively compact
modulo I'. Conversely if x, is relatively compact modulo I', o(x,) is
relatively compact modulo GL(.Z). In fact if o(x,) is not relatively
compact, passing to a sub-sequence if necessary, we can find ¢, € .Z,
e, # 0, such that o(x,)e, converges to 0. This follows from Mahler’s
compactness criterion (note that o(Ny) C SL(f)). Fixing an integer r
such that expr.Z c I' and setting ¢, = expre,, we find that xnganx,‘l1
converges to e; a contradiction, since I" is an L-subgroup. This proves
Proposition

Proposition 2.10. The natural maps
No/NoNT' - G/T

and 243
No/NoNT' > GL(f)/GalL(.Z)

are both proper.
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2.11 In view of Proposition it suffices to show that
No/NoNTI' - G/T

is proper. Let x,, € Ny, v, € I be sequences such that x,y, converges to
a limit. According to Proposition we can find a sequence of bases
{en(D)|1 < i < p} of & such that o°(x,)en(i) € E(1 < i < p) where E
is a fixed compact subset of f. Let » > 0 be an integer such that exp
r c ® cT and set ¢,(i) = exp re,(i). Then there is a compact subset
E’ C F such that x,,go,,(i)x,;l € E’. Now we have

anDn(i)x;;l = Xn)’;l)’nsé’n(i) 'yr:l')/nxrjl €E.

It follows that y,¢,(i)y,' € E’” where E” is a relatively compact subset

of G. Since ¢,(i) € I', we conclude that we can find a finite number
{Hm(i)|1 i< p, 1 <m< q}suchthat for 1 < n < co, we have
Ynpn(D)Yy;! = Oy (i) for some m(n) with 1 < m(n) < q. For each m with
1 < m < g, choose an integer v(m) such that m(v(m)) = m. Then we
have

Ymn @Dy, = vy,

where v = v(m(n)). Since the ¢,(i), 1 < i < p, generate a Zariski-dense
subgroup of F, we see that &, = v, - yv‘l normalises F i.e. &, € N*.
Evidently x, - &, is relatively compact. The group N* N I" leaves @
stable. Thus o(N* NT')(.Z) = Z. It follows that det o(x) = =1 for all
x € N'ie. N*NT c Njso that §, € N;. Finally, since Ny has finite
index in Nj, No N I has finite index in Ny N I". It follows that we can
find &, € No NI such that x,,&;, is relatively compact. This completes the
proof of Proposition

2.12 From now on G is assumed to have trivial centre. Let

U™ = set of all subgroups A of I which normalise a nontrivial
unipotent subgroup of I'.

U ={AeUw *|A is generated by unipotents}.
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For A € /%, let
U (A) = {® c T'|® unipotent subgroup normalised by A} .
Note that we have for A € %" and ® € Z (A), 244
® e UAND) C U(A).
Also, if in addition A € %, we have A® € % .

Definition 2.13. A subgroup A € %™ is full if every ® in % (A) is a
subgroup of A. Equivalently the maximal unipotent normal subgroup of
A is a (and hence the unique) maximal element in U (A).

Lemma 2.14. Given A’ € %* (resp. . U ), there exists a full A in U*
(resp. . % ) such that A C A.

Proof. In fact, let ® be a maximal element in % (A’). Then A’® € % *
(resp. . % if A’ € ). Evidently @ is the maximum unipotent normal
subgroup of A = A’®. Hence the lemma. O

2.15 Suppose now that A € % * is any element with Zariski-closure
D. Then D = M.U where M is reductive algebraic, U is the unipotent
radical of D and M N U = (e). Moreover the e-component of M it-
self decomposes further into an almost direct product S.C where S is
semisimple and C is central in M. Also, S C has finite index in M. Fur-
ther if A € %, it is easily seen that D and M are connected, M = S and
C = {e}. For A € %, we define the content of A as the dimension of
M(= ) and denote it c(A). Finally let p(I') = max{c(A)|A € %'}. (Note
that ¢(A) has not been defined for A € % *). Occasionally, we refer to
p() as the parabolic content of T'.

Definition 2.16. A subgroup A of T is a P-subgroup if

G) Aew,

(i) () = p@),
and  (iil) A is full.
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Notation 2.17. There always exist P-subgroups: in fact, we first choose
N € 7 with ¢(A”) = ¢(I). Evidently any full subgroup A € % con-
taining A’ is a P-subgroup. In the sequel we choose and fix once for all
a P-subgroup A of I We continue with some of the notation already
introduced: thus

® = maximum normal unipotent subgroup of A,
D = Zariski-closure of A, b its Lie algebra,

F = Zariski-closure of @, { its Lie algebra,

N* = Normaliser of F, nits Lie algebra,

N = Identity component of N*,

o™ (resp. o) = the adjoint representation of N* (resp. N) on {,
Ny = {x € N|deto(x) = il},

No=NNN; (={xeN|deto(x) = 1}),

H = kernel o (= centre of F: Theorem 2.3),

® =HNO,

A" =N"NT(=Ny;nT),

A =NNT(=NynT),

L* = Zariski-closure of A*, lits Lie algebra,

L =L*NN,

% = Z-span of exp~! @ inf.

O is a lattice in H. Also for a subgroup B c N*, we denote by B’ the
subgroup o*(B) in GL(f).

It is known that the Q-span fq of £ in f is a Q-Lie algebra and
that the inclusion fg < f induces an isomorphism fg ® R — {. This
Q-structure on f gives a structure of Q-algebraic group on the group F.
The structure of f as a vector space defined over Q, gives a natural Q-
structure on GL(f) (isomorphic over Q to GL(p,R), p = dimf). These
Q-structures have some obvious properties. Evidently ® is contained in
the Q-rational points of F. Secondly, o(Ny N I') consists of elements
of GL(f) which leave .Z stable; they are, thus, in particular, Q-rational
points. It follows that L* (= *(L*)) and D’(= o*(D)) are Q-subgroups
of GL(Y).
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Let S’ be a maximal reductive Q-subgroup of D’ and R > S’ a
maximal reductive Q-subgroup of L*. We denote the Lie algebras of
LY, D', S’ and R by l', »’, " and 1’ respectively:

R = 0'*‘1(R*'), rits Lie algebra,

R =R*NN(= R* N Np),

S =018 (= o~ 1(X)), sits Lie algebra,

Y =8 nT, X, = subgroup generated by unipotents in Z,
P =RnNT.

The two assertions in parenthesis follow from the fact that NN I C
No N T and that D and D’ are connected (as A € %). Note that S/H
(resp. . R*/H) is isomorphic to S’ (resp. . R*'). Finally we remark that
dim S’ = ¢(A) = p('), (since H is unipotent). We will now prove

Proposition 2.18. A’ is an arithmetic subgroup of L’ and ¥’ is an arith-
metic subgroup of S’. The group ¥ is Zariski-dense in S’ and ¥, is
Zariski-dense in S. Finally, if p() = 0 then S = (e) and L'/\’ is
compact.

Proof. L’ is the e-component of the algebraic Q-group L* . Moreover,
A’ C L' C N| so that (in view of Proposition 2.10) the map

L/(N" — GL()/GL(ZL))

is proper. We conclude that A’ is arithmetic in L’. Consider now the
map 7 : L’ — L’/V where V is the unipotent radical of L’. The Zariski-
closure of A’ in GL(f) is D’ = S’.F’. Clearly n(A”) is Zariski-dense in
7(S’). On the other hand, 7(A”) C n(A”) and n(X’) being an arithmetic
subgroup of m(D’"), m(X’) N 7(A”) has finite index in 7(A’). Thus we can
find an integer r such that for x € n(A’), x" € n(X’). If x is unipotent then
sois x" =y e n(¥X’). Let z € ¥’ be such that 7(z) = y. Then z is unipotent
i.e. , z € 0,,. We conclude that 7(X}) is Zariski-dense in 71(S")—note that
7m(A”) is generated by unipotents. That X, is Zariski-dense in S follows
from the exactness of the sequence

(e) > H—S —>S" —(e)
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since @ C X is Zariski-dense in H.

If p) = 0, S’ = (e). The Zariski-closure D of A is unipotent.
Hence A = © is a maximal unipotent subgroup of I'. We conclude
from this easily that the arithmetic subgroup m(A’) in the reductive group
A’/V contains no unipotents. Hence (A’/V)/x(A’) is compact. Since
V/VNA’ and H/® are compact, L/A is compact. Hence the proposition.

O

2.19 Aswas seen in the course of the proof given above, the Q-rational
unipotents in the Q-group S’ generate a Zariski-dense subgroup of S”’. It
follows that S’ is semisimple and has no connected normal Q-subgroup
anisotropic over Q. Let r = r(A) denote the Q-rank of S’. Evidently
S’ = (e) if and only if r(A) = Oi.e. p(') = 0 if and only if r(A) = 0.

Definition 2.20. The integer r(A) will be called the rank of the P-subgroup
A. The rank of T is the integer
(') = sup{r(A + 1)|A a P-subgroup of T'}.

(Observe that ~(I') = 1 if and only if p(I') = 0.)
We will next establish two propositions which will be needed in the
proof of the main result (Theorem [2.25|below). The first of these is

Proposition 2.21. If'V is a unipotent subgroup of I normalised by Z,,

then ¥ is contained in ®.

2.22 Since O normalises ¥ (note that ® C ¥,) and X, normalises ® as
well as ¥, X, normalises the unipotent group @Y. Replacing ¥ by @Y,
we can thus assume that ¥ O @. Clearly @ > ©. Now let

M=V e UETHY >0,V ¢ D).

Evidently, it suffices to show that .# is empty. Assume that .# #. For
Y e . #,let d(¥") denote the dimension of the Zariski-closure of ®NY’.
Choose @ € .# such that

d(®y) > d(D')
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for all ¥/ € M. We will then show that ®; c ® i.e. ®; ¢ .#, a contra-
diction.

Let Fy (resp. F*) denote the Zariski-closure of ®@; (resp.. ®* =
® N @;). Let I be the normaliser of F*. Let I'; be the subgroup of I'
generated by Z,, IN FyNT and I N F NI and G, its Zariski-closure.
Then 'y € % . Let V be the unipotent radical of Gy and p : G| —» G/V
the natural map. Evidently G/V is reductive and dim G;/V = ¢(I';) and
c(Z,) = c¢(A) = c(I'y). On the other hand, S NV = H, as is easily seen
so that c¢(Z,) = dimS/H < dim G/V. Thus p maps S onto G;/V. Now
p(I N Fy) and p(I N F) are evidently unipotent subgroups normalised
by p(S) = G;/V i.e. they are normal in the reductive group G,/V. Thus
pUNF)=pINnF;)={e}. INF and INF; are contained in V, i.e. , they
generate a unipotent subgroup. Consequently the group @, generated by
INF NT'and I N F NT is unipotent. Now ®; D ® NP, D O. We
assert next that F'{ # F*: if F{ = F*, & c FFNI' c FNT = ® so
that ®; ¢ . (in view of the maximality property of ®@). It follows that
INF 2F . AlsolnFy ¢ Fand (I N F;)/(I N FyNT)is compact as
is easily seen. We conclude therefore that @, ¢ ®. Hence ®, € M on
the other hand @, N D INFNT (and (I N F)/(I N F NT)is compact.
Hence

d(®y) = dim(I N F) > dim F* = d(®y).

It follows that I N F = F* (by the maximality of d(¢;)). Butif F* # F,
I N F # F* (since F is unipotent). We conclude therefore that F* = F.

2.23 Now O@* and ® have the same Zariski-closure F. Thus ®* is a
subgroup of finite index in ®. Consider now the normaliser A* of ® in
I'. This group contains A. On the other hand it also contains I N F; NT.
Let A; be the subgroup generated by A and /N Fy NI and D; its Zariski-
closure. Let V| be the unipotent radical and ¢ : D; — D;/V; be the
natural map. Then ¢ map S onfo D;/V; and since I N F is Z,-stable,
q(INFy)isnormal in D/V|; being unipotent, it must be trivial. It follows
that the unipotent group V NI contains I N F; NI as well as ® and is
normalised by A. It follows that ® D VNnT'i.e. INF; NI C @ leading
to/ N F; C F = F*, acontradiction since the normaliser of the proper
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subgroup F* of F in F| is strictly bigger than F*.

Proposition 2.24. Let ©| € % (X,). Then if A\ € % normalises ®@1, A,
normalises ©.

Proof. Let Ay = subgroup generated by X, and A;. Then A, € %.
Let @, be a maximal element of % (A;) containing @ (note that ®; €
% (Az)). Then @, c @ (Proposition ??). Let F; be the Zariski-closure
of @,; clearly @, = F, NT. Let I be the normaliser of F, and A3 the
subgroup generated / N F N T and A;. Let D3 be the Zariski-closure of
Az and V the unipotent radical of D3 and g : D3 — Ds/V the natural
map. Then ¢(S) = D3/V: in fact we have

c(A) = c(Z,) =dimg(S) <dim D3/V = c(A3).

Thus ¢g(INF) is a unipotent normal subgroup of ¢(S) = g(D3/V). Hence
qUINF) = (e) (note that I N F/INFNT is compact so that I N F C D3).
We have proved therefore that / N F N I" ¢ V N TI. On the other hand
®, cVNnTand VNT € % (Ay) so that in view of the maximality of @,,
®, = VNT. Inparticular, I N F NI C ®,. It follows that I N F C F»
i.e. F» is its own normaliser in F since F is unipotent, this means that
F = F,i.e. ® = ®,. Hence A; normalises ®. O

We will now establish the main result of this section.

Theorem 2.25. Ny/L’ is compact.

2.26 Consider the decomposition of 1, as an §’-module. We have
ny=I®E®E"

where S’ operates trivially on E and non-trivially on every irreducible
S’-submodule of E*. We then assert that we have

Claim 2.27. E* = 0.

To prove the claim, we first observe that S’ is a semisimple Q-group
without any Q-component anisotropic over Q: in fact A’ is Zariski-
dense in D’ and it is generated by Q-rational unipotents; moreover S’
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is a maximal Q-reductive subgroup of D’. Assume E* # 0, Fix a max-
imal Q-split torus 7 C S’ and introduce a lexicographic ordering on
the group of (Q—) characters on 7 and let 0 # v € E* be the highest
weight vector for T of an S’-irreducible (over R) subspace of E*. Let A
be the corresponding character on 7'. Then it is easily seen that adv is a
nilpotent endomorphism and that the map

RxL 5N

defined by u(t,/) = exp.tv., maps R X L’ homeomorphically onto a
closed subset of N(’). Then map No/A — GL(f)/GL(Z) being proper, so
is the map

N\A" — GL(f)/GL(Z).

Since A" c L', it follows that expnv € N has no convergent subse-
quence modulo GL(.Z). By Mabhler’s compactness criterion, we can
find ¢, € £—(0) such that exp nv(e,) converges to zero. Now we can
decompose f into eigen-spaces for 7. This decomposition respects the
Q-structure on f so that we find that a suitable subgroup .’ of .Z of
finite index in .Z decomposes into a direct sum,

z':szf(,

ac¥

where W is a finite set of characters on 7 and for a € ¥
fa=1{X¢€ T|Z-X =a().X forte T}

Clearly we may assume that ¢, € .£” so that
e, = Z e, ().
ae¥?
Now passing to a subsequence e;, = f, we can assume that

Jn = Z Jn(@),

ae¥?
azf
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ful@) € Z' N f, and §,(B) # 0. Applying exp 4,,v to f,, we obtain (in
view of the fact that 4, > 0)

exp A, v(fn) = fu(B) + &

with &, € Z,spfe. Now f(B) € £ so that f,(8) cannot tend to zero.
Thus exp 4,vf, cannot converge to zero, a contradiction. This estab-
lishes Claim 2.271

We will now prove

Claim 2.28. Let Z' be the centraliser of S’ in N,. Then Z'[Z N N is
compact.

Assume for the moment that the claim is proved. In view of Claim
227 we see that nj = ' ® E and E is evidently contained in the Lie
algebra of Z’. Since Z'/Z’ N A’ is compact, we see that Z’'/Z" N L’ is
compact. Since ny, = 1" +3',3" = Lie algebra of Z’, the Z’ orbit of the
coset L in Ny/L’ is open. On the other hand, this orbit is compact, since
Z'|L" N7’ is. It follows from the connectedness of Nj/L’, that Nj/L" is
compact.

2.29 We now begin with some preliminary remarks on the function |g|
(defined in a neighbourhood U(ag) of e in G) introduced in 1.1. Recall
that we fixed a norm || || on g (the Lie algebra of G); choose a constant
ap > 0 such that

exp : V(ao)(= {X € gf IX]l < ap}) - G

is a diffeomorphism onto an open subset U(ag) of G. For g € U(ayp), we
set |g| = ||X]| where X € V(ap) and exp X = g.
Finally recall that for a < ag, we set

Ua) = {g € Uap)| Ig| < a)
and

V(a) = (X € g| IXIl < a}.

‘We will now establish
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Lemma 2.30. There exists a constant a1,0 < ay < ag and M > 0 such
that for x,y € U(ay), xyx'y™' € U(ag) and

by~ y ™ < M - Iyl

We can assume moreover that U(ay ) is a Zassenhaus-neighbourhood
of e.

Proof. We assume that G € GL(p, R) and identify g with a Lie subalge-
bra of M(p,R). For X = {X;}1<i.j<p» let [X|I' = (zxfj)%. Then we have
for X, Y € M(p,R), [IXYII" < IXI'IY]]" and [I[X, YTII" < 2IXI'[I¥]/". Let
W ={A =1+X € GL(p)| IXI' < 1}. Then for A(= I + X) in W, the
series X< <co(—1)"X" /n converges to a limit log A = Y € M(p,R) such
that A = exp Y. We have then

I < DI < X Y 12 <X <1 (1)

1<n<eo 0<n<oo
and
IXIC< > It mt <yl > 1t <30I 2)
1<n<oo 0<n<oo

Next we observe that for A = I+X € W, the Neumann series X{¢;<co(—1)" X"
converges to A~! so that we have

AT <M+ T I < Vp+ 1 3)

1<n<oo

Now for A, B € W, we have, setting A =1+ X,B=1+7Y,

IABA™'B™' — 1| = |I(AB - BA)A™'B7!|’ 4
<(Wp+ 17 AB - BA|/
= (Wp + D’IXY - YX|/
<2(p+ D IXIIYN
= QIIXI'IYII.

Next, let @ > 0 be a constant such that for all X € g, 252
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o XN < X1 < allXI'- (5)

Suppose now Ay, A € W and A3 = AlAzAl‘lAgl. Let ¥Y; = logA; and
X;=A; —Ifor1 <i< 3. We then have

1¥311" < 21XG1" < 201X - 11Xl < 1801 [lIY2ll". (6)

(The first inequality results from[I] the second from [ and the last from
B3). Now let a; > 0, a; < ag be a constant such that V(ay) C {logAJA €
W} (and hence U(az) € W). Leta; > 0be chosen such that A1A,AT'AS! €
U(ay) for all Ay, Ay € U(ap). Suppose then that Ay, A, are in U(a;)
and A1A>AT'AS! = As(€ U(ap)), we have in view of [ and [6] (setting
Y =logA;(i=1,2,3)),

A3l = 1¥3]l < allY3ll’ < 18Qal|Yi Il IIY>ll" < 18Qa’| 1Al 1Al (7)
This proves the lemma. O

A second technical fact we need is

Lemma 2.31. Fix constants a;, M as in Lemma2.30 Assume M > 1 >
ay and that U(a,) is a Zassenhaus neighbourhood of e (cf. . 1. 9) with
the following property: an element x € I has a conjugate in U(ay) if
and only if x is unipotent. Assume that g®g™' N U(ay) # {e} and define
inductively a sequence {e,,|1 < n < oo} of elements of A* as follows:
@1 # e is an element of A* such that gp,g~" € U(ay) and for any y(# e)
in A* with gyg™' € U(ay).

lgp1g7!I < lewg™";

assume @1, ...,¢, € A* choosen and let ®, be the subgroup generated
by @1, ...,y let F, be the Zariski closure of ®,; set ¢,+1 = @, if F, = F
or if gg™" ¢ Ulay) for all y € N* — F; if neither alternative holds,
choose ¢,.1 in N* — F, such that

lgorrig ! < lgwg™|

253 forall y € A* — F, with gyg™" € U(ay).
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Suppose k > 0 is an integer such that ¢; € ® for 1 <i < k and Fy, is
X,-stable. Then fory € T if

gvg ! € U(inf(a;, MmO 71y
where B = |gprg~"|/1gp187" |, then y € A*.

Proof. Since U(ay) is a Zassenhaus neighbourhood and the groups ®@;
(and hence F;) are unipotent for 1 < i < k. The group ¥ generated by
v and @y is necessarily unipotent. Define inductively the sequence v,
0 < n < oo as follows: yy = y; assume 7, defined; if v, commutes with
Fy, let v,+1 = e; if not choose i = i(r)] < i < k, such that vy, does not
commute with ¢; and set y,+1 = [v,, ¢;]. Since ¥ is unipotent y, = e for
r > dim G. Let p be the minimal integer such that y,. = e. O
Claim. p = 0.

Assume that p > 0; then y, # e for 1 < r < p. We will establish the
following inequalities inductively for 1 < r < p: let ;) = 6,; then

A lgyg < MmO BT g6, 7]
< MT9mC g o71| < pgr-dimG.

Assume that A; holds: then we have

gyisig 'l < Mlgyig™'| 1g0:g”"|
< MBIl 187! 1g6;87

since |g0;_1g7'| < a; < 1, and |g6ig™"| < |gerg™"| for all i, the inequality
A;+1 holds. At the start of the induction we have

gv18~ = Migyg 'l 1g0ig™" < MM~ ™ CB " |g0187"]
and A; therefore holds. Since dimG > p and M > 1, we obtain the
following inequality:
lgy,g~ "1 < lgpig™ I

Now v, centralises Fy NTI'. Since X, normalises I' N FY, v, normalises
® (Proposition [2.24)), i.e. v, € A*. But then 23] contradicts our choice
of 1. Thus p =0 and y, = yisin A™.
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Lemma 2.32. There is a finite set = C X, such that Eg is a X,-stable 254
subspace if and only if Ad xE = E for all x € E.

We need only choose = to be a finite set such that AdE spans the
same finite dimensional subspace as AdX, in End g.

Lemma 2.33. Let R* = A. H be a semi-direct product decomposition
of R* (H is the unipotent radical of R* and A a maximal reductive sub-
group). Then there exists X € g with the following properties:

(i) adX is semisimple and has all eigen-values real
(ii) {exp tX| —o0<t< oo} commutes with A and

(iii) T (resp. n) is contained in the linear span of the eigen-spaces
corresponding to the positive (resp. non-negative) eigen-values of
ad X.

