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The Lorentz gas
(Hendrik Lorentz, 1905, “The motion of electrons in metallic bodies”)
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Fix P � R
d .

2



The Lorentz gas
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Fix P � R
d .

Place a ball of radius r ¡ 0 around each point in P.
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Fix P � R
d .

Place a ball of radius r ¡ 0 around each point in P.
Non-interacting point particles moving in Kr :� R

d

� pP � Bdr q.
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Fix P � R
d .

Place a ball of radius r ¡ 0 around each point in P.
Non-interacting point particles moving in Kr :� R

d

� pP � Bdr q.
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Fix P � R
d .

Place a ball of radius r ¡ 0 around each point in P.
Non-interacting point particles moving in Kr :� R

d

� pP � Bdr q.
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Fix P � R
d .

Place a ball of radius r ¡ 0 around each point in P.
Non-interacting point particles moving in Kr :� R

d

� pP � Bdr q.
Boltzmann-Grad limit:

Let r Ñ 0 in macroscopic coordinates p~Q, ~V q � pr d�1~q, ~v q
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Boltzmann-Grad limit for P “Poisson”

Let Λ be a.c. prob. measure on T1pRdq � Rd � Sd�11 .

For p~Q0, ~V0q random in pT
1

pR
d

q,Λq, define:

~Q0
~V0

T1

~V1

T2 ~V2
T3

~V3

(The picture is in macroscopic coordinates; p~Q, ~V q � pr d�1~q, ~v q)

Theorem (Boldrighini-Bunimovich-Sinai, 1983) For P a fixed realization of
a Poisson process in Rd of intensity 1, one has almost surely:

xp

~Q0, ~V0q, pT1, ~V1q, . . . , pTn, ~Vnqy

d

ÝÝÝÑ

prÑ0q

r.v. with density Λ1p~Q0, ~V0q
n

¹

j�1
�

σp~Vj�1, ~Vjqe

�σTj

	

.

(σp~V 1, ~V q = differential cross section of a scatterer; σ � volpBd�1
1

q)



~Q0
~V0

T1

~V1

T2 ~V2
T3

~V3

(The picture is in macroscopic coordinates; p~Q, ~V q � pr d�1~q, ~v q)

Theorem (Boldrighini-Bunimovich-Sinai, 1983) For P a fixed realization of
a Poisson process in Rd of intensity 1, one has almost surely:

xp

~Q0, ~V0q, pT1, ~V1q, . . . , pTn, ~Vnqy
d

ÝÝÝÑ

prÑ0q

r.v. with density Λ1p~Q0, ~V0q

n

¹

j�1

�

σp~Vj�1, ~Vjqe

�σTj

	

.

Hence in the Boltzmann-grad limit, the evolution of an initial particle density
f0 P L

1

pT1pRdqq pf0 ¥ 0q is governed by the linear Boltzmann equation,

pBt �

~V∇~Qqftp

~Q, ~V q �
»

S
d�1
1

pftp~Q, ~V

1

q � ftp~Q, ~V qqσp~V

1, ~V q d~V 1.



Boltzmann-Grad limit for P a lattice

Now let P be a d-dimensional lattice, i.e. P � Z~b1 � . . . � Z~bd for some
(R-linear) basis ~b1, . . . ,~bd of R

d .

~0
~b1

~b2

In this case, F. Golse proved (2006): The linear Boltzmann equation cannot
hold in the limit. (Using previous work by Bourgain - Golse - Wennberg, 1998.)
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Boltzmann-Grad limit for P a lattice

Let Λ be a.c. prob. measure on T1pRdq � Rd � Sd�11 .

For p~Q0, ~V0q random in pT
1

pR
d

q,Λq, define:

~Q0
~V0

T1

~V1

T2 ~V2
T3

~V3

(The picture is in macroscopic coordinates; p~Q, ~V q � pr d�1~q, ~v q)

Theorem (Marklof - S, 2011) For P a lattice,

xp

~Q0, ~V0q, pT1, ~V1q, . . . , pTn, ~Vnqy

d

ÝÝÝÑ

prÑ0q

r.v. with density Λ1p~Q0, ~V0qpp~V0;T1, ~V1q

n

¹

j�2

p0p~Vj�2, ~Vj�1;Tj , ~Vjq.

