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International Colloquium on Vector Bundles
on Algebraic Varieties
Bombay, 9-16 January 1984

REPORT

AN INTERNATIONAL COLLOQUIUM on ‘Vector Bundles on Al-
gebraic Varieties’ was held at the Tata Institute of FundataleRe-
search, Bombay from January 9 to January 16, 1984. The piqfos
the Colloquium was to highlight recent developments in treggal area
of Vector Bundles as well as principal bundles on bdfima and pro-
jective varieties. Projective modules and quadratic spawer general
rings were also among the topics covered by the Colloquiune Jol-
loguium was jointly sponsored by the International MathgoaaUnion
and the Tata Institute of Fundamental Research, and wasiatisirsup-
ported by them and the Sir Dorabiji Tata Trust.

The Organizing Committee for the Colloquium consisted af-Pr
fessors Sir M.F. Atiyah, M.P. Murthy, M.S. Narasimhan, MR&aghu-
nathan, S. Ramanan and R. Sridharan. The Internationaldvtegtical
Union was represented by Professors Atiyah and Narasimhan

The following mathematicians gave one-hour addressesdt ¢

loquium :
M.F. Atiyah, W. Barth, S.M. Bhatwadekar, J.L. Colliot-Tihae, A.
Hirschowitz, G. Horrocks, G.R. Kempf, M.A. Knus, J. Le Patiél.
Lindel, M. Maruyama, N. Mohan Kumar, S. Mukai, M. Ojanguréh,
Parimala, S. Ramanan, A. Ramanathan, C.S. Seshadri, WaSriand
G. Trautmann.
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Besides the members of the School of Mathematics of the atdLlte,
mathematicians from universities and educational insitg in India
and France were also invited to attend the Colloquium.

The social programme for the Colloquium included a Tea Ramtyan-
uary 9, a Classical Indian Dance (Bharata Natyam) Perfocsan Jan-
uary 10, a Concert (Classical Indian Music) on January 12jreadd

Party at the Institute on January 13, an Excursion to Eleph@aves on
January 14, a Film Show on January 15, and a Farewell Dinnméy &a
January 16, 1984.



Magnetic Monopoles in Hyperbolic Spaces

By M.F. Atiyah

1 Introduction
1

In recent years, the Penrose twistor transform has beensixtdy and
successfully used to convert certain problems arising iysiol into
problems of algebraic geometry| [1]. More precisely, solui of the
self-dual Yang-Mills equations oR* (describing ‘instantons’) convert
into holomorphic bundles on the complex projective 3-sgagceSimi-
larly, solutions of the Bogomolny equation k¥ (describing ‘magnetic
monopoles’) convert into holomorphic bundlesT®, (the tangent bun-
dle of P1) [7]. In this talk, | shall consider the analogous probleuor, f
magnetic monopoles, when the Euclidean 3-siiitis replaced by the
hyperbolic 3-spacei®. Twistor methods still apply and so then ‘hyper-
bolic monopoles’ can also be described by holomorphic esdl

The motivation for studying the hyperbolic case is thatpsaingly,
it turns out to be simpler than the Euclidean case, whileaas#fime time
preserving all its essential features. Moreover, by vantime curva-
ture of hyperbolic space and letting it tend to zero, the iHeean case
appears as a natural limit of the hyperbolic case. While ttaild of
this limiting procedure are a little delicate, and need momwre care-
ful examination than | shall give here, it seems reasonabt®njecture
that the moduli (or parameter space) of monopoles remaiakenad
by passing to the limit. This conjecture (f&U(2)) receives substan-
tial confirmation from the recent result of Donaldsbh [5] be moduli
space of Euclidean monopoles.

In 8[2, I explain how hyperbolic monopoles satisfying suigatecay
conditions at infinity, can essentially be viewed as ingtastinvariant

1



2 M.F. Atiyah

under a circular rotation. Although this works quite geligrior any
compact Lie groufs, and for any asymptotic value for Higgs field, |
will for simplicity concentrate on th& U(2) case. This is the case which
(for Euclidean 3-space) has been studied in the greatesst {it [8],
[Q], [10] and it is therefore the most useful for comparageposes. In
particular, | will show how the two splittings (reductionttee triangular
group) used by Ward [10] and Hitchinl[7] have simple analaginethe
hyperbolic case.

The twistor picture forS-invariant instantons is developed ifE 3
and then the ‘mini-twistor’ picture is derived in[8 4. The bwue of
Hitchin's spacel'P; (a quadric cone) is now a non-singular quadric sur-
face Q, and the analogue of Hitchin’s spectral curve is now a curve o
Q. However, in the hyperbolic space, this spectral curve hEoan
additional interpretation in terms of the jumping lines lbé tinstanton
bundle on the 3-dimensional twistor space.

In 85, I discuss the limiting process of letting the curvattend
to zero. In the ‘mini-twistor’ picture, this means that wevba family
Q(t) of non-singular quadrics which degenerate to a quadrie @

t — 0. While the general situation is fairly clear, there are yndetailed
technical questions about this limiting process which | dbeanter into
and which need thorough investigation.

Finally in 8[8, using a recent result of Donaldsoh [4] on thedoid
space of instantons, | will show that the moduli spac&%bfnvariant in-
stantons (i.e. of hyperbolic monopoles) can be identifigth e space
of rational functions (of one complex variable). This résvas also de-
rived in [2] in a more general context, but the treatment witiere is
somewhat more elementary. Moreover, it enables us to fgeht ra-
tional functions assigned to a monopole as part of the soaitenatrix
for Hitchin’s differential operator. It seems likely that a similar interpre-
tation holds for monopoles in Euclidean space.

It will be clear from this introduction that many of the keyipts
rest on results of S.K. Donaldson. | am also indebted to hiditaiN.J.
Hitchin for much valuable discussion on these topics.



Magnetic Monopoles in Hyperbolic Spaces 3
2 Instantons and Hyperbolic monopoles
| begin by recalling the self-dual Yang-Mills equations®h
xF=F (2.2)
and the Bogomolny equations &:
D¢ = *F (2.2)

HereF is the curvature of a connectioa,(the Higgs field) is a section
of the adjoint bundleDg¢ its corariant derivative andis the duality op-
erator (relative to the Euclidean metric). With suitablealeconditions
at infinity solutions of (1.1) are callgdstantons and solutions of({Z]2)
are calledmonopoles For such solutions the?-norm of F is finite in
both cases (referred to as the actionkdrand the energy oR3).

It is well-known that any solution of (2.1) which is indepemd of
the coordinates can be reinterpreted as a solution[of [2.1) witheing
given by thexs-component of the connection. Thus a monopole can be
viewed as a solution of (2.1), but it is a solution wiitlfinite action and
S0 is not an instanton.

Instead of consideringranslatiorrinvariant solutions of[(Z]1), we
can however consideotationally-invariant solutions, relative to angu-
lar rotation in say thexs, X4)-plane. It is then convenient to use polar
coordinatesr( 6) in this plane and to rewrite the Euclidean metric ele-
mentds’ as

d& = dx + dxs + dr? + r?de?
d d dr?
- |r2{—xi ’ f b +d92} (2.3)

Now the hyperbolic 3-spadd?, of constant curvaturel, can be identi- 4
fied with the upper half-space> 0 in (x, Y, 2)-space. Thug (21 3) shows
that we have a conformal equivalence:

R*-R? ~ H3x St (2.4)
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This implies thaS!-invariant solutions of{2]1) ové&x*—-R? correspond
to solutions of [[Z.R) orH3. SinceS! is compact this correspondence
converts finite-action solutions @&f into finite-energy solutions oH3.

In particular,Sl-invariant instantons, defined on the whold%df(in fact
on S%), can be interpreted as finite-energy solutions@2) on H3. We
shall see that it is reasonabledefinea monopole orH? as a solution
of (Z.2) that arises in this way from &¥-invariant instanton. This by-
passes the interesting but technical questions of idémgifihe precise
decay conditions to be required of a monopole.

At this stage, we should look carefully at the notiorSdfinvariance.
The unknown function in(Z]1) is a connectidnon a principal bundle
P overR*, andS'-invariance means that tf&'-action onR* has been
lifted to anSt-action onP preservingA. Notice that the choice of lifting
of the St-action toP is part of the data.

So far we have not specified our structure gr@ipFrom now on,
for simplicity, we takeG = SU(2) and we shall frequently work with
the associated vector bundke (with fibre C?). An action of S then
gives, on restriction to th2-axis (i.e. the %y, X»)-plane), a representa-
tion of S on the fibres ofE. This representation (up to conjugacy) is
independent of the point on the axis and must be of the form:

1o (ﬂop ﬂ‘_’p) (2.5)

for some integep > 0. The integer p can be identified with the asymp-
totic value of the nornig| of the Higgs field. For this we just have to
recall that, intrinsically, the Higgs field is theffiirence between the Lie
derivative and the covariant derivative along ®eorbits. At a fixed
point of the action, the covariant derivative is zero, wiktile Lie deriva-
tive is just the infinitesimal action on the fibre given by 2.5

This already shows that our definition of monopoles is sorhatw
restricted since we are requiring| to tend to aninteger value atco.
If we relax this condition (but preserve suitable decay dims) our
monopole would correspond not to an instanton in the steicss but to
a solution of [Z]1) with a branch-type singularity alo8§ c S*. Such
solutions, with non-trivial holonomy aroun8?, have been explicitly



Magnetic Monopoles in Hyperbolic Spaces 5

found in [6]. A systematic treatment of hyperbolic monogo#ould
certainly include all these but in this talk | shall discusdyahe ‘inte-
gral’ case.

Excluding the trivial casg = 0, the sub-bundle dof over S? cor-
responding to the positive factaP in (2.5) is well-defined and has an
integer first Chern class. This is (up to sign) thagnetic charge lkof
the monopole as usually defined.

To be precise about signs, we must first decide on orientatidre
shall use the circle action to orient t&é which is rotated, and the ori-
entation ofR* then induces an orientation on the fix&d. SinceH?3
has thisR? as boundary it also inherits an orientation. This turns out
to be opposite to the orientation it inherits from_(2.4) rtatg with the
orientation ofR*. Hence solutions of the Bogomolny equation léf
now correspond tanti-self-dualconnections oiR* (independent of).

With these sign conventions, the intededefined above is in facte
positive and can be identified with the magnetic charge oifrtbeopole.
Moreover, the anti-instanton number, i.e. the second Cblassc, of
the bundle oveB?, is related tdk and p by the simple formula:

¢ = 2Kp. (2.6)

This is easily proved by the use of equivariant cohomologgxaained
in [3]. The equivariant; of E restricted to the fixe®? c S*is

~(kx— pu)?

wherex generate$12(S?) andu generates the equivariait of a point.
Since the equivariant; of the normal taS? is justu one finds

. . kx — pu)?
c, = codlicient ofxin — %

= 2kp.

Alternatively, [2.6) can be derived by equating the Enerfjyhe
monopole (multiplied by 2) with the Action of the anti instanton, using

the formulae
pk = 1 f IF2dx3
4
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1
= — | |FPd¥
& 8ﬂ2f||d

The factor 2 arises in(2.6) because|? contributes by[{Z]2) the same
amount to the Energy d5[%. This integration argument is, of course,
an explicit de Rham version of the cohomological argumentvalfsee
[3] for further explanation).

We can now proceed to study our hyperbolic monopoles simgly b
exploiting the available information on instantons.

3 Thetwistor picture

| recall that we have the “twistor” fibration (s€€ [1]
P3(C) —» S* (3.1)

and thaiS U(2) - anti-instantons o84 lift to holomorphic vector bundles
F (of rank 2) onP3(C). Moreover, the anti-involutiownr of P3(C) given
by

o(21,22,23,2) = (~22, 21, 2, Z3)
lifts to F, giving F a “real structure”. Finally, sincE comes fron8%, it
is trivial on all the fibres of{(3]1), the “real” lines.

An Sl-invariant anti-instanton o8* corresponds in this way to a
bundle F on P3(C) on which St acts. | now proceed to spell out the
details of this action.

First of all, the action oS! on S* lifts naturally, via [3.1), to an
action onP3(C) and it then complexifies to give an action ©f. This
action has two fixed lines which we shall denoteRjyandP;. Under
the projection[(3]1), each gets identified with the fix@dc S* of the
rotation. The mafp; — S? is orientation-preserving, whilg] — s?
orientation-reversing. Moreoves; interchangesP; andP;. On the
normal bundle t&7 in P, the representation @ is just scalar multi-
plication, while forPy, it is the dual (or inverse).

WhenF is restricted t@7, it decomposes as a direct sum

FIPF=H¥@LPoH e LP (3.2)
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whereH is the (positive) Hopf line-bundle (with trivial*-action) and_
is the standard one-dimensional representatiddi*ofl his follows from
the discussion in 82, so thiais the magnetic charge anqxthe limiting
value of the norm of the Higgs field. Becausehanges orientation, it
follows that

FIP;=HXeLPoH ®LP (3.3)

The decompositiond (3.2) and (B.3) induce splittings-o@s de- 8
scribed by the following:

Proposition 3.4. OnP3 — P; there is a unique holomorphic sub-line-
bundle L of F such that

(i) F isinvariant under the action at”,
(i) F,restricted taP;, coincides with the first factor FoLP in (3.2).

Proof. A sub-line-bundle ofF is given by a section of the associated
projective bundlé?(F). Consider now the action @* onP(F). There
are four fixed linesx*, a~, p*, B~ corresponding to the four factors of
@2) and[(3.B)a", o~ arising (in order) from those of (3.2) amd, 5~
from (3.3). The weights of the representation@f normal to the lines
at, o are

ot 1 (1,1,-2p)
a1 (L12p). (3.5)

The weights+2p are in the fibre direction while the weights 1 corre-
spond to directions normal t®; in P3. Consider now the&*-orbits in
P(F) lying overP3 — (P] UP]). Ast — O(t € C*), each such orbit ac-
quires a limit point ine,. or @_. Since the weights af_ are allpositive
mostC*-orbits tend toa_. Consider the special*-orbits which tend

to @,. Sincea, has just two positive weights, it is not hard to see that
these special*-orbits define a codimension one complex sub-manifold
of P(F) overP3; — P_, and that this is the graph of the required section.
A formal proof can be given on the lines explained in § 6.
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Interchanging the roles d&f; andP; in[3.4, which corresponds to
changingt to t~ in C*, leads similarly to a line-bundle™ overP; — P}
which extends the first factdi < @ L=P of (33). 9

Recall now that a line irPz on which F is non-trivial is called a
jumpingline. These are related to our line-bundles L~ by the fol-
lowing result: O

Proposition 3.5. The fibres of L and L~ over a point xe P3 — P; UP]
coincide if and only if the closure ik of theC*-orbit of x is a jumping
line of F.

Proof. Again, we work withP(F) so thatL*, L~ determine sections
(denoted by the same letters) over the appropriate pafts. uppose
first that the closure af*x (sayy) is nota jumping line, so that, ove,
P(F) is a product. Its sections are therefore just constant etetmined
by their value at any point. Hence the action@fon these sections is
the same as its action on the fibres over the two points

Y+ =y NP, y- =yNPL.

In particular there are just two fixed sectiosis s~ as indicated in the
diagram

A” S B~
At e Bt
: :

y* % '

HereA* is the point ofs" overy*, etc., and the arrows indicate the
direction of theC*-flow ast — 0. As the figure indicatea* is the
saddle-point ovey™ so thats" must coincide with_*. Similarly B™ is
the saddle-point ovey~ so thats™ coincides withL™. Sinces" ands”
are disjoint it follows that.*(x) andL~(x) do not coincide.
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10 Conversely ifL*(x) # L™(X) then we get a diagram as above and we
have to deduce th&(F) is trivial overy. For this consider the closure
of a genericC*-orbit in P(F)|,. From the direction of the arrows in the
diagram we see that this gives a sectiopassing througlA~ and B*.
Moreover from [(3.b) it follows that the intersection numbérs™ and
6.s” are both equal to2 This implies thats* ands™ are homologous
and from this it follows thaP(F)|, is indeed a product (for B;-bundle
overP; which is not a product, any two non-intersecting sectionseha
opposite self-intersection number).

Note that the real structure dhinterchanges.* andL™ and has to
preserve the set of jumping lines. Moreover siikceas no real jumping
lines, Proposition 3]5 implies that" andL~ never coincide at points
for which the liney (closure ofC*x) is real.

The line bundles.* andL™ are in factalgebraic This can be proved
by noting that, orP3 — (P7 U P7), they descend to the quotient which
is the quadric surface. Since algebraic line-bundles spaed to alge-
braic divisor classes and since divisors®y+— P, extend uniquely to
P it follows thatL* and L~ both extend to line-bundles dfs. Since
(ignoring theC*-action)L* restricts toH™% onP* onP; it follows that
L*(and similarlyL") extend toH ¥ onP3. Moreover, sincé®] has codi-
mension 2, the homomorphisht — F extends to a homomorphism
H-K — F. In other wordsF (k) = F ® HX has sectionr* vanishing on
P7, and similarly a sectionr~ vanishing onPy. Thus, in the general
correspondence between rank 2 bundle®gand (suitable) algebraic
curves,F corresponds to a line with a certain multiple structure. @.e
sheaf with nilpotent elements).

To describe this situation in more detail, it will be necegga con-
sider the way in whiclC* acts on all this data. First we note that that
action ofC* onP3 comes from the representation

A7
AP
A
P

onC*. The square-roots indicate that this is really a represientaf the
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double cover ofC*: in fact SQ5) — S (4) is the spin-representation.
Let us now denote by?# the Hopf bundle, regarded as an equivariant
bundle for this action of*. Then restricting t&®; andP; we have

Al 2HOL? Ap-=HelL " (3.6)

Moreover, the line-bundlek* and.7# ¥ being isomorphic oiP3 — Py
have C*-actions which can dlier only by a character of* (since all
holomorphic functions oz —P] are constant). Froni(3.6) we can then
deduce that, as equivariant bundles,

LY = Ko LP2 |~ = kgL Pk? (3.7)

Hence the homomorphisin® — F, tensored by, gives a homo-
morphismLP*¥2 — F(k), showing that the sectiom™ of F(k) which
vanishes oi?; is of weightp + k/2, i.e.

Ao™) = P2+ pect (3.8)

To examine the behaviour of" nearP; we shall use the decompo-
sition (3.3) which, after twisting by#%, becomes (using(3.6)),

Flp; = LP2@ H* @ LP2 (3.9)
Also the canonical bundIs* of Py is
N=HlgL®C?

Hence terms of weighp + k/2 in the normal Taylor series ef* can
arise in just two ways, namely from

SKN") @ H* @ LP/2

and
SZp+k(N*) ® L—p—k/2.

This shows that, locallyy™ is given by a pair of functionsf(g) where

degg=k, degf=2p+k (3.10)
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This implies thatP; is a zero of multiplicityk(2p + k) which proves that
c2(F(K)) = 2pk + K2

so that
co(F) = 2pk

as we have already proved by other methods.

Since [3.9) extends as an exact sequence (rather than astesdim)
to P3 — P}, the functiong in (3.10) is globally defined (as a section of
HX), but f is only defined locally. O

4 The mini-twistor picture

In the preceding section, | described the structure of mmadh the
twistor spacéPz corresponding t&!-invariant instantons. Because these
bundles are acted on I8y it is possible to descend these bundles to the
guotient space
P3 - (P; UPY)

T o
Since any poinkin P3—(P7 UP7) lies on a unique transversalltg and
P7 this transversal is the closure of the-orbit throughx. This shows
that

(4.1)

Q=PxP] (4.2)

so thatQ is (abstractly) a quadric surface. Moreover the real stinecbn
P3 induces a real structure @pwhich interchanges the two factors, and
the real points form the “anti-diagona)” consisting of pairsy o-(y)).
Thus the bundlé& onP3 descends to a bundle, s&, onQ, and.# also
has a real structure.

SinceP; andP; have co-dimension 2 ikz two bundles o3 which
are isomorphic ofPz — (P] U P7) are automatically isomorphic dre.
Thus.Z uniquely determine§, so that no information has been lost on
descending t&. We proceed now to reinterpret the results da § 3 in
terms of bundles oR.
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The sub-line-bundld.* of F descends to a sub-line-bundié* of
Z. If we denote byH, andH_ the Hopf bundles of** andP; pulled
back toQ by the factorization[(4]2), the’* must be of the fornH? ®
H” for some integerg, B. To find these we us€ (3.7) which can also be
rewritten
L* =2t (H e LP) = i(H * o LK) (4.2)

wherer. : P3 — P — P7 are the natural linear projections. Restricting
L* to the planer;*(y) fory e P} and using the firstisomorphism in_(4.2)
then shows that

Ly = HP (4.3)

so that3 = p. Similarly the second isomorphism in_(#.2) shows that
a = —(p+ k). Hence
2t =H P o HP, (4.4)

similarly, we find
Z~ =HPoHPK (4.5)

Thus the bundle” on Q has two diferent splittings:
0> "> F > (&) —>0
0% > F->(Z)->0 (4.6)

where.Z* and.¥~ are given by[(4}4) and_(4.5). Moreover these split-
tings are interchanged by the linear structure.
These two splittings coincide where the composite homotrisnp

Lt F > (L)
is zero. This is given by the vanishing of a sectiof the line bundle
(2" ®.27) = (H, @ H_)X 4.7)

The zero set ok is therefore a curvé& on Q of bidegree K, k). The
curve S is real and the line-bundle¥* and.#~. coincide overS so
that

H2PH| g = p2Prkis (4.8)
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More geometrically this means that,bf,, D_ are the divisors cut out
on S by the two systems of generators@fthen

(2p+k)(D1-D2) ~ 0 (4.9)

where~ denotes linear equivalence 8n

Following Hitchin [7], we shall callS the spectral curveof the hy-
perbolic monopole. Just as in [J,determines the monopole uniquely.
In fact consider the exact sequence of sheave® on

0—- O0(-2p-2k,2p) —» O(-2p-k,2p+K) > 05— 0

where 0'(a, ) denotes sections dfi? ® H? and we have used (4.8).
Taking

8(1) € H(Q &(-2p - 2k, 2p)) = HY(Q, (£*))

wheres is the coboundary in the cohomology exact sequence we get the
element which defines the first extension[in{4.6) and so exc@v

Finally, we note that#, restricted to a generator Qf of either sys-
tem, has constant typdP @ H™P. This follows at once by using the
splittings [4.6) together with the isomorphisnis {4.4) dAd). Thus,
for restricted to &_ generator, we use the first extension[of (4.6) and
get an extension

0->HPS Zp o HP>0

which splits sincep > 0. 16
The fact that the restriction oF to the generators is not generically
trivial means that the extension classes[inl(4.6) are veegiap This
is borne out by a parameter count which shows that the spaedl of
extensions of the forni_(4.6) is much larger than the modudicepof
monopoles. Moreover the fact that decomposition is of coridype,
i.e. that there are no special generators, guaranteeshthdiundle#
when lifted back taP3 — P} U P7) extendsto P3. Special generators
would mean that# would only extend as a torsion-free sheaf, having a
finite number of special points dtf, P; where it was not locally free.
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Whenk = 1, the spectral curvg, being of bidegree (11) is a conic
section and so corresponds to a point 8l All geodesics through this
point are then “spectral lines”. Moreover since the moneuniquely
determined by5 it follows that it is rotationally symmetric about 0. We
may therefore refer to 0 as tleentreof the monopole, and the situation
is quite analogous to that for Euclidean 3-space.

5 Thelimiting process

Comparison of the results of[8 4 with those of Hitchin [7] shthat

the mini-twistor pictures of hyperbolic and Euclidean mpoles are
quite similar. The holomorphic bundle on the mini-twist@ase has

in each case two canonical splittings (conjugates of easérpand a
spectral curve where they coincide, which determines theapale.

The main diference is that in the Euclidean case the splittings are de-
fined by asymptotic behaviour, where as in the hyperbolie gashave

a compactification which incorporates infinity.

To pursue the comparison further, let us, following Hitcluansider
the case obJ(1)-monopoles on hyperbolic space. For these, the connec-
tion is flat and the Higgs field is the constant i. This corregjsoto the
trivial line bundle onS* (or on its twistor spac@s) with the standard
Sl.action. As we saw in B4, this descends frégto the quadridQ to
give the line bundled;*®H_. This is therefore the analogue of Hitchin’s
line bundleL on TP, (the tangent bundle ;). Comparing[(4}4) and
(4.8) with theorem (6.3) of [7] then shows that they are @elyi of the
same form.

So far, we have only considered the standard hyperbolicespith
curvature—1. We now want to vary the curvature and then consider the
limiting situation when the curvature tends to zero, givilag Euclidean
space. If, for some positive constdiitwe rewrite [2.8) as

de = ;—22 {RZ{W} ; deez} (5.1)
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this replaced(214) by the conformal equivalence

R*-R? ~ H3(R) x SY(R) (5.2)

where SY(R) is the circle of radiusR and H3(R) is hyperbolic space
of curvature-R™. An S'-invariant instanton of weighp on R* thus
defines a monopole oH3(R) in which, because of the scale change
on the circle, the norm of the Higgs field tendsRo!p at infinity. In
particular, takingR = p we see that monopoles &t? with |¢| — p ateo
are equivalent, by this rescaling, to monopoledp1) with || — 1
atco. Note that in Euclidean space, because there is no abschilts s
we can always renormalize the Higgs field to higfe— 1.

The idea now is that, ap — oo, monopoles on the sequence a8
spaced#3(p~1) should in some appropriate sense converge to monopoles
on Euclidean space, the Higgs field having throughout beemalzed
so thatj¢| — 1 atco. More precisely, let us represedf(R) as the ball
of radiusRin Euclidean 3-space. Itis easy to show thatRas o, the
hyperbolic metrics of these balls converge, on any competctts the
Euclidean metric. It now makes sense to ask that a sequeroger-
bolic monopoles defined on ea&p), should converge to a Euclidean
monopole ap — . If the sequence converges smoothly, it is clear
that the limit will indeed be a Euclidean monopole.

If we reinterpret hyperbolic monopoles &3-invariant instantons,
this limiting procedure amounts to considering (backwaadtions in
the (xs, Xa)-plane having centres at,@ p, 0) and using aS*-parameter
the arc length of the orbit through the origin (divided by).2In terms
of the generating vector fields, these are normalized to lemgth one
at the origin. Asp — oo, these vector fields converge, on any compact
set, to the generator of translation in thedirection.
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|

These vector fields then induce holomorphic vector figlden P3,
generatingC*-actions and converging gs— oo to aC-action.

For the standar&!-action considered in[8 4 th& -fibration overQ
defined by[(4.11) is easily seen (by calculations similar aséhin §4) to
define the line-bundiél, ® H-1. Reversing the orientation & leads
to the inverseH;1®H while rescaling replaces the bundle by its powers.
Hence the vector field, induces the standard action©f = C/27Z on
Lp = H.P ® HP over the quadriqQp: the principal bundle ot , can
be identified with the quotient dfz — (P7(P) U P1(p)) by Zp, (P1(p)
denoting the zeros &f).

If we introduce N

Qp = Qp - Q‘S (5-3)
the complement of the real points Qk, thenL, is topologically triv-
ial on (3,3 and arises by exponentiation from an elemenHé(Qp, ).
This element can be viewed geometrically as the -bundlendiyethe
actiont — exp 2rtép on the universal covering space 5{,, where
Pp = n7Y(R? - R2), R2is the axis of thepth rotation andr : P — S*is
the twistor fibration. Note that at this stageould be any positiveeal
number, the integrality is only needed if we deal with the {ehaf Q,
rather than the open s&%,.

As p — oo the quadricQp tend to the quadric con€Py, and this
degeneration is best viewed by realizing @gas all embeded in a fixed
projective 3-space. | shall now describe such a realization

Recall first thafl P, parametrizes oriented straight lines in the Eu-
clidean 3-spac¥ = R3, and that points di? correspond to real sections
of TP;. One way to derive this correspondence is to introduce ftireea
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dual vV’ of V, i.e. the space parametrizingfiae planes iv. If we in-
troduce the projective spa@ecompactifyingV and its projective dual
P’ thenV’ c P is the complement of one point. X y, zare coordinates
for V, t a fourth homogeneous coordinate and

EX+ny+lz+1t=0 (5.4)

the equation of a projective plance, thenr( {, ) are homogeneous20
coordinates foP’ andV’ is the complement of the point,(0, 0, 1). Now

an dfine lineL c V has a dual lind” c V’ and, if we complexity, the
line Ly, meets the complex quadric cone

E+n?+%=0 (5.5)

in a pair of complex conjugate points. An orientationLofjives a pre-
ferred choice of one of these points and in this wiina linesL c V are
parametrized by points of the cone (5.5), excluding theexdi@ 0, 0, 1).
Note that [(5.b) is the dual of the (purely imaginary) coniexatn Pc
given by

X+y?+72=0, t=0 (5.6)

which arises from the Euclidean metric structure/of

Now consider the hyperbolic spat(R) and identify it as before
with the ballB(R) c V. A hyperbolic plane irB(R) is determined by
its “circle at ", i.e. on the boundary oB(R). This is cut out by a
plane inV, so that the fiine dualB(R)’" of B(R) can be identified with
the subspace &f’ representing planes Miwhose distance to the origin
is less tharR. ThusB(R) is given by the inequality

E P+ 2-R%%>0. (5.7)

A geodesic irB(R) is therefore represented by a libeinside the region
(G.2). The analogue of (8.5) is the complex quadri@ingiven by the
equation

E+nP+?-R2%%2=0 (5.8)

which is the dual of the equation 21
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X+ +Z-Rt?P=0 (5.9

giving the complexification of the boundary B{R). The complexifi-
cationL;. meets[(5.B) in a pair of conjugate points and, as before, an
orientation of the geodesic gives a preferred choice. NwteasL’ lies
inside the region[(5]7) it does not meet the quadric] (5.8)that our
points are never real. In this way, oriented geodeBig§ are naturally
parametrized by the non-real poirf@R) of the quadricQ(R) given by
E.38).

AsR — oo, the quadricQ(R) tends to the quadric cone given by (5.5)
and it is not hard to see that parametrization of (orientea)dgsics is
continuous. Thus, i is an oriented geodesic B(R) which converges
(on compact sets) to a straight line Rs— oo, then the corresponding
points onQ(R) converge to the required point on the cone.

| shall now describe the family of line-bundleg on Q(R) and show
that they converge to Hitchin’s line bundleon Q(%/2) = T P;.

LetU be the open set # i¢ andV the open se # —i&. Their union
coversQ(R) because the excluded lige= n = 0 intersect®Q(R) in the
real points (Q0, 1, +R). The transition function

l+ R1r
{-R1r

Juv =

is holomorphic and non-zero ahnV N Qr and it defines a line-bundle
on Qr. This is, in fact, the restriction of the line bunoIHa;l ® H_ on
Qr- _

Consider now the line bundler on Q(R) defined by the transition
function @uv)R. AsR — oo, this converges to the limit

dov = exp(&/{) (5.10)

defining a line-bundlé.., on Q(c0) = TP;. It remains to check thdt.,
coincides with Hitchin’s line-bundlé&. Now, in our coordinates, a point
(a b, c) € R%is represented by the plane

at+bnp+ci=r1 (5.11)
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If we now parametriz&,, defined by the homogeneous equation!(5.4),
by

then [5.11) becomes
t/¢ = - {(@+ib)p™t - 2c — (a- ib)o) (5.12)

Comparing this with[{3]2) of [1] shows that our coordinates related
to Hitchin’s by

p—=4 T/l = -n/2

Thus our formula[(5.10) coincides with Hitchin’s formula4pin [7],
showing that out., is hisL.

6 The moduli space

In [2] | showed, using a recent result of Donaldsoh [4], tingt moduli
space of (based) monopoles of chakgen the hyperbolic spackl®
can naturally be identified with the space of based holoniorptaps 23
P, — P; of degreek, i.e. with the space of rational functions

aZl + @+ +

f@= K+ by &+ 4 by

where the numerator and denominator have no common factdg],|
this was deduced as a special case of a more general resoithortons.
I shall now give a more direct and elementary treatment ferctse of
monopoles alone. Again this rests on [4] and the proof is ssttially
different from that in[[2], but the presentation is simpler anggimore
insight into the way the moduli space arises.

An instanton onR* (or S*) defines a holomorphic bundle on the
twistor spacePs with a real structure (and satisfying further a non-
degeneracy condition). If we pick a plaiffe in P3z and restrict the
bundle, we get a holomorphic bundle & trivial on the unique real
line in P,. Donaldson’s result in_[4] asserts that this process ifleati
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the moduli space of based instantons Sfhwith that of holomorphic
bundles onP; trivialized onP;. Here a base bundle means a bundle
with a preferred choice of trivialization over some basenpoirhe im-
portant point in this result of Donaldson is that the bundia$, are
purely holomorphic - there is no real or unitary restrictiamd S U(2)
gets replaced b$ L(2, C).

For anS!-invariant instanton we pick ouP, to contain the fixed
line P] and we take as base point its intersectomith P7. ThenP;
is alsoSl-invariant and the naturality of Donaldson’s theorem iregpli
that the moduli space of based monopolediSrcan be identified with
the moduli space d-invariant based bundles @. Note that thes!-
action does not preserve the trivilization over the basatphi In fact,
the representation @& on the fibre oveA is determined by the Higgs
field.

The action oS! complexifies to an action @t* and both the bundle
on P, and theC*-action are necessariblgebraic The classification of
such objects is a fairly elementary matter as we shall nowAsa first
step, let us prove:

Lemma 6.1. Let E be an algebraic vector bundle of rank n ov&t
with an action ofC* covering the scalar action oi2. Then E isC*-
isomorphic to the producE? x Eo.

Proof. C*-bundles onC? — 0 are equivalent to bundles on the quotient
spaceP;. By Grothendieck’s theorem, every vector bundleRaris a
direct sum of powers of the Hopf bundle. Hence@h- 0 everyC*-
vector bundle is isomorphic to a product bundle of the foffi{0)x V,
whereV is a representation of* (and so a sum of one-dimensional
representations). Thus our bundfeand the product? x V are C*-
isomorphic onC? — 0. The isomorphism then necessarily extends to
C? and induces in particular an isomorphism of representatafrC*
betweenEg andV.

We shall be interested in the case= 2 and representations with
weights @, —p) for p > 0. The proof of LemmAa®&l1 also shows that the
C*-automorphisms oF = C? x Eg are all of the form

(z1, 22, u,V) = (20, 22; QU+ C(Z1, Z2)V, bV) (6.2)
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wherea, b are non-zero constants aoft;, z) is a homogeneous poly-
nomial of degree @. Hered € C* is taken to act orfeg by

(wv) - (8. 457).

By lifting a bundle fromC?! to C? and applyind 6J1 and (8.2), we
deduce: O

Corollary 6.3. Lemmd6.1l holds witlt? instead ofC? and automor- 25
phisms for n= 2 and weightgp, —p) are given by

(zu V) - (z au+cZP,bv) with ab#0

Remark. The analogue df 611 holds for bundles 0@t for anym, but
we only need the cases= 1, 2 and the proof fom > 3 is slightly more
complicated.

Suppose next th& is aC*-vector bundle oveP; = CUoco. Then we
have representatiorts, andE., which by [6.3) determin& restricted to
the two open setB; —oco andP; —0. Over the intersectiof*-bundles are
equivalent to bundles over a point, so that the data needmmh&iructe
from Ep andE., is just a vector space isomorphisim: Eo — E. (not
necessarily commuting with the action @f). For example,T could
be fixed by looking at the fibre over the point= 1. Changing the
identification

E|P1—oo = (Pl - OO) X Eo

by an automorphism offg — «) x Eg altersT to TS. In the case we
want, whenn = 2 and the weights oEg are (o, —p), Corollary [6.3)
shows thatS is (relative to the standard basis) given dytriangular
matrix. The coset space of the triangular matrix grougsib(2, C) is
just the projective line. More invariantly, let

P(T) : P(Eo) — P(Ew)

be the projective isomorphism induced Byand letpo € P(Ep) corre-
spond to the positive weight vector. This is the point fixedhs auto-
morphismS. Hence the left cosets & are determined by the point

P'(T)(Po) € P(Ex). (6.4)
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Summing up this discussion, we see that we have proved tlogvfol
ing:
Proposition 6.5. Let E be aC*-vector bundle of ranR over P, with Eg
having weightgp, —p), and with a preferredC*-isomorphism

Elp,—0 = (P1 — 0) X E.
Then E corresponds canonically to a pointfRgE., ).

Remark . The matrixT : Eop — E. defined earlier should be viewed
as a kind of “scattering matrix” and the point i{E.,) as the ratio of
the “reflectioritransmission” coféicients. | shall have more to say about
this later.

We are now ready to return to tii&-bundleE overP, correspond-
ing, by Donaldson, to aB*-invariant instanton and so to a hyperbolic
monopole. Recall tha®, contains a fixed poinf anda fixed lineP?,
and a unique real line, joining to its conjugate poinA* onP;

Py

The bundleE is trivial on the lineAA" and hence on all nearby lines
throughA*. Applying the action oC* then shows th&E is trivial on all
lines throughA* exceptPy. The trivialization ofE on AA" then extends
to all these lines. In particular we get a distinguisl@&edsomorphism

E|P2 - PI = (Pz - PI) X EA.
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27
Now apply [6.5) to the bundIE restricted to a variable linBAusing
a third fixed line througtA* to define the unit point (and so identifying
BAwith the standar@®;). We deduce thdE corresponds canonically to
a rational map

f: P — P(Ep). (6.6)

Actually, our construction only defineson Py — A" but, because the
trivializations emanate frorA* it is easy to see that extends by conti-
nuity to the whole of’].

If we compare the definition of (6.6) with propositidn (3.5¢ wee
that the poles off occur precisely at th& points B for which BAis a
jumping line ofE. To be precise, we parametriB¢Ep) = P(Ea-) SO
thateco corresponds to the minimum weight vector, and 0 to the maxima
weight vector. Note that(A*) = 0.

This completes the proof that the moduli space of based nuwesp
of chargek on H3 is the spaceVl, of based rational magg;, — P; of
degreek. Note that the moduli space is independent of the weght
i.e. of the norm of the Higgs field ab. This makes it very plausible
that, in the limiting procedure described 18 5 for— oo, the moduli
spaces should converge to the corresponding moduli spaEaiétidean
monopoles, which has already been proved by Donaldson ggiteide
with My. Moreover if we allow non-integral values pfwe should get
a nice continuous one-parameter family of moduli spaces.

So far we have defined the rational mijin (€.6) purely from the
holomorphic point of view. In fact it has quite a simple iqteztation
from the monopole point of view. To see this let us first projeoem
the twistor spac®; back toS*. Then our plan&®, maps toS* with the 28
line AA* collapsing to the point ab andC? = P, — (AAY) gets identified
with R*. This identification is compatible with th& -action so the fixed
line P} (with A* deleted) maps to the? axis inR*, while the linesBA
(with A deleted) map to the plane orthogonal to this axis. As bef@e w
introduce coordinates(y,r, ).

The rational magf determined by a monopole is defined at a point
Xo + 1Yo by considering th€*-bundle over the projective line;(xo, Yo)
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(obtained by compactifying the plane= xo, Yy = Yo) and applying
Proposition[(65). Here the complex coordinate of thiss w = re'?.
The procedure to obtain the valdiéxg + iyp) is now as follows.

OverC = P; — oo our bundle can be described as a prodIist C2
with coordinatesw; u, v) andC*-action given by

AW u,v) = (Aw; A8, A P).
There are two distinguished (invariant) sections, namely
s, :u=wP, v=0,
s :u=0 v=wwPr

Notice that the first is holomorphic o@ while the second has a pole
at 0. Similarly oveiP; — 0 we have coordinatesv(; u’, v') with similar
formulae, and distinguished sectiosis s_ with s, holomorphic at. In
the overlapP; — (0 U o) we have the “scattering matrix’ expressing
S. in terms ofs,:

s, =as, + bs’
s =cs +dg

with a, b, ¢, d constants. The value df(xg + iyg) is thena/b: note that
a pole off, i.e. havingb = 0, corresponds tB; being a jumping line.

We shall now translate this into monopole terminology on e
perbolic spacéd?, given as the upper half space

(xy,r)r>0. (6.7)

If we putp = logr, so thato + i# = logw, holomorphic sections of E
overP; are defined to be solutions of the equation

Vps +1iVg =0 (68)

whereV, andV, are the components of the connection in the di-
rections. If, as usual, we work in é@t-invariant gauge and assunse
independent of (i.e. St-invariant), equatior{ (618) becomes

Vs +igs=0 (6.9)
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whereg is the Higgs field. This (up to a sign convention) is the hyper-
bolic analogue of the equation introduced by Hitchin. Thetisas s.
correspond to solutions df (6.9) which, @s» —c (i.e.r — 0), satisfy
the asymptotic conditions

Sy ~ exp(p), s~ exppp)

so thats, is the decaying solution (unique up to a constant). Sinyilarl
s, correspond to solutions of (6.9) which, as— o (i.e.r1 — ),
satisfy the asymptotic conditions

s, ~exp-pp), S~ exp(pp)

so thats, is again the decaying solution.

To sum up, therefore, we have the following procedure togasai 30
rational functionf(x + iy) to a monopole orH3. For each fixedx, y
consider the line iH3, with r varying and pup = logr. Consider the
solutions of the linear ordinary filerential equatiori (619). Start with the
solution which decays exponentially as— —oo and express this as a
linear combination of the solutiors} ands_ asp — oo:

s, =as, +bs

Then define
f(x+iy) = a/b.

Note that, for this to be well defined we need to fix the choiceg,ods
p — oo, This is where the gauge fixing at is used.

Clearly f has poles precisely whdm = 0, i.e. when our solution
decays exponentially at both ends. These arespieetral linesdefined
by Hitchin, and as we have seen, they correspond to the jugtipies.

Thus a monopole is determined by part of its “scattering "diata
a fixed direction. Notice, however, that, in usual scattgtimeory, one
used imaginary exponentials and the analogué of (6.9) iff-adjeint
equation.

For a monopole of charge 1, the associated rational fundtisijust

f(2) = a/(z-b) (6.10)
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with a # 0. Sincez = b gives a spectral line it follows that the centre of
the monopole irtH3 = C x R* is at a point of the formlg, 1), for some
real positive numben. By considering the action of the multiplication
groupz — czone can see thatis proportional tda| (the proportionality
factor depends on our choice of normalization and is posdipl and
arg(@) represents the “phase angle” of the monopole.

More generally, consider a rational function with simplégso

k
@ =) a/z-b) (6.11)
i=1

where the pointdy, ..., by, are ‘far apart’. We would like to argue that
this corresponds approximately to a superpositiokrmbnopoles of the
type [6.10). This can be justified on the following lines. Bneb; say
b, and translate so that this is zero. Now consider the famiatibnal
functions

Kk
12 = @/ + ) a/(a-ap)
i=1

and consider the limit a3 — oo. Reverting to their interpretation as
holomorphic bundles oPi, we see that this family converges to a torsion
free sheaf, locally free oB, — (AA"), and having a unique jumping line
AB (B the origin). Passing back to the monopole picture showstligat
monopoles parametrized by the famflyconverge (on compact subsets
of H3) to the monopole of charge 1 representedalpyz. This shows
that [6.11) looks approximately like the first monopole ntbar origin,
provided allbj(i > 2) are sfficiently large. Repeating the argument
for eachi then justifies the final claim that the monopole represenyed b
(6.11) does indeed approximate a superpositioksimple monopoles.
Our procedure for assigning a rational function to a hypkbo
monopole appears to extend naturally to the case of Eudidezno-
poles. One considers Hitchin’s equation {6@how standing for the
third Euclidean coordinate, and uses the same scatterintppure. The
fact that the resulting map is indeed holomorphicyr-(iy) is a conse-
guence of the Bogomolny equations. It would be interestingpmpare
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this with Donaldson’s way [5] of constructing a rational &tion (using
Nahm'’s approach). It seems plausible that the two consngtwill
agre@, and that the scattering procedure is continuous as thattues
of hyperbolic space is allowed to tend to zero. This wouldhterow
that the rational functio (6.11) also represents an apmabe super-
position of Euclidean monopoles as suggested by Donaldson.
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1 Introduction

1.1 Results and motivation

The Horrocks-Mumford bundle” on P4 was discovered in 1972 and
it is still essentially the only known indecomposable rénkundle on
P4. Since 1972, all #orts to construct more such bundles or to disprove
their existence have been in vain. In this situation, weebelit impor-
tant to understand better the bundfeitself. Our paper is a step in this
direction.

In this paper, we prove the following facts (see seclion:5H)e
variety of jumping linesof .% is anirreducible rational 4-fold J. The
double (or triple) jumping linesform a surface 3 c J. Except for
singularities along this surface the 4-falds smooth

The main tool in our study of the 4-foldlis a birationally equivalent
smooth 4-fo|dff, which in its turn is constructed as tiow-up ofP4
with respect to thédeal sheaff a singular surfac&,s of degree 15 in
P4. This surfaceS;s is a copy ofShioda’s elliptic modular surface(S)
immersed int@®,4 in such a way that it acquires 30 double points, where
two branches of the surface meet.

The surfaceS;s is (the closure of) the variety swept out by allin-
tic elliptic normal curves embeddedHs-equivariantly in P4 for the
Schroedinger action of the Heisenberg grddgpon P4. Alternatively
S15 can be described as tdeterminantal locus P, where the matrix
of homogeneous polynomials

Lz 7 5 3
2073 3Ly Ly phy 12y
17y p7y 37y Uy L3

drops its rank. O35 can be considered as the image of the surface
S(5) under the linear systefh+ 2F|, whereF is the class of an elliptic
fibre andl is a divisor onS(5) recentrly considered in another context
by Inoue and Livné.

The systematic use of this surfaBgs is the basic new achievement
in our paper. Calculations which have been unaccessiblardmetome
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practicable if one uses for appearing parameter poirt®, the distinc-
tion, whether they lie outside @&;5, on S;5 away from the 30 double
points, or belong to the double points. We study the progemifS;s
quite carefully. This is motivated mainly by the followinlgrée reasons:

1. Elliptic quintic normal curves are mentioned in relatigith bun-
dle.# already in[[6]. So the appearance of the surfageis quite
natural. Totally unexpected for us is, however, that ShHgdar-
faceS(b) is related to# in many more ways than the one given
in this paper. In sectiorls 1.2, 1.3 and]1.4 we describe what we
know about this at present, bwere unable to present with proofs
in this paperfor the lack of time.

2. The divisorl is interesting, because Inoue and Livné use it to
construct a surface of general type \Miﬁn: 3c,. Little seems to 40
be known about the linear systeipd + gF|, p, 9 € N. Now some
of them arise naturally in connection with the Horrocks-Mard
bundle.

3. Shioda’s modular surfacg(n) exists for eacm € N, n > 3.
The surfaces(3) is the blow up of?; in the 9 base points of the
Hesse pencil. This is the pencil of plane cubics invariardenn
the Heisenberg groupls. The surfaceS(4) is swept out by all
Hy-invariant elliptic quartic normal curves iBz. In [9, p. 55]
theta-functions are used to identify the imagé®iras the Fermat
quartic. There it is also mentioned that similarly equagioan be
found definingS(n) for highern. Our computations are related to
properties of theta-functions of level 5 in one variable.

1.2 The surface Sy (expository)

The smooth surfac8;p ¢ Py X P4 is introduced in section 3.4. We call

it S,s, because under the Segre nfapc P4 — Py it goes to a surface of
degree 25 iPg. In fact this surface is the complete intersection of Grass
(P, c P4) C Py with the (suitably normalized) Segre varidty x P4 C

Pg. Notice deglP; x P4) = deg Grass= 5. AlternativelyS,5 c Pg can
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be described as the image of Shioda’s surfaf®) under the complete
linear systeml + 3F|.

The surfaceSys enjoys a strange self-duality. In this way, it para-
metrizes a 2-dimensional variety of plane<Pin It turns out that these
are the planey,, v € S;s (sed 5.11) and that these are precisely the planes
P, c P4 on which the restricted bundl& P, is unstable.

We havec: (#(-3)) = —1. If #|P; is unstable for some plar® c
P4, then . #(-3)|P, admits a unique section. This section vanishes in
four points. The four pencils of lines Py through these four points are
the jumping lines in the plane. The six lines connectinggpaimong the
four points are double jumping lines.

Upon closer inspection, one finds that each double jumpirglies
in this way in three dferent planes.

1.3 Thesurface of doublejumping lines (expository)

It is easy to see (cf. 5.2) that the only triple jumping lines the 25
Horrocks-Mumford lines 6, p. 72]

Z = Zuo + €23 = Zu1 + €244 = 0,j,k=0,...,4,
e = 5

and that there are no jumping lines of order4. In this paper we
show that the double jumping lines are parametrized by ace® c
Grass Py C Py), see section 515. There is a birational correspondence

betweend, and the variety of sexti-secants 8fs. These sexti-secants
are separated ihafter the blow up 081s5. The birational mag — J es-
sentially consists of blowing down the proper transformgheke sexti-
secants.

A “generic” surface inP4 should admit a finite humber of sexti-
secants only. Bubi5 comes with a two-dimensional variety. They arise
in two ways:

(a) Joining a poinfP on a smooth fibr&e c S15 with P’ € E such
that (P — P’) is a 2-torsion class, one obtains a secarb@f
But this secant meets two more smooth fibres in two other pairs
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of points ditfering by a 2-torsion class and thus becomes a sexti-
secant. The three fibres are related by the fact that thetranie
E/(2-torsion class) are isomorphic as elliptic curves witreles-
structure.

(b) Shioda’s surfaces(5) contains 25 sectionk; j differing by 5-
torsion translations on the fibres and 25 3-sect@nsvhich con-
sist of all the points dfering fromL;; by non-trivial 2-torsion
translations on the fibres. It turns out that the images ofethe
curvesC; j on Sis5 are plane sextics (with six nodes). All lines in
their 25 planes are sexti-secants.

The sexti-secants of type (a) blown down parametrize thietyaof
double jumping lines. The sexti-secants of type (b) blowwmdo 25
points parametrize the 25 triple jumping lines.

The curveL; j are realizations of Bring’s curv@. This is the mod-

ular curves# /To(2,5) where

H={zeC: Imz> ¢} isthe upper half-plane

f(a b a=d=1(5
Io(2.5) = {(C d) €SH22) b os)c=010) }

There is a canonical 3 : 1 md&p — P4 inducing a rational 3 : 1 map
o . So(2,5) — S(5), whereSy(2,5) is Shioda’s modular surface for
the groupT'o(2,5). The fibres ofS(5) are elliptic curves with level-
5-structure (see 4.2), whereas the fibresSg2, 5) are elliptic curves 43
with level-5-structure and a distinguished non-trivalogston element.
Forgetting this 2-torsion element is the 3 : 1 n&4§2, 5) —» S(5).

S0Sy(2, 5) birationally parametrizes pairs consisting of sextiesgs
of type (@) and of one of their six point of intersection waks. The va-
riety of sexti-secants themselves is the imag&q«tR, 5) under the 6 : 1
map

So(2.5) < So(2,5) = S(5)

wherew is the quotient map with respect to the distinguished Zdars
translation on the fibres. Consequentlybeing birationally equivalent
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to the variety of sexti-secants of type (a), is birationalS{®) again.
In fact it is nothing butS(5) with its 25 sections blown down. The
corresponding mag(5) — Grass P; c P,) C Pg is given by the linear
system|l + 3F|. So far this is the only linear systepl + gF| on S(5)
where we knovh®(Oss)(pl + gF)) # 0 andht(Css)(pl + gF)) # 0.

1.4 The surface Ss5

If a plane varies in the family parametrized 8ys, so that the restriction
of .Z to the plane is unstable, the four points in the plane, wheee t
unique section violating stability vanishes, describea sarfaceSys.

Its degree turns out to be 45. Again it is an image of Shioda'fase
S(5). This time the map is rational, blowing up the 60 doubl@fzo
P; of singular fibres or5(5) (see sectioh 4.3). It is given by the linear
system|3l + 5F — ZPj|.

Associating with a point 0f$45 the (unique) unstable plane contain-
ing it we obtain a rational 4 : 1 maPss — Sys. This is essentially the
guotient mas(5) — S(5) with respect to the four 2-torsion classes on
the fibres.

A double jumping line is contained in three unstable plamasfar
each one of these contains two points fr8gs. Strangely enough the
double jumping lines being parametrized by sexti-secahtSig are
themselves sexti-secants Ss.

1.5 Notations and conventions

The base field will beC throughout this paperP, will always denote
Pn(C), the n-dimensional complex-projective spacB(V) is the space
of lines in the vector spac¥. If v € V is a non-zero vector, we de-
note byv also the pointCv € P(V). We apologize in advance for using
this notation. But we believe that the context everywhepdairs with-
out ambiguity whether a vector is meant or a point in proyecspace.
More generally, we even apply the following abuse of languad/e
do not distinguish between a simppevector (i.e., an exterior product
X1 A ... A Xp € APV, X € V linearly independent), the vector space in
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V spanned by, ..., Xp, and the corresponding projective subspace in
P(V).Z, denotes the cyclic group of order

For X c Py, a subvariety with ideal sheafy c 0p,, we say that ho- 45
mogeneous polynomiats, . . ., gk describeX schematically ifys, . . ., gk
generate#y at each point oP,

The first two authors are indebted to M. Reid and D. Burns far-st
ulating and helpful conversations which were extremelhfulder this
work.

2 Somelinear algebra

2.1 Contraction and *-operators

Let V be someC-vector space of dimensiam (We are interested only
in the casen = 5). An element inAPV is called p-vector, and simple
p-vector if it decomposes as an exterior prodwgtA ... A Vp, Wk €
V. An element inAPV* is called p-form. There is the natural duality
APV* ® APV — C defined by

(he AL A hp VLA L, AVp) = deth, v)), h € VE, v e V.
It extends to aontraction map
ATV (p<o)
APV (p2q)
g® X — (0, %)

APV @ AV — {

by
(1) (f,(g.x)) =(fArg,x) forall f e A'V*(r=q-p=>0)

(2) (€8, %), y) =(g, xAy)forallye A'V(r = p—q = 0).
This contraction is the adjoint operator to exterior muiltigtion. 46
One immediately checks formula (1) and (2) also forrald <
r<qg-presp.0<r <p-q Forp=1,ie,he V* and
X1,...,%Xq € V we have
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q
3) (hXg Ao AXg) = 3 ()T XX AL A XA .o A Xg.
k=1
If he V*, xe A%V is arbitrary, then

(4) (h,xy =0 xe AU withU =kerhc V.

Each basi®y, ..., e, € V with dual basi&, ..., €, € V* induces
isomorphismaA"V — C, x — (€1 A ... A&, X), andA"V* — C,
g— (g,e1 A... Aey). More generally we obtain isomorphisms

APV — AMPV* AWV*F - AV
X=X =@ A...\NE,X) g—>0gx=(0.e1A...A€)

satisfying as consequence of (1) and (2)
(5) (Xy) =(xy)"(xe APV,y e ATV, p+q<n)

(f,gx) = (f A Q)= (f e APV*,ge AIV*, p+qg<n).

These isomorphisms are each other’s inverises [4, § 8.5, pfop
i.e., (X))« =xand (f,)x = f.

47 Lemmal. Ifn =5, forall x,y, ze A%V we have
(XA D +((YAD" X +{(zAX)",y)=0 (6)

and in particular
(XA X)*,%) =0 (7)

Proof. By linearity formula (6) needs to be verified for simple 2-tm#s
X=a Aayy=aAa,Z=as A a only. The whole expression (6)
is multilinear inay,...,as. From (3) it follows that it is alternating in
ai,...,as The assertion then is a consequenca®f = 0. O

2.2 TheHorrockssMumford maps f* and f~

From now on) denotes a fixed copy @ with standard basis, . . . , €.
We use the convention that subscripts are elemerifg,dfe.,g.5 = g.
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4
A vectorv € V is always writtenv = > vig. In [6] the two maps
0
f£:V - A2V
'V = > viezAls F7(V)= ) Ve A6

are introduced. In addition, we use the following abbréwrs

W (v) 1= (T ) A 7 0))" = ) Vieavied®

h™(v) = (7 () A F7(W)" = = ) ViraVisa®

h*W) = (Fr A W) = ) v

VE= V(Y = (0, TR Y)) = () (MeaVig — VP 1 Mis0)E
Vo=V(Y) = V), W) = D ViV, — Vgvica)e

We observe
h°(v)#0 forall O#veV. (8)

As a consequence of (6) and (7), we find
= (v), F (V) = C(f- A ) )y = (P A ) f>=V
(W), 7)) = C(FF A F5) 1) = —((FF A F7) F7) = v
(h*(v), F7 (V) = (fF A £7), £7) =0
h(v), 7 (W) = C(f- A £7),f7) =0

9)

Using this and (1), we get

(h°(v),v*) = —(h°,(h°, £*)) = —(h° Ah°, 5y =0

(W), vy = (Wt (h*, )y =(hAht, f) =0

(h*(V),v7) = —(h*,(h°, f7)) = —(h* A h°, f7) (10)
=(h°,(h*, f) =(h°,viy=0

(h~(v),v') =<h™(v),v")y =0 similarly.

The exterior products of the fornig (v), h°(v), h™(v) are given by 49
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(h°(v) A hE(V)). = Y(h°, 5 A F5) ®)
= (h°, fE) A 2 A3)
= -V A f5(V)

(11)
(h* (V) AN~ (V). = o(n", £ A £7) ®)
=", fHyaf” 3

=ViATT(V)=-v A fF(V)
(v AT AR,

(" (V) A h7(v) A BP(V)).

=(°, v A ) (5)
= (P VT v A, Y)Y (3)
=VT AV

2.3 Thecondition vt = v— = 0.

The next proposition gives several descriptions of thewsetV : vt =
v- =0}

50 Proposition 1. For v e V, the following properties are equivalent.
@) vi=v =0
(i) h*(v), h°(v) and I (v) are proportional

(i) Af*(v) + uf~(v) is a simple bivector for two gerent ratios(1 :
W) € Py

(iv) vis a multiple of one of the 30 vectors

e = (L &3 1 =0,...,4e=e/5

Proof. iii) = ii);: By assumption, there are twoffdirent Q : u) € P,
with 22h* (V) + Auh® (V) + ?h~(v) = 0. This implies that the forms
h*(v), h°(v), h™(v) span a space of dimension 1.
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i) =>1i): By (11), we haves* A f5(v) = v A f5(v) = 0. If vi # 0 or
v~ # 0, this leads td*(v) A f=(v) = 0, in conflict with (8).

i) = iv): The assumption is
VaVi=ViVs o Vivs = V3V
VaVg = VaVa  VoVg = ViVo
ViVi=VRWo VeV = Vgwi
VoV3 =VaVi  Vavg = ViV
VIV; SVgV2 VoV = V3V
We distinguish between two cases: 51

Case 1. One of the coordinateg vanishes. Byi(— i + 1)-symmetry
we may assumey = 0. The equations then are equivalent with

vivj=0 forall 1<i#j<4
So all coordinates but one vanish.
Case 2. v; # 0 for alli. We may put
Vo=1, vi = apB, Vo = B3,
and find the equations equivalent with
Vs=a 8 =o', = =1
Puttinga = €, 8 = € we obtainv = e.

iv) = iii): if v = g, thenh™(v) = h™(v) = 0 and f*(v) both are simple
bivectors. ifv = g, then

ho(a(l) =Q+ €2k+2|€1 + €4k+1€2 + €4+2|’e\3 + €3k64

h*(ea) = €h’(eq),  h(eu) = —¢'h° (&)

show that
A%h* (@) + Auh® (8a) + u*h™ (8q)
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vanishes if and only if
e+ Au — e_l,uz =0.
This quadratic polynomial has the twdldirent roots

(12) Au=-e'(1+ VB)/2,
corresponding to simple bivectodd *(eq) + uf~(eq).

We shall need explicitly the polynomial

4

f(A, ) = 1—[ (El/lz + Au - e_l,uz)
=0

which has the 10 roots (12.) Obviously
fled, p) = TIe22% + edu — €' ?
= Me(e 4% + au — 742
= f(4,p)
and similarly f (2, eu) = (4, u). This shows
f(A, 1) = a1'® + ba%u® + cul

We have

a=l-e- € -&-=1

c= (1))~ (-e*) = -1

b= f(11)
=(e+1-eYE+1-ENE+1-E*+1-¢)
=11

(13) f(4,p) = 210+ 1105%° — p*°

52
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2.4 Thecondition vt Av- = 0.

The next proposition gives several descriptions of th@setV : v (V)A
v~ (v) = 0}

Proposition 2. The following conditions on & V are equivalent:
(i) viav =0
(i) h*M AhPW AR (V)=0
(iii) from some, ) € CA\O: AVF — v =0
(iv) from some, u) € C2\0

A2h* (V) + Auh°(v) + ?h™(v) = 0

(v) for some(d, i) € C2\0 : Af*(v) + uf~(v) is a simple bivector.

Unless v = v- = 0, the ratio(2 : u) € Py is uniquely determined by
(iii), (iv), or (v) and is the same in all three equations.

Proof. Properties (i) and (ii) are equivalent by (11). Properti¢sud 54
(i) are obviously equivalent, and (iv) obviously implié§. Properties
(iv) and (v) (with the sameA(: u)) are equivalent by definition di*,
h°, h™.
To show the direction (ii}= (iv), we assume
c"h*(v) + c’h°(v) + ¢ h™(v) = 0, (c*, ) e C3\0.
Contracting this equation with*(v) and using (9) we find
-Vt +Cc Vv =c'vi —c’v =0.
The casest = v- = 0 being settled by propositidd 1 we may assume
vt £ 0orv- # 0. Taking @, u) # (0,0) as in (iii), we find
Cu—-cA=cu-c’1=0

(c)? =c'c
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So there is {,u’) € C2\0 with ¢t = (1)2, ¢ = Ay, ¢ = ()%
This proves (iv). Additionally we observe that, () and @, u’) are
proportional. O

If Af*(v)+uf~(v) is a simple bivector, it describes some 2-dimensio-
nal vector space iN. The vector

—(h°(V), AfT (V) + uf~(V)) = AV" + uv™

spans the intersection of this space with the hyperplangh®(v), uy =
0}, unlessv =v- = 0.

We observe
a4) v A@Afr(V) +uf-(v) =0

whenevenl f*(v) + uf~(v) is simple.

25 ThecurvesE,,,

We denote byE;,, c P4(V) the set described by vectovssuch that
AfT(V) + uf~(v) is simple. It was shown (proposition 2[in P.4) that for
two different ratios { : u) the two setsE,,, are disjoint, unless the
ratios are Opo or two from the 10 ones in (12) fiering by the sign. By
propositior 2 (iv) we have the following quadratic equasidor this set

QoA 1) = APVaVa + Auvg — uPVavz = 0
Qu(A, ) = APVoVg + Auvs — pPvavg = 0
Q2(A, 1) = 22vavy + Auvs — pPVavp = 0 (15)
Qs(A, 1) = APVaVa + AV — pVovy = 0
Qa(A, 1) = A*VoV3 + Auvg — tiPvavo = 0

Proposition 3. The subscheme,k c P4 given by equationgl5) is a
smooth curve unless\u takes one of the following 12 values:

0,00,—€ (1% V5)/2 (1=0,...,4)
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Proof. We show that the matrix of partial derivativég;(1, u)

2/1;1V0 /12V2 —ﬂ2V4 —ﬂZV]_ /12V3
A2V 2uvi A%V -tV —pPv
—u2V3 /12V0 2/1;1V2 /12V4 —/JZV]_
—,uZVz —,112V4 /12V1 2uv3 /12V0
/12V1 —/JZV;J, —ﬂZVO /12V2 2/1/JV4
has rank> 3, unless { : u) is one of the 12 special parameters above.
We denote by dﬁ!]fn the 3x 3-subdeterminant in the rowsm, n and
columnsi, j, kand compute
det T 1173 = UBLLPVivivi Vg — 24%ViVisaVis3
- 2/14/J(Vi+2Vi2+4 + Vi1 Vie3) — /lgﬂz(Vi+lVi2+2 + Vi, 3Visa)}
deﬂiiiliﬁ = ({=222ViVi11Visa + 83U2ViVi Vi)
+ /lzﬂg(Vi+2Vi2+4 + Vi, 1Vie3) — 2/1ﬂ4(Vi+lVi2+2 + Vi, 3Visa)}
deti'5its = m=2™VivisaViea + 20 + 20%vivisoVisa
+ A2U3(Viea Ve + V2 Visa))
del;:::i::i = A2NiVis1Viea — 20°V2 + 22%Vi4oVisg
+ BUP(VieaVe 4 + VP Visa))
We may assumgyu # 0. Letv € E,;, be some point where the matrix?
(0iQj(4, 1)) has rank< 2. Then

ViVi+1Vita
8/12/,13 0 _2/15 —2/14/,[ _/13“2 ! ":/3 I+
—21° 3,2 2,3 _o9,,,4 i
21 0 8% A%u 2u
ViVii2Vi+3

2t 215 2% 0 A2

2 2
ViyoVo , + V7 . Vig3
2/1’[14 _2#5 2/14/1 /13,112 0 +2%+4 i+171+

Vi+1vi2+2 + Vi2+3vi+4
vanishes fori = 0,...,4. The 4x 4-minors of the 4<x 5 matrix are 58
respectively

8/13[12(—2/15 +,L15), _8/12M3(/15 + 2/15) _ 4/16 4’ _12/15/15’ 4/14“6
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times the polynomial (13) from 2.3. The matrix has rank 4 sslg/u is
one of the 12 special parameters. But this would imply

VoV1Va V1V2Vo Vo3V V3VaV2 VaVoV3
A
rank VoVaV3 V1V3Vy VoVaVo V3VpV1 V4aV1V2 <1

VaV3 +VAV3  VaV3 + VeV VaVE 4+ VAVo  VoV3 + VA1 VV3 + VAV,

VIVS +VAV4  VoVZ + VAV VaVa + VAVD  VaV3+ VAVo VgV + Va3
Already the first three rows have rapk2 unlessv = g or g (propo-
sition[d, (ii)) andA/u therefore is one of the twelve special values, or
somey; vanishes. In the latter case one easily checks that the rapk d

to one only if two more coordinates vanish. Then either trat &r the
third row vanishes andbelongs tdaE;.g or Eg.1. O

Another way of stating the assertion of propositidn 3 is:tHer
eacha : u, not one of the 12 exceptional values, and eaehE,,, the
differential

(26) dv— (AfF (V) + uf~(v)) A (AFF(dV) + uf~(dV)
is a map of rank 3.

3 Elliptic normal curves

3.1 The Heisenberg group of order n3

Letn > 3 be some integer. (Again, we are only interested in thecase
5). Denote by the vector spac€" with standard basisy, ..., € 1.
The automorphisms

Ol &> 61 k=0,....,n—-1 modn

Tig— g e=en

generate a subgroup, c GL(n,C). Forn odd, the group is contained
in S L(n,C). The commutator is-ro~2r~ = €. id. Therefore we have
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an exact sequence
0-Zn—>Hhn—>2ZyxZh— 0

with Z,, ¢ H, generated by.id the centre oH,,. The groupH; is called
Heisenberg ground its representation dn Schroedinger representa-
tion. This representation is irreducible.
The commutator map induces a nondegenerate skew-symrbietric
linear form
() 1 (Zn X Zn) X (Zn X Zn) = Zn

given by 60
eh) = ln-tr(aﬂa_lﬂ_l).

If nis odd, then via the map
Hn g Zn X (Zn X Zn)

2P - (c + %(n +1)a-b, (a, b))

the groupH, can be described as the &tx (Z, x Z,) with the group
law

(aa)-(b,B) = (a+ b+ %(n+ V(. B), a +,8)

The form () is invariant under the action &L(2, Z,) onZ,xZ,. There-
fore S (2, Z) acts orH, as a group of automorphisms, the action on the
central subgroup o, being trivial. Write this action ag(a), @ € Hp,

v € SU2,Z,). We dentoe by

Nn = S uz, Zn) X Hn

the semi-direct product with respect to this action, i.ee $etN, =
S L(2,7Z,) x Hy with the group law

(v, )y, ') = (yy',a - y(a)).

Forn = 5, we have the following result. 61
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Lemma?2 (6, 81) The Schroedinger representation extends uniquely to
a representatiop : N5 —» S L(V).

FromS Ly(Zs) = Ns/Hs, we need explicitly the following elements:
(6 Pree 9o -0 3
0 4 0 3 01 4 0
They are the images ofy, v, 6 € Ns acting onV by
p()8 = e1.p()e = —e5.p(V)g = € &
po)a = -~ D e

For¢, v andu, seell6, p.6@&7]. Forp(o), it follows from the following
relations which are easy to verify:

p(6)? = p(1). p(6™") = p(8)p(1)
pB)p(@)p©) ™ = p(x)%, p(B)p(D)p(8)* = p(0).

3.2 Hp-invariant eliptic normal curves

Let E be an elliptic curve (ove€) and.¥ some line bundle of degree
n. We assumed > 3, hence the complete linear systéth(.¥) is very
ample and embeds as a smooth elliptic curve iB,_1(C). The image
curve is called aelliptic normal curve of degree n.

The bundleZ is invariant under all translations & of ordern.
We fix one pointOg € E (from the n? ones onE) with the property
¥ = 0g(n.Og). Using Og as origin, we provideE with a group
structure. Then-torsion points form a subgroug™ c E, which is
(not canonically!) isomorphic wittZ, x Z,. The groupE®™ comes,
however, with an intrinsic non-degenerate skew-symm@tibilinear
form: Write E = C/Q with the latticeQ c C canonically isomorphic to
H1(E, Z). This latticeH;(E, Z) carries the skew-symmetric intersection
productw; - wo € Z. Pointse, B € EM can be represented by complex

o1 .
numbers in-0 moduloQ. The form onE®™ then is &,8) = na - N8



Shioda’s Modular Surface(8) and the Horrocks-Mumford Bundle 47

modulon. We call a basis, 8 € E™ symplecti¢if (a,8) = 1. The
groupS L(2, Z,) permutes the symplectic bases transitively.
The following facts can be found inl[8] drl[7, chapter 1]:

(@) Thee translation action &M onE lifts to an action of the Heisen-
berg group onZ.

(b) The representation df, on H°(.%) is isomorphic with the rep-
resentation oH, on V* which is the dual of the Schroedinger
representation.

(c) The skew-symmetric form)onH, /Z(Hy) which is given by the 63
trace of the commutator of the representation (b) coincidigs
the one given by the intersection product.

To obtain the action ofl, on H°(.¥), two choices must be made:

1. AnepimorphisnH,, — E™ compatible with the skew-symmetric
form. This is equivalent to choosing a symplectic basig € EM™
on which the generatots, € H,, are mapped.

2. Allifting of @ andp to automorphisms of# of ordern. There
aren such liftings fora and forg, each difering by multiplication
with €%, k = 1,...,n. Thesen? different liftings are equivalent
under then? inner automorphisms d,.

Given an action oH, on . as above, the isomorphish®(.¥) —
V* of H,-modules induces ad-equivariant embedding — Pp_1(V).
The image is amdy-invariant elliptic normal curve Clearly, each ellip-
tic normal curve irP,_1(V), which is invariant undeH,, is obtained in
this way. We have shown

Proposition 4. There is a bijection between,Hquivariant embedings
of elliptic normal curves inP,_1(V) and pairs (E, a,) consisting of
an elliptic curve E (with origin) and a symplectic basis 8 of EM.
This correspondence associates with an embedding E,_1(V) the
symplectic basia = o-(Og), 8 = 7(Og) for E(n).
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We are not interested in embeddings, but in the embedde@xurv
Two symplectic bases, 8 anda’, 8’ lead to the same image curve B4
Pn-1, if they differ by an automorphism of the curve. For examgple
B and—a, - differ by the involutiontg : P — —P on E. An equiva-
lence class under AUE) of symplectic bases fdE(™ is called alevel-
n-structureon E. If E is not isomorphic withC/Z & Z; or C/Z & Z,,,

w = e¥/3 then the leveh-structures are exactly the symplectic bases
modulo the action of the involution. We have, therefore, fiilowing
consequence of propositigh 4:

Proposition 5. There is a bijection between,Hnvariant elliptic curves
in Pr_1(V) and pairs consisting of an elliptic curve and a level-n-sture
on it.

3.3 Quadratic equations

It is known that any elliptic normal curve of degree> 3 in P,_; is
schematically given by quadratic equations. This is a gpezise of
a theorem of Mumford 8, p.349] on abelian varieties. In thsecof
curves, a proof can be found in/[7, lemma IV. 1.1]. In our ditm
n = 5, we need these equations explicitly.

LetE c P4 be anHs-invariant elliptic normal curve, and lgg, . .., v4
be the coordinates on our fixed vector spe¢cdual to the basisy, . . ., €.
The involutiong on the curveE can be lifted tol and this defines a
unique involutionig € S (V) which leavesE invariant. Since, orE,
one has

LEO'LE]' = 0'_1, LETLE]' = T_l,

it follows that

te=p@):V-oV
€n — €-m.
Under this involution, the spacé” = H°(.%) splits into two eigen-

spaces, namely
V' =V'e V"~
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where
VT = (Vo, V1 + V4, Vo + V3), V™ = (V4 — Vg, Vo — V3).
Lemma3. (i) The origin G lies on the invariant line P

(Mo=Vi+Va=Vo+V3z= 0}
(i) The non-zer@-torsion points R, P,, P3 span the invariant plane
{vi—Va=Vwo—-Vv3=0}.

Proof. Itis easy to exhibit twe-invariant subspaces of dimension 1 and
2 in the complete linear system

150g| = P(H"(2)).

Let
n.:E->E/=P

be the 2 : 1 covering defined by the involution and define

{D; D=0+ 7T*(D2) where D; € |ﬁp1(2)|}
3
{D’, D’ = Z P + 7T*(D1) where Dj € |ﬁpi (l)|}
i=1
These subspaces must coincide Vlifh'*) andP(V~) respectively. O 66

We shall come back to this in sectibn’5.2.
Using the above lemma, it now follows from [3] @1 [7, prop.2\]
thatE c P4 is given by the quadratic equations

1
Qk(/l) = /le+1Vk+4V2k - ZVk+2Vk+3, k= 0,....4 (18)
The striking point is this: Equations {118) aiid(15) are ittt up to a

change from1 to the projective parameten ( u). This observation is
crucial for this whole paper.
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The parameten = C in (I8) depends on the embedded curve, i.e.,
on the elliptic curve with its level-5-structure. FrémI2vie know that
the equations(18) describe a smooth 1-dimensional sulreclieP,
unless the (projective) parameters

1
1=0,00, OF —Ee_l(li V5),1=0,...,4 (19)

Let us first consider these exceptional values.of
For A = 0, the equationg (18) are

VoV3 = V3V4 = V4V = VgV1 = V1Vo = 0.
They describe the set consisting of the five lines
Vi = Vi;2 = Vi3 =0 i =0,...,4

spanned by the coordinate poims;, .4. One easily checks that the
guadratic equations describe this pentagon of lines evemsatically.

Similarly, for A = oo, the equationd {18) schematically describe the
pentagon consisting of the five lines spanned by the codrlipaints
€+2, a+3,i =0,...,4.

A=0

I~
I
8

€0 €o

Proposition 6. For each of the 12 special valugdd) the equations
(@8) schematically define a pentagon. Fbe 0, « the vertices are the

€2 es

. . 1 . :
coordinate points fon = —56‘1(1i V/5) the vertices are the pointge
k=0,...,4, fromZ.3.
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In one case, say = 0, this can be checked by hand. The other 11
cases are equivalent under the operatio® tf2, Zs): Recallu, v, § €
S (2, Zs) from[3.1. p(u) changesy to —v,; and Qk(1) into Qx(—1/2).

. 1 1
This transforms G- co, —Ee"(1+ V5) & _EE_I(l_ V5)-p(v) changes
vi to e*v; and Qg() into € 2 Qu(1€d). 68

— . 1

Repeated application permutes cyclically the vatugs"(l + V5)
with the same sign.

p(0) transformsg, into a multiple ofeco. This transforms the values
0, into—%e"(li V5). O

In face the 6 five-tuplet¢ey}, (&, k = 0,...,4}l = 0,...,4 are the

fixed points of the 6 cyclic subgroupsis x Zs of order 5 operating on
P4. They are permuted transitively I8/L(2, Zs).

3.4 The surfaces Sys

For the parameters different from the 12 special values we know that
the curvesk, are smooth. Among them appear Bl§-equivariantly
embedded elliptic curves. Strictly speaking, this doesyabtmply that
all the smoothE, are such elliptic curves. To see this, we put all the
curveskE,., in a flat family:

Define the surface

Sos={(V; A, u) € P4 x Py :
(AFF (V) +pf () A @A (V) +pf(v) = 0}

The projection onto the second factor induces a Bgp— P;. Its fibre
over (1 : u) projected intdPy is just the curveE,,.

Lemma4. Sosis a smooth surface. 69
Proof. We consider the dierential map

V x|C? > A%V
dv,da, du — (Af(V) + pf~ (W) A (AFH(AV) + uf(dv) + daf*(v) + duf=(v))
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and show that its rank equals 3 for all {, u) € Ss. The map
dv— (AfH(V) +uf~ (V) A (AFH(dV) + uf~(dV)

has rank 3 for allv belonging to a smooth curvé,,, (proposition[3)
and for all smoottv on one of the 12 singular curvé&s., (proposition
6 above). This proves the assertion for thes# v is one of the points
&, &, using the symmetries we may assume ey, A = 1, u = 0. The
differential then is

& A3 A (D U2 A 63+ 016 Aes+ duey A eg) =
= du’éo+dv2e1+dv3€4

and obviously has rank 3. O

Theorem 1. The subscheme given by equatidf8) is a smooth quin-
tic elliptic normal curve | embedded ktequivariantly inP4 is A is
not one of the 12 special valu¢gd) a pentagon with verticescek =

0,...,4,(1=0,00) ora(|,k:0,...,4(/l:—%e"(li \/5)).

