
Goa, Various Possible Titles

I Invariant Measures for Higher Rank Actions

I Quantitative (Multiple Unipotent) Recurrence and Additional
Invariance

I Transportation of Positive Entropy



General Setup for the Talk

Throughout X = G/�, A < G is a diagonalisable subgroup of
higher rank (dim(A) > 1), µ is an A-invariant and ergodic measure
on X .

Stupid example (Rank one factors):
X = X1 ⇥ X2 and A = A1 ⇥ A2 with dimA1 = dimA2 = 1

Assume our space is never of this form, e.g.
by assuming that � is irreducible.

We also assume throughout that hµ(a) > 0 for some a 2 A.
Better examples will follow . . .



Previous results

by Katok=:K, Spatzier, Kalinin, Einsiedler=:E.

The first satisfying result (only assuming positive entropy) was

Theorem (L:=Lindenstrauss)

X = SL2(R)⇥ SL2(R)/�, A =full diagonal subgroup
=) µ = mX=Haar measure on X .

Theorem (L)

X = SL2(R)k/�, A =full diagonal subgroup =) µ = mX .

Theorem (E,L)

G semisimple, A =full diagonal subgroup in some almost direct
factor =) all entropy is explained by rank one factors or unipotent
invariance.



Previous results

by K, Spatzier, Kalinin, E.

Theorem (L)

X = SL2(R)k/�, A =full diagonal subgroup =) µ = mX .

Theorem (E,K,L)

X = SL3(R)/SL3(Z), A =full diagonal subgroup =) µ = mX .

Theorem (E,L)

G semisimple, A =full diagonal subgroup in some almost direct
factor =) all entropy is explained by rank one factors or unipotent
invariance.



Previous results

Theorem (L)

X = SL2(R)k/�, A =full diagonal subgroup =) µ = mX .

Theorem (E,K,L)

X = SL3(R)/SL3(Z), A =full diagonal subgroup =) µ = mX .

Theorem (E,L)

G semisimple, A =full diagonal subgroup in some almost direct
factor =) all entropy is explained by rank one factors or unipotent
invariance.

Theorem (E,L)

X = X1 ⇥ X2, A1
⇠= A2, A the diagonal in A1 ⇥ A2 and µ is a

joining =) µ is algebraic.



New results (E,L, 2015-2016)

To summarise previous results either assumed that A is maximal
(at least in some sense) or that µ is special.

Theorem (E,L)

X = SL2(R)k/�, A =rank two subgroup =)
I X is compact and µ is algebraic, or

I all of the entropy of µ is explained by unipotent invariance.



New results (E,L, 2015-2016)

From now on we always assume that � is an arithmetic and
irreducible lattice, and as before that µ has positive entropy for
some element of the action.

Theorem (E,L)

X = SL2(R)k/�, A =rank two subgroup =)
I X is compact and µ is algebraic, or

I all of the entropy of µ is explained by unipotent invariance.



New results (E,L, 2015-2016)

Theorem (E,L)

X = SL2(R)k/�, A =rank two subgroup =)
I X is compact and µ is algebraic, or

I all of the entropy of µ is explained by unipotent invariance.

Theorem (E,L)

X = SL3(R)2/�, A = A1 ⇥ A2 for two rank one subgroups
A1,A2 < SL3(R) =)

I µ is algebraic, or

I all entropy is explained by unipotent invariance, or

I µ is supported on a closed orbit of a smaller subgroup and
some nontrivial element of A acts trivially on this orbit.



Goa, Various Possible Titles

I Invariant Measures for Higher Rank Actions

I Quantitative (Multiple Unipotent) Recurrence and Additional
Invariance

I Transportation of Positive Entropy

These appear in the proof ?



To discuss the ideas in the proof we

will assume G= Gne Gz
, Gstskc 11250 ,A;< G ; rouhn

,

and A=AnxAz

Furthermore a EA
,

has hμ( a) >0 and beAz\{ 0 }
.

New observation :

÷reducible
,arithmetic⇒ hμ(b) >0



The proof of this observation is similar to the

pf . of positive entropy for AQVE

C Bourgoin - L ) .

Suppose hμ(b)=O .

Then the dynamically tmopoaf

Bowen balls for b shrink in measure very slowly :

hm4tI
,

.kz#AnbiHaI=o2h

⇒ μ ( Bnkxl) >>.Ea
"

for all a )0

" basically does not shrink "



( original )

In the VAQUE-proof this was lead to a contradiction

using all Heche operators
.
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Recall a e An < G
,

& hn (a) > 0

⇒ F U < G
,

that has positive entropy
contribution

⇒ { us I luslat } has volume

Inamef >0

Combine with recurrence pf

⇒ for ae .
x YTFus ,

151>1
,

lvskt
wideyh us .x also typical

d4 , us .×)eT8
8= MG



Instead of balls we wont to use

Bowen balls for b - need very few
to cover X (asifdimxo)

improves recurrence

argument
⇒ for ae .xtT⇒Fus,

61>1
,

|usl< T
Large
enough

us .× typical
us .xe

Ban ,ek )

& we may choose 1<>0

arbitrarily large



Working a bit harder still we can also

find instead of 1 visit exponentially

many , say
et "

- many ,
visits of us .x to

Bkn
,
e

4 )
.

us ;
× ~× ⇒ F 8jeI responsible

far that

Recall u is large in Gn

but trivial in q|⇒ & is large in G
,

& very close to a

conjugate of Cgdaz )

in GL

Vote that the height of 8; is controlled

by the site of us ,
- i.e. by Teen .



The so obtained Lattice elements 8 commute

(at first only in a foclan of Gz ) and must

be diagonalizable ( as they are very close to

a diagonal svbgp) .
However

,
they eae too

many
to fit inside an abelian diagonalizable

subgroup 1 i



Where does the additional invariance

come from ?

All of the above can be carried

out conditionally over the factor

defined by the kofwise measure μ×Gb
'

⇒ gives two points on a Gj - orbit

with the some Gj - leaf wise measure .


