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INTERNATIONAL COLLOQUIUM
ON AUTOMORPHIC FORMS
REPRESENTATION THEORY

AND ARITHMETIC

BOMBAY, 8-15 January 1979

REPORT

AN INTERNATIONAL CoLroQuiuM on Automorphic forms, Representation
theory and Arithmetic was held at the Tata Institute of Fundamental
Research, Bombay, from 8 to 15 January 1979. The purpose of the
Colloquium was to discuss recent achievements in the theory of auto-
morphic forms of one and several variables, representation theory with
special reference to the interplay between these and number theory, e.g.
arithmetic automorphic forms, Hecke theory, Representation of GL, and
GL,, in general, class fields, L-functions, p-adic automorphic forms and
p-adic L-functions.

The Colloquium was jointly sponsored by the International Mathe-
matical Union and the Tata Institute of Fundamental Research, and was
financially supported by them and the Sir Dorabji Tata Trust.

An Organizing Committee consisting of Professors P. Deligne, M.
Kneser, M.S. Narasimhan, S. Raghavan, M.S. Raghunathan and C.S. Se-
shadri was in charge of the scientific programme. Professors P. Deligne
and M. Kneser acted as representatives of the International Mathemati-
cal Union on the Organising Committee.

The following mathematicians gave invited addresses at the Collo-
quium: W. Casselman, P. Deligne, S. Gelbart, G. Harder, K. Iwasawa,
H. Jacquet, N.M. Katz, I. Piatetski-Shapiro, S. Raghavan, T. Shintani,
H.M. Stark and D. Zagier.

Professor R. Howe was unable to attend the Colloquium but has sent
a paper for publication in the Proceedings.



6 Report

Professors A. Borel and M. Kneser who accepted our invitation,
were unable to attend the Colloquium.

The invited lectures were of fifty minutes’ duration. These were
followed by discussions. In addition to the programme of invited ad-
dresses, there were expository and survey lectures by some invited speak-
ers giving more details of their work. Besides the mathematicians at the
Tata Institute, there were also mathematicians from other universities in
India who were invitees to the Colloquium.

The social programme during the Colloquium included a Tea Party
on 8 January; a programme of Western music on 9 January; a pro-
gramme of Instrumental music on 10 January; a dinner at the Institute to
meet the members of the School of Mathematics on 11 January; a per-
formance of classical Indian Dances (Bharata Natyam) on 12 January;
a visit to Elephanta on 13 January; a programme of Vocal music on 13
January and a dinner at the Institute on 14 January.
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ON SHIMURA’S CORRESPONDENCE FOR
MODULAR FORMS OF HALF-INTEGRAL
WEIGHT"

By S. Gelbart and I. Piatetski-Shapiro

Introduction

G. Shimura has shown how to attach to each holomorphic cusp form of
half-integral weight a modular form of even integral weight. More pre-
cisely, suppose f(z) is a cusp form of weight k/2, level N, and character
X- Suppose also that f is an eigenfunction of all the Hecke operators
T]i\;(pz), say T(p?)f = wpf. If k > 5, then the L-function

DA~ = [T (1= wpp™ +x(pp® 22
n=1

p<oo

is the Mellin transform of a modular cusp form of weight £ — 1, level
N/2, and character )(2. for further details, see [[Shim| or [Niwal.

Our purpose in this paper is to establish a Shimura correspondence
for any (not necessarily holomorphic) cusp form of half-integral weight
defined over a global field F'(not necessarily Q). Our approach is similar
to Shimura’s in that we use L-functions. Out point of view is new in that
we use the theory of group representations.

ITalk presented by S.G.



2 S. Gelbart and I. Piatetski-Shapiro

Roughly speaking, suppose 7 = Q) 7, is an automorphic cuspidal

v
representation of the metaplectic group which doesn’t factor through
GL,. Then we introduce an L-factor L(s,7,) for each v and we prove
that the L-function

Lis,m = | | Lis, %)

belongs to an automorphic representation of GLy(Ar) in the sense of
[Jacquet-Langlands|]. Since we characterize those © which correspond
to cuspidal (as opposed to just automorphic) representations of GL,(Ar)
we refine as well as generalize Shimura’s results.

Let us now describe our correspondence in more detail. Suppose
7 is an automorphic cuspidal representation of the metaplectic group.
Since 7 is determined by its local components 7,, we want to describe
its “Shimura image” S (7) in purely local terms. Thus we construct a
local correspondence

S:m, -,

by “squaring” the representation 7,; if 7, is an induced representation,
this means squaring the characters of F;; which parametrize 7,. In gen-
eral, this process of “squaring” tends to smooth out representations, as
we shall now explain.

Suppose we consider the theta-representations of the metaplectic
group. These representations generalize the classical modular forms of
half-integral weight given by the theta-series

(o8]

02) = Y. x(me™:

n=—oo

where y is an (even) Dirichlet character of Z. Since these representa-
tions arise by pasting together a grossencharacter y of F with the “even
or odd” part of the canonical metaplectic representation constructed in
[Weil], we denote these representations by r, and call them Weil repre-
sentations. Locally, r,, is supercuspidal when y,(—1) = —1. Almost ev-
erywhere, however, y,(-1) = 1, r,, is the class 1 quotient of a reducible
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principal series representation at s = 1/2, and the global representation
= Q.
v

is “distinguished” from several different points of view. Most signifi-
cantly, these r, exhaust the automorphic forms of half-integral weight
which are determined by just one Fourier coefficient; this is the principal
result of [Ge PS2]|.

Now if 7, is an even Weil representation r,, (i.e. x,(=1) = 1), its
Shimura image will be the one-dimensional representation y,, of GL,(F,),
whereas if 7, is an “odd” Weil representation, S () will be the special
representation Sp(y,); cf. §Zl The Shimura correspondence thus takes
cuspidal r, to automorphic representations of GL(2) which almost ev-
erywhere are one-dimensional and hence not cuspidal. The main result
of this paper, however, guarantees that these representations are the only
cuspidal 7 which map to non-cuspidal automorphic forms of GL(2).
This explains the restriction £ > 5 in [Shim] and ultimately resolves
“Open question (C)” of that paper; cf. §16

We mention also that the cuspidal representations r, contradict the
Ramanujan-Petersson conjecture, in complete analogy to the counter-
examples of [Ho PS|| for Sp(4). In particular, the L-function we attach
to a supercuspidal component r,, can have a pole; cf. §6l Thus these 4
representations r, distinguish themselves in yet another way, and the
regularizing nature of the local correspondence S evidence itself (by
“lifting” a supercuspidal representation to a non-supercuspidal one).

For a leisurely account of how classical modular forms of half-
integral weight can be defined as representations of Weil’s metaplectic
group the reader is referred to [Ge]]. Most of the results described in the
present paper were first announced in [Ge PSJ.

We note Chapter [l is purely local: after describing the local meta-
plectic group, and the notion of Whittaker models for its irreducible
admissible representations, we introduce L and e factors and describe
the local Shimura correspondence. In Chapters [l and [IIl we piece to-
gether these notions to obtain a global correspondence. In the process
of doing so, we develop a Jacquet-Langlands theory for the metaplectic
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group. Details and related results are to be found in [Gel], [[Ge HPSI], and
[Ge PS2]. The principal contribution of the present paper is the proof of
the global Shimura correspondence in Chapter [IIl

It is with pleasure that we acknowledge our indebtedness to G. Shi-
mura and R. P. Langlands. Shimura had already suggested the possi-
bility of a representation-theoretic and adelic approach to his results in
[Shim]. On the other hand, the concrete suggestions and inspiration of
Langlands first brought one of us close to the metaplectic group and
got this project started. Langlands also suggested how the Selberg trace
formula could be used to obtain (and in fact go beyond) our present re-
sults; this suggestion has just recently been developed by Flicker, whose
results—improvements of our own—will appear in a forthcoming paper
[Flicker].

Chapter I. Local Theory

Throughout this Chapter F will denote a local field of characteristic
not equal to two. By Z, we shall denote the group of square roots of
unity.

1 The Metaplectic Group

1.1 Let H*(SLy(F).Z>) denote the two-dimensional continuous coho-
mology group of SL,(F) with coefficients in Z,. From [Weil] and [Moore]
it follows that if F # C, H*(SLy(F), Z) = Z».

If F =C,let EQ(F) denote the group SLo(F) X Z,. If F # C, let
S_LZ(F ) denote the non-trivial central extension of SLy(F) by Z, deter-
mined by the non-trivial element of H*(SLy(F), Z»).

In all cases, we have an exact sequence of topological groups

1 = Z» — SLa(F) — SLy(F) - 1.

1.2 We want to extend Weil’s metaplectic group to GL,. To do this,
we use the fact that any automorphism of SLy(F) lifts uniquely to an
automorphism of S L, (F).
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Let D denote the group

ool er)

Each element of D operates on SL,(F) by conjugation, hence lifts to an
automorphism of S L. If G denotes the resulting semi-direct product of
D and SL;,(F), we obtain an exact sequences of locally compact groups

152, —» G — GLy(F) > 1. (1.2.1)

Note G is a non-trivial extension of GL,(F ) unless F' = C.

1.3 The sequence (I.2.1) splits over the following subgroups of GL,(F):

el oo
oef e
o~ fp Yae

and (if F is non-archimedean, of odd residual characteristic, and O is
the ring of integers of F),

K = GL,(Op).

_If H is any subgroup of GL,(F), let H denote its full inverse image
in Gp. If H is such that the sequence @ splits over it, then H is the
direct product of Z, with a subgroup of G which we again denote by H.

1.4 The center of G is

Z =7*%x7,.
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zz{(g g);aew},

the group Z is abelian but not central in G. When convenient, we confuse
Z with the group F*, and Z* with the subgroup (F*)?.

On the other hand, if

1.5 If ¢ : G — W is any function on G, with values in a vector space
W, we say ¢ is genuine (or doesn’t factor through GL,) if

@(g)) = Lp(g), forall geG, (€.

Unless specified otherwise, we henceforth deal only with genuine ob-
jects on Gf.

2 Admissible Representations

2.1 By modifying the definitions in [Jacquet-Langlands|, we can de-
fine, for eac_h local F, the notion of an irreducible admissible represen-
tation 7 of Gf.

2.2 If F is archimedean, we shall assume r is actually irreducible uni-
tary, or perhaps the restriction of such a representation to “smooth” vec-
tors. Since EC = GL,(C) x Z, we shall have little to say about the case
when F is complex.

2.3 Induced Representations. Let B denote the Borel subgroup of
GL,(F). Although B is not abelian, it contains a convenient subgroup
of finite index which is abelian, and even “splits” in G. Indeed let By
denote the subgroup of B consisting of matrices ( 0 a ) where a; and a;
have even p-adic order. If F has even residual characteristic we also re-
quire that a; be a square modulo 1 +40F. If F is real we simply require
that a; > 0. In any case, By = By X Z», and the index of By in B is the
index of (F*)? in F~.
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For any pair of quasi-characters u;, up of F*, let uju, denote the
(genuine) character of By/N whose restriction to By/N is given by the
formula

V%) ((Cg 6?2)) = pi(appz(az).

The induced representation

p(u1, 1) = Ind(Gr, Bo, 1142) (2.3.1)

18 admissible and
p(ui, u2) = p(vi,v2)

not only if y; = v, and up = vy, but also if
pr=vii=1.2. (2.3.2)

cf. §2 of [Ge PS2] and §5 of [Gel]. Moreover, p(ui,uz) is irreducible
unless u%p;z(x) = |x|" or [x]~! (or all integral points in the real case). In
any case, the composition series has length at most 2; cf. [Moenl] and
[Ge Sa].

2.4 Classification of Representations If p(ui,u;) is irreducible, we
denote it by 7(u;,u2) and call it a principal series representation. If
o(u1, 1o) is reducible, we let w(uy, (o) denote its unique irreducible sub-
representation. In all cases, w(uj,uy) defines an infinite-dimensional
irreducible admissible representation of Gp. If ,u%,ugz(x) = |x|' we call
m(uy, 1p) a special representation; it is equivalent to the unique quotient
of p(u2, p1).

Suppose (7, V) is any irreducible admissible (genuine) representa-
tion of Gr. Then 7 is automatically infinite-dimensional. If it is not of
the form m(u, o) for some pair (u1, (z), we say « is supercuspidal. If
F is archimedean, no such representations exist. On the other hand, if F
is non-archimedean, 7 is supercuspidal if and only if for every vector v

in V,T,
fi_r(u)v du=0

U
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for some open compact subgroup U of N C Gr; cf. [Gel, §5.

The construction and analysis of such supercuspidal representations
is carried out in [RS]] and [Meister].

From [|Ge]] Section 5, and [Meister]], it follows that:

2.4.1 An irreducible admissible representation 7 is class 1 if and only
if it is of the form m(u, tp) with ,u% and u% unramified and ,u%,ugz(x) * |1,
i.e., 7 is not special.

2.5 Class 1 Representations Suppose F is non-archimedean and of
odd residual characteristic. If 7 is an admissible representation of Gr,
recall 7 is class 1, or spherical, if its restriction to K contains the iden-
tity representation (at least once). If 7 is also irreducible, it can be shown
that 7 then contains the identity representation exactly once; cf. [Gel] and
[Meister]].

In particular, suppose 1x denotes the idempotent of the Hecke alge-
bra of G belonging to the trivial representation of K, i.e.,

1 ifgeK
k(@) =3-1 ifge Kx{-1}
0 if otherwise

Then 7 class 1 implies ﬁ(TK) has non-zero range, and 7 class 1 irre-
ducible implies the range is one-dimensional.

3 Whittaker Models

Fix once and for all a non-trivial additive character ¢ of F.

3.1 Definition Suppose 7 is an irreducible admissible representation
of Gr. By a y-Whittaker model for T we understand a space W(T, ¢)
consisting of continuous functions W(g) on G satisfying the following
properties:
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31 W((51)e) = vW(e);

3.1.2 If F is non-archimedean, W is locally constant, and if F is archi-
medean, W is C%;

3.1.3 The space W(x, ) is invariant under the right action of G, and
the resulting representation in W(, ) is equivalent to 7.

3.2 In [Ge HPS|]] we prove that a y-Whittaker model always exists.
If W(r, ) is unique, we say 7 is distinguished. Note that if 7 is not
genuine, i.e., if 7 defines an ordinary representation of GLy(F), then
is always distinguished: this is the celebrated “uniqueness of Whittaker
models” result of [Jacquet-Langlands|).

In general, if 7 is genuine (as we are assuming it is), it is not dis-
tinguished. To recapture uniqueness, we need to refine our notion of
Whittaker model.

3.3 Let wx denote the central character of w. This is the genuine char-
acter of (F*)>xZ, determined by the formula

2
77(% 6?2) = wa(d)l. (3.3.1)

Let Q(wy) denote the (finite) set of genuine characters of Z whose

- =52 .
restriction to Z agrees with wsx.

3.4 Definition. For each u in Q(aj), let # (w, ¥, 1) denote the space
of continuous functions W(g) on Gr which, in addition to satisfying
conditions B.L.I)-(3.1.3), also satisfy the condition

W(z[41]g) = n@uW(e). for TeZ (B4

In [[Ge HPS]] we prove that such a Whittaker model is unique. More
precisely, there is at most one such model, and for at least one u in
Q(wr), a (Y, w)-Whittaker model always exists.
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3.5 LetQ(n) = Q(r, ) denote the set of u in Q(wy) such that # (7, ¥, u)
exists. This set depends on ¥, but its cardinality does not. Indeed if
A € F*, and y* denotes the character

Y(x) = Y(A), (3.5.1)

then # (%, , u) is mapped isomorphically to # (7, ¥4, u*) via the map

W(g) — W(g) = W([g (1)] g). (3.5.2)

Here u! denotes the character

_ 20\ _{1 0
u”(z)=u((0 1) z(o 1)] (3.5.3)

with the conjugation carried out in G. The existence of the isomorphism
(3.5.2) means that u € QT ) iff u* € Q. y).

3.6 Remark. Q(, ) is a singleton set if and only if 7 is distinguished.
All possible examples of distinguished 7 are described in the next
Section.

4 The Theta-Representations r,

These representations are indexed by characters of F* and treated in
complete detail in [Ge PS2]]. We simply recall their definition and basic
properties.

4.1 In [Weil] there was constructed a genuine admissible representa-
tion of SLy(F). We call this representation the basic Weil representation
and denote it by #/; it depends on the non-trivial additive character v
and splits into two irreducible pieces, one “even”, one “odd”.

If y is an even (resp. odd) character of F*, we can “tensor” y with
the even (resp. odd) piece of r to obtain a representation rX'// of 6;, the
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semi-direct product of SL,(F) with {((1) aoz ) raeF x}. Inducing up to G
produces an irreducible admissible representation which is independent
of ¢ and denoted r,. The restriction of r, to S_Lz(F ) is the direct sum of
a finite number of inequivalent representations, namely

A
" Yaen,

with A an index set for the cosets of (F¥)? in F~.

4.2 Each r, is a distinguished representation of Gp. Inparticular, for
each non-trivial character i of F, let y(i) denote the eighth root of unity
introduced in [Weil|], Section 14.
Then
Q(r/\/’ W) = {Xu¢},

with uy the projective character of F* defined by

Y(¥)
y(¥)
We note that the restriction of u, to (F° )2 is trivial. Moreover, if

¥ has conductor Of, and F is of odd residual characteristic, u, is also
trivial on units.

Hy(a) = “4.2.1)

4.3 When x is unramified, and F has odd residue characteristic, r,
is class 1. More generally, if x is an even character, r, is the unique

irreducible subrepresentation of E(XU 2| |;1/ 4, )(1/ 2| |11¢/ 4).

4.4 If y is an odd character, i.e., y(—1) = —1, then r, is super-cuspidal;
cf. [Gel.

4.5 Having observed that each r, is distinguished, we conjectured that
the family {r, }, exhausts the irreducible admissible distinguished repre-
sentations of G.

When F is non-archimedean and of odd residue characteristic, the
supercuspidal part of this conjecture is established in [Meister]|; the non-

supercuspidal part is treated in [Ge PS2].

11
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5 A Functional Equation of Shimura Type

As always, F is a local field of characteristic not equal to 2 and ¢ is a
fixed non-trivial character of F.

5.1 Suppose 7 is any irreducible admissible representation of G, and
X is any quasi-character of F*. Recall the sets Q(x,y) and Q(ry, )
introduced in (3.3). In general, Q(7, ) = Q(wz). However, Q(ry, ¥) =

Doy }-

To attach an L-factor to 7 and y, we fix some u in Q(r, ) and intro-
duce the zeta-functions

(s, W,W,,®) = fW(g)WX(g)ldet(g)l"'(l)((O.l)g)dg. (5.1.1)
N\G

Here W(g) is any element of #/(m,y,u), W, is any element of
W (re ¥ xp), ® € S(FxF), and s € C. Since W and W, are
genuine, and transform contravariantly under N, their product actually
defines a function on N\G.

Similarly, we define

W(s, W, Wy, @) = f W(@W,(9)ldet gl'w; ' (det g)D((0, 1)g)dg

N\G
(5.1.2)

with

Note that w. is an ordinary character of F* whose restriction to (F )2 is

XWr.
5.2 For Re(s) sufficiently large, and g in GL,(F'), the integrals

IdetglsfCD((O-,f)g)Itlzsw*(t)dt=fs(g) (5.2.1)

Fx
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and

|det gl*w; ' (det g) f (0, Nl w; ' (H) dt = hy(g) (5.2.2)
FX

converge and define elements in the space of the induced representations
p(s —1/2,(1/2 - s)w; ") and p(w; ' (s — 1/2),1/2 — s) respectively. Cf.
[Jall, 14. Moreover, for such s, the integrals defining ¥ and ¥ converge.

F(s, W, Wy, @) = f W(g)Wy(8)f(9)dg (5.23)
NZ\G

and
T W0 = [ Wew s
NZ\G
Modifying the methods of [Jal] we obtain :

Theorem 5.3.  (a) The functions ¥(s, W, W,, ®) and ‘Ff’(s, W, W,, D)
extend meromorphically to C;

(b) There exist Euler factors L(s, 7, x) and Z(s, 7, x) such that for any
W, Wy, ®, y, and p, the functions

VW W ® (s, W, Wy, D)
L(s, 7, x) L(s, 7, x)
are entire;

(c) There is an exponential factor €(s, 7, x, ) such that for all W, W,,
and @ as above,

Y1 -5, W, W,, D)
L(1-s,7.x)

LI[(S’ W’ WX’ (I))
L(s,mx)

= e(s, 7, ¥, ¥) (5.3.1)

with

a(x, y) = ff O(u, vy(uy — vx)dudv.
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5.4 The factor (s, @, y,¥) might depend on the choice of u as well as
. Therefore, to be precise, we should write €(s, 7, y, ¥, p) in place of
€(s, 7, x,¥). However, a straightforward computation shows that

(5,70, x5 1Y) = wr(A D 2D He(s, T, vt ). (5.4.1)

Also, as we shall see, globally €(s, 7, x, ¥, u) is easily seen to be inde-
pendent of both ¢ and u; cf. Remark [13.4

5.5 If we introduce the “gamma factor”

(s, 70, W)L(1 — 5,7, x)
L(s, 7, x)

v(s, T x,4) =
then the functional equation (3.3.1)) takes the simpler form

Y1 = 5, W, Wy, D) = y(5, 7, x, ¥)¥(s, Wy, Wy, D).

6 L and e-Factors

Let T, y and ¢ be as in the last section. In this section we collect together
the values of L(s, 7, x), Z(s, 7, x), and €(s, T, y, ) for most representa-
tions 7. To compute the factors L and L we need to analyze the possible
poles of ¥(s, W, W,, @) and lAlj(s, W, W,, ®). To compute e(s, 7, x, ) we
need to compute the functions ¥ and v explicitly, for judicious choices
of W, W, and ®.

Suppose first that F' is non-archimedean.

6.1 Suppose 7 is a supercuspidal. If 7 is not of the form r, for any
quasi-character v, then

L(s,mx)=1= Z(s, 7, x), forall y.
On the other hand, if 7 = r,, then

L(s, 7, x) = L(2s, xv),

13
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and
L(s, 7, x) = L2s, x v

If yv is unramified,

€25, xv,)es — 1, xyv,Y)L(1 — 25,v" 1y
L2s—1,vy)

E(S, ﬁa/\/’ (//) =

whereas if yv is ramified

e(s,m,x, ) = €28, xv,Y)e(2s — 1, xv, ).

Here, as throughout, the factors L(s,w) and €e(s, w, ) are the fa-
miliar L and € factors attached to each quasi-character w of F*; cf.
[Jacquet-Langlands, pp. 108-109].

6.2 Suppose 7 is of the form 7w(uy, uo) = (i1, o). Then

L(s,T,x) = L(2s = 1/2, tii)L2x = 1/2, 153),

and
L(s,7.x) = L2s = 1/2, 1720 L2s — 1/2,15°) (6.2.1)

If we set s’ = 25 — 1/2, then

€(s, X, 0) = €(s', pix, YIEs' s by ) (6.2.2)

In particular, suppose F is class 1, y(also w) is trivial on units,  has
conductor O, @ is the characteristic function of Or X Op, and W and
W, are normalized Kp-fixed vectors in W(z, , u) and W(r,, zﬁ‘l). Then

{%, Wi, W2, ®) = L(s. 7, ) (6.2.3)

(s, Wi, Wa, D) = L(s,7, x)

and
e(s,mx, ) = 1.

14
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6.3 Suppose 7 is the special representation

7= 7, ), with iy (x) = |xlf, and gy (x) = v(x)lal
Then
L(s, 7, x) = L2s, V),
L(s,7,x) = L(2s,v 2y,
and-if 7(»*) denotes the special representation a2 V2,02 |7V?) of
GLy(F),
(s, T x, ¥) = €(s', 1) ® x, ).

6.4 If 7 is of the form r,, with v(—1) = 1, then

L(s,mm,x) = L2s — 1, xv)L(2s, yv),
L(s, 7, x) = L2s — 1,y v HL2s,x v,

and
e(s,mx, ) =€2s—1,xv,¥) € 2s,xv,¥)

6.5 Suppose now that F is archimedean. Then each 7 occurs as the
subrepresentation of some p(ui,uz), with each u; determined up to a
character of order 2. Let S (7) denote the unique irreducible admissi-
ble representation of GL,(F) which appears as a subrepresentation of

P2, 1), Then

L(s,7,x) = L(5,S (@) ® x),
L(s,7x) = L(s, S@ ® x ),

and
€(s,mx,¥) = €(s, 5 () ® x, ¥),

the L and e factors on the right being those of [Jacquet-Langlands]].
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6.6 Stability Given 7 and ¢, it can be shown that if F is non-archi-
medean, and y is sufficiently highly ramified, the corresponding L and
e-factors stabilize. More precisely, for all y sufficiently highly ramified,

L(s,7,x) = 1 = L(s, 7, x),

and
€(s,, x, W) = €(s, Wy, W) € (s, x,¥) (6.6.1)
In (6.6.1), w; is the character of F* defined by the equation

wr(a) = wr(a®) (6.6.2)

7 A Local Shimura Correspondence

Suppose 7 is an irreducible admissible (genuine) representation of G
and wy s its central character.

7.1 Fixing a non-trivial character i of F, we call an irreducible admis-
sible representation 7 of G a Shimura image of 7 if

7.1.1 the central character w, of & is such that

wr(a) = wr(a®), a € F*;

7.1.2 for any quasi-character y of F*¥,

L(s, 7, x) = L(s, 7 ® x),
L(s,7,x) = L(s, 7@y ),

and
e(s,m,x, ) = €(s,m® x, ¥).

7.2 If the Shimura image of 7 exists, it is unique, and independent of
. We denote it by S ().

16
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7.3 From Section [6] it follows that S (7r) exists whenever 7 is not a
supercuspidal representation (not of the form r,). Indeed in this case,

7 = (1, po) implies S (@) = 7y, 113)-

In particular,

7 = r,(0(=1) = —1) implies (@) = (/| [}/%, V] 1/).
On the other hand, as we shall see, if 7 is supercuspidal (but not of the
form r,) its image S (7) must also be supercuspidal.

7.4 Incase F = R, and 7 corresponds to a discrete series representation
of “lowest weight k/2”, S () corresponds to a discrete series represen-
tation of lowest weight k — 1; cf. [Ge], §4.

7.5 Connections with Shimura’s theory

The fact that S takes 7(uy, i2) to w(u2, ,u%) means (in the non-archi-
medean unramified situation) that eigenvalues for the Hecke algebras are
preserved. See §5.3 of [Gel for a careful analysis of this phenomenon.
Keeping in mind (Z.4)), it follows that our local Shimura correspondence
is consistent with the map defined globally (and classically) in [Shiml.

7.6 Summing up, Shimura’s correspondence operates locally as fol-
lows:

Fs =S
principal series principal series
7y, 12) A, 13)

special representation special rep
Y ) Sp(?)
Weil r, special rep
(=) =-D Sp(v)
Weil r, one-dimensional rep
v-1)=1) y o det
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Note all special representations arise as Shimura images (whereas a
principal series thus arises if it corresponds to even-or squared-characters
of F*); for the supercuspidal representations, see [Flicker] and [Meister].

Chapter II. Global Theory

Throughout this Chapter, F will denote an arbitrary A-field of char-
acteristic not equal to two, A its ring of adeles, and

lﬁ:nwv

a non-trivial character of F'\A.

8 The Metaplectic Group

For each place v of F we defined in §Il a “local” metaplectic group
G, = EFV. Roughly speaking, the adelic metaplectic group G4 is a
product of the local groups G,.

More precisely, recall that if v is non-archimedean and “odd”, G,
splits over K, = GL»(OF,). Thus we can consider the restricted direct
product

G = HGV(KV).

The metaplectic group G4 is obtained by taking the quotient of G by 18
Z, = {1_[ € € l_[ Z; : €, = 1 for all but an even number of v}.
v v

In particular, we can view G, as a group of pairs {(h,{) : h € G4, L €
7>}, with multiplication given by

(h1,&)(ha, £o) = (hihy, B(hy, h2)d102),
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and S8 a product of the local two-cocycles defining G,. The fact that the
exact sequence

]—>Z2—>6A—>GA—>]

splits over the discrete subgroup
Gr = GLy(F)

is equivalent to the quadratic reciprocity law for F; cf. [Weill].

9 Automorphic Representations of Half-Integral
Weight

9.1 Recall that G4 is the quotient of [ G, = (~JA by the subgroup Z.
v

9.2 Suppose that for each place v of F we are given an irreducible
admissible genuine representation (7, V,) of G,. Suppose also that for
almost every finite v, 7, is class 1. Then for almost every v we can
choose a K, -fixed vector e, in V,, and define a restricted tensor product

space
V= (X) V,(ey).
v

The resulting representation of G4 in V given by

7= ® 7 (9.2.1)

v

is trivial on Z, and defines an irreducible admissible representation of
Ga.

Conversely, suppose 7 is an irreducible unitary representation of G 4.
Following step by step the arguments of §9 of [Jacquet-Langlands|] we
can show that 7 must be of the form with each 7, determined
uniquely by 7.
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9.3 Let w denote a character of (A*)? trivial on (F*)2. Proceeding as
in §10 of [Jacquet-Langlands|] we can introduce a space Z(w) of auto-
morphic forms on G,. Each ¢ in A(w) is a genuine C* function on
Gr\G4 which is “slowly increasing” and transforms under the center
(of G ») according to w. The group G acts as expected in A(w) by right
translations.

By Ap(w) we denote the subspace of w-cuspidal functions, those ¢
in Ag(w) such that

(i) the constant term
() = L Mg)ax=o0
()00 g - ()0 0 1 g -
F\A
for each g in Ga;

(i1) the integral

f ()P dg

Z2Gr\Gy
is finite. This space of cusp forms is clearly stable under the action

of G, and each ¢ in Ag(w) is rapidly decreasing.

9.4 An irreducible admissible representation 7 of G is called auto-
morphic (respectively cuspidal) of half-integral weight if it is a con-
stituent of some A(w) (resp. Ag(w)).

10 Fourier Expansions

Suppose ¢ is an automorphic form on G4, and ¥ = ITyy, is a fixed non-
trivial character of F\A.
1 x
?llo 1|8

10.1 Since

19
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is a C* function on F\A for each fixed g, ¢(g) admits a Fourier expan-
sion in terms of the characters of F\A. But each non-trivial character
of F\A is of the form

¥ (x) = ¢ (x) = Y(6x) (10.1.1)
for some & € F*. Thus
90([(1) T] g) = ¢o(g) + 5;‘ WY (@u(ox), (10.1.2)
with
WY () = fso(((l) ’lc) g) v (6x)dx. (10.1.3)
F\A

On the other hand, it is easy to check that

5 5§ 0
Wy (g) = WY ((0 1)g). (10.1.4)
Thus we also have
5§ 0
¢(@) = po(@) + ), Wy ((o 1)g). (10.1.5)
oeF~

In other words—modulo its constant term—¢(g) is completely deter-
mined by its first Fourier coefficient

Wf(g):f¢(((l) )lc)g)tﬁ(—x)dx. (10.1.6)

F\A

We call this function a y-Whittaker function since

W([(l) f] g) — YOW(g), x € A,

Now we must refine this notation to bring into play the local theory of

a3l
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10.2 Suppose m = ®m, is any automorphic representation of half-
integral weight. Suppose in addition that 7 actually occurs as a sub-
representation (as opposed to subquotient) of some A(w), say in the
space Vz. Then w must be the central character wy of 7.

Now let Q(wy) denote the set of (genuine) characters of Zi\Za
whose restriction to Zi agrees with wz. Then each ¢ in V; has a Fourier
expansion of the form

9,
e =g+ > > W (10.2.1)
peQ(wx) OEF*
with
Yo (1 x -1 ~1=
W, (8) = VA o 1)8]¥ G0~ '@dxdz.  (10.2.2)
Zi\\zA F\A
The (i, u) refinement of (I0.1.4) is
5 s([6 0
Wl (g) = Wi ([o 1]g) (10.2.3)
where

-1
u5(2)=u([g ﬂ z[g ?]],zeZA.

Note that for any p,

Wyt (z ((1) )1‘) g) = Y(U@)W(), z€Zs, x€ F. (10.2.4)

10.3 Forany u in Q(wg), let # (w, ¥, i) denote a (i, u)-Whittaker space
for 7 (analogous to the local definition (3.I)); the crucial property of
course is (10.2.4)). Let Q(r, ¢) denote the set of y in Q(wsz) such that
W (7, W, w) exists; if Q(r, ) is a singleton set we call 7 distinguished.
For 7 and ¢ as in (10.2), Wg’“ (g) is clearly non-zero for at least
one u, and therefore % (, y, i) exists for at least one u (i being sup-
posed fixed). If WZ”“ (g) # 0 for exactly one y in Q(wy), we say ¢ is

21
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distinguished. We note that 7 distinguished implies any ¢ in Vz is dis-
tinguished.

Of course if 7 = ®m, is any irreducible admissible representation
of G, we might be inclined to call 7 distinguished if each 7, is dis-
tinguished in the local sense. Fortunately these notions are compatible.
Indeed in [[Ge PS2] we prove that an automorphic subrepresentation
of A is distinguished in the above sense if and only if each 7, is.

If 7 is a distinguished subrepresentation of A(wz) and ¢ € Vi, then

I0.2.3) implies

6 0
o) = polg) = ) Wy* ([O ,

oeF*

g), (10.3.1)

a familiar GL,-type Fourier expansion. In particular, if 7 is cuspidal,
the first Fourier coefficient Wg’ *#(g) completely determines ¢ through

the expansion
@=>w(’ Yo
(p g - , O 1 g ’
OEFY

and we have:

Theorem 10.3.2. Every distinguished cuspidal representation of half-
integral weight occurs exactly once in Ay.

10.4 Let us explain the classical significance of a distinguished cusp
form. Suppose

f@) = ) ame™

is a cusp form of weight k/2, and an eigenfunction for all Hecke op-
erators. Since most of these operators act as the zero map, one can’t
expect their eigenvalues to relate many of the coefficients a(n). In fact,
if T(p*)f = wpf, then w), serves to relate a(f) only to the coefficients
a(tp?); in particular, the first Fourier coefficient does not always deter-
mine f. In other words, there is more than “one orbit” of coefficients.
On the other hand, if f is “distinguished”, i.e., if there is a ¢ such
that a(n) = O unless n = tm? for some m, then f is determined by just



On Shimura’s Correspondence for Modular Forms... 25

one coeflicient (and the knowledge of the w),’s). This is consistent with
(I0.3.1.

Note that in our representation theoretic set-up, our ¢ in Vi is as-
sumed to be an eigenfunction of the Hecke operators. The fact that ¢
is distinguished means exactly that Wé’ # # 0 for exactly “one orbit of
characters”. In particular, the relation (I0.2.3) implies that if § ¢ (F*)?,
then

s, 6 sff6 0O
Wy (8) = Wy *(g) = Wy* ((0 l)g) =0.

In classical terms, if ¢ corresponds to the form f(z), then

1) = Z Z a( (5n2) eZm’énzz
6 n

oo
— Z a<50n2)62m§0n z
n

For more details, see [|Ge PS2] and [Shim)].
Examples of distinguished automorphic representations will now be
described.

11 Theta-Representations

11.1 Suppose xy = [ x, is any character of F*\A*. Since almost every

v
Xv 1s unramified, we can define an irreducible admissible representation
of G4 through the formula

ry = ®er’

where r,, is the local theta-representation described in Section 4

11.2  In[Ge PS2] we show that r, occurs in a subspace of y-automorphic
forms on G4. In particular, r, defines a distinguished automorphic rep-
resentation of half-integral weight.

Our construction

X Ty
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generalizes the classical construction of theta-series associated with
Dirichlet characters. To wit, suppose y : (Z/NZ)* — C is a primitive
Dirichlet character, and y(—1) = 1 say. Then

QX(Z) — Z X(n)eZm'nZZ
n=—oo
defines a “distinguished” modular form of weight %, level 4N?, and char-
acter y.
If y = Iy, is not totally even, i.e., y,(—1) = —1 for at least one v,
then r, is actually cuspidal.

11.3 In [Ge PS|| we conjectured that every distinguished cuspidal rep-
resentation of half-integral weight is of the form r, for some y. In
[Ge PS2] we show that this follows from the Shimura correspondence
established in this paper; cf. §16]

Chapter III. A Generalized Shimura Correspondence

12 A Shimura-Type Zeta Integral

Suppose ® = ®m, is an automorphic cuspidal representation of half-
integral weight and y = []y, is a grossencharacter of F. Having in-
v

troduced L and e factors for each 7, and y,, we want to prove that the
product

L(s, 7)) = | | LG, Fooxe)
v

converges in some half-plane, continues to a meromorphic function in
C, and satisfies a functional equation of the form

L(S, E’X) = (l_[ € (S, 7_TV’XV¢’V)] Z(l -, 7_1-’)()

v

To do this, we have to introduce a zeta-integral of Shimura type that
essentially equals L(s, 7, x).
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12.1 Let Zo(w,—r) denote the space of cusp forms which transform under 24

=2 . — .
Z, according to the character wz, and suppose 7 occurs in the space Vz
in Ag(wy). If ¢ € Vz then

o=y > we ((g ?)g) (12.1.1)

Mu OEF*

Recall that the first summation extends over all characters u’ of Zg \Za

.. =2 .
whose restriction to Z is wx.
Now fix

p=Qu in Q).
v
and fix the embedding Vi so that ng *#(g) # 0. Given by character

x = Iy,

of F*\A~, let i1, denote the unique element of the singleton set Q(r,, Y.
These u, u, determine Whittaker models %/ (m, y, u) and W (r,, ¥, j1).
To define our global analogue of the local zeta functions (s, W, W, @)
we need first to describe some Eisenstein series on GL,(A).

122 IfO =[]0, isin S(A X A), set
v

Fy(g) = F{(g) = Idetglsfq)(((), Nl w.(0d*t, (12.2.1)
FX

with w. the (ordinary) character of F*\A* given by the formula
Wy = Uy = Pxpy — 1

cf. (G.13), 3.2.1), and (3.2.2). The integral in (I2.2.I) converges for

Re(s) > 0 and defines an element

Fs= Hfs,v
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in the induced space p (s - % (% - s) w;l). Moreover, the series

D Fiy) = E@,F,s)
YEBr\GF

converges for Re(s) > 0, and defines an automorphic form on GL;,
the Eisenstein series E(g, F,s); cf. p. 117 of [Jal] (taking u; = as%,
o = a2 w;h).

Remark 12.3. E(g, F, s) extends to a meromorphic function in C with
functional equation

E(g.F®,5) = E(g, F®,1 - 5); (12.2.1)

here, as in the local theory, ® is the twisted Fourier transform a(x, y) =
f O(u, v)y(yu — vx)dudv, with du and dv the self-dual measure on A; cf.

Prop. 19.3 of [Ja]. We also know that the only poles of E(g, F, s) are

simple, and occur for | 27 = w, and | [5* = ;.

12.4 Given 7, ¢, u, x, and F as above, we define our zeta integral by
the equation

(s, 9,0y, F) = f (2)0,(9)E(g, F, s)dg. (12.4.1)
Z2Gp\Ga

Here ¢ € Vz, and

-1 0 0
b (g)= ) W ’“X([O X

oEF*

g) + 6p(g) (12.4.2)

belongs to the space of the automorphic distinguished representation r,.
Since the theta-function 6, is also slowly increasing, and since ¢(g) is
a cusp form, the integral in (12.4.1)) converges in some right half-plane,
and its analytic properties in all of C are reflected by those of E(g, F, s).
In particular, we have:



On Shimura’s Correspondence for Modular Forms... 29

Proposition 12.5. For any choice of ¢, 6, and F :

(1) the function Y*(s, ¢, 0y, F) extends to a meromorphic function in
C with functional equation

U1 = 5,0,0,. F®) = 0" (5.0, 0,, F®). (12.5.1)
(i1) All poles of y* are simple, with residues proportional to

f | det gl*@(g)0,(g)dg. (12.5.2)

Z;Gr\Ga
(iii) ¥* is bounded at infinity in vertical strips of finite width.

Corollary 12.6. If 7 is not of the form r, for any grossencharacter v,
then (s, ¢,0,,V) is actually entire.

Proof. If y*(s, ¢, 6,, F) has a pole, the residue (12.5.2)) is non-zero for
some sg. In other words, the bilinear form on Vi X Vi, defined by

(¢.0,) — f |det g ¢(2)6, (5)dg

Z2Gr\Ga

is not identically zero, and | IX’ ® 7 is equivalent to 7,,. Since 7y ~ r -1,

this contradicts our hypothesis. O

13 An Euler Product Expansion

13.1 To relate L(s,7, x) to ¥*(s, ¢, 6,, F) we need to express " as a
product of local integrals of the form y(s, W,, W, , ®@,). In greater gen-
erality, this Euler product decomposition is sketched in [PS]. To treat
the explicit case at hand, we assume that the “first Fourier coefficients”

26
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Wg’ #(g) and W¥ '+ of ¢(g) and 6, (cf. (IZ11) and (12.4.2)) are of the
form

wyt(e) = | | wie)

and
-1
W (g) = | | Wi o),

with W, € # (T, ¥y, pv) and Wy, (8) € #/ (ry, 1.
Proposition 13.2. With ¢, 6, and F? as above, and Re(s) > 0,

w*(s’ ‘109 0/\/5 F(D) = r[ ‘Il(sa WV? W/\/va (DV)
v

(Recall the local zeta-functions ¥ are defined by (5.1.1)).)
Proof. Replacing E by the series defining it, we have

U (5,0, 0,0 F®) = f ()0, () E(g, F, 5)dg.

Z‘%AGF\GA\A

_ f #(2)8,(8)F®(g)dg

Z‘%_\BF\GAL
Setting B® = ZN = {[ & 2]}, we may write

0,() = Oo() + > W' (bg),
BY\By

W (5.0, 00 F) = f (2)00(2)F 5 ()dg

Z2Br\Ga

+ f PQWY ¥ (g)F,(g)dg (13.2.1)

Z2Bo\Gya
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We claim now that the first term on the right side of (13.2.1) is zero,
i.e., the constant term 6y(g) contributes nothing to *. Indeed 6y(g)F's(g)
is left Ny-invariant, and ¢(g) is a cuspidal.

Thus we have

W (5.0.0,, F) = f (W () (g)dg
Z2BY\Gu
= f[(g)Fs(g)dg (13.2.2)
Bx\Ga
where
I(g) = f (bW ¥ (bg)w (b)db
Z2B\B,

and w* is the character of B, defined by

w*alx_
0 a)

To continue, we compute

2s

al -1
w, (a).

1(g) = f f (b’ b)WY X (b bg)w* (bb')db' | db

0 2\ RO RO
B, \Ba Y \BpB,

= [ wow g Y)Y W ke
JR—)

f f YW (—0) ()~ (D' (2)dxdz | db

2\Zy Fa

But the integral in parenthesis is zero unless 6 = 1 and ¢/ = y, in which 28
case it equals 1. Thus we have

I(g) = f W (BYWEH(bg) W ¥ (bg)db.

BO\B,
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Plugging this expression into (I3.2.2) gives

W (5.0.0,, F) = f f WA (bW (bg) P2 (bg)db | dg

Bu\Ga \B9\By

-1
- [ wrew oo
NoZp\Ga
So taking into account the infinite product expression for W, WY

and F; = IIf;,, we obtain the desired Euler product expansion for ™.
O

Theorem 13.3. Suppose 7 is any cuspidal representation of half-integral
weight. If y = Iy, is any character of F*\A* set

Lis,7x0) = | | Ls. Foox)
v

and _ _
Lis,7x) = | | Ls, oo x0).

Then

(1) these infinite products converge in some half-plane Re(s) > so;

(ii) L and L extend meromorphically to all of C, are bounded in ver-
tical strips of finite width, and satisfy the functional equation

L(s, 7, x) = €(s, T, Y)L(1 = 5,7, x)
with
e(s.7x) = [ | € (5. Fuxw t0);
v
(ii1) the only poles of L(s,, x) are simple, and these occur only if 7 is
of the form r, for some character v of F*\A*.
Proof. For almost every v, 7, is of the form ﬁ(vi, v%), with vi(x) =[x,
and
—ty < t;y < to(independent of v)
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Therefore, since

1 1
=1 2\
L(sa n-(V\}s vv)) - (1 _ q_ztl,v—s/ ) (1 _ q_2t2’v_sl)

the infinite products in question converge.

Now fix a set S outside of which everything is unramified, i.e., if
v ¢ S, vis finite and odd, 7, and y, are class 1, ¢, has conductor Of,,
My, is trivial on O}V, and W,, W, and @, are chosen so that

Y(s, Wy, W,\(V, ®,) = L(s, 7y, xv)
and
€(s, Ty, xv, Yy) = 1
cf. (6.2.3)). For v inside S, choose W,, W,, and ®, so that
Y(s, W,, W,\(V, D,) = L(s, 7_Tv’/\/v)
modulo a non-vanishing entire factor. Then since (s, ¢, 6, F) has the
analytic properties asserted in parts (ii) and (iii), so does L(s, 7Ty, ).

To establish the functional equation, we simply compute (using the
local functional equations and (I2.3.1))):

Lis,7x) = | | Les. T | | L0s, T x)

ves vesS
] KT
ves lP(S7 WV7 W/\/Va q)v)

_ L(1 = 8,70, xv)
= 1—[ € (8, Tys Yo Uy) = s ]
vesS \P(l -, Wv’ WX‘,’ (Dv)

[ T¥es w. wy,. @)

all v

-x')b*(s’ 90, 0/\/9 F(D)

-1 €8, Ty o Y)L(L = 5, T Xv)

— l_l‘?(l -, Wv, W/\/vsav)
ves Y -s, W, Wy, D,)

all v

29



30

34 S. Gelbart and I. Piatetski-Shapiro

=[] e6Ruxmun [ [L0 - 5.70x0)

vesS all v
= e(s, T Y)L(1 = 5,7, ),

as was to be shown. O

Remark 13.4. Since L(s, 7, y) doesn’t depend on ¢ (or w), neither does
the product
e(s, 70X, 0) = | | €05, T v ).

v

14 A Generalized Shimura Correspondence

14.1 Suppose m = ®m, is an irreducible admissible (genuine) repre-
sentation of G with central character wx, and 7 = ®n, is an irreducible
admissible representation of G4. Then we say « is the Shimura image
of 7, and write 7 = S (), if each m, = S(7,), i.e., each m, is the local
Shimura image of 7,.

Example 14.2. Suppose 7 = r,, with y = Ily, a grossencharacter of
F. Then for each v, §(r,,) is defined, and for almost every v, S(ry,) is
one-dimensional and class 1. The resulting representation

S(m) =S (ry,)

is always automorphic, by the criterion of [Langlands.

Our purpose now is to show that any unitary cuspidal representa-
tion of half-integral weight has an automorphic Shimura image, and this
image is actually cuspidal if & # r, for any v.

15 The Theorem

Theorem 15.1. Suppose ™ = Qn,, is a unitary cuspidal representation of
half-integral weight. Then:

1) S(r) =S (m,) exists;
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(i1) S (m) is automorphic, and is cuspidal if and only if T is not of the
form r, for any character v of F*\A*.

15.2 Proof. Because of Example [I4.2] we may assume 7 # r, for any
V.

15.3 Fixing ¢, let T be the set of places where S (7,) = 7, may not be
defined. According to Section[7l T is precisely the set of finite places
where 7, is supercuspidal but not a theta-representation.

For almost all v ¢ T, 7, is a class 1 representation of the form
T(u1, o) (possibly of the form 7(v/?| [;14, V12 |V/*). Thus S@@,) =
a3, ,u%) is class 1 (though possibly one-dimensional) for v ¢ T, and we

can define
al = ®7rv = ®S(7‘rv), (15.3.1)

veT vgT

. . =1 =
a representation of the restricted product G = (X) G,..
vgT
If y = Iy, is any character of F*\A*, consider the infinite products

L, oy = | Lis.mex) (15.3.2)
veT

and
L(s, 7" ®X_1) = l_[ L(s, 7, ®)(;1)
veT
These products converge absolutely for Re(s) > 0 since for almost all
v T, ui(x) =[x, and for some 7y independent of v,

— 1, <ty <1, (15.3.3)

To conclude that L(s, 7 ®y) extends to the L-function of an automorphic
cuspidal representation of GL,(A) we need to know that L(s, 77 ® x)
satisfies certain analytic properties. In particular, we need to exploit the
relation between L(s, 77 ® y) and the Euler product L(s, 7, x).
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From Theorem ?? (and our assumption on ) we know that for any
character y = Ily, of F*\A%,

L(s, 7)) = | | LG, Fooxe)
v

and _ _
L(s,@x) = | | L6, oo x0)

are entire functions, bounded in vertical strips of finite width, and such
that

Lis,7x) = ([ | € (570 x090)) L1 = 5,7, x). (15.3.4)
On the other hand, we also know from[6.6]that if y,, is sufficiently highly
ramified forv e T,
L(s, T, x) = I;IT L(s, Ty, xv) = L(s, 7" ® x),
14

L(s,7y) = [1 L(s, T xv) = L(s, 7 @ x D),
veT

and, forveT,

€(S, Ty, Xvs ¥y) = €(s, Wrvxv, ¥y) € (8, xv, ¥y).
Recall that
wr, (@) = wz, (@), (15.3.5)

and w, = Ilw;,, defines a grossencharacter of F.

Thus we know that for all y = ITy, highly ramified inside 7', L(s, 77 ®
y) and L(s, 7" ® y~') are entire functions, bounded in vertical strips of
finite width, and such that

Lis.n" @) = {]—[ € (s, ®xv)](]_[ € (s wnxnih)  (15.3.6)
ve¢T
€ (5, v 9)) X L(1 = 5,7 @ x7")

Therefore, applying the almost everywhere converse theorem for GL(2)
stated in our Appendix (with n = w,) we conclude that either:
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1) ® m, extends to a cuspidal representation r which occurs in Ag(wy),

véT
or

(i1) there are grossencharacters y and v of F such that ®r, extends a
quotient 7 of p(u, v) (with every component of r infinite-dimen-
sional).

It remains to show that the v-th component of 7 equals S () for
each v € T, and that possibility (ii) can’t occur.

15.4 In either case, (i) or (ii), we know that

L(s,t®y) = ]_[ € (s, )Ll — s, 7@y 1) (15.4.1)

v

for all grossencharacters y. Therefore, by and (I3.3.6) we con-
clude that for all y,

[ L(s, Ty, xv) -1 (s, v X)L = 5,70, 1)

_ a1 (15.4.2)
L(s,m, ®xv) €(s, 1, ® Xy, Yry) L(1 - s,m, ®,\/;l)

veT veT

Now fix vop € T and let y,, denote an arbitrary character of F~.
Choose y = Ily, so that its vp-th component is y,,, but for each v €
T — {vo}, xv is so highly ramified so that (6.6.1)) holds. Then (13.4.2)
reads

€(S, Tvgs Xvor Wro)L(L = 8, s Xvo)
LS, Ty Xvp)

(15.4.3)

_e(s, Ty ® Xvgs Wvo )L — 5,7y, ®)(501)
L(S, 7TV0 ®XVO)

Recall that vy € T implies 7y, is supercuspidal and not a theta rep-
resentation. Therefore, by 6.1l L(s, 7y, xv,) = 1 = L(1 — 8, 7y, X, )> and
(13.4.3) implies

L = 5,70 ® X)) €08, Tugs Xugs Uy
L(s, v, ® Xxvy) €08, Tyy @ Xvg» Yny)

(15.4.4)
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i.e. the quotient L(1 — 5,7y, ®x;,')/L(s, 71, ® xv,) is monomial. Since yy,
is arbitrary, it is easy to check this implies 7,, must be super-cuspidal.
(Indeed for other possible ,,, we could choose y,, so that the quotient
would be a rational function of ¢~*). Thus

L(S,ﬂ'vo ®XVO) = 1 = L(l - Saﬁvo ®X1701)

and (15.4.4) implies n,, = S (,,).

Remark 15.5. If the set T is non-empty—as we have assumed it is—our
Main Theorem is already proved. Indeed in this case, we have just
shown that S () still exists for all v. Moreover, we have shown that
m, = S (7,) must be supercuspidal for v € T. Thus S () = ®S (71,) must
be cuspidal automorphic (since possibility (ii) in §I15.3 implies 7, is a
quotient of p(u,, v,) for all v).

On the other hand, if T is empty, then S () exists a priori, for all
v, but 1 = ®S (7, is not a priori cuspidal. To complete the proof in this
case it remains to note that now

L(s,m® y) = L(s, 7, x)

and N
Ls,7®x ") = L(s,7,x)

for all grossencharacters y. Thus, by the well-known GL, theory, 7
must be cuspidal.

15.6 Corollary (Existence of a Generalized Shimura Correspondence)
Given any cuspidal representation 7 of half-integral weight over F, there
exists an automorphic representation

=8
of GL,(AF) such that for any grossencharacter y of F,
L(s,m® y) = L(s, 7, x),

and S () is cuspidal if and only if 7 is not of the form r, for any v.
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We call § : @ — & the Shimura map. Its “kernel”—those cuspidal &
which map to non-cuspidal 7—consists precisely of those 7 which come
from automorphic forms on GL(1). That a similar situation arises with
the lifting of cusp forms from GL(2) to GL(3) (cf. [Ge Ja]) cannot be
coincidental.

Remark 15.7. Though we have not written down all the details, it seems
likely we can prove that the L and € factors of 7, (and their twists by y,)
completely determine 7,.

From this it follows that

(i) the Shimuramap S : T — xis 1-to-1; and
(ii) strong multiplicity one holds for Ag(w).

Apparently similar (and even stronger) results have been obtained
by Flicker using the trace formula. Thus we shall not pursue these ques-
tions further.

Corollary 15.8. (A Weak Ramanujan-Peterson Theorem for G). If T =
®m, is a unitary cuspidal representation of half-integral weight, and v is
a complex place, then 7, cannot belong to the “outer half” of the com-
plementary series for G, = GLa(C)xZy; cf. [Ge] Section 4, especially
p. 85.

Proof. Suppose v is complex, and 7, = 7,(u1,uz) is as above. Then

S@,) = n(u2, ,u%) is no longer unitary, contradicting the unitarity of the

cuspidal representation S (7) = ® S () in Ag(wx). |
\4

16 Applications and Concluding Remarks

16.1 In [Ge PS2] we treat the following Corollaries to our Main The-
orem
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Theorem A. If 7 is a distinguished cuspidal representation of half-
integral weight then

T=r,

for some grossencharacter y of F.

The classical interpretation of Theorem [Alis as follows. Suppose

o0

f@) = ) ame

n=1

is a cusp form of weight k/2 which is “distinguished”, i.e, there is a
square-free integer ¢ such that a(n) = O unless n = tm? for some m.
Then f must be of weight 1/2 or 3/2 and of the form

f@ = xmn'e™ ™ = g,(12)

n=—o0o

for some Dirichlet character y (with y(—1) = (—=1)”). In this form the
result was first established in [[Vigneras].

Theorem B. Suppose 1 = ®mn, is a cuspidal representation with the
property that for at least one place vy, T, = o with x, an even char-
acter of F . Then

T=r,

for some grossencharacter y of F.

Since this theorem results immediately from the existence (and local
properties) of the Shimura correspondence it also appears in the recent
work of Flicker’s already alluded to.

Corollary . Suppose m1 = ®m, is a cuspidal representation “of weight
1/27, i.e., for at least one archimedean place vy, 7,, is the “even” piece
of the Weil representation. Then there exists a grossencharacter y of F
such that

TT=TFy.
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In particular, taking F = Q we obtain an alternate proof of the fact
that linear combinations of the theta-series

0,(2) = ) x(me™"

n=—o0o

exhaust the modular forms of weight 1/2 (as y runs through the set of
primitive “even” Dirichlet characters); this result is the principal theo-
rem of [Se-St].

Concluding Remarks.

(i) The Shimura image of any cusp form of weight k/2, k > 5, must
again be a cusp form. Indeed it cannot be of the form 6,, and The-
orem [[5.]implies that only the 6,’s can map to non-cusp forms.
By the same token, if f is a cusp form of weight 3/2, it is mapped
to a cuspidal form of weight 2 iff it is orthogonal to the space
spanned by 6,’s. This settles the first conjecture of problem (C)
on p. 478 of [Shiml]; the Corollary to Theorem [Bl settles the sec-
ond.

(i1) In [Flicker] the image of S is characterized and a multiplicity one
result is obtained for the full cuspidal spectrum of G4. This re-
solves question (A) of [Shiml], p. 476, and vastly improves our
own Theorem[10.3.21

Appendix

We reformulate the “almost everywhere converse theorem” of
[Jacquet-Langlands|] and [Weil 2].

The hypotheses below are slightly stronger than those of
[Jacquet-Langlands], but they are quite tractable and seem to suffice for
applications; cf. [PS 2] for best possible results.

Hypothesis. Suppose we are given:

(i) a non-trivial character = Iy, of F\A, and a character
n = [1n of F*\A¥;
n
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(i1) a finite set of finite places 7', and an irreducible admissible rep-

resentation 7 = (X) 7, of (X) G, satisfying the following condi-
vg¢T ve¢T
tions:

(a) the central character of 77 is ® My,
veT

(b) whenever m, = w(u,,v,) is class 1, and v ¢ T is finite,

@yl < (@)l < @™
@yl" < (@)l < lwy|™
(here ¢ > 0 is a real number independent of v, and w, is a
local uniformizing variable at v); and
(c) for any grossencharacter y = [] xy, sufficiently highly ram-
ified inside 7', the infinite prodrlcts

L(s,m,x) = l_l L(s,m, ®xy)
vgT

and

L@ =] | Lsmexh
veT

continue to entire functions on C, bounded in vertical strips
of finite width, such that

L(s, 7TT,X) =L(1- s,ﬁT,)(_l) X [l_l € (5,7, ® Xy, Uy)
veT

1_[ € (8, xv,¥y) € (5, X770, %))

veT

Then:

Conclusion. Either

G) »T = ® 7, extends to a cuspidal representation 7 in Ag(77), or
vgT
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(i1) there exist grossencharacters y and v of F, with uv = 5, such that
nT extends to an automorphic representation x, with 7 a quotient

of p(u, v).
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PERIOD INTEGRALS OF COHOMOLOGY
CLASSES WHICH ARE REPRESENTED BY
EISENSTEIN SERIES

By G. Harder

Introduction

Our starting point is a very general question. Let I be an arithmetic
subgroup of a reductive Lie group G.. Then the group I' acts on the
symmetric space X = G /Ks Where Koo C Go 1S @ maximal compact
subgroup. Since X is contractible one knows that the rational cohomol-
ogy and homology groups of I' are isomorphic to the (co) homology
groups of the quotient I'\ X, i.e.

H',Q) ~ H'I'X, Q)

(Comp. [21], 1.6.).

In general the quotient space I'\X is not compact. Borel and Serre
have constructed a natural compactification '\ X — I'\X where I'\X is
a manifold with corners and where the inclusion is a homotopy equiva-
lence. (Comp. [3l]). In various papers it has been shown that we can con-
struct cohomology classes on I'\ X by starting from cohomology classes
on the boundary. Roughly speaking we associate to a cohomology class
¢ on the boundary an Eisenstein series E(y, s) which is a differential
form depending on a complex parameters s. For a special value sy, of our
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complex parameter this form may become a closed form. This closed
form represents a cohomology class and its restriction to the boundary
is related to our original class y/([7], [8] and [[18]). We look at this as a
procedure to construct cohomology classes on I'\ X.

On the other hand we have another construction which gives us ho-
mology classes. To get these homology classes we start from lower
dimensional reductive subgroups My, — Go for which 'y = T' N M,
is an arithmetic subgroup. If X, is the corresponding symmetric space
we get a map I'y/\ Xy — I'\X. We even can find cases where I'y;\ Xy, is
compact and then the fundamental class of I'y;\ X}, gives us a homology
class on I'\X. Our problem is to find situations where the dimension
of I'y/\ X3 —which is also the dimension of the homology class—equals
the dimension of an Eisenstein class. If this is the case we can ask for
the value of the Eisenstein class on the above homology class which
amounts to evaluating the integral

f E(w’ sl//)

Ty \Xm

This idea of constructing cycles by means of subgroups Mo, — G
appears already in [2] and [16].

In this paper we shall not consider the general problem but only a
very special example. We take the group Go, = PGL,(C) and I" will be a
member of a very specific class of congruence subgroups of PGL,(Z[i]).
If y € I" and if v is not unipotent then it generates a quadratic field
extension E(y) in the matrix ring M>(Q(i)) which defines a reductive
subgroup in PGL,(C). Then the quotient I'y;\ X}, in this case will simply
be a circle and we shall compute the integrals of Eisenstein classes over
these circles. It will turn out that these period integrals are expressible in
terms of values of L-functions with Grossencharaktere of type A,. The
results are stated in section ??.

Actually we have much more general results. We have a clear pic-
ture for those arithmetic groups which come from the group GL; over
an arbitrary algebraic number field. It is planned to write a paper in
which we treat this more general situation. But it is clear that this paper
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will be very long, very difficult to write and certainly also not easy to
read. For instance we shall have to use adeles, we have to introduce co-
efficient systems and so on. That paper will contain proofs of the results
announced in [[7] and the results in there have to be generalized. There-
fore I made up my mind and decided to write a paper where all this is
discussed in a special case. I tried to give many details which will cause
some repetition and overlap with older papers and the one planned. But
the degree of complexity in the general situation is very high and I think
it might be useful to discuss one special case.

During the preparation of this paper here I became aware that also
the theory of Eisenstein classes which has been announced in [7] has
some interesting arithmetic aspects. We shall devote a large part of this
paper to recall the theory of these Eisenstein classes and to discuss these
arithmetic aspects which also concern values of some L-series. There-
fore the title of the paper is not quite appropriate.

I want to thank D. Zagier for several discussions and for pointing to
me how to compute the period integrals by a method that goes back to
E. Hecke. ([10]], 200).

1.0 Some Notations. If R is any commutative ring with identity we
denote its group of invertible elements by R*.

The field Q[i] will be denoted by F, throughout this paper we con-
sider F as a subfield of C, i.e. we fix an embedding of F into C. The ring
of Gaussian integers Z[i] C Q(i) will be denoted by &'. More general if
E is any algebraic number field, we denote by O its ring of algebraic
integers.

The finite places of F' will be denoted by p, . . .. The finite places of
an extension E/F will be denoted by capital letters P, Q. ... We denote
by Ep the completion at P, by &, C F, the ring of p-adic integers and
by Ogp = Op the ring of P-adic integers. We drop the index E if it is
clear which filed we refer to.