Proof. ForA not one of the 12 special values we know tBais smooth,
isomorphic with a smooth fibre &,5 — P1. All elliptic curves ap-
pear as such fibres, so all smooth fibres, hence all smgptioo are
(connected) elliptic curves. The equatiohs] (18) ldgeinvariant. This
implies that each smooth, is anHs-invariant elliptic quintic. O

3.5 Cubic equations

The setE,,, is described not only by the quadratic equatidns (18) alias
(@5) but also (cf. prop.]2) by the five cubic equations eqenbtoivt —
uv- =0

A(Vk+2V§+4 - V2k+3) - ,u(Vk+lVi+2 - V2k+3Vk+4) =0 (20)

At the 30 pointse, e bothv" andv~ vanish, so these points have to be
excluded.
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Proposition 7. Away from the 30 pointscgeq the cubic equation§2Q)
define the scheme,E.

Proof. At somev € E,, V # &, &q, we compute the rank of theftir-

ential
davt —uv) V> V.

Forv= Y vig,dv= > dvig €V, we abbreviate
h* (v, dv) = 22(f*(v) A TH(dV))*
=1 Z(Vi+4dV|+4 + dVi41Visa)8
Y(f7(v) A F7(dV))
12 )" (VisolM4 30V 12Vi: )8
hO(v, dv) = (f* (V) A f=(dV))* = Zvidv,’é

h™(v,dv)

Differentiating—v* = (h°(v), f*(v)) and using[{B), we find 71
—dv® = (2hO(v, dv), F*(V)) + (hO(v), F=(dv))
= (hO(v, dv), F£(v)) — 2(h* (v, dv), F¥(v))
—d(Av* — uv7) = (Ah°(v, dv) + 2uh™(v, dv), F+(V))
—{uh°(v, dVv) + 2ah* (v, dv), f~(v))
= ((AF(V) +pf= (W) A F7(dV)", T (W)
—{(QFF(V) +pf7 (W) A THAV)", T7(v)
If dvbelongs to the kernel of theftirential atv, then from
(AFF(V) + pf7 () A F5(AV), AF(V) + uf7 () =0 (6)
we deduce
(((AFF (V) +pf7 (V) A AFF(AV) +pf(dV)", F5(v) =0

From (9) we knowKh*(v), f*(v)) = ¢(h~(v), T~(v)) = 0. The space of 72
formsh € V* with ¢h, f*(v)) = 0 is one-dimensional unleds (v) is a
simple bivector and similarly fof ~(v).
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Applying some transformation froi@ L(2, Zs), we may assume that
this is not the case. Since, by assumption, we are away fren3@h
points e, e, from propositio 2 (iv) we conclude®(v) A h™(v) # 0.
Then necessarily

(AFF (V) + uf~ () A (AFH(@AV) + pf~(dV)) = O.

So the kernel ofl(Av* — uv™) coincides with the kernel a((Af*(v) +
uf=(V) A (AF*(v) + uf~(v)). The assertion follows from proposition 3
and(6. m]

4 Shioda’'s elliptic modular surface S(5)

4.1 Theuniversal dliptic curve with level-n-structure

Let 57 denote thaupper half-planelz € C : Im z > 0}. Eachz € o7
defines an elliptic curv&, = C/Z + Zzand inH4(E;, Z) a distinguished
basiss,, t;, namely, the images of ¥,under the canonical isomorphism
Z + Z; — Hi(Ez;, Z). Clearly, the intersection number - t, = 1.

1z . . .
The complex numberﬁ, - have image points, 7, € EQ‘) forming a
symplectic basis foE(".

Lemmab. Each elliptic curve E with level-n-structure defined by a sym
plectic basisy, 8 € EM is isomorphic taEy; o, 7,) for some z= 7.

Proof. Write E = C/Q and leta, b, € C be inverse images af, 3 such
thatna nb € Q = Hy(E,Z) have intersection numbend) - (nb) = 1.
This impliesz := nb/na e 7. Under multiplicationC — C, ¢ — //na,
the latticeQ is mapped ont&@ + Zz with na— 1, nb — z This induces
an isomorphisnt — E, with @ — 0, 8 — 15 O

On 7 operates the group = S (2, Z) by

Z_az+b for _[a ber
YeT z+d Y=lc d
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The elliptic curvesE; andE; are isomorphic if and only i = yz for
somey € I'. Explicitly, the isomorphisnk, — E,; is given as follows:
multiplication — (cz+ d)~%¢ induces an isomorphism

az+b
E,=C/Z(cz+d) + Z(az+ b) - C/Z + Zm =E,,.

Under this isomorphism, the basis 74

1=a(cz+d)-c(az+b)
z=-b(cz+d) +d(az+b)

of H1(E;, Z) goes to the bas@- cyz, —b+dyzof Hi(E,,, Z). The level-
n-structure given orfE; by o, 7, goes onE,; to the one determined by
aoyz, —CTyz, —D0ry; + A7)

Denote byl'(n) c T thecongruence subgroup

{yel:vy=1 mod n}.

Lemma 6. Two curves with level-n-structure,
(Ez,02,7;) and (Ey,o7,77)
are isomorphic if and only if’z= yz withy € T'(n).

Proof. If Z = yz, y € T'(n), then, by the above, there is an isomorphism
E, — E», mappingor; — o> andr; — 15.

Assume, conversely, thak{, o5, ;) and Ez,o»,77) are isomor-
phic. Then there is somee I with Z = yzandao, — cry, —bo» + dr,
differs from the symplectic basis,, 7> € E(Z”) by an automorphism
of E. Then there is some= (% {) e I' such thapz = Z and

aoy —Cry =l.07 = POy — St7,
—boy +dry = 1,72 = —Qoz + trz.

Thenpty € I mapsz — 7, o — oz, 7 — T and from this, it 75
follows in particular thap~ty e I'(n). O
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The last lemma means that there is a bijective correspoedeac
tween points ofX’(n) := 5 /T(n) and isomorphism classes of elliptic
curves with levelp-structure. Assuma > 3, from now on. Then the
action ofl’(n) on .2Z has no fixed points.

We denote byN the semi-direct produdf x (Z x Z), i.e. the set
" x (Z x Z) with the group law

(v, (Mg, mp)) - (", (M, M) = (yy/, (Mg, M) - " + (Mg, ).

This groupN acts onZ x C by

(7, (M, M) : (20) > (yz. (¢ + muz+ mp)(cz+ d) ™). (21)
Sincen > 3, the induced action df(n) x (Z x Z) has no fixed points and
S'(n) = # xC/T(n) X (Z X Z)

is a smooth surface. The projectiog?” x C — 57 induces a map :
S’(n) — X’(n). The fibre over{ modT'(n)) € X’(n) is isomorphic with
the curveE,. The set{(z0) € 5# x C . z € s} is invariant under the
group action. Its image i8’(n) is a sectiorig for ¢ meeting each fibre
in its origin. Similarly, the set§(z, %) 1ze 4 {(z %) : ze s} define
sectiond.1 o, Lo 1 for ¢ meeting each fibre in the image ®f, v,. So the
two sectionsl g, Lo provide each fibre op with a leveln-structure.
Lemmag b anfl6 mean that each elliptic curve with levstructure is
isomorphic to exactly one fibre. In this senge; S’(n) — X’(n) with

zero sectiorlLgg and the two sectionk g, Lo is the universal elliptic
curve with leveln-structure.

4.2 Shioda's dliptic surface S(n) for n > 3

By adding cusps, the curv€(n) is completed. The result is tmeodular
curve Xn). Shiodal[1l, p.38] has shown how to complete the surface
S’(n) by adding over each cusp a singular fibre of typd.e., ann-gon
of projective lines. The result is the smooth compatdular surface
S(n), fibred over the modular curdé(n) by ¢ : S(n) — X(n).
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The two sectiond 1o, Lo1 generate a group of-torsion sections
for ¢ : S’(n) —» X’(n). This group is isomorphic t@, x Z,. Shioda
shows that those sections extend over aK @), and that the sections
obtained in this way are the only sections for. S(n) —» X(n) [11,
theorem 5.5]. Of course, ove¥ (n), then? sections are always disjoint.
This is also true over the cusps: Each line in one ofrtigons is met by
n sections im different points.

By Kodaira’s theory, cf. [[2, V theorem 11.1(b)], the surfe®@) 77
is uniguely determined b$’(n) and one extended section. In partic-
ular, each automorphism & (n), mapping then-torsion sections into
themselves, extends uniquely to an automorphis®(of. We therefore
have, acting org(n),

— the groupZ, x Z, of n-torsion sections. Denote hy the section
corresponding tok(l) € Z, x Zn,

— the quotientS (2,Z,) = T'/T'(n). Its action is induced by the
action [21) ofN.

Nowy = (28) e T maps

Lio— La— Lo1 — Lopg

el (5 3
% -l 3 3l

So up to the automorphism — y” of S (2, Z,) this is the action of
S WU2,Z,) onZyxZ, from[3.1. The semi-direct produbtl(2, Z,)x(Z,x 78
Zn) with respect to this action operates 8(n). Shioda([11] remarks

that this is the full automorphism group 8{n). Notice that it is the
central quotieniN,/Z,, with N, from[3.].

where
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4.3 Divisors on the surface S(5)

The modular curveX(5) is rational, obtained fronx’(5) by adding 12
cusps([10, p.23]. The surfac5) therefore contains 12 fibres of type
Is (pentagons). Summing over the 12 pentagons, we obtain tleg Eu
number ofS(5)

e=60.

This implies

X(Os) =5 (Noether’s formula)
Kse) = Oss)(3F), (Kodaira’s formula)

whereF is the class of a fibre,
Py=4,q=Db; =0,b, =58h* =50
Lemma 7. The Picard group Pic &) contains no torsion.

Proof. [[13] Corollary 1.

On S(5), we have the following divisor classes:

F the class of a fibre,

Lki k1=0,...,4, the 25 sections,

F1,..., F12 the twelve singular fibres.

Fori = 1,...,12, we letFio c F; be the component meetirig o
and label the other componerfsy, k = 1,2,3,4, in such a way that
Fik - Fiks1 = 1k = 0,...,4 mod 5). This determines the notation
uniquely up to a change of orientation in the pentagons. We ktize
following intersection numbers

F2=0,F-Ly=1 F-Fix=0
Lg =-5 Fj=-2
and eaclF;x meets exactly fivdy. O

Lemma8. The 50 classesdy, F,and Ry, i=1,...,12k=1,23,4,
form a basis oPic(S(5)) ® Q.
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Proof. Sinceh>1(S(5)) = 50, it will be suficient to compute the inter-
section matrix of these divisor classes. One finds

-5 1
o _12 12 1
Aq - B
where A4 1 -2 1
1 -2

Ay

There are 12 block#y, each with determinant 5. So the intersection
matrix has determinant5'2 = 0. O

Next, we define the divisor class

12
| :Bloo+24F - Y (2Fi1+3Fio+3Fig+2Fia)  (22)
i=1

This definition, looking somewhat artificial, is motivated the follow- 80
ing fact.

Lemma 9 (Inoue, Livne) In Pic(S(5)) one has
51 = > L
k|

Proof. By lemma[7, it sffices to prove that both divisors are numeri-
cally equivalent. By lemmia 8, this follows from the equation

(L= > L)
L-Loo=-5=5l-Loo
L-F=25=5]-F
L-Fii=L-Fi4a=5=5-Fiy=5-Fis
L-Fia=L-Fi3=5=5-Fi2=5l-Fis.
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The divisor classeE andl are invariant under the action of
Aut(S(5)) = SW2,Zs) x (Zs X Zs).

Lemma10. Any class De Pic(S(5)) invariant under the grou@s x Zs
of translations by 5-torsion sections is of the form=pl+gF, p, ge Z.

Proof. By lemma8, there ara, b, cik € Q such that

12 4
D= aLo’o + bF + Z ZcikFik

i=1 k=1

If D is invariant, then

D=2i5 Z ax*D

a€Z5XZs

=%ZLK’I+bF+5iZCikF

i=1 k=1
a
= gl +(b+ SZ Cik)F.

This showsD = pl + gF with p, g € Q. But
p=D-F1,o€Z, q—pzD-LO,()GZ
]

The action of the translation grolfy x Zs lifts trivially to an ac-
tion on Os)(F). To Os)(1), it lifts as an action of the Heisenberg
group: Leto, T € Zs x Zs be the distinguished generators [cf.]4.1) with
o0(Loo) = L1o, 7(Loo) = Loi. Denote byOg the pointLop N E for
any fibreE. The explicit formula[(ZR) show&:(l) = O(50g) for any
smooth fibreE. We therefore may liftr, 7 to Oss)(1) such that over one
fixed smooth fibreE they act as ifi.3]2. This impliesto1r 1 = €. id
on all of Os5)(1), i.e. the Heisenberg grougs acts onS(5) covering
the translation group o8(5). By[3.2, the action oHs on &g (50g) is
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uniquely determined by the symplectic basit € E® up to an inner
automorphism oHs. So the action ofHs on all the smooth fibrek is
isomorphic to the one describedinl3.2.

By tensor products, we define an actiontdf on all line bundles

Osi)(pl +gF), p, g e Z.

4.4 Thelinear system |l + 2F| on S = S(5).
Here we want to describe the map defined by the linear sygteraF|
onS.
Proposition 8. Let D= pl + gF be a divisoron S. Then
() Disampleifandonlyifg p> 0.
(i) h'(0s(D)) vanishes if p>0,q> p+ 3.
(i) h?(0s(D)) vanishes if p> 0.

Proof. (i) If Disample,thenp=D-F >0andgq—p=D-Lgp> 0.
To prove the converse, we use the Nakai-Moishezon critetfon
q> p> 0, thenD? = 5p(2g—p) > 0. If C c S(5) is an irreducible
curve, therC-F > 0andC -1 > 0, henceC - D > 0, unless one
of the following holds:

(a) Cisasection. The® -D=gq-p>0
(b) Cis asmooth fibre. The@ - D = 5p > 0.
(c) Cis acomponent of a singular fiore. ThenD =p>0. 83

(i) follows from Kodaira’s vanishing theorem and (i), besaKs =
Os(3F).

(iii) We haveh?(0's(D)) = h°(0s(K - D)) andK —D = —pl +(3-Q)F
cannot be fective if p > 0.
mi
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Lemmall. For D = | + qF we have the following table:

qg x(D)=5-5 h(D) h'(D)

0 -5 0 5

1 0 0 0
> 2 50-5 59-5 0

Proof. Applying Riemann-Roch t®, we find
1
x(D) = 3D (D - K) +x(0%s)
1
= E(I +gF)- (1 +(q-3)F)+5

=50-5

Forq > 1, we showh!(D) = 0 by descending induction ap If q > 5,
the assertion follows from propositién 8. Assupe 1 and consider,
for a smooth fibree, the exact sequence

0—- Os(l +qF) — Os(l + (q+ 1)F) — Og(50g) — 0

By induction,h!(0s(l + (q+ 1)F)) = 0 and we obtain &ls-equivariant
exact sequence

restr

H°(Os(l + (q + 1)F)) — H°(O&(50g)) — HY(Os(l + qF)) — O.

In view of h}(&s(l + (g + 1)F)) = 0, we haveh®(Os(l + (q + 1)F)) #

0. So the restriction map cannot vanish for @Il But the Hs-space
H°(0e(50g)) is irreducible, so restr is surjective for geneahnd the
assertion follows fog > 1. But, if &s(l + F) has no sections, the same
is true foros(1). O

Lemma 12. The linear systertl + 2F| has no base pointson S.

Proof. Lemma&11 implies that restriction

H°(Os(l + 2F)) — H°(Ok(l))
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is bijective for all fibresk. If E is smooth, thengg(l) = Gg(50g)
4

and E cannot contain any base points. So assumeEhat | J Fi is
k=0
a pentagon. The restrictiofir,, (I) has degree 1 on each component

Fik. If a smooth pointp € E would be a base point, then & x Zs
symmetry there would be 25 such pointsiBmand all sections iwg(l)
would vanish, a contradiction. If a singular pomt E would be a base
point, then byZs x Zs-symmetry each componeft , would contain 85
two base points, which leads to the same contradiction. O

4.5 Thesurface Sis.

In view of lemmal 1R above, the linear systéim+ 2F| defines a map
S(5) —» P4. We normalize it by identifyingH°(os(l + 2F)) = V*
equivariantly with respect to the action of the Heisenbeayg Hs.

Proposition 9. The linear systenfi + 2F| maps the modular surface
onto a surface & c P4 of degreel5. The map is injective except for
the 60 double points of th&2 singular fibres. The fibres are paired and
the 5 double points on both fibres in one pair have the sdmmage
points.

Proof. The mapS(5) — P4 is Hs-equivariant. The fibres o8(5) there-
fore go theHs-invariant curves. The smooth fibres go to the smooth
quintics from:3.8 Two dterent fibres are not isomorphic as curves with
level-5-structure (sde 4.1), so they havffatent image curveg,. By
proposition 2, the images are even disjoint. So the map éting on
the open parg’(5) c S(5) and the image must be surfa8g; of degree

(I + 2F)? = 15,

The 12 singular fibres go to non-degenerdiginvariant pentagons ingé
P4. The vertices of such a pentagon are fixed points for soméccsuab-
groupZs C Zs X Zs hence belong to the 30 poirgg e;. It follows that
each singular fibre is mapped isomorphically to one of theid@usar
curvesk,. Conversely, all curvek, are images of fibres 08(5). This
follows because the curvds, sweep out the irreducible surface which
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is the projection ofSys ¢ P4 x P; from[3.4 intoP4. This projection
necessarily coincides with5 so eacte, is contained in the image. By
proposition[2, allE, are disjoint, except for the pairs of singular ones
which have the same vertices. This proves the assertion. O

Next, we show tha$; s is smooth, except for the 30 double poiats
&1, Wwhere two smooth branches $fs cross transversally. This follows
from

Proposition 10. (i) The projection $5 — Sisis an immersion.

(i) The two branches of {§ meeting in one of th80 points &, &,
are transversal.

Proof. At (v; A4, 1) € Sys the tangent space to this surface is given by
thosedyv, dA for which

(AFF (V) + uf~ () A (AFHAV) + pf~(dV) + dAfH (V) + duf~(v)) = O.

The projection has maximal rank on this tangent space uitlesstains
all vectors (0pA, du). But this would imply

220" (V) + uh° (V) = Ah°(V) + 2uh™(v) = 0.
Now, recall that
22h* (V) + Auh°(v) + x®h~ (V) = 0

is the only relation betweeln*, h°, andh™ unlessv = e or g. So, for
V # &, &, we find Au = 0, which eventualy leads to the contradiction
h°(v)) = 0.

If vis one of the 30 singular points @ys we may assume = ey,
without loss of generality. The two pointey( 1, 0) and €&; 0, 1) lie on
Sos overey. The two tangent planes f&ys are

p=0:1"(eo)(f*(dV) + duf~(en)) = dv€1 + dvs€, + dui€p = 0
A=0:f"(e)(f (dv) + daf*(e)) = —dwes — dws& + dig = 0.

They project inP4 to the two planes, = v3 = 0 andvy = v4 = 0. They
are tangent to the two branchesyf at ey and transversal. O
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Finally, we consider the equations definiag. By definition,S;sis
the set of pointy whereh*(v) Ah°(v) Ah™(v) = 0. i.e. the determinantal
locus where the matrix
2

2 2 2

ViV ovi Vi v
VoV3 V3Vp Vy4Vp VoV1 ViV2
ViVa VoVo V3V1 V4Vo Vo3
drops its rank. Its ten 8 3 determinants, the 10 cfieients ofvt Av- 88
are k=0,...,4).
ViV 2V 3(Vis 2V 4 — VB, 1 VB, 3) + Vo (VE, 3Vked — Ve 1V, )
+ Vi1 Vi a (V1 VB0 — ViraVe, 4)
ViV 1k 4 (Vi 1V, — VB, 3Vkea) + Vo (Vis2VE, 4 — VB, 1 Vics3)

+ Vi 2Vir 3(Vier 1Ve, 3 — Vi, o Vkr4)

(23)

Proposition 11. The ten equation@3) schematically define 3.
Proof. As usual, we distinguish between two cases:
— If ve Sisis a smooth point, we check that thefdrential
d(vt AVT) 1V - A%V
has rank 2. Since™ = (1/u)v* (if e.g.u # 0) we find
divi AV)ly = dVily AV + VT AdVT)y
= (/v A dTly —dvly) AV

From[3.%, Proposition]7, we know that thefdrentiald(Av" —
uvo), 4, u fixed, has rank 3. This implies that ouifidirential has
rank> 2.

— If v e Si5is a singular point, we assunve= ey, without loss of 89
generality. The two branches 8fs at ey are given by functions
02, 93 andgy, 94 € O, respectively, where we may assume that
gi — Vi belongs tar?, mthe ideal generated by, Vs, V3, V4 ateg.
Then the ideal 06,5 is generated bg:10», 9103, 0204, andgsga.
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O

On the other hand, puttingy = 1 in equations[(23) and reducing
modulo m® we obtain (only terms containing} ramain): ViV, Vivs,
VoVy, V3Va. SO0 among the 10 polynomials_{23), we may pick four ones,
sayhy, ..., hs such that

0102 — 1 =103 — 2 = goQs —h3 = g3gs —hy =0 modn?.

The polynomialdhy, ..., hy belong to the ideal 0815, SO we may write
them

12 13 24 34 kI
hi = G 0102 + C°0104 + € C204 + €304, G € Tg.
The congruences above imply
12 _ 13 _ 24 _ 34 _
c?=cP=c3*=c*=1 modm
d!em otherwise.

The 4x 4-matrix b 1o 17 12
c° G G g

13 13 13 13
c® ¢ g oc
4 24 24 (24
o
4 34 34 34
therefore admits an inverse with ¢beients inCy,.

We therefore may expresg0», 0103, 9204, 9394 in the functions
hy, ..., hs. This implies that the functions (R3) generate the ide@ @f

atep.

5 Jumping lines of the Horrocks-Mumford bundle

5.1 Jumpinglinesbelongingtov e V.

The Horrocks-Mumford bundle# is stable withc; = 5. Therefore,
we haveZ|L = 0p,(2) @ Op,(3) for the general lind. c P4 (Grauert-
Mulich). We define thgumping order KL) for each lineL c P4 by

FIL = 0p,(2-K) & Op,(3+K).
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SolL is ajumping line(resp. double, triple jumping lingif k(L) > 1
(resp.k(L) = 2,3). By [1, proposition 1], this jumping order equals thet
dimension of the kernel of the map

V - 2A%,v— fT (V)AL f (V)AL
We define the variety c P4 x Gr(1, 4) by
J={(v,L) e P(V)xGr: f*(WAL=f(vV)AL=0}.

Then we obtain the following description dfc Gr, thevariety of jump-
ing lines for.Z : J is the projection ofl into Gr. The fibre of this projec-
tion over a jumping line L is a projective subspaceP({V) of dimension
k(L) - 1.

We denote byl, c Gr the projection of the fibre over € P(V)
underJ — Gr. ThisJ, is the variety ofjumping lines determineldy v.
First, we describe the variety, c P(V) swept out by the jumping lines
determined by. We use

Lemma 13 ([1, lemma 3]) For v, x € P4 the following properties are
equivalent:

(i) through x there passes a jumping line.y determined by v,
(i) (h*(v), %) =<h°(v),x) = (h™(v), x) = 0.

It follows that the jumping lines determined fagweep out the linear
subspace

Yy = {x € Pg: (Mt (v), % = (), %) = (h"(v), %) = 0}
We have 92
— dimY, =1 if V € P4\S15
—dimY, =2 if V € Sy5is a smooth point

— dimY, =3 if V € Spsis singular.
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Next we describe the varietiel:

Proposition 12. (i) If v € P4\S15, then J consists of one element,
the line Y.

(i) Ifv e Sysisasmooth point, then,ds a rational curve parametriz-
ing the pencil of lines in the plane, With vertex v ~ v~.

(iii) If v is one of the30 double points of &, with Lj = A f* (V) +
uif~(v), i = 1,2, the two simple bivectors from propositigiii) ,
then J is a quadric surface, th&; x P;’s worth of lines meeting
both the lines L. and L.

Proof. (i) follows from lemmd&_1IB above.

(ii) By (11) the four tri-vectorsf*(v) A v* correspond to the planég,
(unless some of them vanish, but not all of them do, by preposi
tion[d (ii). Not all the lines inY, can be jumping lines determined
by v, for, if Y, = XAy A z thenf*(v) A XAy = 0 would imply
f=(V) = XA X* +y A y=. Applying AX A zand Ay A z, we would
find x*, y* € Y, and f*(v) decomposable. This would contradict
the assumption thate Si5is smooth.

On the other hand, each lihe= v* A yin Y, passing through™
is a jumping line determined by

f*MAL=(F*WMAV)AYy=Y,Ay=0

This implies the assertion, because being a jumping linerdet
mined byv is a linear condition on the Plucker coordinates of the
line.

(iii) The vanishing ofv* andv™ implies¢h°(v), f*(v)) = 0. By (4) the
bivectorsf*(v) belong toA?Y, and the two line4; are lines inY,.
By propositiori1 (iii), these two lines do not coincide. Somway
write the bivectorsf*(v) and f~(v) as linear combinations df;
andL,. If Ly ALy would vanish, thendf*(v)+uf~(V)) A(A T (v)+
uf~(v)) would vanish identically a contradiction with (8). %9
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andL, are disjoint. The conditiof*(V) AL =f"(W)WAL=0is
equivalent withL; AL = L AL = 0. This shows that the jumping
lines determined by are exactly the lines (iit,) meeting botH._,
andL,.
m|
5.2 The 25 triple jumping lines.

The 25 section; ; ¢ S(5) are mapped to lines Py under the linear
systeml + 2F.

Proposition 13. The25 sections L; map to the25 Horrocks-Mumford
lines [6, p.72].

. N
Zi=Zio+€zi3=2i11+€'2i:4=0

Proof. We already saw, in lemnfa 3, that the origha of a Hs-invariant
elliptic curveE c P4 is contained in the line

=2+23=71+2,=0. (24)

Henceloo must be mapped to this line. The 25 sectidns are the
translateg’/o'Loo. Their images irP, are therefore obtained by apply-
ing tlo'. The result is

. .
Zi=Zip+€zi3=21+€'2i4=0.
o

Proposition 14. The 25 Horrocks Mumford lines are triple jumping
lines for.#. In fact, they are the only jumping lines L of orddik > 3.

Proof. To show that these 25 lines are triple jumping lines, Hhy
symmetry it stfices to consider the image (24) bfp. It is spanned
by & — ez andey — e;. We have

- A(E-e)= A -E A+ A - A



70 W. Barth, K. Hulek and R. Moore

fT(V) A (e —3) A (85— €1) = (Vi — Va)& + (V2 — Va3) (& +63)
f"(V) A (&2 — &3) A (64 — €1) = (V2 — V3)€ + (V4 — V1)(E1 + &)

95 So this jumping line is determined by allin the 3-dimensional sub-
spacev, —Vv3 =V — V4 = 0.
Conversely, ifL is a jumping line of some order8k, k > 0, then
FIL = 0p,(-1 - K) ® 0p,(6 + K) is not globally generated. But away
from the 25 Horrocks-Mumford lines, the bundle is generdigdts
global sections |6, p. 75]. O

5.3 Smoothness of J.
The aim of this section is to prove

Proposition 15. The subvariety] c P, x Gris smooth of dimensiof

Proof. For (v, L) € J, we again distinguish between the threffatient
cases:

— OverP4\Sy5, the projectior[f — P4 is bijective. SaJ necessarily
is smooth there.

— If v e Sy5is a smooth point antl € J, we show that, L) € J ¢
P4(V) x Pg(A2V) is a smooth point by dierentiating aty L) the
ten equationd + (v) A L = 0 definingJ. The diferential is the
map

V x A%V — 2A%V
(dv,dL) — f*(dv) AL+ f*(v) AdL
9%
A sufficient condition for smoothness is that this map has rank
dim(Ps xPg) —4=09.
A pair (t, u) € 2V annihilates the image of this map if and only if

(FfA)At+f (@) AUAL=0 forall dveV (25)
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(ffWM At+ - (M) AuyAdL=0 forall dL e A?V.
The second condition of course is equivalent with
ffMAt+f (V)Au=0. (26)

First, we show that A u = 0 in this situation. Indeed, tffA u # 0, then
(28) implies that A uis a jumping line determined by
If e.g.v" # 0, we may write

t =t +tPy,u=ulvt +u?y, with yeY,t, ueC.
Inserting this in[(Zb), we find using (11) that 97
W) AV + 2TV AY+ U (V) AV + UPET(V) AY
= —t}(h°(v) A h* (V) = —u*(h~ (V) A h*(V)) = +
(W) + P (V) Ay

vanishes. Contracting with"(v), h~(v), h°(v) and using (5), (3) and (9),
we find
UV AY =tV Ay = (v + U1AV) Ay = 0.

Since eithew* Ay # 0 of v Ay # 0, this leads t¢? = u? = 0, in conflict
witht Au# 0.

Usingt A u = 0, we writet = aw, u = bwwithw € V, a, b, € C.
Then [25) and(26) become

@f*(dvy) + bf (dy)) AwAL=0 forall dveV  (27)
(@ft(v) + bf (v)) Aw=0. (28)

In particular, the bivectoaf*(v) + bf~(v) is simple, sod: b) = (1: )
with A, u as in propositioi]2. The assertion comes down to showing
w A v= = 0. Otherwise, we could write (cf. (14))

aff(v) +bf (V) =waAv*

L=yAV5,yeY,.
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Inserting this in[(27), we find 98
(AfHdV) + uf (dV) A AFT(V) +uf (V) Ay=0 forall dve V.
But in (Z.5), we showed that the map
dv— (AfF(dV) + uf=(dV)) A (AFF(V) + uf~ (V)

has rank 3 for all smooth pointson the curveE,,,. The image of this
map now is annihilated bw, v, andy. This implieswA v Ay = 0 and
sincew A v* # 0, the lineAdf*(v) + uf~(v) is a jumping line determined
by v. Evaluating this we obtain

22h* (V) + uh°(v) = Ah°(V) + 2uh™(v) = 0.
This contradicts propositidd 2 (iv).

— If v € S35 is singular, we assume = e w.I.o.g. Now it does
not suffice to diferentiate the equations definidgvith respect to
dL € A2V, we must considedL Ter,L and check that

V x TarL — 2A%V
dv,dL — f*(dv) AL+ f*(v) AdL

has rank
dimP4 x Gr)—4 =6.

we writeL = X A y with
— e + 33 - () —
X = X“€& + X’e3 a point on the linef*(eg) = e, A &3
y = y'er + y*es a point on the linef~(ep) = €1 A &

ThendL = x A dy+ dx A y with dx, dy € V and we must check
that

3V - 2A%V
dv,dx dy — f*(dv) AL+ f*(eg) A XA dy+ f5(eg) AdXAY
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has rank 6. We compute
ff(e) AxAdy=f(eg) AdxAy=0
f*(e0) A dxay = (Y'dx' - y'dx)& - y'dx’8 + y'dxX’&
f=(e0) A X A dy = (Cdy? — Cdy)& + xCdy’e, — x2dyPe

Remembering»?, x°) # (0,0) # (YL, y*), one easily checks that
the map in question is given by a X015 matrix of rank 6.

5.4 Blowing-up theideal of Si5
100

First, we describe the blowing-up of a double point, i.ee bhowing-
up of C* (with coordinatesus, ..., us) with respect to the ideal sheaf
4 C U4 generated by the four polynomials

Uzl U U3, UpUy, U3Ug
Let X — C* be this blowing-up. By definition [5, p.163], we have
X = Proj(@ #9). There is a surjective map of gradéts-algebras
d>0
6’@4[po, pl] ®ﬁc4 ﬁc4[qo, Q1] - Ede

Po — Uz, P1 — Us, o — U2,(1 — U3

inducing an embeddin) — C* x P, x P;. The image is the smooth
4-fold with equations

PoUs = P1Ug, QoUz = QU2 (29)
The fibre over some pointe C*is
— apoint, ifu¢ {uy = us = 0} U{up = uz = 0}

— acopyofPy,ifue{u; =us =0} Uup =uz =0butu=0
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— the quadridP; x Py if u=0.

Equations[(29) show that c C* x P, x P; can be considered as thao1
graph of the rational ma@* — Py x P1 sending (1, ..., Us) t0 (Us : U1),
(uz : w). This blowing-up is related to blowing up smooth subvéemt
as follows:

Let 71 : By — C* be the blowing-up in the origin. Introducing an
auxiliary P3 = P(T4 ) with coordinates, : ... : z4 we haveB; C C* x
PPz as the submanifold given l&u; = zju;. The two planesu; = us =
0}, {up = uz = O} are separated undei. Their proper transforms iB;
are smooth surfaces meeting the exceptidgat 7;*(0) in the two lines
Li:z2z7=2=0,Ly:2 =23=0. Letn, : B, - B; be the blowing-up
of B; in these smooth surfaces. The functians: u; andus : up are
well-defined onB,, so they induce a maB, — X c C* x P; x P; such
that the diagram

BZL By

X— >4

commutes. This mapB, — X is an isomorphism oveE*\0. But, on
Ps = 771(0), it contracts to points i?; x P» all the lines meeting both
L1 andL,. (In By, all these lines become disjoint.)

Finally, denote byr : P — P, the blowing-up o4 with respect to
the ideal sheaf of &. After the preceding local discussion, it is clear
thatP is a smooth 4-fold and the fibrel(v), v € Py, is

— apointifv e P4\S;s
— acopy ofPy, if vis a smooth point 085

— acopy of the quadriB; x P4, if vis a singular point 05;s.
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5.5 Thevariety of jumping lines

The varietyJ c P4 x Gr is a smooth 4-fold. The projectioh — P4
is surjective (proposition_12); ovéi;\S15 even an isomorphism. All
fibres are irreducible. This proves thhitself is irreducible.

The mapvt A v : P4 — Gris well-defined only orP4\S15. There
it associates witly the unique jumping line belonging to ThereforeJ
is the graph(v, vt AVv7) : v e Py} of the mapvt A v- overP4\Ss.

The 10 components of Av- generate the ideal sheaf®{s at each
point (propositio I11). This implies that the mep A v- extends to a
regular mapp : P — Gr on the blow up of4 w.r.t. the ideal sheaf. The
map (, ¢) : P4 — P4 x Gr has its image id:

A J
Py

The induced mam — Jis birational, oveiP4\815 an isomorphism. 103
A point (v, L) € J cannot have several pre-image®in because then it
could not be a normal point af} which is smooth. This proves

Proposition 16. The map(, ¢) : P — P, x Grdefines an isomorphism
P J.

In particular,?ﬁ = J can be considered as the graph of the rational
mapvt AV,

The varietyJ of jumping lines for the Horrocks-Mumford bundle
Z is the projection ofJ into Gr. The fibres of the projectiod — J
are linear subspaces . J contains the sub-varietie®, resp. J; of
double, resp. triple jumping lines. They consist of the imagints of
fibres of dimensiorr 1, resp> 2.

Theorem 2. The variety Jc Gris a rational, irreducbile4-fold. It is
smooth outside of,J The variety d ¢ J has dimensioR.
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Proof. For.#, as for every rank-2-bundles &g with oddcy, the jump-
ing lines come in codimension 2. Therefore, dimd > 4 and the gen-
eral fibre ofJ — J is discrete. This shows thds # J and that] — J

is birational. Since oved, all fibres have dimensior 1, necessarily
dimJ, < 2. ButJ, # ¢, because it contains e.g. the 25 points cor-
responding to the triple jumping linds,;. Deformation theory shows
codim J; < 4. We therefore find that; is a surface inl.

Over J\J,, the mapJ — J is bijective. To show that it is biregular
there we must check that at () € J the tangent spacky is transversal
to the fibreP,4 x L. But this follows immediately from the fact that the
equationsf + (V) A L = 0 definingJ are linear inv. As a consequence,
J is smooth outside ad,. |

It is known that through each poirte P4 some jumping line has to
pass [cf. 12].

Proposition 17. (i) Through the general point ¥ P4 there passes
no double jumping line.

(i) The jumping lines through a general poinExXP, are the genera-
tors of a cone (with vertex x) over a smooth curv@4in

Proof. (i) Since the double jumping lines are parametrized by a sur-
face, they sweep out at most a threefoldPin

(i) Consider, inP4 x Gr, the variety
{(x,L): Le Jxel}

It is an irreducible 5-fold which is singular along a 3-folglifg
overJ,). The projection of this 5-fold ii®, is surjective. The gen-
eral fibre therefore does not meet the singular locus. Byifdsrt
theorem, the general fibre must be a smooth curve. This csrve i
the basis for the cone of jumping lines through the imagetpadin
this fibre.

m]
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Some Results on a Question of Quillen

By S. M. Bhatwadekar

1 Introduction
107

This paper intends to bring to your attention some recentldpments
on an approach suggested by Quillen to the following wediviin con-
jecture of H. Bass and D. Quillen.

Bass-Quillen Conjecture : Let S be aregular local ring. Tlesery
finitely generated projective[$]- module is free.

In view of a monic inversion criterion of G. Horrocks (sée)[H]
would sufice to show that the extension of the projective module(fio)
(= localization ofS[T] at the multiplicatively closed set of monic poly-
nomials) is free. In particular, if all finitely generatedojactive S(T)-
modules are free then all finitely generated projec8{&]-modules are
free.

LetR= S[T_l](n"r—l) wheren denotes the maximal ideal 8f Then,
sinceS is local, S(T) = Ry-1. Therefore in[[12], Quillen posed the
following stronger question.

Question:- Are all finitely generated projective;godules free, 108
when R is a regular local ring and f is a regular parameter of R?

Since then, the Bass-Quillen Conjecture has been settleatious
cases. However in all these cases, the methods employectiinew no
light on the corresponding Quillen question. Therefore thiestion still
merits interest. This motivated us (I and R. A. Rao) to ingadé the
Quillen question at least in those cases where Bass-Qu@itarjecture
was known. We find that in some cases the Quillen question ie dit
ficult than the corresponding Bass-Quillen Conjecture aetia subtle
arguments. In some other cases, which | shall be descrihitigs pa-

79
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per, the Quillen question has provided alternative andemeajuments
to settle the corresponding Bass-Quillen Conjecture.

WhenS is a local ring of an fiine algebra at a regular prime ideal,
the Bass-Quillen Conjecture has been proved by H. Lindel T {f&o-
rem]). With Rao, | have settled the corresponding Quilleaggion. My
joint work with Rao had two, perhaps surprising, outcomesstly the
special case of the Quillen question - tB€T) case-which implies the
Bass-Quillen Conjecture, is actually equivalent to it [Biebrem 2.4].
The other novelty observed was that the Quillen questioreomggtric
situations (like in Lindel’s Theorem) was, up to an etalecaston, like
S(T)-case! This was shown using a refined “Lindel subring” appro
mation of a geometric local ring.

Even prior to Quillen’s question, Horrocks has proved thaew
dimR = 3 andR contains a cacient field, then every projective-
module of rank 2 is freel[([5, Theorem 2]). In this article, hgealize
this result by showing that every projecti¥&-module of rankd — 1
(d = dimR) is free wherR contains a ca@cient field (see Theoreim 3.5).
Moreover when dinR = 3, | prove the result of Horrocks under the
weaker assumption th& is unramified (see Theorem_8.7). The ex-
istence of a cd@cient field enables me to approximate (in a broader
sense) the ring by a good geometric ring. Using the rank tiondlil
reduce the problem to one over such an “approxiamte” ring.

During this colloguium, Professor M. Ojanguren brought tpmo-
tice a beautiful result of O. Gabber in [4], where he answeeQuillen
question &irmatively when dinR = 3.

Finally, let me summarise known results regarding the Basifen
Conjecture and the Quillen question in the following table:
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References Bass-Quillen | Quillen References
Conjecture question P €
peP(R[T]; P(Rf),dimR =
dmR=d d+1
Horrocks[5] | d=2,R d=2,R Horrocks [5]
contains a contains a
codficient codficient
field field
Murthy [10] d=2 d=2,R Bhatwadekar
unramified (this paper)
d=2 Gabber|[4]
Lindel-Lutke- | R power series ring over a field Mohan
bohmert Kumar [9]
[8l
Mohan Kumar
[©l
Lindel [6] R: local ring of an &ine algebra| Bhatwadekar-
at a regular prime ideal Rao
[3]
Lindel [7] R contains a cacient field and| Bhatwadekar
rankP =d (this paper)

This paper has been organized as follows. [0 § 2, we recore samo
definitions and results. In[g 3, we prove our main theoremgd¢idm
3.5 and Theorem 3.7). In[8 4, we prove a result about proctiod-
ules over a Laurent polynomial extension $fT) when dimS = 2.
(Theoren 4.R).

My warmest thanks are due to Ravi Rao, whose intuition anoLent
siasm led me to consider Theoréml3.5 of this paper. | alscktAanit
Roy for encouragement.

2 Preliminaries

Throughout this paper, all rings will be commutative noete and all
modules are finitely generated. Further @ibjective modules will be
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assumed to be of constant rank.
In this section, we collect some definitions and results doerl use.
A will denote a commutative noetherian ring.

2.1

Given an ideak of A, ht(a) will denote the height oft and u(a) will
denote the minimal number of generatorsiof

2.2

Given a projectiveA-moduleP and an elemerp of P we defineOp(p) =
{B(P)|B € Homa(P, A)}. We say thap is uni-modularif Op(p) = A.

23

Given a freeA-module A% we denote an element & by a row vector
[a,...,aq]. We identify Auta(A%) with GLy(A); the group ofd x d
invertible matrices oveA.

2.4

projective A-moduleP is said to beA-cancellativeif P ® AY ~ Q @ A
impliesP ~ Q.

25

Given a setp of prime ideals ofA and a functiors : ¥ — N U {0} we
define a partial ordeg onj} by settingp < aif p c a andd(p) > 6(a).

The functions is called ageneralised dimension functiam B if for
any ideala of A, V(a) NP has only a finite number of minimal elements
with respect to<.

2.6

Next we quote a theorem from [11]:
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Eisenbud-Evans Theorem: Let P be a projective A-modulep let
be a subset 0Epech) and 6§ a generalized dimension function gh
Assume rank B ¢ + 1. Let(p,a) € P® A be uni-modular at alp € 0.
Then there exists an elemené @ such that pr aq is unimodular at all
p € B.

2.7

Let Abe a PID. We say tha is a special PID ifS L, (A) = E,(A) for all
r=2.

2.8

Let A[Y] be a polynomial algebra in one variable o¥erThenA(Y) will
denote the ring obtained froA Y] by inverting all monic polynomials
inYy.

29

Quillen-Suslin Theorer({12], Theorem 3 and and [14], Theorem 1).

Let P be a projective Y]-module. If AY) (X) P is free, then P is 112

AlY]
free.

3 Main Theorem

In this section, we prove the main theorem (Theorerh 3.5)tHeoproof
of this theorem we need lemmas and propositions.

Proposition 3.1. Let A be a ring and P be a projective A-module of
rank d. Let T be a multiplicatively closed subset of A andpéta’) be

a unimodular element ofRp Ar. Then there exists € Auta, (Pt ®AT)
such that

1) o(p.a)=(p.a) ePaA
(2) ht Opga(p,a) >d+1
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Proof. Without loss of generality, we can assume that {1,t,t%,...}
forsomet e T.

Letl = {o/o € Autp (Pi® A); o(p', &) € P@ A} Itis obvious that
| # ¢. Foro € |, if o(p,a) = (p,@) € P& Athen letN(o) denote
ht Opga(P,@). Then it is enough to prove that there exists | such
thatN(o) > d + 1. This is proved by showing that for ay € | with
N(o) < d, there existery € | such thatN(o1) > N(o).

Let o € | be such thaN(o) < d. Leto(p’,&) = (p,a) € Pa A

113 Let P be a set of prime ideals & of height< d -1 and letB; = B N
D(a). Then there is a generalized dimension functiar; — N U {0}
such thats < d — 1. Moreover sincep; is a subset oD(a), (p,a) is
unimodular at all prime ideals belongingfa. Further rankP = d. So,
by (2.8), there exists @€ P such thatp + agis unimodular at all prime
ideals belonging t&3;. Since @, a) can be mapped in t(+ ag, a) by
an A-automorphisnr of P & A we haveOpga(p, @) = Opga(p + ag, a).
Thereforerio- € | andN(o) = N(1t, o). Hence, if necessary, replacing
o by rio-and (p, a) by (p + ag, @), we can assume thatis unimodular
at all prime ideals belonging t§,. This, in particular, implies that if
a prime idealp of A containsOp(p) but does not contain the element
a thenht p > d. Therefore, sincel > N(o) > ht Op(p) we have
N(c) = ht Op(p).

Let J denote the set of minimal prime ideals ©f(p). Let J; be
a subset of] consisting of those membegsof J which contain the
element a and lel, = J — J;. SinceN(o) = ht Op(p), J; is not empty.
Moreover since [f, a)(= o(p’,&)) is a unimodular element &% & A;,
we havet® € Opga(p, @) for some positive integet. Thereforet € p for
everyp € J;. Since rankp = d, p € Jimplies thatht p < d and therefore

for everyp € J, we haveht p = d. Hence ) p ¢ |J p. Letxbe an
pedo pedy

element of ") p such thatx ¢ |J p. Sincet € p for everyp in J; we
peds pled
have {x)" € Op(p) for some positive integar.

Let3 : P > A be anA-linear map such thad(p) = (tX)". Letd be

114 anA-automorphism oP & A defined as8(qg,b) = (g, b + 3(g)) and let
0, be anA;- automorphlsm oP; & A; defined as¥:(q,a) = (q,t'a).
Let o1 denoted; 19010, theno(p', @) = 67 10t01(p, a) = (p,a+ X).
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Thereforeg1 € | and
N(c1) = ht Opga(p.a+ X) > ht Op(p) = N(0).
This completes the proof of Propositibn13.1. m]

As a consequence of Proposition]3.1, we get the followingltres

Corollary 3.2. Let A be a ring of dimension d and let P be a projective
A-module of rank d. Let T be a multiplicatively closed sulo$et. If P
is A-cancellative then Pis Ar-cancellative.

Proof. As before, without loss of generality, we can assume that
{1,t,t2,...) for somet € T.

Let (p’,@) € Py @ A; be a unimodular element. We want to show
that there exist8 € Auta, (Pt @ Ar) such that(p’, &) = (0,1).

By Propositiori 3.1, there exists € Auta, (P @ A;) such that

(1) o(p.&)=(pa) e PBA
(2) ht Opga(p,a) >d+ 1.

Since dimA = d, this implies that §, a) is a unimodular element of115
P & A. SinceP is A-cancellative, there existse Auta(P @ A) such that
7(p,a) = (0,1). Letd = 7ro. Thend € Autp (Pt ® A) ando(p’, &) =
0, 1).

As an application of Propositidn_3.1 we prove the followirgult
which is a variant of result of Lindel[([7, 2.8 Satz]). O

Proposition 3.3. Let (R, m) be a local ring of dimension d and let
(R,m’) be a local subring of R, m) such thatR = R. Let f be an
element ofr” and let Q be a stably freefRmodule of rank ¢ 1. Then
there exists a stably free;Rmodule Q such that Q= R¢ ®r, Q.

Proof. SinceQ is stably free of ranld — 1 > dimR; there exists an
R-isomorphism? : Q@ Ry — Ri(= (R*1); @ Ry). Let¥(0,1) =
[ai,...,aq]. Then, by Propositioh 311

(taking P =R, p' =[ay,...,80-1], & = aq),

there existsr € GL4(Rs) such that
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Q) [a1,...,aq]o =[bs,...,bqg] € Rd

(2) ht Owa[by, ..., bg] = d.

If ht Oga[by,...,bg] > d, then by, ...,bq] is @ unimodular element of
RA. SinceRis local, there exists € GLy4(R) such that by, ...,bg]r =
[0,...,1]. This shows thaQ =~ R‘f"l. Then takingQ' = R"f"l we are
through. So we assunie Oga[b1,...,by] = d.

116 Let a be an ideal ofR generated byoy,...,by. Then sincea =
Ord[by,...,bq], we haveht a« = d. Thereforea is m-primary ideal of
R and hencen’ c a for some positive integdt Moreoverd = u(a) =
ht(a).

SinceR = Rwe haven’'R = m’ andR /m’‘<R/mf. Soifb =
aN R then (1)bR = a and (2)d = u(b) = ht(b).

Letc,,...,cq be elements of which generaté. Then as elements
of R, ci,...,Cq generaten also. SinceR is local andu(a) = d, there
existsd € GLg(R) such thatly,...,bg]0 = [Cy, ..., 4]

Consider the following short exact sequence

0- R; —>R’?—>Q'—>O
1-[cg,...,Cd]

Sincef{ e anR =0, [cy,...,Cq] is @ unimodular element (R/‘f’.
ThereforeQ’ is stably freeR;-module. ObvioushQ ~ Rr @r. Q'.

Let (R,m) be a regular local ring of dimensioth and letf be a
regular parameter d®. If R contains a local ringm’) such that (1)
f e R (2)R = R then Propositiof 313, shows that to study projective
R¢-modules of ranki - 1 it is enough to consider projectiv&-modules

117 of rankd—-1. The following technical lemma gives afSaient condition

for Rto contain a local rind?’ such that (1)f € R, (2) R = Rand (3)
every projectiveR;-module of rankd - 1 is free. ]

Lemma 3.4. Let(R, m) be aregular local ring of dimension d and let f
be a regular parameter of R. Suppose R contains a local (8)g) of
dimension ¢ such that
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(i) S — Ris a faithfully flat extension

(i) R/mR is aregular local ring withf (= image of f in RnR) as its
one of regular parameters.

(i) S/mo>R/m
(iv) do<d-2.
Then R contains a regular local rin@R’, m) such that
(1) fisaregular parameter of R
(2 R =
(3) Every projective R-module of rank d- 1 is free.

Proof. SinceS — Ris a faithfully flat extension an® is regular, so
alsoS. Letd-dy =k > 2. Letf = fy, fo, ..., fx be elements oR such
that{f,, f,,..., f,} is a regular system of parametersR#h R(note that
dimR/nR = k).

LetB = S[fy,...,fylandp = nB+ (f1,..., f)B. Then itis easy 118
to see thaB is a polynomial algebrain k variables ovelS andp is a
maximal ideal ofB. LetR’' = B,, m" = pB,. Then obviouslyR contains
R andR = R Moreover,f = f; is a regular parameter &.

Let A = S[f], po = nA+ fAandR = A,,. ThenR is a regular
ring of dimensiond, andRi[fy, ..., f]is apolynomlal algebran k-1
variables oveR;. Moreover, R: is a localization ORf[fz, .

SinceKo(Ri[fa, . . ., f]) = Ko(R¢) = Z and dimR; = do < d—1 (by
[15, Theorem 1.1]) every projectiR[ f, . . ., fJ-module of rankd — 1
is free. Now we are through in view of Corollary B.2, if we nahat
Ko(R:) = Z andd - 1 = dmR[fz, ..., fil. o

Now we prove the main theorem which is a generalization ofothe
rem 2 of Horrocks ([5]).

Theorem 3.5. Let(R, m) be aregular local ring of dimension d and let f
be a regular parameter of R. If R contains a field L such thablR/m
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is a finite separable extension then every projectiyar®dule of rank
>d-1lis free.

Proof. Let Q be a projectiveRs-module of rank> d—1. SinceKo(R¢) =
Ko(R) = Z, Q is stably free. If, rankQ > d — 1 = dimR; then by ([1,
Corollary 3.5, p. 184]Q is free. So we assume that ragk= d — 1.
Since stably free modules of rank one are always free we st
d-1>2ie.d>3.

SinceL — R/m is a finite separable extensioR/m is a simple
extension oL sayL[a]. Let ¢(Y) be a minimal polynomial of overL.
Leta € Rbe alift ofa. Thena is separable ovdr andy is its minimal

polynomial impliesp(a) € m but g—:’?(a) ¢ m.

If p(@) and f are linearly dependent modula? then takingx e
m such thatf andx are linearly independent modufe?, we see that

e(@a+x)(= ¢(a) + %(a)x+ hx%) and f are linearly independent modulo

m?. Therefore replacing a bg + x (if necessary) we can assume that
¢(a) and f are linearly independent moduhe?.

Let B = L[a] andp = ¢(a)B. Then sincep(a) is a regular parameter
of R, Bis a polynomial algebra in one variable oveandy is a maximal
ideal of B. LetS = B,, n = pB,. Then §,n), is a one dimensional
regular local ring contained iR. MoreoverS/n = L[a] = R/m. Itis
easy to see thaf§(n) also satisfies the conditions (i) and (ii) of Lemma
B.4.

SinceQ is stably free we apply Lemnia_3.4 and Proposifiod 3.3 to
conclude thaQ is free. O

Corollary 3.6. Let(S,n) be a regular local ring of dimension d. Let
S[Y] be a polynomial algebra in one variable over S. If S contains a
field L such that L— S/n is a finite seperable extension then every
projective Y)[Xy, ..., X;]-module of rank d is free.

Proof. LetR = S[Y™](,v-1y andY™! = f. ThenR; = S(Y). Therefore
by Theoreni_3}5 every projectiv&(Y)-module of rankd is free. Hence
it is enough to prove that every projecti®Y)[ Xy, ..., X;]-module of
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rankd is extended fronB(Y). This can be proved using the same argu-
ments as in the proof of 4.1 Satz of Lindell([7]). O

Now we conclude this section with the following theorem.

Theorem 3.7. Let R be a regular local ring of dimensidhand let f
be a regular parameter of R. Assume that R is unramified. Therye
projective R-module is free.

Proof. Let {f = fy, f,, f3} be a regular system of parametersRofLet
R® = Rand letR denote thefi-adic completion oR~1 for 1 < i <
3. ThenR-! — R, f, is a non-zero-divisor oR and R-1/(f) =
R /(f;). Hence by ([13, § 2]) we get the followingartesian squarésee
[, p. 359])

P(R™) P(R)

PR P(R,)

where, for a ringA, P(A) denote the category of all finitely generated
projectiveA-modules.

Therefore, aR ! is local for 1 < i < 3. every projectiveR;!- 121
module is free if every projectivR‘fi-moduIe is free. Moreover by/([10,
Proposition 2]) every projectiveR‘fi-moduIe is free if every projective
Riml-module is free.

The above discussion shows that to prove the theorem it isgéno
to prove that every projectiv@i-module is free. BURS® is a complete,
regular local, unramified ring of dimension 3. Thered®®= S[[X, Y]]
whereS is a regular local ring of dimension 1. Again by ([10, Propo-
sition 2]), we can assume thdt = Y. Now we are through in view of
Lemma 3.4 and Propositidn 3.3. O
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4 Projective modules over R¢[Xy,..., X, Z ..., Z1]

Let R be a regular local ring and left be a regular parameter &
We want to study projective modules oR4[Xy, ..., X, Z¥, ..., Z].
WhenRis a power series over a field or a geometric local ring ovenan i
finite field then all projective modules ovB[Xy, ..., X, Z§L, ..., ZE]
are free (see [3, Theorem 3.1 and Theorem 2.2]). These semuidt
Corollary[3.6 lead us to ask the following question:

Question. Let R be regular local ring of dimension d satigfyihe hy-
pothesis of Theorein 3.5. Let f be a regular parameter of R. alire
projective R[Xa,..., X%, Zi, ..., Z]-modules of rank ¢ 1 free?

Remark 4.1. Swan has shown that all projective
Re[X1, ..., X, ZE, ..., ZE-modules
of rank> dimR; are free ([15, Theorem 1.1.]).

In this section, we show that wheh= 3 andR; is of special type,
then the above question has dhreative answer. More precisely.

Theorem 4.2. Let S be a regular local ring of dimensidh Let JY]
be a polynomial algebra in one variable over S. Let P be a ptdje
SMY)[X1, ..., X, ZF%, ..., ZE1-module. Then P is free.

For the proof of this theorem we need the following propositi

Proposition 4.3. Let A be a UFD and let be an element of A such that
A/(r) is a special PID. Let P be a projective Xy, ..., X, ZiL, ..., Z#1]-
module such that Pis free. Then P is free.

Proof. We prove the result by induction an+ k, the case + k = 0
being a result of Bass and Murthy ([2, Proposition 9.6]). Batenote
the ringA[Xy, ..., %, Z5L, ..., ZE1.

Case(1) :r>0
Let T denote the multiplicatively closed subsetB®fconsisting of
monic polynomials inX; with codficients inA. Then
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Br = AX)[Xa, ..., X, ZEL, ..., ZHY.

Moreover by ([10, Proposition’l) A(X1)/(7) = A/(r)(X,1) is a special
PID. ObviouslyPr, is free. Therefore by inductiofy is free and hence
by (Z29)Pis free.

Case(2):r =0.
Let T’ denote the multiplicatively closed subset®fonsisting of
monic polynomials irZ; with codficients inA. Then

Br = AZy)[Z3,....ZHY

and as before we conclude th2t is free. Therefore by|([15, Lemma
1.3]) there exists a projectivi[Z;,Z31,. .., Z]-module Q such that
P~ B® Q. SinceP, ~ B, ® Q, is free, by [Z.D)XQ; is free. Therefore
by Case (1Q s free and hencP is free. O

Proof of Theorem[4.2 Let x be a regular parameter 8f ThenS/(rx)
is a discrete valuation ring and therefore a spelidd. Hence by (P,
Proposition 1]) S(Y)/(r) = S/(n)(Y) is a special PID.

Let L denote the quotient field &[Y]. ThenS,[Y] — S(Y), — L.
Moreover, S(Y), is dJFD of dimension 2 (in facS(Y) is aUFD of
dimension 2). Therefore by ([3, Proposition 2.B}) is free. Hence by
virtue of Proposition 4J3P is free.
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A Problem of Zariski

By J.-L. Colliot-Thelene

IN 1949, ZARISKI raised the following question. L&tandY be 127
two algebraic varieties over a fiedlet P| be the projective-space over
k. Assume thak xy P} is k-birational toY x P}. Does it follow that
X is k-birational toY? In particular, if ak-variety X is stablyk-rational
(i.e. X x¢ P} is k-birational toPg”), is it k-rational (i.e. isk-birational
to PY)?

Although a positive answer is known in special cases (SE@EE [
Nagatal[11]), the problem remained open for many years. Aipes
answer in the particular case would have been of interesthiora-
tionality problem of some moduli spaces of stable vectordiesover
curves ([12], [1]), as was pointed out to me by Seshadri abko-
quium. Unfortunately, the answer to Zariski’'s problem igaiive ([4]):

There exist stably rational surfaces over a suitable ngaba&ically
closed fieldk which are notk-rational, and there exist stably rational
threefolds over the complex fied which are not rational.

Over a non-algebraically closed fiek] with char. k # 2, which 128
admits a field extensiol/k, Galois with groupsz (the symmetric group
on three letters), our examples are surfaces given byfane &quation:

y? —aZ = P(X) (N

whereP(X) is a separable polynomial with dbeients ink, anda € k*,
and moreover:

(2) Pisirreducible of the third degree, aiad= discP) € k* is not
a square.

ISummary of results appearing Id [4].

93
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That such a surface is ntrational is a special case of a result of
Iskovskih ([9]). That it is stablyk-rational appeared in the course of
arithmetic investigations[([8]) on surfaces aslih (1) wi{x) of degree
at most 4. As arule, such surfaces knégnirational as soon as they have
ak-rational point, but they need not be stakilyational (e.g. ifP(X) is a
polynomial of the third degree which is split ouerandais not a square
in k; this particular case is the one originally considered bglratelet
(=)

Iskovskih’s result uses the method of linear systems witie lpmints,
as was first done over a non-algebraically closed field by BreSg14]).
As for the methods of ([8]), they involve a close analysis ohgipal
homogeneous spaces under tori over (smooth compactifisatif) sur-
faces of type (1) — and more generdthgurfaces which become rational
after a finite extension of the ground fieldl([7]).

Over the complex fieldC, examples of stably rational non-rational
threefolds are given byfiéne equations:

y? —a(t)Z = P(x, t) (3)

whereP(x, 1) is an irreducible polynomial, of degree 3inand where
a(t) = discc P has no square factor and is of degree at least 5.

That such threefolds are stably rational follows immedyafeom
the stablek-rationality of surfaces of type (1) (2) (take= C(t)). That
@3) is not rational uses intermediate jacobians$ ([6]) andrPvarieties,
as was first done by Mumford_([10]). However, the discrimincus
of a conic bundle defined by](3) is a reducible singular cuavel the
delicate analysis of [2] and][3] is required to show that §3)at rational.
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Conditions D’Existence des Fibres Stables
de Rang Eleve Sur,

By J.M. Drezet and J. Le Potier

EN DEHORS DU paragraphe 9, le travail qui suit est un resunss
de notre article a paraitre aux Annales de 1'E.N!S [4], allguecteur
devra se reporter pour des demonstrations completes.

Let corps de base e&t

1 Introduction

SoientX use surface projective lissA(X) 'anneau de Chow d¥. On
sait qu’etant donnes un entieg 2, des classes € Al(X) il existe des
fibres vectoriels algebriques s¥r de rangr, de classes de Chem et
Cp c’est un resultat qui remonte a Schwarzenbelger [13].

Par contre, pour obtenir I'existence de fibrés stableatfveiment & 134
une polarisation donnée s de rangr, de classes de Chem etc,
on doit imposer des conditionsrac; etc,: on connait par exemple le
résultat de Bogomolov selon lequel on doit avoir neécessant

C 2 (r —1)cE/2r.

Cette condition n’est pas fisante pour assurer I'existence de fibres
stables. Pour le plan projechp, les conditions necessaires effsantes
d’existence s’ecrivent en ramg= 2:

2 si ¢; estpair

Co — C§/4 2 . . .
3/4 si c; estimpair

!Presenté par J. Le Potier

97
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Ce résultat est di lui aussi & Schwarzenbeiger [4]; omg@ope iCi
de I'étendre en rang quelconque.

2 Formulaire

Sur le plan projectif,, on aAl(Py) = Z, A%(P,) = Z; si E est undp,

- module coherent, les classes de cherfEderont considerées comme
des nombres. & est de rang- 0, on definit la pentg et le discriminant
A deE par les formules

= Ca/r
A = (1/r)(cz - (r — 1)ci/(2r)).
Avec ces conventions, la formule de Riemann-Roch s’écrit
X(E) = > ()N (E)
= r(P(u) — A) (2.1)

ou P est le polyndmé>(X) = 1 + 3x/2 + X?/2.

Plus généralement, & et E’ sont deuxdp,-modules cohérents de
rangsr etr’, de penteg:, de discriminants\ et A’ respectivement, on
pose

X(E,E') = > (-1) dimExt(E, E")
|

et la formule de Riemann-Roch s’étend sous la forme swgvant
XEE) =Pl —p)—A-A) (2.2)

En particulier,y(E, E) = r?(1 — 2A).
DUALITE DE SERRE: SoientE et E’ des faisceaux algébriques
cohérents suP; soit dautre parK = 0p,(—3) le fibré canonique sur
P,. Il existe un accouplement

Ext(E,E’) x Ex?(E,E®K) - C

136 qui fait d’'un de ces espaces vectoriels le dual de l'autre.
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3 Faisceaux semi-stables

La notion de semi-stabilité dont nous aurons besoin elst delGieseker
[7] et Maruyamal[12].

Definition 1. Un faisceau algebrique coherent E sBy est ditsemi-
stable(resp. stablg si E est sans torsion, et si pour tout sous-module
O+E cE,ona

H(E") £ u(E)

et en cas d'égalitéd\(E’) = A(E) (resp.A(E’) > A(E)).

Soit S une variete algebrique. Considerons le fonct®U(r, i, A)
gui a S associe I'ensemble des classes d'isomorphisme de faisceau
algébriques cohérenEsurS x Py, S-plats et tels que pour toste S,
le faisceauE(s) induit surP, soit semi-stable de rang de penteu, de
discriminantA. Gieseker[[7] et Maruyama [12] ont construit une variété
algébriqueM(r, u, A) et un morphisme fonctoriel

M(r,u, A) = Mor(, M(r, u, A))

qui fait de M(r, u, A) un espace de modules grossier, c'est-a-dire qu'il
satisfait a la propriété suivante : pour toute vargdtgbriqueM, et tout
morphisme fonctoriel

M(r, 1, A) — Mor( , M)

il existe un et un seul morphisme de varieM&, u, A) - M’ rendant 137
le diagramme suivant commutatif

Mor( , M(r,u, A))

/

M(r, 1, A)

Mor( , M)

Ceci caractérise le variété algébriqhir, u, A). DansM(r, u, A) les
points qui proviennent de faisceaux stables forment unrbligee Mg;
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cet ouvert s’identifie a I'ensemble des classes d’isoniempé de fais-
ceaux stables; il est de dimension

dmMs=r?A-1)+1

FILTRATION DE HARDER-NARASIMHAN:  Si E est un faisceau
algébrique cohérent sans torsion Byril a une filtration

OcFickyc...cF,=E
par des sous-modules coherénts tels que
(1) le graduér; = F;j/Fj_; soit semi-stable
(2) wu(gr) = u(griy1), et en cas d;egalitd(gr;) < A(Qri+1).

Une telle filtration est déterminée de maniére uniquecparconditions;
on I'appelle la filtration de Harder-Narasimhan [8].

4 Fibrés exceptionnels

138 Proposition 1. Soit E un faisceau stable de rang r, de peatele dis-
criminantA surP,. Les assertions suivantes sont equivalentes:

(1) Ext(E,E) =0
(2) A<1/2
(3) x(E,E)>0
En dfet, par dualité de Serre, BXE, E) est le dual de
Hom(E, E(-3))

et par suite est nul par définition de la stabilite. D’aypeet, on a
Hom(E, E) = C; compte-tenu de la formule de Riemann-Roch, on ob-
tient

Y(E,E) = r?(1 - 2A) = 1 - dim Ext'(E, E)

ce qui donne I'équivalence voulue.
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Definition 2. Un faisceau algébrique coherent sby est dit exception-
nel (resp.semi-exceptionngls’il est stable (resp. semi-stable) et si son
discriminant C satisfait a la condition

A<1/2.

Examples.Les fibres de rang un sont exceptionnels. Le fibre tangent
T(P,) est un fibre exceptionnel de pentg23 Le fibre noyau du mor-
phisme canonique d’évaluation

ev:P, xT'(0(2) — 0(2)

est un fibré exceptionnel de rang 5, de pente¢5. 2Si E est un fibré 139
exceptionnel, il en est de méme du dual, et des fiB(@spouri € Z.

En un point de I'espace de moduleKr, i, A) défini par un faisceau
exceptionnel, on a div(r, u, A) defini par un faisceau exceptionnel, on
adimM(r, u, A) = 0. Plus précisément, on a le résultat suivant:

Proposition 2. Pour touta € Q, il existe au plus, a isomorphisme pres,
un faisceau exceptionnel de penteCe faisceau est en fait localement
libre; son rang est le plus petit denominateyr » O de «, et son dis-
criminant est donné par

A=1/2(1-1/r2

En dfet, montrons d’abord que la peniedétermine le rang et le
discriminant. On a déja vu que Biest exceptionnel de rangde pente
« et de discriminant\, on a

X(E,E) = 1=r¥(1-2);
c’est-a-dire, en revenant aux classes de Chert ¢
1=r?-2rcy +(r — 1)c3.

Ceci entraine que etc; sont premiers entr'eux; ceci signifie quest
le plus petit denominateur 0 dea. Le rangr est ainsi déterming; la140
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méme formule donne pour discriminatt= 1/2(1 - 1/r?).

Montrons maintenant que I'ouvelMls c M(r, u, A) est réduit a un
point si 2A < 1. La méthode ci-dessous, qui évite le recours au résulta
d’Ellingsrud [6] nous a été signalée par Mukai. Soiénét E’ deux
faisceaux exceptionnels de meme pantde meme rang et de méme
discriminantA; d’apres la formula de Riemann-Roch,

X(E.E') =r2(1-2A).
On a encore EX(E, E’) = 0, car cet espace est le dual de
Hom(E’, E(-3)),

et donc est nul par stabilité. Il en résulte que H&BnK’) # 0; un homo-
morphismef : E — E’ est en fait un isomorphisme s'il est non nul, par
stabilité. Par suite: est isomorphe &’.

Soit E un faisceau exceptionnel de pertepourg € Aut(P»), le
faisceauy*(E) est encore exceptionnel de peatet par suite isomorphe
a E. Par suite, I'ensemble des points Big au voisinage desquels le
faiscealE est localement libre est invariant par le groupe Rpit(et ne
peut &tre qué®, lui-meme.

Proposition 3. Soit E un faisceau semi-exceptionnel de pentélors
E est somme directe de fibrés exceptionnels de pente

En dfet, les fibrés semi-stables de peatet de discriminani for-
ment une categorie abélienne, artinienne et noethérjguar suite, un
faisceau semi-stable de pentede discriminantA a une filtration de
Jordan-Holder

OckFickyc---ck=E

avecgr; = Fj/Fi_; stable de pente, de discriminantA. SiA < 1/2, les
faisceawgr; sont exceptionnels de meme peatalonc isomorphes; la
filtration ci-desses est en fait scindée, d’ou la propmsit
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5 Lensemble€

Soit @ un nombre rationnel. On appelle rang @lde plus petit entier
ro > 0 tel quer,a € Z, et discriminant dex le nombre rationnel

Ay = 1/2(1-1/r2).

Soit € I'ensemble des nombres rationnelsqui sont pentes de fibrés
exceptionnels; si € €, et siE, est un fibré exceptionnel de penter,

est le rang dé&, et A, son discriminant. La proposition suivante nous
permettra de donner une constructiondde

Proposition 4. Soitu € Q un rationnel de rang r et de discriminant
Let assertions suivantes sont équivalents:

() pet
(2) r(P(u) — A) € Z et pour toutw € CtelqueO < | —u| < 3,0na 142

P(—la—ul) <Ay + A

(3) r(P(u) — A) € Z et pour toute € Ctel que f, <retla —pul <1,
ona
P(-lo —pl) s Ay + A

En dfet, siu € €, cest la pente d'un fibre exceptionnd&,, et
r(P(u) — A) doit étre la caractéristique d'Euler-Poincaré, done&autier.
Limplication (1) = (2) repose sur la formule de Riemann-Roch (2.2) :
désignons paE, un fibré exceptionnel de penie si @ > u, on a par
stabilité

Hom(E,,E,) =0

D’autre part, Ex3(E,, E.), dual de HomE,, E,(-3)), est nul par sta-
bilite des quexr — u < 3 par suitey(E,, E,) < 0. Sia < u, on voit de
méme que(E,, E,) < 0 pourvu ques — o < 3.

Limplication (2) = (3) est triviale; I'implication (3)= (1) résulte
du théoréme d’existence 3 (cf[B 7).
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CONSTRUCTION DE € : Soienta et deux nhombres rationnels Si
3+ a -8+ 0, l'equation ert

Pla-1)-A, =P(t-8)-As
a une solution unique, notée- « - 8, donnée par

cy+,3+ A,B_Aa
2 3+a-p

a-pB=

Soit® I'ensemble des nombres rationnels de la foyn2? ot p € Z
et oug est un entie= 0. Soite : © — Q l'application construite par
récurrence sug définie par

eN)=n si nezZ

e(2p + 1/2%1) = e(p/29) - e((p + 1)/29).

Proposition 5. (1) L'applicatione : © — Q est bien définie et stricte-
ment croissante.

(2) Le nombres(p/2%) est de rangz 29 si p est impair.
(3) Pour touta € €(D), or ar,(P(a) - Ay,) € Z
(4) Pourp € D, etne Z, e(p + n) = €(p) + N, ete(—p) = —€(p).

Il en résulte en particulier que la fonctien: © — Q est parfaite-
ment déterminée quand on connait sa restricti@mgo, 1/2]. Le calcul
effectif donne par exemple:

p o 1 2 3 4 5 6 7 8

qp2y o B 5 7 2 19 12 10 1
P 34 13 194 5 433 29 169 2

Theorem 1. Onae (D) = €.
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Ceci détermine donc, a isomorphisme pres, tous lessfiexeep-
tionnels. Indiquons le plan de la démonstration: Sgji’ensemble des
nombres de la forme/29, ou p € Z, et ouq, est un entier tel que
0 < g < g. Pour montrer que(D) c €, on verifie ques(Dq) c € par
récurrence sug. Il suffit de demontrer le lemme suivant, qui repose sur
la propositiori #:

Lemma 1. Soienta = €(p/2%), B = ye((p + 1)/29) ety = a - B. On
suppose que € €, etg € €. Alors

(1) Pourtouta’ € €, tel quea <o’ <B,0onaty 2r,
(2) Onayu € €G.

Inversement, sojt € €; choisissons|assez grand pour qué 2 r,,,
et p de sorte que

a = €(p/2%) s p < e(p+1)/2°

Commex -8 est de rang 291 d’apres la propositionl 5, on voit que
la partie (1) du lemma ci-dessus impgse e(p/2%). Par suite: € (D).

6 Le theoreme d’existence

L'étude des faisceaux semi-stables de discrimidart 1/2 ayant deja
eté faite, on se limite dans ce paragraphe auwAcasl/2. Remarquons
d’autre part que pouR réel donne, 'ensemblé(R) des éléments dé& 145
de rang inférieur ou egalR est localement fini.

Theorem 2. Soient r un entiez 2, ¢; et @ € Z; on poseu = C1/r,
A = (1/r)(c2 — (r — 1)c3/(2r)), et on supposa = 1/2.

On designe para(r, 1) le plus grand des éléementse € tels que
re Sr/2eta < p, et parp(r, u) le plus petit des élémengse € tels que
rgsr/2etu <p.

Let assertions suivantes sont équivalentes:

(1) Il existe un fibré stable de rang r, de peptede discriminant.
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(2) Il existe un faisceau semi-stable de rang r, de pentte discrim-
inant A.

(3) Pour touta € €, tel quea —u < 3,0n a

P(_a' _,u|) é Aa +A

(4) Az P(a(r, i) — 1) = Aagrp) LA Z P(u — B(r, 1)) = Ay

En dfet les implications (1)} (2) et (3)= (4) sont triviales. La
démonstration de I'implication (2 (3) est tout a fait semblable a celle
qui a été vue dans la propositibh 4 et repose sur le thé®de dualité
de Serre et la formula de Riemann-Roch (2.2). Reste a deemanie

146 (4) = (1); pour ceci, on commence par Vvérifier de maniére purémen
arithmétique que I'assertion (4) entraine I'assertioivante:

(5) A#1/2,etpourtoute € €telquep, <reta—u/ <1
P(_l|a' _,u|) é Aa +A
Limplication (5) = (1) résultera du theoréenié 3 (cf(B 7).
Let theoremél2 permetfectivement de décrire quelles sont exacte-
ment les classes de Chern des fibrés stables. Supposonsepale

r = 20,c; = 9 et doncu = 0, 45; le tableau du paragraphe 5 montre que
a(r,u) = 0,4 etp(r, 1) = 0,5. Par suite, les conditions (4) s’écrivent

A > P(-0,05)- 12/25 et A= P(-0,05)-3/5

et sont donc équivalentesAa> 0, 55125, c'est-a-dire, > 50.

7 La methode

Pour compléter les déemonstrations de la proposifion 4déetc du
théoremé¢l) et du théorémk 2, ilf§ude vérifier I'énoncé suivant:

Theorem 3. Soient r un entier> 1, et deux rationnels tels quey €
Z, r(P(u) — A) € Z, A # 1/2. Onsuppose satisfaites les conditions
suivantes:
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(S) Pourtoutw € Etelque, <retla—ul 21, onaR—|a—ul) £
Ay + A

Alors il existe un fibré stable de rang r, de pentele discriminant 147
A surPo.

7.1 Construction d’une grande famille de fibres vectoriels.

Soitd c P, une droite fixée. On commence par construire une famille
de fibrés vectoriels de rangde pente, de discriminantA, paramétrée
par une variété algébrique lisSe

E—>SxP,
satisfaisant aux conditions suivantes:

(L) Pourtoutse S, Ex®(E(s), E(s)) =0

(KS) Le morphisme de déformation infinitésimale de Kodair§gen-

cer
TsS — ExtY(E(s), E(9)

est suriectif
(R) Pourtouts e S, E(9)|q est rigide, c’est-a-dire

EXt(E(9)ld, E(9)lg) = O

La construction s'inspire de€_[11]: considérons le polyrd de
Hilbert H(m) = r(P(u + m) — A); pourm+u = —-3/2, la suitem — H(m)
est croissante; elle est négative pe@< m+ u < 0: on le vérifie pour
1< m+u £0enremarquant quem e €, et donc d'apres la condition
(S) P(m+p) £ A etd’autre partP(m+u—1) = P(M+u)—(m+u+1) £ A.

Par suite, il existe un entiarg tel queNy = H(my) > 0, N; = 148
-H(m, - 1) 2 0, N, = —H(my — 2) 2 0. SoitQ le fibré canonique
guotient de rang 2 siit,; les morphismes injectifs de fibrés vectoriels

(@) - Q)N e o™
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forment un ouvert non vid€ de I'espace vectoriel de tous les mor-
phismes car®; + Ng— N, =r > 2. Pours € Q, le conoyau des définit
un fibré vectorieF(s) de rangr, de pente: + m,, de discriminaniA. La
famille de fibrés vectoriels de ramgde pente:, de discriminant

E(s) = F(s)(-mo)

satisfait aux conditiond{) et (KS). En fait, on a méme la condition plus
forte que ()

(L") Pour touts € Q, Ex?(E(s), E(s)(-1)) = 0

qui permet de vérifier que I'ouveB c Q des pointss € S tels que le
fibré E(9)q soit rigide est non vide.

