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①
§Z atiygEnemies

Let F be an imaginary quadratic field . of discriminant - A
.

X : FMIAE → a "
an

"

algebraic
"

Heche character ;

Xo : e×→ ex
; Xo ( z , = HEY

"

, lez ( reichs eilo )

Think of

Xf
as a character on group of ideals rel . prime Ex - and . ft .

Define : Lls , X ) = In X lol ) Incas 'S
,

or - runs om int
.

ideals of IF set . prime
to Cx .

Define : fda ) = -2 xcoy estimate
or

d

Then Fx C- Sk ( NCI . D
, 4) prim primitive cusp form of captivity

describable level NCAA
, weight k .  - htt

, nebentyfnrs Y - related to X .

Fx .

"

modules form of CM . type .

"

( i ) L ( s
, f x ) = Lls ,

X ) . Lii) Lls , fx
, whoa ) = Lcs . Fx ) .

I Mouth . Ann .

Shimura : Lcm , Fx
,

3) a CitiIn . u±( fx ) . off } )
( 1977 )

→ a - -
critical pt . Twisting character periods if fx Gauss sumn

of 3 .

Critical points = fi ,
2

, . . . ,
k - IF

It's a purely formal eserine to deduce:@result fr 647 IF) :

i of ( whoa ) . Llm E I
L ( mt '

, X )

and t y E Get C Ilo ) :

1 ( i . Numa ) . kf7n÷ , ) =
i glutton . 4m

L ( mtl ,
7 X )

Maintheorern of the talk : Generalize this to Gun Yom - field .



§& Notations .

②

-
F ta . ima . F  

= CM field i a totally imaginary quadratic oath of a totally

21

real field .

Ft tot . red . he

:'-(
F : OL ] = 2 [ Ft : O ] = .

.

2%+4=+1

Basic data : a = Res
tyg

( GLNIF ) GLn3Tn2Zn

& T .

- Resp , @
C The )

tenter

F-

F- - coefficient field F

,

-3

µ c- X*G×⇐ ,
a

Jarvis
µ

= ( ti )
z : .r→r= , fi E X

't ( Tn Xp,zE )

Hom IF
,

E ) → Hon ( Ft
,

E )
,

{ 2,2
' } 1-72-1

,
I = conjugate

z I -7 21ft = et
of Z .

µ
'

= K2, >  .
. . > pin )

, Mj E I ; In . dominant integral weight .

Assure : Iu is pure : 7- WE I s 't . Mj  t pi'nj+ ,
- w

; µeXFfTxr⇒

Fact .

. Only pure weights support cuspidor cohomology .

MME = abs . isrrd .

, fin - dim
, ref

"

of AXE with h .,w. In

Kf C a l Atf ) open compact nrbgunp . ( assume : Kf is neat . )

Go = ACIR ) = Glen C F ④IR ) = IT Gluck )
Howlet , IR )

Cos = man . 4pct subgroup of GCN ) = IT Uh )

ka = SUR ) Co = SURI Cos
,

S E Gulag Resew ( EYE )

Shkf = GCQ )

?
HIA )/kwkf = GLNCFNGLNHA F) / Kooky

M~pr.ie = sheaf of E - vector spaces on 59cg
.

B±djutfi¥t
:

ti ( sky , MIE ) 9 Jeff - amitabh Heche algebra
Ee :( Gfllkf )

.

"

cohomology of arithmetic griefs
" "

Cohomology of locally symmetric sfaas
"



Setupsahum-logytii.cskf.hr .
C H

.

( Sfg , MI,e) ③

is characterised

.by
the property that for some Cd hence

any ) 2 : E - so

iii. i.
( Skf , MI.E) tone I tiny ( shkf

, Kyu, a )

:= H
'

( Ya ,
Kes ; 64610 )lGHA ) I

Kt
④ Mega , e)

NA .

. If E Wh ! , (

G.hn/F

, ME )

If - irud . Heche module appearing in strongly inner cohomology

For any
2 :E→ a

,

2

tf = finite part of a cuspidor

gut
. refs

" 1st

We are interested in the critical values of Lls
,

1st )

Defee ME Ig +72 is critical for Lls
,

' I ) if

Los ( s
,

'
I ) and Lf i . s

,
'T )

are both finite at s=m . C No pole at s -

- m )

Defy : The cuspidor# of
'

I : ( determine '
to )

ve So = arch . places of F
,

v<→ S zu ,
Eu } Zu : the -5 C

I .

- ( at
, . . .

,
In ) = ( - that nz ,

- pit t Is ,
. - .

,
- pi .

- tnf )
p

"
= ( pie , .

. . , pi ) = C - TT - NI ,
- ME - Is ,

. . . ,
- in+ EI )

Defy : The cnsfs¥ :

l Itu ) =  min { Idf - pit i a c- So
,

it j ten )

PI: Let µ E X C Tx E )
, If E Wh : ! (

64nA

, TIE ) ,
2 : E - sa

The critical set of Lls ,
'

I ) :

{ me n
+ a I I -

ltH
t Iz t m E l # + E }

Crit I in ) = Crit ( Lcs ,
't ) ) = independent of 2 ; it is a finite set .



§3 .