We put Up = ﬁ; and Up = ﬁ;. The place of F' at infinity will be
denoted by oo and the completion F is canonically identified with C.
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The ring of adeles of F is denoted by A and by the letter we denote
the group ideles of F. If we refer to another filed E we write Ag, Ig.
Elements of adele rings or idele groups will be denoted by underlined
latin letters x, a, u, .. .. If x € A then we write

X = (Xooseves Xpyevns Xgsenn)

i.e. xp, xq are the p, g components. By A/ (resp 1) we denote the ring
(resp. group) of finite adeles (finite ideles) where we drop the compo-
nent at co. Therefore

A=CxA, I=C*xI'

and for x € A we write x/ for its finite component, so that we have
X = (Xco, Ef)-

By U/ we denote the maximal compact subgroup of units in 17, i.e.
uf = II,Up and then U = Uy X U/ is the maximal compact subgroup
in I, where U, is the circle group.

We start from the group G,/F = PGL,/F. Then B,/F, U,/F and
T,/F will be the standard Borelsubgroup of upper triangular matrices,
its unipotent radical and the standard diagonal torus. Sometimes it will
be convenient to look at G,/F as a group over Q, this means we put
G/Q = Rr/o(G,/F) where Rrq is the functor of restriction of scalars.
(271, 1.3.).

For any group scheme H/A over any ring and any extension A — Ay,
we denote the group of points of H with values in A; by H(Ay).

1.1 The Cohomology of I" and the space I'\ X.
Let us put

I, = PGLy(0) = PGLy(Z[i]) = GL2(0)/Z

im

where Z = {( ) o ) lm e Z/4Z}. We have I', ¢ PGL,(C) and the group
I', acts on the three dimensional hyperbolic space X = PGL,(C)/K«
where K, is the projective unitary group SU(2)/centre = SO(3). We
choose the standard embedding

Ba

SUQ). {( @ f ) |a/3 € C,aa + B = 1} C SL(C)
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We choose an ideal a € ¢ which has to satisfy one of the following
conditions

a=((1+0> (1.1.1)
or a is an odd prime where N(a) = p

is a prime in Z and p # Imod 8.

This condition (L) implies that the group W = &% = {i,i"!,1,-1}
injects into the quotient (&'/a)* and that i is not a square in (&'/a)*.
Our main object of study are the congruence subgroups

r:r(a):{(i Z)ero (Z Z)=Idmoda}

this means that I" is the kernel of the natural homomorphism

T, = PGLy(6) 5 PGL,(0/a)

Lemma 1.1.2. The homomorphism p is surjective.
Proof. 1t is very easy to see that the map
SLg(ﬁ) - SLz(ﬁ/a)

is surjective. The image of SL,(&'/a) in PGL,(&'/a) is of index 2 and
the factor group is (¢'/a)*/((€/a)*)>. Then we see that p((é ?)) ¢
image of SL,(&'/a) and this proves the lemma.

Let R be any ring in C. We want to assume always that the primes
which divide the order of the finite group PGL,(&'/a) are invertible in R.
We are interested in the cohomology group H”(I', R) and we can identify

H'(T,R) ~ H'(T\X,R)

since I" has no torsion, as one easily checks.
First of all we want to summarize some basic facts and definitions
of the cohomology theory. If M is a projective R-module on which we
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have an action of the finite group G =T,/T = PGL,(€/a) we can define
the cohomology groups
H"(Ty, M)

We will mainly be concerned with H'(I",, M) and we recall the defini-
tion in this case: _
We write the action of G on M by (g,m) — g - m and define

Z!To, M) = {® : T, = MID(y172) = D(y1) +y10(y2)}
This is the module of 1-cocycles. We have a map
M5 2\ T, M)
6:m—{y = (m—ym)}

and H'(T,, M) = Z'(T,, M)/6,(M).
There is another way to define these cohomology groups: We look 46
at the projection
T X -5 TH\X

and we define a sheaf M on I',\X as follows. For any open set U C I',\X
we define

MU) ={m: 7' (U) > M m(?’u) =y -m(u) and
m is locally constant.

It is well known that under the given assumptions we have ([21], 1.6).
H'(T,\X, M) =~ H"(T,y, M)

Let us look at the special case where M = R[G] is the group ring of
the finite group G. In this case we have two actions of G on M namely
by right and left multiplication

91,82 ) a7 = ) 48178

yeG

We define the cohomology groups

H'(T,,RIG])
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by the module structure given by right multiplication; soifm = } a,y €

yeG
R[G] and v € G we have
Yim = Z ayyyy' = Z Ay
Y Y
The well known Lemma of Shapiro tells us that
H'(T,R) ~ H'(T,, R[G)) (1.1.3)

and it is very easy to make this isomorphism explicit. If ® : I', — R[G]

is a 1-cocycle and if we write ®(y) = ), ®,(y)o. Then the cocycle
oeG
relation tells us that Oy (y1) + @y, (¥2) = Dy(y1y2) for all yi, y2 €

I'and all ¢ € G. If we restrict @ to the subgroup I all the @, are
homomorphisms. It follows from the cocycle relation that for y € I,
nel,andn = nmod I

Or(myn™") = Ouz(y)

This tells us that @ determines the @, for o # 1 and it is easy to see
that ®; : I' — R is the image of the class represented by @ and the
Shapiro isomorphism (LI3).

The group G acts on the cohomology groups H'(I', R) = H'(I'\ X, R)
where the action is induced by conjugation. On the other hand the action
of G by left multiplication induces an action of GonH r,,R [6]) and
it is not hard to check that (T.1.3]) commutes with these actions.

This isomorphism (LI3) allows us to decompose the cohomology,

we have
R[G] = @ M,
0

where the Mj are irreducible G x G-modules. (Here we use our assump-
tion that 1/|G| € R). Then we get a decomposition

H'(T,R) = H'(T,, RIG]) = 5 H'(T,, My)
4
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If we assume in addition that R contains enough roots of unity, then the
My will be absolutely irreducible and we get

My = M’g@ M

where 6 runs over the irreducible G-modules and § is the contragriedient
module. Therefore we get

H'(.R) = (D H' (T, My) @ M5

5eG

and the action of G on the right hand side is trivial on the first factor and
the given action on Ms. O

1.2 The Compactification of I'\X and the Cohomology at Infinity
It is well known that in this case the space I'\X is not compact. It
has a finite number of cusps which are in one-to-one correspondence
with the I'-conjugacy classes of Borel subgroups B ¢ G/F. ([1]) Borel
and Serre developed a general theory of compactification of such spaces
I"\X. They proved in [3]] that we have a homotopy equivalence

NX < NX

where in this special case I'\X is a compact manifold with a boundary.
The boundary components are in one-to-one correspondence with the I'-
conjugacy classes of Borel subgroups, i.e. they correspond to the cusps.
We want to give a precise description of all this in our special situation.

Let B be any Borel subgroup defined over the group field F. Let U C
B be its unipotent radical. It follows from the Iwasawa decomposition
that the group B(C) acts transitively on X. The positive root defines a
homomorphism

a:B—-G,

and from this we get a homomorphism

@: B(C) = Gp(C) = C*
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We put
BY(C) = {b € B©)| la(d)Ic = 1}

where |z|c = zz for z € C*. The group
B(C)N K. = BY(C)N Ky = KB

is a one dimensional circle and it is clear that we have a semidirect
product
BY(©) =U(C) KB

Therefore we have with x, = Ko, € G/K
X =BY©C)-x,=U©)-x, X

and Xg) ~ U(C) = C. If we putI'p = B(C) NI then we get a homotopy
equivalence
Tp\X},) = Tp\U(C) = T'p\X

and the Borel-Serre theory gives us that I'p \Xg) is diffeomorphic to the
boundary component Yp of I'\X which corresponds to B ([3]]). Since
I'p ~ Z & Z we get that Yp is a product of two circles.

Remarks

(1) Our congruence condition guarantees that I' N B(C) = I' N U(C)
since the image of I' N B(C) in B(C)/U(C) has to consist of units
in 0.

49 (2) To give the reader a better feeling for the Borel-Serre compactifi-
cation we add a few more comments.

We mentioned already that B(C) acts transitively on X, we use this
fact to define the function

hB X - Rf
hg : x = bx, — |lab)|c
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We introduce the sets
XB(e) = {x € X|hg(x) = ¢}

and the reduction theory tells us ([[L], and [S], 1.2.) that for ¢ sufficiently
large we have an embedding

I'5\X%(c) > I\X
and using the geodesic action or the vector field dh® we find
Tp\X*(1) = Tp\X},’ x [1, 00)

The Borel-Serre compactification in this case simply consists of adding
oo in the second factor

Tp\XE(1) = Tp\XY x [1, 00] & Tp\XY x [1, o0]

and Y = [p\XY x {co).
The first part of the paper is devoted to the study of the map

H'(N\X,R) = H'(N\X,R) - H'(O(\X), R) = (P H' (Y3, R)
B

where B runs over a set of representatives for the I' conjugacy classes of
Borel subgroups. The group I'p is free abelian of rank 2 and therefore
we have

H'(Ys,R) = Hom(T's, R) = R?

If we want to describe the cohomology of the boundary we have
to describe the set of cusps or the set of ['-conjugacy classes of Borel
subgroups. This is very simple in this case since ¢ has class number
one. Actually we shall do a little bit better. We know that H' (¢ (C\X), R)
isaT,/T = G-module and we give a description of this G-module.

Since & has class number one it follows that the group I, acts tran- 50
sitively on the set of boundary components. It is easy to see (and will
also follow from considerations in section [L3)) that the stabilizer of the
boundary component Yp is the group

U,=U, W= {(lo 1)|ﬁe 0/a,i = imod a}
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where W = {(i(')" (1’) |m € Z}. The group U, acts on Hl(YBO,R) and it
follows from general principles of representation theory that we have an
G-module isomorphism

H'(8(T\X), R) = Indg H'(Ys,,R)
where the induced module is the space of functions

ndS H'(Yp,,R) = {h:G — H'(Yn,, R)AEE") = Th(Z)
forgeGandie U,
The group G acts on these functions by left translations.

It is easy to decompose this module into irreducible modules. We
assume that R contains the |(&/a)*|-roots of unity. The group U, =
U, - W and U, acts trivially on H 1(YBO,R). Under the action of W we
have a decomposition H Iy, B,»R) =Hom(I'p,,R) = L, ®L_ where ((’) (1))
acts on L, by multiplication by i and on L_ by multiplication by —i.

i 0 oo i 0 .
(O 1)1+—11+, (O 1)1_——11_

We look at the characters ¢ : (0/a)* — S ! for which ¢(i) = i. For each
such character we have a subspace

. — _—1 -
Mg =1{h:G — Lilh(gb ) = ¢(b)h(g)
forbe B,andg € G

and Indg L, and analogously we define M% C Indg L_. This gives us
a decomposition

Indg+ H'(Ys,,R) = H'(OI\X),R) = @ (Myo M) (1.2.1)
¢:(0a)*—S!
d(i)=i
where the M and M% are irreducible G-modules. ([.2.2] and [23],

Cor. 4.11.) Here we profit from the fact that ¢ cannot be a trivial or
a quadratic character.
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1.2.2 At this point I want to give an idea of one of the main questions
of this paper. As we have seen already we can study the restriction map

H'(T\X,R) —» H' (O(T\X),R)

and we have decomposed the right hand side into irreducible modules
(L2.I). Let us assume that we have selected generators e, € L, and
e_ € L_ (We shall see later that we have a rather canonical choice, see
then we can identify M;; with the induced representation

— —1 -
My ={Y: G — Rly(gb ) = p(b)y(3)}
by mapping ¢ — {g — ¥(g) - g - e+}. One knows that My and ME are
irreducible G-modules and they are isomorphic. The operator

Ty: My — M;
Tyt > Top(®) = Y wiwig)

uel,

with w = (_01 (1)) is a non zero interwining operator ([25], §5).

Since there are no other isomorphisms among these induced repre-
sentations the decomposition (L2.T)) is isotypical.

Let us denote the quotient field of R by K. For any ¢ we pick the
isotypical component of My in H I('\X, K) and get a map

H'T\X,K)y — My® K& M;®K

It follows from topological reasons that the image of the restriction
map is of multiplicity one (namely %x the multiplicity of My@K®Mz&K
which is two) (comp. [20] 3.4). Therefore the image is of the form
(Schur’s lemma)

(W, co Tl € My ® K} C M¢®K€BM5®K

where ¢4 € K or ¢y = oo in which case the image would be the second
component. What is the value of c,?

This problem will be attacked by transcendental methods, the theory
of Eisenstein series will give us an expression for ¢y in terms of values
of L-functions.
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1.2.3 Before I conclude this section I want to translate the questions
and assertions [[L.2.1] and [I.2.2] in the language of cohomology groups
with coefficients.

We have the isomorphism (LLL3) and we put I', g, = B,(F) N T,.
Now we want to give a detailed description of the different isomor-
phisms in the following commutative diagram

Sh : H'\(T,, R[G)) H'(T,R) ~ H'(T\X,R)

\L res

8Sh : H\(T', 5, R[G])

H'(OT\X),R)
(1.2.3.1)

D WeMm)
¢:0/2)" >’
o()=i

In this context it is convenient to identify the group ring R[G] with
the ring of R valued functions on G which is denoted by C(G) and

C(G) > R[G]
by fo ) f@)o

oG
Now let us assume that
®:T, - CG)

is a 1-cocycle. Then for y € I, the value ®(y) is a function of G and the
value of this function at o € G will be denoted by

O(y) (0)

If we resgict @ to I then the map y — ®(y)(o) is a homomorphism for
any o € G and we have seen that Sh is given by
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[@] — {y = O(y)(D}

where [®] is the class defined by ®. The class [®] defines a class on the
boundary and we get a family of homomorphisms

¢p:Tp=I'NB(F)—>R
¢p(yp) = ©(yp)(1)

where B runs over a set of I" conjugacy classes of Borel subgroups. If
we write ['g = 3,7~ with € T, then we get a homomorphism

FB,; — R
Yo = ¢801von ") = ©yyon” (1)
But for y, € I'g, = B,(F') N I" we have

Dryon") = n®(y,) = 7D(y,)

where 7 is the image of 7 € ', in G. Therefore we have

(ryon ' )(1) = O(yo)M)
and this tells us that the cocycle @ defines a map

he : G — Hom(T'g,, R)
ho 1 0 = {yo = (yo)(0)}

This map is also defined for cocycles on I', g, with values in R[E]
and the map [@] — hy gives us a direct realisation of dSh and makes
the commutativity of the diagram clear.

This means that the study of our restriction map can be reduced to
the inverstigation of maps

H'(T,, M) — H' (T, ,, M)

where M is a projective R-module on which we have an irreducible G-

action, i.e. M ) K is an irreducible G-module. Again we want to as-
R
sume that R contains enough roots of unity.
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We consider H I(F(),BO, M). We have
t u .
oB, = 01 te O ue 0 =T,y, - W

where I, y, = {((1) ’1‘) ue & } and W is cyclic of order four generated by

(59)

We always identify W C I', p, with its image in
B, ={({{)lre(@/a)y.uco/a}.

Since we assume that |G| is invertible in our ring R we see that the
action of U, on M is semisimple and it is obvious that

H'(To.y,. M) = Hom(T,,y;,, M)

where we have to take into account that MYs = M"*Uo. (The notation
MY> means of course that we take the invariants). Therefore we can
restrict our attention to those modules where MYs # (0). It is well
known that in this case M has to be a submodule of an induced module
N, where y is a character y : B, = B,/U, — S' and

N, =1{f:G - RIf(bg) = x(b)f(®)}

The module N)g_]" is easy to compute. We have the Bruhat decomposition

G = B,wU, U B, with w = (_01 (1)) and we put

£ = {§W§ - x(b)

b -0

bwii — 0
Joo =1+ -

b — x(b)

Then N)f_]" = Rf, ® Rf. The group 6_ acts on N, by right translations,

if we restrict this action to B,, then N)g ° is an invariant subspace and

bfy =x(B)" foy bfeo = x(B) fio

54
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Since I'y g, = I'p,y, - W we have obviously
H' (T, 5, M) = Hom(T,, ,, MV")"

The group W acts on I', iy, by means of the adjoint action and the
module I, ;;, ® € decomposes into two spaces on which ((’) (1)) € W acts

by the eigenvalues i, —i. Then it becomes clear, that H ! ToB,,M) #0
if and only if y(i) = +i. We assume (i) = i ans we call this character
¢ again. So ¢ = y, then we have that Ny is irreducible ([25] 4.11.) and
M = Ng.

We find

Hom(T,u,. NV)" = Hom(T,u,. Rf,)" & Hom(T,,u,. Rfiw)"”
and

Hom(I', v, Rf,) = Hom(I', i7,, R) = Hom(I'p,, R)
Hom(I', v,, Rfss) = Hom(I',,py,, R) = Hom(I'p,, R)

But we have to keep in out mind that W acts non trivially on Rf,,
Rf and it acts trivially on R. If we take up our earlier notations we
find

Hom(I',, v, Rf,)" = L. ¢ Hom(T's,, R)
Hom(T, y,, Rfso)V = L_ ¢ Hom(',,R)

We constructed an identification
H'Typ,,Ny)=L_®L_ =Re. ®Re_

if we take up the notations in[1.2.2]
We look again at our restriction map

H'(T,,Ny) — H' (T, p,, Ns) = Re, ® Re_

and we want to relate this to[1.2.2]
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Let us pick the isotypical component R[6]¢ in R[G] then we get

H'(Ty, RIGly)

H! (. R)y ——= My ® M} = My & M;

On the other hand we realized our given induced representation as a
submodule of R[G]; namely

Ny < R[G],
56 Therefore we get a diagram
Hl(r(), N¢) — L+ ©® L_ = Re+ (&) Re_
2 |

H(FOaR[ ]¢)4>M*®M* M¢®Mq—5

and we have to compute the inclusions A and 4.
To get these inclusions we observe that a generator of L, is given by
the cocycle

FU,; - Rf,, (- N¢
y—= e fo

This defines (L2Z.3.1) a map

h:o—-{1- e () fo(o)}
h:G — Hom(T'y,,R)
Now we observe that f, € Ny is also an element in My and we see that

ey > foe€Mgand Ay i e — f € Mq—§. The intertwining operator
Ty : My — My maps Ty(f,) = N(a)fw and we get the proposition.
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Proposition 1.2.4. The image of the restriction map
H'(T,,N;® K) — Ke, + Ke_

is spanned by the vector (e, cyN(a)e_) where ey € K U {oo}.

What is all this good for? If we want to compute explicitely with
cocycles it seems to be convenient to work with I', instead of I since it
has less generators. We pay for it by introducing coefficients. Later on
we shall compute H ir,, Ny) in some simple cases and we are then able
to compute the number cy.

1.3 Adeles and the Description of the Set of Cusps In the adele group
G,(A) = PGL,(A) we have the maximal compact subgroup

K=Ke K =Kox || POLa(6})

p finite

where Ko, = PU(2)(1.1). The ideal a defines a congruence subgroup
K/(a) c K/ namely

K (a) = {&’ € K/[F = 1mod a}
Lemma 1.3.1.. Every element x € G,(A) can be written
x=a- (oo, k)
with k! € K/ (a).

Proof. We represent x € G,(A) by an element x € GLy(A). If X €
SL,(A), i.e. det(x) = 1 then the assertion follows from strong approxi-
mation for SL,. We may modify X by an element z € I which we con-
sider as an element of the center of GL;(A), then det(x) gets multiplied
by z2. So the obstruction to get the determinant X equal to one sits in
I/1?. We may modify X by an element in GL,(F) and by an element in
the inverse image of K/(a) in GL»(A). This means that the obstruction
against writing x in the above form lies in

I/I*- F*-U/(a)
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where U/(a) = {t € U/t = 1mod a}. Using the fact that F has class
number one we find that this group is equal to

C*x Uf /U @) - w - (U)?

where W = {i} ¢ F*. Since nothing is claimed at the infinite place we
may drop the infinite component and the obstruction sits in

(O]a)*/(O]ay*)* - W = 1.

The lemma is proved.
The lemma says simply that

Go(F)\Go(A)/Go(C) x K/ (@) = {1}.
Now we consider the double coset decomposition
Bo(F)\G,(A')/K (a)
Let us write

Go(A") =) B,(F)eK/ (a)
£

We extent £ to an element 5’ of G,(A) by (é—")oo = 1. According to our
previous lemma we may write

&=a-(a' k)

with k/ € K/(a). Then a"'B,a = B is a Borel subgroup over F. We
see that the I'-conjugacy class of this Borel subgroup depends only on
&. If we pick a Borel subgroup B/F then we find an a € G,(F) such
that B = a~'B,a. We choose & =(,a,...,a,...) and therefore we get
a bijection between the set of I'-conjugacy classes of Borel subgroups
B/F of G/F and the set of double cosets

B,(F)\Go(A")/K’ (a)
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We are now able to settle the minor point left open in concerning
the stabilizer of the boundary component Y, under the action of G. We
simply count the number of cusps. We have a map

B,(F)\Go(A")/K/ (a) = B,(A")\G,(A))/K/ (a)

which is surjective.
Since B,(A') - K/ = G,(AT) we get

B,(A)\G,(A))/K/ (a) = K/ /K/(a) n B,(A) = G/B,
The fibers of this map are equal to
B(F)\B(A")/B(A) N K/ (a)

where B is any Borel subgroup corresponding to a point in the fiber.
Since the unipotent radical has strong approximation we find for these
fibers that they are equal to

'/F*-U/(a) = U/ /WU (a) = (0/a)* /W
and that proves that the number of cusps is equal to [G : U, ] O
1.4 Differential Forms and De Rham Cohomology We should look
at G,/F as group over the rationals and therefore we introduce G/Q =

Rp\o(G,/F). The Lie algebra g = Lie(G/Q) is a Q-vector space and
we define goo = g @ R. Then g, is the Lie algebra of the real group

Q
Go = GR) = G,(C). (We shall sometimes denote the group of complex
points of groups over F' by the subscript co and then we stress the point
of view that they may also be considered as real points of a group over

(Q). Now
o

and the Cartan involution obtained from our given maximal compact

group is
0. x=(* Pl _x=(T0
' Yy —a -8 «
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We get the Cartan decomposition
Joo = Koo +p

where Ko, = Lie(K). The real vector space p has the basis

10 0 1 i 0
m=fo 5 2= oo 5

The group Ko, = PU(2) = SU(2)/{+1d} acts on p by the adjoint action.
a

If koo € PU(2) is represented by the matrix (—B g) € SU(2) then

ad(ke)H = (a@ — BB)H — 2Re(eB)E;| — 2Im(aB)E,
ad(ke)E; = 2Re(eB)H + Re(a? — BE| + Im(a® + BE,  (1.4.1)
ad(ke)E» = 2Im(@B)H = Im(a® — BHE; + Re(a? + BHE

The normalised Killing form on go
1
(X,Y) = e trace (ad X - adY)

induces a K, invariant, positive definite symmetric quadratic form on p.
With respect to this form our three vectors H, E1, E, form an orthonor-
mal basis. We shall use this form to identify the space p with its dual
space.

The projection map

MT:Go > Geo/Keow =X
defines an isomorphism
(dﬂ)e P Tx,, = Txo

between p and the tangent space of X at the point x,.
This allows us to identify the space of differential p-forms on X with
a certain space of A”P-valued functions on the group G. To be more
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precise we can identify the space QP(X) of C*-p-forms on X and the
space of C*-functions

CP(Goo, AP ad, APP) = {w : Geo = APPlw(gekos) = AP ad(k ) w(geo)}

([81, 1.3). We want to make this identification perfect in the sense that
we do not distinguish between the p-form and the function on G.,. The
identification goes as follows: Let w : G — APp which satisfies
W(Zookoo) = AP ad(kw(gwo). If x € X and g, € Goo satisfies geox, = x
then the left translation y — gy on X induces an isomorphism of tan-
gent spaces

dLg. : Ty, — T,

If t, € APT, then w considered as a p-form has to have a value on ¢,

w(xX)(1x) = (W(8e0), APdLg _, (1x)) (1.4.2)

This identification is compatible with the action of G, from the left on
X, so we may divide by I" and get

QP(I\X) = CP(I'\Gw, A" ad, A”p)

It is important that we can write this also as a space of function on the
adele group. Using lemma[[.3.1l we find

CP(I\Go, AP ad, APp) =

CP(Go(F)\G,(A)/K/ (a), A? ad, APp) =
W : Go(F)\G,(A) — APplw is C* in the infinite component
and w(gk) = A? ad(k)w(g) where k = (keo, k') and
k/ € K/(a)

1.5 De Rham Cohomology at Infinity : Let B/F be any Borel sub-
group of G,/F. This Borel subgroup defines a boundary component
Yp C d(I'\X) and we want to describe the cohomology of this boundary
component in terms of differential forms.

We still fix our base point x, € X. We have seen that the boundary
component associated to B is diffeomorphic to
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Tp\X}," = T5\U(C)x, = T5\U(C)
and we have homotopy equivalences
Tp\XY < Tg\X < Tp\X U Yp
(2IRemark2). The group B., = B(C) acts transitively on X and we put
K% = By N Koo

Then K2 is a circle. This allows us another description of the space of
C*-p-forms on I'g\X:

QP(T'p\X) = CP(I'g\Bwo; AP ad, APp) =
w|w : T'p\Bsw — APp;w is C* and
W(beokso) = AP ad(kZNw(beo)
for ke, € K5.
Under the action of Kf; we have a canonical decomposition of

P =Po,s®P1,B=Po DP1

where p, is of dimension 1 and K2 acts trivially and P15 is two dimen-
sional irreducible. In the case of B = B, this decomposition becomes

p =RH & (RE; @ RE))
Therefore we get for any 1-form on I'g\X a decomposition
W= Wyp+ W =W, + W
It is clear that the w, component vanishes if we restrict it to the “slices”
Tp\XY) — Tp\X

and this tells us that our decomposition does not depend on the choice
of the base point x,.
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Let us assume that w € Q' (I'g\X) is a closed 1-form. Then w defines
a cohomology class [w] € H'T3\X;R) = Hl(FB\Xg);R). We want to
compute this class. The group Uy acts on I'3\X by translations and
from this it follows that the cohomology class [w] is also represented by
the form

WO (be) = f (Uooboo)ditoo
rB\Uoo

where the volume I'g\ U is normalized to be equal to 1. If we restrict
this 1-form w© to T\ XV we get

0O P\ XD = | rp\ XD

0)

LB is translation invariant and therefore constant. This means

and w

0 0
W\ (ues) = W\ 'p(1) € p1g

This element a)(logg defines a homomorphism from ['p into R:
Every element y € I'g can be written in the form y = explogy
where logy = 1d — y € Lie(RF)g(U/F)) and the homomorphism is
(] —
y = (logy, w (1)) =
= (logy, w¥(1))

Since we have H'(I'z, R) = Hom(I'g, R) we find the formula

[wl(y) = (logy, w (1)) = (logy, (1)) (1.5.1)

We consider the group B, as a real algebraic subgroup of PGL,(C) =
G(R) where G = Rp/q(G,). The centralizer of KB is a real torus Te,
which is of dimension 2 and decomposes into a one dimensional split
torus and a one dimensional anisotropic torus. Therefore we have

To > C*=R*xS!

foo = (1o, k(tco))
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If w(1l) € p1 g we construct for any complex number s € C a form
ws : Tp\Be = p15®C

by
Wy(beo) = Ws (Uooteo) = Itool2 7 ad(K(teo) (1)

where as before |z|c = zz for z € C.

Lemma 1.5.2. The I-form wy is closed if and only if s = 0.

This is an easy computation (see also [8], Lemma 3.1).
This lemma allows us to go back and forth from forms on FB\XE;)
to forms on I'g\ X5.

1.6 The Adelic Description of the Cohomology at the Boundary In
the last section we gave a discussion of the de Rham cohomology of an
individual boundary component. Now we want to look at all the bound-
ary components and to describe the cohomology in terms of differential
forms which depend on adelic variables.

We start from our standard Borel subgroup B, and as in we
decompose p = P, ® P1 = Po.B, D P1,8,- We define Bglgo = {bo €
By | la(bso)l = 1}. We introduce the space of maps

W : Up(A)Bo(F)\BY), - G,(AT) = py ®C]
Hoo = { w(gh) = ad(kzH(g) for k = (keo, k)
and ke € K2°, k' € K/(a)

We want to show that we have a natural identification
Hew — H'(A\X),C)

To get this identification we start from a computation which is heuristi-
cal at the moment, but will also be used later.
Let us assume we have a 1-form[L.4l

w1 Go(F)\G,(A)/K/ () = p
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We recall the double coset decomposition (I.3)
Go(A)) = UB,(F) - £K/ (a)

where the double cosets are in 1 — 1 correspondence to the cusps. Let
us pick an element b, € B, and we compute w(be&). As in (L3) we

write & = (1,§) =a- (a™', k) and get
w(bed) = Wby, -a-(a',1)) where

b, = (b, 1,...,1,...). Then b}, = a 'bea € B, where Bis a repre-
sentative for the I'-conjugacy class of Borel subgroups corresponding to

é.

Then
W(beof) = (b, - (@', 1) = (bl -a™")

where we observe that the adele b’ (@', 1)is 1 at the finite components.
We write a~! = b,-1 - k,-1 with b,-1 € B, and k,-1 € K., and find

w(boé) = ad(k ! w(bl,by1)
We substitute b b,-1 = b.. and get
w(bl) = ad(k,1) - w(ablb La™' - )

Our forms in He, are not defined on all of G but only on BE,{;,.

Therefore we do the following:

We write
Go(AT) = || B(F)eK! (@)
£
and
& =(1,8)=aa" k)
and
B = a_lBoa
and

al=b, k, by € Beo, ky € Koo

64
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then we put

U)B : Boo - pl,B
W8 b - w(ab;;ba_,lla_l &)
One checks that
WP (blks) = ad(kHwP(BY)
for keo € Boo N Koo = K2 and that
W WbY) = w’(bY)

Therefore we get for any w € H a collection of differential forms
Wb e QI(FB\XS) ) which are U, invariant and represent cohomology
classes of the corresponding boundary component at co. (I.3.1). This

gives us a map

Ho = D H'(¥5,0)
B

which is obviously an isomorphism and does not depend on any choice.
Let us assume that we have a 1-form

w: G(F)\G(A)/K/(a) - p

which is closed (L4). So it represents a cohomology class [w]. We know
that the restriction of [w] to the boundary is given by an element in Ho,,
we want to compute that element. On the adele group U,(A) we choose
a Haar measure du so that the volume U,(F)\U,(A) becomes equal to
1. Then we compute

= [ ol

Up(F)\Uo(A)

If we restrict w© to Bf,lgo -G,(A') we can project the values to p; = py 3,
and get
W\ : Up(A) - Bo(F)\BykGo(AT) — py

which is an element in H.
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Proposition 1.6.1. Under the natural identification constructed above

(10) corresponds to the restriction of [w] to the boundary.

This follows from [[.3] where we did the corresponding thing for the
individual cusps and the computation at the beginning of this section.
The normalisation of the measure corresponds exactly to the one in
We have the decomposition (I.2.1)) for the cohomology of the boundary.
For the rest of this section we want to analyse our identification

the element w

Ho — H'(A(N\X);C)

from the point of view of (IL.2.I). Actually we shall very explicitely
associate to any element y € M:; or M% an element w(¥) of He.

O 1

The group acts on p; ® C = CE| & E; and the vectors
e,1=E1—iQFE,
e 1=E+i®FE,

are eigenvectors with respect to this action:

i0 , i0 ,
ad (eo (1)) e =€ e, ad (eo (1)) e_;1=e ey

The two elements e, |, e_; define homomorphisms from I'p, to R (L3)
and we shall use them as canonical generators of the two modules L.

and L_ (T.2.2).

Therefore we have now established the identification
M; = My; M, = Mj
in[[.2.2l Now we shall give an explicit formula for the identification
maps

H'@OM\X),C)>  (MyeCoMyeC) - Hy

¢:(0)a)y*—S!
Pi)=i

66
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The crucial point is the following simple
Lemma 1.6.2. To any ¢ : (O/a)* — S which satisfies ¢(i) = i*' there
exists exactly one character
¢ 1/F*U/ (@) - §!
for which N
9IU U (@) = gl(0/a)" = ¢

any for z € C*

¥l
%mwwm=ﬁ).

Iz|
Proof. Asin[l.3]we start from
I/F*U/(a) > C*x(OJa)* /W
Since we have to have

&G0 )) =1

and ¢(i) = i*! we get existence and uniqueness easily.

To any of our characters ¢ : (/a)* — S for which ¢(i) = i*' we
introduce the number e(¢) = +1 such that ¢(i) = i€%).

We have

Uo(A) - Bo(F)\Bo(A) = To(A)/T,(F) = 1/F*
and therefore we may also look at ¢ as a character
¢ : Bo(F)\Bo(A) > S

which is trivial on U,(A).
To any ¢ € M, where ¢(i) = i*! we associate an element w( , ¢, ) €
He by the formula
W(boog’ . ¢.0) = w(bob k! . ¢, 0) =
Flbosb”) - w(K) ) - e
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where we identify K//K/(a) = G. It’s of course pure routine but we
want to check whether this is well defined and the signs are correct.

e’ 0
If b, = ( 0 1) = h(6) then we should have

w(h(©)g”, ¢,¥) = ad(h(®) ™) - w((1,8’, ¢, 9) =
ad(h(@)™) - p") - (k)™ - ee(q) =
o)) -y e ey

and on the other hand we have
B(h(9) - b)) = @ - g(b)

so the component at infinity is ok. To prove that it is well defined we
have to write '
g =tk = bl bl )T K

and get from the finite places 68

#' b)) - w(() )T =

Fb) - gD - ) b =
o) o)) - pD) " wkH ™ =
o) - w(®H™.

and this proves that w( , ¢,y) is well defined.
The map
Py o MpeC - H
d(D)=i
which maps ¢ € My and y' € Mg to w( ¢, Y) and w( ¢, ¥) is
equal to the identification between H L@(M\X), C) and He, if we take
(L2.1) and (I.2.2)) into account.

One remark concerning the notation. The i is always an element
in My where ¢(i) = +i so ¢ is determined by . But I think it is bet-
ter always to keep in mind from which space the ¢ has been taken, so
therefore we keep the ¢ in the notation. m|
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2 The Eisenstein Series

We start from a cohomology class at infinity. We have the identifications
[2.1and [.2.2] and we have seen how to associate to a class ¢ € M, a
map

W( 0, 1) : Up(A) - Bo(F)\BLLGo(AS) = Cesy C p1 ®C

We extend this to a map from G(A) to p ® C. To get this extension
we choose a complex number s € C. We have seen that B, o, = BS; -R*
({3l and and Go = B, K. We write an element g, € Goo as
Zoo = boo * 1o - koo Where to € (R})", b € Bg) and k« € K., and put

W5((8e0r 8> 9, 1) = Wy(beotookoos 81), 6, 4) =
ol2F - ad (D) - (b, 87, 6, )

Now we are in the position to define the Eisenstein series. For Re(s) > 1
the series

E@op9)= > wlag.d.y)

a€Bo(F)\Go(F)
is absolutely and locally uniformly convergent. Moreover it is known
that our series has a meromorphic continuation into the entire s-plane
({91, Thm. 7., [13]], Chap. 6). We can interpret E(g, ¢, ¥, s) as a 1-form
on I'\X(1.4) and this 1-form is closed for s = 0. ([8]], 4.3). It is well
known that E(g, ¢, ) is holomorphic at s = 0.
If we want to know the restriction of the Eisenstein class

[E(g, ¢, ¥, 0)]
to the boundary we have to compute the constant term (Prop. [L.6.1)).

E(ug, ¢,,0)du = EV(g, ¢, 4, 0)
Uo(F)\Uo(A)
We do this by analytic continuation and compute for g = (beo, gf ) with
b € By, and Re(s) > 1

E(ug, ¢, ¢, s)du
Uo(F)\U,(A)
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This computation has been carried out at several places ([6], 1.6.,
[11], 6, and [13[]). So we recall only the main steps in the compu-
tation. We start from the Bruhat decomposition Go(F) = By(F) U
By(F) ( _01 (1)) Uy(F) and substitute the definition of the Eisenstein series
into the integral. Then we get two terms

w;(ug, ¢, Y)du + f w(wug, ¢, y)du
Uo(F)\Uo(A) Uos(A)
where w = (_01 (1)) The first integral is constant and therefore we find
wy(8, ¢, ) + f ws(wug, ¢, y)du
Uo(A)

We have a map B,(A) 2, I defined by the positive root and for b € B (A)
we define |b| = |a(b)| where |x| = idelenorm of x € I. We write 8=

(boor 8") = (boo, b') - (1,k7) = b - k and get
wy(g 6.9 = B2 ) - v k)™ - e
and

f Wy (wubk, ¢, y)du

Uo(A)
1_s
= 12 i) f stk ¢, v)d
Uo(A)
The functions ws (g, ¢, ¥) are product of local functions
ws(8. 0. 0) = 0 8e0r ) | | (200000
p finite

This is so since they are defined by ¢ and  which are both products of
local functions

w(k') = y(kp,) where {p,} = supp (a)
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$@) = Feol) - | | Bpx0)-
p

We have forp 1 a

S

WP (8. 6. 0) = WP (bpko 6. 1) = Fp(bp)bpl2

for pla
WP (gp, $,0) = ¢p(bp)|bp|p Tk

and
(c0) _ , (c0) . _
wS (goo, ¢’ lP) - (,()S (bOO tookoo, ¢7 lﬁ) -
1.5 —
ltool2"? + Poolbos) - ad(k Ves)

Therefore the integral decomposes into a product of local integrals. We
have to write the measure as a product of local measures and we are in
the fortunate case that we can take

du=du_ 1_[ dup
p

where Voldup(ﬁp) = 1 for all p and du = dx dy (Actually there should
be a % at (1 + i) and a 2 at infinity but they cancel).

For those p which do not divide a (these are all except one) we find
1- ¢p(77p)2|ﬂ'p|l+v

1- ¢p(ﬂ'p) |7Tp|p

f WP (Wi, ¢, Y)dup =

Uo(Fp)

and this follows from a standard computation ([L1]], §6).
What happens at p, where p, is the prime dividing a? In this case
we note that U,(Fp,) = F}p, and our integral is a sum

f wgp”)(wupo, kp, @, ¥)dup,+

/})po
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Z f (Po) ( (1 ﬂ'polepo) kpo’ ¢, '70) dfp(,

and itis forn > 0

—1
0 1 1 o) €p, K T, €, 1 -1 0 L
-1 0 1) 0 e \mee! —1)"

We substitute this into the integrals of the infinite sum. We get that
each integral in the infinite sum has value zero since ¢ is not a trivial
character. We have only the first term and get

f WP (w, Up, ko, ¢, ¥)dup, =

ﬁpa
1
- § k l——l
N@) ueo, /puw( "= N() ¢¢( )

where T is the intertwining operator constructed in[[.2.2]
At the infinite place we have to compute

il v
C

where z = x + iy. We introduce polar coordinates and get

2w

ff <oo>( (lx ¢ ) ¢¢,) xdxdd
0 0
1 xe®\  fe!? 0) (1 x\(e™ O
o 1) \o 1)\o 1flo 1
co 21 i0
f f e+e<¢>l-e,ad((eo ?))wgoo) (W ((1) x) s, ¢)xdxd9
0 0

and we have

This gives us
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Let us write
@ [, (1 *
Wy 0 1 ¢, lﬁ = A(x) " Ce(g) + B(X) -H+ C(x) *C_g(p)

Integrating the first two terms over 6 we find zero, so we are left with

2r

P 10

ooty < swmn
0 0

{ f Ib(x)I% 3 C(x)xdx] e_e¢)

0

!»

We have to start from the Iwasawa decomposition

(1 x) _ ((1 +x2)712 X ) (—x(l + )12 (1= @)

"o 1)~ 0 A+ (212 —x(1 42712

Then b(x) = (1 + x*)~! and a simple computation using (LZ4.I) yields
Cx)=—-(1+x>)""
We get for our integral

T
s+ 1

)

[—27r f (1+ 227751+ ) wdx eeg) = -
0

Multiplying all this together we find for Re(s) > 1 and g = (b, g-f )

E(ug, ¢, 4, s)du =
Up(F)\U,(A)
L@y

GEED ST s ey Y

where the L-function is defined as

L@, ) = | [0 - Gpmplmp™)!

P#Po
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([12l], X/V, §8) Since both sides have meromorphic continuation into the
entire s-plane we find that the equality holds for all s.
Before stating our main result we look at the expression

B L@Z, s)
s+ 1 L2, s+ 1),

a little bit more closely. The first crucial fact is that L(EZ, 1) # 0 ([12],
XV, §4).
So we have to compute

L(¢2 0)
L(¢2 1)
Now we exploit the functional equation. Let us assume that a = p,, is an

odd prime and N(p,) = p. If we follow the instructions in [12]], p. 299
carefully we find

L(¢?,0) = +W(¢2) p - 7' L(¢?, 1)

and therefore

L(¢2 0 _ = L(¢ 1)
"Len VOOV L(@2.1)

We apply the formula for the number W(¢?) given in [12]], p. 300 and
get W(EZ) =2 T(¢>2)— ¢>2(D(1+ )) where 7(52) is a Gaussain sum.

\P
([12], X1V, §4). Now > = —1 and ¢2(D(‘11)) P((1,4,1,...,))
where the i/2 stands at the (1 + i)th componente of the idele. Then this
is
(=20, 1,-2i,..)) = (=1) - ¢7(=2i)

where the last —2i is the residue class of —2i in &'/p,. Therefore we find

=2
L(¢ 0 _ = e D
L(¢>2 . —7(¢°) - ¢*( l)L(?JZ,l)

73
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If we have a = (1 + i)® we find

=2
M¢0)'jﬁETEMfJ):
L(¢?, 1) L(¢?, 1)

L(¢ 1) _ L(¢ D)
AT
Now we can state the first main theorem of the paper. In the statement

we refer to the different identifications made before.

Theorem 2.1. For ¢ € My ® C the Eisenstein series E(g,$,4,0) is a
closed 1-form and the cohomology class [E(g, ¢, ¥, 0)] restricted to the
boundary is equal to

(%)

(¢ 1

[E(g, ¢, lﬁ, 0)]5(1"\)_() = '70 ¢2( 2) (¢2) (¢2 1) p

Toy
ifa = p, is prime and N(p,) = p and equal to
L(¢S 1
Toy
L@, D4 4
ifa=(1+1i)>
2.2 Arithmetic Applications In this section we assume that a = p, is

an odd prime. The theorem gives us the value of the number ¢ in[[.2.2]
we get with p = N(p,)

- = :.2
o= _¢2(—2i)7(¢2) Lg . 1) 2.2.1)
¢ P L@ 1) -

Corollary 2.2.1. We have

|C¢| =

sl-

and in particular cg # 0, co.
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This is a consequence of the properties of the Gaussian sums.
To give another interpretation of the Corollary 2.2.1] we recall that
we have a scalar product on My

W,y = f Y@V (@)

G/B,

and the norm of the operator T4 is obviously +/p. So the +/p cancels
and we find that the Corollary says that

C¢T¢2M¢®C—>M5®C

is an unitary operator.

I was unable to see this form a topological point of view and shall 75
come back to this kind of questions laterL].

But we can also reverse the argument. We had the identifications

(2.0
H'(O(\X). R) > (H M & M) > H(My & My)
¢ ¢
p()=i p)=i

where the last identification has been by means of the elements e, |,
e-1 € p® C (see[[22and [[E). Of course we must have ¢y € R(X) Q
z

and therefore we get the information that

L(Z’2 1
e R

But we can do better. The cohomology
H'(OT\X),R) = H'(O'\X),Z) ® R

and we have an action of the Galois group Gal (K/Q) on the cohomology
where K is the filed of fractions of R. But this galois group is also acting

' Added in Proof: This is actually very easy to see.
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on

@(M;; + M)

¢

p)=i
in an obvious way and the action is compatible with the identification,
moreover we see that e, and e_; are both defined over Q(i) and the
complex conjugation interchanges these two homomorphisms. There-
fore we can say that also the last identification is compatible with the
action of the galois group. The galois group Gal (K/Q) acts on our
character ¢ simply by acting on the values

¢7(x) = p(x)”

and o € Gal(K/Q) maps My into Myo. It is clear that Tg = Ty, and all
this tells us

Corollary 2.2.3. We have

Li¢ . 1)

¢%%MN@%LM%DGR®Q
and if o € Gal(K/Q) and ¢ = ¢7 then
—L(Ez D [ L(j) 1
2(=2)1(d2) = d2(=2i 2y, YLD
¢=(=20)1(¢ )L(¢2, I)J ¢1( Z)T(¢1) L(¢%, D

This follows of course from the observation that the image
H'(T\X,R) - H'(AT\X),R)

has to be invariant under the action of the galois group.
This corollary is related to results of Damerell, Shimura and Razar.
Damerell’s result is to some extent much stronger since it says that

L@ ) =w-a

1
d
where w = f a

0 Vx—x3

nominator can be bounded in terms of our data ([4], II, Thm. 2). But

and where « is an algebraic number whose de-
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on the other hand it seems to be so that our information concerning the

ratio L(¢ , 1)/ L(Ez, 1) is much more precise and I do not know whether
this can be deduced from his methods. There is also a certain relation to
the results of Shimura and Razar. Shimura considers Dirichlet L-series
corresponding to modular forms ([23]))

i an” = L(f, 5)

n=1

and twists them by Dirichlet characters

D(f,$,5) = ). awpn™, > awpm™ = D(f, 0, s)
Then he is able to say something about the values

D(f, ¢, s)
D(f. ¢, )

at special values of s and then his results becomes very similar to ours.
But I do not see whether his result implies Corollary ?? or whether it
can be obtained from his methods.

To conclude this section I want to discuss a few examples very ex-
plicitely. We start from the following general remark: The cohomology
H'(T\X,R) = H (T, R[G]) can be computed in principle in an effective
way once our data-this means a-are given. This will be discussed in the
thesis of E. Mendoza ([[15]). This means we are also able to compute the
number ¢y in a given case and this gives an effective way of computing

the ratios L@Z, 1)/ L(¢2, 1). (Comp. also [23]], Intr.). We want to discuss
this computation in a couple of cases where we chose a slightly different
method than the one suggested by [15]. We compute H'(T,, Ny)(L23)
by starting from the cochain complex. We look at

Ny
|

0 ——C?(T'y, Ny) C' (T, Ny) —

J

Ny) — C' (T, 5,,Ny) —

0 ——C°(To

[
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We computed

H' Ty, Ng) = Hom(T,0,. NV)" = Hom(T',.,. Rf, ©Rf o).

Let ® € Hom(I'y, By, Ny) and let

=i Aol =5

11
@.(0 1)_A—>af0+bfoo

D : ((1) i) = CAC™" = cf, +df.

Such a @ is invariant under W if and only if ¢ = ia and d = —ib. This
means that a cohomology class in H 1(l",,,BO,N,;;) is canonically repre-
sented by a cocycle

O:A—-af, +bfs
O:C—-0

1 i . .
D: (O 1) — +iaf, = ibfs

In[L.6l we introduce e., e—; € p; ® C and they define homomorphisms

(L3
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Therefore we have in the notations of [L2.3] if we put e, = e, and
e_ = e_1 (what we did all the time) that

O = 2ae, +2be_

and ¢ = ba™' - N(p,)”! and our problem to compute ¢4 amounts to:
When can we extend the cocycle

O:A—-af,+bfee;@:C—0

to a cocycle on I', with values im Ny? The only thing we have to do is
we have to give the value ®(B) € Ny. But we have certain restrictions
for this value. These restrictions come from the relations

B*=1 BC-C'B (AB’=1
which imply

®(B) = CO(B), ®(B)+ BD(B) =0 and
O(AB) + ABO(AB) + (AB)*®(AB) = 0

(These are not all relations, but they are sufficient in our special cases)
We stick to the case a = p, is an odd prime and introduce a basis in
Ny. The basis consists of the functions dz where u € 0/p, = F), and 0

and
1 u
w - -1

1 v _
oy - w-( J -0 forv+u
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The group acts as follows
A(sy = 0y_1, Aboo = 0o

BS, = 0o, BSeo = 89, Bz = p(@)S 1 (u # 0),
Céz = ¢(i))™" - 6, Cdoo = P(i)0co

The cocycles we are looking for are

@ZA—)CZ[Z (5;,]+b600

uekl,
O:C—-0
O : B —>?

We write O(B) = Xx30; + X0 and we get from CO(B) = O(B)
that x, = xo = 0 anci X = @(i) - xz. The dihedral group generated
by B and C acts on B\G and we have one orbit of length 2 namely

{0, 0}, one orbit of length 4 namely {1,i, —i,—1} and the other P=

orbits are of length 8 and those consist of two orbits under {C} which
are flipped by B. Therefore we see that the relations C®(B) = ®(B) and

-5
®(B)+Bd(B) = Orestrict the possible values for ®(B) to an (p A + 1)—

dimensional vector space.
Now we look at the relation

®(AB) + ABD(AB) + (AB)*®(AB) = 0

To see what this means it is convenient to look also at the space Ng. We

have a natural pairing Ny X Ny — R and the S, 00 form a dual basis
with respect to this pairing. Then this last relation says

(D(AB),[)=0
foralll e NE for which ABI = [. This means

(D(A) + A - DB), ) =0
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for all such / and this is equivalent to
(D(A) + D(B), Ker(Id — BA)) = 0

where Id — BA : Ng — Ng. We have a 2-dimensional space of choices
p—35
8

for ®(A) and a( + 1)—dimensi0nal space of choices for ®(B) and

-1 +1 -1
on this (p + 3)—dimensional space we get P (resp. P + 2)

3 3
linear equations if p = —1mod 3 (resp p = 1mod 3) for the possible

cocycles. This gives us some kind of vague feeling the occurence of
cohomology is something accidental. But we know that there has to be
at least a one dimensional space of solutions.

We consider special cases:

I. p, = (2 — i), then we have exactly one character ¢ with ¢(i) = i.
We have the residue classes 0, 1,2, 3,4mod 5 80

DA)=a(6, +01 +52 + 03 +04) + b -5
O(C)=0
DO(B) = x- (01 — i0p — 04 + i53)

The ele/nlents ’5;, + 51 + 300 and gg + 34 - 33 form a basis for
Ker(Id — BA) in the dual module and have to be orthogonal to
O(A) + O(B) and we get the linear equations

2a+b+x=0
a+(2i-1x=0

3+4i (1-2i)?
db=- = .
2iel 2i+1 1+2i
Therefore we have constructed a cocycle representing an Eisen-
stein class and this Eisenstein cocycle is

Weputa =1, then x =

(1 —2i)?

Or A 0, +01+02+03+684) + —— -
E:A—> (0, +01+02+03+04) a=20

(o)
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EZC—)O

(DE B —

2+ 1(51 — 107 — 04 +l53)

This gives in view of [L2.4l

(=27 1 _(1—21')21_(1—21')
=0+ 2i) Np,) (1+2))5 (1+2i)?

If we take (2.2.1) into account we find

(1 —2i)?

L(:2 1) (1-2iy?
¢ = —¢*(=2i)T(¢D) " — 52

L@Z, D 1+2i

—7(¢?)!-

The definition of T(;b?) is given in [12], and we get

2+l 7ix 2+l 1_2l
@) =3 ) P =T V5= 5

xmod 5

so we end up with

=2
Lg,1) _(1-2) 1
L@, 1) (1+20)2 43

Po = (3 + 2i), then &'/p, = Z/13Z and imod p, = Smod 13. Our
cocycle has to look like

d)(A):a[ Z

uc0/p,

62| + b, D(C) =

(D(B) = X1(51 - l.(SS - 512 + i58)+
X2(02 = i610 — 611 + 103 — (406 + ih(9) - 69 + $(9)7 — ih(9)04)

The vector ®(A) + ®(B) has to be orthogonal to the followmg
vectors in the dual space 61 + 6 — Sos 65 + ¢(9)63 - 56, 612 +
¢(10)67 + 62, 68 - </J(4)<511 — 09 and if ¢(3) = 1 then also to 610 and
64



Period Integrals of Cohomology Classes... 91

(@) ¢(3) = 1. Since (Z/13Z)* = {5} x {3} this fixes ¢ since we
have ¢(i) = ¢(5) = i. Then its easy to solve the system
of linear equations and we find the only solution a = 1,
xpx=-1,x1=1-2i,b=-3+2i.
The Eisenstein cocycle is

dp(A) = { Z 5E] + (=3 + 200, ®p(C) = 0

ueop,

®p(B) = (1 = 2i)(¢1 — id5 — 612 + i0g)
—(i02 — 1010 — 011 + i03 + Og — 109 — &7 — i04)
(=3 +2i)

Therefore we find ¢4 = 3

and this gives us

LG.)_ G-27 1
Lig2, 1)  (B+2) Vi3

1 1
B) ¢3) = p = ) + Ei V3 where V3 is the positive root. In

this case our computations gives again one solution and we
get

L +i-pH(1+i-p)?
%MF[ZJﬂﬁ . e
uel/p (1—i _p2)

Op(C)=0
S0P L s b+ i)
1—i-p?
i p—ip>-2
C1-il-i-p?
(52+i510—511+i53+56+i59—57—i54)

Op(B) =

and we get

L +i-pH(A+i-p)? 1
=lp o —

“o 1= ip? 13
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We introduce the Gaussian sum

~ 2r 2 2 2

2\ _ 2y _ cl coss. 2 it =

G(qb)-G(qﬁ)-2(cos13 cos S B cos 3 13+cos213
2r 2 2 2r 2
+2p(cos4-E—cos6-E—cos6-ﬁ—c053ﬁ+cos2ﬁ

and get

=2
Lg. 1) _ (A+i=py-(+i=p? 1
Lg% 1) (I-i-pP-(1-i-p?) G@?)

We want to conclude this section by mentioning an interesting ques-
tion. One of the consequences of our theory is the non vanishing of cg.
We could now also look at cohomology with torsion coefficients say in
the ring R/p = F,. We have basically the same situation as in charac-
teristic zero if we stay away from some bad characteristics. So we may
again ask whether this number ¢4 # 0, co. Of course it is clear that
this question is closely related to the question, what is the prime num-

ber decomposition of L(Z, 1)/ (L(Ez, 1)? So one might ask for instance
whether ¢, is always a unit in R, once we inverted the divisors of IGH.

3.1 The Period Integrals
In the last section we constructed the cohomology classes

[E(g,6,4,0)] € H'(T\X, ©).

Actually it can be shown that these classes live already in H'(I'\X, K)
where K is the fraction field of R. This will be done in a subsequent
paper and we have to use the Hecke algebra and the strong version of
the multiplicity one theorem.

I ask the reader to accept this fact here, it will be of importance only
at the end of this paper. So we have homomorphisms

[E(g.¢.4.0)] : T > K

2Added in Proof: Further computations show that this idea is much too naive.
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and we may ask for a formula for the value of [E(g, ¢, ¥, 0)] on a given
element y € . If y is unipotent, then the answer is given by theorem
2.1l Therefore we are left with the non unipotent elements y. In this
case the centralizer T, of y is an anisotropic torus over F. The aim of
this section is to show that we have a canonical way of associating a
cycle z, to y and that

[E(§,¢,¢,0)](Y)=fE( . $,4,0)

Ly

We want to give an explicit expression for that integral.
Our given element y defines a torus T, and this torus defines a
quadratic extension E/F, the splitting field of 7, /F. We have

T,(F) = E*/F*

and it follows from Dirichlet’s theorem on units that 7, (F) NI" = infinite
cyclic group which contains y. We shall say that y is primitive if it
generates this infinite cyclic group.

The group of complex points of our torus 7', decomposes in a canon-
ical way

T,(C) = RixS' = T)x1y)

where S' = {z € C| |z = 1} and the superscripts s and ¢ stand for spit
and compact. We pick an element x, € X = PGL,(C)/K. for which
T)(,C)xy = x,. These elements form a real line in X. We get a map

Ju, 1 TV = Ty (©)/TY — X

Jx, 11— Ix,
and with I, = T'N T, (F) we get a map

Ju, : TATY(O)/Ty) - T\X
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and this gives us our one cycle z, since the left hand side is obviously a
circle. Now it is obvious that

[E(g’¢"7[’90)](7):fE( ’¢9¢”O)

2y

As I said already we want to have this formula a little bit more explicit.
So let us assume that w is any 1-form on I'\X. We get the identification

T,(C) — C*

from the selection of a generator in the character group of our torus
T7>1~SC' This selection is unique up to a sign. Therefore we have

(s)
TS RY

0
On R} we have the canonical vector field ta which we lift back to a

vector field Y on Tf) by means of that identification. We have T;s) =
7,(C)/ T;C) and let y be the image of y in Tf). Then

Y
d
f o= f (it @, O T
1

2y

where we consider T.;S) = R}, and djy, is of course the derivative of our
map jy, . We write x, = g,x, with g, € PGLy(C). We agreed already to
look at w as a function

w:TMN\Gxw —p

such that w(geke) = ad(kw(ge). We apply (L4.2) and get for the
integral

Y
) dt
[(@tig drggy o dinnS
1
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Since our vector field is invariant under translations we find
dLg -1 - djx, (Y) = ad(g, h)

where we consider Y € Lie(T§s)) C Lie(Go) = Qeo. It follows from
our construction that ad(g; 1(Y) € p and the first ‘explicit’ form of our
integral is

f (wiizy), ad(g; NN G.L1)

3.1.2 Summation over the Classes in the Genus

Our final goal is the evaluation of the integrals (3.I1.1) for w =
E(g,¢,4,0). But we shall not be able to do this directly since we run
into some trouble with class numbers. So we have to discuss these class
number problems first. We say that two elements vy, y; € I are in the
same class if they are conjugate under the action of I'. If w is any closed
form we shall certainly have f w = f w if v and 7y are in the same

y Zy

class. We say that y, y; are irll the same genus if they are conjugate
under the action of PGL,(F) and if we can find an element lgf e K/(a)
which conjugates y into y;. We shall see that the set of classes in a given
genus is a finite set which has a natural structure of an abelian group.
If y € I" and if I, is the set of classes in the genus of y then we shall

compute
Zx(yl)fE( 6.0.0)

Y1€ly

for all characters of I, and for this expression we shall write down a
rather explicit formula.

Now we shall describe the set of classes in a given genus. Let us
pick a non unipotent element y. If we have

y1 = a lya with a € G,(F), yi = kK'y(k))™"; &/ e K/(a)

85
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thent=a-k/ € T,,(Af ). It is very easy to check that the correspondence
t & vy induces a bijection

I, — T(F)\Ty(AT)/K (@) N T, (AT)

To see this we use[[.3.Jland use the same arguments as in[L3] for the set
of I'-conjugacy classes of Borel subgroups. This of course defines the
group structure on /,,.

Our next step is to transform the sum

Z x(y1) fw

’}/1617

into an adelic integral over T',(A)/T,(F). We start from the observation
that we can view w as a function

w : Go(F)\Go(A) = p

which satisfies w((gk) = ad(k)w(g) of k = (keo,k”) and K/ € K/ (a)
L9.
We have

T,(F)\T,(A))/K/ (@) N T,(A)) = T,(F)\T,(A)/T(C) - (K/ (a) N T, (A))
and we write

TyA) = | JTy(F) - T)(©) - £- (K (@ n Ty(AT)
3

where § € Ty(Af ) and where we embed Ty(Af ) = T,(A) by putting
the component at infinity equal to one. Then we use again ?? and write

£= agl_cga € G,(F), k' e K/(a)

and extending this to 7, (A) we obtain

£= (1.6 = ag(a;' k)
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The element & defines a class in the genus of y and y¢ = aglyag elisa

representative of this class. We want to compute
ZX (7¢) f w
£ Zy

We observe that y is a character on Ty (F)\T,(A)/T,(C)(K/(a) N T\ (A/)
and the above expression becomes

e
D x© f W=y f ((1gy,), ad(g;H(¥))
g Ty £ 1 -

1

— 1 -
Now we can choose Xye = Az Xy and 8ye = a4z &

Then we get for our sum -

Ye

8 d
PPIGE f (ltaz'g,).ad gy o ad agVe) S
1

In the adele group we have
ag - (az' k) = ¢
and therefore

ag;"(aé_?l,l,...,l,...,l):é_‘-".(]_(f)—l

We put ¢ = agtagl and note that adas(Yg) = Y then the contribution
coming from the class ¢ is

Y
d ’
[ (ta 7. ad o
1
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Now we observe that this integration takes place at the component at
infinity. We have

(@' 1) =ag € ()

and we find for the above integral the value

(w(té), ad(g; " )(V))d"t
Ty(FO\Ty(F)-Ty(C)§

where the measure d*t on the adele group has to be normalized as fol-
lows.
We have

d*t = ld*t,

: . dt
and d*t,, = d"tf;f,) X dxtff)); the dth;? is the Lebesgue measure " on

R} = T;S) and d*1%9) gives volume one to the circle. At the finite places
we require

voly, (T(Fp) K/ (@) = 1.

At this place we used the fact that y is primitive. This gives us the final
formula

ZX()’I)fa) = f w(g(gy,ad(g;l)(Y)dxg (3.1.1.1)

nel Ty(F)\Ty(A)

where d*t is normalized as above and where gy =(g 1,1,...,1).

3.1.3 Now we apply this formula in the case where w = E(g, ¢, ¥, 0).
What we shall do is to evaluate the right hand side in the case where
w = E(g,¢,y¥, s) with Re(s) > 1. Then the result will be dependent on
the different choices we made. If we continue analytically and evaluate
at s = 0 then the result is intrinsic and we get a formula for the left hand
side.
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We have for Re(s) > 1

X0, odag puNd't

Ty (F\Ty(A) a€B,(F)\G,(F)

The map B,(F) X Ty(F) — G,(F) given by multiplication is easily seen
to be bijective, so we find that the last term is equal to

X0 Y g  duNd't =

Ty (F)\Ty(A) 1Ty (F)

f )((Z)ws(lgy, ¢’ lﬁ)dxl

Ty(A)

As in section 2] we write wy(tg, ) as a product of local functions
p
and our integral becomes an infinite product of integrals

f w§°°)<toogy,5oo,¢/)dxtoo]—[f)(p(tp)wé”(tp@p,d/)dxfp
p

T,(©)

(We should perhaps mention that the i enters only in the factor belong-
ing to p,).

Before we enter into the computation of the individual local terms
we want to state the result. Let us look at a finite prime p. We shall call

a finite sum
v=r

Z dvlﬂp|(1/2+s/2)v = Gp(s)

y=—r
where a, € K[y] (i.e. we adjoin the values of y to the quotient field K

of R) an elementary factor. We shall call such a factor an exponential
o, . 1.1 v
factor if it is of the form a,|7|2*2%" for some v € Z and a # 0.
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If we have any character 7 of the idele class group of any field L/k
and if p is a prime of k then we write

1 . . .
L(rl’ s)p _ W if nis unramified
1 if n7 is ramified

We know that the character y above can be identified with a character on
our quadratic extension E/F. We have the norm mapping N : I — IF,
so ¢ o N is also a character on the idele class group of E and we put

Le(c-¢oN,s) = | | Letr-do N, s)p

P\p
With these conventions we can state: We have for all p
LE (X : ¢ © N:Hz—_l)

— P
LF(¢2, s+ 1)p

fwgp)(tp’ ap, w)dxtp = Gp(aa '7[”)(’ Y, S) :

where Gp@, v, x,v,5) = Gp(s) is an elementary factor. This elementary
factor is equal to one for almost all p.
At the infinite place we shall get an expression

s 2 —

r(5 - 1) _ Goo(s)LE (x goN, sl
I'(s +2) Lr(#% s + Doo

where G (s) is an exponential factor and where the I'-factors are exactly

the ones one expects ([12], XIV, §8).

