CHERN CLASSES OF AUTOMORPHIC VECTOR BUNDLES
AND THE REDUCTIVE BOREL-SERRE COMPACTIFICATION

ARVIND N. NAIR

ABSTRACT. The Hecke invariants in the cohomology of the reductive Borel-Serre com-
pactification of a locally symmetric space are computed in terms of the compact dual
symmetric space. This is used to show that the Chern classes of the canonical topological
extensions of automorphic vector bundles to the reductive Borel-Serre compactification of
a Shimura variety have motivic properties in Hodge, de Rham, and Galois realizations.

The reductive Borel-Serre (RBS) compactification M of a noncompact arithmetic lo-
cally symmetric space M = I'\D was introduced by Zucker [Z1] by modifying the earlier
construction of Borel and Serre. It has since played a central role in several important
developments related to automorphic forms and the cohomology of arithmetic groups, e.g.
the topological trace formula [GHM, GKM, GM] and the theory of £-modules and van-
ishing theorems [Sal, Sa2]. When M is a connected Shimura variety (i.e. D is Hermitian
and I" congruence), the RBS compactification interpolates between the two known algebraic
compactification methods: It has much milder singularities than the minimal compactifica-
tion of Baily-Borel [BB] and is canonical, unlike the smooth toroidal compactifications of
Mumford et al. [AMRT]. Although M is not an algebraic variety, it is motivic [AZ]. In
particular, its cohomology has a mixed Hodge structure, an algebraic de Rham k-structure,
and an [-adic Gal(k/k) representation for each [ (cf. [Z3, N2, AZ], see §2 for a review; here
k is the number field of definition of M).

The main results here are the following:

(1) We compute the invariants and coinvariants in the cohomology of the RBS com-
pactification of an arithmetic locally symmetric space under its natural symmetries, the
Hecke correspondences. The invariants are canonically a direct summand isomorphic to the
cohomology of the compact dual (Theorem 1).

(2) When M is a Shimura variety we show that there is a good theory of Chern classes of
automorphic vector bundles on the RBS compactification. Automorphic vector bundles on
M extend naturally to topological vector bundles on M ([GT, Z2]) and their Chern classes
span the invariants in cohomology. We show (using (1)) that these topological Chern classes
look motivic, i.e. in Hodge, de Rham, and Galois realizations of H*(M) they have the
properties one would expect if M were an algebraic variety over k and automorphic vector
bundles on M extended algebraically to M, respecting fields of rationality (Theorem 2).

In the rest of this introduction we state these two results precisely (0.1, 0.2), briefly
discuss their proofs and related results in the literature (0.3), and discuss what happens
for the minimal compactification (0.4), where analogues of (1) and (2) fail, but for rather
interesting reasons.

0.1. Invariants in cohomology. Let G be a connected reductive group over Q, Ko, C
G(R) a maximal compact subgroup, Ag the maximal Q-split torus in the centre of G, and
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As = Ag(R)?. We assume that Ag is also the maximal R-split torus in the centre of G.
For a compact open subgroup K C G(Ay) the double coset space

Mg = G(Q\G(A)/KLAxK
is a finite union of locally symmetric spaces like T'\D where D = G(R)?/K% A, and

I' ¢ G(Q) is a congruence subgroup. The RBS construction applied to each component
gives a compact topological space Mg in which Mg is open and dense. The direct limit

H*(M,C) = lim . H* (M, C)
is an admissible G/(Af)-module, where g € G(Ay¢) acts by pullback by the isomorphism
g ]\791(971 — My induced by right translation by g.
The cohomology of the compact symmetric space D dual to D is naturally identified with

the ring of G(R)-invariant differential forms on G(R)/K% A . Including invariant forms in
the C*° de Rham model of [N1] gives a map

6 : H*(D,C) — H*(M,C).
Using analytic methods from [F1], we show:

Theorem 1. The mapping 0 : H*(D,C) — H*(M, C) is an isomorphism onto the G(Ay)-
invariants and induces an isomorphism onto the G(Ay)-coinvariants. In particular, the
invariants are naturally a direct summand in H*(M, C).

0.2. Chern classes of automorphic vector bundles. Assume now that G (as in 0.1)
is part of a (motivic) Shimura datum (G, X), i.e. X is a G(R)-conjugacy class of ho-
momorphisms C* — G(R), and Deligne’s axioms hold (cf. 2.1). Then each component
of X = G(R)/K% Ay is a Hermitian symmetric domain. The Shimura variety at level
K C G(Af) is
My = G(Q\X x G(Af)/K = GQ\G(A) /KL A K.

This is a quasiprojective complex variety with a canonical model over the reflex field F =
E(G,X) (cf. BB, Mi]).

In this setting the homomorphism 6 of Theorem 1 has another description. The compact
dual D is a flag variety for G(C), and any G(C)-homogeneous vector bundle ¥ on D gives an
automorphic vector bundle Vi on M. When My is noncompact the underlying topological

vector bundle of ¥} extends naturally to a topological vector bundle ¥ on Mg (see [GT,
9.2] or [Z2, 1.9]) and we consider the Chern classes

CZ'(?K) S H%(MK, Q)

Then 0(c;(7)) = (=1)%c;(¥k). (In the compact case this is essentially Hirzebruch propor-
tionality; in general it follows from results of Zucker [Z2], see 3.6.) Since the cohomology
of D is generated by Chern classes of homogeneous bundles, we see that 6 is Betti rational.
(In contrast, when G = GL(n), € is likely to be highly transcendental [B].)