11



Other choices of P?
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Other choices of P?
 P = a quasicrystal, for example a “cut-and-project” set.

E.g. take P to the vertex set of a Penrose tiling.
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Other choices of P?
 P = a quasicrystal, for example a “cut-and-project” set.

 P = a lattice with each point removed with probability p.

 P = a union of lattices.

 P = a lattice with each point perturbed slightly.

17



KEY ASSUMPTION ON P (simplified form)

For any ~q P P and λ P P pSd�11 q, λ ! vol
S
d�1
1

,

for ~v random in pSd�11 , λq, we assume Πrp~q, ~vq

d

ÝÑ Π as r Ñ 0 (*),

where the random point set Π is independent of ~q, λ.

(*) Convergence in distribution of random elements in Ns.

— In fact we need to assume that (*) holds uniformly over ~q P P.

18



Total list of assumptions on P (simplest & strongest form)
 P � R

d is locally finite and has asymptotic density cP ¡ 0 (viz., for every
Jordan set B � R

d , limTÑ8

T�d#pP X TBq � cPvolpBq).

 There exists a random element Π in Ns such that for any fixed λ P P pS
d�1
1 q

with λ ! vol
S
d�1
1

, if ~v is random in pSd�11 , λq then

Πrp~q, ~vq

d

ÝÝÑ

rÑ0
Π, uniformly over all ~q P P.

$
'
'
'
'
'
&

'
'
'
'
'
%

 The law of Π is invariant under

�

1 0
0 SOpd � 1q




.

 �ε ¡ 0: DR ¡ 0: �~x P Rd : ProbpΠXpBdR�~xq � Hq   ε.

 The image of Π under px1, . . . , xdq ÞÑ x1 is simple.

 “T1   8 a.s. for macroscopic initial conditions”:

Set Cξ � p0, ξq � Bd�1
1
. For any bounded Borel set B � R

d ,

lim
ξÑ8

lim sup
rÑ0

rvol� vol
S
d�1
1

s

 

p

~Q, ~V q P B � Sd�11 : Πrpr
1�d ~Q, ~V q X Cξ � H

(

� 0.
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Given p~Q0, ~V0q, define Tj P R¡0, ~Vj P S
d�1
1 :

~Q0
~V0

T1

~V1

T2 ~V2
T3

~V3

(The picture is in macroscopic coordinates; p~Q, ~V q � pr d�1~q, ~v q)

Theorem 1 (Marklof & S, ’16). Assume that the point set P � R
d

satisfies all the previous assumptions. Let Λ be a.c. probability measure on
T1pRdq � Rd � Sd�11 . Let n ¥ 1. Then for p~Q0, ~V0q random in pT

1

pR
d

q,Λq,

A

p

~Q0, ~V0q, pT1, ~V1q, . . . , pTn, ~Vnq
E

d

ÝÝÑ

rÑ0
r.v. with density Λ1p~Q0, ~V0q pp~V0;T1, ~V1q
±n

j�2 p0p

~Vj�2, ~Vj�1;Tj , ~Vjq,

where the collision kernels p and p0 depend only on Π.
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Outline of proof of Theorem 1

First consider a particle starting at ~q P P (ignoring the scatterer at ~q), with ~v
random in pSd�11 , λq.

Probpτ1 ¥ ξr
1�d

q �?

2r

~q

~v

τ1
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Outline of proof of Theorem 1

First consider a particle starting at ~q P P (ignoring the scatterer at ~q), with ~v
random in pSd�11 , λq.

Probpτ1 ¥ ξr
1�d

q � ProbpCrp~q, ~v, ξq X P � Hq
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~q

~v ξr 1�d

Crp~q, ~v , ξq
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Outline of proof of Theorem 1

First consider a particle starting at ~q P P (ignoring the scatterer at ~q), with ~v
random in pSd�11 , λq.