We are now ready to enter the long and tedious computations which
shall give us (*). We have to be quite careful since we want to get
as much information as possible on the local elementary factors. Es-
pecially we would like to know whether they can vanish at s = 0 for
reasons which become clear later.

A last remark concerns our character y. The formula makes sense
for any character on the idele class group which is trivial at infinity. But
for our purpose we have only to look at those characters which are trivial
on T, (A7) N K/(a), since only those enter on the left hand side. So we
shall always assume that

Goo(s) :
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3.1.4 We look, at the finite places first and we begin our computations
by discussing an integral representation of our function wg(gp, ¢, ).
We write the action of GLy(Fp) on Fj as

a b ax +cy
(x.7) (c d) - (bx+ dy)
and for any locally constant function with compact support
®:Fy—C

we write

Lqﬁ(gp’ ¢’ S) = LCD(gp) =
lys
fd)[(O, ap)gp]laé - det gp|;+2¢(ag det gp)d"ap
Fp

where the measure d*ap, is normalized in such a way that the units get
volume 1. One checks very easily that

Iip X _
Ly )e)-

This means that our function L¢ transforms under the left action of

B,(Fp) the same way as wgp)(g ,®,4¥) does, so we can expect to find
P y p p

a @ such that

1
tl’p 2

bp

+§ [t
: ¢(t1—’p)  Lo(gp)

2,p

p

Lo(gp) = ws(8p, 6, 1)
This is easy: _
If p # p, then our character ¢ is unramified at p, we choose for
O=(- ¢2(7Tp)|ﬂ'p|é_s) x characteristic function of &, ® 0. The one
checks easily that

Lo(gp: 6> 5) = 0P (gp, ¢, 0) (3.13.1)

If p = p, then we consider the space of functions

{@IO: O/p,® Op, — CID(A(x,y)) = $*(DD(x, )}
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We look at such a function as a function on 0, @ 0, and extend it
outside of &, @ O, by zero. Then for g = kp € K,

Lo(gp, ¢, 8) = @[(0, Dkp] - ¢(det(kp))

and therefore if we put

(ko) = O[(0, kpld(det(kp)) (3.13.2)

we find
LcD(gp, ¢, 5) = ‘Up(gp’ é,¥)

Here we identify My = {¢ : Kf - Rly(bk) = ¢p(b)y(k) for all b € K/ n
B(A')}. Now we compute the local integrals by starting from the integral
representation of our functions w;. We observed that our element y
generates a quadratic extension E/F in the matrix ring M»(F). Then we
have T, (F) = E*/F" and we put E; = (E ® Fp)*. If p splits in E then
E} = Ep X Ep. Our character y is in a canonical way identified with a
character y on Ig /I - F*. We have to compute

f Xt P (tp, ¢, W)ty =

Eg/Fy

2 3+3
@[ (0, ap)tp]lap det tplp

E}/F} Fy

P(ap dettp) - x(tp)d apd*ty =

f ®[(0, 1)ty ]l det ]2 G(det tp)x (1)t

X
EP

We have to spend a moment of thinking about the normalization of the
measures. The measure d"t, will be the product measure of the measure
d*ap which gives the volume 1 to the units and the measure d*f, which
gives volume one to T',(Fp) N K, C Eg/F;.
Let us put
Y = (Ep 0 My(Gp))"
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then Ug) is an open subgroup of the group of units Uy C Ej. If pis
ramified then the image of Ug) in T,(0p) is of index one or two, so
volg, UY”) = 1 or 1/2.

Remark . At this point we can derive already the statement (*) very
easily, it is almost the definition ([12], XTIV, 8). We have to check that
tp — O[(0, 1] is a Schwartz-Bruhat function, which is not quite clear
if p splits in E. But we said already that we are interested in very specific
informations on the local factors so we have to work a little more.

Case 1. Let us start with the case where our extension E/F splits at p.
At the moment we do not assume p # p,. In this case we can find two
eigenvectors ey, €2 € Oy @ Op such that for t € E,

et =neyp; ext =hey

where t = (11, 1) with respect of the decomposition E, = E, ® Ep. We
find a constant f; such that

wlP(O ® Oy) € Gpey @ Oper € Op @ O

and we call the embedding regular if we can choose e, e, in such a way
Let us write

0,1) = aey + Be; af#0

where @, B € E, and ng"a, ﬁg"ﬂ € Op. Any element f, € E, and be

written
4 \4
o :(1—[ r[)

P P
and we put deg(fp) = (v,v’). We have to discuss the question: When do
we get (0,01, € Op ® 0,7 We get a rough picture as follows: We have
integer constants Mp, Np and MF’,, Nr,) such that

(i) If deg(ty) = (v,v") and v > M, then (0, 1)1, € Oy ® Oy if and only
if v/ > Np.
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(i) If deg(tp) = (v,v") and v' > M, then (0, 1)tp € O ® O if and only
ifv> NF’,.

(ii) there exists only a finite number of pairs (v,v") with v < M, and
Vo< MF') such that we have a number 7, with deg(#,) = (v,V") and
0, Dty € Op ® Op.

So the picture looks like that
v=M,

0, )ty ¢ Gp ® 6, 0.ty € O, O,

(7
0,1ty € Oy & O,

Vi = My
0,y ¢ Op @ Oy

93 Soif v > Mp orv' > M] then (0, 1)t € Op ® Op depends only on
the degree. Let us call the finite set of points described in (ii) simply Sp.
If we have a regular embedding the situation becomes nicer. In this
case we write (0,1) = ae; + Bes with a, B € 0 and if we put +M, =
—ordp(a@), +My = —ordp(B) then (0, )iy € Op & Oy if and only if
we have for deg(ty) = (v,V') that v > My and v > MF’). We call the
embedding strongly regular if ordp(a) = ordp(B) = 0, this is the nicest
case, we have (0, 1)1, € O, ® Oy if and only if v, v' > 0.
Now we can evaluate our integral and we write

1is—
f O[(0, Dtp]l det 1ol "> d(det 1)y (1p)d"1p =
B
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(o)

> f (0. ]l det ol 2 B(det 1)y (1p)d" 1 =

v,v/:—ood

eg(tp)=(v,v")

v,V =400

1,5 A ’ /
D el TG (M) - (T )

v,y =—00

f D[(0, 1)(ITy, IT, el ¢(det(e))x (€)d*e (3.1.3.3)
UP

Now we should distinguish several cases :

(@) p # p, and y is unramified. Then our considerations above tells
us that our sum decomposes

IEEDINEEDINED)
(AN V=M, v’zM", v=Mp
NpSV'SM"rl NPSV’SM;Y] VM

The first sum is finite and in the other sums the value of the inte-
gral is always equal to volgr, (Up). Then these sums can be eval-
uated easily and we get

Gp(57 lﬁ?/\/’ Y, S) X
(1= p(mp)* - Implp™)

X (1= e el ) (1 = xte e el

where we recall that [IIp|p = [[Ip/|pr = |7p|p and the numerator 94
stems from the normalization of the characteristic function.

If our embedding is regular then we have
Go (@411, 7 ) = Il (DM G Mo Moy (TTp) ey (1T ) o

so we get an exponential factor in this case. It is equal to one in
case of a strongly regular embedding.
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(B) p # P, and y is ramified. Our character ¢ is unramified in this
case and it is clear that y has to be ramified at P and P’ since it is
one on I. Therefore most of the integrals disappear and we are left
with a finite sum, which gives us the desired elementary factor. In
this case we can’t have a regular embedding because of the earlier
remark.

(y) P = P,. In this case we have in addition that ® vanishes on
(Op@® Op)rp and transforms under scalar multiplication as follows

DLA(x, y)] = $H(DD(x, y)
If we restrict to a specific degree (vv’) we see that

(i) ®[(0, DAL, TI5)el =0 if v and v are large.

(ii) If vislarge and € = (ep, €pr)
®[(0, 1)(IT5, T15, )€l = ¢2(ep)DL(0, 1)(IT5, T15)]

(ii)" If v’ is large then we have

D[(0, 1)(IT5, T} el = 2(ep)@L(0, (AT} IT5,)]
If we decompose our integral according to degree we find (??)
+ Z +
v,/ small  vsmall v largey’ small
V' large
where the first sum is finite. Let us consider a term
f ®[(0, 1)(IT}, I}, eld(det €) - x(e)d e

Up

95 where v is large. We have Up = Up X Up/, and get

f f ®[(0, 1)(ITp, IT5) 1(ep /€ (ep)x (€pr )d epd epr

Up Upr
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Here we should be careful enough to say that of course

x(ep) = x(1,....ep, 1,...) = xp(ep)
T

P-th component

xep)=x(,...,Lep,1,...1) = xp, (ep)
T

P’-th component

X

and then the condition x|l = 1 implies xp(€) = xp (€) for € € Up C Fj.
Therefore our integral turns out to be

f f (0, DIy, TI5)IFme ()d nd e

Up Up/

This integral vanishes if ¢yp is non trivial on Up C F p- Butif dyp is
trivial on Up then the value of the integral is equal to

volgxe(Up) - @[(0, D)TTE II5,)]

and it is clear that this value does not depend on v but only on v’ provided
v is large.

A similar assertion holds if v’ is large. Now we interpret our condi-
tions on yp -aand XP’ - ¢ to be trivial or non trivial on Up resp. Up,. Of
course we have yp-¢ is trivial on Up if and only if the character y@oN is
unramified at P and the same holds for P’. And we observe that y¢ o N
can be unramified at most one of these place. Therefore we get:

If yé o N is ramified at P and at P’ then in our decomposition

PR

v, small y large v small
¥ small v large

the second and third terms contribute zero. Then our integral is given
by the first sum which is an elementary factor if ¢ takes values in R. If
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X o N is unramified at P then we get a contribution from the second 96
sum and this gives obviously again

1

Gp(a, '7[’9)(,’)/, S) — l+£
1 — x¢ o N(IIp)Tp/ |32

and this is again the term we want.

The same thing happens at P’, if y¢ o N turns out to be unramified
at P’.

Now we discuss the case of a regular embedding and we want to
give explicit expressions for the elementary factor. We write

0,1) = aey + Be;

and we put ordp(@) = —Mp, ordp(B) = —M},. One of these two numbers
has to be zero, if both are zero then we are in the case of a strongly
regular embedding.
We recall
G = PGL,(0/P) = K/ /K/(P)

and we recall from [[.2.2]
My =1y : G > Ry@b ) = pBW (@) =

W K IKI(P) — Ry k) = o(b7) - wik')
for all b/ € B,(Af) N K/

(1.6.2) Moreover we identified the two spaces
{@: O/P & /p— RIOIA(x,y)] = $*(D)P[(x, )]}
and M, by (3.1.3.2)
Y(k!) = D0, D] - p(det k)
Now our infinite sum over v, v' specializes to
one term for v = Mp,v' = My + Z + Z

v=Mp v>Mp
v’>M,’) v’:M{,
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97 We choose a uniformizing element 7, at P and choose Ilp, Ilps to be the
projections of 7, to the components in E® Fp, = Ep © Ey.
Then the first term is equal to

lys T 4 /
ol (2 )Mo+ Mo g e Mot Moy (T )Mo - (T )Mo

f O[(0, D(ITp", MpP)elg(det(e)x(e)d"e
Up

The vector &, = (0, )(ITr p ,H’F‘,”,') = a’e; + e has both components
o', B’ # 0. We choose an element k, € K, with det(k,) = 1 such that
(0, 1)k, = &,. Then our integral becomes in view of (3.1.3.2)

f wk,ex(€)de = (p — 1)PYy(k,)

Up

Here PX is the following projection operator: The basis e, e, defines
a torus Ty X Fp € GL,/Fp and the image of fy X Fp in PGLy X Fy is
T, X Fp. Let T,, be the reduction of 7,,mod p. Then this is a split torus
in G defined by the reduction of the basis ej, e;mod p. Our character y
can be considered as a character on the group Ty because it vanishes by
assumption on the center. Then we define

¥4 ¥ € Myly(gr) = p(@ (1)~
¢ forz e Ty

and PX is the projection from My to Mg. We get the factor p — 1 in front
because of the normalization of the measures.

The other terms vanish by the same argument as before unless y¢oN
is unramified at P or at P’. If for instance it is unramified at P we have
to consider

f ®[(0, (I}, H;V,'P’)(ep, )] X
Up

a(fpfp’ )Xp(fp)/\/p’ (fp/ )dxfpdxep’ s
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for v > M. And as before we find the value for this integral is

(p = D®[(O, 1)(IT;, Tp")] = Oleal(p — 1)

If we treat the integral the same way we did before in the case v = M,
V' = Mg we get : If ki € Kp, such that det(k;) = 1 and (0, 1)k, = e then
the integral turns out to be

(p = DPYy(k)) = (p = Dy(ky) = Dles].
Therefore we find: If we put
W@, x. 5) = brpl(3* PTG e MM y (11 Mo (T )
then the value of the local contribution is equal to
(p = DWp(d, ¢, 5) - Pi(k,)
if y - ¢ o N is ramified at P and P’
Wo(@,x: ) - (Py(ko) + Blmp (Tl lmo| 35 (PFy (ko) = PP (k)

l.s
232

(1 = g (Mp)lmpl3
if x - ¢ o N is unramified at P (3.1.3.2)

(p—-1

and we get a corresponding expression in case of non ramification at P’.

Remark. In the first case the expression W, does depend on the choice
of 7, but the second factor does so too and the two factors cancel. We
did all this since we want to know whether this elementary factor may
vanish at s = 0. We ignore the exponential factor and therefore we have
to look at the expressions

Py(k,)  if x - ¢o Nisramified at P and P’.
PXy(k,) + (o) () o2 (PYy(ky) — PYir(k,))

if y-poN is unramified at P. This means that y considered as a character
on (O/P)* is equal to ¢*!. The group T, acts on the projective line
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B,\G and we have exactly two fixed points therefore we get an orbit
decomposition

G =B,g,-TyUB,x1UB,x;

Here we have to choose for g, and element in G which does not conju-
gate T, into B, and x1, x» do conjugate T, into B,,.

We observe that we can for instance choose g, simply the reduction
of k,mod p and the reduction of k; will be x; or x,mod B,. Therefore
we find if y # ¢*!

Mij ={h:G — RIhbg, 1) = ¢(b) - x()*'h|Bx; = 0, - Bxy = 0}

and we get.

If PXy # 0 then P%g//(ko) # 0 and we know exactly when our local
elementary factor does not vanish.

If y = ¢*' then dim M} = 2 and we find a basis for Mfg by con-
structing A

hi(bg,t) = ¢(b) - x~' (@)

and h, # 0 concentrated on Bx; or Bx;. Then we have

hi(ky) #0, hi(k;) =0
ha(ky) =0,  ha(ky) #0

and again we see that for suitable ¢ € Mg the local expression will not
be zero, for instance we can choose ¥ = Ahy with 4 # 0 and then the
local factor is # 0.

Case II. We assume that E is non split at p. We keep the notation E, =
E ® Fp and we choose a uniformizing element I1,, in Ep.

Then we can find two constants M; < Nj such that for 7, = € HFV)
we have

929
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The local contribution is equal to

D, |det el ¥ 57 g(det ITp)” - (ITp)”
V:M]

f ®[(0, DITLelp(det e)y(e)d e

Up

Then it is obvious that this local factor is of the form (*). We simply
have to observe that for p # p, the integral does not depend on € if
v < Nj. If p = p, then the function ®[(0, 1)71‘56] = 0 if v is large and we
get a finite sum. Here we have to take into account that the character ¢
is ramified at p, and that in this case y - ¢ o N is ramified at P.

Again we discuss the case of a regular embedding more closely

(@) p # po and E/F is unramified at p. Then we choose of course
[p = mp and we have Uy = Ej N GLa(Op). Then for 1, =
(0, )n¥e € Op & O, if and only if v > 0. We recall that it fol-
lows from our assumptions that y|U, = 1, only these y are of
interest for us. Then the local factor is equal to

—_ lys
1 — ¢ o N(mp) - x(mp) detﬂpIIf,Jr2

1 — @2 (mp)lmp| !+

(8) The extension is ramified at p. We may have two cases, namely
0, DIle € Oy @ Op if and only if v > —1

or
0, DITfe € Oy @ Oy if and only if v > 0.

If M, = —1 in the first case and M, = 0 in the second case, we
find as local contribution

= 1is5), —~
> detTplT ™ Gdet ITp)” - y(TTp)"
v=M,
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f D[(0, Dmyelp(det e)x(e)d*e

Up

The function under the integral sign is constant since ¢ and y are
unramified. We map Up into Eg/F then the image is of index 2.
Since we normalized vol (EE,‘ /F g) = 1 we get as local contribution

MBI MTp) Mo -y (TTp)Me

1- az(ﬂp)|77p|l+s
1 x(Tp)@(N(Tp))Tp |2 2

and the elementary factor is exponential.

1 lys
Sldet gl

p # P, and the extension is unramified at p. This is the nicest case
the local integral is equal to

f D[(0, Delp?(dete)y(e)d e = (p + 1) - Pry(1)
UP

Here we observe that the reduction mod p of 7', is an anisotropic
torus 7', in G and P is the projection to the space

MY =y : G > Riy(bgD) = pbW(EW (D) for beB,, € T}
Since G = E(,Ty this space is of dimension 1 and generated by a
function ¢ which satisfies /1 (1) = 1, the local factor is # 0.

p = p, and the extension E/F is ramified at the place p. The
group of units injects into GL,(&p) and this induces an injection

Up/US — GLa((0/p))
where UE)Z) = {ele = 1mod P?}. The units of Fp mapped into
GL, (0 /p) fill up the center and we get

T, = Im(Up/UY - G)

101
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is cyclic of order p, this means that T, is the group of &/p-valued
points of a Borel subgroup of G. The element mp induces via
multiplication an endomorphism of &, @ 0,. The reduction of
this endomorphism to &'/p®'/p has obviously a one dimensional
kernel, which is generated by a vector £1€0), @ Op. It is clear that
the reduction of £;mod p generates the stabilizer of Ty. This tells
us that we have to consider two cases

ST, C Bo(=)(0, DIL;' € Op & O
STy ¢ Bo(=)(0, DIT;' € Op @ O,

In the case 6) we get the local contribution

(Llis)y~
| det TTpl 7" D (det TTp) ™y (ITp) -

f D0, D, elp(det €) - x(e)d e +

Up

+ f O[(0, 1)elp(det €)y(e)d e
Up

Now the situation is quite similar to the split case. We choose
k, € Ky with det(k,) = 1 such that (0, 1)71;,1 = (0, 1)k, then we get

’—2T(|Hp|é+55<N(Hp>>‘1x<np>‘1P’7w(ko) + Py (1))

The vector (0, l)HF‘)lmod p is not stabilized by B, and therefore

the image E, of k, in G is not contained in B,. We have

G:Bo'ko'Ty UE(}

and we get that dim Mg =1 (resp. 2)if y # 1 (rtespy = 1). In

both cases we can construct a ¢ € Mg such that y(k,) # 0 and
Y(1) = 0, and this implies that with this choice the elementary
factor is non zero.
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The case 62) is quite similar. In this case we have also to sum over
two terms namely (0, 1)e, (0, DIIpe. Then we get

g’)’? w(1) + |2 BNATR)) - x (Tp) PRy (ky )

where (0, 1)mp = (0, 1)k;. The same argument as above shows the
non vanishing if i is suitably chosen.

3.1.5 The Infinite Place We have to evaluate the integral

f WS (1o gy D) (V) 1o
T,(©)

We recall that (1.6)
W5 (8eor #) = W (bookeo, @) =
1.5
ool s> Plbeo)@d k) - ecp)

where boo = (5 |) € B,(C) and

Lol 1.1
2t2s 2t3s

ool B(beo) = ¥l - Plxco)
We recall that T,,(C) = T§S)xT§c) = R%xS! (3I) and we have selected g,
in such a way that
<W§O([oogyv ®), djxy(Y»
does not depend on the circular variable. (3.1)).

Now we have of course that £, = Foo ® E = CQ E = C® C, this
defines a split torus in PGL,(C) and this torus is certainly not contained
in B,(C).

We can find a matrix

x= (g ”1‘) € B,(C)

such that
T,(C) = xTyx™"
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where 103

T, = {(Z 2) |a, beC,a*-b* + O} mod center of GL,(C)

and one checks that y is unique up to a sign. The maximal compact
subgroup of T is contained in the maximal compact subgroup K., and
therefore we can take g, = x. Our integral becomes

f (@™ (xtr, ), ad(x) - (V)

T,

The generator Y € Lie(Té”) is selected in a canonical way up to a sign
since the character module of the torus 7', has a canonical generator A4,
up to a sign and dA(Y) = 1. Therefore we get that

ad(x ')(Y) = + ((1) (1)) ep

and we choose y in such a way that

ad(x"")(Y) = (0 (1)) E,

Observing that the integral does not depend on the circular variable we
find for the value of the integral

22300 f W™t B, EDd*

T(S)

1= {ewx(] o)}

cos hx sin hx
{(Sin hxcos nx) B t(x)’x < IR}

and
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and the measure was normalized such that we have to compute
w250 f (W0, ). Eryix

We put /(x) = (cos h%x + sin hzx)% and get

h(x)_] N cz(s h)x s;:z h)x
X X
) :( 0 h(x)) (—S,i‘sz °Z€£§’CJ ~ P

Then the integral is equal to
+00
ARy —2-2s -1
g 2o | h(x)" " (ad k(x)" e, E1)dx

But (ad k(x)'ep), E1) = (ee(s) ad k(X)E}).
From (L4.1) we get that
(ecgy-ad k(X)E1) = h(x)™> - (E1, E1) = h(x)™>

and we wind up with

+00
1.5
V2" f (cos h2x + sin h?x)~2dx

and this integral turns out to be equal to
~ I(s/2+ DHI(1/2)

T 30) Sy

l\)l'—*

and if we exploit Legendre’s duplication formula (28], 12.15) we find

F( +1)

2S|y| ¢(Y) TGr2)

for the local contribution.

104
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Now we can evaluate at s = 0. Then the value of the integral is the
value of the period of the class [E(¢, ¥, 0)] on the cycle Z )((f)zyf and

this is an intrinsic value which does not depend on the dlfferent choices
we made. We get our second main theorem.

Theorem 3.1.6. The value of the Eisenstein class [E(¢$,,0)] on the
cycle

D x©7y,

&€l

for a primitive y € I is given by

LE (Xao N, %)
Lr(¢%, 1)

We have that almost all local elementary factors Gp(¢, ¥, x,y,0) = 1. If
our embedding is regular at all places, then we can choose Y so that all
local factors + 0.

YI2B0) - ToGo(@, 1, 7,0) -

Remark. The theorem as it is stated is somewhat weak because we do
not say very much about the elementary factors. So we should under-
stand it in connection with our results on these factors which have been
obtained in course of the computations. It seems to be difficult to incor-
porate these computational results into the statement of the theorem.

4 Arithmetic Applications
In the beginning of 3.1l we stated without proof that the classes

[E(g. ¢, 4,0)]

are cohomology classes in H'(I'\X, K), where K is the field of fraction
of R. We want to accept this fact form now on, in any case we have
given several examples in 2.2] in the cases P, = (2 — i), P, = (3 + 2i)
where we checked this assumption directly. We abbreviate

[E(g’ Y, 0] = q)E(‘r//)
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and then we get a homomorphism
Or(y):I' - K

Then our main theorem [3.1.6/ may also be stated as follows:
Let y € I" be primitive, let I, the group of classes in the genus of v,
for any character y : I, — S ! we consider

> x(©y: €T/IT.T1® ZIy]

&el,

where (Z[x] is the ring of integers of the field generated by the values of
X)- Then

. — Lg(x-$oN.3)
q)E(l//)(Z)((é:)Vf) = |Y|C¢(Y) LGp(o, ¥, x5 7, O)W
F s

The first consequence of this formula is

Corollary 4.1. The number 106

1 ~ LE(X'EON,%)
|Y|c¢()’) : (HpGp(¢v wv\/? Y, 0))W
is in K[x]
We have an action of the Galois group Gal(K(y)/Q) on the group

Hom(T', K(y))

simply given by the action on the group of values. This induces an action
of this Galois group on the characters ¢, y and on the functions . Since
it follows from the above theorem, that ®g(¥)” = O@7) we get even
information concerning the galois action on the above numbers

| |% -Z(y)(l'[ G (5 W 0))M i _
’ R e T T ey ) T
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L(on. )

L((¢7)*% 1)
But we can say a little bit more: The Eisenstein classes @g(y) : I' —
K have of course to satisfy certain integrality conditions. This means
that in any given case we find a number d € Z, such that ®g(y) takes
its values already in R’ = R [)(, :‘1] Then we get of course the same
estimates for the denominators of the right hand side. In any case these
questions about the denominators in the Eisenstein classes seem to be
very interesting. We discussed already some of the aspects at the end of
We should certainly expect those primes in the denominator which
occur in the torsion of the cohomology of I'. We should also expect the
primes dividing c4. But we can say that if there are other primes in the
denominator of an Eisenstein class, then they will create congruences
between the Fourier coefficients of cusp forms and Eisenstein series.
We hope to come back to these questions later.

Of course the main object of interest are the values LEW,?J oN, %)
themselves. If we want to understand these values we have to get hold of
the local factors, especially we have to prove that they are non zero. We
have collected some informations concerning this question, but I do not
want to discuss these problems in this paper. Instead of trying to give a
general statement I will treat a very special example where one can see
how our results can be used to get informations on these special values
of L-functions. Before I come to this example I want to say one more
word about the relationship of our result to Shimura’s results in [24]. He
considers special values of L-functions Lg(n, s) where E is a CM field
and 7 a Grossencharakter of type A,. He proves that for certain special
values of s the value of the L-function divided by a suitable power of a
period is an algebraic number.

Our method here gives some information on the ratios

Lr(¢2,1)

where the period w? cancels out. So our information is weaker to some
extent, but we get informations for an infinite number of fields E/Q,

D267 TG, ¥, x5 7, 0))
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which are not necessarily CM-fields. We get informations on the Galois
action and on the denominators. In some cases we get even an effective
procedure to compute these ratios, and I want to conclude this paper
by describing this procedure and doing the computation in one specific
case.

We identified the space of R-valued function C(G) with the group
ring

C(G) = R[G]
f= ) fow

oG

This is an isomorphism of G x G-modules, the actions on the group ring

are given by
L::m= Z a,0 — Z AyTO = Z Ar-1,0

oeG oeG oeG
. — -1 _
R, :m= a,0 — ;0T = ayrO
oeG oeG oeG

We consider R[G] as a I',-module with respect to the action induced by 108
right multiplication and with respect to this action we defined

H'(T,,RIG])

and we have (L.1)
H'(T,,RIG] = H'(T,R)

In C[G] we considered the submodule (I.2.3)
Ny =1{f : G = RIf(b3) = $(b) - f(@))

and in some cases we have explicitely computed the cohomology groups

C2)
H'(T,,Ny) — H'(T,,RIG])
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In those case which we considered we found that dimg H'(T,, Ny) =1
and we did even better namely we constructed explicitely cocycles

(DZF0—>N¢

whose cohomology class generates the cohomology. Here we observe,
that such a cocycle
D:T, > Ny

is uniquely determined by its class, provided we know that ® : I';p, —
N;". Therefore we can say that the cocycle @ is a canonical representa-
tive of the given class.

Now we got from our construction (I.2.3) that the class ® which

satisfied (2.2)
1 1
(D((o 1)) ) (ZU 65) oo

has to be equal to the Eisenstein class, i.e.

(D] = [E(¢, ¥, 0)]

where we have , € My and

¢(b)"'  forg =uwb
Vo(3) = som

This tells us that the cocycles which we computed in the examples in
(2.2)) actually are equal to the canonical representatives of a very specific
Eisenstein class.

Remark. This argument of course breaks down if we do not know that
H\(T,, Ny) is of rank 1. In that case we have to separate the Eisenstein
class from the other classes by using the action of the Hecke algebra.

Now it is clear how we get an “explicit” formula for the value

[E(¢. %0, 0)](¥)
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for y € I'. Let us assume we have computed the value ®(y) of the
representing cocycle on y. Then

) = ) b0

oG
and according to (LI we have
[E(9, ¥0, DI(y) = D1(y)
Now we have a set of generators for I', namely the matrices

u(a/)=((1) T) a€l

0 1 i 0
B—(_1 O) and C—(O 1)

We know in our examples the value of ®@ on each of the generators and
if y = y1,...,7; is written as a product of generators then we have

t t
OG) = D RV T 0n) = D O 1)
v=1 v=1 G
where y1,. .., y,—1 is the image of yy,...,%,—1 in G. We have
t
©1(y) = ) OV V()
v=1

and if we interpret @(y) € R[G] as an R-valued function on G, then we
find

t
O1(y) = [E@ o, OID) = D @)1, 75D
v=1
We want to generalize this formula slightly, we are interested in 110

[E(p, ¢, 0)](y) forall ¢ € My.
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We observe that My is an irreducible G-module with respect to the action
induced by multiplication from the left. Therefore it suffices to compute
these numbers in the special case that = L (¢,) for o, € G. Then we
get of course the representing cocycle

Ly, ®() = ) Op(y)ooer

and form that we get the formula

t
[E@, Lo, $0.01() = D" @105 71, 71 (4.1)
v=1
if y = y1,...,y, 1s a presentation of y as a word in the generators of T,

we gave above.

Now we want to evaluate the formula in one special case. We take
P, = (2 =) and E/F shall be the field of eight roots of unity.

If £ = Vi = e7 then we have

O = OF[{]

([12[], IV, Thm. 3). This field contains the maximal totally real subfield
L = Q(V2) and the fundamental unit in Lis 1 + V2 = €. We embed
E — M, (F) by means of the identification

a+bl — (a,b)

and then we have

E-= {(;’i Z) ’a,b € F} C My(F)

Since we have g = OF[{] this embedding is everywhere strongly reg-
ular as one checks easily. Now the element 7 = €3 is a primitive element

in the group I and it is given by the matrix

(7 5-50)
"=\s4+5 7 |77
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The class number of E is one and starting from this one checks that there
is only one class in the genus of 7y, this is so since (Og /P, Or)* | (OF [Po)*
global units = 1. This means there is only the trivial character y, = 1
and our main theorem says-

LE(EON,%)
Lr(¢2,1)

We have to determine the local factors. They are certainly equal to one
at all places except (1 — i), p, and infinity. So we compute these factors
explicitely at these places.

We look at (1+7) first. In this case we have the uniformizing element
m = (1 —-¢). Then

[E(p, ¢, 0)](y) = product of local factors X

1 1+ 1+
%! = 4 B 4

T1-¢ (-0 +0  1-i

The corresponding matrix is

and

1 11y 1
©,1)-m;' = 1_i(o,1)(l_ 1)_ — (1)

and hence (0, D l'¢ 0, ® 0,. We are in case II, 8) and find the local
elementary factor

~ 1
G2(¢’ 11/09)(’ Y 0) = 5

Now we look at the local factor at p = p, = (2 —i). We are in case 11, y)
and we have to compute

(p+ DPCyo(1) = > wo(t)

teTy,

The group Tl/, is cyclic of order 6 and generated by 7 = (% é)
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Recalling the definition of ¢, and we find

Gy (6 W0 Xor7,0) = 6- PXoyp,(1) = 2 + i

And at infinity our torus is given by 112

o-{fo )

If we choose our matrix
X = év_l O
Vo 1

then 7,(C) = xT x~!in our previous notations. We recall that { = et
Now we see that the factor at infinity is

a,be C}/center

_xm

e 4
Our formula becomes

. a1 Lg(poN.3)
[E. oY) =4 -5 - 2L+ D)—zF—7

2 Lr(¢%, 1)
Now we compute the left hand side by using (.I). We have to write
down v in terms of the generators and this is easily done by using the
euclidian algorithm.

(1 =dy L, 1 —2-2i\ (1 =242 (1 —i—1
el el Tl )l )

Now it is a question of sitting down and to compute the value of O(y),
using (£.I) and 2.2). Case[ll we found

8+ 150
[0) =
=77
Therefore we obtain the formula
Lp(¢oN.3) i B ISi . o _i(15=80)

L@ a+2e+n T ie-pe+h
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) _n2
_%(4 i)

-0.
¢ 5

113 Remark 1. This last computation has been done by hand and has not
been checked by a numerical computation. But if one believes in the
Birch-Swinnerton-Dyer conjecture ([26]]) then the value

L(~N1)
E|¢o '

should have something to do with an order of a Tate-Shafarewic group.

Since it is not more than five minutes ago that I computed the value
above I must confess that I am still pleased by the occurrence of the
square.

Remark 2. For this particular character the value

=2
Lig,1) (-2 1
Lg%, 1) (1+2)%+3

has been numerically checked. In this case I also computed numerically

the value
22 142
L* 1) = —w*— ——\V1-2i
@D =05 a0 :
1Ly
_ _ X
where w = 5 of — and

—g<arg VI=2i)0

But this has to be taken with caution since we have not really proved
this. The numerical values are equal up to 8 digits. But if we believe
that this value is correct then we find

— 1 213 1 a 2 1+2i -
LE((ZSON,E):—(DZ '§€ 4(4—1) m\ll—zl
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WAVE FRONT SETS OF REPRESENTATIONS OF
LIE GROUPS

By Roger Howdl

Introduction
117

In the past few years the concept of wave front set [D]] has proved fruitful
for the theory of distributions and P.D.E. It seems it might also be of use
in the representation theory of Lie groups. Its close relative, the singular
spectrum of a hyperfunction, has already been discussed in a special
context in [K-VI], which served as the catalyst for this note. The purpose
here is to define and discuss general properties of wave front sets of
representations, and to give some examples.

I would like to thank Nolan Wallach for very valuable discussions
regarding this paper. Especially, the principle of proof of proposition
?? comes from him. Also I thank Richard Beals for valuable technical
discussions.

1 Generalities

Let p be a representation of the Lie group G. For convenience we shall
assume p is unitary, although this is not strictly necessary. Let H be

'Partially supported by NSF Grant MCS 7610435
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the Hilbert space on which p acts, and let J1(H) = J; be the trace class
operators on H. Given T € Jy, put

tro(T)(g) = tr(p(e)T) g€ G (1.1)
where tr is the usual trace functional on J;. Then
tr, : J1 = Cy(G) (1.2)

where Cp(G) is the space of bounded functions on G, is a norm-decreas-
ing map. The image of tr, is called the space of (continuous) matrix
coefficients of p.

We may also regard tr,(7) as a distribution on G by integration, in
the usual fashion

tr,(T)(f) = ff(g)trp(T)dg=tf(p(f)T) feCZ(G). (1.3)
G

Here dg is Haar maasure on G. Since tr,(T) is a distribution on G,
we may consider its wave front set WF(tr,(T)). Our basic reference
for wave front sets is [D] and we shall recall their basic definitions and
properties as they are needed. For now, recall WF(tr,(T)) is a closed,
conical (i.e., closed under positive dilations in the fibers) set in 7*G, the
cotangent bundle of G.

Definition. WF,, is the closure of the union of WF (tr,(T)) as T varies
over J|.

Thus WF), is also a closed conical set of T*G.

Remark. This is not the same as the wave front set defined in [H1]],
which is sort of a dual notion to the present one.

Proposition 1.1. WF,, is invariant under left and right translations of G
on T*G.
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Proof. Define as usual left and right translations on functions and dis-
tributions:

Le()8) = f(g7'8) 1 R(N(EN = f&'8) feCIG)
Lo(D)(d) = D(Lg-1f); Rg(D)(f) = D(Ry-1f)D € D(G). .
Then we have the well-known relations
Lotry(T) = trp(Tp(g)_l); R, tr,(T) = tr,(p(g)T) (1.5)

Left and right translations of G also induce in the usual way trans-
formations L, and R, on T*G. By the naturality of the wave front set
(DI}, proposition 1.3.3.) one has, for a distribution D on G.

WF(L,D) = L'\(WF(D)) and WF(Ry(D)) = Ry(WF(D)). (1.6)

The proposition follows directly from the definition and equations (L3])
and (L.6).

Let g be the Lie algebra of G, and let g* be the dual of g. Let Ad
be the adjoint action of G on g, and let Ad* be the contragredient action
on g*. We can identify g* with the left invariant exterior 1-forms on G.
This leads to an identification

T°"G ~G xg" 1.7

Thus if ¢ € C2(G), we can regard dy, the differential of y, as a g*-
valued function on G. Doing so, we have the following behaviour under
right and left translations

d(LgW) = Lgdw d(Rg'vb) = Adg(Rgdlﬁ) (1.3)

One sees from (I.8)) that a bi-invariant set in 7*(G) is identified via
(@) with G x X where X C g* is an Ad* G invariant set. Thus we can
associate to WF,, a closed conical Ad* G-invariant subset of g, to be
denoted WF;,’. The set WFg then determines WF, via (L7).

It is conceivable that WF,, could be very uninteresting—it might al-
ways be all of g* for example. Thus it may be instructive to point out at
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the beginning that for irreducible p at least, WF,, is limited to a certain
characteristic and non-trivial behavior.

Let U(g) be the universal enveloping algebra of g. It is well known
that there is a canonical linear isomorphism, the symmetrization map

o U(g) — S(g) ~ P(g") (1.9)

where S (g) is the symmetric algebra of g, and P(g*) the polynomial
algebra on g*, the two algebras being identified in the standard way. The
symmetrization o is an intertwining map for the adjoint actions of G on
U(g) and on P(g*). Thus o restricts to a linear isomorphism between
ZU(g), the center of U(g), and IP(g*), the Ad* G invariants in P(g*).

The map o has a natural interpretation in terms of P.D.E. We can
identify each u € U(g) to a left invariant differential operator R, on G. If
R, has order m, then the leading symbol of R,, in the sense of P.D.E [D],
will be a left-invariant section of ST (G), the m-th symmetric power of
the tangent bundle of G. Thus the symbol of R, is determined by its
value at the identity, which will be an element of S™g ~ P"(g*). It is
known and easy to check from the definitions that the symbol of R is
just the m-th homogeneous part of o(u).

Let V(g*) denote the set of common zeroes of the homogeneous ele-
ments of positive degree of /P(g*). We call V the characteristic variety
of g* (or of G). |

Let p be as above a unitary representation of G.

Proposition 1.2. Let p be irreducible. Then
WF, C V(g") (1.10)

Proof. Since p is irreducible, the action of ZU(g) on the smooth vectors
of p is by scalars [Se|]. Say p(z)x = u(z)x for x a smooth vector and
z € ZU(g), where u : ZU(g) — C is the infinitesimal character of p.
Thus let x, y be smooth vectors in H, the space of p. Let E,, be the
dyad

Eyy(u) = (u, x)y ueH (L.11D)
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Then
trp(Exy)(g) = (p(8)y, x) (1.12)

It follows by differentiating (I.3)) that

R; trp(Ex,y) = trp(Ex,¢(Z)y) = u(z) trp(Ex,y) (1.13)

Here R; is as above, the right convolution operator on G corresponding
to z.

Since every element in J; is a limit in the trace norm of sums of
smooth dyads, and tr, is norm-decreasing, we find that

Rztr,(T) = () trp(T) T € Jy (1.14)

That is, the tr,(T') are all eigendistributions for ZU(g). Since as z varies
in ZU(g), the symbol in the sense of P.D.E. will vary through all ho-
mogeneous elements of /P(g*), we see that V(g*) is just the intersection
of all the characteristic directions of the R, z € ZU(g). Hence by [DI],
proposition 5.1.1, we have the inclusions WFy (T) € G X V(g*) for all
T in J;. By definition of WFy, the inclusion (.10) follows. |

Remark. We can formulate a relative version of this also. Let N C G be
anormal subgroup. Let ZU (N)© be the Ad G invariants in ZU(N), where
N is the Lie algebra of N. The corresponding sub-algebra of P(N*)
is clearly IP(N*)Y, the Ad* G invariants in JP(N*). Let V(N*;G) be
the intersection of the zeroes of the homogeneous elements of positive
degree in /P(N*). Then by the same proof as for the above propositions,
we may assert: If p is an irreducible representation of G, and p|y is the
restriction of p to N, then

WF°(p|H) € V(N*; G) (1.15)

Next we observe that WF, behaves very simply under direct sums.
If p is a representation of G, let np, where n is a natural number or
oo, denote the n-fold direct sum of p with itself. If p; and p; are two
representations, recall that p; and p; are called quasi-equivalent if cop;
and oop; are equivalent.
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Proposition 1.3.
(@) If p1 and p; are quasi-equivalent, then WF; = WFp .
(b) In general WF?(p1 @ p2) = WFJ UWF],

Proof. To prove (a), it is enough to show that WF[‘j = WF?(cop); but this
is clear because p and cop have the same matrix coefficients. Similarly,
the general matrix coefficient of p; @ p; is easily seen to have the form

trp, (1) + trp,(T2), T; € J1(H;)

where H; is the space of p;. Setting T = 0 and letting 7, vary, then
vice-versa, we see WF Zi is contained in WF°(p; @ pz). On the other
hand, [DI], definition 1.3.1 assures us of the other inclusion necessary
for statement (b). This concludes the proposition.

We will now give a technical result offering various descriptions of
WEP.

Recall that if f is a function of a positive real variable ¢, then f is
rapidly decreasing as t — oo if

sup{lf(Olf* : t > 1} = y(f) < oo, allninZ

Let e denote the identity element of G. Let supp(¢) denote the support
of ¢ € CZ(G). O

Theorem 1.4. Let U C g* be an open set. The following conditions on
U are all equivalent
(1) UNWF] is empty

(11) For any T in Ji(H), and every real-valued € C*(G) such that
dy(e) € U, there is an open neighborhood V of e such that for
any ¢ € C2(V) the integral

o0, TY0) = f (T (e @dg  (1.17)

G
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is rapidly decreasing as t — oo. Furthermore, if y = ¥, and ¢ =
©@q depend smoothly on a parameter a varying in a neighborhood
of 0 in RX, then for some perhaps smaller neighborhood Y of 0
inRX, the neighborhood V and the quantities y,(I(¢q, Vo, T)) can
be chosen independently of @ in Y.

(i) For all T in Jy, for all ¢ € CX(G) and for all real-valued €
C2(G) such that dy(supp @) C U, the integral I(p, Y, T) is rapidly
decreasing as t — oo. If ¢ and W depend on a parameter « as in
(i), then there is uniformity in « as described there.

(iv) The same as (ii1), but is enough to choose an open neighborhood
V of e and choose ¢ € CZ (V).

(V) The same as (iii), but we have the estimates

(@, 4, 1)) < cne, WIT L (1.18)

for some number c,(¢, ). If a is an auxiliary parameter as de-
scribed in (ii), then the numbers c,(¢q, o) may be bounded uni-
formly on compact sets of a’s.

(vi) For¢ € C2(G) and real-valued y € C*(G) such that dy/(supp ¢) C
U, the norm of the operator p(pe''?) is rapidly decreasing as
t — oo. If ¢ and ¥ depend on a parameter a as in (ii), then
the quantities y,(||p(@e™|)) can be bounded uniformly on compact
sets of a.

(vil) Same as (vi), except it is enough to choose a neighborhood V of e

and varify (vi) for ¢ € CZ (V).

Proof. First we will check that statements (ii) though (vii) are equiva-
lent, then we will compare them with (i). It is immediate that (v) implies
(iii) and that (iii) implies (iv). Likewise (vi) clearly implies (vii). Also,
in view of formula (I3)) and the duality between J;(H) and the space
L(H) of all bounded operators on H, we see that (v) and (vi) are equiv-
alent. If y € C®(G), and dy/(e) € U, then dy~'(U) = V; is a neighbor-
hood of e in G. If V is as in (iv), then V N V| will be a neighborhood
that works for (ii). Hence (iv) implies (ii).
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Fix ¢ € C?(G) and ¢y € C*(G). Suppose for any T € Ji, the
integral I(g,y, T)(?) is rapidly decreasing as t — oo. For any n, and
number a > 0, the set X, of T such that y,(I(¢, ¥, T)) < a is convex and
symmetric around 0. Since I(¢, ¥, T)(f) is continuous on Ji, we see that

X, is also closed. Since X, = bX,, and | X, = J; by assumption, we
a=0
see X, contains a neighborhood of the origin in J;. Thus we see that (iii)

implies (v).
We will show that (ii) implies (iii) by a partition of unity argument.
Observe the identity

L@, 0,T) = I(Lggp, Loy, Tp(g)™"). (1.19)

This follows from the definition of (¢, ¢, T') and formula (I3). Suppose
that dy/(supp ) € U, so that ¢ and ¢ satisfy the hypotheses of (iii). By
formula (L.8), we see d(Ls—1¥)(e) € U if g € supp . Then (ii) tells us
that given T' € Jy, there is a neighborhood V = V(L,_1y, Tp(g)) such
that if ¢ € C2(V), then I(¢’, Lg_1¢, Tp(g)) is rapidly decreasing. From
(LI9) we can conclude that for g € supp ¢, there is a neighborhood V,
of g such that if ¢ € C2?(Vy), then I(¢”,y, T) is rapidly decreasing.
We can cover supp ¢ with a finite number of the neighborhoods V, and
construct a partition of unity subordinate to this cover of supp ¢. That
is, we can find g; such that the V§, cover supp ¢, and we can find ¢! €
C&(Vg,) such that ) ¢" = 1 on supp ¢. Then

Iy, T) = ) (el 41, T)

so I(p,y, T) is rapidly decreasing. Clearly we can do this uniformly in
some auxiliary parameter @. Thus we see that (ii) implies (iii). A com-
pletely analogous, slightly simpler argument shows that (vii) implies
(vi). Hence all conditions (ii) through (vii) are equivalent.

Finally we observe that by [D]], proposition 1.3.2, for any point A €
U, the condition that the point (e, 1) € T*G not belong to WF(tr, T) for
T € Ji, is just statement (ii) restricted to those ¢ such that dy(e) = A4
(and with parameter @). Thus we see that (i) implies (ii). Conversely,
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(ii) certainly implies that (e,A) ¢ WF(tr, T) for any T € J; and any
A € U. Since U is open and WF,, is G-biinvariant, we find that also (ii)
implies (i). Thus the theorem is proved.

Using theorem [I.4] we can establish a relation between the wave
front set of a representation and that of its restriction to a subgroup.
Let H € G be a Lie subgroup of H, with Lie algebra h. We have the
restriction map

g:g9"—>h"
Note that ¢ is Ad* H-equivariant, and if H is normal in G, then ¢ is
Ad* G-equivariant. O

Proposition 1.5. We have the inclusion
q(WF7) C WF°(p\H) (1.21)

Proof. Let U be an open subset of 4" not intersecting W F°(p|H). Choose
a small neighborhood V of the identity in G so that in VH there is a
smooth cross-section Y to H, so we can write uniquely

v=yh veV,yeY, heH.
Choose ¢ € C’(V) and let y € C*(V) be such that dyy C q‘l(U). We

can compute

p(gpe”‘”):f<p(g)e”‘”(g)p(g)dg (1.22)
G

= [ [ ctomeronmayan
Y H

= [ o (e ) as

Y

where we have written

@y(h) = e(yh) 4 (h) = Y(yh)
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As y varies, ¢, varies smoothly in CZ’(H) and ¢ varies smoothly in
C*(H), with dy,(suppp,) € U. Hence by theorem [[.4] part (vi), the
norms of the operators

pIH(pye™)

are rapidly decreasing as ¢t — co, with uniform estimates at least locally
in y. Since ¢, = 0 for y outside a compact set we see from (22) that
p(pe™) is also rapidly decreasing at t — oo, whence ¢~ !(U) is disjoint
from WF7, by theorem 4, part (vii).

An interesting aspect of proposition|L.5lis that it proceeds in the op-
posite direction from the standard results ([D]] proposition 1.33, see also
[?], section 1X.9) concerning restrictions of distributions and wave front
sets. This contrast allows us to prove a partial converse to proposition

Let h* be the kernel of the projection map g of (2?). We will say
H is crosswise to p if h* N WF; = {0}. When H is crosswise to p
we can, according to [D], proposition 1.3.3, restrict tr, 7' (or any of its
derivatives) to H. The wave front set of (tr, )|z, which will be the same
as the wave front set of tr,, |(T), will then be contained in g(W F (tr,, T)).
Combining this with proposition[l.5|we may assert. O

Proposition 1.6. If H is crosswise to WF}, then
WEF(plH) = g(WF}) (1.23)

Note that if H is crosswise to F, the projection g(WF,) will be
closed.

In particular if h* N V(g*) = {0}, then H will be crosswise to all
irreducible p.

Proposition also implies a restriction on the wave front set of
(outer) tensor products. Let G| and G, be two Lie groups, and p; unitary
representations of G; on spaces H;. We can form the tensor product
representation p; ® pp of G| X G, on Hy X H».

Proposition 1.7. We have the inclusion

WF°(p1 ® p2) C WFS, x WF2, C g1 X 03 (1.24)
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Proof. We have (p; ® p2)lg, =~ (dimp,)p;. Hence by propositions
and [[.3] we see
WF°(p1 ® p2) € WEF, X g;.

Interchanging G and G, repeating and intersecting gives (24).

We remark that the inclusion ?? can be strict. An example of this
will be found in part II.

For certain representations there is a plausible alternate definition of
wave front set. We consider this and compare it with our first notion
given above. Recall that there is an antiautomorphism™ on U(g) defined
property that it is —1 on g:

xX*=-x xe€aq.
If p is a unitary representation of G, then

pu’) =pw)” ueU(g) (1.26)

where the* on the right-hand side indicates the restriction of the adjoint
of p(u) to the space of smooth vectors of p. Thus if u = u*, then p(u)
is a symmetric operator, and elements of the form u*u are mapped to
non-negative symmetric operators, and so are sums of such elements.
We call sums }) u:u; in U(g) formally positive. Evidently the formally
positive elements form a cone in U(g), invariant by*.

In the following discussion we take G to be unimodular for conve-
nience.

We will say that p is of strong trace class if there is some formally
positive element v of U(g) such that p(v) (with domain understood to
the the smooth vectors of p) is essentially self-adjoint, and invertible
with trace class inverse. We note irreducible representations are often of
strong trace class.

If p is of strong trace class, then for all ¢ in C°(G), the operator p(¢)
will be trace class, with trace norm satisfying

@i < oM hlle@®@ll < 1) IRl (1.27)

where ||o(¢)||; indicates the trace norm on Jy(H), and v € U(g) is a
formally positive element which makes p strongly trace class, and R, is
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the left-invariant operator on G corresponding to v, and ||o(R,¢)|| is the
usual operator norm of p(R,¢) and ||R,¢||; is the L'-norm of R,p as a
function on G. It is clear from (I.27) that the trace linear functional

Xp(@) = trp(p) (1.28)

is a distribution on G. We of course call it the character of p. We note
that y/, is a conjugation invariant distribution, in the sense that

Xp(Ad g(9)) = xp(p) (1.29)

where Ad g(¢) = LgR,(¢p).

If p is of strong trace class, so that its character y,, is well-defined
as a distribution, then in the context of this paper, an obvious thing to
do is to consider the wave front set WF(y,). This will be a conjugation
invariant set in 7°G. In particular the intersection of WF(y,) with the
cotangent space at the identity, which is canonically identifiable with g*,
defines a closed, Ad* G-invariant, conical set in g*. Denote this set by
WF°(x,). It is natural to compare this with our WF defined earlier. O

Theorem 1.8. When p is of strong trace class with distributional char-
acter xp, we have

WF°(x,) = WF?. (1.30)

Proof. Let v be a formally positive element of U(g) with respect to
which p is strongly trace class. Write p(W)~' = T e Ji(H). Then for
¢ in C’(G) we have
Xp(p) = tr(p(p)) = tr(T,(v)p(9)
= tr(o(Lv(@)T) = tr,(T)(Lyvep)
=Ly (trp(T))(‘p)

In other words
Xp = Ly (trp(T)) (1.31)
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Since action by differential operators does not increase the wave front
set, we see
WF(x,) € WE(tr,(T)) € WF,,.

Hence, looking at the fibre of 7*G over the identity of G we see that the
left side of (I.30Q) is contained in the right side.

To prove the reverse inclusion, consider a point p in g* — WF°(y,).

Let U be a neighborhood of p with compact closure disjoint from
WF°(x,). Since WF(y,) is closed in T*G, there is a neighborhood V
of the identity e in G such that V x U C T*G is disjoint from WF(y)).
It follows that for ¢ in C°(V) and real-valued ¢ in C*(V) such that dy
(suppy) € U, one has that Xp(gpe”‘/’) is rapidly decreasing as t — oo,
with estimates uniform in smooth parametrized families of ¢’s and ¢’s.
Let V; be a symmetric neighborhood of e such that V> C V. Then if ¢ €
CX(V1), we see that )(p(Lg(goei“” )) is rapidly decreasing in ¢, uniformly
in g in V| and in any other auxiliary parameter of interest. Set

g™ =¢, and ¢[(g) =P, (g

where indicates complex conjugation.
Integrating, we find

f (g Wp(Lepr)dg = f Xp@(g" ) (Lep))dg (1.32)
G G

= Xp(@; * @) = tr(p(p; * ¢;)) = tr(p(ey) " p(er))

is rapidly decreasing as t — oo. Here ¢} * ¢, indicates the convolution
of these functions. But the final expression in (I.32)) is just the Hilbert-
Schmidt norm of p(¢;). Since it is rapidly decreasing, the operator norm
of p(¢,) is also. Hence criterion (vii) of Theorem[L.4ltells us U is disjoint
from WF;O’, and Theorem [1.8]is established. O

Before concluding this section, let us mention two plausible general
properties of wave front sets not established here. First, is it true that
WF°(p1 ®p2) C (WF;;I + WF;)’2 )—(the — here denoting closure) for an

inner tensor product? Second, is it true that WF?° (indg o) 2 ht?
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2 Examples

Here we will show how to compute WF for various familiar classes of
groups, and examine the possibilities for WF in some interesting cases.

A. Abelian Groups.

If G is abelian, then G is a homomorphic image of a vector space
V, so we may as well assume G = V. Then we may identify V with its
Lie algebra. Also the dual vector space V* can be identified with V, the
Pontrjagin dual of V, by the usual method. Define

a: V- >V
by _
a(D)(v) = &) Qe Vi veV. (2.1)
Define Fourier transform from L;(V) to Co(V*) by the usual recipe:
o) = f o(V)e gy e Li(V), 1€ V* (2.2)
1%

Then the inverse Fourier transform is

) = f F Wy feLi(VF), veV (2.3)
V*

Let p be a unitary representation of V on the Hilbert space H. Take
T € Ji(H), and consider the matrix coefficient tr,(T). According to
Bochner’s Theorem [R-S]], trp(T)V exits as a finite measure on V*, posi-
tive if T’ is. Moreover from our formulas (L.3)) and (2.2)) we can compute
that

try(o(@)T) = (@) (tr, T) (2.4)

where
@(v) = ¢(=v) (2.5)

We define supp p to be the closure of the union of the supports of
the measures (tr(7))". It is clear from (2.4) that

lo(@)|l = sup{() () : A € supp p} (2.6)
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Given a set S in a vector space U, define AC(S), the asymptotic cone
of § as follows. Given u in U, if any cone containing a neighborhood of
u intersects S in an unbounded set, then u is in AC(S).

In terms of these objects we can give the not unexpected description
of WF,.

Proposition 2.1. For a unitary representation p of a vector space V, one
has
WF] = —AC(supp ¢) 2.7)

Remark. The minus sign in 2.7) is an artifact of our conventions and
could be eliminated by appropriate juggling.

Proof. We will apply criterion (vi) of Theorem [[L4] with ¢ = 27r4,
A € V*. (We will actually use the definition 1.3.1 of [D] rather than
proposition 1.3.2 used for Theorem 4). Take ¢ in C°(V). Then one sees
from (2.2)) that

(™) () = @)W + 1) 2.8)

Suppose that 19 ¢ —AC(suppp). Then we can choose a small neigh-
borhood U of Ay such that the distance between —¢4 and supp p (in any
convenient norm) increases linearly in z. Therefore —¢4 has a ball around
it of size > 7yt, v being some constant independent of A, disjoint from
suppp. Since (¢) is rapidly decreasing for ¢ € C2(V), we see from
formulas (2.6) and @.8) that ||o(pe?™"")|| decreases rapidly as t — oo.
This shows the left side of (2.7) is contained in the right side. The re-
verse inclusion is equally easy. If —1y9 € AC(supp p), then no matter how
small a neighborhood U of 1y we choose, the cone on —U will intersect
supp o in a non-bounded set. This means we can choose ¢ arbitrarily
large, and 4, in U, such that —t4;, is in supp p. We may assume for con-
venience that ¢ is positive-definite, so that p(0) = |[¢]lc. Then we see
that ||p(¢e?™1)|| = |[@]le by formulas (2.6) and (2.8), so that U violates
condition (vi) of Theorem[L.4l Hence the right side of (2.7)) is contained
in the left side, and the proposition is proved. m|
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We will use proposition 2.T] to give an example of strict inclusion in
proposition[L7l Let V = R, and let N be the direct sum of the characters

in
t_)eZmI’t.t n>1

Then
suppp = {n!,n € Z*}

Hence by proposition[2.I] we have
WEF°(p) = —AC(suppp) =R™ ={reR,r < 0}.
Consider the tensor product p®p as a representation of R2. Then clearly
supp(p ® p) = {(n!,m!) : n,m € Z*}.

It is easy to see that AC(supp(p ® p)) consists of the positive x-axis,
the positive y-axis, and the positive ray of the 45° line x = y. Thus
WF°(pQ®p), being the negatives of these 3 rays, is properly contained in
WF; x WF7, which is the whole southwest quadrant.

B: Nilpotent Groups.

We will discuss only irreducible representations of general nilpotent
groups. Let N be a nilpotent Lie group, assumed to be connected and
simply connected for simplicity. Let N be its Lie algebra, and exp : N —
N the exponential map. Let p be an irreducible representation of N. It
is known that p is of strong trace class, and according to the orbit theory
of Kirillov [KI], there is an Ad* N orbit O(p) = O in N*, such that

Xp(p) = f (pOexp) (Ddo() ¢ € CZ(N) (2.9)
o

where y,, is the character of p, as in (L27), and " is as in 2.2)), and do
is a properly normalized Ad" N invariant measure on O. Given formula
.9) and theorem [L.8] it is an easy matter to establish the following
result. We omit the details.
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Proposition 2.2. If p is an irreducible representation of N, and O C N*
is the associated orbit, then

WF? = ~AC(0). (2.10)

C. Compact Groups.

Let K be a compact connected Lie group, and let T C K be a maxi-
mal torus. Let W be the Weyl group of T, the normalizer of 7 modulo
the centralizer of 7. Let t and K be the Lie algebras of T and K. If K is
semi-simple we can identify k with k* via the Killing form. In general,
we will suppose given some Ad K-invariant, negative definite, bilinear
form on Kk allowing us to identify k and k*. Then we can also identify t
and t*, and may regard t* as a subspace of k*, and we will have

Ad* K(t") = k* 2.11)

Thus any Ad* K invariant set in k* is determined by its intersection with
t*, and this intersection will be a Weyl group invariant set. Fix a Weyl
chamber C* in t*, and fix an ordering of the roots of t by letting this
chosen Weyl chamber be positive. We have

Ad*W(CH) =t (2.12)

so that an Ad* K invariant set in k* is determined by its intersection with
Cc+.

The irreducible representations of K are described by the celebrated
highest weight theory of Cartan and Weyl. Let T be the character group
of T. Since T is a quotient of t via the exponential map, we can as
described in paragraph ITA identify T with a lattice in t*, the so-called
lattice of weights. The intersection

TH=TncC*

is called the set of dominant weights. The dominant weights parametrize
the set K of irreducible unitary representations of K. We recall how.
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Let ke be the complexification of k. We can write

ke :tC®ZLQ (2.13)

where the L, are the root spaces, that is, the non-trivial eigenspaces of
AdT acting on kc. We parametrize L, by the character « it defines, and
we regard « as an element of t* as explained above. We call a root «
positive if (@, ¢) < 0 for all ¢ € C*, where (,) is the posited bilinear form
by means of which we identified k and k*.

Denote the set of positive roots by >'*. Put

N* = EB Le (2.14)

aeX’t
Then N* is a nilpotent subalgebra of k¢, and it is known that
ke =tc®N" @& N~ (2.15)

where N~ is the image of N* under complex conjugation in kc. Let p be
a representation of K on a Hilbert space H. Denote by H* the subspace
of H annihilated by all elements of N*. The space H* is the space of
highest weight vectors for p. Clearly H is invariant by po(T), so it may
be decomposed into a direct sum

+ _ +
H = Z H! (2.16)
Y
where H; is the eigenspace of T on which T acts by the character y € T.
The highest weight theory asserts the following facts:
(i) Bachyisin T*

(ii) If p is irreducible, then dim H* = 1, so that H = H} for some
well-defined y.

(iii) The map from K to T implied by (ii) is a bijection.
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Now consider an arbitrary unitary representation p of K. Denote the
set of highest weights of p by supp p. Thus

suppp C T+ c C*

The following result is very closely akin to results in [K-VI.

Proposition 2.3. For a unitary representation p of K, we have

-WF,NC" = AC(suppp), or (2.17)
WF/‘J’ = Ad* K(—AC(supp p))

Proof. By proposition it suffices to prove this when p is multiplic-
ity free, that is, when p contains only one copy of each of its irreducible
constituents. Then H* (the space of p being H as usual) will be multi-
plicity free under the action of 7. Let o denote the representation of T
on H*. Then by definition supp o~ = supp p.

Let x and y be two vectors in H*. Consider the matrix coefficient
tr,(Ey,). Since the intersection of the characteristics of the elements of
N* is just t*, and since tr,(E ) is annihilated by N* (acting either on the
right or the left), we see by [D]], proposition 5.1.1, that the wave-front
set of tr,(E ) at the identity of K is contained in t*. This also implies by
[DI, proposition 1.3.3, that tr,(E,) restricts to T’; this restriction must
of course just equal to tr,(E, ). One then has again by [D], proposition
1.3.3.

WF(tty(Exy)) € WF(tty(Exy)) € WF? (2.18)

where in the first two expressions the ¢ in WF° mean we are looking at
the fibre over the identity in K. From (2.18) we immediately have

WF°o C WF?, (2.19)

Since WF? is Ad* K invariant, we see by proposition 2.1] that the left
side of ([Z.17) contains the right side.

