TcTsS LEcTURES

HE RAMANVTAN coNTECTURE

AND SOME DIOPHANTINE EGQUATION.

PeTER  SARNAK



THE RAMANVTAN  CoNTEcTURE

24
A= ¢ [-00-g0-P)-
= i - m‘&'-t._» T ..
= 4 IT (=) o= e
= Z2LTMn)q,
he)
o) =l, T(2)=-24%, T(3) =252 ,T(H=-t?e
(5)= 4830 , T(6)=-bok¥, " -

ITn his ING paper RWMuJ'm
C°“jevt0{€-: het

Tlan) = Tw) T(R) o ged () n)

) ]

() T lr)l < 2 'F",z » P



On certain Arithmetical Functions 153

TaBLE V.

n 7 (n) n 7 (n)
1 +1 16 ° +987136
2 -24 17 - 6905934
3 + 2562 18 42727432
4 - 1472 19 + 10661420
5 +4830 20 - 7109760
G - 6048 21 - 4219488
7 - 16744 22 ~12830688
8 + 84480 23 + 18643272
9 - 113643 24 421288960
10 -115920 25 — 25499225
11 + 534612 26 413865712
12 - 370944 27 —73279080
13 - 577738 28 + 24647168
14 +401856 29 +128406630
16 +1217160 30 —-29211840

18. Let us consider more particularly the case in which r + s=10. The
order of E, ;(n) is then the same as that of 7(n). The determination of this
order is a problem interesting in itself. We have proved that £, ;(n), and
therefore 7 (n), is of the form O(n") and not of the form o (n®). There is

reason for supposing that 7(n) is of the form O (n'?*+¢) and not of the form
o w*¥). For it appears that

— s N -

It would follow that, if » and ' are prime to each other, we must have
T )=1@)7(®). i (103)

Let us suppose that (102) is true, and also that (as appears to be highly
probable)
£2T(PPSPY, e (104)

so that 8, is real. Then it follows from (102) that

e <1 +a)(Q +a)... (1 +a),
that is to say [T €7 d(@m), woioieeiiiiiieiin, (105)
where d (n) denotes the number of divisors of n.



FRoM HARDY '3
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X
RAMANUJAN’S FUNCTION 7(n)
10.1. I proved in Lecture IX that

16 128
(10.1.]) )‘.“('N) = (-i'f-ﬁ U?‘I(?l-} + G'ﬁ {(— 1)" -1 2-’.’)97’(7!) - 5121‘(&?1)},

where o7;(n) is a simple “divisor function” of n, and 7(n) is defined by
L]
(10.1.2) g(x) = af(1 —2) (1 —a%) .. . J*t = 5 7(n)an.
1

1 shall devote this lecture to a more intensive study of some of the properties
of 7(n), which are very remarkable and still very imperfectly understood.
We may seem to be straying into one of the backwaters of mathematics, but

the genesis of 7(n) as a coeflicient in so fundamental a function compels
us to treat it with respect.

From RWEILS [97Y% RITT Lgcturgs

to the inequality |7 (p)| £ 2p'"/?). The first statement was proved by
Mordell not very long after Ramanujan; the conjecture is still very much of
an open problem, although some progress has been made. There is not one
among the number-theorists I know who wouldn’t be very happy and proud
if he could prove it. But Hardy’s remarkable comment is: “We seem to have
drifted into one of the back-waters of mathematics.” To him it was just
another inequality; he found it curious that anyone could get deeply
interésted in it. In fact, he becomes apologetic and explains that, in spite of
the apparent lack of interest of this problem it might still have some features
which made it not unworthy of Ramanujan’s attention.
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20
ON THE EXPRESSION OF A NUMBER IN THE FORM
ax® + by* + c2* + du’
(Proceedings of the Cambridge Philosophical Society, X1x, 1917, 11—21)

1. It is well known that all positive integers can be expressed as the
sum of four squares. This naturally suggests the question: For what positive
integral values of a, b, ¢, d can all positive integers be expressed in the form

am?+ byt +e+du? i (1'1)

I prove in this paper that there are only 55 sets of values of a, b, ¢, d for
which this is true.

The more general problem of finding all sets of values of a, b, ¢, d, for
which all integers with a finite number of exceptions can be expressed in the
form (1'1), is much more difficult and interesting. I have considered only
very special cases of this problem, with two variables instead of four; namely,
the cases in which (1-1) has one of the special forms

THERE 1S AN INTERESTING VARIATION —
OF RAMANVIAN's LIST OF 58 UNMVERSAL
(£.€ REPRESENTING ALL PoSi TIVE NUMBERS)
DifiGoNAL FORMS DUE To CONWAY AND S CHEENBERER,
THE STARONGEST FORM IS THE

" _ £ BHARGAVA AND HANKE”
290 THEOEM OF B (2005)