Probpτ1 ¥ ξr
1�d

q � ProbpCrp~q, ~v, ξq X P � Hq

� ProbppCrp~q, ~v , ξq � ~qqR~vDr X Πrp~q, ~v q � Hq

�
�
�
�

�
�
�
����
���
���
���
���
���
���
���
���
���
���

���
���
���
���
���
���
���
���
���
���
���

�
�
�
�

���� ��
��
��
��

��

��
����

��
��
��
��

�
�
�
�

��
��
��
��

��
��
��
��

��
��
��
��

��
��
��
��

����

�
�
�
�

��
��
��
��

��

��

��
��
��
��

��

�
�
�
�

����

����

��
��
��
��

��
��
��
��

��

����

~q

~v ξr 1�d

Crp~q, ~v , ξq



Outline of proof of Theorem 1

First consider a particle starting at ~q P P (ignoring the scatterer at ~q), with ~v
random in pSd�11 , λq.

Probpτ1 ¥ ξr
1�d

q � ProbpCrp~q, ~v, ξq X P � Hq

� ProbppCrp~q, ~v , ξq � ~qqR~vDr X Πrp~q, ~v q � Hq
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Outline of proof of Theorem 1

First consider a particle starting at ~q P P (ignoring the scatterer at ~q), with ~v
random in pSd�11 , λq.

Probpτ1 ¥ ξr
1�d

q � ProbpCrp~q, ~v, ξq X P � Hq

� ProbppCrp~q, ~v , ξq � ~qqR~vDr X Πrp~q, ~v q � Hq

� ProbpCξXΠrp~q, ~v q � Hq Cξ :� p0, ξq � Bd�1
1
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Outline of proof of Theorem 1

First consider a particle starting at ~q P P (ignoring the scatterer at ~q), with ~v
random in pSd�11 , λq.

Probpτ1 ¥ ξr
1�d

q � ProbpCrp~q, ~v, ξq X P � Hq

� ProbppCrp~q, ~v , ξq � ~qqR~vDr X Πrp~q, ~v q � Hq

� ProbpCξXΠrp~q, ~v q � Hq Cξ :� p0, ξq � Bd�1
1

Ñ ProbpCξ X Πq � H as r Ñ 0.
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Outline of proof of Theorem 1

First consider a particle starting at ~q P P (ignoring the scatterer at ~q), with ~v
random in pSd�11 , λq.

Probpτ1 ¥ ξr
1�d

q � ProbpCrp~q, ~v, ξq X P � Hq

� ProbppCrp~q, ~v , ξq � ~qqR~vDr X Πrp~q, ~v q � Hq

� ProbpCξXΠrp~q, ~v q � Hq Cξ :� p0, ξq � Bd�1
1

Ñ ProbpCξ X Πq � H as r Ñ 0.

The key input for this is Πrp~q, ~vq
d

ÝÝÑ

rÑ0
Π

One also uses the fact that the intensity measure of Π is ! Lebesgue,

i.e. Ep#ΠX Bq ¤ cPvolpBq for any Borel B � R
d .
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Outline of proof of Theorem 1

We can even get convergence of the joint distribution of free path length
T1 � r

d�1τ1 and the (normalized) impact parameter ~w1:

Def: ~w1 � ~u1R~v P t0u � B
d�1
1

~v

r ~u1
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Outline of proof of Theorem 1

Indeed, for ~z in C

8

� p0,8q � Bd�1
1
, set

ξrp~zq � inftξ ¡ 0 : z P ξ~e1 � B
d
rDru

and define Fr : Ns Ñ C8 \ tundefu by:

FrpY q � pξrp~zq,�p0, z2, . . . , zdqq for the unique ~z P C

8

X Y which
minimizes ξrp~zq.
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ξrp~zq

x1

1

1

Then xT1, ~w1y � FrpΠrp~q, ~vqq whenever FrpΠrp~q, ~v qq � undef!
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Outline of proof of Theorem 1

Now: If Yn Ñ Y in Ns and F0pY q � undef and Y X BC

8

� H, and if rn Ñ 0,
then FRnpYnq Ñ F0pY q in R

d .