This lemma follows easily from Corollary

Lemma 2.34. Let Z be as in Lemma 232 and g = exp X. Then there
exists a constant A > 0 such that the following holds: for z € Z, (=
o N Z")x € ® and k an integer if gzxz g% € U(A ' ay), g¥féxe 177 1g7 e
Ul(ap) for all ¢ € 2 and

g2 exe™ g < Algtaxa gL
Proof. Each element ¢ € = can be written in the form &; - n; where
m € H and & € A. We observe then that

gzexe g = gt g

Now z¢) xfl_lz_l = flzxz_lfl‘l since x € @: infact 0(¢1)o(z) = o(z)o(é1)
since Z’ and o(A) = S’ commute. Since g commutes with £ we con-
clude that

gt g = fidad g !
for all £ € E. Since = is a finite set, we can find a A of the desired kind:
in fact we can find A such that for all x € U1 a),

&1xé;t € Ua) and J€x¢7 "] < Al

Hence the lemma. |
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Lemma 2.35. There is a constant b > 0, b < ag such that for all integer
k, forallz € Z and ¢ € N*, ¢ ¢ ®, gkzpz"'g7™* ¢ U(®D).

Proof. We observe first that L* = R* .F” and F” is the unipotent radical
of L*. In fact if V' is the unipotent radical of L* and V = o~ (V"),
V' N A* and (hence) V NT are lattices in V” and V respectively. Clearly
V' € F’ sothat V c F. Vis unipotent and VNI € ®; hence VNI = ®
(note that A normalises V N T') leading to V = F and V' = F’. Next
R* decomposes into an almost direct product R* = §’.T” where T" is
a maximal normal Q-subgroup of R* anisotropic over Q. Since A* is
arithmetic in L*', the group Ap=(S"n A (T NAY). (FFNAY)isa
subgroup of finite index in A* . From this one sees easily that one need
prove the assertion of the lemma under the additional assumption that
o (@) = a Y wherea € S"NAY,BeTNA*and ¥ € F' N A*. Now
a.B # e so that atleast one of them does not equal e. We consider first
the case when « # e, 8 = e. Let o” (resp. 8) be the unique element of
A such that o(a*) = a(resp. o(8*) = ). Then we find that we have

p=a" [P

where P* is some element of F with o-(¥*) = . Clearly then g*zpz g™
ot B g e (= ot gfyt 7 gTRif B = €). Now consider the
Lie subgroup G’ whose Lie algebra is the linear span g’ of the eigen-
spaces of ad X corresponding to nonnegative eigen-values. Let {' be the
Lie subalgebra spanned by the eigen-spaces corresponding to positive
(resp. . 0) eigen-values. Let F’ be the corresponding Lie subgroup of
G. Let A’ = Centraliser of {exptX| — co < f < oo} in G. Then G’ is a
semidirect product A’.F” with F’ as the unipotent radical. We see thus
that when S8 = e, the element g€zgz ' g7 has o* as its projection on the
factor A’. Since o]A’ is a bijection and o(¢*) € A*NS’, a discrete group,
the desired conclusion follows in the case of elements of the form ¢ with
o) =aV¥,a e, aeclS, VY e d. Wheno(p) = apBY,a e S/,
BeT’, B+#e ¥ e O, the characteristic polynomial of 3 is a monic inte-
gral polynomial; since 7" is anisotropic over Q, this polynomial is dif-
ferent from the characteristic polynomial of the identity element. These
considerations, it is easily seen, imply the lemma. O

255
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Lemma 2.36. Let p = dimG. Fix constants M, a; > 0 as in Lemma
A > 1asin Lemmal234 and b > 0 as in Lemmal2.33 Let X € g
be chosen as in Lemma ?? and a subset = C X, as in Lemma Let
g = exp X. Let k be any integer, z € Z any element and h = g*.z. Assume
that h®h~' N UAP Inf(ay, b)) # (e). Then we have

{y eT|hyh™ € Unf{M P17, b,a;})} C ®.

Proof. Define inductively a sequence of elements {go,,|1 <n<oo}in®
as follows, ¢; is an element of @, different from e such that hgolh‘l €
U(ap) and for all ® € ® with (WPh~") € U(ay),

lho ™| < |RPRTY.

Assume ¢y, ..., ¢, defined and let @, be the group generated by ¢y, ..., @,.
Let F, be its Zariski-closure. If F, = F, set ¢,4+1 = ¢,. If F, # F and
h(® — F)h™' 0 U(ag) = (e), again set ¢, = ¢,. Finally if there exists
¥ with "Ph~! € U(ag), ¥ € ® — F,, choose for ©r+1 one such ¥ taking
the least possible value for |IWPh~1|. We observe then that we have for
all ¥ € A* with lyh™! € U(ap),

lho Y| < |WPR7Y.

This follows from our choice of b (Lemma[2.35)). We next remark that
there exists an integer r such that F, is Z,-stable. To see this, first ob-
serve that if |hg,h~!| < A7 'ag, then we have for s < r,

hép & 'h! € U(ap) and
Ihépse™ W1 < Ahpsh™| < Ahg,h™").
If F, is not X,-stable, one atleast of the elements {£¢,& ™! |§ € E} does not
belong to F,. It follows that if F, is not Z,-stable and |h4,0,h‘1| < A1 tay,

then ¢,+1 # ¢, and
lhg, b~ < Alhg, 1. (%)

Now |h4,01h‘1| < A7P.inf(ay, b). Also since p = dimg, F, = F 4 for all
k > 0. Suppose none of the F;, 1 < i < p are X,-stable. Applying [(x)]
repeatedly, one obtains hgoph‘l € U(ap) and

lhe,h™'| < A7 (inf(ay, b)).
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But then as seen from the argument given above ¢, # ¢,, a contra-
diction. Thus there exists a minimal integer k with 1 < k < p such that
Fy is X,-stable — in particular, F; for j < k are not X,-stable. Applying
again we conclude that we have

lherh™| < A% Vihg i~ < APlhgih ™!

We are now in the situation of Lemma[2.37] In fact for ¢ € A* — @, we
have hph™' ¢ U(b) so that 1, . .. ¢ have the properties required in
that lemma. Suppose y € T, hyh™' € U(ap) and

lhyh™'| < inf{M PP, b,a,},
then we have
lhyh™'| € U(inf(ar, M~ 9™ (lhoyh~"|/Ihgih ™).

Applying Lemma[Z31] we conclude that y € A*. Since hyh™! € U(b),
this shows that y € ® (Lemma[2.33). This proves Lemma [2.36) m]

2.37 Poof of Claim Lemma guarantees the existence of a
constant a’ > 0, @’ < ag such that for & = gkz, 7z € Z, k an integer, we
have

{geT|hyh™ € U@)} = {¢ € D|hph™ € U(a)}

for all a < @’ (in fact we can take ' = A7 (inf M~7,b,a;)). Now there
exists an integer r > 0 and constant ¢ > 1 such that

lg"xg™"| < clxl(g"xg™" € Ulap)) (%)

for all x € F with |x| < ¢ 'ag, (x € U(ayp)). Replacing X by rX, we can
assume that (x) holds with » = 1:

lgxg™!| > clx] (+%)

for all x € U(c™'ag) N F. Let C > ¢ be a constant such that g/xg™/ €
Ulap) for x € U(C~'ag) and |g/xg™/| < C|x| for j = +1. Now take a < a’
to be any constant such that aC < o’ < a¢C -1 < gy, we then have the
following:
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Assertion 2.38. If h = g*z, k integer, 7 € Z is such that
h®h™' N U(a) # (e),
then g is (C, c, a)-adapted to hTh™".

We remark that if ixhi~! € U(aC), x € T, then x € ® since aC < d’.
Moreover since aC? < a,, we have

lghxh™ g7 > clhxh™|
for all x € T" with hxh~! € U(aC). This proves the assertion.
2.39 Nowthe map Z'/Z" N A" — Nj /A" is proper. This follows from
the fact that Z’ is the centraliser of a finite set for instance &' = o (2).
We conclude from this that the map Z/Z N T — Ny/Ny N T is proper
as also the map Z/Z N T — GL()/GL(L). If Z/Z N T is not compact,

we can thus find z, € Z and ¢, € @, ¢, # (e) such that z,¢,7,' U(a)
converges to e.

2.40 Using the assertion above and Lemma [[.3] we conclude that we
can find a sequence A, of integers and elements y,, € I" such that &Y z,yn €
E where E is a compact set such that

ET D {g € G|gl“g_1 NU(a) = (e)}.

Further
gz, Iz g™ N Ua) # (e).

Now let 6, be chosen such that §,, € ® — {e} and
g 2,0,5, ¢ € Ula).
Then we have foré = eoré € 5,
g/l,,—lznfenf—lzglg—l,,ﬂ € U(la)

i.e.
g e 2y, 0,67 g vz, e g € U(da).
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‘We thus find
Ya'0,67'y," €y e T|Ey N EU(Aa) #} (= Y).

We thus find that the entire set {f@nf‘l |§ € EU {e}} =Y, is conjugated
into a fixed finite set Y of unipotents by v,. Let @, denote the group
generated by {f@nf‘l |§ € = U {e}} and F,, its Zariski-closure. The Lie
algebra f, of F, is generated by the linear span f, of {Ad¢&log 9,,|§ €
EU{e}}. f;, being Z stable is S -stable. Thus F,, is S -stable. Since the set
of finite subsets of Y is finite, we can assume, passing to a subsequence,
that

YaYavy =YoCY
is a fixed subset. In other words y,F,y,' = 7’"+1F;;117;;11 or 7;11
YuF ¥ Vst = Fpar.
Assertion 2.41. y. !y, € A*. Hencey, | y1 € A",

For a subgroup @’ C @ define inductively @;, F; and A} as follows:
d)(’) =9’ F (’) is the Zariski-closure of d)(’); assume (D]’c defined and let F ]’(
be the Zariski-closure of @;; then A; is defined as the normaliser of F;
inI" and @, as the maximum unipotent normal subgroup of A;. Then
it is easily seen that for k > 0, <I);c =I'NnF ,’c Moreover we have the
following inclusions:

O Ccd|...CcD,_, CD...
AGCTA]...CA_ CA;...
Let® = |J @; and A= U A} and FF= U F}. Then since
0<k<oo 0<k<oo O<k<oo
@’ is unipotent, it is noetherian and we conclude that @ = (D;{, F'=F ]’(
and A" = A; for all large k. In particular, @ is the maximum unipotent
normal subgroup of its normaliser A’ in I". Also ®" = F' NT.

Suppose now that ¥, normalises ®’. Then X, normalises ®@; for
all k; it follows that X, normalises ®’. Hence by Proposition ?? and
P24 & c ® and A’ ¢ A*. Hence F’ c F. If F/ # F, we can find
Qe F-F NnT normalising F’. Butthen F N A’ is unipotent, normal
and contains @’ properly, a contradiction. Thus @ = ®. Applying these
observations to F, NI and F,.; N T we obtain Assertion 2.41]
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2.42 From Assertion 2.41] and the definition of A,,, we conclude that
there exists x,(= ynyl‘l) € A* such that g*z,x, converges to a limit
(passing to a subsequence if necessary). But this means that if v € A" C
A"g, r = dimf, is any non-zero vector,

g/l,, inXnV = igﬁn 4

converges to a limit (note that det o(y) = +1 for y € A* and z, €
Np). On the other hand f is contained in the span of eigen spaces of X
corresponding to positive eigen-values of ad X. Thus this sequence can
converge only if 4, is bounded. On the other hand since zngonz,;l tends
to e and g'p,g™* ¢ U(a), this cannot happen, a contradiction. This
completes the proof of Claim 228 and hence Theorem 2.23]

We obtain the following result as a consequence of Theorem
and Proposition

Theorem 2.43. F is the unipotent radical of N.

2.44 According to Theorem Ny/L is compact. We claim that
every X € ng such that ad X is nilpotent belongs to . To see this we
argue as follows. Let p be a faithful representation of GL(f) defined
over Q on a vector space W and w € W, a Q-rational vector such that

L” = {x € GL()|p(x)w € Rw}

(L* being the Zariski-closure of A* is defined over Q). Now for x €
A¥, p(x)(w) = y(x)w with y(x) € Q since p is defined over Q and AY
consists of Q-rational points. Further y(x) is an algebraic integer since
A¥ c GL(Z). We conclude that p(L*)(w) C {+w}. Now if X € ng
is such that ad X is nilpotent, o"(X) = X’ is nilpotent. The this orbit is
contained in p(NS’)(w). Since p(L*’)(w) C {+w} and Ng, /L is compact,
we conclude that {p(exp tX’)}(w)| — 00 <t < oo} is compact. Since X’ is
unipotent, one sees easily, that we have exp tX.w = w for all 7, —oot < co.
This means that exp X’ € L* for all f, —co < t < oo i.e. X’ € I'. Hence
X € 1. This proves our claim.
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2.45 What we have just proved implies in particular that the unipotent
radical of Ny is contained in L. Let V be the unipotent radical of L.
Since A normalises @, and its Zariski-closure contains L, L normalises
F, sothat V. > F. Now o(V) = V’ is the unipotent radical of the
Q-group L* so that V//V’ N A* is compact (A* is arithmetic in L*")
(Proposition 2.18). Since the kernel of o is H and H/H N T is compact,
we conclude that V/V N T is compact. hence VNI = @ (maximality of
®). We conclude from this that V = F. We have therefore proved that
Np has F as its unipotent radical. Now for x € N, x ¢ Ny if and only if
det o(x) # 1. In particular, every unipotent element of N is contained in
Ny. Further Ny is normal in N so that F is normal in N. We conclude
from this that F is the unipotent radical of N. This proves the theorem.
Appealing now to a result of Borel and Tits (Corollary 1[6) we have

Corollary 2.46. There exists an element X € g and an integer m such
that

(i) ad X is semisimple with real eigen-values,

(ii) n (resp. T) is the span of the eigen-spaces of ad X corresponding
fo non-negative (resp. . positive) eigen-values of ad X,

(iii) X is orthogonal to ny w.r.t. the Killing form. Moreover if B C N
is any reductive algebraic subgroup, we can choose X such that B
commutes with {exp tX| — 00 <t < o0}

Corollary 2.47. L contains a normal subgroup Ly of No such that Ny/ L,
is compact.

Proof. Let p be a representation of GL(f) defined over Q on a vector
space V and vy € V a vector such that

L = (x € GL()|p(x)vo € Rvp). ()

Then, as in[Z.:44] we conclude that p(L*'v = +v) so that P(N{)vo is com-
pact. Let

D= {v € V|p(N(’))v is relatively compact in V}.
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Then vy € E. One checks easily that E is stable under N and the rep-
resentation p” of N on E is equivalent to an orthogonal representation.
Now in view of (x) kernel p’ ¢ L¥ . Since p’ is unitary this kernel con-
tains F. Since Ny/F is semisimple, we see that p’(Ny) is semisimple,
hence closed and compact. We can clearly take L = kernel p’. O

3 L-sugroupos of rank 1.

As hitherto, G will denote a connected semisimple group with triv-
ial centre and no compact factors and I' a non-uniform irreducible L-
subgroup. We will study the special case when rank I' = 1 in this sec-
tion. We begin with a characterisation of L-subgroups of rank 1.

Theorem 3.1. An L-subgroup I in G has rank 1 if and only if the fol-
lowing holds: every (non-trivial) unipotent element of I is contained in
a unique maximal unipotent subgroup of I

3.2 Assume first that rank I' = 1. Let x(# e) be any unipotent el-
ement in I'. Consider the set &2 of all pairs (O, D;), ®; # O, of
maximal unipotent subgroups of I' containing x. It suffices to show
that P =. For each such pair (O, ®;) let F; be the Zariskiclosure
of ®;, i = 1,2, and d(®;,D,) = dimension of F = F; N F,. Let
r = Sup{d(®;, ®)|( @), @) € ). If 2 #,r > 0 (F always con-
tains x). Fix now a pair (@, ®,) with F; = Zariskiclosure of ®;,i = 1,2,
and dim F'(= F1 N F) = r. Since ®; # ®, and ®; are maximal F is a
proper subgroup (# e) of Fy as well as F. Let F/ be the normaliser of F
in F;. Since F; are unipotent, F; # F fori = 1,2. Now F;/®; is compact
fori = 1,2 (cf. Theorem 1. 2, of Introduction) and if ®; = F/ NI, F;/®]
is again compact. Let @3 be the group generated by @ and @). Let F3
be the Zariskiclosure of ®@3. Then, evidently x € (= FiNF,NT) c O3
and F3 N Fy; D F}. Since dim F{ > dim F' = r, we see that F’; cannot
be unipotent. On the other hand @3 is generated by unipotents and nor-
malises the unipotent group ®(> x) contradicting our assumption that
rank I' = 1.
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3.3 Suppose now that rank I' > 1. One sees then directly from Propo-
sition that there exist elements which are contained in two distinct
maximal unipotent subgroup: in fact, in the notation introduced in 2.17]
let x € ® be any element (# e); if rankI" > 1, then §” # {e}; let V|, V]
be two distinct maximal unipotent subgroups of S’ and V; = o~! (V)i =
1,2; then ®; = V; N T are unipotent groups containing x; since more-
over, one sees easily that V;/V; NI is compact, o(®;) is Zariski dense in
Vl.’ ,= 1,2, so that ®; and @, cannot be contained in the same unipotent
subgroup of G.

3.4 In the sequel we assume that I is an L-subgroup or rank 1. From
the definition of P-subgroups (Definition of I', one sees imme-
diately that any maximal unipotent subgroup ® of I" is a P-subgroup.
Combining Proposition and Theorem (note that p(I') = 0 in
the present situation) we obtain the following result.

Theorem 3.5. Let ® be any maximal unipotent subgroup of I' and F
the Zariski-closure of ® in G. Let T be the Lie algebra of F, N the
connected normaliser of F in G and o the adjoint representation of N
inf. Let No = {x € N| deto(x) = 1}. Then Ny/No N T is compact.

Remark 3.6. Theorem [3.1] and show that ' is an I'-subgroup of
G satisfying Properties R1 and R2 in the sense of Raghunathan ([14]],
Chapter XIII) in fact Theorem [3.3] shows that R2 is itself a consequence
of R1. According to Theorem 13.18 of that book, this implies that I" is a
lattice in G. We will see later on that any L-subgroup (of arbitrary rank)
is a lattice.

3.7 We fix once for all a semisimple connected R-algebraic group G
with trivial centre such that the identity component of R-algebraic group
G with trivial centre such that the identity component of Gg, the R-
rational points of G, is isomorphic to G and treat G itself as a subgroup
of G through this isomorphism. We adopt the following notational con-
vention. If H C G is any subgroup H will denote its Zariski-closure in
G. & will denote the Lie algebra of G and for a subalgebra Iy of ®, b
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will denote its C-linear span.

We fix from now as once and for all groups @, F, N and Ny as in
Theorem above. Let 6 € I be any element not contained in N. Ac-
cording to Corollary 2.45 and Theorem 2.42, N is a parabolic subgroup
of G and F is the unipotent radical of N. Consider now the groups
M = NNONG" and My = NoNONo6™". Since No/NoNT and N}/N)NT
are both compact, one sees easily that My/MyNT is compact. Let M| be
the Zariski-closure of MyNI"and M; = M;NG. Now o(MyNTI) is a sub-
group of GL(f) which leaves invariant the Z-span . of exp~!(F N T).
If GL(J) is given the Q-structure defined by .2 (& is a lattice in the
vector space f), o(My N T') consists of Q-rational points. It follows that
o(M;) = M| is a Q-subgroup of GL(f). Since M;/M; NT is compact,
o(My NT) is an arithmetic subgroup of M| = o-(M}). Moreover, F N T’
maximal unipotent in I" so that M| N I cannot contain any nontrivial
unipotent elements. It follows that o(M; N I') contains no unipotents;
since this group is arithmetic, it follows that M| (= Zariski-closure of
o(M; N T)) is reductive and anisotropic over Q. Since oy is faithful
(Theorem 2.3), M is reductive. Also since My/M; is compact, M is
reductive as well. One now sees easily that M is itself reductive and its
identity component is of the form A. Mg where A is a (real) R-split toral
subgroup of dimension 1 and Mg is the identity component of My. Also
if we let N; denote the group M,.F, evidently N;/N; N T is compact.
Also, N carries a natural structure of a Q-group such that Ny N T is
arithmetic. On the other hand if D is the Zariski-closure of No N T"in G
and D = D N G, D/N; is compact and moreover o(D) is defined over
Q, since o(D N T') consists of Q rational points of GL(F). It follows
that Ny N T has finite index in D NT. In particular N has finite index in
D and M? (= identity component of M) has finite index in a maximal
reductive Q-subgroup of N(l) = DY (= identity component of D). We
summarise some of the above remarks in

Proposition 3.8. Let ®, F, N and Ny be as in Theorem Let D
be the Zariski-closure of N N T in G. Then D° carries a natural Q-
structure such that D° N T is an arithmetic subgroup of D°(C DR) such
that D°/D° NT is compact. Moreover if 0 € T is such that § ¢ N, than
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ONoO~! N DY is a maximal reductive Q-subgroup of D° and (ONo6~™' N
D®)/(6Ny6~' N D° N T) is compact. Also N is a parabolic subgroup of
G and F is its unipotent radical.

3.9 From now on we make the following additional hypothesis:
R —rank of G > 1.

This implies in particular that M is non-compact and that MyNI" is non-
trivial. In fact M contains all R-split toral subgroups of My as well as
all its R-isotropic simple factors. Our immediate aim now is to establish
the following.

Proposition 3.10. The centraliser of M in § is contained in the centre

of .

3.11 We consider first the case when G is not simple. Let g = 19’ be
the decomposition of (the Lie algebra) g (of G) into its simple ideals. Let
X € g be an element such that ad X is semisimple, has all eigen-values
real and with f as precisely the sum of the eigen-spaces corresponding to
positive eigen-values. Let X; be the projection of X on g;. We first claim
that X; # O for any i. In fact if X;, = O for some iy € I, we see that f C
[T ¢ (= b, say) so that F is contained in the connected normal subgroup
i#i

H(()i G) corresponding to the ideal b. It follows that FNT = ® C H.
This contradicts Corollary [LT4] in view of the irreducibility of . We
assume, as we may, that X belongs to m, the Lie algebra of M. Let my
be the Lie algebra of M. If we let o denote the adjoint representation

of m on f as well, we have
my={Y € m| trace o(Y) = 0}.

Let i, j be elements of I with i # j. Then we can find a non-zero linear
combination X’ = AX; + uX;, A, v # 0, which belongs to my. The
one parameter subgroup {exp X’} _co<s<c 1S contained in a R-split-torus
of My, so that this one parameter subgroup is contained in M;. We
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conclude that the centraliser of M; in f; = { N g; is contained in the
centraliser of X; in f;; it is hence trivial. Since / was assumed to contain
at least two elements, the centraliser of M| in f is trivial.

3.12 Consider next the case when & has all simple-components of type
G,. Then G is either the split real form of G, of G is a complex Lie group
of type G,. & is the Lie algebra of the unipotent radical of either a Borel
subgroup or a maximal parabolic subgroup of G defined over R.

If N is a Borel subgroup, one sees easily that to prove Proposition
in this case we need only show the following: no root of G, is
proportional to the sum of all the positive roots. This is easily checked
directly from an examination of the root system of G.