The cohomology of My has a mixed realization (in the sense of [D] or [J]): The Betti
cohomology H%(My) = H*(Mk, Q) is part of a mixed Hodge structure, there is an alge-
braic de Rham cohomology E-vector space H},(My /E) with a Hodge filtration F and a
comparison isomorphism H* (Mg /E) @ g C = H*(Mf, C), and for each prime [ there is an
l-adic Gal(Q/E)-representation Hf (M) with a comparison isomorphism H (Mg) @gQ; =
Hj(Mf). In each case the weights are like those of a complete variety. These structures are
recalled in detail in §2, following [N2, NV] or [AZ]. We then have:
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Theorem 2. The Chern classes ¢;(7x) € H* (Mg, Q) of canonical topological extensions
of automorphic vector bundles to the RBS compactification have the following properties:
(i) They are of type (i,1) in the mized Hodge structure, i.e. c;(¥x) belongs to F'H% (M, C)N
FiH2% (M, C).
(i) If the homogeneous vector bundle ¥ is L-rational for E C L C C then the classes
AR (Vi) = (2mv/=1)" ¢;( Vi) € H¥ (M, C) are de Rham L-rational and belong to F'H25 (M /L).
(i4i) If the homogeneous vector bundle ¥ is L-rational for E C L C Q then for each I,
the action of Gal(Q/L) on ¢;(¥i) € H¥ (M) is by x; *, where x; is the l-adic cyclotomic
character.

When Mg is compact (i) is immediate from the algebraicity of automorphic vector bun-
dles ([BB, §10]), and (ii) and (iii) follow from Harris’s theory [H1] of canonical models for
automorphic vector bundles. When My is noncompact, there is no a priori reason to expect
that the topologically defined Chern classes c;(¥x) should have motivic properties. More
surprising perhaps is that the proof of these geometric properties uses the analytic input
of Theorem 1. The use of Hecke eigenvalues to characterize the Chern classes is the main
novelty here (see further remarks on the proof in 0.3).

Theorem 2 and the description of # give (for the correct E-structure on D):

Corollary 1. 6 gives an isomorphism of mized realizations from H*(D) onto the summand

of invariants in H*(M).

A motivic version of the corollary should hold, i.e. the motive of My from [AZ] should
have the motive of D as a direct summand characterized by Hecke invariance properties,
but this seems well out of reach even in the compact case. The problem of giving a motivic
meaning to ¥ in the noncompact case (e.g. by defining Chern classes in the cycle groups
of the motive of M) seems quite interesting.

Theorem 2 can be used, together with methods of [N2], to show that the invariants
Hz(M)A5) of the cohomology of the Shimura variety is a mixed Tate realization.

0.3. On the proofs. When M is compact (i.e. Mg = My) Theorem 1 follows from the
semisimplicity of H*(M, C) as a G(Ay)-module and the description of invariants in terms
of the constant representation, both of which follow from Matsushima’s formula (see 1.2).
In the noncompact case H*(M, C) is not G(Af)-semisimple and does not satisfy Poincaré
duality. The proof of Theorem 1 uses the C* de Rham models for H*(My,C) and its
Poincaré dual theory WIH* (M, C) = Haim ar—+ (M, C) from [N1], the fundamental results
of Franke [F1] relating cohomology and automorphic forms, and a filtration on the space of
automorphic forms from [F1, §6]. (The proof takes up §1; for an outline see 1.2. For the
relation to the computation of the coinvariants of H*(Mk ) in [F2] see Remark 1.6.3.)
Theorem 2 is related to (and depends on) several results in the literature. The minimal
compactification My, the RBS compactification p : My — M7, and any smooth toroidal
compactification 7 : M[E( — M7, are related by a commutative diagram (for ? = B,dR,1):

*

H; (M) - H (M)

* *

Hi(Mg)

(See [GT] for ? = B and §2 for an explanation using [NV, N2] or [AZ]). Mumford [Mu] (see
also Harris [H2]) showed that an automorphic vector bundle ¥} has a canonical extension

p
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“//[? to a vector bundle on MIE( and generalized Hirzebruch proportionality using the Chern
classes cx(7;7). Goresky and Pardon [GP] showed that there are classes

P (V) € H¥ (M, C)

refining Mumford’s classes, i.e. 7 (c{' (k) = ¢;(¥F) for any 7 : My — Mj.. This is
remarkable, because 7k need not admit an extension (not even topologically) as a vec-
tor bundle over Mj; we discuss these classes further in 0.4 below. Zucker [Z2] showed
that ¢;(Vx) = p* (¥ (¥k)), so that v*(c;(¥k)) = ci(#;7). Theorem 2 then follows from

Theorem 1, results of Harris [H2] on the E-rationality of ¥ — %;7, and the following fact:
Proposition 1. The map v* is injective on the invariants in H*(Mf).

Note that the splitting property provided by Theorem 1 is the key to proving the prop-
erties of ¢;(¥k) in H?(Mp) and not simply in its top weight quotient Gryy H*(Mg) =
v (H*(Mk)).

0.4. Minimal compactification. What happens on the minimal compactification? For
intersection cohomology the answer is straightforward (see 4.1), so consider the cohomology
of My.. There is a surjection of mixed realizations

H (M) — H(D)
taking c&F (%) to (—=1)'c;(¥) (e.g. by Theorem 1). The Goresky-Pardon classes ¢{F(#%)
are defined via Chern forms of certain explicit connections (from [H1]) and a patching
construction for connections, so that the relations between them, their Betti or de Rham
rationality properties, their Hodge types, and their Galois properties are all unclear. (See
[GP, 1.6] for these questions.) The lack of an automorphic description for H*(Mj;, C) makes
an approach like that for My difficult.
In fact, the situation is subtle. The surjections above give a surjection

H* (M) ¢A) 5 H*(D)

where H*(M*) := lim H*(Mj;). In general, this is not an isomorphism and is not split
in mixed realizations: In the example G = Sp(6) one finds that HS(M*)%(4s) contains a
nontrivial extension of Q(—3) by Q(0). (The extension class can be computed in terms
of ¢(3) in the mixed Hodge realization. Similar examples exist for Sp(2g),g > 3.) The
conjectural picture one gets is the following: The Goresky-Pardon construction gives a
natural splitting of H*(M*, C)¢(47) — H*(D,C) compatible with the Hodge filtration, but
there is no motivic splitting of H*(M*)@(4s) — H*(D). For a more detailed discussion of
the example and what we expect to be true in general see 4.3.