Also by our assumptions, ProbpF0pΠq � undefq � 1.

Hence xT1, ~w1y � FrpΠrp~q, ~v qq

d

ÝÝÑ

rÑ0
F0pΠq as desired!
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More general initial condition

Consider a point particle starting from p~q� r ~βp~vq, ~v q, where ~β : Sd�11 Ñ Sd�11
is a continuous function (subject to p~βp~v q � R�~v q X Bd1 � H).

~q � r ~βp~vq

loooomoooon

~v

~q

Note Πrp~q, ~v q � r ~βp~vqR~vDr
d

ÝÝÑ

rÑ0
Πp

~β,λq :� Π� p

~βp~v qR~vqK,

with ~v independent from Π.

Hence xT1, ~w1y

d

ÝÝÑ

rÑ0
F0pΠ

p

~β,λq
q

~x

K

:� p0, x2, . . . , xdq
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Getting the joint limit distribution of ~V0, pT1, ~V1q, pT2, ~V2q – OUTLINE

From above, get the limit distribution of x

~V1, pT2, ~V2qy as r Ñ 0,

if ~V1 is picked at random according to a given λ P P pS
d�1
1 q, and the particle

starts at ~q1 � r ~βp~V1q, for given ~q1 P P and ~β : S
d�1
1 Ñ Sd�11 :

~q1

~q1 � r ~βp~V1q

looooomooooon

T1

~V1

~V2

~q2

Decompose Sd�11 � \

N
j�1Dj , with each Dj “nice” and of small diameter.

Make the limit result uniform over:

$
'
'
'
'
&

'
'
'
'
%

 ~q1 P P;



~β in compact families, and

 λ � λ1 � vol
S
d�1
1

|Dj
for j P t1, . . . , Nu,

λ1 P compact � CpDjq



Getting the joint limit distribution of ~V0, pT1, ~V1q, pT2, ~V2q – OUTLINE

~V0

T1

~V1

T2

~V2

~V1

D1D2
D3

�

�

�

�

Dj

�

�

�

After removing a set of ~V0’s of small λ-measure, the remaining ~V1’s emanate
from “fully lighted Dj-sets”, and the previous result can be applied!



Macroscopic initial condition (p~Q, ~V q � pr d�1~q, ~vq)

Fix an a.c. prob. measure Λ on T1pRdq � Rd � Sd�11 .

Consider Πrpr
1�d ~Q, ~V q for p~Q, ~V q random in xT1pRdq,Λy

Limit as r Ñ 0?

— In other words, for given f P CbpNsq:

lim
rÑ0
E f pΠrpr

1�d ~Q, ~V qq

� lim
rÑ0
r dpd�1q

»

S
d�1
1

»

Rd

f

�

Πrp~q, ~v q
�

Λ1pr d�1~q, ~v q d~q d~v �???

(May assume Λ1 P CcpT
1

pR
d

qq.)
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Macroscopic initial condition. Given f P CbpNsq, Λ

1

P CcpT
1

pR
d

qq:

lim
rÑ0
r dpd�1q

»

S
d�1
1

»

Rd

f

�

Πrp~q, ~v q
�

Λ1pr d�1~q, ~vq d~q d~v �?

For fixed ~v : Draw a “flat scatterer” ~q 1� pt0u�Bd�1r qR~v at each ~q

1

P P. To
each ~q P Rd , associate that ~q 1 P P whose scatterer is first hit by ~q � R

¡0~v .

Then p~q 1 � ~qqR~vDr � ~x for some ~x P C

8

; thus

Πrp~q, ~vq � Πrp~q

1, ~v q � ~x,

where Πrp~q

1, ~v q :� pP � ~q 1qR~vDr � Πrp~q

1, ~v q Y t

~0u.

