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Smooth representations

Let G be a reductive p-adic group, e.g., G = GL,(Q,), and let C be an
algebraically closed field.

Definition

A representation 7 of G on a C-vector space is called smooth if every vector
v € 7 is fixed by an open subgroup of G.
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Smooth representations

Let G be a reductive p-adic group, e.g., G = GL,(Q,), and let C be an
algebraically closed field.

Definition

A representation 7 of G on a C-vector space is called smooth if every vector
v € 7 is fixed by an open subgroup of G. A smooth representation 7 is called
admissible if dimgm™ < oo for every open subgroup H C G.

| \

Example

Let 7 = C*°(P'(Q,)) = the space of locally constant C-valued functions on
P'(Q,) equipped with a natural action of G = GL2(Q,). Then 7 is a smooth
admissible C-linear representation of G.
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Smooth representations: characteristic 0 vs characteristic p

Smooth representation theory of G is sensitive to the field C.

c=cC C=F,

e Can use Haar measure on G to study | ¢ G does not admit a non-zero C-
representations. valued Haar measure.
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Smooth representation theory of G is sensitive to the field C.

Cc=C

C=F,

e Can use Haar measure on G to study
representations.

e Classification of irreducible repre-
sentations is known.

e Every smooth irreducible represen-
tation is admissible (Harish-Chandra,
Jacquet).
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Smooth representations: characteristic 0 vs characteristic p

Smooth representation theory of G is sensitive to the field C.

Cc=C

C=F,

e Can use Haar measure on G to study
representations.

e Classification of irreducible repre-
sentations is known.

e Every smooth irreducible represen-
tation is admissible (Harish-Chandra,
Jacquet).

e (7 does not admit a non-zero C-
valued Haar measure.

e Classification of irreducible repre-
sentations is not known beyond the

group GL2(Q,).

e Not true. Examples constructed by
D. Le for GLy(Q,s) with f > 2 and
by Ghate-S. for GL2(Q,2).

Diagrams of Schneider-Stuhler can be used to construct mod p representations of
reductive p-adic groups.
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Q,s = the maximal unramified subextension of @, inside F'.
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Q,s = the maximal unramified subextension of @, inside F'.
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e p>2, F' = a finite extension of Q,, F' D O — O/wO =T,;.
Q,s = the maximal unramified subextension of @, inside F'.
Fix F,s — F, =C.

o G =GLy(F), K = GL2(O) C G a maximal compact subgroup.
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e p>2, F' = a finite extension of Q,, F' D O — O/wO =T,;.
Q,s = the maximal unramified subextension of @, inside F'.
Fix F,s — F, = C.
o G =GLy(F), K = GL2(O) C G a maximal compact subgroup.
°
14+ @O wO 14+ @O @
Ki= ( o 1+w(’)) ch= ( oo 1+w(’)>

0o 0
cI _<w0 O) C K = GLy(0).
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e p>2, F' = a finite extension of Q,, F' D O — O/wO =T,;.
Q,s = the maximal unramified subextension of @, inside F'.
Fix F,s — F, =C.

o G =GLy(F), K = GL2(O) C G a maximal compact subgroup.

Kl_<1+w(’) w0 )C11_<1+w(’) @) >

w0 14+ wO w0 14+ @O
o 0O
cl = (w(’) (’)> C K = GLy(0).

e N = N(I), a subgroup of G generated by I and II = ( 2 }).
Z = Center of G.
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Formalism of diagrams

Fact (lhara-Tits): Let V' be a vector space endowed with actions of K and N
that coincide on I = K N N. Then V admits a unique action of GG extending the
actions of K and N.
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Formalism of diagrams

Fact (lhara-Tits): Let V' be a vector space endowed with actions of K and N
that coincide on I = K N N. Then V admits a unique action of GG extending the
actions of K and N.

Definition

A diagram is a triple (Dg, D1, r) consisting of

e D, a smooth representation of KZ over I, with a trivial action of w,
e D, a smooth representation of N over E,

o7 : Dy = Dél an isomorphism of IZ-representations.

Mihir Sheth Non-admissible irreducible representations July 3, 2020 6/18



Formalism of diagrams

Fact (lhara-Tits): Let V' be a vector space endowed with actions of K and N
that coincide on I = K N N. Then V admits a unique action of GG extending the
actions of K and N.

Definition

A diagram is a triple (Dg, D1, r) consisting of

e D, a smooth representation of KZ over I, with a trivial action of w,
e D, a smooth representation of N over E,

o7 : Dy = Dél an isomorphism of IZ-representations.