On the other hand, since p is multiplicity free, it is of strong trace
class, so to compute WF7, it is enough by Theorem [L.8] to compute
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WF°(x,). Let A be the element in U(k) corresponding to our given bi-
linear form. Then R, is elliptic, and p(1 + A) is positive definite, and
some power of p(1+A) has trace class inverse. Standard and straightfor-
ward arguments allow us to find x € H* such that for some sufficiently
large [ we have

Xp = R(1+A)lfAdK(trp(Ex,x))dk (2.20)
K

Since R is elliptic, we have

WF(x,) = WF

fAd K(trp(Ex,x))dk] (2.21)

K
C AdK(WF(trp(Ex.x)))

Hence if we can show
WEF°(try(Exx)) € WFo (2.22)

we will be done. In fact (2.22)) is proven in just the same manner as
proposition[L.3l The reasoning is exactly the same as in equation (I.22),
except instead of considering simply p(¢e™), one looks at the product

p(pe™)E, . O

D: Semisimple Groups.

We come now to the motivating examples of this paper. Let G be a
semisimple Lie group with finite center and with Iwasawa decomposi-
tion

G=KAN g=k®aoN (2.23)

One also has the Cartan decomposition

g=k®p=ko®AdK(a) (2.24)
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where p is the orthogonal complement of k with respect to the Killing
form of g. We identify g with g* via the Killing form. Thus in what
follows we will speak of g when strictly we should say g*.

Let N be the nilpotent set of g. It is well known that N = V(g) is
the characteristic variety of g, in the sense of proposition It is also
known that there are only finitely many conjugacy classes of nilpotent
elements. Thus from proposition [.2] we have the following result.

Proposition 2.4. If p is an irreducible unitary representation of G, then
WFy C N. (2.25)

In particular, there are only finitely many possibilities for WFp.

Let p be irreducible, and consider p/K. It is a classic result of
Harish-Chandra (see [W]) that p/K contains each irreducible represen-
tation of K a finite number of times, and that in fact p/K is of strong
trace class. These facts are also reflected in the behavior of wave front
sets. From the Cartan decomposition (2.24), noting that p consists of
semisimple elements, we see that K is crosswise to WF7 in the sense of
proposition Thus we have the following immediate consequence of
that result.

Proposition 2.5.

(a) For irreducible p we have
WF(p/K) = g(WF°p) (2.26)
where q is orthogonal projection of g onto K (with kernel p).

(b) In particular WF°(p/K) is the orthogonal projection on K of cer-
tain nilpotent orbits in g, and is one of only finitely many possibil-
ities.

Remark. Part (b) of this proposition is very similar to proposition of
[K-V]. However, the proof is substantially different from the proof in

[K-VI]. Also, Kashiwara-Vergne do not relate (their version of) WF°(p/K)
to an object on G attached intrinsically to p. We note that WF is a finer

135



136

152 Roger Howe

invariant than WF°(p/K), as simple examples already on S L3(R) show.
(However WF is not finer than p/K, when multiplicities are taken into
account. It seems to be roughly equivalent to WF°(p/K) plus some
rough information on multiplicities. See the discussion below of the
analogy with the op-adic case). Furthermore WF7 provides a link be-
tween the N-spectrum and the K-spectrum of p, empirical observation
of which was the original motivation of Kashiwara-Vergne. Indeed ap-
plying proposition to N, and using proposition we arrive at the
following fact. Note that the Killing form induces the identification

N* ~g/(@a®N) (2.27)

Let
q 19— g/(@®N) (2.28)

be the natural quotient map.

Proposition 2.6. We have the inclusion
WF°(p/K) C q(q'~ (WF°(o/N)) (2.29)

Acutally, this proposition is true with N replaced by any subgroup
of G.

To illustrate the above results, we offer some observations about the
symplectic group Sp,,(R) = Sp. This is the subgroup of GL,, preserv-
ing the standard symplectic form on R?". Similar ideas apply to other
classical groups. Each element of sp may be regarded as a linear trans-
formation on R?" in the obvious way, and as such may be assigned its
rank, a positive integer. Given an irreducible representation p of Sp,
we define the singular rank of p to be the maximum of the rank of the
elements of WFp.

There are other useful notions of rank for p also. Let X be a maximal
isotropic subspace of R?*, and let N; be the subgroup of Sp that leaves
X fixed pointwise. It is well known that N; =~ §2(X), the second sym-
metric power of X. Hence N7 is identifiable to the space of symmetric
bilinear forms on X, and each of its elements has a well-defined rank.
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We will say a representation p of Sp has N-rank jif WF°(p/Np) con-
tains elements of rank j, but none of rank greater than j. By means of
Proposition 2.1 and a little symplectic geometry, the notion of Nj-rank
can be made considerably more concrete. It is discussed at more length
in [H2].

The singular rank of p can vary from zero to 2n — 1, while the Ni-
rank can vary only from zero to n. However, within their common range,
they are closely related.

Proposition 2.7. Given irreducible p with N| rank less than n, one has
the inequality
singular rank (p) < Nj rank (p). (2.30)

Probably (2.30) should be an equality.

Proof. By applying proposition we reduce the proof to an exercize
in symplectic geometry. Let Y be an isotropic subspace of R** comple-
mentary to X. Let N| be the subalgebra of sp annihilating ¥, and let m
be the subalgebra of sp stabilizing X and Y. Then

sp=N; @m& N;. (2.31)

Also the orthogonal complement of N; in sp with respect to the Killing
form is just m@®Ny, so we may identify N with Nj. Thus what we want
to show is that in a nilpotent Ad Sp orbit in sp consisting of elements of
rank / < n, there are elements whose N|” component in the decomposi-
tion (2.31)) has rank [ also. The rank of the NI component of s € sp is
easily seen to be

rank(s/X) — dim(s(X) N X) (2.32)

Hence, reversing the roles of s and X, it will suffice, given s of rank
[ < n to find a maximal isotropic X such that ([2.32) also equals . This
entails

rank(s/X) =1 s(X)NX=0. (2.33)

Consider the action of s. It is elementary that

im s = (ker s)*
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where * indicates orthogonal complement for the standard symplectic
form on R?". Hence Z = im s N ker s is isotropic, and

im s+ kers = Z+.

We can write _
R"=ZoV,oV,oZ

where V| is a complement to Z in im s, and V> is a complement to
Z in ker s, and Z is an isotropic complement to Z in (V; & V,)*. The
assumption that rank s < n implies dim V| < dim V,. Hence we may
choose an embedding a : Vi — V3 such that (@(v1), a(v})) = —(v1,V}),
where (, ) denotes the symplectic form on R”. The space U, of points

U ={v+al):veV}

is then isotropic. Let U, be a maximal isotropic subspace of a(V1)*NVs.
Then X = Ui U, ® Z is a maximal isotropic subspace of R%" and it is
easy to check it satisfies the conditions ([2.33)).

To illustrate proposition 2.7, consider the two components of the
oscillator representation [H3|]. It is an easy matter to compute their
N1 spectrum, and in particular to see they have N; rank equal to one,
hence by the proposition, singular rank equal to one. (Singular rank
zero would imply only a finite number of K-types, hence finite dimen-
sionality). There are only two conjugacy classes of rank one nilpotent
elements, the transvections

ty: x> {(x,y)y X yeRzn

where (, ) denotes the symplectic form, forming one and their negatives
forming the other. The two holomorphic oscillator representations have
the class of transvections for their wave front set, and the antiholomor-
phic oscillator representations have the negatives of the transvections
for their wave front set. More generally the representation of Sp,, com-
ing from its pairing with O, 4 inside Sp,,,,., (see [H3]) has N; rank
equal to p + ¢, with obvious consequences for the wave-front sets of its
irreducible components if p + g < n.
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We will conclude the paper with a few remarks. First, the analogy
of the present discussion with the results of [H4] and [HC] should be
pointed out. In those papers it is shown that for an irreducible repre-
sentation p of a reductive p-adic group G, over a field of characteristic
zero, the character y, of p has an “asympotic expansion”, valid in a
neighborhood of the identity. This expansion expresses x, as a linear
combination of distributions attached in a direct way to nilpotent con-
jugacy classes in the Lie algebra g of G. From this expansion, one can
read off directly information about the asymptotics of the K-spectrum,
or the N-spectrum, where K is a maximal compact subgroup of G, and
N a unipotent subgroup. This expansion is thus comparable to the wave-
front set, but it is more precise in two ways. First, it permits more pre-
cise description of the K — or N — spectra than does the wave front set.
Secondly, it attaches to p not simply a closed set of nilpotent orbits, but
a collection of individual orbits with numbers, which might be thought
of as multiplicities, attached. It would clearly be desirable to have an
analogue of this expansion for groups over R. It seems that Barbasch
and Vogan [BV] have established the existence of such an analogue.

A second analogy that might be made is with the characteristic va-
riety of a primitive ideal of a semisimple Lie algebra, as discussed by
Borho and Kraft in [B-K]]. It would seem the wave front set is the ana-
lytical analogue of their construction. |
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ON P-ADIC REPRESENTATIONS ASSOCIATED
WITH Z,-EXTENSIONS

By Kenkichi Iwasawa

IN THE PRESENT paper, we shall discuss some results on the p-adic
representations of Galois groups, associated with so-called cyclotomic
Z,-extensions of finite algebraic number fields.

1. Let p be a prime number which will be fixed throughout the fol-
lowing, and let Z, and Q, denote the ring of p-adic integers and the field
of p-adic numbers respectively. A Galois extension K/k is called a Z,,-
extension if its Galois group is isomorphic to the additive group of the
compact ring Z. Let Q denote the field of all algebraic numbers, i.e.,
the algebraic closure of the rational field Q in the field C of all complex
numbers, and let W, be the group of all p"-th roots of unity in Q for
all n > 0. Then the field Q(W,,) contains a unique subfield Q., which
is a Z,-extension over Q. In fact, Q is the unique Z,-extension over
Q contained in Q, and the degree of the extension Q(W,)/Q is either
p — 1 or 2 according as p > 2 or p = 2. For any finite extension k of Q,
the composite k., = kQ is then a Z,-extension over k and it is called
the cyclotomic Z,-extension over k. For each integer n > 0, there then
exists a unique intermediate field &, with [k,K] = p”, and

k:kochc...cknc...ckoo=Ukn.

n>0

'For various definitions and results on Z,-extensions referred to throughout the fol-
lowing, see Iwasawa [5] or Lang [6].
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Let C,, denote the Sylow p-subgroup of the ideal class group of k,. For
n < m, k, C ky, there exists a natural homomorphism C,, — C,,, and
these homomorphisms define the direct limit

Co =1imC,,.
_)

Clearly C is a p-primary abelian group and its Tate module 7(C) is a
Z,-module. It is known that

T(Cw) = Z;

where A = 4,(k) is a non-negative integer, called the A-invariant of k for
the prime number p. Hence

V= T(C)2Q,

is a A-dimensional vector space over Q,. Let
I' = Gal(ks /k) = @Gal(kn /k)

so that I' = Z,. Clearly Gal(k,/k) acts on C, for each n > 0 and hence
I' acts on C,, = lim C,, in the natural manner. Therefore I' acts also
on T(Cs) and V._zl“hus we have a natural continuous finite dimen-
sional p-adic representation of the Galois group I' = Gal(k/k) on the
A-dimensional vector space V over Q,. We shall next investigate the
properties of the p-adic representation space V for I'.

2. Let us first consider the special case where p > 2 and where
k=Q( {E) = the cyclotomic field of p-th roots of unity.
Let
K = ko = kQo = Q(W).

In this case, K/Q is an abelian extension and
G=Ga(K/Q) =TxA

where I' = Gal(K/k) ~ Z,, and where A = Gal(K/Q) = Gal(k/Q) is a
cyclic group of order p — 1. Let A denote the character group of A; we
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may identify A with Hom(A, Zy;) where Z; denotes the multiplicative

group of all p-adic units in Q,,. It is well known that A may be identified
also with the group of all Dirichlet characters to the modulus p and that
it is generated by a special character w called the Teichmuller character
for p. A character y in A is called even or odd according as y(—-1) = 1
or y(—1) = —1 respectively.

As one sees immediately, in this special case, not only I' = Gal(K/k)
but G = Gal(K/Q) also acts on Ce, T(Cw), and V = T(Coo)?Qp natu-

P

rally. Hence V is again a p-adic representation space for G. For each y
in A, let
Vi ={vlveV,5-v=yx()vforall §in A}.

Since G =T X A, V, is then a I'-subspace of V and

V=8V, xecA
X

Let y, denote the element of I such that y,(Z) = ¢'*7 for all £ in We,. v,
is a topological generator of I'; namely, the cyclic subgroup generated
by vy is dense in I'. For each y in A, let

gy(X) = the characteristic polynomial of yo — 1 acting on V,
and let

g(X) = the characteristic polynomial of yg — 1 acting on V
=] e
X

On the other hand, let L,(s;x) denote the p-adic L-function for the
Dirichlet character y in A. Ttis known in the theory of p-adic L—functionﬂ
that for each such y;, there exists a power series &,(T) in the ring Z,[[T']]
of all formal power series in an indeterminate 7" with coeflicients in Z,
such that

=§wX_l((1+p)s—1) ,fory#1,5s€Z,,
=& +p =D/ +pt==1), ,fory=1,5€Z,s+1.

2See Iwasawa [4]] or Lang [6]).

Ly(s:x)
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Since L,(s;x) # 0if y isevenbut L,(s; x) = 0if y is odd, &,(T) = 0if x
iseven and &,(T) # 0 if y is odd. By Weierstrass’ preparation theorem,
&,(T) for add y can be uniquely written in the form

E(T) = n(T)p™ f(T)

where 7, (T) is an invertible power series in the ring Z,[[T]], e, is a non-
negative integer]), and f,(T) is a so-called distinguished polynomial in
Z,|T]. The next theorem tells us that there exists a relation between the
p-adic representation of I' = Gal(K/k) on V and the p-adic L-functions
L,(s; x) for the characters y in A, or, more precisely, between the poly-
nomials g,(X) and f,(T') defined above. Namely, we have the following
result’:

Theorem 1. Let k* denote the maximal real subfield of the cyclotomic

field k = Q( \ V1) and let h* be the class number of k*. Assume that h*
is not divisible by p. Then

g(X)=1,V, =0, foralleveny in Z,
gy(X) = fy(X), for all odd y in A.

The assumption p 1 A" in the theorem is known as Vandiver’s con-
jecture. It has been verified by numerical computation for all primes
p < 125,000, and no counter example is yet found. On the other hand,
if we define, following Leopoldt, the p-adic zeta function ,(s; k) of
the totally real field k* by

Gk =] | Ltsn. xeBx-D=1,
X

then the theorem implies that under the assumption p t h*, £,(s; k™) is
essentially equal to the characteristic polynomial g(X) of yg — 1 acting
on the representation space V over Q,, up to the change of variables
s — (1 + p)’. The result is mysteriously analogous to a well known

3 A recent theorem of B. Ferrero and L. Washington implies that e, = 0 for all odd y.
4See Iwasawa [3].



On P-Adic Representations Associated with Z,-Extensions 161

theorem of A. Weil which states that a similar relation exists between
the zeta function of an algebraic curve defined over a finite field and
the characteristic polynomial of the Frobenius endomorphism acting on
the p-adic representation space defined by the Jacobian variety of that
curve.

Now, although the above theorem is proved only for a very special
case (and even that under the assumption p t h™), we feel that it is
not just an isolated fact for k = Q({/1), but is rather a part of a much
more general result on teh cyclotomic Z,-extensions over finite alge-
braic number fields. In fact, Greenberg [2]] generalizes Theorem [Ilto the
case where the ground field k is a certain type of finite abelian extension
over the rational field Q, and Coates [[1] also discusses such a general-
ization for an abelian extension k of an arbitrary totally real field. In the
following, we shall report some results on cyclotomic Z,-extensions,
related to some further generalization of the above Theorem [l

3. We now assume that p is an odd prime, p > , and consider
as our ground field a finite algebraic number field k& with the following
properties:

(1) kis a Galois extension of the rational field,

(i1) k contains primitive p-th roots of unity so that it is a totally imag-
inary field,

(iii) k also contains a totally real subfield k* with [k : k*] = 2; namely,
k is a number field of C-M type.

In general, let J denote the automorphism of the complex field C
which maps each complex number « to its complex conjugate @. For
simplicity, the restriction of J on any subfield of C, invariant under J,
will be denoted again by J. Let

A = Gal(k/Q)

for the field £k mentioned above. Then by (ii) and (iii), J is an element
in the center of Aand J # 1, J> = 1. Asin §1, let K = koo = kQw

5The case p = 2 can be treated similarly but with some modifications.

145



146

162 Kenkichi Iwasawa

denote the cyclotomic Z,-extension over k. Since k contains p-th roots
of unity, K = k(W,). Similarly, let K* = k¥, = k*Q. be the cyclotomic
Z,-extension over k*. Then K* is a totally real subfield of the totally
imaginary field K with [K; K*] = 2. Clearly K/Q is a Galois extension
because both £/Q and Q.,/Q are Galois extensions. Hence, let

G = Gal(K/Q), T =Gal(K/k)=Z,.
Then we see immediately that I is a central subgroup of G and
A = Gal(k/Q) = G/T.

As in the special case of §2, the Galois group G acts on Co, T(Cs), and
V= T(Coo)?Qp so that V provides us with a finite dimensional p-adic
P

representation space for G = Gal(K/Q).

Theorem 2. Assume that A,(k*) = 0 and that the so-called Leopoldt’s

conjecture holds for all intermediate fields k;}, n > 0, of the extension
K*/kt. ThenV = T(Cm)?QP is cyclic over G = Gal(K/Q); namely,
P

there exists a vector v, in 'V such that the whole space V is spanned over
Qp by the vectors o - vy, o € G.

Recall that A,(k") denotes the A-invariant of the totally real field
k* for the prime p and that Leopoldt’s conjecture for & states that any
set of units in &, , multiplicatively linearly independent over the ring of
rational integers Z, remains multiplicatively linearly independent over
Z, when these units are imbedded in the multiplicative group of the
algebra k+8Qp- We note that both these assumptions are conjectured

to be true for any totally real number field k*. Note also that since
T(Co) = Z;}, the conclusion of the theorem is equivalent to say that
there exists an element vy in T(Cs) such that the elements of the form
o - v, o € G, generate over Z, a submodule of finite index in 7(C).
The proof of the theorem will be briefly indicated in the next section.
In general, let G be any profinite group and let G = liLnGi with
a family of finite groups {G;}. The homomorphisms G; — G;, i < J,
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which define the inverse limit, induce the homomorphisms Z,[G;] —
Z,[G;] of the group rings of finite groups over Z,,, and they in turn define

Z,[1G1] = lim Z,[G].

Z,[[G]] is a compact topological algebra over Z, and it depends only
upon G and is independent of the family {G;} such that G = {ln G;.
We apply the above general remark for G = Gal(K/Q) in Theorem
and define
R=Z,[Gll. R =R8Q,.
4

Let G, = Gal(k,/Q), R, = Z,[G,], n > 0. Since G = li_n)lGn, we then
have
R =1limR,.
F

Since C,, is an R,-module in the obvious manner, Co, = %iLnCn is an
R-module. Hence T(Cy) also is an R-module and V = T(Cm)?Q[, is an
P

R’-module. We next define a subset A,, of R, by
A, ={alae (1 -DNR,, a-C, =0}

Note that J = J|k, is contained in the center of G, so that A,, is a two-
sided ideal of R,, contained in (1 — J)R,. Furthermore, if n is large
enough and m > n, then the homomorphism R,, — R, maps A,, into A,,.
Therefore

A =1imA,
(—

is defined and it is a two-sided ideal of R, contained in (1 — J)R. Let

A" = A®Q,.

Z,,Qp
Clearly A’ is a two-sided ideal of R’ = R%Z)Qp, contained in (1 — J)R'.
P

Moreover, it can also be proved that

A =l e(1-DNR, o -V =0},
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namely, that A’ is the annihilator of the R’-module V in (1 — J)R’. Let

d=[k:Q].
Using Theorem[2], we can then easily prove the following

Theorem 3. Let
V' =(0-JR/A.

Under the same assumptions as in Theorem there exist exact se-
quences of R'-modules

VSV —o0 0oV -V

In particular, V' is a finite dimensional vector space over Q,, and as p-
adic representation spaces for G = Gal(K/Q), V and V' have the same
composition factors.

At this point, let us consider again the special case where k = Q( 1),
p > 2; the field Q( /1) certainly satisfies the conditions (i), (ii), and (iii)
stated at the beginning of this section. In this case, K = ko, K™ = k7,
and k', n > 0, are all abelian extensions over Q, and Leopoldt’s conjec-
ture for k;; is known to be true by a theorem of Brumer. On the other
hand, it is easy to deduce 1,(k*) = 0 from Vandiver’s conjecture p { h*
for the class number A* of k*. Therefore we know by Theorem [ that
under the assumption p { A", V is cyclic over G = Gal(K/Q), namely,

V= R/V()

with some vector vo in V. Now, 4,(k™) = 0 also implies V = (1 — J)V
so that V. = (1 — J)R'vy. Since G = Gal(K/Q) is an abelian group
in this case, both R and R’ are commutative rings. Hence it follows
from the above that the map @’ — a’vg, @’ € (1 — J)R’, induces an
R’-isomorphism

V =(1-DHR/A S V.

Furthermore, we know in this special case that there are many explic-
itly described elements in the ideal A, of R,, n > 0, called Stickel-
berger operators for k,, and that the p-adic L-functions L,(s;y) for xy
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inA = Hom(A, Q) can be constructed by means of such Stickelberger
operatorﬁ Thus we obtain a relation between the p-adic representation
space V' and the p-adic L-functions L,(s; ), and hence between V and
L,(s; x) through the above isomorphism. This is the way how Theorem
[is proved, and the proof is similar for Greenberg’s generalization.

We now consider again the general case where k is any finite alge-
braic number field satisfying the conditions (i), (ii), and (iii). For each
C-M sub-field k" of k such that k/k’ is abelian, Stickelberger operators
for k,/k’ are still defined, and it is proved by Deligne and Ribet that
such Stickelberger operators are related to abelian p-adic L-functions
for K’ Nk* in much the same way as in the special case mentioned above.
However, it is not known whether such general Stickelberger operators
belong to the ideal A, and provide us with any essential part of A, de-
fined abovel. This prevents us from obtaining any nice relation between
the p-adic representation space V’ and p-adic L-functions. On the other
hand, we can find examples of k/Q, satisfying (i), (ii), (iii) and also the
assumptions in Theorem 2] such that the representation spaces V and V’
for G = Gal(K/Q) in Theorem [3 are not isomorphic to each other. Thus
we see that the results of Theorems 2] 3] tell us much less on the nature
of the p-adic representation space V for G = Gal(K/Q) than Theorem
[ for the special case k = Q( 1 ). Nevertheless, we still feel and hope
that those theorems would be of some use in the future investigations to
obtain a full generalization of Theorem [l in §2.

We also note in this connection that in such a generalization of
Theorem [l one has certainly to consider p-adic (non-abelian) Artin
L-functions. Given any Galois extension L/K of totally real finite al-
gebraic number fields, it is not difficult to define p-adic Artin L-function
L,(s; x) for each character y of the Galois group Gal(L/K) so that L,(s; x) 149
is related to the classical Artin L-function L(s;y) in the usual manner
and that those L,(s; ) share with the classical functions L(s;y) all es-
sential formal properties such as the formula concerning induced char-
acters. One can even formulate the p-adic Artin conjecture for such

6See Iwasawa [4] or Lang [6]].
7See the discussions in Coates [[1]].
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L-functions; the conjecture is not yet verified and, in fact, it is closely
related to the above mentioned problem of generalizing Theorem[Il For
all these, we refer the reader to forth-coming papers by R. Greenberg
and B. Gross, noting here only that Weil’s solution of Artin’s conjecture
for L-functions of algebraic curves defined over finite fields is based
upon the study of the representations of Galois groups on the spaces
similar to V mentioned above.

4. We shall next briefly indicate an outline of the proof of Theorem
of. Following the general definition in §3, let

A =Zp[[11]

for the profinite group I' = Gal(K/k), and let vy be any topological
generator of I' = Z,,. Let Z,[[T']] denote as in §2 the ring of all formal
power series in T with coefficients in Z,. Then it is known that there is
a unique isomorphism of compact algebras over Z,:

A = Z,[[T1] = Z,T1]

such that y9 — 1 + T. Hence fixing a topological generator g, we may
identify A = Z,[[I']] with Z,[[T']] so that yy = 1 + T. Then

A =A®Q, =Z,[[T11®Q,

ZP ZI’
and it is easy to see that A’ is a principal ideal domain. One also proves
immediately that A = Z,[[I']] is a central subalgebra of R — Z,[[G]] and
that the latter is a free A-module of rank d = [k : Q] = [G : I']. Hence
R = R?Qp is an algebra over A’ = A®Q),, and it is a free module of

P Zp
rank d over the principal ideal domain A’.

Now, let L denote the maximal unramified abelian p-extension (i.e.,
Hilbert’s p-class field) over K, and M the maximal p-ramified abelian
150 p-extension over K. Then

QCkCKCLCM

8Cf. the proof of Theorem ?? in Greenberg [2].
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and both L/Q and M/Q are Galois extensions. Let
X =Gal(L/K), Y = Gal(M/K).

These are abelian pro-p-groups and, hence, are Z,-modules in the natu-
ral manner. Since G = Gal(K/Q) acts on X and Y in the obvious way, we
see that both X and Y are R-modules and, consequently, also A-modules.
It is know that X is a torsion A-module so that there is an element & # 0
in A such that

£E-X=0.

Let
X' =X®Q,.
Z,
Itis clear that X’ is an R’-module. However it is also known in the theory
of Z ,-extensions that

V=T(Cx)®Q, — X’
ZF

as modules over R’. Hence, in order to prove Theorem 2] we have only
to show that X’ is cyclic over R’ under the assumptions of that theorem.

Let Y~ denote the submodule of all y in Y satisfying (1 + J)y = 0.
Since p > 2, Y™ = (1 —J)Y and since J = J|K is contained in the center
of G = Gal(K/Q), Y~ is an R-submodule of Y. Let #(Y~) denote the
torsion A-submodule of the A-module Y™ and let

Z=Y/uY"), Z = ZEZ)QP.
P

Then Z is an R-module, and Z’ an R’-module. Furthermore, we can
prove by using the assumptions of Theorem [2] that there is an exact se-
quence of R’-modules

Z'1¢Z > X' > 0.

Therefore the proof is now reduced to show that Z’/£Z’ is cyclic over
R'.
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Let 151
R~ =(1-NR =R(-J).

Then we have the following two lemmas:

Lemma 1. Both Z' and R’ are free N’ -modules with the same rank 5
and

Z'|TZ ~R~|TR'™
as modules over R’ .

Lemma 2. Let A and B be R’-modules which are free and of the same
finite rank over \’, and let

A/TA ~B/TB
as R’ -modules. Then, as modules over R’,
A/pA = B/pB
for any non-zero prime ideal p of the principal ideal domain A'.

That Z’ is a free A’-module of rank g, where d = [k : O], is a known
fact in the theory of Z,-extensions. The rest of Lemma [Il can be proved
by considering the Galois group of the maximal p-ramified abelian p-
extension over k. To see the proof of Lemma 2] let us first assume for
simplicity that

kN Qw = Q.

In this case, G = ' X A where A = Gal(k/Q) = Gal(K/Qw), and R
Z,[[G]] is nothing but the group ring of the finite group A over A =

Zp[[I']]:

R = A[A]

Hence
R = A[A)]

where A’ = A?Qp is a principal ideal domain. The lemma then follows
P

152 easily from the results of Swan on the group ring of finite groups over
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Dedekind domaind). The case k N Qo # Q can be proved similarly by
reducing it to the above mentioned special case.

Now, since R~ = R’(1 — J) is cyclic over R’, we see from the above
two lemmas that Z’/pZ’ is cyclic over R’ for all p as stated in Lemma 2]
As £ is a non-zero element of the principal ideal domain A’, it follows
that Z’/£Z’ also is cyclic over R’. This completes the proof of Theorem
2l

Finally, we would like to mention here also the following result
which can be proved by similar arguments as described above. Namely,
changing the notations from the above, let

k = an arbitrary (totally) real finite Galois extension over Q,
K = ke — kQo = the cyclotomic Z,-extension over k,
L’ = the maximal unramified abelian p-extension over K in
which every p-spot of K is completely decomposed,
M = the maximal p-ramified abelian p-extension over K.

Then, again,
QckcKcL cM

and K/Q, L’ /Q, and M/Q are Galois extensions. Let
G = Gal(K/Q), R=Zy[G]l, R = R?Qp-
P

As in the case discussed above, the Galois groups
Gal(M/K) and Gal(M/L")
are modules over R so that Gal(M/ K)?;Qp and Gal(M/L’)?;Qp are R'-
modules.
Theorem 4. Gal(M/K’)%;Qp is cyclic over R’. If in particular A, (k) = 0,
then Gal(M/K )?;Qp also is cyclic over R'.
The first part of the theorem is proved without any assumption, and

the second part without assuming Leopoldt’s conjecture. Hence the the-
orem might be more useful in some applications than Theorem 21

See Swan [7].
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DIRICHLET SERIES FOR THE GROUP GL(N).

By Herve Jacquet

1 Introduction

Suppose ¢ is a modular cusp form with Fourier expansion:

0(z) = Z a exp(2i 7nz). (1.1)

n>1

The Mellin transform of ¢ is the integral

+00

f i)y dy. (12)

0

If we replace ¢ by its Fourier expansion then we see that (I.2)) is equal
to

+00
Zann_s f exp(—2my)y* L dy. (1.3)
n>1 0
Since
+00
f exp(=2my)y*~'dy = 27) " T (s). (1.4)
0
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this integral representation gives the analytic continuation of the series

Z apn™s, (1.5)

n>1

as a meromorphic function of s in the whole complex plane. Further-
more it shows that the analytic continuation satisfies a simple functional
equation. Finally if ¢ is an eigen function of the Hecke operators, then
the series (I.3) has an infinite euler product.

If ¢’ is another form then one can also consider the “convolution” of
the Dirichlet series attached to ¢ and ¢’, namely the Dirichlet series

ana,,
Z - (1.6)

n>1

It has a simple integral representation and analytic properties similar to
that of (I.3). Furthermore, if both ¢ and ¢’ are eigen functions of the
Hecke operators then it has an Euler product.

Classically, it is just as easy to pursue the theory for other types
of forms: holomorphic forms for congruence sub-groups, Maass forms,
Hilbert modular forms... The theory can also be generalied to the groups
GL(r) with r > 2. It is still incomplete but, as an introduction, we shall
discuss the case of the “Maass forms” for the group

I, = GL(r,2), (1.7)

also noted simply I'. Naturally the discussion of the most general case
would entail the use of adeles and group representations.

This report is based directly on the work of the authors of [J-S-P
1,2,3,]. That work in turn owes much to the results and ideas, published
or not, of the authors of [G-K]].

2 Maass forms

Let ¢ be a function on
G, = GL(r,R), 2.1)
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invariant on the left under I',, on the right under the orthogonal group,
and, on both sides, under the center Z, of G,. The function ¢ will be
said to be a cusp form if it satisfies some additional conditions that we
now describe. It will be assumed to be C* and an eigen function of the
algebra Z of bi-invariant differential differential operators. The corre-
sponding algebra morphism from Z to C will be denoted by 4. We will
also assume ¢ cuspidal. This means that for every group of the form

I, *

V= I, (2.2)

0 I

s

the “constant term of ¢ along V”, that is, the integral

f o(ug)du, 2.3)

rnv\v

vanishes for all g. It is perhaps unnecessary to recall that V N T is a
discrete cocompact subgroup of V.

There is also a condition of growth at infinity which, because we
are considering only cuspidal functions, amounts to demand that ¢ be
square integrable on the quotient Z,I'\G,. Actually, for a given A, the
functions ¢ satisfying the above conditions make up a finite dimensional
Hilbert space V,. It is invariant under the action of the Hecke algebra;
the corresponding algebra of operators on V, is diagonalizable and so
we may, and do, demand that our forms be eigen vectors of the Hecke
algebra.

3 Fourier expansions

Let N, be the group of upper triangular matrices with unit diagonal.
For every (r — 1)-tuple of non zero integers (n,no,...,n,_1) define a
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character 0, ,.. n,_, of N, by

Onmrn 0= || expQiznx; ). 3.1)

1<j<r-1
It is clearly trivial on N, N T. Set
Pryen 1 (8) = f (ug)6(u)du 3.2)
N,NT\N,

where 6 stands for 8, ,,..»,_,. Then ¢ has the following expansion:

$@) = D Gmmnn [(g (1)) g] (3.3)

where we sum for all (r — 1)-tuples with n; > 1 and vy in a set of repre-
sentatives for N,_; N[,_1\I',—1. Actually we will need to introduce also,
for 0 < j < r— 1, the subgroup V/ of matrices u € N, of the form

_(tn-i *
u= ( . )
For j = r — 1 this is the group N, itself. We will set:
Orsmena @ = [ elugiid

IO 2N

where 8 = 0y, 5, n_,; the right hand side does not depend on ny,

ny,...,n,_j—1 which justifies the notation. Then we have the more gen-
eral expansion:
v 0
Pry_jitsens n,-_l(g) = Z ©Onyng,..nr_y 0 1: 8 (34)
J
where We sum for all r — j tuples (ny,n,...,n,_;) withn; > 1 and all y

in a set of representatives for N,_; N I',_;\I',_;.
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It is not simple to explain the ideas involved in these expansions. We
will point out however that our assertions are a mere reformulation of
the expansions given in [[P1] or [Shal.

So far our assertions do not depend on the assumption that ¢ be
an eigen function of the Hecke algebra. If this assumption is taken in
account, then it is found that

DOnyna,. iy (g) = Quyny,...ne—y W(gg) (35)

where we have denoted by W the function

e11..,1(8) (3.6)
———
r—1
and by £ the diagonal matrix
diag(m ny ... Ny_1,N2...Nyp—_1,...,Np_1, 1). (3.7)

The constants ay, 4, ., Which appear can be computed solely in terms
of the homomorphisms of the Hecke algebra into C determined by .
The reader will note that both sides of (3-5) transform on the left under
the character 6, ,. n,_, of the group N,. As for W, within a scalar
factor, it is determined solely by the morphism A of Z into C. Again, our
assertions are mere reformulation of the results of [[C-S|], [Shal, [Shi].

4 The Mellin Transform

Let us first simplify our notations. For 0 < j < r — 1 we set

¢ =11 (4.1)

so that ¢° = p and ¢! = W. We set also, for 1 < j<r—1,

Anyiny,...nj = QAny.ny,..., nj,l,l,...,l.
—_————

r—j—1
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Combining (3.4) [with j = r — 1] with (3.3) we get

— _ ne 0
¢ g = Zi anW[(O 1H)g]. 42)

n>1l,e=+1

In view of this formula it is entirely reasonable to define the Mellin
transform of ¢ to be the integral

=24 0 s—1
f(p (O 1r_l)lal da. “4.3)

R*[{+1}

It is equal to

-5 a 0 s—1
Zann fw(o 1r_1)|a| da. (4.4)

n>1 R*

If we knew that the integral in (@.4) were a product of I" -factors—as it
should be-then the previous computation would give the analytic con-
tinuation of the Dirichlet Series

Z anpn”"’. (4.5)

n>1

On the other hand, just as in the case r = 2, the Dirichlet Series has
an infinite Euler product:

D a0 = [ ] det(1 - p=X,)7,
p

n>1

where X, is a semi-simple conjugacy class in GL(r, C).

5 The convolution

The convolution (L6) also generalizes. Namely let ¢’ be another cusp-
form on G,, with ’ < r. Let us denote with a prime the objects attached
to ¢.
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Suppose first 7' < r — 1. Consider the integral

r—1-r 0 ’ s
[ (80 )ewiesras (5.1)

1r—r’
T\G,

where d*g is an invariant measure on the quotient I'v\G,-.
Combining (3.4) with (3.3) we have the following expansion:

r—1-r _ Y 0
‘p (g) - Z anl,nz ..... 1., W [(0 lr_r/) g] . (52)

Replacing ¢'~'~"" by this expression in (3.1)) we get, after a “few” formal
manipulations,

2 ’ s
Z anl,,12’.“,,lr,cz;”’n2 ’’’’ W_]Inlnz...n:,| s (5.3)

n>1lny>1,....n,21

| w[(g Y )]W/[egndetgvdxg,

N,\G,

where d*g is now an invariant measure on the quotient N, \G,~, and €
is the 7/ by #’ diagonal matrix

diag(-1,1,-1,...).

The multiple series which appears in (3.3) may be regarded as a
Dirichlet series in the usual sense. Again if we knew that the integral
in (3.3) were a product of I'-factors, our computations would give the
analytic continuation of this series.

Just as in the previous case, the series has an Euler product:

_ L
Zanl,nz,...,n,/ain,,,z ,,,,, plminy om0 (5.4)

= [detd - px, @ X;)7".
p

When r = 7/, the previous construction needs to be modified. We
denote by @ the Schwartz-function on the space of row matrices with r
entries defined by

®(x) = exp(—nx - 'x) (5.5
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and we introduce an “Epstein zeta function™:

+00
Be= [ ougourandes (5.6
£eZr-{0} 5,

[Here &g is the product of the row matrix & by the square matrix g; fis a
scalar]. It can also be written as an “Eisenstein series”:

E(g, s) = {(rs) Z fCD[(O, 0,...,0,0)yglle/ " dt|detgl®, (5.7)
yelNPAT
where P, is the standard parabolic subgroup of type (r — 1, 1).

Then, instead of (5.2), we have to consider the integral

f ¢(9)¢'(9)E(g, 5)d”g, (5.8)

Z,I'\G,

where d*g is an invariant measure on the quotient Z,I'\G,. It turns out
to be equal to

DI N V- S| (5.9)
f W(g)W’' (eg)®@[(0,0,...,0,1)g]|det g'd*g.
NG,
Moreover:

(rs) Z Ay ety Oy iy |n1n§ .. .nf:}l_s (5.10)
= [detd - p=x, @ X;)7".
p

Remark 5.11. If we take r = 1 then ¢ = ¢’ = ¢y, the constant function
equal to one on G; = R*; moreover X, = X,» = 1, and (5.10) reduces
to the Euler product for the {-function. Similarly, we may regard the
theory of §l as a special case of the theory of §3] where r’ = 1 and
¢’ = ¢o. This remark will be used without further warning.
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6 Functional Equations

We have already pointed out that we do not have enough information
on the integrals of (4.4), (5.3), and (3.9). If we assume the missing
information then we can address ourselves to the question of the func-
tional equation satisfied by these Euler products. The functional equa-
tion should state that the analytic continuation of

- -1
[ Ja-rx,0x)7",
)4
times the appropriate I'-factor, is equal to the analytic continuation of

1—[(1 _p—l+SX;1 ®X/;l)_1,
p

times the appropriate I'-factor.
To see this we introduce the function

() = o(g™).

It is also a Maass cusp form. We denote by a tilda the objects attached
to ¢. Then:

W(g) = W(w,'g™"), where w, = 1 ’

_ _ _ vl
Anyny,.npy = anr—lanr—2-~~nt’Xp =X, .

If r = ¥/ our starting point is the functional equation of the Epstein
zeta-function:
E(g.5) = E(g™',1-9);

from which we get

f 0(8)¢'(9)E(g, 5)dg = f V()¢ (9E(g, 1 — 5)dg.
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The functional equation follows readily. 162
If ¥ = r— 1 then @'~ is just . Clearly

0 4 S—5 -~ O -~ =5
fsa(g 1)so(g)ldetgl 5dxg=f¢(g l)so(g)ldetgﬁ d*g

and again the functional equation follows readily.
However if ¥ < r — 2 (which includes the case ' = 1) we have

to take in account a somewhat unexpected relation between @'~ ~! and

@""~1. Namely
1, 0 0
f¢r_r,_] x lr—r/—l O [g—l dX
0 0 1

is actually a left-translate of @~ ~!(g); the integral is on the full space
of matrices with #’ columns and r — v’ — 1 rows. Rather than trying to
explain the details, we refer the reader to [J-S-P1]] where the case ' = 1,
r = 3 is discussed.
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CRYSTALLINE COHOMOLOGY, DIEUDONNE
MODULES, AND JACOBI SUMS

By Nicholoas M. Katz

Introduction

Hasse [20] and Hasse-Davenport [21] were the first to realize the con-
nection between exponential sums over finite fields and the theory of
zeta and L-functions of algebraic varieties over finite fields. This con-
nection was exploited to Weil; one of the very first applications that
Weil gave of the then newly proven ‘“Riemann Hypothesis” for curves
over finite fields was the estimation of the absolute value of Klooster-
man sums (cf [46]). The basic idea (cf [20]) is that by using the theory
of L-functions, one can express the negative of such an exponential sum
as the sum of certain of the reciprocal zeroes of the zeta function itself;
because the magnitude of these zeroes is given by the “Riemann Hy-
pothesis,” one gets an estimate. In a fixed characteristic p, the estimate
one gets in this way for all the fintie fields F,» is best possible. On the
other hand, very little is known about the variation with p of the abso-
lute values, even for Kloosterman sums, though in this case there is a
conjecture, of Sato-Tate type, which seems inaccessible at present.

One case in which the problem of unknown variation with p does
not arise is when the expression of the exponential sum as a sum of
reciprocal roots of zeta reduces to a sum consisting of a single reciprocal
root; then the Riemann Hypothesis tells us the exact magnitude of the
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exponential sum. Conversely, an elementary argument shows that in
a certain sense, this is the only case in which such exact knowledge
of the magnitude of exponential sums can arise, and it shows further
that a theorem of Hasse-Davenport type always results from such exact
knowledge. Examples of exponential sums of this sort are Gauss sums
and Jacobi sums.

Honda was the first to suggest that the identification of say, Jaboci
sums, with reciprocal zeroes of zeta functions could also lead to sig-
nificant non-archimedean information about Jacobi sums. A few years
before his untimely death, Honda conjectured a p-adic limit formula for
Jacobi sums in terms of ratios of binomail coefficients ([23]). I gave an
over-complicated proof (in a letter to Honda of Nov. 1971) which man-
aged to shed no light whatever on the meaning of the formula. Recently,
B. H. Gross and N. Koblitz [[14] showed that Honda’s limit formula was
really an exact p-adic formula for Jacobi sums in terms of products of
values of Morita’s p-adic I'-function; as such, it constituted the first im-
provement in this century over Stickelberger’s formula which gave the
p-adic valuation and the first non-vanishing p-adic digit in the p-adic
expansion of a Jacobi sum!

In this paper, I will discuss the cohomological genesis of formulas
of the sort discovered by Honda. The basic idea is that the reciprocal
zeroes of zeta are the eigenvalues of the Frobenius endomorphism of
a suitable cohomology group; if this group, together with the action
of Frobenius upon it, can be made sufficiently explicit, one obtains the
desired “explicit formulas”.

There are two approaches to the question, which differ more in style
than in substance. The first and longer is based on Honda’s explicit con-
struction of the Dieudonné module of a formal group in terms of “formal
de Rham cohomology”. The second, less elementary but more efficient,
is grounded in crystalline cohomology, particularly in the theory of the
de Rham-Witt complex. I hope the reader will share my belief that there
is something to be gained from each of the approaches, and pardon my
decision to discuss both of them.

I would like to thank B. Dwork for many helpful discussions con-
cerning the original proof of Honda’s conjecture. Whatever I know of
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the Grothendieck-Mazur-Messing approach to Dieudonné theory
through exotic Ext’s, I was taught by Bill Messing. I would also like
to thank Spencer Bloch for his encouragement when I was trying to un-
derstand Honda’s explicit Dieudonné theory, and Luc Illusie for gently
correcting some extravagent assertions I made at the Colloquium.

Finally, I would like to dedicate this paper to the memory of T.
Honda.

I. Elementary Axiomatics, and the Hasse-Davenport Theorem. Con-
sider a projective, smooth and geometrically connected variety X, say of
dimension d, over a finite field F,. For each integer n > 1, we denote
by X(F,) the finite set of points of X with values in F, and by §X(F,»)
the cardinality of this set. The zeta function Z(X/F,, T) of X over F, is
the formal power series in 7" with Q-coefficients defined as

Tl’l
Z(X/F,,T) = exp [Z —HX(Fy)

n>1

Thanks to Deligne [6], we know that this zeta function has a unique
expression as a finite alternating product of polynomials P;(T) € Z[T],
i=0,...,2d:

2d

Z(X/F,.T) = [ | Py
i=0

_ PiPs3... Py
PoP; ... Py
in which each polynomial P;(T") € Z[T] is of the form

deg P;
Pi(T) = (I —a;,;T)
=1

with «; ; algebraic integers such that
laijl = Vq'

for any archimedean absolute value | | on the field Q of all algebraic
numbers. The extreme polynomials Py, P,4 are given explicitly:

Po(T) = (1 = T), Po(T) = (1 —g* - T)
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Despite this apparently “elementary” characterization of the poly-
nomials P;(T), their true genesis is cohomological. Let us recall this
briefly.

For each prime number [ different from the characteristic p of F,
let us denote by H 1’ (X) the finitely generated Z;-module defined as

Hi(X) = lim H

n

(X&F,, Z/I'Z).

tale

Corresponding to the prime p itself, we denote by W(F,) the ring of p-
Witt vectors of F,, and by Héris(X) the finitely generated W(F,)-module
defined as

X/ Wu(Fy)).

cris

Héris(X) = @Hl

n
The Frobenius endomorphism F of X relative to F,, acts, by functoriality,
on these various cohomology groups H f(X) for [ # p, and H: (X); and

cris
F induces automorphisms of the corresponding vector spaces

Hi(X) (XR) 01, Hiy () (X) K
Z

W(F,)

(K denoting the fraction field of W(F,)). The polynomial P;(T) € Z[T]
which occurs in the factorization of the zeta function is then given co-
homologically by the formulas

P(T) = det(1 - TF|H)(X)® Q)) for [ # p
P«(T) = det(1 - TF|H! . (X) ® K).

Tis

The resulting formula for zeta as the alternating product of charac-
teristic polynomials of F on the H', in each of the cohomology theories
H/(X)® Q; for [ # p, H. . (X)® K, is equivalent, via logarithmic differ-
entiation, to the identities in those theories

+ X(F ) = Z(—])i trace (F"|H"). for all n > 1.
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By viewing the set X(F,») as the set of fixed points of F" acting on
X (Fq), this identity becomes a Lefschetz trace formula

# Fix (F") = Z(—l)" trace (F"|H") alln > 1

for F and its iterates in each of our cohomology theories. If we take as
given these Lefschetz trace formulas, then the identification of P; with
det(1 - F T|Hi) is equivalent to the assertion:

On any of the groups Hf(X) ® Oy with [ # p,
HériS(X) ® K, the eigenvalues of F are alge-
braic integers all of whose archimedean absolute

values are +/q'.

In fact, there is not a great deal more that is known about the action of F
on the H;(X)@ Q;forl # p,and on HériS(X)®K. It is still not known, for
example, whether the action of F' on these cohomology groups is always
semi-simple when i > 1. (That it is when i = 1 results from the theory
of abelian varieties).

Suppose that a finite group G operates on X by F,-automorphisms.
Let us choose a number field E big enough that all complex representa-
tions of G are realizable over E, and whose residue fields at all p-adic
places contain F,;. (For example, the field Q({,-1,{n), where N is the
[.c.m. of the orders of elements of G, is such an E). We denote by A an
[-adic place of E, [ # p, and by P a p-adic place of E. Thus E, is a finite
extension of Q;, and Ep is a finite extension of K.

Let M be a finite dimensional E-vector space given with an action
of G, say p : G — Autg(M). The associated L-function L(X/.%,,p, T)
is the formal power series with E-coefficients defined as

™ 1 e
LX|Fqp.T) = exp| 3 — o= > 1rlp(g” DAFix(F"g)
n>1 geG
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where Fix (F"g) denotes the finite set of fixed points of F”g acting on
X(Fq). We recover the zeta function of X/F, by taking for p the regular
representation of G. The usual formalism of zeta and L-functions gives

ZX[¥,,T) = | | LX/Fy,p, T)'E®)
p irred

It follows from Deligne’s results that for any representation p, we
have a unique expression for the corresponding L-function as an alter-
nating product of polynomials P; ,(T) € E[T],

2d
LX/Fyp.T) = [ | Pip(D ",
i=0
which are of the form
deg Pip
P = || (0 =aijT)
j=1

with algebraic integers «; j, such that

i jpl = Vd'

for any archimedean absolute value | | on the field Q of all algebraic
numbers.

The cohomological expression of there P;, is straighforward
(cf. [18]]). Because the action of G is “defined over F,” it commutes
with F, and therefore the induced action of G on the cohomology com-
mutes with the action of F. Therefore G, acting by composition, induces
automorphisms of the E,-vector spaces,/ # p,

Homg, (6)(M (X) Ex. Hj(X) (X) E).
E Z

and of the Ep-vector spaces

Hom g, (61 (M (X) Ep, Hiy (X) (X) Ep).
E

W(ZF,)
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The polynomials P;,(T) € E[T] are given by the formulas

P, ,(T) = det(1 — TF|Homg, 6 {(M ® Ey, Hi(X) (X) Ey) forl # p

P;(T) = det(1 — TF| Homgy(c (M ® Ep, H' (X) ® Ep)).
E W(Z,)

Let us recall the derivation of these formulas. We first 9bserve that
the characteristic polynomial of F on Homg(M,H') ~ (M ® H)® c
v

AV/I ® H' divides det(1 — FT|Hi)dimM, and hence the eigenvalues of F on
Homg (M, H') are algebraic integers, all of whose archimedean absolute
values are \/ZI" . So it remains only to verify that the alternating product
of those characteristic polynomials is indeed the L-function, i.e. . that

LX\F,.p.T) = [ | detl - FT|(a © HYO) D™,
Equivalently, we must check that
1
pre Z trace p(g~") # Fix (F"g)
= 3 (=1 trace (1 ® F"|(M ® H)®)

_Z( l)l#GZ trace (g ® F"'g ’M®H’

geG
— i n 1
Z( 1)— me Z trace P(g) trace (F g'H
geG
Z trace p(g™") Z( 1)’ trace (F”g|H’

gEG

To check this last equality, we would like to invoke the Lefschetz trace
formula, not for F”, but for F"g, with g an automorphism of finite order
which commutes with F; this amounts to invoking the Lefschetz trace
formula for Fg on X and on all its “extensions of scalars” X ® F . But
an elementary descent argument shows that given an automorphism g
of finite order which commutes with F, there is another variety X’ /F,
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together with an isomorphism X®F, ~ X’ ® F,, under which Fg®1 cor-
responds to F'®1. Because this isomorphism also induces isomorphisms
of cohomology groups

H" X)MH (X' ®F,,Z) ~ H(X®F,, Z,)df“H" (X),
X)YoWF,)~H (X ®F)~H _(X®F,) =~
~ H . (X)® W(F,),

cris

CI'IS CrlS

the truth of the Lefschetz formula for Fg on X results from its truth for 172
FonX'.

Let us now consider in greater detail the case of an irreducible p.
Then P;, is a polynomial whose degree is the common multiplicity of p
in any of the H’(X) ®E), | # p,orin H . (X) ® Ep. Decomposing the

cris
regular representation leads to the factorization

PAT) = [ ]| Pip(T)*®

p irred

The coarser factorization

PAT) = | | (Pip(T)*®)

pirred

corresponds to the decomposition of H’(X) ® E,, resp. H'

ois(X) ® Ep,
into p-isotypical components

Hi(X)® Ey = (X) (Hi(X) x E,)’

irredp

Crlb(X) ® Ep = ® ( Crls(X) ® EP)

irredp

Indeed the corresponding identities, for p irreducible, are

Pip(T)%¥) = de(1 — TF|(H)(X) ® E;)l # p
Pip(T)%8®) = det(1 — TF|(H!,(X) ® Ep)).
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Let us denote by S (X/F, p,n) the exponential sums used to define
the L-function:

1
SX) Fqpim) = 5= ) rp() Fix (Fg ™.
geG

The following lemma gives the cohomological meaning of theorems of
Hasse-Davenport type (cf. [20]).

Lemma 1.1: Let X/F, be projective and smooth. Let a finite group G
operate on X by ¥ -automorphisms, and let p be an irreducible complex
representation of G. Fix an integer i,, and denote by H" any one of the

cohomology groups H;" X) ®Z/ E,withl # p, or Hi“’rl.s(X) X Ep. Let
W(EFq)

| | be any archimedean absolute value on the filed Q of all algebraic
numbers. The following conditions are equivalent:

(1) The multiplicity of p in H" is one, and the multiplicity of p in H'
is zero if i # i..

(2) Foralln > 1, we have

(=D"S(X/Fy,p,n) = (=1)°S(X/F,, p, )",
and IS (X/Fy,p, DI = +/g"

) Foralln > 1, we have
IS (X/Fq.p.m)| = g
4) Foralln > 1, we have
IS (X/F g, p,m)| = IS (X/Fg, p, DI"
and VG <IS(X/Fqp, DI < vg'*™

(5) The polynomial P;, (T) is given by

io,p
P (T)=1- (-D"S(X/Fy,p, )T

and for i # i,, we have P;,(T) = 1.
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(6) The p-isotypical component (H = 0 for i # io, (H*)Y has di-
mension = deg(p), and F operates on (H" ) as the scalar

(=D"S(X/Fy,p,1).

Proof. This is an easy exercise, using the basic identities:
Tl’l -1 i+1
exp (Z —S(X/Fy,p, n)) = L(X/Fy,p, T) = ]_[ Pi (TP
l

Pip(T) = | |1 = @i D), lai ol = VG
J

; 1 .
deg P;, = multiplicity of p in H' = ——— - dim((H")p).
g L P Zy fp deg(p) 0

Suppose, first, that (1) holds, or equivalently that for i # i., P; ,(T) =
1, while P;, , is a linear polynomial P;, (T) = (1 — AT) with |A| = \/ﬁ’
The cohomological expression for L then becomes

" 1 (=1yk
exp(z 7S(X/Fq,p,n)) = (1 —AT) .

Taking logarithms and equating coefficients, we find

(-1)°S(X/Fy,p,n) = A" foralln> 1.

In particular (2) and (5) hold.

The implications (5) = (1), (6) = (1) are obvious. Also (5) = (6),
for if P;, , is linear, then p has multiplicity one in H'°, so that (H*) is
G-irreducible, and hence F must operate on (H")? as a scalar, which
we compute by the formula

Pl-o,p(T)deg(p) = det(1 — TF'(HiO ).

Clearly we have (2) = (3) = (4). We must show that if (4) holds,
then exactly one of the P; , is # 1, and that one is linear. Logarithmically
differentiating the cohomological formula for L, we find

deg Pip

SKIFgupi) = D=1 D (@ijp)'s gl = V7
i j=1
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We must show that if (4) holds, then the double sum has only a single
term in it. Separating the «; ;, according to the parity of i, we get two
disjoint sets of non-zero complex numbers (disjoint because their abso-
lute values are disjoint), to which we apply the following lemma. m|

Lemma 1.2: Let N > 0 and M > 0 be non-negative integers. Let {A;} be
a family of N not-necessarily distinct elements of C*, and {B;} a family
of M not-necessarily distinct elements of C*. Suppose that for all i, j,
A; # Bj. If, for some real number R > 0, we have

>ar->m

then N + M = 1, i.e. either there is just one A and no B’s, or just one B
and no A’s.

=R" foralln>1,

Proof. Suppose first that either N = 0 or M = 0, say M = 0. Then we

have
2

n

Squaring, we get
D UAA) = R for nx1
ij
whence
[ |a-aa)=a-r1),
ij
and hence N = 1.
In case both N > 1 and M > 1, squaring leads to

D (AAY" + ) (BiBY' = (R + ) (AB)" + ) (AiB)"
or equivalently,

1 [ -ABDIIA-ABT)
(1-RT) ~ [](1 - AAT)[1(1 - B,B/T)
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Let Rimax be max(|A;], |B;|), and consider the order of pole at T = R;éx.
The numerator’s factors 1 — A;B T, 1 - Z,-B‘,T are all non-zero there
(for if AiEj = anax, by maximality we must have A; = B; = Rpax,
in which case we see, using polar coordinates, that A; — B, which is
forbidden). In the denominator, each of the terms (1-|A;*T), (1-|B;[*T)
with |A;| = Rynax and |Bj| = Ryax vanishes at T = Rr‘nix. Therefore we
may conclude that in fact R = Ry, and that precisely one among all
the A; and B; has this absolute value. A similar argument shows that

Ruin = R. m}

In a similar but lighter vein, we have the following variant, whose
proof is left to the reader.

Lemma 1.3. Let X/F, be projective and smooth. Let a finite group G
operate on X by Fg-automorphisms, and let p be an irreducible com-
plex representation of G. Denote by H' any of the cohomology groups
HI’I(X)eZG;EA with | # p, or H' (X)%Ep. The following conditions are

cirs

equivalent.
(1) For alli, p does not occur in H', i.e. we have (H')° = 0.

(2) Foralln > 1, we have

S(X/Fg.p.n) = 0.

I1. Gauss and Jacobi Sums as exponential sums, and as eigenvalues 176
of Frobenius

We begin by discussing Gauss sums. Let us fix an integer N > 2
prime to p, and a number field £ containing the Np’th roots of unity.
Given an additive character y of F,, i.e. a homomorphism

Y (Fp,+) > EX,

we define an additive character y, of each finite extension F, by com-
posing ¢ with the trace map:
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traCqu/Fp o N/
> I'p

Y

»D;j(

Fy

Yq

Given a character of uy, i.e. a homomorphism
X : un(E) = E,

a p-adic place P of E, with residue field F'y(p), and a finite extension F,
of this residue field, the map “reduction mod P” induces an isomorphism

UN(E) = un(Fep) = v (Fy)
Imod N, and that the map

Because F; is cyclic, we know that ¢
x - x5 defines a surjection
F} - un(Fy) = un(Fyepy) — pn(E)
We define the character y, of F, ; as the composite

Fy——>un(Fy) = un(Fyep)) = un(E) —>l¥-

Xq

The Gauss sum g, (i, x, P) attached to this situation is defined by the

formual
WX, P) = D Yg(x ()

xeFy
177 An elementary computation shows that

qg— 1 ify, y both trivial

g, x,P)=10 if y trivial, y non-trivial
-1 if  non-trivial, y trivial
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while
lga (., x. P)| = /g if ¥, x both non-trivial

for any archimedean absolute value on E (cf [47]).

Now consider the Artin-Schreier curve X/F,, defined to be the com-
plete non-singular model of the affine smooth geometrically connected
curve over F, with equation

TP - T = XV,

Set theoretically, X consists of this affine curve plus a single rational
point at co. The group F, X un(F,) operates on X/F, curve by the affine
formulas

(@, (T,X) = (T +a,{X),
fixing the point at co. Via the “reduction mod P” isomorphism
Un(E) = pn(Fney) = un(Fy),

we may view (¢, ) as a character of the group F), X un(F):

W)@, &) = Ylax (D).

Thus we may speak of the sums

1
SXIFgs@hm) = 5 D) W@ Fix (" @™

(@)eFxpy

attached to this situation.

Lemma 2.1. If y is non-trivial and  is arbitrary, then we have

S(X/Fg, W, x),n) = 8 (Y x, P). (2.1.1)

Proof. 1t suffices to treat the case n = 1, for we have 178

S(X/Fq"’(lr//’/\/)’ 1) = S(X/Fq9 ('70’)()’”)-
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We can rewrite S (X/F,, (, x), 1) as

>, iN D, v

= p
(a,0)s.t.
xeX(Fq) F()=(a,0)(x)

Given any point x € X(fq), the set of (a,{) € F), X uy which satisfy
F(x) = (a,0)(x) is either empty or principal homogeneous under the
inertia subgroup I, of F), X uy which fixes x; therefore if the restriction
of (¢, y) to this subgroup is non-trivial, the inner sum above vanishes.
Because y is assumed non-trivial, this vanishing applies to the point at
oo (for which Iy is all of F, X uy) and to any finite point (7', 0) whose
X-coordinate is zero (then /7y = {0} X uy).

Given a point (7', X) with X # 0, we have

F(T,X)=(T1,X%)

and the inertia subgroup I(7 x) is trival. If there is an element (a,{) €
F,xuy satisfying F(T, X) = (T +a, {X), then it is given by the formulas

a=T9-T, {=X""
Since the point (7', X) is subject to the defining equation
TP —T = XV
we see that
Mt = (X9 = N = 1, hence X € Y, £ = (XM)'T
7 -T=Xx" € FY,
a=T9-T = tracep,r,(T” - T) = tracer, ;r,(X").

Foreachu € F j;, the equations (¥ — T = u, X = u) have pN solutions
(T, X) over Fq, all of which satisfy

F(T,X) = (a,{)(T, X)
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179 with the same (a, {), namely (tracer,r,(u), uq_l_v]), and every point (T, X)
which contributes to our sum lies over some u € F;. Thus our sum
becomes -

D wltracer, )y (™) Mgy, x, P).

X
uqu

O

Corollary 2.2. Let H' denote any of the cohomology groups H f(X) ®FE,
with l # p, or HériS(X)t‘%Ep of the Artin Schreier curve X/ F,.
(1) If ¥ and x are both non-trivial, then the eigenspace (H)X is
one-dimensional, and we have a direct sum decomposition

H' =eH")"*
indexed by the (p—1(N —1) pairs (f, x)) of non-trivial characters.

(2) The eigenvalue of F on (H )X is -84, x, P), and for eachn > 1
we have the Hasse-Davenport formula

—8q"(l/’,)(, P) = (_gq((//’)(’ P))n

(3) The group Fy X uy acts trivially on both H® and H>.

Proof. That the group acts trivially on both H® and H? follows from the
fact that these are one-dimensional spaces on which F always acts as 1
and ¢q respectively. The descent argument shows that for any automor-
phism of finite order g which commutes with F, Fg also acts as 1 and
g on H° and H? respectively, and hence that g itself acts trivially on H°
and H>.

That the multiplicity of (¢, x) in H' is one when both ¢ and y are
non-trivial follows from the lemma of the previous section, given the
identity (2.1.1) and the known absolute value of gauss sums; and asser-
tion (2) above is just a repetition of part of that lemma in this particular
case. To see that no other characters occurs in H', we recall that the
dimension of H' is known to be 2g, g = genus of X, and so it suffices
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to verify that 2g = (p — 1)(N — 1). This formula, whose elementary
verification we leave to the reader, is in fact valid in any characteristic
prime to N(p — 1). (Hing: view T” — T = XV an an N-fold covering of
the T-line!) O

We now turn to the consideration of Jacobi sums. We fix an integer
N > 2 prime to p, and a number field E containing the N’th roots of
unity. Given a p-adic place P of E, a character y of uy

X : un(E) — EX

and a finite extension F, of the residue field Fyp) at P, we obtain the
character y,
Xq: Fy — E*

in the manner explained above. Given two characters y, y’ of uy, the
Jacobi sum J,(x, x’, P) is defined by the formula

dfn

T xS PYE Y g1 = x).

xeFq
x#0,1

An elementary computation (cf [[14]]) shows that if the product yy’ is
non-trivial, then for any non-trivial additive character ¢ of F,, we have
the formula

8qW x- P)gaW X' P) = Jy(, X' P)gg (. xx, P)

In particular, from the known absolute values of Gauss sums we obtain

el X' Pl = Vg

for all archimedean absolute values of E, provided that y, x’, and yyx’
are all non-trivial.
Now consider the Fermat curve Y/F,, defined by the homogeneous
equation
XN 4 yN =2z



Crystalline Cohomology, Dieudonné Modules, ... 199
The group uy X uy operates on this curve by the formula

(£1,0) : (X, Y,Z2) = ((L1X, LY, 2).

