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Lattice packing of spheres

Definition

A lattice in R? is a discrete subgroup of R? of rank d. Equivalently, it is
the integral span of a basis of RY.

Lattice packing

Let A be a lattice in RY. Sphere packing on lattice A is putting spheres of
radius r centred at each of point of A, where

1 .
r== min |x|

2 xeN\{0}

Density of lattice packing is
nd/2pd 1
r(§+1) vol(RI/A)
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Example: Z? in R?

(IS¢, Bangalore) August 23, 2022 3/19



00
o )OO0
¢+M+mecwo+
0+0+¢+.-+¢0+D
&oﬁv&&«
0H000




Example: Lattice Dy in RY

Dd:{(Xla--de)EZd2X1+---+Xd is even }

{e1 + e :1<i<d}isa Z-basis of Dy.

Note that the minimum distance between lattice points in Dy is v/2.
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Lattice Dy in RY

Example:



Example

Theorem (Hales)
D3 gives the densest sphere packing in R3.

Figure: By Funkdooby - A load of old balls. (wikipedia)

D4 and Ds give the densest known sphere packings in R* and R®,

respectively.
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The Eg lattice

When d = 6 there are "holes” in the Dy lattice packing. The hole at
(%, Cee %) is at a distance of 1/d/4 from lattice points. This hole is
exactly enough to fit another sphere (of radius v/2/2) when d = 8.

1 1
Es = Dg u D — =,
8 s U 8+<2, ,2>

L L e1t+e:1<j<7
27"'72 » €1 ] \.]\

is a Z-basis for Eg.

Es is an integral, even, unimodular lattice (distance between any vectors in
Eg is of the form +/2k for some integer k > 0 and vol(R®/Eg) = 1).

The packing radius of Eg is r = 1/2/2.

Hence the density of Eg packing is W = % =0.2536....
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Magic function from linear programming bounds

As we saw in the previous talk, we need an even Schwartz function
f : R® - R such that

f(x) < 0 for all x € R® satisfying |x| > v/2,
()>0foraIIyE]R8
f(0)=1(0) = 1.

Enough to assume that f is “radial” i.e. depends only on |x|.

For numerical computations Cohn and Miller used functions of the form

F(x) = p(|xP)e ™",

where p is a well-chosen polynomial.
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Modular group

H={zeC:Im(z) > 0}.
The group SLy(Z) acts on H by

a b S az+b
c d cz+d’
For an integer N > 1, define

r(/v):{<i Z)est(Z);(i Z)

I
/~

= O

) (moa )|

[eln
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Modular forms

Weight k actions of SL»(Z) on a function f : H — C is defined by

2 ( 20 ) (2) = (cz + d)*F (f:ig) |

A weight k holomorphic modular form for SLy(Z) is a holomorphic
function f : H — C such that

(1) fley(z) = f(z) for all v e SLy(Z). e.g.
Fle ( - > (2) = f(z+1) = £(2).

(2) f is holomorphic at the cusp i.e. f(z) has Fourier expansion
f(z) = Do ane®™n2.

If there are finitely many terms with negative indices, then f is called

weakly holomorphic.
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Modular forms

A weight k holomorphic modular form for T'(N) is a holomorphic function
f :H — C such that

(1) flgy = f for all y € T(N).
e.g. flk ( é ,;I ) =f(z+ N) = f(z).

(2) f is holomorphic at cusps i.e. f|,y(z) has Fourier expansion

27inz

fley(z) = D gane N, for all v € SLy(Z).

SLy(Z) is generated by T = ( é 1 ) and S = ( (1) _01 > Hence one

only needs to check

f(z+1) =f(2), f(-1/z) = zkf(z).
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Examples of modular forms

For an even integer k > 4, define
1
E(2) = 55 D (ez+d)F
< )(Cvd)GW\{(O,O)}

2 & ,
=14 = O,kil(n)e%'mz.
R &

Fact: Product of modular forms of weight k and weight ¢ is a modular
form of weight k + ¢. The graded ring of modular forms for SLy(Z) is
generated by E; and Eg.

Og(2) = . ™Mz = Ey(2).

X€E8
w .
Ex(z) = 1—24 " o1(n)e*™™
n=1

satisfies z72Ey(—1/z) = Ex(z) — 6i/mz (quasimodular form).
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Examples of modular forms

Ramanujan’s Delta function

Ea(2)° — -
A = == 1728 1:[ 14

is the unique cusp form of weight 12 for SLy(Z). It vanishes at cusp but
not at any point in .

U(z) = (X ez e”"”z)4 is a modular form of weight 2 for ['(2).
Define W = U|»T(z) = U(z+1)and V =U— W.

The graded ring of I'(2) modular forms is generated by U and W.
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Magic functions!

A~ A~

We write f = fi + f_, where fy = (f +f)/2 and £~ = (f — f)/2.

So f; and f_ are eigenfunctions for Fourier transform.

Thus we want radial eigenfunctions fi. for Fourier transform with single
root at v/2 and double roots at v/2n, for n > 2.

To illustrate the method, we construct a radial Fourier eigenfunction g,
with Fourier eigenvalue —1, and simple roots at 4/n for all n > 3.

1 o
g =5 | v@e s

where 9 is a holomorphic function on H and the contour from -1 to 1 is
the semicircle centred at 0.
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Magic functions!

If 1(z + 2) = 1(z), then v has Fourier expansion ¥(z) = . _, a,e™=.
Thus we get

1
g(v/n) = ;Jl V(z)e™dz = a_,.

(Assuming interchanging sum and integral is OK).

As the Fourier transform of x — e™izXI* s Y — z4em (2P e get
~ 1 ! 4 H 1 2
gly) = 2f P(z)z ™Az
-1

To get g = —g, we must have z*)(—1/z) = ¥(z). In other words, 1(z)
should be a weakly holomorphic modular form of weight —2 on

[ =(S, T?) c SLy(7Z). It suffices to construct a holomorphic modular
form At of weight 10 on T.

(IS¢, Bangalore) August 23, 2022 17 /19



Magic functions!

Put
= —U° +2U'W
D e—
This 1) works and we get
=240 if n=0,
8 if n=1,
gVM =11 a2
0 if n>3.

We can rewrite the contour integral defining g as

e—7ri|><|2 _ e7ri|x|2

g(x) = 2 wa(u + 1) g

|2

sin(7r|x|2)jooz/)(it+ e ™t gt
0
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Magic functions!

The last expression “generalises”:

f(x) = 4sin(n|x|?/2)? fo - P(it)e ™t dr

with
p_ WU 50w +2w?)
= A ‘
ico o
f+(X) = —4i Sin(7T|X|2/2)2 J Z—ZX(_l/Z)emz\x\ dz,
0
with
_(BE-E?
A .
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