NAMELY THAT IF AN Ao TROTEGRAL
QRUAPRATIC FoRM REPRESENTS ALL PosiTivie
NUMBERS UP Te Q90 ,THEN /r s UNVERSAL



@
'ﬁ;e connection to e R.C. (s Thet
£ & is a form m U - Urrdables

7l = * o Sclutoms to  £0e) =0, the

1; ()= Eplw+ Cp(n)

Ls here Eg () (s ‘expcfé&' el e,
woﬁwtmle ~ N
({% wet eevo )

C?h\) ¢S {) w"ﬁf’“"fuo(e T

.% RC ﬁw Mjl\t
la=72 Malg ,

Do «fvrn {o,,fae RC. determinas ¢t
"CE(%\)Q a

' Ram Gy am's  Guroly§is ot Lim
Lo for‘ms *’f .  Thpee varable s
bJL'lﬁk ar¥€ Al ArLoe Fz b%(@%,ﬁgt



9
JuM$ _OF THREE SQUARES:

WHICH NVMBERY ARE Sums oF 3 SwAN
L
‘F“‘h“uxa) =XT+X,_+ )t; =N
NeTE: THERE IS # 'LOC-AL' OBSTRVCT 700

IF nz=(mod®)
THEN N 1S NeT REPRESENTED

IN FACT  mey (8b13)
Theu NoT,

EO cs-LEGENDRE |500 LocAt T®
it (GM e d )GLoBM.

¢ n#§(sb+7) ,n>o

TheN Hn s A sum OF
THREE SQUAAES |

RAMAwmaJ »JA;S LED A:ro O THEN
£'s IN 3-VARAELES,



0
FRoMm HIs 1q9(# /Dﬁ:wm me‘{”@g forme

~

Again, the even numbers which are not of the form #2+32+ 102% are the numbers

4" (16p+6),
while the odd numbers that are not of that form, viz.

3,7, 21, 31, 33, 43, 67, 79, 87, 133, 217, 219, 223, 253, 307, 391, ...

do ﬁot seem to obey any simple law.
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HILBERT 's ELEVENTH FROBLEM

11. Quadratische Formen mit beliebigen algebraischen Zahlencoeffizienten.

Unsere jetzige Kenntnis der Theorie der quadratischen Zahlkérper
{Hilbert, Ueber den Dirichletschen biquadratischen Zahlenkérper,
Mathematische Annalen, Bd. 45; Ueber die Theorie der
relativquadratischen Zahlkérper, Bericht der Deutschen
Mathematiker-Vereinigung 1897 und Mathematische Annalen. Bd. 51
Ueber die Theorie der relativ-Abelschen Korper, Nachrichten d. K. Ges.
d. Wiss. zu Gottingen 1898; Grundlagen der Geometrie, Festschrift zur
Enthallung des Gauss-Weber-Denkmals in Goéttingen, Leipzig 1899,
Kapitel VIII § 83} setzt uns in den Stand, die Theorie der

quadratischen Formen mit beliebig vielen Variabeln und beliebigen
algebraischen Zahlencoefficienten erfolgreich in Angriff zu nehmen.
Damit wird insbesondere zu der interessanten Aufgabe, eine
quadratische Gleichung beliebig vieler Variabeln mit algebraischen
Zahlencoeffizienten in solchen ganzen oder gebrochenen Zahlen zu
l6sen, die in dem durch die Coefficienten bestimmten algebraischen
Rationalitatsbereiche gelegen sind.

AUR PRESENT KNOWLEDEE OF THE THEORY oF

QUADRATIC NVMBER FIELDS PUTs US i A PoSeTien To
ATTACK SuecEssFPully THE THEORy OF QUADRATIC
Forms Wrrst Any NUMBER OF VARIABLE S f«_ﬂb w:-;)n
ALEEBRALC NUMERICAL CORBFFIENTS 7é1S LEADS
IN PARTICULAR Tb THE INTERESTING PROBLEM:
4o SOLVE A GIVEN QUADRATIE ERQUATION We TH
ALGERBRAIL NVMERICAL coCFRCIENTS fy
NTEEGRAL OR ER ACTionNAL NJIMBERS BELONGIANG
To TwE ALGE BRAC ReALMm ©&F RATINALITY

DETERMINED By THE EFFCIENTS [17 .
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Scale the picture by a factor of 252 and let
a(c) = curvature of the circle ¢ = 1/radius(c).

The curvatures are displayed. Note the outer one by convention
has a negative sign.
By a theorem of Apollonius, place unique circles in the lines.

Peter Sarnak Mahier | i Number Theory and the Circle Packings of Apollonius
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Number Theory and the Circle Packings of Apollonius
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Repeat ad infnitum to get an integral Apollonian packing:

@ There are infinitely many such P'’s.

Basic questions (Diophantine)
Which integers appear as curvatures?
Are there infinitely many prime curvatures, twin primes i.e. pairs of

tangent circles with prime curvature?

Number Theory and the Circle Packings of Apollonius

Peter Sarnak
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