Viewing (x, x’) as a character of this group

WX 0 E O (),

we may speak of the sums S (Y/F, (x, x")n) attached to this situation.

In complete analogy with the situation for the Artin-Schreier curve,
we have the following lemma and corollary, whose analogous proofs are
left to the reader.

Lemma 2.3. If y and x’' are non-trivial characters of un such that yy'
is also non-trivial, then we have, for alln > 1,

SY/Fq, (. x),m) = Jp (e, X', P). (2.3.1)

Corollary 2.4. Let H' denote any of the cohomology groups H f(Y) ®FE,
with | # p, or H! (X)%)‘;Ep of the Fermat curve Y/ F,.

cris

(1) Ifx, x' and xx’ are all non-trivial, then the eigenspace (H")%X")
is one-dimensional, and we have a direct sum decomposition

H' = oH")XY)

indexed by the (N—1)(N-2) pairs (v, x’) of non-trivial characters
of uy whose product yx' is also non-trivial.

(2) The eigenvalue of F on (H)XX) js -Jy(x. X', P), and for each
integer n > 1 we have the Hasse-Davenport formula

_Jq”(X’X/, P) = (_Jq()(’)(” P))n

(3) The group uy X uy operates trivially on both H® and H?.
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II1. The problem of “explicitly’” computing Frobenius. We return
now to the general setting of a projective, smooth, and geometrically
connected variety X/F, of dimension d. A tantalizing feature of all
the cohomology theories that we have been discussing is that when the
variety X “lifts” to characteristic zero, then the corresponding cohomol-
ogy groups H'(X) have an “elementary” description in terms of standard
algebro-geometric and topological invariants of the lifting.

More precisely, suppose we are given a projective smooth scheme X
over W(F,), together with an F,-isomorphism of its special fibre with X.
(This is a rather strong notion of what a “lifting” of X should mean, but
it is adequate for our purposes, and it avoids certain technical problems
related to ramification). Then there is a canonical isomorphism

H

cris

— Hyp(X/W(F,))

of Héris with the algebraic de Rham cohomology of the lifting (cf [19]],
[27]). _

To discuss H;(X), we must in addition choose (!) a complex embed-
ding

W(F,) — C.

By means of such an embedding, we may “extend scalars” to obtain
from X/W a projective smooth complex variety Xc, and an associated
complex manifold X'. For each prime number [ # p, there is a canoni-
cal isomorphism

O]

H(X) = Hioy(X¢, 2)X2,

where Ht"Op denotes the usual “topological” cohomology.

To emphasize the similarity between these two sorts of isomorphisms,
recall that by GAGA and the holomorphic Poincaré lemma, we have a
canonical isomorphism

HBR(X/W)%C —— Hip(X/C) —— H-(X&, C)
S

HL (X, Z)Q;C
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Unfortunately, these rather concrete descriptions of the various co-
homology groups H(X) shed little light on their functoriality. In the
rather unusual case of an F,-endomorphism f : X — X which happens
to admit a lifting to a W-endomorphism

f:X-X,
we have the simple formulas
f*on HériS(X) = f* on HBR(X/W)
fron Hy(X) = (f¢")*®1on H’T(Xg",Z)QZ@Zl,l #p

But for those f which do not lift, we are left somewhat in the dark as to
an explicit description of the map f* on cohomology.

Suppose for example that a finite group G operates on X by F-
automorphisms, and that this action can be lifted to an action of G on X
by W-automorphisms. Then our canonical isomorphisms

H i (X) = Hip (X/W)
Hi(X) = HL.(X&,Z)® Z; for | # p

are G-equivariant. In particular, we can “explicitly compute” the mul-

tiplicities of the various complex irreducible representations p of G in
the cohomology of X, and we can “explicitly compute” the various iso-
typical components of the cohomology. If it turns out that a given irre-
ducible representation p occurs in a given H' with multiplicity one, then
we know a priori that F must operate on the corresponding isotypical
component (H Y as a scalar, and we know this even when F itself does
not lift.

For example, we could recover the isotypical decomposition of H'
of the Fermat curve Y under the action of uy X uy by lifting the curve
and the group action (use the “same” equations) and making an explicit
algebro-geometric or topological calculation of the corresponding iso-
typical decomposition in characteristic zero. In terms of, say, the crys-
talline cohomology, we obtain an F-stable decomposition

H

cris

(Y) = Hpyp(Y/W)XX);
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in a basis of HII)R(Y/ W) adapted to this decomposition, the matrix of F
is the diagonal matrix

o
—Ja0. X' P)
o

However, it must be borne in mind that the Fermat curve is atypically
susceptible to this sort of analysis; it is unusual for a group action, even
on a curve, to be liftable to characteristic zero. For example, the action
of F,, on an Artin-Schreier covering of A' doesn’t lift to characteristic
zero. To get around this non-liftability, we will be led to consider the
Washnitzer-Monsky cohomology as well, in Chapter VII.

IV. H! and abelian varieties; preliminaries. Consider an abelian vari-
ety A/F,, say of dimension g. We denote by End(A) the ring of all F-
endomorphisms of A, and by End(A)° the opposite ring. As Z-modules,
they are free and finitely generated. For each prime [ # p, the coho-
mology group H 11 (A) is a free Z;-module of rank 2g, and is an End(A)°-
module. (It is also the case that Hclris(A) is a free W-module of rank 2g,
and is an End(A)°-module, but we will not make use of this fact for the
moment).

Lemma 4.1. If E is a number field, and A is a place of E lying over a
prime | # p, the natural maps

End(A)(’%E — End(A)OQZZ)E/l —— Endz,(H, (A))%E,l
|
Endg, (H] (A)?]Ea)
are all injective.

Proof. The first map is injective simply because £ C E,, and because
End(A)° is flat over Z. The second map is obtained from the map

End(A)()?Z, — Endz (H, (A))
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by tensoring over Z; with the flat Z;-module E,. In fact this flatness is
irrelevant, for the above map is injective and has Z;-flat cokernel. To see
this, recall that (by the Kummer sequence in etale cohomology) we have
a canonical isomorphism

H}(4) = Ty(Pic’(A))(~1) = Hom(T(A), Z),
under which the map considered above is the “opposite” of the map

End(A)%Zl — Endy (Ty(A))

Our assertion of its injectivity with Z;-flat cokernel is equivalent to the
injectivity of (any one of) the maps

End(A)/I" End(A) — End(Ap),

and this injectivity follows from the exactness of the sequence

ln
0>Ap o A—>A—>0
in the etale topology. O

Now consider a projective, smooth and geometrically connected va-
riety X/F,. Its Albanese variety Alb(X) is an abelian variety over F,
which for our purposes is best viewed as the dual of the Picard va-
riety Pic(X), itself defined in terms of the Picard scheme Picx/pq as
(Pic())( IF yed. The Kummer sequence in etale cohomology together with
the duaiity of abelian varieties gives isomorphisms for each [ # p

H!(X) = Ty(Pic(X))(-1) @.1.1)
HY(AIb(X)) 5 Ti(Pic(AIb(X))(=1) = Ty(Pic(X))(=1)  (4.1.2)

which combine to give a canonical isomorphism
H}(X) =~ H/(AIb(X)) for [#p (4.1.3)

Suppose now that a finite group G operates on X by F,-automor-
phisms. Let p be an absolutely irreducible representation of G defined
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over a number field E, which occurs in H'(X) with multiplicity . De-
note by
Pipo(T)=1+a1(T +---+a(p)T" € O[T]

the reversed characteristic polynomial of F acting on the space
Homg(p, H' (X))
of occurrences of p in H';
P1,(T) = det(1 = TF] Homg(p, H'(X)).

Let us denote by Proj(p) € Ok[1/4G][G] the projector

d
Proj(p) = %(p) Z tr(o(g™)) - [g].

ﬂ geG

By functoriality, G also operates on Alb(X) by F,-automorphisms, so
we may view Proj(p), or indeed any element of the Og[1/4G]-group
ring of G, as defining an element of End(Alb(X)) ® Ok[1/4G].

Proposition 4.2. In the above situation, we have the formula

(F" +ai(p)F"™" + -+ + ax(p)) - Proj(p) = 0
Proj(p) - (F" + a1(p)F" ' + -+ a,(p)) =0

in End(AIb(X)) ® Ok[1/8G]. (N.B. since F and G commute, these for-
mulas are equivalent).

Proof. Since End(Alb(X))® Of[1/4G] is contained in End(AIb(X))®E,
which is in turn contained in End(H ll (Alb(X ))QZ@E ) for any [ # p, it suf-

fices to verify that F" +a;(o)F" ~l+...+a,(p) annihilates (H' (AIb(X))".
But this space is isomorphic to (H'(X))°, which is in turn isomorphic
to p ® Homg(p, H' (X)), with F acting through the second factor, so we
need the above polynomial in F to annihilate Homg(o, H'(X)). This
follows from the Cayley-Hamilton theorem. m|
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Corollary 4.3. Let D be any contravariant additive functor from the cat-
egory of abelian varieties over F to the category of Og[1/4G]-modules.
For any element m € (D(AIb(X)))’, we have

F'(m)+ai(p)F~"(m)+---+a(p) - m=0

in D(AIb(X)).

We will apply this to the functor “Dieudonne module of the formal
group of A,” constructed a la Honda.

V. Explicit Dieudonné Theory a la Honda; generalities

5.1. Basic Constructions. We being by recalling the notions of formal
Lie variety and formal Lie groups. Over any ring R, an n-dimensional
formal Lie variety V is a set-valued functor on the category of adic R-
algebras which is isomorphic to the functor.

R’ — n-tuples of topologically nilpotent elements of R’.

A system of coordinates X1, ..., X, for V is the choice of such an iso-
morphism. The coordinate ring A(V) is the R-algebra of all maps of
set-functors from V to the “identical functor” R’ — R’; in coordinates,
A(V) is just the power series ring R[[X},...,X,]]. Although the ideal
(X1,...,X,) in A(V) is not intrinsic, the adic topology it defines on A(V)
is intrinsic, and A(V), viewed as an adic R-algebra, represents the func-
tor V.

The de Rham cohomology groups H{)R( V/R) are the R-modules ob-
tained by taking the cohomology groups of the formal de Rham com-
plex Q{,/ g (the separated completion of the “literal” de Rham complex
of A(V) as R-algebra); in terms of coordinates X1, ..., X, for V, Q",/R is
the exterior algebra over A(V) on dXi,...,dX,, with exterior differenti-
ation d : Q' — Q™! given by the customary formulas.

A pointed formal Lie variety (V,0) over R is a formal Lie variety V
over R together with a marked point “0” eV(R). A formal Lie group G
over R is a “group-object” in the category of formal Lie varieties over
R.
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We denote by CFG(R) the additive category of commutative formal
Lie groups over R. The “sum” map

sum: GXG —> G
as well as the two projections
pri,pr, :GXG -G

are morphisms in this category. For G € CFG(R), we define D(G/R) to
be the R-submodule of Hll)R(G /R) consisting of the primitive elements,
i.e. the elements a € H} o (G/R) such that

sum*(a) = pri(a) + pri(a) in Hpr (G x G)/R).

Lemma 5.1.1. Over any ring R, the construction G — D(G/R) defines
a (contravariant) additive functor from CFG(R) to R-modules.

Proof. This is a completely “categorical” result. To begin, let G, G’ €
CFG(R), and let f : G’ — G be a homomorphism. Then the diagram

sum

G'xXG —G’
xf f

sum

GxXG——G

commutes, as do the analogous diagrams with “sum” replaced by pr; or
pr,. Therefore given any element a € HII)R(G /R), we have

sum’(f*(a)) — pri(f"(a) — pry(f* (@) =
(f X f)"(sum"(a) — pri(a) - pry(a)).

In particular, if a € D(G/R) then f*(a) € D(G’/R).
Given fi, f, homomorphisms G’ — G, let f3 be their sum. Then we
have a commutative diagram
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i X fa sum

—>» GXG —>»G

}

f

as well as a commutative diagram

il
| pri
, fixf —_—
G ——> GxG > G
2

Therefore for any a € Hll)R(G/R), we have

f5(a) = fi(a) = f;(@) = (fi X f2)"(sum’(a) — pr(a) — pr;(a)).
In particular, if a € D(G/R), then f5(a) = f(a) + f;(a). |

For the remainder of this section, we will consider a ring R which is
flat over Z, and an ideal / C R which has divided powers. The flatness
means that if we denote by K the Q-algebra R ® Q, then R ¢ K. That
the ideal / C R has divided powers means that for any integer n > 1, and
any element i € /, the element i"*/n! of K actually lies in /.

Given a formal Lie variety V over R, we denote by V ® K the formal
Lie variety over K obtained by extension of scalars. In terms of coordi-
nates X1, ..., X, for V, A(V®K) is the power-series ring K[[ X1, ..., X,]].
We say that an element of A(V ® K) is integral if it lies in the subring
A(V); similarly, an element of the de Rham complex Qygg/x is said to
be integral if it lies in the subcomplex Qyyg.

Lemma 5.1.2. Let (V,0) be a pointed Lie variety over a Z-flat ring R.
Then exterior differentiation induces an isomorphism of R-modules
{f €e A(V®K)|f(0) = 0,df integral}
{f € AWV)If(0) =0}

which is compatible with morphisms of pointed Lie varieties.

— Hpp(V/R)
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Proof. Because K is a (Q-algebra, the formal Poincare lemma gives
H](;R(V ® K/K) = K, H{)R(V ® K/K) = 0 for i > 1. Therefore any
closed one-form on V/R can be written as df with f € A(V ® K), and
this f is unique up to a constant. If we normalize f by the condition
f(0) =0, we get the asserted isomorphism. O

Key Lemma 5.1.3. Let (V,0) and (V’, 0) be pointed formal Lie varieties
over a Z-flat ring R, and let I C R be an ideal with divided powers. If
fi, fo are two pointed morphisms V' — V such that fi = f> mod I, then
the induced maps

fisf5 + Hpg(VIR) = Hpg(V'/R)
are equal.

Proof. Let ¢y, ¢ denote the algebra homomorphisms A(V) — A(V’)
corresponding to f; and f,. By the previous lemma, we must show that
for every element f € A(V ® K) with f(0) = 0 and df integral, the
difference ¢ (f) — @2(f) lies in A(V’), i.e. is itself integral. (Because f;
and f> were assumed pointed, this difference automatically has constant
term zero).

In terms of pointed coordinates X1, ..., X, for V' and Y1,...,Y,, for
V, the maps ¢ and ¢, are given by substitutions

e1(f(Y)) = f(e1(X))
2(f(Y)) = f(¢2(X))

where ¢1(X), ¢2(X) are m-tuples of series in X = (X1,...,X,) without
constant term. The hypothesis f; = f, mod I means that the component-
by-component difference A = p(X) — ¢1(X) satisfies

A(0) = 0, A has all coefficients in /.

We now compute using Taylor’s formula, and usual multi-index nota-
tions:

@2(f) = e1(f) = flp2(X)) = fe1(X))
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= flei(X) + A) - f(ei1(X))

— 1 (@1(X)).
- 3 i o)

This last sum is X-adically convergent (because A has no constant term), 190
and its individual terms are integral (because A has coefficients in the
divided power ideal I, the terms A”%/(n)! all have coefficients in /, and
hence in R; because df is integral, all the first partials df/dY; are inte-
gral, and a fortiori all the higher partials are integral). m|

Theorem 5.1.4. Let R be a Z-flat ring, and I C R a divided power ideal.
Let G, G’ be commutative formal Lie groups over R, and denote by
Go, G|, the commutative formal Lie groups over Ry = R/I obtained by
reduction mod 1.

) If f : G — G is any morphism of pointed formal Lie varieties
whose reduction mod 1, fo : Gy — Go, is a group homomor-
phism, then the induced map f* : Hll)R(G/R) - Hll)R(G’ /R) maps
D(G/R) to D(G’ /R).

) If f1, f>, f3 are three maps G' — G of pointed formal Lie varieties
whose reductions mod I are group homomorphisms which satisfy
()0 = (f1)o + (f2)o in Hom(G/,, Go), then for any element a €
D(G/R) we have

i@+ f;(a) = fi(a).

Proof. If f : G’ — G is a pointed map which reduces mod I to a group
homomorphism, the diagram

G' xXG =G’
ifo !
GxG—""=G
commutes mod 1/, i.e.

sum (f X f) = fsum mod 1.
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and hence for any a € HII)R(G /R) we have, by the previous lemma,

(f X ) (sum*(@)) = sum™(f"(a))

The analogous diagrams with “sum” replaced by pr; or pr, commute,
hence

(f x ) (pri (@) = pr;(f* (@) fori=1,2.
191 Combining these, we find
(f x f)(sum™(a) - prj(a) — pry(a)) =
sum*(f*(a)) — pri(f*(@)) — pr>(f*(a)).
In particular, if a € D(G/R) then f*(a) € D(G’/R).

Similarly, if fi, f> and f5 are as in the assertion of the theorem, the
diagram

f

f
T
|, fixf L,*
G GxG > G
| "
2

commutes. So again using the preceding lemma, we see that for any
ac H]])R(G/R), we have

3@ = fi(@) - fy(a) = (fi X f2)"(Sum®a) — pr{(a) — pry(a)).

In particular, for a € D(G/R), we obtain the asserted formula

@ = fi(a@)+ f; ().
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O

Let CFG(R; Rp) denote the additive category whose objects are the
commutative formal Lie groups over R, but in which the morphisms are
the homomorphisms between their reductions mod /:

Homcrgrry)(G', G) = Hom(Gy,, Go).

Given a homomorphism fy : G, — Go, it always lifts to a pointed
morphism f : G’ — G of formal Lie varieties (just lift its power-series
coefficients one-by-one, and keep the constant terms zero).

According to the theorem, the induced map

fF:D(G/R) — D(G'/R)

is independent of the choice of pointed lifting f of fy. So it makes sense
to denote the induced map

(fo)" : D(G/R) — D(G'/R).

Theorem 5.1.5. Let R be a Z-flat ring, and I C R a divided power ideal.
Then the construction G — D(G/R), fo — (fo)* = (any pointed lifting)*
defines a contravariant additive functor from the category CFG(R; Ry)
to the category of R-modules.

Proof. This is just a restatement of the previous theorem. O

Remarks. (1) Thanks to Lazard [33], we know that every commu-
tative formal Lie group Gg over Ry lifts to a commutative for-
mal Lie group G over R. If G’ is another lifting of Gy, then the
identity endomorphism of Gy is an isomorphism of G’ with G in
the category CFG(R; Ry). Formation of the induced isomorphism
D(G/R) = D(G'/R) provides a transitive system of identifica-
tions between the D’s of all possible liftings. In this way, it is
possible to view the construction

Go — D(G/R), where G is some lifting of Gg
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as providing a contravariant additive functor from CFG(Ry) to
the category of R-modules. We will not pursue that point of view
here.

(2) Even without appealing to Lazard, one can proceed in an elemen-
tary fashion by observing that any commutative formal Lie group
Gy over Ry can certainly be lifted to a formal Lie “monoid with
unit” M over R (simply lift the individual coefficients of the group
law, and always lift O to 0). For a monoid, one can still define
D(M/R) as the primitive elements of HII)R(M /R), and one can still
show exactly as before that the construction

Go —» D(M/R), M any monoid lifting of Gg

defines a contravariant additive functor from C FG(Ry) to R-modu-
les.

A variant. The reader cannot have failed to notice the purely formal
nature of most of our arguments. We might as well have begun with any
contravariant functor H from formal Lie varieties over a Z-flat ring R to
R-modules for which the key lemma (3.1.3) holds. One such H, which
we will denote Hll)R(V/R; I), is defined as H' of the subcomplex of the
de Rham complex of V/R

“IA(V) = Qup > Qyp >
where “IA(V)” denotes the kernel of reduction mod I:
“IA(V)" = Ker(A(V) » A(Vp)).
In terms of coordinates for V, “IA(V)” is the ideal consisting of those

series all of whose coefficients lie in /. The analogue of lemma (5.1.2)
becomes

{f € A(V®K)If(0) = 0,dr integral} i ] ‘
{f € “IA(V)"|(0) = 0} Hpr(V/R; D).
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This much makes sense for any ideal I C R. If I has divided powers,
then the proof of the key lemma (??) is almost word-for-word the same.
(It works because the terms A%/(n)! all have coeflicients in /.)

The corresponding theory, “primitive elements in HIl)R(G/R; 1), is
denoted D{(G/R). In terms of coordinates X = (Xi,...,X,) for G, we
have the explicit description

D\(G/R) =
{f € KI[X111£(0) = 0,df integral, f(X+¥) — f(X) — f(¥) € I[[X, Y]]}

{f € I[[X]]1(0) = 0}

as compared with the explicit description

D(G/R) =
{f € K[[X]]lf(0) = 0,df integral, f(XgY) — f(X) — f(Y) integral}

- {f € RIIX11If(0) = 0}

For ease of later reference we summarize the above discussion in a the- 194
orem.

Theorem 5.1.6. Let R be a Z-flat ring, and I C R a divided power ideal.
The key lemma (??) holds for HII)R(V/R; D), and theorems (3.1.4) and
(.13 hold for D1(G/R).

The natural map D; — D is not an isomorphism, but its kernel and
cokernel are visibly killed by /. In the work of Honda and Fontaine,
it is D; rather than D which occurs; in the work of Grothendieck and
Mazur-Messing ([17]], [35]), it is D which arises more naturally.

Let us denote by w;  the R-module of translation-invariant, or what
is the same, primitive, one-forms on G/R. Because G is commutative,
every element w € wg; p is a closed form, so we have natural maps

WeR D1(G/R)

|

D(G/R)
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(Notice that in the extreme case / = (0), the map w — D is an isomor-
phism!)

Lemma 5.1.7. Suppose R flat over Z, and I C R an ideal. We have exact
sequences

d
0- HomR—groups(Ga Ga) — WeiR D(G/R)
0- |H0mR/I—gr0ups(G%(R/1), (Go)r/1) = D1(G/R) = D(G/R)

Proof. The first is the special case I = 0 of the second; the second is
clear from the explicit description of D and D given above. O

Corollary 5.1.8. If Homg._g/0ups(G, Go) = O, then the natural maps
w; = Di(G/R) and w,; — D(G/R)

are injective.

The reader interested in obtaining the limit formula for Jacobi sums
conjectured by Honda may skip the rest of this chapter! Others may also
be tempted.

5.2 Interpretation via Ext a La Mazur-Messing We denote by
Ext(G, G,)

the group of isomorphism classes of extensions of G by G, i.e. of short
exact sequences
0-G,-E—->G—-0

of abelian f.p.p.f. sheaves on (Schemes/R). We denote by Ext"¢9(G, G,)
the group of isomorphism classes of “rigidified extensions,” i.e. pairs
consisting of an extension of G by G, together with a splitting of the
corresponding extension of Lie algebras:

. V :
0 — R = Lie(G,) — Lie(E) — Lie(G) —» 0
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Because Lie(G) is a free R-module of rank n = dim(G), any ex-
tension of G by G, admits such a rigidification, which is indeterminate
up to an element of Hom(Lie(G), Lie(G,)) = w,; /R Passing to isomor-
phism classes and remembering that the set of splittings of a trivial ex-
tension of G by G, is itself principal homogeneous under Hom(G, G,),
we obtain a four-term exact sequence (valid over any ring R)

Hom(G, G,) 5 w,, — Ext™®4(G, G,) - Ext(G, G,) — 0
Theorem 5.2.1. If R is flat over Z, there is a natural isomorphism
D(G/R) « Ext"84(G, Gy)
in terms of which the resulting four term exact sequence
0 — Hom(G, G,) — w,; — D(G/R) — Ext(G,G,) — 0

is the concatenation of the three-term sequence of (3.1.3) and the map
D(G/R) — Ext(G, G,) defined by

f — the class of the symmetric 2-cocycle
of = f(X4) - f(X) - f(Y)
Proof. We begin by constructing the isomorphism. Given a rigidified
extension

0-G,»E—->G—-0
s

. V !
0 — Lie(G,) — Lie(E) — Lie(G) — 0,

extend scalars from R to K = R® Q. Because K is a Q-algebra, the
Lie functor defines an equivalence of categories between commutative
formal Lie groups over K and free finitely generated K-modules.
Therefore there is a unique splitting as K-groups

exp(s)

0- G,8K - EQK — G®K — 0
R R R
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whose differential is the given splitting S on Lie algebras.
At the same time, we may choose a cross section S in the category
of pointed f.p.p.f. sheaves over R

S

0->G,—>E—->G—-0.

The difference f = S — exp(s) is a pointed map from G ® K to
(G,) ® K, ie. anelement f € A(G ® K), and it satisfied f(0) = 0. We
have df = dS — s, so df is integral, and the formula

JXY) = f(X) = f(¥) = S(X£Y) = $(X) - s(¥),

valid because exp(s) is a homomorphism, shows that f(X -(l;- Y)- f(X) -
f(Y) is integral.

Because the initial choice of S is indeterminate up to addition of a
pointed map from G to G, the class of f = § — exp(s) in D(G/R) is
well-defined independently of the choice of S, and it vanishes if and
only if exp(s) is itself integral, i.e. if and only if the original rigidified
extension is trivial as a rigidified extension. Thus we obtain an injective
map

Ext"€9(G,G,) — D(G/R).

To see that it is an isomorphism, note that in any case the map
D(G/R) — Ext(G,G,) defined by f — the class of df sits in an ex-
act sequence

0 — Hom(G, G,) — w; — D(G/R) — Ext(G, G,),
which receives the Ext''81¢ exact sequence:
0 — Hom(G, G,) — w; — D(G/R) — Ext(G, G,)

J

0 — Hom(G, G,) — w,; — Ext"#%(G, G,) — Ext(G, G,) — 0

The result is now visible. O
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Given an ideal I C R, we denote by Ext(G, G; I) the group of iso-
morphism classes of pairs consisting of an extension of G by G, together
with a splitting of its reduction modulo /. We denote by Ext"#4(G, G,; I)
the group of isomorphism classes of pairs consisting of a rigidified ex-
tension and a splitting of the reduction mod [ of the underlying exten-
sion. Analogously to the previous theorem, we have

Theorem 5.2.2. If R is flat over Z, and I C R an ideal, there is a natural
isomorphism
Ext"®(G, G,; ) > Di(G/R)

and a four-term exact sequence

0 = Hom(G, G,) — wg; — Di(G/R) > Ext(G.Ga: 1) — 0
in which the map 0, given by

f — the class of the symmetric 2-cocycle

of = fX£Y) - f(X) - f(Y),

corresponds to the map “forget the rigidification” on EXt’s.

5.3 The Case of p-Divisible Formal Groups Let p be a prime number.
A ring R is said to be p-adic if it is complete and separated in its p-adic
topology, i.e., if
~ . ;
R— linR/ P"R.

A commutative formal Lie group G over a p-adic ring R is said to be
p-divisible of height /4 if the map ‘multiplication by p” makes A(G) into
a finite locally free module over itself of rank p”.

If we denote by G" the dual of G in the sense of p-divisible groups,
it makes sense to speak of the tangent space of G at the origin, noted
t;v; it is known that 7., is a locally free R-module of rank & — dim(G),
and that there is a canonical isomorphism

Ext(G,G,) — 1. (5.3.1)
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Because G is p-divisible and R is p-adic, Hom(G,G,) = 0, and the
four-term exact sequence becomes a Hodge-like exact sequence

0—- w; > D(G/R) > t; — 0 (5.3.2)

Thus we find
Theorem 5.3.3.

(1) If R is a p-adic ring which is flat over Z, then for a p-divisible
commutative formal Lie group G over R, the R-module D(G/R) is
locally free of rank h = height (G), and its formation commutes
with arbitrary extension of scalars of Z-flat p-adic rings.

If an addition / C R is an ideal which is closed in the p-adic topol-
ogy, then R/I is again a p-adic ring, G ® (R/I) is still p-divisible, and
therefore admits no non-trivial homomorphisms to G, over R/I. It fol-

lows that
D{(G/R) c D(G/R)
J (5.3.4)
Ext(G, Gy; 1) = TExt(G,Gy) = I - 1,
and we have a short exact sequence
0—- w; = Di(G/R) > 1-1; — 0. (5.3.5)

5.5 Relation to the Classical Theory Let k be a perfect field of char-
acteristic p > 0, and take R = W(k), I = (p). Let CW denote the
k-group-functor “Witt covectors” (in the notations of Fontaine ([13]),
with its structure of W(k)-module. According to Fontaine, for any for-
mal Lie variety V over W(k), we obtain a W(k)-linear isomorphism

w: CW(A(V ®k)) — Hpo(V/W(K); (p)) (5.5.1)

199 by defining
Wy Gy, d0) = [Z @-a)" ] (5.5.2)

n>0
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where a_, denotes an arbitrary lifting to A(V) of a_, € A(V ® k). Sim-
ilarly, we can define, following Grothendieck, Mazur-Messing ([35]]), a
o-linear isomorphism

W CWA(V ® k) — Hpp(V/W(k)) (5.5.3)
by the formula
Ui, ag) = d[ @)’ ] (5.5.4)
n>0 P

These isomorphisms sit in a commutative diagram

Hp, o (VIW(K); (p))
/
CWAV ®k) V| SF (5.5.5)
x
HII)R(V/ W(k)).
When G is a commutative formal Lie group over W(k) which is p-

divisible, the “classical” Dieudonne module of Gy = G ® k is defined
as

M(Go) == Homy_,,(Go, CW)
(5.5.6)

the primitive elements in CW(A(Gy)).

Combining this definition with the previous isomorphisms, we find a
commutative diagram of isomorphisms

Dyp(GIW(K)
M(Gy) 2| LF (5.5.7)

P

D(G/W(k)).
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5.6 Relation with Abelian Schemes and with the General Theory
In this section, we recall without proofs some of the main results and
compatibilities of the general D-theory of Grothendieck and Mazur-
Messing.

Given an abelian scheme A over an arbitrary ring R, there are canon-
ical isomorphisms

(5.6.1)

Ext89(A,G,) — H) o (A/R)
Ext(4,G,) — H'(A, 04) = Lie(4")

in terms of which the Ext""€%-exact sequence “becomes” the Hodge ex-
act sequence:

0 —w, — Ext"#(4,G,) — Ext(4,G,) —=0

] ]

0 W, H) ((A/R) —> H'(A4,04) —=0 (5.6.2)

Lie(A")

Given a p-divisible (Barsotti-Tate) group G = h_r)nG,, over aring R
in which p is nilpotent, the exact sequence

056G, 265650 (5.6.3)

for any n sufficiently large that p” = 0 in R, leads to a canonical isomor-
phism

Lie(G") = Lie(G,,) = Hom(G,, G,) > Ext(G, G,). 5.6.4)
The Ext"'8%-exact sequence can thus be written
0 - w; — Ext"84(G, G,) - Lie(G") — 0, (5.6.5)

where w; is the R-linear dual of Lie(G).
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Given an abelian scheme A over a ring R in which p is nilpotent, the
exact sequence

0> Ap A5 A0 (5.6.6)

for any n sufficiently large that p" = 0 in R leads to a canonical isomor-
phism

Lie(A") = Lie(A,) = Hom(A 1, G,) — Ext(A, G,). (5.6.7)
Therefore the inclusion Ap~ < A induces an isomorphism
Ext(A, G,) — Ext(A,»,G,) (5.6.8)

(the identity on Hom(A,», G,)!), and consequently we obtain a commu-
tative diagram of isomorphisms

0 w, Ext"¢9(4, G,) Ext(4, G,) 0
¢ l ¢
0 Wy Ext"84(A o, G,) — Ext(Ay~, G,) — 0,
(5.6.9)
i.e., an isomorphism
H{g(A/R) = D(A,=/R) (5.6.10)

compatible with the Hodge filtration.

For variable B — T groups G over a fixed ring R in which p is nilpo-
tent, the functors w, Lie(G"), and consequently Ext"84(G, G,), are
exact functors whose values are locally free R-modules of finite rank;
their formation commutes with arbitrary extension of scalars of rings in
which p is nilpotent.

Following Grothendieck and Mazur-Messing we define

D(G/R) =22 Ext'¢4(G, G,,) (5.6.11)

when G is a B — T group over a ring R in which p is nilpotent.
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When R is a p-adic ring, and G is a B — T group over R, we define
D(G/R) = 1lim D(G ® (R/p"R)/(R/P"R))

Lie(G) = énLie(G ® (R/p"R)) (5.6.12)
wg =limw; ® (R/p"R)

202 Thus for variable B — T groups G over a p-adic ring R, the functors
W, Lie(GY) and D(G/R) are all exact functors in locally free R-modules
of finite rank, sitting in an exact sequence

0 - w; = D(G/R) — Lie(G") — 0 (5.6.13)

whose formation commutes with arbitrary extension of scalars of p-adic
rings. When A is an abelian scheme over a p-adic ring R, we obtain an
isomorphism

Hpg(A/R) = D(A(p™)/R),

compatible with Hodge filtrations, by passage to the limit.

As we have seen in the previous section, this general Ext"€¢ notion
of D(G/R) agrees with our more explicit one in the case that both are
defined, namely when G is a p-divisible formal group over a Z-flat p-
adic ring R.

5.7 Relation with Cohomology

Theorem 5.7.1. Let A be an abelian scheme over the Witt vectors W (k)
of an algebraically closed field k of characteristic p > 0. There is a
short exact sequence of W-modules

0 H\(A®kZ)OW S HL (Aek/W) S DE/W) - 0

cris
which is functorial in A ® k.

Proof. We begin by defining the maps « and 8. They will be defined by
passage to the limit from maps a;,, 3, in an exact sequence

0> H(A®KZ/p'Z)® W, = H!

cris

(A®k/W,) (5.7.2)
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b DA W,IW,) = 0.

of W,,-modules.

An element of H'(A ® k,Z/p"Z) is (the isomorphism class of) a
Z/p"Z-torsor over A ® k. An element of H Clris(A ® k/W,) is (the iso-
morphism class of) a rule which assigns to every test situation ¥ < Y,
consisting an A ® k scheme Y and a divided-power thickening of Y to
a W,-scheme Y, a G,-torsor on Y, in a way which is compatible with
inverse image whenever we have a morphism (Y, Y,,) — (Y’, Y,) of such
test situations (cf. [35] for more details).

Given a Z/p"Z-torsor T on A ® k, we must define for every test
situation ¥ < Y,, a G-torsor «,(T)y,y,) on Y,. Because Y is given as
an A ® k scheme, we can pull back T to obtain a Z/p"Z-torsor Ty on
Y. Because Y, is a W,,-scheme which is a divided-power thickening, its
ideal of definition is necessarily a nil-ideal; therefore the etale Y-scheme
Ty extends uniquely to an etale Y,-scheme Ty y,), and its structure of
Z/ p" Z-torsor extends uniquely as well. Because Y, is a W,-scheme, the
natural map

ZIp"Z - W,

gives rise to a morphism of algebraic groups on Y,

ZIP"Z)y, = Gy,

the required G,-torsor (T )y,y,) is obtained by “extension of structural
groups via @,,” from the Z/p" Z-torsor Ty y,).

To define 5,,, we begin with an element Z of Hc]ris(A ® k/W,). We
must define an element S3,(Z) in Ext"€4(4 ® W,, (G,) ® W,) = D(A ®
W, /W,). Its value on the test object A ® k — A ® W,, is a G,-torsor on
A ® W, which is endowed with an integrable connection (cf. [2]], [3]),
i.e., it is an element of HII)R(A ® W,/W,). [This interpretation provides
the canonical isomorphism

H!

cris

(A®k/W,) — Hpg(A® W,/W,).]
Composing with the isomorphism

HLg(A® W,/W,) — Ext"€9(A @ W,,G, ® W,),
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we obtain an element of Extrigid(A ® W,,G, ® W,), whose restriction to
the formal group A® W, is the required element 5,(Z).
To see that the map S obtained from these 3, by passage to the limit
204 is in fact functorial in A ® k, we first note that it sits in the commutative

diagram
HL (A& k/W) s DA/W)
§ | canonical isom fimite. (5.7.3)
elements
HL(AJW) — 00 i (ATW),

“restriction to A”

What must be shown is that if we are given a second abelian scheme
B over W, and a homomorphism

fo:B®k—>AQk

then the diagram

H! (A® /W) —"— D(A/W)
. (any pointed
(fo) lifting of fo)* G.74)
H! (B&k/W) ——"—~ D(BIW)

is commutative.
But in virtue of the commutativity of the previous diagram (3.7.3),
it is enough to show the commutativity of the diagram

Hl

cris

(A@K/W) =~ HL o (AJW) —000 gl (AJW)

. (any pointed
o) it iy G75)

1 o gl restriction 1 /o
H' (B®k/W) ~ HL (B/W) =0 gl (B/W).

cris
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This last commutativity has nothing to do with abelian schemes, nor
does it require pointed liftings. It is an instance of the following general
fact, whose proof we defer for a moment.

General Fact 5.7.6. For any two pointed W-schemes A, B which are
both proper and smooth, any pointed map fo : Bk — A ® k, and any
integer i > 0, we have a commutative diagram

1 i restriction i o
H' (A®K/W) ~ Hi(A/W) Hi o (A/W)
. (any lifting
(fo) of fo)*

H' (B®Kk/W) = Hi (B/W) —"""0 - Hi - (B/W)

To conclude the proof of the theorem (!), it remains to see that our
marvelously functorial maps «, j really do form an exact sequence. To
do this, we will use the abelian scheme A over W. Its formal group A is
p-divisible, and sits in an exact sequence of p-divisible groups over W,

0—>A\poo —)Apoo —)E—)O,
in which E = hm E, denote the etale quotient of A . Because k is alge-
braically closed E is a constant p-divisible group, namely the abstract
p-divisible group ll_I)l’lA pn(k) of all p-power torsion points of A(k).

We will identify the exact sequence of the proposition with the exact
sequence

0— D(E/W) S D(A = |W) LN D(A/W) — 0,
and we will identify the (a,, 5,)-sequence with the exact sequence

0 = D(E ® W/ Wa) 2 D(A e ® Wa/ W) 25 DA ® W,/ W) — 0.



226 Nicholoas M. Katz

206 It is clear from the construction of §, that we have a commutative
diagram
B -~
D(Ap“’ ® Wn/Wn) D(A ® Wn/Wn)
dfn

EXUE(A o @ Wy, Go) 0 Ext ™A @ W,, G,)

S yicuo/

Ext"84(A @ W,, G,)

S

Hpyp(A ® W,/ W,)

Hl

cris

(A®Kk/W,).
To relate the map «,, to the D-maps, use the exact sequence
0—>En®Wn—>E®WnP—n>E®Wn—>O
to compute
D(E ® W,/ W,)) = Ext(E ® W,,, G,) —— Hom(E,, ® W,,, G,)
S J/(E,, is constant)

Hom(E,(W,), Go(Wp,))

Hom(E,(k), W)

Hom(E,(k),Z/p"Z) ® W,,.

Next use the sequence

0> Ap@W, > AW, 5 AW, -0
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to compute 207
Ext(A ® W,,, Z/ p"Z) —— Hom(A » ® W,,, Z/ p"Z)
S T(E,,: etale quotient of An)
Hom(E, ® W,,,Z/p"Z)
|
Hl(A®k,Z/p"Z) <——— Hom(E,(k), Z/ p"Z).
Combining these isomorphisms, and remembering that
Ext = Ext'gid

when either of the arguments is etale, we find a commutative diagram

’

D(E @ Wy /Wp) ——— = D(A = ® W, /W,,)
S ST
Hom(E,(k), Z/ p"Z) ® W,, DA ® W, /W,)

S

Ext"$(A ® W,, Z/p"Z) ® W, “— Ext"8(A @ W,,, G,)

S

H\(A®KZ/IP'Z)®W, — = H' (A k/W,)

cris

in which the arrow sxx is “push-out” along the homomorphism
Z/an - Wn - (Ga)W,,-

O

Corollary 5.7.7. Let A be an abelian scheme over the Witt vectors W (k)
of a perfect field k of characteristic p > 0. Then we have a short exact
sequence of W(k)-modules

| - — \Gal(k/k)
0 - ((HY (A ®K.Z,) ® W(k)) N
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H!. (A®k/W(k)) — DA/W (k) — 0,
in which k denotes an algebraic closure of k, and in which the galois
group Gal(k/k) acts simultaneously on Hel,(A ® k,Zp,) and on W(k) by

“transport of structure”.

Proof. One can obtain this sequence either by passing to Gal(k/k)-in-
variants in the already-established analogous sequence for A ® W(k), or
by repeating the proof given for the proposition. In the latter case, one
finds, in the notations of the proof,

D(E ® W, (k)] Wy(k)) = Hom(E, ® Wy(k), (Ga)w, k)
~ Hom(E,(k), W, (k))G*/0

= Hom(A (k). W, (k) S1&/0

- — \Gal(k/k)
= (HY(A ®k.Z/p"Z) ® W, (k)

and the rest of the proof remains unchanged. |

Corollary 5.7.8. Let A be an abelian scheme over the Witt vectors of a
perfect field k of characteristic p > 0. The above exact sequence is the
Newton-Hodge filtration

0 — (slope 0) — H!

cris

(A®k/W) — (slope >0) — 0

of H!

cris

(A®k/W)) as an F-crystal.
Proof. Since F induces a o-linear automorphism of

(HY{(A®k,Z,) @ W(k))

= (Hom(T,(4 &0, W) ™"

’

it remains only to see that F is topglogically nilpotent on D(A\/ W(k)),
for its p-adic topology. Because D(A/W(k)) is a finitely generated W (k)
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sub-module of HII)R(A\ /W (k)), the topology induced on D(X/ W(k)) by
the inverse limit topology on Hll)R through the isomorphism (cf. lemma

B8l ahead)

H) o (A/W (k) = @H})R(Z ® W, (k)/ Wy (k)) (5.7.9)

must be equivalent to the p-adic togglogy in D(Z /W(k)). So it suffices
to remark that F" annihilates Hll)R(A ® W,/W,) (indeed F" annihilates

QL for i > 1, since for any pointed lifting of X — X?, F(dX) =
AW, /W,

d(F(X)) = d(XP + pIQ e pQl) to establish the required topological
nilpotence of F on D(A/W). m|

5.8 The Missing Lemmas It remains for us to establish the “general
fact” (3.7, and to establish the isomorphism (5.7.9). In fact, the two
questions are intimately related. We begin with the second.

Lemma 5.8.1. Let R be a Z-flat p-adic ring, and let R, = R/p"R. For
any formal Lie variety V over R, we have isomorphisms

Hypg(V/R) = lim Hpp(V @ Ry/Ry).

Proof. Pick coordinates Xi,...,Xy for V. Over any ring R, we can
define a ZN—grading of the de Rham complex of R[[X{, ..., Xy]]/R, by
attributing the weight (ay,...,an) € ZN to each “monomial”
X,
(I_IXZL)[HTJ S any subset of {1,...,N}.
jes

Exterior differentiation is homogeneous of degree zero, and the de Rham
complex is the product of all its homogeneous graded pieces

Q = HQ'(al, e ,(,lN).

Because both cohomology and inverse limits commute with prod-
ucts, we are reduced to proving the lemma homogeneous component by
homogeneous component.

209
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The individual complexes Q'(ay,...,ay) are quite simple. They
vanish except when all a; > 0. The complex Q°(0,...,0) is

R—>0-0—>...

If some a; > 1, and all a; > 0, the complex Q'(ay,...,ay) is the tensor

product complex
X (R 4 R).

i with a;>1

What is important for us is that each of these complexes is obtained
from a complex of free finitely generated Z-modules (!) by extension of
scalars to R.

Thus let K denote any complex of free finitely-generated Z,-modules.
We must show that for a Z-flat p-adic ring R we have

H(K'®R) > limH (K" ®R,).
H
The exact sequence of complexes
0K ®R>K ®R—K ®R, 0

gives a “universal coefficients” exact sequence
0 > H(K'®R)®R, — H(K'®R,) — p"-Torsion (H*'(K"®R)) — 0.
Passing to the inverse limit over n leads to an exact sequence

PP iRt o Pl i+1 e
00— &lnH(K ®R)®R, — linH(K ®R") - T,(H" (K'®R)) — 0.

To see that T,,(H'*' (K" ® R)) vanishes, notice that an element of this
T, is represented by a system of elements a, € K 1 ® R with d(a,) = 0,
pans1 = a, — d(by), ap = 0; because both K’ ® R and K'*! ® R are
p-adically complete and separated, we may infer

ap = paps1 + d(by)
= p(paps2 + d(by+1)) + d(by)
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=d [Z pibnﬂ'} .
i>0
To see that the natural map
i . . i .
H((K ®R) — @H (K"'®R)®R,

is an isomorphism, use the Z-flatness of R and the Z-finite generation of
the K’ to write

H/(K"®R) — H'(K")®R = (fin. gen. Z-module) ® R

me-to.
= (Z" & (@Z/p") @ (pnme. op ))@R
torsion

= R" ® (®Ry,).

We now turn to the proof of the “general fact”.

Lemma 5.8.2. Let k be a perfect field of characteristic p > 0, A and B

two proper, smooth pointed W(k)-schemes, fo : Bk — A®k a pointed
k-morphism and f: B> Aa W-lifting of fy to the formal completions 211
viewed as functors only on p-adic W-algebras. Then the diagram

Hi(A®K/W) iy (A]W) =50 i (A] W)
l(fo)* l(f)*
Hiy (Bo ® k| W) ———> Hyyp(B/W) 50 Hyyp (B/W)

is commutative.

Proof. 1f fy lifted, this would be obvious. But it does lift locally, which
is enough for us. More precisely, let U ¢ A and V C B be affine open
neighborhoods of the marked W-valued points of A and B respectively
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such that fy maps V ® k to U ® k. Because V is affine and U is smooth
over W, we may successively construct a compatible system of W,-maps
fu VoW, - Ue®W, with f,;1 = fymod p". The f, induce compatible
maps ﬁ :Be W, —» A® W, of formal completions, but these f; need
not be pointed morphisms.

We denote by fo0 B — A the limit of these f,, (Strictly speaking,
foo only makes sense as a map of functors when we restrict Band A to
the category of p-adic W-algebras).

For each n, we have a commutative diagram

restr

Testr. restr.

Hi (A® W, /W,) = Hi_ (A®KIW,) = H (U@ k/W,) == Hip (U ® W,/ W,) =L HL L (A® W, /W,)

cris cris

Hio(B® W/ W,) — H (BOK/W,) === Hi . (V@ k/W,) —— Hisp (V® W,/ W,) === HL (B® W,/ W,)

cris cris

I A

restr

Passing to the inverse limit over n, and using the previous lemma to
identify the right-hand inverse limits, we obtain a commutative diagram

CrlS(A ® k/W) Hi)R(A/W) restriction H;)R(A\/W)
l(for i(fm*
H . (B®k/W) ———— Hi (B/W) """ Hi  (B/W).
212 To conclude the proof, we need to know that the induced map

(foo)* : Hig(A/W) — Hi o (B/W)

depends only on the underlying map ]"8 - B®k - A®k, and not on
the particular choice of lifting. In fact this is true for the individual f; as
well! O

Lemma 5.8.3. Let R be a p-adic ring. Let V and V' be formal Lie vari-
eties over R, and let fi and f> be morphisms of functors V' — V of the
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restrictions of V', V to the category of p-adic R-algebras. If fi frmod p,
then for each i, the induced maps
fisf5 + Hpg(VIR) = Hpg(V'[R)

are equal.
., X, for

Proof. (compare Monsky [39]). In terms of coordinates X7,
V', Y1,...Y, for V, the corresponding R-algebra homomorphisms

Yll = RI[X1, ..., Xl

w1,92 - R[[Y1,...

are related by
@2(Y) = @1(Y) + pA(Y).

Introduce a new variable T, and consider the map

¢ R[[Y1,..., Y]] = R[[X1,..., X, T]]

e(Y) = @1(Y) + T - A(Y).

We have a commutative diagram of algebraic homomorphisms

@1
T-0
R[[Y]]—— R[[X, T1] ; R[[X]].
¢ T—-p
v

213

So it suffices to consider the situation

T—0
RI[X, T1] — RIIXT]

T—p

and show that these two maps have the same effect on Hpg.
A form w on R[[X, T']] may be written uniquely

w:Zan-T”+anT”dTT

n>0 n>1
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with a,, b,’s forms on R[[X]]. This form is closed if and only if
da,) =0 for n>0, n-a,+db,)=0 for n>1.

Its images under T — 0 and T — p are

aop, Z anpn

n>0

respectively. Their difference, if w is closed, is exact, namely

wlr=0 — Wlr=p = Zanp" = d[z %ﬂ -bn).

b>1 n>1

O

It seems worthwile to point out that this last lemma can be consid-
erably strengthened.

Lemma 5.8.4. Let R be a p-adic ring, I C R a divided power ideal, V
and V' two formal Lie varieties over R, and f1, f> two morphisms of
functors V' — 'V of the restrictions of V, V' to the category of p-adic
R-algebras. If fi = frmod I, then for all i the induced maps

fi+f5 + Hpg(V/IR) — Hpg(V'/R)
are equal.

Proof. If we had f; = fomod I’ with I’ C I a finitely generated ideal,
then we could repeat the proof of the previous lemma, introducing sev-
eral new variables T;, one for each generator of I’. In particular, the
lemma is true if f; and f, are polynomial maps in some coordinate sys-
tem. But we easily reduce to this situation, for in terms of coordinates
Xi,..., X, for V', we have a Z"-graduation of its de Rham complex and
a corresponding product decomposition

Hy(V'IR) = || Hpr(V'/RXa1, ..., ay).
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Therefore it suffices to show that the composite maps

A

projection

H] . (V/R) Hi(V'IR)

H (V' [R)ai,. .., an)

ok

2

agree, for every (ay,...,a,) € Z". But for fixed (ay,...,a,), these com-
posites depend only on the terms of total degree < )’ a; in the power
series formulas for the maps fi, f,. Thus we are reduced to the case
when f] and f, are each polynomial maps. O

Remark 5.8.5. If the ideal / is closed, the proof gives the same invari-
ance property for the groups H{)R(V/R; I) defined as the cohomology
of

113 i—1 5 d i d i+1
1Qy 7 = Qyp = Qpjp.

5.9 Application to the Cohomology of Curves Throughout this sec-
tion we work over a mixed-characteristic valuation ring R of residue
characteristic p, which is complete for a rank-one (i.e., real-valued)
valuation. Let C be a projective smooth curve over R, with geomet-
rically connected fibres of genus g. Its Jacobian J = Pic’(C/R) is a
g-dimensional autodual abelian scheme over R. For each rational point
x € C(R), we denote by ¢, the corresponding Albanese mapping

o : C—>J
given on S -valued points, S any R-scheme, by
©x(y) = the class of the invertible sheaf / (y)_1 ® I(x),

where I(y) denotes the invertible ideal sheaf of y € C(S) viewed as a
Cartier divisor in C >1§S . As is well-known (cf. [44], [45]), this morphism
induces isomorphisms

H'(J,0)) — H'(C,0¢)

H(J, Q}/R)~= w, = H(C, Q) (5.9.1)

H}o(J/R) = HL,(C/R)

which are independent of the choice of the rational point x.

215
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Let C, denote the formal completion of C along x; it is a pointed
formal Lie variety of dimension one over R. Because ¢x(0) = 0, ¢,
induces a map of pointed formal Lie varieties

whence an induced map on cohomology
D(J/R) c H})R(J/R) H})R(c /R).
Theorem 5.9.2. The composite map

DIR) ZLs Hp(C.R)
is injective.
Corollary 5.9.3. The natural map
H(C,Qf p) = Hpp(C+/R)

is injective, i.e., a non-zero differential of the first kind cannot be for-
mally exact.

Proof. Because Jis p-divisible, the natural map w, — D(J/R) is injec-
tive.

The corollary then follows immediately from the theorem and the
commutativity of the diagram

DIIR '~ H\C,/R)
U T (5.9.4)
w, — = H(C,QL .

To prove the theorem, we choose an integer n > 2g — 1, and consider the

mappin
PpIng (n) SCt =
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defined by
GO = Do),

i=1
the summation taking place in J. Passing to formal completions, we

obtain
P (C =T

defined by
LG = ) ).

In terms of the projections
pr; : (C)" = C,

onto the various factors, we can rewrite this as

n
=D Beopi
i=1

the summation taking place in the abelian group of pointed maps to J.
Because D(J /R) is defined to consist precisely of the primitive elements
in HIR(J/R) we have, for any a € D(J/R)

@)@ = Y @eo i) (@) = Y (7 @' (@),
i=1 i=1

Therefore the theorem would follow from the injectivity of the map
@) : DU/R) = Hp((C)"[R).

Because D(T/R) is a flat R-module contained in HII)R(T/R), it suffices to
show that the kernel of the map

@Y : HLg(J/R) = HLo(CL)"/R)

consists entirely of torsion elements. In fact, we will show that this
kernel is annihilated by n!. To do this, we observe that the map
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is obviously invariant under the action of the symmetric group ¢, on C"
by permutation of the factors. Therefore we can factor it 217

cn L} Symm”"(C) L} J.

!

Passing to formal completions, we get a factorization

o

(6,)” ”—> Symm”(é\x) L} J

!

We will first show that ()" is injective on HII)R, by showing that

—(n)

X

the map ¢ has a cross-section. This in turn follows from the global
fact that ¢ is a P""8-bundle over J which is locally trivial on J for
the Zariski topology. To see this last point, take a Poincare line bun-
dle ¥ on C x J. Because n > 2g — 1, the Riemann-Roch theorem
and standard base-changing results show that the sheaf on J given by
(prp)« (€ ®pri(/ ~1(x)®")) is locally free of rank n+ 1 — g. The associated
projective bundle is naturally isomorphic to .

It remains only to show that the kernel of the map
@" : Hpg(Symm"(C)/R) = Hpg((C)"/R)

is annihilated by n!. But if a one-form w on Symm”&é\ ) becomes exact
when pulled back to (C,)", say w = df with f € A((C,)"), then

nlw = Z o-(a))=d{z O'(f)]

TeS, TeS,

is exact on Symm”(E ) O
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Remark. The fact that for n large the symmetric product Symm”(C) is
a projective bundle over J may be used to give a direct proof that C
and J have isomorphic H'’s in any of the usual theories (e.g., coherent,
Hodge, De Rham, etale, crystalline...).

Theorem 5.9.5. Let k be a perfect field of characteristic p > 0, k its
algebraic closure, C a projective smooth curve over W(k) with geomet-
rically connected fibre, J = Pic’(C/W(k)) its jacobian, x € C(W(k))
a rational point of C, and ¢, : C — J the corresponding Albanese
mapping. There is an exact sequence of W-modules

0 - (HL(C®k Z,)® W(k)S®h &

L > H!.
Cris

(C ® k/W(K) & H'DR(C,/W(k)),

the maps in which are functorial in (C, x) ® k as pointed k-scheme.

Proof. The map « is defined exactly as was its abelian variety analogue
(cf. B.Z.1); the map B is defined as the composite

H' (C®k/W(k) = H. (C/W(k) == HL (C./W(K)).

cris

By construction, « is functorial in (C, x) ® k. By lemma (3.8.2)), 8
is similarly functorial. To see that the sequence is exact, use the fact
that the Albanese map induces isomorphisms on both crystalline (or de
Rham!) and etale H g, (cf. SGAI Exp. XI, last page, for the etale
case), i.e., we have a commutative diagram

0 — (H\(J®k Z,) ® Wk)® —2 > H' (J®k/W(k)) —— DIT]W(k)) — 0

cris
2 i(%@k)* 2 J/(@@k)* @)

(HL(C &k, Z,) @ W) D) s gL (C o k/W(K) L H) o (C/W(K)).

cris

218
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Corollary 5.9.6. (1) The kernel of the “formal expansion at a point”
map

Hpyp(C/W(K)) = Hpyp(C/W(k))
in Hll)R(C/W(k)) ~ H'. (C ® k/W(k)) is the “slope-zero” part of the

Cris
F-crystal H clris(C ® k/W(k)), i.e., we have a commutative diagram

_ —  (Gal(k/k)) —~
0 — (HE‘L(C®I<, Z,) ® W(k)) a—) H[‘)R(C/W) —> (image of HER(C/W) in Hll)R(CX/W(k)) —0

T

0 (slope 0) H!. (C®k/W(k)) ————— > (slope > 0) ———— > 0.

(2) The image of the “formal expansion at a point” map is the “slope
> 07 quotient of H clris(C ® k/W(k)); this quotient is isomorphic, via the

Albanese map ¢, to D(T/ W(k)).

VI. Applications to congruences and to Honda’s conjecture. Let C
be a projective smooth curve over W(F,) with geometrically connected
fibres. Let G be a finite group of order prime to p, all of whose ab-
solutely irreducible complex representations are realizable over W(F )
(e.g., if the exponent of G divides g — 1, this is automatic). Suppose that
G operates on C by W(F,)-automorphisms. Then G operates also on
C®F, by F,-automorphisms. For each absolutely irreducible represen-
tation p of G, let Py ,(T) € W(F,)[T] be the numerator of the associated
L-function L(C® F,;/F,G,p;T);

Piy(T)=1+a1(0)T +--- +a,(p)T".

Let w € H(C, Q.. ,w)’ be a differential of the first kind on C which
lies in the p-isotypical component of H(C, Q‘é /W). Let x € C(W(F,))
be a rational point on C, and let X be a parameter at x (e, X is a
coordinate for the one-dimensional pointed formal Lie variety C over
W(F,)). Consider the formal expansion of w around x:

dx
w= ) bin): X'> bln) € W(F,).

n>1
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We extend the definition of b(n) to rational numbers n > 0 by decreeing
that b(n) = O unless 7 is an integer.

Theorem 6.1. In the above situation, the coefficients b(n) satisfy the
congruences

b0 4 i ;’“’) b ;”qr) € pW(F,)

1(0) - +etap)—
q

for every rational n > 0.

Proof. Let J denote the Jacobian of C/W(F,), and denote by w € w 7
the unique invariant one-form on J which pulls back to give w under
the Albanese mapping ¢,. The group G operates, by functoriality, on J

and on w, and the isomorphism w, — HO(C, Qlc w) is G-equivariant.

Therefore w lies in (w,)°. Via the G-equivariant inclusion
w, € Dy (T W)

we have 220
w € (D)(J/W)Y

Now let F denote the Frobenius endomorphism of J ® F, relative to
F,. Then both F and the group G act on J ® F,. By (4.2), we know that

(F"+ai(o)F" + -+ a(p)) - Proj(p) = 0

in End(J®Fy)®W(F,). Because D(f/ W) is an additive functor of J® F,
Z

with values in W(F,)-modules, and w lies in its p-isotypical component,
it follows that

Fr@) +ai()F @)+ +a,0)-@=0 6.1.1)

in D, (J/W).
The Albanese map ¢, : C — J induces a map
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whence a map

Dy TIW) € Hy o (TIW; (0) E5 HL (G (p))

which is functorial in the pointed schemes (f, 0)® F,; and (5 »X)®Fy.
So if we denote also by F the g-th power Frobenius endomorphism of
aC ® F,, we have

@x)* oF =Fo <Px)*,

whence a relation
F'(w)+ a1 (0)F  Nw)+-+ap) - w=0 (6.1.2)

in Hlyo (C/ W3 (p).

The asserted congruences on the b(n)’s are simply the spelling out
of this relation. Explicitly, in terms of the chosen coordinate X for Cya
particularly convenient pointed lifting of F on C,®F 4 1s provided by

F: X X1,
In terms of the isomorphism

— ~ {f € K[[X]]lf(0) = O,df integral}
HL(C./W; —
pr(C/W: () {f € pWIXIIF(©) = 0}

the cohomology class of w is represented by the series

b
fon=3 "y,

n>0

and the cohomology class of Fi(w) is represented by
i bn) __ i
X7) = —X",
fxhH=3 =
The relation (??) thus asserts that
r r—1
JXD) +ai(e)fXT )+ -+ ar(p) f(X)

is a series whose coefficients all lie in pW(F,). The congruence asserted
in the statement of the theorem is precisely that the coefficient of X"
in this series lies in pW(F). m|
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Remark. In the special case G = {e}, p trivial, the polynomial P ,(T) is
the numerator of the zeta function of C® F;, and every differential of the
first kind w € H(C, QC /W) is p-isotypical. The resulting congruences
on the coeflicients of differentials of the first kind were discovered in-
dependently by Cartier and by Honda in the case of elliptic curves, and
seem by now to be “well-known” for curves of any genus. (1], [S], (8],
[22]).

Theorem 6.2. Hypothesis and notation as above, suppose that the poly-
nomial Py ,(T) is linear

Pip(T) =1+ a1(p)T,
i.e., that p occurs in H' with multiplicity one. Then

(1) ai(p) is equal to the exponential sum S(C ® F,/F,,p, 1) and for
every n > 1 we have

(—a1(p))" = =S(C ® Fy/Fyup.n).

(2) If p occurs in HO(C,Q! /W) then ordy,(ai(p)) > 0, i.e., ai(p) is not
a unit in W(F).

3) Ifp occurs in H(C, Q! /W) choose w € HY(C, Q! /W)p to be non-
zero, and such that at least one of coefficients b(n) is a unit in
W(F,). For any n such that b(n) is a unit, the coefficients b(nqg),
b(ng?), ... are all non-zero, and we have the limit formulas (in
which p denotes the contragradient representation)

o 4 bng™)
N—ooo b(nqN“)
b(l’qu+1)
= 11mm ——-.
(p) N—eo b(ngV)

—S(C®F,/Fyp,1)=—ai(p) =
-S(C®Fy/Fgp.1) = —ai(p) =

Proof. If p occurs in H' with multiplicity one, then p must be a non-
trivial representation of G (for if p were the trivial representation, G

222



223

244 Nicholoas M. Katz

would have a one-dimensional space of invariants in H'; but the space
of invariants in H' of the quotient curve C ® F, ¢ modulo G, so is even-
dimensional!). Therefore p does not occurs in H® or H?, as both of these
are the trivial representation of G. The first assertion now results from
(LID.

If p also occurs in H(C, QIC /W), pick any non-zero w in
H(C. Q)

and look at its formal expansion around x:

dx
w= Z bWX" .