Assume not that N is a maximal R-parabolic subgroup of G. We
will treat the situation when G is absolutely simple (hence isomorphic
to the split form of G») in detail (entirely analogous arguments apply in
the non-absolutely simple case). In this case M is locally isomorphic
to S L(2,R). We can assume that the Lie algebra iy of M is generated
by the root spaces G*“ of a simple root @ of G w.r.t. a suitable torus T
and an order on X(T). If « is the short root one sees that the descending
central series for f is of length 2:

f=foo>fi 22 2{0}

and that f;/f,;; for i = 0, 2 are both 2 dimensional while f;/f, is of
dimension 1. Since once again the representations of M on §;/ ;. are
defined over Q and dim &/&;+1 < 2 while i, is an anisotropic Q-form
of SL(2,C), we obtain a contradiction. Thus the root « is necessarily
the long root and one checks immediately that the centraliser of My is
then the centre of f.

It is easily seen that the following result proved in the appendix com-
pletes the proof of Proposition

Proposition 3.13. Let G be a connected algebraic group defined and
simple over R and of R-rank at least 2. Assume that G is not of type G».
Let N be a parabolic subgroup of G defined over R and F its unipotent
radical. Let M be a maximal reductive R-subgroup of N and o the
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adjoint representation of M on §& (= Lie algebra of F). Let My = {x €
M | deto(x) = 1} and M a minimal connected normal R-subgroup of
My such that Mor /Mg is compact. Then the centraliser of My in F is
contained in the centre of F.

3.14 We choose now an element 6y € I' not belonging to Ny and in-
troduce the following notational convention: if B C G is any subgroup
B~ = 6yBg;" and b C G a subspace b~ = Ad 6(b). Let

M=NNN", M=MnG,
My = No N Nj(= {x € M|deto(x)} = 1), Mo =MyNG,
M, = Zariski-closure of Mo NI'in G, M;=M; NG,

L = normaliser of M?(: identity component of My).

We fix once for all a maximal R-split torus T in M; such a torus is also
maximal R-split in G. Then, as is easily seen Top = TN M(l) is a maximal
R-split torus in M?; T is also a maximal R-split torus in My (Mor/M R
is compact) as well as L. Suppose now g € L is any element; consider
the R-split torus T/ = gTg™'; this torus T’ can be conjugated by an
element g’ € L° into T. Thus we see that each element g of L/Lphasa
representative g’¢g = ¢* in L which normalises T (as well as M(l)). Next
let E be the connected centraliser of M? in G; since M? is reductive,
so is E. Let ¢ be the Lie algebra of E. Then it is easily seen that e
decomposes into a direct sum:

e=enf denmoent.

Moreover the group E’ = [E, E] has R-rank O or 1 and in the latter case
E N F (resp. E N F~) is a maximal unipotent subgroup of e (as also E’)
defined over R. The element g* chosen above normalises T as well as
E hence also E’, the identity component of Eg. It nor-malises therefore
the R-split torus S = (T N E’)? of E’. When R-rank E’ > 0, EN F and
E N F~ are the only maximal unipotent R-sub-groups of E’ normalised
by the torus S; it follows that inner conjugation by g* must permute
these two groups. Now there exists an elements s € E’ normalising S

267



268

286 3 L-SUGROUPOS OF RANK 1.

and hence T such that sS(ENF)s~! = ENF~. We conclude therefore that
we can find g”* such that g”’ ¢* normalises T and maps FNE and F- NE
into themselves. We have thus proved the following result:

Proposition 3.15. There exists a finite subset W\ C L such that W, L° =
L and each element w € Wy normalises a given maximal split torus T in
M(l) as well as the groups ENF and E N F~ (where E is the connected
centraliser of My in G).

3.16 We denote by E(resp. E") the identity component of the group
Er(resp. E,,E’ = [E,E]). As was remarked earlier, E’ is a R-group
of R-rank 1 or 0. If E’ has R-rank O, then E N F and E N F~ are trivial
so that E N M. It follows that in this case L = E. MJ c M and
Y =E. M? C M. If on the other hand E’ has R-rank 1, the Bruhat-
decomposition for the reductive R-group E says the following: there
exists an element s € £’ normalising the torus T as well as the identity
component S to T N E’ such that any element 1 € E can be written in
the form
l=uszv

or
1=zv

whereu,ve FNE,ze MNE.

Proposition 3.17. Any element 1 € L° can be written in the form
l=uszv
or
1=zv

whereu,ve FNIY ze 1N Mand s € E' is an element (chosen once
for all) which normalises a given R-split torus T in M and is such that
sFNE)=F nE.

The proposition follows from the considerations of [3.16 once one
remarks that M(1) normalises F.
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3.18 Consider now the set W; of Proposition If we Wy, then w
normalises T as well as M(1)' It follows that Ad w leaves the correspond-
ing Lie algebras T and M, as alsot = g N T and m; = g N M stable.
We conclude then the w leaves invariant the orthogonal complements (if
LNF # {e}, Sis indeed the Lie algebra of S of 3.16) of m; Nt in t; this
last space is easily seen to be of dimension 1—in fact it is fo the form
R.X with X # 0 in g having the following properties:

(1) ad X is semisimple and has all eigen-values real,
(i1) m is the centraliser of X in g,

(iii) T (resp. f7) is the sum of eigen-spaces of ad X corresponding to
positive (resp. negative) eigen-values.

Since Adw maps RX isomorphically onto itself and preserves the re-
striction of the Killing form to RX, one sees that

Adw(X) = =X for all w € Wj.

This means that any element w € W, either wFw !l =ForwFw ! =F;
in the former case w centralises X and belongs to M = NNN~. Moreover
if E = [E,E] (E is the connected centraliser of M?) is of R-rank 1,
F N E # {e} and from our choice of Wi, w(F N E)w™' = F N E for
all w € Wy; consequently in this case we find that wFw™! = F for all
weWiie.,we Mc NNN forallw e W;. If E’ is of R-rank 0, either
W) C M or there exists an element wy € W such that woFw, I'=F and
forw € Wy, eitherw € WiNM orw = wow’ withw’ € MNL. Combining
now Proposition and [3.17 we obtain the following result.

Proposition 3.19. Let T be a maximal R-split torus in M ans t the Lie
algebra of Tr. Let s be the orthogonal complement of m; (= Lie algebra
of M(l) )int. Let S be the torus in G corresponding to s. Let Z(S) be the
centraliser of G in G and N(S) the normaliser of S in G. Then the
group N(S) N L/Z(S) N L is of order at most 2. Further if W Cc N(S)N L
is a set of representatives for this group containing the identity elment
then every element g € L can be written in the form

g=uwzv

269
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whereu,ve FNL we Wandze Z(S)NL=MnN L.

3.20 We denote by o the adjoint representation of N on the space .

As in 3.7 let D be the Zariski closure of No N I" in G. Then we can

write D = Ny N D.F. We claim that Nj N D’ = M(l). Consider the Q-
structure on GL(F) defined by the lattice .Z spanned by exp~!(F N T
in §. Since o(D N T) stabilises ., o(D NT) consists of Q-rational
points; as o(D N T') is Zariski-dense in o (D), oo(D) is defined over Q.
For similar reasons O'(M(l)) and hence O'(M(l).F) are also defined over Q.
Evidently a'(M(]).F) c (D) = D’. The group o(D NT) is an arithmetic
subgroup of Dg such that D /o-(D NT) is compact. On the other hand
if D"’ = a'(M(l).F), Dy /Dy is compact and Dy /o(D NT) N Dy is also
compact. It follows that the projection of o-(D N T') in D’/D” is finite.

Since o(D NT) is Zariskidense in D’, this means that D’ has finite index

in D’. This proves our contection that D° = M?.F. The map o restricted
to M(l) is an isomorphism onto a Q subgroup GL(%). Transporting the
Q-structure to MY, we see that for this Q-structure the adjoint action of
M(l) on F is defined over Q. We obtain thus a Q-structure on D° such
that M(l) is a maximal connected reductive Q-subgroup of D°. Further
DOR N I is an arithmetic subgroup of D% for this Q-structure. Suppose
now y € I'is any element not contained in N. Let M,, be the Zariski-
closure of yNy~! N N in G. Then the foregoing considerations show
that Mg c DY and that it is a maximal (connected) reductive subgroup
of DY. Since M(y) NI 1s Zariski-dense in Mg and D° N T is arithmetic,
we see that M(y) is defined over Q as well. We can therefore find a € Fg
such that M(y) = aM?a‘l. On the other hand M, is the Zariski-closure
of y(NNy~'Ny)y™! so that Mg =vy Mg_ly‘l. There exists 8 € Fq such
that Mg_l =p"! M(l). We find thus that there exist «, 8 € Fq such that

a/_]yﬂ_l .M?ﬂy‘la/ = M?.
270 In other words if y € I is any element not belonging to N, we have

y=agp
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where @, f € Fg and g € L (= normaliser of M?). In view of Proposition
and Proposition 3,10 we obtain the following:

Proposition 3.21. Every element y € I can be written in the form
y=auwzvp (*)

where a, 5 € Fq, uv, belong to the centre of F as well as the centraliser
ofMO, zeMNLandwe W.

Remarks 3.22. (a) When y € N, the assertion in Proposition B.21] is
trivial.

(b) Since I' is Zariski-dense in G Proposition 3.21] guarantees that W
cannot reduce to a single element.

Corollary 3.23. M c L.

Proof 3.24. Consider the map ¥ : FXMXF — G given by Y(fi,m, f>) =
fowomfa, f1, LF, m € M and wy € W is the unique element different
from identity (cf. . Remark 3.22] (b)). Since WOFW(;] NF = {e},itis
easily seen that W is an isomorphism onto an open subset U of G. If
n:FxM xF — M is the natural projection, clearly 7%~!(I") must be
Zariski-dense in M. On the other hand fory e ' — N, y = auwy21B, a,
B € Uq, a, B € Centre of F and z € M N L so that ™ ly)eMnL
for all y € Image ¥ N I'. Thus M N L must be Zariski-dense in M. We
conclude from this that M normalises M?. It follows that M normalises
MY ie. McC L.

Corollary 3.25. 6y = wozgvoBo where (6y was the element chosen at
the beginning of 3.14) wy € W is the element different from the identity,
z0 € M, vo € Centre FN Centraliser M? and By € Fq.

This follows from Proposition 3.21] once one observes that for x €
F, xF~x! # F~ unless x is the identity.

Proposition 3.26. For y € I either y € N or y can be written in the 271
form
y=auztvp
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where a, € Fq, u, v (Centraliser MN Centre F) z € M and T = wyz
(wo, 20 being defined by Corollary[3.23). Then o(z) € GL(f)q.

The first assertion is just a reformulation of Proposition 3.2 To

prove the second assertion, we argue as follows. We have y = auz6of3, lv(‘) LB =
auzhyv'B’ where ' € Fg and V' is in the centre of F. Now since §* € Fq,
we can find a subgroup @ C @ of finite index such that 5/®’8’~! c @.
Let ¢’ € @'; then we have ¢ = VB ¢S~V = B¢~ c ®. Let
¢’ € @'; then we have ¢ = VB¢’V = B¢'B~! € d. We find there-
fore that y¢'y~! = a uz(@ogoé’al). 7 'ula™!. Now 00506’61 € I'; in fact it
belongs to ®~ so that

Oopt, U= agrrnb
with a, b € Fq, &, 17 € Centre of F, t € M. We obtain from this

'y(,p/'y_l = a.u.(zaz™! )(zfz_1 Yerrz ! (znz~)(zbz™! yu a7l

Since the map ¥ of 3.24]is injective, we conclude that
a7l e Fq.(Centre of F N Centraliser M(l)). ()

Now as ¢’ varies over @', ¢ varies over a Zariski-dense subgroup ¥ of
F and 6ypt); ! varies over a Zariski-dense subgroup W~ of F~

3.27 Consider now F~N Image ¥ = U’ say. Each element x of U”
can be written in the form

x = u(x)1.z(x).v(x)

whereu : U > F,v: U > F,z: U" > Mare morphisms. We claim
that u is dominant.

3.28 Assume this claim for the moment. Then u(W™) is Zariski-dense
in F. It follows that the group A generated by {a, &} as ¢’ € @ varies
is Zariski-dense in F. Let H = Centraliser M(l)ﬂ Centre of F. Evidently
A C Fqg.H. On the other hand, in view of the Zariski density of A,
one sees easliy that if @ € Fgq, there is an integer p > 1 such that
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a? € A. It follows that z normalises Fo.H. If H is trivial this proves that
0(z) € GaL(f)q. If H is non-trivial, we assert that H = centre of F.

272 The Lie algebra Iy of H can be characterised as the Ad M ? invariants
in the centre of f. Since H/H N I is compact, from the irredducibility
of the lattice, it is not difficult to see that $ has a non-trivial projec-
tion into every simple factor of H has a non-trivial projection into every
simple factor of ®. On the other hand, M normalises M(l) (Corollary
3.23) so that $ must be M-stable; and it is known (and easy to prove)
that, the projection of the centre of ¥ on each simple component of ® is
an irreducible M-module. We conclude from these considerations that
9 - Centre of & and hence H = centre of F. The Lie algebra & then
decomposes into a direct sum

& = &1 @ Centre of &,

where & is My-stable and defined over Q. The space & is in face
uniquely determined as the sum of a/l irreducible non-trivial M(l)—submodules
of &. It follows that & is indeed M-stable. We can then write any ele-
ment x € § in the form

X = X1.X

where x; € F1 = exp & and x; € Centre of F. Moreover if x € Fg.H,
x1 € Fg N Fy = Fyq; also if x varies over a Zariski-dense subset of F,
x1 varies over a Zariski-dense subset of F|. Writing now a.£ as a;.£;
with a; € Fig, &1 € H and observing that 7zF1z7' = F;, we find that
ZF19z7! ¢ Fiq. It is moreover easily seen that F; generates all of F
(this follows from the structure of parabolic subgroups of G). Hence the
group A’ generated by Fq is Zariski-dense in F and contained in Fg.
We conclude from this that o7(z) € GL()q.

3.29 We will now establish the claim made in 3.27. Let n = dim F and
E = A"®. Let P(E) be te associated projective space of E and p € P(E)
the point defined by the (n-dimensional) subspace & of ®. Consider the
orbit map

A:F — PE)
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given by A(x) = x.p. For x € U evidently
Ax) = u(x).T.p

(z(x) and v(x) normalise &.) On the other hand, since the isotropy at p
for the action of Gis Nand NNF~ = {e}, 1isa 1 — 1 map. It follows
thatu : U — Fisa1—1map. Since ' NU" = F~ NI is Zariski-dense
in F~, U is non-empty, open and dim UF = dim F~ = dim F. Thus the
image of U’ under u is Zariski-dense in F, i.e. u is dominant.

3.30 As was observed in as vy varies over ' — N we have y =
a u z T v p with z running over a Zariski-dense subset of M. Since
0(2) € GL(%)q, for such z € M, we conclude that o-(M) is a Q-subgroup
of GL(). It is now immediate that N = M_.F carries a natural Q-structure
such that

(i) M defined over Q and

(i)) NN T is an arithmetic subgroup of N for this Q-structure.

We now define a Q-strucutre on all of G. Since G was assumed to have
trivial centre, it is isomorphic to its adjoint group. It suffices to define
a Q-structure on the Lie algebra. We have in fact the following general
result.

Theorem 3.31. Let ® be a complex semisimple algebra and R the Lie
algebra corresponding to a parabolic subgroup N of G (= a complex
Lie group with R as Lie algebra). Let ng be a Lie algebra over Q and
i : ng — Ran injective homomorphism such that i® 1 : ng ® C — R
is an isomorphism. Then there exists a Q-Lie algebra gq and injective
homomorphisms j: g9 — ® and a : ng — gq such that

(i) j®1:a9q9®qC — 6 is an isomorphism and
(ii) the diagram

J b
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is commutative, 3 being the natural inclusion.

3.32  We first show that ng admits a decomposition ng = mq ® fq
where mg is reductive and g is the maximum nilpotent ideal. (If the
Q-structure is obtained from a Q-structure on N, this assertion is imme-
diate). Let rq be the radical of ng and fg the maximal nilpotent ideal.
Then ngq is a semi-direct product of the form nq = mg, ® rq where m,
is a semisimple Lie subalgebra of ng. From the structure of parabolic
groups, one knowns that N is a semi-direct product of the form M —IMSF
where & (= C-Linear span of i(fg)) is the maximal nilpotent ideal in n
and m is reductive ; moreover M = M’ & A with A = Centre of Nt and
P = [, M] is the C-linear span of i(mb). Further the centre 2 of
contains an element X such that the eigenvalues of ad X acting on & are
all positive integers; also if for integer i > 0, we let

&) = {v e 5| X.v] = i},

then F? = 3 F(k), F(m) = 0, F(m — 1) # 0, 0 < k < m, (m a suitable
k>i

integer) is the descending central series for §. On FO/F*D ad X acts
as the scalar i. Now if 78 is the descending central series for fq, ev-
(@)
v Q
on f((’)) /f((l; ) is completely reducible and none of the simple compo-

nents are trivial. It follows from the main result in the Appendix II
that HP(rQ/fQ,fQ/fgl) = 0 for all p > 0. A standard inductive ar-
gument now shows that we have a semi-direct product decomposition
rQ = aqQ @ fq and we can find X € aq such that the eigenvalues of ad X
in fq are positive integers, aq is abelian and centralises m’Q. We fix now
a semi-direct product decomposition 1q = (g, ® ag) & fq and fix also
an element X € ag as above. Let mg = m’Q @ ag. With this notation, we
hae the following sharper version of Theorem 3311

idently F is the C-linear span of f) and the natural action of 1q/fq

Theorem 3.33. Let §~ be the sum of the eigen-spaces of ad(i(X)) cor-
responding to negative eigenvalues. Then gq and j of Theorem([3.31|can
be chosen to have the following property in addition to those in The-

274
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orem 331 Let fé = jUF); then j = j|fQ : f(_) — & induces an
isomorphism j ® 1 : fé ®C—- .
In the sequel we identity ng with the Q-subspace i(ng) of g. In

particular X will be regarded as an element of ®. For a positive integer
q, let

fo(q) = (v € fo|lX.v] = gv)
§ () = {v e F|X,v] = —qv}
§ =) F (.
q>0
The §~ (resp. fq) is generated by F (1) (resp. fo(1)) as a Lie algebra.
Let
foD=1{ve § (D[, w) € Q for w € fo}

where (, ) denotes the Killing form. Let
i7Q = {v e F|(v,w) e Qforw e fo).

Evidently fé(l) - f(_l and fé(l) (resp. f(_l) spans § (1) (resp. ) as a
vector space over C. Let fé be the Lie subalgebra over Q generated by

o)

Claim 3.34. f’Q = fé.

To prove the claim, we begin with the observation that for v, w €
mq, (v,w) € Q. Let o (resp. p) denote the adjoint representation of mg
on fq (resp. mq). Then for v, w € mg, we have

(v,w) = trace p(v)p(w) + 2 trace o(v)o(w)

and evidently the right-hand side belongs to Q. Since the restriction of
the Killing form to 9t is non-degenerate and element v = 9t belongs to
mq if and only if (v,w) € Q for all w € mq. Using this criterion, we
now show that [fa(l),fQ(l)] C mq. Infactif A € f(_l(l)’ Y € fo(1) and
V € mq, we have

(A, Y], V) = —A,[V,Y]) €Q
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since [V, Y] € fo. We assert now that for i > 1, we have

[fo(D), (il C foli—1). (*)

We argue by induction on i. Assume the assertion proved for all j < i,
J = 2. Then we need only prove that for ¥ € fo(1), Z € fo(i — 1) and
A€ f(‘z(l) we have

[ALY. Z]] € fq(hence fo(i — 1).

In fact, [A, [Y, Z]] = [[A, Y], Z]+[Y, [A, Z]]. Since [A, Y] € mq, [[A, Y],Z] €
fo(i — 1); on the other hand, by induction hypothesis [A, Z] € fo(i —2) 276
(note that i > 2) so that [Y,[A,Z]] € fq. At the start of the induction,
wheni =2, wehave Y, Z € f(‘z(l) so that [A, Y] and [A, Z] are in mg and

the result follows.

3.35 Now let fé(i) be defined inductively as follows: fb(l) = f(‘)(l)

and fori > 1, fg” = [ig(1), T = D]. We will show inductively that for
alli > 1,

fo() C Tl = {v € fg|IX.v] = iv} (+)
When i = 1, this follows from the definitions. Assume that (x) is proved
for 1 < j<i LetA €fy(1), B € iyi— DY €io(1), Z € fo(i - 1). Then
we have

([A, BL,[Y, Z]) = =(B,[A,[Y. Z]])
= —(B.[[A,Y],Z]) - (B,[Y[A, Z]]).

Now [A,Y] € mg and [A,Z] € fo(i—2)ifi > 2 and [A,Z] e mqg if i = 2,
so that from the induction hypothesis we conclude that the right-hand
side belongs to Q. Since the elements [Y,Z], Y € f(‘z(l), Z e fé(i -1
span all of fb(i) the result (+) follows. We see further that fé = El fb(i)
is precisely the subalgebra generated by f(‘)(l).

Since the C-span of f(‘z(l) is easily seen to be {(1)(= {v € f|[X,v] =
—v}) one sees immediately that f(_l spans all of §~. Since fé - f(_l (as
follows from (x)) and fé is a Q-vector space of the same dimension as

%~ over C, Claim[3.34]is established.
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3.36 Consider now the subspace 8 = f(_) ® mq @ fq. This is a Q-
vector subspace of ® of the same dimension as ® over C. We claim
that gq is a Lie subalgebra. The relations [mg, mql C mq, [mq, fql C
fQ. [fg.Tol C fo follow from the hypothesis. From the invariance of
the Killing form, one sees easily that [mg, f(_l] C f(_l' That fé is a Lie
subalgebra follows from Claim [3.34] established above. We need only
prove now the following assertions:

@ [ig). To()] < mq.
(b) [fg(0). Tl € foUi = i), if j>i.
(© [ig(@).ig()] < foli = j)-

For A e f(‘)(i), Y € fo(i) and V € mgq, we have

(A, Y], V) =AY, V) € Q.

This proves (a). To prove (b) we argue by induction on i. When i = 1,
this follows from (x) of B.34l Let A € fo(D) and B € f5(i - 1). Let
Y € fq(j), j > i < 1 be any element. Then we have

[[A, B], Y] = [A,[B, Y]] + [B,[A, Y]].

By induction hypothesis [B, Y] € fo(j —i + 1) and [A, Y] € fo(j — 1)
where we have set mqg = fg(0). Induction hypothesis applied once again
gives us the desired result. One argues analogously to prove (c); the start
of the induction is the analogue of (x) of 3.34] with the roles of & and
&~ reversed; and this analogue can be established since we now have
[mq, fé] and fa is a Lie subalgebra of ®. This completes the proof of
Theorem As a corollary, we obtain the following (cf. . Remarks
in3.27).

Theorem 3.37. G has a structure of an algebraic Q-group with the
following properties: (a) G is contained in R-rational points of G: in
other words, the Q-structure is compatible with the R-structure; (b) N
and N~ are Q-subgroups of G; (c) NN T is an arithmetic subgroup of
Ng; and (d) the Q-structure has Q-rank 1.
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Only (d) requires some elaboration. M = N~ N N is a Q-subgroup.
Since Mor /M? is compact and M? /M? N I is compact, the group My
is anisotropic over Q. Since M/My has dimension 1 and M contains
a maximal Q-split torus, Q-rank G < 1. Since ® contains G-rational
unipotents, Q-rank G = 1.