A different perspective, at least for Shimura varieties of Hodge type, comes from p-adic
Hodge theory in the recent work of Scholze and others (see [Scl, Sc2]). For such Shimura

varieties, the limits Mgp ~ 1&1 K, M ?(‘i Kr.C, and M, ~ @1 K, M;(’j?(p@p of the adic spaces
associated with the varieties My, kr and My, are perfectoid. (Here KP C G (A?) is a fixed
tame level and K, C G(Q)) shrink to the identity.) There is a period map 7wt : Mgr — D(?:i

to the (adic space of the) flag variety which extends to the minimal compactification at
infinite level, i.e. to

ad
THT - M}k(p — D(acp,
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and is G(A?)—equivariant (for the trivial action on the target). (See [Sc2, Theorem 16.1]
or [Scl, Theorem II1.3.17] for a precise statement and proofs.) Automorphic vector bun-
dles are simply pulled back by muT, hence extend to the limit Mp,. This would give a
beautiful explanation for the existence of Chern classes in the invariants in the cohomology
lingH*(MI*{p xr XE Q,Q;). The period map is transcendental, so that while the classes

will have the right Hodge-Tate properties, the splitting given by 7j;p need not be Galois-
equivariant. This fits with the picture above that there is a natural analytic splitting but
no motivic one.

0.5. The contents of the various sections are as follows: §1 recalls the necessary results
about automorphic forms and gives the proof of Theorem 1. §2 reviews the mixed realiza-
tions in the cohomology of the RBS compactification for Shimura varieties. §3 discusses
automorphic vector bundles and their canonical extensions and contains the proofs of Propo-
sition 1 and Theorem 2. §4 discusses the situation on other compactifications.

I thank N. Fakhruddin for helpful conversations and a suggestion (used in the proof of
Lemma 3.7.2). This work was partially supported by a Swarnajayanti Fellowship (DST/SF/05/2006
(2008-2013)).

1. (CO)INVARIANTS IN COHOMOLOGY

In this section we prove Theorem 1.6.2, which implies Theorem 1 of the introduction.
We will write H*(—) for singular cohomology with complex coefficients in this section.

1.1. Locally symmetric spaces and the compact dual. Fix a connected reductive Q-
group G and a maximal compact subgroup Ko, C G(R). We assume that the Q-split part
A of the central torus of G is also the R-split part and set Ao, := Ag(R)?. For K C G(Ay)
a compact open subgroup let

My = GQ\G(A)/Ax KL K.

Fix a component D of G(R)/KJ As. The set of double cosets Stabgq)(D)\G(Af)/K is
finite (by strong approximation). If {g;} is a set of representatives then

My = |—|1FZ\D for I'; = Stabg((@) (D) N giKgi_l.

Thus for K small enough (e.g. neat in the sense of [P, 0.6]), Mk is a finite disjoint union
of smooth locally symmetric spaces, compact if and only if G is Q-anisotropic.

Let G := G4 (R)? and Ko oo = Koo NGy = K N Go; this is maximal compact in Gj.
Then D is identified with the symmetric space Go/Ko . of Gy and for K small enough,
My =], T\\D for T; C G¥(Q). The compact dual symmetric space is

D =G5/ Koo

where G is a compact real form of Gg containing Ko . Its cohomology is identified with
the ring of Go-invariant (equivalently, G(R)%-invariant) differential forms on D, or with the
G(R)-invariant differential forms on G(R)/K2% A...

The Lie algebras of G(R) and G are denoted g and go, respectively.
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1.2. Outline of the argument. First consider the compact case. The homomorphism
0 : H*(D) — H*(M) is induced by the inclusion of the constant functions in all smooth K-
finite functions on G(Q)A\G(A). Matsushima’s formula gives a direct sum decomposition

as G(Ay)-modules

HO0) =l (M) = @D mln) my @ B (g, K% A, 7c).

7r:71'f®7roo

This is an algebraic direct sum, over irreducible m = 7y ® 7, appearing in the Hilbert space
direct sum decomposition of L?(G(Q) A \G(A)), and the multiplicities m(7) are finite. The
G(Ay)-invariants come from the constant representation, for which the multiplicity is one,
so that the invariants are

H*(M)% A = H* (g, K2, Ao, C) = H (g0, Ko.00, C) = H*(D).

Invariants and coinvariants are isomorphic because H*(M) is G/(A f)-semisimple.

In the noncompact case there is no replacement for Matsushima’s formula and H*(M) is
not semisimple as a G(Af)-module. The C*° de Rham model for the cohomology groups
H*(Mp) and for the Poincaré dual cohomology groups WH* (Mj¢) = Heimg 11—« (M) given
by [N1] is the following: There are (g, Ko) x G(Af)-modules B(G)1 C R(G); of functions
on G(Q)Ax\G(A) (defined in 1.4 below) such that

H* (M) = H' (9, K, Ao, B(G)T')
WIH* (M) = H* (g, K2, Ao, R(G)E). (1.2.1)

The space B(G); consists of functions bounded up to certain logarithmic terms, cf. 1.4.
The inclusions C C B(G)1 C R(G)1 induce G(A ¢)-maps

H*(D) — H*(M) — WIH*(M) = lim, WH* (Mk).