An elementary “g-expansion principle”-argument (cf. [28]]) shows that

if all b(n) are divisible by p, then w is itself divisible by p in H oc, Qlc /W).

So after dividing w by the highest power of p which divides all b(n), we

obtain an element w € H(C, Q]C /W)p which has some coefficient a unit.
Consider the congruences satisfied by the b(n):

b ai(p) bng)
n nq

€ pW(F,).

If a1 (p) were a unit, we could infer (by induction on the precise power
of p dividing n) that

b
foratinz1, .20 ¢ W(F,).
P n

In particular, we would find that q. w is formally exact at x, which
p
by (5.9.3) is impossible.
Given that a;(p) is a non-unit, choose n such that b(n) is a unit. Then
ord(b(n)/n) < 0.
From the congruences

@:
= =

—ai(p)

M mod pW
ng
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bng™) _ bng"*")
nq—N = —Cll(p)an mod pW

and the fact that ord(a;(p)) > 0, it follows easily by induction on N that

N
ord (b(ncgv )) = ord(b(n)/n) — N ord(a;(p)).
ng

Therefore we may divide the congruences, and obtain

N
rd(M + al(p)) > 1+ (N + 1)ord(a;(p)) — ord(b(n)/n)
b(nqN+1)
bing"*") ¢ q b(n)
d( D™ al(p)) >1+ Ord(_al(p)) + N ord(a;(p)) — ord(T).

Letting N — oo, we get the asserted limit formulas for —a, (o) and for
—q/ai(p). By the Riemann Hypothesis for curves over finite fields, we
know that —g/a;(p) is the complex conjugate a;(p). Let p denote the
contragradient representation of p; because the definition of the L-series
LIC® F,/F,;,G,p;T) is purely algebraic, the L-series for p is obtained
by applying (any) complex conjugation to the coefficients of the L-series
for p. Therefore a;(p) = a;(p), and p also occurs in H' with multiplicity
one. O

Example 6.3. Consider the Fermat curve of degree N over W(F,), with
g = 1lmod N. For each integer 0 < r < N — 1, denote by y, the character
of uy given by
xr(§) = {r.
We know that under the action of uy X uy (acting as (x,y) — ({x,’y)
in the affine model x" + yV = 1), the characters which occurs in H' are
precisely
Xr X Xs 1<r,s<N-1,r+s#N,

each with multiplicity one. Those which occur in H(Q!) are precisely
the
Xr X Xs 1<r,s<N-1,r+s<N,

224
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the corresponding eigen-differential w;, ; is given by

dx
Wy s = Xrysxy—N.
If we expand w, s at the point (x = 0,y = 1), in the parameter x, we
obtain
d
(‘)rs—xr(l XN)——I-—X
X
= Z(-1)J’(i—1)x’+N1@
720 N *
d
= > b=
X
nx1

Conveniently, the first non-vanishing coefficient b(r) is 1. The succes-
sive coeflicients b(rg") are given by

£
birgy = -1yi0 [V )
(rg") = (1) (ﬁ(qn_l)

225 The eigenvalue of F on the y, X y,-isotypical component of H! is the
negative of the Jacobi sum J,(x;, x5). There we obtain the limit formulas

(—l)r’v<q—1)~q"( vl )
§@" -1

i)
L@ -1

S _
(-Drla-ba" . vl
ﬁ(qrﬁl _ 1)

i)
v -1

~Jytrxs) = lim

~Jy(YN-r XN=5) = nh_{lc}o
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validfor 1 <r, s <N -1, r+ s # N. These formulas are the ones orig-
inally conjectured by Honda, and recently interpreted by Gross-Koblitz
[14]] in terms of Morita’s p-adic gamma function.

VII. Application of Gauss sums. In this chapter we will analyze the
cohomology of certain Artin-Schreier curves, and then obtain a limit
formula for Gauss sums in the style of the preceding section.

We fix a prime p, an integer N > 2 prime to p, and consider the
smooth affine curve U over Z[1/N(p — 1)] defined by the equation

TP —T = XV

It may be compactified to a projective smooth curve C over Z[1/N(p —
1)] with geometrically connected fibres by adding a single “point at in-
finity”, along which 7-!/V is a uniformizing parameter.

The group-scheme py(,-1) operates on U, by

(T, X) > (VT 0X).

This action extends to C, and fixes the point at infinity.
A straightforward computation gives the following lemma.

Lemma 7.1. (1) The genus of C is %(N - D(p — 1), and a basis of
everywhere holomorphic differentials on C is given by the forms
dT
XN-1
with0<a<N-2,0<b<p-2 andpa+Nb<(p—-1)(N-1)-1.
(2) The space HII)R(C ®0/0) — HII)R(U® Q/Q) has dimension (N —

1)(p — 1), any d basis is given by the cohomology classes of the
forms

xer?

dT
XN—I

xiTb 0<a<N-2,0<b<p-2.
(3) The characters of unp-1) which occur in Hll)R(C ® Q/Q) are pre-

cisely those whose restrictions to uy is non-trivial, and each of
these occurs with multiplicity one.

226
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In characteristic p, there are new automorphisms. The additive group
F, operates on C ® F), by

a:(T,X) - (T +a,X).

This action does not commute with the action of uy(,-1). However, the
two together define an action of the semi-direct product

Fp < pinep-1y

formed via the homomorphism

-N
ENGp-1) = pHp-1 = Fjy = Aut(Fp)
Explicitly, the multiplication is

(@, )b, &) = (a+ Vb, L),
and the action is
@) : (T,X) > (VT + Na, £X).

The group F), = py(,-1) contains F), X uy as a normal subgroup,
acting on C ® F, in the usual manner.

Remark. This action of a group of order p(p — 1)N on a curve of genus
g= %(p — 1)(N — 1) provides a nice example of how “wrong” the char-
acteristic zero estimate 84(g — 1) can become in the presence of wild
ramification!

Let E be a number field containing the N(p — 1)’st roots of unity, P
a p-adic place of E, F, a finite extension of the residue field Fyp), of P,
G the abstract group F), < un(,-1)(Fy). Let H ! denote any of the vector
spaces H, (C ® FQEn for [ # p,or H.. (C® F,/W(F,) ® K.
By functoriality, the group G operates on H'. Because the center of
G is uy(F ), the decomposition
H' = H"Y

of H' according to the characters of uy is G-stable.
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Proposition 7.2. For each of the N — 1 non-trivial E-valued characters y
of un(E) > UN(Fnpy) = un(Fy), the corresponding eigenspace (H"Y
is a p — 1 dimensional absolutely irreducible representation of G; the
restriction to F), of (H 'Y is the augmentation representation of F s the
restriction to un(p-1)(Fy) of (H YW is the induction, from uy to HN(p—1)»
of x.

Proof. All assertions except for the G-irreducibility of (H' Y follow im-
mediately from the preceding lemma, giving the action of uy(,-1), and
from Corollary ([2.2), giving the action of F), x uy. The irreducibility
follows from these facts together with the fact that in any complex rep-
resentation of G, the set of characters of F, which occur is stable under
the action of uy(,-1) in F',, by conjugation; because this action has only
the two orbits F ; and 0, as soon as any one non-trivial character of F),
occurs, all non-trivial characters must also occur. O

Corollary 7.3. (1) Over any finite extension F, of F,, which contains all
the N(p — 1)’st roots of unity (i.e., ¢ = 1mod N(p — 1)), the Frobenius
F relative to F, operates as a scalar on each of the spaces (H Y, ya
non-trivial character of uy. This scalar is the common value

-84, x; P)

of the Gauss sums attached to any of the non-trivial additive characters

Y of Fp.

Proof. Over such an F,, Frobenius commutes with the action of G on
H', so it acts on each (H')¥ as a G-morphism. Because (H Iy is G-
irreducible, this G-morphism must be a scalar, and this scalar is equal
to any eigenvalue of F on (H Iy As we have already seen (2.1)), these
eigenvalues are precisely the asserted Gauss sums, corresponding to the
decomposition of (H')¥ under F - ]

The common value of these Gauss sums over a sufficiently large F,
is itself a Jacobi sum, in consequence of the fact that universally, i.e.,
over Z[1/N(p — 1)], the curve C is the quotient of the Fermat curve

228
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Fermat (N(p — 1)) of degree N(p — 1) by the subgroup H of uy-1) X
HUN(p-1) consisting of all ({1, 1,) satisfying

-1
S
Explicitly, the map is given rationally by the formulas
(W, V) on WNP=D 4 yNo-D =
)

(T,X)on TP —=T = XV
T=1/VVN, X =wr)yr.

Lemma 7.4. Let x| be a character of un,-1) whose restriction to jy is
non-trivial. Under the map

Hpp(C® Q/Q) — H'(Fermar (N(p — 1)) ® Q/Q)"

we have
Hpp(C ® Q/QY'" — Hjp(Fermat (N(p — 1)) ® Q/nyflx)c.ﬁp

Proof. That H'(C) = H I(Fermat)” in rational cohomology results

from the Hochschild-Serre spectral sequence. Since the characters of

HUN(p—1) (resp of un(p-1) X pn(p-1y) oceur, if at all, with multiplicity one

in H'(C) (resp H' (Fermar)), it suffices to check that the y|-eigenspace

of H'(C) is mapped to the (/\,/1;7 - /\(l_p )-eigenspace of H'(Fermat). This
229 we do by inspection:

d
b _
X Ty =
a+1-N b+ldT ‘J/p_1 atl-N -N b+1 —NdZ
e () e ()
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Corollary 7.5. If F, contains the N(p — 1)’st roots of unity, then for any
non-trivial character x of py, and extension x1 of x to un -1y and any
non-trivial additive character  of F,, the scalar by which F acts on
H(C® Fy)¢ is given by

FIH(C® F,)X = FIH'(C ® F)"X = —g,(, x; P)

II

FIH'(C ® F)"" = FIH'(Fermat@F )i 0" = —J, ("~ 775 P)

We now turn to the “determination” of the Gauss sum —g, (i, x; P)
over an F;, which is merely required to contain the N’th roots of unity.
Unless p—1 and N are relatively prime, such an F, need not contain the
N(p — 1)’st roots of unity! Moreover, the Gauss sum does not in general
lie in the Witt vectors W(F), as it does when F; contains the N(p—1)’st
roots of unity!

Let 7 denote any solution of

™ = —p.

We recall without proof the following standard lemma (cf. [31]] or [32]).

Lemma 7.6. The fields Q,({,) and Q,(n) coincide. There is a bijective
correspondence

primitive p’th roots of 1 « solutions w of 7’1 = —p
under which { «— n if and only if
{ =1+ mmod .
For each solution 7 of 77~! = —p, we denote by
Yn: Fp = Qp(Lp)”
the unique non-trivial additive character which satisfies

Yr(1) = 1+ mod 2.

230
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If we fix a W(F,)-valued point x on C, we have the map “formal expan-
sion at x”’

H!. (C®F,/W(F,)) = H\(C,® W(F,)/W(F,)).

cris

If we denote by R the ring
R = W(F,)n]

which is a free W-module of finite rank (p — 1), we may tensor with R
to obtain

Hiy(C ® Fg/ W(Fg))@R ——— HJ L (C.®R/R).

cris
S /

Hpo(C®R/R)

Theorem 7.7. (1) For any W(Fy)-valued point x on C, the “formal ex-
pansion” map is injective :

H!. (C®F,/W(F,)) = H)a(C, ® W(F,)|W(F,))

cris

(2) Let 7t be any solution of i~ = —p, Y the corresponding additive
character, a an integer 1 < a < N — 1 and x, the corresponding
nontrivial character of uy(x.({) = {%). If we take for x the point
(T =0,X =0) on C, with parameter X, then the image of

(H.,

cris

(C® Fy/ W(Fy)) ® Qp(m)" ¥ — Hpp(C, ® RIR)@Q)(m)

is the one-dimensional Q,(r)-space spanned by the cohomology
class of

dX
exp(—a X" )X“ Z bmX" =~
Corollary 7.8. Notations as above, let f(X) denote the power series

(_ﬂ.)n XnN+a

n! nN+a

fm-ZM%c

n>1 n>0
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231 Then the series
f(Xq) + gq(wm)(a; P)- f(X)

has coefficients with bounded denominators, and we have a limit for-

mula
b
gq(‘ﬁm/\/aa )_ hm Z(GE;Z];
(- n)(q |>N
(g"-D)!

(7.8.1)
with  b(aq") =

We first deduce the corollary from the theorem. We know that F has
eigenvalue —g, (¥, xq: P) on the y; X y,-eigenspace of H clns ® Qp(m),
hence F has the same eigenvalue on the image of this one-dimensional
eigenspace in HII)R(E + ® R/R) ® Q,(m). This image is spanned by the
cohomology class of df : therefore F +g,(¥/x, x4; P) annihilates the class
of df mod torsion, whence

JXD) + 84, xa3 P) - f(X)

has bounded denominators. The final limit formula comes from looking

. . r+1 . .
successively at the coefficients of X“¢ " in the above expression; one
has

b r+1
ord (244 ¢ g i) P ) > -
aq aq"

for some constant A independent of ». An explicit elementary calcula-
tion shows that

" (b(ag’)

— —00 as r — +o9,
aq”

and this allows us to “divide” the additive congruence and obtain the
asserted limit formula.
It remains to prove the theorem. In view of the exact sequence of

(5.9.9), the injectivity of

H.. (C®F,/W(F,)) - H):(C, ® W/W)

cris

is equivalent to the absence of any p-adic unit eigenvalues of F in Hclm 232
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But these eigenvalues are the Gauss sums

24U, X) = = ) Ug(Xg (),

Because y4(x) = 1(r) for all x, while y, is a non-trivial character of F jl‘,
we have

-8 x) = - Z)(q(x) = Omod 7.

(Alternately, one could observe that each non-trivial character y of uy
has at least one extension y to py(,-1) which occurs in H ‘(ce0, Qlc® Q);
the eigenvalue of F7~! on this eigenspace is then a non-unit by (??); as
FP~1is a scalar on (H')¥, this scalar is non-unit.)

It remains to verify that the image of the ¥, Xy ,-eigenspace is indeed
spanned by

1704
—_axMxeZZ
exp(—nX™) X

This seems to require the full strength of the Washnitzer-Monsky “dag-
ger” cohomology, as follows. Let A’ denote the “weak completion™ of
the coordinate ring R[T, X1/(T? = T — XV) of U ® R. Because U ® F,
is a “special affine variety” with coordinate X, there are unique liftings
to A" of the actions of F and of the group F, ® uy whose effect on X is
given by
F(X) = X4
(a,O)(X) = {X.

Thanks to Dwork, we know that the power series in T
exp(nT — nT?)

actually lies in R[T], and hence in A’ for any 7 satisfying 77~! = —p.
As Monsky pointed out, under the action of F,, and A’, this series trans-
forms by the character . It follows that for 1 < a < N — 1 the differ-
ential form

1704
exp(nT — nT?)X* 52
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transforms by ¢ X x, under the action of F, X uy. Therefore its coho-
mology class in
df .
Hy,_y(U®Fy:R)® O=H" (Q}0pr ®A) @ Q

lies in the Y, X y, eigenspace of H‘ly_ v A direct computation ([31],
[32]) shows that each of these eigenspaces is one-dimensional, and is
spanned by the above-specified form.

Furthermore, there is a natural “formal expansion map” attached to
any R-valued point x of U;

Hy,_,(U®F i R) — Hix(U, ® R/R).

For the particular choice of point (T = 0, X = 0), the formal expansion
map carries

dx dx
exp(nT — nTP)X“7 - exp(—ﬂXN)X“y.

To conclude the proof, we need to identify HéVM(U ® F;;R)® Q
with H ClriS(C ®F,/R)®Q in a way compatible with the formal expansion
map and with the action of F and of F, X uy. We will do this with a
somewhat ad hoc argument.

Because U is the complement of a single point in C, it follows from
the theory of residues for both Hpr and Hy_j that we have isomor-
phisms

Hip(COR/R)® Q — Hhn(U®R/R)® O — Hiy ,(U® F;;R)® Q.

These sit in a commutative diagram

(C®F,/R®Q — HL (USR/R)® Q — H}, (USF;R) ®Q

o >~ | / ©

(U8 Fy/Ry)® Q = (lim Hly (U ® Ry /R,) ® O

._H]

cris

(lim H!
—

cris

o ©) (lim i, (U, ® Ry/R,) ® Q
s¢ @

HL (U, ®R/R)® Q

233
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In this diagram, the maps ) , (5) and (6) are each compatible
with the actions of F' and of F), X uy imposed by crystalline and by
W — M theory (simply because these actions /ift to the U ® W,,). There-
fore the compatibility of the isomorphism with the actions of F and
of F,, X uy would follow from the injectivity of arrows @ and (®) .
The injectivity of these arrows follows from the commutativity of the
diagram and the already noted injectivity of arrow (1) (which is in-
jective exactly because F' has no p-adic unit eigenvalues in H Clris of our
particular C).

A Question 7.8.2. Let U be a smooth affine W-scheme which is the
complement of a divisor with normal crossings in a proper and smooth
W-scheme.

Are the maps

Hpr(U/W)® Q — (lim Hpp(U ® W/ W) ® Q

always injective?

7.9 The Gross-Koblitz Formula In this section we will derive the
Gross-Koblitz formula from our limit formulas.
Morita’s p-adic gamma function is the unique continuous function

Ty:Z, = Zy

whose values on the strictly positive integers are given by the formula

_ D
Tp(1+n) = (=)™ = (7.9.1)
11;[n [n/p]!pln/P)
pin
where [ ] denotes “integral part.”
Lemma 7.9.2. For any integer n > 0, and any 7 satisfying i?~" = —p,
we have the identity
—_m\Y /5! n—pln/p]
Cmijnl . B (7.9.3)

(—=m)n/PY[n/p]! I,(1+n)
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Proof. This is just a rearrangement of (7.9.1)). O

Corollary 7.9.4. Let g = p/ with f > 1, & any solution of *~' = —p
and n > 0 any integer. Let

n=ng+np+--- O0<nm<p-1
be the p-adic expansion of n. Then we have

(_ﬂ')"/l’l! _ (—])f . (71-)"0+"1+---+nf,1
(—ﬂ)[n/q]/[n/q]! -

= (7.9.5)

f% Ip(1 + [n/p'])

=

Proof. Simply apply (Z.9.3)) successively to n, [n/p],...[n/p/~']. O
For a fixed integer i > 0, the map on positive integers

n s [n/p]

extends to a continuous function Z, — Z, which we denote
nw [n/p'y.

In terms of the p-adic “digits” of n, this map is just the i-fold shift:

n= Z nip’ Z njwip’ = [n/p'] (7.9.6)

Jj>0

Lemma 7.9.7. Let 0 < @ < 1 be a rational number with a prime-to-p
denominator. If p/ = 1mod denom (a) for some f > 1, then we have
the identity

~(p' oy =[~a/p'l, in Z (7.9.8)

fori =0,1,...,f — 1 (where { ) denotes the “fractional part” of a
rational number).

235
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Proof. Write (pf — Da = A. Then A is an integer, 0 < A < pf -1, s0
we may write its p-adic expansion as

A=a0+a1p+---+af_1pf_1; 0<agi<p-1

a; < p — 1 for some i.

We now extend the definition of a, to all n € Z by requiring 236
ap = Ay f YneZ.
Then
-1
fZ ajp/*i
pla=p/ a2
pr-1 pr-1
f-1 .
ajyip’
=2 4z
= ————mo
f—1
p
whence
f-1
ZO aj+lpj
_ J
—(p/ ) = = > apip
720
2 a;p’
|20
= p
P

But we readily calculate
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Corollary 7.9.9. Let g = p/ with f > 1, & any solution of n’~' = —p,
and «a any rational number satisfying

0<ax<l
(g-DaeZ
Let
A=(q- l)a:ao+a1p+---+af_1pf_1, 0<a;<p-1
be the p-adic expansion of (q — 1)a, and let 237

S((g-Da)=ap+a; +---+ar
be the sum of the p-adic digits of (q — 1)a. Then we have the formula

el (=D - @Sahe
lim =

n——a (—77)[’1/(1]! - f-1 )
I}) I'p(1 = {p'a))

(7.9.10)

in which the limit is taken over positive integers n which approach —«
p-adically.

Proof. Simply combine (7.9.5)) and (7.9.8)), and use the p-adic continu-
ity of both T', and of n — [n/p']. m]

Combining this last formula with our limit formula for Gauss sums,
we obtain the Gross-Koblitz formulas.

Theorem 7.10 (Gross-Koblitz). Let N > 2 prime to p, E a number field
containing the Np’th roots of unity, P a p-adic place of E, n € E, a
solution of i~ = —p, Y the corresponding additive character of F,
a an integer 1 < a < N — 1, y, the corresponding character { — (° of
un, and Fy, q = p!, a finite extension of the residue field Fnepy of E at
P. We have the formulas, in Ep,

1 g T T(i-50)

imod f
(ﬂ-)S ((g-Dx)

—8¢Wn, xas P) = (7.10.1)
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~84Wn Xas P) = (3@ W) ]—[ r, ((%CS) (7.10.2)
imod f

Proof. The sequence n, = (¢" — 1)(a/N) tends to —a/N as r grows, and
satisfies [n,/q] = n,—; for r > 1. Therefore the first formula follows
from the limit formula (Z.8.I) and from the preceding formula
with @ = a/N. The second formula is obtained from the first by replac-
ingaby N —a. |

VIII. Interpretation via the De Rham-Witt Complex. Throughout
this chapter, we fix an algebraically closed field & of characteristic p, and
a proper smooth connected scheme X over its Witt vectors W = W(k).
For each n > 1, we denote by X,, the W,-scheme X%Wn.

The “second spectral sequence” of de Rham cohomology of X,,/W,
Eg’q(n) = HP (X, t%’i)qR(Xn/Wn)) = Hp+q(Xn/Wn)

has an intrinsic interpretation in terms of X ® k as the Leray spectral
sequence for the “forget the thickening” map

(X ®k/Wp)eris = (X ® k)zar.
As such, it may be rewritten

(X ®k/W,)) = HTUX @ k/W,).

cris

EN(n) = H'(X ® k, /]

cris

An explicit construction of this spectral sequence may be given in
terms of the De Rham-Witt pro-complex on X ® k

{WaQ2'},

of Deligne and Illusie; it is simply the second spectral sequence of this
complex:

E}(n) = HP (X @ k, /W, Q") = H'M(X ® k, W, Q).
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It is known that the E; terms of this spectral sequence are finitely gen-
erated W, (k)-modules. Therefore we may pass to the inverse limit and
obtain a spectral sequence

cris

ED? = yLnEg*q(n) = HTIX @ k/W).

n

Let x be a W-valued point of X, and assume X connected. The
formal expansion map we have exploited

H (X ®k/W) = Hipg(X]W) — Hip(X:/W)
is the composition of the edge-homomorphism
H . (X/W) > E% — EY’
with the natural map
Ey" = lim H(X,,, A (Xa/ Wy)) — lim Hyg (X ® W/ Wy).

n

239

Lemma 8.1. This map is in fact injective; indeed, the induced maps
HO (X, A (Xn | W) = Hiyg (X ® Wi/ W)
as injective.

Proof. Because X, is irreducible, it suffices to show

(*) for any closed point y of X,,, and any affine open V > y which is
étale over standard affine space A = Spec(W,[Ty,...,T4]), the natural
map .

HOV, Ay Xnl W) = g (Vs W)
is injective.

For once (*) is established we argue as follows. Let & be a global
section over X, of %’};R which dies formally at x. We must show that
for any closed point z in X,,, there is an open set V 3 z such that £ dies
on V. Let U be an affine open neighborhood of x étale over A, and V an
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affine open neighborhood of z étale over A. Because X, is irreducible,
U NV is non-empty. Let y be a closed point of X, containedin U N'V.

Then (*) for U > x shows that £ dies on U. Therefore & dies formally
aty. Applying (*) to V 3y, we find that £ dies on V, as required.

We now prove (*). Let F : A — A be any o-linear map lifting
absolute Frobenius (e.g. T; — TZP ). Because V is étale over A, F extends
uniquely to a o-linear map F : V — V() which lifts absolute Frobenius.

Because all iterates of F, especially F" : V — V(") are homeo-
morphisms, the functor (F"), is exact. Therefore we have

HOW, AL (VIW) = HOV) (F) (A (VIW)))
(F") AP (VIWy) = A (F™)u(Qy))

But the complex (F ”)*(Q{,/W) on V@ is a complex of locally free

sheaves of finite rank on V("), with &-linear differential. For any closed
point y V, the formal stalk at y() is

(F")«(Qy,y,) /,® Ovionyion = F)Lg o .

y(o™)

Therefore the sheaves on V(")

Fl = iwwndén(F")*(%’i;R(V/Wn)) = A(F") Q)

are coherent, and (by flatness of the completion) their formal stalks are
given by _ o
(yl)y(‘fn) = HIDR(Vy/Wn)

‘We must show that

H (V) F1) & (F)om.
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For this, it suffices to explicit a finite filtration
FIoFl' Fio..

whose associated graded sheaves are locally free sheaves on V7" ® k.
We claim that the filtration induced by the p-adic filtration on Q'V/W,,
has this property.

To see this, we first reduce to the case V = A, as follows. The
diagram

Vv I A v

A—TL s p@
is cartesian (because V is étale over A). Therefore we have an isomor-
phism
(F")e Q= (F" Q) ) (R) Oy

0 4o

Because Oy is flat over O yn), this isomorphism is a filtered isomor-
phism (for the p-adic filtrations of Quw. and of Q w,)-
By flatness again, this filtered isomorphlsm induces isomorphisms 241

ngﬂ(‘?\lf/ W, ) Fﬂ AW, ) ® 4 Ve

A((r”)

It remains to show that grlé (Z }‘ W, ) is a locally free sheaf on A" ® k.

It is certainly a coherent sheaf on A" (because the p-adic filtration
on (F").Q, W, is 04w -linear), and it is killed by p; therefore it is a
coherent sheaf on A" ® k. Because it is coherent, it is locally free on
a non-void open set; if we knew that it were translation-invariant, i.e.
isomorphic to all it translates by k-valued points of A" ® k, we would
conclude that it is locally free everywhere.

As a sheaf of abelian groups, it is visibly translation-invariant. It’s
O jomgr-module structure is the composite of its natural module-structure
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over the sheaf of rings
iy pr(A/ W)
with the o-linear isomorphism
O = ity (A W)
e EY ),

where fdenotes any local section of 0y lifting f.

To conclude the proof, we must verify that this isomorphism is
translation-invariant. For this, it suffices to show that it is independent
of the particular choice of F lifting Frobenius which figures in its def-
inition. For this independence, we simply notice that an “intrinsic” de-
scription of the same o"-linear isomorphism

O = gty (A W)
is provided by _
feor

where again fe O denotes any lifting of f. |
Lemma 8.2. The Eé’o terms of the spectral sequence are given by

EX =~ H\(X ®k,Z,) ® W(k)
Proof. For each integer n > 1, there is an isomorphism (cf. [24], [25])

Wi Oxer) = Ay (Xn/ Wa)
defined by

n—1
80 gn1) = Y P@)

i=0

where g; is a local lifting of g; € Oxgx to O,, (Compare (??)).
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For variable n, these isomorphisms sit in a commutative diagram

Witr(Oxek) —_— jfi)OR(X}Hr/WVHr)

i usual projection

W,.(O X®k) reduction mod p"
I

Wu(Oxer) A (X W).

Therefore we may calculate

Ey’ = lim H'(X ® k, Ay (Xa/ W)

n

= lim (ﬂ(image of F" or H'(X ® k, W,(Oxei)) |-

n r

~ lim(fixed points of F in H'(X ® k, W,(Oxer)) (X) W, (k)
Z/p"Z

= lim H. (X ®k,Z/p"Z) ® W, (k).

n

Consider now the exact sequence of terms of low degree

d
(X®k/W) > Ey = EY

0—>Eé’0—>H1 5

cris
Lemma 8.3. The map dg’l : Eg’l — E%’O vanishes.

Proof. Because both Hclris(X ® k/W) and E%’O = Hgt(X ®k,Zy) @ W;
are finitely generated W-modules, we see that Eg’l is a finitely gener-
ated W-module. Therefore its inverse limit topology (as @Eg’](n))
is equivalent to its p-adic topology. Because F” annihilates the sheaf
ji’é iis(X ® k/W,), it annihilates its global sections Eg’l(n), and hence
F is topologically nilpotent on Eg’l. But F is an automorphism of the
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finitely generated W-module E%’O; as d, commutes with F, this forces
dg’l to vanish. m|

Thus we obtain the following theorem.

Theorem 8.4. The exact sequence of terms of low degree

0> H/(X®kZ,)® — H!

cris

(X ®k/W) EY! 0

| |

f 1 >
Hio(X/W) =225 HL (X /W)

expansion

defines the Newton-Hodge filtration on Hclris

0 — (slope 0) — H!

cris

(X®k/W) — (slope > 0) — 0.

[When X/W is a curve, or an abelian scheme, this exact sequence coin-

cides with the exact sequence ((3.Z.2)) or (5.9.3)!]
Illusie and Raynaud have recently been able to generalize these re-
sults to H é s for all i. Their remarkable result is the following.

Theorem 8.5. (Illusie-Raynaud). Let Xy be proper and smooth over an
algebraically closed field of characteristic p > 0. The second spectral
sequence of the De Rham-Witt complex

E} = lim HP (Xo, #(W, Q) = HILI(Xo/W)

cris
n

degenerates at E, after tensoring with Q:
Eg’q>Z<Q ~ E{;;‘f?Q, d®Q=0forr>2,
and defines the Newton-Hodge filtration on His(Xo/W) ® QO:
q — 1 < slopes ong’q ®Q0<q.

Corollary 8.6. If Xo/k lifts to X/ W, then for any W-valued point x of X,
and any integer i, the image of the formal expansion map

H (X®k/W)® Q = Hyn(X/W) ® Q — Hio(X:/W)® Q

is precisely the quotient “slopes >i—1" ofHériS ® 0.
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ESTIMATES OF COEFFICIENTS OF MODULAR
FORMS AND GENERALIZED MODULAR
RELATIONS

By S. Raghavan

WE sHALL BE concerned here with two questions, motivated by arith-
metic, from the theory of modular forms. The first one deals with the
estimation of the magnitude of the Fourier coefficients of Siegel modular
forms, while the second pertains to certain generalized modular relations
(which may also be called Poisson formulae of Hecke type and) which
appear to provide some kind of a link between automorphic forms (of
one variable), representation theory and arithmetic.

§Modular forms of degree n

Let r,,(¢f) denote the number of ways in which a natural number ¢ can
be written as a sum of m squares of integers. We have the well-known
Hardy-Ramanujan asymptotic formula [H-R] for m > 4:

rn() = 7" ("D Tn 2) + 0@ (1)

with 0,(¢) denoting the ‘singular series’. Arithmetical functions such
as ry,(t) or, more generally, the number A(S,¢) of m-rowed integral
columns x with ‘xS x = ¢ for a given m-rowed integral positive-definite
matrix S (where ‘X = transpose of x) occur as Fourier coefficients of
modular forms. While Hardy and Ramanujan used the ‘circle method’
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to prove (), the approach of Hecke [H1] to () was via the decomposi-
tion of the space of (entire) modular forms into the subspace generated
by Eisenstein seris and the subspace of cusp forms, the explicit determi-
nation of the Fourier expansion of Eisentein series and the estimation of
the Fourier coefficients c(#) of cusp forms of weight k as c(¢) = o(t*/?).
More generally, let A(S,7T) be the number of integral matrices G
such that ‘GS G = T for n-rowed integral T (For any matirx B, let ' B de-
note its transpose and for a square matrix C, let tr(C) and det C denote
its trace and determinant respectively). For A(S, T'), we have, as a ‘gen-
erating function’, the theta series 9(S,Z) = %}exp(Zﬂ V=1 tr(GS GZ))

where G runs over all (m,n) integral matrices and Z is in the Siegel
half-plane ‘H,’ of n-rowed complex symmetric matrices Z = (z;;) with
Y = (yij) positive definite and y;; = Img;;; further, the theta series
is a modular form of degree n, weight m/2 and stufe 4 det S. Let
I',,(s) denote the principal congruence subgroup of stufe s in the Siegel
modular group of degree n and {I',(s), k} denote the space of modu-
lar forms of degree n, weight k and stufe s. Pursuing the approach of
Hecke and Petersson and using Siegel’s generalized Farey dissection
[S]], the following result was proved in [Rl]: namely, if K > n + 1 and
f2) = Y a(T)exp2n \/—_1tr(TZ)/s) e{l',.(s), k}, there exists a linear
T>0

combination g(z) = Y, b(T)exp(2rx x V-1tr(TZ)/s) of Eisenstein se-
>0

ries in {I',,(s), k} such that for positive-definite
T,a(T) = b(T) + O((min 7! )n(n+1—2k)/2(min T)(n+1—k)/2 @)

(For positive definite R, minR is the first minimum in the sense of
Minkowski). Specialising f to be &(s, z) above, (@) implies the formula:

A(s,T) = A ]_[ ay(S, T)(det T)™ D2 4 O((det T)m2n=1)=2(n*~1))/4n)
p

3)

where m > 2n + 2,

= 2O DA (et YT (m)2) . T((m —n + 1)/2)),
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[Tay(s,T) is the product (over all primes p) of the p-adic densities

;p(S ,T) of representation of 7 by §; further, in (3), T tends to infin-
ity such that for a fixed constant ¢, min7 > c(det 7). From (@), an
analogue of a theorem of Tartakowsky resulted for n = 2 [R]: namely,
under the conditions above, for larde det T, A(S,T) # O for every ma-
trix in the ‘genus’ of S or for none at all, depending on certain congru-
ence classes to which T belongs. It should be mentioned that, without
using Siegel’s generalized Farey dissection, only estimates of the type
a(T) = O((detT)*) could be derived, in general, earlier; for improv-
ing upon (@), it was felt that the decomposition of the space of modular
forms of degree n into n + 1 subspaces through Maass’ Poincaré series
should be invoked.

Hsia, Kitaoke and Kneser [H-K-KI] obtained, using an arithmetic
aproach, a very elegant proof of the analogue of Tartakowsky’s theorm
forany n > 1 and m > 2n + 3. Quite recently, Kitaoka [KI] gave an
analytic proof of the same result in the case when S is an even positive
definite m-rowed unimodular matrix with m > 4n+4. By considering for
evenk > n+r+2,Ze ‘H,” and 0 < r < n, the Eisenstein series E(Z, h) =
Eﬁ’r(Z, h) which have been studied by Klingen [KL] and which arise
by ‘lifting’ a cusp form & in {[',(1),k} to {[',(1), k}, Kitaoka has ob-
tained, in the same paper, the estimate a(T,h) = O((det THk=(r+D/2
(det T)"*+170/2) for the Fourier coefficients a(T', h) of E(Z, h) with T =
T :) and r-rowed symmetric 7. If f is in {I,(1), k} with even k >
2n + 2 and ®"f = 0 for the Siegel operator @, then for the Fourier
coefficients a (T) of f with positive definite 7', Kitaoka derived, as a
consequence, the estimate

a(T) = O((det T *D/2(min T)'7+/2) 4)

From [C]], it can be seen that any f in {[',(s),k} for k > 2n +
1 is a finite linear combination of Poincaré series G(Z;I',(s); T) and
their transforms under coset representatives of I', (I) modulo I',,(s) for
non-negative definite 7. Following Kitaoka’s method with appropriate
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modifications (e.g. of Lemma 7, §2, [KI]), it is not hard to prove the
following

Theorem. If f(Z) = Y, a(T) expa N—1tr(TZ)/2)e{T,(s), k} with k >
T>0

. A B
2n + 1 is such that for every M = (C D)
in the Fourier expansion of f((AZ + B)(CZ + D)) det(CZ + D)% is 0,
then we have a(T) = O((6T)*"*VD/2(min T)'~*/2), for positive definite
T.

inT, (1), the constant term

Kitaoka [KI|| has conjectured that the above theorem is true even for
2k > 2n + 3. One can also consider the analogues of the theorem above
her hermitian and Hilbert-Siegel modular forms.

§Poisson formulae of Hecke type.

Arithmetical identities have played a useful role in the estimation of the
order or the average order of arithmetical functions. For Ramanujan’s
function 7(n), we have an interesting identity

Z (n) exp(—s Vn) = 23723/21(25/2)s Z (n)(s* + 167%n) 252

I<n<co 1<n<oo

for s > 0, which looks more involved than the ‘theta-relation’

D tmexp(-ny) = @a/y)'? > tyexp(=4n’nfy) (y>0).

1<n<eco 1<n<eoo

Such identities (or modular relations as they are referred to in the litera-
ture) seem to be included by “Poisson formulae of Hecke type” consid-
ered by Igusa [I], which may thus be called generalized modular rela-
tions.

Let .# be the space of complex-valued C* functions F on the space
R7 of positive real numbers which behave like Schwartz functions at
infinity and which have, as ¢ tends to 0, an asymptotic expansion F(f) =
>, a,t” which is termwise differentiable (infinitely often). Let 2 be

r=0
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the space of complex-valued functions Z on the complex plane such that
Z(s)/T'(s) is entire in s and further, for every polynomial P, the functions
ZP is bounded in any vertical strip {s|a Re s < 8} with neighbourhoods
of 0,—1,-2,... removed therefrom. The usual Mellin transform F +
MF established a one-one correspondence between .% and 2. On the
other hand, for any real « > 0, there exists in 2, an involution Z — Z*
with Z*(s) = Z(k — s)I'(s)/T'(k — s) and this carries over to a unitary
operator F — WF in Z. If (s) = Y, a,n~* is a Dirichlet series

1<n<oo
(absolutely convergent in a half-plane and) of signature {4, «,y} in the

sense of Hecke [H2] so that (s — «)¢(s) is entire and of finite genus and
further £(s) = (A1/2n)°T'(s)e(s) = v&(k — ), then the Poisson formula
established by Igusa in [I]] reads:

Z a(WF)2an/d) = y Z a,F(2rn/ ) (5)

0<n<oco Osn<oo

forevery F in %, where a, = y(1/2n)*T'(«). Residue ¢(s). This includes
a result of Yamazaki.
Let G(s) = [] (I(ajs +pB;)™ witha; > 0,ReB; > 0,m; > 1 and
1<j<r
further, for i # j, @;j8; — a;B; is not of the form ma; — na; with integers
m,n > 0. .
Let {pj(s) = »_ a'nl™*;1 < j < N} and
n#0
Wi(s) = X b;j)lnl_s; 1 < j < N} be two sets of N Dirichlet series (each

n#0
converging in some right half-plane absolutely) so that if we write

§i(8) = B'G(s)pj(5),nj(s) = 'GP j(s) (I<j<N)

for some fixed A > 0, then we have the functional equations

Eitk=s)= > cpmls) (1<j<N) (6)

I<ksN

with real cj; we may suppose that (cjk)2 is the identity matrix and
also that &, n; have only finitely many poles. Following Igusa [IJ,
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the spaces .%, 2 may be redefined so that 2 consists, for example,
only of meromorphic functions Z on the complex plane such that Z/G
is entire and PZ is bounded in ‘vertical strips’ (with neighbourhoods
of poles removed) for every polynomial P. In the space .%, we have
a unitary operator W such that for every F in .%, (M(WF))(s)/G(s) =
(MF)(kx — 5)/G(x — s) for a k > 0, M being the Mellin transform. Let
no & have a pole on Re s = «/2, for simplicity and let uy, ..., u, be all
the poles of &’s. Then we have a Poisson formula of Hecke type [R-R]]
given by the following

Theorem. For any function F : R} — C whose Mellin transform MF
is such that MF|G is entire and P.MF is bounded in vertical strips
(with neighbourhoods of poles removed) for every polynomial P and for
&, ENL M, .y satisfying (@), we have

YR~ Y, Residue e = )

n#0 Reuj<k/2 = G(S)

= D | ) B WE)nl/ )~

1<1<N n#0

- Z Re;v_igue %m@)
Re uj<k/2 Y

Formula (7)) generalizes some well-known relations of a similar na-
ture considered, for example, by Maass [M1] in the Hecke theory of
non-analytic automorphic forms and by B.C. Berndt. The proof of (7))
is on the same lines as in Hecke [H2]; the sum over residues has to be
interpreted suitably in terms of the coefficients in the asymptotic expan-
sions of F and WF at 0 and the residue of the Dirichlet series involved
and sometimes, it takes a simple form as in (3). A Poisson summation
formula for a generalized Fourier transformation due to Kubota can also
be treated with arguments similar to those for (7). In the study of non-
analytic automorphic forms, Maass [M2]] has considered (for Dirichlet
series) functional equations in matrix form involving a generalized I'-
function I'(s; @, 8) which is the Mellin transform of the standard Whit-
taker function W(y; @, 8); in this case again, a general Poisson formula
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like (@) for pairs (F;, F) of C* functions on R} with prescribed be-
haviour at infinity and at 0 can be obtained. Specialising F(t), F>(¢) to
be W(ty; a,8), W(ty; B, @) respectively (with y > 0), one gets the corre-
sponding formula in [M2]}; in the light of a recent paper of Ranga Rao, it
turns out that there are quite a few pairs (¥, F) for which our Poisson
formula holds.

In the context of formula (3) proved in the lectures [I], one comes
across the natural question as to whether a p-adic analogue of the oper-
ator W exists. One may consider, instead of .% above, the space .% (Q;‘,)
of complex-valued F' on Q,, which are locally constant, with

0 for all ¢ with valuation [¢|, large
F(1) = \ " _ (8)
ap1 (Dt + bua(D)lt],* for all ¢ with [¢],small

constants a, b and quasicharacters u;, yo. This is a so-called Kirillov
model for irreducible admissible representations 7, of GL>(Q,). In this
case, if L(s,mp,) = {(1 - (PP )1 = pa(p)p~*))~", then the W-
operator is given again via the Mellin transform M:

(M(WF)(1-s) (MF)(s)
IO —s . €(s, mp)——— )

L(s,mp)

with a certain function €(s,n,) for which e(s,n,). el - s,7,) = 1.
Let Wg be the Whittaker function on GL,(Q,) whose Mellin transform
(over Qz) is L(s, m,), for every prime p and further let {x,}, be such that
together with a representation 7o, of GL>(R), the tensor product 7.® )7,
gives an irreducible unitary representation of GL,(Q,4) and moreover,

let [T L(s, 7)) be a Dirichlet series }, a,|n|™* converging absolutely in
P n#0
a right s-half plane, with a functional equation s — 1 — s, involving

L(s, o) = 2m) S~ P*D2M(s + (p+1)/2) for p > 0in Z or 757" x I'((s +
v)/2)I((s = v)/2) with v in C. Then for F' on Q built from .% and the
various Wg, we have an adelic analogue of our Poisson formula. Under
specialization, a formula of this kind constitutes an important step in
the Jacquet-Langlands’ theory, for showing that a global representation
of GLy(Qy) occurs in the space of cusp forms. Further details may be
found in [R-R].
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A REMARK ON ZETA FUNCTIONS OF
ALGEBRAIC NUMBER FIELDS!

By Takuro Shintani

Introduction

For a totally real algebraic number field £, it is known that every (partial) 255
zeta function of k is a finite sum of Dirichlet series which are regarded

as natural generalizations of the Hurwits zeta function (see [[1]] and [2]).

In this note we show that the similar result holds for arbitrary (not nec-
essarily totally real) algebraic number field. At the time of the Bombay
Colloquium (1979), H. M. Stark orally communicated to the author that

he has obtained such a result for non-real cubic fields. His oral commu-
nication was an initial impetus to the present work. The author wishes

to express his gratitude to Stark.

Notation. We denote by Z, Q, R and C the ring of rational integers,
the field of rational numbers, the field of real numbers and the field
of complex numbers respectively. The set of positive real numbers is
denoted by R.. For an algebraic number field k, we denote by E(k) and
O(k) the group of units of k and the ring of integers of k respectively.

'Results presented at the time of the Colloquium were relevant to automorphic forms
on unitary groups of order 3. However, later the author found several gaps in the proof
of those results. Here, another result obtained after the Colloquium is exposed.

2Takuro Shintani suddenly passed away on November 14, 1980. Ed.
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1. Let V be an n-dimensional real vector space. For R-linearly inde-

pendent vectors vy, vy, ..., v€V(l < t < n), we denote by C(vy,...,v;)

the set of all positive linear combinations of vy,...,v,. We call
Cvis..osvr)

a t-dimensional open simplicial cone with generators v, ...,v;. Note

that generators of a given open simplicial cone are unique up to permu-

tations and multiplications by positive scalars. We call a disjoint union

of a finite number of open simplicial cones in V a general polyhedral

cone. Thus a general polyhedral cone is not necessarily convex. Now

assume that V has a Q-structure. Thus, an n-dimensional Q-vector sub-

space Vg such that one has V = Vg (X R is identified in V. An open
Q

simplicial cone is said to be Q-rational if, for a suitable choice of gen-
erators, all generators are in V. A disjoint union of a finite number
of Q-rational open simplicial cones is said to be a Q-rational general
polyhedral cone.

A linear form on V is said to be Q-rational if it is Q-valued on V.

Lemma 1. Let CV and C® be two Q-rational general polyhedral

cones. Then CV — C? is again a Q-rational general polyhedral cone.

Proof. If is sufficient to prove the Lemma assuming that both C! and
C@ are Q-rational simplicial cones. Let ¢ be the dimension of C®.
There are n R-linearly independent Q-rational linear forms Ly, ... L
Mi,...,M,_, on V such that

C? = eV, L,v)>0,a=1,...,1,
My =0,b=1,....,n—1}.

Foreach b(1 < b <n-—1),set

COb, +) = {veC(l);Ml(v) =...=M,_1(v)=0,
+M,,(v) > 0}.
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Foreacha (1 <a <), set

CYn-t+1,a)= {veC(l);Mb(v) =0forb=1,...,n—t,
Li(v)>0,...,Le1(v) > 0,L,(v) < O}.

Then it is immediate to see that C) — C®? is a disjoint union of sets:
COb,+)1 <b<n—-1),CD0b,-)1 <b<n-t)and CD(n -1+
lL,a) (1 < a < t) It follows from Lemma 2 of [1]] and its corollary that

COb,x)1<b<n—-t)and COn -1+ 1,a)(1 < a < 1) are all disjoint
unions of finite number of Q-rational open simplicial cones. O

2. Let k be an algebraic number field of degree n with r| real and r,
complex infinite primes (n = r| + 2ry). Let x = x9 (1 <i<n)ben
mutually distinct embeddings of & into the field of complex numbers C.

We may assume that x(1, ..., x"" are all real and that x('1+) = x~(1+n2+0)
(1 € i < rp). We embed k into an n-dimensional real vector space
V = R x C™ via the map: x — (x1, ... x00) x+D )y,

We identify & with an n-dimensional Q-vector subspace of V by means
of the embedding. Fix a Q-structure of V by setting Vo = k. Set V, =
R x (O)2, ky = Vo Nk and E(k); = E(k) N ky. Thus E(ky) is the
group of totally positive units of k. By componentwise multiplications,
the group E(k), acts on V..

Proposition 2. There exists a finite system {C}; j € J}(|J| < o0) of open

simplicial cones with generators all in ky suchthat V, = ) U uC;
JjeJ ueE k),

(disjoint union).

Proof. For each x € V, we denote by N(x) the “norm” of x given by
N(x) = xD . x0Dxti+D 14722 et V! be the subset of V, con-
sisting of all vectors with norm 1:

Vi={xeV, N =1}.

Note that each vector in V, is uniquely expressed as a positive scalar
multiple of a vector in V}r s x = {NQ)YVHN(x)"V/" .x).
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If follows from the Dirichlet unit theorem that the group E(k). acts
on V! properly discontinuously and that E(k),/V! is compact. Thus,
there exists a compact subset F of V! such that

vi= ) wF (1)

ueEk),

Note that the subset of Vi gives as {N(x)"""x; x € k,} is dense in Vi.
Hence for each X € F, there exists an n-dimensional open simplicial
cone C with generators all in k, such that x € C N V! and that C N uC =
for any 1 # u € E(k),. Thus, there exists a finite system Cy,...,Cy of
n-dimensional open simplicial cones with generators all in k; such that

N

F=J @nvh 2)

i=1

and that
CinuC; = forany 1 #u € E(k)+(1 <i<s). 3)

If follows from () and () that

i=1 uekE(k)
Set Cgl) = Cj and set

cl=c- | ] uci2<i<y).
ucE(k)

Note that uC; is disjoint to C; except for a finite number of u. Hence
Lemma [I] implies that Cgl) is a Q-rational general polyhedral cone.
Taking (@) into account, we have

N

V, = U U uCEl) and

i=1 ueE(k);
uC’ N Y = forany u € E(k), if i > 2.
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Now assume that a finite system of Q-rational general polyhedral cones

C ia), s CE“’ (1 < a < s—2) with the following three properties is given:
Cc\? c ¢ @)
S
V, = U U uC'®, (5@
i=1 ueEk)+
uC(”) N C(a) = forany u € E(k), ifi <aandi # j. (6))

Then set C(‘”l) C(“) fori < a+ 1 and set

V=@ — | ucl? foriza+2,
ucE(k)

Then {C g““), ...C E”H)} is a finite system of Q-rational general polyhe-
dral cones with properties (4)4+1, (5)q+1 and (6),41.

It is easy to see that {Cgs_l), ...,CY VY is a finite system of Q-
rational general polyhedral cones such that

S
Ve = U U uC*™"  (disjoint union).
i=1 ueE k),

O

Remark. For totally real fields k, Proposition 2 is obtained in [1]] by a
different method (cf. Proposition 4 of [1]).

3. We choose and fix a finite system {C}; j € J(|J| < o0)} of open
simplicial cones with generators all in k. such that

V, = U U uC; (disjoint union). (7)
Jj€J ueE(k)+

The existence of such a system is guaranteed by Proposition2.] For each
C;, we denote by #; the dimension of C; and choose and fix generators
vil,... Vit of C;j so that they are all in O(k); = O(k) N k.
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Furthermore, we choose and fix integral ideals ay, ay, . . ., ay, so that
they form a complete set of representatives for narrow ideal classes of k.
Lef f be an integral ideal of k and let Hy(f) be the group of narrow ideal
classes modulo f. There is a natural homomorphism from the group
Hi(f) onto the group of narrow ideal classes of k. Fro each ¢ € Hi(f)
there uniquely exists an index i(c)(1 < i(c) < hg) such that ¢ is mapped
to the class represented by faj).

Set

1
Cj = {Sl\/ﬂ +svpt.. S,jVjtj;O < 81,8250, 8 < 1}

and
R(c,Cj) ={x¢€ C} N f_laicl,);(x)fai(c) € c}.
Then R(c, C)) is finite.
Let C be a #-dimensional open simplicial cone with a prescribed

system of generators vy, ..., V.
For each x € C, we denote by (s, C, x) the Dirichlet series given by

{(5,Cx) = D NG+ zvn + .+ 20) ™ )

where z = (z1, ..., z/) ranges over the set of all #-tuples of non- negative
integers (the notation N is introduced at the beginning of the proof of
Proposition [2)).
Let (s, ¢) be the zeta functions of k corresponding to the ray class
¢ given by
s, 0) = Y N@™, ©)
g

where g ranges over the set of all integral ideals of & in the ray class c.

Proposition 3. The notation and assumptions being as above.

Gls,¢) = Nlfaio)™ D > £(s,C ).

Jj€J xeR(c,C))

Proof. Let g be an integral ideal in the ray class ¢. Then g and fa;.,
are in the same narrow ideal class of k. Thus, for a suitable w € k.,



Bibliography 287

g = faj(w). In view of (7), we may assume that w € C; N k, for a
suitable j € J.

Setw =yivj; +... + ViVt

Then yi,...,y;, are all positive rational numbers. Let the integer
part of y, be z,(a = 1,...,1)).

Then x = w — (z1vji + ...+ 2,vjr,) € C} N (faye) ™"

Furthermore (x)fa;) is in the ray class c.

Thus x € R(c,C;). A simple consideration shows that j, zi,. .. 5 21;
and x are uniquely determined by g.

On the other hand, for an x € R(c, C;) and a t;-tuple of non-negative
integers z = (21, . . . ,ztj), aiofx+zivj+...+ ztjvj,j) is an integral ideal
in the ray class c.

We denote by Z.. the set of non-negative integers. We have seen that
the following map establishes a bijection from the set |J{R(c, C;) X Zf{}

jeJ
onto the set of integral ideals of & in the ray class c: '
L
(x,2) € R(e, C)) X Z] = aiof(x + D zavija).
a=1

Thus Proposition 3] now follow immediately from (9)). m]

Remark. For totally real field k, Proposition[3] is given in the proof of
Theorem 1 of [[1]] (see also [2]]).
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DERIVATIVES OF L-SERIES AT S =0

By H. M. Stark

1 Introduction

In 1970, I introduced [5] a rather vague general conjecture on values of
Artin L-series at s = 1. Since then the conjecture has been considerably
refined, especially for certain types of characters [6, II, III, IV]. It is
appropriate to present a paper on this subject here since it was at the
Tata Institute that the complex quadratic case was treated in the lectures
of Siegel [4] and later work of Ramachandra [3]]. It has become clear in
recent years that the formulas at s = 0, although equivalent to formulas
at s = 1 via the functional equation, are considerably simpler. In this
paper, we will concentrate on the case of Artin L-series with first order
zeros at s = 0. Included in this category of L-series are the abelian L-
series over complex quadratic ground fields studied by Ramachandra.
Since his results have been improved, this is a good place to begin.

2 Complex quadratic ground fields

Let k be a complex quadratic field, f an integral ideal of &, f # (1). Sup-
pose G(f) is the ray class group of k(mod f) and let J be a subgroup of
G(f) and K the class field corresponding to H = G(f)/J. The characters
x of H are precisely those ray class characters of k(mod f) which are

288
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identically 1 on J. We let L(s, y) denote the L-series corresponding to
the primitive version of y and L(s, y, f) denote the L-series correspond-
ing to the (possibly imprimitive) character y(mod f). This is the series
that results from L(s, x) by deleting the p-factors from the Euler product
of L(s, y) for each p/f.

Our improvement of Ramachandra’s result is the following theorem
which is proved in [6] IV].

Theorem . For each coset ¢ of J in G(f), there is an algebraic integer
&(C) such that the following three properties hold:

i). For each character y of H,
L0 = =55 > x(©)loge(©)
ceH
where W is the number of roots of unity in K.
ii). The explicit reciprocity law is given by 262
e(/)"* = e(c)(mod p)

where p is a prime ideal in c. Further, e©)/e(HNP s a W
power of a number in K and the £(C) are all associates.

iii). Iff = p® where p is a prime ideal, then
Ni/a(&(©) = Niya(P)’

where Wh
b=—
w

and h is the class-number of k, w the number of roots of unity in
k. In all other cases, €(C) is a unit.

Actually, part iii) is a simple corollary of part i) with y being the
(imprimitive) trivial character of H since by part ii) the £(C) are the con-
jugates of (J).
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As an example, suppose k = Q(Vd) has class-number one and f =
p® for a first degree prime ideal p of norm p relatively prime to 6d. Here
W = w and for each character y of G(f), we have

-1
L'O.x.H = 3 D x(©loglle(©)’)

where €(C) is in the ray class field K(f) of k(mod f). The norm of e(c)
from K(f) to Q is p. By our Theorem,

eC)
e(co)

where C is the principal ray class (mod f), &, is in K(f) and is a unit.
As we show in [6, IV] by the theory of group determinants as discussed
by Siegel [4], the units &¢, ¢ # Co, together with the w'" roots of unity
generate a subgroup of the unit group of K(f) of index precisely the
class-number of K(f). All previous results in this direction have had a
much larger index. The situation in this example figured strongly in the
work of Coates and Wiles [2]].

For the rest of this section, we will suppose that f* = f andJ* = J
where 7 denotes complex conjugation. Thus the field K is normal over
Q. We identity H with the Galois group of K/k via our Theorem and
now write

w
SC

, -1
L'O.x.0 = 5 ) x(h)log(le"P)
heH
where £ = &(J). We let G denote the Galois group of K/Q. We will
denote the characters of G by the Greek letter ¢ while continuing to
denote the characters of H by y. In particular, if ¢ is the character of G
induced by y then for any 4 in H,

w(h) = x(h) + x(tht™h),
Y(ht) = 0.

It turns out that £ was constructed so that some power of ¢ is real. There-

fore,
-1
|8‘rh‘r | — |8h|
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and it follows that

L'(0,y, N(h) = L’(o X0
Z w(g)log(s*1")

geG

Although different in appearance, this is equivalent to the general con-
jecture in [0, II] for this case with “fudge constant” —1/(2W).

To illustrate some of the possibilities that occur, we will take as an
example the case where G is the dihedral group of order 8 with genera-
tors o, T and relations 0* = %> = 1, o7 = 70>, This group arises over
Q(V-19) with 7 being complex conjugation and

3

H=H_i9= {1,0‘2,0'7',0' 7},

the Klein four group.

K
ot - O_\ ot
2 (1) (1) )
K3 Ky /1(17’19\1(19 K2
k17 k_323 k-19
Q

There is a pair of prime ideals of norm 17 in Q(V-19), p(l) = 264
7+ V=19
( ]and p@ = pDr (7 v—)

17 =P;T For j = 1,2, there are unique

ray class characters y”(mod p(')) of order two. They are primitive char-
acters and give rise to ray class fields K™ (1) and K(z) = K(I)T The com-
posite field K comes from the ray class group (mod 17) modulo a sub-
group of index 4 where both ¥V and y? are defined. Further, G(K/Q) =
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G, the dihedral group of order 8. The product character y(Vy® of or-
der two is a primitive character (mod 17) and corresponds to the class
field K17-19 = Q(V17, V=19). Of the five possibilities, we see that
(1,07} or {1,037} = 711, or}r must be G(K511)9/k_19) and we assume
o has been picked so that G(K(_I])9 /k_19) = {1,o0t}. This makes H as
claimed. There are two other quadratic subfields of K : kj7 = Q( V17)
and k_33 = Q(V-323). We see that G(K/k_323) = {1,002, 07} is
cyclic while G(K/ki7) = {1, 71, o2, 021} is the other Klein four group
in G. (The real subfield of K is fixed by {1, 7} and is not normal over
Q. This is what allows us to decide which group goes to which field.)
The remaining two quartic subfields of K are quadratic extensions of
ki7 : K1) fixed by {1,7} and K\ fixed by {1, 07}

1 o? oT o3
X 1 1 1 1
P 1 -1 1 -1
¥? 1 -1 -1 1
X(I)X(2) 1 1 -1 -1

Character table of H_jg

By our Theorem, there is a number 7 in K_19 of norm 17 such that
, -1 2
L'(0.x"".py7) = —-llog(*) ~ log(ix” )]

There is also such a number in K(_21)9 for L’(0, y%, p%)) but it is just
7 and the formula is the same. It is no surprise that the formula should
give the same answer since L(s, (1, p(117)) and L(s, y?, p(127)) are the same
Dirichlet series. Indeed this series arises in several different ways. From
the character table of G (whose characters have been
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1 o? T,0°7T oT, 00T o, o

U1 1 1 1 1 1

U7 1 1 1 1 -1

Y19 1 1 -1 1 -1

Y33 1 1 -1 -1

123 2 -2 0 0 0
Character table of G

given suggestive names), we see that y(! and y® both give the same
induced character of G, namely ¢,. But ¢, also arises as an induced
character from G(K/k;7) and G(K/k_373). In particular, there is a prim-
itive ray class character of k;7 modulo a prime ideal of norm 19 which
corresponds to Kg). It takes the values 1, 1,—1,—1, at 1,7, 02, 07 re-
spectively and also induces i on G. Further, by our Theorem there is a

unit £ in K' ¢ such that

With
n=|EP = EE

we have :
L'(0,y2) = 5~ log(IE*?) = ~log(m)

where 7 is in K')). Also E” = +1/E so that (EE")"" = 1/(EE) and
hence, 7 = 1. The unit 7 is precisely what is called for in my conjec-
ture for real quadratic L-series. However, I have proved my conjecture
for relative quadratic extensions, such as Ki? /k17 without aid of com-
plex multiplication.

We return to K/k_19 again and now consider y'" and y® as imprim-
itive characters (mod 17). According to our Theorem, there is a unit &

of K such that for any of the four characters y of H,

, 1
L'Ox17) = =3 ) x(®logle"P).
heH
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In fact, € is real and so is also in K ?7) The question then arises if € = 1.

The answer to this question is related to the question as to why we bother

with the imprimitive version of L(s, y'") since )((1>(p(127)) = —1 and so

L'0,xV,17) = 2L7(0, yV).

It turns out that we get new units this way. For instance, since € is
2 2 2 2 .
real, 727 = £77 = g% = &% sothat &7 is real and

3 3
|80'T| — IgTO'TI — |80' | — |80' Tl

Hence

L., 17) = ~log |2

£’

)

Of course n/n” ! = 1* and so £ = 7 is still possible. However,

|

= —2log(n).

(880'2)2

K/k-19
2
7,

(&)

L' x"y®) = - log(
= —2log(lee
while by Dirichlet’s class-number formula,

L0, x"x®) = L(0,y_323)L'(0, y17)
= h(k_323)h(k17)log(e17)
= 4log(e17)

Thus e&”” = i—é%7 while 7777"2 =1 and so € # 5. Since

€ 82

2
ev eegv

we also have a confirmation of the fact that s/s‘72 is a square in K.
Thus far, we have looked at L’(0, ¢») in three different ways (twice
over k_19 and once over k7) and found the three different numbers ., 1, €
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all leading to the same result. But we can also look at L’(0, ¥,) viewed
over k_3»3. In the table below, the two characters y” and ¥’ of order four
of H_333 = G(K/k_373) induce ¢,. Here K is actually the Hilbert class
field of k_3»3. This has the unfortunate consequence that the conductor
of L(s, ) viewed over k_3p3 is (1) and our Theorem does not apply di-
rectly. However, we may make all four characters of H_3;3 imprimitive
by raising the conductor. It is tempting to use the

1 o o2 o3
X, 1 1 1 1
X 1 i -1 —i
Y2 1 -1 1 -1
X=x* | 1| - | -1 i

Character table of H_33

unique ideal p’17 of k_3p3 of norm 17 as our conductor. Since p’17 is in
the class of order two, the corresponding Frobenius automorphism of
H_33 is 0>. (Note 17 ramifies from Q to K so we must be very careful
in going from H_3;3 to G with Frobenius automorphisms.)
Hence,
L'(0,x",p17) = 2L°(0, x"),

(the same is true of ¥’) and we are once again evaluating
L'(0,42,17) = 2L (0, y2).

We see from our Theorem that instead of getting & again, there is a
number 7/, in K such that for all four characters y of H_33,

’ ’ 1 /
LOx.pi) =5 >, x()log(n"P)
heH_373

where
Nkjo(n') =174

Further 7’ is not just 72 or even 7 times a unit since

(7T/) = p/17
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so that (7')? = (17) = p(117)p(127) while (7?) = p(l) Thus we have found
still another number of K. Here again, 7’ is real and so L’(0, y’, p’17)

simplifies to
where 7/ /7" is real and is a square in K.