3.38 If S is a Q-split torus contained in M, M is precisely the Cen-
traliser of S. Also, N(S)/Z(S) is a group of order 2 (N(S) = normalizer
of &;Z(S)= Centraliser of S). Let k € N(S)q be a representative of the
non-trivial element of N(S)/Z(S). One sees now easily from the fact,
that 6oN6,; '= N~ and 6y = TvoBo where vy € (Centre of F) N Cen-
traliser of MY and Po € Fq, that we have T = z1k with z; € M. Thus we
have
o = z1k.voPo
with By € Fq, and vy € Centre of FN Centraliser M?. Letg € FNI' = @.
Then we have
Bopl, U= agrtn = aétzikbn
where a, b € Fq, &, n € Centre of FN Centraliser M(1) and t¢M. On the
other hand we have
fogdy' = z1xz; !
with x € Gg N F: this follows from the assumption that k € N(S)Q.
Now x has the Bruhat-decomposition

x = A¢ku

with A, 4 € Fg and € € Mq. We conclude from this that z;1z;' € Fo.H
(H was defined in B.28). The arguments of used to prove
Proposition can be imitated to conclude analogously that o(z;) €
GL(%)q- This is equivalent to saying that z; € M. It follows immedi-
ately that we have

Proposition 3.39. 6,®¢,"' c Gq.

Corollary 3.40. Let O # Z € § be any element such that expZ € .
Then for any 6y € T, (ad 0y(Z),Z) € Q. More generally for 6, 0’ € T,
(ad 0(Z),ad ' (Z2)) € Q.
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The first statement is an immediate consequence of Proposition 3.36.
The second now follows from the invariance of the Killing form.

341 FixZ # 0in & as in Corollary Let Vq be the Q-linear span
of {ad 9(Z)|6? € I'}. The R-span V of Vg is a I'-stable subspace of g and
is hence an ideal. The corresponding Lie group evidently contains non-
trivial unipotent elments of I so that it follows that g = V. The Killing
form is non-degenerate on V = g and takes rational values on Vg, a Q-
subspace which spans V = g. It follows that dim¢g Vo = dimg g. Since
ad6(Vq) forall @ € I', adI" € GL(®)q for the Q-vector space structure
defined on ® by Vq. Taking Zariski-closure, one sees that F ~ ad G
carries a G-structure such that I' C Gqg. Moreover it is easily seen
that this Q-structure is the same as the introduced in Theorem . Since
I' € Gq, we have the following: if ® C I' is any maximal unipotent
subgroup of I and F is the Zariski-closure of ®@ in G, F is the unipotent
radical of a Q-parabolic subgroup N (= normaliser of F). NN T is an
arithmetic subgroup of N and Ny/No N T is compact where

No = {x € G € N|deto(x) = 1},

o begin the adjoint representation of N on the Lie algebra & of F.

3.42 Suppose now that P ¢ G is any parabolic subgroup defined over
Q. Let @ be any maximal unipotent subgroup of I" with Zariski-closure
F in G and N the normaliser of F. Then N is also a parabolic subgroup
defined over Q and since G has Q-rank 1, P NN = M is a maximal
reductive subgroup of P as well as N. Since NN T is arithmetic MNT is
arithmetic is M and Mg /Mor NI is compact (M = {x € M| deto(x) =
1}). Further since Mg is non-compact Mg NI is non-trivial. Consider
now a conjugate N’ = ONO~! of N by an element § € I' — N. Then
the discussion above is valid for N’ as well so that if M’ = P N N” and
Mj ={xe M’| det o’ (x) = 1}, o’ denoting the adjoint representation of
M’ on F'(= 6F#"), then M’ N T is arithmetic in M’ as well. Now M
and M’ being maximal reductive subgroups of P, there exists an element
u € Ugq, U the unipotent radical of P, such that uMu~! = M’; the groups
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uM NT)u~' and M’ N T are then both arithmetic in M’ and are hence
commen-surable. Let A ¢ M N T be a subgroup of finite index such
that uAu—' ¢ M NT. We assert that for a suitable choice of 6, all of A
cannot commute with 6. The Zariski-closure of A contains the connected
component fo the identity in M = Zariski-closure of I' " M so that it
suffices to show that 6 can be chosen such that M; ¢ ON6~!; and this
follows from the Zariskidensity of I' in G. We can thsu assume that
there exists § € A such that & = udu~! # 6. Consider now the element
§’6~! e I'n P. Clearly

a=86"=uou s =uu s eU

since P normalises U, it follows that U N T > {a} and « # identity. Let

O be the unique maximal unipotent subgroup of I' containing @. Then
since ® C Ggq, and U is the unique maximal unipotent Q-subgroup
containing «, U D O (the uniqueness of the maximal unipotent Q-group
containing « follows from the fact that G has Q-rank 1 (see for instance
Raghunathan [[14]], §12.15)). On the other hand the Zariski-closure U’ of 280
©® which is necessarily a Q-group is the unipotent radical of a parabolic
group. It follows that U” = U and (U N G)/U N T is compact and that

P N T is an arithmetic subgroup of P.

4 L-subgroups of rank > 2.

As hitherto G will denote a connected semisimple Lie group with triv-
ial centre and no compact factors and I" an irreducible non-uniform L-
subgroup. We assume throughout this section that I' has rank > 2.

Notation 4.1. We fix a connected R-algebraic group G with trivial cen-
tre such that G is isomorphic to the identity component of Gg, the group
of R-rational points of G. We choose once and for all one such isomor-
phism and identity G with a subgroup of G. For a subgroup H c G,
we denote by H the Zariski-closure of G. For a subgroup H C G, we
denote by H the Zariski-closure of H in G. As usual for a Lie subgroup
H c G, H° will denote the identity component of H. (We remark that
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if H c G, (H°) = (H)" so that, this group can be denoted H° without
any cause for confusion.) The Lie algebra of G (resp. G) is denoted g
(resp. G) and for a linear subspace E C g, E denotes its C-linear span.
When a subspace of g is denoted by a gothic lower case letter, its C-
linear span is denoted by the corresponding capital gothic letter. The
following theorem summarises the results of §2

Theorem 4.2. There is a parabolic subgroup N C G defined over R
with the following properties:

(i) LetF be the unipotent radical and F = FNG®); then FN\T = ® is
a lattice in F. Consequently the Z-linear span £ of exp p~' (D)
in T (= Lie algebra of F) is a lattice in §. GL(¥) has a natural
Q-structure defined by Z.

(i) Let o denote the adjoint representation of N on §. Let D be the
Zariski-closure of NN T in G. Then D" = o(D) is a Q-subgroup
of GL(f) and o(D N T) is an arithmetic subgroup of D.

(iii) Let N = NNG* and Ny = {x € N|deto(x) = 1). Let D = DNG;
then D C No and No/D is compact. If B C Ny is any R-split
torus, then B C D. Moreover if B C N is any R-simple connected
subgroup with Br non-compact, then B c D. The natural map
No/No N T" — G/TI is proper.

(iv) The group D/F is reductive and rank I = Q — rank(D/F) + 1.
(D/F has a natural Q-structure).

Definition 4.3. A parabolic subgroup N of G as in TheoremE 2 will be
called I'-adapted. The group N is I'-rational if in addition it satisfies the
following condition: there exists a connected reductive subgroup M
such that My NI is Zariski-dense in My, (M) is a maximal connected
reductive subgroup of D’ defined over Q and oc(M)NT is an arithmetic
subgroup of o(M1)R.

3FNG, NNG and DNG are easily seen to be Zariski-dense in F, N and D respectively.
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We will prove latler in §3lthat there always exist I'-rational parabolic
subgroups of G. The proof of this result is however some-what involved.
We will therefore first obtain further properties of I' under the assump-
tion that G admits ['-rational parabolic subgroups.

Theorem 4.4. Assume that G admits a U'-rational parabolic subgroup.
Then there exists a Q-group G* and an R-isomorphism u : G* —» G
such that

(i) I’ =u Y(') ¢ G, and
(ii) for every parabolic subgroup P of G* defined over Q,

P NI is an arithmetic subgroup Pg.

4.5 We fix a I'-rational parabolic subgroup N and choose also a sub-
group M; as in Definition £3] We will use the notation introduced
in Theorem Since D/F is reductive, it follows that D = M;.F.
The lattice ® = F N T in F defines a natural Q-structure on F. Since
M| = o(M)) ius a Q-subgroup of GL(¥) and o maps M; isomorphi-
cally onto M/, we see that M carries a Q-structure such that the action
of M; on F os defined over Q. We obtain then a Q-structure on D such
that M is a (maximal reductive) Q-subgroup of DO. Further, M; N T
is an arithmetic subgroup of M; for this Q-structure. Since F NI is an
arithmetic subgroup of F, (M| NT') - (F NT) is an arithmetic subgroup
D°. Consequently D° N T is an arithmetic subgroup of D°.

4.6 Now let T be a maximal Q-split torus in M and X(7') the group of
rational characters on 7. Fix an ordering of X(7') and let X (resp. ¥, A)
denote the system of Q-roots (resp. positive Q-roots, simple Q-roots) of
M, with respect to T. For a € X, let

M(e) = {v € My ad1(v) = a(r).v for 1 € T}

where i) is the Lie algebra of M. Let 1} = Y Mi(e) and U; the

aeX+
corresponding Lie subgroup of M. Then U is a maximal unipotent
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Q-subgroup of M. Let U = U; - F and U = U N G. We will now prove
the following

Lemma 4.7. U N T is a maximal unipotent subgroup of T.

Let ¥ > UNT be any unipotent subgroup of I'. Let¥ > UNT
be any unipotent subgroup of I'. Let S be the Zariski-closure of ¥ and
S the Lie algebra of S. Then S is unipotent so that S is orthogonal to
itself hence a fortiori to & with respect to the Killing form. On the other
hand M is precisely the orthogonal complement of § with respect to the
Killing form. It follows that & is contained in 9t. Hence © c N. On the
other hand, as is easily seen, U/U N T is compact where U = U N G so
that U is contained in the Zariski-closure of ¥, i.e. . U c S. It suffices
therefore to prove that UNT is a maximal unipotent subgroup of NN T’
and this follows easily from the arithmeticity of the group c(N N T).

Lemma 4.8. U is the unipotent radical of a parabolic group in G.

Let M be a maximal reductive R-algebraic subgroup of N contain-
ing M. Let My = M N Ny. The group M is an almost direct product
A.Mj where A is the central R-split torus whose Lie algebra 2 is the or-
thogonal complement of 9y (= Lie algebra of M) in M (= Lie algebra
of M) with respect to the Killing form. Now let P be the normaliser of
U; PNM,; is evidently a parabolic subgroup of M defined over R. Since
M contains all unipotent R-subgroups of My, P N Mj is necessarily a
parabolic subgroup of My. Finally since A ¢ P, P N M is a parabolic
subgroup of M. Since MF is a parabolic subgroup of G, P is a parabolic
subgroup of G. It is not difficult to see that the Lie algebra Ul of U is the
orthogonal complement of the Lie algebra B of P. This shows that U is
the unipotent radical of P. Hence the lemma.

4.9 Now consider any element @ € A. Let U() be the ideal in 2 gen-
erated by 9i(a). Now since U/U N T is compact, U is a Q-subgroup
of D°. As () is a Q-subspace, U(a) is a Q-subalgebra of 2. Conse-
quently the corresponding Lie subgroup U(a) of D° is defined over Q
and U(a)/U(a) N T is compact where U(a) = U(@) N G. We will now
prove the following.
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4.10 For a € A, U(e) is the unipotent radical of a parabolic subgroup
N(a) of N defined over R.

411 LetT" = AT and T be a maximal torus of ® containing T*
and contained in M. Let X(T*), X(A) and X(B) denote the groups of
characters on T*, A and B respectively. Now it is known (see for in-
stance Raghunathan [1, Chapter XII]) that there is a generating charac-
ter yo € X(A) such that ¥ is precisely the sum of all those eigen-spaces
of A corresponding to positive multiples of yp. We introduce an order-
ing on X(T*) as follows: an element 6§ € X(T*) is positive if 0|A = my,
with m > 0 and if m = 0, 9|T is positive in the order fixed on X(T)
(cf. . .6). Next we introduce an order on X(B) compatible with that on
X(T*). Let A be the system of simple roots of ® w.r.t. B and the order
chosen above. Let r : X(B) —» X(T) and " : X(B) —» X(T*) be the
natural restriction maps. We claim that r(A) contains A. To see this we
first observe that {EIR(0)|9 € A} generate U as a Lie algebra. Each M(6)
is evidently the span of the root-spaces () (= {v € (6| adr(v) = 6(t) v
for ¢t € B}) as 6 runs through those roots (w.r.t. B) which are trivial on A
and restricted T are equal to 6. Let 6" be the lowest of these roots. We
claim that " is simple. In fact if 6* = 8 + y* with 8%, y* positive roots,
we necessarily have ,8*| A = 7|y =0.If 8" and y* are both nontrivial on
T, then G(8*) and G(y*) are both contained in ;. This follows from
the fact that 9, contains all unipotent subgroups of M defined over R.
But then 8 = *|, and y = y*| are both positive Q-roots of M; w.rt. T
and 6 = B + v, a contradiction. Thus one of 5* or y* must be trivial on
T. But then if y* # 0, 8% has the same restriction to T as 6%, avanishes
on A and 8" < 6%, a contradiction. Thus r(A) contains A. Moreover if
6" € A is such that 6* is trivial on 2 and non-trivial on T, then r(6*) € A.
This follows from our choice of ordering on B and the fact that the set
{6" € A|@" trivial on A} is precisely the system of simple roots of the
reductive group M (= centraliser of A). We can now describe the Lie
algebras of groups F, U and U(«) as follows. For a subset A" C A, let

S(AN)={8= ng Qe 2+|m9 > 0 for some 0 € A'}.
OeA
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Let
A(F) =1{0 € A|6? is non-trivial on A}
AU) ={0 ¢ A|0 is non-trivial on T*} and
A@) = {6 € Alr(®) = a}.

We set also

2(F) = Z(A(F))
¥(U) = £(A(U)) and
(@) = T(A()).

With this notation, one sees easily that we have

F= Y 60)

9ex(F)
u = Z ®(6) and
0ez(U)
W(a) = Z ®(6).
fex(a)

This proves in particular that U(«) is the unipotent radical of a parabolic
subgroup N(a) (= normaliser of U(«)). This proves Lemma ??.

Lemma 4.12. Let V be one of the unipotent groups {U(a/)|a/ € A} or
F. Suppose Vi & V is subgroup with the following properties: if Vi =
Vi NG, Vi/Vi T is compact and V| is the unipotent radical of an
R-parabolic subgroup of G. Then V| = {e}.

4.13 Consider first the case V = F. Let P be the normaliser of V.
Then P contains N. Let 7 : P — P/V) be the natural projection where
P = PN G. Let B; denote the Lie algebra of V| and let p denote the
adjoint representation of N/V; on &/8B; and let 7 be the corresponding
representation of N. Now the group 7(DNT) leaves a lattice in f/0; (0] =
B N g) stable so that det 7(x) = +1 for x € D. Since Ny/D is compact,
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det 7(Np) is a compact subgroup of R* hence det 7(Ny) C {x1}. Thus
both the characters det T and deto- on N are trivial on a codimension 1
group. On the other hand it is easy to check that if V; is not trivial nor
the whole of F, then det 7 and det o are linearly independent characters
on N, a contradiction.

Note. The argument above has used only the fact that N is I'-adapted—
we have not used the stronger condition of I'-rationality.

4.14 Consider now the case when V = U(a) for some a € A. Consider
the subgroup U; NV = V,, say. Itis easily seen that V is the unipotent
radical of a parabolic subgroup of My; since Vo /Vo NI'(V, = Vo NG) s
compact, V; is defined over Q as well. Since U(@) "M is the unipotent
radical of a maximal Q-parabolic subgroup, and V, ¢ U(e) "My, V;, =
U(a) N M or V, = {e}; in the former case V, = U(a). We may thus
assume that Vo, = {e}. On the other hand, B; is the sum of eigen-
spaces for any torus normalising U. It follows that B; C &; but then the
considerations of show that V| = & or V| = {e}. Since V| c U(a)
and & ¢ U(a), the former possibility is ruled out. This completes the
proof of Lemma ??.

4.15 Fix the torus B as in[.11] Let W c Normaliser B be a set of rep-
resentatives for the Weyl group. Let U* be the maximal unipotent sub-
group of G determined by the simple system A of roots. Then (Bruhat-
decomposition) any element g € G can be written in the form

g=uwzv

where u, v € U*, w € Wand z € B. Let wy € W be the unique element of
W which takes all the positive roots into negative roots. Then U*woBU*
is Zariski open in G so that I' N (U*woBU*) = I'* is Zariski-dense in G.
Elements of I'* are sometimes referred to as principal elements of I in
the sequel.
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4.16 We now fix an element y € I'* and introduce the following nota-
tion:

U = )/U)/_1
U@ = yUa)y™
F= yFy_l and

U; = U nN(=U" NNy).

Let vy = u wo zv be the Bruhat decomposition of y. We then have
U™ = u woUwy'u™!, U (@) = uwoU(@)wy'u! etc. Since w normalises
B, it follows that B’ = uBu~! normalises U~. Since u € U* normalises
U, one sees that the Lie algebra 2™ of U~ is the linear span of eigen-
spaces for B. Moreover, if we set U*~ = yU*y~!, the eigen-characters
of B’ acting on *~ (= Lie algebra of U*") are precisely the inverses of
eigen-characters of B’ acting on " (= Lie algebra of U*): this follows
from the fact that the auto morphism of B induced by wy takes all the
positive roots into negative roots. We will now identify the torus B with
B’ by the inner conjugation by the element and, using this identification
regard characters on B as characters on B’ and carry over the order on
X(B) to an order X(B’). With these identifications, we any regard the
roots of G w.r.t. B also as roots of G w.r.t. B’. For y € X (regarded as a
character on B’) we set

®'(y) = {v € G|ad#(v) = x(t)v for all € B'}.

One sees then immediately that

u = Z ®'(0)

0ex(U)
W(a) = Z ®'(6) and
6e3(@)
F= ), 6.
0ex(F)

(See 4111 for notation). The automorphism of B induced by wy takes
each element ¢ € A into—¢@ for some ¢ € A; the map ¢ — @ is a
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bijection of A. For a subset A’ C A, let A’ or Deélta’ denote the image
of A’ under this bijection. The following direct-sum decompositions are
easily seen to hold (notation as in[£.1T)

w= > 60

HeX(A(UY)
= ) 60
OeZ(A(a))

F= >, 60
0eS(A(FY)

Let M’ = uMu™'; then 9 (= Lie algebra of M’) is a sum of eigen-
spaces for B’. Moreover 9t = M’ & §. It follows from this and the fact
that § N U~ = {0} that we have U™ NI = U™ NIN'. Hence U™ NN =
U NI

4.17 Now the group U~ being unipotent
U =U NnN=U nNnNy.
The natural maps

U /U NTI' - G/T and
No/NoNT' = G/T

are proper. We claim that if U = U] N G then
Uy/UuynT' - G/I'

is proper as well. This follows in fact from the general Lemma .18 be-
low. Assuming this for the moment we conclude from the compactness
of U7/U™ NI that U /Uy NI is compact as well. Since U is defined
over R, UI is the Zariski-closure of U N hence also of U [ NI Since
U7 is contained in N, we find that U] is contained in N, we find that
Uy c D°. It is moreover a Q-subgroup. Before we proceed we will

prove the claim made above.
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Lemma 4.18. Let H, H, be two closed subgroups of G such that the
natural inclusions Hi/Hy NT — G/T" and H,/H>, NT" — G/T" are both
proper maps. Then setting H = H| N Hy, the natural map H/HNT —
G/TI is also proper:

To prove the lemma, it suffices to show the following: let x,, € H and
v, € I' be sequences such that x,,y,, converges; then there exist 6, € HNI'
such that x,6, converges. Since the map H;/H;NI' —» G/T',i = 1,2, are
proper, there exist a;, € H; N T', i = 1,2, such that the sequences x,.a;,
converges (for i = 1,2). It follows that the sequence a[r: ~agu(e T
converges. Since I is discrete, there exists an integer p > 0 such that for
nzp, a[rl oy, = a[})azp; equivalently, for n > p,

-1 -1
@25, = 1pQ7), = 0,, say.

Evidently 6, € H N T and x,0, converges. Hence the lemma.
We now go back to the main discussion. We will establish the fol-
lowing:

Lemma 4.19. Let 7 : N — N/F be the natural map. Then a(Uy) isa
maximal unipotent Q-subgroup of the reductive Q-group n(D°). Further
let E be the centraliser of U| in ¥ and E = E N G. Then there exists
a € E such that a”'u € Dq. (We recall that u € U is defined by the
Bruhat-decomposition y = u wo z v).

420 Letp = dim®¥ and ¢ = dimU. Then N is a subgroup of G of
codimension exactly p. It follows that dim(U~ N N) > —p. Now U/%
is a maximal unipotent Q-subgroup of 7(D°) and 7 maps U, =U NN
isomorphically onto a Q-subgroup of 7(D°). We conclude from this that
n(U7) is a maximal unipotent Q-subgroup of 7(D).

For proving the second assertion, we argue as follows. For 6 € U} N
I, we have 7(u~'0u) = n(6). Since n(0) is a Q-rational point of (DY),
7 restricted to M is a Q-isomorphism, and uloe MnDY = M, we
conclude that u~'Qu is a Q-rational point of D for all § € Uy NT. But
this means that if 7 : C — C is any field automorphism

u ' Ou = (uT)_leuT, 0elU Nl
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(note that 6 is Q-rational). Equivalently b, = u()™' € E. Evidently
{br}reautc 1s a 1-cocycle on Aut C; and since E is a unipotent Q-group,
we can find a € E such that a(a”)™" = u(u”)™" for all 7 € Aut C. Clearly
alu e D% and since u € G, a € G as well. This proves the Lemma

4.21 LetM/ = a 'uM,u"'a; then M is a maximal connected reduc-
tive Q-subgroup of D°. Also U7 is contained in M{ and is a max-
iAmal unipotent Q-subgroup of M{. Consider for @ € A, the group
U~ (a): this is a normal subgroup of U~; it is the unipotent radical of
a parabolic subgroup; this last property is equivalent to the following:
the orthogonal complement of 1[~(a) in ® is a Lie subalgebra (= nor-
maliser ﬁt‘(a) of fI‘(a/)). It follows that the orthogonal complement of
(@) in M’ is a Lie subalgebra as well. Since 9t is reductive and is
a sum of eigen-spaces for B’, we conclude that the orthogonal comple-
ment of ﬁl‘(a) = (@) N M in M’ is a Lie subalgebra. We conclude

therefore that the Lie subgroup U; (a) corresponding to IAJI(a) is the
unipotent radical of a parabolic subgroup of M’. On the other hand since
U NnM’ =U" NN, we see that IAJI(a) is precisel}/ ﬁ‘(a) N N. Since a
centralises this last group we find that for @ € A, Uj () is the unipotent
radical of a parabolic subgroup of M”” = a~'M”a. Further IAJI(a) NnT
is a uniform lattice in IAJl‘(a) = le‘(a) N G, so that le‘(a) Cc M{isa
sAubgrOPp defined over Q of M{'. Entirely analogous remarks hold for
F] = F~ N N. Now consider the normal subgroup H of U~ generated
by U (@). This subgroup is evidently defined over R and contained in
U (a). Further it H = HN G, H/H N T is compact. Finally it is eas-
ily seen that H itself is the unipotent radical of a parabolic subgroup of
G defined over R. According to Lemma @121 H = U~ (a) or H = {e}
ie. Athe group U~ ()N MY is either trivial or no proper normal subgroup
of U™ (@) contains it. Similarly F7 is either trivial or no proper normal
subgroup of F~ contains it. We summarise the remarks made above as
follows.