The fundamental result of Franke [F1] allows us to replace R(G); in (1.2.1) by a certain
subspace of automorphic forms Fing R(G); (defined in 1.5). Franke’s method of filtering
spaces of automorphic forms by conditions on exponents allows to show that the subspace of
Fing R(G)1 with the same Hecke eigenvalues as the trivial representation is exactly the con-
stants (see Theorem 1.5.1 for the precise statement). This allows us to show that H*(D) is a
direct summand (as a Hecke-module) of W4H*(M) and that there are no other Hecke-trivial

constituents. By duality we conclude that H*(M) contains H*(D) as a direct summand and
has no other Hecke-trivial constituents.

1.3. Notation. We fix G, Ag, Aso, Koo, Go asin 1.1 and a good maximal compact subgroup
K = Koo X [[, K} of G(A), so that G(A) = KPy(A) for any minimal parabolic subgroup
Py C G. In addition, we will use the following notation in this section:

Fix a maximal Q-split torus Ag in G such that Ap(R) is stable under the Cartan involution
of G(R) given by K. Let My be the centralizer of Ay in G; this is a minimal Levi subgroup.
For any standard Levi subgroup M D M) the split centre is a torus Ay C Ag (so Ang, = Ao)
and this gives the dual vector spaces aps = Lie Ay (R) and apr = X*(M)QR = X*(Apy)QR.
Restriction of characters by My C M gives an embedding a; C dg. Restriction by Ay C Ap
gives a projection dg — dps inverse to ay; C dg. Similarly, for a standard Levi M, restriction
by M C G and Ag C Ajps gives canonical direct sum decompositions ay; = ag @ a]\G4 and
day = dg @ a§;. When M = My we write dy = dg @ a.
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The roots of Ag in G form a root system ®g in dg; P spans ﬁg. Fix a minimal parabolic
subgroup Py D My. This fixes positive roots <I>ar C ®g, a system of simple roots Ag C <I>g ,

a Weyl chamber ElOG * and its closure &OG * and a positive cone +dg and its closure *ﬁg , and
we have ELOG+ C*EtOG . We will also use the notation Eta’ =dag + 60G+ and tag = dg + +ﬁg .

The half-sum of roots in ®g is denoted pg; it belongs to EL(();JF. For any standard P, the
half-sum of roots of Ay appearing in the nilradical of Lie P(R) is denoted pp € a%;. An
element v € dg * determines a standard parabolic P(v) and standard Levi M (v): The root
group of a € @ is contained in P(v) if and only if (a,v) > 0. Then v € Gy ().

For a standard Levi M let Hys : Ay (R)® — aps be the logarithm map. Since M(A) =
M (A x Ap(R)? (where M (A)?! is the subgroup of g with |x(g)|a = 1 for all y € X*(M)) we
get a map Hjs : M(A) — apr by composing with the projection. (When M = My we write
Hp.) Let KM = Ko oNM(R). Then A € (dp)c defines a one-dimensional (m, K1) x M (A )-
module C} by taking the multiples of the function m + e»#4 (M) with the action of M(A)
by right translation.

We will use an induction functor Ind§ from (p, KM)x P(A;)-modules to (g, Koo ) x G(Af)-
modules. This is the functor used in [F1, §4] or [W, 3.3]; in particular it is normalized. (Our
main concern will be its effect at the finite places, where it is the usual normalized induction
of smooth representations.)

1.4. Spaces of functions on G(Q)\G(A). For t € R let
Ap(t) == {a € Ag(R)" : (o, Hy(a)) >t for all a € Ag}.
For a compact subset w C Py(A) and t € R define the adelic Siegel set
S =6(t,w) = {pak : p € w,a € Ap(t), k € K}.

We take ¢ small enough and w large enough so that by reduction theory we have (1) G(A) =
GQ)G and (2) {y € G(Q) : y6NS # P} is finite. Thus & is a coarse fundamental domain
for G(Q) in G(A). We use this to define certain (g, K) X G(A¢)-modules of functions on
G(Q)\G(A) via growth conditions (following [F1, §2.1] or [W, §1]). Let || - || be a norm on
ap.
Let S(G) be the space of smooth K.o-finite functions of uniform moderate growth on
G(Q)\G(A). Recall that this means there exists N € N such that for all X € U(g), there
exists C' such that for g = pak € G,

(X f)(pak)| < CeNIHo@l,

Let R(G) be the subspace of S(G) of functions satisfying the following condition: For all
X € U(g), there exists C such that for any N € Z and pak € G,

(X ) (pak)| < CePPo @) (14 || Ho(a)])™.

Let Sjog(G) be the space of functions in S(G) satisfying the following: There exists an
N € N such that for all X € U(g), there exists C' such that for pak € &,

(X ) (pak)| < CelPo @) (1 || Ho(a)|]) .

Finally let B(G) be the space of functions in S(G) satisfying: IN € N such that VX €
U(g) 3C such that for pak € &,

(X f)(pak)| < C(1+ | Ho(a)|)™.
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In words, these are the functions which are bounded up to logarithmic factors, and have
similarly bounded U (g)-derivatives. The constants belong to B(G).
There are (g, K) x G(Ay)-module inclusions

C C B(G) C Sieg(G) C R(G) C S(G).
We will also consider the chain of inclusions
C C B(G)1 C Siog(G)1 € R(G)1 C S(Gh
of subspaces of functions which are A-invariant, i.e. descend to G(Q)A\G(A).