In all the diagrams of this talk, Dy will be a finite dimensional representation of
GL2(Fpr).
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Injective envelopes

The injective K-envelope of inj, Dy of Dy is an injective object in the category of
smooth K-representations over [F;, defined by the property

sock Dy = sockinjg Dy.
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Injective envelopes

The injective K-envelope of inj, Dy of Dy is an injective object in the category of
smooth K-representations over [F;, defined by the property
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The injective envelope inj, Dg exists: inj Do = h%mn nj g /k, Do-

It contains Dy and is unique upto isomorphism.
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Injective envelopes

The injective K-envelope of inj, Dy of Dy is an injective object in the category of
smooth K-representations over [F;, defined by the property

sock Dy = sockinjg Dy.

The injective envelope inj, Dg exists: inj Do = hél’ln nj g /k, Do-

It contains Dy and is unique upto isomorphism.

Theorem (Breuil-Paskunas)

The data of a diagram allows one to obtain a (non-canonical) N-action on the
smooth injective K-envelope injz Dy whose restriction to I coincides with the
I-action on inj g Dy.
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Injective envelopes

The injective K-envelope of inj, Dy of Dy is an injective object in the category of
smooth K-representations over [F;, defined by the property

sock Dy = sockinjg Dy.

The injective envelope inj, Dg exists: inj Do = hél’ln nj g /k, Do-

It contains Dy and is unique upto isomorphism.

Theorem (Breuil-Paskunas)

The data of a diagram allows one to obtain a (non-canonical) N-action on the
smooth injective K-envelope injz Dy whose restriction to I coincides with the
I-action on inj g Dy.

To sum up, given a diagram (Dg, D1, ), there is a (non-canonical) smooth
G-action on inj Dyg.
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How to construct diagrams?

e Start with a finite dimensional representation Dy of GLy(IF,/) over F,.
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How to construct diagrams?

e Start with a finite dimensional representation Dy of GLy(IF,/) over F,. The

I-representation Dél is a direct sum of I/I;-characters. We need to put a
I-action on D{*.
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How to construct diagrams?

e Start with a finite dimensional representation Dy of GLy(IF,/) over F,. The
I-representation Dél is a direct sum of I/I;-characters. We need to put a
I-action on D{*.

@ For an I-character Y, let x* be the character that takes g € I to x(IIgIT~1).
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e Start with a finite dimensional representation Dy of GLy(IF,/) over F,. The
I-representation Dél is a direct sum of I/I;-characters. We need to put a
I-action on D{*.

@ For an I-character Y, let x* be the character that takes g € I to x(IIgIT~1).

e For Dél to admit an N-action that extends the given I-action, IT must map
X to x*
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their conjugates.

Mihir Sheth Non-admissible irreducible representations July 3, 2020



How to construct diagrams?

e Start with a finite dimensional representation Dy of GLy(IF,/) over F,. The
I-representation Dél is a direct sum of I/I;-characters. We need to put a
I-action on D{*.

@ For an I-character Y, let x* be the character that takes g € I to x(IIgIT~1).

e For Dél to admit an N-action that extends the given I-action, IT must map

X to x*, and therefore Dél must be a direct sum of pairs of I-characters and
their conjugates.

Definition

A weight is a smooth irreducible ]FT,—Iinear representations of K,
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How to construct diagrams?

e Start with a finite dimensional representation Dy of GLy(IF,/) over F,. The
I-representation Dél is a direct sum of I/I;-characters. We need to put a
I-action on D{*.

@ For an I-character Y, let x* be the character that takes g € I to x(IIgIT~1).

e For Dél to admit an N-action that extends the given I-action, IT must map
X to x*, and therefore Dél must be a direct sum of pairs of I-characters and
their conjugates.

Definition

A_deht is a smooth irreducible ]FT,—Iinear representations of K, i.e., an irreducible
IF,-linear representations of K/K; = GLy(F,s).

Fact: Given a weight o, the space o’ has dimension 1; let y, be the
corresponding character. If x, # x5 then there is a unique weight ¢ such that

Xos = Xi
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Examples of diagrams

Let o be a weight such that x, # x&.
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Examples of diagrams

Let o be a weight such that x, # x&.

Example

Q Let Dy =0 @0®. Then D; = Dél = Xo D X5. By making w act trivially on
Dy and letting II take a basis vector of x, to that of x, we get a diagram
(DOa D17 T')-
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Examples of diagrams

Let o be a weight such that x, # x&.

Example

Q Let Dy =0 @0®. Then D; = Dél = Xo D X5. By making w act trivially on
Dy and letting II take a basis vector of x, to that of x, we get a diagram
(DQ, Dl, r).