7.2 Stratification de Shatz

On considére une famillE — S x P, de fibrés vectoriels s, para-
métrée par une variété lisSg et satisfaisant aux conditionk)(et (KS).
Soient Hy, ..., H,) des polyndmes a cfiicients rationnels. On dit que
se S estde poidsHl4, ..., Hy) si la filtration de Harder-Narasimhan de
E(9

OcFicFyc---cF,=E(9
est de longueut, et si le gradué associ;(E(s)) a pour polyndme de

Hilbert H;. Le rangr;, la penteu;, le discriminantA; de gri(E(s)) sont
déterminés a partir dd; par la formule

Hi(m) = ri(P(ui + m) — A).

L'énoncé suivant étend® les résultats obtenus par Atiyah et Bott
dans le cadre des surfaces de Riemann [1]:

Proposition 6. Sour les conditiongL) et (KS), I'ensemble

Y(H1,...,Hy¢)



Conditions D’Existence des Fibres Stables de Rang Elev@sSurl09

des points &£ S de poidgH,,..., H,) est une sous-variété localement
fermée lisse de codimension

Z rirj(Ai + Aj — P(uj — wi))
i<j

Let sous-variétés ainsi definies sont en nombre fini.

7.3 Existence de fibés semi-stables

L'énoncé ci-dessus s'applique en particulier a la feandlonstruite au
paragraph&_7l1. Pour montrer I'existence de fibrés saahlest de rang 150
r, de penteu, de discriminanta, il suffit de montrer que sf > 1, les
sous-variétés ci-dessus sont de codimensiob. Compte-tenu de la
formule de Riemann-Roch, ceci résulte du lemme suivant.

Lemma 2. Soit E un fibre vectoriel suP,, de rang r, de penta et de
discriminantA satisfaisant a la conditioS). Soit

OcFickyc---cF,=E

la filtration de Harder-Narasimhan de E. de gradu&(g). On suppose
en outre qu'il existe une droite d P, telle que By soit rigide. Alors si
{>1
2 X@n(E).gri(E) <0
1<]
En dfet, soientr; le rang,u; la pente,A; le discriminant degr;(E)
I'existence d'une droitel telle queE|q soit rigide entraine

Ospr—pesl

En particulier, pouii < j, on a 0= y; — uj < 3 de la semi-stabilité de
gri(E) il découle
x(gri(E).grj(E)) <0
Supposons que pour tout |) tel quei < j, x(ari(E),gr;j(E)) = 0,
c’est-a-dire, d’apres la formule de Riemann-Roch

Pluj — i) = Ai + Aj.
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En particulier, siuy — u, < 0, ceci entraine\; + A, < 1, donc soit 151
Ay < 1/2 soitA, < 1/2. Siug = ue, A1 < Ay par définition de la
filtration de Harder-Narasimhan; par sulte < 1/2. Dans les deux cas,
I'un des faisceauxri(E), gr.(E) est semi-exceptionnel. Supposons par
exemplegri (E) semi-exceptionnel; alors

x(9ri(E), (E) = x(@n1(E)) + >~ x(@r1(E), gri(E))
i>1
= x(9r1(E), gr1(E))

D’apres la propositionl3 qui sonne la structure des faisceami-excep-
tionnels, cette quantité est positive. On a alors

P(/J—,ul)>A+A1

et|u — u1] £ 1. Ceci contradit la conditionS). Dans le cau ou c’est
gr.(E) qui est semi-exceptionnel, on obtient a nouveau une adiatr
tion en étudiank(E, gr.(E)).

7.4 Construction de fibrés stables

Considérons, dans la famille ci-dessus, I'ouv@rtc S correspondant
aux fibrés semi-stables. On vient de voir @ilen’est pas vide.

Lemma 3. Let points dét correspondant aux fibrés stables forment un
ouvertMis partout dense dar$t.

En dfet, siA < 1/2, pourt € M, chaque fibréE(t) est semi-
exceptionnel; la conditionS) impose en fait qué&(t) soit exceptionnel
d’apres la proposition] 3.

SiA > 1/2, soitr; une suite d’entiers tels qyér; =r, r; > 0. Let
pointst € 9t tels queE(t) ait une filtration (dite de Jordan-Hdlder)

OcFicFyc---cF,=E(t)

dont le gradu@gr; soit stable de rang, de penteu et de discriminant
A, est un fermér(ry,...,ry) dont on peut minorer la codimension, de
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maniére tout a fait semblable a ce qui a été vu dans lpgsition[6,
bien que ces fermés n'aient ici aucune raison d’'étredisse

cosimY(ry,...,re) > Z rirj(2-1)

Par suite,Y = UY(ry,...,r,) est un fermé de codimension 0; le
complémentaire de ce fermé est exactement I'ensembleailest € M
tels queE(t) soit stable. Cet ouvert est donc partout dense.

8 Irreductibilit €

Un faisceau algébrique cohéreftsur P, est ditu-stable s'il est sans
torsion et si pour tout sous-modufec E de rangr(F) < r(E), F # 0
ona
u(F) < u(E).
153

Let points deM(r, u, A) qui proviennent de faisceaux localement li-
bresu-stables forment un ouveN/If}S; par une méthode semblable a
celle qui vient d'étre décrite au paragraphe 7, on déneoque cet ou-
vert est partout dense. Compte-tenu du résultat d’Elturdyglonnant
déja I'irreductibilité deM® [6]@, on obtient:

Theorem 4. L'espace de modules (¥] u, A) est irréductible.

9 Groupe de Picard

Soientr un entier> 1, u et A deux rationnels tels que, = ru ety =
r(P(u) — A) soient entiers, et > 1/2.

Dans le cas ou, c; et y sont premiers entr'eux, 'ouveitls de
I'espace de moduled(r, u, A) est egal a(r, u, A): la varieteM(r, u, A)
est alors une variété projective lisse de dimensf§8A — 1) + 1; c’est
un espace de modules fin pour le foncteur quotient

S — M(r, 4, A)(S)/ PicS

Pourr = 2, lirréductibilite deM;; est due a Barth [2] et Hulek][9] Pour= 0, elle
est due a HuleK[10]. Lirréductibilité d®(2, ', A) est connue de Maruyama [12].



154

155

112 J.M. Drezet and J. Le Potier

ou Pic@) opere suM(r, u, A)(S) (cf. 8[3) par la formule
(LLE) - E® pry *(L)

oul € Pic(S), etE € M(r, u, A)(S).
Considérons I'ensemblé(r/2) des élementa € € tels quer, <
r/2, et posons

o(r, 1) = SUpP(=la — ul) — A,
a € €(r/2)
o -1 £1

Avec les notations du théorérnk 2, cette borne superiesirenefait at-
teinte soit pourr = a(r, u), soit poura = B(r, u). L'énoncé du théoréme
[2 peut en fait se lire:

L’espace de modules (V] u, A) n’est pas vide si et seulement si

Az o(rp)

L'énoncé suivant est du au premier auteur; il donne, quacgdet y
sont premiers entr'eux, le groupe de Picard de la vaNeé u, A) :

Theorem 5. [3] On suppose queé\ > 1/2, etquer, @ = ru ety =
r(P(u)—A) sont des entiers premiers entr'eux. Alors le groupe de Blicar
de la variété Mr, u, A) est donné par

Z si A=6(r,pu)

PicM(r,u, A) =
{ZZ si A > 6(r, p)

De plus, en utilisant le fibré universel, on peut donner waselpour
le groupe de Picard.

Considérons par exemple le cas= 4, u = 1/2, A = 5/8: alors
c1 = 2,y = 5, et par suite, I'espace de moduld¢r, u, A) correspondant
est une variété projective lisse de dimension 5; com(d/2) = 5/8,
son groupe de Picard €&t On peut en fait vérifier que cet espace de
modules est isomorpheFs,.
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Signalons que le cas = 1 a éte étudié paG. Elencwajg etP.

Le Barz [5]; le casr = 2 a également été traité recemment par S.A.
Stremmel[16].

Sir, c; ety ne sont plus premiers entréux la varidtér, u, A) est
encore projective et normale, mais il apparait en géunlessingularités
dansM(r, i, A). 1l est encore possible de décrire le groupe de Picard de
I'ouvert de lissiteMyeg(r, 1, A) de M(r, u, A) et le résultat est semblable
au précédent [3]:

Z si A=6(r,p)

PlC Mreg(r, /,[, A) = .
Z?% si A>6(r,p).

Sauf pour quelques exceptions qu'il est possible d’émameéet ouvert

de lissité coincide en fait avec I'ouvevts correspondant aux faisceaux

stables.
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Rank Techniques and Jump Stratifications

By A. Hirschowitz

IT IS A fundamental duty and tool for geometers to study redtues9
stratifications. The theory of special divisors on projestcurves is
devoted to such a matter. Much progress has been made indldis fi
during the last few years (see some referencés in]7.2.1helpresent
lecture, | want to emphasize the fact that some of the todigiwi may
call rank techniques and which were developed mainly fotiegiion
to questions on special divisors, have much wider applitabi

Rank techniques are reviewed in sectidis 1-4. In particb&rank-
Kodaira-Spencer map is introduced in secfibn 3. It turnstioait many
subvarieties in projective spaces are constructed via saakifications
(or via similar stratifications). This is explained in seas[5[6. Jump
stratifications are introduced in sectidn 7 where it is shtvaw far the
rank techniques are expected to be useful. In particulari¥eomor-
phism is defined, generalizing the Petri's map of the thedrgpecial
divisors.

In section[8, | give a sample of applications. The first oneukho
concern special divisors and projective curves. Insteaddhder is in-
vited to seel[[47]. The second one computes the number of rainim
sections in a general geometrically ruled surface. Thelthire is a
“simplification” in the proof of the theorem of natural cohology for
rank two vector bundles ové? (cf. [56]). And the last one is an echo
from Barth’s lecture in the Colloquium: any rank two vectomble on
P4 with ¢; = 1, ¢, = 4 has a two dimensional family of unstable planesso

From the general definition of jumping loci, the jumping fsin
emerge. Surprisingly, although considered in severaliapeases, the
jumping points have not been studied systematically, nenhém the

115
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case of curves. Sectidh 9 gives a first account of this matter.

The results exposed below developed slowly in my mind dumiryg
collaboration with Brun, Hartshorne, Marlin and Narasimhar which
| am indebted. This knowledge grew much faster during therheaths
after the conference, as | wrote the present paper. | than&rtianizers
who gave me the opportunity to think about this in an accunatg. |
also thank them for the kind invitation, and with them, athdk people
in the Tata Institute who made my stay so pleasant.

1 Rank Stratifications

Many natural stratifications may be viewed as rank stratifioa in the
following sense; moreover, the strata of many further ratstratifica-
tions may be viewed as strata of such rank stratifications.

Definition 1.1. Let X be a quasiprojective smooth connected variety, E
and F locally free sheaves on X and: lE — F a morphism. We de-
fine the rank stratification Xassociated with u as follows. First denote
by p the smaller among rank E and rank F; theb iX defined to be
the zero-scheme associated with'+1u, and the stratification Xis the

161 collection(X')ic.Observe that Xand X, are identical so that we may
assume either rank E p+¢6 or as well rank F= p+6 (withé > 0). We
setXi, := Xi,— Xi+1. Also we consider the relative grassmannian variety
Geg over X of linear subspaces in the fibers of E, and the subscme
of subspaces where u vanishes identically. Of coursdahd in gen-
eral G,) have several connected components corresponding tousrio
dimensions.

1.2 Program.

The study of such a rank stratification splits: from the glodtady,
we expect answers to the questions: “What are the non-viaithst,?
What are their degrees, rational equivalence classeduiriigle compo-
nents?” and to similar questions concerntag From the local study,
we expect answers to be questions: “What is the maximum raok o
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What are the dimensions of the strata, are they reduced? harxlt
smooth?” and to similar questions concerniag

1.3 Tools.

As for the global study : Porteous’ formula (Porteous| [91gnipf-
Laksov [68]) gives the rational equivalence class of eacatgn in
terms of Chern classes & andF, provided the stratum has the ex-
pected codimension (nameilig +i) for X!). This is also a powerful tool
to prove existence results (cf. [71]); and a theorem of Fultazarsfeld
[35] says that in casX is projective, ancEY ® F is ample, then each
stratum with positive expected dimension (ii@. + i) < dim X) is con-
nected.

Now locally, rank stratifications are obtained by pullingekk some
universal rank-stratification. Thus the local study sgiit® the study
of universal rank-stratifications and the study of basaigbka This ap-
proach appears in Arbarello-Cornalba [1], and both padsdaveloped
in the next two sections.

2 Universal Rank Stratifications [1], [67], [67], [48]

162
2.1 The Universal Objects.

We choose an integér> 0 and another integgy > 0, and we consider
the vector spac&; of matrices withp columns andp + ¢ rows, and

codficients in the base field OnR;p viewed as anfiine variety, we

have two tautological morphisms:

7:0P > 0P and 7V:0PY > OP

As observed above, the stratifications associated matidr" are iden-
tical. We also denote them witRs, so thathp is Rs,p and the other
strata are th&; p's for i > 0.

We denote bys; , the connected component - (cf. [L1) consist-
ing of subspaces of dimensiomand byGiS,pV the connected component
of G,v consisting of subspaces of dimensi®r i. If G (resp. G,)is
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the grassmannian variety of subspacekPafresp.kP), thenG; (resp.
G,v) is a closed subscheme@x R;, (resp.Gy x Rsp).

2.2 Some Properties oR; .

The following properties oR;, are well known : Rg is smooth of
codimensiorni(é + i). Fori > 0, R'+1 is the singular Iocus ng Each
R' p Is reduced, determinantal and Cohen-Macaulay. On the btiredt
G' andGé pv are smooth and botﬁép - R » andG} v R'6 are
(ratlonal) desingularizations dﬁ‘@ In cases = O p=2,i=1, th|s is
the simple example, explained so long ago by Hironaka, ofeethld
with an isolated singularity, with two minimal desingulaations, the
fiber product of which is the blowing-up of the singular poiAnother
way to desingularizeRgp in the general case consists in blowing up
successively (the strict transform &8, Ry, ..., Ryt

Now we review the normal spaces : at a pairih ﬁl,p, the normal
space is the space of linear map¥eru, Cokeru) and the projection
of the tangent space to the normal space is the natural nig =
L(KP, kP) — L(Keru, Cokeru). Similarly at a point {\, u) in G(‘;’p, the
normal space oG(‘;’p in G x Rsp is L(W, kP*®) and the projection from
the total tangent space is the natural map

L(W, kP/W) @ L(KP, kP*0) — L(W,kP*)
(@,f) »Toa+Bow,

wherew s the injectionlW — kP anduinducesu onkP. The same holds,

mutatis mutandis fo6; ..

2.3 FromR;,to Rsp.
Let us see that the shapeRf, does not depend too heavily uppn

Proposition 2.3.1. Let u be a point irﬁg,p. There exists an open neigh-
bourhood U of u in R, and a morphismp : U — L (Keru, Cokeru)
such that:
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(i) The pull-back by of the (universal) rank stratification on
L(Keru, Cokeru)
is the universal rank stratification 43 restricted to U,

(i) the derivative gy of ¢ at u is the natural projectiortcf. [2.2).

Proof. We choose decompositiod = Keruo A, kP = Imu &
Cokeru, so that a poin¥ in Rsp readsv = (it vi2). We defineU to 164
be the open set whekg, is an isomorphism. It clearly contains And
we definep by (V) = Va1 —Vaov7avi1. One checks easily (i) and (ii).o

3 Base Change

The general hope concerning a bundle morphism is that it rea§-m
mal rank (at the generic point) and that the associated saakification
“looks like” some universal rank-stratification. We makegise defini-
tions and then introduce the rank-Kodaira-Spencer mapderdo give
differential criteria for the above hopes to be fulfilled.

Definition 3.1. By a stratification indexed iy, | mean a famiI)(X‘)ieN
of (quasi-projective) schemes together with compatibtsed embed-
dings:

(i < )X} = X,

so that the Xs are subschemes of°X The djfferences X— X'*1 are

locally closed subschemes i Xvhich we denote witl'. Let us say
that such a stratificatior(X)ic; is Rs — like at a pointx € X/ if there

exists an etale neighborhood &f xX° and a smooth morphisg: X —

Rs,j such that(X')ier and R,j induce the same stratification orf.X_et

us say further thaX')icy is Ry-like if it is Rs-like at every point.

It follows from[2.3 that for any, p, the stratificatiorRs, is Rs-like,
and that whenever a stratificationRs-like at a point, it isRs-like in a
neighbourhood.
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3.2 The RKS-MAP.

Letu : E —» F be a morphism between locally free sheaves on the
guasi-projective smooth variedy. We denote by (E, F) the geometric
bundle associated with Hoig(F), also usually denoted BY(E ® F").

Let 7 be the projectiorL(E,F) — X. Then overL(E, F), we have a
tautological morphism

1ep . m'E - n'F

Furthermore,u may be viewed as section af characterized by =
U TgF.

One checks easily that the rank stratificatib(E|, F))i-o associated
with 7gg is Rs-like wheres = |rankE — rankF|. Also the stratification
Xy is the pull-back by (the sectiom)of the stratification IL(E, F))iso.

Let O be a point inX, Eg andFq the fibers ofe andF atO, andug
the image ofO by uin L(E, F). Leti be such thatg is in L(E, F)' —
L(E, F)"*1. First L(E,F)' is smooth inup, second it is transversal to
the fibrex~1(0) = L(Eo, Fo) in L(E,F). Thus the normal space of
L(E, F)' in L(E, F) atup is canonically identified with the normal space
of L(Eo, Fo)' in L(Eo, Fo) atuo, which isL(Ker up, Cokerup) (cf. 2.2)
so that the dterential ofu induces a linear map from the tangent space
ToX of X at O into L(Kerup, Cokerup). This map we call the rank
Kodaira-Spencer magor briefly RKS-map) ofu at O and we denote
it by RKS(u, O).

3.3 Criterion for Maximal Rank.

Let A, B, C be vector spaces and: A — L(B,C) a linear map. We
shall say thatf reaches the maximal rank for a suficiently general,
f(@) is injective or surjective.

Proposition. Letu: E — F be a vector bundle morphism over a
smooth connected variety X. Suppose there exists a poinXGhihere
RKS(u, O) reaches the maximal rank. Then u has maximal rank (at the
generic point).
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Proof. The statement being local, we may supposefratdF are triv-
ial. Also we may suppose thatis a smooth curve. Thamcorresponds
to an immersioru : X — L(kP, KP*9). Let us defind by u(O) € I°?i6,p.
And let us consider the map given by[2.8. According t6 213 ii, the
derivative ofp o u at O is RKS(u, O) and hence reaches the maximal
rank. This means thak (¢ o u) takes some values outsidel%;}fi which

is its own tangent cone. Hence the same is true ofu itself which,
according t@ 2.13.i, implies thattakes some values outsi%g,p. m|

Remark. We could prove easily, when the field has characteristic,zero
that RKS(u, X) vanishes forx suficiently general. In particular, if for
anyxin X}, RKS(u, x) does not vanish, themhas maximal rank.

3.4 Criterion for Rs-Likehood

Proposition. Let X, E, F,d8, u be as above. Then,Xs Rs-like at a
point x if and only if RK$u, X) is surjective.

Proof. We definei andg as in the previous proof. Thex, is pulled-
back byy o u of Rs;; and the derivative gp o uis RKS(u, ). If the latter
is surjective, therX, is Rs-like at x by definition. On the other hand, for
(¢ o W*(O) to be smooth of codimensidly + i) it is necessary that the
kernel ofdx(¢ o u) has codimension(s + i), hence that its image has
dimensioni(s + i). O

3.5 Criterion for Smoothness ofG, (cf. [1]3.3).
167

Proposition. Let X, E, F,5, u and x be as above and let W be a linear
subspace itkeru(x) of dimension i ifankE < rankF, and of dimension

6 + i otherwise. Then Gis smooth of codimensiofwi+ i) at W in Gz
(cf.[1.2) if and only if w RKS(u, X) is surjective where w is the restiction
map from I(Ker u(x), Cokeru(x)) to L(W, Cokeru(x)).

Proof. We suppose, for instance, that rdbk- rankF. Again we con-
sider (locally)u as a morphism fronX to R;p. Now W corresponds to
a point inG,, (cf.[21). We extend triviallju as a mapi : Gy x X —
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Gy x Rsp, so thatG, is just the pull-back byi of G,v. Lets + i be the
dimension ofW. Then, as above, the necessary arfti@ant condition
for G, to be smooth of codimensia(y +i) is that the derivativelu(W, x)
ranges over the whole normal spaceG(‘g]‘pV in Gy x Rs,p. According to
[2.2, this means that the map

LW kP /W) & TuX — LW KP)

(@,€) » 0 o +du’(X e ow

is surjective wherav is the injectionW — kP* (here we identifykP
andkP*9 with their duals). Now the image af — T" o « is precisely
L(W, Imu") so that the condition means that the map

TxX — L(W, Cokeru")
€ - yodu’(x €) ow is surjective
wherey is the projectiorkP — Cokeru". To conclude, we just have to

observe thaRKS(u, X)(¢) is the composition

du'(x.e)
Keru' — kP9 ——=, kP — Cokeru".

4 Stable Properties|[21]

In [21], Brun and | emphasized stable properties of stratifims. In
this section, after recalling the definitions, we reviBylikehood from
this point of view of stability.

4.1 Definitions.

Although everybody understands what is meant by a propeitygtsat-
isfied by stratifications indexed Y, let us give a careful definition: let
us say that it is a subset of the set of isomorphism classesatifisa-
tions indexed byN. Now we say that a property (satisfied by X")ic



Rank Techniques and Jump Stratifications 123

as soon as there exists an étale coverifgdca of X° such thatP is
enjoyed by each induced stratificatiod'¢)icy. Finally we say that the
propertyP is stableif, whenever it is satisfied by a stratificatioh'fjcy
with T9 smooth, it also holds:

(a) for any submersioR — T?, by the induced stratificatiorR)icu,

(b) for any submersio® — R, with R connected, by the induced
stratification on the general fib@®(r).

Examples 4.2 Here are the most usual examples:

(@) X is s-codimensional ifx°.

(b) X' is smooth.

(c) X is locally complete intersection.

(d) X'is determinantal.

(e) X*1is the singular locus oX'.

(f) locally, in the étale topologyX' is trivial alongX'+2.

(g) XP*1is empty, andX' may be desingularized by blowing-up suc69

cessively (the strict transforms oRP, XP-1, ..., X+ (cf.[22).

4.3 Stability of R; - Likehood.
Proposition. Rs-likehood is a stable property.

Proof. The property is clearly stable under submersions. Henceaye m
consider a submersian: X — Y whereX is endowed with the stratifi-
cation induced by another submersibn X — L(kl, k’+]). By Bertini’s
theorem the general fib@ = s™X(y) intersects transversally the strata
Xi. Letx be a point inZ N Xi. We know that around, the stratifica-
tion on X is induced by a submersiofl : X — L(k,k’*). SinceZ

is transversal to the special fioxt of f’, the restriction off’ to Z is
again a submersion, which proves that the stratificationdaed onZ is
Rs-like at x. O
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Remark 4.4. Another point of view is as follows. Call any local stable
property satisfied by everigs, a stable property satisfied . Then
one proves easily that a stratification indexed\big Rs-like if and only

if it satisfies all the stable properties Igf. Of courseR; is not a stratifi-
cation itself. However, as pointed out by M.F. Atiyah, it nag/thought
of as the stratification by the corank of the open set of Frisdlaper-
ators with indexs in the Hilbert space (of course only in the complex
case.) Stratification on infinite dimensional manifolds ima@n tool in
Atiyah-Bott [3] (see alsa [69]).

5 Other Stratifications

There are several other standard ways to construct staitiins with
corresponding universal stratifications and KS-maps. Wlpreview
two of them.

5.1 Symmetric Rank-Stratifications ([24], [12])

Instead of general morphisnus. E — F, we consider symmetric mor-
phismsu : E — EY. The universal stratifications are induced Ry,
on the vector subspaces of symmetric mapk(k¥, k"). The range of
the KS-map is the vector spadey(Kerup Cokerup) of symmetric lin-
ear maps from Keup to Cokerup (sinceup is symmetric, Ketp and
Cokerup are dual to each other).

5.2 ZX-Stratificatons ([84], [102]).

LetY — X be a locally (in the étale topology) trivial bundle ov&r
with typical fiberP!. Let E be a rank-two vector bundle ov&: The
splitting type of the restrictiof|y(x) of E to the fiber defines a (scheme)
stratification ofX. The corresponding universal stratifications live on
semi-universal deformations of rank two vector bundles e These
split into two familiesx® andx! according to the parity of the degrees.
As in the rank case, one can defiB&like andX!-like stratifications.
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In the present case, theS-map is the classical one with values in
H(Y(0), EndE(Q)).

According to Gruson-Peskine ([44, p.1]), the correspogdiniver-
sal stratifications may also be seen as rank stratificatomeaior spaces
of so-called per-symmetric matrices.

5.3 S-Likehood.

In each of the case we have encountered so far, instead ofla sini-
versal stratification, we have seen a sequence of univdratifisations
(which we could glue over a Hilbert manifold, §e€l4.4). Sdttlewing
definition seems relevant.

Defin'ition. Let S be a set of stratifications_, each indexedNognd
let (XY)ien be a further stratification. We sgiX')icy is S-like in case it 171
enjoyes any local stable property enjoyed by any member of S.

For this definition to fit with that oRs-likehood, we have to consider
Rs as the setRs p}p-o.

6 Constructing Subvarieties

After having worked some time on vector bundles (or any otbpic)

one asks himself why. The answer, though not immediateesris

general, from connections with other fields whose interggiresum-
ably more clear. | am satisfied with the connection betweetovdun-
dles and subvarieties say of projective spaces. First vectadles are
a tool in the study of subvarieties. Second, vector bundiegige new
natural varieties through their moduli. Finally, many safieties are
constructed starting from vector bundles. The originaaides to con-
sider zero-sets of sections of vector bundles. It turns loat $everal
generalizations of this idea deal with rank stratificatiohisat is what is
explained in the present section.
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6.1 Zero-Sets.

It is a standard tool, called the Serre-Horrocks conswactind reac-
tived by Barth - van de Ven [14], [15] in the seventies. Givaark two
vector bundleE and a sectiors, we get an exact sequence:

0— O > E — Iy(c1) — O.

Provideds just vanishes in codimension twby is the ideal sheaf of
s71(0) andc, is the determinant dE. This is, on the one hand, a starting
point for studying vector bundles and their modulil[5L1.[487], [19],
[26] through subvarieties and their Hilbert scheme and, mndther

172 hand, this is a tentative technique to find out subvariet@$ [Here is a
picture of corresponding properties for vector bundles fameh subva-
rieties point of view (over projective space):

Subvarieties side connection| vector bundles side
Y smooth A = E globally generated
Y connected = hY(E(-c1)) =0
postulation “ cohomology
h°(Iv(9)) h°(E(s - ¢1))

liaison — twist, cf. [93], [94]
cohomology of the o cohomology ofE(s),
normal bundle E ® E(9), cf. [5]
compactification: "\ compactification:
Hilbert scheme Maruyama’s moduli

6.2 First Generalization.

Suppose we have a linear algebraic gr@ugcting (linearly) orkN and a
stratificationS = (S')i¢) of A (i.e. S° = A), which is invariant under
the action ofG. Suppose we have a ramk vector bundle ornX with
structure grougs. Then the total spac€(EY) inherits a stratification
(ENier, locally induced by $)i¢; through trivializations. Furthermore,
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if o is a section of overX, viewed as section of (EY) — Xitinduces
a stratificationX,, defined byX!. = o= E'. Now this is used through the
following general nonsense:

Proposition. (cf. [70], [107])In case E is globally generated (i.e. 173
HYE)® 0 - E

is surjective) andr is general enough, thenXs S-like(cf. [5.3) In
particular, if S is a universal rank stratificationsfg then X; is Rs-like.

Proof. Let e : HY(E) x X — V(EY) be the evaluation map. Sinée
is globally generatede is a submersion. Far in HO(E), X, is the
stratification induced bg*(E')ic; on {o} x X. The projectionH%(E) x
X — HO(E) is again a submersion. Thus the statement follows from the
definition of stability. m]

Program. In order to invoke this proposition, one has to

(&) choose the group, the representation and the stratification (sup-
posed to be well known).

(b) find a globally generated vector bundle with structureugrG
acting through the chosen representation. One way, foariast
if G = GL(n,K), is to start with a globally generated rank/ec-
tor bundle and consider the rahkvector bundle associated with
the representation. If the representation is suitablyitpes, this
vector bundle will be globally generated again. Also rememb
(85, p. 99]) that forE to be globally generated, affigient con-
dition (onP") is

0 = HY(E(-1)) = HX(E(-2)) = ... = H(E(-n)).

(c) study global properties of the obtained strata. Herehou of
(@.2), or analogous methods should be helpful.
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6.3 Examples
6.3.1

We first see how zero sections fit into this frame. H@re- GL(n, k),
the representation is the identity, and the stratificaton i

SP=A" sSl=0eA"

6.3.2

HereG = GL(V) acts diagonally oiv", andN = nr. The stratification
is by the rank (observ®¥" = L(K',V)). In case we have < n and

d < 2(n —r + 2) whered is the dimension oK, this leads to smooth
subvarieties of codimensiam—r + 1 ([107], [94], [98], [58]).

6.3.3

More generallyG = GL(V) x GL(W) acts onL(V, W) and the universal
rank stratification is invariant. We just come back to ramitgftcations
as introduced if-1l1 to whidh 6.2 applies whenev&m(E, F) is gen-
erated by global sections. Examples o¥&with E andF sums of line
bundles arise in [32]. Let us observe that the main theorel®ah giv-
ing many vector bundles globally generated dveleads to much more
curves than suggested in ([56, p. 365]). More generallg, tdchnique
would yield many smooth subvarieties of dimenstbin P", for roughly
2d < n, if we could prove that there are many globally generatedovec
bundles oveP" at least in higher rank.

6.3.4

nn+1 e .
HereG = GL(V) acts onS2V,N = w The stratification is again

by the rank (cfi.5.I1). This leads to hypersurfaces with adrensional
signular locus of double points, provided the base dimerisiat most 5
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(cf. [24], [12]). Furthermore there is an extension of Poue formula
available for this case [66], [104], [48], [49].

6.4 Second Generalization

Previous considerations extend in some sense to sheavetami¢ sin-
gularities. In the rank two case over a 3-fold, suitable gbgare re-
flexive sheaves of which the number of singular points isipetg the
third Chern class. Starting from such a globally generatezhf the 175
method of 6.3.11 leads to nonsingular cunies [54], while tlethod of
leads to surfaces with nodes![60].

7 Jump Stratifications (cf. [21, § 1])

Many stratifications occurring in the theory of vector buegdbr in the
theory of subvarieties of projective spaces are what we eldfow as
jump stratifications. In the present section, we explain lamwrank
stratification techiniques help in their study. In partaoulwe gener-
alize Petri's map which, in good cases, describes the fidgrdocal
behaviour of the jump stratification for semi-universal fizes.

Definition 7.1. Letwr : X — S be a projective morphism arft,)qeca
be a finite set of S-flat coherent sheaves over X. Accordingpeo t
semi-continuity theorem, the dimensior‘l(iEb,x(s)) define upper semi-
continuous integer-valued functions on S. All togethexséhfunctions
define on S the jump stratification associated WH)),ca. For the
moment, the jump stratification is set-theoretic. An adddi scheme
structure may be defined, at least in the cases we are inderé@st Also,
observe that the jump stratification is not indexed for thermant; or,
it is indexed by the huge set of integer valued functions xmi\lwhere

| ={0,...,n} and n is the (maximal) dimension of the fibersrofin-
deed, for such a function g, we may set

S9={sesS|Vi Va,N(E,xe)>0(.a)}.
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7.2 Examples
7.2.1 Special Divisors

This is the fundamental exampl&: is the Jacobian variety of isomor-
phism classes of line bundles of degteever a smooth projective curve
C andXis C x S. Finally, E is some Poincaré bundle ovEr(cf. e.g.
[40], [37] [35], [27], [28], [103] and for an introduction A).

7.2.2 Postulation

S is a subvariety of the Hilbert scheme Bf, X is S x P"; we denote
by U the universal subscheme andIyits ideal sheaf. The considered
sheaves ark; (1), 0u(l), | running in a big subset & (outside of which
nothing happens) (cf. e.q. [32l, [42], [43], [45], [52], [F69], [4], [6],
[, [23]).

7.2.3 Jump Loci

Let Y be a projective variety andA,).ca a finite set of vector bundles
overY (for instance a set of twistg&(1) of a single bundl€). Let S
be a subvariety in the Hilbert scheme\afwith universal subschemig
and corresponding ideal shelgf. We consider the jump stratification
associated with the sheavég =1y, #, & Oy (cf. [20], [21], [22], [25],
[13]). This stratification is a fundamental tool in the ciéisation of
vector bundles over projective spaces [99], [105]] [14%5]]110], [11],
[63].

7.2.4 Line Subbundles Over Curves

LetS, C, X, E be as i 7.Z]1 and lét be a rank two vector bundle over
C. Then the jump stratification associated with ® F distinguishes
line subbundles oF (cf. [86], [79], [101], [46], [75], [95]). One of the
obtained strata is the starting point for the classificatibsemi-) stable
rank two vector bundles ovés (cf. [87], [88], [89]).
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7.2.5 Normal Bundles

Let S be a subvariety of the Hilbert Scheme of smooth space curves
and X c S x P2 be the tautological curve. The normal bundleis

a rank two vector bundle ovef. Among the twisted bundl&l(l) :=

N ® Ops), N(-1) stands out as the only one with zero Euler-Poincare
characteristic. Hence it will be the most sensitive to jurhemomena. 177
So we are interested in the jump stratification associatéd Mf—2)

(cf. [36], [96], [29], [30], [34], [65], [31], [5], [33], [64). One has
also studied the restricted tangent bundle and other ctetrstandard
bundles[[106],118],[169].

7.2.6 Stratification of Quot-Schemes

Let (Y, Y, (1)) be a projective variety# a coherent sheaf ov&randH a
(Hilbert) polynomial. This defines a Grot-scher@ef quotients of#
with Hilbert polynomialH. OverX = S x Y we have the universal quo-
tient, the universal subsheaf and their twists. This sibnageneralizes
[.2.2.

7.3 Generalization

We want to consider some among the above situations withrgara
ters. For instance, in_7.2.1, we want to consi@eas a point in the
moduli of curves. The hope here is to understand in a bettgrthhe
original stratification as the trace of a (well-understosttatification on
something bigger. Some trouble arises because in genera i no
Poincare bundle over moduli see [87],[92],[[76],/[61].1[8fB2]. For-
tunately, in order to define jump stratifications, we only chebeaves
up to line bundles ove®. So we could define a pseud@sheaf over
X to be a section oves of the sheaf in the etale topology associated
with the presheaP for which P(T) is the set of isomorphism classes
of sheaves oveKy, modulo Picl. The obstruction for a pseudd-
sheaf overiX to come from a sheaf is ihlgt(s, Os+). Now, on the one
hand, jump-stratifications are clearly defined for pse8ekheaves and
on the other, there exists a (unique) Poincaré (ps&idbeaf orS x Y
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wheneverS is a moduli of stable sheaves dh So the new picture is
E, » X - S —» M whereE, is a pseudd®-sheaf and wher# stands
to remind us that we are interested not only in the stratiboavverS
but also in its restriction to the fibers 8f — M. Observe that we get a
natural stratification oM by flattening the jump stratification dh

7.4 Examples
7.4.1

Exampld_Z.Z11 extends by letti@move in the moduli of curves (rigid-
ified in such a way that the relative Jacobian exists). Theesponding
stratification on the moduM selects the hyperelliptic locus, the trigonal
locus, and so on.

7.4.2

Exampld 7,23 extends by letting the shea#gsmove in their moduli.
In this way, we get a stratification (by jumping loci) on madsay of
stable vector bundles (see an example of result concerhiagtratifi-
cation in [77, Prop. 5.2]).

7.4.3

Exampled7.Z]4 extends by letting the vector burfdlenove in some
moduli. The corresponding stratification of the moduli isfithan by
the degree of stability (cf[[75]).

7.4.4

Notations are those 6f 7.2.5. L&t— S be a relative Jacobian associ-
ated withX — S andP a Poincaré (pseudd-) bundle overJ>§X. We

consider the (pseudd) sheafs7om(P,N) on J>S<X. The corresponding

stratification onM := S is finer than by the degree of stability df
(cf. [97], [9Q)).
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7.4.5

S is a moduli of stable vector bundles over a projective variétX is
S x Y, andE is a Poincaré (pseudd) sheaf orS x Y. This is another
generalization df 7,211 (cf [11], 1511, 153, [19], [73556], [22]).

7.5 Programme

In order to describe a jump stratification, the first task iasn discov- 179
ering the generic value of th@’s. This is the corresponding maximal
rank problem. Here the general hope is that the generic whloeld be
minimal among values suitable for the Riemann-Roch fornjcilafor
instance([2R]). The next step is to find a simpler way of indgxiThe
hope here is that very few among thiés should be relevant, preferably
only two, related by Riemann-Roch. Observe here that amdamay

of twisted sheaveg&(l), the most sensitive to jump phenomena should
be the ones for which the Hilbert polynomjg{E(l)) assumes its min-
imal absolute value. In any case, one should discover alptissible
values of theh'’s. The final hope is to identify strata as strata of some
rank stratification for which the techiniques reviewed aboguld help,
the goal being, of course, to find degrees, rational equicalelasses,
irreducible (or connected) components of the strata, aniésoribe the
local shape.

7.6 Global Tools

For the rest of the present section, we suppose that we acermu
with a single torsion-free shed such that the restrictionE|xs)-are
torsion-free too and that we know that, for asy S, and anyi > 2,
hi(Elx(g) vanishes. Theh®(Elx()-h*(Elx) is a constant. Moreover
the jump stratification is a rank stratification. Indeed, \ae embede
in a vector bundleg= with no higher direct images (i.eRz =« F = 0,
i > 0) in such a way that the restricted morphisBig — Flx(s
are injections too. Then the cokerrglof E — F is flat and has no
higher direct images as well because, ifer 1, Rz, E vanishes. By the
Riemann-Roch formulah®(F|x(s) and h°(Glx(s) are locally constant.



134 A. Hirschowitz

Thus, by the base change theoremf- and=.G are locally free and
the jump stratification fits with the rank stratification adated withu :
m.F — m.G. Incidentally, our stratification acquires a scheme stmgct
180 (which according to the theory of Fitting ideals does notatepupon
the choice off — F). So the global tools ¢f 113 apply. More precisely,
in caseX andS are smooth, the rational equivalence classes of the strata
S', supposed to have the right dimensi¢jg| + i) wherey! is the Euler-
characteristic oE(s), are, modulo torsion given by an expression of the
form A; (log(r.(chE. td X/S))) wheretd is the Todd class, ch is the
Chern character, log is a universal polynomial map fiit8) ® Q into
itself andA; another one, depending on the index of the stratum (cf.
[44], [16], [22]).

7.7 Petri's Morphisms

For the study of the local behavior, we still require the agstions of
[7.8 and suppose further thktis locally free and thatr : X — Sis
trivial (say for simplicity). Then at any poirge S, we have:

— the mapRKS(u, s) : TsS — L(HY(E(9)), HYX(E(9))
— the deformatiorK S map:

DKS(E, 9) : TsS — HY(X(s), EndE(9))

Petri’'s comorphism:
PC(E(9)) : HY(X(s), EndE(s)) — L(H(E(9)), H*E(9))) :

this is the natural map associated wWi{s) ® EndE(s) — E(S). | call it
comorphism because, in the theory of special divisorsj'®etap is the
dual of the present map. As one would expect (up to sign!), aveh

Proposition. RKSu, s) = —PC(E(s)) o DKS(E, s).

Proof. Here we setX = Y x S and we may suppose that the bun-
dle F introduced i 76 is of the form pikF’. We may suppos& =
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Speck[e]/€?). So we have exact sequences:
0O-E—-prF 5G—0
0 — HO(E(O) — H(F") —» HY(G(0)) = HY(E(0)) — O.

Over the generic point of Y, we can choose a splitting: 181

F'(y) = E(O)(Y) ® G(O)(Y).

We know that the tangent space to QEotorresponding t@s(O)
is Hom(E(O), G(O)) and that the image of the canonical tangent vector
of S in this tangent space is a map: E(O) — G(O) such that over
{y} X S, E is the graph, in$ x E(O)(Y)) x G(O)(y) c S x F’), of €.
Now lety be a section oE(O), and leto- be the corresponding constant
section ofr,.F. We want to computeg(c). Over the generic poiny,
o(y) + ep(o(y)) is a section oE(y), so thatg(o(y) + ep(o(y))) = 0. This
implies thatq(o) = —ep(0). Now DKS(E, s) is known to be the image
of ¢ under the natural map

B : Hom(E(O), G(0)) — Ext}(E(0), E(O))

and we conclude because for any sectiasf E(O), the following dia-
gram is commutative:

Hom(E(O), G(0)) Ext}(E(O), E(O))

- :

Hom(@, G(O)) = HY(G(0)) —2~ HY(E(0)) = Ext(&, E(O)).

O

Remarks. (a) Hence the surjectivity of thRKS-map follows if we
know the surjectivity of th®©KS-mapandof Petri's comorphism.

(b) Similar considerations hold in case, insteach®f ht, only the 182
highest grough”, h"™-1 are not identically zero. Also, by duality,
one can pass from one case to the other.
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8 Applications

One of the main applications of the techniques reviewed axto the
study of space curves. In the first version of the present teldvoted
a section to it. Then my attention was drawn(to| [47] where shisly is
performed much more completely. That is why there is no se@il
below.

8.2 Ruled Surfaces

Let C be a curve of genug andE be a stable rank two vector bundle
overC, of degredl. Let J denote the Jacobian @fandP be a Poincaré
bundle overd x C — J of relative degreal’. Consider overd x C
the bundle Hon®, p5E). The associated jump stratification diselects
classes of line bundles which inject (as sheaved].ilNow a theorem
of Nagata ([85], see also [101] [46] [75] [74]) says that winegrd’ <

d-g+1 . . : :
i, such line bundles exist. This result could be reprovedén th

vein of [71]. Instead, we give the following sample.

Theorem. If C and E are general enough, and-dg is odd, then E as
d-g+1
exactly2g subbundles of degreez—.

Proof. We may supposé = g — 1 and selx = E} o = g—aso

thata < o < a + 1. We may suppose that Petri’s condition holds for
C. This implies that for any line bundle over C of degreea or «’,
we haveh?(C, L) < 1. Now we choose two line bundlés, andL, of
degreex anda’ and settg = L, @ L. We consider the semi universal
deformation ofEq: this is a vector bundl€& over S x C whereS is a
smooth variety with base poi@, such that the fibeE(O) is Ep and
the tangent spackoS is identified withH(C, EndEg) (cf. [72] or for

a sketch of the algebraic pro6f[17]). Now, we denoteliiie Jacobian
of C, and byP a Poincaré bundle overx C of relative degree 0, and we
consider the bundle HorR(E) overJx SxC as a family of bundles over
C parametrized byl x S. | claim that the associated jump stratification
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is Rg-1-like along J x {O}. Indeed, itsRK.S map at a poinL x {O},
restricted to the subspa¢®} x T,S of the tangent spacg J x T,S is
the natural map

HY(EndEg) — L(HO(LY ® Eo), HY(LY ® Ep)).

In order it prove that it is surjective, we prove that its f@arts are
surjective namely:

up : HY(EndL,) - L(H°(LY ® L9, HY(L" ® L,))
up : HY(EndLy) - L(H(LY ® Ly), HY(LY ® Ly))

are surjective by Petri’s assumption Grand

Uz : Hi(Hom(L,, Ly) — L(HO(LY ® L), HY(LY ® L))
s : HY(Hom(Le', L)) — L(HO(LY @ L), HY(LY @ Ly))

are transposed in

upt HY(LY e L)@ HYQe LY oL) » HQe L, e L))
uyt HOLY e Ly) e HYQe L eL) - HY(Qe L, ®LY)

which are injective becau$d(LY®L,) < 1,h°(LY®L,) < 1. Hence by
4.3, for s general inS, the jump stratification associated with
Hom(P, E(9)) is Ry-1-like. This means thaE(s) has a finite number

n of subbundles of degree 0 and this number is given by Portémus 184
mula (cf.[Z.8). Now we prove = 29. It is proved in [71], although
not explicitly stated, that i’ is a Poincaré bundle ové& x J of rel-
ative degread > 2g — 2 on the fibers ofc x J — C, and of relative
first Chern class 0 on the fibzers 6fx J — C, then the Chern class

. 0 . .
of p,P" isexpto) =1-0+ 0 + --- modulo numerical equivalence,

whered is the polarization class. In order to compute the Cherrsaés
p21(Eo ® P’Y), we choose a very negative line bundljeso that the line
bundleL; := (detEo) ® Lg’ is very positive. One checks easily thzag
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is a generalization dE; := Lz @ Ly, so that we compute Chern class of
p21(E1 ® P’Y), which is

C(p2:(Ly ® P))/CY (P2 (Q® Ly ® P'))

and by the quoted result, the inverse Chern class is éxpfBose top
component 2is the number we look for. m|

Remark. This was known to Segre (cf_[108]). For a more general
formulation of the problem solved above, see [109].

8.3 Cohomology of Instanton Bundles

The maximal rank problem for the moduli of rank two stabletgebun-
dles overP® is solved in[56], at least in one irreducible component of
each moduliM(cy, cp). The proof consists in looking at a non-locally
free specialization of some simple bundles in order to redhe prob-
lem to a suitable general position statement. We show hawéduc-
tion can be achieved usig B.3 instead of specializatiaa {tas known

to Hartshorne long ago):

Proposition. Let a = 2 (resp. a= 3). Suppose that there exists a
disjoint union Y c P2 of r lines (resp. conics) and a morphisgn:
0(-a) — Oy such that for all ne Z, takinga = (B, p), the induced
maps
HO%a(n)) : HOP3, &(n - a) @ 6(n)) — HO(Y, Gy(n)) and
H%o(m) : H(E®, 6(n) — HO(Y, 6y ()
are of maximal rank. Then there exists a rank two vector iadbver

P? with natural conomology and;¢E) = 0 (resp-1), cz(E) = r — 1
(resp.2r — 2).

Proof. We choose a vector bundig, sitting in an extension

0->0(1-a) — Ep—Iy(l)— 0.
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Such anEg exists and it corresponds to a smooth point in the mod-
uli (cf. [61]). Hence, according tb 3.3 and 7.7, it is enoughptove
that PC(Eo(l — 1)) reaches the maximal rank, for edchWe see that
HY(Eo(l — 1)) = HY(ly(l — 1)). If this group vanishes there is nothing
to prove; so, we may suppose th#f(Iv(I — 1)) vanishes. Then we see
thatHO(Eo(l — 1) = HO((1 — a)). We also see that

Ext}(Eo, Eo) — Ext'(Eo, Iy(1)) is surjective as well as

Ext!(Eo, Iv(1)) — Ext'(¢(1 - a), Iy(1)) and

Hom(@(1 - a), Ov(1)) — ExtY((1 — a), Iy(1)). We chooses in
Ext}(Eo, Eo) having the same image in Bx¢/(1 — a), Iy(1)) asB, and
we check that the assumption grimplies thatPC(Eo(l — 1))(8) has
maximal rank. O

Remark. The general position statement in [56] is weaker since only
the first series of maps is required to have maximal rank. Kewe
the second series of maps is known to have maximal rank fonergke 186
union of lines[[55], and should not be todiitiult to handle for a general
union ofr > 3. Moreover, this approach fits in a better way with/[52] p.
109.

8.4 Unstable Planes

Let E be a vector bundle oveP", n > 3 with rankE = 2, -1 <
ci(E) < 0and lety = 2+ ¢c; — ¢. ThenE is expected to have at
least a [y| + 1)-codimensional family of unstable planes (i.e. plaHes
for which HO(Ey) # 0) provided a certain polynomial ity (with coef-
ficients depending on, ¢y, y) does not vanish. This polynomial can be
computed in any case, given time. We give an example comelspgp

to Barth's lecture.

Proposition. Any rank two vector bundle ov@f with ¢, = -1, ¢, = 4
has at least a two-dimensional family of unstable planes.

Proof. In case there exists a two-dimensional family of plakewith
H2(EH) # 0, we are done because, by Serre-duality, such planes are
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unstable. So we suppose that the family of such planes is st one-
dimensional. Letz’ be the complement of this family in the grassman-
nian variety of planes if®*. OverG’, the family of restrictions of
satisfies the conditions 6f 7.6. Hence it is enough to proaettie ex-
pected rational equivalence class is not zer@'inAlthough straightfor-
ward, the computation seems quite tedious. Fortunatelgamevoid it
thanks tol[18]. Indeed, they prove that the family of unstgiihnes of
the Horrocks-Mumford bundIE is non-empty and two-dimensional. In
order to conclude, it is sficient to prove that for any plaré, H2(Fy)
vanishes. And this follows [64], becauB€3) is globally generated out-
side 25 lines, and has a section with exactly 6 zeroes on datiese
lines, so that, for any, Fy(3) has a section vanishing in codimension
two. From the eact sequence

0—- 0Oy —->FuB)—I1v(5)—>0

we deduceH®(F(-2)) = 0 which, by Serre-duality, implies the desired
result. m|

Remark. It was announced during the Colloquium that someone (in
USSR) has constructed a rank two vector bundleé* evith ¢; = -1,
¢, = 4, which is not isomorphic to a Horrocks-Mumford bundle.

9 Jumping Points

Let Y be a projective non-singular variety, aiida vector bundle over
Y (or (E(1))ca a set of twists ofE). We may considel as a subvari-
ety in its own Hilbert scheme either in the trivial way (sirepoints)
or as a variety of non-reduced points (big points, [Sek 9.XcoAding
to[7.2.3, we get corresponding jump stratificationsvatself. Jumping
points inY are points in the non-dense strata. While jumping lines ap-
peared as a fundamental tool from the very beginning of therthof
vector bundles over projective spaces (5eé [99],[105], [18]), jump-
ing points were considered in a much more discrete way[(&e Bhe
general hope here around is to describe (stable) vectotdsiahd con-
sequently their moduli) in terms of some of their jumpingi lmgether
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with possible additional data living there. The prototypeéBarth’s re-
sult [11, § 2.3.4] (See als0_[63, § 7.2, 7.3]). From this pahtiew,

the current knowledge aboMyps(—1, 2) [57] andMgs(0, 2) [52] is quite
satisfactory. In case of more involved moduli, one has toysteach 188
stratum separately (see elg. [8]). In this section, afteresgeneralities,

we look at some examples of loci of jumping simple poibis]ytien

we solve the maximal rank problem for big points jumping witspect

to rank two stable vector bundles BAwith even first Chern clasg(9.3).

9.1 Generalities

LetY, E be as above, and ldtbe the dimension of, andr be the rank
of E. Choose an integes > 0 and define as-big-point inY to be the
subscheme associated with tise {)-th power of a maximal ideal sheaf.
So, fors = 0, ans-big-point is just a (simple) point. For eachif we
setN(9) = (*%%), we have an embedding — HilbN® v, corresponding
to s-big-points. The corresponding universal sub-schéigén Y x Y

is the s-th infinitesimal neighbourhood of the diagonal. We see theat
only sensible groups ai¢®(E = Iy (y)) andH(E = 1y (y)) and that the
jump stratification is the rank stratification associatethwi

HO(E) ® Oy — J°E

where J°E is the jet-bundle:J°E = pr_,,(E ® 0Uy); and ey is the
corresponding evaluation.

So we are interested in the Chern polynongdDSE). From the
exact sequences.

0- SQ®E — JE— JSE >0,

we getc(J°E) = 1‘[ c(S™1Q ® E), whereS'Q is thel-th symmetric

power of the cotangent bundle. Also we observe that seastiwvill
achieve small values dfi°(E) — rN(s).
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9.2 Simple Points

The jump locus of simple points first occurred in the study mstable
189 rank two vector bundles ov@? (Grauert-Mulich [38]). For stable bun-
dles, it appeared in the study of special moduli &&&rather than over
P2,
Example 9.2.1.My3(0, 2), cf. Hartshornel [52], see aldo [61]. Rank two
stable bundles ovét® with ¢; = 2, ¢, = 3 have two sections whose de-
pendency locus is a smooth quadgicThe bundle and its other jumping
loci (lines, planes) are described in terms of a certain ipewer this
jumping locusQ.
Example 9.2.2.Mps(-1,2), cf. Hartshorne-Sols [57], see also[[78],
[83]. Rank two stable bundles ov&f with c; = 1, ¢, = 2 have (up
to scalars) only one non-zero section whose zero scheme dsilaed
line. This jumping locus plays the central role in the clsation. For
the similar study oMps(-1, 4), seel[8].

Example 9.2.3.Mp2(1,2). A rank two stable bundI& over P? with

¢1 = 1, ¢c; = 2 has two sections whose dependency locus is dlifibe
unique jumping line). The image ¢4°(E) in E|_ is a line bundle of
degree two ovek so thatH®(E) defines a pencil of degree two. The two
double points in this pencil characterige The second kind of jumping
lines are the lines through one among these two points[($&:e[236]
and [63, p. 256]).

Example 9.2.4.M2(0,4). A general rank two stable bundieover P?

with ¢; = 2, ¢; = 5 has two sections whose dependency locus is a
smooth conic, where they define a pencil of degree 5. Jumjiag are
lines cutting the conic in two points of a divisor in the pénci

Example 9.2.5.Mp2(0,5). A general rank two stable bundE over
P? with ¢; = 2, ¢, = 6 has (up to scalars) only one non-zero section,
vanishing at six points (see |11, p. 84]).

190 Remark. The jumping loci considered in 9.2.4, 9.2.5 lead to a nice
description of an open dense subset in the moduli which génes to
cases where the Euler-Poincaré characteristic is two®r on
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9.3 Jumping Big-Points
9.3.1 Line Bundles over Curves

Let L be a general line bundle of degrée> g over a curveC of genus
g. We have a morphism fro@ into its Jacobian of degreg- 1 through
X [L(=(d + 1 - g)x)]. The intersection with thé-divisor givesg(d +

1 - g)? points. This is the jump locus fod@ 1 — g)-big points.

9.3.2 Rank Two Vector Bundles OverP?, With Even c;

What we saw it 9.2]4, 9.2.5 generalizes to the case of bigpagsoon

as the Euler-Poincaré characteristic is of the f&h+ s— 1, 2 + s

or & + s+ 1. To see that the corresponding jumping loci are actually
non-trivial, we have to solve a maximal rank problem, namely

Theorem. Let ¢, ¢, be integers with ceven and €— 4c, < -8. Then,
for the general rank two stable vector bundle E o®érwith Chern
classes ¢, ¢, the evaluations

evs: HY(E)® ¢ — J°E
have maximal rank.

Proof. First, remember [99],]80] that the required condition @nis
necessary and fiicient for the moduliMy2z(cy, ¢p) of rank two stable 191
vector bundles with these Chern classes to be non-emptythandhis
moduli is irreducible. Next remember that an open denseeslibghe
moduli consists of classes of bundles with “natural” cohtogy (cf.
eg. [19]). Now, observe that if gus injective, so is evfor anyt > s.
Also, observe that the property forgto have maximal rank is open in
flat families of torsion free sheave®; with constanth®(.%,). So it is
suficient to prove that for ang, there exists a bundIE in My2(c1, C)
with natural cohomology and gof maximal rank. In fact, it is sticient
to produce a torsion-free she&f satisfying:

() evs: HY(%)® ¢ — J5.Z has maximal rank
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(i) HY(Z) =0 (orH(%) = 0).
(i) .# deforms to a rank two stable bundle with Chern classes;.

The Euler-Poincaré characteristic for our bundles is
X = 2%C1(C1 + 3) +2—Co.

So we may supposg > 0,cp < %cl(cl + 3) + 2, otherwise, for the
generalE, H°(E) vanishes.

First, we letc; = 2t, and set, = t2 + 2d + ewith 0 < e < 1. We
knowd > 0. We chooseZ = Ix(t) @ ly(t) whereX is a general set of
d points inP? and Y a general set ofl + € points inP2. So we have

0 < x(Ix(®) — x(y(@®) < 1 andy(Ix(t)) + x(Iy(t)) = x. So forX and
Y general enoughH1(.#) vanishes. Now (i) and (ii) follow from the
lemmas: ]

Lemma 1. For a syficiently general subset Z idilb% P2,
evs : HO(Iz(1)) ® 0 — 3%(12(t))
has maximal rank.

Lemma 2. Lett, di, d» be integers satisfying
7“_2)20_1) <dp<dp < —t(tgl)

and fori=1, 2let Y, be inHilbY 'P2. Then , @ Iy, deforms to a stable
vector bundle.

Proof of Lemmal(l. It is enough to prove that the general unibrof
ones-big point andd points has maximal rank (i.e. the restrictions

HO®2, 6(1)) — HO®?, 01 (1))

have maximal rank). Adding or deleting points, it is enougltréat the
case where = 0 (evident) or

(I+1)2(I+2): s(s;l)+d‘
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Observe thas+d > | + 1. Thus we may choode- 1 - spoints on a line
meeting thes-big point and we proceed by induction in the usual way
(cf. [B5], [59)).

Proof of Lemmal2. We may suppos&; andY, smooth and general so
that for any pointp in Y;, H(ly,_(,(t — 3)) = 0. Thus, there exist exact
sequences (cfi_[39], [19]):

0-0—-E—-ly(lt)—-0
whereEs, E; are locally free, Furthermore, we have
HYEi(-1)) = HY(ly,(t-1)) =0
and H*(Ei(-2)) = H%(Iy,(t-2)) = 0.

Hence, by Castelnuovo’s criteriorl (|85, p. 99B; is generated by 193
global sections. Now we have an exact sequence

05060 > EL@Es - Iy, () @ ly,(t) - 0.

Moving ug in the vector spack(d'& &, E; & Ey) we get a deformation of
Iy, (t)®ly, (t) which is flat, because the Hilbert polynomial is constaht (c
[50] 1. 9.9 and its proof). Now by 6]2, for genera) Cokeru is locally
free. Soly, @ Iy, deforms to a vector bundle as well and this vector
bundle, by semicontinuity has no non-zero section hendalides

Remarks. A similar statement and proof should hold in cagés odd
and also oveP® at least for the so-called general instanton bundle.
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Vector Bundles on the Punctured Spectrum
of a Local Ring |l

By G. Horrocks

GIVEN A SCHEME and a divisor what are the obstructions to exs7
tending a bundle supported by the divisor to a bundle on thieiearh
scheme? Schwarzenberger’s integrality conditiohs [58 gimngruences
for the Chern classes when the divisor is a hyperplarg’ih, and in
[3] Atiyah and Rees obtain an independent mod 2 conditiorherdt-
mensions of the holomorphic cohomology spaces when theativias
odd dimension and the bundle is self-dual in a suitable sense

In the present article, the ambient variéfyis the punctured spec-
trum of a local ring and the divisoX belongs to a regular element.
There are no additive obstructions to extending a bundim fxoto Y.

So consider self-dual bundles &nand whether they have self-dual ex-
tensions. WheiX has odd Krull dimension, there are again no additive
obstructions but for even dimension, the length mod 2 of tledte
cohomology group of the bundle is the unique additive olotivn to
extendibility. For the complex field this obstruction is@bstopological
invariant and may be identified with an element<d or KO depend-
ing on the mod 4 residue class of the dimension. For arbitresidue
fields of the local ring, the obstruction is invariant forfsdlial algebraic
equivalence. More generally, it is invariant for confluenédundles.

Finally there are non-additive obstructions to extendipflor bun-
dles which need not be self-dual, for example,kh exterior power of
a bundle with rank R is self-dual and for some of these the obstruction
to self-dual extendibility is non-zero.
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1 No additive obstructions

Let B be a regular local ring of dimensiah+ 2 > 4, n be its maximal
ideal,Y = SpedB— {n}, xbe an element af —n?, A = B/xB, m = 1n/xB,
andX the divisor ofxin Y. So dimX = d.

Complexes are cochain complexes indexedland their diferen-
tials are indexed by the degree of their source.

Identify vector bundles oY with reflexive B-modules locally free
onY, and call themY-bundles. AnX-bundleE extends to a'-bundle
F if E is isomorphic to theA-bidual (F/xF)**. There are no additive
obstructions to extendibility with values in an abeliangydecause of:

Theorem 1.1. Let E be an X-bundle. Then there exists an extendible
X-bundle E such that B E’ is extendible.

Proof. In the equicharacteristic case, we may asségemplete ([6, 8
8]) andB = A[[X]]. Let V be the complex with non-zero components
V-1 = B, V° = B and diferentiald multiplication byx. Take the dual

P of an A-projective resolution oE* as in [6] and form the complex
(B%P) ® V. Then the module of cycles of degree zero exteRds

Ker(P! — P?), and the theorem follows by induction on the projective
dimension ofE*.

In the general case, tak&(i > 0) as before and in lower degrees
take it to be amA-projective resolution oE. Let Q — P be a homo-
morphism of aB-projective complex ont® inducing isomorphisms of
cohomology groups. Take the tensor prodggh in the derived cate-
gory of B-complexes to obtain a morphis@gA - P%V inducing iso-

morphisms of cohomology. 6@ Ker(P! — P?) extends after adding
a free summand and the theorem follows by induction on pliggedi-
mension. O

2 Self-dual bundles

Self-dual bundles are assumed to have a given pairing. 3 bisdcribed
by an isomorphism between the bundle and its dual. A self-dua
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bundleE is said to be extendible if it has\¥abundle extensiofr and its
pairing E = E* extends to a pairin§ = F*.

Theorem 2.1. Suppose that d is odd and let E be a self-dual X-bundle.
Then there exists an extendible self-dual X-burilsuch that E» E
extends as a self-dual bundle.

Proof. First construct a self-dua-projective complex] such that:
H°(J) = E; H'(J) = 0( < 0); J = 0if |i| > d/2.

The construction starts from the complen the proof of 1.1. Kill the
cohomology ofP in dimensions less thaal/2 to obtain a complexX.
Lift the isomorphisms in dimensions greater thé2 to a homomor-
phism of P into Q and add free modules ®so that the homomorphism
is surjective. Therd is its kernel.

SincelJ is self-dual, identifyd= = (J)*(i < 0) and 6~'-1 = §')*(i >
0). The pairing determines an isomorphigm (J°)* = J°. The difer-
ential a1 is (6°)*.

In the equicharacteristic case put= J§>B, and denote the induced
differential and pairing by, g also. Define a self-dual compléxwith
differentiald by

L°=K oK oKL =K e K" >0),L™" = (L')*(i > 0),
d°(a, b, c) = (8°b + xc, 8*c), d'(a,b) = (8'a+ xb, 8+ b)(i > 0),
d71 = (d')*@ > 0),r(ab,c) = (c,qb,a) andd™* = r(d°)".

Then H°(L) is a self-dualY-bundle extendinge @ E” & (E’)* where
E = Ker(J! — J2).
In the general case, modify this procedure as in the prodfiBf 210
First letJ* be the complex obtained frothby replacingd' by zero ifi <
0. Then construct a complex of fr&modulesQ* and an epimorphism
Q" — j*inducing isomorphisms of cohomology in degrees greater tha
zero. Lets: (Q°)" = Q° left g : (J°)* = J°. Leté be the diferential of
Q*. Define a self-dual complex by

L= QL7 = (LY >0),d =697 = (@) >0,
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L° = Q°® Q°,8°(a,b) = 6°a—6°b,d7Y(a) = (5(6°)" a, §(6°)"a).

ThenH°(L) extendsE® E’ @ (E’)*® free. So the proof follows from 1.1.

Now suppose that = 2r is even. There is an additive obstruction to
extendibility for self-dual bundles. For suppdseextendsE. The exact
cohomology sequence

H'(F) — H'(F) — H'(E) = H™(F) — H™!(F)

and Serre-Grothendieck duality show th#t(E) has even length as an
artinianA-module. For any self-dua{-bundleE, define the obstruction
u(E) to be the length oH' (E)mod 2. O

Theorem 2.2. Suppose that d is even and the residue field k is alge-
braically closed. Let E be a self-dual bundle wittE) = 0. Then there
exists an extendible self-dual bundfesuch that E» E extends as a
self-dual bundle.

Proof. Sincekis algebraically closedi"(E) has a submodul®! whose
guotient is isomorphic tdv* via the isomorphism induced by the pain-
ing. Construct a self-dua-projective complex] such thatH°(J) = E;
H'(J) = 0( < 0); H"(J) = M. The construction is similar to the first
stage of the proof df 211. The change is to construct the cex@lby
killing the cohomology ofP in dimensions less thanand only the part
M in dimensionr. The proof can now be completed as[for] 2.1.

To generalize this result to arbitrary fields, it is necegsamuse the
Witt group for bilinear forms. O

3 Confluence and algebraic equivalence

Suppose thdkt is a reflexiveB-module locally free except on a 1-dimen-
sional closed subset of SpBantersectingX in the empty set. Its ideal
is an intersection of distinct 1-dimensional primes. . ., ps of B which
do not containx. Localizing B, F at p; gives a regular local ring\
and a vector bundI&; on the punctured spectrum #&f. The bundle
E = (F/xF)* is called a confluence &;, ..., Es. The following result
has been proved in|[4]:
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Theorem 3.1. Suppose that d is even and F is self-dual; then
S
u(E) = u(E).
i=1

Proof. The biduality spectral sequence gives exact sequences

0 — Extd?(H™Y(F), B) - H'(F) —» Ext**(H'(F),B) - 0
0 — Ext32(H"(F), B) » H"Y{(F) —» Ext*(H""1(F), B) - 0.

In both cases the kernels have suppoaind the cokernels avetorsion
free. So the two kernels are dual to each other. The resulifolmws
from the exact cohomology sequence FoixF.

There is a simple application to the extension of bundlemf&§
to P! (d even). Let& be a self-dual bundle oR®. It always has a
self-dual extension as a sheafk81, for, example by extending the
pull-back of& to the punctured cone dif' over the vertex.

Let.Z be any self-dual extension B§*1 which is locally free except
for singularities at pointsy, ..., as of P™*1. The sheaf# determines 212
reflextive sheaved,, ..., %5 at each of these points. Apgly 8.1 to the
punctured cone ove??%1 in the neighbourhood of the vertex. We find
that

> u(F) = u(&)
i=1

whereu( ) is defined by lifting& to the punctured cone df.

A second application is to algebraic equivalence. Define X~o
bundles to be algebraically equivalent if they can be joibgda se-
guence of confluences. L&, E, be two X-bundles, not necessarily
self-dual, with even rankt2and assumel is even. Thet-th exterior
power of a rank 2bundle has a natural pairing ap(E) = (u(A'E)) is
an obstruction to extending. Applying[3.1 shows that iEj, E, are
algebraically equivalent thep(E1) = y(E2). In particular letE be the
X-bundle of rankd which is the second syzygy of an ideal of A gener-
ated by a system of parameters far Theny(E) is the multiplicity of
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the ideal mod 2 ané is not algebraically equivalent to a trivial bundle
if the multiplicity is odd.
WhenE is a rank X-bundle coming by pull-back fro® andd >
4, M. Cohen has shown by means of the Riemann-Roch Theorem that
u(E) = 0. O

4 Formalism for u

Assumed = 2r is even. Form the exterior algebnrd + 1)A) and leté
be an element ofd+ 1)A whose coordinates generate Put

O = Ker(,& : A™t - A™?),

It is a self-dualX-bundle with a pairing induced by the exterior algebra
structure and its cohomology is given by

H@) =01<i<d-1i#r),H(®) =k

Sou(®) = 1. Now letE be any self-duak-bundle and pup(E) equal
to the rank ofE modulo two, and put

A(E) = p(E) + u(Et € Zo[t], t* = 0
Theorem 4.1. (i) p(E) = u(E ® 9).
(i) w(®”)=0,p=>2

(iii) u is a homomorphism of the ring of self-dual vector bundles ont
Zo[t].

(iv) u(AP®) =0, p> 2.

Proof. First prove (ii) forp = 2. Since® extends to a vector bundle
on Sped whenm is blown up, it is sificient to consider the graded
case. The dualizing line bundle f@? regarded as a sheaf @ has
even degree and the dualizing line bundleF8has odd degree. Serre
duality implies thaj(®?) vanishes.
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Now we prove (i). By 2.P, there is an extendible self-d¥abundle
E’ such thatE & u(E)® @ E’ is self-dually extendible. So tensoring
with ® and using (ii) withp = 2 shows that it is dficient to note that
p(®) = 0 and to prove (i) for an extendible self-duébundleE. Let g
be the ideal generated by a baserdifted to B. Construct éB-module
® from the exterior algebra oml ¢ 1)B using this lifted base in the same
way as® was constructed fronmd(+ 1)A and a base fam. The module
® is reflexive, free outside the variety gfand extend®. Choose a self
dualY-bundleF extendinge’ and apply 3.1l td- ® ®. SinceF is locally
free except at, the localizatiorF, is free with the same rank & So

HE ® 0) = pu(Fq ® ©g) = p(E)u(Pq) = p(E),

because:(®,) = 1.

Sincep(®) = 0, (ii) now follows for p > 2.

To prove (iii) it is suficient to show thati = 0 defines an ideal. This214
is easily reduced to showing thatkfis extendible and of even rank then
H(E ® ®) = 0. But this follows (i).

Finally (iv) follows by reduction to the graded case as in piheof
of (ii). Serre duality and consideration of the total wegbf the inde-
composable representations containe#ifAP®) show that the repre-
sentations occur in dual pairs. GAAPO) = 0. O

5 Topological invariance

Take the residue field o to beC. The category oX-bundles is de-
termined up to a canonical equivalence by the completioA ahd it
is easily verified that aixX-bundle E determines up to bundle isomor-
phism a topological bundle on a punctured neighbourhootebtigin
of C%*1, SoE determines a topological bundiE on S24+1, If E extends
then|E]| is trivial.

Suppose thatl = 2r. The K-group for self-dual bundles has been
defined in[[1, p. 636]. FoB* *! it is isomorphic taZ,. So the topologi-
cal invariance of: is equivalent to:
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Theorem 5.1. ® maps to the non-trivial element of the K-group of self-
dual bundles on $+1,

Proof. At the conference | gave a proof vial [3, Theorem 4.2] which
depends on the Atiyah-Singer Index Theorem. Briefly\&be the non-
Kahler manifold obtained by factoring®+! — {0} by an infinite cyclic
subgroup ofC*. It has a holomorphic fibratio : W — P9 with a
topological factorization througB**1. Now @ is the pull back toX
of 6 the r-th exterior power of the tangent bundle Bf. The stable
homotopy invarianB of [3] (the holomorphic semicharacteristic) is now
easily computed foff = 8 and seen to be non-zero. Sjs non-trivial
in the sense of the stable homotopy theory of bundles withranga

In the course of the conference, M.F. Atiyah gave me a diremifp
of this result which | outline here. First thé-group of self-dual bun-
dles onS**1 can be identified withKO(S8™1) if r = 2m and with
KS(S8™9) if r = 2m+1. In each cas8**1 is a homogeneous space for
the appropriate group (Spin or Symplectic). Consider tleeca 2m.
ThenS&™1 = Spin(8n + 2)/ Spin(8n + 1) and the representations of
Spin(8n + 1) determine real vector bundles 88™1. The generator of
KC corresponds to the basic spin representation of dimen$BifiZ],
[7, p.270]]. NowP*™ = U (4m+1)/U (4m)x U(1) and the exterior power
representatiom®™ of U(4m) determines the bundlé To compared
with the generator oKO expressS8™?! asS U(4m + 1)/S U(4m). An
easy character computation shows that the basic spin sspeti®n and
A®™M give equivalent representations $1U(4m) modulo sums of pairs
of dual representations. The case 2m+ 1 can in a similar way be
reduced to a character computation. O
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Some Metrics on Picard Bundles

By G.R. Kempf

THE PICARD BUNDLES on the Jacobiahof a smooth complete 217
curveC of genusg have been studied by various methadds [1], [2], but
their nature still remains mysterious. In this paper, | wikksent some
naturally occurring Hermitian metrics on certain Picarahdiles in the
complex case. These metrics are special among the myriaatiofrset-
rics. Hopefully, they will be useful in the application oftimethods of
metric geometry to the study of Picard bundles.

These metrics are induced by metrics on the analog of Piaard b
dles on the Jacobian. The rich geometry of abelian varigtiegides
metrics on these analogs. The connection between thesegarahd
the Picard bundles themselves has been developed by R.Gir@ufi].
The first two sections of this paper are algebraic and apglygdgeom-
etry over an arbitrary field. In them, | will develop the abstract version
of Gunning’s connection. In the third section, we will be kiog over
the complex field to define the matrics.

1 Somelinear systemson C and J

Let V denote the set offective divisorsD on C of degreeg such that
the complete linear systeiD| consists of one point. We may regard
V as an open dense subset of tath symmetric produc€@. Let fg :
co - Picy be the universal abelian integral onto téh Picard variety
of C, which classifies isomorphism classes of invertible shean€ of
degreqy. Thenfg induces an isomorphism betwedrand an open dense
subsel of Pig.

!Partly supported by NSF grant #MPS 75-05578.
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Let E be a divisor orC of degreeng for some integen > 2. Then
we have

Lemma. Thedivisors D1 + --- + D, where the D;’sinV are densein
the complete linear system |E|.

Proof. Let F be a member ofg|. We may writeF = G; + -+ + Gy,
where theGi’s are dfective divisors of degreg. Let .7, ...,.%4, denote
invertible sheaves 0@ of degree zero such tha®) % ~ Oc. Asn> 2

1<i<n

for a general choice of th&’s, each sheat4(G;) is contained irJ. In
this caseZ(G;) ~ Oc(D;) whereD; is in V. HenceD; + - - - + Dy, € |E|
andF is contained in the closure of such divisors\as dense irC(g).
Q.E.D. O

Recall that the Jacobiad possesses a principal polarization; i.e.,
there is a divisord on J which is determined upto translation with
dimI(J, £5(0)) = 1. For any integen > 0, we have the multiple polar-
ization. Any divisor in this class is linearly equivalentrié for someo.
Choose an element of Pic;. Then we have the embedding C «— J
given byi(C) = [(C) — a. With this embedding, we can study the rela-
tion between the linear systems dmand those orC.

Proposition. If n > 2, thelinear system |ng| cuts out a complete linear
system on C of degree ng. Equivalently, the restriction I'(J, €}, (n9)) —
I'(C, 3(nd)|c) is surjective.

Proof. First recall [4, for instance] that the linear equivalentaessi*o
is of degreay. Furthermore, if the inverse imag&6 + j) is defined for a
point j of J, it is a divisor inV and all divisors invV occur this way. Let
E denote a member of the clasfng). Take a divisoD;+---+ Dy in |E]|
with the Di’s in V. Thus we may find point§ of J such thai=1(6 + j;)
is defined and equals;. Therefore,

Di+---+ Dy =i (0 + jo) +--+ (0 + jn)

As @+ j1) +--- + (0 + jn) is algebraically equivalent tad and its
intersection withC is linearly equivalent tde, (0+ ji)+---+---+(0+ jn)
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is contained innd| by the autoduality of the Jacobian. f&#)| cuts out a
linear system, this linear system is complete by the Lemna@ 0O

2 The connection between the Picard sheaves

Let .Z be an invertible sheaf o€ x J which is a universal family of
invertible sheaves o of degreed. If d > 2g — 2, the direct image
Wy = ny, £ is alocally free sheaf od of rankd + 1 — g. This sheaf#j

is called a Picard bundle of degrdeFurthermore, the formation of the
direct image commutes with base extension. In particubairafly point

j of J, we have a natural isomorphism

Ha@k(j) = T(C, Llexij))-

Thus#j4 arises naturally when one is studying variational probléms
volving complete linear systems of degmen C. Let X be an abelian
variety with dualX™. Similarly, let.# be an invertible sheaf oK x X
which gives a universal family of invertible sheaves Xrwhich are
algebraically equivalent to¥ = .#|xxo. We will assume that# is
isomorphic tary.4 ® & whereZ is a Poincaré sheaf ofx X~ If 4

is ample onX, the direct image/’{.+" = ny = . is a locally free sheaf
on X~of rank dimI'(J, .#") [3]. Furthermore, the formation of this direct
image also commutes with base extension. In particulaedch point
y of x, we have a natural isomorphism

VAN Y@ K(Y) = T(X, A |xxy)

In the special cas¥ = J, we haveX™= J asJ is principally polar-
ized. If 4 ~ 0;(nv) for some integen > 0, the sheaW{.#"} will be
denoted by#;,. As dimI'(J, 0'3(ng)) = n9, ¥4 is alocally free sheaf od
of rankn9. This sheaf contains variational information about théotes
linear system¢d|.

Now consider the embedding «— J, the sheafC;(nd) ® L|cx; is
a universal family of invertible sheaves @of degreeng paramerized
by J because of the autoduality df Furthermore, we have the natural
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restriction of direct images.

a: Wy = (m10;3(nf) ® P) —
— m3(m103(n) ® Plcxa) = Wng.

The main connection between these two kinds of Picard skasibe
following.

Proposition 2. If n > 2, the above homomorphism a : 7, — #pg IS
surjective.