Remark 1.4.1. The relation to the spaces defined in [F1] is as follows:

S(G)1 is the space denoted Soo(G(Q)Axx\G(A)) in [F1];

R(G); is the space denoted S, __1o5(G(Q)Axx\G(A)) in [F1] for 7 = po;

Siog(G)1 is the space denoted Siog(G(Q)Ax\G(A)) in [F1];

B(G); is the space denoted S, 110g(G(Q)Ax\G(A)) in [F1] for 7 = —py.
Franke’s spaces are defined using weighted L? conditions whereas we have used weighted
boundedness conditions (as in [W], where S(G) and Sie(G) are defined). The equivalence
between the two types of conditions follows from the Sobolev-type estimate of Proposition
2 on p. 198 of [F1].

1.5. Automorphic forms. Fix a Cartan subalgebra § of gc containing ag (hence contained
in (mg)c). This gives a root system ® = ®(h, gc) and Weyl group W = W (h,gc). Fix a
system of positive roots T C & = ®(h, gc) compatible with <I>ar (i.e. if B € ®T then
Blay € ®¢ U {0}). The half-sum of roots in T will be denoted py; 80 pyla, = po-

Recall that the Harish-Chandra isomorphism Z(g) = S(h)" identifies infinitesimal char-
acters with the W-orbits in h and ideals of finite codimension in Z(g) with finite W-invariant
sets in h. For a finite W-invariant set © C b with corresponding ideal Ig and a (g, Koo )-
module V' let

SingV :={v € V : 3n such that I§v = 0}.

Thus, for example, §ingS(G) and Fing R(G) are spaces of automorphic forms for G. The
direct sum of FingS(G) as © runs over W-orbits in B is the space of all automorphic forms.

For a set of finite primes S containing all but finitely many finite primes let Kg =
[I,c5Kp. In the spherical Hecke algebra Hg = ®pesH,, where H, = H(G(Qp)//K,y) is
the convolution algebra of K,-biinvariant smooth functions on G(Q)), we have the maximal
ideal Jg annihilating the trivial representation. For an admissible G(Af)-module V' one
considers the space of Kg-spherical vectors killed by some power of Jg:

V;]ES = {v e VE : Inst. T2 =0}
and the direct limit over all such S
. K
‘/E] = hﬂs‘/jss

is a direct summand of V. (For any K° C G(A%), VEsK ® has a decomposition according to
maximal ideals of Hg. Taking a direct limit over K and then over S gives a decomposition
of V in which Vj is one summand.) For example, for the spaces of automorphic forms
considered above (which are G(A ¢)-admissible by the classical theorem of Harish-Chandra),
we have

Fine R(G)[S, = {f € FineR(G)\s : In s.t. Jaf =0}
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and
FinoR(G)1 9 := lim Fino R(G) 5.
This is a direct summand of FingR(G);.
Henceforth fix the W-orbit in b:

O :=W - py.

This orbit corresponds to the trivial character of Z(g), so that FingR(G); 5 contains the
constant functions.

Theorem 1.5.1. FingR(G)1 g is the space of constant functions.

Proof. We will use one of Franke’s filtrations on the space FingS(G)i, which we recall
following [F1, §6] or [W, 4.7, 6.4].

First we need an elementary construction. For the finite set © C b define another finite
set ©4 C ﬁar as follows: For 0 € © and a standard Levi M let 65 € (apr)c be the restriction

to (apr)c. Considering Re(fas) € ap as an element of g, let Re(fa)+ € ad be the closest
point to Re(fys) in aj. (Here we have fixed an inner product on @ invariant under the
Weyl group of ®3. The elements 8;; € ay; belong to d%, so we could as well work in ﬁOG

here.) Taking the union over M and 6 € © gives O, i.e.:
0. :=J,, {Re(bu)+ 00O},

Note that ©4 C EIOG+. There is a natural way to filter ©,. Let @9r be the set of maximal
elements in the standard ordering (viz. A < u <= pu— X € %). For p > 0 define ©%
inductively to be the set of maximal elements of ©, — @ip ~! and set @ip = @ip 1y orn.

Let f € FingS(G)1. For each standard parabolic P the constant term of f along P admits
a Fourier expansion in terms of characters of ap; (cf. [F1, §6]); the characters appearing
form a finite set

Expp(f) C (am)c C (ao)c,

the P-exponents of f. (Since f is As-invariant these actually lie in (d§,)c C (a§)c.) They
are related to the infinitesimal character © by:

f € §ingS(G)1 and A € Expp(f) = Re(N)4 € 6. (1.5.1)
Define a finite decreasing filtration

JineS(G)y =FIDFiDF2D ...
by the following condition on exponents:
f € Ff < forall Pand A € Expp(f) we have Re(\)4 € @ip.

Franke ([F1, Theorem 14] or [W, 4.7]) describes the graded quotients of this filtration: The
graded piece Fg / Fg“ is isomorphic to a sum of induced modules

Ind§,,(C)'") @) (1.5.2)

where v € @ﬁ_ and 7 is an automorphic representation on M (v) with unitary central char-
acter appearing in L2. (The notation P(v), M (v) is as in 1.3. Here [F1, Thm 14] is applied
with 7 = o0, i.e. T € Etg * sufficiently large. The colimit in loc. cit. is replaced with a direct
sum because O consists of regular elements of b (see the proof of [F1, Thm 19.1]). Franke
gives a more detailed description of 7 which appear, but we will not need it here.)
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The following lemma says that Fing R(G)1 as a subspace of FingS(G); is defined by a
condition on exponents:

Lemma 1.5.2. A function f € FingS(G)1 belongs to FingR(G)1 if, and only if, for all
standard P,
A€ Expp(f) = Re()) € pg —"af. (1.5.3)