~q

~v

~q 1

p� � ~qqR~vDr

ÝÝÝÝÝÝÝÝÝÑ

~q 1

~x

Πrp~q, ~v q � Πrp~q

1, ~v q � ~x :



Macroscopic initial condition. Given f P CbpNsq, Λ

1

P CcpT
1

pR
d

qq:

lim
rÑ0
r dpd�1q

»

S
d�1
1

»

Rd

f

�

Πrp~q, ~vq
�

Λ1pr d�1~q, ~v q d~q

looooooooooooooooooomooooooooooooooooooon

p�q

d~v �?

For fixed ~v : Contribution from one ~q 1 P P to (*):
�

»

Gp~q 1,~v q
f pΠrp~q

1, ~v q � ~xqΛ1pr d�1~q 1 � x1~v, ~v q d~x,

where Gp~q 1, ~vq �
 

~x P C
8

: pΠrp~q

1, ~v q � ~xq X Cx1 � H

(

.

�������������������
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�������������������

~q 1

p~q 1 � �qR~vDr

ÝÝÝÝÝÝÝÝÝÝÑ

Gp~q 1, ~v q:



Macroscopic initial condition. Given f P CbpNsq, Λ

1

P CcpT
1

pR
d

qq:

lim
rÑ0
r dpd�1q

»

S
d�1
1

»

Rd

f

�

Πrp~q, ~vq
�

Λ1pr d�1~q, ~v q d~q

looooooooooooooooooomooooooooooooooooooon

p�q

d~v �?

For fixed ~v : Contribution from one ~q 1 P P to (*):
�

»

Gp~q 1,~v q
f pΠrp~q

1, ~v q � ~xqΛ1pr d�1~q 1 � x1~v, ~v q d~x,

where Gp~q 1, ~vq �
 

~x P C
8

: pΠrp~q

1, ~v q � ~xq X Cx1 � H

(

.

~q 1
Add over all ~q 1 P P!

�

Full coverage
– by our assumption
“T1   8 a.s.”!

�

37



Macroscopic initial condition
� � � ùñ lim

rÑ0
E f pΠrpr

1�d ~Q, ~V qq � cP

»

p~x,Y qPG

f pY � ~xq dµ0pY q d~x,

where G :� tp~x, Y q : pY � ~xq X Cx1 � Hu � C

8

� Ns,

and µ0 P P pNsq is the distribution of Π.

Note in particular: νpGq � 1, where ν � cPm � µ0 pm � Lebesgueq.

ANSWER: Let rµ P P pNsq be the pushforward of ν

|G by p~x, Y q ÞÑ Y �~x , and

let rΠ be a random element in Ns with law rµ. Then Πrpr
1�d ~Q, ~V q

d

ÝÝÑ

rÑ0

rΠ
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“ rΠ � Π� ~x ”:

~x

Cx1



Macroscopic initial condition

ANSWER: Let rµ P P pNsq be the pushforward of ν

|G by p~x, Y q ÞÑ Y �~x , and

let rΠ be a random element in Ns with law rµ. Then Πrpr
1�d ~Q, ~V q

d

ÝÝÑ

rÑ0

rΠ

Properties of rΠ:

 The law of rΠ (viz., rµ) is invariant under translations, and also under tDrur¡0

and

�

1 0
0 SOpd � 1q




.



rΠ has intensity cP .

 ProbprΠX BdR � Hq ÝÝÝÑ

RÑ8

0.
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Transition kernel for the limiting process pT1, ~V1q, pT2, ~V2q, . . .

For ~x P t0u�Bd�1
1
, let the distr of F0pΠ�~xq be k0p~x, ξ,�~y q dξ d~y P P pC8q.

Thus: ProbpF0pΠ�~xq P Bq �
³

B
k0p~x ; ξ,�~y q dξ d~y , �~x P Bd�1

1
, B � C

8

.