Proof. It will suffice to showa ® k(j) is surjective for each poing of
J. As the formation of both sheaves commutes with base extensi
this is equivalent to the surjectivity df(J, 7#) — I'(C, 5Z|c) where
A ~ 03(nv) for some choice of. Thus this proposition follows from
the last one. Q.E.D. O

The sheaf/'{.#} has a clear description which we will use in the
next section. The last proposition may be used to give a if¢iser of
the Picard shea#, whenC is a curve of genus 2. In this ca%g, has
rank 8 and¥; has rank 4.

Claim. (a) We have an exact sequence
0— 6’3(—9)& Yo s Wy — 0.

(b) Any homomorphisn?’;(—6) to ¥5 is a multiple ofg.

Proof. Asg = 2, we can assume th@t= 6.
OnJ x J we have an exact sequence

0- 7m1050)® P — 110,(20) @ & — 11103(20) @ P|c — 0.

The sequence in (a) is just the direct image sequence. Theaxaim
(a) it will suffice to computery, (77 0;(0) ® 7). Here we may take

P = (n1+ m2)" 05(0) ® m103(=0) ® n305(-6).
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Thus we need to compute.((r1 +m2)* 03(0) ® 15 03(—6)) which equals
1. (1 + m2)* 0'3(0)) ® U3(—0) by the projection formula. Lastly, we need
to show thatr}((r1 + m2)* €3(0)) is trivial. To see this, note that we have
ther, - isomorphism £1 + 2, 12) betweenr; + m, andr1. Hence

2. (1 + m2)* O3(0)) = 7. (n103(0)) = O3 @ T'(J, 05(6))

The desired result follows becausgl, 7;(0)) = k.
For (b), note that Hom{;(-6), ¥2) =

I'(J, HomO3(03(=0), 2. O3(20) @ £2)))
=I['(J x I, 15,0;(0) ® 1103(20) @ £2).

Using our formula for#?, we need to show that the space of global
sections of £1 + m2)*03((0) ® n;03(6) is one dimensional. Using the
isomorphism £1, 1 + mp) of J x J the last space is isomorphic to

T(J x 4, 7,05(6) ® 1505(6)) = T (3, 63(6)) = ®(JIT(J, 03(6)) = k

by the Kunnéth formula. This proves (b). m]

3 The natural Hermitian metrics on the Picard
bundles

We return to the situation of the last section wheftéis an ample in-
vertible sheaf on an abelian varieywith dual X". Recalling from[[5]
that we have an isogeny , : X — X which sends a point in X to
the isomorphism clask. /" ® 4 ¢~1 whereT, denotes translation by,
The kernel ofg_y is the finite group schemid. Furthermore, we have
Mumford’s theta grougis which is given by a central extension

15Gnhn—>G—->H->0.

An element ofG is a specific isomorphismy : Ty 4" = 4 for some
point k of H. In fact, if G acts onX via translation byH, we have a
G-linearization of the sheaf#” on X where the centr&,, of G acts
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by multipliacation. Consequenth;(X,.4") is a representation db
where G, acts by multiplication. This representation is the unique
irreducible representation @ with this condition onG,, and order
(H) = [a, 227T(X, A)]°.

Consider the shedf(X, .4") & .#®~1 on J. This sheaf possesses a
natural action oH. Just letG act naturally oi"(X.4") and contragradi-
ently on.#®~1: then the tensor product has an indudinearization
given by the tensor product of the two actions. As the cenit& acts
trivially on the tensor product, we have an actiontbbn the sheaf. A
central result about Picard sheaves on abelian varieties is

Proposition 3 (Seel[3]) We have an H-isomorphism
S (VN ) > FXA) @ A

where the H-action on ¢*. 4" (¥ {_4}) is the tautological one which de-
termines ¥{.4"} by descent theory.

From now on, we will assume that the ground fikld the complex
numbersC. In this case, all the group schemes are reduced. The invert-
ible sheaf.#” (or any invertible sheaf, for that matter) on our abelian
variety X possesses an almost canonical Hermitian metric by a refsult o
Mumford’s [6]. This metric is determined upto a positive Ireaultiple
by the condition that its curvature is an invarianfeliential form on the
abelian groupX. The groupG possesses a maximal compact subgroup
K which is an extension dfl by {c € G| |c| = 1}. In fact,K consists of
elements ol where the isomorphisma is an isometry. Also this metric
globally induces a Hermitian inner product on the vectorcspgJ. /")
which is invariant undeK. Here one uses an invariant normalized Haar
measure: on X and defines

(@.B) = /x (e B

Returning to our shedf(J.#) ® .#®! we may give this sheaf
a metric by taking the tensor product of the oneldd .#") with the

223 dual metric on#®~1 for a given choice of a Mumford type metric on
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A. The metric is immediately seen to be independent of thelaste
and to be invariant under the actiontéfonI'(J, .4 ®c 4 ®~1. Using
Propositiori B and descent theory, we may descent this ntetget one
on the quotient/{.#"}. Thus we have

Proposition 4. The Picard sheaf 7'{.4"} possesses a canonical Hermi-
tian metric which pulls back via ¢_, to the one given above.

Returning to the curve case, we have

Corollary. If n > 2, the Picard sheaf #q possesses a canonical Her-
mitian metric.

Proof. By Propositior 2, we may use the restrictioffy, -— #;q to
give a quotient metric from the canonical metricgh Q.E.D. O

Remark. One may check that the Chern forms (elementary invariants
of the curvature) of the Hermitian she&f_ 4"} are invariant dierential
forms. This follows immediately after pulling back g, . One may
ask for a computation of the Chern forms of the Picard shaigs
Their cohomology class is well-known.
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Bundles orP? with a Quaternionic Structure

By M.-A. Knus

I ntroduction

225

In this paper, we give a survey of some recent results on 2lesrover
Pé, which have a quaternionic structure. These bundles wedicst in
[7] in connection with projective ideals of the polynomiahg in two
variables over the real quaternioHs

We present some of the main results [of [7] in a slightlffedent
form and give a few generalizations. In particular we coraghe Chern
classes of bundles arising from an explicit family of ideal&[ x, y] and
we indicate how to calculate the curves of jump lines for safrthem.
Finally, we mention connections with bundles over quadad over
P3.

We do not mention any related results for bundles of highek ra
(seel[6], [10],12] and report of Parimala at this Confeenc

Most of the results described here were obtained by M. Ojaamyu 226
R. Parimala, R. Sridharan and the author, mostly as joink\{iormany
different combinations), but the author is responsible foriplessrrors
in the presentation of the results given here.
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with them in connection with this work.
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1 Quaternion algebrasand quadratic bundles

11

Let X be a scheme ov& and let>Z be a sheaf of algebras ov€mwhich
is a locally free&x-module of rank 4 and such that the fiber at each
real closed point is isomorphic to the real quaternion @ivisalgebra
H. We call such a sheaf of algebragjaaternion algebraover X. Any
guaternion algebra7z’ has a quadratic structure given by tleeluced
norm n We recall that ayjuadratic spacdor aquadratic bundlg over
a K-schemeX, (K any field of characteristie: 2) is a vector bundl&’
over X with a symmetric bilinear fornb : & ®4, & — Ox which is
nonsingular, i.e. which induces an isomorphigm- &*. Composing
with the diagonall’ — & ®¢, &, we get the quadratic formassociated
with b. We denote a quadratic bundle Wy, §) or simplyq.

12

Let & be a locally free sheaf of rank 4 over which is a right.77-
module, 77 a quaternion algebra ovet. The restriction ofZ to any
affine open sety = SpecA is a separablé-algebraH. Hence any pro-
jective A-module, which is also akl-module, projective akl-module.

227 Thus & is locally free of rank one as aw’-module (for the Zariski
topology of X). We denote the category of suct’-modules& by
P(s#) and call them simply#’-modules of rank one.

1.3

Let sZ be a quaternion algebra ovEr We say that a quadratic space
(E, g) overXis of types7 if

(@) & e P(2)

(b) gom=q® Oxn, wherem: & @4, 7# — & defines the operation
of 2 on & andnis the norm of77.
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Let X = SpecA. Then a quadratic space overs a pair E, q), where
P is a finitely generated projectivd-module andy : P —» Alis a non-
singular quadratic form. Condition (a) means tRas a projective right
H-module of rank one for a quaternion algelbtaover A and condition
(b) means thati(xh) = q(x)n(h), x € P, h € H.

14

Let X be anR-scheme, let7Z be a quaternion algebra ov&rand let

(E, g) be a quadratic bundle ov&rof type.7#. Thenqis locally similar

to the normn of »#. Hence we see that at the fiber of any real closed
point of X, the quadratic fornq is definite. We say that a quadratic
bundle ispositive definitef the fiber at any real closed point is positive
definite. In the following, we always assume that a quadiatindle of
type 27 is positive definite. This is not a serious restriction sigaar

—q is positive definite ifX is connected.

Proposition 1.5. Let.»# be a quaternion algebra over a real schemzzs
X and let& € P(2). Then there exists a universal quadratic map
g: & — A (in the category of coherent sheaves over X) satisfying
property (b) of[[1.B). The shea#z is invertible and the pai(q, . #z) is
uniquely determined up to isomorphisms [byl(&=B8)the condition im

b = 4%, where b is the symmetric bilinear map associated with g.

Proof. If X is dfine, we constructf in the standard way by genera-
tors and relations. In order to provéy is an invertible sheaf, we may
assume by localization th&t ~ JZ. In this case the pain(x), where
nis the norm ofs7, is universal. Thus#,, ~ O is invertible. The
construction clearly globalizes for any real scheme. O

We call the quadratic mag: & — 4 thenormof &. The follow-
ing results are consequences of the universal propertyof

Corollary 1.6. Let (£,q) be a quadratic bundle of typgZ over X.
Then we havety ~ Ox. Conversely, it5 € P(J7) is such that 4z ~
Ox, then& is of typesZ for some quadratic structure g. The form



176 M.-A. Knus

g is uniquely determined up to a multiplee H°(X,Gn) (and up to
isometries).

229 Corollary 1.7. Assume that H{X,Gn) = RX. Let(&,q) and (&7, )
be two positive definite quadratic bundles of typé If £ and & are
isomorphic as7’-modules, they are isometric as quadratic spaces.

Proposition 1.8. Let X be a real scheme such that(, ©x) = R and
let (£, Q) be a positive definite quadratic bundle of typ& over X. If
& + I, then H(X &) =0.

Proof. Let s € H°(X, &), thenq(s) € H°(X, O) is a constanfl € R.
Sinceq is positive definited is positive ifs # 0. The sectiorsdefines a
homomorphisms# — & which is an isometry ift # 0. Thus& =~ 57
if £ has a nontrivial global section. ]

The next result is again a consequence of the universal giyope
Ne.

Lemma 1.9. Let X be a real scheme, lef be an invertible sheaf on X
and let& e P(7) for some quaternion algebra#” over X. Then we
have /s ®g, 7 = Np ®py S2.

2 Bundlesover projective spaces

21

Let X = Py be the real projective-space, let# be a quaternion algebra
over X and let& € P(7#). In view of (1.B), we havety ~ &(n) for
somen € Z. We claim thatn is even. By[(1.B), we are reduced to
the casesr = 0 andn = 1. For any real fiine n-spaceU c X, the
restriction. 4y is free, henc&’|y carries a quadratic form of typ&”|y .

As noticed in[(T.4) we may assume that the form is positiveniefi But

230 if n = 1, the form would change sings for a real closed point of some

real dfinen-spaceU.
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Proposition 2.2. Let.7# be a quaternion algebra ovét} and leté e
P(s7). Then, for some m Z, &(m) carries a quadratic form q of type
27 which is positive definite. The form q is unique up to isometry

Proof. The existence ofy follows from (2.1). Letq andq be two
quadratic structures o# of type »# and which are positive definite.
By (LB) we havel € R such thaty = Ag. Since both forms are
positive definite is positive and the forms are isometric. O

Remark 2.3. The uniqueness part ¢f (2.2) follows more generally from
the fact that a vector bunder over a real projective schemesat most
one positive-definite quadratic structure (sge [6]).

24

We call the bundl&’(m) of (2.2) thenormalizationof & and we say that
& € P(7) is normalizedif it carries a quadratic structure of typ#’ .

25

Let 773 be the constant sheBf®r &’x of quaternion algebras over a real
schemeX. Let & be a locally freesp-module. The embedding — H
induces a complex structure @h Hence we can associate witha
complex bundle oveXc = X Xspece SpecC. We denote this bundle by
Se.

Proposition 2.6. Let X = P} and let& € P(7) such that&'(m) .54
for all m € Z. Thené; is a stable 2-bundle overy.

Proof. We may assume bj/(2.2) thétis a quadratic bundle of typefg. 231
In view of (.8), we haveH (PR, &) = 0. Further,c; (&) = 0, since&
is a quadratic bundle. Thu is stable. O

Proposition 2.7. Let & be a quadratic bundle of typgzy. Then the
restriction ofé& to any real line L is trivial.

Proof. The restriction of to L gives an anisotropic bundle oviet and
the claim follows by a result of Scharlau [14]. O
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2.8

Leto : P2 — PZ be the usual real structure Bf, given by complex
conjugation of the variables. For adye P(7%), the multiplication by

j € H induces an isomorphisii, — o = &, also denoted by, such
thato = j o j = —1. Conversely, any isomorphisin- % — o % %,
# a 2-bundle ovePg, such tahtr = j o j = -1 defines the structure
of an J%-module of rank one ot considered as a 4-bundle ov&}.

If nis odd, therP{ has another real structure, without real points. A
stable 2-bundles over P2 with a quaternionic structurg with respect
to the nonstandard real structure]Rg, such thatcy (&) = 0 andé& is
trivial over real lins is an instanton bundle. O\, there is only one
real structure, the usual one. Thus, quadratic bundlespef.#p are in
some sense instantons owgr.

29

Let M(0, k) be the moduli space of stable 2-bundles dkewith c; = 0
andc, = k. By results of Barth[[1]M(0, K) is an irreducible complex
variety of dimension ¥ — 3. Instantons correspond to real points of
M(0, k) for the real structure o (0, k) induced functorially by the real
structure oﬂPé Thus, this set is a real open smooth manifold of real
dimension & — 3. Thus, the moduli space of quadratic bundles of type
% overPZ is a manifold of dimensionki— 3. An explicit description

of this manifold is given in sectidn 9 fdc= 2.

3 Extensionsof isometries

31

Let K be a field of characteristig 2 and letX be aK-scheme. We say
that a quadratic bundl& q) is anisotropicif its restriction to any fiine
open set is anisotropic. X = SpecA, then a quadratic space over
is called anisotropic ifi(x) = O impliesx = 0, x € P. The property
of anisotropicity is birational. IK = R, Xz is connected anX(R) not
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empty, then positive definite quadratic bundles are ampatr

Proposition 3.2. Let X be an irreducible noetherian scheme over K
and let Y be the closed subscheme defined by a sheaf of locally p
cipal ideals. Let(&,q), (£’,q) be quadratic spaces over X with an
isometryp : (&£,0) — (&7,q) defined over X- Y. If (£&,q) and (&7, ()
are anisotropic over Y, thep can be extended to a unigue isometry
(€,9) — (&7,q) over X.

Proof. In view of the asserted uniqueness, the question is locat.on
Thus, we may assume th4tis affine and the claim follows by proposi-
tion (1.1) of []. O

Example 3.3. Let X = Py and letU c X be a real fine subspace of
dimensiom, i.e.,U = P§ - V(L), whereV/(L) is a real hyperplane i& .
Let (&,0), (6’,q) be positive definite quadratic bundles o#&r. They
are positive definite ovev (L), hence anisotropic. Thus, any isometry
¢:(&,9) — (&',q) overU extends to a unique isometry ove}.

34
233

Let & and&” be.# modules of rank one ovéx, for .2 some quater-
nion algebra ovePy. LetU as in [3.3B) and lep : & — &” be an iso-
morphism of > modules ovet). By (1.8) £’|U and&”|y are quadratic
spaces of type|y and by [I.V)e is an isometry&|y — &’|y. In
view of (3.3)¢ extends to an isometry of the normalizatiefign), resp.
&'(m) of & and&”. This isometry is an isomorphism o#’-modules.
Thus, we see that if|y — &’y then&(K) — &’ for somek € Z.

4 Bundlesover the affine and the projective plane

4.1

Let P2 be the real projective plane with coordinatég Xp, X3 and let
AZ c P2 be the #ine planeP2 — V(X3), with affine coordinatex =
X1/X3,¥ = X2/ X3. We use the notatioA = R[x,y] andH = H®g A. Let
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P be a finitely generated projective (right)-module of rankn. Since
the ringH(X)[y] = Her R(X)[Y]. is a P.1.D., the modul® becomes a free
module ovelH(X)[y]. Thus, there is a monic polynomidle R[x] such
thatPeaA[1/f] = H"®aA[1/ f]. Let fx, be theXs-homogenization of
preserving the degree 6f We extendP to U = D(X3)U(D(X1)ND(fx,))
by taking the freeH-moduleH" over D(X;) N D(fx,) and glueing with
an isomorphisnP ®a A[1/f] =~ H" ®a A[1/f] over D(X3) N D(X1) N
D(fx,) = SpedR[x,y, x 1, f~1]. We thus have an extensidpof P to
U = PZ - (0,1,0). The direct imagé = P of P overP2 is a coherent
sheaf and by [2, p. 110] is reflextive. Since a finitely geretaeflexive
module over a regular local ring of dimension two is free,gheafi = P
is locally free. Thus we have a bundfe= i » P which extends to P2.

Theorem 4.2. Let .74 be the constant sheaf of quaternion algebras over
P2. LetAZ c P2 be any real #ine plane contained i®2. Then the
embedding i A2 — PZ induces a one-to-one correspondence between
isomorphism classes of normalize¢h-bundles of rank one ové®? and
isomorphism classes of projective H-modules of rank onerevhl =
Ho(V).

Proof. By a linear change of coordinates, we may assume Akat=

P2 — V(X3). Then the construction described [n{4.3) shows that any
projective H-module is the restriction of somgg-module. The claim
now follows from [3.4). m|

Remark 4.3. A projective H[x,y]-module P gives a module over an
affine planeAZ. Its extension t@® will in general depend on the par-
ticular choice of the embedding® — P?. Fixing the embedding as
A? = P?2 - V(X3), we denote bys'(P) the normalized bundle which
extends the projectivE[x, y]-moduleP of rank one.

4.4 The examplesof Ojanguren-Sridharan

A construction of nonfree projectiv@[ x, y]-modules of rank ond) any
division ring, was described in][9]. F& = H, the construction runs as
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follows: Let f, g € R[x,y] and lety : H[x,y]?> — H[x,y] be theH][x, y]-
linear map given by((1,0)) = f +i and¢((0,1)) = g+ j. Then the
seguence

0-Prg—H2 S H-0

with Ptg = kerg andH = H[x,y] is exact and splits. Thugyg is a
projectiveH-module of rank one. It is shown in [13] by explicit compu-
tations that the moduleB, y» are mutually nonisomorphic. In contrasiss
projectiveH][ x, y]-modules of rank> 1 are free (seé [5] or for more gen-
eral results[[15]). Thus, we can identify projectiifigx, y]-modules or
rank one with projective ideals &[x, y].

4.5

The correspondence given Hy (4.2) has application in batctions.

In one direction, we deduce results about projectiy®, y]-modules of
rank one from results about stable bundles d@ferin the other, known
examples of projectivél] x, y]-modules give examples of bundles over
P2. A first application is to define the second Chern class of peptioe
H[ x, y]-module P of rank one as the second Chern class of the com-
plex 2-bundle€'(P).. With this definition, we deduce froni (2.9) that
the moduli space of projectivE][x, y]-modules of rank one with fixed
second Chern cladsis a real manifold of dimensionk4- 3. Another
application is to define the curé&(P) of jump lines ofP as the curve of
jump lines of&(P)c.

Since the restriction o0& (P). to any real line is trivial, the curve
C(P) does not have any real closed points. Thus its degree must be
even. Since, by a result of Barth [11], the degree of the cofjjamp
lines is the second Chern class, we see that the second Gassot a
projectiveH][ x, y]-module of rank one is even. This integer is computed
for some examples in secti@h 7 of this paper.
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5 Galois cohomology

51
Lety : C®r H — M,(C) be the fixed isomorphism d-algebras

s® (U+Vj) — s( u_ Y) u, ve C.
-V U
LetR=R[x Y], C = Co®r RandH = H®r R. For any (right) projective
ideal P of H, o(C®g P) is a projective ideal oM»(C) of rank one, hence
free. We choosg € M,(C) such that

¢(C®r P) =y - M2(C). (5.2)

Lett®1 : C® H — C ®g H the conjugation map o€ and let
o =g¢ot®loytits transport onM,(C) throughe. The element
o(y) is also a generator @f(C ®g P) and we haver(y)a = vy for some
@ € GLy(C). The elementr satisfies the idenity-(a) = a7, i.e.,cis a
1-cocycle.Two 1-cocyclesr andg are cohomologous if(v)a = Bv for
somev € GL,(C). They correspond to isomorphic ideals.

5.2

It follows from (@) = o~ ! that detr = deta—L. Thus, by Hilbert 90,
there isp € C such that det = pp 1. Replacingr by the cohomologous

cocycle
p O 1 0
(696 )

we may assume that det= 1. We call such a cocycleormalized An
explicit computation shows that

ab d -t
U(c d):<—6 a)’ ab,cdeC.

Thus, if detr = 1, the cocycle conditionr(a) = o~ reduces to the
conditiona! = «, that isa is a 2x 2-hermitian matrix.
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Example5.3. Let Pt g, f, g € R[x Y], be a projective ideal dfl[x,y] as
constructed in(413). A generatgg g for ¢(C®r Pt g) was computed by
Parimala in[[11] and [13] (see also the computation_in [4]):

_( 1+ g(f-i)
7T g1+ G(f-i)-2i

The corresponding hermitianx22-matrix is

B 1+ fogt -fg(1+¢? +ig(1l + f2¢?)
Y97\ —fg(l+?) - ig(L + f2¢?) 4+ @21+ ?)

We remark thay s, g with f; = f mod ©° + 1) inR[x, Y], is also a gener-
ator of pC®g Pt g). This allows us sometimes to simplify computations.

54

Let @ € GLy(C[x,y]) be a hermitian matrix. We identifZ[x,y] with
R[x, y]?2 asR[x, y]-module and define a quadratic fogron R[x, y]* =
C[x.y]* by

q©) = Fag, &= @) e C[x y]2.

If @ = a+ibisthe decomposition @& into real and imaginary parts, the3s
form q is given by the real symmetric ¥ 4-matrixS = (g g) Thus,
the matrixS defines a quadratic bundle of rank 4 oves.

5.5

Let P be a projective ideal df[x, y] and leta be a normalized cocycle
corresponding td®. By Galois descent we havygP) ~ {ynlo(yn) =
vn,n € M(C)}. y is a generator ofp(C ®g P) such thato(o)a = y.
Thuse(P) =~ {yn | o(n) = an} andP is isomorphic taQ = {n € My(C) |
o(n) = an}, whereH[x, y] acts onQ (as a right module) througp. Let

f(7) =7'an, neQ.
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We havef () = 7'o(n) = detf) = detf) since det) = deto(n)) =
det(n) = detf;). From this, it is easy to check thétis a quadratic form
of typeH[x,y] on Q. Thus, we know by[(1]6) that the quadratic form on
R[x, y]* given by a normalized cocycle of P is isometric to the norm
of P.

6 Transition maps

6.1

Let X1, X2, X3 be the variables df2 and letuU; = P? be the covering
given byU; = D(X;)) = SpedR, whereR, = R[Xz, Xi, Xo/Xi, X3/X]

is a polynomial ring in two variables ové&. Further, we introduce
the notationdH; = H®g R andC; = C ® R,. For any modules’ of
rank one over the constant sheif of quaternion algebras oveg, the
restriction of& to U; defines a projectivél;-module of rank one which
is isomorphic to an ided®; of H;. Let, as in[(5.R)y; be a generator for
¢(C ®r Pj) in M2(C;j). Restricting toJ; N Uj, we can choose the image
of yj ory; as generator. Thus we have

yj =vitij, tij € GL2(Cjj) (6.2)

whereU;NU; = SpedRjj andCj; = C®r Rj. The family{t;;} is a family

of transition maps for a complex 2-bund; overPZ. We claim that
F =~ &(L) for somef € Z. For this we may first assume that theare
such that the corresponding 1-cocylgsare hermitian 2x 2-matrices
with determinant one. Further, we may assume that the giaftvams

g associated with the as in [5.4) are positive definite. We deduce from
(6.2) and the relationr(y;)a; = y; that

det@aj = tﬁtaitij
Since they; are positive definite, we have dgf) = 13 € R} asin [21)

and
aj = U_ijta’iuij (6.3)
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with ujj = tjj - . Theu;; are transition maps of a bundi&(n). The
relations[(6.B) show that this bundle is a quadratic bundlle quadratic
form g, on U;. Sinceq; is of type 7% on U;, we see thaE(n) is of type
% onPZ. The bundles(m) also is of types# for somem € Z (see
(2.2)). Since the restrictions of the quadratic bund ) and & (m)
to U; are isometric, we conclude by (8.4) thét ~ &(¢) for somef as
claimed.

Remark 6.4. Assume that the bundi§ in (€.1) is normalised. Thef 240
is isomorphic to the bundle” (n) with the transition maps;j. The re-
lations [6.8) show that the quadratic structureSdior .#(n)) is induced

by ahermitian structureon &; with respect to the real structure }Bé
Such a structure (which is calledhermitianin [6], [[7] or [10]) is given

on a complex bundl¢/ by an isomorphisny : ¥4 — ¢*%* such that
(")t = . It can be shown, that for any real schedgthe quadratic
structure of a bundl&’ of type 77 is induced by a hermitian structure
on &.

Example 6.5. Let Pyy be the projective ideal ofi[x,y] given by the
Ojanguren-Sridharan construction for= x andg = y and let&yy, =

& (Pyy) be the normalized extension &%y to P2 given by [4.2) (for
the identificationA2 = PZ — V(X3)). The restriction o6y to Uz has
Y3 = yxy (see[5.B) as generator, whexe= X1/X3 andy = Xp/Xs.

Generators for the restrictior§ and&> on U; andU, were computed
in [4]: we have

-y1-y?) Y +iz2-¥)
where y= X2 and z= %
1

B <2y2 —iz(y?+1) -3yz-iy(2- zz))
Y11=

—ixz —X + iz
z(l +ix2) —i(Z+2)+zx

X3
here x=— and z= —.
w X = Xz z %,
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7 Chern Classes

Proposition 7.1. Let &)y be as in [6.4). We have @yy) = 0 and

Proof. Let Ei = &y,lu; and lety; be the generator d&; given in (6.5).
Let .7 be the complex 2-bundle given by the transition mgpsatis-
fying y; ~ yitij. We havecy(#) = -2, thuséyy ~ .#(1). Writing the
2 x 2-matrixy; as( ), we check that

o(2)-(DGE)

Thus (% &) is a global section o = .7 (2). The zeros of this section are
(1,0,0) and (1+1,i) with multiplicity one. Thus we havex(¥) = 3.

It follows from the formulacy(4(m)) = c(¥) + mc(¥4) + n?, that
C2(Sxy) = C2(49(-1)) =3-2+1 =2 as claimed. O

Theorem 7.2. Let f, ge R[x, Y] be algebraically independent. Then we
have g(&tg) = 2-[C(xy) : C(f. g)].

Proof. Let f’(x,y) = f(Xx+V,Yy), g (xy) = g(X+VY',y). It can be shown
that (6% ) = C2(Stg). Thus, by choosing big enough, we may
assume thaf andg have as terms of higher degree monomjdland
y™. Assume thah > m.

Let x = X3/X3, Y = X2/ X3 and letF, resp.G be theX3-homogeni-
zation of f, resp.g. We define a rational may : P2 — P2 which
extends the map : A2 — AZ given byx — f,y — gby ¥(X;) = F,
P(X2) = GXI™™, W(X3) = X3. The map¥ is not defined at (10, 0). By
a sequence of blow-ups at real closed points we construcaduten

of \¥:
Y
P ——— P
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SincePs g = ¢*Pyy, We haver* &t g ~ ¢ &y outside of
Z=7({(LO.0)CY.

The se is a set of real lines. Thereforést g andg™ &y are anisotropic
overZ. In view of (3.2), the two bundles*&; 4 and ¢*&y are iso-
morphic overY. Thus we havecy(étg) = Ca(n"Etg) = Ca(d*Exy).
dege = 2. [C(x,Y) : C(f,0)]. O

8 Curvesof jJump lines

8.1

Let & be a stable 2-bundle ov@é with c1(&£) = 0 and letC(&) be the
curve of jump lines of5’. By [1] we know that the degree @(¢&) is
equal tocy(&£). We compute the equation of the curve of jump lines f
the following classes of bundle% g:

(1) g=y

(2) f € R[xy] is monic and has degraeas a polynomial irx. By
the last remark of (513) we may assume thad linear iny.

By (Z.2), we know that the degree G g = C(&tg) is 2n.

8.2

Let E3 be the restriction off; 4 to Uz = D(X3). A generatorys for
C ®g Ej is given in [5.8) using ffine coordinatex = X;/X3 andy =
Xa/X3. We have depz = (X3 + X3)/X3. Let Vo = D(X2) N D(X2 + X3)
and letH, be the restriction of the constant she# to V,. Sinceys
invertible onUz NV, y3 induces an isomorphisBs|u,ny, — Halusnv,-
Thus we can extenH3 to a bundle# overU = Uz NV, by takingH»
on V> and glueing withps overUs N V. SinceP? — U = {(1,0,0)}, the
bundle.Z onU has a unique extension 3, also denoted by?. Since
Flus = &us,, the bundles# and& only differ by a twist oriP?. Hence
they have the same curves of jump lines.

or

243
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8.3

The equationX; = uX, + vX3, U, v € R gives a real lineL contained
in U = U3 UV, (see((8.R)). We compute the linkswhich are jump
lines for.#. Using dfine coordinatex = X;/X3 andy = X,/X3 and
substitutingx = uy + v in 3, we obtain a transition map

r—( 1+y*  y(fi-i) )

S\ +Y) Y(f-i)-2

for Z|LonUsNnLUUzNL, wherefi(y) = f(uy+v,y). SinceUsnNL =
SpedR[y] andV> N L = Spe®[y L, (1 + y2)~1], we see that we have
to diagonalizel", operating on the right ovék[y] and on the lest over
R[y L, (1 + y )7, to determine the type of7|,. In particular we can
reducef, modulo 1+ y? by column operations. Thus we may assume
that f; = A(u,v)y + B(u, V) is linear iny. By further row and column
operations we check that a pair, ¢) gives a jump line if and only if
A(U,v)? + B(u,v)?> + 1 = 0. Under the given hypothesis fd, this is
an equation of degreen2which by [7.2) is the degree of the curve of
jump lines. Thus we have thefme part of the curve. Homogenizing,
we obtain the full curve of jump lines.

Example 8.4. Let f = x, thenf; = uy+ v and the equation of the curve
of jump lines ofé&y is

UZ2+VZ2+W2=0.

9 Bundleswithc, =2andc, =4

9.1

Let .74 be the constant sheaf of quaternion algebras Byand let£ be

a normalised’7g-module of rank one witle,(&£) = 2. We know that the
curveC(&) of jump lines of& is a real conic without real points. Such
a conic is induced by the conic (8.4) through a real projectiransfor-
mationp € PGLg(R). By a result of Barth([1], 2-bundles ov&g with

¢; = 0 andc;, = 2 are isomorphic if and only if they have the same curve
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of jump lines. Thup*&xy and& are isomorphic as#-modules. Con-
versely, for any € PGL(R), p*&xy is a normalized’#p-module. Thus
the set of isomorphism classes.#f-modules of rank one with; = 0
andc, = 2 is in bijection with the orbit of the coni?/(U? + V2 + W?)
under the action of groupGLg(R). This gives an explicit description
of the 5-dimensional moduli space of these bundles (sep) (2.9

9.2

Let & be as in[(Q.[1) and lgt € PGL3(R) such thatp*&yy ~ &. By 245
modifying p by an element in the isotropy group ¥{U? + V2 + W?),

we may assume that fixes the line at infinityV(X3). Then we have
p*éxy = Erg With f = ax+by+c, g = ax+ b’y + ¢/, both linear.
The bundless g and&yy are isomorphic if and only i€ = ¢’ = 0 and

(2 2) belongs to the orthogonal group of the quadratic fg@}). By

a similar argument, we see that the one-to-one correspoadsstween
normalized.s%-modules of rank one ovet2 andPZ does not depend
on the embedding. — P? for bundles withc, = 2.

Example 9.3. As noticed by parimala, we can replagg by x in yyy
(seel(5.B)) and obtain a new matrix

, o 1+y? X— iy
7= <y<1+y2) y(x—iy)—Zi)

with corresponding 1-cocycle

o = 1+ x%y? —X(1+y?) +iy(1 + x3)
T\ x(@+y?) —iy(1 + X 4+ %2 +y?

This cocycle belongs to some projective idPadf H[ x, y] with reduced
norm given by the symmetric ¥4 4-matrix.

1+ X% —x(1+y? 0 y(1 + x?)
S - ~X1+Y?) 4+X%+V? —y(1+ X3 0
B 0 -y1+x) 1+xy —x1+y)

V(1 + X?) 0 —X(1+Y?) 4+x2+Vy?
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The matrixS gives the simplest known example of a nontrivial quadrati
bundle overa2. We claim thaS is isometric to the norm oRy,, or that

P~ Py,. Lety : A2 - AZ? be the quadratic transformation given by
X — Xy, Yy — Y. We havePyy = ¢*P. Sincey is a birational map,
C2(P) = c2(Pxy) = 2 and the curve of jump lines d¢? is a conic. By
computations as ifi.(8.3), we obtain ti&P) = V(U2 + V2 +W?). Thus

P ~ Pyy as claimed.

94

Let f € R[x,y] be monic and of degree 2 as polynomialrand let
g = y. As already noticed we may assume tfias linear iny. In view
of (Z.2) the curve of jump lines of; 4 has degree 4.

We obtain by[(8.8) anfine equation for the curve of jump lines of
the form

(U +v?? + p(u,v) =0

wherep is of degree 3. For examplé,= x* + a gives the equation
(W +V2)? +2a(l’> —V?) + (@% + 1) = 0.

247  These curves which have the two cyclic points., #i10) as double
points, are calledbicircular quartics Since a quartic with two double
points depends on 12 parameters, we see that it is impossiblatain
all bundles& with ¢ = 0 andc, = 4 which ares#-modules of rank
one, as translates of sordgy, f quadratic inx, for the action of the
groupPGLs(R).

10 Bundlesover aquadric and extensionsto P3

10.1

Another way to extend the projectivig] x, y]-module Pyy to a bundle
overPZ is to homogenize the sequericel4.3: Weldut H[X;, Xo, X3]
and define a map : H2 — H by ¢((1,0)) = X; + iXz and((0,1)) =
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X2+ jX3. The kernal of the map is a graded module ov&{ Xy, Xo, X3]
and the associated sheaf o¥ris a bundle which extendgy.

This suggests the following construction of a bundle d/ex Pi:
We putH = H[X3, X», U1, U5] and definep : H2 — H by ¢((1,0)) =
X1 + iX2, ¢((0,1)) = Uy + jU,. The kernel defines a bundi€ over
P x PL. Assuming thats is normalized, we havey(&) = 2, and the
jump lines of & are the four linesx? + X3 = 0, U + U3 = 0. Let
Q c P2 be the image of’ x P! by the Segre embedding. It follows by
results of Le Potiel [8] thaf” as a bundle ove is the restriction of two
instanton bundles ové?. We can embeit! x P! into P2 in such a way
that the nonstandard real structureRgninduces the usual real structure
onPxPL Thus the restriction of an instanton bundle dggtto P x p?
is a normalised#-bundle of rank one over® x P1. By a result of Le
potier mentioned above, any normalize¢-bundle overP! x P! with
C, = 2 is such a restriction. It would be interesting to know ikts true 248
for higher values o€;.

10.2

Similarly, one can consider the bundles oPéwhich are restrictions of
instanton bundles ovéX. By results of Donaldson [3], these are stable
bundles which are trivial on the line at infinity. Hengé&-modules of
rank one oveiP? are such restrictions, since they are trivial over any
real line. But there isa priori, no relation between the quaternionic
structures on the bundles ovef and overP3. Letr : A2 — A2 be
the projection given byxy,2) — (x,y). As communicated to us by
Parimala, nontrivialz-modules of rank one ovek3 of the formz*P,

P an.#-module overA2, cannot be extended &#-modules tdP3.
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On Projective Modules Over Positively
Graded Rings

By H. Lindel

I ntroduction
251

Let A be a noetherian ring of finite Krull dimension di&)(= d. A
fundamental result of Serre says that every projecéiv@odule P of
r = rank(P) > d has a unimodular elemem i.e., an elemenp such
that P splits into a direct sunP = Q @ Ap. This reduces the study
of the structure of projective modules over finite dimenalomoethe-
rian rings to the casé d. The maximalr € |N such that there ex-
ists a projectiveA-module without unimodular elements is called the
Serre dimensiorserre-dimf) of A. In 1979, Plumstead showed that,
for a polynomial ringR = A[T] in one indeterminatel’, that Seree-
dim (A[T]) < dim(A), thus settling a question of Eisenbud and Evans
[[7D. In 1981, Bhatwadekar and Roy generalized Plumsteagsult
by proving that Serre-dimA(T4, ..., Tp]) < dim(A) ([4, Theorem 3.1],
and Theoreni_2]4 below). Recently, this result was extendddat-
rent polynomial ringsR = A[Ty,..., Ty, UfL, ..., UEl] establishing a
positive answer to a question of Bass and Murthy ([3, Theofeti,
and [2, § 9]). To look for further cases of ring extensidtsf A with
Serre-dim R) < dim(A) it seems to be sensible to consider rifgyhat 252
are birationally equivalent to a polynomial ridgT4, ..., Ty]. If, in this
casen = 1, we know by a result of Rao ([9, Theorem 1.1]) that indeed
Serre-dim R) < dim(A).

In studying the structure of projective modules, it can befuisto
consider projective modules over positively graded ririgd tve write

195
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in the usual formR = _E%R,- (See, for example, the use of Criteribn
>

in [3]]). The purpose olf_this paper is to give an elementaryr@ggh to

some basic theorems on projective modules over such ringsgive

some applications, but the approach itself is the main point

In 81, we generalise Quillen’s patching theorem ([8, Theoid)
from polynomial rings to positively graded rings (cf. Theo1.3):

Let M be a finitely presented module over a positively gradeg r
R= _Q%Ri, A = Ry. Then the set(@®, M) of all u € A, for which M, is

>
extended from Ais an ideal in A.

In the case of a projectiv®l or a flat extensiorR/A, Murthy has
observed ([6, Theorem 3.6]) that Quillen’s technique agsplOur proof
is based on the crucial Matrix-Lemnja 1.1 and does not depend o
Quillen’s techniques. In particular, we need no flatnesgragsion. The
above result was obtained independently by Artamonow.([1])

As a first application, we derive a lovely result of Vorst ([Ttheo-
rem 3.2], and Theorem 1.5 below).

Let A be a noetherian ring such that all projectivéTA, ..., Tn]-
modules are extended from A. Then every projective modeledis-
crete Hodge A-algebras is extended from A.

In 8[2, we apply our matrix lemma to obtain in correspondenite w
Criterion lin [3] (cf. (2.1)).

Let P be a projective module over a positively graded ring=R

_G% R,. Assume there exists an elememt B, whose canonical images in
>
Itﬁe localizations P.r and P, (A, R), A = Ry, are unimodular. Then P
has a unimodular element p with-pg € R*P, R" = @l R.
>

As a first application, we deduce the results olf_PIumsteachhmi-
wadekafRoy on the Serre dimension of polynomial rings (cf. (2.4)).

If dim(R) > dim(A)+1 andRis an dfine algebra over a field, then in
the situation of Theorefm 4.1 it fices to know that the canonical image
O1+Jr Of g in P1y 3R, J = J(A, P), is unimodular (cf. (2.5)).

In 8[2, we apply our results to projective modules over “Segten-
sions” of a fieldk, i.e., to ak-algebraSmn = K[Xjj], 1 <i<m,1<j<n
with Xijxs — Xisxj = 0, 1<i <m, 1< j <n. We obtain the following
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results (Theore 2.7 and TheorEml 2.8)

(1) Every stably free grmodule P of ranKP) > 1 + min{fm,n}, is 254
free.

(2) If k is infinite, then every projective,g-module P ofrank(P) >
1+ min{m, n} contains a unimodular element.

We have not made serious attempts to remove the additionaings
tion onk in the assertion 2. It remains an open question, whether all
projectiveSyr-modules are free or at least stably free.
The Segre extensions can also be writteBgas= A[mTo, ..., mTy]
m
whereA = K[ X, ..., Xm] andm is the canonical maximal idedl" AX;
i=1
of A, T, ..., Ty indeterminates. If, in particulan = 2, S, appears as
the blowing up ofAin m, i.e. as the Rees rin§p = @m = A[mT].

Assume, more generally thatis a regular ring and Ie:t be aprime ideal

in A such thatA/p is regular. We are interested in an example where
projective A[T]-modules and projectivéd/p[T]-modules are extended
from A but projectiveA[pT]-modules are not extended frofm
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1 Thebasic matrix lemma and the graded patch-
ing theorem

Let M be a module over a rinB and letA be a subring oR. M is called
extended from Aff there exists arA-moduleN with M = R®a N. If

R = @R is a positively graded ring witlh = Ry thenN = M/R*M.
i~0
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In terms of relation modules, extendability can be exprssesaying
that M = R"/RK, whereK is a submodule ofA" and RK is the R-
module generated by the vectorskrconsidered as vectors R'. This

is a consequence of right exactness of the tensor produchceHd

is extended fromA if and only if it can be presented by a matrix with
codficients inA.

Now assume that there exist comaximal elementsu, € A such
that M = M,, is extended fronA = A, i = 1,2. Itis easy to see that
there exist two submodulds;, N, of M with the following properties:
(1) M = Np+ Nz, 2) M; = (Ni)i = (Ni)y, 1 = 1,2 (3)N; has a relation
module . c R such that R, R = Ry, is generated by vectors with
components in the canonical image of A in A= 1,2. The epimor-
phismsRS — N; with kernelL; give rise to a presentation ®f of the

formR" 5 Rt @ R% - M — 0, wherej(R™) is the fiber product oR*
andR% over M with respect to the compositions Bf — N; and the
natural inclusiolN; — M, i = 1, 2. It follows from (2) thatlM c N;
for a suitabld € N, i = 1,2, and (1) allows to assume thjis given by
a matrixD of the form

Vo | O
UI1E By . .
D= , E andE’ unit matrics.
B, UIZE’
0|V
The submatrice¥,; presentN;, i = 1, 2. They can be chosen in the form

\Y L .
V= él , Where the canonical image ¥f in Mat(A;) presentsi;);,

pd]
i = 1,2. This implies that, oveRy, the row vectors oD are generated
by the row vectors of
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and that, oveRy, they are generated by those of

Sinceu; andu, are comaximal, we see that ihthe matriced/; can be
replaced by|, i = 1,2. Therefore, we may assume that the matri¢es
themselves have cficients inA. Notice that there existstae N such
that u'(uy ULE” — B,B,) is a right multiple ofV; andu'(Uu,E — B,B,) 257
is a right multiple ofV,. To fix terminology, let us call a matrilo of

the described forrfibred (over A with respect toy up). We are going

to show that every fibred matrix over a positively graded i P R,
i>0
is equivalent to its “constant term”, where “equivalencedans that we

need only elementary transformations.
Let us first fix some notation concerning positively gradetsi

R=@R. Asusual, we seR" = @R and call ar € R homogenous
i>0 i>0
of degred. If r = Y rj, thenrg is the constant term of In correspon-
i>0
dence with the decomposition & into a direct sum of homogenous
components};, we have a decomposition of matricBss Mat(R) into

a sumB = Z B, B, € Mat(R;), which is canonically induced by the
decomposmon of the cdigcients. Everya € Ry induces aRy-algebra
homomorphismh, : R - Rwith hy [ o1 ) =3 ar;. If D is a matrix

i=0 i=0
overR, thenh, - D(0) denotes the constant termDf

The next lemma is the crucial observation in our approach.

Lemmall LetR= @ R; be a positively graded ring and let D be a
matrix with cogiaents |n R of the form

uE | B

B B |

0|V

lw)
1
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where_Eis a unit matrix,_Vhas cogicients in B, and ue Ry. Assume 258
that LI(u' Bz — B»B1) = GV, G a matrix, t a natural number. Then, for
alln > t+1landall a, ce Ry, the matrices (D) and hy, (D) are
equivalent.

Proof. We extendR to a polynomial ringR" = R[T], T an indetermi-
nateR’ can be considered as a positively graded ring with homogeneo
componentR = R[T], i > 0. TheRp-algebra homomorphismis,,

a € Ry, extend canonically t&;-algebra homomorphisms &. Set

h = ha.cn. The matrixhy(D) is equivalent to a matrix

uE | h(By)
Do = h(By) | C
O Vv

whereC is a submatrix, whose relations wikiiB;) andV will now be
described. There exist matricesL’ with

(E\Q)( uE \M&))(E\L)_( uE h(ﬁl))
LIE )\ haB) |ha(Bs) J\O|E/) \h(B)| C

E’ a unit matrix. A simple calculation leads to

U'C — h(B,)h(By) — u'ha(B3) — ha(B2)ha(By)
and hence to
U (C - ha(B3)) = h(Bo)h(By) — ha(Bx)ha(By).

Sinceh(r) — ha(r) € RT for all r € R, we obtain thaC — h,(B3) and
h(B3) — ha(Bg) are divisible byT. HenceC — h(B;) is divisible by T and
we haveC — h(B3) = HT, H a matrix. We have

u'(U'C - h(Bo)h(By)) = u'(U'ha(Bs) — ha(B2)ha(B1)) = ha(G)V.

Applying hto
Ut(UIE?, - B,B;) =GV
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we obtain
u'(u'h(Bs) — h(Bo)h(B,) = h(G)V,

and hence 259
u*(C - h(B3)) = WyVo, Wy = ha(G) - h(G).

Because&€ —h(B3) = HT andV has coéicients inRy, T dividesW, and
we haveW, = WT for a matrixW. This impliesu™'H = WV. Now we
return fromR’ to R by the substitutionT — cu’,n >t +1, c € Ry, the
result of which we denote by a star™ We haveC*—h*(B;) = cU'H* =
SV, S = et 'W*h* = h,, 1. We obtain

uE h*(B,)
D= h*(B,) | h*(Bs) + SV
0 Vv

HenceD" it is equivalent toh*(D). Becausé,(D) is equivalent tdD,
with codficients inR, it is equivalent toDg, whence toh*(D). This
proves the assertion. O

In terms of modules, Lemnia.1 implies the following

Theorem 1.2. Let M be a finitely presented module over a positively

graded ring R= @ R. Assume that M= Rer M’, R = h,(R) for an
i>0

a € Ry and M a finitely presented Rmodule. If M, is extended from

(Ro)y for a u e Ry, then M is extended fromyh.n(R) for all c € A and

syficiently high ne N.

Proof. SinceM;, is extended fromHp),’ it can be presented by a matrix
of the formh,(D) whereD has the form as in Lemnial.1. By Lemmaso
.3, M can be presented by every mathx,cn(D), ¢ € Ry, n € N
suficiently high. O

Now it is easy to generalize Quillen’s patching theorem ([Beo-
rem 1]) from polynomial rings to positively graded rings.
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Theorem 1.3. Let M be a finitely presented module over a positively
graded ring R= @ R and let JA,M) be the setof all LE A, A= Ry

for which M, is extended from A Then JA, M) is an ideal in A. If, for
all maximal idealsm of A, the localizations M = Mayx are extended
from A,, then M is extended from A.

Proof. It suffices to show thaM is extended fronA, if there exist two
comaximal elements, v € J(A, M). If a = 1 it follows from (1.2) that
M is extended fronhy(R), a = 1 + dV", for all d € A and stficiently
highn € N. Sinceu andv are comaximalM can be presented by a
fibred matrixD with respect tor andu. Thenh,(D) is also fibred with
respect tov andu and it presentdvl by LemmalLll. Hencé is not
only extended fronhy(R) but also an extension of la,(R)-module M’
such thatM|, is extended fron®,. HenceM is extended frong,.cp(R)
for all c € A and stfficiently highn € N. Sinceu, v are comaximal, it
follows thatM is extended fromA = hy(R). O

14

The importance of Quillen’s patching theorem in case of gmamhial
261 ring R = A[T] comes from the possibility to generalize the “local Hor-

rocks theorem” to theffine Horrocks theorem. Avoiding the use of

monic polynomials the local Horrocks theorem can be fortedleas

follows: Let P be projective module over a polynomial ringrA where

A is local. Assume there exists a free submodule F of P suthPfia

is a finite A-module. Then P is freQuillen’s patching theorem shows

that this theorem remains valid for an arbitrary riAg In the case of

positively graded rings, one can show the following gerieedl version

of Horrocks theoremiLet P be a projective module over a positively

graded ring R= @R, A = Ry a noetherian ring of finite Krull di-
i>0

mension d and R= A[xy, ..., %], X homogeneous of positive degree.

Assume thatimR = d + 1 and that(Rx : RY) n Rt = Rx. If there

exists a projective submodule F of F such that F is extenaed & and

P/F is a finite A-module, then P is extended froniTAis result does not

look very satisfactory. We have not found really interegtapplications
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and omit the proof.

Let us add the remark that Roitman’s converse of Quillentsipag
theorem also extends to the graded cdset: R be a positively graded
ring as above with A as its zero component and let S be any-multi
plicative subset of A. If all projective R-modules are egghfrom A
then all projective Rmodules are extended from A then all projective
Rs-modules are extended from.A

We finish this section with an interesting result of VorsiO[Theo-
rem 1.1]).

Theorem 1.5 (Vorst). Let A be a noetherian ring such that all projecz62
tive AT4,..., Tn]-modules are extended from A. Then every projective
module P over a discrete Hodge A-algebra is extended from A.

Proof. Recall thatRis a discretéA-Hodge algebra, iR is isomorphic to
aresidue class ring[Ty, ..., Tn]/a, wherea is generated by monomials.
It is easy to see that it flices to treat the case tHais reduced. Then

is generated by square free polynomials. We induat.dfin < 1, then
R=AorR=A[T]ifallow a = 0. Supposa > 2. The ideak can be
written asbg + b1 T, T = T,,, whereby andb; are generated by square
free monomials iB = A[T4,..., Th1]; C = B/bg is a discrete Hodge
A-algebra and by the induction hypothesis all projec@+enodules are
extended fromA. We haveR = C[T] /b1 T, where the bar denotes residue
class formation moduldg - D = C/b; = B/(bg, b1), is a discrete Hodege
A-algebra and hencB[T] is a discrete Hodgé\[T]-algebra. By the
induction hypothesis, all projectivB-modules are extended frow.
Now, we have the following result: O

Lemma 1.6. Let C[T] be a polynomial ring over a ring C and létbe
an ideal in C and R= C[T]/bT. If every projective ¢b[T]-module is
extended from @ then every projective R-module is extended from C.

Proof. Lett denote the residue classbimodulobT. One has$t = 0 in

R = C[t] and henceRb = b. SinceR/Rb = C/b[T], for every projective

R-moduleP, the factor moduld®/bP is extended fronC/b. Notice that

Ris a gradedC-algebra,R = _Q%R,- with R, = Ct.. By Theoren L], 263
1>
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it suffices to handle the case thatis local. ThenP/bP is free. Set
r
r = rankP/bP. There exist a submodufe = >~ R f such that the residue

classesf; of fi modulo,bP, 1 <i <, formlalbasis oP/bP. We have
P = F + bP. SinceRb = b, there exists & € b such that (& b)P c F.
But C is local and hence + b a unit. SoP = F. If > rifi = 0, then
ri e bforall 1 <i < n, becausd-/bF is free andRb = b. This implies
that P is extended fronC. O

Due to this lemma applied tb = C/b;, we obtain that projective
R-modules are extended fro@ whence, fromA, by the induction hy-
pothesis. This proves Vorst's result.

2 Unimodular elementsin projectivemodulesover
graded rings

Let P be a projective module over a commutative riRgand letP* =
Homg(P, R) be the dual ofP. An elementP € P is calledunimodular
if the ideal (p) = {¢(p),¢ € aP'} equals the whole rindgR. This
is equivalent to the property th&pis a direct summand dP. If P
is generated by elemengs, ..., pm andP* by elementsy;, ..., o, the
module P is isomorphic to the module that is generated by the rows
@i(pi),-- ., on(pi)), 1 < i < m, of the matrix ¢(pi)), 1<i<m 1<
j < n. We call such a matrix garesenting matribof P. In this “matrix
picture” an elemenp is unimodular if and only if the cd&cients of the
corresponding row generate the whole ring.

Assume that there exists an elemsiit a subringA of R such that
Ps is free. Sett = rankPs. It is easy to see that then there exist a
submodulg- of P with a systemfy, ..., f; of generators and homomor-
phismsf;,..., fi € P* andl € N such thats P c F and f*(fj) = $¢j
whered;; is the Kronecker symbol. If we include thig 1 < i < t, in
a system of generators Bf we obtain a presenting matrix of P with
a submatrixs E, E a t x t-unit matrix, and with rankDg = t whereDg
denotes the canonical image DBfin Mat(Rs). Let us call a matrixD
with this porpertys-distinguished.
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The following theorem corresponds to Criteribin ([3]). It is the
main result of this section.

Theorem 2.1. Let P be a projective module over a positively graded

rng R = @ R.. Assume that there exists an elemerg & such that
i>0

Qu+r+ € Um(Pyr+) and ¢y € Um(P1i3), J = J(Ro,P). Then P
contains a unimodular element p withHx € JR*P.

Proof. The assumptions ogy.r+- andq;;; mean that (9(q),R") = R
and (®(g) N A J) = A, A = Ry. Hence it follows that there exist a
finitely generated idedl = (ug,...,u) c J with (Op(g) N A l) = A
BecauseP is projective, we may assume, without loss of generality th
Py is free. 1< i <t. By the remark preceding the theorem, we see that
P is presentable by a matr that isu;-distinguished forali, 1 <i < t.
Letlj = (Ug,...,u;) c I, 1< j <t. We show by induction that to every65
j there exists an € N such thatD is equivalent to all matriceb,(D),

ac l+l ;‘ SinceD is up-distinguised it has the form described in Lemma
.3 withu = up (up to permutations of rows and columns) including the
additional assumption stated in the lemma. So the assenrtioase of

j = 1 follows from Lemme_1l1 withu = uj,1, j < t, and hence we
obtain thath,(D) and saD itself is equivalent to all matricc—:ltra+cuj_n+1 (D),

¢ € A andn suitably high. This finishes the induction. In case t,

we have that for a suitably high € N the matrixD is equialent to all
ha(D), a € 1+ I". It follows from A = (Op(g) N A, I) that there exists a
w e 1" with 1 + w € 0p(q), and hence is equivalent td’ = hy, (D).

If q corresponds to a row of the fornai(a), ..., q(d), P* = > R,
then the corresponding row @ has the form\{(p)....,vi(p)) for a

p € PandP* = > RV such thatv'(p) = hiw(g(9), 1 < i < .
Sincehy,w(a) = afor a € Awe obtain @(g) N A c Op(p) N A, whence
1+w e Op(p). Therefore @(g) contains the constant terms of tjgp),

1 <i <1, which are equal to the constant termsjpf) for eachi. But
these constant terms generéte This shows thap is unimodular and
thatp—ge wR"'P c JR"P. O

The following result of Eisenbud and Evans|([5]) is cruciat éur
applications of Theorefn 2.1.
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Theorem 2.2. Let P be a projective module of rank r over a noetherian
ring A and let p= (pz1, a) be a unimodular element of®A. Then there
exists a p € P such that hOp(p1 + apz)) > min{r, ht(0, ®a (P)}.

For example, this theorem implies a well known theorem ofé&er

Theorem 2.3. Let A be a noetherian ring of finite Krull dimension d.
Every projective A-module P of rar®) > d + 1 has a unimodular
element.

In 1979, PlumsteadH] settled a question of Eisenbud and Evans,
which asked whethef(2.3) remains valid for a polynomiahrigT].
In 1981, Bhatwadekar and Roy generalized Plumstead’stnemkiing
available Plumstead’s patching technique for many indeteates. As
a kind of justification of our matrix pictures, we now give adrdeduc-
tion of their result from Theorein 2.1.

Theorem 2.4 (BhatwadekaRoy). Let P be a projective module over a
polynomial ring R= A[T4,..., Ty], A a noetherian ring olimA = d.
If rank (P) > d + 1, then P has a unimodular element.

Proof. We use induction om. It suffices to handle the case tHatis
reduced. Ifn = 0, the assertion follows froni (2.3). Suppase> 1.

If d = 0, thenAis a direct product of fields and is even free, by the
Theorem of Quillen and Suslin[([8]). Let > 1. The localizationPs

of P at the setS of non zero divisors oR is free because difRg =

0. Therefore, there exists € S such thatPs is free, and hence the
Quillen idealJ = J(A, P) has height= 1. Following the procedure of
Bhatwadekar and Roy, we consider the factor modute P/JT P over

R = R/(JT) = A[Ty,...,Tn_1], whereA = A[T]/(JT), T = T,. By
the induction hypothesis$} contains a unimodular element. This means
that P contains an elememgwith (Op(q), JT) = R. Theorem 22 allows
to assume thatt(Op(q)) = d + 1. There exists a Nagata transformation
of indeterminate of the forrii/ = T; + T",1<i<n-1,T' =T, such
that G>(g) contains a polynomiaf (T) that is monic inT over the ring

R = A[Ty,...,T/_;]. Furthermore, B(q) contains an elemer of the
form g = 1+ hT with h € RJ. The resultant resf(g) of f andgin R
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has the form & h’, h" € R'J. Hence (¢(g) "R, J(R,P)) = R. Now
Theoreni 2.1l implies thd® contains a unimodular element. O

The following theorem generalizes Plumstead’s resQlHj(#ith
n=1):

Theorem 2.5. LetR= ) R; be a positively graded ring, A Ry noethe-
>

rian of finite dimensilo_r(: d. Assume that R is finitely generaRd=

Alts, ..., tn], t homogeneous inR1 < i < nwithdimR =d+ 1. Fur-

ther assume that the kernel of an A-epimorphisfrom A/ T4,..., Ty to

R withg(T1) = tj has htkergp) > n— 1. Let P be a projective Emodule

of rank P> dimR. If P jr, J = J(A P), has a unimodular element,

then P has a unimodular element.

Proof. There exist a € P such that (p(g), JR") = R. By the result of 268
Eisenbud and Evans (seel2.2), we may assument(@#(q)) > d + 1.
Sinceht(kery) > n— 1, the inverse image = ¢~1(0p(q)) of Op(q) has
ht(b) > n+d = dim B. After suitable Nagata transformations of indeter-
minates (cf. the proof of (214)) we obtain indeterminafgs. . ., T/, with

B = A[T4,..., Tyl and a sequence of polynomiafg(Ty),..., fa(Tn)
such thatf;(T;) is monic inT; with codficients inA[Tq,...,Ti_1], 1 <

i < n. It follows thatB = B/b is a finite A/b N A-module, and hence

we conclude fromBJ = B that (3(g) N A, J) = A. Now the assertion
follows from Theoreni 2]1. o

Remark 2.6. We do not know, if Theorerh 2.5. remains valid without
the special assumption dri(kery). But in case of fiine algebras over
a field, this assumption is fulfilled. To have a simple exampge us
handle a well-known case: L& = k[x,y,Z], 2" — xy = 0, k a field.
Murthy has shown that projectil®modules are free. Sindeis graded
and normal, we have PR] = 0. So it remains to show that a given
projectiveR-moduleP of rank P < 2 has a unimodular elemeriRis a
gradedA-algebra withA = k[x] and dimR = 2 = 1 + dim A. Moreover,
Rx = A4[Z], zalgebraically independent ovag. SoPy is free andk € J.
This implies dimR/JR" = 1, R = (v, 2), degy = n, degz = 1. By (Z.3)
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P/JR'P has a unimodular element. Now we conclude froml(2.5) Fhat
has a unimodular element.

Now we shall consider projective modules over Segre extessf
a fieldk. Let us first fix some notation.

Letk be afield and leX = (Xij)1<i<m 1<j<n b€ @ matrix of indetermi-
natsX;; overk. Letdmn be the ideal in the polynomial rinkfX] which
is generated by the 2 2-minors of X. We call the residue class ring
Smn = K[X]/dmn @ Segre extensioaf k. The residue classes &f; will
be denoted byij, 1 <i <m, 1< j < n SoSy,is defined by the
relationsx;jxt — X¢xj = 0, 1 <i,1 <m, 1< j,t <n The maximal
ideal in Spn which is generated by the; is denoted byn(Smn). It is
easy to see thdtt(dy) = (M- 1)(n - 1), dimSyr = m+ n— 1 and that
Smn is normal. One has an ascending ch8jp € Spp € ... € Smn
with dimSpj;1 = dimSy, + 1 andSy,; is in an obvious way, a pos-
itively gradedSn,-algebra and birationally equivalent to a polynomial
ring in one variable ove®m -1, 1 < i < j < n. Notice that Smn)x; IS
isomorphic to a Laurent polynomial rifgYa, ..., Ym+n_1,Y1‘1]. Hence
the localizationsPy; of a projectiveSy-moduleP at x;; are free for
1<i<m1lc<j<n Thisimplies that the Quillen ideal of P in
Smn-1 contains the maximal ideal(Sy-1). ThereforeP is extended
from Syn-1, If Pz is extended fronfSyn-1); for a z € n(Smp-1). By
Rao’s theorem (|9, Theorem 1.1]) we know tleatery projective g
module P of rankP) > dim(Sy) has unimodular element and that
stably free $,-modules of rank equal tdim(Sy,) are free.

In this special case, we can prove stronger results. At fistgon-
sider stably free modules.

Theorem 2.7. Let R= S, be a Segre extension of a field k with<m.
Every stably free R-module P of rafR) > m+ 1is free.

Proof. Let us first assume thatis infinite. We proceed by induction
onn. If n =1, Pis even free, becaus®g is a polynomial ring inm
indeterminate ovek. Supposea > 2. We show thaP is extended from
Smn_1. It suffices to treat the cag®®R = R'*1, r = rank(P). ThenP can
be presented by a unimodular vector Um;,.1(R). By known results of
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ideal theory, we can assume tlnfa) = r and @, n(R)) = Rwhereq is
the ideal generated by the firstomponents of. The inverse image of
ain the polynomial ringR’ = k[X] has heightit(a’) = r+(m-21)(n-1) >

(m - 1)n + 2. This implies that the contractions, = a N B;j of &

to the subringB; = K[Xi,..., Xin], haveht(t;) > 2, because, by this
contraction,n(m — 1) indeterminates are eliminated,<li < m. Since
ht(bj) > 2, theb; contain ahomogenougpolynomial fi, 1 < i < m.
Becaus is infinite, there exist; € k such that after the homogenous
linear transformatiorXin = Xin, Xij = Xjj + CjXin, 1 < j < n-1, the

fi are monic inXin, 1<i<m SinceXinn - XitX” = Xinn - XitX”,
1<i,1<m 1< j,t<n, wemayassume, without loss of generality,
that thef; are monic inXj,, 1 < i < m. It follows that @, Rn(B)) = R,

B = Syn-1. Moreover,R/a is a finiteB/an B-module. Hence we obtain
(a n B,n(B)) = B. Thus, we have shown that there exists a B\n(B)
such thatP; is free and hencd(B, P) # n(B). As remarked above,
we haven(B) c J(B,P), whenceB = J(B,P). This shows thaP is
extended fronB. If ks finite, adjoin an indeterminatd to R. Since 271
k(U) is infinite, k(U) ®k P is free, and henc®[U] ®r P is free by the
affine Horrocks theorem. TherefoReis free. O

Theorem 2.8. Let P be a projective module over a Segre extensien R
Smn Of an infinite field k, m< n. Every projective module P of rank
(P) > m+ 1 has a unimodular element.

Proof. We proceed by induction on. If n = 1, P is even free. Let
n = 2 and letp denote the (prime) ideal iR which is generated by the
codficients of then-th column of the matrixX;j)i<i<mi<j<n. R = R/p

is a Segre extension isomorphic3g,n-1. By the induction hypothesis
P = P/pP has a unimodular element, and hefteontains an element
g with (Op(g),») = R By the theorem of Eisenbud and Evans (see
(2.2)), we may assume thiat(Op(q)) > m+ 1. As shown in the proof of
Theorenl 2.6, we can assume without loss of generalityR@s(q) is

a finite B/B N Op(g)-module,B = Sy,n-1. Furthermore we may assume
that (3-(q), Rn(B)) = R. This implies thaB = (0p(g) N B, n(B)). SinceR

is a positively graded-algebra withR* = p and sincel(B, P) > n(B),
we conclude from Theorem 2.1 thathas a unimodular element. O
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Remarks 2.9. Theoreni 2B should be valid for arbitrary fields, but we
have no convincing argument to show this. We must leave ihagpan
guestion, if all projectiveS,r-modules are free. Because we do not
believe that this question has affilmative answer, we are interested in
calculatingKo(Smr).
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Vector Bundles OiP?2 And Torsion Sheaves
On The Dual Plane

By M. Maruyama

Introduction

W. Barth found a beautiful relationship between rank-2 nétguadrics 278
and stable vector bundles of rank-2 on the projective pinaith the

first Chern class zerol([2]). Then, in/[7], K. Hulek defined a-ptable
Kronecker module and succeeded in descritsfsgable vector bundles
onP?in terms of it. The notion of Kronecker modules is a geneadicn

of nets of quadrics. In fact, a net of quadrics is nothing bsgrametric
Kronecker module.

For a non-degenerate Kronecker modaleve can define the dis-
criminant curveA(a) in the dual plane and am,)-module Z(a).
Moreover, the coupleA(a), £ (a)) determinese ([[7, p. 124, 125]).
Whena is a net of quadrics?(a) becomes &-characteristic o\(a),
inheriting the symmetry ofr. Thus we come to the known result that
the classification of non-degenerate nets of quadrics esdtecthat of
couples of a plane curve and a generalizedfféntive 6-characteristic
(see, for examplel J4] and Corolldry 2.12.4 of this article)

If o is obtained from a vector bundfe on P2, the non degeneracy276
means that

(L.I0.2) for general linegin P?, F |~ ﬁfr(':).

In this way, ars-stable vector bundle d? with the property[{1.1012)
gives rise to a couple of a curve in the dual plane and a cohsheaf on
it. The main purpose of this work is to study the inverse df ffriocess.

213
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A remarkable property af/(a) is
H(A(e), £(@)) = HY(A(e), Z(a)) = 0.

Taking note of this, we shall start with, instead of a Krorexakodule,

a coherent shedf on the dual plan®* with the following property:
(Z3)L is a torsion sheaf such thet(P*, L) = HY(P*,L) = 0.
Then we have the following resolution (Propositionl 2.5):

@51) 0- 0p(-1P" 5 02 - L(1) - 0.

«a is represented by amx n-matrix (L) whose entries are linear forms
on P*. Thea(L) is a Kronecker module and the curveRh defined by
deta(L) = 0 is the discriminant curva(a(L)) The givenL carries an
Oa(a(Ly)-module structure which is the’(a(L)) stated in the above.
Therefore, we shall take, on one hand, the full subcategoof the
category of coherentp--modules whose objects have the properties
(2.3.1) and[(Z2.3]2). The property (2.8.2) corresponds talfadf 1.2.2
of [7]; dim (" (¢ ® V*)) 2 2 (see Corollarf2.13.2). On the other hand,
let ¥ be the full subcategory of the category of coherent sheaxes o
P? such that arF is contained in¥ if F is a vector bundle with the
properties [LI0I2)H° (P2, F) = 0 andcy(F) = r(F). Our main result
(Main Theorent 2.16) is then stated as follows.

Main Theorem. There is an equivalence between two catega¥ieand
.

Barth [2] and Hulekl[7] used the monads to get vector bundtas f
nets of quadrics and Kronecker modules. We shall constrweictor
bundle in? from a member of5’ by exploiting a flag manifold and di-
rectimage functors. An observant reader will find the idesl@mentary
transformations behind our construction of vector bundles

We know two types of good monads ferstable vector bundleE
on P? with ¢;(E) = 0([3], §6).

M1 : Op(-1)°" — 65C™D s Gp(1)™
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b _
Mz @ Op(-1)P" S Qp(1)*" 2 G2

whereP = P?, ¢;(E) = nandr(E) = r. The former was used by K.
Hulek and W. Barth employed the latter in the casea of 2. If we
describe a vector bundlE in ¥ by M,, thenb = 0 and hencd is 278
isomorphic to cokerf) becausen = r. By using the resolutiorf (2.5.1)
and Corollanf 3.6]1, we also get to the monad.

For generak-stable vector bundles, the connection between our re-
sults and the monadology will be revealed by Theotem 4.8.sTdur
results must be interpreted in terms of the monad of tipeif one
follows the work of W. Barth in[[2]. The author hopes, nevettss,
that his results will serve deeper understanding of theiogldetween
vector bundles o#? and plane curves.

We have a nice application of our viewpoint to the study of miod
spaces of stable vector bundleskfwith the first Chern class zero. Itis
easy to see that the second Chern ctass greater than or equal to the
rankr. If one fixescy, then the extreme case = r is, in some sense,
most important. In fact, we shall show that a good part of tthero
moduli space is a subscheme of that of the extreme case @Miopd. 1
and Theorerh 516). The structure of the moduli space of themet case
will be studied in a forthcoming paper.

This work was completed while the author was staying at Tat-|
tute of Fundamental Research. He wishes to express hig/hbartks
to the mathematicians at the Institute for their hospitaditd their stim-
ulation given to him.

Notation and convention.

A variety in this article is geometrically integral algelra&cheme
over a field. For a coherent sheafon a varietyX, h'(X, F) denotes 279
dimH/(X, F) andr(F) does the rank oF, that is,F [y~ ¢ on a
non-empty open sdt). F* is the dual Horg, (F, Ox) of F. If E is
a coherent sheaf oB?, we can define the first and the second Chern
classes; (E), co(E). Since all the cycles oR? are determined by their
degrees up to the rational equivalencgE) andc,(E) can be regarded
as integers.
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§1 Vector bundles onP? with ¢c; = 0andc, =r.

First of all, let us recall the definition of stable sheaves.

Definition 1.1. Let (X, &x(1)) be a couple of a non-singular projec-
tive variety X over a fieldk and an ample line bundl@&x(1) on X.
For a coherent shed on X with r(G) > 0, Pg(m) is the polyno-
mial y(G(m))/r(G), wherey(G(m)) = > (-1)'h (X, G(m)). u(G) is de-
fined to be the rational numbelG, &'x(1))/r(G), whered(G, Ox(1))
is the degree of;(G) with respect todx(1). For an overfield of k
and for a coherent she&f on Xk = X ® K, Pg(m) and u(G) denote
those with respect toXk, Ox, (1)), respectively. A coherent shegf
on X is stable (semi-stablgy-stable oru-semi-stable) with respect to
0x(1) is (a)E is torsion free and (b) for every coherent subsHeaif

E & k with 0 < r(F) < r(E), we havePg(m) < Pg(m) for all large
M(Pe(m) £ (Pe(m) for all largem, u(F) < u(E) or u(F) £ u(E), resp.).
WhenE is locally free, a stable (semi-stabjestable o-semi-stable)
sheaf is called a stable (semi-stablestable oru-semi-stable, resp.)
vector bundle.

For a coherent sheaf df which we are mainly concerned with in
this article, the above four notions are independent of ttwece of the
ample line bundle.

Notation 1.2. We shall fix a base fiel&# which is not necessarily alge-
braically closedP denotes the projective plamﬁ.
The following seems to be known.

Lemma 1.3. Let E be a torsion free coherent sheaf on P.4{fe) = 0,
c2(E) < 0and if E isu-semi-stable, then E is isomorphic &3

Proof. Let us prove the lemma by induction on= r(E). If r = 1,
thenE’ = (E*)* is Op. Sincecy(E) = h? (P, E’/E) is positive or zero
according asE # E’ or E = E’, we see thaE = E’ ~ 0p by our
assumption that,(E) < 0. Assume that(E) =r > 1 and ifr(E) < r,
our assertion is true. By our assumption, we see thaEfoe (E*)*,
c1(E’) = 0 andcy(E") = c(E) whose equality holds if and only if
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E = E’. Thus, replacinde by E’, we may assume th& is locally free.
The u-semi-stability ofE implies thath?(P, E) = h°(P, E*(-3)) = 0 and
henceh(P,E) = —r + c»(E) if hO(P, E) = 0. This is not the case because
co(E) £ 0. Therefore, by using a non-zero sectionegfwe have an
exact sequence

0—-0p—>E—-F—>O.

By the assumption thd is u-semi-stable we see thktis torsion
free. Sincecy(F) = c1(E) andcy(F) = ¢co(E), our induction hypothesis
implies thatF is isomorphic toﬁS(H) and therE ~ g% Q.E.D

The above is said in other words: 281

Corollary 1.3.1. If E is au-semi-stable sheaf on P with(€) = O, then
C2(E) >0or E=~ 0.

The results of this section are based on the following.

Lemma 1.4. Let E and F be coherent sheaves on P witiE} =
c1(F) = 0. Assume there exists an exact sequence

0—>E—>Fiﬁgr.

(1) If F is stable, ¢(F) = r(F) and if ¥ is generically surjective,
then¥ is surjective.

(2) If Wis surjective, E igi-stable, F is locally free and {P.F) = 0,
then F is stable.

Proof. (1) Putim¥) = E’ and 03" /E’ = T. SinceV¥ is generi-
cally surjective,T is a torsion sheaf. If dim Suppj = 1, then
d(E’0p(1)) < 0 and henceF is not u-semi-stable, a fortiori,
not stable. Thus dimSupp] < 0 and then it is easy to see
that co(E’) = (P, T) = sandcy(E’) = c(E) = 0. Sup-
pose thats < r -t = °(R,E) 2 h°(P.6E) - W°(R,T) = r -

s > 0. Now Y is surjective if and only it = r. Assume that
t < r. Sincedd = HOP,E’) ® Op is a subbundle ot7S" =
HO(P, ﬁgr) ®k Op, the 0% is a subsheaf oF’. By replacingE
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by w1 (0F"), we may assume that> r becauses, (E'/0) =
() = s andr(E’/ﬁﬁj‘) = r — t. By virtue of our assump-
tion co(E) = r(F) — s. Then Riemann-Roch Theorem shows that
Pe(m) = m?/2 + 3m/2 — (r(F) — 9)/r(E) + 1. On the other hand,
Pe(m) = m?/2+3m/2—r(F)/r(F)+1. These together with the in-

282 equality—(r(F)-9)/r(E) = (-r(F)+r)/r(E) = -r(E)/r(E) = -1
contradict the stability oF.

(2) LetF’ be a coherent subsheaf Bfsuch that O< r(F’) < r(F)
andF/F’ is torsion free. Sinc€ is u-semi stabled(F’, 0p(1)) £
0. If d(F’, 0p(1)) < O, it is obvious thatPg: (M) < Pg(m) for
all largem. We may assume, therefore, th@a(F’) = 0. Itis
well-known thatF’ is locally free. ForE’ = F' n E, F'/E’
can be regarded as a subsheafcg. If E' = 0 thenF’ it-
self is a subsheaf ofE". ThenF’ must bed5® because it is
locally free andcy(F’) = 0. This violates the assumption that
HO(P,F) = 0. Hence we have tha{E’) > 0. SinceE is u-stable,
d(E’, p(1)) < O orr(E) = r(E’). The former is not the case
becausal(F’, Op(1)) = d(F’'/E’, Op(1)) + d(E’, Op(1)) < O if
that holds. In the latter case, thefdrence betweeRg (m) and
Pr(m) is at most on constant terms which are;(F’)/r(F’) + 1
and-cy(F)/r(F) + 1, respectively. On the other harig/E’ is a
subsheaf of/F’ which is torsion free. This andE’) = r(E)
imply thatE = E’. Then, we see tha®r (M) < Pe(m) for all
largem because

—o(F) (B +c(F)] - -cF)  -coF)

(F) ~ (F)==® "1 rF ()

r(F’)

by virtue of Corollany 1.3]1
Q.ED

For a vector bundld= on P with c;(F) = 0 andcy(F) = r(F),
Lemmall.4 provides us with a relation between the stabilitg the
s-stability ([7]).
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Corollary 1.4.1. If F is a stable vector bundle on P with@) = 0
and &(F) = r(F) and if P(P,F*) = s, then F is an extension &f%*
by a vector bundle E with fP,E*) = 0. Moreover, E is uniquely
determined by F.

Proof. SinceF is stable,F* is u-semi-stable. Then it is easily seen thass
08 = HY(P,F*) ® Op is subsheaf oF*. The sheaE = (F*/ﬁ’gs)* is
locally free and we have the following exact sequence

0—>E—>Fiﬁ§s

¥ is generically surjective and we can apply Lenima 1.4, (1héctove
sequence.F is, therefore, an extension @f3° by E. The rest of our
assertion is obvious.