Q Let Dy = Indffxf,. Then D, = Dél = Xo D X5. By making w act trivially
on Dy and letting II take a basis vector of x, to that of x, we get a
diagram (Dg, Dy, 7).
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Examples of diagrams

Let o be a weight such that x, # x&.

Q Let Dy =0 @0®. Then D; = Dél = Xo D X5. By making w act trivially on
Dy and letting II take a basis vector of x, to that of x, we get a diagram
(DQ, Dl, r).

Q Let Dy = Indfxf,. Then D, = Dél = Xo D X5. By making w act trivially
on Dy and letting II take a basis vector of x, to that of x, we get a
diagram (Dg, Dy, 7).

g
When f = 2, Dy = Indfx‘; in Example / \
2 has 3-step socle filtration with socle and ,
cosocle weights contributing to the space of T T
its I;-fixed vectors. \ /

Mihir Sheth Non-admissible irreducible representations July 3, 2020



Diagrams and mod p representations of GG

Mihir Sheth Non-admissible irreducible representations July 3, 2020 10/18



Diagrams and mod p representations of GG

Recall that, given a diagram (Dg, D1, 1), there is a smooth G-action on injg Dy.
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Diagrams and mod p representations of GG

Recall that, given a diagram (Dg, D1, 1), there is a smooth G-action on injg Dy.
Let m C inj, Do be the subrepresentation generated by Dy. Note that
socg T = sock Dy.
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Diagrams and mod p representations of GG

Recall that, given a diagram (Dg, D1, 1), there is a smooth G-action on injg Dy.
Let m C inj, Do be the subrepresentation generated by Dy. Note that
socg T = sock Dy.

Theorem (Breuil-Paskunas)

When F = Q,, the above construction gives a bijection between the set of
diagrams of type mentioned in Example 1 and the set of smooth admissible
irreducible supercuspidal representations of G = GL2(Q,,) over IFT,. The inverse
map is given by m — ((K - 7lt) 71 ).
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Diagrams and mod p representations of GG

Recall that, given a diagram (Dg, D1, 1), there is a smooth G-action on injg Dy.
Let m C inj, Do be the subrepresentation generated by Dy. Note that
socg T = sock Dy.

Theorem (Breuil-Paskunas)

When F = Q,, the above construction gives a bijection between the set of
diagrams of type mentioned in Example 1 and the set of smooth admissible
irreducible supercuspidal representations of G = GL2(Q,,) over IFT,. The inverse
map is given by m — ((K - 7lt) 71 ).

In the process of generalizing the above theorem to representations of GL2(Q,),
Breuil and Paskunas constructed several interesting families of diagrams and
interesting corresponding representations of GL3(Q,s) with fixed socle.
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Diagrams associated to Galois representations

From now on, G = GL2(Q,r).
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Diagrams associated to Galois representations

From now on, G = GL2(Q,s). Let

p: Gal(@y/Qyr) — GLa(F,)

be a continuous semi-simple generic representation.
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Diagrams associated to Galois representations

From now on, G = GL2(Q,s). Let
p: Gal(Qy/Qyr) — GLo(F)

be a continuous semi-simple generic representation.

Buzzard, Diamond and Jarvis associate to p a unique finite set W (p) of
irreducible IF,,-representations of GLy(IF,,s) (Diamond weights).
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Diagrams associated to Galois representations

From now on, G = GL2(Q,s). Let
p: Gal(Q,/Qyr) — GLa(F,)

be a continuous semi-simple generic representation.

Buzzard, Diamond and Jarvis associate to p a unique finite set W (p) of
irreducible IF,,-representations of GLy(IF,,s) (Diamond weights).

The set W(p) gives information about the weight of the Hilbert modular form
attached to a global Galois representation by the general Serre weight conjecture.
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Diagrams associated to Galois representations

From now on, G = GL2(Q,s). Let
p: Gal(Q,/Qyr) — GLa(F,)

be a continuous semi-simple generic representation.

Buzzard, Diamond and Jarvis associate to p a unique finite set W (p) of
irreducible IF,,-representations of GLy(IF,,s) (Diamond weights).

The set W(p) gives information about the weight of the Hilbert modular form
attached to a global Galois representation by the general Serre weight conjecture.

Theorem (Breuil-Paskunas)

There exists a family of diagrams (Dy(p), D1(p), ) such that
sock Do(p) = Doew(p) 0
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Diagrams associated to Galois representations

From now on, G = GL2(Q,s). Let
p: Gal(Q,/Qyr) — GLa(F,)

be a continuous semi-simple generic representation.

Buzzard, Diamond and Jarvis associate to p a unique finite set W (p) of
irreducible IF,,-representations of GLy(IF,,s) (Diamond weights).

