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The subspace theorem for varieties over Q

Inputting the non-divergence variant at the right place in Schmidt's
proof of his subspace theorem, we derive the following.
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The subspace theorem for varieties over Q

Inputting the non-divergence variant at the right place in Schmidt's
proof of his subspace theorem, we derive the following.

Subspace theorem
Let M be an subvariety defined over Q in GL(d,RR). There exists a

finite family of proper subspaces V4, ..., V, in Q9, such that for all
e > 0, for almost every L in M, the solutions v € Z9 to the
inequality

[La(v) .- La(V)] < [Iv]™*

all liein Vi U---U V, except a finite number of them.
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e > 0, for almost every L in M, the solutions v € Z9 to the
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[La(v) .- La(V)] < [Iv]™*

all liein Vi U---U V, except a finite number of them.
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The subspace theorem for varieties over Q

Inputting the non-divergence variant at the right place in Schmidt's
proof of his subspace theorem, we derive the following.

Subspace theorem
Let M be an subvariety defined over Q in GL(d,RR). There exists a

finite family of proper subspaces V4, ..., V, in Q9, such that for all
e > 0, for almost every L in M, the solutions v € Z9 to the
inequality

[La(v) .- La(V)] < [Iv]™*

all liein Vi U---U V, except a finite number of them.

Remarks:
o If M ={L} is a singleton, this is trivial,
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The subspace theorem for varieties over Q

Inputting the non-divergence variant at the right place in Schmidt's
proof of his subspace theorem, we derive the following.

Subspace theorem
Let M be an subvariety defined over Q in GL(d,RR). There exists a

finite family of proper subspaces V4, ..., V, in Q9, such that for all
e > 0, for almost every L in M, the solutions v € Z9 to the
inequality

[La(v) .- La(V)] < [Iv]™*

all liein Vi U---U V, except a finite number of them.

Remarks:
o If M = {L} is a singleton, this is trivial, with V; = ker L;.
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The subspace theorem for varieties over Q

Inputting the non-divergence variant at the right place in Schmidt's
proof of his subspace theorem, we derive the following.

Subspace theorem
Let M be an subvariety defined over Q in GL(d,RR). There exists a

finite family of proper subspaces V4, ..., V, in Q9, such that for all
e > 0, for almost every L in M, the solutions v € Z9 to the
inequality

[La(v) .- La(V)] < [Iv]™*

all liein Vi U---U V, except a finite number of them.

Remarks:
o If M ={L} is a singleton, this is trivial, with V; = ker L;.
o We can replace ||v||=¢ on the right by (log ||v|)~*, for some
A > 0 large enough, depending on M.
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The subspace theorem for varieties over Q

Inputting the non-divergence variant at the right place in Schmidt's
proof of his subspace theorem, we derive the following.

Subspace theorem
Let M be an subvariety defined over Q in GL(d,RR). There exists a

finite family of proper subspaces V4, ..., V, in Q9, such that for all
e > 0, for almost every L in M, the solutions v € Z9 to the
inequality

[La(v) .- La(V)] < [Iv]™*

all liein Vi U---U V, except a finite number of them.

Remarks:
o If M = {L} is a singleton, this is trivial, with V; = ker L;.
o We can replace ||v||=¢ on the right by (log ||v|)~*, for some
A > 0 large enough, depending on M.
@ This result is useful to study approximation by rational points
of a point on a variety defined over Q.
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Let M be an subvariety defined over Q in GL(d,R). There exists a

finite family of proper subspaces Vi, ..., V, in Q9, such that for all
€ > 0, for almost every L in M, the solutions v € Z9 to the
inequality

[La(v) .- La(V) < IvII™*

all liein V4 U---U V, except a finite number of them.

Remarks:
e If M = {L} is a singleton, this is Schmidt's subspace theorem.
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The subspace theorem for varieties over Q

Subspace theorem
Let M be an subvariety defined over Q in GL(d,R). There exists a

finite family of proper subspaces Vi, ..., V, in Q9, such that for all
€ > 0, for almost every L in M, the solutions v € Z9 to the
inequality

[La(v) .- La(V) < IvII™*

all liein V4 U---U V, except a finite number of them.

Remarks:
e If M = {L} is a singleton, this is Schmidt's subspace theorem.

o The subspaces are explicit, and r < d. But we have no
control on the finite number of exceptions.
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The subspace theorem for a number field with finite places

K = number field, i.e. finite extension of Q
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The subspace theorem for a number field with finite places

K = number field, i.e. finite extension of Q
K, = completion of K at p, for any place p
S = finite set of places containing all archimedean places of K

KS = HpES KP
Oks=1{xeK|Vp &S, |x|p > 1} = S-integers in K
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The subspace theorem for a number field with finite places

K = number field, i.e. finite extension of Q

K, = completion of K at p, for any place p

S = finite set of places containing all archimedean places of K
KS = HpES KP

Oks=1{xeK|Vp &S, |x|p > 1} = S-integers in K

H(v) = height of v, for v € K or K9.
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K, = completion of K at p, for any place p

S = finite set of places containing all archimedean places of K
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The subspace theorem for a number field with finite places

K = number field, i.e. finite extension of Q

K, = completion of K at p, for any place p

S = finite set of places containing all archimedean places of K
KS = HpES KP

Oks=1{xeK|Vp &S, |x|p > 1} = S-integers in K

H(v) = height of v, for v € K or K9.

L € GL(d,Ks), write L = (LP)); , with LP) € (K9)*

]

Subspace theorem
Let M be an subvariety defined over Q in GL(d, Ks). There exists

a finite family of proper subspaces V4, ..., V, in K9, such that for
all € > 0, for almost every L in M, the solutions v € Z? to the
inequality

HH’L(P) <H( )

i=1 peS

all liein V4 U---U V, except a finite number of them.
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Remarks:
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Remarks:

o If M = {L} is a singleton, this is Schlickewei's version of
Schmidt's subspace theorem.
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o If M = {L} is a singleton, this is Schlickewei's version of
Schmidt's subspace theorem.

@ The subspaces are explicit, and r < d9SI> . But we have no
control on the finite number of exceptions.
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Remarks:

o If M = {L} is a singleton, this is Schlickewei's version of
Schmidt's subspace theorem.

@ The subspaces are explicit, and r < d9SI> . But we have no
control on the finite number of exceptions.

@ This result is useful to study approximation by K-points on a
variety defined over Q. As we will see, the finite places also
have nice applications.
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Remarks:

o If M = {L} is a singleton, this is Schlickewei's version of
Schmidt's subspace theorem.

@ The subspaces are explicit, and r < d9SI> . But we have no
control on the finite number of exceptions.

@ This result is useful to study approximation by K-points on a
variety defined over Q. As we will see, the finite places also
have nice applications.

@ The proof is inspired by the “geometry of numbers” part of
Schmidt's proof of the subspace theorem. But we also need
some preparatory work, extending the work of Kleinbock and
his coauthors to the Ks setting, and combining it with the
classical Schlickewei-Schmidt subspace theorem.
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have nice applications.

@ The proof is inspired by the “geometry of numbers” part of
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Thank youl
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