Let E be au-semi-stable vector bundle ¢hsuch thatH%(P,E) = 0
andcy(E) = 0. SinceE* is u-semi-stablef?(P, E) = hO(P, E*(-3)) = 0.
By Riemann-Roch Theorem, we hav{P, E) = r(E) — c,(E) = t. Pick
abasigny, ..., n of HY(P,E). Thenn = (171, ...,n) can be regarded as
an element of E>§P (ﬁgt, E) ~ HY(P, E)® . 5 defines an extension

0—>E—>F—>ﬁgt—>0,

whereF is locally free andr(F) = co(E) = c»(F). F is uniquely de-
termined byE up to isomorphisms so long 48, ...,n:} is a basis of
HY(P,E). Moreover, by the construction & we haveH°(P,F) = 0.
Q.E.D

Definition 1.5. V(r, n)x is the set of isomorphism classes of vector bun-
dlesE on P with the following properties:

E is u — semi-stable. (1.5.1)

HO(P, E) = 0. (1.5.2)

c1(E) =0, cp(E)=n and r(E) =r. (1.5.3)
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The above discussion shows that if n, thenV(r, n)x = ¢ and that 284
by mappingE to the extensiorF, we obtain a map-(r, n)x of V(r, n)x
to V(n, n)k.

Definition 1.6. V(r, n)g (or V(r, n)‘lz) is the subset of consisting of stable
(or, u-stable, resp.) vector bundles.

LemmaL.4.(2) means that(r, n) = (V(r.n);) c V(r.n). Let M(r, n)o
(or M(r, n)‘c‘)) be the moduli space of stable vector bundles estable
vector bundles, respB of rankr on P such that;(E) = 0 andcy(E) =
n. Whenk is algebraically closed/(r,n); = M(r, n)o(k) andV(r, n)‘I: =
M(r, n)y(K) as sets.

Proposition 1.7. There exists an immersio®(r,n) of M(r,n}* to
M(n, n)g such that for all algebraically closed fields K containing kK,
o (r, N)g is induced by¥(r, n)(K).

Proof. SetM(r, n)’(‘) = Mj. There exist a principaPGL(N)-bundlep :
Q — M; and a vector bundIE on P x Q with GL(N)-linearization ([10,
Proposition 6.4], and [9K4) such that for alkin Q(K), E(X) = E®k(X)
is the vector bundle corresponding to the pqgiti). For the projection
7. PxQ—-QG-= Rln*(E) is a vector bundle of rank — r on Q.
Sincer, (ﬂ*(G* ® E) =G' @« (Ig) = 0 andRlz, (ﬂ*(G*) ® E) =G"®
Riz, (E) = G&G*, Ext' Opyq(n*(G), E) « H}(Px Q7*(G") ® E) -
H%(Q.G" ® G) = Homy,(G,G). Thus Ex{, _(7*(G), E) contains a
special element which corresponds to d’plonHomﬁQ(G,G). Let us
consider the extension defined &y

0> E—>F - rG) - 0.

It is easy to see that for all pointsof Q(K), F(X) is o (r, N)k (E(X)).
Moreover, this construction df is compatible with base changes. By
the universality ofM(n, n)0, we have a morphisnfi’ of Q to M(n, n)o.
The GL(N)- linearization ofE and the compatibility with base changes
imply that there is a morphisrh of M; to M(n, n)g such thatfp = f’.
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For M(n, n)o, we have a principaPGL(N’)-bundleq’ : R — M(n,n)o
and a vector bundlel’ on P x R with the same properties as in the case
of M. SetR = {y € R|(°(Pxy), H’, (¥)*) =n-r and

H’ ())H°(Pigy), H' (1)) ® Opy, is u-stable.

ThenR is locally closed inR and PGL(N’)-invariant. HenceM, =

d (R) is locally close inM(n, n)o. If we endowR and M, with the re-
duced structure, then we have a princip&@L(N’)-bundle:q: R — Ma.
Since My is smooth, f is a morphism ofM; to M,. PutH’ |pxr= H.
Corollary[TZ.1 shows the(ﬂ*/r*r*(ﬁ*))* = D is a vector bundle of
rankr such that for ally of R(K), D(y) is a member o¥/(r, n)., where
7 is the projection oP x Rto R. Thus we have a morphisgi of Rto
M;. By an argument similar to the case fdf we obtain a morphism of
M, to Mz such thaigg = ¢’. Take a poinix of Q. If one looks into the
construction off’ ([9], § 5), then he will find a morphisnfi”” of an open
neighbourhoodJ of x to Rwhich coversf. We also get an open neigh-
bourhoodV of f””(x) and a morphisng” to U coveringg. Furthermore,
(1 x f”)*(D) is isomorphic toE |y and (1x g”’)*(E |u) =~ D |v. Thus
1xg"1”)* (E ly) is isomorphic tcE in a neighbourhood)’ of x. Since
Qis an open set of a Quot-scheme &his the universal quotient sheaf,
the universality of th§Q, E) shows tha” f” = id on U’ after replac-
ing F”” by its composition with the action of an elementREL(N). We 286
have, therefore, that = ng” f” = gF” = grf” = gf’ = gfx. Since
n is faithfully flat, this means thayf = id. Thusf is birational. Since
M(r, n)’c‘) is smooth and is bijective, we deduce from this a@MT that

f is isomorphic. Q.ED

Each member o¥(n, n) has beautiful properties.

Lemma 1.8. If F is a member of ¥h, n), then F isl-regular (for the
definition of regularity, see [8])

Proof. SinceF is u-semi-stable, so i6*. This and the assumption that
c1(F) = 0 imply thath?(P, F(-1)) = h%(P,F*(-2)) = 0. Then, as we
have seen in the above, we get th&tP,F) = cy(F) — r(F) which is
equal to zero by virtue of the assumptidon (11.5.3)V@n, n). Q.E.D
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n

Corollary 1.8.1. If we write F |,= € 0/(a) for an F in V(n,n) and a
i=1

line ¢in P, then we haveja —1 for all i.

Proof. SinceF is 1-regularF(1) is generated by its global sections and
then so isF(1) |,. Thusg + 1 > O for alli. Q.E.D

Another remarkable property &f(n, n) is

Lemma 1.9. If F is a member of Yh, n), then F is semi-stable. More-
over, if E is a locally free subsheaf of F withfn) = Pe(m), then E is
contained \(t, t).

Proof. SinceF is u-semi-stable, the subsheaf which may disturb the
semi-stability ofF is of degree zero. We may assume tRas locally
free. SinceF is u-semi-stable and sindd®(P,F’) c HO(P,F) = 0, we
see thaty(F’) — r(F’) = h'(P,F’) > 0. On the other hand?r (m) =
/2 + 3m/2 — ca(F’)/r(F’) + 1 andPg.(m) = n?/2 + 3m/2. Thus
Pe (M) £ Pe(m) for all largem and Pe/(M) = Pg(m) if and only if
c(F) = r(F), that is,F is a member oW (r(F’), r(F")). Q.E.D

Corollary 1.9.1. A vector bundle E on P is contained ir(r¥n) if and
only if it has the propertie§l.5.3)and (1.9.2) E is semi-stable.

Proof. Assume thak has the propertie§ (1.5.3) and (1.9.2). Then, obvi-
ously it has the property (1.5.1). HO(P, E) # 0, thendp is a subsheaf
of E and it violates the semi-stability &. Thus we obtain the property
(@.5.2). The converse was proved in Lenima 1.9. Q.E.D

The main aim of this article is to study the following categor

Definition 1.10. ¥ is the full subcategory of the category of coherent
sheaves o whose objects are vector bundigéson P with the proper-

ties [1.5.2) and
c2(E) = r(E), (1.10.1)

for general lineg in Py, E @K |~ ﬁ?r(E)

o : (1.10.2)
ob(7") is a disjoint union of#'(n) = {E € ¥ | c2(E) = n}.
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§2 A class of torsion sheaves oR?.

LetV be a 3-dimensional vector space over the fleldhich was fixed 288
in NotationI.2. TherP is isomorphic to Prof(V)). For the dual space
V* = Homg(V, k) of V, we set P = Proj(S(V*)). P* is the dual plane

of P. LetF be the flag manifold which defines the incidence correspon-
dence betweeR andP*. Then we have the following diagram which is
the most fundamental in the following:

F
P q .

where p (or q) is isomorphic to the projective bundi®&Tp(-1)) (or,
P(Tp:(-1)), resp.) associated with the tangent buribeof P (or, Tp-
of P*, resp.). p*(0p(1)) (or, g*(Op-(1))) is the tautological line bundle
of Tp<(—1) (or Tp(-1), resp.).

Notation 2.2. For a coherent she& onF, we denote
G® p'(dp(a)) @ q°(0p(b)) by G(a,b).

For a coherent shedfon P*, we shall consider the following prop-
erties:

Suppl) # P* and HO(P*,L) = HY(P*,L) = 0. (2.3.1)

q° (&t (L, G- (~3))) (1,0) is generated by its global sections.
(2.3.2)

In the first place, let us studly (2.8.1). Assume thats the property
(Z31). The property that Sugp(# P* implies thatH?(P*,L(a)) = 0 289
for all integersa. Then, by the property thad'(P*, L) = 0, we see that
L is 1-regular.

Lemma 2.4. If a coherent sheaf L on*Fhas the property2.3.1) then
L is 1-regular.
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Let ci(L) = n. Since Supd() # P* andHO(P*,L) = 0, Ass()
consists of codimension one points and hemee0. By Riemann-Roch
Theorem, we have

x(L) =n(n+3)/2-cy(L)

because&(L) = 0. Our assumptior (Z.3.1) shows tleatlL) = n(n+3)/2.
Using this, it is easy to see thai(L(1)) = n andcy(L(1)) = (n? + n) /2.
Then, by Riemann-Roch Theorem again and by the 1-regulafity,
we have

2
(P L) = () = DDy

Proposition 2.5. Let L be a coherent sheaf orif .PL has the property
@Z31)and g(L) = nif and only if there is an exact sequence

0 Op(-1" 5 62" - L(1) > 0. (2.5.1)

Proof. “If" part is obvious because Supp) = {det(1) = 0} and detq) #

0. Conversely, by Lemma2.4(1) is generated by its global sections.
Then the above computation gives rise to a surjemi’@j‘lL L(1) which
induces an isomorphism ¢1° (P*, 6&") to H® (P*, L(1)) Let K be the
kernal ofy. Since depth,. L(1)x = 1 atevery closed pointin Supp(),

K is locally free. Now let us consider the following exact seace

0 K@) - 00 (@ 2% La+ 1) - 0

If a < -1, thenH? (P*, L(a+ 1)) = 0 and hencéd! (P*,K(a)) = 0.
Whena = 0, H(v(a)) is surjective by the construction of Thus
H1(P*,K) = 0. SinceH?(P*,K(-1))H!(P*,L) = 0, we see thaK
is 1-regular and henad'(P*, K(a)) = 0 for alla > 0. By a well-known
result on vector bundles di?, K is a direct sum of line bundles. More-
over,HO(P*,K) = 0, r(K) = nandcy(K) = —n. ThisK is isomorphic to
Op * (1), Q.E.D
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The A in (2.5.1) can be represented by mx n-matrix o(L) whose
entries are all linear forms of*, that is, members dfi®(P*, &p-(1)) -
a(L) is determined up to the choice of bases&" and &p-(—1)*", in
other wordsg(L) anda’(L) represent the samiif and only if there are
two elementg3 andy of GL(n, k) such thate(L) = Ba’(L)y. Thus the
curve defined by det] = deta(L) = 0 is independent of the choice of
the bases of/3!' and Op- (—1)*".

Definition 2.6. The discriminant oL is the curve (&ective Cartier di-
visor) in P* defined by det(L) = 0 and it is denoted b$(L).

The definition is justified by the following which is proved lay
simple argument in linear algebra.

Lemma 2.7. L is an Os()-module andSupp() is equal to the support 291
|S(L)| of the divisor KL).

The proof of the next lemma is also obvious and hence we omit it
Lemma 2.8. For an exact sequence of coherent sheaves'on P
0O-L —-L->L">0,

if two of L/, L and L’ have the property2.3.1) then so does the third.
In that case, we have that(5) = S(L’) + S(L”) as Catrtier divisors on
P*.

Let us list some of basic results on coherent sheavd®' avith the

property (2.3.1)

Proposition 2.9. Let L be a coherent sheaf on" Rvith the property
(233)

(1) IfS(L) is smooth at x, then L is an invertibigs) module at x.

(2) If S(L) is a non-singular curve, then L is a line bundle oLy
with degL = g — 1, where g is the genus of(5).

(3) Homyy, (L, ws)) = L’ has the propertyf2.3.1) wherews, is
the canonical sheaf of &). Moreover,a(L’) = t,(L) and hence
S(L) = S(L).
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(4)

H0omgg, (L, Osy(n)) if i=1
O if i#1

292 where n= cy(L). Hencesxty, (L, Op(-3)) = L.

&xty, (L, Op) = {

(5) é%(tiﬁS(L)(L, Osqy) = Oforalli > 0.

(6) Leto : Osy ® n — L(1) be the restriction of the map :
ﬁg,i” — L(1) to S(L) and M = ker(s). Thenéc}(tiﬁs(L)(M, Os)) =
xt,  (M*, O5)) = Oforalli > Oandé‘thW(M, Op-) =~ M*(n),
where M = 20y, (M, Os()).

(7) The canonical homomorphisms
L — (L) = somyg, (s£0mgg, (L, Os)), Os))
and M — (M*)* are isomorphism.

Proof. (1) is due to Barth. In fact, by [1] Lemma 7 arld (2]5.1)~1
intx(S(L), £) = h°(¢, L,,) for a general ling passing througtx. Thus the
minimal number of generators tfat xis 1. This holds at every smooth
point of S(L). Then, as is well-known, is invertible on the open set of
smooth points o5(L). If S(L) is non-singularL is invertible onS(L)

293 by virtue of (1). Riemann-Roch Theorem &{L) and [2.3.]1) provide
us with ded. — g + 1 = 0 which proves (2). For the proof of (4), look
at the sequencé (2.5.1). It supplies us with a locally freeltgion of
L(1). Thus

é%(tiﬁp*(L, Op) = &t (L(1), Op)(1) =0 if i22

Sincel is a torsion sheaf oR*, s#omy,.(L, Op:) = 0. By the exact

sequence
0 — Op — Op.(n) = Osy(n) — 0,

we have the exact sequence

0 — Homy,. (L, Osy(M) - &, (L, Op) = &, (L, Op-()
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Since&t?ﬁp*(L, Up+) is an Osy-module andx is nothing but the
multiplication by an equation oB(L), « is zero. Therefore, we have
that #ompg, (L, Os)(n)) = H#omy,. (L, Oswy(n) = &tgp*(L, Op-.
By using the spectral sequengg™ = Hp(P*,&t%P*(L, Op-(-3))) =
EPtA = &xth 0\ (L, Op-(-3))) and (4), we get isomorphisms

H!(P* s#0omyy, (L, Osy(n - 3))) = &L, Op(-3)), i = 0, 1.

On the one handDs()(n — 3) is isomorphic tavsy and on the other
hand, Ex?gP{(L, Op-(-3)) is a dual space offl~'(P*,L) by virtue of
Serre duality. We infer from these afd (2]3.1) fothatH(P*,L’) = 0

fori = 0,1. Itis obvious thatl’ is a torsion sheaf. Thuk has the 294
property [2.311). To prove the latter half of (3), dualizithg sequence
(2.5.1) and tensoring’p-(—1) to it, we have the exact sequence

0— Op (-1P0 25 g8 - syt (L), Op-(-1))
— &xty, (Op+, Op-(-1)) = 0.
On the other hand, we derive the following isomorphisms f{din
&t (L), Op-(-1)) = Hom(L, Osy(n - 3)(1) =
H0omgg, (L, Os1))(1) = L'(2).

Hence we see that(L’) = ta(L). As for (5), since the problem is local,
it is enough to show the following if (4) is taken into accauntQ.E.D

Lemma 2.10. Let a be a non-zero divisor of a commutative ring B,
A = B/aB and N an A-module. Then

Exty(N, A) = &xt*4(N, B).

Proof. The exact sequence-6 B 2 BL5AS0 supplies us with the
complex

0 — Homg(B, B) =2~ Homg(B, B) —— 0

B B
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whose cohomology is EXA, B). Thus Exg(A, B) = Aand Exi(A, B) = 295
0ifi # 1. Then, making use of the spectral sequerice ([5, p. 349])

EDY = Ex2(N, Ext}(A, B)) = EP*9 = Ex2"(N, B),

our proof is completed.

Now let us come back to the proof of Proposition] 2.9. It reredm
prove (6) and (7). From the exact sequence (2.5.1) we haveltnving
exact commutative diagram:

0 0
0—— Op: (=N)E" —— G- (—n)°"
0—— p (-1 4 L) ——=0
|
0 M I30) L(1) 0
0 0

By the same argument as in the casé ofve see that
Exty, (M, Op-(—1) = M.

Then the left column of the above diagram gives rise to antes@&c
quence:

0- Op(-n+1)" - OF' > M* -0

Thus&(t' (M, 0p) = é%(t' e (M*, 0p-) = 0 for alli > 1. Applying
Lemmdﬂbto the above, (6) is proved. By (3), (5) and (6), axehhe
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following exact commutative diagram:

0 M oz, L 0
L]
0 (M*)* o, (L) —=0

Thus the canonical homomorphisim L — (L*)* is surjective. On
the other hand, the exact commutative diagram

0— Op (-1pen 21

0—> Op (-1

o L(1) 0

o HomOsy (L', wsy)(1) —=0

'(a(L))

provides us with an isomorphiséof L to

<%On]ﬁsa_)(l—’a U-)S(L)) = %Omﬁsa_) (jfomﬁs(L)(La U-)S(L))a ws(L) = (L*)*

Sincel is a coherent sheaf on a noetherian schemmaust be isomor-
phism. Then, the natural homomorphismMfto (M*)* is isomorphic,
too. Q.E.D

Definition 2.11. Assume that. has the property (2.3.1). is said to be
quadratic, if there is an isomorphispt L — L’ = J0my, (L, ws(L))-
A quadratic sheafl(,y) is called symmetric (or, symplectic) Hy :
(L) = stomgg, (s0mg, (L, ws)), ws)) = L — L’ is equal toy
(or, —y, resp.).

The following is an interpretation of the definition.

Proposition 2.12. An L is symmetric (or, symplectic) if and onlyaifl) 297
is symmetric (or, skew-symmetric, resp.) with respect italsie bases
of O and Op-(-1)®".

Proof. Let H be the vector spadd®(P*, L(1)). Then the exact sequence
(2.5.1) can be written in the form

0— Op:(-1)®" = 0p-®H - L(1) = 0. (2.12.1)
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Dualizing this sequence and tensorifig-(—1) to it, we have

0— Op(-1)® H" — Op — stomgg, (L, wsy)(1) = L'(1) — 0.
(2.12.2)
Identifying L’(1) with L(1) throughy(1), the middle of the above can be
regarded ag’p- ® H. For these bases, (2.12.1) ahd (2.112.2) turn out

0— = Op(-1)® H* —= Gp- ® H L(1) 0
ﬁl 5l ly (2.12.3)
0—— 0Op:(-1)H* — 0Op- ®H L’(1) 0

By the choice of the basis ¢f, we see that = id. To seeg, let us make
the dual diagram of(2.12.3):

0— Op(-1)®@H* — Op @ H —— &ty (L(1), Op)(-1)

] i

0——= Op(-1) @ H* —— Op @ H — &t} (L'(1). Op)(-1)

— jfornﬁsg_)(l—a U-)S(L))(l) —0

tyT
— %Omﬁsu_)(l—,’ ws)(1)—0
wheree = é‘)(tgp* (v, Op-)(-1). Though the isomorphismsandy’ de-
pend on the choice of the equation®(L), the square of, v', 'y ande
is commutative once we fix the equation®(L). Therefore!s = id or
—id according ay is symmetric or symplectic. The converse is obvious.
Q.E.D

This proposition and Propositidn 2.5 show the following. (¢4,
Proposition 6.23])

Corollary 2.12.4. Giving a non-degenerate net of quadrics is equiva-
lent to giving a coherent sheaf which has the propdfy8.1) and is
symmetric.
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Now we shall study the property (2.8.2). For a coherent sheaf
on P*, L has the propertie§ (2.3.1) aid (213.2) if and onli i k has
them. Thus we assume, up to Remark P.14, that the groundkfield
algebraically closed. The following shows that the condit(2.3.2) is
quite mild.

Proposition 2.13. Assume that a coherent sheaf L ohtas the prop-
erty (Z.3.1) Then L has the propertf2.3.2)if and only if for each line
M contained in $L) and for each point x on M, there exists a point y
on M different from x such that

Z(y) = {se HO(P*,L'(1)) | s(y) = 0}
generates L(X) = L ® k(X).

Proof. Let D be the closed sef ! (S(L)|) of F (see the diagrani_(2.1)).
Pick a pointz on D and putx = g(2). There exists a unique link!
passing througlx such thatz is on the minimal sectiol of g~1(M) ~ 299
F1. For a pointy of M different fromx, H = p~*pq(y) is isomorphic

to F1 and contains thE as a fibre. We have the exact sequencé:.on

0— Of — 0r(1,0) > 0x(0,1)® Oy(-E) — O,

whereE is the exceptional divisor oH ~ F, that is,q%(y). Tensoring
the above sequence witfi(L’), we have

0-qg(L)—q(L)1L0) —-qg(L)® 00 1)® Oy(-E) — 0.

Note that the equation dfl is a non-zero divisor off*(L’) and hence
g(L") — g*(L")(1,0) is injective. Now we need

Lemma 2.13.1.Let S be alocally noetherian scheme over afield k and
n . X —» S aP"-bundle in the category of k-schemes. Then, for every
coherentds-module F and every line bundle L on X, we have a natural
isomorphism of g, R7.(L) to Rr.(7*(F) ®g, L).

Proof. Since the problem is local with respect3pwe may assume that
X = S xx P" andS is a noetherianfiine scheme. Let’ be the second
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projection. Then, by the base change theorkry, n’*(Opn(—m)) ~
7*(N) for some integem and a line bundleN on S. For theseN and
m, we have thar*(F) ®4, L = 7*(F ®¢ N) ®4, 7'*(Opn(M)). Since
Hi(S, F®gsN) = 0forall j > 0, Kiinneth’s formula provides us with an
isomorphism oHY(S, F ® 5, N) & H'(P", Opn(m)) to H' (X, 7*(F) &g, L).
This means that

(F ®5 N) ®g¢ R (7" (On(M)) > Rr.(n"(F) ®g, L)
On the other hand, by the projection formula, we have that
N @5 R, (" (Oen(M)) = Rr.(m*(N) @, 7" (Oen(M)) = Rrm.(L).
Q.E.D

Let us come back to the exact sequence before the lemma. §tank
(2.3:1) forL’ and the above lemma, we obtain ti(F, g*(L")(1, 0)) ~
HO(H N D,q"(L") ® Ox(0,1) ® O(-E)).

Case 1.Assume thaiM ¢ S(L), If yis chosen so that it is not a point on
S(L), theng*(L")® 01 (0, 1)® & (-E) can be identified witth.’(1). Since
L’(1) is generated by its global sectiong;,(L")® 0w (0, 1) 0(-E))(2) =
g*(L")(0,1)(@ is generated by global sections gf(L’) ® 01(0,1) ®
0'(-E) which are the same as thoseqtL’)(1, 0).

Case 2. Assume thatM c S(L). By applying Lemma 2.13|1 to the
sequence before the lemma, we have the following exact seque

0L 5L ®Te(-1) = q.(q"(L) ® On(0,1) ® 6(-E)) — 0

The mapr is indused byJp- = T (—1) with sthe section defining.
Therefore, the last term of the sequencé’id) ® my, wherem, is the
ideal of the point in Op.. SinceH°(P*,L’(1)® m,) = Z(y), we see that
Z(y) generatet’(x) if and only if g*(L")(1, 0) is generated by its global
sections ar.

Now suppose that has the properties (Z.3.1) arid (2]3.2) and that
S(L) contains a lineM. Note thatl’ is isomorphic toé‘thﬁp* (L, Op(-3))
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by Propositiof 29, (3) and (4). Pick a poixton M and letz be the
point on the minimal section aj~(M) = F; and on the fibrey1(x).
Applying the case Il above to this situation we see thahust have
the property of our proposition for thisl. Conversely, assume that
the property of the proposition holds for arwith the property[(2.311).
Then, combining the cases | and case I, it is easily seerL_thas the

property [Z.3.R).

An interpretation of the above proposition througtL) is the fol-
lowing.

Corollary 2.13.2. Let L be a coherent sheaf on* Rvith the property
@Z32)and H = HO(P*, L’(1)). Let us consider the sequence in Propo-
sition[2.5 for U

0- Op(-1)&kH - Op-®«H - L'(1) >0

where H is a vector space of dimension n. Then L has the propert
(2.3.2)if and only if the following holds:

(2.13.3)  for each lineM in S(L), there is a couple of points and
y of M such thatH’ = a(X)(H) + a(y)(H), where for a pointz of M,
a2 =all)®k(@):H - H'.

Proof. In the first place, let us note the condition (2.1B.3) is iretefent 302
of the choice of the coupl& andy. In fact, if we take another couple
(AX+ uy, X+ 1'y), thena(Ax+ uy) = da(X) + pa(y) anda(’ X+ u'y) =
Aa(X) + ¢/ a(y). Leth be an element afi’. By[(2.13.3), there ara and
vin H such thah = a(x)(u) + a(y)(). For the matrif ¢ §] = [+ 4],
takeu’ = tu+svandv’' = t'u+s'v. Thena(Ax+uy)(U )+a(/l’x+y y)(v’) =
h as required. Now assume that the condition in Propodifi@# Rolds.
The exact sequence

H% W S @) eky) — 0
shows thata(y)(H) = Z(y). Thus every element afl’ is contained
in Z(y) module a(x)(H) by the condition of Proposition Z.1L3. This is
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[(2.13.3). Conversely, it is obvious tHat (2.13.3) implikattthe condi-
tion of Propositiori 2.13 for the giverin[(2.13.3) is satisfied. On the

other hand, as we have seen in the abpve, (2]13.3) is indepeofithe
choice of &, y).
Thus our proof is completed. Q.E.D

Corollary 2.13.4. If the condition of Propositiof 2.13 is satisfied by a
point an aline M in §L), then it is satisfied by all the points on M.

Remark 2.14. It is easy to see that (2.13 3) corresponds to &8 (n
[2].

Now let us introduce a subcategory of the category of colieren
sheaves oif*.

Definition 2.15. Let € be the full subcategory of the category of co-
herent sheaves oR* whose objects are coherent sheaves with prop-
erties [2.3.]1) and (Z.3.2). ol is a disjoint union of#’(n), where
) ={Le%|ci(L) =n}

Our main result of this article is the following.

Main Theorem 2.16. For a member F of/(n), Rtq.(p*(F)(-1, —1)) is
contained ir&’(n).

(2) The functord : ¥ > F — Rlg.(p*(F)(-1,-1)) € ¥ gives rise
to an equivalence of categories 6fto %.

Example 2.17.LetL be a coherent sheaf &1 with the property[(Z.311)
and withcy(L) = 1. ThenS(L) isalineM in P* andL ~ Oy (-1). Since
L’(1) = Ow, L does not have the properfy (Z13.2). Therefaf¢l) = ¢.
On the other hand/ (1) is empty, too.

§3 From 7 to €.

In this section, we shall studg'q.(p*(F)(-1, 1)) for membersF of
¥ and prove that (1) of our Main Theorem holds and thais fully
faithful. Let F be a vector bundle oR = PE with the propertied (1.5.2),

(110.2) and
IO} ca(F) = r(F) =n.
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that is,F is a member of¢'(n). Take a general linéin P so thatF |,= 304
O;". Then we have the following exact sequence:

0-F(-1)-»F->0"->0

This supplies us with another exact sequence:
0 - q.p"(F(-1)) - g.p*(F) > "
- R'a.(p*(F(-1))) = R'a.(p"(F)),

wherep andq are the same as in the diagrdm {2.1). The leftmost term
is, on one hand, torsion free becalsg-1) is so. On the other hand,
it is torsion, thanks to the property (1.10.2). Hence it 8apb. Since
F is locally free,P* is smooth and since dif* = 2, G = q.p“(F) is
locally free. By [I.I0R) agairklg.(p*(F(~1))) is torsion and hence
r(G) = n. By virtue of Corollary( 1.811 and the base change theorem,
we see thaR'q,(p*(F)) = 0. PuttingL = ®(F), we have the following
exact sequence:

0-G- 003" > L(1)—0.

Lemma3.1. (1) L has the property?2.3.1)

(2) G= Op-(-1)*".
Proof. Since HO(P*,G) =~ HO(F, p*(F)) ~ HOP F), we see that
HO(P*,G) = 0, by the property[{1.512) foF. H(P*,G) is a subspace

of HL(F, p*(F)) by a spectral sequence of Leray. On the other hand, we
have an exact sequence

HY(P.F) - H(F, p*(F)) - H° (P.R"| p.(p"(F))).

Since p is a P!-bundle, we have thaRlp.(p*(F)) = 0. By virtue 305
of LemmalLB,H(P, F) must vanish. These show that(P*,G) =

0. Thus the maHO (P*, 68") — HO(P*,L(1)) is bijective. Since
HO(P*, Rq.(p*(F)(0, —1)) = 0 by Corollary[L8ILH2(P*,G(-1)) is a
subspace oH?(F, p*(F)(0, 1)) by a spectral sequence of Leray. As is
easily seenR'p*(p*(F)(0, —1)) = O for alli. Therefore,

H?(F, p*(F)(0,-1)) = 0
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and henceH?(P*,G(-1)) = 0. Similarly we have thaH(P*G(-1)) =

0. Sincel is a torsion sheaf, the proof of (1) is completed. The proof
of (2) is completely the same as that of Proposifiod 2.5, bsedhe
homomorphism oH%(P*, &) to HO(P*, L(1)) is isomorphic. Q.E.D

The natural homomorphism qf(G) to p*(F) is generically isomor-
phic because of the properfy (1.10.2)Fo&ind the base change theorem.
SinceG is locally free, the map is injective;

0-qg(G) - p'(F)-A-0. (3.2)

Let us determinéd = coker@*(G) — p*(F)). If £ is a suficiently
general line inP, then forp=1(¢) = H ~ F1, H is isomorphic toP* on
Suppl) andHNAss(A) = ¢. We have the following exact commutative
diagram:

0——g(G)(-1,0) — p*(F(-1)) —= A(-1,0)——=0

0 a'(G) p*(F) A 0
O——aq@)h——=p(F) I Aln 0
0 p*(ﬂ le) 0
£

306 Taking the direct image of the above byanother exact commutative
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diagram is obtained:

0 0 0

! l l

0— T —=G= qu*(F) q*iA) 0
0—G ﬁffl‘ — 0. (AlH) ~Aln 0
l | |
0 L(1) R'g.(A(-1,0) ——0

i i

0 = Rlq.p*(fF) Rlg.(A)

From the top row, we deduce that(A) = 0. We infer from the bottom
row thatR'g,(A) = 0. Thus we obtain an isomorphism

R'0.q"(G) = 0

LA) = Al . (3.3)
Note that we can regaml |4 as a coheent sheaf orP* because 307

Supp@®) € g *(Suppl))

andH is isomorphic toP* on Suppl). Abusing the notation as ia(3.3),
the following sequence is exact;

0-A—->AL0) - LA p(0p(1)—0

on the support oL (1) = A |4, p*(Op(1)) = Op-(1). Taking this into
account, let us make the direct imagedgf the above sequence;

0— 0.(A) = G.(AL,0)) - L(2) > R'a.(A).
Since g.(A) = Rg.(A) = 0, we see
0:(A(1,0)) = L(2). (3.4)
From another exact sequence

0 - g'(G)(1,0) — P*(F)(1,0) - A(1,0) —» O
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we have

0—-GaTp(-1) = q.p(F(1)) — a.(AL 0)) —» Ra.(q(G)(1. 0)

Obviously the last ternR'q. (g*(G)(1, 0)) is zero. Putting the above
together, we have the following exact commutative diagram:

0—q(GeTp(-1) —a'g.p (F(1)) —

UL vl (3.5)

0——aq(6)1.0) ———p'(FQ)) ——

g'9.(A(,0)—0
A(1,0)———=0

By the base change theoramis surjective. Thanks to Corollafy 1.8.1
and the base change theorem again we see fhaturjective, too. Thus
w is surjective. Setting<” = ker(u), K = ker(v) andK” = ker(w), we
get the following exact sequence by the snake lemma:

0—>K'£>K—>K"—>O.

Sincer(q (G®Tp-(-1))) = 2n = r(q*g. p*(F(1))) and since botiK’ and

K are locally free, we know that Sugf() is of pure codimension 1,
in fact, SuppK”) is the divisor defined by det] = 0. The first Chern
class ofqg.p*(F(1)) is equal to zero by the top row df (8.5) because
c1(G®Tp:(-1)) = —nandci1(g.(A(1, 0))) = c1(L(2)) = nby (3.4). Then
we have

c1(K’) = €1(05(0, —n)) — c2(=(n, —n)) = €1(Fr(n,0)) and
c1(K) = 0-cy(Fr(n, 0)) = c1(Fr(n, 0)).

These imply thaty(K”) = 0, which means thak” = 0. We have
therefore
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Proposition 3.6. For a vector bundle F in#(n), there exists an exact
sequence

0— 63(0.-1)" - p'(F) = q'(L)(-1,2) - 0,
where L= Rlg.(p*(F)(-1)).
An obvious corollary to the above is
Corollary 3.6.1. p.(n) is an isomorphism of F to.gq*(L)(-1, 2)).

For the abovel., let us putC = S(L) andD = g *(C). C and
D are dfective Cartier divisors oP* andF, respectively. Then the
exact sequence in Propositibn 3.6 is displayed in the fatigvexact
commutative diagram:

0 0

0 N p*(F) b —q"(L)(-1.2) —0

0— 0x(0,-1" — p*(F) ——q*'(L)(-1,2) —0  (3.7)

p*(F)(0, —n) = p"(F)(0,-n)

0 0

The canonical homomorphism 310
e (éxty, (L, Oc)) — éxt, (q°(L). Ob)

is an isomorphism, thanks to the flatnessgef: D — C, and hence
é%(t'ﬁD(q*(L)(—l, 2),0p) = 0foralli > 0. Indeed,

&xt, (0 (L)(-1,2), Op) = &xt, (q°(L). Ob)(1,—2)
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~ ga(éxt(L, o)1, -2) = 0

by Propositiod 219, (5) because, as we have seen in Ldmha Bds
the property[(Z.311). We have therefore

éxt, (N, 0p) =0 forall i > 0. (3.8)

We shall determine kerf) = T, wherevp is the restriction of tdD.
The restriction of 317 t® gives rise to the following exact commutative
diagram;

0 N p*(F) I

- |
—— Jor1 Ox(q'(L)(-1,2), Op) — 6p(0, -1 — = p*(F) Ip
From the diagram, we can deduce clearly that ker(yp) = r(9) =

Jor1 Os(q*(L)(-1, 2), ©p). On the other hand, the solution 6 by
locally free sheaves

0 = Gr(=D) = G=(0,-n) > G — Op — 0

provides us with an isomorphistitor; Ox(q*(L)(-1,2), Op) ~ (1®6 :
g(L)(-1,2-n) — g*(L)(-1,2)). Sinces is the multiplication by the
local equation oD which annihilated.), we know that &5 = 0, whence
we have the following exact sequence:

0—- q'(L)(-1,2-n) = 0p(0,-1)*" - N — 0. (3.9)

Taking the dual of the above sequence and tensoring @0, —1),
we get
0 — s#0omg, (N, Op(0,-1)) = N*(0,-1) — 0" —
A0Mg, (0 (L), Ob)(L.n - 3) — &ty (N, 0p)(0,-1).
By (3.8) and the fact that’r(0,n — 3) ~ g*(wc), we have the exact

sequence
0— N*(0,-1) -» 65" - q*(L)(1,0) - O. (3.10)
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In fact, the natural homomorphism

q'(L) = g (#oms (L, we)) — A#0Mg, (q°(L), 9" (wc))
is isomorphic because of the flatnessjef Now we have
Proposition 3.11. L = R'g.(p*(F)(-1, —1)) enjoys the property 2.3.2.

Proof. Sinceé&tiﬁp* (L, Oy (=3)) = L’ by Proposition 219, (4), our asser-
tion is obvious if one looks at the exact sequeice {3.10).

Combining Proposition 316 with Propositidbn 3.11, we haves pf
our Main Theorem. Q.E.D

Corollary 3.11.1. (1) For a member F of(n), R*q.(p*(F)(-1, -1)
is contained ir&’(n).

312

(2) The functor® in Main Theorend 2,16 is fully faithful.
Proof. (1) isdone Lemm@a3l1 and Proposition 3.11. EeandF;, be
two objects in¥” and sel; = ®(F;). For a given homomorphism
f of F1 to Fy, the exact sequences et andF, in Propositiori 3.6
provide us with the following commutative diagram:
p*(F1) —=q*(L1)(-1,2) —=0
lp*(f) lwf(—l,z) (3.11.2)
p*(F2) = a'(La)(-1,2) —0
because the kernel af is . p*(F;), wherey ¢ is a homomorphism
of g*(L1) tog*(L»). Tensoring the above diagram with (-1, —1)
and applyingRlqg. to it, we get
®(F1) — L1 ® R'q.(Ok(-2,1))
lfb(f) l‘ff (3.11.3)
®(F2) — L, ® R0, (OR(-2, 1))

by LemmaZ.I3]1. SincB'q.(0r(-2,1)) ~ Op., & = Q.(¥)
andys = q°(¢¢). Now assume that for two elementsandg of
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Homy (F1, F2), we haved(f) = @(g). Since [3.1113) is canoni-313

cal, we get¢s = &;. If one takes the direct images [of (3.1%]2)
and (3.11.2) by p, he obtains thaf = p*(r2)~p.(¥1(-1,2)) -

P:(m1) = Pu(m2)™t - Pulyg(-1,2)) - pu(m1) = g becauseys =
q'(¢é1) = 9°(&g) = ¢g. Thus

Homy (F1, F2) = Homy (®(F1), ©(F2))

is injective. To prove the surjectivity of the map, let uskpi
memberé of Homy (®(F1), ®(F2)) and sety = g*(£)(-1, 2). By
Corollary[3.6.1,p*(r;) is an isomorphism of

p.p*(Fi) to p.(a"(Li)(-1,2))

Identifying F; with p, p*(F;), setf; P.(m2) "L p.(¥) - p.(my). Then
fs is an element of Honf{, F») and we have the following com-
mutative diagram:

P p. (0" (L) (-1, 2))
P (1)
p*(F1) — = a'(L)(-1,2)
lw P p- ()
p*(F2) — = q*(L2)(-1,2)
~ ko
P P (0" (L2)(-1, 2))

Sincep*(fy) = Prp.(m2) ™t - PrR.(¥) - P*p.(m1), We see thatr -
P'(fe) = ko P P(¥) - P*Pu(m1) = ¢ - ka - P*Pu(m1) = ¢ - 1. Then,
as before, we have thd(f;) = &.

Q.E.D

§4 From&to Vv

The remaining part of our proof of the Main Theorem is thdt is an
314 object of ¥, then there is aifr in ¥ such that®d(F) is isomorphic to
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L. By the property[(2.3]2) fot. and Proposition 219, (4)3"(L)(1,0)

is generated by its global sections, whére = JZomy (L, ws))-
SetS(L) = C andg}(C) = D as in the preceding section. Assume
that L is a member ofs’(n). Sinceq*(g.(L")(1,0)) = L’ ® Tp:(—1) by
Lemma 21311, we have thB(F, g*(L")(1,0)) = hO(P*, L’ ® Tp-(-1)).

By the exact sequence

0L 5L 5 LUeTe(l) >0

we see thah®(P*, L’ ® Tp:(-1)) = h'(P*, L’(-1)) becausd.’ has the
property [Z.3.11) by Propositidn 2.9, (3). On the other hahd, exact
sequence

0— Op«(=3)*" - Op: (2" > L'(-1) > 0

(Propositior 2.0, (3) and Propositibn P.5) implies thiP*, L’ (-1)) =
h?(P*, 0ps(-3)®") = n. Thus we obtain that®(F, g*(L")(1, 0)) = n.
Let N be the kernal of a homomorphisri" 5 g*(L")(1,0) such
thatHO(r) is isomorphic:
0- N - 625 gi(L')(L,0) - 0. (4.1)

Note here than > 1, by Examplé 2.17. Sinoékt‘ﬁC(L’, O¢) = 0 for all
i >0, we see, as in the proof of (3.8), that

&xt, (N, 0p) = &xt, (q°(L)), 6p) = 0 forall i > 0. 4.2)

And also, by the flatness of and Proposition 219, (3) and (7), we se#i5
that

(" (L))" = g*(L"") and the canonical homomorphism

(g (L))" — g (L) is an isomorphism, where (4.3)

(@' (R)* = #0omg,(q°(R). Ob).

Dualizing [4.1) and tensoring witt’z(0, n — 1), we have, by{(412)[(4.3)
and Propositiof 219, (3),

0- q'(L)(-1,2) » 0p(O,n-1* 5 N*(O,n-1) > 0.  (4.4)
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Let F be the kernel of the homomorphisf:(0, n — 1)®" — &p(0,n —
1)8n Z N*(0,n — 1). Then the following exact commutative diagram is
obtained

0 0

| I

0— q*(L)(-1,2) — Op(0,n— 1)®" — N*(0,n— 1) — 0

! I H

[; Or(0,n—1®"— N*(0O,n-1)—0 (4.5)
|
Or(0, -1)®" == 0R(0, —1)®"

! f
0

0

Proposition 4.6. (1) F is locally free.
(2) There exists a vector bundle F on P such that p*(F).

Proof. Let x be a closed point ob andy = q(x). Sinceq; : D —

C is aP'-bundle and since depth (Ly) = 1 (see Proposition 2.5)
depthy., (9°(L")x) = 2. On the other hand, depth (0bx) = 2. Then
(4.1) shows that depth, (Nx) = 2. SinceF is a non-singular, projec-
tive three-fold, this implies that there is a locally fresahution ofN of
length 1; 0— E; —» Eg —» N — 0. This gives rise to an exact sequence

0—-Ey;—E — &(%F(N, Of) » 0

On the other hand, as in the proof of Proposifiod 2.9. )0,n) =~
é‘thF(N, Or) is proved. This and the above exact sequence show that
depthy,, (N*)x = 2 for all closed points< of D. Then our assertion (1)
follows from the definition ofF or the middle row of[(415).

LetU be the open sdtz € P | p~(2) ¢ D} in P. U is the set of points
z such that there exists a lifepassing througlz but not contained in
S(L) = C. ltis clear that®P — U is a finite set of points. Faze U, pick
such alinef and seH = p~1(¢). For theM in Propositior 2.9, we have
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the following exact sequence
0- Op(-n+1®" - 03" > M* - 0

(see the proof of Propositidn_ 2.9 (6)). Since> 2, h°(P*, M*) = n.
Obviously, we see that

(4.6.1) Ify : 03" - M*is a homomorphism such thet* () is an 317
isomorphism, then ke is isomorphic taZp-(—n + 1)*".

No member of Assfp) does not contain the equation bif and
Ass(N) = Ass(@*(L")) = Ass(p). This and [(4.11) provides us with
the following exact sequence

0- N Iy— 5" lh— g°(L")(1,0) [u— 0.

From the choice of, it turns out thaiH is isomorphic toP* in a neigh-
borhood ofS(L) = C and hence we can identify n H with C. More-
over, by this identification we have that(1) ~ g*(L")(1,0) |4. There-
fore, the above exact sequence can be regarded as tRat on

0- N— 02" 5 L'(1) - 0, (4.6.2)
SinceHO(F, g*(L")) = HO(P*,L’) = 0 andH(F, g*(L")) = HY(P*,L’) =
0, the exact sequence-8 g*(L") —>Nq*(L’)(1, 0) —» L’(1) — 0 gives us
an isomorphisnHO(F, g*(L’)(1, 0)) — HO(C, L’(1)). The map
HO(F, 68" — H*(C, 62"
is obviously isomorphic:
HO(F, 05" —— HF, 0" (L')(1, 0))
| |
H°() ,
HO(C, 62") ———— H(C,L'(2))

H°(5) is, therefore, bijective. Then, by the definition Mf, we see 318
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N = M. (4.6.3)
Our next claim is
N* Iy~ (N [n)* = HZomg (N | Oc). (4.6.4)
Indeed, from the exact sequence
0— 0p(-1,0) > Op — Oc — 0,
we obtain another
0 - N*(=1,0) » N* - Zomdp(N, Oc) — Ext Op(qF (L), Ob).
(4.2) and the exact sequence
EXLOp (O, Op) — ExttOp(N, Op) — Ext20p(qF(L'), Opb(-1,0))
I
0
which is obtained from[{4]1) show théktiﬁD(N, 0p(-1,0)) = 0. Then
our claim is clear, becausg#oms, (N, Oc) =~ s#0my.(N |n, Oc) =

(N [n)*.
(4.6.3) and[(4.6]4) yield an isomorphism

N* [y~ M* (4.6.5)

From the middle row of[(4]5) we also have an exact sequence
0-Fly(01-n—- 6L N |y 0. (4.6.6)
For then, we claim the following:

H°(n) is isomorphic. (4.6.7)
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Sinceq*(L)(-1,2) |y~ L(1), we get the following exact commuta-
tive diagram by restrictind_(4.5) td and tensoring witi(0,1 - n) :

0—=L2-n— 0" —=N*'|y—=0

1,1

03—~ N |y —0

By .6.5)h° (C,N* |4) = h9(C, M*), which is equal tan, as we have
seen in the first part of this proof. Since> 2, h°(C,L(2 - n)) = 0.
HenceHO(e) is isomorphic.H°(¢) is clearly an isomorphism. Thus our
claim is proved.

Since 63" ~ (q|n)* (0F") and sinceN* |y can be regarded as a
sheaf onP*, there is a vector bundIlé on P* which is fitted in an exact
seqguence

0-E— 625 N 4o 0
whose pull-back tdH is (£6.6). SinceH%(¢) = HO(x) is isomorphic, 320
[(4.6.1) and[(4.6]5) imply thaE =~ Op-(n — 1)®*" and henceF |y=~
(A1) (Op-(1-n)®")(0,n-1) =~ HE". What we have proved so far is that
for all pointsz of U, F(2) is a trivial bundle. Thereforep, (F) = F is a
vector bundle of rank and the natural homomorphisin: p*p. (F) —
F isomorphic onp~}(U). The set wherd is not isomorphic is det) =

0 which is pure codimension 1 i On the other handi — p~(U) is at
least codimension 2. Thusis an isomorphism. Q.E.D

The above proposition and the following lemma complete tioefp
of Main Theoreni 2.16.

Lemma 4.7. The vector bundle F in Propositidn 4.6 is contained/in
and®(F) ~ L.

Proof. SinceR ¢, (¢&(0. — 1)®) = 0 for alli > 0 andq,(g(0, —1)®") ~
Op-(-1)®", we see thaH!(F, 0x(0, -1)®") = H(P*, Op-(-1)®") = O for
all i. All the cohomology groups off(L)(-1, 2) vanish, too, because
R0.(q"(L)(-1,2)) ~ L ® Rg.(0r(-1,2)) = 0 for alli. By the leftmost
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column of [Z5), these show thist (IF ﬁ) = Ofor alli, SinceH! (IF IE) =
H!(P, F) for all i, F has the property {1.5.2) and moreovet 6-c,(F) +

n, by Riemann-Roch Theorem f&r(Note thatcy(F) = 0 andr(F) = n).
Thusr(F) = cp(F). Pick a point outsid&(L). Then, by the construction
of F, F |q —1y is trivial. SinceF |pg-10= F lq —1x, we see thaF
enjoys the property (1.10.2). The second assertion isyepsived by
using the leftmost column of (4.5) again. Q.E.D

ForanLin¥, L’ = %OWS(L)(L, ws()) is not necessarily contained
in ¥. If both L andL’ are members of’, the structure of corresponding
bundles is clearer.

Theorem 4.8. Let F be a member of'(n) and setd(F) = L. Then L
contained inf¢ (i.e. L’ has the property2.3.2) if and only if there is an
exact sequence of vector bundles

O-E->F->0y -0 (4.8.1)
with HO(P, E*) = 0 Moreover I’ corresponds to the vector bunaién —
r, N)x(E*) by @.

Proof. Assume that we have the exact sequence (4.8.1). Sifige E¥)
and E* |~ ﬁf(”‘r) for general linest, the isomorphism clasg* is
contained inV(n — r,n)x. Let us consider a vector bundkEe whose
isomorphism class is(n — r,n)x(E*). ThenF’ is fitted in an exact
sequence

0->E - F -0 -0

Now it is obvious that
®(F) = R'g.(P*(E)(-1.-1))

and
O(F’) ~ R'q.(P*(E")(-1.-1)).

The dual sequence of {4.8.1) shows tRat.(p*(E*)(-1, —1)) is iso-
morphic toRq.(p*(F*)(-1, —1)). On the other hand, dualizing the ex-
act sequence of Propositibn 8.6, we have

0— p*(F") — 0r(0,1)"" - &xty, (q°(L)(-1.2). 0r) - 0. (4.8.2)



322

Vector Bundles Oi#2 And Torsion Sheaves On The Dual Plane 249

Since
Exty, (07 (L)(-1,2), Or) = g (xtg,, (L, Op-(-3)))(L 1) = g (L')(1, 1),

we get an isomorphisrRlq.(p*(F*)(-1,-1)) ~ L’, by tensoring the
above sequence withz(—1, -1) and then applying the direct image
functor ofq to it. Combining the above results, we see WéE’) ~ L’
and hencd.’ is contained irs.

The proof of the converse consists of several steps.

Step I. LetF’ be the bundle which corresponds lt6. We shall
construct a homomorphism &f = p*(F*) to F’ = p*(F’). SettingH =
p~1(¢) for a general ling in P, we have the following exact sequence:

0— F'(-1,0)— F" —» 62" > 0.

SinceR!q, (F*(~1,0)) = L'(1) as we have seen in the above, the above
sequence provides us with another exact sequence

0-G =q.(F)- 08 - L'(1) » Rla.(F) - 0.

SinceF* is locally frge, s0 i$5’. If one denotes the cokernel of the natu-
ral map ofg*(G’) to F* by T, one gets the following exact commutative
diagram (seE4.8.2)

0
!

T 0
| |

= 0s(0,1)" — q*(L’)(L, 1) — O

T | } (4.8.3)
0—q'(G) —q'a.(0=(0,1))*" ——q"(B) ——0

oO——
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whereB is im(B) in the following exact sequence 323

0-G = 0p (" 5 P@L)L D))~ L' e Tp
- R'q. (F*) - R'a.(0x(0,1)°") = 0.

Let us consider another exact commutative diagram

0 0
q (L)L 1) =—=0"(L')(1, 1)
0——q'(B)——q'(L'® Tp:) —=q" (R'q. (F*)) —=0

|

0 R a'(L)(-1.2) Q 0

0 0

The first diagram gives rise to an isomorphismTofo R. Compaosing
this with the injection of the bottom row of the second diagrave
obtain an injectionsp : T — g*(L’)(-1,2). Note that we have the
following isomorphism

q'(L")(-1.2)/60(T) = g (R'a. (F*)). (4.8.4)

From the exact sequence in Proposifiod 3.6Farwe obtain the exact
sequence

0 — Homg. (E*, Ox(0, —l)®”) — Homg, (E*, E’) -
Homg. (F*.q"(L')(-1.2)) — éxt}, (F*, 0a(0.-1)").

As easily seen, Hopy (F*, 0x(0, ~1)*") =~ HO(F, F(0, -1)°") = 0 and
ExtgF(E*,ﬁF(O,—l)@”) ~ Hl(F, I?(O,—l)@”) = 0. Thus there exists a
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unique homomorphism : F* — F’ which coverssy. Obviously, for
§=p.(6): F > F, p'() =4.

Step Il. Setk = ker(). We shall prove thaK ~ &', wherer =
h%(P,F*). Since bothF* andF’ areu-semi-stable and sinag (F*) =
ci(F’) = 0, for E’ = im(6), c1(E’) = 0 and hence(K) = 0. LetS
be the torsion part oF’/E’. Since 0= ci1((F'/E")/S) = ci(F’/E") —
c1(S) = —c1(S), we see thab is supported by, at most, a finite set of
points. This implies that for a generabf P*,

0-Klg—1g = F lg—1p > F lg -1

is exact, wher& = p*(K). From this, we deduce that

(4.85) K g1 Is @ trivial bundle of rank for all general pointg 325
in P* with r = r(K) because botf* |1, andF’ |, are trivial for

all pointszin P* — S(L). If ¢ is a suficiently general line irP, then for

H = p~1(¢), we have the following exact commutative diagram:

0 0

|

0
i} b
0— K(-1,0) II Kly—=0

!
|

| | (4.8.6)
|

0— F*(-1,0)—F* —F* |y —0

l

0— F/(-1,0)—F —F |y —0

-

On the other hand, the leftmost colum &f (418.3) yields thacex
sequence

0= Rlq.(q"(G')(-1.0)) - R'q, (F*(-1.0)) - R'q.(T(~1,0)) O,

which implies thatl’(1) = R'q. (

R'a.(q'R'a, (F*(-1,0))) ~ R'q. (
shows that

R'0.(60(-1,0)) : R'q.(T(~1,0)) = R'a.(q"(L')(-2,2)) = L'(1)

1,0)) ~ R'q.(T(~1,0)). Since

F(-
F(-1.0)) ® Rlg. (6r) = 0, (@83)



326

252 M. Maruyama

is surjective and then it is an isomorphism becaB$e.(T(-1,0)) is
isomorphic toL’(1) as we have seen in the above. In the commutative
diagram
R'g. (F*(-1,0)) — R'q.(T(-1,0)) —0
lu Lqu*(ao(—l,O))
R'g. (F/(-1,0)) — R'a.(q"(L)(-2,2)) —0
we have showed that the maps except dawvere in bijective corre-

spondence, whenaeis bijective, too. Now,[(4.8]6) supplies us with the
following exact commutative diagram:

In) — R'a. (K(-1,0)

!

~— XN|=<—O

|
0—q. (K) —a. (
i

0 G o L'(1) 0
0— Op (-1 oen L'(1) 0

Look at the two exact sequences
0——>K(-1,0)—= F*(-1,00—=E’(-1,0)——=0
0——=FE/(-1,0)——= F'(-1,0)

whereE’ is the torsion freq*(E’). From these, we have

Rlg. (F*(-1,0)) ——Rlq. (E'(-1,0)) —0

T

R'q. (F'(-1.0))
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327 Sinceuis bijective,v is injective, whence this is isomorphic. By (4.8.5),
for general pointsz of P*, E’ |41, is a trivial bundle of rankn -
r, which implies thatg, (E’(—l, 0)) vanishes. We see, therefore, that
R'g. (K(~1,0)) = 0. The above diagram then shows thafK) is iso-
morphic tog. (K 1) which is a trivial bundle thanks to the middle col-
umn of the diagram. The leftmost column gives us t¥4P*, g, (K)) =
h°(P*.G’) = h°(F,F*) = hO(P,F*). Therefore,q. (K) =~ OF with
r = %P F*). By[(4:85), the natural homomorphism of 2" =~
q°a. (K) to K is injective andr = r(K). Thus cokerg) is supported
by the divisor det) = 0. On the other hand; (cokerg)) = 0 because
c1(K) = c1(02") = 0. These mean that is an isomorphism, that is,
K =~ 0¢". Hence we obtain that ~ %" with r = h°(P, F*) as required.

Step lll. Let us prove thaE’ = im(6) is locally free. Set = F’/E’.

Sinceci(E’) = 0, the torsion part) of | is supported by a finite set of
points. On the other hand, settidg= coker@.(6) : G’ — Op-(-1)®")

and taking[(4.8]4) into account, we have the following exachmuta-
tive diagram:

0—0q'(G)

!

E*
|
0— 0x(0,-1)®" — F' — q*(L")(=1,2) — 0
1
|
!
0

<~ <=0
o

| !

0 a'(J) q'R'q.(F) —0

| !

0 0

The bottom row Lemm@aZ.T3.1 assert that the natural mapepf{l) to 328

I'is bijective. Sincep andq are flat, the torsion part dfis, on one hand,
p*(U) and, on the other hand;(V), whereV is the torsion part off* (T).

Thus p~1(SuppU)) = g X(Supp¥)), which implies that (Supg) is



329

254 M. Maruyama

empty or equivalentylJ = 0, that is,| is torsion free. This implies that
E’ is locally free.

Step IV. We shall complete the proof of the theorem. In the firs
place,x(F’) = x(1) = x(E') = x(F*) —x(0p") andx(F’) = x(F*) = 0.
Thusy(l) = r. Sincecy(l) = 0 andr(l) = r, we see, by Riemann-Roch
Theorem, thaty(l) = 0. Moreover,| is u-semi-stable because for a
general lineZin P, | |;~ &7". Then applying Lemmial.3 tg we know
that! is isomorphic tag3". Thus we have two exact sequences

Oeﬁgr—)F*—)E’ﬁO
0—>E’—>F’—>ﬁ§r—>0.

SettingE = E’*, we get our assertion. In fact, sine®(P,F*) = r,
HO(P, E*) vanishes. Q.ED

Corollary 4.8.7. If amember L o%” is quadratic, then we have an exact
seqguence
O-E->F->0y -0

where H(P,E) = 0, E ~ E* and r = h%(P, F*).

Proof. We have only to prove thdt is isomorphic toE*. SincelL ~ L',
F’ in the proof of Theorerh 418 is isomorphic Eo Thus we have two
exact sequences:

0- 0y - F">E -0
050 5F >E—-O0

SincehO(P,F*) = r, E* = F*/HO(P, F*) ® 0p by the first sequence and
it is isomorphic toE by the second. Q.E.D

Let us show by an example that for &rin ¢, L’ is not necessarily
contained ir%’.

Example 4.9. Let E be a member o#/(2) andl an ideal of a rational
point x of P. By a well-known spectral sequence, we have the following
exact sequence:

0 — HY(P, #omy, (1, E)) - Exty, (I.E) -
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HO(P. &xty, (1, E)) - H*(P, #0omy, (I, E)).
Another exact sequence
O0-1—->0p—>k(X)—0

shows that#omy, (1, E) ~ E andé‘Xt;P(l, E) ~ é%(tgp(k(x), E) =~ k(x)®2.
Therefore, Ext (I,E) =~ HO(P, éxty, (I, E)) =~ k(X)®* becauseE is a 330
member of?(2). In a neighborhood) of x, E |y~ Oye & Oyer. We
may assume that by the maxtlop(l,E) — &xttoy(l |y Ouer &
Oue) — k(X)®?, ey is sent to the (10) = ¢ - £. defines an extension

O-E-F—->1-0

F |u is isomorphic tooy e, @ G, whereG is the extension of |y by
Oy e defined by a generator skt oy (I |u, Ouer) ~ k(X). By virtue of
aresult of Serrel([12]); is locally free and hence soks Now itis clear
thatHO(P,F) = 0, co(F) = r(F) = 3 and for a general linéin P, F |, is
trivial. ThusF is a member of/(3). HoweverE’ = F*/HO(P,F*)® 0p
is a subsheaf oE* but not equal toE* at x. ThusE’ is not locally
free, this and Theorein 4.8 together show thatlfor ®(F), L’ is not
contained ir%’. Note that the discriminant cun&(L) of L is a union of
non-singular conic and a line. Thisalso supplies us with an example
to show that Lemmia 1l.4, (1) does not hold without assumingtedality
of F. In fact, thisF is semi-stable but not stable.

§5 Applications and remarks

Let us give some applications of our Main Theorem and The@ghn
and some remarks. The first remark is

Lemma5.1. (1) A member F of/ is stable if and only itd(F) is a
simple object irz’.

(2) Let L be a member of. If S(L) is irreducible and reduced, then331
a vector bundle corresponding to L is stable.
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Proof. (1) If ®(F) contains a proper subshdafvhich is a member of
%, thenF contains a subsheé&f corresponding th. SinceE is a
member of/ (t) for somet, we see thaPg(m) = m?/2 + 3m/2 =
Pe(m), which implies thatF is not stable. Conversely, F is
not stable, then it is semi-stable and contain€anf a 7 (t) by
Lemmd1.8D(E) is then a proper, nhon-zero subsheafdgF).

(2) Take arF in 7/(n) which corresponds th. Assume thaF is not
stable. By virtue of Lemm@gl.9, we see tlkats semistable and
contains ark in 7 (t)(t < n) as a subsheaf. TheWl = ®(E) is
a proper subsheaf @f = ®(F) and thenS(M) is a subsheme of
S(L) (LemmdZ.8) which violates our assumption.

Q.ED

Which curve can be a discriminant curvelofn % or the curve of
jumping lines of a vector bundle i? The following answers partly
this question.

Lemma5.2. Let D be an @ective divisor on Pwhose support does not
contain any line. Then there exists an Ldhsuch that $L) = D.

Proof. Since the support oD contains no lines, we do not need to
care about the propertj (2.8.2), by virtue of Proposifioh32.LetD
be > n;D;, wheren;’s are positive integers an;’s are mutually dis-
tinct irreducible, reduced divisors. If we halgefor eachD; such that
S(Li) = Dj, thenL = @L®" has the property_(Z.3.1) ar®{L) = D (see
Lemma2.8). Thus we may assume thats irreducible and reduced.
Letg : D — D be the normalization ob. Then, as is easily seen,
there is a line bundl& on D such thaﬂ—|°(5,[) = Hl(ﬁ,f) = 0. Set

L =g (f) Sinceg is a finite morphismHO(P*, L) = HO(SI) =0
andH(P*,L) = H(D,L) = 0. ThusL has the property(Z3.1). At
smooth points oD, g is isomorphic. This means thet(L) = D. We
see, therefore, th&(L) = D. Q.E.D

The next question is on the existenceue$table vector bundleB
with S(F) smooth.
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Proposition 5.3. Let r and ¢ be integers with£> r > 2. Then there
exists au-stable vector bundle F on B P? of rank r with g(F) = 0 and
¢2(F) = ¢, such that the curve of jumping lineg¢fS of F is smooth.

Proof. We shall fix ac, and prove our assertion by induction orin the
case ofr = 2, the proposition is well known (selel [2] ar [11]). Suppose
that Proposition 513 is true up to- 1. Pick au-stable vector bundl&

on P of rankr — 1 with ¢c1(E) = 0, co(E) = ¢, andS(E) smooth. Since
HO(PE) = H?(P,E) = 0, we haveh!(P,E) = ¢ —r + 1 > 0. Then we
have a non-trivial extension

O—-E—-F —>0p—0
which is stable by Lemn{a1.4, (2). Since

R'0.(p*(E(-1))) = Rla.(p*(F'(-1)),

S(F’) = S(E) which is a smooth curve iR*. Let M be the irreducible 333
component of the moduli space of stable vector bundle$ avhich
contains the~’ in the above. Sinc&(F’) is smooth, for general points
F of M and general liné in P, F |~ 07" andS(F) is smooth. Assume
that F is not u-stable. TherF is u-semi-stable. LeE’ be a maximal
proper subsheaf df with cy(E’) = 0. ThenE’ is locally free,E” =
F/F’ is torsion free ana1(E’) = 0. Moreover, bottE andE’ are u-
semi-stable. On the one har8{F) is smooth and, on the other hand,
S(F) = S(E") + S(E’). This implies that one o8(E’) and S(E’) is
zero; in other words, eithes(E’) or c(E’) is zero. By Lemma1l3,
we see thaE’ ~ 6% or E' ~ 02079 If E' is trivial, °(P,F) 2
ho(P, E”) # 0 which contradicts the stability ¢f. ThereforeF is fitted
in the extension

O—>E'—>F—>ﬁ§t—>0

Now we shall assume that our assertion is falserfand show that it
leads us to a contradiction. Sinb&(P,F*) is upper semi-continuous
on M andh®(P, F’*) = 1, t must be 1 for generdf. Furthermore, by
the openness qi-stability and the fact thaE* is u-stable, we see that
E’* ~ F*/0p is u-stable for generdF. Thus there exists a non-empty
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open setJ of M whose points correspond to stable vector bunéies
such thafF is an extension o&p by au-stableE:

O-E->F->0p—>0. (5.3.1)

334 The dimension of the moduli space @fstable vector bundleE with
ci(E) =0,c(E) =c,andr(E) =r—1is

2(r — 1), — (r — 1)? + 1([10, Proposition €9]).

Sinceh!(P, E) = ¢, —r + 1, the dimension of the space of the extensions
(5.3.1) isc; — r. By Proposition 6.9 of [10] again, we have that dim=
2rc, —r?+ 1. Thenwe getdim) — {20 —1)co — (r =12 +1+cCo—r} =
c;—r+1> 0. This means that general membEref U cannot be fitted

in the extension (5.311). This is a contradiction. Q.E.D

Remark 5.4. The existence qgf-stable vector bundles on P such that
c1(E) = 0, c2(E) = ¢, andr(E) = r for thecp andr given in the above
proposition is a very special case of the result by J.M. Orarnd J. Le
Potier [6].

In view of Theoren{4]8, we can say, on stable vector bundles in
V(n,n), a little more than Corollary 1.4.1 under the additionauasp-

tion (110.2).

Proposition 5.5. Let F be a stable vector bundle .
(1) Both®(F) and®(F) are contained irz’.
(2) We have an exact sequence of vector bundles

O—)E—)F—)ﬁgr—>0

335 with E u-stable, where = h(P, F*). In particular, if HO(P, F*) =
0, then F isu-stable.

Proof. (1) is corollary to Corollary_1.4]1 and Theoréml4.8. We prbve
(2) in Corollary1.4.1 except for the-stability of E. Assume thak is
not u-stable. Sincee is u-semi-stable, there is a coherent subsheaf
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of E such thatci(E;) = 0, E; is locally free andr(E;) < r(E). Set
E> = E/E;. ThenE; is torsion free and for general linésin P, we
see thatg |,, E | andE; |, are all trivial, which particularly implies
that g.(p*(E2))(-1, —1)) is torsion. On the other hand, sinpgE,) is
torsion free, thanks to the flatnessmfso isg.(p*(E2)(-1, —1)). Hence
a.(p*(E2)(-1,-1)) = 0. Therefore, puttind; = R'q.(p*(E)(-1, —1))
andL = Rlg.(p*(E)(-1,-1)) = ®(F), we obtain the following exact
sequence:
O-Li»L>Ly—>0.

SinceRiP*(p*(Ej)(—l,—l)) = Oforalli andj (see Lemm&a2.13.1),
Hi(F, p*(Ej)(-1,-1)) = O for all i and j. Combining this and the fact
thatR‘q*(p*(Ej)(—l, —1)) = Ounlesd = 1, we know that.; andL, have
the property[(Z.3]1). By virtue of Propositibn P.9, (4), wet the exact
sequence

O-L,-L —-L]—0.

Then it is obvious that; has the property (2.3.2) because so does
By LemmalG.1L,L is a simple object i and hence eithek; or L, 336
vanishes. On the other hand, it is noffidult to see that de§(L;) =
Co(Ei) (cf. [11] Proposition1lJ7). Thusy(E1) = 0 or co(Ey) = 0.
Applying Lemmd_L.B tcE;, we get thate; or E; is trivial. The former
violates the condition thatd®(P, F) = 0 and the latter contradicts the
fact thatHO(P, E*) = 0. This completes the proof.

Let M’(r, n)’c‘, be the moduli space gf-stable vector bundlek of
rankr and P with ¢;(E) = 0 andcy(E) = n which have the property
(I.10.2). TherM'(r, n), is an open subscheme W(r, n);. If the base
field k is of characteristic zero, the’(2, n); = M(2,n),, by the the-
orem of GrauertMulich. If we defin®’(n, n)o to be the moduli space
of stable vector bundle& with ci(E) = 0 andc,(E) = r(E) = n which
have the property (1.10.2), thévi’(n, n)o is also an open subscheme
of M(n,n)o andy(r, N)(M’(r,n);) = ¥(r,n)(M(r,n)y) N M’(n,n)o (see
Propositior_LI7). Leg’(r, n) be the morphism ofM’(r, n)‘c‘) to M’(n, n)g
induced byy(r,n) of Proposition L. Relations amond’(r,n), are
clearer than those amomy(r, n)’é which we have seen in Propositionll.7.
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Theorem 5.6. There are subschemegrZn) in M’(n,n)o(r = 2,3,...,n)

such that(1) ¢/(r, n) induces an isomorphism of ‘i, n)‘c‘) to Z(r,n), (2)
n - [

M’(n,n)o = [ Z(r,n) and(3) Z(r,n) = [] Z(s,n), where means
r=2 S<r

the closure in M(n, n)o.

337 Proof. By Proposition 1.7 and Proposition 5.5, (2), our assertianes
obvious except for (3). (3) is also easy if one takes the ircédality
of the moduli space of stable bundles Br{[6], see, for example,]) into
account.

Let us close this article by the following question.

Question 5.7. Let M(n, n) be the moduli space of semi-stable sheaves
E of rankn on P with ¢1(E) = 0 andcz(E) = n ([10]). It is known that
M(n, n) is a projective, normal variety. What is the closureZgf, n) in
M(n, n)?
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On The Moduli Space Of Bundles (&3
Surfaces, |

By S. Mukai

IN [12], WE have shown that the moduli spalelg of stable sheaves341
on aK3 or abelian surfac& is smooth and has a natural symplectic
structure. In this article, we shall studl§s more precisely in the case
is of typeK 3. We shall show that every compact 2 dimensional compo-
nent of Mg is aK3 surface isogenous @ (Definition[1.7 and1]8) and
describe its period explicitly (Theorelm 1.4). As an appi@a of this
result, we shall show that certain Hodge cycles on a produstamK 3
surfaces are algebraic (Theorem| 1.9). As a corollary, we liaat two
K3 surfaces with Picard numbgerll are isogeneous in our sense if and
only if their transcendental Hodge structugsandTs are isogenous,
i.e., isomorphic ove® (Corollary[1.10).

This work was done during the author’s stay at the InstitateAd-
vanced Study in 1981-2, at the Max Planck Institut fur Mathgkrfirst
in 1982 and later in 1983 and at the Mathematics Institute riivéi-
sity of Warwick in 1982-3. The stay at MPI was partially sugpd by
SFB 40 and others by Educational Projects for Japanese matical
Scientists.

1 Introduction

342
Let S be an algebrai®&3 surface over the complex number fieldThe

cohomology groupH?(S,Z) with the cup product pairing is an even
unimodular lattice and isomorphic to = U+3 1 Eg? which we call a

and Eg is an even

K3 lattice, wherel is the hyperbolic Iattice{g (1)

263
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unimodular negative definite lattice of rank 8. We define médr form
and a Hodge structure of weight 2 on the cohomology HIES, Z).
The integral bilinear form-J on H*(S, Z) is defined by

(@-pB) = —a®B* + 2% — o™ e HY(S,2) = Z (1.1)

for everya = (% 02 ¢*) andg = (8°4% 5%) in H*(S,Z), where we
identify H4(S, Z) with Z by the fundamental cocycle € H*(S,Z). The
Hodge decomposition dfi*(S, C) = H*(S, Z) & C is defined by
H*20(S,C) = H*(S, C),
H*%2(S,C) = H%%(S,C)
and
H*(S,C) = HY(S,C) @ HY(S,C) @ HY(S, C).

(1.2)

H*(S, Z) with the bilinear form[(T.1) and the Hodge structure (1) i
denoted byH(S,Z) - H2(S, Z) is a sublattice and a Hodge substructure
of H(S, Z).

Let E be a sheaf oi%. SinceHZ(S, Z) is an even lattice, the Chern
characterch(E) of E belongs toH*(S,Z). We denotech(E) - vtds €
H*(S,Z) = H(S, Z) by v(E) (Definition[Z:1) TheH%(S) -component of
v(E) is the rankr (E) of E (at the generic point) and?(S)-component is
the 1st Chern class (E). TheH*(S)-component oi/(E) is denoted by
S(E). By the Riemann-Roch theorem, we hay(&) = r(E) + ch?(E) =
X(E) - r(E) - V(E) is of type (1,1) with respect to the Hodge structure
defined in[(1.R). For sheavé&sandF on S, X(E, F) denotes the alter-
nating sumZ(—l)i dim Ext &s(E, F). By the Riemann-Roch theorem,

we have (sée Propositign 2.2)
X(E,F) = —(v(E) - v(F)).

Let v be a vector ofH(S,Z) of Hodge type (1,1), and leMa(v) be
the moduli space of stable sheadesn S with v(E) = v which are
stable with respect té in the sense of [2]. TheMa(v) is smooth and
each component has dimensiarf)(+ 2. Assume that is isotropic,
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i.e., @) = 0 and thatv is primitive, i.e., not divisible by any integer
> 2. ThenMa(v) is 2-dimensional. The orthogonal complementof

v in H(S, Z) containsv and the quotlentf is a freeZ-module of rank
22. The quadratlc form oRi(S, Z) defined in[[T1) induces a quadratic
form on f with signature (3, 19). Sinceis of type [1.1), the Hodge

1 s
decomposition ofi(S, C) induces that o(%) ®C. Hence% carries
U U

the polarized Hodge structure of the same kindHaES, Z).

Theorem 1.4. Let S be an algebraic & surface andv a primitive
isotropic vector ofH(S,Z). Assume that the moduli spaceafd) is 344
nonempty and compact. Them(#) is irreducible and is a (minimal)

K3 surface. Moreover, there is an isomorphism of Hodge strastu
L

between H(Ma(v), Z) and % which is compatible with the cup prod-
1%

1
uct pairing on H(Ma(v)) and the bilinear form% induced by that on
~ 1%
H(S,Z).

The above theorem and the Torelli theoremHK& surfaces ([7],
[20]) determine the isomorphism class Bfa(v) uniquely There are
many pairs okt and A for which the moduli spacelia(v) are compact
(Propositiorf 4.1l and Proposition 4.3).

Remark. Even if Ma(v) is not compact, every component Bfa(v) is

birationally equivalent to &3 surfaceM and the period oM is isomor-
1

. v

phic to 7 )

Now we show how the isomorphism betweeA(Ma(v), Z) and —
is obtained. The isomorphism is induced by a natural algetmw:fje
on S x Ma(v). There exists a sheaf on S x Ma(v) which we call a
quasi-universal sheaf (Definition[A.4 and Theorernl AB)is flat over
Ma(v) and the restriction t& x mis isomorphic toEE” for every point
m € Ma(v), whereEy, is a stable sheaf iMa(v) corresponding tan.
The integelr = o7(&) does not depend amand is called the similitude
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of E. Letch(&) € H*(S x Ma(v), Q) be the Chern character 6f. Put

. my Vidy
Zs = (n% \/_tds)-ch(@@)-[ )
M = Ma(v) - Z¢ is an algebraic cycle o8 x Ma(v) (with Q codficient)

and induces the homomorphism

fz6 1 H(S,Q) —= H(Ma(v),Q)

H*(S’ Q) - H*(MA(U)’ Q)

, wheretds is the Todd class d and

t

v« (Ze - 7st)

345 fz, is @ homomorphism of Hodge structuref., sendsv to the fun-
damental cocyclev € H*(Ma(v), Z) (Lemmal[4.111) and maps" into
HO(Ma(v), Q) ® H3(Ma(v), Q). Hencefz, induces the homomorphism

vt ®
W 20) _, H2 (Maw). Q)

(%

Theorem 1.5. Assume thats is an isotropic vector and that Mv) is
nonempty and compact. Then we have

(1) ¢q does not depend on the choice of a quasi-universal fagily
on Sx Ma(v),

(2) ¢q is an isomorphism of Hodge structures and compatible with
L
the bilinear forms on%@ and H(Ma(v), Q), and
[y

L

(3) yg is defined over, i.e.,pq (%) = H2(Ma(v), Z).
1

If & is a universal family (i.e.g"(¢") = 1), thenZ, is integral and
fz¢ gives an Hodge isometry of betweei(S, Z) andH(M, Z) (Theo-
rem(4.9).
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Remark 1.6. The relation between the periods of a variétyand the 346
moduli space of bundles od was studied in the cas€ is a curve in
[16]: Let M be the moduli space of stable rank 2 bundles with a fixed
determinantt. If degé is odd, thenM is compact and the two polar-
ized Hodge structureBl*(C, Z) and H3(M, Z) are isomorphic and the
isomorphism is given by using the Chern class of a univeesalily on
C x M. (Since the weights are odd, in this case, the polarizatiorot
symmetric but skew symmetric).

The following is a natural analogue of the notion of isogety o
abelian surfaces.

Definition 1.7. An algebraic cycleZ € H*S x S’,Q) on a product
of two K3 surfacesS and S’ is an isogeny, if the homomorphisia :
H2(S,Q) —» H(S,Q),t — 7s, «(Z.7gt), is an isometry, i.e. an isomor-
phism compatible with cup product pairings.

fz is an isometry if and only if so is the homomorphisi: H?2
(S’,Q) = H%S,Q), t' — ns, *(Z, ngt’) becausefz and f; are adjoint
to each other with respect to the cup product pairings. Ity fae have
v - fz(1) = (rgt' - Z - ngt) = (f5(1) - t) for everyt € H2(S, Q) and
t’ € H3(S', Q).

Definition 1.8. Two K3 surfacesS andS’ are isogenous if there exists
an isogeny € H*(S xS’,Q)onS x S'.