Proof. This follows easily from (a variant of) Theorem 15 of [F1], which is a refinement
of the square-integrability criterion of [L, Lemma 5.1]. Recall that in the notation of [F1],
R(G); is the space S, | _10g(G(Q)Ax\G(A)) for 7 = pg. Theorem 15 of [F1] says that if

TE 60G+ then f € FingS(G)1 belongs to FingS, _iiog if and only if Re(\) € 7 — *a§ for all

A € Expp(f). The variant with “—log” in place of “+log” is the following: If 7 € a5’ N+ag
then f € FingS(G)1 belongs to FingS, 1oy if and only if any exponent A € Expp(f)
satisfies Re(\) € (1 —¢) — +a§ for some ¢ € 57, (See the remarks after the proof of
Theorem 15 on p. 242 of [F1].) Since py € a5™ C *a§ this can be applied to R(G);. The

condition that Re(\) € (pg — €) — Ta§ for some € € a5 is clearly the same as (1.5.3). O

Now define a filtration (F?),en of Fing R(G)1 by
F? := F? N §ing R(G)1.

The condition (1.5.3) is obviously compatible with the way the filtrations are defined, so that
the graded quotient F?/FP*! is a sum of induced modules like (1.5.2) over those elements
v € O which satisfy

vEp— ta§ (1.5.4)
(cf. p. 242 of loc. cit.). Let F'V be the last nonzero step of the filtration, corresponding to
O = {0}, which is F¥ = FingSiog(G)1. (By the geometrical lemma of Langlands (see e.g.
Lemma 1 on p. 232 of [F1]), Re(A);+ = 0 implies Re(\) € —+a§ (the negative of the closed

positive cone). So FV consists of automorphic forms all of whose exponents lie in —+ dg .
This is precisely FingSiog(G)1 by [F1, Theorem 15] applied with 7 = 0.)
To prove the theorem it suffices to prove:
(1) (FP/FPtl)y = FPJFPYY = {0} forp < N
(2) E is the space of constant functions.
We will use the following lemma, which will be proved later:

Lemma 1.5.3. Let P be a parabolic subgroup with Levi factor M, T an irreducible unitary
(m, KM) x M(A)-module and v € (a5;)c with Re(v) € a$;7. If the induced representation
I1 = Ind% (CM @ 1) has a constituent which is trivial at all but finitely many finite primes,
then Re(v) = pp.

To prove (1), note that each summand of FP/FP*! is an induced module as in the lemma
for some v € ©F. By the lemma it makes no contribution to F} /F} 1 unless v = pp for

some P. But this possibility is excluded by (1.5.4) since py — pp € Ta§ — Taf.

To prove (2) we use Franke’s description of FV = FingSiog(G)1 (see [F1, Theorem 13]).
The precise result does not matter for us, it is enough to note that this space is a direct
sum of modules of the form

— (1ugC®) W)
M= (mdf) Dr o)
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with notation as follows: P is a parabolic subgroup with Levi M, W (M) is a finite group
(acting via intertwining operators), 7 is an automorphic representation of M with unitary
central character appearing in the L? discrete spectrum, F C idyy is a finite set (depending
on ©), and Dr = @)ecp D) is the space of distributions supported on F'. For A € (aps)c the
space D) of distributions supported on A is a (m, K2) x M(Af)-module in such a way that
it has a filtration (not of finite length) with graded quotients the modules (Cﬁ‘\/[ defined above
in 1.3. If P # G the previous lemma implies that HKS = {0} for any S. If P = G then
II = 7 is a discrete L? automorphic representation of G appearing in L2, (G(Q)Ax\G(A))
and hence Hﬂjis = {0} unless IT is the space of constant functions. This completes the proof
of (2) and of the theorem. O

Proof of Lemma, 1.5.3. Recall (cf. [L2, Lemma 1]) that the constituents of IT = Ind%(CM @)
G(Qyp)

are of the form m = ®,m, where for each p, m, is a constituent of Ind P@mY © Tps and for

almost all p where 7, is spherical, m, is the unique K,-spherical constituent of Ind PE%}; ))1/®7'p.

(The component at p of CM is the unramified character of Ay (Q,) given by v € (an)c,
which we continue to denote by v.) Let p be such that 7, is spherical. Then 7, is the

spherical subquotient of Ind (%(’%Q )X where My, C My is a minimal Levi of G/Q, and

X is an unramified character of M ,, unitary on A/ (Qp), and we may assume that x is
dominant ([C]). Thus 7, is a constituent of

G(Qy)
P10, @,V X = Indypg

Mo(Qp) VX

We use the following fact: The unramified principal series representation Ind (((Dp ) ))\ has no

trivial constituent unless A € Woypq p, in particular for dominant A we must have A = pop-
(Here Wy is the relative Weyl group. This fact follows easily from the structure of the
Jacquet module of the unramified principal series [C].) Thus vx = po, and hence vx|a,, =
pp. Since x is unitary on Ap;(Q,) we have Re(v) = pp. O

1.6. Cohomology of the RBS compactification. To define the RBS compactification
of the quotient

My = GQ\G(A) /K% A K = Stabgg)(D)\(D x G(Af)/K)
we can either compactify each locally symmetric component (as in [Z1] or [GHM]) or else
define
Mg = StabG(Q)(D)\(D X G(Af)/K)

where D is the RBS bordification of D (see e.g. [GT, 1.3]). This is evidently compatible
with change-of-level and the direct limit

1 (M) = limy I (V).

has an action of G(Ay) where g € G(Ay) acts by pullback by the isomorphism M -1 —
Mk induced by right translation by g on G(Af). The Poincaré dual theory to the cohomol-
ogy of My is the weighted cohomology group WeH*(M) of [GHM] corresponding to the
dualizing profile [GHM, §9]. This is defined via a complex of sheaves W?C(C) which is a
version of the dualizing complex on My [GHM, §19], thus WYH*(Mg) = Haim ar—« (M ).
The C*° de Rham model of [N1] for these groups referred to earlier is:
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Proposition 1.6.1. For each K C G(Ay) there are natural isomorphisms

H* (M) = H* (9, Ko Ass, B(G))
WIH* (M) = H(g, K3, As, R(G))

such that for g € G(Ay) the pullback by MgKg—l — My is the map induced by right
translation by g on G(A) on function spaces.