Lemma 4.22. Let V™ denote one of the groups U~ (), @ € A, or F~.
Then V| = V- NMY is the unipotent radical of a parabolic Q-subgroup
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of M. Moreover if V| is non-trivial, then V™ is the smallest normal
subgroup of V™ containing V{. Further if V] is non-trivial, its nor-
maliser in MY’ is a maximal parabolic Q-subgroup.

4.23 The last assertion is proved as follows: If possible let P be a Q-
parabolic of M{" properly containing the normaliser of V| in M/. Let
V;, be the unipotent radical of P. Then V; & V| and the normaliser of
V; in M (and hence M) is parabolic subgroup of M (resp. M’). Now
from the general structure of parabolic subgroups, one sees easily that
the normal subgroup H of U™ generated by V7 is properly contained
in V™ and is the unipotent radical of a R-parabolic subgroup of G. In
addition H/H NT is compact where H = HNG. Lemmal.12] then leads
us to conclude that H = {e} i.e. V; is trivial. This completes the proof
of Lemmald.22]

4.24 Consider now the group F~ N N. There are two possibilities:

Case A. F- NN = {e}, or

Case B. F~ N N is the unipotent radical of a maximal parabolic Q-
subgroup of M/'.

In the first case we have from dimension considerations
G=F oN.

We now discuss Case B in detail. F~ N N is the unipotent radical

of a parabolic subgroup of M’ as well; this follows from the fact that A

centralises FNN. Evidently F~NN is stable under the torus B’. It follows

that we have a subset Delta’ C A such that for 8 € A’, ’(6) c M’ and

if ¥’ denotes the set {6 € Z+|(S’(9) CM'}, 0= 3 my.@ withmg > 0 for
Qe

some ¢ € A’}, then

F AN = Z ®'(—6) and & = Z ®'(=0).

ez 9eX(A)
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Further since B~ N N is a Q-subgroup of M/, one sees easily that the
0 restricted to T are in fact Q-roots. (We have allowed ourselves to
consider elements of X as characters on B as well as B’). Now from the
decomposition ¥ = u wy z v, using yFy~! = F~, we conclude that the
automorphism of T defined by wo maps A(F) onto {—0|0 € A’}. Further
in view of Lemma [£.12] the restrictions {r(#),6 € A} must all be equal
to a single simple Q-root @y € A. It follows immediately from this
that U(ap) has the same dimension as §. Moreover the automorphism
induced by wy on B is of order 2 and maps A’ into {—0|0 e A(F)}. It
follows easily from this that ﬁ‘(ao) is of the same dimension as F and
U~ (@) NN = {e}. We have thus proved the following:

Lemma 4.25. Either R = R® & or there exists a unique ag € A such
that & = N & U ().

4.26 Among the Lie subalgebras 1~ (@), @ € A and &, there is thus a
unique one which is supplementary to 9% (note that all the I~ (@), @ € A
and § are B'~ stable). We denote this subalgebra &~ and the correspond-
ing group by F~. It is now easy to see from Lemma [£.22] and that
all the groups U~ (@), @ € A, and §~ other than F~ are generated as
normal subgroups of U™ by their intersections with M{" and these latter
intersections are unipotent radicals of maximal Q-parabolic subgroups
of MY’ (as well as certain parabolic subgroups of 3"). These groups are
in addition normalised by B’. These considerations now lead us to the
following result:

Lemma 4.27. For 6 € A0F) U Y A(@), wo(6) = —6 with 6 € A(F) U
aeA

> Ala). Moreover the map 0 — 0 defines a bijection of each A(x),
aeA

a € A, onto some A(@), @’ € A, or onto A(F). Similarly A(F) is mapped
bijectively some A(a), a € A, or A(F).

4.28 1t follows easily from Lemma .27 that for each aq € A, there is
a unique Lie subalgebra among the U~ (a), @ € A, And &~ which is sup-
plementary on 9t(ag) in ®. We denote this subalgebra in the sequel by

291



292

312 4 L-SUBGROUPS OF RANK > 2.

U™ (@) and the corresponding Lie subgroup by U™ (ag). Now U (@), @ €
A, is the unipotent radical of a R-parabolic subgroup of G. Its centraliser
in G is hence equal to the centre of U (@). Further U™ (@)/U (@) N
I'(U (@) = U (@) N G) is compact. Let N™(a) denote the normaliser
of U (@) in G and o~ (@) the adjoint representation of N™(a) on U™ ().
Similarly, let o(«) denote the adjoint representation of N(a) on U(a).
Let Nj(a) = {x € N‘(oz)| det o (a)(x) = =1} and analogously Ny(a) =
{x € N(a/)| deto(a)(x) = £1}. Let Z(a) (resp. £~ (a)) denote the Z-
span of exp~ ! (U(a) NT) (resp. exp~ (U~ (@) NT)) in U(a) (resp. U~ (a)).
ZL(a) (resp. £~ (a)) spans U(a@) (resp. U (a)) as a C-vector space and
hence defines a natural Q-strucutre on GL(W(@)) (resp. GL(U™ (@)). Anal-
ogous remarks apply to F~: we denote by N~ the normaliser of F~,
by o~ the adjoint representation of N™ on §~ and by N the group
{x € N‘|det o(x) = +1}. With this notation, the following maps in-
duced by natural inclusions and o(«), o, o0~ (@)o~ etc. are proper:

No/NoNnT' — G /T

No/NoNT' — GL()/GLY

Ny /Ny NT — G/T’

Ny /Ny NT — GL(F)/GL(ZL™)
No(@)/No(a) NT — G/T
No(@)/No(@) N\T — GLQW(@))/GL(Z (@)
Ny(@)/Ny(@)NT' — G/’
Ny (@)/Ny (@) N\T — GLQU (2)/GI(ZL (a)).

(Here No(@) = No(@) N G, Nj(@) = N3(@) NG and N; = N5 0 G).
Using Lemma .18 we now conclude the following

Lemma 4.29. Let H* = NoNN and for @ € A, H*(a) = No(@) NN (@).
Let H* = H* N G and H*(a) = H* (@) N G. Then the maps H*/H* N
I' - G/T, H(a)/H () NT — G/T', H*/H* N T — GL({)/GL(Z) and
H*(@)/H (@) NT' - GLQ(@))/GL (Z(a)) are proper.
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4.30 LetH (resp. H(a)) denote the Zariski-closure of H*NI (resp. H*(a)N
I in G and set H = HNG, H(a) = H(a)NG. Then o(H) (resp. o(a)(H()))

is a Q-subgroup of GL(F) (resp. GL(U(«)). Since o-(HNT') (resp. o(a)(H(a)N
) is contained in GL(.Z) (resp. GL(L(«))) and the map H/H NI —
GL{)/GL(ZL) (resp. H(a)/(@) NT — GL(a))/GL(Z (@))) is proper,
o(HNT') (resp. o(H(a)NI')) is an arithmetic subgroup of o-(H) (resp. o(a)(H(a))).
Since oy (resp. a’(a)|H(a)) is an isomorphism onto the image, we con-
clude that L = H.F (resp. L(o) = H(a).U(a)) carries a natural Q-
structure such that H (resp. H(@)) is a Q-subgroup and LNI" (resp. L(a)N

I') is an arithmetic subgroup of L (resp. L(a)). Similarlyl L™ = H.F~

and L™ (@) = H(a).U (@) have natural Q-group structures in which H

and H(a) are Q-subgroups. The Q-structures on H (resp. H(«)) induced

from L and L (resp. L(@) and L™ (@)) coincide.

Lemma 4.31. The group H (resp. H(a), @ € A) is reductive. Let H’
(resp. H'(@)) be the smallest algebraic subgroup of H (resp. H' (@)) gen-
erated by all the Q-rational unipotents in H (resp. H(«@)). Then the Lie
algebra * of H* (resp. 9" (@) of H*(@)) decomposes into a direct sum
of the form $* = H®K (resp. H*(a) = H(@)+K(a)) where K (resp. K(a))

consists of H' (resp. H'(@)) invariants.

4.32 We prove the assertions in the lemma for H and H*. The proofs 293
for H(a) and H*(«) are identical except for notational differences. The
unipotent radical V of H is a Q-groups. Since H NI is arithmetic in H,
V/V NI is compact where V = VN G. Now we have U = (UNH).F and
U = (U nH).F. Since V ¢ H, V normalises F and F~. It follows
that (U N H).V.F and (U™ N H).V.F are R-unipotent subgroups of ®
such that their intersections with I' are Zariski-dense in them. In view
of the maximality of U NT"and U™ N I" among unipotent subgroups of
I', we conclude that V. ¢ U” n U ie. V = {e}. This proves that H is
reductive. Consequently, H" is semisimple. Moreover H’ is non-trivial
since U N H is non-trivial and (U N H)/(U N H N T’) is compact. We
can then decompose the Lie algebra h* of H* (= H* N G) into a direct
sum h* = h @ f where f is stable under H (= H’ N G). It suffices to
show that f is trivial as an H’-module. Let S ¢ H’ be a maximal Q-split
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torus in H" and § = SN G. Then & (= C-span of f) decomposes into
a direct sum of eigen-spaces for S : & = X&;, and, since S is R-split, {
decomposes correspondingly into eigen-spaces for S : f = X;f;. Now,
& decomposes into a direct sum of eigen-spaces for S; since S is Q-
split, this decomposition is defined over Q : & = >} &;. It follows that

JjeJ
2’ = 3, §;N 2 has finite index in ().
jeJ

4.33 Suppose now that X € f; and that the eigen-character y; defined
by ad #(X) = y;(1)X, for t € S, is non-trivial. Consider the one-parameter
group f{exp ¢+ X € H*|t € R}. The map R x H — H"* defined by
(t,h) — exptX.h, is a homeomorphism onto a closed subset of H*: in
fact H being reductive, we can find a representation p of G defined over
R and a R-rational vector v in the representation spaces such that

H = (g € G|p(g)vo = vob;

then H*/H is homeomorphic under the orbit map to H; and the orbit
{exp th0|t € R} under the one-parameter group is closed in the repre-
sentation space hence d fortiori in H*vg (note that exp tX is unipotent).
Since the map H*/H* N T — GL(f)/GL(.Z) is proper we conclude that
gn = o(expnX) is discrete modulo GL(.Z); further o(exp nX) c S L(¥).
It follows from Mahler’s criterion that we can find vectors v, € .’ such
that g,(v,) tends to zero. Now we can write v, in the form

Vn = Z V()

jeJ

with v,(j) € Z N{;. Let A; be the character defined as follows: for
v € LNfj, ad(®)(v) = Aj(t).v for all + € S. Introduce an ordering on
X(&) = group of rational characters on S such that w.r.t. this ordering
xi is greater than 0. Since J is a finite set, we can find a subsequence
h, = g, such that the following holds: let w, = v, ; then w,(jo) # O for
all n and if w,(j) # O for any j and n, then 4; > 4;,. One sees now from
the assumption that y; > 0. Then

hn Wp = Wy (.]0) + W;/1
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where w;, € X5, f;. Thus, since w,(jo) are lattice points, &, w, cannot
tends to zero, a contradiction. We conclude therefore that y; cannot be
non-trivial for any i. This proves Lemma 371

Corollary 4.34. Let p (resp. p(@)) denote the adjoint representation
of & (resp. H'(a)) on H (resp. H(@)) and p* (resp. p*(a)) that on H*
(resp. 9*(a)). Let X, Y € & (resp. 9 (@)). Then trace p(X)p(Y) =
trace p*(X)p*(Y) (resp. trace p*(@)(X)p*(Y)). If X, Y € ©' (resp. H'(a))
are Q-rational for the Q-structure on  (resp. H(@)), then (X,Y) € Q
where (, ) denotes the Killing form on . In particular if X, Y € $ are
Q-rational and ad X, ad Y are nilpotent, then (X,Y) € Q.

The first assertion is immediate from Lemma .31l The second as-
sertion follows from the fact

trace ad XadY = trace p"(X)p"(Y) + 2 trace o(X)o(Y)
for X, Y € §’. The last assertion follows from the definition of &’.

Proposition 4.35. Let U (resp. 116 ) be the Q-linear span of exp™ (U N
I') (resp. exp_1 UND)inU(resp. U”). Then(X,Y) € Qforall X € U,
Y € Ug.

4.36 Let 1122 ={X e 11(‘2|<X, Y) € Qforall Y € Ugp}. We have to show
that 2/, = U/ . Enumerate the elements of A in some order as a7, ..., q;
and set Eg = 9’ N 11(‘2 and for 1 < i <L E = 9(@n 116. Also let
Lo =L and for 1 <i </ L; = L()); similarly, let Fy = F, Hy = H and
for 1 <i <[, F; = Uly), H; = H(e;). Analogous notation will be used
for the Lie algebras as well. We first show that E; C H’Q forg <i<0.
Suppose then that X € E; and Y € g since U = UNH; & F; for 0 <i < 1
and the decomposition is defined over Q (for the natural Q-structure on
L;), we can write Y = Y| + Y, with Y} € Ug N $;, Y> € §; since §; is
orthogonal to all of 9N; and E; C N;, we have

(X, Y)=(X1,Y1) €Q

in view of Corollary £34] Thus E; C Uy for0<i<1.

295
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4.37 We next show thatif Z € 116 and X € E; forsome i with 1 < i<,
then [X, Z] € 116. As before, let Y = Y7 + Y be any element of g with
Y1 € h;NUgand ¥> € §; N Ugy. We then have

(X.Z], Y1+ Y2) = ~(Z,[X, Y1]) = (Z,[X, Y2]).

The second term on the right is in Q since [X, Y>] € g and Z € II’Q.
We have thus to show that (Z, [X, Y]) € Q. Now [X, Y] is a Q-rational
element in [; = b; @ f; contained in the Q-subspace b, @ f;. We can
therefore write [X, Y1] = Y3 + Y4 with Y3 € §, Y4 € §; with 12, ¥3Q-
rational. Clearly (Z, Y4) € Q. On the other hand, we can write Z =
Xi+XowithX; € E; C Sjl’. and X, € Ug N §; (cf. 4.30) J; is orthogonal
to its normaliser 9N; hence in particular to ;. Hence (Z, Y3) = (X1, ¥3);
and (X1, Y3) € Q in view of Corollary 4341

4.38 In view of[£.36and[4.37] to prove Lemmald.33] it suffices to show
that the {E,'|0 < i < 1} generate g as a Lie algebra. This follows from
the fact that if 6 € A is a (simple) root w.r.t B which is non-trivial on
T*, then 8 € A(F) or 6 € A(a) for some @ € A. This proves Proposition
.37l We have therefore proved in fact the following:

Proposition 4.39. Fory € I'" and X, X’ € U such that exp X, exp X' €
UnT{adyX, Xy € Q.

4.40 I being irreducible and Zariski-dense in G and I'* being the inter-
section of I' with a Zariski open subset of G, we can find a finite number
Y1,...,7Yr of elements in ['* such that yi‘lyj el™forl <i,j<ri+j
and ad y;(exp~! (U NT)) span all of & as a complex vector space. Now
letI'™ = {y eI™* y;ly-lyj € I'*} for 1 < i,i < r}). Then I'** is Zariski-
dense in ®. Further if X1, ..., X, is a basis of ® chosen from among the
elements

fady;(X|X e WexpX el, 1 <i<ry el
then (X;, X;) € Q. We see now that for y € '™,

(ady(X;), X ;) € Q
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for all i, j with 1 < i, j < n. It follows that w.r.t. the Q-structure
on the vector space ¢ defined by Xi,...,X,, ady is a Q-rational ele-
ment of GL(®) for all y € I'™. Since " is open in the topology on
I' induced from the Zariski topology of G and this induced topology is
quasi-compact, a finite number of translates of I'** cover all of y. It fol-
lows that the group I'; generated by I'** has finite index in I'. Clearly
adl'y € GL(Gq) and ad G(= G) is the Zariski-closure of adI'y. If we
set G* = ad G and u to be the inverse of the isomorphism Ad : G —» G*,
we find that G* carries a natural Q-structure such that = '(T'}) c GB.
Further I' normalises some subgroup I'; of finite index in I'y, and I'; is
Zariski-dense in G. It follows from this, since G* has trivial centre, that
u () c G- This proves the first part of Theorem 4.42]

4.41 From the definition of the Q-structure one sees immediately that
the F;, F/, 0 <i < land U, U™ (F;,U" etc. are defined now simply
as conjugates yFyy~!, yUy~! for some fixed y € I'*) are Q-subgroups
and that F; NI, F NI, 0 <i<1,and U NI are arithmetic subgroups
of F; and U respectively. We claim now that U is a maximal unipotent
Q-subgroup of G for the Q-structure obtained above on G. To see this
we consider the adjoint representation o of N on &(= &). The groups
N, N7 as well as Ny and N;; are defined on Q and H* = No N N is
also defined over Q. Now the natural map H*/H* NT — GL(f)/GL(Z)
is defined over Q and o(H") is a Q-subgroup of GL(%). It follows that
H* N T is arithmetic in H* (0'| i is injective). We conclude that since
No = H*.F, Ng N T is arithmetic. Consequently N NI is arithmetic as
well. Since N N T is arithmetic in N, the Zariski-closure of a maximal
unipotent subgroup of I' is necessarily a maximal unipotent Q-subgroup
of N. Thus U is a maximal unipotent Q-subgroup. Further the preceding
arguments can be carried over verbatim to conclude that for 0 < i </,
N;NT is arithmetic in N;. Further, from Lemma.I2] it is easy to deduce
that the N;, 0 < i < [ are precisely the maximal parabolic subgroups of
G defined over Q and containing U.

297
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4.42 Suppose now that P is a maximal parabolic subgroup of G de-
fined over Q. Then there exists a unique i, 0 < i < /such that PN N;is a
maximal reductive subgroup of P (we may have to replace N; by yN;y~!
for some y € I' for this; but since ¥ € G, this is permissible). Further
if j # i (such a j exists: / > 1 since I' has rank atleast 2), it is easy to
see that the unipotent radical V of P is the smallest Q-subgroup of P
containing V N N; and stable under an arithmetic subgroup of PN N;. It
follows that the smallest subgroup of V containing VNI and normalised
by PN N; NI is Zariski-dense in V. Hence V N I is Zariski-dense in
V. Thus V/V N T is compact and V N T is arithmetic in V. It follows
that P N I" is arithmetic in P. Since any Q-parabolic subgroup of Q is
contained in a maximal Q-parabolic subgroup of G, this completes of
proof of Theorem .
We will now establish the following result.

Theorem 4.43. Let G be an algebraic group defined and simple over Q
and I" C Gq a subgroup such that for every parabolic subgroup P C G
defined over Q, P N T is arithmetic in P. Assume that Q-rank G > 1.
Then T is arithmetic.

Proof. Let U be a maximal unipotent Q-subgroup of G and Cj it s cen-
tre. LetI' € I' be any element and T a maximal Q-split torus normalis-
ing U and yU y‘l. Then the Lie algebras € of Cy and €, = ady(Cp) of
yCoy~! are eigen-spaces for T. Let & and o~ denote the corresponding
Q-roots. Then the two roots are conjugate under the Weyl group and
hence of the same length. Now since @ and o~ are of the same length,
they are proportionate if and only if @~ = +a. Thus if @~ # —a, we
conclude that trace ad X*. ad Y/ = 0 for all integers k, [ > 0, X € € and
Y € €. Hence

trace ad(yxy ady =dimG € Z (*)

for all x, y € Co N I'. Suppose next that @~ = —a; in this case since Q-
rank G > 1, one can find a Q-parabolic subgroup P of G containing Cy
and C5 . Since P N T is arithmetic, we have trace @ = Z for all e PNT.
In particular, we get

trace adyxy '.adyeZ ()
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forall x,ye CnT.
Suppose now X, Y € exp~!(CoNT) = E in €. Then setting exp X =
x,expY =y, we have for y € T,

trace ad(ady(X))adY

p )4
= trace {Z(—l)p(adyxy_l - l)p/p} . {Z(—l)p(ady - l)p/P};
n=1

n=1

where dim ® = p. The right hand side belongs to (p!)~'Z in view of (x)
and (xx) above. We conclude from this that on the Z-linear span of .Z of
{ad y(E )|y € I'} the Killing bilinear form takes values which are rational
numbers with denominators dividing p!. This shows immediately that
£ is a lattice in g. Since I' leaves . stable, I is arithmetic (one uses
Mabhler’s criterion). m|

We have thus shown the following:

Theorem 4.44. An L-subgroup of rank > 2 is arithmetic.

S Existence of I'-rational parabolics.

Our aim in this section is to establish the following result.

Main Theorem. Let ® be a connected semisimple algebraic group de-
fined over R and with trivial centre and no compact factors. LetI' C G
(= identity component of Gr) be an irreducible non-uniform L-subgroup
of G. Then any I'-adapted parabolic subgroup of G is I'-rational. (“T-
adapted” and “T'-rational” were defined in )

5.1 We introduce the following notation for the entire section: 299
N, a I'-adapted R-parabolic subgroup of G, N = NN G,
F, the unipotent radical of N, F = F N G.
N (resp. &), the Lie algebra of N(resp. F); n=NNg,f=FNa,
o, the adjoint representation of N on ,
No = {x|deto(x) = 1}, Ng = Ng N G,
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D = Zariski-closure of NNT'(=NoNTI),D=DNQG,

% =Z-spanof exp ' (FNT)inf.

% is alattice in f and defines a natural Q-structure on & and hence
on GL(f). For this Q-structure o-(D) is a Q-subgroup. With this notation
we will now establish a criterion for the I'-rationally of N.

Definition 5.2. A parabolic subgroup P of ® is ‘symmetric’ if the fol-
lowing holds: there exists g € G such that gVg™' NP = (e} where V is
the unipotent radical of P. G is ‘symmetric’ if every parabolic group is
symmetric.

Proposition 5.3. IfN is symmetric, N is I'-rational.