Let Ns be the Néron-Severi group 8fNs is canonically isomorphic 347
to HLY(S, Z) and is a primitive sublattice dfi%(S,Z). The orthogonal
complementls of Ns is called thetranscendental latticef S. Every
cohomology class ilNs is of type (1,1) and any cohomology class in
Ts is not so. H%(S,Z) containsNs L Ts as a sublattice of a finite
index andH?(S, Q) is isomorphic to Ks x Q) L (Ts x Q). Hence the
cohomology grougH*(S x S’, Q) is the direct sum of 4 vector spaces
Ns X Ng ® Q,Ns®Tsr ® Q, Ts ® Nss ® Q andTs ® Tsr ® Q. Neither
Ns ® Tss ® Q nor Ts ® Nsr ® Q contains a cohomology class of type
(2,2). Hence ifZ € H*S x S’,Q) is a Hodge cycle, thed is the sum
of Z,e Ns®Ng ® QandZ, e Ts ® Ts ® Q. Z, is always an algebraic
cycle. Hence a Hodge cyclé is algebraic if and only if so iZ, - Z;
induces the homomorphisiy : Ts ® Q — Tsr ® Q. In particular,S
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andS’ are isogeneous if and only if there exists an algebraic &de
Sx S’ suchthatf] : Ts®Q — Ts ®Qis an isometry. By Theorem 1.5,
Zs is an isometry an® and Ma(v) are isogeneous. As an application
of this fact, we have

Theorem 1.9. Let S and Sbe algebraic K3 surfaces and Z H*4(S x
S’,Q) a Hodge cycle on & S’. Assume thatf: Ts®Q — Ts ® Q
is an isometry and that the lattice ¥ Ts N (f5) 1T can be primitively
embedded into a Klattice A. Then Z is an algebraic cycle.

If p(S) =2 11, then rankl < 11 andT can be primitively embedded
into A by Corollary 1.12.3 in[[17]. Hence we have

Corollary 1.10. If p(S) 2z 11andif f] : Ts®Q — Ts®Q is an isometry,
then the Hodge cycle Z is algebraic.

Remark 1.11. By the corollary, twoK 3 surfacesS andS’ with p > 11
are isogenous if and only if the Hodge structufigsand Ts, are so.
This partially answers to the question posed_in [21]. KR8rsurfaces
with p = 20, this has been proved by Shioda-Indse [22]. Moreover,
Inose [4] has proved that ifs andTs, are isogenous for such tw3
surfacesS andS’, then there exist rational maps of finite degree fidm
to S’ and fromS’ to S.

In [10], Morrison has proved that ifs has a primitive embedding
Ts — U183, then there exist an abelian surfakand a certain algebraic
correspondence ddx A which inducesTs = Ta. By this result and the
above corollary, we have

Theorem 1.12.Let S be an algebraic &surface. If & ® Q can be
embedded intdU ® Q)3 as a lattice, then there exists an algebraic
cycle on Sx A which induces an isometry between&dQ and TA® Q

This was conjectured in [10] by modifying Oda’s conjecturdli9].

Notation. A K3 surface always means a minimal algebt&®® surface
overC, throughout this article. For a complex manifolcdbverC,
H*(X,Z) is the cohomology ring oK. The even (resp. odd) part of
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H*(X, Z) is denoted byH®' (X, Z) (resp. H%44(X, Z). « is the involution
of H¥(X, Z) which is+1 on P H*(X) and-1 on P H*™?2(X).
n n

A sheaf onX is a choereny-module. h'(E) is the dimension of
the cohomology groupt'(X, E) andX(E) is the alternating sur,(—1)'
h'(E). For an ample line bundl& and a nontorsion she&: the rational
(C1(E) - AdmX*-1

r(E)
denoted byua(E). A torsion free sheak is u-stable (resp.u-semi-
stable) with respect A, if ua(F) > ua(E) (resp. ua(F) = ua(E)) for
every proper nontorsion quotient shéabf E. The set of isomorphism
classes of alli-stable (respi-semi-stable) sheaves ofis denoted by
M (respS I\/l‘;) M{ is an open subset of the moduli spadg of stable
(in Gieseker’s sense) sheavesXnFor a sheak on X, EY denotes the
dual sheaf Homx(E, Ox) - ch(E) € H®(X, Q) is the Chern character of
E. If E is locally free, then we haveh(E") = ch(E)*.

A lattice over a ringRis a freeR-moduleL with a symmetric bilinear
form () : L x L - Rand a lattice means a lattice ovér A sublattice

number

is called the slope dE with respect toA and

Lo of L is primitive if " has no torsion and a vectorof L is primitive
0

if Zv is a primitive sublattice. An isomorphisth: L — L’ between
two latticesL andL’ is an isometry iff is compatible with the bilinear
forms onL andL.

For an algebraic variet), the Néron-Severi grouNy is the Picard 350
group Pic K) modulo algebraic equivalence. The Picard numik{et)
is the rank ofNx. If S is aK3 surface, then the natural map By (—
Ns is a bijection. Forf € Ng, we denote byrs(¢) the line bundle
corresponding td.

2 Generalities

In this section, we assume thatis an abelian oK 3 surface. The Todd
classtds of S is equal to 1+ 2ew, where 1€ H(S, Z) is the unit ele-
ment of the cohomology ringl*(S, Z), w € H4(S, Z) is the fundamental
cocycle ofS ande is equal to 0 or 1 according & in abelian or of
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type K3. The positive square rooftds = 1 + ew lies in the even part
H® (S, Z) of H*(S,Z). Let E be a sheaf 0%. Then the Chern character
ch(E) belongs taH® (S, Z).

Definition 2.1. For a sheak, we putv(E) = ch(E). vtds € H¥(S,Z)
and call it the vector associated Eo
We define a symmetric integral bilinear form)on H¥(S, Z) by

(U-u)=a"a -rs —s’r e H¥S,2) = Z

for everyu = (r,a,9) andu’ = (r',¢/,s) € HYS,Z) @ H3(S,Z) &
H4(S,Z). We denoteH® (S, Z) with this inner product () by H(S, Z).

351 H(S,Z) is an even lattice of rank 8(& 2¢) and isomorphic tdJ+4 L
Egze as an abstract lattice. The inner produgt (/) is equal to the
H*(S, Z)-component of-u* -u € H¥(S, Z). Hence, for sheaves andF
onS, (v(E) - u(F)) is equal to theH*(S)-component of-ch(E)* - ch(F) -
tds. Therefore, by the Riemann-Roch theorem, we have

Proposition 2.2. Let E and F be sheaves on S and pUE,F) =
>(=1) dim ExfﬁS(E, F). Then we hav&(E, F) = —(v(E) - v(F)).
|

Proof. If E is locally free, then EigS(E, F) is canonically isomorphic

to H'(S, EV ® F) for everyi and—ch(E)* - ch(F) - tds is equal to-ch(E®

F) - tds. Hence our assertion follows from the usual Riemann-Roch
theorem. If 0—» E’ - E —» E” — 0is an exact sequence, th&(E, F)

and ¢(E) - v(F)) are equal taX(E’, F) + X(E”, F) and ¢(E’) - v(F)) +
(w(E”) - v(F)), respectively. Sinc& has a resolution by locally free,
sheaves, we have our assertion for every sheaasdF. g.e.d

The dualizing sheads of S is trivial. Hence the Serre duality is
simple in form and is a veryfiective tool of our study.

Proposition 2.3. Let E and F be sheaves on S. Then the paiEEv(gjﬁS

352 (E,F) x ExtG(F,E) - H¥&s), (a,8) — tr¥(a o p) is nondegener-
ate for every i, where fr : Ext%S(F, F) — H?(0s) is the trace ho-
momorphism oExt;, (F, F). In particular we havedim Ext, (E,F) =
dim Homy (F, E) anddim Ext'(E, F) = dim Ext,_(F, E).
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Proof. The usual Serre duality says that the natural paiHhs, G) x
EXtZi(G,a)S) — H?(S, ws) is nondegenerate for every sh&fon S.

In the case wher& is locally free, applying this Serre duality f& =
EY ® F, we have our proposition. In the general case, take locedly f
resolutions 0—» E™ - E™1 ... 5 E9 5 E > 0and 0—
F™ - F1 - ...FO - F — 0 of E andF, and apply the Serre
duality for Hom'ﬁs(E‘, F ") in the derived catego(S) of S([3]), where
EE=0-E"sE™ 5 ... 5 E0 > 0landF" = [0 - F" -
F"-1 ... - F9 - 0]. Then we have our proposition. g.ed

In the special case wheEe= F, the Serre pairing is a non degener-
ate bilinear form on E)@S(E, E) which we call the Serre bilinear form.
This form is skew symmetric.

By Propositior Z.2 and 2.3, we have

Proposition 2.4. (v(E) - v(F)) = dim Ext}S(E, F)dim Homy (E, F) -
dim Homy (F, E).

Corollary 2.5. dim Extgs(E, E) = (u(E)?) + 2dim Ends(E) for every 353
sheaf Eon S. In particuladim Exth(E, E) is always an even integer. If
E is simple, therim Ext}ﬁs(E, E) =(v(E)?+2) and hencdu(E)?) = -2.

The tangent space of §plor Ma) at the point E] € Splks is canon-
ically isomorphic to EX};S(E, E). Since Spi is smooth ([12]), we have

Corollary 2.6. Letv be a vector oH(S,Z). Then every component of
Spk(v) is smooth and has dimensige?) + 2.

Next we prove some inequalities ffw(E)?) and dim Ex}, (E. E)
which play an important role for our study of sheavesSon

f
Proposition 2.7. Let X :—» F — E % G - 0be an exact sequence
of sheaves on S such tdom,,(F,G) = 0. Define i: ExtiﬁS(G, F) -
Exty, (E.E)and j: Exty,_(E,E) — Ext}, (F,G)byi(@) = foacgand
j(B) = gopBo f. Let | be the image of i and J the kernel of j. Then we
have
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(1) 1 c J and the quotlenﬁ— is isomorphic to
Ext;, (F.E) ® Ext;,_(G,G),

(2) Letee Ext;S(G, F) be the extension class of X and define the
homomorphism h Ends(F) @ Ends(G) — Ends (G, F) by
h(er,ec) = ep o e—eo eg. Then the sequence (2.70)-
Ends(E) — Ends (F) ® Ends (G) o, Ext@. (G, F)—> Extgs

354 (E.E) is exact (sinceHomg (F,G) = 0, every endomorphism of
E preserves X and induces endomorphisms of F and G), and

(3) Jis the orthogonal complement bf | with respect to the Serre
bilinear form onExtgs(E, E) and | is totally isotropic.

, - : J
Proof. (1) Sincego f =0, joi = 0 andJ containsl. We show thatl—

is isomorphic to EXt (F,F) ® Ext;, (G,G). If a € Ext, (E,E)
belongs toJ, then g o @) o f = 0. Hence there existsg €
Ext;, (G, G) such thaig o @ = ag o g. Since Hom(F,G) = 0,
such anag is unigue. In a similar way, there exists a unigue
af € Extgs(F, F) such thatr o f = f o af. Itis easy to see that
the mapy : J — Exty,_(F,F) ® Ext,_(G,G),a + (ar,ac) is a
homomorphism.

Claim. Kerg¢ = 1.

If @ € l,thengoa = ao f = 0. Hencear = ag = 0 andl is
contained in Kgp. Assume that belongs to Kep. Then we have
aof =goa = 0. Hence there exisfs € Extgs(E, F) such that

a=fop. Sincefo(Bof)=aof=0andsince E)gs(':’ F)
fo 5 Extl, (F.E) is injective, we havgo f = 0. Henceg = yog
for someg € ExtiﬁS(F, G). Thereforeq is equal tof oy o g and
belongs td.

Claim. ¢ is surjective.
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(2)

(3)
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By the Serre duality and by our assumption, we hav%SExt

sof
(G, F) = 0. Hence the homomorphism %§¢E F)—
Exty, (F, F) is surjective. Therefore, for every: € Exty,_(F,F),
there exist® € Exty, (E, F) such thatrg = Bo f. Puta = fop €
Exty, (E,E). Thenitis easy to see thate) = (ar, 0). Inasimilar
way, for everyag € Exty, (G, G), we obtaine € Exty,_(E, E) such
thate(a) = (0, ag). Hencey is surjective.

If h(er,e5) = 0, thener o € = e o g5 which means that two
endomorphismer andeg of F andG are compatible with respect
to the extension class of. Hence there exists an endomorphism
of E which induceser andes. Therefore, the sequence (2.7.1)
is exact at Eng(F) ® Ends(G). Sincef oe = eog =0, we
havehoi = 0. Assume thatr € Exty, (G,F) andi() = 0, i.e.,
fo(acg) = 0. Then there exisfg € Homg, (E, G) such thatrog =
eo B. Since Homy, (F, G) = 0, there exists an endomorphisrg

of G such thaiB = yg o g. Since ¢ —eo yg) o g = 0, there
exists an endomorphisme of F such thate — €°yg = yr o &
Therefore,a lies in the image oh and the sequence (2.7.1) is
exact at Ext,_(G, F).

Sincews is trivial, the homomorphismsand j are dual to each
(E.E)

J

each other. lf € 1 andg € J, thena o g € Ext}, (E,E) is
zero. Hencd andF are perpendicular with respect to the Serre
bilinear form on EX;S(E, E). Since the Serre bilinear form is

nondegenerate] coincides withl ¢.

are dual to

other by the Serre duality. Hen¢eand Ex{,_

g.e.d

Corollary 2.8. ([11]) Let X be same as above. Then we have 356

dim Exty, (F, F) + dim Ext}, (G, G) < dim Ext},_(E, E).

Remark 2.9. If S is a surface anflKs |# ¢, then Homy(F,G) = 0
implies Ex%S(G, F) = 0. Hence (1) and (2) of the proposition and the
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corollary are true for such surface (1) of the propositioysghat every
infinitesimal deformation o andG can be lifter to an infinitesimal
deformation ofE.

The following proposition and its proof are quite similarabove
ones. In fact, these propositions are equivalent if oneidenshem in
the derived categorfp(S) of S.

Proposition 2.10. Let X: 0 - E %, 65 F 5 0be an exact sequence
of sheaves on S such thkty, (F,G) = 0. Let f € Exty, (F.E) be
the extension class of X. Define-iHomg(G, F) — Exty, (E, E) and

j: EXt;ﬁS(E, E) - EXtZﬁS(F,G) byi(a) = foaogand [B) =gopBo f.
Let | be the image of i and J the kernel of j. Then we have (1) &hd (
in Proposition[2.¥ and (2) define the homomorphism Bnds(F) @
Ends(G) — Homy,(G,F) by Ner,eg) = ecoe—eo es for ep €
Endy (F) and & € Endy,(G). Every endomorphism of E is induced by
that of G and the sequen@e— Endg, (E) — Ends(F) ® Ends (G) n,
Exty, (G,F)' — Ext;,_(E,E) is exact. In particular, if = 0, then h is
surjective.

Proof. By the Serre duality, we have %gt(G, F) = 0. (1) and (3) can
be proved in a similar way to Proposition P.7. Since}ﬁsgﬁ G) =0,
the map End,(G) — Homg, (E, G) is surjective. Hence every endo-
morphism ofE is a restriction of an endomorphism & Hence the
homomorphism Eng.(E) — Ends(F) ® Ends,(G) is well defined.
The exactness of the sequence can be proved in a similar vikrppo-
sition[2.71. g.ed

Corollary 2.11. Let X be same as above. Then we hdmeExtiﬁS(F, F)
+dimExt,_(G,G) < dimExt,,_(E, E).
S S

Let E be a torsion free sheaf arifithe double dual of. Then the
natural homomorphisnE — E is injective and the cokerné¥ is of
finite length. We have the exact sequence

05E—>ESM-0.
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SinceE is locally free, we have EXt (ME) = Ext (E, M)V = 0.

Since (v(M)?) = 0. dimExE, (E.E) is equal to 2dim Eng,(E) by
Corollary[2.5. Hence we have

_ 358
Corollary 2.12. Let E be a torsion free sheaf on S aBdand M be as

above. Then we have
dim Ext},_ (E. E) + 2dim Ends¢ (M) < dim Ext,,_(E, E).

If equality holds in the above relation, then the natural toonorphism
Endys (E) ® Endss(M) — Homy (E. M), (@.8) - €a—Boe, is
surjective.

Lemma 2.13. Let (R, m) be a local ring and M an artinian R-module.
Then we have lengitEndz(M)) = length(M). If equality holds, then M

is isomorphic tol— for an ideal | of R.

Proof. We prove by induction on length{). Let Mg be the submodule
{x € M; mx = 0} of M. Every endomorphism d¥1 mapsMy into itself.
Hence we have the exact sequence

0 - Homg(M, Mg) — Enck(M) — Ench(MM) — 0.
0

SinceM is artinian,Mg is nonzero. Hence by induction hypothesis, we
M M .
have Iengt?‘(Ench(V)) 2 Iength(M—). SincemMg = 0, every homo-
0 0

. M .
morphism fromM to Mg factors through—M. Hence Hom(M, M) is

Homg
isomorphic to the vector space———————. Therefore, we have
P PSS M/ mM, Mo)

length (Eng(M)) = length (Endq(M)) + length (Hongk(M, Mp))
Mo

I\

M
length ( Mo) + length ( ) length Mo)
length (M)

v
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which shows the first half of the lemma. If equalities holdhe tabove 359
M
relations, then we have IengéEndq(M)) = length (—) and length
Mo Mo

(—M) = 1. By the latter equality and the Nakayama’'s lemrivhjs
m

. . R .
generated by one element. Herldeis isomorphic tol— for an ideall.
g.e.d

By Corollary[Z.12 and the above lemma, we have
Proposition 2.14. Let E be a torsion free sheaf on B the double dual

of E and M= E Then we have
dim Ext},_(E, E) + 2 length(M) < dim Ext;,_(E, E).

If equality holds, then the natural m&mndy (E) ® Endys (M) —

Homy (E. M) is surjective and M is isomorphic tg} for an ideal .#
of Os.

Remark 2.15. SinceE is locally free, Ext, (E, M) = Exty,_ (M, E) =0
for any surfaceS. Hence Corollary 2,12 and the above proposition are
true for any (smooth) surface.

Let0 - F - E —» G — 0 be an exact sequence of nontorsion
sheaves o5. Sincev(E) = v(F) + v(G) andr(E) = r(F) + r(G), we
have

(v(F)?) (v(EY) (U(E)Z)_r(F)r(G)(v(F)v(G))2

(F) 1@  r® (B \rA)TG)
uF) uG) (. cF) «@) (F) SG)
SICeTF) TG - (0’ 'F) TG TF) r(G))’

F)r(G
360 the right hand side of the above equality is equarl—(ée)r(—)

r(E)

2
A O ) . Hence we have
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Proposition 2.16. Let0 - F - E — G — 0 be an exact sequence of
nontorsion sheaves. Then we have

WF?)  (vG?) (VEP) r(F)©) (aF) @)\
CICOENG) _rE)(NH_KQ)

If p(S) = 1, then the right hand side is always nonnegative because
we are assuming th&is algebraic. Hence we have

. . (v(F)?)
Corollary 2.17. If (S is algebraic and)(S) = 1, then "Gl
2 2
(U(G) ) > (U(E) ) Here equality holds if and only ﬁL Cl(G)

rG = r(E) r((F) ~ 1(G)
If F andG have the same slope with respect to an ample line bundle

Ai.e.,ua(F) = ua(G), then we hav<€ Crl((lf)) %) = 0. Hence, by

cu(F) cu(G)
(F)F r(G)
is equal to zero if and only |% Cl((G) Hence we have
361
Corollary 2.18. Assume that F and G have the same slope with respect
to an ample line bundle. Then we have

(F?)  (©P) _ (EP)

IO IEG)

the Hodge index theore ) is always nonpositive and

) ) c1(F)  ci(G)
and equality holds if and only Er(T) " 10

Let E be au-semi-stable sheaf. Then there is a filtration

E. . 0=EgcE;jc...cEy=E

Ei
such that every successive quotiént= E. is u-stable and has the

same slope ak. Such a filtratiorE, is called au — JHS filtration of E.
Applying the above corollary repeatedly for this filtratiome have the
following:
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Proposition 2.19. Let E be gu-semi-stable sheaf and® < i < n) the
successive quotients ofaJHS filtration of E. Then we have

0, (v(Fi?) _ (v(EY?)
Z O REIG)

L1(Fi c1(E)
r(Fi ) r(E)

Remark 2.20. If E is a semi-stable sheaf. Then there is a filtration

foreveryl i g n.

O=EpcEijc...cEy=E
s(Fi) _ s(E)

362 such thatF; is stable, has the same slopeEasand ——= F r(E) for
everyi = 1,...,n. Such a filtration is called dHS filtration of E. The
above proposmon is also true for a semi-stable steand its JHS
filtration.

Now we assume tha& is aK3 surface and prove a result which we

shall need ir§ 5. LetF be a sheaf o8 which satisfies

the canonical homomorphisiin: H(S, F) ® s — F (2.21)
is injective andH?(S, F) = '
We construct a shedf on S from F, which we call thereflection
of E (from the left), such that(E) = —s(F), ¢1(E) = ¢1(F) ands(E) =
—-r(F). We show thak is simple if and only ifF is so. This result is a
very special case of the theory of the reflection functog pivhich we
will discuss systematically in [14].
Let F be the cokernel of the canonical homomorphism

f:HYS,F)® 0s — F.

We have the exact sequence

0 HYS,F)® s 5 F —F —0. (2.22)
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SinceH(S, 0s) = H3(S, F) = 0, the above sequence induces the exact
sequence

0—= HY(S,F) % H(S,F) — H(S,F) ® HZ(S, 05) — 0.
|
HO(S, F)
(2.23)
Construct an exact sequence 363

0-F—E-HYS,F)-»HYS,F)®@ 05 > 0 (2.24)

so that the coboundary map: H1(S,F) ® H(S, &s) — H(S,F) is
equal tor. We call this extensioft of H(S, F)® 0 beF the reflection
of F (from the left). SinceH?(S,F) = 0 by our assumptionX(F) is
equal toh®(F) — h'(F). Hence we have.

u(E) = u(F) + h*(F)u(Os)
= v(F) - h°(F)u(0s) + h'(F)u(0s)
= v(F) — X(F)u(05).

SinceX(F) = r(F) + s(F) andv(0s) = (1,0,1), we haver(E)
—9(F),c1(E) = c1(F) ands(E) = —r(F). (By our assumptionX(F)
ho(F) < r(F). Hences(F) is nonpositive.)

IA I

Proposition 2.25. Assume that F satisfids (2121) and let E be the reflec-
tion of F. Then we havEnds,(E) = Ends, (F).

Proof. We have constructed canonically fromF. It is almost clear that
every endomorphism d¥ induces an endomorphism Bf Lety be an
endomorphism oE. We show thaty is induced by an endomorphism
of F. Since Hom, (F, Os) = 0 by our assumption and the Serre duality,
we have Homg(F, 0s) = 0. Henceyp preserves the exact sequence
(Z.22) and induces an endomorphignof F and f; of H1(S, F). Since
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¥ and f; are induced by, the following diagram
HY(S, F) & HY(S, 0s) ==~ H!(S,F)
fll lHl(E)
HY(S, F) ® HY(S, 0s) — H(S,F)
364 is commutative. Hencé, preserves the exact sequerice (2.23) and in-

duces an endomorphisiig of H(S, F). From the long exact sequence
Ext}S (2.22), 0s), we obtain the exact sequence

0 HY(S,F)" 5 Extt,_(F, 05) — Exth_(F. 65) - 0.

This sequence is the dual of the exact sequencel(2.22) vigdhe
duality. Hence we have the following commutative diagram:

5 _
HO(S, F)¥ —> Ext,_(F. 05s)
fy lEthﬁs (v.05)

HO(S. F)” —%- Extt_(F. 0s)

Therefore, there exists an endomorphignof F which Preserves the
exact sequenc@_(2122) and indugesn F and fy on H(S, F). By our
construction, thigs induceseg.

For our requirements i§4, we show a vanishing of higher direct
image sheaR f.F, which was essentially proved in [15].

365 Proposition 2.26. Let f : X — Y be a proper morphism of noetherian
schemes and F a Y -flat coherefif -module. Let Z be a closed sub-
scheme which is locally complete intersection in Y. Fa Y, let R/
be the restriction of F to the fibre % f-1(y). Assume that HXy, Fy)
vanishes for every4 codim Z and ye Y — Z. Then Rf,F = 0 for every
i <codim Z.
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Proof. We may assume that = Sped is afine andZ is defined by

a regular sequence,...x, € A, n = codimZ. By the theorem ir§

5 [15], there exists a finite complék” of finitely generated projective
A-modules such that'(K*) = R f,F. By the base change theorem and
by our assumptioR f.F has a support o for everyi < n. Hence
there exists an integé such thanNH'(K ) = 0 for everyi < N, where
a=(Xg,...,X%)A. Our proposition follows from the following:

Lemma. Let K. be a finite complex of finitely generated projective A-
module anch an ideal of A generated by a regular sequenge. xx, of
A. If aNH(K") = O for every i< n, then H(K ") = O for every i< n.

This can be proved in the same way as the lemma_in ([15, p.127])
by using induction om. g.e.d

3 Semi-rigid sheaf

In this section, we shall study sheave®n aK3 surfaceS with small 366
Ext;, (E.E).

Definition 3.1. A sheafE on S isrigid if Extgs(E, E) = 0. By Proposi-
tion 2.5, we have

Proposition 3.2. If E is simple, then the following are equivalent:
(1) Eisrigid,
2) (v(E)?) = -2, and
(3) (v(E)?) <0.
By Propositior Z.14, we have
Proposition 3.3. If E is rigid and torsion free, then E is locally free.

If E is a rigid sheaf and it(F) = av(E) for a rational numbeas,
thenX(E, F) is equal toaX(E, E) and is positive. Hence we have
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Proposition 3.4. Let E be a rigid sheaf and F a sheaf witlfF) =
av(E), a € Q. Then eitheHomg, (E, F) # 0 or Homg,(F, E) # 0.

If E is stable and- is semi-stable and if(E) = v(F), then every 367
nonzero homomorphism betwe&handF is an isomorphism. Hence
we have

Corollary 3.5. Let E be a stable rigid bundle. If F is semi-stable and
v(F) = v(E), then F is isomorphic to E.

Corollary 3.6. Letv be a vector oHY(S, Z) with (v?) = —2. Then the
moduli space M(v) is empty or a reduced one point.

Proof. By Corollary[3.5, ifMa(v) is nonempty, theiMa(v) is one point.
The tangent space d¥a(v) at the point E] € Ma(v) is canonically
isomorphic to EX;S(E, E) = 0. HenceMa(v) is reduced. g.e.d

dim Exth(E, E) is always an even integer (Corolldry 2.5). Hence if
Ext;, (E.E) # 0, then dim Ex},_(E,E) 2 2.

Definition 3.7. A simple sheafe on S is semi-rigid if E satisfies the
following equivalent conditions:

(1) dimExt, (E,E) = 2, and

(2) v(E) € HYY(S,Z) is isotropic, i.ev(E)?) = 0.

368 Proposition[3.8 is not true for semi-rigid sheaf. In facterthis
a semi-rigid torsion free sheaf which is not locally free.eTimplest
example is a maximal ideal of &s. We can construct many such semi-
rigid sheaves from a rigid bundle. LEtbe a simple rigid vector bundle
of rankr. Take a poins € S and putV = F ® k(s) andF = F @ V¥ - F
is a rigid bundle of rank? and F ® k(s) is isomorphic to End(). Let
E be the kernel of the homomorphisin: F — F ® k(s) = End() 5
k(s), wheretr is the trace map of Entlj. Every endomorphism dE
is induced by an endomorphismof F. Sincea preservesf,a is a
constant multiplication and hendeis simple. It is easy to check that
v(E) is isotropic. We call thi€ the semi-rigid sheaf associated to. F
We have proved the following:
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Proposition 3.8. Let F be a simple rigid bundle of rank r. Then, for
every point se S, there exists a semi-rigid sheaf E of ratkand an
exact sequence

0> E—F¥ - k(s — 0.

The above examples of semi-rigid torsion free sheaves agdlyo
free except at one point. This is true in general. In fact, bypBsi-
tion[2.14, we have

Proposition 3.9. Let E be a torsion free sheaf witim Ext;, (E, E) = 2.
LetE be the double dual of E and assume that E is not locally freenT 369

. E .. : . .
the quotlentE is isomorphic to ks) for a point se S. Moreover, E is

a rigid vector bundle and the natural homomorphism Endy; (E) —

Homg, (E, k(s)) induced by the exact sequertes E — E — k(s) —
Ois surjective.

Corollary 3.10. Let E be gu-stable semi-rigid sheaf. If E is not locally
free, then (E) = 1 and E is isomorphic to [& m for a line bundle L and
a maximal ideain of Os.

Proof. Since E is u-stable, so isE. HenceE is simple. Sincer is
surjective and dim Engl (E') = 1, we have dim Hom, (E, k(s) < l).
ThereforeE is a line bundle. g.e.d

Remark 3.11. If F is a stable rigid bundle, then the semi-rigid shEaf
associated t& is stable. Hence the above corollary is not true for stable
semi-rigid sheaves.

If E is semi-rigid ands(F) = v(E), thenX(E, F) = —(v(E).v(F)) =
0. Hence, if Hom (E, F) = Homg (F, E) = 0, then we have E%IS
(E,F)=0.

Proposition 3.12. Let E be a stable semi-rigid sheaf and F a semi-
stable sheaf with/(F) = (v(E)). If E is not isomorphic to F, then
Ext'ﬁS(E, F)and Ext'ﬁS(F, E) vanish for every i.
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Proof. By the assumption of (semi-) stablility & andF, every homo- 370
morphism betweelt andF is either zero or an isomorphism. Hence,
if E ¢ F, then Homp(E,F) = Homg(F,E) = 0. SinceX(E,F) =
X(F, E) = 0, we have our assertion by Proposition| 2.4 g.e.d

If Ma(v) # ¢, thenMa(av) is empty for everya # 1, In fact, we
have

Proposition 3.13. Let E be a stable semi-rigid sheaf and F a simple
semi-stable withs(F) = av(E), € Q. Then every nonzero homomor-
phism between E and F is an isomorphism.

Proof. Let f : E — F be a nonzero homomorphism. Théns injec-
tive and the cokernel df is semi-stable by our assumption on (semi-)
stability of E andF.

Claim. F is E-potent, i.e., has afiltraton® Fc F, c...c F, =F
such thati =~ Eforeveryi=1,...,n.

We defliﬁleFl = Im(f) andF; inductively fori > 2. Assume that
Fi has been defined arfled # F. Let Gj be the quotient;, Since

E is simple, Hom(G;,E) = 0. SinceG; # 0 andF is sin|1ple, the
exact sequence @ F; - F — G; — 0 does not split. Hence
Extiﬁs(Gi, Fi) # 0. SinceF; is E-potent and E)@S is an additive func-
tor, we have Exf (Gi,E) # 0. SinceX(G;,E) = -(v(Gi).v(E)) =

(i - @) (v(E)?) = 0, we have dim Hom (E., G)) = dimExt, (Gi, E) -

dim Homy(G;, E) > 0. Hence there exists a nonzero homomorphism
fi : E —> G;j. Let Fi,1 be the pull-back of Imf)) by F —-— G;. Since

G is semi-stablef; is injective and% is isomorphic tcE. SoFj,; is
|

well defined.

If g: F — Eis a nonzero homomorphism, thgrs surjective. By
the same argument, we have our claim in this case. $irissimple,F
is isomorphic tae by the above and andg are isomorphisms. qg.e.d

Next we investigate the stability of semi-rigid sheaves.
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Proposition 3.14.Let S be an algebraic Bsurface with Picard number
1and E a simple torsion free sheaf on S. Assume that E is rigsetioni-
rigid and thatu(E) is primitive inH>(S, Z). Then E is stable.

Proof. Sincep(S) = 1 andv = v(E) is primitive, every semi-stable
sheafE’ with V(E’) = v is stable. Hence it dlices to show thaE is

semi-stable. Assume thgtis not so. Lef; be the3-subsheaf oE, i.e.,
- . X(F
F1 maximizes the polynom@% among all subsheaves Bfand 372
1
- E
then maximizes(F;) among such subsheaves. The quotieat= =

1
is torsion free and Homy (F1, F2) = O by our choice ofF;. Hence,
by Corollary(Z.8, we have:} dim Extiﬁs(Fl, F1) +dim Extiﬁs(Fz, F,) <

dim Ext,,_(E,E). Since dimEx}_(E,E) = (v(E)?) + 2 < 2, we have
dim Extgs(Fi, F;) < 2 for bothi = 1 and 2. Hence

(v (Fi)?) = dim Ext,_(Fi, Fi) — 2dim Ends(Fi) < 0
for bothi = 1 and 2. Since(F;) < r(E), we have, by Corollary 217,
(v(F2)?) + (v(F2)?) 2 (v(E)?).
Hence we have
dim Ext,_(F1. F1) + dim Ext,_(F2, F2)
> dim ExﬂﬁS(E, E) + 2 dim Endy(F1)
+2dimEnds (F2) - 2
> dim Exty,_ (E, E),
Which contradicts). g.e.d

Remark 3.15. If F is a rigid bundle of rankx 2, then the semi-rigid
sheafE associated t& is notu-stable. Hence, eveng(S) = 1, itis not 373
always true that simple semi-rigid torsion free sheaf-stable.

In the following two propositions, we consider the case \eltg(E)
is ample and study the stablility & with respect ta; (E).
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Proposition 3.16. Let E be a semi-rigid sheaf with(E) = (r,¢, 9).
Assume thaf is ample and E is stable with respectéalf s is divisible
by r andwv(E) is primitive, then E ig:-stable with respect té.

Proof. Assume thatE is not u-stable. TherE has a proper quotient
sheafE; with u(E1) = u(E). We chooseE; so thatr(Ez) is minimum
among such quotients. PufE1) = (ry, €1, s1). Sinceu(E1) = u(E),
we have { - £, — r1£/r) = 0. SinceE is semi-rigid, we have? = 2rs.
Therefore, we have

2
(U(E]_)Z) = ((fl - r]_?) + r]_?) -2NMs;

AN A
=(£’1—r1—) +(r1—) -2Ns
r r

52 r1S
=61 —-r1- 2r .
(1 1r) " 1(r—51)

Sincev(E) is primitive, r and ¢ are coprime. Hencé; — r;— is not
¢ £\ r
zero. Sincq{q — rlﬁ = 0 and? is ample,|{1 — rl? is negative

by the Hodge index theorem. On the other hand, skde stable, the

integerrr_1S is negative. Therefore, we have(E;)?) < -2r; < -2,
which contradicts Corollariy 2.5 becauBg is u-stable and simple by

our choice. g.e.d

Proposition 3.17. Letv = (r,¢,s) be a primitive isotropic vector of
HL1(S,Z) and E a sheaf withv(E) = v. Assume thaf is ample and E
is semi-stable but not stable with respecttd.et

O=EpcEijc...cEq=E,n22

N . . E;
be a JHS-filtration of E. Then the successive quotients FE—' are
i-1
rigid for every i=1,...,n. I
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Proof. By Propositior 2.19 and Remdrk 2120, we héy(EFi)z) < 0 for
everyi. Sincev is primitive, equality is not attained for anyHenceF;
is rigid by Proposition 312 g.e.d

Corollary 3.18. Letwv be as above. Then the complement o{ylin
the moduli spaceM,(v) of semi-stable sheaves E WitfE) = v is a
O-dimensional set.

4 Surface components of the moduli space

375
Letv = (1, ¢, ) be an isotropic vector dfi*1(S,Z) andA an ample line
bundle. Then each component ldfa(v) has dimension 2. In this sec-
tion, we studyMa(v) in the case it is compact and we prove Theorer 1.4
and Theorern 115. By Langton’s resuli [6] (see alsSd§[9]), the moduli
space of semi-stable sheaves®is compact. Hence we have

Proposition 4.1. Ma(v) is compact if and only if every semi-stable sheaf
E withuv(E) = v is stable. This is the case, e.g., if the greatest common
divisor of r, (¢.A) and s is equal td.

The above is true for every vector Using this proposition, we give
some further sficient conditions forMa(v) to be compact for given
primitive isotropic vectow. Letc be the greatest common divisor igf
(¢, m) ands, wheremruns over all divisor class @&. Then there exists
an ample line bundl@ such that the greatest common divisordf, ¢)
andsis equal toc. Hence ifc = 1, thenMa(v) is compact for such an
ample line bundleA. For an application ir§ 6, we consider the case
c = 2. We show thatMa(v) is compact for an ample line bundkfein
this case, too. Ldtls be the Neron-Severi group 8f Ngs is a sublattice

of H%(S, Z). LetN be the sub module generated y andé iNnNs®Q. 376

Since(¢?) = 2rs,(£2) is divisible by 2. By the definition ofc, the
bilinear form onNs ® Q is integral and even oN. HenceN is an even
lattice which containdNs as a sublattice of index
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Proposition 4.2. Let A be an ample line bundle on S such that G.C.D.
(r, (A.0), s) = c. If there are nq-2) vectorsa in N with (A.«) = 0, then
Ma(V) is compact.

Proof. Let E be a semi-stable sheaf witliE) = v and

E. . O=EgcE;jc...cEy=E

. . E;
be a JHS-filtration oE We show thah = 1. PutF; = E—' andu(Fy) =

-1
(ri, ¢, s) for everyi = 1,...,n. SinceE, is a JHS- filtlration we have
ri:(AG):s=r:(Af): sfor everyi. There exists an integey such
Al {

% ands = a:: Putm = ¢ — a% e N. Then we have

2a;(m;.{)

r
thatr; = aiE,

. Since

2
(Am;)_Oand(u(F)z) (m+a, ) —ris:(mz)+

Z m;, = 0, there exists ansuch thatfy.) < 0. For thisi, we have
i=1

(m?) = (v(F)?) = —2. Since Am;) = 0, (M) is non-positive by the
Hodge index theorem. Hence by our assumption, we (mﬁﬁ: 0Oand
m; = 0 by the Hodge index theorem. Therefore, we haflg) = a;g.
Sincew is primitive, v(F;) is equal tov. HenceE is stable. g.ed

As an application of the above, we have the following protmsi

Proposition 4.3. Assume that there exists a semi-rigid sheaf E with
v(E) = v which isu-stable with respect to an ample line bundlé A
Then there exists an ample line bundle A such that

(1) E isu-stable with respect to A, and
(2) Ma(v) is nonempty and compact.

Proof. There exists a neighbourhod#l of A’ in P(Ns ® R) such thate
is u-stable with respect té for every ample line bundl& € U. Let
ai,...,apn be all the £2) vectors inN which are perpendicular #&'. If

n
A is an ample line bundle i — | J ;" and if Ay is sufficiently nearA,
i=1
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n
then @q.a) # O for any (-2) vectora in N. Take suctA; fromU—-J of',

and take an ample line bundie such that G.C.Dr((Az.£), 9) :Ic.l If n

is suficiently large, therA = ncA; + A belongs toJ and satisfies the
last assumption of the preceding proposition. There argiialy many

n's such that G.C.D.r((A.f),s) = c. Hence there exists an integer 378
such thatMa(v) is compact and nonempty. g.ed

If Ma(v) is compact, theMa(v) is irreducible. In fact, we have

Proposition 4.4. Assume that M(v) contains a connected component
M which is compact and every member of M is locally free. Then w
have

(1) Ma(v) is irreducible, and
(2) every semi-stable sheaf E witfE) = v is stable.

Proof. Since Ma(v) is smooth,M is irreducible. We show that every
semi-stable shed&f with v(F) = v belongs taM. Let& be the restriction

to S x M of a quasi-universal family o8 x Ma(v) (see Appendix 2).
We consider the functob'(F) = R‘nM,*(@@V ®ngF),i =0,1and 2,

of Os-moduleF into the category ot -modules. IfF is semi-stable,
then, for every stable she& with v(E) = u(F), H'(S,EY®F) £ 0

is equivalent toF = E. Hence ifF is semi-stable and(F) = v, then
®'(F) is supported at most one point. Therefore, by Propositiga,2
we have®®(F) = ®}(F) = 0. Since dinS = 2, ®%(F) is canonically
isomorphic toH%(S,EY ® F) at the point E] of M, that is, ®*(F) ®
K(E]) = H?(S,EV®F). Henced?(F) is nonzero if and only ifF

is stable and belongs t&l. On the other hand, the cohomology class
a(F) = ch(@°(F)) - ch(®*(F)) + ch(®%(F)) € H*(M.Q) does not 379
depend or but depends only on(F) by the Grothendieck-Riemann-
Roch theorem. I belongs toM, the a(F) is nonzero. Hence(F) is
nonzero for every shed with v(F) = v. Therefore every semi-stable
sheaff with v(F) = v is stable and belongs td, which proves (1) and
(2). g.e.d
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Remark 4.5. In the above proposition, the assumption that every mem-
ber of M is locally free is superfluous. The proof works without thés a
sumption, if one defines that funct® by ®'(F) = my — Ext(&, 75F),
whereny Ext(x, %) is the sheaf associated to the presheaf assigning

Extog,, (* lsxu’ * Isxu)
for every open subsét of M.

Corollary 4.6. If every semi-stable sheaf E WitfiE) = v is stable, the
Ma(v) is compact and irreducible.

We assume that the moduli spade= Ma(v) is compact. Since the
canonical bundle oM is trivial, ([12, Corollary 0.2]),Ma(v) is abelian
or of typeK3. We first consider the case where a universal family exists
onS x M.

Lemma 4.7. For every shea# on Sx M, the Chern character ¢&’)
of E isintegral, i.e., belongs to S x M, Z).
4 4
Proof. Putch(&) = 3 ch(&) € P HA(S x M,Q).cht(&) is the first
i=0 i=0
Chern clas1(&) of & and is integral. Sincdd(S) = 0, H(S x
M) is the direct sum oH?(S) and H?(M). Hencecy(&) is equal to
C1, (&) + 1, M(&) € H?(S,Z) ® H3(M, Z). Since bothS and M have
trivial canonical bundles, botty, s(&£)? andcym (&)? are even. Hence

ch?(&) = %cl (&)? - co(&) is integral. By the Grothendieck-Riemann-

Roch theorem, thel*(S)® H*(M) -component oth(¢) - tdy, is equal to

(Z(—l)jch(Rjns, *g) ® w, wherew € H4(M) is the fundamental cocy-
i

cle of M. Hencecl?(&) and theH?(S) ® H*(M)-component oth3(&)

are integral. Interchanging and M, we have that thé14(S) ® H2(M)

component oth?(&) is also integral. Sincel®(Sx M) is the direct sum
of H3(S) @ H4(M), ch®(&) is integral. g.e.d

Let & be a universal family 0% x M. PUtZ = ng x tdsch(&)* -
am * Vitdm. By the lemma,Z belongs toH*(S x M,Z).Z defines a
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f:HS,2)

H*(M, Z). (4.8)

a+———> 1\, *(Z.7ts * @)
Theorem 4.9. Under the above situation, we have
(1) Mis K3 surface,

(2) f is an isometry fornH (S, Z) onto H(M, Z) with respect to the 381
guadratic forms defined iflL.1), and

(3) the inverse of f is equal to the homomorphism

f 1 H*(M, Z) —— H*(S,Z)

frH——T7s, * (Z’ . ﬂ*,;,lﬂ)

defined by Z= n% Vids - ch(&) - ©}, Vidw.
For the proof, the following is essential.

Proposition 4.10. Let & be a universal family on & M. Letr;
and w13 be the two projections of & M x M onto Sx M. Then
v — EX (15,6, m556) is zero if i 2 andrwm — EXP (17,6, 746)
is supported on the diagonal sub schefmaf Mx M and is a line bundle
OnA.
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Proof. If E,F € Ma(v) andE ¢ F, then Ex;'[?S(E, F) = 0 for everyi by

Propositiori3B. Hence the relative Ext-shegfi — Ext (1,6, 735¢)
has a support on. SinceA is locally complete intersection, the relative
Ext-sheaf is zero for both= 1 and 2, by Proposition 2.26. By the base
change theoremyxv — Ext? (njzéo, njﬁ) is canonically isomorphic to
the 1-dimensional vector space gg(tE E) = Endy,(E)" at the point
([E],[E]) € A. SinceM is a moduli space and is a universal family,
the sheafryxy — Ext2 (njzéa,n*l‘3éa) is annihilated by the idea¥, of A.

Therefore rpxm — Ext (n*l‘zE,n*l‘3E) is a line bundle om. g.e.d
Proof of theorem[4.9.The following is the key to our proof.
Claim. The endomorphisni o f/ of H*(M, Z) is the identity.

The homomorphismd and f’ are given by cycleZ andZ’ on
S x M. Using the projection formula, it can be easily shown thatf’
is given by the cycleZ = nMxM,*(ﬂiZZ-ﬂ’bZ’), wherer, and m13
are same as in the above proposition. Precisely speakingf()(5) =
m1.. (Z - my) for everyp € H*(M, Z), wherery andr, are two projec-
tions of M x M onto M. By the definition ofZ andZzZ’, we haveZ =

i ch(&)*
(nj\/th).(n*z‘\/t_dM)nMxM,*(U), whereU = ( 12N )) .
nstds. (m5,ch(&))
the Grothendieck-Riemann-Roch theorem, the cygigw +(U) is ratio-
nally equivalent oy, (—1) ch(mmxmEXt (1;,&, 713 * £)). By the above
|

proposition, Z is rationally equivalent tor) Vidy.ch(d.L).m2 * Vidw,
wherel is a line bundleM ands : M — M x M is the diagonal em-
bedding. Thereforef o f’ is the multiplication bych(L) € H*(M), i.e.,
(f o £)(B) = B - ch(L) for everyB € H*(M,Z). Letp be the factor
change ofM x M. Then (1x p)*U is equal toU*. Hence, we have
0 (mxm, *U) = (muxm, *U)*. On the other hand, sinegyxum, *U has
a support om, we haveo*(mrmxm, *U) = mmuxm * U. Hence we have
ch(d.L)* = ch(s.L). SinceS is aK3 surface, the line bundleis trivial.
Therefore,f o f’ is the identity.

By the claim,H*(M, Z) is a direct summand dfi*(S,Z). SinceZ
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andZ’ belong toH®(S x M, Z), f and f’ preserve the decompositions
H* = H® @ H° of the cohomology groupsi*(M,Z) and H*(S, Z).
HenceH%Y(M, Z) is a direct summand of°%9(S, Z) which is zero,
sinceS is aK 3 surface. Sinc# has a trivial canonical bundle, we have,
(1). By (1),H*(M,Z) andH*(S, Z) have the same rank=(24). There-
fore, f is an isomorphism, which shows (3). Let= ys:S — Spe€
be the structure morphism @&. Then our inner producta{a’) on
H(S,Z) = H*(S,Z) is equal toy.(a*.a’) Hence, by the projection for-
mula, we have

(.F'(8) = ys. (@ - 75 (w5 VIS - (&) - 7}y Vidw - 7} 8))
= ys, w5, % (n5a” - 75 VS - (&) - iy Vidi - mhyB)
= YSxM,x (7%@’* 7Tﬁ|§/|ﬂ - ch(&). thsxm)-

for everya € H*(S, Z) andg € H*(M, Z). In a similar way, we have

B 1(@)) = ysxms (i - w5 - chE)” - Vtds, ).

Therefore & - f/(8)) = (f(a).8) for everya € H*(S - Z) andH*(M, Z),
that is, f and f’ are adjoint to each other with respect to the inner prod-
ucts () onH*(S,Z) andH*(M, Z). By (3), f’o f is the identity. Hence we
have (f(a)- f(«)) = (a- f'(f(a))) = (@ - ') for everya, o’ € H*(S, Z),
which proves (2). g.e.d

Now we assume only tha?l = Ma(v) is compact and thaf’ is a 384
quasi-universal family o/ x M and prove Theorefn 1.4 ahd11.5. Let

o(&) be the similitude of6” and putZz = r Vtdsch(&).x}, —'E::a'\;' €
g

H® (S x M, Q).Z induces a homomorphism

@ ——— 1, *(Zrga)
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The H°(M, Q) -component off (@) is equal to {.e). Hence the orthog-
onal complement~ of v in H*(S, Q) is sent intoH2(M, Q) ® H*(M, Q)
by f.

Lemma 4.11. f(v) is equal to the fundamental cocyeles H*(M, Z).

Proof. Let F be a member oM = Ma(v) and let®?(F) be same as
in the proof of Proposition 414 and Remark]4.5. By the Grodheck-
Riemann-Roch theorem, we hast®?(F)) = my, *(ch(&)* -mg(ch(F)-
tds)) = o(&) Vidu - f(ch(F)- Vids) = (&) Vidu ™ f(v). Now ®*(F)
has a support at the poirte M corresponding t& and®?(F) ® k(X) is
canonically isomorphic to E%g (&sxx, F). Sinceé is a quasi-universal
family, & |sxx is isomorphic toF®7(®), Henced®?(F) ® k(X) is ac(&)
dimensional vector space. On the other hand, siMcés the mod-
uli space and¥ is a quasi-universal familygp?(F) is annihilated by
the maximal ideal ak. Hence®?(F) is isomorphic tok(x)®c (&) and
ch(®?(F)) = o(&)w, which proves our lemma. g.ed

By this lemma, we see thdtinduces a homomorphism

1 *
oq: (vt in H(S,Q)) R
Qu
Proof of Theorenh 114 and Theorém]1.5 #Ifis a quasi-universal fam-
ily on S x M. then so is§ ® n},V for every vector bundlé/ on M.
We first show that the two homomorphismg and ¢qy for & and
& ® my,V are same. The similitude(&’ |g 7},V) is equal too(&)r (V).

H?(M, Q).

ch(& ® myV) . ch(&) , (Ch(V)
Hencem is equal to (@) .nM( ) ) Therefore, we
have fg\(a) = fQ(a/)(%) for everya € H*(S,Q). If (v.@) = 0,

thenH®(M)-component offg(a) is zero. Hence thei?(M) component
of fo.v(@) is same as that oy (a). Thereforepqy andeq are same. If
& and.Z are quasi-universal families &x M, then there exist vector
bundlesU andV on M such tha¥’®r,U = % ®x,V (Definition A.4).
Hence, by what we have shown, the two homomorphiggssfor & and
Z are same, which shows (1) of Theorem| 1.5
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We prove (2) and (3) of Theorem 1.5 by a deformation argument.
Both are reduced to the case where a universal family exis& M.
Let T be the moduli space df3 surfaceS’ with isometric markings
i’ : H¥(S',Z) — H%(S',Z). Let Ty be the subspace df consisting of
(S',1")'s for which i’(cy(A)) and¢ = i’(¢) lie in HYY(S’) andi’(cy(A))
is positive. To contains §,id) and has dimension 18 or 19 according &86
c1(A) and¢ are linearly independent or not. LAt be an ample divisor
on S’ such thatc;(A") = i’(c1(A)) and puty’ = (r,¢,s). The family
of moduli spacedMa (v') is smooth over an etale covering Bf ([12]
Theorem 1.17). There exists a family of quasi-universaliliam .
on St X M, (1), t € To, which is flat over an etale covering . By
Proposition 4.11, the compactness\f (V') is an open condition: There
exists an open neighbourhotdof (S, id) such thatMa (v”) is compact
for every §,i’) € U. On the other hand the set &'(i") which satisfy

() there exists a divisor clags € H(S’,Z) such that G.C.D.
(r,(¢.m),s) = 1.

is dense inTy. By Theorem A.6 and Remark A.7, for sugh, there
exists a universal family o8 x Ma (v/). Hence there exists a paB’(i’)
for which M = Ma(v’) is compact and a universal famil§’ exists
on S x M’. By TheorenT 49M’ is a K3 surface and (2) and (3) of
Theoreni 15 are true for th& and&’. HenceM is aK3 surface and (2)
and (3) of Theorern 115 are true for ti8$ and for every quasi-universal
family #” onSxM’. Since 6, id) and.Z is a flat deformation of¥’,i’)
and.#’, (2) and (3) are also true f@. The second half of Theorem 1.4
follows from (2) and (3) of Theorem 1.5 g.e.d.

5 Existence of simpleu-semi-stable
semi-rigid sheaves

In this section, we show the existence of simpisemi-stables sheaves
E with v(E) = v for primitive isotropic vectors of HY(S, Z).

Theorem 5.1. Letv = (r, ¢, s) be a primitive isotropic vector of 387
HL1(S,Z) of rank r > 1 and A an arbitrary ample divisor. Then there
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exists a simple~-semi-stable sheaf E wWith(E) = v, i.e. SM() is
nonempty.

By virtue of Theorem A. 1, this theorem is equivalent to thiofe-
ing stronger version:

Theorem 5.2. Let m be a divisor class of S. Then the simpisemi-
stable sheaf E can be chosen so that E satisfies the followimgjtcon:
(c(F)-m) _ (cu(E)-m)
©) >
r(F) r(E)
sheaf F of E withu(F) = u(E).

holds for every non-torsion quotient

In fact, if n > 0, thennA + mis ample. By Theorerh 5.1, there
exists a simple shed,, with v(E,) = v and which isu-semi-stable

with respect toA + ﬁm. By Theorem A.1, there exists a simple sheaf

which isu-semi-stable with respect to infinitely mahw ﬁm. Itis easy

to see that thi€ satisfies £) in Theoren{ 5.2 We prove these theorems
by induction onr. In the case = 1, E = 0s(f) ® m satisfies our
requirement for a maximal ideal of s. In fact,v(E) = nandv is u-
stable with respect to any ample line bundle. Assume thaoEma 5.2
is true in the case of rank r. Under this assumption, we shall show
that Theorem 511 is true fore evewyof rankr.

Step |. Assume thatr < s < 0 and ¢.A) = 0. Then there exists a
simpleu-semi-stable shed with v(E) = v.

Proof. By the induction hypothesis, there exists a simplgemi-stable

sheafF with v(F) = (-s ¢, —r). Sinceu(F) = 0, the canonical homo-
morphismf : H%(S,F) ® s — F is injective and for every nonzero
homomorphisng : F — Os, the cokernel of is of finite length. Here

we apply Theorerh 512, putting = —¢. Then we can tak€& so that

(@) 0 _ ()
TONNG

holds for every nontorsion quotie@ of F with u(G) = u(F). Since
(€?) = 2rs < 0,(c1(G) - ¢) is negative. Hence, for thiE, we have
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Homg,(F, Os) = 0. Therefore, by the Serre duality?(S, F) = 0 and
F satisfies[(2.21). L€E be the reflection oF (see§ 2). Thenuv(E) = v
and there is an exact sequence

f
0- HYS,F)® 6s » F - E - HYS,F)® 05 — 0.

SinceF is u-semi-stable and(F) = u(0s), the cokernel off is torsion
free andu-semi-stable. Henck is torsion free angi-semi-stable. By
Propositiori 2.25E is simple. g.ed

We do not use the full strength of the above step but only the ex
istence of simple torsion free sheaves on monogétfalsurfaces. A
guasi-polarizedK 3 surface §, A) is calledmonogonalif there exists a

. . 1
smooth elliptic curveC on 'S with (AC) = 1. putg = 5 (A%) + 1. Then

(A-gC)? = -2 and C.A. — gC) = 1. Hence there exists aifective
divisor D such thaD ~ A—gC.

If p(S) = 2, then PicS is generated b andD andD is a smooth 389
rational curve.S is a double cover of the!-bundleF; = P(0 ® 0(2))
overPL. AdivisoraC+b(C + D) onS is ample if and only ifa > b > 0.

Step.ll.Assume that S is monogonal gn&) = 2. Then there exists
a simple torsion free sheaf E on S Wit{E) = v.

Proof. ¢ is equal toaC + b(C + D) for some integera andb. Take an
integerb’ so thath” = b modr and|b’| < r/2. Then take an integex
congruent to a modulpso thatr /2 < |&| £ 3r/2 anda’t’ < 0if b’ #0
and sothatr <& £ 0ifby =0. Put¢/ =aC+b(C+D)-¢is
congruent to? modulor ands’ = (£%) /2r is an integer. We show the
existence of a simple torsion free shé&ifon S with v(E’) = (r, ¢, S).

ThenE = E’®ﬁs((g_r£)

) is a simple torsion free sheaf and satisfies
—3r2 .
v(E) =v. Ifb #0, thenT < ab’ < 0 by our choice o andb’.
: -3
Since(¢?) = 2a'l’, we haveTr <8 <0. PutH = aC - b'(C + D).

If b’ # 0, thenH or —H is ample. SinceH - ¢’) = 0, there exists a
simple torsion free shed” with v(E’) = (r,¢’, ) by Step I. Ifb’ = 0,
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thens = 0. Sincev’ is primitive, r anda&’ are coprime. Hence there
exists a simple vector bundkeon the elliptic curveC of rank —a and
degreer by [1]] (see alsc§ 2 [18]). £ is generated by global sections
andH(C, &) = 0 (see Lemm&5l3 below). We regatds a sheaf on
S supported byC. Let E’ be the kernel of the natural homomorphism
¢ HO(S,¢) ® 0s — &. Theng is surjective andE’ is a vector bundle.
Since dimH%(S, &) = dimH?(C.£) = r. the rank ofE’ is equal tor.
Since¢ is a simple sheaf and siné¢!'(S,¢) = 0, E’ is simple. (Every
endomorphism oE comes from that of.) g.e.d

Lemma 5.3. Let E be an indecomposable vector bundle of rank r and
degree d on an elliptic curve C. If d r. then E is generated by global
sections and K(C, E) = 0.

Proof. Let h be the greatest common divisoriohndd. ThenE has a
filtration
O=E;cEic...cE,=E

Ei . .
such thatE—' is indecomposable and has ra%nland degre% for every
i-1
i=12,... I h. Hence we may assume thiatndd are coprime. Then, by
. d : . :
Lemma 2.2[[1],E is simple. LetF be the greatest irreducible fraction

/

with d—, < d and O< r” < r. There exists a simple vector bundté on
C with rankr” and degreel’. Sincer’d—rd’ = 1, we haveX(E’,E) = 1
by the Riemann-Roch theorem. Applying Part[ll [1] flef¥ ® E, we
have Ex}, (E’, E) = 0 and dim Hon (E'E) = 1.

SinceE’ andE are stable, the canonical homomorphigm E’ ®
Homs.(E’,E) — E is injective and the cokernét” has no torsion.
Since Homy,(E”,E’) = 0, we have Ex (E’,E”) = 0 by the Serre
duality. Hence every endomorphism Bf is induced by that oE.
Therefore,E” is simple. So we have obtained an exact sequence of
simple vector bundles

O-E -E—-E’'">0

L . . . o
Case for WhIChr—, > 1 : By the induction hypothesis, our assertion is
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true forE’ andE”. H,ence so is foE. ,
Case for which—, = 1. By our choice of—,, we haver’ =d =1

andd = r+1. E’ isaline bundle of degree 1 and isomorphi@ig(p) for
a pointp onC. By the induction hypothesi&’’ is generated by global
sections. Hencé& is generated by global sections exceppatLet L
be the kernel of the canonical homomorphigm H(C,E) ® c —
E. Sincey is generically surjective and sind€(C,E) = r(E) + 1,
L is a line bundle. If dim Hom, (L, 0c) < hO(C, E), thenE would be
decomposable. Hence we haW¥C, L) > d = r + 1. By the Riemann-
Roch theorem we have degs —d and deg (Imagé)= d. Hencey is
surjective. g.e.d

Next we study the case whefeis primitive and¢ is a multiple of
A, say!¢ = kAfor an integerk. In this case, the moduli spadés a(v)
is defined for every polarizel 3 surface §, A) of a fixed degree, say
d = (A?). LetFq (resp. Fq) be the moduli space of polarized (resp.
guasi-polarizedK 3 surfaces$, A) of degreed. By the Torelli theorem
(71, 12Q]), Fq andF4 are irreducible.

Step Ill. There is a nonempty open subsedf Fyq such thatMs a is
nonempty for every polarize 3 surface §, A) € U.

Proof. If (S, A) is monogonal ang(S) = 2, then there exists simple392
torsion free sheaE with v(E) = v. Since(S pk(v)}(sacr, IS @ Smooth
family over an etale covering d¥4 ([12, Theorem1.17]), there exists
a simple torsion free she& on S’ with v(E’) = (r,kA, s) for every
small deformation%’, A’) of (S, A). The polarizedK 3 surfaces$’, A)
with p(S”) = 1 form a dense subset ify. Hence there exists a polarized
K3 surface &', A’) with p(S”) = 1 and a simple torsion free she&fon

S’ with v(E’) = (r,kA,s). Since ¢(E’)?) = 0 andp(S’) = 1, E’ is
stable, by virtue of Propositidn 3.]14 Sindds a(v)}(s a)eF, IS @ smooth
family over an etale covering &y there exists an open neighbourhood
U of (S’, A’) which satisfies our requirement. g.ed

Step IV.If £ is a multiple of A, then there exists a sheaf E with
v(E) = v and which is stable with respect to A, i.e.sMv) is nonempty
for every(S, A).
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Proof. By Langton’s theorem|(]6] see alsd [9]5), the family

(Ms A(W)}s Ay

of the moduli spaces of semi-stable sheaves is properfaueBy Step
lll, Ms.a(v) is nonempty over a dense open subseEgf Therefore
Ms a(v) is nonempty for every, A) € Fq. Letr : . — F be a fam-
ily of polarized K3 surfaces. Then, by Maruyama §94, the (coarse)

. — . S
moduli space[] : My, — F to semi-stable sheaves GE— exists

and each fibre of is canonically isomorphic to the moduli space of

semi-stable sheaves on the corresponding fibre dh particular, the

function Fq 3 (S,A) +— dimMsa(v is upper semi-continuous. Since
393 dimMsa(v) = dimMsa(v) = 2 for every memberg, A) of U in Step

Il, we have dimMsa(v) = 2 for every polarized3 surface §, A). By

Proposition 3.14, the complementid§ A(v) in Ms a(v) discrete. Hence

Ms a(v) is nonempty for every§, A) € Fy. g.ed

Now we return to the general case.
Step V. There exists a simple shéafwith v(E) = v and which is
u-semi-stable with respect #.

Proof. If a sheafE is stable with respect t8, thenE ® L is simple and
u-stable with respect té for every line bundle.. Hence, by Step 1V,
our assertion is true of = KA modr for an integerk. In particular,
S I\/(‘nAH,(r, ¢, 9) is nonempty for everyr > 0. Since the sequend¢a +
£/rn} Q-divisors converges t4, we have, by Theorem A, W(r, l,9)
is nonempty. g.e.d

We have completed the proof of Theoreml5.1 and Thedrein 5.2 By
Step IV, we have also proved the following.

Theorem 5.4. Letv = (R{,s) be a primitive isotropic vector of
HL1(S,Z) and assume thatis ample. Then there exists a sheaf E with
v(E) = v and stable with respect i i.e., Mi(r, ¢, ) # ¢.
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6 Application to the Hodge conjecture

394 In this section, we apply the results §n4 and 5 to show that certain
Hodge cycle< on a product x S’ of two algebraidk 3 surfacess and
S’ are algebraic (Theorem 1.9). We first consider the specsd &ar
which Ts = ¢(Ts), wherep = f] as in Theorern_119.

Step I.Lety : Ts — Ts be a Hodge isometry between the tran-
scendental lattices of S and.SThen there exists an algebraic cycle
w € HY(Sx S, Q) on Sx S’ such thatp(e) = ng, = (W - n5a) for every
a < Tg.

We remark that there exists an isomorphiém S’ — S such that
f* = ¢ onTg if p(S) > 11 (Propositior_6]2). But this is not true in
general ifp(S) £ 11. In fact, there is a pair A3 surfacesS andS’
such thaflTs = Ty but Ns & Ns/ as lattices. We note that two lattices
HL1(S,Z) andHYY(S’, Z) are isomorphic to each other, which is the key
of our proof of Step I. More strongly, by Theorem 1.14.2 anti¥14 in
[17], we have

Proposition 6.1. Letp1,¢> : T — H be two primitive embeddings of a
lattice T into an even unimodular lattice. H. Assume thaidtirogonal
complement N ap;(T) in H satisfies one of the following:

(1) N contains the hyperbolic lattice & [(1) é as a sublattice or

(2) N is indefinite and rank N rank T + 2.

Theng; andg; are equivalent, i.e., there exists an isometrgf H such 395
thatp; =y o ¢.

We give a proof of the fact remarked above, which is a pro®typ
our proof of Step I.

Proposition 6.2. Let S and Sbe algebraic K3 surfaces an@ : Ts —
Ts be a Hodge isometry. H(S) > 11, then there exists an isomorphism
f:S— S suchthat f=¢onTs.

For the proof, we need a version of Torelli theorenK& surfaces:
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Proposition 6.3. Let S and S be K3 surfaces andy : H%(S,Z) —
H2(S’,Z) be a Hodge isometry. Then there exists an isomorphism f
S’ —» S such that f=y on Ts.

Proof. By the strong Torelli theoreml[([7]), there exists an isonmism

f : S” — Sand reflections;(i = 1,...,n) by (-2) curvesC; = P! on
Ssuchthaty = f*oryo---orn. Since [Cj] is perpendicular td's, r;

is identity onTs for everyi = 1,...,n. Hence we have our proposition.
g.e.d

Proof of theorem[6.2.Apply (2) of Propositior 6]l to two primitive
embeddingsTs—H2(S,Z) and Ts, — HZ%(S,Z). SinceH?(S,Z) and
H2(S’, Z) are isomorphic to each other as lattices, we obtain isgretr
H2(S,Z) — H%(S’,Z) such thafy | Ts = ¢. By the above proposition,
there exists an isomorphisi: S’ — S such thatf* = u which proves
our proposition. g.ed

Proof of Step I. The orthogonal complement @ in the extended3
lattice H(S,Z) is isomorphic toNs L U. Applying (1) of Proposi-
tion [6.1 to the embedding ofs and T into H(S,Z) and H(S',Z),
we see that there exists an isometry. H(S,Z) — H(S,Z) such that
® | Ts = ¢. Putv = ©(0,0,1) = (r,£,5 andu = ®(1,0,0) =
(p.k,g). ® mapsH! - (S’) onto HYY(S). Hence both¢ andk are
divisor classes oi%. Let m be a divisor class o8. The Chern char-
acter€" of the line bundleds(m) is a unit of the cohomology ring
H*(S,Z). Hence the multiplication bg™ induces a Hodges isometry

DO, Om(r, €, S) = (r, €+rm, s+ (Me) + %(mz)) of the extended 3 lat-
tice H(S, Z) = H*(S, Z). Replacingd by @0 @ for a suficiently ample
divisor m, we can choos@ so thats is positive. Since the change of

r andsis an Hodge isometry, we choodeso thatr is positive. Since
(u.v) = -1, the greatest common divispr(¢, k) andsis equal to 1.

Claim. There exists an integersuch thar ands+ n(¢£.k) are coprime.
t.K
Let d be the greatest common divisor ®and ¢.k). SlnceS and( )

. . . n(l.k
are coprime, there exists an integesuch thatr and a + % are
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coprime. Since andd are coprime, so areands + n(¢.k).

Taken as in the claim and replack by @k o ®. Then by the claim, 397
r and s are coprime. Replac® by @5 o ® again for a sfiiciently
ample divisorA. Thenr ands are still coprime and’ become ample.
Let M be the moduli spact,(v) of sheaveE with v(E) = v which is
stable with respect t6. By Theoreni5M is nonempty. Since and
s are coprime, every semi-stable sheaf is stable. H&hdée compact
and hence irreducible by Corollary 4.6 By Theorem A.6 and &&m
A.7, there exists a universal famil§ on S x M. By Theorem 4.9,
the cycleZ = ng = Vitds - ch(&)my Vtdy induces a Hodge isometry
¥ H(M,Z) - H(S,Z), with ¥(6) = v wheres = (0,0,1).0 1o ¥ is

an isometry and sendgo 6. Henced ! o ¥ induces a Hodge isometry
L

from H3(M, Z) = -1 ( )ontoHZ(S’ 7) = (%)
1%
By Propositio 6.3, there exists an isomorphism S’ — M such

that f* : H3(M,Z) — H2(S’, Z) coincides withd™! o ¥ on Ty. Then
the Chern characteh((i x f) = &) € H*(Sx S’, Z) of (1x f)*E induces
a Hodge isometry?” : H(S,Z) — H(S,Z which coincides with®

(or equivalentlyy) on T, TheH*(S x S’) componenwV of Z induces a
homomorphisnr of the Hodge structurel?(S’, Z) to H3(S’, Z). T maps
TS ontoTs and coincides witlp on Tg. g.e.d

Letv = (r, ¢, S) be a primitive isotropic vector dfi*1(S’,Z) and as-
sume that the moduli spadé = Ma(v) of stable sheaves with v(E) =
v is nonempty and compact. Then, by Theofen 1.5, there existia-
braic cycleZ on S x M defined by using the Chern character of a quases

1

universal family andZ induces a Hodge isometgy : U— — H3(M, Z).
U

The transcendental lattide; regarded as a sublattice (S, Z) is per-

pendicular tor andTs N Zv = 0. Hence— contains a sublattice iso-

morphic toTs and ¢ induces a Hodge |somet|z,y Ts > Tw-gis
injective but not surjective in general.

Proposition 6.4. Letv = (r, ¢, s) m andy be as above. Let & n(v) be
the minimum of(u.v)|, where u runs over all vectors f-1(S, Z) with
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(u.v) # 0. Then we have
(1) the cokernel op is a cyclic group of order n,

(2) there exists a transcendental cyclee Ts such thatf + A €
H2(S, Z) is divisible by n, and

(3) if A satisfies (2), thep(1) € Ty is divisible by n ano‘o(n—@ gener-
ates the cokernel af.

Proof. For everyv € HYY(S,Z), (G is an integer. Sincél(S,Z) is

unimodular andH*(S,Z) is a prlmltlve sublattice, there existg €
H(S,Z) such that% = (w.v) for everyv € HY(S,Z).1 = nw-u €
H(S,Z) is perpendicular ta1%1(S, Z) and hence lies ifls. It is clear
that A satisfies (2). Assume thatsatisfies (2). Themw = (1+v) lies

90()

in v+ andnw is congruent tol moduloZv. Hence——= lies in Tyy. We

90()

show that—— generates the cokernel of The transcendental lattice

L ~QOL + —
(v 0 HYS 2) = (QueTs®Q) e H(S.Z)
Zv _ Zv
Let @ be a vector of Qu @ Ts ® Q) N H(S,Z). Thena = av + v for
ac Qandv € Ts ® Q. Take a vecton € H(S, Z) such that¢.v) = n.
Then we have ag a(u.v) = (a.v) € Z. Sincev = nw— A, we have
a = (an)w + (v — al). Since an is an integew,— aA lies in Ts anda is

¢(4)

congruent todn)w moduloTs. Hence—— generates the cokernel of

Twm is isomorphic to

¢, which shows (3). If# lies inTs, thenmwlies inTs + Zv and is
equal tod” + bu for A’ € Ts andb € Z. We havem(1 + v) = n)(1” + bv).
SinceTs N Zv =0, mis equal tonb and divisible byn. Hence@ has

ordern is Cokeyp, which shows (1) g.ed

We have thus proved the following
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Corollary 6.5. Let M be a compact surface component of the moduli
space of stable sheaves on S. Then there exists an algelyé an

S x M which induces a homomorphispt Ts — Ty such thatp X Q is

an isometry and the cokernel gfis a finite cyclic group.

Conversely, we have

Proposition 6.6. Let S be an algebraic &surface and¥ : Ts — T be
an embedding of the transcendental lattice df S into an even lattice
T. Assume that the cokernel ¥fis a cyclic group of order r< oo.
Then there exists a compact component M of the moduli spatatdé
sheaves of rank r on S which satisfies the following:

(1) there is an isometry:iT — Ty and
(2) there is an algebraic cycle on:$ M which induces b . 400

Proof. Take a transcendental cyales Ts®Q so that ( ® Q)(r) belongs
to T and generate moduloy(Ts). By our assumption] = rr belongs
to Ts. Sincey ®Q is an isometry,£,8) is equal to ({ ® Q)(7) - ¥(B)) and
is an integer for everg € Ts. SinceH?(S,Z) is a unimodular lattice
and sinceTs is a primitive sublattice oH?(S, Z), there exists a cycle
a € H%(S,Z) such that¢ - B) = (- B) for every transcendental cycle
B € Ts. Then, the cyclé = r(a — 1) belongs tdH?(S, Z) and perpendic-
ular toTs. Hencef is a divisor class 06. Moreover,£ + 1 is equal tara
and divisible byr in H%(S, Z). Replacinge by a+(a suficiently ample
divisor), we can choose so that’ becomes an ample divisor class. We
(%) _ ra—1)?

puts= 5= = —— andv = (1, ¢, ) € HY(S, Z) and consider the

moduli spaceVl = Ma(v) of stable sheaves with v(E) = v. Since ¢?)

is an even integer, so i& (- 7)°. Hencesis divisible byr. Sincer is
transcendental/{ m) is equal tar(« - m) and hence divisible by for ev-
ery divisor classnof S. Hence the numbet(v) (see Proposition 6.4) is
equal tor. M,(v) is nonempty, by Theorem 5.4 arMi;f(u) is nonempty,
by Propositio_3.716. Hence by Proposition]4.3, there existample
line bundleA such thatM = Ma(v) is nonempty and compact and irre-
ducible. By Propositiof 614, there exists an isometrylT — Ty such
thaty =i - ¥ andg is induced by an algebraic cycle &x M. g.e.d
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Step Il. Lety : Ts — Ts be a homomorphism of Hodge structures
and assume that ® Q is an isometry. Then there exists an algebraic
cycleW e H*(S x S’,Q |) on'S x S’ which inducesp.

Proof. We prove our assertion by induction on the len§thf the cok-
ernel ofy. In the case = 1, our assertion was proved in Step |. Hence
we assume that > 1. Take a sublattic& of Ts, such thatp(TS)gT

and is a cyclic group. Then, by Proposition 6.6, there exidts3a

s
surfaceM which is a compact component of the moduli space of stable

sheaves such thd@ty = T and there exists an algebraic cyté on
S x M which inducesTs — T = Ty. By induction hypothesis, there
exists an algebraic cycM, on M x S’ which inducesTy = T — Ts.
Then, the cycl& = nrsxs, (g, y Wi Tmxs *Ws) onSx S’ is algebraic
and induceg onTs. g.e.d

Proof of Theorem[1.9.By our assumption, there exists a primitive em-
beddingT «— A of T into aK3 lattice A. SinceT @ Q = Ts ® Q the
Hodge decomposition dfs ® C induces that o ® C We regardrl as a
polarized Hodge structure by this Hodge decomposition. drtleogo-
nal complement of in A is a hyperbolic lattice, i.e., has signatures(L
By virtue of the surjectivity theorem of the period map #8 surfaces
[23], there exists &3 surfaceS” and an isometry : A — H?(S”,Z)
such that(T) = Ts~ andi |1 is a homomorphism of Hodge structures.
Both Ts and Tss containTs~ as a sublattice of finite index. By Step
I, there exist algebraic cycles @i’ x S and onS” x S’ which induce
the isometriesTs» <— Ts andTs» — Tg, respectively. Therefore,
the composition of the two algebraic cycles induces the ldasigmetry
betweenTs ® Q andTs ® Q. g.e.d

Appendix 1. Boundedness and existenceuefemi-stable sheaves.

In this section S is an arbitrary complete algebraic surface ofer
We study the behaviour of moduli spacesuesemi-stable sheaves with
respect tA,,n=1,2 3, ..., when ampleQ -divisors A, converge to an
ample divisorA.
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Theorem A. 1. Let{A,} be a sequence of ampldivisors which con-
verges to an ample divisor A. Let be a numerical equivalence class of
divisors and g an integer. Assume that, for every n, there exists a sheaf
E, on S with Chern classes and ¢ (modulo numerical equivalence)
and which isu-semi-stable with respect to,AThen there exists a sheaf

E on S which satisfies the following:

(1) there exists an infinite subsequeriég,} of {A,} such that E is
u-semi-stable with respect to every, Aand

(2) E isu semi-stable with respect to A.

Let P be a Zariski-open condition for sheaves on S which ispaddent
of An, e.g., simpleness or local freeness. If the open condititrolBs
for every g, then E can be chosen so that E satisfies P.

For the proof of the above theorem, a certain boundednegs 0403
semi-stable sheaves is essential. k&be the ample cone iH(S,R)
and.¢/ its closure.

Theorem A. 2. Let H be an ample divisor and B a bounded subset of
@/ NHZ(S, Q). Let S, (c1, ¢2) denote the set of isomorphic classes of rank
r sheaves with Chern classes @and ¢ modulo numerical equivalence
and which areu-stable with respect to an amp@-divisor A. Then the
union bUB Sh.p(C1. C2) is bounded.

<

In the caseB = {0}, this was proved by Maruyama inl/[8] and our
proof of Theorem AR is quite parallel to his proof §n2 [8]. Let
ai,...,ar_1 be asequence of- 1 rational numbers and let

SrB(all’ ceer-1 Cl’ CZ)

be the set of isomorphism classes of rartkrsion free sheaves of type
azi,...,ar—1 With respect tdH +b for someb € B ([8, see p.28]) and with
Chern classes; andc, modulo numerical equivalence. Our Theorem A.
[Ais a special case of the boundednesSdfr1, ..., ar_1 : €1, C2) which
follows from Theorem AB below and Theorem 1.14[ih [8].
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Theorem A. 3. Let a be an integer and Iet{%(al, ..., a1 . C) be
the union of $(ay,...,ar_1 : C1,Cy) for all ¢, < a. Then there are two
constants pand by (independent of eachxsuch that for any member E
of Sg (@1, -, r-1 1 €1),dim HO(S,E) < bp anddimH?(C,E® 0¢) <
by for any curve C in an open set(8B) of |H|, where UE) may depend
onE.