The set W(p) gives information about the weight of the Hilbert modular form
attached to a global Galois representation by the general Serre weight conjecture.

Theorem (Breuil-Paskunas)

There exists a family of diagrams (Dy(p), D1(p), ) such that
sock Do(p) = Doew(p) 0

Diagrams in the above theorem are called Diamond diagrams.
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Diamond diagrams and mod p representations

Theorem (Breuil-Paskunas)

Given a Diamond diagram (Do(p), D1(p),r) associated to an irreducible p, the
smooth IF,-representation m of GL2(Q,s) generated by Dy(p) inside injy Do(p) is
admissible irreducible and supercuspidal.
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Diamond diagrams and mod p representations

Theorem (Breuil-Paskunas)

Given a Diamond diagram (Do(p), D1(p),r) associated to an irreducible p, the
smooth IF,-representation m of GL2(Q,s) generated by Dy(p) inside injy Do(p) is
admissible irreducible and supercuspidal.

Diamond diagrams associated to irreducible p were used by Daniel Le to show that

Theorem (Le '19)

There exists a smooth irreducible non-admissible F,,-representation of GL2(Qypr)
for f > 2.
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Diamond diagrams and mod p representations

Theorem (Breuil-Paskunas)

Given a Diamond diagram (Do(p), D1(p),r) associated to an irreducible p, the
smooth IF,-representation m of GL2(Q,s) generated by Dy(p) inside injy Do(p) is
admissible irreducible and supercuspidal.

Diamond diagrams associated to irreducible p were used by Daniel Le to show that

Theorem (Le '19)

There exists a smooth irreducible non-admissible F,,-representation of GL2(Qypr)
for f > 2.

His idea was to construct an indecomposable infinite-dimensional diagram from a
Diamond diagram (Dg(p), D1(p), ) making use of extra characters in D (p).
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Diamond diagrams and mod p representations

Theorem (Breuil-Paskunas)

Given a Diamond diagram (Do(p), D1(p),r) associated to an irreducible p, the
smooth IF,-representation m of GL2(Q,s) generated by Dy(p) inside injy Do(p) is
admissible irreducible and supercuspidal.

Diamond diagrams associated to irreducible p were used by Daniel Le to show that

Theorem (Le '19)

There exists a smooth irreducible non-admissible F,,-representation of GL2(Qypr)
for f > 2.

His idea was to construct an indecomposable infinite-dimensional diagram from a
Diamond diagram (Dg(p), D1(p), ) making use of extra characters in D (p).

When f =2, Dy(p) in a Diamond diagram associated to irreducible p does not
have enough extra characters. However, D1(p) in a Diamond diagram associated
to reducible split p does!
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Diamond diagram associated to reducible split p

Mihir Sheth Non-admissible irreducible representations July 3, 2020 13/18



Diamond diagram associated to reducible split p

Let (Do(p), D1(p),r) be a Diamond diagram associated to reducible split p.
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Diamond diagram associated to reducible split p

Let (Do(p), D1(p),r) be a Diamond diagram associated to reducible split p.

The diagram (Dg(p), D1(p), ) has a subdiagram (Dy, D1, 7) such that the socle
filtration of Dy has the following form

/\ /\
\/ \/

DO,U > DO,O'S

and Dy = xo D Xr DXE DB XE D X D xS, for some weights o, 7 and 7.
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Diamond diagram associated to reducible split p

Let (Do(p), D1(p),r) be a Diamond diagram associated to reducible split p.

The diagram (Dg(p), D1(p), ) has a subdiagram (Dy, D1, 7) such that the socle
filtration of Dy has the following form

/\ /\
\/ \/

DO,U 2] DO,US

and Dy = xo D Xr DXE DB XE D X D xS, for some weights o, 7 and 7.

We use this subdiagram (Dg, D1, 1) to construct indecomposable
infinite-dimensional diagrams.
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Infinite-dimensional diagrams and the construction
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Infinite-dimensional diagrams and the construction

@ Define Dy(c0) = €, Do with component-wise K Z-action.
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Infinite-dimensional diagrams and the construction

@ Define Dy(c0) = €, Do with component-wise K Z-action.
o Take Dl(OO) = 1)0(00)]1 = $Z Dl.
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Infinite-dimensional diagrams and the construction

@ Define Dy(c0) = €, Do with component-wise K Z-action.
o Take Dl(OO) = 1)0(00)]1 = ®Z Dl.