The difficulty in using conductor (1) is that the trivial character gives
{k 0, (s) whose first derivative at zero is rather horrible. However, for the
three non-trivial characters y of H_3»3, one can write all three L’ (0, y) si-
multaneously in terms of a nice number given by quotients of Dedekind
eta-functions. But this simultaneous expression of all three L-series
would appear to require a worse coefficient than —1/2 on the right side of
the equation. It does seem possible to express any one of three L’(0, y)'s
in a nice manner. For instance, there is a number « in K (non-integral)

given by
_gmw? 1+ V=323
n(w/9)* 2 ’
where we have used the eta-function on the right, and

L'0,x") = —log(la)

/

o’

’ ’ ’ T
_2 log(n) = L (O’X s p]7) = _log(

from which we see that
Ny, K(n)(a)

3 L-series considered over O

In this section, K is a normal extension of Q with Galois group G whose
characters will again be denoted by ». We have seen in the last section
that if K has a complex quadratic subfield k such that G(K/k) = H is
abelian with conductor f = f* # (1) and ¥, is a of G induced by a
character of H, then there is an integer € in K such that

L'O.40 NO) = 7 Zm@@@n

geG
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This tempts us to try and relate every L(s, ) to >, ¥(g) log(|e® ). To see
the difficulties that we face, let us momentarily return to the dihedral
group example of the previous section. We recall that each time we
considered L(s,y») from a new perspective, we came up with a new
number in K related to L' (0, 7). From the point of view of characters of
G, itis not at all clear why so many different numbers of K should arise
or which number we should use. However, for illustrative purposes, let
us take the real unit £ in K from the last section which satisfied,

-1
L 17) = = ) (@) loglleP).

geG
Further, for ¢ = 1,19 Or _373,

D w(@)log(ls) = 0.

geG

For i = i1, this is because ¢ is a unit while for ¢ = ¥_j9 or ¥_373, it is
because ¥(g7) = —y/(g) for all g in G which allows a pairing of terms.
For ¢ = 17, the situation is even more intriguing since

L'(0,¢17,17) = L'(0,¢17) = log(e17)

and so we expect some relation between

L'O,y17) and )" yir(9)log(s*P).

We found earlier that

D @ log(lef) = Y [17(8) + ¥-33()]log(le* )
= —4L'(0,xx?)
= —16log(e17) = —16L7(0,y17).

The factor of 16 is rather hard to guess beforehand. Worse still, there are
primes p which don’t split in k_j9 with ;7(p) = —1. For these primes,
L(s, x'Vy®) has a p-factor (1 — p=2%)~! and so L(s,¥17 + ¥—323, 17p)
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has a second order zero at s = 0. This means that we come up with a
unit such that

D wia(@ log(unittP) = 3" [Y17(9) + Yr3(g)] log(unitf ) = 0,

geG

even though
L'(0,417,17p) = 2L°(0,¥17) # 0.

Thus it appears that is we wish a common factor such as —1/(2W)
in front, we must give up looking simultaneously at all characters i of
G such that L(s,y) has a first order zero at s = 0. For second degree
characters, we may still ask if this is possible. Precisely, we ask the
following.

Question. Suppose that K is a complex normal extension of Q with Ga-
lois group G containing W roots of unity. Suppose that f is divisible
by the conductor of every irreducible second degree character ¥ of G
with (1) = 0 where T in G represents complex conjugation. Is there an
integer m in K such that

i). 78 is an associate of « for all g in G and some power of 1 is real.

ii). n8/nP is a W™ power in K where p is a prime not dividing W f
times the discriminant of K and whose associated Frobenius au-
tomorphisms are conjugate to g in G.

iii). For every irreducible second degree character  of G with Y(t) =
Oy

-1
L'O.4.0) = 55 ) w(g) log(irP).

geG

This question is probably most safely asked when at least one of the
characters ¢ under consideration is not a character of any quotient group
of G. The extra difficulties that arise otherwise can be illustrated by
taking K to be the 36" degree field generated by the Hilbert class fields
of Q(V=23) and Q(V-=31). Also, a study of inertial groups should
enable us to replace f by a smaller number in many cases.
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Suppose we have a set of n irreducible characters i satisfying the
hypotheses of our Question such that if i is in the set of n characters, so
is every algebraic conjugate of . Then we can expect to isolate n pieces
of information about units from the numerical values of the L’(0, yf).
We do this by imitating the orthogonality relations for G. Consider the
n-dimensional Z lattice in C" generated by column vectors of the form
vy = (Y(g)) where ¢ runs through the n characters under consideration
in some fixed order. The dual lattice consists of those n-dimensional
vectors u such that < u, v, > isin Z for all g in G. Without the hypothesis
on algebraic conjugates of ¢ being present, we needn’t have a lattice and
then there may not be any non-zero u such that < u, v, > is in Z for all
g. We now have

<u,L'(0,y,f) > = % g; < u,vg > log ('ngﬂz)

-1
= oy log (leuf’).

&, = n(ﬂg)<u,vg>

geG

Here

is a unit since the ¢ are associates and ); < u,vg >= 0 by the orthogo-

8
nality relations. In fact, since 7" = {x for a root of unity ¢,
8; — r[(gg)<u,vg> l_l(ﬂ,g)<u,vg>’
8 8

and so up to a root of unity g, is real. It seems likely that 7 can be chosen
so that this root of unity is one (for example, if x itself is real) and g, is
positive. We would then expect that

<u, L'(0,y,f) >= _—W} log(&y), (1)

where g, is a positive real unit in K.
Further, &, is already a W™ power in K. To see this, let M be the
field of W™ roots of unity and H = G(K/M). If y is the trivial character
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of H, then by the definition of M, the induced character x7 is the sum of
all the one dimensional characters of G. It follows from the Frobenius
reciprocity law that for any of our n characters ¢, the restriction of i to
H does not contain y. If p is a representation of G with character ¢,
then for any g in G,

D peh) = p(e) Y p(h) =0,

heH heH
and hence
D wigh =0.
heH
therefore
Z ven = 0.
heH

For each g in G, let p, be chosen according to part ii) of our Question
so that 78 /zPs is a W power in K. For any h in H, p,; = py(mod W)
and hence

Z Pgh < U, Vgp >= pg < U, Z Vgr >= 0(mod W)
heH heH

¢ e | | <u,ve>
&y = _ ﬂPg Vg
nPs
geG

geG

Therefore,

is a W power in K as claimed.

I have shown numerically in several instances that the Question has
an affirmative answer in cases where K is a class field of a real quadratic
field [16 I1I, IV]. Just as this Colloquium was taking place, Ted Chinburg
[1] formulated the Conjecture on Artin L-series with first order zeros at
s = 0 in terms of (I) and investigated (1) in the case that K is the 48"
degree field corresponding to the non-abelian modular form of conduc-
tor 133 found by Tate. He found a unit &, in K which is a W power and
which satisfies (I)) to 13 decimal places. In fact he found g, by using the
numerical values of the L’(0, ) in a manner similar to [6, II] but with
a nice improvement in the method that avoids the small searches that I
had to make.
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EISENSTEIN SERIES AND THE RIEMANN
ZETA-FUNCTION

By D. Zagie

In THis paPER We will consider the functions E(z, p) obtained by set-
ting the complex variable s in the Eisenstein series E(z, s) equal to a zero
of the Riemann zeta-function and will show that these functions satisfy
a number of remarkable relations. Although many of these relations are
consequences of more or less well known identities, the interpretation
given here seems to be new and of some interest. In particular, looking
at the functions E(z, p) leads naturally to the definition of a certain rep-
resentation of S L,(R) whose spectrum is related to the set of zeroes of
the zeta-function.

We recall that the Eisenstein series E(z, s) is defined for z = x + iy €
H (upper half-plane) and s € C with Re(s) > 1 by

1 b
E@o= ), Imy'=5 > ——= (1)
yel'o /T 2 c,deZ |CZ+d| *

(c.d)=1

1 n

where T = PS Ly(Z), Too = {i (0 X

) Ine z} c I. If we multiply both

Supported by the Sonderforschungsbereich “Theoretische Mathematik” at the Uni-
versity of Bonn.

302



Eisenstein Series and the Riemann Zeta-Function 303

sides of (@) by £(2s) = Y. ¥~ and write m = rc, n = rd, we obtain
r=1

IS 2
(OB ) =5 ) i 2)

where Y indicates summation over all (m, n) € Z*/{(0,0)}. The func-
tion {(2s)E(z, s) has better analytic properties than E(z, s); in particular,
it has a holomorphic continuation to all s except for a simple pole at
s=1.

There is thus an immediate connection between the Eisenstein series
at s and the Riemann zeta-function at 2s. This relationship has been
made use of by many authors and has several nice consequences, two of
which will be mentioned in §1. Our main theme, however, is that there
is also a relationship between the Eisenstein series and the zeta function
at the same argument. We will give several examples of this in §2. Each
takes the form that a certain linear operator on the space of functions on
I'/H, when applied to E(-, s), yields a function of s which is divisible
by {(s). Then this operator annihilates all the E(-, p), and it is natural
to look for a space & of functions of I'/ H which contains all the E(-, p)
and which is annihilated by the operators in question. Such a space is
defined in §3. In §4 we show that & is the set of K-fixed vectors of a
certain G-invariant subspace 7" of the space of functions on I'/G (where
G = PSLy(R), K = PSO(2)). Then ¥ is a representation of G whose
spectrum with respect to the Casimir operator contains p(1—p) discretely
with multiplicity (at least) n if p is an n-fold zero of {(s). In particular,
if (as seems very unlikely) one could show that ¥ is unitarizable, i.e. if
one could construct a positive definite G-invariant scalar product on 7,
then the Riemann hypothesis would follow.

The paper ends with a discussion of some other representations of
G related to ¥ and reformulation in the language of adeles.

§ 1. We begin by reviewing the most important properties of Eisen-
stein series.
a) Analytic continuation and functional equation.
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The function E(z, s) has a meromorphic continuation to all s, the
only singularity for Re(s) > % being a simple pole at s = 1 whose
residue is independent of z:

3
ress-1E(z, ) = 7—T(Vz € H). 3)
The modified function

E*(z,8) = n T (s)¢(25)E(z, 5) “4)

is regular except for simple poles at s = 0 and s = 1 and satisfies the
functional equation
E*(z,5) = E*(z,1 - ). &)

These statements are proved in a way analogous to Riemann’s proof
of the analytic continuation and functional equation of {(s); we rewrite

@) as
E*(z,5) = %ﬂ_sr(s)mzr; Q. (m,n)"" = %f((az(t) - la, ()

where Q.(m, n)(z € H) denotes the quadratic form

_lmz+ nl?

Q.(m,n) = (7)

of discriminant —4 and @.(f) = Y, e ™2™ the corresponding theta-
m,nez

series; then the Poisson summation formula implies ®Z(%) = 10.(t) and
the functional equation and other properties of E(z, s) follow from this
and equation (6).

b) “Rankin-Selberg method”.

Let F : H — C be a I'-invariant function which is of rapid decay as
y — oo (i.e. . F(x+iy) = 0(y™") for all N). Let

1

C(F;y) = fF(X+iy)dx & >0 ®)

0
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be the constant term of its Fourier expansion and

[ee)

I(F;s) = f C(F;y)y*2dy (Re(s) > 1) 9

o

the Mellin transform of C(F';y). From (1) we obtain

I(F;s) = f F(2)y'dz = fF(z)E(z, s)dz, (10)
Tw/H I'/H
where dz denotes the invariant volume element 2y. Therefore the
y

properties of E(z, s) given in a) imply the corresponding properties of
I(F; s): it can be meromorphically continued, has a simple pole at s = 1
with

res,—1 I(F; s) = 73_r fF(z)dz, (11)
I'/H
and the function
I'(F; 5) = 7 °T(s){28)I(F; 5) (12)

is regular for s # 0, 1 and satisfies
I'(F;8) =T"(F; 1 —9) (13)

c¢) Fourier development.
The function E*(z, s) defined by () has the Fourier expansion

E*(z,5) = "2s)y* + (25— Dy'™* (14)

+24/y Z 12 1-25(M)K_1/2(2ntny) cos 2nnx,

n=1

where

f®=nﬂ%gxm (s €C), (15)
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o(n) = Zdv (neN, veC),
dn

K, (1) = fe_tCOSh” coshvu du (veC, t>0). (16)
o
The expansion ([14), which can be derived without difficulty from

@), gives another proof of the statements in a); in particular, the func-
tional equation (@) follows from (I4) and the functional equations

() = =9),00n) = n'o_(n), K1) = K_y(D).
Because of the rapid decay of the K-Bessel functions (16), equation
(14} also implies the estimates
3

9
2 B9 = O™ =D 1og" y)(n = 0,1,2,...,0 = Re(s),  (17)
S

v =Im(z) — o)

for the growth of the Eisenstein series and its derivatives. Finally, it
follows from (I4) or directly from (I) or (@) that the Eisenstein series
E(z, s) are eigenfunctions of both the Laplace operator

el o
_ 2

and the Hecke operators

b
T():Famy— Y F(az;r ) (n>0),

ad=n b(mod d)
a,d>0

279 namely
AE(z,5) = s(s— DE(z,5), TWmE(z, s) =n’oi_2;n)E(z,5). (18)

We now come to the promised applications of the relationship be-
tween E(z, s) and {(2s). The first (which has been observed by several



Eisenstein Series and the Riemann Zeta-Function 307

authors and greatly generalized by Jacquet and Shalika [3]]) is a sim-
ple proof of the non-vanishing of {(s) on the line Re(s) = 1. Indeed,
if Z(1 + ir) = 0, the (I4) implies that the function F(z) = E(z,% + %
it) is of rapid decay, does not vanish identically, and has constant term
C(F;y) identically equal to 0. But then I(F; s) = O for all s, and takings

1 1
s = ) it in (I0) we find f |F(2)[>dz = 0, a contradiction.

I'/H

The second “application” is a direct but striking consequence of the

Rankin-Selberg method. Let %y c I'/H be the horocycle ', /(R + iy); it

1
is a closed curve of (hyperbolic) length —. The claim is that, asy — 0,

the curye ¢ “fills up” I'/H in a very uniform way: not only does %,
meet any open set U C I'/H for y sufficiently small, but the fraction of
%, contained in U tends to vol(U)/ vol(I'/H) as y — 0 and in fact

length (6, N U) _vol(U)

lengh(@,)  ~ volyH) T 0T 0= 0%

moreover, if the error term in this formula can be replaced by 0(y3/47%)
for all U, then the Riemann hypothesis is true! To see this, take F(z) in

b) to be the characteristic function yy of U. Then

length(6, N U)

CEy) = length (%))

and the Mellin transform I(F, s) of this is holomorphic in Re(s) > %@
(where O is the supremum of the real parts of the zeroes of {(s)) except

. . vol(U)
for a simple pole of residue k = 3 [ F(z)dz = —————ats = 1. If
plep 4 F/fH vol(I'/H)

F were sufficiently smooth (say twice differentiable) we could deduce

that I(F;o + it) = 0(t2) on any vertical strip Re(s) = o > %G), and

the Mellin inversion formula would give C(F;y) = « + ()(yl‘%@‘s). For

F = yy we can prove only C(F;y) = k+ O@%‘s); conversely, however, if 280
C(F;y) = k+0(y*) then I(F; s)—

and if this holds for all F' = yy we_obtain 0 <21 - a).

is holomorphic for Re(s) > 1-a,
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§2. In this section we give examples of special properties of the
functions E*(z, p) or, more generally, of the functions

C’)m
F(z) = Fom(z) = —E"(z, 5) O<m<n, -1, (19)
as™ s=p
where p is a non-trivial zero of {(s) of order n,,.

Example 1:

Let D < 0 be the discriminant of an imaginary quadratic field K. To
each positive definite binary quadratic form Q(m,n) = am?® + bmn + cn?
-b+ VD
—\/_ € H. The I'-

a
equivalence class of Q determines uniquely an ideal class A of K such
that the norms of the integral ideals of A are precisely the integers rep-

resented by Q. Also, the form Q,, defined by @) equals Q. There-

of discriminant D we associate the root zg =

. VIDI
fore (6) gives

1(|D| s/2 ’
E*(zg.5) = > (T) ﬂ_SF(s)Z O@m,n)"*

D s/2
:g(%) 7 T()(A, ),

=S
where w(= 2,4 or 6) is the number of roots of unity in K and {(4, s) = .

a
is the zeta-function of A. (Note that this equation makes sense because

E*(zg, s) depends only on the I'-equivalence class of zp and hence of
Q.) Thusif Q1, ..., Onp) are representatives for the equivalence classes
of forms of discriminant D, we have

h(D) w (ID| /2 (D)
2 EGon9 =3 (T) 7T Y LA 9)
i=1 i=1

|D| s/2 »
(T) 7 T(s)¢k(s)

D]

s/2
(T) 7 *T(s)l(s)L(s, D),

[SYIE N YIRS
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where (k(s) is the Dedekind zeta-function of K and L(s, D) the L-series

> (—) n~*. Since the latter is holomorphic, we deduce that the function
-1\n
Z(D)
2. E*(zg,, s) s divisible by I'(s){(s), i.e. that it vanishes with multiplic-
i=1
ity > n, at a non-trivial zero p of {(s). A similar statement holds for any
negative integer D congruent to O or 1 modulo 4 (not necessarily the dis-
criminant of a quadratic field) if we replace {x(s) in the equation above
by the function

h(D)

1
{(s,D) = Z Z Omny (20)
i=1 (m,n)aZz/l"Qi s
Qi(m,n)>0
where Q;(i = 1,...,h(D)) are representatives for the I'-equivalence

classes of binary quadratic forms of discriminant D and I'p, denotes
the stabilizer of Q; in I'. Again the quotient L(s, D) = {(s,D)/{(s) is
entire ([[L1], Prop. 3, ii), p. 130). This proves

Proposition 1: Each of the functions (19) satisfies

(D)

> Fzg)=0 1)
i=1

for all integers D < 0, where zg,, . .. s20jp) AT the points in I'/H which
satisfy a quadratic equation with integral coefficients and discriminant
D.

Notice how strong condition (1)) is: the points satisfying some
quadratic equation over Z (“points with complex multiplication”) lie
dense in I'/H, so that it is not at all clear a priori that there exists any
non-zero continuous function F : T'/H — C satisfying eq. @2I) for all
D < 0.

Example 2:
This is the analogue of Example [I] for positive discriminants. Let
D > 0 be the discriminant of a real quadratic field K and Qy,..., Qup)
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representatives for the I'-equivalence classes of quadratic forms of dis-
criminant D. To each Q; we associate, not a point zp, € I'/H as before,
but a closed curve Cg, C I'/H as follows: Let w;, wl'. € R be the roots of
the quadratic equation Q;(x,1) = a;x* + bix + ¢; = 0 and let Q; be the
semicircle in H with endpoints w; and w!. The subgroup

1
_ i(t — b;u) —ciu
Lo = {i ( a;u %(t + b,-u))

of I', which is isomorphic to {units of K}/{+1} and hence to Z, maps €;
to itself, and Cyp, is the image I'p,/Q; of Q; in I'/H. On Cp, we have a
measure |dg,z|, unique up to a scalar factor, which is invariant under the
operation of the group I'p, ® R obtained by replacing Z by R in 22)); if
we parametize ; by

tou€Z,* — Du* = 4} (22)

wilp + W;
=— 0 < p < ),
¢ ip+1 O <p<eo)
t+uvD d
thenI'g, acts by p — 5217 (= MT\/_ aunit of K) and |dg;z| = —p A
p

theorem of Hecke ([2]], p. 201) asserts that the zeta-function of the ideal
class A; of K corresponding to Q; is given by

ﬂ.S

Iy

[Ans) = =D f E*(z, 9)ldod

Co,
(cf. [LO], §3 for a sketch of the proof). Thus
(D)

> f E'(. 5)ldgzl = 7 DT3P ¢x(s),

i=1
Co,

which again is divisible by {(s), and as before we can take for D any
positive non-square congruent to O or 1 modulo 4 and get a similar iden-
tity with x(s) replaced by the function (20). Thus we obtain
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Proposition 2: Each of the functions (19) satisfies

D)

ZL[ F(2ldg.zl = (23)

for all non-square integers D < 0, where Q;(m,n) = a;m?* + bymn + c;n*

(i = 1,...,h(D)) are representatives for the I'-equivalence classes of 283
binary quadratic forms of discriminant D, Co, is the image of

{z=x+iy€Hlalz? + bix +c; = 0} in [/H,

and
VD

d 2 d 2 1/2'
P —— +biZ+C,'|(( x)” + (dy)?)

|inZ| =

Example 3: The third example comes from the theory of modular forms.
Let f(z) be a cusp form of weight k on S Ly(Z) which is a normalized
eigenfunction of the Hecke operators, i.e. f satisfies

cZ +

f(aZ+2)=(cz+d)"f(z) (VzeH, (‘c’ Z)GSLz(Z))

and has a Fourier development of the form

(o8]

f(z) = Z a, eZm‘nz

n=1

with a; = 1 and a,, = apay, if (n,m) = 1. Define Dy(s) by

1
D¢(s) = R 0),
) U =@ — a1 — g 7>

where a/, and 3, are the roots of X?—a pX+ p*=1 = 0; it is easily checked
that
2s 2k +2
Dy(s) = £ )Z| S

—k+1)
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Applying the Rankin-Selberg method (I0) to the I-invariant func-

tion F(z) = y*|f(z)|* with constant term C(F : y) = f |la,|2e= ™ we

n=1
find [ yf(PE*(z s)dz = I"(F; 5)
I/H
- k1 o |a,l?
=1 T($){(2s) - (4m) I(s+k-1) ) ——
= ns+k—1

— 4—S—k+1ﬂ,—2S—k+]r(s)r‘(s + k _ l)é'(s)Df(S + k - 1)

This formula, which was the original application of the Rankin-
Selberg method ([3)], [6]), shows that the product {(s)Ds(s + k — 1) is
holomorphic except for a simple pole at s = 1. It was proved by Shimura
[7] and also by the author [11] that in fact D ¢(s) is an entire function of
s. Thus the above integral is divisible by I'(s)['(s + k — 1){(s), and we
obtain

Proposition 3: Each of the functions (19) satisfies

f VI @RF@dz = 0

I'/H

for every normalized Hecke eigenform f of level 1 and weight k.

The statement of Proposition [3| remains true if f is allowed to be a
non-holomorphic modular form (Maass wave-form); the proof for k = 0
is given in [12] in this volume and the general case is included in the
results of [[1] or [4].

Finally, we can extend our list of special properties of the functions
(19) by observing that each of these functions is an eigenfunction of
the Laplace and Hecke operator (eq. (I8]) and hence (trivially) has the
property that

A'F(z) and T(n)F(z) satisfy Proposition[[H3lfor all i > 0, n > 1. (25)

Note that for general functions F : I'/H — C (not eigenfunctions),
eq. (23) expresses a property no contained in Proposition [l to Bt for
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example, eq. @2I) for D = —4 says that F(i) = 0, and this does not
imply AF(i) = 0.

§ 3. In § 2 we proved that the functions £*(z, p), and more generally
the functions (I9)), satisfy a number of special properties. In this section
we will both explain and generalize these results by defining in a natural
way a space & of functions in I'/H which contains the functions (I9)
and has the same special properties.

Let D be an integer congruent to 0 or 1 modulo 4. For ® : R —» C
a function satisfying certain restrictions (e.g. (27) and (29) below) we
define a new function .Zp® : H —» C by

1
Lo0@) =5
a,b,ceZ
b*—4ac=D

2
@(M) G=x+iyeH), (26)

where the summation extends over all integral binary quadratic forms
Q(m,n) = am* + bmn + cn?* of discriminant D. Since Q and —Q occur
together in the sum, we may assume that ¢ is an even function; the factor
% has then been included in the definition to avoid counting each term
twice.

The sum (26) converges absolutely for all z € H if we assume that

O(X) = 0(XI™'™%)  (1X] = o) (27)

2

for some & > 0. Moreover, the expression M is unchanged if
one acts simultaneously on x + iy € H and Q(m, n) = am? + bmn + cn®
by an element y € T'. Hence .£p®@(yz) = ZpD(z), so £p is an operator
from functions on R satisfying (27) to functions on I'/H.

Before going on, we need to know something about the growth of
Zp® in T'/H. If D is not a perfect square, then a # 0 in 26)), so (for ®
even)

[ee) (o) 2 _
L) = Z Z CI)(ay+ a(x+b/2c)1)) D/4a)
a=1

b=—c0

b*=D(mod 4a)

285
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_ i i 0 ((ay + a(x + b/2a)* - D/4a)_1_8]
y

b*=D(mod 4a)

) * \—l-¢g
= Z O{nD(a) f(ay + %) dx]

a=1 %

as y = Im(z) — oo, where
np(a) =# {b(mod 2a)|b* = D(mod 4a)} . (28)

Since the integral is O(a~'~%y~®) and Y, npla)
a=1

converges, we find
al*e

Zpd(z) = 0(™).

If D is a square, then the same argument applies to the terms in (26))
with a # 0 and we are left with the sum

% Z i (D(bxy+c)

b2:D c=—00

to estimate. If @ is sufficiently smooth (say twice differentiable), then
the inner sum differs by a small amount from the corresponding integral

(o)

f db(g)dc —y. %CD(X)dX,

—00

and this will be small as y — oo only if f O(X)dX vanishes. Thus with

the requirement

® is C? and fd)(X)dX = 0if D is a square (29)
as well as (27) we have Zp®(z) = O(y®) as y — oo for all D, and so
the scalar product of .Zp® with F in I'/H converges for any F : I'/H —
C satisfying F(z) = O(y'™®) for some & > 0 (or even F(z) — O(y)).
Therefore the definition of & in the following theorem makes sense.
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Theorem. For each integer D € Z, D = 0 or I (mod 4), let

even functions ® : R - C
P satisfying 1) and 29)

be the operator defined by 26). Let & be the set of functions F :
I'/H — C such that

} — {functions I'/H — C}

a) F(z) = 0(y'™®) for some & > 0

b) F(2) is orthogonal to Y, Im(.%p), i.e. f LpO(2)F(2)dz = 0 for
D I/H
all D € Z and all ® satisfying @7) and 29).

Then
i) & contains the functions (19);

ii) & is closed under the action of the Laplace and Hecke operators;

iii) Any F € & satisfies 1), @3) (for all D) and @284) (for all f).

Proof. 1) The functions (I9) satisfy a) because of equation (I7)), since

0 < Re(p) < 1. To prove b), we must show that the integral of any
function Zp®(z) against E*(z, s) is divisible by £(s). Consider first the 287
case when D is not a square. Let @ be any function satisfying (27) and

F : T'/H — C a function which is O(y*) as y — oo for some @ < 1 + &.

If Qi(m, n) = a;m* + bymn + cin’(i = 1,. .., h(D)) are representatives for

the classes of binary quadratic forms of discriminant D, then any form

of discriminant D equals Q; o y for a unique i and y € I'g,/T" T, =
stabilizer of Q; in I'). Hence

h(D)

o2 4 h .
Zp0(2) = Z Z ® (az|)’Z| + b;Re(yz) + Cz)

i=1 yelp, /T Im(yz)

and so
WD) )
i bi i
[ #o0rae=Y, [ @(“'Z'*—x”)F(z)dz.
y

I'/H =lro/H
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Taking F(z) = {(25)E(z,s) with 1 < Re(s) < 1 + £ and using @), we
find that the right-hand side of this equations equals

h(D) s

— Z Z f (ai|Z|2 +bix + C,‘) mdz

i=1 (mn)EZZ/FQ H

Since D is not a square, Q;(n, —m) is different from O for all (m, n) #
(0,0), so, since @ is an even function, we can restrict the sum to (m, n) €
Z? with Qi(n,—m) > 0 if we drop the factor % Then the substitution

nz — %b,-n +cm )
f— : introduced in [11]], p. 127, maps H to H and
-mz + ain — 5bim
gives

f(D ailzl* + bix + ¢; Y 4
y |mz + n|?s
H

2 _
— Qi(n’_m)—sfq)(ld D/4)ysd
H y

2
{(2s)f.$D<D(z)E(z, s)dz = (s, D)f (M) *dz  (30)

I'/H

Therefore we have

for 1 < Re(s) < 1 + ¢, with (s, D) defined as in 20). Since £(2s) and
{(s, D) have meromorphic continuations to all s and both integrals in
(BQ) converge for 0 < Re(s) < 1 + &, we deduce that the identity is valid
in this larger range; the divisibility of {(s; D) by {(s) now implies the
orthogonality of the functions (I9) with -Zp®(z).
If D is a square, we would have to treat the terms with Q;(n, —m) =

in the above sum separately (as in [11], pp. 127-128). We prefer a
different method, which in fact works for all D. By the Rankin-Selberg
method, we know that f ZLpD(2)E(z, s)dz equals the Mellin transform
of the constant term of .Zp®, and writing Zp®(z) as
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> i |z + 5 + n| — D/4a

)IDINDIT

a=1 b(mod 2a) n=-o y
b?=D(mod 4a)

we see that this constant term is given by

ax® + ay* — D/4a)
dx

C(ZLpd;y) = 0]
(Zp®; ) Znam)_i ( S

a=1

0if D # m?,

[ee)

)thMMXﬁD:m2>Q

22; (—)HD:O,

c=—00

where np(a) is defined by (28). The Mellin transform of the first term is

(514 22221 e,

and since ), np(a)a™® = {(s,D)/L(2s) ([11], Prop. 3, 1), p. 130) we
recover eq. (3Q) if D is not a square. The second term vanishes if

D = m? # 0 because of the assumption (29), so eq. (30) remains valid

in this case. If D = 0, then, using equation (29)) and the Poisson summa-

tion formula, we see that the second term in the formula for C(%®;y) 289
equals

[Se]

: Z o)~ 3y [ odx - yZ@(ny)

—00

where

[Se]

é@:f@mﬁmﬂ

—00
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is the Fourier transform of ®. The Mellin transform of this is £(s) times
the Mellin transform of @, so we obtain

2
2(25) f LoD()E(z, 5)dz = £(5,0) f ('Z| ) Sdz

I'/H

+£(5)(25) f dGyy*lay (3D
0

for 1 < Re(s) < 1 + &. Again both sides extend meromorphically to
the critical strip and, since {(s,0) = {(s){(2s — 1), we again find that
the integral on the left is divisible by £(s), i.e. that the functions (19) are
orthogonal to the image of .%j. This completes the proof of 1).

We observe that the same calculations as in [12]], §4, allow us to
perform one of the integrations in the double integral on the right-hand
side of (30), obtaining

f Lo®EE" (2, s)dz (32)
Ir'/H

Q@m)'"|IDPFPT(s)L (s, D) f P (0g(D>Ddt  if D <0,
1

2

| | -
—SDS/ZF (s D) f (S )Q)(DZt)dt ifD >0,

s 1-s 1
2272
metric functions, respectively; since both of these functions are invariant
under s — 1 — s, we see that (30) is compatible with (and indeed gives
another proof of) the functional equation of {(s, D) for D # 0 ([11]],
290 Prop. 3, ii), p. 130). We can also make the functional equation apparent
in the case D = 0 by substituting —% for z in the first integral on the

where Py_(f) and F ( —t2) denote Legendre and hypergeo-
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right-hand side of (3I]) and using the identity

r 11, TG

—1 _ 1_¢ 2
j‘yA cos 2nXy dy = 5772 SF(%)
0

IXI™* (0 <Re(s) < 1)

in the second; this gives

f LyD()E*(z, 8)dz (33)

I'/H

= (5)*(2 - 25) f DX)X* ' dX + (1 - ) (25) f DX)X S dX
0 0

for 0 < Re(s) < 1, with £*(s) as in eq. (I3).
A calculation similar to the one given here can be found in §2 of
Shintani [8]].

i) Since both the Laplace and the Hecke operators are self-adjoint, it
is sufficient to show that the space ), Im(.%p), or a dense subspace of it,
D

is closed under the action of these operators. An elementary calculation
shows that

2 2
A@(M) _y (M) (34)
y y
with
D(X) = 2XD'(X) + (X2 + D)D" (X). (35)

Hence AZLpp(z) = LpP1(z). If ® is C* and of rapid decay, then @
also is and satisfies conditions (27) and (29), and since such @ form a
dense subspace the first assertion of ii) is proved.

The calculation for the Hecke operators is harder. It suffices to treat
the operators T'(p) with p prime, since these generate the Hecke algebra.
We claim that

D
T(p)oLp=Lppoay+ (;)XD +pLp;p2 0Py (36)
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where @), and 3, denote the operators 291

ap®(X) = ©(X/p), BpyP(X) = O(pX),

D
(—) is the Legendre symbol, and £}, is to be interpreted as 0 if PPt
p

D. To prove this write

D .
T(p)Lp®() = Lo®(p2) + Y| Loo (Z%)
.

J
21512
+bpx +
Z {(D(ap |zI* + bpx C)
b*-4ac=D py

+ Zp} o (alzP + (2aj + bp)x + (aj* + bjp + cp%)}

= Z n(a, b, c)® (

alz]* + bx + c)
b*~4ac=Dp?

by

with

+

b z b-2aj c-bj+aj
n(a,b,c):s(%,—,c) Zs(a, a]’c ]2 4 )
p-p 14 p

(where &(a, b, ¢) equals 1 if a, b, ¢ are integral, O otherwise). To prove
([B6) we must show that

D a b c
n(a,b,c)=l+(;)s(— — —)+ps(

a b c )

p* p* p?

(a,b,c € Z, b* — 4ac = Dp?).

292 For p odd, this follows from the following table, in which v,,1 (m) denotes
the exact power of p dividing an integer m.
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4 ~2aj c-bjtaj® a c a c
(@ v ®) vy (i be) 5 efa SRS e(s k1) o k)
j=1
0 >0 >0 0 1 0 0
1 >1 =1 0 1+(2) 1 0
P
>2 =1 0 1 0 0 0
>2 1 >1 1 1 1 0
>2 =2 1 1 0 1 0
>2 22 2 1 p 1 1

The proof for p = 2 is similar but there are more cases to be consid-
ered.

iii) We will show that each of the properties in question is implied
by the orthogonality of F with -Zp® for special choices of D and ®.

For (21I)) we choose

O(X) = 6(X* + D),

where ¢ is the Dirac delta-function. From the identity
2 2 2 2
+ bx + + bz +
(—am al C) +D= laz” + bz + o (37)

y y?

we see that the support of Zp® is the set of points in H satisfying some
quadratic equation of discriminant D, and an easy calculation shows that

(D)

FQ)Lpy®()dz = —— 3 F(zp. 38
f(z)p(z)z Wﬁzl o) (38)

I'/H

for any continuous F : I'/H — C. (Of course, 8(X? + D) is not a
function, and equation (38)) must be interpreted in the sense that it holds
in the limit n — oo if we choose ®(X) = §,(X> + D) where {5,} is a
sequence of smooth, even functions with integral 1 and support tending
to {0}.) Hence any F € (Im .£p)™ satisfies (2)).

The case D > 0, D not a square, is similar; here we choose ®(X) =
8(X). so that Zp®(z) is supported on the semicircles alz|> + bx + ¢ = 0

293
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(a,b,c € Z, b? —4dac = D), and find

h(D)

Z f F(2)ldg,zl, (39)

where the equation is to be interpreted in the same way as (38). Thus
F € (Im %p)* implies 23).
It remains to prove that any F € @‘” satisfies equation (284). We

f F(2)%pP(z)dz =

I'/H

follow the proof of the divisibility of Z a2 /ns+e1 by {(s) given in
[11]]. Equations (37) and (??) of that paper give the identity

- a;(m) k 2 40
;mm Yfi2)l (40)

_1 -
G ﬂ) XU k= 1) Y Lo @i (€ H)

t=—00

for all integers m > 0, where

(o)

r=dimSy(SLa(Z), (@) = ) amye™ (i =1,....7)

m=1

are the normalized Hecke eigenforms of weight

hmm:fﬁwwm

I'/H

and @, (X) = (X — i)™ + (X + it)*. Thus any function in & is or-
thogonal to the sum on the left-hand side of (??) and therefore, since
the Fourier coeflicients a;(m) are linearly independent, to each of the
functions y*| fi(2)|%.

Using the computations of [12] and an extension of the Rankin-
Selberg method [13]], it seems to be possible to prove the orthogonality
of F € & with |f(2)|* also for Maass eigenforms (= non-holomorphic
cusp forms which are eigenvalues of the Laplace and Hecke operators)
of weight 0. m|
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§4. Let G = PSLy(R) and K = SO(2)/{#1} its maximal com-
pact subgroup, and identity the symmetric space G/K with H by gK =

a b . ai+b . . .
K & g-i = ——. In this section we will construct a represen-
c d ci+b

tation 7 of G in the space of functions of I'/G whose space of K-fixed
vectors ¥ K is &.
Let

a,b,c € R}

X = {( a b/2)

b/2

be the 3-dimensional vector space of symmetric real 2 X 2 matrices and
Z7 C Zr the lattice consisting of matrices with a, b, ¢ € Z. The group
Gactson Zgxby goM = g'Mg(g € G,M € Z%), and 27 is stable under
the action of the subgroup I'. For M € Z% and g € G, the expression
tr(g' Mg) depends only on the right coset gK (since k' = k~! for k € K),
i.e. only on g - i € H. An easy calculation shows that

24 bx+
(g Mg) = L HDXC (bj‘z b/z) € Xpz=g-ieH). (41)
. : _alkPF+bx+c :
This explains where the strange expression ———— in the defini-
Y

tion of .Zp comes from and also why this expression is invariant under
the simultaneous operation of I" on the upper half-place (gK — ygK)
and on binary quadratic forms (M — (y DY My™)..

Using (1)), we can rewrite the definition of %} as

LpOK) = > D(tr(g' M)

MeZ;
det M=—D/4

To pass from functions on H to functions on G, we replace the special
function M — ®(tr(M)) by an arbitrary function ® on the 2-dimensional
submanifold

7 =15, )€ i

2— =
b/2 b“ —4ac = D}

294
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of Zg. Thus we extend .Zp to an operator (still denoted .Zp) from the
space of nice functions on Z(D) to the space of functions on I'/G by
setting

Lpd(g)= Y, D(g'Mg) (g€, (42)

MeZ7(D)

where 27(D) = Zr(D) N Z7. Here “nice” means that ® satisfies the
obvious extensions of (Z7) and (??), i.e. it must be of sufficiently rapid
decay in Zg(D) and, if D is a square, must be smooth and have zero

1
integral along each of the lines l, . = g’ (l (1/5 zggﬁ) glgeG,e=

£
+1) on the ruled surface Zg(D). ?

It is clear that Zp®(g) is left I-invariant, since Z7(D) is stable
under I" and the sum @2)) is absolutely convergent. Also, the image of
Zp is stable under the representation  of G given by right translation,
since

n(g)o Lp=4pon'(g) (g€G),
where 7' (g)®(M) = O(g'Mg). Hence the space
¥ = (")am 2p)* (43)
DezZ

of functions F : I'/G — C satisfying an appropriate growth condition
and such that

f LpD(g)F(g)dg =0 (dg = Haar measure) (44)
/G

for all D € Z and all nice functions ® on Z3(D) , is also stable under
G. Also, it is clear that ¥ X coincides with the space & defined in §3. In
particular, 7" contains the vectors v, : g — E*(g - i,p) (p a non-trivial
zero of {(s)) and more generally v, - & = Fpu(g - i) (Fpm as in (19)).

!Since the various manifolds 23(D) C %% are disjoint, we can also define ¥ as
(Im Z)*, where .Z is the operator from nice functions on 2% to functions on I'/G
defined by

LD(g)= ) B(g'Mg).

Me %Xz
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On the other hand, because the function z — E(z, s) is an eigenfunc-
tion of the Laplace operator on H, the representation theory of G tells
us that (at least for s ¢ Z) the smallest G-invariant space of functions on
I'/G containing the function g — E(g - i, s) is an irreducible represen-
tation isomorphic to the principal series representation &?,. (Recall that
; is the representation of G by right translations on the set of functions

f: G — C satisfying f((g alf 1) g) = la* f(g) and f|,, € L*(K)). Thus

V' contains the principal series representation &, for every non-trivial
zero p of the Riemann-zeta-function.

On the other hand, & is unitarizable if and only if s(1 — s) > 0,
i.e. s € (0,1) or Re(s) = % Thus the existence of a unitary structure on
¥ would imply the Riemann hypothesis.

However, the following argument suggests that it may be unlikely
that such a unitary structure can be defined in a natural way. If p is a
zero of {(s) of order n > 1, then the functions F, ,,(m = 0,...,n—1) be-
long to ¥, and these functions are not eigenfunctions of A, through the
space they generate is stable under A (for example, differentiating (I8)
with respect to s we find AF,, | = p(o — 1)F,, 1 + (2p — 1)F, . Therefore
¥ contains a G-invariant subspace 7}, , corresponding to the eigenvalues
o(1—p) which is reducible but is not a direct sum of irreducible represen-
tations (we have dim ”I{OIf, =nand ¥, D Ypnu1 D ... D Yp1 D Vpp =
{0} with ¥,/ Vpm-1 = &), and such a representation cannot have a
unitary structure. Thus the unitarizability of #” would imply not only
the Riemann hypothesis, but also the simplicity of the zeroes of {(s).
Since an analogue of ¥ can be defined for any number field or func-
tion field (cf. . §5), and since there are examples of such fields whose
zeta-functions are known to have multiple zeroes, there cannot be any
generally applicable way of putting a unitary structure on ¥’. Of course,

b —c)
ib

M- M (? 0 ); then the operation M — g’Mg of G on 2% becomes the adjoint
representation X — g~!Xg of G on ig, and ¥ is the set of functions on I'/G orthogonal

to all functions of the form g — Y W(Ad(g)X), where ¥ is a nice function on ix.
Xeiz

ISIINTER

We may also identify 2% with the Lie algebra ix = {(_ a,b,c € R} of G by
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this does not preclude the possibility that our particular ¥ (for the filed
Q) has a unitary structure defined in some special way, and indeed, if
the zeros of {(s) are simple and lie on the critical line and if (as seems
likely) & is spanned by the V,,, then 7" is in fact unitarizable, indeed in
infinitely many ways, since we are essentially free to choose the norm
of v,,. For various reasons, a natural choice seems to be |[v,|| = [{*(2p)I.

Finally, we should mention that the construction of ¥ is closely
related to the Weil representation. The functions .£p®(g) are essentially
the Fourier coeflicients for a “lifting” operator from functions on I'/G
to autormorphic forms on the metaplectic group, in analogy with the
construction of Shintani [9]] in the holomorphic case; thus the space #
can be interpreted as the kernel of the lifting.

§5. The proof of the theorem in § 3 shows that almost every state-
ment of the theorem can be strengthened to a statement about the indi-
vidual spaces

51) = (Im.i”D)l (D (S Z)

rather than just their intersection &. Thus in part iii) of the theorem, to
prove that a function F satisfies (21)) or (23) we needed only F € &) for
the value of D in question, and it was only for (284) that F € (N, &p
was needed. Similarly in part ii), equation (34) shows that each space
&p is stable under the Laplace operator. The same is not true for the
Hecke operators, since T(p) maps Im(Zp) to Im(Z),2) + Im(Zp) +
Im(£),,») but the intersection of the spaces &p for all D with a common
squarefree part is stable under the Hecke algebra. Finally—and most
interesting—from equation (30) or (32) we see that &p(D # 0) contains
14

E*(z, p) whenever p is a zero of {(s, D) (resp. EE*(Z, s)| forO<i<
s

§=
n — 1 if p is a zero of multiplicity n). Since {(s,D) = {(s)L(s, D) and
L(s, D) has infinitely many zeroes in the critical strip, this shows that &p
contains many more Eisenstein series than just the functions (19). (This
conclusion holds also when D is a square; in this case L(s, D) is equal to
£(s)? up to an elementary factor and we do not get any new zeroes, but
they all occur with twice the multiplicity and so we get twice as many
functions as in (I9). For D = 0, however, we get only the functions
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(@9)), since the expression on the right-hand side of GI) or (33) is a
linear combination of {(s){(2s) and {(s){(2s — 1) rather than a multiple
of {(s,0).)

The functions {(s, D) for two discriminants D withthe same square-
free part differ by a finite Euler product and have the same non-trivial
zeroes p. This, together with eq. (36), suggests that the most natural
thing to do is to put together the corresponding spaces &p. Thus we let
E denote either a quadratic extension of Q, or Q + Q, or Q, and define

éo(E) = ﬂ (opdfz,
f=1

where d denotes the discriminant of E, or 1, or O, respectively. Then the
above discussion can be summarized as follows:

i) Each of the spaces &(E) is stable under the Laplace and Hecke
operators;

i) Ng E(E) = &;
iii) &(E) contains TE*(Z, s) for0 < i < n-1if pisan n-fold
Sl

s=p
zero of {g(s), where {g(s) denotes the Dedekind zeta-function of

Eif E = Q or E is q quadratic field and {g+q(s) = ()2

Of course, we can also define representations ¥p = (Im.%p)* and
Y(E) = N¥,p similarly; then ¥ (E)X = &(E) and ¥ (E) is a repre-
sentation of PS L,(%#) whose spectrum is related to the zeroes of {g(s)
in the same way as that of ¥ to those of £(s).

The representations ¥'(E) have a very nice interpretation in the lan-
guage of adeles; we end the paper by describing this. As motivation,
we recall that our starting point for the definition of & was the fact that
the zeta-function of a quadratic field E can be written as the integral of
E(z, s) over a certain set .z C I'/H consisting of a finite number of
points if E is imaginary and of a finite number of closed curves if E is
real (Proposition[Iland 2)). Hence the functions E(z, p), p a zero of {g(s),
belong to the space of functions whose integral over . vanishes.
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Now let G denote the algebraic group GL(2), Z its center, and A
the ring of adeles of Q. Choosing a basis of E over Q gives an embed-
ding of E* in GL(2,Q) and a non-split torus 7 ¢ G with T(Q) = E*.
There is a projection G(Q)Z(A)/G(A) — I'/H and under this projection
T(Q)Z(A)/T(A) maps to .#%. The adelic analogue of Proposition [Iland
2lis the fact that the integral of an Eisenstein series over T(Q)Z(A)/T(A)
is a multiple of the zeta-function of E. To prove it, we must recall the
definition of the Eisenstein series. Let @ be a Schwartz-Bruhat function
on A?; then the Eisenstein series E(g, ®, s) is defined for g € G(A) and
s € C with sufficiently large real part by

Beds= [ D) olmglderzglys  65)
7)/z(4) £2°10)

where | |p denote the idele norm and dz the Haar measure on Z. (This
definition is the analogue of equation (). The more usual definition of
E(g, D, 5), analogous to eq. (), is

E@®5)= > fg®,s),

veP(Q)/G(Q)
ES %k
where P = {( )} and
0 =«

F(G, D, s) = |detgly f(D[(O, a)gllal**d*a,

AX

which is easily seen to agree with (43); note that f(g, @, s) equals {p(2s)
times an elementary function of s by Tate theory, and that

a x a
f((o b)qu),s)—';
so the analogue of f(g,®,s) in the upper half-plane is the function

£(25)3(g - i)*.) Identifying Q?{0} with EX and observing that the Q-
idele norm of det#(r € T(A)) equals the E-idele norm of ¢ under the

f(g. @),
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identification of T'(A) with A%, we find

E(1g, @, s)dt = f Z ®[¢1g]| det 1glp,dr
T(Q)Z(A)/T(A) T(Q)/T(4) £€0*(0)

= | detgls) f D" dlérglielyde
Exjax $EE

= |detg|sQf(D[eg]|e|i-dXe.
A%

Since e — ®[eg] is a Schwartz-Bruhat function on Ag, this is precisely
the Tate integral for {g(s). (The computation just given is the basis for
Harder’s computations of period integrals in this volume as well as for
the generalization of the Selberg trace formula in [4].) In particular, it
follows that the integral of
ai
Flg) = 55E(8. D, 5)
s=p

over T(Q)Z(A)/T(A)g vanishes if p is a zero of {g(s) of multiplicity
> i + 1. The natural adelic definition of #(E) is thus as the space of
functions F : G(Q)Z(A)/G(Q) — C satisfying

F(tg)dt =0 Vg € G(A)) (46)
T(Q)Z(A)/T(A)

as well as some appropriate growth condition. The space ¥'(E) then
contains irreducible principal series representations corresponding to
the zeroes of {g(s). Condition is similar to the condition

F(ng)dn =0 Vg € G(A))

N(Q)/N(A)

defining cusp forms (where N is the unipotent radical of a parabolic 300
subgroup of G), so the space #'(E) can be thought of as an analogue of
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the space L%(G(Q)Z(A) /G(A)) of cusp forms. Like Lg, it probably has a
discrete spectrum. The difference is that, whereas L(z) has a unitary struc-
ture, the corresponding statement for #'(E) would imply the Riemann
hypothesis and the simplicity of the zeroes of {p(s). We call functions
F satisfying (@6) toroidal forms (in analogy with the French terminol-
ogy of “formes paraboliques” for cusp forms) and the ¥ (E) toroidal
representations.

The calculation given above is unchanged if we replace Q by any
global field F and take E to be a quadratic extension of F. In the case
where F is the functional field of a curve X over a finite field, there
are only finitely many zeroes of {r(s), their number being equal to the
first Betti number of X. Then the K-finite part of our representation ¥ =
e ¥ (E) is a complex vector space of dimension at least (and hopefully
exactly) equal to this Betti number, and Barry Mazur pointed out that
this space might have a natural interpretation as a complex cohomology
group H'(X; C). It is not yet clear whether this point of view is tenable.
At any rate, however, from conversations with Harder and Deligne it
appears that it will at least be possible to show that the dimension of the
space in question is finite.

Bibliography

[1] Geieart, S. and H. JacqQuer,: A relation between automorphic
representations of GL(2) and GL(3). Ann. Sc. Ec. Norm. Sup. 11
(1978) 471-542.

[2] Hecke, E.: Uber die Kroheckersche Grenzformel fiir reelle
quadratische Korper und die Klassenzahl relativ-abelscher Korper,
Verhandl. d. Naturforschenden Gesell. i. Basel 28,363-372 (1971).
Mathematische Werke, pp. 198-207. Vandenhoeck & Ruprecht,
Gottingen 1970.

301 [3] Jacquer, H. and J. SHALIKA,: A non-vanishing theorem for zeta
functions of GL;. Invent. Math. 38 (1976) 1-16.



(4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

Bibliography 331

Jacquet, H. and D. Zacrer,: Eisenstein series and the Selberg trace
formula II. In preparation.

RaNkIN, R.: Contributions to the theory of Ramanujan’s function
7(n) and similar arithmetical functions. I. Proc. Cam. Phil. Soc. 35
(1939) 351-372.

SELBERG, A.: Bemerkungen iiber eine Dirichletsche Reihe, die mit
der Theorie der Modulformen nahe verbunden ist. Arch. Math.
Naturvid. 43 (1940) 47-50.

SHIMURA, G.: On the holomorphy of certain Dirichlet series, Proc.
Lond. Math. Soc. 31 (1975), 79-98.

Suintant, T.: ON zeta-functions associated with the vector space
of quadratic forms J. Fac. Science Univ. Tokyo 22 (1975), 25-65.

SuiNtANT, T.: On construction of holomorphic cusp forms of half
integral weight. Nagoya Math. J. 58 (1975) , 83-126.

ZAGIER, D.: A Kronecker limit formula for real quadratic fields.
Math. Ann. 213 (1975), 153-184.

ZAGIER, D.: Modular forms whose Fourier coefficients involve
zeta- functions of quadratic fields. In Modular Functions of One
Variable VI, Lecture Notes in Mathematics No. 627, Springer,
Berlin-Heidelberg-New York 1977, pp. 107-169.

ZAGIER, D.: Eisenstein series and the Selberg trace formula I. This
volume, pp. 303-355.

ZAGIER, D.: The Rankin-Selberg method for automorphic functions
which are not of rapid decay. In preparation.



EISENSTEIN SERIES AND THE SELBERG
TRACE FORMULA |

By Don Zagier”

0 Introduction

303 The integral f K.(g,9)E(g, s)dg. LetG = S Lr(R) and I be an arithmetic
subgroup of G for which I'/G has finite volume but is not compact.
The space L>(I'/G) has the spectral decomposition (with respect to the
Casimir operator)

LXT/G) = LAT/G) D L13,(T/6) D Lagu(T/G),

where L2(I'/G) is the space of cusp forms and is discrete, Lgp (T'/G) is the
discrete part of (L2)*, given by residues of Eisenstein series, and Lgom
is the continuous part of the spectrum, given by integrals of Eisenstein
series. If ¢ is a function of compact support or of sufficiently rapid decay
on G, then convolution with ¢ defines an endomorphism 7', of L*(T/G),

and the kernel function

Kg.g) =) ¢¢'ve) (2.8 €0 0.1)
yell

of T, has a corresponding decomposition as K, + K, + Kcone, Where
Kp and Keone can be described explicitly using the theory of Eisenstein

332
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series. The restriction of T, to L2(T'/G) is of trace class; its trace is given
by
T = [ Keg.o)ds 0.2)
r/G

The Selberg trace formula is the formula obtained by substituting

K(g,8) — K;p(g.8) — Keont(g,8) for  Ko(g,g)

and computing the integral. However, although K.(g, g) is of rapid de-
cay in I'/G, the individual terms K(g, g), K;,(g, g) and Kcon(g, &) are
not, so that to carry out the integration one has to either delete small
neighbourhoods of the cusps form a fundamental domain or else “trun-
cate” the kernel functions by subtracting off their constant terms in such
neighbourhoods, and then to compute the limit as these neighbourhoods
shrink to points. This procedure is perhaps somewhat unsatisfactory,
both from an aesthetic point of view and because of the analytical diffi-
culties it involves.
To get around these difficulties we introduce the integral

Im=f&®ﬁ%ﬂ@ 03)

r/G

where E(g, s) (g € G, s € C) denotes an Eisenstein series. The idea of
integrating a I'-invariant function F(g) against an Eisenstein series was
introduced by Rankin [5] and Selberg [6], who observed that in the re-
gion of absolute convergence of the Eisenstein series this integral equals
the Mellin transform of the constant term in the Fourier expansion of
F (see §2 for a more precise formulation). Applying this principle to
F(g) = K.(g, g) we can calculate I(s) for Re(s) > 1 as a Mellin trans-
form, obtaining a representation of I(s) as an infinite series of terms.
Each of these terms can be continued meromorphically to Re(s) < 1; in
particular, the contribution of a hyperbolic or elliptic conjugacy class of
v’s in (0.J) is the product of a certain integral transform of ¢ with the
Dedekind zeta-functio of the corresponding real or imaginary quadratic
field. Since the residue of E(g, s) at s = 1 (resp. the value of E(g, s) at

304
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s = 0) is a constant function, we recover the Selberg trace formula by
computing res;=1(I(s)) (resp. . 1(0)). This proof of the trace formula is
more invariant and in some respects computationally simpler than the
proofs involving truncation. It also gives more insight into the origin of
the various terms in the trace formula; for instance, the class numbers
occurring there now appear as residues of zeta-functions.

However, the formula for /(s) has other consequences than the trace
formula. The most striking is that /(s) (and in fact each of the infinitely
many terms in the final formula for /(s)) is divisible by the Riemann
zeta-function, i.e. the quotient /(s)/(s) is an entire function of s. Inter-
preting this as the statement that the Eisenstein series E(g, p) is orthog-
onal to K, (g, g) (in fact, to each of infinitely many functions whose sum
equals K.(g,g)) whenever {(p) = 0, one is led to the construction of a
representation of G whose spectrum is related to the set of zeros of the
Riemann zeta-function (cf. [[11] in this volume).

On the other hand, the formula for /(s) can be used to get informa-
tion about cusp forms. The function K,(g, g’) is a linear combination
of terms f;(g)f(g’), where {f;} is an orthogonal basis for L2(T'/G) and
where the coefficients depend on the function ¢ and on the eigenvalues
of f; (“Selberg transform™). Moreover, applying the Rankin-Selberg
method to the function F(g) = | fj(g)l2 one finds that the integral of
this function against E(g, s) equals the “Rankin zeta-function” Ry,(s)

N

(roughly speaking, the Dirichlet series la,*n°, where the a, are

n=1
the Fourier coefficients off); indeed, this is the situation for which the

Rankin-Selberg method was introduced. Thus I(s) is a linear combina-
tion of the functions Ry,(s), and so one can get information about the
latter from a knowledge of I(s). In particular, using a “multiplicity one”
argument one can deduce from the divisibility of I(s) by {(s) that in
fact each Ry 1s so divisible (this result had been proved by another
method by Shimura [8]] for holomorphic cusp forms and by Gelbart and
Jacquet [2] in the general case). Other applications of the results proved
here might arise by comparing them with the work of Goldfeld [[1]]. It
does not seem impossible that the formula of /(s) can be used to obtain
information about the Fourier coefficients of cusp forms.
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The idea we have described can be applied in several different situ-
ations:

1. By working with an appropriate kernel function, we can isolate
the contribution coming from holomorphic cusp forms of a given
weight k (discrete series representations in L*(T'/G)). This case
was treated in [[10]. The computation of I(s) here is consider-
ably easier than in the general case because there is no continu-
ous spectrum and only finitely many cusp forms f; are involved.
We can therefore represent each Rankin zeta-function Ry,(s) as
an infinite linear combination of zeta-functions of real and imag-
inary quadratic fields. Moreover, for certain odd positive values
of s the contributions of the hyperbolic conjugacy classes in I to
I(s) vanish and one is left with an identity expressing Ry,(s) as
a finite linear combination of special values of zeta-functions of
imaginary quadratic extensions of Q. As a corollary of this iden-
tity one obtains the algebraicity (and behaviour under Gal(Q/Q))

of

7 f)Rfj(s)/nk‘lg(s) for the values of s in question ([10],
J>JJ
Corollary to Theorem 2, p. 115), a result proved independently

by Sturm [9]] by a different method.

2. The first case involving the continuous spectrum is that of Maass 306
wave forms of weight zero, i.e. cusp forms in

LX(T/G/K) = L*(T/H),

where K denotes S O(2) and H = G/K the upper half-plane. This
is the case treated in the present paper (with I' = § L (Z)).

3. Next, one can replace SL(R) and S1,(Z) by GLy(2,A) and
GL(2, F), respectively, where F is a global field and A the ring
of adeles of F. This case, which is the most general one as far as
GL(2) is concerned, will be treated in a joint paper with Jacquet
[3]]. It includes as special cases 1 and 2, as well as their general-
izations to holomorphic and non-holomorphic modular forms of
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arbitrary weight and level, Hilbert modular forms, and automor-
phic forms over function fields.

4. Finally, the definition of /(s) makes sense in any context where
Eisenstein series can be defined, so it may be possible to apply
the method sketched in this introduction to discrete subgroups of
algebraic groups other than GL(2).

1 Statement of the main theorem

In this section we describe the main result of this paper, namely a for-
mula for /(s) in the critical strip O < Re(s) < 1. In order to reduce
the amount of notation and preliminaries needed, we will state the for-
mula in terms of a certain holomorphic function A(r); the relationship
of h(r) to the function ¢(g) of the introduction (Selberg transform) is
well-known and will be reviewed in § 2. Except at the end of § 5, we
will always consider only forms of weight O on the full modular group
I' = S Lr(Z)/{£1}. The results for congruence subgroups are similar but
messier to state and in any case will be subsumed by the results of [3]].

Any continuous -invariant function f : H — C has a Fourier ex-
pansion of the form

F@) = D 2(n = —0A,(f; )™ (z€H) (1.1)

(here and in future we use x and y to denote the real and imaginary

parts of z € H). We denote by L*(T'/H) the Hilbert space of ['-invariant

functions f : H — C such that (f, f) = f If(z)lzdz is finite (dz = d;cfy)
I/H

and by L2(I'/H) the subspace of functions with A,(f;y) = 0. The space

L2(I'/H) is stable under the Laplace operator

7> 9
_ 2

and has a basis {f;} ;> consisting of eigenforms of A(see [4], § 5.2).
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We write
1 .
Asz—(zwf.)fj (G=1,2,..) (1.2)
. . . . , 1 .
where r; € C. Since A is negative definite, we have it 1 >0, 1ie.r;

is either real or else pure imaginary of absolute value < % In fact it is

known that the r; are real for S L(Z), but the corresponding statement

. , 1
for congruence subgroups is not known and we will use only r? > I

From (L.2) we find that the n™ Fourier coefficient A,(f;, ¥) satisfies the
second order differential equation

2

d 1
P a0 AP A ) = = (3 + 7 A

The only solution of this equation which is bounded as y — oo is
\/yKirj(27r|n|y), where K, (z) is the K-Bessel function, defined (for ex-
ample) by

(o)

K,(z) = fe_ZCOShtCOSh vidt  (v,z € C,Re(z) > 0). (1.3)
0

Hence the f; have Fourier expansions of the form

[

£@ =) ajm) Ky, 2nlnly)e”™™ (1.4)
"z0
with aj(n) € C. We can choose the f; to be normalized eigenfunctions
of the Hecke operators

1 b
T f@— 5 > > f(“Z; ) (n>0),

a,d>0 b(mod d)
ad=n

T(-1): f@@— f(=2), T(n)=T(=DT(n),

(1.5)
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1.e.

aj(n)

1
In|2

filT(n) = fi (neZ, n+0) (1.6)
(thenaj(1) = 1,aj(-1) = +1, and a;(n) is multiplicative). The functions
fj chosen in this way are called the Maass eigenforms; they form an
orthogonal (but not orthonormal) basis of LX(T/H), uniquely determined
up to order. For each j we define the Rankin zeta-function Ry,(s) by

TRy la(n)
Ry(s) = &rs—r(s)r(z + rj) —irj) Z o (Re@ >,
n#0
(1.7
We also set

Ry (s) = ' T(){(29)R,(5) = L"(2)Ry;(s), (1.8)

where £(s) denotes the Riemann zeta-function and
£@=r"r(3) e == (19)

The Rankin-Selberg method implies that R?(s) has a meromorphic con-
JI
tinuation to all s, is regular except for simple poles at s = 1 and s = 0
with |
ressle;‘Zj(s) = E(fj’ i) (1.10)

and satisfies the functional euqgation
R}/_(s):R;Zj(l —-5) (1.11)

(the proofs will be recalled in § 2).
We will also need the zeta-functions {(s, D), where D is an integer
congruent to 0 or 1 modulo 4. They are defined for Re(s) > 1 by

1
{(s,D) = ZQ: > Gy Re@ >, (1.12)
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where the first summation runs over all S L,(Z)-equivalence classes of 309
binary quadratic forms Q of discriminant D and the second over all pairs

of integers (m,n) € 72/ Aut(Q) with Q(m, n) > 0, where Aut(Q) is the
stabilizer of Q in SL,(Z). These functions, which were introduced in
[LO]], are related to standard zeta-functions by

L(8){(2s - 1) ifD=0
{(s,D) =1C (s)2 - (finite Dirichlet series ) if D = square # 0 x
e o @)(s) - (finite Dirichlet series) if D # square,

(1.13)
where ¢ o @)(s) denotes the Dedekind zeta-function of Q( \/5) (for pre-
cise formulas see [[10], Proposition 3, p. 130). In particular, (s, D) has
a meromorphic continuation in s and (s, D)/{(s) is holomorphic except

for a simple pole at s = 1 when D is a square.
Now let & : R — C be a function satisfying

h(r) = h(-r);
1
h(r)  has a holomorphic continuation to the strip | Im(r)| < EA

for some A > 1;

h(r) is of rapid decay in this strip
(1.14)
(“rapid decay” means O(|r|~") for all N). The object of this paper is to

compute Z Rf,(s). In §§2 and 3 we will show that this function

r
=1 (5 1)

equals the function I(s) of §0 and compute it in the strip 1 < Re(s) < A
by the Rankin-Selberg method; §§4 and 5 give the analytic continua-
tion in s, computation of the residue at s = 1 (Selberg trace formula),

and generalization to Z a J(m) Rf] (s), where the a;(m) are the

(f J° f]
Fourier coefficients deﬁned by (.4). We state here the final result for

0 < Re(s) < 1 and m > 0 in a form which makes the functional equation
apparent.