404 Proof. Our proof is quite similar to that of Theorem 2.5in [8]. We wnl
indicate the parts to be modified. Itfiges to show the theorem for
the subseVSrB’a(al, ...,ar1 - C1) of Sp(@1,... -1 : C1) consisting
of vector bundles irSB,a(ozl,.. , r—1 : cl). We prove our theorem
by induction onr. Assume that the theorem is true in the case rank
r — 1. Under this assumption, we shall show that our theoremsHhoid
VSr&a(al,.. ,ar_1 . €1). SinceB is bounded, there exists an integper
such thatH%(S, E(n)) # O for every membeE of VS{ (a1,...,ar1
c1) (cf. Lemma 2.1 ir[8]), wherdE(n) is the abbreviation oE @ H®".
Hence, for every membét of VSrB,a(al, ...,ar_1 . C1), there exists an
exact sequence

0— Os(D)@H*™ 5 E—-F =0

whereD is an dfective divisor andF is a torsion free sheaf of rank
r — 1. LetL be the set of #ective divisorsD such thatZs(D) ® H&"
is contained in some membErofVSrB,a(al, e, 1 Cp).

Claim. L is bounded.

Os(D) is a subsheaf oE(n) andE(n) is of typeas,...,ar_1 with
respect tdH + b for someb € B. Hence we have

-1 (Cl -H+ b) ar-1
(D- H+b)</JH+b(E(n))+( r—1) r+nH-H+b)  (r-1)
(c1-H) dr-1
m (—+ng) -1

405 SinceB is boundedR = supc;/r + nH - b) < co. Sinceb belongs tos
beB
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andD is effective, b - D) is nonnegative. Hence we have

(cy-H) Qr-1
D-H<(D-H+bs—+R+—.
(D-H)=®-H+b) = ey *RY g

Therefore L is bounded.
Let G be a ranks quotient sheaf oF. SinceG is a quotient ok and

sinceE is of typeasy, ... ar_1 with respect tcH + b, we have

HH+b(E) — as £ unp(G).

Putaspp =as+{n(H-H+b)+(ci/r—D-H+Db)}/(r —1). Then we

haveunn(E) — as = un+b(F) — aspp. Putag = sup aspp Thenwe
DelL.beB
obtainupy,p(F) — as £ un+p(G). HenceF is of typeay,.. ., ar_» with

respect taH + b. Let Q be the set of isomorphic classesFofs which
are obtained from somE in VSrB’a(al, ...,ar_1 . C1) as above. Then,
by the above resulf is a subset of

U U SrB‘1 (o/l, cn @y i€ — A+ nc(H), (:2)

AEN CZa+f
whereA = L/( (numerical equivalence) agl= rSaLx{—(cl —D+nH- 406
(S

D — nH)}. By induction hypothesis, our theorem is true for any member
F of Q and our proof can be completed in the same way as Theorem 2.5
in [8]. g.e.d

Proof of Theorem A[l.Take an integeN so thatNA, — A is ample
for everyn. Applying Theorem AR foH = AandB = {NA, — A},
we see that the seét of isomorphic classes of sheaves $nwvhich are
u-semi-stable with respect #, for somen is bounded. AllE,sbelong
to & and hence there exists a subfamify : t € V} of & parametrized
by a varietyV which containsg, for infinitely manyn, say, forn =
Ny, Ny, ... Sinceu-semi-stability is an open condition, for eagh there
exists a Zariski open seéifly of V such thatF, is u-semi stable with
respect toA,, (and satisfies the proper®) for everyu € Uyx. Vis a
variety overs and is a Baire space. Hence the intersection ofals
is nonempty. Therefore, we have (1). (2) follows immediatedm (1),
becauseia(F) = Ji_rﬂo“Ank(F) for every sheaf onS g.e.d
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Appendix 2. Existence of a (quasi-) universal family

Let X be a scheme and? a connected component of the moduli
functor.” plx of simple sheaves o8.

Definition A. 4. (1) LetT be a scheme. A shea&d on X x T is a

guassi-family of sheaves in7 if & is T-flat and if, for every

t € T there exists an integer and a membeE of .# such that

407 & |xxt= E®?. If T is connected, then the positive integedoes
not depend om e T and called the similitude of.

(2) Two quasi-families?’, &’ of sheaves in#Z on XxT are equivalent
if there exist vector bundleg andV’ onT such thatf’ ® n;V =
&V,

(3) A sheafé on X x M is a quasi-universal family of sheaves.i
if & is a quasi-family and, for every scherfieand quasi family
F onXxT, there exists a unique morphisim T — M such that
f*& and.# are equivalent.

By definition, if & on X x M and&” on X x M’ are quasi-universal
families, theM and M’ are isomorphic to each other afdand&” are
equivalent.

Theorem A. 5. Assume that/ is representable by a scheme M of finite
type in the usual topology (if ¥ C) or in the etale topology. Then there
exists a quasi-universal family on>XM.

Proof. For simplicity, we assume th&t= C andM is representable in
the usual topology. There exists an open coveiihig= |J U; (in the

usual topology) and a universal famiy on U; x X for evéryi. Take a
suficiently ample line bundl& such that all higher cohomology groups
H'(X, E ® L) vanish for every membeE of M. By the base change
theorem, the direct imagé = nj = (& ® L) is a vector bundle otJ;,
408 wherer; is the projection oKX x U; ontoU; Shrink the covering J U; so

|
that PicU; N Uj) = O for everyi # j. Then there exists an isomorphism
fij o & Ixxuinu;) = & Ixxuinu))- fij induces an isomorphisrfy; =
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mij * (fj ® L) : Vi = Vj, onUj n U;j wherer; is the projection of
—_1\V

X x (Ui nUj) ontoU; N Uj. We putd(fi;) = fj; ®7‘ri*j (fijl) D& ®

VY Ixxuinup—= & ® V' Ixxinuy)-

Claim. @(fij) o ®(fik) o O(fii) is identity overX x (U; N Uj N Uy) for
everyi, j andk.

By the functoriality of®, ®(fij) o ®(fi) o @(fii) is equal tod(gijk),
wheregijk = fij o fix o fii - Gijk is an automorphism of; |X><(UiﬂUjﬂUk)
overU; N Uj N Uk. Sinced; is simple overl;, the automorphisng;jx
of & overU; n Uj n Uy is multiplication by an invertible element of
Ouy; N Uj N Ug. Henced(gijk) is identity.

By the claim,& ® 77V’ can be glued together bj(fij)'s. We ob-
tain a sheafs on X x M whose restriction tdJ; x X is isomorphic
to & ® n;V,’ for everyi. We show thatf is a quasi-universal fam-
ily. Let .# be a quasi-family of sheaves M on X x T. Since&;
are universal families, there exist a uniqgue morphismT — M, a
vector bundleF; on f~1(U;) and an isomorphisny : .% |Xxf71(ui)l>
(1 x f)*&) ® OrF; for everyi. We show that two quasi-families”
and¥ = (1x f)*& on X x T are equivalent. Define the homomorphism
¢ 9 n'n.HOMOxxT(¥Y,.7) —» HomOx1(n* n.Ends, . (¢), F) by
o(g® f)(e) = f(e(g)) for everyg € ¢4, f € n*r.HOMO%7(¥4,. %) and 409
e € T'r.Endoxx1(¥¢), wherern is the projection oX x T ontoT. By
using the isomorphismk;, it can be easily checked that thisis an
isomorphism. Sincer.Homg, .(¥,.#) andr.Ends, ,(¥) are vector
bundles onT, two quasi-familied andG are equivalent. g.e.d

A quasi-universal family of similitudes 1 is nothing but aivwersal
family. On the existence of a universal family, we have théfaing
by an argument similar to the above and by an idez _in [16] (&d i
improvement Theorem 6.11 ini[9]).

Theorem A. 6. Let the assumption be same as in above theoremu Let
be the greatest common divisor &{E ® N), where E is a member of
./ and N runs over all vector bundles on X ulf= 1, then there exists
a universal on Xx M.
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Proof. Letuo be the greatest common divisor&E®N), whereN runs
over all vector bundles oX which satisfy ¢) all higher cohomology
groupsH!(X, E ® N) vanish for every membe& of M.

We show thatug = 1. Let Ox(1) be an ample line bundle oX.
Then there exists an integay such thatN(m) satisfies £€) for every
m 2= my. X(E ® N(m)) is divisible byug for everym < my by definition.
Since QX(E ® N(m)) is a numerical polynomial om, X(E ® N) is
divisible by ug. SinceN is an arbitrary vector bundleyg divides u
and henceug = 1 by our assumption. Therefore, there exist vector
bundlesN; with the property {) and integersav(l Sfvs n) such that

éa, xx(Uinu;) be same as in the proof of TheorenDA 5. By the Property
(%), mi (& ® mx = N,) is a vector bundle of ranK'(E ® N,) on U; for
n

everyi andv. Putl; = ) detr;.(& ® 13N,))*?, where det denotes
v=1
the highest nonzero exterior power of a vector bundle. Tora@phism

fij induces the isomorphism; : L; Iuimuj; Lj luinu; for everyi, j. By
the same argument as in Theorer]A.5, we can showghatrL; on
XxUj can be glued together by the isomorphisfip® pi; and we obtain
a sheat” on Xx M whose restriction t& x U; is isomorphic tas; ® ;L
for everyi. Sinceé; are universal familiess is a universal family. g.e.d

Remark A. 7. If X is smooth, then every sheaf drhas a resolution by
a locally free sheaves. Hengein the theorem is equal to the greatest
common divisor oX(E®N’) whereE € .# andN’ runs over all sheaves
on X. If X is smooth and dinX = 2, thenyu is equal to the greatest
common divisor ofr(E), (c1(E).D) and X(E), whereD runs over all
divisors ofX.
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260-Linear Systems On Abelian Varieties

By M. S. Narasimhan and S. Ramanan

1 Introduction and Statement of Main Theorem

We would like to consider thed2inear system on an abelian varietf/'15
with a principal polarisatiord. In the case when the abelian variety
is the Jacobian of a projective non-singular cuiXethere is a close
relationship between semistable vector bundles of ranldZranal de-
terminant onX and the 2-linear system. On the one hand, one can de-
scribe the moduls Ux(2) of such bundles oK in terms of the 2-linear
system. On the other, classical questions regarding Kunvarégties
or the Schottky relation may be better understood in terntkisfnew’
variety S Ux(2).

We first considered this relationship some fifteen years aghe
case of genus 2 and proved

Theorem 1 ([8]). The variety S {(2) is canonically isomorphic to the
projective space of divisors on the Jacobian, linearly gglént to26.

This result was somewhat of a surprise for the following oeas
For every line bundlg on any curveX, consider the semistable bundle
j® j~1. This imbeds inS Uyx(2), the Kummer variety?” = j/i, where
J = Pic°(X) is the Jacobin oK andi is the involutionx — x ™ of J. It 416
is easy to see th& Ux(2) — 7 is smooth. Tha® Ux(2) is itself smooth
in the case of genus 2 is surprising n view of the following

Theorem 2 ([5]). The kummer variety?” is precisely the singular locus
of SW(2),isg= 3.

Some of the ideas relating to Theoréim 1 have been gener§iked
to hyperelliptic curves of arbitrary gengs> 2. In particular, we have
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Theorem 3 ([2]). If X is hyperelliptic of genu8 and i the involution of

S Ux(2) induced by the hyperelliptic involution on X, theﬂuﬁ isa

quadric inP’.
The aim of this paper is the following generalisation of Tireeo[1.

Main Theorem. If X is non-hyperlliptic of genu8, then S (2) iso-
morphic to a quartic hypersurface i

In particular, of course, the Kummer variety is imbeddedirand
is the singular locus of a quartic hypersurface. Supdosethe quartic
polynomial in the homogenous coordinat@s,( . . , Zg) defining

S Ux(2). Then Theoreril2 implies tha¥” is defined byg—;i =0, =
1,...8. Thus we have, as an application, the

Corollary. .2 can be defined by cubic polynomials

Wirtinger [7] had shown thatZz” can be defined by quartics and it
was an open problem if cubics wouldfoe. (See Coblel([1, p. 106])).

2 Theréeationship between vector bundles
and 26-linear systems

Let us now make explicit the map &Ux(2) into the projective linear
systemP of 26, which exists for any. If we denote byJd the space of
line bundles orX of degreed, notice that the natural divis@rlives only
in J91 Hence the linear system oB2s a system of divisors id91.
The map that we have in mind associates to a vector bubadlerank 2
with trivial determinant, the subs@le = {£eJ9! : T(¢® E) # 0}. If E
is not semistable, then it has a line subburldief positive degree. For
every£eld9t, we havel'(¢ ® L) # 0 so thatDg = J91 in this case. On
the other hand, Raynaud [6] showed th&Eifs semistable, th®g is a
proper subset 0§9~! Then it is easy to see thég is the support of a
divisor linearly equivalent to@
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Actually, one can associate a divisDg to E (and not merely its
support) as follows. Takgy,...xneX, with N suficiently large. IfZ is
the divisorx; + - - - + X, tensorise the exact sequence

0—-0(-2)—-» 0x —> 07 -0

with £ ® E. If N is large enough so thdt¢ ® E ® ¢(-Z)) = 0, then
clearlyT'(¢ ® E) is the kernel of the connecting homomorphism

N
D (€®E) » H(¢®E® 0(-2))
i=1

We will now allow ¢ to vary overJ?L. In others words, taking to be 418
the universal line bundle of degrge® parametrised by9—! we get two
vector bundles o091, both of rank A and a homomorphism. This
defines a section of a line bundle, namely thetdence between their
determinants. It is easy to compute this line bundle and ghaivit is
isomorphic to 2.

3 Generalitieson polarised abelian varieties

Let A be an abelian variety anda principal polarisation on 4. Consider

B = Pic’A, namely the space of isomorphism classes of line bundles on
A with Chern clasg. ThenA acts onB by a.¢=translation bya of &.

All line bundles&eB are ample and hendd'(¢) = 0 fori > 1 ([3, p.
150]). On the other hand;(¢) is 1-dimensional, since the polarisation

is principal. Hence the line bundl€zB may be identified with their

divisors inA. Letd c B be defined by
0{&eB : divisor of £ passes through}0
This belongs to the principal polarisatianin the sense, that for any

choice of a point irB, the natural identificatiod — B leads to a divisor
in Awhose class is. Moreover,A][ B can be made into a group, using
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the involutioni : B — B given by¢ — i*¢ wherei is the morphism
x — —xof A. We have then a natural exact sequence

0—>A—>AUB—>Z/2—>O.

Of course, this sequence splits, but the point is that thseme canonical
splitting. Elements of\; = {aeA : 2a = O} are calledperiod character-
isticsand elements oB, = {beB : 2b = 0} are calledtheta characteris-
tics. As a groupA; is isomorphic tafag and the principal polarisation
on A gives a nondegenerate alternating farion A,. Moreover,B, can

be identified with quadratic forms ofty, whose associated alternating
form is . The Arf invariant then distinguishes between odd and even
theta characteristics. We have the well-knowin [4]

Theorem. The parity of the multiplicity of the divisar at beB, deter-
mines the parity of the theta characteristic.

On A x B, we may consider the divisor obtained by pulling back
0 by the natural group actioA x B — B. This bundle serves as a
Poincaré bundle for line bundles éwith Chern class, and also as
one for line bundles oB with Chern clasg. Indeed, the spacB and
the divisord are characterized by this property. It then follows thak if
is the Jacobian of a curvé of genusg, thenB may be identified with
Jo-1,

Although there is no canonicadivisor on A, there is a divisor
class® with Chern class 2 For everybeB, T:0, is the divisor in
A, corresponding td. The linear equivalence class @f6 + T~ @
is independent obeB and this definesb. More elegantly, this may
be constructed as follows. Consider the map Ax B — Bx B
given by @, b) — (a+ b,a—b). The pull back of tensor product of
P10(0) ® P;0(0) on B x Bto Ax B may be looked upon as a family of
line bundles orB parametrised byA. But then for anya, this gives the
isomorphism class af(20). Hence there is a line bundie on A such
that

Pi¢ ® P30(26) ~ " (P;0(6) ® P30(6)).
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Moreover, the situation comes with a section of the Rjé® P;0/(26),
so that we have a canonical elemeni ¢h, ®) ® I'(B, £(260)). This can
be proved to give a perfect pairing so that we have

Theorem 3.1. There is a canonical duality betwe&(A, @) and
[(B, 0(29)).

We have a natural morphiséy — PI'(A, ®)* given by linear sys-
tem of ®. On the other hand, faseA, we have the divisol z0 + TL0
linearly equivalent to & In other words, we have a morphisf —
PI'(B, ©(29)). Under the duality of Theorein 3.1, these two morphism
are compatible.

WhenA is the Jacobian anB = J9! of the curveX, we may in-
terpret the morphism\ — PI'(B, £(260)) defined above as follows. For
any aeA, consider the semistable vector bunéle= a® (a)*. Then
E is of rank 2 and trivial determinant so that there is a diviBerlin-
early equivalent to 2defined in§ 2. It is clear that this is the same as
the map given above. Thus one may say that the morpBitk(2) —
PI(J9-1, ©(26)) given byE — Dg restricts to the Kummer variety?
as the morphism given by the linear systemboflt has been shown by
Andreotti and Meyer ove€ that for irreducible,® imbeds the Kum- 421
mer variety. This does not seem to have been proved in thratlire
for characteristicP > 0. It is easy enough to show thatdfis irre-
ducible, then the Kummer variety is mapped injectively. V&a prove
(following ideas of Wirtingef[7]) over any field of charadtdic # 2, the
following

Theorem. Let A be any abelian variety; a principal polarisation on

it and B = Pic"A. If no even theta characteristic lies on the canonical
theta divisor in B,then#” is imbedded by the canonical divisor clabs

in A with Chern clas2r.

4 Proof of the Main Theorem

We will sketch here the alinea of proof of our main theoreme Te-
tailed proofs will appear elsewhere.
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Lemma 4.1. Let £ be a line bundle of degreg on X. Then X may
be imbedded in J by x> £1® @(x). The induced map(J, ®) —
I'(X,K ® £2) is onto.

Proof. Any divisor linearly equivalent t& ®£2 may be written as a sum
of two divisors of degreg each. Let these belong to clas$e®é®a ™t
andé®a for aed971. Itis easy to see that ‘most’ sectiondifK ®£2) can
be thus split up in whicli’ (K @ £ ® o) andI'(¢ ® o) are of dimension
one each. It is clear then that these divisors are imagesnfegits in
I'(®) given byad + o160 ~ @.

Consider the injective map

HY(X.£2) ST (X Ke &) > I3 ®) - (%2, 0(29)).

We wish now to interpret the mapH? (X, 5‘2) — Pr'(J3971, 0(20)).

Lemma 4.2. Let ¢ be a line bundle on X, of degree Any point of
PH!(X,£72) gives a nontrivial extensiod — & —» E - & — 0,
where E is a semi-stable vector bundle of r@dnd trivial determinant.

Proof. See ([5, LemmaX5l1]).

By allowing ¢ to vary overJ!, one can thus construct a bundle
on J! whose fibre ovet is identifiable WithHl(X, f‘z), and an exact
sequence

0>V -oT%L 020);1->W—-0

on J! It can be shown that the fibkg: is the subspace 6f(J39-1, ©(26))
consisting of sections which vanish éK.

Lemma 4.3. The map PH(X,£72) — PI(39,(26)) can be inter-
preted as follows. If E is the vector bundle associategeH* (X, 5‘2),
then the image af is the divisor L.

Lemma 4.4. Let X be of genu8. If Ee€S Ux(2) is stable andEX c Dg
for someteJ?, thenl'(¢ ® E) # 0.

These two lemmas ensure that the morphiSm»> Dg is injective.
Firstly, itis easy to show (see 5.4 below for a slightly sgenstatement)
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that there existgeJ! with I'(¢ ® E) # 0. This implies of course that
&EX c Dg. If then Dg = Dg it follows from 4.4 thatl'(¢ ® E’) # 0 as
well, which implies that botle andE’ occur as extensions ¢fby £71. 423
Now 4.3 implies thaE +— Dg is injective.

We have also to show that the morphidin— Dg is an imbed-
ding. From the injectivity, we see that the image is a hypdase in
P7 =PI’ (3916(26)). We will compute the dferential of the morphism
P(V) — P’. Let E€S Uy(2) be a stable bundle. Then we will show that
in the diagram

P(V) P’

~N

SWx(2)

there exists a point d?(V) lying over E at which the diferential of the
mapP(V) — P’ is injective. It would follow that the hyper surface in
question is normal, since the set of nonstable points is dint@ in

S Ux(2). Hence by Zariski's Main Theorem, we are through.

5 Computation of differential

But the computation of the fierential of the morphisr®(V) — S Ux(2)
turns out to be somewhat hard. The result is

Lemma 5.1. The djferential is injective at every point of PH2)
corresponding to stable E, §f ¢6.

Since the bundl¥ is induced by a map of the Jocobaird! into the
Grassmannian of 4 dimensional subspaces(df, ¢(26)), Lemmd5.ll 424
can be proved by computing theffdirential of this map and a simple
computation of the dierential of the natural map of the projective bun-
dle associated to the universal subbundle on the Grassamarnnio the
projective space. Thus it is easy to see that Lerhmia 5.1 walitolf
from the following statement regarding thefdrential ofy which is a
mapHY(X, 6) - Hom(V,I'(K2® £72)).
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Lemma52. Letv € T;(J%), £2¢ 6. (a) if v does not belong to any
1-dimensional subspace of'fX, ©) corresponding to a point of X in
its canonical imbedding, then the imagewfinder the dferential of

I - Gy (T (% 0(20))) is an injective map ¥ — T (K2@£72). (b)

if v belongs to such ad-dimensional sub-space, then the image has
1-dimensional kernel and this, as a point of\2), corresponds to a
nonstable extension.

The space/; can also be identified with the kernel6{J2, £/(26))
— I'(X, K? ® £72) obtained by imbedding aséX e J2. In other words,

Ve = (32, 1x ® 6(26)), wherely is the sheaf of ideals ofX in J2.
From the exact sequence

0—1%—Ix—>N -0

we obtain a natural may; — F(N* ®K? ®§‘2). It can be shown that
the required dterential factors as follows.

H(X, 0)

Hom (VI (K2 @ £72))

|

Hom(I' (N* @ K2@£72),I' (K20 £72))

The vertical map is induced by the msfp — I'(N* ® K2 ® £72) men-
tioned above. The mag’(X, &) — Hom(I'(N* @ K2£72)),

(r(K?®£72)) can be determined explicitly by using the natural inclu-
sionN* — I'(X, K)x. In fact, it is the composite of the natural map

HY(X, &) - Hom(T (X, K) e T (K*@£72), T (K*@£72))

and the map Hor{T' (X, K) ® ' (K2® £72), ' (K2 @ £72)) -
Hom(I' (N* @ K2@£72),T' (K?® ¢72)) induced byN* — I'(X, K)x. In
view of this, Lemm 2 will follow from
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Lemma 5.3. The natural map ¥ — F(N* ® K2®§‘2) is an isomor-

phism ifé? ¢Supm. Geometrically speaking, there is no divisor linearly
equivalent ta2¢ which vanishes o#iX with multiplicity 2, f &2 ¢Sup.

The proof thate — Dg is an imbedding is completed by proving

Lemma 5.4. Every stable bundle E can be obtained as an extension
05 ¢S E— &0 el andé? ¢Supp.

To prove that the image is a quartic surface, we first obsdrat t
the mapP(V) — P’ is generically finite and is of degree 8.4 is the
tautological hyperplane bundle along the fibres ftisas to show that
[c1(tv)]1®[P(V)] = 32. This follows from

Lemmab.5. Letg(i = 1,2, 3) denote the Chern classes of the bundle V
and let ¢)eH? (3%, Z) be the cohomology class defined by-divisor
in J1. Then we have 426

1)
c1(V) = —4c(6), ca(V) = 8[c(h)]%and

cs(V) = - S 1O
@) [PV = (-6 + 2010, - 05) 37
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Compactification oM(0, 2)

By M. S. Narasimhan and G. Trautmann

1 Introduction

S : : . 429
Let M(0, 2) denote the quasi-projective variety of isomorphismsgas

of stable rank 2 vector bundles 8g(C) with C, = 0,C, = 2. This vari-
ety was investigated in detail by Hartshorne [1]. See alkd{2 proved
that M(0, 2) has the structure of a fibre space over the 9-dimensional
variety R of reguli (i.e., the space of smooth quadric®gwith a distin-
guished system of generating lines), the fibre being an opleses of a
smooth quadric iP5 If o is the smooth conic in the grassmannfaof
lines inP3 given by the generators of a regulaisthen the fibre ovep
consists of the space of smooth conjcsuch that- andy are Poncelet
related, witho- as the inner conic: a triangle can be inscribeg imhich
circumscribesr.

In the present paper, we study the natural compactificafid(0, 2)
and the degeneration of bundles to sheaves with singekriGeomet-
rically, one has to first compactify the fibres orwhich is easy and is
done by taking all conicg, smooth or not, which are Poncelet related
to o; the fibre overo is then a smooth quadric iBs, which may be
called the Poncelet quadric associated withNext, one has to take a430
good compactification of the space of reguliThere is a ‘naive’ com-
pactification ofR, namely the ramified 2-sheeted covering of the space
of all quadrics inP3 defined by the space of singular quadrics. This is
not the right one to take and has to be ‘modified’ and we takéhas t
compactification oR the Hilbert schemé&’(G) of all conics contained
in the grassmannia@y = G(2,4). The variety%'(G) is in fact smooth
and there is a tautological conic bundle o¥4|G). There is then a Pon-

325
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celet quadric bundle oves’(G) associated with this conic bundle; it is
constructed by considering also the space of conics whiglPancelet
related to a singular conic, which turns out to be a pair onglanes in
P° in the case of a pair of lines and a ‘doubled’ hyperplanceérctise of
a double line. This Poncelet quadric bundle 0¥&() is the sought for
compactification oM (0, 2). We prove that this space is the coarse mod-
uli scheme for semi-stable rank 2 sheavesPenvith C; = 0,C, = 2,
C3 = 0 which are limits of stable vector bundles (see the statémien
Theorem in§ 3). The non-singular points of this compactification cor-
respond exactly to stable sheaves. It should be remarkethéhenoduli
space of semi-stable rank 2 sheaves With= 0, C, = 2, C3 = 0 is not
irreducible.

We proceed to describe the results and methods of proof i mor
detail.

2 Poncelet pairsand the Poncelet quadric.

Two smooth conicsd,y) in P, are said to be Poncelet related if we
can inscribe a triangle ip which circumscribesr We have also to deal
with the case whewr is degenerate. For this purpose it is convenient
to consider the Poncelet relation as one between conies amd those

in the dual projective spacg. For instance, in the case above, if we

\Y
consider the polar dua of y with respect to the smooth conic, the
Poncelet relation betweemr(y) says that there are three pointson

such that the dual triangle has vertices;oﬁ' his relation is symmetric.
If W is a 3-dimensional vector space (ov&), the Poncelet rela-
tion defines a correspondence betweds2(W)) andP (S? (W) i.e.,
a correspondence between the space of coni®Wj and inP (W*).
In particular if o is a conic inP(W) we get a quadric i (S(W)), the
Poncelet quadric correspondingdao If we denote also by- a quadratic
form onW definingo, a quadratic fornQ on S?(W) defining the Pon-
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celet quadric associatedis given by:

QX Y, X".Y') = 1'[a'(X, XN (Y, Y) + (X, Y)o (Y, X)
—o(X,Y)o(X, Y]

This construction can be relativised: given a conic bur@lle> S, we
can construct the Poncelet quadric bundle &eassociated t&.

3 Statement of the main theorem.

432
Theorem. LetG be the grassmannian of linesia(C), %'(C) the Hilbert
scheme of conics contained@and Q — %'(G) associated to the tau-
tological conic bundle ove®’(G). We then have:

(1) The variety Q is the space of S -equivalence classes of sabfés
sheaves orP3(C) which are limits, under flat deformations, of
bundles in MO, 2)

(2) Q has the ‘coarse moduli property’ for flat famili¢Bs}ss of
torsion-free semi-stable rankR sheaves with €= 0, C, = 2,
C3 = 0 for which the subset of S, consisting of those S with
Fs a stable bundleM(0, 2) is dense in S where S is normal.

(3) Q is the normalisation of a component of the Maruyama scheme
of all semi-stable torsion free rarkksheaves oi3 with C; = 0,
C,=2Cz=0.

(4) The non-singular points of Q correspond precisely to stable
sheaves

In the rest of the paper, we give a brief account of some ofdbas
involved in the proof of the theorem.
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4 Geometricinvariant theoretic (G.1.T)
description of the Poncelet bundle over the
space of conicsin P,

In order to relate the Hilbert schen¥(G) and the associated Pon-
celet bundle to sheaves @ we will need a geometric invariant the-
oretic description of these spaces. As a motivation fordeiscription,
which will be given in the next section, we give in this sent@ G.I.T.
parametrisation of the Poncelet bundle over the space aésonPs.

We first give a G.I.T. parametrisation of conicshp. Let W be a
3-dimensional vector space andWt= Wa&W = W C2 The action of
SL(2,C) onC2 induces an action oW. This in turn gives an action of
SL(2,C) on the grassmannia®y (W) of 4 dimensional subspaces\bf

which is linearised with respect to the natural polarisatio G, (W).
. Ga(We W)3s
The G.I.T. quotient————

o T S 1) | |
conics inP, (As usual, the superscript “ss” denotes the set of semi-
stable points). In fact, if for a 4-dimensional subspBce W & W, we
consider

is then identified with the space of

o() = {L e B(W) | dim[(L®C?) nT] > 1}

one sees that(') # P(W) if and only if I is semi-stable and that(I")
is a conic ifl" is semi-stable. Moreovét is stable if and only it (') is
a smooth conic.
We next consider the Poncelet correspondence. §3peFor this,
we consider the grassmanni&? (W) of 2-dimensional subspaces of
d ob b G (W)~ be identified with
W @ W and observe, as above, t can be identified wit
2] -v ve, hw i ified wi
the space of conics iR (W*). To obtain the Poncelet correspondence
betweerP (S%(W)) andP (S? (W*)), we consider the flag manifold ¢

Go (\TV) x Gy (\TV) consisting of 1, I') with M c T and show that, for the
SS

action ofSL(2) onF, m is isomorphic to the Poncelet subvariety

contained irP (S? (W)) x P (S2 (W*)). Moreover the natural mafp*s —
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G4(W)*% induces the Poncelet quadric bundle over the space of conics

in P(W).

5 G.I.T. description of the Hilbert scheme of con-
icsin G and the associated Poncelet bundle.

2
Let V be a 4-dimensional vector space &hd= G,(V) C P(/\ V). We
2
first give a G.1.T. description of the Hilbert scheme of cariitP (A V.
2
Note that this scheme isE® bundle over the grassmanid@n= Gg (/\ V)

2
of planes inP|A V|, the fibre over a plane consisting of the space of

conics in that plane. As such, in analogy witl, this scheme has the
following G.I.T. description. Let) be the universal rank 3 bundle over

2
the grassmannia#; U is a subbundle of the trivial bundleV ® 07

over Z. ThenSL(2,C) operates on the relative grassmannian bundle
G4(U & U), and the G.I.T quotient is the Hilbert scheme of conics in

2
P|{AV]. We also have an obvious G.I.T. description of the assatiate

Poncelet bundle as 4.

To obtain the Hilbert schenf&'(G) of conics inG as a G.I.T. quo-
tient we define a subvariety of G4(U @ U) as follows. If gI') €
G4(U @ U), with ze Z, then ¢ T') defines a quadratic form(I') on the 435
fibore U of U atz and the Pliicker quadrié defines a quadratic form
(2 on U; (Herep(2) could be zero which means thatU,) c G and
o (') could be zero which means tHats not semi-stable). We definé
by the condition thatZT') € Y if and only if o(I') andp(2) are linearly
dependent. Let

YSS= Y N Ga(U @ U)SandYS = Y N Ga(U @ U)S.

We thee see that the natural map
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YSS
SL(2)
To get the Poncelet bundle ovei(G), we look at the (relative) flag
variety

— % (G) induces an isomorphism.

X cG4(UsU) xzGo(UaU)
consisting of £ ', M) with (zT) € YandM c I'. The morppsisrrx -
. . , o XSS
Y is a bundle withG(2, 4) as fibres. The G.L.T. quotle% is the

Poncelet bundl€) associated to the ‘universal’ conic bundle 6iG);
moreover,Q — %(G) is induced byX®% — YSS, It turns out that the
singular points of) correspond exactly the non-stable points<éf.

6 %(G) asthe moduli space of rank 4 ‘kernel’
sheaves on Pxs.

The connection between the foregoing considerations aedvsls on
P3 will be made by constructing, in the next section, a familyrafnads
paramterised bx®$whose ‘cohomology’ will give the required rank 2
semi-stable sheaves &s.

In this section we outline the construction of (the family thfe two
modules (and the ‘arrow’) on the right side of the monad. Eha®
parameterised actually by®S (The spacer’(G) is, in some sense, the
moduli space of the kernel sheaves of the monads).

For doing this, it is convenient to study a G.I.T. paramati® of
the ‘naive’ compactification of the space reguli and relat® %' (G)
which is a modification of it. Consider the action 8fl(2) onG =

Gy(Ve V)SS

G(Ve V). Then———
2(VeV) en %)

canonical magV* @ V*) ® 0y — A", whereA is the tautological rank 2

bundle onG may be interpreted as a map

gives the naive compactification. The

3 3 4
a:(AV@AV)@ﬁG - AVA

3 4
on observing that V = V* @ A V. Note also that we have a morphism
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of bundles
2 2 3
(/\VEB/\V)@OG - AV®A
Go(VeV)ss
SL(?2)

2
Lemma. INT € G4(U dU) cG4[AV D AV]. Define N c VoV to be 437

The relation betwee’(G) and comes from

the subspace of all pairs, y), x,y € V, satisfying
EAX+nAy=0foranyg,n)erl.

If T € YSS then N is 2-dimensional.

Using the lemma we define a morphisff® — G,(V & V)55 (which

Go(V @ V)5S

in turn defines the modification mag(G) — . We con-

sider the diagram

2 2 2 2 2
YSS ——> Gy(Uoa U) —>G3(/\V)XG4(/\V€B/\V) —>G4(/\V&B/\V)
t“
G=Gy(VeV)—A C

whereA andC are the tautological subbundles on the grass mannians
and

2 2
y:Y¥ > G4(/\V€B/\V)
the composite map.
We are now in a position to define the right hand side of thelfami
3 3 4
of monads. Lift the mag(AV®AV|® O — AV ® A" (defined

above) first toYSSby the morphisn¥sS — G and then td; x YSSby the 438
projectionpr onto Y. We get an epimorphism

3 3 4
(/\ VoA V) ® Opayyss > AV @ priq A
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Similarly, starting from the Koszul homomorphism

3 4
AV ® Op, = AV ® O(1) onPs,

we get an epimorphism
3 3 4 4
(AV@AV)Q@ﬁPM—>(AV®AV)®ﬁP3xY 1)

Taking the sum of these homomorphisms, we obtain a homorisonph
overPs x YSS

— 3 3 4 4
a: (AV@AV)@ Opyxy — (/\Vea /\V)®
4
Opyaxv(1) @ (/\ Ve® pr*q*A*) .
This gives the required family of ‘partial’ monads.

Let 4 = kera and«Z = Ima. We also observe that under the
natural map

2 2 3 3
priy*C(-1) — (/\ V& A V) ® Op,(-1) — (/\ V&A V) ® Op,xy,
439 pry*C(-1) injects into.#” and we defin&/ by the exact sequence
(*) 0- priy’C(-1)» A&/ -9 > 0.
We have

Proposition. (1) The sheaves/', .« and ¥ are flat over ¥S

(2) Forany y= (zT) e Y®5 if .4 denotes the restriction off” to
Pz x y, then the natural homomorphism

T — HO(Ps, 4(1))( given by ))
is an isomorphism. Moreover

C1(Ag) = ~2.Ca(Ag) = 3,Ca(Ag) = ~4.

(3) The sheavs#; are semi-stable in the sense of Gieseker.
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7 Construction of a family of monads and the uni-
versal rank 2 sheaf on P

We consider the diagram

XSS—=Z7ZxF

YSS —— Gy(U @U)—>Z><G4(/\Vea/\v —>G4 /\V@/\V)

C

HereF denotes the flag manifold of pairs,(M) with M c T"andp,, ps 440
are the natural projections. The m&p— Z x F is induced by

2 2 2 2
Ga(U @ U)XzGo(U @U)—>Z><G4(/\V@AV)><GZ(/\V@/\V)

| |

X ZxF

As before,B andC denote the tautological bundles. From the diagram,
we get an exact sequence of vector bundlef on

0 P}B— PiC - B— 0,

Lifting via o andpr : P3 x X5 — XS5,
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We obtain a diagram

0 0
prg*B(-1) = pr'g"B(-1)
0—— prp*y*C(-1) P p*¥ 0
|
0—— pr'p*BY F p*Y 0
l
0 0

441 in which .# is defined at the same time as a quotienpoff” and as an
extension op*¥ for each poink = (z ', M) € Xwithy = p(x) = (zT),
we obtain the induced diagram on the filfse= P3 x X

0 0
M® 6(-1) —— M ® 6(-1)
0—~Teo(-1) ) %0
0— > M&o(-1) Ty % ——0
0 0

Proposition. (1) For x € X35 the sheaf%y is a torsion free semi-
stable sheaf with€=0,C, =2and G =0.
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(2) For x, X € X5, % and % are S-equivalent if and only if x and
X' are equivalent in the sense of G.L.T. i.e,xxhave the same

. . XSS
Image mm.

8 Limit Sheaves

The ‘limit sheaves’ which occur in the compactification carelxplicitly
described. Such a description is also useful in carryingsoate of the
proofs. We give below some examples of limit sheaves. 442

Example 1. Suppose that is the smooth conic in G given by the gen-
erators of a given regulus. The fibre over x of the compaci@inaton-
sists of, in addition to some elements of(\R), sheaves which are ob-
tained from the ranR trivial bundle on?;3 or a null correlation bundle

(C1 =0, Cobl) by a Hecke transformation. More precisely, the sheaves
% are of the form

0-%->E->0((1)—-0
0—-% —-20—-0,(1)0,1)—0
0% —>20—>%—0,

whereE is a null correlation bundld.,, L1, Lo, are lines inP3 with
L1 N Ly = 0 andZ is an extension of the form

0-0(1)»Z—-0(1)—0.

The elements oM(0, 2) correspond to smooth conics which are Pon-
celet related to- and the other cases correspond to the various subcases
of degenerate conics which are Poncelet related. tAll these sheaves

are stable.

Example 2. Let S; and S be two planes ifP3 intersecting along a line
and let p and g be two distinct points on 8 S,. Then considering the
lines in § passing through p and lines inShrough g we get a conic443

o in G, which is a pair of lines. L& be the plane inP(/Z\ V) in whicho



336 REFERENCES

is contained and |eP* be the dual plane. Then determines two points
e, f in P* and the conicg in P* passing through either e or f are those
which are Poncelet related to. Take fory a pair of lines inP* one
passing through e, the other through f and intersectingidateu f.
Theny defines lines L and K iRz with L (resp K) contained in §(resp
S») and passing through p (resp q).

Corresponding tg we have in the compactification the shéaf,®
Ikup, Wherel| 4 (resplkup) denotes the ideal sheaflot) g (respKU p).
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The Witt Group Of A Real Surface

By M. Ojanguren and G. Ayoub

THIS IS A short report on some of the results obtained by ttst fis45
named author in his thesis(Université De Lausanne, 1984l).details
will appear elsewhere.

1 TheWitt group of a scheme

Let X be a noetherian scheme with structure st@af We assume that
2 is invertible inOx. A vector bundleover X is, by definition, a locally
free Ox-module of finite rank. Aquadratic space over ¥ a pair €, f)

consisting of a vector bundlE and an isomorphisnf : F — I\:/ of

F into its dual such thaIF = f. Notice that we identifyF with its
double dual through the canonical isomorphism.XIl= Sped is an
affine schemek: can be identified with the projectiv®moduleF of its
global sections and defines orFF a symmetric bilinear scalar product
< xy >= f(X)(y). In particular, ifF is free with basis; ..., e, fis
defined by the invertible symmetric matrix (g, >). Hence, ifAis

a field, a quadratic space over Spds the same as a non-degenerate
symmetric bilinear form oveK.

Given two quadratic spacek,(f) and G, g) over X, we define their
orthogonal sunfF, f) L (G,qg) as (F &G, f @g). Anisometryof (F, f)
into (G, g) is defined as a linear isomorphispn: F — G such that
¢gp = f. The set of isometries of( f) into itself is theorthogonal
group QF, f) of F.

Given a vector bundI® over X we define a quadratic spatfP)

337
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over X - the hyperbolic spacassociated t®- by

H(P) = (P@IVD[(l) (1)])

For any submoduld. of F we define its orthogondl* as the kernel

of ivof, whereiv : F — L is the dual of the inclusion: L — F and
f is the isomorphism defining the quadratic structureFonClearly,
the orthogonal oP in H(P) is P itself. This motivates the following
generalization of hyperbolic space. A spakgf() is said to benetabolic
if F contains a subbundle (not just a submodulethat coincides with
its orthogonal:L = L*. In this casel is called aagrangianof (F, f).
If Xis afine, a metabolic space with lagrangiars isometric toH(L),
but in general, a metabolic space need not be hyperbolic.

The category of quadratic spaces o¥és a category with “product”
in the sense of |3, p. 344]. L&(X) be its Grothendieck groupl[3,
p. 346]. The Witt group ofX is the quotientW(X) of G(X) by the
subgroup generated by the classes of metabolic spac&s= IEped,
we putW(A) = W(X). If Ais a field,W(A) is the group of anisotropic
guadratic forms oveK introduced byE. Witt in 1937 [16]. The Witt
group of a scheme has been defined more recently by M. KnebHssh
lectures at the Queen’s conference on a quadratic formsaecallent
introduction to the subject [10].

It is easily checked that the tensor produeff) ® (G,g) = (F ®
Gf ® g) induces a ring structure dv(X). We shall use this fact i 2,
but our main interest here is the group structur§\gk).

Itis important to observe that, for any morphism of schethe¥ —
X and any quadratic spacg, (f) over X, the inverse imagéy*F, ¢* f)
is a quadratic space ov&t Furthermoreg* induces a functorial ring
homomorphismW(¢) : W(X) — W(Y). HenceW is a contravariant
functor from the category of the schemes under considerdatothe
category of commutative rings. In particular,Xfis reduced and irre-
ducible, there is a canonical morphidM(X) — W(K), whereK is the
field of rational functions oK. And if X is ak-schemek a ring, there is
a canonical homomorphiskV(k) — W(X).
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Examples. If kis a field (of characteristie: 2) andA}, P} are, respec-
tively, the n-dimensional fine and then-dimensional projective space
overk, then

W (A7) = W(K) = W(Pp).

The first equality is due to karouhil[9]. the second one to Anddl].

In [11], Knebusch asked if the Witt group of a finitely generht 448
R-scheme is finitely generated. For one-dimensional schehigss
indeed the case, as shown by Knebusch himself in the smos¢haral
by Dietel [5] in general. In his thesis, the first named auttes proved
the following results.

Main Theorem. Let X be an gine real surface and X the normalization
of Xeg. If the cokernel of the canonical homomorphiBitX — Pic
X is finitely generated, then the Witt group of X is finitelyeyated.

Corollary. The Witt group of a normal real surface is finitely generated.

Counter examples. There are real surfaces for whiw(X) is not fini-
tely generated. An easy example is the surfac®dtlefined by the
equationz? = x?f(y), wheref is a square-free polynomial of degree at
least 3.

Most probably, the main theorem can be extended to quafqine
surfaces.

2 Theclassical invariants

We describe how the classical invariants of quadratic foomes fields
have been extended to quadratic spaces over schemes. Thpsoue
very useful for the study of the Witt group of a real surface.

If a schemeX is the disjoint union of two closed subschemxgs Xy,
its Witt ring is simplyW(X1) x W(X;). Hence we may (and do) assume
that X is connected. In particular, every vector bundle o¥dras a well
defined rank.
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(a) Therank homomorphism

The rank of a metabolic space is even because a metabolie spac
locally hyperbolic. Hence, the parity of the rank®fonly depends on
the class of I, f) in W(X) and yields a ring homomorphism

o W(X) — Z
2
called therank
Example. p induces an isomorphism
~ Z

We denote by (X) the kernel of: it is theideal of even rank spaces

(b) Thesignatures

LetK be afield. Arorderingof K is a subseP satisfyingP+P c P,
PP c P and such thakK be the disjoint union oP, —P and{0}.

Let (V, f) be a quadratic space ou€r We can choose an orthogonal
basisey, ..., e of V. Given any orderingdp of K, we define the signature
of (V, f) with respect toP asop(V, f) = (number of< g, > inP) —
(number of< g, g > in — P). By a well known-theorem of Sylvester,
op(V, f) does not depend on the choice of the orthogonal basis. The
signature of a hyperbolic space being zerp,defines a surjective ring
homomorphism

op . W(K) - Z

Example. The fieldR of real numbers has only one ordering given by
P=set of non-zero squares. The homomorphism that it definesfési
an isomorphism

W(R) = Z.

It can be shown that, conversely, every surjective homohisnpp :
W(K) — Z coincides withop for a uniquely defined ordering of K.
We therefore extend the notion of signature to any sch¥rbg saying
that asignatureof K is surjective ring homomorphism

o W(X) - Z.
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450 Assume now thak is a real quasi-projective variety and E(R)
denote the set of real (closed) pointsofFor anyx € X(R), the residue
field k(x) is R, hence the canonical homomorphism

ox : W(X) = W(K(X)) = W(R) = Z

is a signature oK. Clearly,ox only depends on the connected compo-
nent of X(R) containingx. SinceX(R) has only a finite set of connected
components, we obtain in this way only a finite number of Sigres.

A very useful theorem of Knebusch |10] asserts that evemyatige of
Xis aoy, x € X(R). In particular, a real variety has only finitely many
signatures (and possibly none).

A word of caution may be appropriate. Assume tKais integral
and letR(X) be its field of rational functions. Every signatureR{X)
defines, by composition witiv(X) — W(R(X)), a signature oX. But,
in general, not every signature &f arises in this way. For example,
R[T1, T2
(T2+72)
signature, whered®(X) has no ordering because it contains an element
of square-1. On the other hand, in spite of the fact théhas only
finitely many signatureR(X) may have infinitely many. This happens,
for instance, ifX = A7.

if X = Spe , X(R) consists of one point, henééhas one

(c) Thediscriminant

The tensor product of two quadratic spaces of rank 1 is again a
guadratic space of rank 1 and the square of such a space istigom
to the “unit space” Qx, id). Hence the set of isometry classes of rank 1
quadratic spaces has a natural structure of abelian groegpoient 2. 451
We denote it byQ(X).

Let (F, f) be a quadratic space ov¥; of rankr. Ther-th exte-

\% v v
rior power/r\ f mapS/r\ FtoAF. We identify/r\ F with (/r\ F) , SO that

d(F, f) = (K F, (—1) D12 5 f) becomes a quadratic space of rank 1.

The discriminant of ¢, f) is, by definition, the class af(F, f) in Q(X).
The discriminant of a metabolic space is trivial but, in gahed does
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not define a homomaorphism froWv(X) to Q(X). Only its restriction to
the ideal of even rank spaces gives a group homomorphism

6 1(X) = Q(X),

which we call thediscriminant

Any global functiona on X gives rise to a rank one quadratic space
(Ox, ). On the other hand, to any rank one quadratic spacp e can
associate the isomorphism class of the self-dual line lundi PicX.
This yields an exact sequence

RLCS)
(C(X)")?

— Q(X) 5, PicX — 0,

whereI'(X) is the ring of global sections d@x and, for any ringa, A
denotes its group of units.

Clearly n6 depends only on the linear structure of the quadratic
space oveK and is a homomorphism on the wholeWwfX).

R[Ty, T2]
(T2+T12-1)
is a circle, henceX has only one signature. It is easy to see that
PicX =, PicX = Z/2 and it can be shown that

Example. Let X = Spe({ ] The set of real points ok

Z
cons: WX) > Ze 3
is a group isomorphism.

(d) TheClifford invariant

Consider first an fine schemeX = Sped. As we remarked in
§ 1, a quadratic space oX is the same as a paiF(f) whereF is a
projective A-module of finite type and a symmetric isomorphism of
F into its dual. Let<,> denote the associated bilinear product. The
Clifford algebraC(F, f) of (F, f) is the quotient of the tensor algebra
T=AeoFeoFaeFa...byits two-sided ideal generated by all elements
X® X— < XX > X € F. We denote by : F — C(F, f) the A-linear
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map induced by the canonical injectiéh — T. The pair C(F, f),i)
is uniquely defined by the following universal property: ejivanyA-
algebran and A-linear mapg: F — A such thaip(x)? =< x, X > 1,,
there exists a unique homomorphisbn: C(F, f) — A of A-algebras
such thatp = o

The construction o€(F, f) commutes with scalar extensions. As-
sume now that the rank &f is an even integerr2 Then, locally for the
étale topology, , f) is isometric toH (A"). A direct computation shows
that C(H (A")). A direct computation shows th&(H (A")) ~ My (A);
hence, locally for the étale topolog@(F, f) is a matrix algebra. This
shows thaC(F, f) is an Azumaya algebra.

For a general (nonfine) schemeX, the universal property of
C(F, f) allows to patch the varioug (F | U, fU) over a covering con- 453
sisting of dfine open setb). This patching yields an Azumaya algebra
C(E, f) over X. We denote by/(F, f) the class of2(F, f) in the Brauer
group of X. Notice that the opposite algebra OfF, f) satisfies the
same universal property &F, f) and is therefore canonically isomor-
phic to C(F, f). From this it follows thatC(F, f) ~ C(F, f)°PP, and
hencey(E, f) €2 Br(X).

In generaly does not define a homomorphism frki{X) to ,Br(X),

but if we restricty to the subgroupl(X) = ker(I(X) 5 Q(X)), we get
indeed a group homomorphism

v J(X) =5 Br(X).
We cally the Clifford invariant

R[T1, T2, T3]
(T24T72+72-1
sphere,X has only one signature. It is well known that PiX = 0,

henceQ(X) = Q(R) = E - % Choose now a real point: Spe® —
2

X on X. It defines a homomorphisW(x) : W(X) - W(R). From the

Example. Let X = Spe({ ] SinceX(R) is the real
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commutative diagram
W(X) —~=Z

w |

W(R) —~7Z

and fromQ(X) = Q(R) it follows that kero- = J(X). Hencey defines a
homomorphism ker —, BrX. It can be shown that

BrX = Z ® % where one copy o% is represented by the usual

(constant) quaternion algebra oveéy the other copy being the kernel
of Br(X) : Br(X) — Br(R). An explicit construction of an algebra rep-

. . . . Z
resenting this kernel shows thatmapsJ(X) isomorphically ontoz.

Z
HenceW(X) = Z & >

3 Regular affine surfaces

We assume here that = Spe@ and thatA is a regular 2-dimensional
integral dfine algebra oveR. We want to show thatV(X) is a finitely
generated group. L&t be the field of fractions oA. We recall a result
proved in [13] and, earlier but[4] independently, by W. Rard

Theorem 1. Let A be a regular2-dimensional domain in whicR is
invertible and K its fields of fractions. The canonical honoophism
W(A) —» W(K) is injective.

A similar result holds for 3-dimensional regular domainst bot
in dimension 4. It should not be toofficult to prove the analogous
statement for smooth quasi-projective surfaces.

We also need the following theorem of Elman and Lam [6].

Theorem 2. Let K be a field of transcendence degree at i2asterR.
Then every element of (K) is determined by its classical invariants.

Let now X = Spe® be an &ine smooth real surface. It clearly
sufices to show thait(X) is finitely generated.
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Any signatureo : W(K) — Z restricts to a signature; : W(X) —
Z. Since the number of signatures Xfis finite, there is a finite num-455
ber of diferento; which, together with the discriminant, give rise to a
commutative diagram

0—— N(X) 1) 272 7X ... XZ x Q(X)
0—— N(K) 1(K) 7Z x Q(K)

TX0

where the products in the bottom line extend over all theatignes of
K.

We show thatQ(X) and »Br(X) are finite groups. From the exact
sequence of étale sheaves

_\2
1-u— Gpn—GCGm—1,

we get a cohomology exact sequence

.. > H(X,Gm)® > H'(X,Gm) = H™ (X, u2) = H* (X, G) — ...

r'(X) ,
T00 )2 and,PicX,
henceQ(X) = HY(X, uo). Fori = 1, this sequence shows thdr(X) is
a quotient ofH?(X, o). Now, for a smooth real quasi-projective variety
X, the groupsH' (X, u») are finite. This can be shown as suggested in
[12, p. 244], although the theorem stated there is obviofalke for
arbitrary ground fields. By the finiteness @Q(X), we are reduced to
show thatN(X) is finitely generated. In the commutative diagram

Fori = 0, this is the sequence relatigX) to

N(X) —== »Br(X)

N(K) — = 2Br(K)

the vertical map on the left is injective, by Theofém1 andlibdom 456
map is injective, by Theorefd 2; hence the top map is injecwevell.
Since,Br(X) is finite, N(X) is finite andW(X) is finitely generated.
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4 Normal affine surfaces

Assume now thaX = Sped, whereA is an integrally closedfine
domain oveRR. As before, leK be the field of fractions oA. In general,
for normal surfaces\V(X) — W(K) is not injective.

[T1, T2, T3]
(T2+T2+72)
sists of one point, henck has exactly one signature. The quadratic
space A%, id) represents a non-zero clas W(X) becauser(A?,id) =
4. The image of in W(K) is the class o(K“, id). Now, in K we have

Example. A = = R[ty, to, t3]. In this case X(R) con-

2 2
(:—1) + (:—2 = -1, hence(K*,id) is isotropic and splits abl(K) L
3 3

(V, f). But the discriminant of\{, f) must be 1, henceV( f) = H(K)

and(K*, id) is hyperbolic. This shows thgtmaps to zero iW(A).
Instead of Theorernl 1, we shall use the following result, edoin
[13].

Theorem 3. Let A be a normak-dimensional domain, K its field of
fractions. Let¢ be an element of \JA). Assume thaf is in the kernel

of W(A) —» W(K) and also in the kernel of \(4) — W(%) for every
singular maximal ideal m of A. Thep(¢) = 0 implies¢ = 0.

Corollary. Let A be a normaP-dimensional #ine algebra oveR,
O1yevnnn. o the signatures of A and (X) the kernel of the homomor-
phism

o1X...XopXd: (X)) > Zx...xZxQ(X)

Then, kerN(X) — W(K)) c ker| (2Br(X) —2 Br(K)).

In fact, N(X) c J(X), hencey defines a homomorphism:
N(X) —2 Br(X). Sinceci(¢) = 0 for everyo |;, for any maximal ideal

m of A, the image of in W(%) = W(R) is zero. On the other hand, if

mis not real,W(%) = W(C) = % hencet € 1(X) maps tol (%) =0
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. . A
This shows that maps to zero in everw(a). By the theorem above,
v is injective on keril(X) — W(K)).

As in § 3, we first show thag(X) is finite. If k(= R or = C) is the

algebraic closure & in K, by [15] the quotlentﬁ— is flnltely generated.

A
Hence—— 2 is also finitely generated and its quotlemi is finite. To

show thabPicX is finite, we consider the open gétof aII regular points
of X. The group PiX is a subgroup of the divisor class group X%f
which in fact coincides with Pld. Since, PicU = Hl(U,.ug) is finite,

oPicX is finite. The exact sequence connectifx), A7 and >PicX

shows thaQ(X) is finite. Proceeding as §3. we are reduced to show-
ing thatN(X) is finitely generated. Ldtl be any &ine open set ok con-
sisting of smooth points. By3, W(U) is finitely generated, hence it suf-
fices to show that keN(X) — W(U)) is finitely generated. Clearly, this4ss
kernel is contained in kel(X) — W(K)) c kerBr(X) —» Br(K)).
Hence we are reduced to showing that kBr(X) —» Br(K)) is finite.
According to a result of Grothendieck|[7, p.74], this lasbup is con-

tained in
& ce (AQS)}

XeS2 CU(A)

whereC¢ denotes the divisor class group,denotes the (finite) set of
singular points ofX and A2S is the strict henselization of the local ring
Ay of X atx.
Consider the scalar extensi@n= C € Aand putY = Spe®. Then
R

ADS = B)?, the henselization 0By, wherey is a preimage ok in y. By
a general approximation theorem of Hironaka [8, p. 204(B%) =

C¢t (Ey) where BSO' is the local ring of holomorphic functions of the

complex variety associated ¥ and Ey is the completion oBy. The
groupCﬁ(BQo') has been computed by Prill [14] and turns out to be of

m
the formP & (%) @ Q° whereP is a finitely generated groum is a
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finite integer anct is either zero or the cardinality @&. On the other
hand,C¢(Ay) is the direct sum of finitely generated group and a divisible

ce(8))

. F th facts, it foll ily t
group. From these facts, it follows easily th Ay

) is finite.

5 Thegeneral case

We now consider the case of an arbitrary reiha algebraA of dimen-
sion 2. SincaV(A) is the same a¥/(Ared), we assume tha is reduced.
Let K be its total ring of fractions and the integral closure o in K.

459 SinceAis a finite product of normal domains, it follows from the ritsu
of § 4, thatW(A) is finitely generated. Let denote the conductor &
in A. We consider the cartesian diagram

A——A

|

A
¢

[

ol Pl

and the corresponding Mayer-Vietoris sequence of GroilekeNitt
groups

o KOl(%) — KO(A) —— KO(A) x Ko(é) S

Here, for any schemeX, KO(X) is the quotient of the Grothendieck
group of the category of quadratic spaces o¢emodulo the subgroup
generated by the fierence F, f) — H(L), whereL is a lagrangian of the
(metabolic) spaceH, f). A reasonable definition dKO; seems to be
known only for an #fine schemeX = Spe® : KO1(X) = KO1(R) =

Oo(R)
[O(R), OR)" "
groupsOxn(R) of the space#i(R"). Associating to every bundle over
X the hyperbolic spackl (P) yields an exact sequence

whereO(R) denotes the inductive limit of the orthogonal

Ko(X) 5 KO(X) —» W(X) = 0
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which, combined with the Mayer-Vietoris sequence, givesmmuta-
tive diagram

—~ Ko(A) — Ko(A) Ko(é)—>

Lo

| |

— W(A) —W(A) x W(é)—>
! | y
0 0 0

A careful analysis of this diagram leads to a proof of the ntla@orem. 460
Although the details are rather tricky, the gist of the argaincan be

sketched as follows: we know thi¥ (A) andW % are finitely gen-
erated; hence we only have to show that the keN@) of W(A) —

W(A) x W(é) is finitely generated. A class in this kernel comes from
C
an element in KO(A) which becomes hyperbolic iKO(A) and in
KO(%). In general¢ ¢ M(A) = ker(KO(A)) — KO(A) x KO(%),
but the condition that coker (Pdc— PicA) be finitely generated is pre-
cisely what is needed to reduce the finite generatioiN@}) to that
of M(A). To show thatM(A) is finitely generated, we consider any
¢ € M(A). By a quadratic analogue of Serre’s theorem on projective
modules [[13], we may assume thats represented by a space, )
2
such that F, f) @a A = H(KZ) and €, f) ®Aé ~ H(é ) This
e s A? A
means that is a “Minor patching” ofH(A<) andH " over " via

—\2
an isometry oH (%) ] Denoteé by B and letS(B) be the subgroup

of GLy(B) x GLy(B) consisting of the pairsa(,8) with deta = detg.
We identify H(B?) with (M»(B), det) and associate ta,(3) € S(B) the
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461 isometry sending € M»(B) to a8~ This gives a group homomor-
phismS(B) — O4(B). It follows from results of Bass [2], that the image

of S(B) is a normal subgroup of finite index i@4(B). On the other,
2

. L~ A : :
hand, it is easy to check that patcthg(Az) andH ((?) ) via a matrix

coming fromS(B) yield a stably hyperbolic spac€,(f) over A. Hence,
upto Witt equivalence, there are only a finite number of suahdM(A)
is indeed finitely generated.

Acknowledgement. We thank W. Pardon for suggesting to us that the
results of EIman and Lam could be used for our problem.
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Anisotropic Quadratic Spaces Over The
Plane

By M. Ojanguren, R. Parimala and R. Sridharan

Introduction

LetK be afield of characteristig 2. It is well-known that any quadratic465
space over theffine line Al is extended fronK. It was proved in[[7]
that anyisotropic quadratic space oveky is extended fronK for all

n. However, ith > 2, there do exist, in general, anisotropic quadratic
spaces oveAy which are not extended froid ([5], [9]). In [8], we
constructed positive definite quadratic spaces of arbitrearge ranks
over the real fiine planeAZ. More generally, ifK is any field which
admits of an anisotropic quadratic spapgenf rank> 3, then there exist
[10] indecomposable quadratic spaces cA{%rwith Jo as the “form on

the fibre”.

The aim of this paper is to give a classification of anisotopi
guadratic spaces ovsékrzK in terms of linear algebraic data. Our method
is to exploit a theoremi [6, theorem 2.1], which reduces thesification
problem to that of quadratic spaces over the projectiveeptard then
use suitable adaptations of the work of Barth-Hulek ([1], [2]). Using
this classification, we show that the set of isometry clas§@sdecom-
posable quadratic spaces of second Chern class 4 @&w® definition)
over A% with a given formg, on the fibre is in bijection with the orbit
of an anisotropic coni€, overK.

For vector bundles ovet?, we follow generally the definitions and
noatation of Barth-Hulek [2] and Hulek][4].

353
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1 Classification of Quadratic spaces oveP%

466 N . .
We recall, in this section, some results of Barth-Hulek réigy the

classification of quadratic spaces oW%rin terms of linear algebral([2],
[4]). We remark that though these results are stated by theyrfar the
field of complex numbers, they are valid for any field. Throogihthis
section, we denote b a field of characteristie: 2.

By a skew-symmetric, pre-stable triple we mean a triplex =
(@0, @1, @2), @i € My(K), af = —a;j such that for any € K",V # 0, the
subspace oK" spanned byagv, a1V, ayV} is at least two-dimensional.
Two pre-stable triplesy = (ao, a1, a2) andB = (Bo,B1,32) are said
to be equivalent, if there exists € GL,(K) such thate; = ugu',
0 < i < 2. We denote the set of equivalence classes of such triples
by 2# (n). Given any skew-symmetric, pre-stable triplewe shall as-
sociate to it a quadratic space oﬂ@r.

Let o be the structure sheaf &£ and letZo, Z;, Z, be the homo-
geneous coordinates, so thgb(1)) hasZy, Z;, Z, as a basis. Let¥ =
(T'(0o(1))" and let{vo, v1, o} be the basis df, dual to the basi&Zy, Z1, Zo}.
We define a linear map(a) : K"®V — K"® V* by A(e)(p @ vi) =
ai+1(@) ® Zi 1 — aj-1(p) ® Z;, wherei = 0,1,2 (mod 3).

For the choice of the canonical basiskdf. and the basis fov and
V* defined above, the matrix &f(«) is given by

0 a -1
-a2 O ag

ar —-a9 O

467 Let U denote the image oA(a). Leta : K"® o(-1) —» U ® o be the
compositeK"®o(—1) 285, K'@V®o A, U®p,andc: U®o —» K"®
(1), the restriction td&J ® o of the mapK"®V*®o Ee—s; K"®o(1), where
s: o(-1) » V®oisinduced by the multiplicatiof(o(1)) ® o(-1) — o
ands' denotes the transpose ®f
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We have a self-dual monad({[2, p.10])

M(@) : K"® 0(-1) —2+ U ® 0 —— K" ® 0(1)

| |,

M(a)* : K"® 0(-1) — = U* ® 0 —2 = K" ® o(L),

the mapy : U — U* being defined byp(x) = i'(y), wherei : U —
K" ® V* denotes the canonical inclusion apds any preimage ok
underA(a). Let &(a) denote the cohomology of the monkt{«). The
isomorphismy of M(e) with M(a)* yields an isomorphism : &(e) —
&(a)*. Using the fact thaf\(e) is symmetric, one verifies that = g,
so thaté’(a) carries a non-singular quadratic structure. We ridte [&@f th
c1(&(@)) = 0, co(&(@)) = n, and ranks(a) = rank A(e) — 2n and &' (@)
is s-stable, i.e H(&(a)) = 0.

Let @ anda’ be equivalent skew-symmetric pre-stable triples and
let u € GLy(K) be such thatfe{u = @j, 0 < i < 2. We then have an
isomorphism of the corresponding self-dual monads:

K'®o|(-1) =2 Uo—S>K"®o(1)

ugl y /(U‘)y ‘”@’W

K'®o(-1) —2—~U’'®0 —= K"®o(1) Id

n _ c * a n
Id K"® o(-1) U"®o K"® o(1)

uxl y (V
/t 7’

K'®o(-1) — >~ U* @0 —2 - K"g o(1)

whereu : U — U’ isinduced by the map® 1 : K"@ V* - K"® V*. 468
This yields an isometry : &(a) — &(¢’), i.e. we have a commutative
diagram.

E(@) —— &()

g Jo

&) <4 &)



469

470

356 M. Ojanguren, R. Parimala and R. Sridharan

Let Q(n) denote the set of isometry classes of s-stable quadratiaesp
(&,9) overPf< with ¢;(&) = n. The assignment — (&(a), q) defines a
map .z (n) o Q(n).

We first show thatm is injective. Supposer, @’ € #(n) with
(&(a),q) =~ (&(),q). By definition, &(a) and &)(a) are the coho-
mologies of the self-dual monadé(«), M(a’) respectively. In view of
([2, prop. 4]), an isometnf : &(a) — & () is induced by a unique
isomorphism of monads.

K'"® o(-1) —= U ® 0 —— K" ® 0(1)

lum , lﬁ , l(u‘)l®1

K"® o(-1) 2+ U’ ® 0 —<= K" ® o(1)

We therefore have a commutative diagram

K'eV 29 kngv-
u®1l l(u‘)'lm
n A (a’) n *
K'e VA —= K" V¥,
so thatu'e/u = j, 0< i < 2. Thise’ ~ a.
We next show thamis surjective.
Let (£, q) be a quadratic space ovEﬁ which is s-stable and with

c2(&) = n. Then dim(HY(£(-2))) = dim(HY(£(-1))) = n. We have
multiplication maps

az,  HY(6(-2)) - HY(£(-1))
for0 <i < 2. Letd : HY(&(-1)) » H(&(-2)) be the composite

HL(-1) O 1o 21)) S Hi(E(-2)), wheresis the Serre-
duality map. If{g} is a basis oH(&(-1)) and( f;} a basis oH(&'(-2))
dual to the basi$d(e)}, thenaz are represented with respect to these
bases by matricag; € Mp(K) with a} = —qi([8, Th.20]). Leta = («).
One can showl(J4, Proof of theorem 1.5.2]), tifdbvelongs to the monad

HY(&(-2))® o(-1) > HY(& ® Q) ® 0 > HY(&(~1)) ® o(1).
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If we identify H1(£(~1)) with H(&(-2))* throughé and identify both
of these spaces witK" through the choices of the bases described
above, ther#’ belongs to the monad

M(@) : K"® o(-1) 5> U ® 0 — K" ® o(1),

which is self dual with respect te§(q). Thus ¢,q) — &(e) and we
have the following

Theorem 1.1. The mada] — [&(a)] is a bijection betweer# (n) and
Q(n).

2 Anisotropic quadratic spaces over the fline
plane

By ananisotropic quadratic spaceveran irreducible schemeave mean
a quadratic space which is anisotropic over the functionl fiel

The problem of classification of anisotropic quadratic sjgagver
AZK is equivalent to the problem of classification of anisotcapiadratic
spaces ovePs thanks to the following

Theorem 2.1. ([6 Theorem 2.1]), Every quadratic space O\mi ex- 471
tends toPZ and the extension is unique upto isometry if the space is
anisotropic.

The following lemma describes the type of bundlesIPﬁnone ob-
tains, by extending anisotropic quadratic spaces fAﬁm

Lemma 2.2. Let g be an anisotropic quadratic space ou&ﬁ which
does not represent any unit of K. L&(q) be the extension of g ﬁ@ﬁ
Then

() &(q)is s-stable (in the sense of Hulek) i.e’(K(q))
= H*(&(9)) =0.

(ii) c1(€(@) =0
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(iii) Thg blundle@@(q), restricted to every line i#%, defined over K, is
trivial.

Proof. Since&'(q) — &(q)*, to check that’(q) is s-stable, it is enough
to prove thatH°(£(q)) = 0. Letsbe a global section of’ (g). Then, the
mapx — g(s(X)) is a global function onPZK and is hence a constant. If
this constant is non-zero, thexdefines a trivial line sub-bundle which
is an orthogonal summand &f(g). This contradicts (in view of Theo-
rem[Z.1) the assumption thadoes not represent a unit. If the constant
is zero, sincey is anisotropic, we havs(x) = 0 for all x, implying s = 0.

(ii) Since &(q) supports a non-singular quadratic form, &dé4) is
trivial and hences;(£(q)) = 0.

(i) Let L c Pﬁ be aline defined ovef. Since&(q) | L supports an
anisotropic form, the underlying bundle &{q) | L is trivial.

Motivated by the above lemma, we define an anisotropic qtiadra
spaceq overAZK to the s-stable if it does not represent a unitkdf For
any anisotropic quadratic spagever A2, we define itssecond Chern
class ¢(q) to becy(£(q))

Proposition 2.3. Let g be an s-stable quadratic space owég. Then
C»(q) is an even integer.

Proof. Let & = &(qg) denote the extension gfto IPZK. Letz,0<i<2
be the co-ordinates @If< andq;,0 <i < 2 be the skew symmetric matri-
ces representing the multiplication mags : H(&'(-2)) — HY(&(-1))
with respect to suitable bases, as describédlinWe recall ([4§ 1.7.1])
that fora, u, v € K, the bundle?’ | Z = AZy + uZ; + vZ, is trivial if and
only if @z is an isomorphism. By Lemnmia 2.2 (iii§ | Z is trivial and
hencea; are non-singular for & i < 2. Sincea; are skew symmetric
and non-singular, it follows that = c,(&) is even. In fact, ilK = R, the
field of real numbers, the following stronger result, whibbwever, is
not needed in what follows, holds.

Proposition 2.4. For any s-stable quadratic space q omﬁ, c(q) is
divisible by4.

Proof. Let r : Pé - Pﬂé denote the projection. The set of all lines
Z = AZy + uZy + vZo in P2, such thatr*&(q)Z is not trivial is a curve in
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the dual plane, defined by the equation det(, + Xya1 + Xoa) = 0,
unless it is the whole plane. The latter possibility doesanise because
a; being non-singular. deXpa, + X1a1 + Xoap) # 0. In view of (4,
§ 1.7.1]) cp(q) = degdetKoao + X1a1 + Xoaz). We have det,ag +
Xia1 + Xoan) = (Pf(Xoao + Xia1 + Xoa2))?, whereP f denotes the
Pfaffian. Since&(g) restricted anyR rational line is trivial, the curve
p f(Xoao + X171 + Xoap) = 0 which is defined oveR, has ndR-rational
point. Thus,P f(Xoao + X121 + Xoap) = 0 is a curve of even degree, so
thatcy(q) = 2degp (Xoao + X171 + Xoarp) is divisible by 4.

Let (£,q) be a quadratic space ov¥r = AZ or PZ. Then, there
exists a quadratic formy, over K such that at every point € X, the
quadratic spaces, gx) which is the fibre ak, is isometric togo. This
can be deduced X = Aﬁ from the fact (Karoubi’s theorem) tha£'(q)
is “stably extended” from a formg overK. If X = P2, and ifqy, g,
gz are the forms oveK corresponding to the restrictions @f (q) to the
affine planes, then the connectednesBpshows thaty; ~ g, ~ gz We
call go the “form on the fibre of £, g)”. Clearly (&, q) is anisotropic if
and only ifg, is anisotropic.

Proposition 2.5. Let (£, q) be an s-stable quadratic space O\AEf(
with @ = (aj) as the corresponding skew-symmetric triple. Ther
azeylar — aragte; is symmetric ands modulo its radical is the form
on the fibre o{ &, q).

Proof. Let U be the image of the mafe) : K3" — K", whereA(a) is
—a1

asin§ 1. Leta : K" — U be defined aa = [ ao ]
0

Letc: U — K" be the restriction of the majg" K": then 474
the fibre of&’(g) over (Q0, 1) is the homology of the complex

(0,0,1)
—_—

K3 uS KD

with the form on the fibre induced by the map: U — U* defined
by ¢(X)(2) =< zy >, whereA(a)(y) = X, and(, ) denotes the canonical
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inner product ork®". Let

u Uafla/al UCyza/61
T=1|0 1 0

0 0 1

whereud = (Cg g) andw is an invertibler by r matrix Transform-

ing K3" by T,we get an isometric space given as the homology of the

complex
0
o
0 (0.0.1)
K" — K'e K"e K" — K"(x)
Since
w 0 O
TAQ)T! = [0 0 ao]
O a9 O
ot o0 0
475 (TY T Lis represented by the matrExO 0 —a6l] so that the
0 aal 0
form on the fibre of the complex is given By ™. This proves the Propo-
sition.

We shall now fix an anisotropic forap overK of rankr > 2 and an
integern > r. Letq be ans-stable quadratic space ovAﬁ with g, as
the form on the fibre and witty(g) = n. Let (@), 0<i < 2 be a (skew-
symmetric) triple corresponding to the bundié). By Propositio 2.5,
the form on the fibre o&(q) is q;, whereq; 1< 0,...,0 >nr— w Let
u € GLy(K) be such thatiwu! = go L< 0,...0 >n. If B = ua;Ut,
0 <i <2, thenBsBy'B1 — BBy B2 = Go L< 0,...,0 >n. Thus in the
equivalence class of, there exists a triplg with 828581 — B185%82 =
Jo L<0,...0>n.

Let 2 (n,qo) = {a@ = (ap,a1,a2) | @ € GL(K), a pre-stable,
al = —ai and azaala/l - a1a61a/2 = (o 1< 0,...,0 >4} modulo

|
the equivalence relatioa ~ g if and only if there exisu € GLy(K),
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A € K* such tha; = Au'eju, 0 < i < 2. We setQ(n, go)= set of simili-
tude classes df-stable quadratic spaces O\Aef( with g, as the form on
the fibre and; = n, similitude being isometry upto a scalarkf

As an immediate consequence of Theofem 1.1. we have thafollo
ing

Theorem 2.6. The assignmeng] — [a(£(q))] gives rise to a bijection 476
between the sets(Q qo) and #"(n, qo).

Remark. The condition of pre-stability at in the definition ofQ(n, do)
can be dropped ifi=rankqp.

3 Quaternion algebras associated to triples of
skew symmetric matrices

Definition 3.1. A triple @ = (g, a1, @2), @i € GLy(K) is anisotropic
if ais pre-stablea} = —qaj, 0 < i £ 2 andw is anisotropic, where
w = azaglar — a1eytar, andw denotesy modulo its radical.

We observe that a pre-stable triplés anisotropic if and only if the
corresponding quadratic spa€éx) is anisotropic.

Lemma 3.2. Leta = (ag, a1, @2) be an anisotropic triple. Then, fot,
u, ve K, not all zero,dag + pay + Vap is non-singular.

Proof. The triple o defines an anisotropic quadratic spa€gr) over
PZK. Since any anisotropic quadratic space d?/,@ris trivial as a vector
bundle,& (@), restricted to anK rational lineZ of IPZK is trivial. Hence
the corresponding multiplication mag : H{(&(-2)) —» HY(&(-1)) is

an isomorphism. FoZ = AZy + uZy + v, az is represented by the
matrix Aag + pay + Va, for a suitable choice of bases. Hence, it follows
thatAag + pay + vap is non-singular.

Proposition 3.3. Leta = (ag, @1, @2) be an anisotropic triple witly; €
GL4(K), 0 <i < 2. Thenw = arayteraiegtas is non-singular and
determinantw is a square.
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Proof. If rank w < 2, sincea is pre-stable, it gives rise to asmstable
guadratic space of rank 2 overAﬁ. This contradicts the fact[([9,477
Proposition 1.1]) that any rank 2 quadratic space o\z%ris extended
from K. Hence ranko > 3. LetU € GL4(K) be such thalwU'! = 6 <
1,-a,—b,c >, with 6, a,b, c, € K*. Replacingy; by Ua;U!, we assume,
without loss of generality, that

azaalal - alaalaz =<1 -a-bc> (%)

Replacinga; by aj + xag, i = 1,2 or @y by a1 + Xap, X € K neither
changes the relation<Y nor the non-singularity of the;, in view of
Lemma3.2. We therefore assume thrahave the following form

4 (4 Ay (0 B (0 C
Y Tl_at e/ Tt 0)*2T(-ct wve

whereq, u, v e K, A€ Ma(K), B,C € GLx(K) ande = (_01 (1))

The condition ) yields:

t_ ty _ 1 0
uCeB BeC)_H(O _a D
A(CteB-B'eC)+v( AtB—BtA)—O_b 0 2)
€ €)= 0 c
CAB - BAC = uvB ©))

From [3), we geCA! — BACB™! = uv. Comparing the traces, we
have v = 0. From [), it follows thaj # O since, a € K*, so that
478 v = 0. From[2), it follows thatl # O sinced, b € K*. We get from[(1)
and [2).

(detB)C — (detC)BC™'B = gut (é _Oa) €'B

(detC)BC 1B — (detB)C = 947 1Be ! (—Ob g)
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Thus

ou‘l((l) _oa)e‘lB=—9/rlBe—l(_ob g)

Comparing the determinants, we obtafa = u?bc. Sinced,a € K*, it
follows thatc # 0, so thatw is non-singular. Further det = ¢*abc =
6*1-21%(bc)? which is a square.