- (Xr)i = (X;Sr)H-l
I (XT’)i = (Xf—’)i

o Let Q(o0) = P, injx Dy with component-wise K Z-action. One uses
N-action on injg Dy to define an N-action Q(o0) such that
D4 (00) < Q(00) is N-equivariant.
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Infinite-dimensional diagrams and the construction

@ Define Dy(c0) = €, Do with component-wise K Z-action.
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Infinite-dimensional diagrams and the construction

Define Dy(c0) = €, Do with component-wise K Z-action.
Take Dl(OO) = 1)0(00)]1 = @Z Dl.

- (Xr)i = (X;Sr)H-l
I (XT’)i = (Xf—’)i

Let Q(o0) = @, injx Dy with component-wise K Z-action. One uses
N-action on injg Dy to define an N-action Q(o0) such that
D4 (00) < Q(00) is N-equivariant.

The K and N actions on ©(o0) coincide on I and hence glue together to
give a smooth G-action on Q(c0).

Let m C Q(o0) be the subrepresentation of G generated by Dy (00).
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Theorem (Ghate-S. '20)

™ is a smooth irreducible non-admissible T ,-representation of GLo(Q,z2).

Sketch of proof.
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Theorem (Ghate-S. '20)

™ is a smooth irreducible non-admissible T ,-representation of GLo(Q,z2).

Sketch of proof.

e Non-admissibility: socxm = sock Do(c0) = @, sock Do. Thus 7K1 is not finite
dimensional.

e Irreducibility: Let 7’ C m be a non-zero subrepresentation and let o at i-th index
belongs to 7" (we ignore the case of diagonal embedding). We show that

Dy(o0) C 7’ using the following highly non-trivial result of Breuil-Paskunas:

Key Proposition

If o (or o) at i-th index is in @' then Dg = (resp. Dy ) at i-th index is a
K -subrepresentation of 7’.
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Main theorem

Sketch of proof continued-
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Sketch of proof continued:

Dy at (1 —1)-th index @ Dy at i-th index @ Dy at (i + 1)-th index
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Sketch of proof continued-

o
Dy at (i — 1)-thindex @ Dy at i-th index @ Dy at (i + 1)-th index
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Sketch of proof continued:

l/*\ /s
\/

Dg at (i —1)-th index @ Dy at i-th index @ Dy at (i + 1)-th index

g
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Sketch of proof continued:

/N Ay
\/ \/

Dy at (i — 1)-th index & Do at 4-th |ndex @ Dy at (i + 1)-th index
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Sketch of proof continued:

S

T ANYAYS
/ AVARNVARN

Dy at (i — 1)-th index & Do at 4-th |ndex @ Dy at (i + 1)-th index
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Sketch of proof continued:

/\ /\ /\ /\

VARV AVARNERAVA

Dy at (i — 1)-th |ndex ® Do at 4-th |ndex @& Dgat (i+1)-th |ndex
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Sketch of proof continued:

/\ /\ /\ /\ /\ /\

NSONSINONTN N

Dy at (¢ — 1)-th |ndex ® DO at i-th |ndex @ Dy at (i +1)-th |ndex
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Sketch of proof continued:

/\ /\ /\ /\ /\ /\

NSONSIN NN TN

Dy at (i — 1)-th mdex @ Do at i-th mdex @ Dy at (i+1)-th mdex

It follows that Dg(c0) C 7’ and since 7 is generated by Dy(oc0), 7’ = .

July 3, 2020 16 /18



Sketch of proof continued-

/\ /\ /\ N\ /\ /\

TS

\/ \/ \/ \/ \/ \/

Dy at (i — 1)-th mdex @ Do at i-th mdex @ Dy at (i+1)-th |ndex

It follows that Dg(o0) C 7" and since 7 is generated by Dg(o0), 7’ = 7.

e It is possible to define T over the finite field I 2
e TheIF,2-model of m can be used to produce a smooth irreducible non-admissible
representation of GL3(Q,2) over any field of characteristic p.

Mihir Sheth Non-admissible irreducible representations July 3, 2020 16 /18
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What next?

@ It is expected that GLy(F') admits smooth irreducible non-admissible
[F-representations as soon as F' # Q,,. Can we use diagrams to construct
those when F' is ramified?
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What next?

o It is expected that GL(F") admits smooth irreducible non-admissible

[F-representations as soon as F' # Q,,. Can we use diagrams to construct
those when F' is ramified?

@ What about connected reductive groups other than GL2? The formalism of

diagrams for the groups of semi-simple rank 1 has been developed by Koziol,
Xu, Herzig and Vignéras.

@ Does every smooth irreducible representation of GLy(F") over IF), possess a
central character? It does when F' = Q,,, and also when F' is any finite
extension of @, but the representations are over algebraically closed
uncountable field of characteristic p.
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