5.4 Since N is symmetric and I' is Zariski-dense in ®, we can find
y € T such that yYNy~' N F = {e}. In this case, it is well known—and easy
to see that N N yNy~! = M is a maximal reductive subgroup of N. Let
My = MNNp and My = MyNG. Itis easy to see that My = N ﬂyNoy‘l.
Since the map No/No N I" — G/I is proper we conclude from Lemma
418 that My/MyNT' — G/I' and hence My/My N T — GL(})/GL(.ZL)
are proper maps. Evidently Mo N T" € D. Since D/DNT — G/’
is proper, the map D N My/D N My N T' — G/I' is proper as well.
Composing with the proper map D/D N T' — D/F(D N T), the map
DNMy/DNnMynT — D/(DNT)F is proper. Since Nyg = My.F and
D > F,D = (D = capMy).F. Thus the natural map 7 : D — D/J
maps D N My onto D/F. Further (D NT) is a Zariski-dense arithmetic
subgroup of D/F for the natural Q-structure on D/F(= o(D)/o(F)). It
follows that m(My N D NT) is arithmetic in D/F. Since o restricted M
is an injection, My N D NI is Zariski-dense in My N D. It is now evident
that o(Mp N D) is a maximal reductive Q-subgroup of o(D) and that
o (Mo NT)is arithmetic in (Mg N D). This proves Proposition 3.3l

Remarks 5.5. Proposition 53] is applicable in a large number of cases.
Let wy be the unique element in the Weyl group of G which takes a
positive system of roots (w.r.t. a torus etc.) into negative roots, If
wo(a) = —a for all roots a, then every parabolic subgroup of G is sym-
metric. (In fact since N itself is defined over R the same criterion re-
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placed by R-Weyl group R-roots etc. holds). This shows that if G has
no absolutely simple factors isomorphic to A,, D,(n odd) and Eg, then
N is I'-rational. (i.e. A,, D, (n odd) and E¢ are the only non-symmetric
groups). Notice that these groups admit a unique non-trivial automor-
phism of the Dynkin diagram of order 2.

5.6 Asremarked earlier .Z is a lattice in { and defines a Q-structure of
& and hence also on GL(). For this Q-structure, o-(D) is a Q-subgroup.
We introduce now the following additional notation.

M, a maximal connected reductive Q-subgroup of o°(D),

ri=Mino(NND),
M=oc"'M)),M; =M, NG,
r=M;nTr,

K =Centreof F, K = KnNG.

The group I'; is an arithmetic subgroup of the Q-group M. Also M| /M N

I' > GL({)/GL(Z) and M| /M| N T — G/T are both proper maps. We
have the following exact sequences

esKNT >0 5T e ((A))
e>K-oTl ' KoT|—>e (B))
e>K-o>M >M;| >e (C))

The sequence (C) is split (as a sequence of algebraic groups). It follows
that the sequence (B) is also split. We will now give a second condition
under which the sequence (A) “almost” splits. We first observe that K
being abelian, it can be identified with its Lie algebra 8. Under this
identification K NT is identified with f N .Z". Let K¢ denote the Q-linear
span of f N .Z in f and K¢ the corresponding subgroup of K. We will
prove a second criterion for I'-rationality of N.

Proposition 5.7. If H'(I';, ) = 0, then N is T-rational.

301
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5.8 Letr:I'; — I'| be a set theoretic section. Then the map (6,6") —
r(0,0)r(@) " 'r(@)"" defines a 2-cocycle u on I'y with coefficients in K N
I'. This cocycle considered as a cocycle with values in K is cohomol-
ogous to zero since (B) splits. It follows that the cocycle is cohomolo-
gous to zero in K¢ as well (the map H* T, Kq) — H*(T1,K) is injec-
tive). Now Ky (written additively) is the inductive limit of {n~'(K NT)|n
a positive integer }. According to Raghunathan ([16], Corollary 4),
H*(T'1, Kq) is the inductive limit of H*(I';, n~!(K N T)): notice that T
is an arithmetic subgroup of a reductive group and is hence “upto fi-
nite index” the direct product of a free abelian group and an arithmetic
subgroup of a semisimple group. It follows that we can find an integer
n > 0 such that u considered as a cocycle with values in n=!(K NT) is a
coboundary. This means that the sequence

es>n KN > T (KND) > T > e

is split. Letry : I = Iy = I1(n"'(K N T)) be a splitting. Since
H'(T';,R)) = 0, any two splittings of the sequence (B) in [5.6] are conju-
gate. Let 7/ be a splitting of (C) as algebraic groups and 7 the induced
splitting of (B). Then 7 and ry (considered as a splitting of (B)) are
conjugates. It follows that the Zariski-closure H of ro(I';) in M is a
maximal reductive subgroup of M;. Further ro(I'y) € H. Now ['; has
finite index in I';(n">(K N T)) so that I'; N H is commensurable with
ro(T'y). It is now immediate that c(H) = M; and c(HNT(= HNT))) is
an arithmetic subgroup of M;. Hence the proposition.
The following result is proved in Appendix II.

Lemma 5.9. Suppose 6 € Iy is a central element such that (0 - Identity)
is an automorphism of ], then HP(I'1, }) = 0 for all p > 0.

Lemma [5.9] can be used to establish ["-rationality of N in a number
of cases.

Proposition 5.10. Assume that N is not ‘symmetric’ and not a maximal
R-parabolic subgroup of G. Then N is I'-rational.
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302 5.11 In view of Lemma [3.9] and Proposition [3.7] we need only show
that I'; contains a central element § which acts on & such that 1 is not
an eigen-value. Let M} C M, be a maximal R-reductive subgroup of
M;. Let M be a maximal reductive subgroup of N containing Mj. Let
S be the maximal central R-split torus in M. Let My = M N Ny and
So the identity component of S N My. Then (since My/M7 is compact
M7 = M} N Mgy So ¢ Mj. Clearly Sy is central in Mj. Hence o(So)
is central in M. Let S be the smallest (central) Q-subgroup of M
containing 0<(So). Then, since I'y is Zariski-dense in My,. Ty NS is
Zariski-dense in S 3. Thus to find an element 6 as above, it suffices to
show the following

Claim 5.12. Sy acts non-trivially on every irreducible M-stable R-subspace
of & (note the o(Sy) is diagonalisable over R so that it acts as scalars
on every M-stable simple component of & defined over R).

5.13 When G is simple this is precisely Lemma B of Appendix [l We
now establish the claim and hence Proposition [3.10/under the following
hypothesis: G is not simple over R. Since I is irreducible F is not
contained in any proper connected normal subgroup of G. Then Central
torus S decomposes into a product []S; following the decomposition
i€l
G = [] G; of G into R-simple factors and for all i € 1, S; is non-trivial
i€l
and acts nontrivially on K;, the projection K on G; (K; are in fact the
irreducible M-stable subgroups of K defined over R). Let A; be the
character on S; defined by A;(x) = 1 for x € §;, j # i, 4;(x) = A(x) =
deto(x). Then A = [] 4;; the 4; are all non-trivial and (multiplicatively)
i€l

linearly independent so that kernel A cannot contain any S;. This proves
the assertion.

5.14 Proposition now reduces the proof of our main theorem of
this section to the following situation which will be the hypothesis in the
sequel.

The group G is simple over R. The group N is a non-symmetric
maximal R-parabolic subgroup of G.
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The remarks in show that the absolutely simple components of
G (there are at the most two of them and they are mutually isomorphic)
are one of the following types:

A,(n > 2), Dr(nodd,n > 3) and Eg.

5.15 We introduce in addition to the notation introduced in [3.1] and
the following further notation. As in[5.111M will denote a maximal
reductive subgroup of N such that M = M NM; maps onto M; isomor-
phically. Let gT (resp. T) be a maximal R-split (resp. maximal torus
defined over R) in M so chosen that gT N T. Again (as in[5.11) S will
denote the maximal R-split central torus in M. We fix compatible orders
on X(T) (= group of characters on T) and X(grT) (= group of characters
on gT) and denote by X, =" and A respectively the system roots, positive
roots and simple roots respectively. We assume, as we may, that the fol-
lowing holds: for a € Z, let ®(a) denote the root space corresponding
to a; then if G(a)(a) C &, a is positive. With such a choice, it is well
known that we can find a subset A’ C A with the following property: let
S(A) = {a € Za = 3, m(p)p with m(p) > 0 for some ¢ € A'}; then §
peA

is the linear span of
ape € T,

5.16 We denote by 6 the involution on X(7') induced by complex con-
jugation. Then if @ € A is non-trivial on rT, then (o) > 0 and we
have
ba)=a+ ) me) ¢
peA

with m(¢) > 0 only if ¢ is trivial on gT. Now since N is defined over
R, it is easy to see that every @ € A’ is non-trivial on rT; moreover if
a € A, a € A'. On the other hand, let 7 denote the unique non-trivial au-
tomorphism of the Dynkin diagram of A which leaves irreducible com-
ponent of A stable. Then since N is not symmetric, A’ is not stable un-
der 7. The automorphism a +— @ of the subset of A consisting of roots
non-trivial on RrT, it is well known, extends to an automorphism of the
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Dynkin diagram of A as well; we denote by @ the image of @ € A under
this automorphism. This automorphism cannot be equal to 7, since A’
is stable under it. Since the types under consideration admit only one
non-trivial symmetry of the irreducible components of their Dynkin-
diagrams, @ = « for all @ € A or @« — @ switches the two components
— the second alternative holds if and only if G is not absolutely simple.

5.17 The table on p. 305 classifies the A’ which will satisfy the con-
ditions we have obtained on it in the preceding discussion. (8 is (one of)
the highest root(s) of G w.r.t. T.

5.18 From Table I one reads off the following (the diagram of My is
obtained by deletion of A’). My has at the most two R-simple factors
at least one of which is isotropic over R since M| C o(My) is isotropic
even over Q. Further '}, an arithmetic subgroup of M| is Zariski-dense
in M;. Since M contains all the R-isotropic factors of o-(My), we con-
clude that either (i) Mg has no R-isotropic factors and o-(IMy) = M| or
My is the unique R-isotropic factor of o(Mp). In either case, M is a
normal subgroup of oo(My). Now & being R-irreducible as a module
over My, it is R-isotypical as a module over M;. When G is absolutely
simple, ® is absolutely simple over My and absolutely isotypical over
M;; when G is not absolutely simple, My has both factors isotropic
over R so that My = Mj; moreover, & breaks into two simple compo-
nents 8" + 6(K’) and My = M breaks into a corresponding product M
and 6(M()) being conjugate under ¢ and the representations of M, and
6(M;)) on &’ and 6(K’) respectively are irreducible and equivalent un-
der 6. Also M (resp. 8(M)) acts trivially on 6(K") (resp. ). Table II
shows the simple roots of My and M, to which the dominant weight of
the irreducible representations of My and M; on & are connected. (The
diagrams of My and M are realised as sub-diagrams of A in a natural
fashion). Notice that the dominant weight of the representation in ques-
tion are simply the restrictions of the highest root S to the corresponding
maximal tori and this enables one to read off the information contained
in Tables II and III from Table I.

304
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5.19 [NortatioN. g (resp. ) in the table below denotes one of the

dominant weight in &; if there are two, the other is necessarily 6(ug)

(resp. 6(u0). The diagrams of Type A,,, D,, (n odd > 3) and Eg¢ etc. are

taken as represented in Table I. (The table gives one representative from
305 each pair of symmetric situations)].

Table I
Type of G Extended diagram of A N
P
Ay | T PR {a;}2i #n+ 1
\\\\\ 5o
aq (5] Qp—1 Qp
OT___Q .................................... Oj
---------- S {ai, 0(a;)}
AnXAn | ga)  Blaw) B(an_1) O(an)
OT\?- ........... 0(5)_?70 21' ¢ n + 1
D.n Odd [e%} Q2 Tp_2 Qp—1
ns O_QI ....................... {an_l} or {a/n}
n>3 Op an
[e%} Q2 Tp—2 Qp—1
O_(?. ......................
Dn XDn (I)B Qp {a/n—lag(a,n—l)}
n Odd 0(&1) ‘9(&2) 9(0[71_2) e(an—l) or
O—? ....................
n>3 ! 0(an) {an, O(ay)}
O
0(8)
aq (5] (%3 Oy Qs
o T o @) Or ap
Eq |
d)—--—-Oﬂ Or a4 Or a5
Qg
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5.20
ay Qg as Qg Qs
© ? © {a1,0(a1)} or
ExE Q08 {az,6(a)} or
6XLe
Z 0(51) 9(:\12) e(gg) 9(24) 0(35) (@, 6(aa)) o
B(ag) O-——-00(3) {as, O(as)}
5.20

Table II: (G absolutely simple)

Possible diagrams of My Possible diagrams of M
Type as subdiagram of A and as subdiagram of A and
position of ug, 8(1o) position of u, 6(u).
a; Qg @1 Qg1 Qno1l o, (a) Ml - Mo; dlagram as
O —0-+0—0 0—0--0——0 in second column
A,—1 S (b)" ()
~0 o G2 Qi1 i1 o,
a<i<n/2 and 2i #n+1 | |
Ou no
a2 QAp—1 Qp
O_o .................. O_o_? M1 — MO; diagram as in
A,— 11 i
: second column
Ho O
Qp—1
« % Qo — - s
D, ol_ol ............... o_f;/o M, = My; diagram as in
n>3 | second column
O o
Q2 Qa3 Qg Qs
,,,,,,,,,,, O_O
M, = My; diagram as in
E6_ I Qg
, second column
CI)M)

306
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E¢— I

M, = My; diagram is

a o o ap same as in second column.

° Here we use the classifi-

cation of real forms of Eg:

“ if the parabolic group

corresponding to a; is

defined over R, real form

is split*.

() It is shown later that (b) cannot in fact occur.
(}) See for example Tits [20]].

Table III: (G non-absolutely simple)

In this case My = M always.

Type Diagram of My = M and position of u.
ay [ o1 Qip1 Qp—1 Qo
OTO .............. O————Orrereeeen OO erereen 070
"""""""""""""""""""""""""" l<i<n-—2
\3/ 2i #n+1
A A —] 0(az) O(ci1) 0(cit1) 0(an)
n X n H .............. o0——o0 (@ SR o PN O_,Q
\\\\\ - 9(/1,)////
o~
Qo Qn—1 Qp 0((12) e(an)
O_o ........... O ? C O ........... O_?
A~ 11 i i
1 1
1 1
ou o O(p)
9(an,1)
ap Qo Qp-2 fn Blon) o) o_o/o
Dn o_?_o ........ O—?—O ........
1 1
1 1
1 1
Op O 6(u)




5.21 329

ay a3 g Qs 0(az) 0(asz) 0(as) O(as)
E6— I (a7 I. I. Qg
S 61) &
aq a3 ay as  Olar)  B(az) O(as) O(as)
(@] oO———0—0 (e} o———0—O0
Eq-11 () ag
On O 0(p)

5.21 From Tables II and III, it is clear that if My has two R-simple 308
factors, then their absolute types are not the same. It follows that if

M; = My is not R-simple, then it breaks up also over Q into exactly

two factors. We will now treat two cases separately. Case A: Q-rank

M, > 1; Case B: Q-rank M| = 1.

5.22 Case A. Q-rank M| > 1. If M; is R-simple, it is Q-simple. Now
the following result is known (Raghunathan [13]], §3] Theorem 2).

Let @ be an arithmetic subgroup of a Q-simple algebraic group H
of Q-rank > 1. Then for any non-trivial irreducible representation p of
H, H'(®,p) = 0.

It is seen from Tables II and III that M, acts non-trivially on
every simple factor of &. Hence in this case H'(I';, &) = 0. Consider
next the case when M| is not simple. In Tables II and III this corresponds
to A, — I (a) and E¢— II. In the case A, — I, one sees that ] is (over
R) a tensor product p; ® po where p; and p, are faithful R-irreducible
representations of the simple factors of M. Let M; = M| x M. Then
a subgroup I, of I'; of finite index decomposes into a direct product of
the form I'; X', T, ¢ M and I’} ¢ M7 According to Kunneth formula
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for cohomology we then find
H'(T2,p) = H' (T, p1) ® H (T, p2) ® H(T, p1) ® H' (I}, rhos)

and HO(F’Z, p1) = HO(F’Z’, p2) = 0 since p; and p; are nontrivial. Finally,
H\(T}, p) —» H (T, p) is injective since I, has finite index in I';. We
are left with the case E¢— Il now. In the discussion below in 5.23 - 5.24
we will prove the following. In the case of Eg— II, the (unique) simple
component of type A4 has Q-rank at least 2. Once this claim is admitted,
we observe that factor acts non-trivially on & while the other factor of
type A acts trivially on R. We can appeal to the theorem quoted above
(applied to the factor of type A4) and the Kunneth formula to conclude
that H'(T';, &) = 0. Thus in case Q-rank M, > 2, N is I'-rational.

5.23 We introduce some additional notation now; this notation will
be used in the entire sequel. Let U € M; be a maximal unipotent Q-
subgroup. Let U = o !(U;). Evidently, then U/U N T is compact.
Moreover U N I" is a maximal unipotent subgroup of I': in fact if 0
generates with UNI" a unipotent group and X € g is the nilpotent element
such that expX = 6, then X is orthogonal to f w.r.t. (,) and hence
belongs to 1 so that exp X = 6 € N; it follows that o7(f) € U; so that
6 e UNT. Let U* be a maximal unipotent subgroup of G containing U.
Let y € T be an element such that yU*y~! N U* = {e}. For a subgroup
H of G, let H= = yHy™!. Then clearly U~/U~ NT is compact. Since
No/No N T' — G/I' is proper, No N U™ N T is a lattice in No N U~
Let Uy = o(No N U™). Then Uj is defined over Q. Now from the
structure of parabolic subgroups and our choice of y one deduces easily
that dim U] = dim Uy;. Thus U7 is also a maximal unipotent subgroup
of My. Let Py (resp. Py) be the normaliser of U (resp. U7) in o-(Mo).
Then Py and P are easily seen to be opposed to each other. Choosing
M so that it normalises F and F~, we can also choose T (cf. to
normalise U and U™ and to have all roots is u positive. We assume such
a choice made; then the parabolic subgroup P; can be described as the
maximal parabolic subgroup of My associated to certain roots in the
diagrams of My and as indicated below:
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5.24 We use the notation of Tables II and III.
Table IV

(A). G absolutely simple.
Type of (G, Mp) | Roots defining the parabolic P

An_ I Xyt 1-i
A,— 11 ay
D, Ap-1
E6— 1 a5
E¢— 11 ay
(B) G non-absolutely simple
Type of G Roots associated to Py
Ay xA,—1 (@ns1-is O@ny1-i)
An X An_ I (ana 9((1”))
D, X D, (@n-1,0an-1))
Ee X Eg—1 (a5, 0(as))
E¢ X Eg - 11 (a4, 0(ay))

Table IV shows immediately—since U; C M;—that the possibility (b) 310

in A, — I, Table II, is ruled out. Also, in the case of E¢— II, this shows
that the R-simple component of type A4 in My does occur in M| as an
isotropic factor. Moreover, the parabolic group P; in this case is non-
symmetric. It follows that this component of M; (and hence M; itself)
cannot have Q-rank 1 in this case. (This was what was claimed in @.22)
Symmetry arguments show that M; can have Q-rank 1 only in the fol-

(1) A3r_1— Li=r. (1’) A3r_1 XA3r_1— Li=r.
lowing cases: (2) Ap—1I 2)) Ay xA-1I

3) E¢—11 (3") E¢Xx Eg— 1L

5.25 We shall consider now the cases (A3,_1— I, i = r) and (A3,_; X
A3z,_1, 1 = r) with r > 2. In the case (A3,_;— I, i = r) since the maximal
parabolic subgroups corresponding to the roots a, and a», are defined
over R, the classification of R-simple groups of Type A,, show that over
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R both factors of My are isotropic except when » = 2 and G is not
quasi-split over R (see for instance Tits [20]).

As already shown, in the non-absolutely simple case A, X A,— I,
n > 2, My has two factors both isotropic over R. Moreover, as remarked
earlier again, these factors do not have isomorphic absolutely simple
components. Thus My = M decomposes over Q into two factors M{, X
M{ both of which are isotropic over R. The group I'; decomposes—
upto fintie index-into a product and since the representation on & is a
tensor product of non-trivial R-irreducible representations of the factors
M, and M, the Kunneth formula can again be applied to establish that
HY(T,8) = 0.

5.26 The preceding discussion shows that except possibly in the case
of Eg— Il and EgX E¢— 11, if M| has Q-rank 1, G has R-rank exactly 2. In
all these cases we argue as follows: let a (resp. («, 6(«))) be the unique
element (resp. pair) in A determining the parabolic subgroup N in G. Let
a (resp. (@, 6(a))) denote the unique element (resp. pair) equivalent to
a (resp. (@, 6(@))) under the non-trivial symmetry of A. Let A (resp. ")
denote the fundamental weight associated to «a (resp. &). Let w; be the
element in the Weyl group of My which changes the sign of all the roots
of My. A simple computation then shown the following:

wi(d = p) = pand wi6(A — p) = 6(). ((+))

(In fact one has, wi(1) = A4 while w;(u) = 4 — u). Now let T be the
Lie algebra of T and H, (resp. H,) the unique element in T such that
(H,H,) = A(H) (resp. (H, H,) = u(H)). Let H;"l = (Hy + 06(Hy))/2 and
HZ = (Hy, + 6(H,)/2); then ad H and ad H; are semisimple and their
eigen-values are +1 and 0. Further § (resp. &) is the eigen-space of
ad H, (resp. ad H,) corresponding to the eigen-value + 1 (resp. —1). Itis
also easy to verify the following: u (resp. u™) is the span of eigen-spaces
of ad(H}; + H;) corresponding to the eigen-values 1 and 2 (resp. —1 and
—2); moreover, the centre C(resp. €7) of u(resp. u™) is the eigen-space
corresponding to the eigen-value 2 (resp. —2). Let H = H} — H,,. Let B
be the eigen-space of H corresponding to the eigen-value 1. According
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to (x), this eigen-space is conjugate to the parabolic group opposed to
&~ (wrt. T) (note that § and §F~ are not opposed to each other). The
corresponding subgroup V of G. Moreover, it is easy to see that o =
o N~ +mny N Since (Ny N F)/(No N FNT)and (NgNF7)/(No N
F~NT) are compact, V/V NI is compact. It follows that if p denotes
the adjoint representation of P on B and Py = {x € P| detp(x) = =1}
and Py = Po N G, then Py/Py NI — G/T is proper. Also B carries a
Q-structure determined by a lattice .# in B such that the map Py/Py N
I' - GL(0)/GL(#) is proper. Now, by general position argument,
we can find ¢ € T such that oPy~! is opposed to F (as also to F~).
The arguments in [3.4] with minor modifications now show that N is I'-
rational.
This completes the proof of the main theorem.

Appendix I

Al

Let G be a connected algebraic group defined, simple and of rank > 2
over R. Let P be an R-parabolic subgroup of G and U the unipotent
radical of P. Let u be the Lie algebra of U and o : P — GL(u) the
adjoint representation of P on u. Let M be a maximal reductive R-
subgroup of P and M* the product of the maximal R-split central torus
S in M and all the R-isotropic R-simple components of M. Let M be
the identity component of

M} ={xeM*

deto(x) = =1},
and Sy the identity component of
S, ={x € E|deto(x) =1} =SNM;.

With this notation we will prove the following two results.
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A2

Lemma A. Assume that G has no absolutely simple component of type
G2. Then the centraliser of M, in u is contained in the centre of u.

A3

Lemma B. Assume that the absolutely simple components of G are all
of the following types : A, D,, n odd > 3, or E¢. Let P be non-maximal
and ‘non-symmetric’—i.e. P N gUg™! # {e} for any g € G. Then Sy acts
non-trivially and as scalar automorphisms on the centre € of .

