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Lattice packing of spheres

Definition

A lattice in Rd is a discrete subgroup of Rd of rank d . Equivalently, it is
the integral span of a basis of Rd .

Lattice packing

Let Λ be a lattice in Rd . Sphere packing on lattice Λ is putting spheres of
radius r centred at each of point of Λ, where

r “
1

2
min

xPΛzt0u
|x |

Density of lattice packing is

πd{2rd

Γ
`

d
2 ` 1

˘ ¨
1

volpRd{Λq
.
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Example: Z2 in R2
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Example: Z2 in R2
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Example: Lattice Dd in Rd

Dd “ tpx1, . . . , xdq P Zd : x1 ` ¨ ¨ ¨ ` xd is even u.

te1 ` ei : 1 ď i ď du is a Z-basis of Dd .

Note that the minimum distance between lattice points in Dd is
?

2.
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Example: Lattice Dd in Rd

(IISc, Bangalore) August 23, 2022 6 / 19



Example

Theorem (Hales)

D3 gives the densest sphere packing in R3.

Figure: By Funkdooby - A load of old balls. (wikipedia)

D4 and D5 give the densest known sphere packings in R4 and R5,
respectively.
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Densest packing in dimension 2

This is the A2 lattice in R2.
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The E8 lattice

When d ě 6 there are “holes” in the Dd lattice packing. The hole at
p1

2 , . . . ,
1
2q is at a distance of

a

d{4 from lattice points. This hole is

exactly enough to fit another sphere (of radius
?

2{2) when d “ 8.

E8 “ D8 Y D8 `

ˆ

1

2
, . . . ,

1

2

˙

.

"ˆ

1

2
, . . . ,

1

2

˙

, e1 ` ej : 1 ď j ď 7

*

is a Z-basis for E8.

E8 is an integral, even, unimodular lattice (distance between any vectors in
E8 is of the form

?
2k for some integer k ě 0 and volpR8{E8q “ 1).

The packing radius of E8 is r “
?

2{2.

Hence the density of E8 packing is π4p
?

2{2q8

4! “ π4

384 “ 0.2536 . . ..
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Magic function from linear programming bounds

As we saw in the previous talk, we need an even Schwartz function
f : R8 Ñ R such that

f pxq ď 0 for all x P R8 satisfying |x | ě
?

2,
pf pyq ě 0 for all y P R8,

f p0q “ f̂ p0q “ 1.

Enough to assume that f is “radial” i.e. depends only on |x |.

For numerical computations Cohn and Miller used functions of the form

f pxq “ pp|x |2qe´π|x |
2
,

where p is a well-chosen polynomial.
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Modular group

H “ tz P C : Impzq ą 0u.

The group SL2pZq acts on H by

ˆ

a b
c d

˙

z “
az ` b

cz ` d
.

For an integer N ě 1, define

ΓpNq “

"ˆ

a b
c d

˙

P SL2pZq :

ˆ

a b
c d

˙

”

ˆ

1 0
0 1

˙

pmod Nq

*
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Modular forms

Weight k actions of SL2pZq on a function f : HÑ C is defined by

f |k

ˆ

a b
c d

˙

pzq “ pcz ` dq´k f

ˆ

az ` b

cz ` d

˙

.

A weight k holomorphic modular form for SL2pZq is a holomorphic
function f : HÑ C such that

(1) f |kγpzq “ f pzq for all γ P SL2pZq. e.g.

f |k

ˆ

1 1
0 1

˙

pzq “ f pz ` 1q “ f pzq.

(2) f is holomorphic at the cusp i.e. f pzq has Fourier expansion
f pzq “

ř8
n“0 ane

2πinz .

If there are finitely many terms with negative indices, then f is called
weakly holomorphic.
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Modular forms

A weight k holomorphic modular form for ΓpNq is a holomorphic function
f : HÑ C such that

(1) f |kγ “ f for all γ P ΓpNq.

e.g. f |k

ˆ

1 N
0 1

˙

“ f pz ` Nq “ f pzq.

(2) f is holomorphic at cusps i.e. f |kγpzq has Fourier expansion

f |kγpzq “
ř8

n“0 ane
2πinz
N , for all γ P SL2pZq.