Theorem 1: Let h : R — C be a function satisfying the conditions
(@L14) and m > 1 an integer. Then for s € C with 0 < Re(s) < 1 we have
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S hr))
=% (1 — 1.15
> ajm STy = R)+ (1= ) (1.15)

j=1

= (s, m, h) given by

1 o (s + 200 (s — 2ir) ayr
gt ) ¢+ 2ing (1 =2ir) (Zz) h(rydr
d m
1 7*(s)*(2s) a\s'2| is
I EeTD a;(zl) )
ad_m
5 I(s)0
mz T~ Z (s, — dm)x (1.16)

() (%) =
S

Xf”r(% +ir) (152 —ir)

I'@(rI(-ir)

—00

1- 1- 3 1
X F —s+ir,—s—ir;——s;1—— h(r)dr,
2 4m

where (*(s) and {(s, 1> — 4m) are defined by equations (I.9) and (L12)
and F(a, b; c;z) denotes the hypergeometric function (defined by ana-
lytic continuation if z < 0) and can be expressed in terms of Legendre
functions for the special values of the parameters a,b,c occurring in

(L.I16).

For m < O there is a similar formula with m replaced by |m| in the
first two terms and the function

+ir,— —ir;-—s5;1 - —

l-s . 1-s . 3 1
2 ) 2 4m

m%F(

in the third term replaced by a different hypergeometric function.
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Corollary. The Rankin zeta-function R;‘}(s) is divisible by (*(s) for all j.
J

Proof of the Corollary: Every term on the right-hand side of equa-

tion (LI16) (and of the corresponding formula for m < 0) is divisible

by £*(s); since the series converges absolutely, we deduce that Z(s)
(and hence, by the functional equation (I.9), also Z(1 — s)) is divisi-

ble by £*(s). Therefore the expression on the left-hand side of equation
(L.13), vanishes (with the appropriate multiplicity) at every zero of the
Riemann zeta-function, and the linear independence of the eigenvalues
aj(m)h(rj)(m € Z — {0}, h satisfying (L.I4)) for different j implies that 311
the same holds for each R}j(s). A more formal argument is as follows:

For z € H define

(o)

1
O(s,2) = ), == Fi(DR} (5);
5,2 ;(ﬁ’ﬂ)f,z 7 (s

then (L14) and (L.13) imply the identity

D(s,2) = fy Z (Z(s;m, hyy) + Z(1 — s3m, hmy)]eZHimx’

m#0
where h,,, ,(r) = K;-(2n|lmly). Therefore ®(s, z) is divisible by {*(s) and
the corollary follows because R;Z/(s) equals the scalar product (O(s, -), f)).
As mentioned in the introduction, the above Corollary, which is the
analogue of the result for holomorphic forms proved in [8] and [[10], is
included in the results of Jacquet-Gelbart [2]. We also observe that, up
to gamma factors, the quotient Rji.j(s) /{7 (s) equals

L(25) < laj(n))?
i) &

Using the usual relations among the eigenvalues a j(n) of a Hecke eigen-
form, we see that this Dirichlet series has the Euler product

1
]:[ (1= a3p=)(1 = ayBpp)(1 = B3p~)
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where «,, B, are defined by

(o)

a](n) _
Z l_[ (I —app~ s)(l —Bpr™)

(i.e. ap + B, = aj(p), apB, = 1). Thus the corollary is the case n = 2 of
the conjecture that the “symmetric power L-functions”

L(fl’s) l_ll_[(l mnm—s)

p m=0

are entire functions of s foralln > 1

2 Eisenstein series and the spectral decomposition
of L>(T'/H).

In this section we review the definitions and main properties of Eisen-
stein series, the Rankin-Selberg method, the spectral decomposition for-
mula for L>(I'/H), the Selberg transform, and the Selberg kernel func-
tion. All of this material is standard and may be skipped by the expert
reader. We will try to give at least a rough proof of all of the statements;
for a more detailed exposition the reader is referred to Kubota’s book

[4].

Eisenstein Series. For z € H and s € C with Re(s) > 1 we set

E(z, 5) = Z Im(yz)* (Re(s) > 1), 2.1
y€le/T

where 'y, = {(g Z) es LQ(Z)} /{x1} = Z is the group of transla-

tions in I'. The series converges absolutely and uniformly and therefore
defines a function which is holomorphic in s and real-analytic and I'-
invariant with respect to z. Using the 1 : 1 correspondence between
I'e /T and pairs of relatively prime integers (up to sign) given by

I (ﬁ Z) s x(cd),
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we can rewrite (2.1)) as

N

1 y
E(zs) = - § — 2 (Rez>1
@) 2 L4 ez +dP Rez>1)
(cd)=1

and hence

s 1
(Q9EG =5 ) —— (Re(s) > 1), 2.2)

lmz + n|>s
where Y)” denotes a summation over all pairs of integers (m, n) # (0, 0).
This latter function has better analytic properties than E(z, s), namely:

Proposition 1. The function 2.2) can be continued meromorphically to
the whole complex s-plane, is holomorphic except for a simple pole at

s = 1, and satisfies the functional equation
E*(z,8) = E*(z,1 - ), 2.3)
where
E*(z,8) = n °T(s){(28)E(z, 5) = {"(28)E(z, 5). 2.4)

The residue at s = 1 is independent of z:
6 . 3
res;—1E(z, §) = ;resszlE'(z, s) = 1 (z € H). 2.5

We will deduce these properties from the Fourier development of
E(z, 5), which itself will be needed in the sequel. Separating the terms
m = 0and m # 0 in @2.2) gives

[Q9E( $) =y'[{25) + ) @,md]  (Re(s) > ),
m=1

where

(o9

e = )

n=-—0oo

1
H,R —1.
PRI (z € H,Re(s) > 2)

313
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The function ¢4(x+1iy) is periodic in x for fixed y and hence has a Fourier

development Y a(n, s,y)e”™ ™ with

T=—00
e—27rinx
Cl(l’l, S, y) = mdx
F(%T(s - %)) 1-2s
BECEE (=0

nn| 52 F( )
2(7) F( ) ‘__(27T|”|)’)(” #0)

[GR 3.251.2 and /8.432.5]. Hence
r(Hres-1

{29)E(z, 5) = {29)y* + Tms — 1!

Z Z (lnl)s 3 S_%(27r|n|my)€2mmx

m=]1n=—0
n#0

F(s)

314 or, multiplying both sides by 7~°T'(s),
E'(z,5) =" @s)y' + 7 @s = 1y'™ (2.6)

+245 Y T, 1K, i Qalnly)e ™,
"0

where £*(s) is defined by (I.9) and 7,(n) by

am=h Y ar= Y (g) neZ-{0hveC). (27
dlnd>0 ad=|n|

a,d>0
The infinite sum in (2.6) converges absolutely and uniformly for all s
and z, so (2.6) implies that E*(z, s) can be continued meromorphically
to all s, the only poles being simple poles at s = 0 and s = 1 with residue
J_r% (the poles of {*(2s) and {*(2s — 1) at s = % cancel). Also, it is clear
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from (L.3) and the second formula of (2.7)) that K,(z) and 7,(n) are even
functions of v, so the functional equation of E*(z, s) follows from (2.6)
and (I.9). Another consequence of (2.6) is the estimate

E(Z, S) — O(ymax((r,l—a')) (y N oo), (28)
where o = Re(s); this follows because the sum of Bessel functions is
exponentially small as y — oo.

THE RANKIN-SELBERG METHOD. We use this term to designate the general
principle that the scalar product of a function f : I'/H — C with an
Eisenstein series equals the Mellin transform of the constant term in the
Fourier development of f. More precisely, we have:

Proposition 2: Let f(z) be a I-invariant function in the upper half-plane
which is of sufficiently rapid decay that the scalar product

(F.E(.5) = f FREG, $)dz 2.9)

I'/H

converges absolutely for some s with Re(s) > 1. Then for such s

(o)

(f,EC.,5) = fyHAo(f; y)dy (2.10)

0
where A.(f, V) is defined by equation (IL.1).

Proof. Substituting (2.1)) into 2.9) we find

G = [ @Y, oo

I'/H vel'e/T
= f f(2)Im(z)°dz
Too/H

S
dxd
- [ [ e
y
0 0

315
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which is equivalent to (2.10).

Note that the growth condition on f in the proposition is satisfied if
f(z) = O(y ) as y — oo for some € > 0, for then (2.8) implies that the
scalar product (2.9) converges absolutely in the strip —e < Re(s) < 1+e.

One of the main applications of Proposition (??) is the one obtained
by choosing f(z) = | fj(z)lz, where f; is a Maass eigenform. (This was
the original application made by Ranking [5] and Selberg [6], except
that they were looking at holomorphic cusp forms.) From (I.4)) we find
that the constant term of f is given by

Ao(f33) =y D lajPKir,2rlnly)?

n#0

(notice that Kirj(27r|n|y) is real by (L3), since r; is either real or pure
imaginary). Hence (2.10) gives

f f{PEG, $)dz = f 73 laj )P K, 2rinly)*dy

I/H 0 n#0
g, [
=2 r f Y K Quyy’dy  (2.11)
n#0 n 0

= Ry,(s) (Re(s) > 1)

(the integral is evaluated in [ET 6.8 (45)] and equals the gamma fac-
tor in (L7)). The analytic properties of Ry,(s) given in §1 (meromor-
phic continuation, position of poles, residue formula (I.I0), functional
equation (L.IT)) follow from 2.11)) and the corresponding properties of
E(z, s). O

SPECTRAL DECOMPOSITION. We now give a rough indication, ignoring an-
alytic problems, of how the Rankin-Selberg method implies the spec-
tral decomposition formula for L?(I'/H). This formula states that any
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f € L*(T'/H) has an expansion

o () 1 1.
f(Z)zl.Z:(;(fj,fjj)fj(Z)+ f(f E( +ll’))E(Z,§+ll")dl‘,

(2.12)
where {f;} 1 is an orthogonal basis for Lg(l"/ H) and { /. } for the space of
constant functions (we will choose f;(j > 1) to be the normalized Maass
eigenforms and f,(z) = 1). We prove it under the assumption that f is of
sufficiently rapid decay, say f(z) = O(y™¢) with € > 0. Let P(s) be the
scalar product (2.9). Proposition 2] shows that P(s) is a meromorphic
function of s, is regular in 0 < Re(s) < 1 + € except for a simple pole at
s =1 with

3 C(h)
res;=1'¥(s) = - ff(z)dz— (fo,fo)f"’ (2.13)
I'/H
and satisfies the functional equation
_l@s-D
Y(s) = Q) Y - ). (2.14)

On the other hand, (Z.10) says that W(s) is the Mellin transform of
1

—Ao(f;y), so by the Mellin inversion formula

y

C+ico

Ao(f5y) = ﬁ f Y(s)y'Sds (1<C<1+e).

C—ico

1
Moving the path of integration from Re(s) = C to Re(s) = 3 and using

@.13) and @2.14) we find

Ao(fsy) = }}:]; f‘P(——lr)y2+” dr
(fs fo) r e, CO=20n 1y
TR f ¥ —ino! tearan)

—00

(2.15)
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(1 - 2lr) 1
(1 + 2lr)

is the constant term of E(z, % + ir), so (2.13)) tells us that the I'-invariant
function

7@ = f@) - ((ff ’f;o))fo( )— — f ‘P(% _ ir)E(z, % + ir)dr

On the other hand, equation (2.6) implies that y2*" +

has zero constant term. It is also square integrable, because f(z) is and
the non-constant terms in the Fourier expansion of E (z, + ir) are expo-

nentially small. Hence f € L2(T'/H), so f(z) = Z ¢, fj)
=1 5 )

proves (2.12)) since (f, fi) =(f, fpforall j> 1.

SELBERG TRANSFORM. As in the introduction, let ¢ be a function on G
of sufficiently rapid decay and T, the operator given by convolution
with ¢. Since we are interested only in functions on the upper half-
plane H = G/K (where K = S O(2) and the identification is given by

fj(z), and this

i+ b
a b Ko a% we can assume that ¢ is left and right K-invariant.
c d ci+d

But the map

t: K(a Z)K|—>a2+b2+c2+d2—2

gives an isomorphism between K\G/K and [0, co) (Cartan decomposi-
tion), so we can think of ¢ as a map

¢ :10,00) > C.
An easy calculation shows that

-1 |Z_ZI|2 ’
gl ="—— (8.8 €G),
yy

where z,7" € H are the images of g and g’. Therefore T, acts on func-
tions f : H — C by

Tof(2) = f k(z,2)f(Z')dz (z € H), (2.16)

H
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where

e -2
yy'

The growth condition we want to impose on ¢ is that

k(z,7) = go( ) (z,7 € H). 2.17)

@(x) = O(x#) (x — o0) (2.18)
for some A > 1; then (2.16) converges for any f in the vector space

V= { #:H —> C|f is continuous, £(z) = o(y—%)}.

Because k(z,7") = k(gz,gz’) for any g € G, the operator T, commutes
with the action of G. A general argument (cf. [7], p. 55 or [4], Theorem
1.3.2) then shows that any eigenfunction of the Laplace operator is also
an eigenfunction of T,. More precisely,

1
fe V,Af:—(z+r2)f:T¢f:h(r)f, (2.19)
where h(r), the Selberg transform of ¢, is an even function of1 r, depend-
ing on ¢ but not on f. To compute it, we choose f(z) = y2*"", which

A
satisfies the conditions is (2.19)) if r € C with | Im(r)| < 5 Then

(o)

- e 2 _\2
T(pf(Z) — fy,—§+lrf¢((x x)y;,(y y) )dxl dy’.
0 —0o

Making the change of variables x’ = x+ +/yy’v in the inner integral gives

(o)

. —\2
Tof@= | ¥y \/WQ((y yyf) )dy’,
0

where the function Q is defined by

[ (o)

00w = f o +12)dv =

—00

w(t)dt
vt—w

(w > 0). (2.20)

318
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The further change of variables y' = ye* then gives

[e9)

T,f(2) =y | e™Q(e" — 2 + e )du.

Hence, setting
gu) =0 -2+e¢™)  (ueR), 2.21)
we have .
h(r) = f gwye™du (r € C,|Im(r)| < %‘). (2.22)

—00

Formulas (2.20)-2.22)) describe the Selberg transform (the notations
0, g, h, due to Selberg, are by now standard and we have retained them).
The inverse transform is easily seen to be

(o)

o) = — f h(re™ du,
2r

—00

O(w) = g(2sinh™' ), (2.23)

o(x) = _71 fQ'(x +v)dv.

We can also combine these three integrals, obtaining

o(x) = f rh(r) f s ar
el + e~ 2—x

cosh™ (l+2)

1 X
= i fP_%H.r(l + 5) rtan har h(r)dr, (2.24)
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where P,(z)(v € C, z € C — (—o0, 1]) denotes a Legendre function of the
first kind. (For properties of Legendre functions we refer the reader to
[EHJ], Chapter 3; in particular, the integral representation of P_; . just
used follows from formulas 3.7 (4) and 3.3.1 (3) there.) The inversion
formula of Mehler and Fock ([EH], p. 175) then gives

[ee)

A
h(r) = 21 f P%Hr(l + g)go(x)dx (| Tm(r)| < E)‘ (2.25)
0
From (2.20) - (2.23) we see easily that the conditions

o) =0(x %),

QW) = O(w™?),
gu) = O(e™ 21,

A
h(r) holomorphic in | Im(r)| < 2

are equivalent; this also follows from 2.24) and (2.23)) since P_ 1 +ir(0)

arows like x~2*M0 a5 x — oo [EH 3.9.2 (19), (20)]. Thus the growth
condition (2.18)) is equivalent to a holomorphy condition on %, while the
condition that ¢ be smooth is equivalent to the requirement that /4 be of
rapid decay.

SELBERG KERNEL FUNCTION. Now suppose that the function f in (2.16) is
I-invariant. Then T, f is also I'-invariant and clearly

Tof(2) = f K(z,2) f(2)dz (2.26)
I'/H
with
K(z,7) = Z k(z,yZ), (2.27)
yel

i.e. the action of T, on I'-invariant functions is given by the kernel func-
tion (2.277). We claim that

K(z.7) = o(y’%) (z fixed, y —> o)

320
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if ¢ satisfies (2.I8)). To see this, write

K(iz,7) = Z k(z+n,7)+ Z Z k(z +n,y7).

neZ y€el'e /T neZ
V¢l

The first term is easily seen to be O(y’%). In the second term, Im(yz’)

is uniformly small as y — oo and from this one easily sees that the inner
. . A+l .

sum is uniformly O(Im(yz") 2 ). Therefore the second term is

;AL , A+1 ,Axl

ol > Im(y»* =0(E(z, 5 )—y z))
vel'e/T
’y¢roo

which by @.8) is 0/ 7).
From (320) is follows that K(z,7’) is in L>(I'/H) with respect to
each variable separately and that the scalar product (K (-, 7"), E(:, 5)) con-

A
. Using (2.26) and (2.19) we find

verges for < Re(s) <

(K2, f) = hrpfi(@) (G 2 0), (2.29)

where r; is given by (LL2) for j > 1 and r, = %, and similarly

(K(-,Z'), E (-, % + ir)) = h(nE (z’, % - ir)

since AE(z, % +ir) = — (}L + rZ) E(z, % + ir). Therefore the spectral de-
composition formula (2.12) applied to K(-,7") gives

(o)

Z ( f,, f,(z)f,(z )+— f (Z,%+ir)E(z',%—ir)h(r)dr.

—00

We restate this formula as
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Proposition 3: Let h(r) be a function satisfying (L14) and set

N0 hr)
K.(z,7) =
(z,2) Z G f)

where {f;} is an orthogonal basis of L2(T'/H) satisfying (L2). Let
k(z,7')(z,7 € H)

be the function defined by @.17), where ¢ is given by (2.23) or (2.24).
Then

fi@fi@) (zz € H), (2.30)

3 i
Ko(z,7) = Zk(z, vZ') - —h(%) (2.31)
yell T
L r( 1 N,
T E(z, 2 + zr)E(z 5T l}’) h(r)dr.

We remark that 2.31)) can be proved directly, without recourse to
the spectral decomposition formula (2.12)): Using the formulas for the
Selberg transform and Mellin inversion, one can check directly that the
expression on the right-hand side of (2.31)) has constant term zero with
respect to both variables and hence (using the estimate (320)) is a cusp
form; equation then implies the desired identity. We leave the
details as an exercise for the reader.

3 Computation of I(s) for R(s) > 1.
Let h(r) be a function satisfying (I.I4) and define

I(s) = fKo(Za 2)E(z, s)dz, (3.1)
TH
where K,(z,7’) is defined by (2.30). Since K,(z, z) is of rapid decay, the
integral converges for all s(# 1), and from Z.11)) we have
o h(r))

i =
©= 2G5

Rfj(S). (32)

322
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The object of this section is to compute I(s) for 1 < Re(s) < A.
By the Rankin-Selberg method (eq. (2.10) we have

I(s) = f Aoy 2y Re(s) > 1), (33)

where J# (y) is the constant term of K,(z,z), which we will compute
using Proposition (3) above. From (2.6]) we find that the constant term
of E(z, } +ir)E(z, 5 — ir) equals

—+tr+ { (I =2ir) 1 ——tr __,r+ { (1 + 2ir) 1,
Yt A+ i) YA 21r)y

8y ad o ,
T 2ing (- 2in) Z:; Tir()"Kir(27ny)”.

Of the four terms obtained by multiplying the expressions in square
brackets, two are obtained from the other two by replacing r by —r and
hence will give the same contribution when integrated against the even
function A(r). As to the first term in (2.31)), we separate the terms with

v € I' and y ¢ I's; the former are their own constant terms since
2

k(z,z+n)=¢ (n_2) is independent of x. We thus obtain the decomposi-
y

tion
1 4
H(y) = fKo(x + iy, x + iy)dx = Z J(Y)
o i=1
with
1 (o)
A0 = [ ki v i
0 yell
yéle
H5(y) = i ) lf”h(r)dr
2 y - n:_oogp y2 27[ 1)

—00
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3 i

A0 = =3 [P = 2,

_u !
H0) == fg*(l+2i;»)§*(1+2ir)><

X (Z T,-r(n)zK,-,(Znny)z) h(r)dr.

n=1

4
This gives a corresponding decomposition of I(s) as )’ I;(s) with
i=1

Ii(s) = f Ky 2y (i=1,...,4).
0

Theorem 2. The integrals I;(s) converge for 1 < Re(s) < A and are

given in that region by the formulas

i , 2_4 2 1= 242 '
ho= ) s )f“"('Z : yzt| | I)ys “
H

t=—00
TOrAs) TG -in
L(s) = S O fl"(l - l,r)rh(r)dr,

m0(3)  fs) s
I(s) = — h(=—),
3(S) 2r(%)é’(s+l) (2)
T3 £(5)2
L) = =—4r0 22
P r(% + U”)F(% - lr) {(S + 2”’)4,(3 B 2”) h(i‘)dr

x f T3 +inl(4 —ir) {0+ 2ir) (1 = 2ir)

—00

324
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Proof. We begin with I4(s) since it is, despite appearances, the easiest
of the four integrals. The very rapid decay of the Bessel functions allows
us to interchange the order of the integrations and summation, obtaining

[ee)

2 - ir 2 -
I4(s) = g (Z . r(z’:) )[fys lKir(27TY)2d)’] X

n=1

0
h
X - (r), —dr.
CA(1 + 2ir)d*(1 — 2ir)
. s)* . .
The first expression in parentheses equals @ )g“ (s + 2ir)l(s — 2ir) for
s

Re(s) > 1, as one checks by expanding the Dirichlet series as an Euler
product. The second expression in parentheses equals

S 2
1 rG) r(f +ir)r(E —ir)

8 T'(s) 2 2
(this is the same integral as was used in (2.11)). Putting this together
we obtain the formula for I4(s) given in the theorem; it is valid for
Re(s) > 1. (The integral converges for all s with Re(s) # 0,1, as
one sees by using Stirling’s formula and standard estimates of £(s) and

325 /(1 + if)~" as well as the fact that h(r) is of rapid decay.) Since the

gamma factors in the formula are exactly those corresponding to the
zeta-functions occurring, we can write the result in the nicer form

_ 1y
I4(S) = —me (34)

« f (s + 2ir)(* (s — 2ir)

F+ 2N =i dr Re()> 1.

The integral /3 is also quite easy to compute. Since *(1 — 2ir) is
nonzero for Im(r) > 0 and since the poles of {*(1 + 2ir) and {*(1 — 2ir)

at r = 0 cancel, the integrand in #3(y) is holomorphic in 0 < Im(r) < >
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except for a simple pole of residue

1
@)

y‘lh(%)resrzé(g“*(l +2ir)) = ;—;h(é)

[ C
at i. Hence we can move the path of integration to Im(r) = 5(1 <C«<
A), obtaining

C+ioco
_ iy s G (s
Jié(y)—ém fy —g*(sﬂ)h(z)ds (1 <C <A).
C—ico

The Mellin inversion formula then gives

1 (s) (is)
Ii(s) = —=———"—h|—= 1 <R A), 3.5
(s) = 270G+ D) (I <Re(s) < A) (3.5)
in agreement with the formula in Theorem ().

We now turn to I>(s), which is somewhat harder. From (2.23) and

(2.20) we have

1 i r 1 P 12
2 [ Har= g0 =00 = [ gwhar = [ ¢(_2)du,
4 y y
SO N
= n? u?
Ha) = ) ¢(—2)—f¢(—2)du.
n=—eo YT/ VY
By the Poisson summation formula this equals 326
5 o{) e S
n#0_*
where N
Y(y) = f o(u?)e*™ ™ dy. (3.6)

—00
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Since ¢ is smooth, i is of rapid decay, so we may interchange summa-
tion and integration to get

L(s) = ZZ f@”(ny}ys_ldy = 2§(S)fl//(y)ys_1dy(Re(S) >1). (3.7)
n=17 0

To calculate the integral we begin by substituting the third equation of

@.23)) into (3.6). This gives

(&9 (o9

Y(y) = —% erHiunyf(MZ +v))dv du.

—00

Changing to polar coordinates u + iv = re” and using the standard inte-
gral representation

2n

1 .
'JQ(X) — _felxcosﬁde
21

0

of the Bessel function of order O [GR 3.915.2] we find

[Se]

U(y) = -2 f JoQryr)Q' (rP)r dr

0

. S . u .
or, making the substitution r = 2 sinh 3 and using 2.21)),

W(y) = — f Jo(4ry sinh g)g'(u)du.
0
Using the formula
s r(3) 3
1 g _ 2
fJo(ZQy)ys dy = m (0 < Re(s) < 3,61 > 0)

0
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327 [ET 6.8 (1)] we find

r Qo~TE) [ u\~s
s—1 _ 2 . o ’
fw(v)y dy = A =3) 5 (Slnh 2) gwdu  (3.8)

(0 < Re(s) < %)

(the integral converges at co because g’(u) = O (e‘%“") and at 0 because
g’ (u) is an odd function and hence O(u)). Substituting

o

-1
g (u)=— frh(r) sinru dr
2n

—00

and using the Fourier sine transform formula

f sin ru —2S—1ir(1—s){ r3-i) r(§+ir))}

5 s1nh F(l—%—ir) (1—§+zr

([ET 2.9 (30)]; the conditions for validity are misstated there) gives

[Se]

s I=s s _
flﬂ(y)ys ldy = - ( )F( p )frr(z ”’) rh(dr.

25+275+3/2 (1 _ % _ il")

where we have used the fact that A(r) is an even function, and substitut-
ing this into (3.7)) we obtain the formula stated in the theorem. Since the
integral converges for all s with positive real part, the formula is valid
for all s with Re(s) > 1 (notjust 1 < Re(s)%); we can use the elementary

identity
r F(% - ir) B F(% + ir) ) (% ) (— - lr)
mi\r(1-5—-ir) T(1-$+ir)) T(5)T(%)r6r=in

to write it in the more elegant form 328
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hL(s) = h(r)dr (3.9

£(s) ff(%+ir)r(%—ir)
@nFr(gl)J T
(Re(s) > 1).

The proof of (3.9) was rather complicated and required introducing
the extraneous function J,(x). We indicate a more natural and somewhat
simpler derivation which, however, would require more work to justify
since it involves non-absolutely convergent integrals. Interchange the
order of integration in

f Yy dy = f f @(u*) cos 2muyduy*™" dy.
0 0 —oo

Then the inner integral f y*~! cos 2ntuydy converges (conditionally) for
0

0 < Re(s) < 1 (thus in a region of validity disjoint from that of (3.7)!)

and equals (27|u|)~*T'(s) cos 7; there [ET 6.5 (21)]. Using (2.24) we

then find

f Oy dy =
0

(9]

T(s)cos as e
22t f X f P —-+,r 1+ h(i”)l”tanhnrdrdx
0

for 0 < Re(s) < 1. Interchanging the order of integration again and
using the formula

C’%a
|
=
T
\

+
\I/
Q
=
|

(0O <Re(s) < 1)
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329 [GR 7.134] we find

f Y)Y dy =
0

27720(8)
3—(2) f r(f - ir)r(f + ir) h(r)r sin hrdr,
2 J-
and this now holds whenever Re(s) > 0 (not just 0 < Re(s) < 1) since
both sides are holomorphic in that range. Substituting into (3.7) again
gives (3.9).
To complete the proof of Theorem [2] we must still compute 7;(s)

i.e. the contribution from the main term », k(z,yz) of K.(z,z). For
v¢le
each y € I' denote by [y] the conjugacy class of I' in I'. Its elements are

of the form o~ 'T'o- where o € T is well-defined up to left multiplication
with an element of the stabilizer I', of y in I'. Hence

’

Zk(z,yz)=z Z k(z, 0 lyoz),

yell [y] UEF}//F
¥l o Toels

’

where ), denotes a summation over all non-trivial conjugacy classes
]

(each such class contains at least one element ¢ I's,) and we have cho-

sen a representative y for each class. Multiplying o~ on the right by an

1 ..
element + (0 ’11) € I', does not affect the condition (7‘1)/0' ¢ I', and

replaces k(z, 0~ 'yoz) by k(z + n, 0~ 'yo(z + n)). Hence

’ o)

Z k(z,vz) = Z Z Z k(z + n, 0'_1)/0'(1 +n))
yel (7] 0€ly /T /ye n=—00
Y€l o lyogly,

(for this one has to check that o"ll“yo'ﬁl“oo = {1}, but this follows easily
from O'_]’yo‘ ¢ ', and the fact that the centralizer of any non-trivial
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element of I'y, is Gammas,). Since the constant term in the Fourier

expansion of a sum ), f(x + n) is the integral f f(x) dx, we find

n=—oo SN

(o)
’

A=Y Y [k ivoyotes i
[y] o€l \I['/Te0 ",
o lyoels

330 and hence

’

ho=Y, Y, [keo oy de
[ oel,\ /T §y
o lyorels

Now for any element 7 = (j b) e I'witht ¢ ', (i.e. ¢ # 0) we

d

have

f k(z, 2)y’dz = #V(s, 1) (t = tr(1))

!
where ) S

V(s,t) = fgo(w)ysdz. (3.10)
y y
(To prove this, substitute for k(z, z") and make the change of vari-
able z — X + 4 d.) Hence
e 2c

(1< 1
LIi(s) = Z 5 Z Z m V(s, 1),
1= | < [[1] oely\T/Teo Y
try=t 0_71),0.651—OQ

where Y, denotes a sum over conjugacy classes in S L,(Z)— {i ((1) (1))}
1621

and c(o~'yo) the element in the lower left-hand corner of o~ !yo (we
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must work in S L(Z) rather than I in order to have a well-defined trace;
notice that I’y C I" and o"lya' € S Lr(Z) make sense for y € SLy(Z),
o €T). Since V(s,t) = V(s, —t), we have

o) ’ 1

W= 12 2 oy |V
== | (1] oer’) \[/T Y
Y=t (1ya)>0
There is a (1:1) correspondence between conjugacy classes [[y]] of trace
t and S Ly(Z)-equivalence classes of binary quadratic forms of dis crim-

inant 1> — 4 given by

v = (CCI Z) o Q(m,n) = cm? + (d - aymn — bn.

There is also a bijection between I'/T's, and the set of relatively prime
pass of integers +(m,n) € Z?/{+1} given by mapping an element o €
I'/T to its first column, and under this bijection we have c(c'yo) =
Q(m,n) and I', = Aut(Q)/{£1}. Hence

Z Z 1 _ (s, - 4)
clolya)y  {Q2s)

[[yl] el \I'Toc(oyo)>0
try=t

where (s, 1> — 4) is defined by (II2). To complete the proof of the
formula

Ii(s) = {(2 ) Z (5,2 = V(s ) (1 <Re(s) < A) (3.11)
given in the theorem, it remains only to verify the convergence and jus-
tify the various interchanges of summation and integration made. Since
the integrals I, I3 and I have already been shown to be convergent for
1 < Re(s) < A (eqs. (B4, B.3), B7)) and the function % (y) is of
rapid decay at infinity, the integral /;(s) is certainly convergent in the
same range. By choosing s real and ¢ positive, we see that this conver-
gence is absolute, and this gives an a posteriori proof of the convergence
of (3.11) in the range stated and of the validity of the steps leading up
to its proof. m|

331
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4 Analytic continuation of /(s),

In this section we will give the analytic continuation of /(s) to the critical
strip 0 < Re(s) < 1 and compute the residue at s = 1 (Selberg trace
formula). We will also want to study the functional equations of the
various terms in the formula for I(s). From the definition (B.I)) of I(s) it
is clear that /(s) is holomorphic for all s # 1 and satisfies the functional
equation I*(s) = I*(1 — s) where

I'(s) = 7 °T(s){28)I(s) = fKo(Z, 2)E*(z, 8)dz.

I\H
On the other hand, Theorem Pl says that I*(s) is the sum of the functions
ST (s, 2 = DV(s,1) (tE€Z, t # +2), 4.1)
a T($){(s,0)[V(s,2) + V(s, =2)] + I;(s), 4.2)
L;(s) + I;(s) 4.3)

for 1 < o = Re(s) < A, where I7(s) = {*(25);(s). We will show that
each of the functions (.I)-(.3) has a meromorphic continuation to the
strip 1 — A < 0 < A with poles at most at 0 and 1 and is invariant under
s—1-s.

We begin by performing one of the integrations in the double inte-
gral (3.10) to write V(s, 1) as a simple integral, thus obtaining the ana-
lytic continuation and functional equation of V(s, f).

Proposition 4. Let ¢ be a function satisfying @I8), s € C, t € bR,
A =1 —4. If A # 0, the the integral (3.10) converges for —A < o < 1 +A
and is given by

A
Vis,t) =2n|—
(s,0) 714

si2
f ¢ (1Al = 1)) P_g(u)du
1

(FA<o<1+A) 4.4)
if A < 0 and by

ris)

I'(s

[\S]1=c}

~— | N—
[\

V(s,1) = A% 4.5)

N =
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(o)

xf<p(A(u2 + 1)1+ uz)%SF(

—00

2

s.l.
222w+ 1

)du(—A <o<l1l+A)

if A > 0, where F(a, b; c; ) and P,(z) denote hypergeometric and Legen-
dre functions, respectively. In particular, V(s,t) satisfies the functional
equation

nST(s) T - )

’)/(S, A) V(S, t) = m‘/(l -5, [)(A + 0)7 (46)

where
Q) |AIT(s) if A <0,
v(s,A) = 2
n—w”r(%) ifA > 0.

For A =0, V(s,t) converges for % < o <1+ A and has a meromorphic 333
continuation to 0 < Re(s) < 1 + A given by

T($)I(s —

l (o)
V(s,+2) = ) 2) f e lds(0O <o < 1+4A).  (4.7)
0

We observe that the functions (s, A) defined by (L.I2)) satisfy the
functional equations

Y(S, A){(& A) = 7’(1 -5, A)é/(l -5, A)

for A # 0 ([10], Prop. 3, ii), p. 130), so ([@.6)) tells us that each of the
functions (4.1)) is invariant under s — 1 — s.

Proof. We consider first the case A < 0. Mapping the upper half-plane
- iV|AN\4 .

ﬂ = re"?, we find

z+iV|AN4

2 _ 2
V(s,t)szgo(lz)}#)ysdz
H

to the unit disc bu z —
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4B ff 4|A|r? 1-7° * rdrdf
" N -102)\1=2rcoso+2) (1=

0<r<l1
0<6<2n

and this is equivalent to (£.4) because

2m

1 12 ’ 1+ 72

— — | di=P_|—=|(0O<r<l,5eC

2n (1—2rc0s9+r2) ‘v(l—rz)( ' sel)
0

[EH 3.7(6)]. The functional equation follows since P_4(z) = Ps-1(2).
If A > 0, then we transform the upper half-plane to itself by z —

- VA/4 ..
————— = ¢+ in, obtainin
T+ VA &+in g
2 2 K
V<s,z>=A”2ffso(Af Z") LA
n I1=&—ml* n
H
o2 [[PACL+ i) vl
= u
e 0 (1 eve)
e 0 R

334 (u=E&/n,v= & +n?). Substituting v = ¢* we find

(o) 1 (o)
S
dv _ s
2 N
- v+ v coshx
0 u2+1 - u2+1)

:wF(s s‘s+l'l(1+ “ )) (Re(s) > 0)
2-1r(s+ ) U7 2720 iy
T I'(s) s s 1 u?
T 221 ZF(E’E;E;L@H)
()

u n F(s)F s+1 s+1 3 u?
2 2702 27 u2+1
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[EH 2.12 (10), 2.1.5 (28)]. Since the second term is an odd function of
u, we find the formula

V(s ) = A

m I'(s) o(A(1 + u?)) s 1 u? J
=7 u,
22s-1 r(%)z_ (1+ M2)s/2 2’27 2

which is equivalent to (4.3); the functional equation follows because

1 2 s 1-s51
y-s2p (s s, L =r(2, =2 2] (EH2.1.4022)
(e (2’2’2’u2+1 22 7)) ! @)

Finally, if A = O then the substitution z — —1/z gives

s ([l )= ([l

making the substitution # = y~!, f = x/y and using 335
r r( (s~ 3) I
1+ dt=————"" (R > =
Jasm o (R3]

[GR 3.251.2] we obtain (7). Notice that, since ¢ is assumed to be
smooth, the integral in (£.7) has a meromorphic continuation to o <
A + 1 with (at most) simple poles at s = 0, =2, —4,...; hence V(s,1)
can also be meromorphically continued to this range and has (at most)

. 3
simple poles at s = 3 Ty Ty
tion (@) except for the various assertions about convergence, which can
be checked easily using the asymptotic properties of the Legendre and
hypergeometric functions.

From (.3) and Z.I8) if follows that V(s,7) grows like “~174 as
t € oo with s fixed, —A < o < 1 + A. An easy calculation shows that
L(s, 1> —4) = O(t) for any C > max(1 =20, 1 —0,0) as t — oo, and this
implies that the sum (3.11)) is absolutely convergent for 1 — A < o < A.
Thus 7;(s) has a meromorphic continuation to 1 — A < o < A with (at

This completes the proof of Proposi-
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most) a double pole at s = 1 (coming from the double pole of {(s,0) =
1
£($)Z(2s — 1)) and simple poles at s = 3 and s = 0. From (3.3) and our

assumptions on A(r) we see that I3(s) is meromorphic in —A < o < A,
the only pole in the half-plane o > 0 being a simple one at s = 1. Thus
to obtain a formula for /(s) in the critical strip we must still give the
analytic continuations of I>(s) and I4(s).

Let J(s) denote the integral in (3.4). As already stated, this integral
converges absolutely for all s with o # 0, 1, because the integrand is
of rapid decay as |r] — oo. However, J(s) is not defined on the lines
o =0 and o = 1, because the path of integration passes through a pole
of the integrand, so the functions defined by the integral in the three
regions o < 0,0 < o < 1 and o > 1 need not be (and are not) analytic
continuations of one another. To obtain the analytic continuation of J(s)
(and hence of I4(s)) to 0 < o < 1, we set

(s + 2in){* (s — 2ir)

IO = | m T 2imea = zin 09
C

where C is a deformation of the real axis into the strip 0 < Im(r) <
%(A — 1) which is sufficiently close to the real axis that all zeroes of the
Riemann zeta-function lie to the left of 1+2iC and (1 +2ir)~! = O(|r|¢)
for

complex 0 o=1
r—plane Ny 1+2iC [|\ 1-2iC
P 5(A-1) U
_/__\C
0 R 0 \ i /

r € C (see figure). The integral Jo(s) converges for all s € C such that
C*(s+2ir) and £*(s — 2ir) remain finite for all ¥ € C, i.e. for s ¢ 1 +2iC,
+2iC. In particular, Jc(s) is holomorphic in the region U bounded by
1+ 2iC and 1 - 2iC. Clearly Jc(s) = J(s) for s to the right of 1 — 2iC,
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but for s in the right half of U we have

J(s) = Je(s) = n2 25— D) 4#‘1

F2- 000 5 ) (s e U,Re(s) > 1)

1
because the integrand has a simple pole (at r = E(S — 1)) with residue

1 @2s-1 j
% Mh(%(s— 1)) in the region enclosed by R and C. Similarly

_ FR2s-1) s—1
J(s) = Jc(s) = 71'{*(2 — s){*(s)h(l 5 )(s € U,Re(s) < 1).

g*(zs_ 1) .ﬂ
7e-vrm )

Therefore the function J(s) in 0 < o < 11is 2x >

less than the analytic continuation of the function defined by J(s) for
o > 1. Together with (3.4) this shows that I;(s) = £*(25)I4(s) has an
analytic continuation to o > 0 given by

1 % 2
- E? ()°J(s)
1 1) Q@s—1) [s—1
B =] = -0 @ - 5 (?és(_sl) )h(is . ) (s € U).
. » 17(s)"2s=1) (.s—1
_55 (s) J(s)—z G- h(z 7 ) O<o<),

4.8)
where we have used the functional equation *(s) = £*(1—s). Of course,
we could use a similar argument to extend past the critical line o = 0,
but since it is obvious that J(s) = J(1 — s), we deduce from (&.3) that
I (s) satisfies the functional equation

L= s)=L(s)

rwres- 1)h(l.s— 1)

2 G- 2
1) (2s), (.8

TGN hG_)’
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and this gives the meromorphic continuation immediately. From (4.8)
and (3.3) we find

1
L(s) + I3(s) = —Eé*(S)ZJ(S) (4.9)
LEOCE (5]
1598 2s), (is\y 159 2s -1 (s—1
e 3) 3 roon h(‘ 2 ) O<o=<b
1) 2s-1) (51
Ty h(, 2) (1-A<o<0),

which proves the invariance of @.3) under s — 1 — 5. Notice that the

[ “(s)*(2s -1
function ¢ @G /e vh (g) resp. %h (i - %)) has infini-
tely many poles in the half-plane o < 0 (resp. o > 1), but drops out of

(@.9) before that half-plane is reached. In fact, it is clear from (4.8) and
(@.9) that the function I5(s) + I;(s) is holomorphicin I —A < o < A

1
except for double poles at s = 0 and s = 1 (the simple poles at s = —

. . . 1
must cancel since I5(s) + I;(s) is an even function of s — =).
It remains to treat the function (4.2)). Using the formulas (2.23)) for
the Selberg transform we find

(o) o0 o0

1
f%o(uz)us_ldu =—= fo’(u2 +vHu v du
u
0 0 —oo
1 re 2 : s—1 i0 .
=—— Q' (r*)(rsin0)’” r drd6(Re"” = v + iu)
n
0 0
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and hence, by (4.7),
7 T($) (s, [V (s,2) + V(s,—2)] =

2(5 1))
= _Gm) —— () (25 — l)f smh B & (wdu,

r(s)

the integral converges for —1 < o < 1 + A and hence gives the ana-
lytic continuation of the left-hand side to this strip. On the other hand,

formulas (3.7) and (3.8) give

(4m)" 28
I(1-3%)

I5(s) = - £($)C(29) f (sinh 2) " &'
0

where now the integral converges for —A < o < 2. This shows that
the function (4.2) can be continued to the strip —A < oo < 1 + A and is
invariant under s — 1 — s; equation (3.9) then gives the formula

_‘F(s)g(s OV (s,2) + V(s,-2)] = ,(1 = s) (4.10)

_cwres-y (U5 +in)r (452 —ir)
(471) (T) Y I'(ir)y I'(-ir)

h(r)dr (0 < o < 1)

in the critical strip. A similar discussion to that given for the inte-

1s-1)

() (2s =
()
l)h( ) to the right-hand side of (4.10) and that near the line o = 1
we have

gral I;(s) now shows that for o > 1 we must add

ﬂ_SF(s)g“(s 0O)[V(s,2)+ V(s,—2)]
_fwres-y [(45 +ir)L (42 —ir)
a0 ) T(ir)T(=ir)

s—1

17rT

RN

h(r)dr @.11)

—Dh (zs;zl) (s € U).

339
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Again the analytic continuation to 1 — A < o < 0 follows using the
functional equation.

We have thus proved the analytic continuability and functional equa-
tion of each of the functions @.1I) - @.3) in the strip 1 — A < o < A and

340 given explicit formulas for these functions in each of the five regions

1-A<0<0,1-U,0<0<1,Uand]1 <o < A covering this strip.
We and this section by using these formulas to compute the residue at
s = 1 of the functions in question.

From the development

7(s) = —1 + l()/ —logdm)+O(s—-1) (s—1)
s—1 2
and (&.8)) we find

Ii(s) = ——
O=gleome T soa

1 [ 1 7—10g47r+0(1)]

X fh(r)dr +(s—1) fz(r)h(r)dr +0(s - 1)2}
C

C

1 1

_ zeta”' (1 + 2ir) e ‘(1-2ir) . :
as s — 1, where z(r) = 21 + 2ir) {*(1 i) Since z(r) is

holomorphic for r near the real line (the poles of the two terms at r = 0
cancel), we can replace C by R in the two integrals, obtaining

+ (—K(y log4r) + %

son_ K
I (s) = —(s—1)2

_L f Z(r)h(r)dr](s— D'+ o)
45

1 (o)
as s — 1, where k = . f h(r)dr. From (3.3) we get
T _ %

L0, (i) h(})
2

GO =225+ 2 =1

+0(1) (s—1).
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This takes care of the function .3). For (@.2) we use equations (£.11)
and (3.9), obtaining (by an argument similar to the one just used for 7;) 341

7 T(s) (s, 0)[V(s,2) + V(s — 2)]

1
+ —(y —logdn) + O(s — 1)
s—1 2

1
X 2G6-1) + 5(y—10g47r) + O(s — 1)}
(11 1 )
X§+Zr(10g4ﬂ'+ F(E))(S—l)+0(s—l):|

s—1 | | A
X fh(r)dr - f(F(lr) + F(—l}")) h(r)dr
L C C

h(0)

+0(s - 1)*] + — G- D'+ o)
K
= m + (K(’y - IOg 871')

1 1 »
—EIF(I+zr)h(r)dr+§h(0)](s—1) +o(l)

and

[

L(s) = [%fh(r)rtanhnrdr](s— D'+ o).

—00

Finally, to compute the residue of (.I) at s = 1 we need the values of

V(1,1) and res,— (s, 1> — 4) for t € Z, t # +2. From @4) and @3} we
find

(o8]

Vi dx

- _ <2

20f¢(x)m =
vibn={ "

z f ()—2 (1> 2)

22_490 Vx+4 -7
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(since Py(u) = 1, F(0,b;c; x) = 1). Using the formulas (2.23) for the 342
Selberg transform, we can express this in therms of A(r), obtaining

(o9

1 —2ar T
— - — <2,0< -
: f o h(r)dr (|t| 2cosa <2, 0<a 2)

N

—00

V(1 =

(o)

1 .
1 f U n(rdr (1| = 2cosha > 2)

—00

4.12)
(we omit the calculation, which is not difficult, since in §5 we will give
a general formula for V(s, ¢) in terms of i(r)). As to {(s, D), we have

2r 1
D
D ) PO

ress=1{(s, D) = (4.13)

1
— loge (D > 0),
VD; 0

where Y, and Aut(Q) have the same meaning as in (LI2) and, in the
0
second formula, ¢ is the fundamental unit for Q (i.e. the larger eigen-

value of M, where M € S L,(Z) is a matrix with positive trace such that
Aut(Q) = {xM",n € Z}).

We have thus given the principal part of each of the functions (4.1)
- @.3) at the pole s = 1. Adding up the expressions obtained, we find
that the terms in (s — 1)~2 cancel and that

gh@: [ [wote.0+ 20(3) e = 2rescarsr (3]

I'/H

(o8]

1
= T h(r)rtanh rdr 4.14)

(o8]

_ % f (z(r) + %(1 +ir) + log 2) h(r)dr

—00
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(o)

1 2
+5h(0)+ = t;@ V(1, Oresy_1 (s, 2 — 4),
2+4

where 343

(1 + 2ir) .\ (1 = 2ir)

= mdvan T oA =2in
S A T ¥ M SRR Gy
> F(Z ir) > F(lr) + {(1 + 2ir) 4(211‘)

and V(1,1), ress—1{(s, > — 4) are given by equations @.12) and @.13)),
respectively. Formula (.14) is the Selberg trace formula.

§ 5. Complements. In the last section we gave the analytic contin-

uation of I(s) to the strip 1 — A < o < A. To complete the proof of
Theorem [Il we must still

1) express V(s, f) in terms of the Selberg transform A(r);

2) generalize the formula obtained for /(s) to the function

S h(r)

" (s) = Zaj(m)(fj’fj Rp(s) (meZ) .1

with m # 1 (notations as in § 1). In this section we will carry out
these two calculations and also indicate the generalization to congruence
subgroups of S Ly(Z).

The results of § 4 show that /*(s) equals

[Se]

C*(s + 2ir)(*(s — 2ir)
(1 + 2inZ*(1 - 2ir)
17 (2s) (is\ 1) Qs—1), (15
T2 G+ h(_)_i F(s—1) h(’ 2 )
() (2s) fmf(% +ir)T(3 - ir)
(471)_ (S+1)_oo I'GrI(=ir)

1
- Eg*(s)z h(r)dr

h(r)dr
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Crr@s—1) (T +inT (42 -ir)

= h(ryd
4nFr(Z) ) T Taren (rdr

+17T(s) ) V(s 0d(s,1” = 4)
ea

344 in the critical strip 0 < o < 1 (cf. equations (.9) and @.10). Using the
functional equations of V (s, f) and {(s, D) we can write this expression
as Z(s) + Z(l — s), where

[ 2°(s + 2000 (s — 2ir)

T

R(s) = —éf{*mz
()(2s), (is
(s + 1)h(5)
N T(s)[(s— 1)
2w ()r(')

fl“(% +ir)1“(% —ir)

I'GrI(=ir)

£(){(2s = I)x

h(r)dr
+ 7 °T'(s) Z v(s, (s, I 4),

f=—00

t#£+2

v(s, t) being any function such that

_ T - 5) (s, A)
V(s,t) = v(s,t) + () 71— 5. A) v(l = s,0). (5.2)

(here A = 1> — 4 as before). Comparing this with (I.T6) and observing
that F(a, b;c;0) = 1, we see that Theorem [I] (for m = 1) will follow
from O

Proposition 5: For r+ # =2 and 0 < Re(s) < 1 the function V(s,1)
345 defined by (3.10) is given by equation (3.2)) with
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v(s,t) =

ris-4y  pr(se+in)r(se-i)
4r(%r(%))_£ (i) (=ir)

Proof. As in Proposition (4) we must distinguish the cases A > 0 and

A < 0. It will also be useful to introduce symmetrization operators
S, .7, with

LS = f(s)+ f(A =), Lf($)] = f(r) + f(=r)

for any function f. Thus the formula we want to prove can be written

7 °T°(s) 1| 7TT(s)
mV(s, 1) =7, [y(s, ) v(s, t)]. (5.3)
If A > 0, then (£.3) and (2.24) give
r(s r
V(s,t) = ! %A% frtanhﬂrh(r)
1
_ AZN G _e2p (25 L )
= xfO‘][_lw(l +1_—§)(1 &) F(2’2’2’§) \/Edr,
0

where we have made the change of variables & =

2u T To prove (3.3)),

we must show that the inner integral equals

s IS - Dr(52 +ir)T(452) - ir
5”1 2 coshmrr 2 5.4)
a2 rimr)r-s:)
2
XF(1;s+ir,1;S ; sl—tz)]
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346 (here and from now one we use standard identities for the gamma func-
tion without special mention). Using the identity

2
—):y,
X

Qi ; 1 1
lxT”F ——ir,= —ir;1 = 2ir;—x
F(l+' ’ 2 2

3 lr)

[EH 3.2 (19)] and expanding the hypergeometric series, we find that the
integral in question equals

(x>0)

P—;+ir(1 +

© 1 ) —n—L+ir
& cothrr < (=1)" F(ﬂ +5- lr) A2
"I 2nmi £ ! T(n+1-2ir)

1

_gpen-tmirp (88,1 ) 48
Jo-errr(s b9 %)

0

From [EH 2.4(2), 2.8(46)] we have

r %+n—lr)l“(u +n_”»)r(%)

F(n+ 5 —ir)2

so our integral equals

cothmr < (—1)"
5% X
"| 2ivm Z:;) n!

XF(% +n- ir)I“(u +n— 1r) (A)—n—%ﬂr}

T(n+ 1 - 2ir) 4
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(5.5)

r

COthﬂ'rF(% - ir)l"(% - ir) A ir-1
2iNm (1 - 2ir) (_)

4

1- 4
xF(% —ir, TS —ir1 = 2ir; _K)]
coth zr [(s = )0 (% - i”) (A)_%
2im F(% - ir) 4

wp(los o 1=s 3 A
5 ir, 5 lr,2 S5 )

= 7.7} l

(the last formula is [EH 2.10(2)]), and since 347
cothnrr(% - ir) coshﬂrl“(% + ir)l“(% - ir)
l 2iE T (L _ir)} T r(Wr)r(i-3)
this agrees with (3.4), completing the proof for A > 0.

T 1
If A < 0, then 1 6%/2, where 6 = =|A| =1 —
¥(s,A) 2
equivalent to

£

Z,so(ﬁrﬂ)ls

62V (s, 1) = ) [5%<~*‘—1>v(1 -0

On the other hand, from (4.4) and (2.24) we have

1 [Se]
2V (s, 1) = 3 f rtanh rh(r) f P_y (1 +26u® = D)P_g(u)dudr.
1

—00

Denote the inner integral by 1. Then (3.3)) will be proved if we show that 348

1 r(% - s)r(g + ir)r(g —ir)

—02

2 (4 +ir)T(5—ir)T (55T (42)

FlEvint-intiss
5 Hir s —in s + 86l

[=.7!

s
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By [EH 2.10(1)], this is equivalent to
1 T +inT(3-in)T (42 +ir
C2vr r(b+i)r(d-i)r(ie
1

xR —ir 2 4ir =1 - 6.
2 Ty

To prove this this formula, we being by making the substitution v =
u? — 1in I and substituting for P_; . by

+l}"

r dx m_ (1 1

—ax R — — — ; —_ 7
fe lr(x)—\/)_c = 2F(2 + zr)F(2 zr) P_1,;(a)
0

[GR 6.628. 7]; after an interchange of integration this gives

vaar (5 + i (- o)1

clr —26xv dv —X 7. ﬂ
Of{f P_ V1+v) m]e ,,(x)\/}.

where W/l u1s Whlttaker s function, and using the Melhn Barnes 1ntegral
representation of the latter [GR 9.223] we find that this in turn equals

C+ico

-1
1+s sybo 1 1 s 1-s
r r(1=2) = [ rlvez|r(S-mr—=2-
(2) ( 2) 2m'f(v+2)(2 W= =)
o

—100

><(26x)v_%dv,

349 where C is chosen such that —% <C«< %min(a', 1 — o). If choose C
to satisfy also C > 0 then we may interchange the order of integration
again, obtaining

2\/_F( +zr) (%—ir)r(lﬂ)r(l—f)l

2
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! C+ioco
1 1 s 1-s
= — 2V "2l +—F(—— )F—— X
27i f Y U Ry R

C—ico

(o)

xfxv Le™ K, (x)dx dv
0

C+ioco

I'(3) s 1-s , o

= o f F(E — V)F(—2 - v) IF'v+inNl'(v—ir)d" 2dv
C—ioco

[ET 6.8(28)]. The integral is very rapidly convergent (the integrand is
1
O(v|3/2e=#My), so we may substitute for 6”2 the binomial expansion
F 5-v+ n)

5ot = st nzl o

and integrate term by term. Using “Barnes’ Lemma”

C+ico
L_ f I'(a + s)I'(B+ s)I'(y — )0 — s)ds
27i
C—ico
_Tla+y(a+ )l + B +0o)

INa+B+vy+9)
[GR 6.412] we obtain finally

I 1 1

or (= +ir|T (= = i) [ r(l—f)lzcs%“—‘)x

2 2 2 2
ﬁ+ir+n)F(§—i +

e F(2 r
* 2 r:
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350
This completes the proof of Proposition[3and hence of Theorem ()
form = 1.
To calculate the function (3.1) for m > 1 we set

K@) = ajimr

J=1

Then I"(s) = f K{'(z,2)E(z, s)dz. On the other hand, from (L.6) we see
I'/H

that K{'(z,7') = m%KO(z, )T (m), where Ky(z, 7') is the kernel function
@.27) and T (m) the Hecke operator (L3), acting (say) on z’. Since the
constant function and the Eisenstein series E(z, s) are eigen-functions of
m3 T (m) with eigenvalues 8! (m) and 7 1(m), respectively (t,,(m) as in

2.D), equation 2.37) glves

m AN m ’ 3 l
KO (Z’Z)_K (Z,Z)—;T%(m)h(i)—
—iOOE l+'rE ’l—'rh(r)~( )dr
i Z5Hi 75— 7, (m)dr,

where

1 a? +b
K™(z,7) = VmK(5,2)T(m) = —— k(z, , ) :
2 W a,bgz;ez T+ d

ad—bc=m

Hence the constant term .2 (y) of K{'(z,2) equals Z K, (), where

" and 2" are defined exactly like %3 and .7} but w1th h(r) replaced
351 by h(r)T,,(m) and

iy+1

My az+b
% (y) \/_fad bc=m ( Z+d)dz’

c>0
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iy+1
az+b
HM(y) = f ( )dz—
Vi g
a,d>
s f h(r)t;-(m)dr.
2r

As in §3 we then find I"(s) = Z I1"(s) for 1 < o < A, where I5' and I}’

are given by the same formulas as I3 and I4 (equations (3.4) and (3.3))
but with A(r) replaced by 7;-(m)h(r) and

ns)=mT S g5 - L
{2HI'(s)=m t:ZOO{(s,t 4m)V(s, \/ﬁ)

As to I3, from (2.20) and 2.23) we find

1
- 1 O ((x(d = a) = b)* + (a - d)*y?
o= 3 Zcp(" L y)dx
0 st
y
- Edz fh(r)
ad=0
1 (a—d)?
a+d
& 2
LZ:<p(b—2) if VmeZ
+ m, =, \ny
0 ifVvmeZ
1
_ ﬁ%(}’\/ﬁ) if Vvme Z

0 if Vm¢Z,
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SO
s) m—PhL(s) if Vm€Z,
2 0 if VmgZ

The analytic continuation to 1 — A < o < 1 now proceeds as in § 4, the
only essential difference being that the terms (.2)) are absent when m is
not a square, since /{" then has no summands with > —4m = 0 and Iy
vanishes identically. The final formula is that given in Theorem/[Il
If m < 0O the proof is similar and in fact somewhat easier (since
— 4m now always has the same sign and the term /I, is absent), but
the calculations with the hypergeometric functions are a little different.
Since constant functions and Eisenstein series are invariant under 7(—1),
the terms 73'(s) and I}(s) are equal to I|3m|(s) and ILml(s), so that first two
terms in (L.I6) are unchanged except for replacing m by |m|. The term
I} is always zero since m cannot be a square. Finally, for /{" we find

I{'(s) = |m|= Z g6, ;(2s) Vot <0 (56)

t=—00

with

) 2
1 K (|Z| _A/4) 21..8
Vs,t:sz’ P dZ—ft,D y—2+l de,
H

H

where now A = "4, This function is easier to compute than V(s, 1)
since A always has the same sign. Making the same substitutions as
in the case A > 0 of Proposition @) we find that V_(s, 1) is given by
the same integral (4.3) but with o(Au? + 1) instead of ¢(Au? + A), This
integral can then be calculated as in the case A > 0 of Proposition[3] the

2
only difference being that the function P__ i (1 + / f) is replaced by

1 -

pl.(_lﬂ/z
2 l—éf

) and we must use
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i a1 1
=.7 #)zx%_”F(E —ir, 3 ir; 1 = 2ir; x) (x>0
r(%+ir)
. . 2
[EH 3.2(18)] instead of the corresponding formula for P_ Lir 1+—]. 353
X

This has the effect of introducing an extra factor (—1)" in the infinite

4
sum and hence of replacing the argument oy in (3.4) by +K. Using the
identity

cothnrr(% - ir)l"(% _ ir) A ir-1
%[%ﬁ I(1 - 2ir) (—) X

4
s . l=-s ,.4
XF(E—zr,T—lr,l—er,K)]

h? 1- 1- A2
:COSHQHFFG+ir)F(%—ir)F(Ts+ir)F( 2s—ir)(z) x

<F 1-s ,1—5_'__.1‘1 A
) Ty Tty

[EH 2.10(3)] and substituting the expression thus obtained for V_(s, )
into (3.6)), we find that the last term in (I.I6) must be replaced by

23—4 =1 2 X
ﬂr(%) Z (s, I —4dm)x
t=—00

ﬂ-s+l
(T(3+ir)T(5 —ir)T (45 +ir)T (152 - ir)
Xf T (% +ir)0 (3§ - ir) TG (=ir)

l-s . 1 7
2 2 am

—00

w125 4
i,
2

) h(r)dr

if m < 0. This completes the proof of Theorem ().
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Finally, we indicate what happens when I is replaced by a congru- 354
ence subgroup I'; in the simplest case I'j = I'g(g)/{£1}, g prime. There
are now two cusps and correspondingly two Eisenstein series £ and E»,
given explicitly by

E@= ), Im(2', E@= ), Imwy)’

velo\I' yew ITow\IT|

(where w = (2 _01 )), and formula (2.37]) becomes

N NS Y AN
Koz 7) = ;ﬂk(z’ﬂ) Vol(Fl\H)h(2)
2

1 | , 1
~ I jz:; ij(z, 3 +inEj(z, o ir)h(r)dr,

(%)

where Ko(z,z') is defined as before but with f; now running over all
Maass cusp forms of weight 0 on I'y (cf. [4]). It is easily checked that

N

E](Z, S) =

q 1
. lE(qZ’ s) — WE(Z’ s),

S

E2(Z’ S) =

E(z,5) -

21 E(qz, 5)

q2s -1
so that Fourier developments of E; and E, can be deduced from 2.6)).
The calculation of I(s) = f Ko(z, 2)E1(z, s)dz (which again can be ex-
Iy /H
pressed as f H (y)y*~2dy, K (y) = constant term of Ko(z,z)) now pro-
0

ceeds as in § 3; the final formula is the same except that /;(s) is replaced
by

(o)

1 » -4 )
Z715e >+ y ){(s,t ~ HV(s,1),

t=—o00
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A -1
(where (—) is the Legendre symbol), I3(s) is multiplied by ZH—
q q

-1
and the integrand of 14(s) is multiplied by
1 D1 -g )1 —g'*
(g + )( q ) -4 )+2q—s '
1+ q* (q1+21r _ 1)(q1—2tr _ 1)
O
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