Then the transition kernel for the limiting process pT1, ~V1q, pT2, ~V2q, . . . is:

p0p~V�, ~V ; ξ, ~V�q � σp~V , ~V�qk0

�

~br~V

�

, ~V sR~V ; ξ , ~sr

~V , ~V

�

sR~V

	

~V

�

~V

~V

�

~b

~s
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More about k0p~x ; ξ, ~yq

Assume Π has constant intensity cP. Then k0p~x ; ξ, ~y q can be expressed in
terms of the Palm distributions of Π; ν : Rd �N Ñ r0, 1s.

(N � the Borel σ-field of Ns. Intuitively: νp~x, Aq � “ProbpΠ P A | ~x P Πq”)

k0p~x ; ξ, ~y q � cP � ν

�

pξ, ~x � ~y q, tY P Ns : pY � ~xq X Cξ � Hu

	

.

41



Similarly: Transition kernel for macroscopic initial condition

Let the distribution of F0prΠq be kpξ,�~y q dξ d~y P P pC8q.

Then the transition kernel for macroscopic initial conditions is:

pp~V ; ξ, ~V

�

q � σp~V , ~V

�

q k

�

ξ , ~sr~V , ~V

�

sR~V

	

~V

~V

�

~s

In fact, kpξ, ~y q � cP

»

8

ξ

»

Bd�1
1

k0p~x ; ξ

1, ~yq d~x dξ1.

42



Some more relations for k0, k:
 kpξ, ~y q � cP

»

8

ξ

»

Bd�1
1

k0p~x ; ξ

1, ~yq d~x dξ1.

 Mean free path length:
1

σ

»

Bd�1
1

»

8

0

»

Bd�1
1

ξk0p~x ; ξ, ~y q d~x dξ d~y �

1

σcP
.

 k0p~xR; ξ, ~yRq � k0p~x ; ξ, ~y q for R P
�

1 0
0 SOpd � 1q




.

 k0p~y ; ξ, ~xq � k0p~xR�; ξ, ~yR�q for R� P
�

1 0
0 Opd � 1q




with detR

�

� �1.
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Example: “P = Poisson”

Let P � the Poisson probability measure on Ns with parameter c ¡ 0.

Then for P-a.a. P P Ns, the list of assumptions holds!

(And the limiting random point set Π has law P.)

$
'
'
'
'
'
'
&

'
'
'
'
'
'
%

Weaker form of the key assumption:

There exists a subset E � P of vanishing density such that for any fixed T ¥ 1

and λ P P pSd�11 q with λ ! vol
S
d�1
1

, if ~v is random in pSd�11 , λq, then

Πrp~q, ~vq

d

ÝÝÑ

rÑ0
Π, uniformly over all ~q P PT pr q :� P X B

d

pT r 1�dqzE .

We choose:

E �
 

~q P P : dPp~qq ¤ }~q}�α{pd�1q
(

where dPp~qq � mint}~p � ~q} : ~p P Pzt~quu and 0   α   1 (fixed).
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Example: “P = Poisson”

For λ � ωpSq�1ω

|S (S nice � Sd�11 ; ω � volSd�1
1

),

A � tY P Ns : #pY X Bq ¥ mu (m P Z

�, B � R
d , nice and bounded),

and ~q P r 1�βZd X Bd
r1�d�β

, we want to bound:

∆ � λ

� 

~v P Sd�11 : pΠrp~q, ~vq P A

(�

� PpAq

pΠrp~q, ~v q :� ppPzp~q � Bdrα{2qq � ~qqR~vDr
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S S1 S2 S3
Decompose S � supppλq � \

n
ℓ�1Sℓ\ rsmalls, where

diampSℓq ! r
β1 and distpSℓ, Sℓ1q " r

β2

�ℓ � ℓ1.

(0   β1   β2   1� α).

Write ∆ �
°n

ℓ�1 [contr. from Sℓ]� [small].

Bernstein inequality ñ Pp|∆| ¤ r δq ¥ 1� exppr�δq (some fixed δ ¡ 0).

Use Borel-Cantelli to conclude! �



Example: “P = Poisson”

Recall: The distribution of F0pΠ� ~xq is k0p~x, ξ,�~y q dξ d~y P P pC8q.