Proof. For the first assertion take A = 0 in Theorem 3.8 of [N1] and note that the weighted
complex WYC(C) of [GHM] is quasiisomorphic to the constant sheaf Ciz, (cf. [GHM, §19)]).

The second assertion is the case A = 2pg in [N1, Theorem 3.8]. O

It follows from this description that one can also consider the direct limit
WIH (M) = lim , WOH" (M)

which is a G(Af)-module. In the direct limits H*(M) and WH*(M) the K-invariants give
back the groups H*(Mf) and WYH*(My), so that these direct limits are admissible. The
induced action of the Hecke algebra of K-biinvariant functions on H*( M) and WH* (M)
is the familiar geometric action in terms of correspondences.

The inclusions C C B(G)1 C R(G); give rise to G(A f)-homomorphisms

H*(D) — H*(M) — WIH*(M)

in cohomology. (At a finite level K these translate, on relative Lie algebra complexes, to
the inclusion of G(R)-invariant forms on G(R)/K% A, in spaces of differential forms on
Mk.)

Theorem 1.6.2. The homomorphism 6 : H*(D) — H*(M) induces isomorphisms

G(Af)

H*(D) = H* (M) = H (M) g4,y

The homomorphism H*(D) — WIH*(M) induces isomorphisms

H (D) = W' (M) = WiH (W) 4, -

Proof. Tt follows from results of Franke that the inclusion

SinoR(G)1 C RGN
induces an isomorphism in (g, K A4 )-cohomology: Indeed, Theorem 16 on p. 246 of [F1]
applies because R(G)1 is S, . _10g(G(Q)Ax\G(A)) for 7 = pg and pg € *a§ Na§™, so
that the derived functors Finy vanish on R(G);. By (3) of Theorem 7 on p. 208 of [F1] we

deduce that Fing R(G)1 C R(G); induces an isomorphism in cohomology.
For a set S of finite primes containing almost all primes we have (using Theorem 1.5.1):

WO (V)5S = H* (g, K% Aso, Fine R(G)}5)

= H*(D).
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Thus WOH*(M)y = H*(D) is a direct summand of WH*(M) and the complement contains
no almost-everywhere-trivial constituents, in particular neither invariants nor coinvariants.
This proves the assertions about WeH*(M).

For H*(M) we argue by duality: By the previous paragraph choosing a generator for
H"(D) gives a G(Ay)-invariant element in WYH"(M) (where n = dim My = dim D) which
restricts to a generator of WYH"(—) on each connected component of My at each level
K. This gives a linear form W9H"(My) — C by summing the contributions from each
component of Mg, and these give a G(Ay)-invariant form WYH"(M) — C. Composing
with the cup product H(M) x WIH"~{(M) — WIH"(M) gives a G(A)-invariant pairing
identifying H*(M) with the contragredient of WZH"~#(M). The theorem follows. O

Remark 1.6.3. In [F2, Cor. 3.5] Franke computes the invariants in H}(M) = thHz(MK)
and the coinvariants in H*(M) = thH*(M k) in terms of a certain open subset of the
compact dual. These are related to our spaces by maps

Hy (M)A - 7 (W) A = H*(D) = WH (M)ga,) — B Maa,)-

The computation of [F2] is based on the observation that the Eisenstein series which con-
tribute to the summand H*(M)5 of H*(M) are those starting from the constant function on
a standard Levi (including G itself here) and evaluated at the half-sum of positive roots.
The fact that WYH*(M) — H*(M) corresponds to the inclusion R(G); C S(G); and that
this submodule is given, after passing to subspaces of automorphic forms, by the condi-
tion (1.5.3) on exponents means that these Eisenstein series do not influence the summand
WAH* (M) except for G itself. Thus we are left with the constants, which contribute H*(D).

Remark 1.6.4. When My has a complex structure there is an analogue of the theorem for
toroidal compactifications, cf. 4.2. The analogue of the theorem fails in an interesting way
for the minimal compactification, cf. 4.3.

2. MIXED REALIZATIONS IN THE RBS COMPACTIFICATION

In this section we review the mixed realizations in the cohomology of My when My
is a Shimura variety. Two approaches are possible. The first, contained in [N2, NV] and
outlined in 2.2-2.4, uses Morel’s weight truncations [Mo] in categories of mixed sheaves (in
the sense of Saito [S2, S3]) built out of mixed realizations. The second, due to Ayoub and
Zucker [AZ] and outlined in 2.5, depends on Ayoub’s theory of motivic sheaves and their
realizations. Because some compatibilities between various realizations remain unchecked
this second approach does not quite, at present, give a mixed realization, see 2.5 below.
Moreover, since we are only interested in realizations (and not motivic results), the first
approach is preferable: though elementary, it gives finer results.

2.1. Shimura varieties and compactifications. Let S = Res¢ /RGm and let w: G r —
S be the canonical homomorphism. Let (G, X') be a motivic Shimura datum, i.e. a pair con-
sisting of a connected reductive Q-group G and a G(R)-conjugacy class of homomorphisms
h:S — Gr satisfying

(S1) The Hodge structure on g given by ad o h is of type (—1,1)4(0,0)+(1, —1).