A4

Notation. Choose tori RT and T such that S ¢ T ¢ T ¢ M and rT
(resp. T) is maximal R-split (resp. maximal and defined over T) in G.
Introduce compatible orderings on X(T) (= group of characters on T)
and X(1T) (= group of characters on gT). Let ® denote the roots of G
w.r.t. T. For @ € @, let ®(a) denote the root space of « in the Lie algebra
® of G. Let M denote the Lie subalgebra corresponding to M and let
OM) = {a € ®|(§(a) C M}. We assume the order on X(T) so chosen
that for @ € @, if ®(a) C u (= Lie algebra of U), @ > 0. Let A denote
the system of simple roots and A(M) = AN ®(M). Let A’ = A — A(M);
then

@) {05(a)|a/ € A(M)} generate [Mi, M] as a Lie algebra (A(M) is a
simple root system for M) and

(i) uis the linear span of

{Cﬁ(a)|a = Z m(g). with m(yp) > 0 for some ¢ € A’} .
peA
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Let 2p(resp. 2p(M)) denote the sum of the positive roots of G (resp. M).
Then one sees from the definition of o~ that for x € T,

deto(x) = (2p = 2p(M)) (x). (*)

Let 6 be the involution of X(T) defined by complex conjugation; then
0(®) = ©. Further if @ € A is non-trivial on rT, there exists a unique
element & € A such that @ is non-trivial on gT and

o) =a+ ) m(p)p (+%)

@eA

with m(¢) # 0 only if ¢ is trivial on rT; if G is not absolutely simple
6(@) = @. Finally all the elements in A’ are non-trivial on gT and for
a € N, & € A (this is true since P is defined over R). Finally we also
note that since M is defined over R,

O(a) € ®(M) for all @ € D(M); (¢ * )

in particular ®(M) and 6(®(M)) are linear combinations of elements in
A(M). After these preliminary common remarks, we will now first take
up the proof of Lemma Al

A.5 Proof of Lemma [A]

Let € be the centre all u. Suppose now that £ ¢ €. Since M is normal
in M, E is M-stable. On the other hand € is evidently M-stable. Let
E’ be an M-stable supplement to £ N € in E (E’ is in fact unique since
T c M and u is a sum of mutually inequivalent simple T-modules). Let
B’ be the highest root in ® such that (8’) c E’. We then have (for the
natural scalar product on X(7)),

{¢,B) = 0 for all ¢ € A(M) and .
(p.8') = 0 for p € AM") = {a € A|G(er) M} (

(here M = Lie algebra of M). Further, since '(x) = 1 for all x eg
T'={ye T| deto(y) = 1} (C M) we have necessarily

Bl T = p2p — 2p(M))|, T with p > 0.
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If A is any character on T, A + (1) is defined over R so that if y and
v are characters on T which coincide on rT, we have v+6(v) = u+6(u).
Also 6(1) = A if and only if A is defined over R. These considerations
show that

B +6) = q(2p - 2p(M)), q > 0.

Now as is well known we have

2{p, @) ={a,a) for @ € A and } a

2(oM), @) = {a,a) for a € A(M).
It follows that

B +0B),a) =0 for a € AMM)
= Ka,a) fora € A

for a suitable positive number r. Suppose now that (3, @) < 0 for some
«a € A’; then we have
2B, a) = —ka, @)

where k = (8',8')/{a, a); since (8(B"), a)/{a, a) < k{a, a), in this case,
we are led to a contradiction. Thus we necessarily have (combining with
()

2(B',a) > 0 forall @ € A.

Suppose @ € A’ is a root such that 8’ + « is again a root, then we have

B +a,B +ay=(B B+ {a,a)+ 2B, a).

Since B’ is not the highest root, we see that such a root a exists; it follows
that there are necessarily two root lengths. Moreover, if (8’,a) # 0,
B’ +a is atleast thrice as long as the shorter of the roots (@, 8"). Thus since
G has no components of type G, we are led to the following conclusion:
(absolutely) simple components of G are of type B,,, C,, or F4 and

‘@) >0forall @ € A
o } (I1)

=0 fora e AM")UA"
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Now if 8 denotes the highest root, 8 = 8’ + 3, m(p).¢ with m(p) > 0
@eA
so that from [[Ill we deduce that (8,8) > (8’,8’). Thus B is the unique

short root which is a dominant weight. Now since My contains all the
isotropic simple factors of M, one sees that the roots @ € A which are
non-trivial on T are necessarily contained in (AM*) U A’). In partic-
ular if (B',a) > 0 for a € A, is trivial on TT. We now list below the
possible Tits diagrams for G showing also to which simple roots 8 and
B’ are lined. Roots in A which are non-trivial on rT are indicated by
drawing a circle around them. The arrows point towards the short root.

Cask L. G absolutely simple (note that R-rank G > 2). r = R — rankG.

Type Diagram
a; ao . Qr+l Qry2 Qo1 o,
B ?_? ..... o—O0—| | EERRR Iil {a,l|1 < l < r} are
n,r 1 1 Lt
PEY non-trivial on gT
0 a; Qp_1  Qn(-r)
Chr OO0 T = RrT; all roots are
(n=r) 5 I p non-trivial on gT
9 Qp Gz Qa3 Q4 Q2 Qp
| P e i <i<
(n>2r) |54 Ci)/;/ non-trivial on g T
Q2 Qp—2 Qp-1 Qp
C,zl,r I o—E=Do {(12,'|1 <i<r}are
(n=2r) s o o g non-trivial on RT.
a; a3 Q4
o—a—o—o0 _T.
F?, , , rT = T; all roots are
(n=r=4) | | non-trivial on ,T.
p'o o5

Cast II. G non-absolutely simple. In this situation every root of G is
necessarily non-trivial on rT.

The table on p. 315 shows that the short dominant root has always a
non-trivial scalar product with a simple root which is non-trivial on rT,
leading to a contradiction.
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A.6 Proof of Lemma B

The fact that P is non symmetric leads us in the first place immediately
to the conclusion that the (absolutely) simple components of G are of
one of the following types: A,, D, (n odd) or E: these are the groups in
which the Weyl group element that takes all simple roots into negative
roots, is different form x — —x (on the character group of the maximal
torus); this automorphism is in fact of the form @ — —7(a), where 7 is
the unique non-trivial symmetry of the Dynkin diagram of each simple
factor. The subset A’ corresponding to the parabolic group, one now
observes, must necessarily be not stable under 7. Since P is defined
over R, « is non-trivial on gT for all @ € A’ and for @« € A/, & €
A’. Finally since P is non-maximal, there exist a pair @, @, € A’ such
that @ # &». The torus S is precisely the identity component of the

intersection RT () kera. Now it is easy from the description of u as
aeA-N
a sum of root spaces of ® that the centre € of utis in fact an R-irreducible

M-module. Since S is R-split and central in M, S acts as scalars on €
(Schur’s lemma). Finally if g is a highest root of ®, ®(5) C u. In view
of our remarks in[A.4] (in particular [()] and [+ * *)) Lemma Bl reduces to
the following assertion:

The set of roots (A—A")U{B, 20—2p(M)} restricted to rT are linearly
independent. Equivalently,

A—N U{B+0(B),2p)

are linearly independent in X(T) (note that for @ € A — A" = AM), 6(«@)
is again a linear combination of elements in A(M)). From of [A4]
we see immediately that if

B=) i)y
IS
317 and

0B) = ) ),

@eA
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then p(p) = p(p) for all ¢ which are non-trivial on rT, in particular for
p e N. Now, let
B+0B) = rg)-¢

peA

and

2p = Z q() - .

Qe

We have to show then that there exist ¢, ¢ € A’ such that r(¢1)/r(¢2) #
q(¢1)/q(p2). Let Ag be the set of elements of A which are trivial on gT.
Let x be the Weyl group element of the corresponding root system @
(associated to Ag) which takes all of Ag into negative roots. For @ € Ay,
let & = —«k(a@). Then — @ is an automorphism of the diagram of A; this
automorphism of A cannot be the same as 7 since A’ is stable under it.
It follows that in the absolutely simple case @ = & for @ € A; in the non-
absolutely simple case A breaks into two components and 6 exchanges
the two. One sees immediately from this that for all ¢ € A’, we have
p(@) = p(p). The problem reduces once again to show that there exist
@1,2 € A’ such that p(g1)/p(g2) is not equal to q(¢1)/q(p2). This
can be seen immediately from the following table. (The first three are
absolutely simple and the last three are not).

Type Diagram of G pi = play), pi = p(Bi) qi = q(@), q; = 9(B)
A, o oaten | pi=1 g =in—i+1)
D, Qp—1 pi=2forl <i<n-1 qi =i2n—i-1)
a1 Qg Qp_3 . .
n odd 0——0-onn << =lfori=1,n-1 I<i<n-1
n>3 An orn Gu-1 =qu =n(n—1)/2
a1 Qg Q3 Q4 = = 16,
E pr=ps=Lp=p= [NZTD7 02
6 =2,py=3 92 = g4 =
Pe =% gy =21, gs = 11
a1 g Qp-1 Qp
A, B 62_"_@771 Bu\pi = p=1 gi=q=in—-i+1)
0(a;) = B;
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Qp—1
oy Qo Qp_3
D, o pi=p,=2forl<i<n-1|gi=¢;=1i2n-i-1)
n odd i =1fori=1,n-1 Gn-1=q_ =qn =
5717 ° n n-1 n
n>3 @_f?...g"_f< ! orn ¢, = n(n—1)/2
0(ci) = B O
Q1 Q3 Q3 4 Qp
Iaﬁ pl:p;=p5:p;=1, ql:q;:qszq's=16,
Es Pr B2 fs Ba Bs |\ py=p)=ps=p,=2 G=q¢ =q=q,=15
5 p6:pé=2,p3=pg:3 q;:q;:QI,qézqull
9(51‘):%‘
318
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319 Let A be aring and B the centre of A. Let M and N be A-modules. Then
a homothesy by an element b € B induces a A-linear map of M in M.
Consequently it induces a map

b : Exti(M,N) — Ext} (M, N).

It is a simple consequence of the definition of the groups Ext that this
defines a structure of a B-module on Extﬁ(M, N) and that this structure
is the same as that obtained by treating an element » € B as the A-
linear homothesy of N. An immediate result of this observation is the
following:

Proposition A.8. Suppose b € B is such that corresponding homoth-
esy of M is trivial while that of N is an automorphism of N; then

Exth (M, N) = 0 for p > 0.

One has only to remark that b is both the zero map and an automor-

phism.
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Corollary A.8. Let k be a field and r (resp. §) a group (resp. a k-Lie
algebra). Let p be an ‘irreducible’ representation of m (resp. §) on a
k-vector space M. Suppose there is a central element x (resp. X) in
(resp. @) such that p(x) # identity (resp. p(X) # 0). Then HP (m,p) = 0
(resp. HP(g,p) = 0) forall p > 0.

By definition H?(T, p) =~ Ext!  (k, M)(resp. HP(g,p) ~ Ext! _ (k, M))

k() k(g)
where k() (resp. k(g)) is the group-algebra (resp. the enveloping alge-

bra) of m (resp. g), and M is considered a k()™ (resp. k(g)”) module
through the trivial action of 7 (resp. g) on k. The element b = x — 1
(resp. = X) is then a central element of A = k() (resp. = k(g)) and the
corollary follows directly from the proposition and Schur’s lemma (note
that p is irreducible).

Corollary A.9. Let 7 (resp. o) be an ‘abelian’ group (resp. Lie algebra)
and p ‘any nontrivial’ irreducible representation of m (resp. g); then
HP(rr,p) = 0 (resp. HP(g,p) = 0) for all p > 0.

This follows from Corollary 1 choosing for x (resp. X) any element
of m (resp. g) such that p(x) # 1 (resp. p(X) # 0).
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SOME ARITHMETICAL DISCRETE
GROUPS IN LOBACEVSKII SPACES

By E.B. VINBERG

Some terminology.

A reflection (in a vector space or in a simply connected Riemannian
space of constant curvature)—a reflection with respect to a hyperplane
(the mirror).

A reflection group—group generated by reflections.

An integral quadratic from—a from

f(x) = Eaijxixj where ajj = aji € Z.

An integral automorphism, or a unit, of the form f—an integral lin-
ear transformation, which preserves this form.

InTRODUCTION. The subject of this report is an application of the
theory of discrete reflection groups to the study of the groups of units of
some indefinite integral quadratic forms.

The basic propositions of Coxeter’s theory of discrete reflection
groups in Euclidean spaces may be transferred without difficulty to
discrete reflection groups in Lobacevskii spaces. This enables us to find
a fundamental polyhedron, generators and defining relations of any such
group.

On the other hand, let f be an integral quadratic form of signature
(n, 1), i.e. equivalent over R to the form

fn(x)=—x(2)+x%+...+x,2l.

Then the group O(f,Z) of units of the form f or, more precisely, its
subgroup of index 2, may be regarded as a discrete group of motions of
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n-dimensional Lobacevskii space. It is known that it has a fundamental
domain of finite volume [2]]. If the group O'(f,Z) contains a reflection
subgroup of finite index, we have the means for defining its fundamental
domain, generators and relations.

An integral quadratic form f(x) = Xa;;x;x; is called unimodular if
det(a;;) = 1. For unimodular forms of signature (n, 1) the following
two cases are possible [6]:

(1) f1isodd; then f is equivalent over Z to f,;

(2) fiseven; then n = 8k + 1 and when 7 is fixed, all such forms are
equivalent over Z.

For the group &'(f,Z) or units of an unimodular integral quadratic
form f of signature (1, 1) we shall prove the two following theorems.

Theorem A. Ifn < 17, the group O(f,Z) contains a reflection subgroup
of finite index.

The fundamental polyhedron of the maximal reflection subgroup of
O(f,Z) will be described explicitly in all these cases.

Theorem B. Ifn > 25, the group O(f,Z) contains no reflection sub-
group of finite index.

For 18 < n < 24 the question is open
A more detailed exposition of these and some other results will ap-

pear in [13], [14]).

1 Discrete reflection groups.

1. Let X" be an n-dimensional simply connected Riemannian space of
constant curvature, i.e. a sphere S, Euclidean space E” or Lobacevskii
space A".

!J. M. Kaplinskaya has proved that the groups O(fis,Z) and O(f9,Z) contain a
reflection subgroup of finite index. On the other hand, it follows from a consideration
communicated to me by M. Kneser, and Theorem below that the group O(fx0.Z)
contains no such subgroup. Thus the group O(f,Z) (where f is such as in the text)
contains a reflection subgroup of finite index if and only if n < 19.
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Let I" be any discrete reflection group (d.r.g.) in the space X". The
mirrors of all reflections belonging to I' decompose X" into I'-equivalent
convex polyhedra, called I'-cells. Each of these cells is a fundamental
domain for I'.

For some I'-cell P, let us denote

P;(i € I)—all (n — 1)-dimensional faces of P,

H;(i € I)—the corresponding hyperplanes,

R;(i € I)—the corresponding reflections.

It is known that

(1) for any pair {P;, P;} of adjacent faces the angle between P; and P;
is of the form l, where n;; € Z;
I’lij
(2) the R; generate I';
(3) the relations
RZ=1, (RR)"i =1

are defining relations for the R;.

It is also known [9, [10] that if P; and P; are not adjacent, then H;
and H; are either parallel, or diverging (in the case X" = A").

Conversely, any convex polyhedron, all the dihedral angles of which
are submultiples of r, is a cell of some d.r.g.

The Coxeter’s diagram X(I') of a d.r.g. T. In the above notation,
2(I') is a graph with vertices v;(i € I) which are joined as follows:

if the vertices v; and v;

are joined

P; and P; are adjacent and the | by an (n;; — 2)-tuple line or by a
angle between them is equal | simple line with index n;;

to 7/n; j
H; and H; are parallel by a thick line or by a simple
line with index oo

H; and H are diverging by a dotted line
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If P; and P; are orthogonal (n;; = 2), v; and v; are not joined.
The cosines matrix cosI" of a d.r.g. I is defined as follows:

Vs
cosI'=|—cos —
I’l,’j

where we put n;; = 1 and cos nl = 1 if n;; is not defined. Evidently the
cosines matrix may be reconstnl;cted after the Coxeter’s diagram.

2. We shall consider now three remarkable classes of d.r.g.

FINITE REFLECTION GROUPS. Such are all the d.r.g. in §” and those
d.r.g. in E" and A", which have a fixed point. The number of generators
of a finite reflection group is called its rank.

It is known that a d.r.g. is finite if and only if its cosines matrix
is positive definite, so the finiteness property of a d.r.g. depends only on
its diagram.

A diagram of a finite reflection group is called an elliptic diagram.
Its rank is by definition the rank of the corresponding group. It is equal
to the number of vertices.

A Coxeter’s diagram is elliptic if and only if all its connected com-
ponents are such. All the connected elliptic diagram are given in Table[Il

ParaBoLic REFLECTION GROUPS. A diagram of a d.r.g. in E”" with a
bounded cell is called a parabolic diagram or rank n. A d.r.g. is said
to be parabolic reflection group of rank n if its diagram is parabolic or
rank n. For example, such is a d.r.g. in A" with a fixed improper point
if it has a bounded cell on an orysphere with center at this point.

A Coxeter’s diagram is parabolic if and only if all its connected com-
ponents are such. Its rank is equal to the number of vertices minus the
number of connected components. All connected parabolic diagrams
are given in Table 2

It is known [1]] that the connected Coxeter’s diagram is parabolic if
and only if the corresponding cosines matrix is degenerate non-negative
definite.

LANNER’S Groups. In the work [3] by Lanner were firstly enumerated
all d.r.g. in A" with simplicial bounded cells. We shall the diagrams of
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these groups the Lanner’s diagrams. They are given in Table Bl Any
d.r.g., whose Coxeter’s diagram is a Lanner’s diagram, will be called a
Lanner’s group.

3. LetI be adrg. in X". It is known that the stable subgroup
I', c T of any point x € X" is generated by reflections. More precisely,
let P be a I'-cell containing x; P;, H; and R;(i € I) are the same as in
(LID. Let us denote by H; the halfspace bounded by H; and containing
P. SoP = (H. If J ={i€l: H; > x}, then I'y is generated by

i€l
the reflections R;, i € J, and P, = (H;. If J ={i €l : H; > x},
i€l
then Iy is generated by the reflections R;, i € J, and P, = (\H; . If
i€J
J={iel: H;> x}, then I is generated by the reflections R;, i € J, and
Py = H; isal-cell
i€J

In the case X" = A" the above assertions hold true for some im-
proper points namely those for which I'y has a bounded fundamental
domain on an orysphere with center at x. Such improper points will be

said to possess the compactness property with respect to I'.

4. Let © be an arbitrary discrete group in X”. We denote by I" the
group generated by all reflections belonging to @. Let P be a I'-cell and
Sym P be the symmetry group of P.

It is trivial that I' is a normal subgroup of ® and that ® is a semi-
direct product

0=TI"H, (1.1)

where H is some subgroup in Sym P.

How to find P? Let us fix a point xo € X" and suppose that for any
r > 0 we can enumerate all reflections in ®, whose mirrors H satisfy
the condition p(xg, H) < r, where p denotes the distance. Then we can
determine P as described below.

SoMEe convenTions. For any hyperplane H, we shall denote by H*
and H~ the halfspaces bounded by H. We shall say that halfspaces H’
and H; are opposite if one of the following cases take place:

(1) H; and H, are crossing and the dihedral angle H; N H, does not
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Vs
d>;
excee 7
(2) Hf D Hyand H, D Hy;
(3) H{ NH; =.

AN ALGORITHM FOR CONSTRUCTING A I'-CELL.
“Firs we consider the stable subgroup Iy of xg in I, i.e. the group
generated by all reflections in ®, whose mirrors contain xg. Let

k
Py ﬂH,-
i

be some ['g-cell, each of the H; being essential. There exists a unique
I'-cell containing xy and contained in Py. This I'-cell we denote by P.
Now we shall construct one by one hyperplanes Hy.1, Hy42, ... and

halfspaces H,_ ,, H,, ... such that

each of the H; being essential. The H; will be ordered by increase of
p(xo, Hy).

Thus rules for constructing H,, and H,, for m > k+ 1 are the follow-
ing.
(1°). H,, is that of two halfspaces bounded by H,,, which contains x.

(2%). If the H; with i < m have been constructed, then H,, is chosen as
the nearest to xo mirror of a reflection belonging to ® for which
the halfspaces H,, and H;" are opposite for all i < m.

The procedure may be finite or infinite.”

In the rule 2° one may consider only those H; for which p(xg, H;) <
,O(XO, Hm)

In the case X" = A" one may take for xy an improper point possess-
ing the compactness property with respect to I'. The Algorithm remains
in force if we replace p(xg, H ydef rxlélII{l p(xo, x) by b(xp, H ydef rxlélII{l b(xo, x),

where b(xp, x) is a positive function satisfying the following conditions:
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(a) for each motion ¢ of space A" leaving x( fixed, there exists such
a number ¢ > 0 that

b(x0, px) = cb(xo, x)
for all x € A™;
(b) x, — xo, x, € A", implies b(xg, x,) — 0.

(Explicit formulas for b(xg, x) and b(xo, H) see in 2.1)).

Finding the Algorithm is not much longer than its formulation. Ob-
viously P ¢ NH; . Tt is sufficient to prove that each of the H; bounds P.
Let m be the smallest index, for which H,, does not bound P, and let x
be the point of H,, nearest to xp. It is easy to prove.

Lemma 1.4. Let {H} be a set of halfspaces, each two of them being
opposite. If xo € NH; and x is the point of Hy, nearest to xo, then
X € ﬁHl.‘. Moreover, x € H;, i # m, implies xo € H,.

Thus x € NH;. From the rule 20 of choosing H,, we can deduce
that neither hyperplane bounding P separates x and xy. Furthermore if
a hyperplane bounding P contains x, then it is one of the hyperplanes
Hy,...,H;. Hence P contains some neighbourhood of x in Py. This is
evidently impossible.

If the procedure by the Algorithm is finite, how to recognize its end?
This problem is of peculiar interest for the case X" = A".

We shall discuss it in 2.4.

2 The Gram matrix of a convex polyhedron in
Lobaéevskii space.

1. A mobeL oF LoBaGEvskii space. Let E™! be an (n + 1)-dimensional
vector space with scalar multiplication of signature (n, 1). We have

(ve E™ : (v,v) <0} = €U (-C),

where € is an open convex cone. Let us denote by P the group of positive
real numbers. Then we identify n-dimensional Lobacevskii space A"
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withC/P in such a way that motions of A" are induced by orthogonal
transformations of E™! preserving €.

If we consider “projective sphere” PS E™!' = (E™!/{0})/P, then by
definition A" ¢ PSE™!. The closure A" of A" in PS E™! is the natural
compactification of A”. Points of A”/A" are called improper points of
A",

We shall denote by r the natural mapping

n:E™ — PSE™.

The distance p(xg, x) between two points xo = m(vp) and x = m(v) of
space A" is defined from the formula

ch p(x’() s X) = _(VO, V), (21)

vo and v being normed in such a way that (v, vg) = (v,v) = —1. For an
improper point xyg = m(vg), (vo, Vo) = 0, the function 6(xp, x) mentioned
in[[.4lmay be also defined from the formula (2.1)), with replacing p by p,
v being normed as above and vy being chosen arbitrarily (so b depends
on the choice of vy).