Thus we get k0p~x, ξ, ~y q � ce

�cσξ.

Also kpξ, ~y q � ce�cσξ.

Hence we get back the linear Boltzmann equation:

pBt �

~V∇~Qqftp

~Q, ~V q � c

»

S
d�1
1

pftp~Q, ~V

1

q � ftp~Q, ~V qqσp~V

1, ~V q d~V 1.
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Example: P = a lattice

Assume P has covolume one for simplicity.

Then the list of assumptions holds, with “Π = random lattice zt~0u”:

Π � Zdgzt~0u for Γg random in pΓ zG,µq with G � SLdpRq, Γ � SLdpZq,

µ = the invariant probability measure.

Palm distribution ν : Rd � B Ñ r0, 1s:

For ~z � ~0; νp~z,Bq �
°

8

m�1 νm,~zpBq where νm,~z is the invariant measure on

Xm,~z � tΓg P Γ zG : ~z P m~e1Γgu with νm,~zpXm,~zq � m

�dζpdq�1.

Thus: kp~x, ξ, ~yq � ν1,pξ,~x�~yqptΓg P Γ zG : pZ
dg � ~xq X Cξ � Huq.
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Example requiring marking: P = Zd Y p2Zd � p

?

2, 1
2

qq
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The key assumption, allowing marking

Assume there is a compact metric space Σ, a map σ : P Ñ Σ, and a
continuous map ΣÑ P pNsq, σ ÞÑ µσ.

Let Πσ be a random point set with law µσ.

We assume that for any fixed T ¥ 1 and λ P P pSd�11 q with λ ! vol
S
d�1
1

, if ~v is

random in pSd�11 , λq, then Πrp~q, ~v q

d

ÝÝÑ

rÑ0
Πσp~qq , uniformly over all ~q P PT pr q.

Note here: Ns � NspR
d

�Σq, and

Πrp~q, ~vq :�
 

~p P Pzt~qu : pp~p � ~qqR~vDr , σp~pqq
(

� R
d

�Σ.
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Example: P = a cut-and-project set

Fix a lattice L in Rn � Rd � Rm. n � d �m, m ¥ 1.

Fix a (nice) window W � R
m.

P � PpW,Lq �
 

~q P Rd : rD ~w P W s.t. p~q, ~w q P Ls
(

For each ~q P P, we assume there is a unique ~w � ~w p~qq P W giving p~q, ~w q P L.

Then, the list of assumptions holds, with Σ � W .

Let G � SLnpRq, Γ � SLnpZq. Write L � Z
ng. Consider Γ zΓg

�

SLdpRq

Im




.

Ratner’s orbit closure theoremñ DH   G (connected, closed, Γ XH lattice),

with Γ zΓg

�

SLdpRq

Im




� Γ zΓHg. Set µ = inv prob measure on Γ zΓH.

Now Π ~w � PpW � ~w,Znhgqzt~0u, for Γh random in pΓ zΓH, µq.
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Some questions
 Which random point sets Π can occur?

 Invariance of Π? All SLdpRq?

 Characterize all (A)SLdpRq-invariant point processes?
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END
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Macroscopic initial condition. Hence get (here formally):
� lim

rÑ0
r dpd�1q

»

S
d�1
1

¸

~q1PP

»

Gp~q 1,~v q

f pΠrp~q

1, ~v q � ~xqΛ1pr d�1~q 1 � x1~v, ~v q d~x d~v
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Macroscopic initial condition. Hence get (here formally):
� lim

rÑ0
r dpd�1q

»

S
d�1
1

¸

~q1PP

»

Gp~q 1,~vq

f pΠrp~q

1, ~vq � ~xqΛ1pr d�1~q 1 � x1~v, ~vq d~x d~v

� lim
rÑ0
r dpd�1q

¸

~q1PP

»

C
8

»

S
d�1
1

I

��

Πrp~q

1, ~v q � ~x

�

X Cx1 � H

�

f

�

Πrp~q

1, ~v q � ~x

�

Λ1p� � � q d~v d~x
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Macroscopic initial condition. Hence get (here formally):
� lim

rÑ0
r dpd�1q

»