Lemma3.4. Letq=60 < 1,—-a,—b,ab>, withg,a b, e K*.
Leta € M4(K) which satisfiesr + ga'q™t. = 0anda - gelq™t € K.
Thena has either of the following forms

0 7 X y
au 0 -ay -x
xo yb 0 4 ()

-yab -xb au O

0 7 X y
au 0 ay X
xbo -yb 0 —u (x4)

-yab xb -au O

0 -a a3 @4
Then,a + go'q ™ = 0 gives

Proof. Let na(l 0),a - (“1 "2) with ;i € Ma(K). 479

@1fa + Naay = 0
a4Na + Tla()/z =0 (1)
Tlaa/g —bazna =0

The fact thatvge!q™ € K gives

a/i + a3 = azas + ai e K

)

12 + @204 = @301 + @43 = 0

. (0 u (0 O .
From (1), one obtaing; = (ay O)’a“ = (ao 0) From [2), it follows

thate? — @2 = aszaz — azas. Comparing the trace we g@tr (a%) =



480

364 M. Ojanguren, R. Parimala and R. Sridharan

Tr(a?), i.e. u? = 2. According ag: = +6, we gete to be of the form
(*) or (+x) respectively.

Theorem 3.5. Let o = (ag, @1, @2) be an anisotropic triple withy; €
Gly(K),0<i<2x<. Letaza/61a1 - a1a61a2 —w
Then

(i) The K-subalgebra i) of Ma(K) generated byrieg! andaseyt
is a quaternion algebra over K.

(i) The formw is non-singular and the involution on J(K) given by
X — wxXw™! restricts to the canonical involutions on(k) and
H ()¢, where Ha)® denotes the commutant ofd) in M4(K).

(i) The reduced norm on Kk) is isometric tow up to a scalar.

(iv) For any element x= A + paiagt + vaoagt € H(a); A,V € K,
we have Nr@x) = P f(lag + ua1 + vay).

Proof. By Proposition 3.3, it follows thatv is non-singular and that
discw = 1. Replacinge; by ueiut and w by uwut changes the al-
gebraH(a) to uH(a)u™. We assume without loss of generality that
w=0<1-a-bab>. Changingy, i = 1,2 to@; + Xag Or a1 + Xao,

x € K, does not change or the algebrad(«), nor does it fect the in-
vertibility of the a;. we thus assume, following the proof of Proposition
3.2, thatej have the form

4 (a2 Ay (0O B (0 C
Y Tl_at pe)tT Bt 0/ T -ct 0o

whereA € Mo(K), B, C € GLy(K), 4, 1 € K*, 22 = 1i2b? with

(detB)CB™ — (detC)BC ™! = gu1y.et (1)
(detC)C !B - (detB)BIC = 9471 1 (~bna) 2)
CAB = BAC. ()

481 LetA = eubwheree = +1. From [1) and(2), we get
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na€ ‘B =eBe ',
na€ *C = eCe 11ja

. (x Y (X Y
These imply thaB = (—ey —ea>§) €= (_ey —eax)’

XY, X,y € K. LetA = (rp 2) Using (1) and[(B), we getj = —er,

p = —eas ThusA = (—eras —Ser Let W denote theK-subspace of
Ma4(K) spanned by{1, wagt, e1apt, azegt). ThenW c H(e), since
Waal = a2a61a1a61 - a1a61a2a61 € H(a). We first show thatV =
K + X orK + X', whereK c My(K) as scalar matrics andis the set of
all matrices of the form«) and X’ is the set of all matrices of the form
(+5).
-1 _ Ta 0 a,lbé' A
“o = 9(0 —bna)(—At ﬂf)
0 eub —eas -—er
euab O —ar -as
—eabs br 0 —ub
eabr -abs —pab O

L [0 B\fleube A
1_
¥1% = (—Bt O) ( .\ ue)

0 —(Xr+ys —1y HX

B —a(xr +y9 0 euax —euy

= (eaxs+eyrn.l + — by —eubx 0 e(xr +vys
—piabx —euby  edxr+y9 0

The matrixaoay* has a form similar to that afia;* above, withx,y 482
replaced by, y’. These matrices belong ko+ X. if e = 1 and toK + X’
if e=—1.

We claim that 1way - a1a;?, a2agt are linearly independent over
K. In fact, if Xol + Xla)aal + Xoara” + Xga/zaal = 0, withx; € K,
thenxpag + X1w + Xoa1 + Xzaz = 0. Comparing traces, we ggt(1l —
a- b+ ab) = 0. Sincew is anisotropic, we get; = 0. From the forms
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of aj, 0 < i < 2, we getxg = 0 andx,B = x3C. If xo, andx3 are not
both zero, equatioril(1) is contradicted. Thes= OforO<i < 3 and
dimW = 4. SinceK + X andK + X’ are both of dimension 4 ové4, it
follows thatW = K + X or W = K + X’ according a€ = +1. It is easy
to check thaK + X andK + X’ are bothK-subalgebras oM,(K) and
hence the inclusiolV c H(e) c K + X or W c H(e) c K + X’ gives
thatH(a) = K+ X or H(a) = K + X’. Itis also easy to see thit+ X
andK + X’ are quaternion algebras with the canonical involution rgive
by x - wXw™1. The algebr& + X is generated by the two elements

10 1 0
0 0 -1
0 0 0
a 0O O

(@l e i e]

0
0
0

483 with the relations? = a, j2 = b, ij + ji = 0. Hence its norm with respect
to the basis i, j,ij is given by(1, —a, —b, ab) ~ 6.
One can similarly show that the normkq+ X’ is also isometric to
6 1w. The commutant oK + X in M4(K) is checked to b& + X’. To
complete the proof of the theorem, we need only to check (ivickv
follows from the following

Lemma 3.6. Leta, 8 be two skew symmetric matrices inJ{R), where
R is any commutative ring witla non-singular. Then, the matrjga !
satisfies the equation Rxa — g) = 0.

Proof. Given a skew symmetric matrix € Man(R), if y* € Man(R) is
defined by o
vi; = (LRI <
= (1P, i > j,
wherel’j; is the skew symmetric matrix obtained fronby suppressing
thei™ and j! rows and columns, thepy* = y*y = Pf(y). Id (see[11],
(24)). Thus, ify is treated as an endomorphism RA", then cokery

is annihilated byP f(y). Given skew symmetric matrices 8 € Map(R)
with a non-singular, then we have an exact sequence [3, p. 6FR)kpf
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modules ,
05 RN 27, Ry % R 5 0,

whereg is defined by (X aix) = & (,Ba‘l)' (a), & € R?". HereR™is 484
treated as aR[x] -module by lettingx operate age1. By the above
remark, f(x) = Pf(xa — 8) annihilatesR™", i.e. f(ﬁa‘l) = 0. This
proves the lemma.

4  Anisotropic quadratic spaces withc, < 4

We have already seen (Propositlon] 2.3) that the second clessc,
of an s-stable quadratic space ovmﬁ is even. we denote bgy an
anisotropic quadratic form ové¢. Since every quadratic space of rank
2 over AZ is extended fronK [9, Prop 1.1],.¢'(n,do) = ¢ if rank
go = 2. In particular, forc, = 2, #(2,qo) = ¢. We next consider the
casec, = 4. In view of Proposition_313,7(4,qo) = ¢, unless rank
0o = 4 and disayp = 1. In this caseqp is, upto a scalar, the norm from
a quaternion algebrily. Let Cq be the conic irPZ giving the norm on
any three dimensional subspacetyf. We shall show that? (4, qo) is
in bijection with the orbit 0fCy under the action a&L3(K).

Letqo =0 < 1,—a,—b,ab >. Let Cy be the conic iriP’ZK defined by

az+bZ -2 = 0. We define amap: % (4, qo) X {set of conics iiﬁﬁ}
as follows. Let ] € #(4,q0). Then,Pf(Zoag + Z1a1 + Zoay) is @
homogenous polynomial, which is not zero singeare non-singular,
and is of degree 2. We definga]) : P f(Zoao + Z1a1 + Zoa2) = 0. The
map is well-defined o (4, o) since ifs; = Aua;ut, P f(ZoBo + Z181 +
Zo5) = A% detu.P f(Zoag + Z1a1 + Zoa) Which again determines the

same conic.
485

Theorem. The map c induces a bijection betwe#(4, qo) and the or-

bit of the conic @ under the action of G4(K). The image of c is pre-
GL3(K)

(subgroupfixing@)’

Proof. Supposed], [B] € -# (4, qo) with c(a) = ¢(8). ThenP f(Zoap +

Zia + Zza’z) = /l.Pf(Zoﬂo + ZLB]_ + 22,32), with 2 € K*. If Pfag = a,

cisely
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Pfﬁo = b, then a_lpf(Z()a’o + Ziag + Zza’z) = b_lpf(Zoﬁo + 2381 +
Z85). The mapl + paiagt + vasag!t — A+ Bt + Vo6t gives an
isometry from a 3-dimensional subspaceégfr) onto the corresponding
subspace oH(B) which maps the identity elements onto each other.
This can be extended to an isomorphisnHgfr) onto H(B).

Let u € GLy(K) with uH(e)u™ = H(B). Then

UQ/la/o = ,81,8_
-1

1)
To show thataju! = 18, 1 € K*, 0 < i < 2, it sufices to show that
uaou' = ABo. From [1), we get
UCbaalu_l =u (azaalal - alaalaz) aalu_l = ﬁgl 2

We have the following commutative diagram:

H(a) —— H(a)

Intu Intu
H(8) —— H(B),

(since intu is an isomorphism ol (@) onto H(B), it commutes with the
canonical involution’s of these algebras). By theorém]3.5, the involu-
tions are precisely given by +— qoxtqgl. Thus

ugoX'gtu~t = goutx'u'ggt, Vx € H(a),

ie.

(Ugptuap) X' = X' (u'dg ucp) ¥x € H(),
ie.

X (gou'dp*u) = (doutdpu) x¥x € H(a),
ie.

dou'dp™u € H(e)® and (qou'dpu)” = gou'*u.
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Thus the eIemerqoutqalu € H(a)¢ is invariant under the canonical
involution of H(a)® and hence is a constant, sag K* so that

uop = Agout™?

Substituting this in[(R2), we get

/lqou aol

= qo,BO , L.e. Ua’ou = ABp.

We next show that ford],[8] € -# (4, ), C(a) = AUC(B)u for
someu € GL3(K), A € K*. Since the norms iH(e) and H(B) are
isometric tod~1qg, H(e) and H(ﬂ) are isomorphic Hence the reduced
norms restricted t& + Kalao + Kaza andK + Kﬁjﬁo + K,Bzﬂo
are isometric upto a scalar. Late GL3(K) be the matrix of trans-
formation of these spaces with respect to the biéﬂiaﬁlaal,aza(;l)

and (1. 818, 828, ) respectively. ThewP f (Zoao + Zyay + Zoag) Ut = 487

APf (20,30 + ZLB]_ + Zzﬂz)
Let nowc([a]) = C;. Then, the full orbit ofC; underGLs(K) is
contained in the image @&. In fact, if C; = uCiut, u € GL3(K), and

B = Z ujej, 0 <i <2, whereu = (ujj), then,c(8) = uCyu'. Thus we
j=

have shown that the image ofis a full orbit of a conic provided it is
non-empty. In fact, iC1: 4aZ2 + bZZ - 73 = 0, thenC; is equivalent to
Cp andC; is the image of ] defined by

0 2! 0 0
B - 0 0
0 0 0 0 -20'at

0 0 lat 0
0 0 1 0 0 0 1
o o obl |o o 10
711 0 0 0o**T|o -1 00
0 -b 0O 1 0 0 O
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Unitary Bundles and Restrictions of Stable
Sheaves

By A. Ramanathan

1 Introduction

This is a report on joint work with V. B. Mehta. Here we will tgahe e
main results and give a sketch of their proofs. Full detailsappear in
[4].

Let X be a smooth projective variety of dimensionover an al-
gebraically closed fieltk. Let H be an ample line bundle od. For
any coherent shea¥# on X let c;(.%#) denote its first Chern class. By
deg.# we mean the intersection numtm(.#) - H"! and byrk.# we
mean the rank of the generic fibre gf over the function field ofX.

Let V be a torsion free sheaf ok. Mumford has given the following
definition of stability forV. For any proper subshe&¥ c V if we

W \Y . .
have degr—kv < degmv thenV is said to be stable. If, on the other

hand, only the weak inequality dervélw < deng holds,V is called

i rk
semistable

For a smooth projective curv@ stable bundles and their moduli
have been studied in depth by Narasimhan, Ramanan and Sgskead
(3], [6D).

For higher dimensional varieties, clearly it would be of some use492
to know how the restriction of semi-stable or stable bundfeX to suit-
able subvarieties of behave. In[[3], we proved that the restriction of a
semistable bundle oX to complete intersection sub-varieties in general
position and of suitably high multi-degree remain semistabhe proof

373
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was based on an unpublished manuscript of Mumford. In thiepae

extend the method to prove that stable bundleXa@iso remain stable
on such subvarieties. This has some interesting conseggiertich we

describe now.

In [5], it is proved that over the field of complex numbers for a
curveC of genus> 2, stable bundles 0@ of degree zero are precisely
those which come from irreducible unitary representatifrife funda-
mental groupr1(C). This means that a vector bundie — C of rank
r is stable if and only if there is an irreducible unitary regmetation
p : m(C) — U(r) c GL(r) such thatV is the associated bundle for
the principalr1(C)-bundleC — C corresponding t@, whereC is the
universal covering o€

For higher dimensions, the right generalisation of thiothen was
formulated by Kobayashi [2]. For a vector bundle to come fiaomi-
tary representation of the fundamental group it is necgssiad suifi-
cient that it admit a hermitian metric whose hermitian cantiom is flat.
Generalising this, Kobayashi conjectured that a vectodlauis stable
(more precisely a direct sum of stable bundles) if and onlyafdmits
a hermitian metric for which the associated connection heagature
which satisfies the Einstein-Kahler condition. (S€e [2]dmcise state-
ments). Kobayashi and Lubke proved that if a bundle admak aumet-
ric then it is a direct sum of stable bundles. When all the Glotasses
of the bundle vanish, this condition on curvature reducdkatoess, i.e.
coming from a unitary representation of the fundamentaligro

In [1], Donaldson proved that if dilK = 2 andV — X a stable
vector bundle witte, (V) = ¢x(V) = 0 thenV comes from an irreducible
representation of1(X). We show here how this result combined with
our restriction theorem yields the same result for higheradisionalX.

2 Restriction Theorem

We assume, without loss of generality, thhis very ample. Ifs;, ..., s
are stificiently general elements &0 (X, H™) respectively, then their
common zeroes defined ks = ... = 5 = 0 is a complete intersec-
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tion subvariety ofX of codimensionr. We denote this subvariety by
Y(s1...5)Or Ys.

Theorem 1. Let V be a stable (resp. semistable) torsion free sheaf on
X. Then there exists an integer N (depending on V) such thatlifo

m > N and sificiently general elements s HO(X, HZ)i=1,....r

the restriction V| Ys is stable (resp. semistable) with respect to ¥.

We sketch the proof. I¥/ | Ysis stable, it is easy to see thdtis
stable. Only the converse needs to be proved. First it is teesye that
we can reduce to the case whétds a curve.

SupposeV | Ys is not stable. Then one can associate a canonies
subsheaWV of V | Y5 which contradicts stability. If the she&¥ on Ys
can be extended to a shéAfon X together with an inclusioWV c V
we would be through, for thew would contradict the stability of. To
achieve such an extension two arguments due to Mumford ack us

(A) Weil's Lemma. This essentially says that any line bundle on the
genericYy comes from a unique line bundle otk whereK is the
function field of the parameter variety1°(X, H2")}"1 through which
svaries andyy is the corresponding complete intersection variety over
K.

(B) A degeneration argument. One can construct a 1-parameter fam-
ily C — S of smooth complete intersection curvesXrmof degree 2
degenerating to a reducible curve with two smooth companeath of
degree 271, The sheal gives, by pull back, sheaves on the curves
of the family and one can compare the degree of instability ofh the
curves of deg'? with that of the curves of deg®?.

Using (A), one gets a line bundles on X which restricts to detV on
Ys. Using B), one can takés to beL, independent oé. Then one sees

thatL admits homomorphisra — AV wherer is the rank ofW. Using
further a boundedness argument and the lemma of Enriquesrbee
show that there is & — V with detW = L which restricts toN — V
onYs. Thus we are led to the contradictidhis not stable. Henc¥ | Ys
must have been stable to begin with.
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3 Narasimhan-Seshadri Theorem for Higher Di-
mensions

Theorem 2. Let X be a projective nonsingular variety of dimension n
over the field of complex numbets Let H be an ample line bundle
on X. Let V be a vector bundle on X with(@) = 0 and G(V) -
H"1 = 0. Then V comes from an irreducible unitary representation of
the fundamental group; (X) if and only if V is stable with respect to H.

Proof. Let C — X be a complete intersection curve. Thef{C) —
m1(X) is surjective. Hence an irreducible unitary represeoutadif 71 (X)
gives by composition an irreducible unitary representatid 1 (C).
Hence a vector bundle ofassociated to such a representation¢K)
gives on restriction t€ a stable bundle by the theorem of Narasimhan-
Seshadri. Thu¥ on X itself must be stable (see Theorem 1 above).

Let V be a stable bundle. The s8tof all representationg :
m1(X) — GL(r) can obviously be parametrised by an algebraic variety.
For example, ifay, ..., ag are the generators af (X) with the relations
Ri1,... then the above set can be identified with the subvariety of the
productGL(r)? satisfying the relationR, . .. Therefore we can find us-
ing the lemma of Enriques-Severi (C1.[3]) &hsuch that fom > N for a
general complete intersection variéfyin X of degreem the restriction
Homy(V, W) — Homy (V | Y, W | Y) is surjective for alW € S.

Further using Theorem 1 we can find a smooth complete int&wsec
surfaceY c X such thaV | Y is stable. Then by the result of Donaldson
there is an irreducible unitary representationz1(Y) — U(r) c GL(r)
giving V | Y. Since, by Lefchetzri(Y) — m1(X), p gives a repre-
sentation ofr;(X) as well and hence a unitary bundlg on X. Since
Hom(V 1Y, V, | Y) # 0 we have a nonzero map: V — V, on X which
must be an isomorphism since the subvarietydetO does not intersect
the surfacey.
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Line Bundles On Schubert Varieties

By C. S. Seshadri

1 Introduction

499
Recently a gap has been found by V. Kac in the proof of the nesinlts

of the important work of Demazurél[1] on Schubert varietiedlag
varieties associated to a semi-simple algebraic gfauphe purpose of
this paper is to justify this work of Demazure; in fact, thengmtures
statedb. Demazure in his paper, which essentially mean that his main
results hold in arbitrary characteristic or even over Spealso follow.

The main contribution of this paper is the proof of the noiitgalf a
Schubert variety (in arbitrary characteristic). This gthger with a recent
beautiful work of V. B. Mehta and A. Ramanathan [4], give tequired
justification of the work of Demazure, as well as his conjeztuover
SpecZ.

Recently, A. Joseph [2] has justified “Demazure’s charafier
mula” for large dominant weights (in characteristic zerd).can be
easily seen that this is equivalent to showing that a Schulaiety 500
is normal (in characteristic zero). Combined with the abcited work
of V. B. Mehta and A. Ramanathan, this work of Joseph alscsléac
justification of the main results of Demazuré [1], but notd¢osjectures
over Spec.

WhenG is aclassical groupthe work of Demazure (as well as his
conjectures over Speg) is also a consequence of “Standard Monomial
Theory” (cf. [3], [5], [6]1

In the lecture, we spoke only about this. The written vergimsents a later devel-
opment.
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Addendum (January, 1985)

This paper was written around May 1984 and represents theafta
affairs around that time in justifying the work of Demazuré [Hoon
after, S. Ramanan and A. Ramanathan (cf. Projective ndsnadlFlag
Varieties and Schubert Varieties” Invent. math., 79(1988)7—-224)
proved Theoreml?2 of this paper as well as the normality of Behwari-
eties by methods related {d [4]. Recently, A. Ramanathari$chubert
varieties are arithmetically cohen-Macaulay”. Invent.tWa80 (1985)
283-294) has proved the arithmetic Cohen-Macaulay nafi@etaubert
varieties inarbitrary characteristic(cf. Remark’b of this paper for the
case of characteristic zero). The arithmetic Cohen-Maganhture of
Schubert varieties (for arbitrary characteristic) wasvinearlier only
for special classes of Schubert varieties as a consequédrstanalard
monomial theory (e.gG = S L(n)).

2 Normality of a Schubert variety

Let G be a semi-simple, simply-connected, Chevalley group define

over a fieldk. Let us fix a maximal toru§ and a Borel subgroup
- N(T .
containingT. LetW = ¥ be the Weyl groupN(T) being the nor-

malizer of T. We talk of roots, weights etc. with respectTioB.

. .G .
Forw € W, let e(w) denote the image mB— of a representative
of win N(T). Itis a fixed point for the canonical action Gf on

G .G
B Let X(w) denote the closure mB— of the “Bruhat cell”’ B gw)
: . G . .
( in the Zariski topology ofg), endowed with canonical structure of a

G . :
reduced subscheme %f We call X(w) the Schubert varietyassoicated
tow € W. Then we have the following:

Theorem 1. Every Schubert variety (&) in % (w e W) is normal.
Proof. The proof is by decreasing induction on the length

Iw) = dimX(w) of X(w).
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If w = wp, the element of maximal length W; X(wp) = % which
is smooth, in particular, therefore normal. We assume naw elkery
Schubert variety, such that dinX > I(w), is normal.

Letr = s,w be such that is a simple root antlr) = (W) + 1, so
that X(w) c X(r) andl(w) = I(r) — 1. By the induction hypothesi¥(t)
is normal. LetP, be the minimal parabolic subgroup @f associated
to @. Then one knows that(r) is P,-stable. Then we have a canonical
morphism:

{Pa x X(W) — X(r) defined by

(P.X) = p- X
SetZ = P, xB X(w) i.e. the set of equivalence classes under the equis2
alence relation
(p.X) ~ (pb.b™x) for someb e B(p € P, X € Xw).
Then the above morphism goes down to a morphism:
¥Y:Z - X(1)
It is seen without much diculty that'¥ is a birationalP,, morphism and
that we have a canonical morphism:
Pa

Z->PLpl~ -2

We note thatp is a (locally trivial) fibre space with bage' and fibre
X(w); in fact, it is the fibre space with fibr&(w), associated to the
principal fibrationP, — P with structure grougB (B acts onX(w)).

Let us take the normalization morphistgw) — X(w). Observe that
we have a natural action &fon )((Vv) and that this map isB-morphism.
SetZ = P, xB X(w). We denote by¥ the canonical morphism:

¥:Z o X(1)
Again we have a canonical morphism 503

p:Z->P!
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which is a fibre space ovér! with fibre Wv). Then we have the fol-
lowing:

() Z5 725 X@),¥=Fov

(i) Z v Z P=pov

N4

Pl

Let.Z be an object oiX(w) (respX(w)), say a line bundle on which
B acts consistent with the canonical actionBbn X(w) (respX(w)).
We denote byZ the “associated” object of (respZ) i.e. .7 = P, x5

%#. For a line bundleM on % we denote byM(r) (respM(w)) the

restriction ofM to X(r) respX(w)) and byM(w) the pullback ofM(w)
to X(w). We have then the following

Lemmal. (i) P*(M(r)) =~ M(w)*

(i) T (M(z)) = M(w)’

Proof. We observe tha¥ and¥ are P,-morphisms. NowM is a ho-
mogenous line bundle da/Bi.e. G acts onM. HenceP, acts onM(1),
so thatP, acts on¥*(M(r)) (resp¥*(M(r))). Suppose now that is a
group, K a subgroup an€ an object on the spadd/K on whichH
acts (consistent with its action ayK). Let %, denote the “fibre” of¢
over the pointe € H/K corresponding to the cos&t We see that the
isotropy subgroup oH at e, namelyK, acts on%,. If %g denotes the
object overH/K. “associated” to th&-principal fibre spacél — H/K,
we see easily tha¥# ~ %g Applying this principle to our case, by tak-
ing H = P,, K = Band¥ = ¥ (M(r)) (resp¥*(M(r))), we find that
%o ~ M(w) (respM(w)) and the lemma follows.

Let us fix an ample line bundle on G/B (say, associated to

1 o .
p = (Esum of positive root} We use also the notation of Serre, say
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Ox(z)(m) etc. for the restriction of™ to X(r) (or the associated coherent
sheaves). Set

Vin = HOX(W), Oxqy (M), Vin = H® (X(W), Oy (M)

where &, (1) denotes the pull-back f to X(w) (note that it is again

ample). NowV, andVy, areB modules. We denote By, (respVi) the

vector bundles of?*, associated to the princip&fibration P, — P*
with fibre Vi, (respvm). Then we have the following:

Lemma2. HO (P, Vin) = HO (P, Vin) = HO(X(r), Ox(xy(m) for m > 0.

Proof. One knows that the morphistand¥ are birational. Sinc&(r)
is normal, it follows that

V.(0,) (resp¥.(03)) = Ox(o).
Hence
HO@Z, ¥ (L(1)™) = HO(X (1), (L(r)™)
= HO(X(1), Ox(» (M)
HOZ, ¥*(L(D)™) = HOX(z), L()™)
= HO(X(1), O (M)

(1)

We observe now tha®, acts onp. (¥*(L(r)™) (respp. (¥*(L(r)™)) 505
consistent with its action oR?, since¥ and p(resp‘ﬁl7 and () areP,
-morphisms. It follows then easily that these coherent\ggeanp?! are

locally free in fact, by Lemmall (and an argument similar to its proof),
we see that

P (P (L(1)™)) = Vm
— — 2
{'m (P (L@™) = Vi @
On the other hand, we have
{HO(Pl, P (¥*(L)(@)") = HOZ ¥ (L(7)") 3)
(respHO (P2, p. (P (L(1)M)) = HO(Z, 9 (L()™))

Now (1), (2) and[(B) imply Lemmal 2.
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Remark 1. For the proof of Theoreml 1, it fices to use Lemnid 2 for
m>>0

Let us now se€ = ﬁg(w) / Ox(w) @ coherent) module. We have
then the exact sequence @%,) modules:

0— Oxw) — ﬁm)ﬁC—)O
Tensoring byL(w)™, we obtain the exact sequence%)-modules:
0 — Oxw(m) — m)(m) —-C-0 4)

(we use the principle that i : ﬁ\fv) — X(w) is the canonical morphism
andN a line bundle (or invertible sheaf) of(w), we have

8. (6"N = Oz @3y N)
We observe that
HO(X(W). Oy (M) = HO (XW), LW)") = Vi
(L(w) pull-back ofL(w) on X(w)).

Let us now choosey such that fom > mg, one has

(@) HY(X(w), Oxwy)(m)) = 0, and
(b) HO(X(7), Ox(y (M) = HO(X(W), Oxwy(m)) — 0 %)
is exact.

Then writing the cohomology exact sequence_ of (4), we geBby (
(a):

{o — Vi = Vim = HO(X(w),C(m)) = 0 ©)

exact form > mg.
Set
Win = HO(X(w), C(m)

Now C(m) is a coherentix) -rrl@lule on whichB operates consistent
with its action onX(w) (since X(w) — X(w) is a B morphism etc.).
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HenceWy, is also aB-module. We denote bW, the vector bundle on
P!, associated to th& module Wy, Then we get the following exact
sequence of vector bundles

Now we claim that
H®(P*, Vin) = 0,m > mp. (8)

To prove [®), letE = HO(X(1), Oxx(m)). Then the canonical map
E — Vnis surjectivefor m > mg by (8) (b). letK = ker(E — V).
Observe that is a P, -module (sinceX(r) is P, -stable). Hence the
associated vector bunde on P! is trivial. Thus we get the following
exact sequence of vector bundleskin

0O-K->E->Vy,—-0 9

SinceE is trivial, H2 (Pl, E) = 0. Hence, writing the cohomology exacos
sequence of{9), we deduce thdtt (PL, Vi) = 0 for m > my (using the

factH? (P, K) = 0. This proves the assertid (8).
Using the assertiom8), the cohomology exact sequencé) tddds
to the following exact sequence:

0 — HO(P, Vin) = HO (P, Vin) = HO(PY, Win) > 0,m > mp,  (10)
Now Lemmé. implies that
HO (P, Vin) = H® (P, ¥Vn) . m > 0.
Hence, we conclude that

HO (P, W) = 0 for m > mo.
(Recall thatWi, = HO(X(w), C(m))).

Observe that
C # 0 & X(w) is not normal.
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Further, ifQ is the parabolic subgroup & generated by and the min- 509
imal parabolic subgroups (8 simple) such thalg leavesX(w)-stable,

we see thaQ leavesX(w) stable andC is aQ — Oxw) -module. Hence,
the required normality oX(w) is a consequence of the following:

Lemma3. Let.Z be a coherent @ Oy module. Let W = HO(X(w),
Z(m)) (note that.7(m) is also a Q- Oxw-module). Then if7 # 0,
there is a simple roo& which moves ¥v) (i.e. if r = s,w, 7 > w) such
that

HO (P, Wiy) # 0 for m>> 0

(where W, is the vector bundle oR! = P,/B, defined as above, asso-
ciated to W,).

Proof. Let J = Ann. (annihilator of.7 - an ideal sheaf of'x)). Let

Oy = Oxwm)3- We observe thal is aQ-sheaf or thaly is a Q-scheme.
ThenY,eqis also aQ-scheme. We observe thét “lives on” Yi.e. itis

the canonical extension of@ — &y-module. We denote thi@ — &y

-module by the same lette¥. Let| be the ideal sheaf afy such that

1%
ﬁYred' = I_Y
We observe thalttis aQ — &y-module and that there exists an integer
such that
I"Z = (0) andI"1.Z % (0),n> 1.

510 (note.# # (0)). If n = 1, the above relation means tHat.# = (0).
Set% = I""1.Z. Since all the powers dfare agairQ — ¢ sheaves, we
see that? is also aQ — &y sheaf. Furthe® # (0). We observe that it
suffices to prove the lemma féf for if W, = HO(X(w), 4(m)), we have
the exact sequence:

0 — HO(X(w), % (m)) — HO(X(w), 7 (m))
which gives the exact sequence of vector bundleB’on

0 - W, = Wp,
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which, in turn, gives the exact sequence
0 — HO(P1, W) — HO(P*, Wiy)

Hence
HO (P, W) # (0) = HO (P, Wrn) # (0).

This proves the above claim that itfSaes to prove the lemma féf.

We observe that- ¥ = 0i.e.¥ lives onY,eq. LetYy, ..., Y, denote
the distinct irreducible components ¥f,q. These are alQ-stable QQ
is connected). We can also suppose Batoes not live onY’ such
thatY’ # Y andY’ is the union of some irreducible componentsYof
(otherwise, we replac¥ by the corresponding union etc.). Lhtbe
the ideal sheaf of’y,,, defining the closed subscherifigof Yieq andl, 511
the ideal sheaf of’y, , defining the closed subschemésu --- UY, of
Yied- Set =1, -9. Then¥, is aQ — Oy, subsheaf of/ (the sheaf
of sections 0f%; are those of/ which vanish onY, U - U Y;). Observe

Yred

. Now

4 # (0) forif G1 = 1,9 = (0), ¢ would live onY, U - - - Uer, which
is not the case. Thus, by an argument as abovefites to prove the
lemma for#;.

Let ¢ denote the torsion subsheaféf, 4 being now considered
as aQ — Oy, -module {f1 — aQ stable Schubert subvariety ¥fw)). We
observe thaty’ is aQ — Oy, -sub-module of%. If ¥’ # (0), it sutices
to prove the lemma fo®’. Observe that the support &f is a closed
subscheme ofy, properly contained in ¥. Repeating the above proce-
dure, we would get & — Oy, - module¥,, 4, # (0), such thatyz is a
Schubert varietyproperly contained in ¥, and it would sifice to prove
the lemma for4,. If we repeat this procedure and everytime we get that
the torsion subsheaves ¥, . .. etc. arez (0), we would get an infinite
strictly decreasing chain of Schubert varieties, which Midaad to a
contradiction. Therefore, at some point the torsion sheafivbe (0).

Thus, as a consequence of the above method, it wodlitsuo
prove the lemma whet¥ lives on a Schubert subvariek(6) of X(w),
such that considered as a sheafXqfl), .% is torsion free(in particular

that I1 annihilates¥;, so that¥; lives onY; | for Oy, =
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# (0)). Note that¥ is aQ — Ox-module. HenceX(6) is Q-stable.
Let @ be a simple root which moves(9) i.e. if ¢ = 5,6, theny > 0.
Note thate also movesX(w), for otherwise,P, leavesX(w) stable i.e.
P, c Q and hence’, leavesX(6) stable, which is not the case.

Now by the Borel fixed point theoren# (mp) and a non-zero sec-
tion s € .#(mp) such that the line throughis B-fixed. Now multiplica-
tion by sinduces an inclusion

1 Ox@) = F (M),
f-f.s

Let 4 denote the image ofxp) in .7 (mg). Now &4 is aB — O
submodule of#(mp). Note that¥ need not beB-isomorphic to0xg)
(the action ofB on ¢ differs from that ondx) by a character oB,
namely the characte¥ which defines the action & on the line through
s). It would suffice to prove the lemma f¢f i.e. if

Wiy = HO(X(6), % (m) = HO(X(w), %(m)),

(¢ being considered canonically as@gw) -module), therH® (Pl.Wm)
# (0) form >> 0. Note that the action d8 on ¢(m) (for all m) differs
by the same charactef from the action ondxw)(m). Consider the
canonical morphism

¥:Z =P, xBX(0) = X() (¢ = 5,6)

We note that¥ is birational (sincey > 6). We have again the fibration:

2

(fibre typeX(9))

Consider the line bundi& (m)* on Z, which is associated to tH&- O
-module¥(m). We see that

G(m)F = (OxemF) e N
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whereN is a line bundle oiZ (or rather the corresponding sheaf), which

. . P, ,
comes fromP! (N is the line bundle oP! = -2, associated to the
characteX of B). We have seen that (by Lemina 1)

(Ox@ M) =¥ (Ox@(m)).

Then we get
p. (M) = p. (Ox(M*) @ N

where we use the same notatiNrfor the line bundle or?! as well as
its inverse image by p. Setting, to beB-module

Vim = HO(X(8), Ox(g)(m))

andVp, the vector bundle oi#!, associated to the princip&-fibration
P
P, »Pl= E’ we see that

p. Ox()(M)* = Vi
the proof being as in Lemnia 2 (sé€é (2) in the proof of Lernima 2ndé¢ 514
p. (Z(M)f) =~ Vm® N.

If now
Wiy = HO(X(w), ¢ (m)).

We see that
P (4(M)) = Win = Vm® N

We see also that

HO (PY, Wiy) = HO (2. 9(m)*)
Thus to show that

HO (P!, Wiy) # (0) form >> 0

it suffices to show that

H%(Z, 9(m)*) # (0) form >> O,
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l.e.
HO(Z, " (Ox()(M) ® OzN) # (0) form>> 0.
Now 515
HO(Z, 2" (Ox()(M) ®4, N) = HX(X(¢). ¥.(2))
where
A =" (Oxp(M) &g, N.
We find that

P.(2) = P.(N) ® Ox(g) Ox(p)(M).

SinceV is birational andN is aline bundle we see tha®,(N) = (0).
Hence by Serre’s theorems, we have

HO(X(¢), P..(N) ® Ox(,)(m)) # (0) for m>> 0.

This proves £). Hence Lemma]3. follows and therefore Theofém 1 as
well.

3 Thework of Demazure.

Proposition 1. Let r, w € W be a such that = s,w, a simple and
7> w. LetZ = P, xB X(w) (P, -minimal parabolic subgroup @&
associated tar) and ¥ the birational morphism¥ : Z — X(r) (as in
Theorenill). Then we have the following:

(i) RPY. (07) = Ox(
(i) RO, (07) = 0,q> 0

(iiiy For any line bundleM on X(7), we haveH'(X(r), M) ~ H'
2, % (M) Vi.

Proof. As is well-known (iii) is a consequence of (i) and (ii) and (i)
follows from the normality ofX(r) (of Theoren]l). Hence we have
only to prove (ii). We fix an ample line bundle on G/B and denote
by Ox()(m) the restriction o™ to X(7). SetVy, = HO(X(w), Oxw)(M))
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P . L . .
and Vy, the bundle orP? = E" associated to the principal fibration

P , :
p:Py, — E" Let p denote the canonical morphism: Z — PL. We
claim that

RI(p.¥* (Ox)(m)) =0, > 0 andm>> 0. 1)
To see this, we first observe that by Lemha 1
W (O (M) = Oxqwy(M)?
ﬁx(w)(m)# being the line bundle o#, “associated to” the line bundle
Oxwy(m) on X(w)(for the fibrationP, — P—é’) Now
H' (X(W), Oywy(M)) = 0,i > 0,m>> 0.

Now (i) is an immediate consequence of the fact {hat a locally triv-
ial fibre space of fibre typ&X(w) (in fact, the fibre ofp over the point
corresponding to the cosBtcan be canonically identified witk(w)).

By the usual Leray spectral sequence argumehiniplies that

HP (PL, p.¥* (Ox(r(M)) = HP (Z, W (Ox(s (M) B
for all p.
Now by Lemmdll and{8) of Theorem 1, we have 517

(@) p.¥* (Ox(r(m)) =~ Vi, and
(b) H' (P, Vi) = 0,i > 0,m>> 0.
Hence by[(R2), we conclude that
HP(Z ¥* (Ox@(m)) = 0,p> 0,m>> 0. (3)
We claim now that

{ HOX(x), (ROW.(62)) ® Ox () ~

4
HY(Z, ¥* (Oxx(m)),q>0,m>> 0. “)
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To prove this consider the Leray spectral sequence

HP (X(7), R, (" (Ox()(M)))) 5)
= HPM(Z, ¥ (Ox (M)
Now we have
RIY. (¥ (Ox@(M) = (RIY.(02)) ® Ox)(m).
518 so that
HP(X(7), R, (" (Ox(M))) = ©)
HP(X(7), (RMY.(0Z)(m))
One has
HP(X(1), (RW..(07)) (M) = 0, p > 0,m>> 0.
Hence the spectral sequenick (5) degenerates and we get
HO(X(7), (RW.(072)) (m)) =~ @
HY(Z, ¥* (Oxx (M), m>> 0.
Using [3), we deduce that
HO(X(7), (R™.(0z)) (m)) = 0,g > 0,m>> 0. (8)

Now (8) implies that
R, (07) = 0,9 > 0.
This completes the proof of Propositigh 1.

Theorem 2. Let X(r), T € W, be a Schubert variety in/8 and L a
line bundle on @B associated to a dominant weight. Then we have the
following:

519 (i) The canonical restriction map
0 G 0
H (E,L)ﬁ HO(X(7), L)

is surjective, and
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(i) H'(X(r),L) =0,i > 0.

Proof. These follow essentially from the results of V. B. Mehta and A
Ramanathan_[4] where they prove the analogues of (i) andofiian
ampleline bundleL on G/P, P a parabolic subgroup d&. To apply
their result, ifL is as in the above theorem, note that it comes from an
ample line bundld.” on G/P for a well determined parabolic subgroup
P of G. Let X’ denote the image oK in G/P. One knows that the

cohomology groups of’ are preserved by pull-back G; in fact, by

Theoreni ] and proofs similar to that of Pfdp.1, one can sheilyehat
the cohomology groups df' /X’ are also preserved by pull-back Xo
This proves Theoref 2.
Let Z[N] denote the group ring of the multiplicative group elp
where
expN = {expd| 1 € N} andN = Hom (T, Gp).

Let X(w) and X(7) be Schubert varieties (as in Prgp. 1) such that
SeW, T > W, a simple. LetL, denote the line bundle 08/B, “asso-
ciated” to adominant weighft (we adopt the convention that when the
base field is of characteristic zend?(G/B, L,) is the dual of the irre- 520
ducible module with highest weigh). Now the “characters” of th&
modulesHO(X(w), L) and HO(X(7), L,) are elements aZ[N] and are
denoted respectively bi¢(w) andF(r). Let L, be the linear operator
L, : Z[N] — Z[N] defined by

expA — exp(SyA) 1eN

Lll(exp/l) = 1- expa, ’

Let M.. be the operatoM,, : Z[N] — Z[N], defined by

Ma(expa) = (expp).Lo(exp@ - p))
o= % — sum of positive roots

Theorem 3. We have the following “character formula”.

Mq(F(W)) = F(z) with F (identity) = exp(A).
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Proof. By Theoreni 2, the following sequence is exact:
HO(X(r), L) = HO(X(W), L2) — O ()

Set
E = HO(X(7), L), V = H(X(w), Ly). (1)
P, .
We denote byE andV the vector bundles OBl = B associated to the
o . . P, L
principal B-fibration P, — B We see thaE is trivial and we have the

following exact sequence of vector bundlesin
0O-K->E—->V->0 2

Writing the cohomology exact sequence far (2), then we ealel(as
for the proof of [8) of Theorerl 1) that

H' (PLV)=0i > 1 (3)
If ¥ and p denote the canonical maps

‘P:Z—>X(r)andp:ZeIP1(= %Q)

We conclude as in the proof of Lemila 2, that
p. (W7(La)) =V 4
Now (4) implies that
HO(Z, w*(L,)) = HO (P, V) (5)
and by Prog.]1, we have
H(Z ¥ (L) =~ H(X(2), La)
so that we find that

HO (P, V) = HO(X(), L) 6)
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In view of (3) and[(6), we have:

{ CharHO(X(r), L) = CharX (P, V) @)

V = HO(X(W), La)

Now it is easily seen that Cha¢(P, V) is obtained by applying the
operatorM,, to V (essentially the Weyl character formula ®L(2), for
more details, se€[6]). This proves Theorgm 3.

Remark 2. The formula of Theoreil 3 is essentially the Demazure char-
acter formula (of[[1] and [5]). If the dominant weightis “sufficiently
large”. () in the proof of Theoreml2 is an immediate consequences
of the basic theorems of Serre on projective varieties {fix purpose,

we may have to work on(;:, P being a parabolic setgroup, such that

, G
comes from an ample line bundle enetc.). Hence, Demazure’s char-

acter formula for sfficiently large4, is a consequence of the normality
of Schubert varieties and one does not need The@fem 2. Ortlike o
hand, as we mentioned in the introduction, the Demazureactearfor-
mula for suficiently large, implies the normality of Schubert varieties.
The proof is by increasing induction on the dimension of Senuva-
rieties. With the notations as in Theorér 1, iffies to show that
X(7) is normal supposing thaf(w) is normal. TherZ is normal. We
see easily (as in the above proofs) that foffisiently largea (say for
L, m >> 0 L; ample onG/B), H° (Z, ¥*(Lwy)) is given by the De-
mazure character formula. Hence, by our hypothesis, wecdetthat

HO(X(7), Lm1) — H2(Z ¥*(Lmy)), m >> 0.

From this we deduce easily thét.(07) ~ Ox), which implies that 523
X(7) is normal, sinc& is normal.

Remark 3. Let Gz denote the semi-simple, simply connected Chevalley
group scheme ovet such thalG = Gz Xspecz Speck. We have a Borel
subgroup schemB; of Gz, corresponding t@ and we have the “flag
G : .
scheme”B—Z which behaves well under base change with respect to any
Z
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: G .
field e.g. B—Z Xspecz Speck =~ G/B. For anyt € W, we define the
Z

Schubert subschem;(r) of % as the “flat closure” in% of the
Z Z

. -G .
Schubert scheme associated-to B—Z Xspecz SpecQ. We claim that
Z

Xz(7) Xspecz Speck ~ X(7) 1)

We refer to[(l) as saying that the Schubert sch&a{e) “behaves well”
under base change with respect to any field. To priave (1) ldenste
the following base changes by Speas

m = Xz(7) Xspecz Speck @)
La = Loz Xspecz Speck
Then we see easily that
X(T)red = X(7) 3)

Let now A be a dominant weight such that the associated line bundle
onG/Bis very ample. One can also associatd tline bundleL, 7 on

%, which is relatively ample with respect# Let us denote b¥g(7)
Z

(respL.g) the base change 0f:(r) (resplL,z) by SpecQ — SpecZ.
Then sinceXz(7) is Z -flat, we see that

dimH® (X(@). L} ) = dimH (Xo(), LT, ) .m>> 0. )

On the other hand, by Theordrh 2, we see that the characteulfim
independent of the base field.
This fact implies that

dimH® (Xq(7), L) = dimHO (X(z), L), m>> 0. (5)
Combining [(4); [(5) we get
dimH® (X(@). L7 ) = dim H (X(z), LT). for m>> 0. (6)

SinceX(7)req = X(1), we deduce easily froni}(6) thXi(r) = X(r). This
proves[(1).
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Remark 4. Let A be a dominant weight and let us use the notations as
in RemarkB. Then as a consequence of Rerhhrk 3 and the vanishin
theorem (see (ii) of Theoren 2), we deduce that

HO (Xz(7), Laz) @z k = HO(X(7), L) ¢y
Further, as a consequence of the exactness of 525
H(G/B. L1) - HO(X(),L,) - 0 2

(seel(l), Theoreml 2), we deduce easily that the followingisece is

exact. G
HO(—BZ, L/LZ) — HO(Xz(7),L1z) = O (3)
7.

Let us now set
a. V,z(r) = (HO(Xz(r), Laz)) (dual)

Gz

b. Viz(Wo) = V,z = (HO(—, L/I,Z))
Bz

C. Vuk(r) =Vaz®z k= (Ho (X(@), L/l))*
Then because of(1}](2) arid (3), we deduce that
V,z(7) is a direct summand W, 7 4)

Now V, z(7) has a more concrete description as follows.

Let V, o denote the irreducibl&g = Gz Xspecz SpecQ module
with highest weightvg(1) (Wo= weyl involution). Fix a highest weight
vector, saye € V, . LetU denote the enveloping algebra of the Lie
algebra ofGg andUz(respU;, U>) the Z a subalgebras generated by
Xa

e any root (resp. positive root, negative root). We now set

Vi = Uze(= Uze) )

Now anyt € W can be represented byZa-valued point ofG; and 526
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hence the element eis determined upto the facterl. Let us write
e(r) for r.e. Set

Viz(1) = Uze() (6)

Now as a consequence 6f (3), and Theofém 2, it can be showwg easi
that (for details, see [6])

7
Vaz = V/l,Z

.
Vaz(r) = V(1) "

HenceV/ ,(r) is a direct summand iV’ ,. This was conjectured by

> A
Demazure in([1].

Remark 5. One can construct canonical desingularigationsxéf).

This can be done by either following Demazure [1] or refining ton-
struction ofZ inductively as follows. Letr = s,w with « simple and
w < 7. Suppose we have constructed a desingularigation

Yy Z(W) — X(w)
such thazy = point. Then we define
Z(7) = P, xB Z(w)
and the morphisn¥; : Z(r) — X(r) in the obvious manner. We note
that the morphism¥', depends upon the choice of a reduced decompo-
sition of r. By repeating the proof of Prap.1, one deduces easily that
() (¥o)s (Oxn) = Ox),
(i) (RIWY.)(Ozx =0,9>0.
When the base field is ofharacteristic zerp we see that (as in

Demazure[l]) (i) and (ii) imply thaZ(r) has onlyrational singulari-
ties in particular thaZ(zr) in Cohen-Macaulay.
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Zero Cycles On A Singular Surface: An
Introduction

By V. Srinivas

0

This article consists, for the most part, of an introductiorthe paper
Srinivas (1985) (which will appear elsewhere), and an oetlbf the
proof of the infinite dimensionality theorem for zero cyclghich is
proved there. The main object under consideration is thexGhoho-
mology) group of zero cycles on a normal quasi-projectivéase over
an algebraically closed field. After briefly surveying theolum results
for Chow groups of smooth surfaces, we give the various edgrv def-
initions of the Chow group of a singular surface, and mentesults of
Collino, Levine, Pedrini, Weibel and the author giving gextisations
to the singular case of the above results for smooth surfadest, we

529

introduce relativek-theory and use it to formulate a conjecture about

the structure of the Chow group of a normal surface. We thédlineu
the proof of the infinite dimensionality theorem. Finallye wake some
remarks about the related problems of the structurdlk§ and K_;.
We give a condition in terms of Picard groups which implies tion-
vanishing ofNKy andK_; of a normal quasi-projective surface over
we conjecture that this condition is in fact necessary arfiicgent for
surfaces over any algebraically closed fikld

401
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1 The smooth case

Let X be a smooth surface over an algebraically closed feld'he
Chow group of zero cycles aXis defined by
Free abelian group on points Xf

CH%(X) = : :
cycles rationally equivalent to zero

where the group of cycles rationally equivalent to zero isegated by
cycles of the form {)c, whereC c X is a curve,f a non-zero rational
function onC and (f)c denotes the divisor of.

The Grothendieck group of vector bundkeg(X), which also equals
the Grothendieck group of coherent sheaves, has a filtrayieodimen-
sion of suppor{F’ KO(X)}O<i<2’ where

FO/F! ~ Z, F1/F? ~ Pic X, andF? is the subgroup oKq(X) gen-
erated by classes of residue fields of points. We have the eyelp
¥ : CH?(X) — F2Ko(X), and the second Chern cla8s : F2Kg(X) —
CH?(X); by the Riemann-Roch theorem (or directly, sirés a sur-
face)¥ and—C, are inverse isomorphisms. ThG$42(X) has an alter-
nate description as the sub-groupkaf(X) generated by points of.

Next, CH2(X) can be interpreted in terms of algebriietheory. Let
o x be the Zariski sheaf associated to the pre-sheat Ko(I'(U,
0Oy)). Then by a result of Quillen (1973)#> x has a flasque resolution

0 Hox = i.Ko(K(X) D & (ic). KC) e (ip). Z—0

C: curves P: points

HereK(k(X)) is Kz of the function fieldk(X), which is given (by a result
of Matsumoto - see Milnor (1971)) by

k(X)" &z k(X)*
(a®(l-a)aekX),az 1)
i.Kok(X) is the constant shedf,(k(X)) on X, and similarly {c).k(X)*,
(ip)-Z are the constant sheavig€)*, Z on C andP respectively. The

map T can be explicitly described in terms of the above presemtati
while 9 is the sum of divisor maps

k(C)* — P?c Z[P]

Ka(k(X)) =
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This resolution can be used to compute the cohomology7®k; in
particular, we obtain the formulel?(X, #2x) = CH?(X), This is the
K-theoretic description of H(X).

Suppose now thaX is a smooth projective surface over an alge-
braically closed field. By associating to each zero cy¢laP; its de-
gree Y n;, we obtain a surjectio€H*(X) — Z; let Ay(X) denote the
kernel. IfS"(X) denotes th@™ symmetric product oX, so that points
of S"(X) parametrize #ective zero cycles of degreewe have a natural
map

M : S"(X) x S"(X) — Ag(X)
(A, B) = [A] - [B]

Now assume thdkt is uncountable i.e. a universal domain in the sense
of Weil. We have the following definition of Mumfard (1968).

Definition. Ag(X) is finite dimensional if some, is surjective. If none 532
of ther, is surjective, we say thay(X) is infinite dimensional

Theorem (Mumfordl (1968)).Let k = C, and supposé& (X, Qi) # 0.
Then A(X) is infinite dimensional.

This result is false in characteristr> 0. In arbitrary characteristic,
we have

Theorem (Bloch (1976)) Let k be a universal domain of arbitrary char-
acteristic, and suppose the cycle map

Pic X ®2 Q; — HZ(X, Q(1))

is not surjectivg¢ # characteristic of k). Then #X) is infinite dimen-
sional

(Bloch conjectures that the converse also holds).
Next, we mention some results of Roitman on zero cycles. We ha
a natural map
¢ Ag(X) - Alb X
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whereAlb X is the Albanese variety of; if k = C this can be described
as follows:

AlbX =T (X, w})" / image (H1(X. Z)), and

o (D ((P1- QD) - (wa o) e (x o) fQ

denotes the integral along any path joinigand Q;.

Theorem (Roitman (1972), Roitmah|(1980)). (1) If Ao(X) is finite
dimensional, thew : Ag(X) — Alb X is an isomorphism.

(2) ¢ : Aos(X) — AlbX is always an isomorphism on torsion sub-
groups.

(We note that thep-torsion statement in (2), fop = characteristic
k, is due ta_Milne (1982). Roitman’s Proof of (1) has a small gap
characteristiq, which is however easily filled-see Srinivas (1985)).

2 The singular case:

We now see to what extent this theory generalises to singuldaces.
Firstly, the three definitions of the Chow group in the smocdke all
admit generalisations to the singular case. Xebe a normal quasi-
projective surface. The cycle theoretic definition is

Free abelian group on smooth pointsXof
((f)c I C < Xis acurve, fek(C)*, andC N Xsing = ¢)

CH?(X) =

where Xsing denotes the singular locus of, andC runs overclosed
curvesin X disjoint from Xgjng.

The Grothendieck group of vector bundl&g(X) is now in gen-
eral diferent from the Grothendieck gro@y(X) of coherent sheaves.
However Kqo(X) is also the Grothendieck group of coherent sheaves
Z# such that for eachxeX the stalk.#y has finite projective dimen-
sion over Oy x (since X is quasi-projective, such a# has a finite
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regolution lby vector bundles). We have a filtratiBro(X)o<i<> With
F F
EE
F1Ko(X) — Pic X. Since any vector bundle is trivial in a neighbour-
hood ofXsing, One checks tha2Ko(X) is also the sub-group generated
by residue classes of smooth points. Thus we have a sugecyitle
map¥ : CH2(X) — F2Kq(X).

= Pic X. andF2Kq(X) is the kernel of the determinant map

Theorem (Collino (1981)).¥ : CH%(X) — F2Ky(X) is an isomor-
phism.

We note here that Fulton has defined a Chow (homology) group

Free abelian group on all points

CHo(X) = {(f)c | C c X any curve, fek(C)*)

This group is related tG&o(X) is an analogous fashion. The natural map
CH?(X) — CHo(X) is always surjective, but in general not injective.

Finally, the K-theoretic definitionHz(X, o) still makes sense,
though the resolution obtained in the smooth case is nat halie; how-
ever we have:

Theorem. H2(X, %2 x) = CH?(X).

This result is due to Collina (1981) whefihas 1 singular point; the
general case, along lines similar to Collino’s proof, is thaependently 535
to/Levine (1985) and Perdrini and Weibel (1983) Next, we havesult
of Levine generalizing Roitman’s theorem on torsion 0-egcl

Theorem (Levine (1985))Let X/k = k be projective, f: Y — X a
resolution of singularities. The composite

Ao(X) 5 Ag(Y) 5 AlbY

is an isomorphism on torsion prime to the characteristic .of k
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3

Now supposeX is a normal projective surface over a universal domain
k. LetU = X — Xsing; then there is a natural map : S"(U) x S"(U) —
Ao(X) whereS"(U) is thenth symmetric product, anth(A, B) = [A] —

[B].

Definition. Ag(X) is finite dimensionalf r,, is surjective for some; if
none of ther, are surjective, theAg(X) is infinite dimensional

We have the following straightforward generalisation oftRan’s
finite dimensionality theorem.

Theorem (Srinivas (1985))Ao(X) is infinte dimensional> Ag(X) =~
AlbY where Y— X is a resolution of singularities.

As a consequence of this result and the Murthy-Swan catioslla
theorem_Murthy|(1976), we see that there are 2 possibletigitisafor
the Chow group over a universal domain:

() (finite dimensional case) for anyffane open seV c X, every
vector bundle o1V is the direct sum of a trivial bundle and a line
bundle.

(i) (infinte dimensional case) for an arbitrary neighbaotd V of the
singular locusXsing, CH?(V) has uncountable rank.

In case (ii), one can show that there exist uncountably mamy n
isomorphic indecomposable vector bundles of rank 2; thimismme-
diately clear unless PXis finitely generated (see Srinivas (1999)).

We now state the infinite dimensionality theorems provedini&s
(1985); the proofs are outlined below.

Theorem. (1) Let k= C, and suppose X is a normal projective sur-
face with H(X, 0x) # 0. Then A(X) is infinite dimensional

(2) Let k be a universal domain of arbitrary characteristic. etk
be a normal, projective surface,: Y — X a resolution of singu-
larities such that the reduced exceptional diviso&Ezr‘l(Xsing)
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has smooth components and normal crossings. SupRid®é —
Pic’E is not surjective. ThengfX) is infinite dimensional.

We reformulate the hypothesis in slightlyfidgirent terms. The in-
teresting case of the theorem is whig(Y) is finite. dimensional for a
resolutions : Y — X. If X/C is projective, this means?(Y, &y) = 0
by Mumford’s result. Thus the Leray spectral sequencerfgields an
exact sequence

HY(Y, Oy) — T (X, Rz, 6y ) — H2(X, Ox) —= 0

lim HY(E, Og) 0
7

wherenE is the subscheme of with ideal shea#y(—nE). (the equal- 537
ity follows from the formal function theorem Hartsharne 719). Since
the maps of the inverse syste{h‘lll(E, ﬁnE)} Jare all surjective, the hy-

n=

pothesisH?(X, Ox) # 0 is equivalent to the statement tht(Y, 0y) —
H(E, Oxg) is not surjective for soma > 1. The hypothesis in 2) of
the Theorem is that (Y, &) — H(E, Ok) is not surjective, if Pi¥ is
reduced.

4 Examples

C[X’ y’ Z]
1) X = Spem.
that there is a surjectiofr?Ko(X) — Qé/z, the module of absolute
Kahler diterentials ofC; sinceQ}c/Z has uncountable rank, this gives
a negative answer to a question of Murthy on Grothendieclippf
normal graded rings Bass (1973).Af= ZC[X—?YZ]Y thenAc B =
, (Z+x3+y)

C[u, V] is birational, wherel = y_); V= F The maximal ideal at the ori-

Bloch and Murthy (unpublished) showed

gin in A generates the ideéulr2 + u3) Bin B, so that there is a resolution
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of singularitiesY — X such that the exceptional divisor ¥hcontains a
rational curve with a cusp. K > X is a projective surface whebe— X
consists only of non-singular points, andvif— X is the corresponding
resoluton, therHl(V, Oy) vanishes a¥ is a smooth rational surface,

538 while HY(E, 0g) # ¢. Hence from the theorent2Kq(X) is infinite
dimensional, andF?Ky(X) has uncountable rank.

(ii) Cones. LetC c P" be a projectively normal curve, so that the
coneX c P! overC is a normal projective surface whose only sin-
gularity is the vertexPeX. Letnr . Y — X be the blow up ofX at P.
ThenY =~ P(0c ® Oc(1)) is aP-bundle overC. If f : Y — C, the
exceptional divisoE of r is a reduced curve giving the (unique) section
of f with normal bundleZ(-1). If | = Oy(-E) is the ideal sheaf dE,

i
then I:_l 0c(j). Thus

(i) HY(Y, 0y) - HY(E, 0F) is an isomorphism

(ii) for somen > 1, HY(Y, 0%) — HY(E, 0,g) is not surjectives for
E, I E, I
somen > 1, Hl( s0o Hl( ) +0 o HYC, 0c(1)) #

0. ThusH?(X, Ox) £ 0 & H1(C, ﬁc(l)) #0 e HO(C, wc(-1)) £

0 = degC < 2g- 2. HenceAy(X) is infinite dimensional iC is a
complete intersection of genus3 overC (eg. C c P? of degree
> 4), orC is canonically embedded (see Srinivas (1982))

We remark that if de@ > 2g + 1, whereC c P" is embedded via
a complete linear system, thénis projectively normal anég(X)
is finite dimensional. IC c P} is projectively normal, ané = k
has characteristip > 0, thenAg(X) is always finite dimensional
Srinivas ((1982); in particular (1) in the Theorem is fals€ifs
replaced by a universal domain in characterigtie O.

+y3+2=0

2+ X2+ +1=0

X3
(i) Let X c AZ be the surface{
W

539 Then X is the double cover of the cubic cone c A3 given by
x2 +y3 + 2 = 0 branched along a smooth quadric section. Clearly
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X — Y is étale over the vertex &f, so thatxX has 2 singular pointB, Q
each analytically isomorphic to the vertex6f Let Xp — X, Xg — X
be the blow ups oP, Q respectively.

Claim. CH%(Xp) = CH?(Xg) = 0, while CH?(X) has infinite rank.

First we show thaCH?(X) is infinite dimensional. LeX be a pro-
jective surface containini as an open set so thdt— X consists only
of smooth points. Le¥Z — X be the blow up aP, Q. ThenZ is smooth
and birationally ruled ove€ c P2 given byx® + y® + Z2 = 0 such that
the exceptional curveSp, Eq overP andQ respectively, both map iso-
morphically toC. Thus dimH(Z, ¢7) = 1, while dimH(E, 0g) =
dimHY(Ep, Og,) + dimHY(Eq, 0g,) = 2. HenceCH?(X) is infinite
dimensional so that H2(X) has uncountable rank.

To show thatCH?(Xp) = CH?(Xg) = 0, since the involution of
X/Y interchanged, Q it suffices to proveCH%(Xp) = 0. Now X —

Y is branched along a smooth genus 4 curYeq P3 the projective
cone overC) which is tangent to 6 rulings of (by Riemann-Hurwitz,

for example). Henc& — C is a non-minimal ruled surface with 6
reducible fibers, each with 2 components which are excegitmmve of

the first kind, ancEp, Eq are sections. Blowing down the 6 exceptional
curves meetingzp,we obtain a minimal ruled surface ov€rwith 2
disjoint sections, namely the images B and Ep Since the normal
bundle ofEq does not change under this map, the minimal ruled surface
is Pc(Oc & Oc(1)) (the normal bundle oEq is dc(-1)) i.e. Xp is
isomorphic to the blow up o¥ at 6 points. Henceé\o(Xp) is finite 540
dimensional, sincéy(Y) is (see Srinivas (1982)). Thus(Xp) = 0 by

an easy argument.

5 Relative K-theory

Let T be a schemeS c T a subscheme. One can define relatiee
groupsK;(T, S) for i > 0 which fit into a natural long exact sequence
(seel(Coombes and Srinivas, 1982, appendix))

- Ki(T) = Ki(S) —» Ki_1(T,S) = K;_1(T) — ...
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Let X be a normal quasi-projective surfa&g¢ X a closed sub-scheme
supported orXsing; letY — X be a resolution of singularities, aldc Y
a subscheme such that we have a diagram

—_—

n<—m
X<— <

Then by naturality we have a diagram of long exact sequences

K1(Y) — K1(E) —— Ko(Y, E) —— Ko(Y) — Kq(E)

N N

K1(X) —— K1(S) — Ko(X, S) —= Ko(X) —— Ko(S)

Further, it is shown (loc. cit.) that points of — S admit relative cy-
cle classes iKg(X, S) which map to the usual classesKg(X), and a
similar claim holds for the pairy E). Let
541 F2Ko(X, S)=subgroups oKq(X, S) generated by points of — S F?
Ko(Y, E)= subgroup oKq(Y, E) generated by points of — E.
We have a diagram with surjective arrows (this is easy # E ~
X =S, but true even otherwise)

F?Ko(Y, E) — F?Ko(Y)

! |

F2Ko(X, S) —= F2Kg(X)

Claim. F2Ko(X, S) = F2Ko(X).

Idea of proof. Must show E)c = 0 in F2Ko(X, S) for anyC c X with

C N Xsing = 0, andfek(C)*. One checks that from the definition of the
relative K-groups in loc. cit., ifC is the normalisation o€, then the
natural map;(C) — K;(X) factor throughK X, S); now the vanishing
of (f)c in Ko(X, S) follows from the vanishing of ) in Ko(C).
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We can now state a conjecture due to Bloch and the author. Let
E c Y be the reduced exceptional divisor.

Conjecture. (i) F2Ko(Y,nE) —— F2Kq(Y,(n — 1)E) is an isomor-
phism for all sificiently largen.

(i) F2Ko(X) ~ Ii%n F2Ko(Y, nE).

In particular IiﬁszKo(Y, nE) should be independent of the resolu-

tion Y — X We can verify this in general assuming a form of excision
for K4 for certain 1-dimensional schemes, and in any case cary viisf
for resolutions wher& has smooth components and normal crossings.

As a special case of the conjecture, one expects thathiés only 542
singularities, thei© H?(X) ~ CH2(Y).

A closely related problem to that of computifg§Kq(X) for singular
X is the problem of computiné{o(%Rr), whereR is the local ring of a
singular point on a surfac&g the category oR-modules of finite length
and finite projective dimension. This problem is of indepamtdnterest
to algebraists, but not much computation could be done bgbadic
methods. RecenthK-theory has provided some results in this area; in
Srinivas (1985) a method was introduced which enabled ompedee
that

Ko(4r) = Z @ N — (torsion )

for someN, whereR is a rational double point in characteristic> 0
which occurs on a rational surface, or eRé& of type Eg over an arbi-
trary algebraically closed field. Some further examplesharacteristic
p > 0 were considered in Coombes and Srinivas (1982), and finely
have the results of Levine (1999) and the author Sriniva89lénde-
pendently).

Theorem. Let R be the local ring of a rational double point on a surface
X/C. Then K(%R) = Z.

Corollary. Let X/k = k be a normal quasi-projective surface with only
quotient singularities. If Y- X is a resolution, then CHX) ~ CH?

().
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We should point out that inspite of the explicit nature of filenula

F2Ko(X) = Ii%n F2Ko(Y, nE),

we do not know a single example where we can prove that thisular
is true, when the right side is fiierent fromF2Ko(Y). Thus we have
only indirect evidence for the truth of the conjecture.

Levine has made a conjecture related to ourX.iffa normal (quasi-
projective) surface, anbleX the unique singular poin¥ — X a resolu-
tion,Z = YxxSpe®R, R= Opx and ifE c Y is the reduced exceptional
divisor, then Levine constructs (loc. cit.) an exact segeen

HY(Z #5.)/N 2 Ko(éR) — FLGo(E) — 0.

HereGo(E) is the Grothendieck group of coherent sheave& g’
Go(E) the subgroup generated by poinitst(Z, %> 7) is H! of the com-
plex.

0 Ka(k(YV) > ® k("> © >0
XeZ

xeZ?

whereZ! is the set of codimensionpoints; N is defined to be the sub-
group ofH(Z, %2 7) generated by

Ker( ® k(x)* 5 ) Z).
2eZ2

exceptionalcurves

Conjecture (Levinel. ¢ : HY(Z, #22)/N — Ko(%R) is injective.
Levine shows that under the natural m&gér) — Ko(X) we have
imageS Ko(4Rr) = Ker(¥ : Ko(¢r) — F1Go(E)). We conjecture that

HY(Z, #22)/N — Ii%n HY(E, #5ng)/N

is injective; this is closely related to our conjecturakfarda forF2Kq(X).

1Some examples exist now.
2The author now has a proof of Levine’s conjecture [23].
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6 Sketch of the proof

In this section we sketch the proof of the infinite dimenslityahe-
orem. We only consider the cage= C; the other case uses similar
methods. Letr : Y — X be a resolution of singularities. We may
assume tha#\y(Y) is finite dimensional, since #y(Y) is infinte dimen-
sional then triviallyAq(X) is infinite dimensional. Thus we may assume
that for somen > 1, HY(Y, 0%) — HY(E, 0,g) is not surjective; fix the
smallest such value of The idea is to show thd?Kq(Y, nE) is strictly
larger thanF2Ko(Y), so thatF?Ky(X) — F2Kg(Y) =~ AlbY x Z is not
an isomorphism. In particular, we waky(Y,nE) — Kp(Y) to have a
kernel i.e. cokerK1(Y) — Ky1(nE)) should be non-zero. One has a nat-
ural decompositiorK(T) = I'(T, 05) ® S Ky(T) for any “reasonable” 545
schemerT, for a certain subgrou@ Ki(T) — Ky(T); in fact SKy(T) is
the intersection of the kernels of all the mapgT) — K1(&; 1) for all
pointsteT. It turns out that$ Ki(nE)/ imageS K.(Y)) c Kg(Y, nE) con-
tains Ker(F2Ko(Y, nE) — F2Ko(Y)). Thus we will be mainly interested
in the mapS Ky (Y) —» S Ky(nE).

SupposeE is a smooth curve. We have the localisation sequence of
Quillen (1973) for any open sét c E.

Ko(U) » | & Kik(P)) = Ki(E) — Ko(U) > @ Z — Ko(E)
— Ko(U) — 0
Taking the direct limit over all open subséisc E, we obtain
Ko(k(E)) — @ Ki(k(P)) = Ki(E) — Ku(k(E)) — & Z
- Ko(E) »Z—0
Here k(E) is the function field K1(E) = k(E)*, andd : k(E)* — &Z
is the divisor map. Thus Ke¥ = I'(E, 0%) i.e. we have a presentation

(since K1(k(P)) = k(P)")

Ko(E) — PEBE k(P)* - SKy(E) — 0.
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From the resolution (for a smooth curize- see Quillen|(1973)).

0 - e — 1.Ky(K(E)) — P®E(ip)*k(P)* -0

546 we thus have an isomorphis&Ky(E) ~ HY(E, #5E).
It turns out that even whek has many components, the scheme
(nE) still satisfiesS Ky(nE) ~ HY(E, .#5.,c) by an analogous argument.
Further, there exists a surjecti®K(Y) — H(Y, #2y) leading to a
diagram

S Ka(Y) —— HY(Y. #2v)

|

S Ky (NE) —— HY(E, Ko.ng)

So we are reduced to consideriag H(Y, .#2y) — H(E, #2ng) We
state a lemma which is a special case of a result of Bloch (1 9&hich
has already been implicitly used to s&Ki(nE) ~ HY(E, #2ng); the
casen = 2 is due to Van der Kallen (1971)

RI{]

Lemma. Let R be a local-algebra, S, = m n> 1. Then there is an
exact sequence

0 Qf> = Ko(Sp) > Ka(Sn-1) - 0

This lemma allows us to compute the “derivative” @f Let Yy,
(NE)kq denote the products (over Spgof Y, (nE) respectively with
Speck[e]), wherek[e] is the ring of dual numbers (i.e? = 0, € # 0).

Then

HY(Yigq, H#2) = HY(Y, 45) @ HE (Y, Q5 )

HY(NE)xq. #2) = HY(NE), #2) ® H' (E. Qfg2)

547 Thus the derivative ap is

dg: HY(Y.QY) > H (E.Qf g 2)-
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For any “reasonable” schenigk, we have an exact sequence
1 1 1
0—- Qk/Z ®k O1 — QT/Z - QT/k -0

Thus we have a diagram

HO(Y, 0L ) HY(Y, 6y) & O}, HY(Y. Q)

| | |

HOE, 0 ) — HYE, Onp) & QL , —=HYE,Q} [ ) ——

(nE/K) k/zZ (nB)/z
1y Ol
HA(Y, Q)
1E ol
HY(E. O} ) — 0
The cohomology groups &, Q. are finite dimensional over

k, while if k is uncountabIeQ&/Z has uncountable dimension oJer
Since
HY(Y, 6v) —» HY(E, Ong)

is not surjective, we see thit! (Y, Q}{/Z) - Hl(E, Q(lnE)/Z) has an un-
countably generated cokernel (in fact the cokernel haswmiable di-
mension ovek).

To get global results from the above computations, we le¢ an 548
uncountable proper subfield Gfwhich is algebraically closed, such that
X, Y, E are all defined ovek. Then there is an embedding lkefilgebras
A c C whereA = k[t][‘), the super-scriph denoting henselisation. Let
Ya = Y Xgpex Sped\, etc.; form > 1 let Ay = A/t"A andYa, =
Y Xspeck Spedm, etc. We prove the following claims:

(i) HY((NE)a, #2) — HY((NE)a,,, #>) is surjective for anyn > 1

(i) HY(NE)a, #2) — HY((NE)k, %) is injective, whereK = A[1/1]
is the quotient field.
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(iii) coker (HX(Ya, %) — H((NE)a, #2)) ® Q has uncontable rank
= coker H(Yk, %) — HY(nE)x,.#2)) ® Q has uncountable
rank (here we use the fact thag(Y) is finite dimensional, so that
Pg = 0; if g > 0, we use the fact that ovér all surfaces with
pg = 0,q > 0 are classified).

(iv) pass fromK to C by a transfer argument (i.e show that

Ko(Yk, (NE)x) ® Q = Ko(Yc, (NE)c) ® Q
is injective).

These steps will show that Ké€§(Y,nE) — Ko(Y)) ® Q has un-
countable rank; we want to get a similar result FKo. For this, we
need some information about the boundary map.

8 : SKi(NE) — Ko(Y,nE)

in the long exact sequence. nf= 1, andE is smooth, this map has

relatively simple description. In this case
& k(P)*
SKy(E) = __PE

! imageK(k(E))’

If Z(a.)p, is a class IS K (E), let C c Y be a smooth curve meeting

E transversally aPq,...... ,Pm and letPpg1, . ... .. , Pr be the other
points of intersection which may also be taken to be trassvel et
ami1, - ., all equal 1; we can now find a rational functidnon C,
regular at all the?; with f(P;) = aj. Then

3(D (@) = ()ceF*Ko(Y.E).
Thusd(S K (E)) = Ker(F2Kqo(Y, E) — F2Kq(Y)).

In general, we obtain elements 8fK;(nE) mapping to relative O-
cycles in a similar way - ifC c Y is a smooth curve which is not a



Zero Cycles On A Singular Surface: An Introduction 417

component ofg, andS = C n (nE) as schemes, then we have a dia-
gram of relativeK-theory sequences (see Coombes and Srinivas|(1982),
appendix).

K1(C) —= K1(S) —2= Ko(C, S) — Ko(C)

S T

K1(Y) — K1(nE) —> Ko(Y, NE) — Ko(Y)

whereK(S) = I'(S, %) since dimS = 0. The mapd : Ky(S) —
Ko(C, S) is as follows; givergel (S, £%), let f be a rational function on
C, which is a unit nea$, such thatf |s= g. Thend(g) = (f)ceKo(C, S).
Thus imageI((S, 65) — S Ki(nE)) gives elements o8 K;(nE) whose 550
boundaries are algebraic cycles.

If we assumen > 1, butE is smooth, then by the lemma of Bloch

mentioned earlier we get a sequentés(the ideal sheaf o on Y)H?!
|n—1
(E, QE/Z ® |_n) — HYE, #ng) » HYE, #on-1e) — 0. If we

choose a curv€ as above meeting transversally, and takgel’ (S, 6’;)
such thatg |cnn-1e= 1, then it turns out that the class 81K;(nE)

obtained fromgeKy(S) in fact lifts to H! (E, QL & 1""1/I"). We have

a flasque resolution dﬁé/z ® I"1/1M as follows:

0 Qg @1"HI" 5 Qg , ® 1M1 - &(ip).Ap — 0 where

_ (ol 1 1
Ap = (Qk(E)/Z/Qﬁ,P,E/Z) ® I"H/1M.
Thus

HY(E, QF . ® 1"/I") = (@Ap)

image (Q&(E)/Z ® In1/1n).

If his a rational function orY, which is a unit in the semi-local ring
Osy, such thah |s= g, and if xe0sy such thatxdsy is the ideal ofC
in Osy, then

dx
™ ®(1-h)e P?S Ap

gives the lift toH? (E, Q,®1"I ”), where we regard 2 h as a local 551



418 V. Srinivas

section ofI"™1/I". Thus to check thad(S Ki(nE)) c F?Kq(Y,nE), we
have to see if groups likel*(E, Q¢ , ® I""!/I") are generated by such
“logarithmic” principal parts. We could show this usingickses for the
quotient groupH(E, Q¢ , ® I""1/I") whereL is any field of definition
of X. Thus if X,Y, E are defined over the fie@ of algebraic numbers,
we would be done. In general, the argument is complicatedhdyact
thatE has many components, ahdnay not equal.

7 NKgoand K_q

For any schem&/k we define

NKo(X) = coker Ko(X) = Ko(X x A1))K_1(X) = coker
(Ko(Xuqy) @ Ko(Xig17) = Ko(Xigee1y))

If X is regular,NKo(X) = K_1(X) = 0. Murthy had asked for ex-
amples of normal graded rings= ®A, with NKp(A) # 0. (NKo(A) =
NKo(Sped)). Weibel (1981) showed th&tKy(A) # O for the local ring
described in example 6 in the appendix to Nagata’s book “Liegs”;
this is a 2 dimensional normal domain which is analyticaliynified.
Swan (see Weibel (1981)) gave some geometric examples iendion
3. Weibel and Swan also showed thafit ne>90An satisfies

552 CIEI KO(A]) = 0, thenKg(A) = Ko(Ao). Thus Bloch-murthy’s example
XY, Z
m hasNKg # 0.

Now supposeX is a normal quasi-projective surface over an alge-
braically closed fielk. LetY — X be a resolution of singularities such
that the reduced exceptional dividéthas smooth components and nor-
mal crossings.

Conjecture. The following are equivalent:
(i) NKo(X) #0

(i) BK_1(X) %0

2The conjecture foK_; has to be modified; see Srinivas (1999)



REFERENCES 419

(iii) PicnE — PicE is not an isomorphism for some> 1
(iv) H(E, Ong) — HY(E, OF) is not an isomorphism for some> 1

(iii) and (iv) are clearly equivalent. Ik = C (or more generally,
if L is a field of definition of characteristic 0, atkdhas transcendence
degree> 1 overL) then (iv}= (i) and (iv) = (ii); the details of the proof
will appear elsewhere. Finally, X is the dfine cone oveC c P",
with H1(C, 0 (1)) # 0, thenNKg(X) # 0 in any characteristie 2 (see
Coombes and Srinivas (1982)), giving examplesfifia surfaces( in
characterisitidP > 0 such that all vector bundles ofare trivial, while
Ko(X x A1) £ Z. Lastly, if C c Py is projectively normal with de@ >
2g + 1, g=genusC, andk has characteristic 0 qv > dimH°(C, d¢(1)),
thenNKg(X) = 0.
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