SL2pZq is generated by T “

ˆ

1 1
0 1

˙

and S “

ˆ

0 ´1
1 0

˙

. Hence one

only needs to check

f pz ` 1q “ f pzq, f p´1{zq “ zk f pzq.

(IISc, Bangalore) August 23, 2022 13 / 19



Examples of modular forms

For an even integer k ě 4, define

Ekpzq “
1

2ζpkq

ÿ

pc,dqPZ2ztp0,0qu

pcz ` dq´k

“ 1`
2

ζp1´ kq

8
ÿ

n“1

σk´1pnqe
2πinz .

Fact: Product of modular forms of weight k and weight ` is a modular
form of weight k ` `. The graded ring of modular forms for SL2pZq is
generated by E4 and E6.

ΘE8pzq “
ÿ

xPE8

eπi |x |
2z “ E4pzq.

E2pzq “ 1´ 24
8
ÿ

n“1

σ1pnqe
2πinz

satisfies z´2E2p´1{zq “ E2pzq ´ 6i{πz (quasimodular form).
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Examples of modular forms

Ramanujan’s Delta function

∆pzq “
E4pzq

3 ´ E6pzq
2

1728
“ q

8
ź

n“1

p1´ qnq24

is the unique cusp form of weight 12 for SL2pZq. It vanishes at cusp but
not at any point in H.

Upzq “
`
ř

nPZ e
πinz

˘4
is a modular form of weight 2 for Γp2q.

Define W “ U|2T pzq “ Upz ` 1q and V “ U ´W .

The graded ring of Γp2q modular forms is generated by U and W .
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Magic functions!

We write f “ f` ` f´, where f` “ pf ` pf q{2 and f´ “ pf ´ pf q{2.
So f` and f´ are eigenfunctions for Fourier transform.
Thus we want radial eigenfunctions f˘ for Fourier transform with single
root at

?
2 and double roots at

?
2n, for n ě 2.

To illustrate the method, we construct a radial Fourier eigenfunction g ,
with Fourier eigenvalue ´1, and simple roots at

?
n for all n ě 3.

gpxq “
1

2

ż 1

´1
ψpzqeπiz|x |

2
dz ,

where ψ is a holomorphic function on H and the contour from -1 to 1 is
the semicircle centred at 0.
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Magic functions!

If ψpz ` 2q “ ψpzq, then ψ has Fourier expansion ψpzq “
ř

nPZ ane
πinz .

Thus we get

gp
?
nq “

1

2

ż 1

´1
ψpzqeπizndz “ a´n.

(Assuming interchanging sum and integral is OK).

As the Fourier transform of x ÞÑ eπiz|x |
2

is y ÞÑ z´4eπip´1{zq|y |2 , we get

pgpyq “
1

2

ż 1

´1
ψpzqz´4eπip´1{zq|y |2dz .

To get pg “ ´g , we must have z4ψp´1{zq “ ψpzq. In other words, ψpzq
should be a weakly holomorphic modular form of weight ´2 on
Γ “ xS ,T 2y Ă SL2pZq. It suffices to construct a holomorphic modular
form ∆ψ of weight 10 on Γ.
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Magic functions!

Put

ψ “
´U5 ` 2U4W

∆
.

This ψ works and we get

gp
?
nq “

$

’

’

&

’

’

%

´240 if n “ 0,
8 if n “ 1,
1 if n “ 2,
0 if n ě 3.

We can rewrite the contour integral defining g as

gpxq “
e´πi |x |

2
´ eπi |x |

2

2

ż i8

0
ψpu ` 1qeπiu|x |

2
du

“ sinpπ|x |2q

ż 8

0
ψpit ` 1qe´πt|x |

2
dt.
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Magic functions!

The last expression “generalises”:

f´pxq “ 4 sinpπ|x |2{2q2
ż 8

0
ψpitqe´πt|x |

2
dt

with

ψ “
W 3p5U2 ´ 5UW ` 2W 2q

∆
.

f`pxq “ ´4i sinpπ|x |2{2q2
ż i8

0
z´2χp´1{zqeπiz|x |

2
dz ,

with

χ “
pE2E4 ´ E6q

2

∆
.
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