S
d�1
1

¸

~q1PP

»

Gp~q 1,~vq

f pΠrp~q

1, ~vq � ~xqΛ1pr d�1~q 1 � x1~v, ~vq d~x d~v

� lim
rÑ0
r dpd�1q

¸

~q1PP

»

C
8

»

S
d�1
1

I

��

Πrp~q

1, ~v q � ~x

�

X Cx1 � H

�

f

�

Πrp~q

1, ~v q � ~x

�

Λ1p� � � q d~v d~x

Here Πrp~q

1, ~v q

d

ÝÝÑ

rÑ0
Π; hence Πrp~q

1, ~v q � ~x
d

ÝÝÑ

rÑ0
Π� ~x,

where Π :� ΠY t

~0u
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Macroscopic initial condition. Hence get (here formally):
� lim

rÑ0
r dpd�1q

»

S
d�1
1

¸

~q1PP

»

Gp~q 1,~vq

f pΠrp~q

1, ~vq � ~xqΛ1pr d�1~q 1 � x1~v, ~vq d~x d~v

� lim
rÑ0
r dpd�1q

¸

~q1PP

»

C
8

»

S
d�1
1

I

��

Πrp~q

1, ~v q � ~x

�

X Cx1 � H

�

f

�

Πrp~q

1, ~v q � ~x

�

Λ1p� � � q d~v d~x

� lim
rÑ0
r dpd�1q

¸

~q1PP

»

C

8

�

»

S
d�1
1

Λ1pr d�1~q 1 � x1~v, ~vq d~v




� E

�

IppΠ� ~xq X Cx1 � Hqf pΠ� ~xq
	

d~x
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Macroscopic initial condition. Hence get (here formally):
� lim

rÑ0
r dpd�1q

»

S
d�1
1

¸

~q1PP

»

Gp~q 1,~vq

f pΠrp~q

1, ~vq � ~xqΛ1pr d�1~q 1 � x1~v, ~vq d~x d~v

� lim
rÑ0
r dpd�1q

¸

~q1PP

»

C
8

»

S
d�1
1

I

��

Πrp~q

1, ~v q � ~x

�

X Cx1 � H

�

f

�

Πrp~q

1, ~v q � ~x

�

Λ1p� � � q d~v d~x

� lim
rÑ0
r dpd�1q

¸

~q1PP

»

C

8

�

»

S
d�1
1

Λ1pr d�1~q 1 � x1~v, ~vq d~v




� E

�

IppΠ� ~xq X Cx1 � Hqf pΠ� ~xq
	

d~x

P has asymptotic density cP!
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Macroscopic initial condition. Hence get (here formally):
� lim

rÑ0
r dpd�1q

»

S
d�1
1

¸

~q1PP

»

Gp~q 1,~vq

f pΠrp~q

1, ~vq � ~xqΛ1pr d�1~q 1 � x1~v, ~vq d~x d~v

� lim
rÑ0
r dpd�1q

¸

~q1PP
»

C

8

»

S
d�1
1

I

��

Πrp~q

1, ~v q � ~x

�

X Cx1 � H

�

f

�

Πrp~q

1, ~v q � ~x

�

Λ1p� � � q d~v d~x

� lim
rÑ0
r dpd�1q

¸

~q1PP

»

C

8

�

»

S
d�1
1

Λ1pr d�1~q 1 � x1~v, ~vq d~v




� E

�

IppΠ� ~xq X Cx1 � Hqf pΠ� ~xq
	

d~x

�

»

C

8

�

cP

»

S
d�1
1

»

Rd

Λ1p~y � x1~v, ~v q d~y d~v

loooooooooooooooooomoooooooooooooooooon

=1




� E

�

� � � � � �

	

d~x

� cP

»

C

8

E

�

IppΠ� ~xq X Cx1 � Hqf pΠ� ~xq
	

d~x
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