The Main Theorem ④
-

Let F be a CM - field with man . totally real outfield Ft
. ; he -

- CF :D
.

Let G ( WF # t ) = hauss nun of the quadratic Heche character welp -1

of Ft attached to F via class field theory .

Fin i = FI .

Let µ C- XF ( Tx E )
, If E Ah : ! ( Glu A-  , ME )

.

Assume #Caitlyn)) = then) 32 .

Fn m C- Iz + I
, suppose m & Mtl are in Gritty ) .

Then :

① Tf L ( mtl
,

'
A ) = O for some 2

,
then LCM -11

,

' 53=0 V-2 :E→e
.

② in 4=12
. gcw.net/.L(m,H)-E2lE)

L ( mm
,

'
I )

⑦ It y E Galioto ) we have a reciprocity law :

.nhFk . MHz

Ifsweat .kfI;:, ) = a scar . " +5 4m."
L Anti , 702 # )

-

L

n -

- I follows fun Harder
,

Inventions
'

87 Above theorem

and it pouf
n=2 a , , Hider

, Duke
'

94 . is independent

:'

.

"

I

.tn?.:::::.:;ia:e:nin...4:ennn--

general ,
weak form due to Cowher . Sachdeva ( PJM '

20 )



§ 4 Trends in stating rationality results :
⑤

←
-

• Shimura : would start with an object thathires orcs E
, fire . g,a modules form ; he wood assert that an L - value divided by b

periods is  in I ; furthermore it is hollow . equivariant .

• Deligne : would start with an object over F with coefficients in E
.

E ④ E = IT Q
.

For example ,
note that we

2 : E  → G

an

have

Varray
of L - functions : { Lls

,

'
I ) )

, .

. ⇐  → a

takes values

in E ④ E
.

We
way

denote that

Ecs , it ) = { LA ,

'
I ) )z:E→c

,

The quality i= FI C- E → E ④ E as I ⑤ i

Similarly ,
the Gauss nun : .

For simplicity ,
let X : KINKY → SI 13 is a quadratic

Dirichlet character
, primitive , of conductor N I .

Then G ( X ) = a=£
,

&la ) ④ e' " i%) = I ⑤ Ixia , e' "  i aw

G Cs Exo a as 2- ↳ i ④ Z  ; and diagonallyin IT E .

i. E  -7 a

Deligne 's style of stating the alone result would be :

|ind.gCw%+T.ELnEIL C m # I )

-

where E → Exo E =

,
§ as et → ( 2K ' )

, ⇐  → a

e 1-3 e ④ I



§5
An adumbration of proof :

⑥
-

is

Dzlfd
:ConsiderAIFF (K ) - refn of Glen ( Met )

.

which may or way
not be cuspidor . ; putT

= AIFFPt
) ④ It HI! '

or is a symbolic
notation .

• Lls ,

'
r ) = L ( Stn ,

' I )

o

^
t ④ W

ftp.t I
"

T .

H )

H¥
( Run . Meth Studies Vol 203 ) applied to Glen x GL ,

I
" relative - period

" SEC 's ) E E
'

s .
t

.

 . L(m',"# E ICE ) and Gelvin . equivariant.

L ( nm't I
,

to )

c
'

= panty of mm'

- C 2¥ .

Liii ) Bmi¥mds :

Relative periods : I Compare log ④ E
' and Irf ⑤ - e

' in cohomology

B . W periods :

PETA
) compare Whittaker model of Irf with '

of s

why ,
#

H
"

( Shhh # t,MI) ( '

of ④ c)

yr determines  X
.

\ un
'

(

sunlit
,

( '

rfxo - c
')

Prof : I ( Irf , =

inht-hpe.ci#p--K

( tf )

Civ ) Shahidi - R ; ILMRN2007 ) r on Glznlft j X - alg . Heche chuffy .

PEC of ④ Xf ) = g ( Xf )
" " "  " %

. PEEL of ,

Take X =
W

FAT



⑦
Intern :

{fu7;! ,
= 4m = ICH = in

""pp¥y
,

=
in " "

gear. #
+5 .

y
Llm '

,
' r )

y 4
Ant .

Ind . ( H - R ) (s - R )

§§

avg.atibilitywithdehignebconjeectmetdehjgne.is

Conjecture ( Corvallis ) + Proposition ( Deligne - R )

Let Mo be a pure regular motive of rank n

onex
F  with coefficient

in E
- Put M = Res

# ② ( Mo ) . Suppose M has no middle Hodge types .

Suppose F  

= Ft ( RD ) for a totally negotiate D .

Let TICS ,
M ) = { Lls

,
2

, M ) )
, ;E → c,

be the motivic L - function

that takes values in E ④ E . Suppose m & mtl are critical

for It Is . M ) . Then :

¥7m'*,ImT = I ④ in
" " ? Fixation

,
in ⇐④eXex

.

↳ : g ( WF # t ) =
×

¥tolDT . = means

equality upto On
"

.

Think of this lemma in the spirit of Gauss 's famous calculation :

Fact p - odd prime :

-
:

I ( Ep ) e
' tick

= {
TP , 6=-1 14 )

if , p E3 I 4)

- X -
.