Any hyperplane of space A" is of the form

H, ={n(x) : xe €, (x,e) =0}

where e € E™!, (e,e) > 0. For xo = n(vg) € A", (vo,vo) = —1, the
distance p(xg, Hy) is defined from the formula

sh p(xo, He) = |(vo, €)l, (2.2)

e being normed in such a way that (e, e) = 1.

For an improper point xy = 7(vg), (vo,vp) = 0, this formula holds
good, if we replace p by b.

Let us suppose (e,e) = (f,f) = 1, f # *e. Then H, and Hy are
crossing (resp. parallel, diverging) if and only if |(e, /)| < 1(resp. =
L,> 1). If (e, f)| < 1, then the angle a(H., Hy) between H, and Hy is
determined from the formula

cos a(H,, Hy) = I(e, f)I.
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If |(e, /)] > 1, then the distance p(H,, Hy) between Hg and H is deter-
mined from the formula

ch p(H,, Hy) = (e, f)I.
For any e € E™! such that (e, ¢) > 0 we put

H, ={n(x): xe €, (x,e) <0}. (2.3)
This is a halfspace bounded by He. The halfspaces H, and HJI are
opposite (see[L.4) if and only if (e, f) < 0.
The reflection with respect to H,, in space A" is induced by orthog-
onal reflection R, in E™!, which is written by the formula

Ry =y 209, (2.4)
(e,e)

2. Let P be a convex polyhedron in A". Suppose that

P= ﬂ H, (2.5)
i€l
each of the H; being essential. Take vectors ¢; € E™!(i € I) such that

H; =H,, (ee)=1.

Then the Gram matrix of the set {e; : i € I} will be called the Gram
matrix of the polyhedron P and will be denoted by G(P).

It is known ([9], [12]]) that if all the dihedral angles of P do not
exceed 7r/2, then H and H are opposite for all i, j(i # j), so all the
non-diagonal elements of G(P) are non-positive.

The polyhedron P will be called non-degenerate, if

(1) the H; have no common point, proper or improper;

(2) there exists no hyperplane, orthogonal to each H;.
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It is easy to see, that these conditions are equivalent to the strict
convexity of the cone

K={veE™ :(v,e;) <Oforallicell.

If P is non-degenerate, then G(P) is a symmetric matrix of signature

(n, 1).

Conversely, one can prove

Theorem 2.2 ([10], [12]]). Let G = (gij) be a symmetric matrix of sig-
nature (n, 1) with

gij =1, g <0G # )).
Then G is the Gram matrix of a convex polyhedron in A" determined
uniquely up to a congruence.

THE CONNECTION BETWEEN THE GRAM MATRIX AND THE COXETER’S DIA-
GrAM. Let P be a cell of ad.r.g. I'in A", and G(P) = (g;;) bet its Gram
matrix. It is clear from the definition of the Coxeter’s diagram X(I") that

if the verticles v; and v; then

of (') are joined

by a m-tuple line gij = —COS -7
by a thick line gij=-1

by a dotted line gij <-—1

(In particular, if v; and v; are not joined, then g;; = 0.)

Thus the Gram matrix can be reconstructed after the Coxeter’s dia-
gram modulo elements corresponding to dotted lines.

If the Coxeter’s diagram contains no dotted lines, then the Gram
matrix coincides with the cosines matrix and is completely determined
by the Coxeter’s diagram.

Note that, if P is bounded, G(P) is always completely determined

by =(I) [17].

3. From now on, we shall deal only with finite polyhedra, i.e. poly-
hedra with a finite number of faces.
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Let P be a convex polyhedron in A”. We shall assume that P is
defined by the formula (2.3) with a finite set 1.

An improper point g of space A" will be called an improper vertex
of P, if g € P and the intersection of P with by orysphere with center in
q is compact.

For an improper point ¢ and a subset M of A" we agree to write
gc Mifge M.

Let F be a proper face or improper vertex of P. We define the subset
b(F) of I as follows:

b(F)={iel:F cCH;}.
Obviously F' is determined by b(F). More generally,
FicF, s b(F]) D b(Fz)

The family of the subsets b(F) describe the combinational structure of
P.

We denote by G = (g;;) the Gram matrix of P and by Gg for any
subset S of /, its principal submatrix formed by elements g;; with i, j €
S.

It is remarkable that, if all the dihedral angles of P do not exceed
m/2, the property of a subset S of / being one of the b(F) depends only
on the matrix Gg. For the formulation of this result we need

SoME DEFINITIONS. A square matrix A is said to be a direct sum of
matrices Aq,...,A; (write: A = A1 ®...® Ay), if A may be reduced to

A 0
the form ( 0 Ak)
transposition of the columns. A matrix A is called indecomposable if it
is not a direct sum of two matrices.

Any matrix may be uniquely represented as a direct sum of inde-
composable matrices, called its indecomposable components.

Let A be a symmetric matrix, all non-diagonal elements of which
are non-positive. We shall say the matrix A is parabolic if all its inde-
composable components are degenerate non-negative definite.

Now we can formulate

by a suitable transposition of the rows and the same
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Theorem 2.3 ([12]]). Let all the dihedral angles of P not exceed n/2.
Then for a subset S of I being the b(F), where F is a k-dimensional
proper face (resp. an improper vertex) of P, it is necessary and sufficient
that Gs be a positive definite matrix of rank n — k (resp. a parabolic
matrix of rank n — 1).

Note that the rank of a parabolic matrix is equal to its order minus
the number of its indecomposable components [1].

In the case when P is a cell of a d.r.g. I', the matrix Gg is positive 334
definite (resp. parabolic) if and only if the corresponding subdiagram
of the Coxeter’s diagram X(I') is elliptic (resp. parabolic) in the sense
of 1.2. The rank of Gy coincides with the rank of the corresponding
subdiagram. If § = b(F), the subgroup I's of I, generated by reflections
R; with i € §, is the stable subgroup of any interior point of F'.

4. A convex polyhedron in A" is of finite volume if and only if it is
the convex hull of a finite number of points, proper or improper.

Lemma 2.4. Let P be a convex polyhedron of finite volume in A". Fur-
ther let P’ be a convex polyhedron with the following properties:

(1) P" C P;

(2) each hyperplane bounding P bounds P’;

(3) all the dihedral angles of P’ do not exceed /2.
Then P’ = P.

It is sufficient to prove that any vertex of P is a vertex of P’. This
follows from Theorem 2.3] because G(P) is by the condition a principal
submatrix of G(P’),

Now we can complement the Algorithm described in[.4l by

A SUFFICIENT CONDITION FOR THE TERMINATION OF THE PROCEDURE BY THE
AvrcoriTaM: “If for some m the polyhedron

m
pim = ﬂ H
i=1
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is of finite volume, then P™ = P.”
Indeed, suppose that there is some H,,;;. Then we may apply the
Lemma above to P and P”*+1 which leads to a contradiction.

5. We need to consider some special types of matrices.

A symmetric matrix with non-positive elements beyond the diago-
nal will be called critical if it is not positive definite but its every proper
principal submatrix is such. It is clear that any critical matrix in inde-
composable.

335 There are two types of critical matrices.

FirsT TYPE: Non-negative definite critical matrices. These are the
same as indecomposable parabolic matrices. The diagonal elements be-
ing equal to 1, a symmetric matrix is a critical matrix of the first type of
and only if it is the Gram matrix of a simplex in E".

Seconp TYPE: Non-definite critical matrices. The diagonal elements
being equal to 1 and the order being > 3, a symmetric matrix is a critical
matrix of the second type if and only if it is Gram matrix of a simplex
in A". This follows from Theorems 2.2l and 23]

Let I' be some d.r.g., and G be the Gram matrix of a I'-cell. The
matrix G is critical in the following three cases:

(1) X(I') is a connected parabolic diagram, i.e. is found in Table 2}
(2) X(I') is a Lanner’s diagram, i.e. is fond in Table 3}
(3) Z() is the diagram o — — — o.

In the first case P is non-negative definite, in two other cases-non-
definite.

6. Let P be a non-degenerate convex polyhedron in A", defined by
means of its Gram matrix G. Under some additional assumptions, we
shall give below a simple criterion for P to have finite volume.

In the notations of we put

P¢ =n(K) c PSE™!.
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This is a convex polyhedron in projective sphere PS E™!. Any k-dimen-
sional face of P is a part of a unique k-dimensional face of P¢. From the
assumption of non-degeneracy of P it follows that P€ is the convex hull
of its vertices. We shall call P¢ the completion of P.

Obviously,

P is bounded & P¢ c A",

P has finite volume & P° C A",

Theorem 2.6. Let G contain no non-definite critical principal subma-
trices. Then P is of finite volume if and only if every indecomposable
parabolic principal submatrix of G is an indecomposable component of
some parabolic principal submatrix of rank n — 1.

Proor oF THE “1¥”’ PART. It is sufficient to show that any vertex of P¢
lies in A". Let g = n(ep), eg € E™', be a vertex of P°, which is not a
proper vertex of P, i.e. does not belong to A”. Put

S ={iel: (e,e;) =0}

Then the matrix Gg is not positive definite and contains a critical prin-
cipal submatrix, say Gr(T C S). By our assumptions Gr is parabolic
and is a component of a parabolic principal submatrix of rank n — 1, say
Gs(S o T). By Theorem 23l § = b(§) where § is an improper vertex
of P.

Let us consider the face

F={nv):veK (v,e;)) =0VieT}

of P°. Evidently F 3 ¢, g. If F # g, then FF N A" is a proper face of P,
and Gr is positive definite, which is not true. Hence

F=g§=qgeA"

PRrOOF OF THE ““ONLY IF”’ PART. Let P be of finite volume, and let S
be a subset of I such that Gg is an indecomposable parabolic matrix. If
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is known [1]] that the rows of G obey a linear dependence with positive
coefficients a;,i € S. Put

ey = Z a;e;.

ieS

Then (eg,ep) = 0 and e € K. Further ¢y # 0, or else (v,¢;) = 0 for
all v € K, i € §, which is impossible. Hence g = m(ep) is an improper
vertex of P.

By Theorem 2.3 Gy is a parabolic matrix of rank n — 1. On the
other hand, it is clear from the definition of ¢ that S C b(g). Hence Gg
is a component of Gyyg).

THE SPECIALIZATION TO THE CASE, WHERE P 1s A I'-ckLL. Let I be a
d.r.g. in A" and P be its cell. Suppose that P is non-degenerate. Then
the theorem above may be formulated in terms of the Coxeter’s diagram
2(T) as follows.

Theorem 2.6 Bis. Ler X(I') contain no dotted lines and Lanner’s sub-
diagrams. Then P is of finite volume if and only if every connected

337 parabolic subdiagram of X(I) is a connected component of some para-
bolic subdiagram of rank n — 1.

3 The groups of units of unimodular integral
quadratic forms of signature (n, 1).

I. Let f(x) = Za;;x;x; be a non-degenerate integral quadratic form of
signature (p,q). Then in the pseudo-euclidean space EP*Y there exists
such a basis {u;} that (u;, u;) = a;;. The group L generated by the u; is a
lattice in E79. We shall call L the lattice corresponding to the form f.

The group O(f,Z) of integral automorphisms of the form f is nat-
urally identified with the group (L) of orthogonal transformations of
EP4 preserving L.

Let e be a primitive non-isotropic vector of L. The reflection R,
defined by the formula (2.4)) preserves L if and only if f (e)|2(v, e) for all
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v € L. If f is unimodular, this is equivalent to the condition |f(e)| = 1 or
2.

2. From now on,
n

fx) = Z a;jXiX;
i,j=0
is a unimodular integral quadratic form of signature (n, 1) and L is the
corresponding lattice in the space E™!. By definition, L has a basis
{ug,uy, ..., u,} for which

(uj,uj) = ajj.

We have
OL) ={1,-1} x O,

where O is the subgroup consisting of transformations preserving € (see
2.1). The group ® may be considered as a discrete group of motions of
Lobacevskii space A”. It is known [2] that its fundamental domain is of
finite volume and may be chosen as a finite polyhedron.

Reflection (in the sense of Lobacevskii geometry) belonging to ©
are exactly the reflections Rg, where e runs over all the primitive vectors
of L satisfying the condition

f(e)=1or2. (3.1)

We have a decomposition (IT) for @. To determine a I'-cell P one
may use the Algorithm described in[[.4l Let ey, ey, . .. be such primitive
vectors of L that

H; =H,

(see (2.3)). Then the ¢; are solutions of (3.I) such that (vg, ¢;) < 0.
Thus by the Algorithm we have to look for solutions of the Diophan-
tine equation (3.I) such that

(vp,e) < 0.
These solutions must be ordered by increase of the value

_ (v,

Q="
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(see2.2). A solution e is included in the sequence {ey, e;, ...} if and only
if it satisfies the condition
(e,e;)) <0

for all terms e; of this sequence which have been already constructed.

The vector vo may be chosen arbitrarily in €/{0}. The first vectors
ey, e, ..., e of the sequence {e, ey, ...} are chosen in such a way that
the cone

Ko={veE" :(v,e,)y<Ofori=1,... k}

be a cell for the group I'y generated by all reflections Ry € ® with
(vo,e) = 0.

To recognize the end of the procedure we may use the sufficient
condition given in[2.4] combining it with Theorem 2.6 bis.

It is easy to show that the following three conditions are equivalent:

(1) [B:T]<ow
(2) the sequence {ey, ey, ...} is finite;

(3) for some m the volume of P™ is finite.

3. First we shall consider the case, when f is odd. One may assume
that

f(x)=—x%+x%+...+x%

(see the introduction).
Take vo = ugp. Then I'y consists of all transpositions of uy,...,u,
combined with multiplications by +1. One may put
n
KO:{v:Zx,-u,-:ul >u >...2u, >0}
i=0
Hence
ei=—-u+u(i=1,....,n—-1), e, = —u,.

The following terms of the sequence {ey, €3, . ..} must be of the form

n
e = Y x;u; where
i=0

X0>0, x12x0>...2x,20,
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x%+...+x%:x§+e, e=1or2.

2
X,
They must be ordered by increase of =,
€
For n < 17 the procedure is finite. The vectors e¢; with i > n are
given in the following table

. . X
i e € for which n —
€
up +up + Uy 1 n=2 1
n+1
Up +up + Uy + u3 2 nz3 0,5
3 =
ni2 Ug + Uy + ...+ up 1 n=10 9
Bug +up + ...+ up 2 n=11 4,5
Aug +2uy +uy + ...+ U 1 n=14 16
n+3
Aug +2uy + ur + ...+ uUgs 2 n>15 8
Aug +uy + ...+ up 1 n=17 16
n+4 Oug +2(uy + ...+ u7)+
o p ) I n=16 36
6ug +2(uy + ...+ u7)+
n+s o 2 k) 2 n=17 18

The corresponding Coxeter’s diagram are given in Table ElA. They
all satisfy the conditions of Theorem [2.6] bis.

In each of these case, the group H in the decomposition (L)) coin-
cides with the group Sym P ~ X(I'). This follows from the following
facts, which are seen immediately:

(1) any symmetry of X(I') induces a permutation of ey,...,e, pre-
serving the lengths;

(2) ey,...,e, generate L.

4. In the case, where f is even (and hence n = 8k + 1) we shall deal
otherwise.

For n = 9 and 17 we consider two diagrams of Table dB. Denote
them by X’ and X”. The corresponding cosines matrix we denote by G’
and G” respectively.

We see immediately that

340
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(1) ¥ and X" are not elliptic or parabolic diagrams;
(2) they contain elliptic subdiagrams of rank 8 and 16 respectively;
(3) det G” =0.

Hence G’ and G” are of signature (8, 1) and (16, 1) respectively. By
Theorem they are the Gram matrices of convex polyhedra P’ ¢ A°
and P” c A respectively.

The diagrams ¥’ and X satisfy the conditions of Theorem [2.6] bis.
Hence P’ and P” are of finite volume. By means of Theorem it is
easy to show that

(1) P’ is asimplex with a single improper vertex ¢ which is opposite
to the face P’lo;

(2) P” is a pyramid over the direct product of two 8-dimensional sim-
plexes, with an improper apex g; its base is P/.

In each of the two considered cases, we define vectors ey, ..., ¢, €
E™! as in[Z2) but normed in such a way that (e;, ¢;) = 2. Then (e;, ¢;) €
Z for all i, j, Hence the group L generated by ey,..., e, is an integral
lattice in E"™!.

The Gram matrix of the set {ey, ..., ey} is 2G" or 2G” respectively.
A computation shows that

det2G” = det 2G|, = -1,

where G, is G” without the last row and the last column. Therefore
the lattice L is the lattice corresponding to an even unimodular integral
quadratic form f of signature (n, 1).

The group O'(L) is naturally isomorphic to the group of units of the
form f.

Obviously, R., € O(L) fori = 1,...,m. The group I' generated by
R.,,....R,, having a fundamental domain of finite volume in A", is a
subgroup of finite index in &'(L).

Really I is the maximal reflection subgroup in &(L). To prove this
we may apply the Algorithm taking for xy the improper point g defined
above.
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As well as in 3.3, one can show that H = SymX(I'), i.e. H is trivial
forn =9 and H ~ Z/27Z forn = 17.
Thus we have proved Theorem [A] formulated in the introduction.

5. In the rest of this paragraph we shall prove Theorem [Bl formu-
lated in this introduction.

Let f be an odd unimodular integral quadratic form of signature
(n,1) and L be the corresponding lattice in E™!.

Further let fy be an arbitrary unimodular positive definite integral
quadratic form on n — 1 variables and L be the corresponding lattice in
E™L

We agree to denote by the symbol L an orthogonal direct sum of
metric vector spaces or lattices.

Lemma 3.5. There exists an isometric imbedding T : E"™' — E™ such
that
L=1(Ly) L M,

where M is some 2-dimensional lattice.

To prove this, we consider the lattice M’ in E"! corresponding to
the quadratic form

2yoy1 + y3. (3.2)

Obviously the lattice Ly L M’ in E™™! 1 E'! corresponds to an odd
unimodular integral quadratic form of signature (n, 1). In view of the in-
tegral equivalence of all such forms, there exists an isometry 7 : E"~! L
EM — E™! such that 7(Ly L M’) = L. We put 7(M’) = M. Then
I'=1(Ly) L M. g.ed.

Now let us assume that &'(L) contains a reflection subgroups I' of
finite index. Then every improper point of A" possessing the compact-
ness property with respect to &'(L) (see the definition in 1.3) possesses
this property with respect to I

On the other hand, it is well known (and it is easy to show) that an
improper point x of A" possesses the compactness property with respect
to O(L) if and only if it is of the form x = 7n(v) where v € L.

In the notations of the lemma above, take for v any isotropic vector
of M. It follows from the compactness property of the point x = m(v)

342
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that there exists such reflections R, , ..., R,, € O(L) leaving v fixed, that
the rank of the Gram matrix of the set {e},...,e;} isequal ton — 1. We

may suppose that the e; are primitive vectors of L. Then f(e;) = 1 or 2.

Since (v,e;) = 0, it follows that e; = 7(e}) + c;v, where e; € Lo,
¢; € Qand (el’.,e;.) = (ej,e;) for all i, j. In particular fy(e}) = 1 or 2.
Furthermore the Gram matrix of {e, ..., e,’c} being of rank n — 1, the €]
generate a sublattice of finite index in L.

A DEFINITION. Let fy be a unimodular positive definite integral quadratic
form and Ly be the corresponding lattice. We shall call fy a reflection
form if the vectors e € Ly, for which fy(e) = 1 or 2, generate a sublattice
of finite index in Ly.

In these terms, we have proved

Theorem 3.5. If the group of units of an odd unimodular integral
quadratic form of signature (n, 1) contains a reflections subgroup of fi-
nite index, then every unimodular positive definite integral quadratic
form on n — 1 variables is a reflection form.

Corollary. Every unimodular positive definite integral quadratic form
on < 16 variables is a reflection form.

(Of course, this may be deduced from the classification of such
forms due to M. Kneser [4]].)

6. Theorem [3.3]has an analogue in the theory of even forms.

Theorem 3.6. If the group of units of an even unimodular integral
quadratic form of signature (n, 1) contains a reflection subgroup of finite
index, then every even unimodular positive definite integral quadratic
form on n — 1 variables is a reflection form.

The proof is the same as the one of Theorem [3.3] replacing the form
by 2yoyi.

7. Tt is known [3] that there exists as even unimodular positive def-
inite integral quadratic form on 24 variables, which does not represent
2. Therefore for n > 25 the group of units of any unimodular integral



quadratic form of signature (n, 1) contains no reflection subgroups of

finite index. g.e.d.
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Table 1: Connected elliptic diagrams. (Lower index is equal to the

rank)

An,n>1
B,orC,,n>2

D,,n>4

E,,n=6,7,8
Fy

G(Zm), m>5
Hj

Hy

o0—Q— ... —0—0
O—O0—...—0=0
O

—

0—o—... —0<_

O—O—OT ...—0—0

O
O—O0=0—0
m
o—O
O0=0—0

Table 2: Connected parabolic diagrams. (Lower index is equal to

the rank)
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oO—0—0—0—0—0—0
£ b
o—0—0—0—1—00—0—0—0
By s
Fy 0—0=0—0—0
G2 O0=0—0

345
Table 3: Lanner’s diagrams. (n denotes the rank)
o i o)
n=2. , 1 n 1 n 1 <1
ka\ /s k| ky ks
o]
n=3 o5 _o=o0—o0 ?:? ?z?
0—o0 0—o0
D B
0=0—0=0 O0=0 O0=0
1]
o
EO/ O0=0
~o
n=4 o o _o0—o0=0
0=0—0—0=0 0=0
0=0—0—0=0 o/ \o
o \0
N
o=o0 o\o
346
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Table 4: The diagrams of the maximal reflection subgroups of the
groups of units of unimodular integral quadratic forms of signature
(n, 1), n < 17. (The enumeration of vertices corresponds to the one
in the text.)

A. Odd Forms.
2<n<17. 1 23 1234 1234

O=Qe=0O O—O0=0=0 O0—O0—0=0

s 123 -1
0—0—0—...—0=0 5<n<9
456 78 91012 |
O0—O0—O0—0—O0—O0=O0==0 on—+1
1 12345678 9101113
4 5 6 7 8 9 10 11 12 O0—0—0—0—0—0—0—0—0—0=0=0=0
—o—o—o—o—o—o—o—c|> =o0 <|) 12
°14 1234567 8 910111213
O—O—(l)—O—O—O—O—O—O—O—(l)—O =0
014 015

£9€
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17o—<|>11
0—0—0—0—0—0—0
4 56 7 8 910

2 1181514 1312
3<|>—016

O0—0—0—0—0—0—0

o
0—0—0—0—0—0—0

=0—0

16 o—<|>11

1 1714 13 12
o

o=

2
]
30—o15

4 56 7 8 910

9,17.

B. Even Forms. n

QUADRATIC FORMS OF SIGNATURE (N, 1).

12345617 810
0—0—0—0—0—0—0—0—0
Lo

o
—~ O
— |
—~O 00
~lo—
lﬁ_u|o
27
Jo
i |
ol
Qo
~ |
I~y
i
0 o
7+
°9
1
<t o

| (e)]
Mmo—o
~o
—d
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