(S2) The automorphism Ad(h(y/—1)) induces a Cartan involution on Gy = G (R)? and

G has no compact factors defined over Q.
(S3) The weight homomorphism h o w : G,,, g — Gr is defined over Q.
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We will further assume that
(S4) The maximal Q-split torus Ag of the centre of G is maximally R-split.

Thus G satisfies the conditions of §1 and we will use the notation fixed in 1.1. Under these
conditions the stabilizer in G(R) of a point is of the form K9 A,, where (as in 1.1) K is
a maximal compact of G(R) and A = Ag(R)?. The quotient

Mg = GQ\X x G(Ay)/K = GQ\G(A) /KO K

is the (complex points of) the Shimura variety at level K. By the theory of canonical
models of Shimura, Deligne, Borovoi, Milne, the varieties Mg have models over a number
field £ = E(G, X ) C C independent of K (the reflex field), and the morphisms My — Mg
for K/ C K are defined over E, so that the scheme

@KMK
has a model over E. The action of G(Af) on the scheme @1 x Mk by isomorphisms Mg —
Mg 41 is E-rational. (We will not distinguish notationally between the Shimura variety
over E and its complex points.)
We assume that G9°* is isotropic, so that My is noncompact. The compactifications of

interest to us are:

(1) The minimal (or minimal Satake or Baily-Borel) compactification:
My =GQ\X" x G(Ay)/K

where X* = | |-y D* for D* the union of the rational boundary components of D
with the Satake topology. This is a normal projective variety with a model over E
(the unique extension of the canonical model of Mg, see [P, 12.3]). It has a natural
stratification defined over F in which the boundary strata are (up to finite covers)
themselves Shimura varieties ([P, 12.3]).

(2) The RBS compactification My (defined earlier in 1.6). This is the union of the RBS
compactifications of each component of My and it is easy to describe its strata.
For a rational parabolic subgroup P let Lp = P/R,P be the Levi quotient and
Mp = mx: LG x?%; then Mp(R) contains any compact or arithmetic subgroup of

Lp(R). Write M = | |, I;\D for congruence subgroups I'; C G(Q). Then
TAD = ||, o \Mp(R)/Kp

where the union is over rational parabolic subgroups modulo I';-conjugacy, and for
a rational parabolic subgroup P, T'; ps,, is the projection of I'; N P(R) to Lp(R) and
Kp is the projection of K N P(R) to Lp(R).

There is a proper continuous map

p: Mg — Mj;
extending the identity. (See [GHM, §22] for a description of p.)

(3) The toroidal compactifications My (cf. [AMRT, H2, P]): For suitable data ¥ this
is a smooth projective variety over E with an open immersion Mg <> MIE< and the
complement of Mg is a normal crossings divisor with smooth components. There
is a proper morphism

7 My — Mj:
over E extending the identity.
We will return to these compactifications in 2.4.
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2.2. Mixed sheaves. Saito has defined and studied the notion of a theory of A-mixed
sheaves (A a field of characteristic zero) on varieties over a subfield £ C C ([S2], see [S3, §1]
for a summary). Briefly, such a theory gives an A-linear abelian category .# (X) for every
variety X/k with an A-linear faithful exact functor For to perverse A-sheaves on X (C),
satisfying a certain set of axioms listed in [S2, 1.1-1.6]. These include the existence of weight
filtrations for objects of .#(X) and the semisimplicity of graded pieces, a contravariant
duality functor D : .#(X) — .#(X) with D? = id, the existence of pullbacks by open
immersions and pushforward by affine morphisms, and the existence of a constant object
A ¢ #(Spec(k)). Given this setup, Saito shows in [S2] (cf. [S3, Theorem 1.2] and the
remarks after it) that for a morphism f : X — Y there are four functors f*, f., f', fi between
derived categories D# (X) and Da (Y) having the appropriate adjointness properties
and compatible with the usual functors between D2(Qx) and DY(Ay) under the functor
For : D2/ (X) — D%(Ax) induced by For. The duality functor extends to D% (X) and
the expected properties, e.g. Do f* = f' oD etc. hold. The notion of weights extends
to the objects of DU#(X) (see [S2, §6]) and the functors fs, fi, f*, f' have the correct
behaviour with respect to weights [S2, 6.7], so that there is a decomposition theorem [S2,
6.10]. For each variety X there is an object A¢ in D%.# (X) with For(A¢) = Ax; in fact
AY = a A7 for ax : X — Spec(k) the structure morphism.

The basic example is the theory of mixed Hodge modules [S1], which is a theory of Q-
mixed sheaves on varieties over C with .Z(X) = MHM(X(C)) and For = rat (i.e. taking
the underlying perverse sheaf of a mixed Hodge module).

The theory of Q-mixed sheaves we will use here is an enrichment of mixed Hodge modules
described in [S2, 1.8(iv-v)] or [S3, 1.1] for any subfield £ C C. An object of .Z(X) is a
triple (Mg, F,W), (K, W), (K;, W);) where

o (M, F) is a filtered regular holonomic D-module on X/k with a finite increasing
filtration W on M; @ C

e (K,W) is a perverse Q-complex on X (C)** with an increasing filtration W

e for each prime I, (K;, W) is a filtered perverse étale Q;-complex on X xk with a
continuous Gal(k/k)-action compatible with the action on X xj k

such that the pair (M ®C, F,W), (K,W)) is a mixed Hodge module on X (C), and we are
also given comparison isomorphisms relating (K, W) ®@ Q; and (K;, W;) (see [S3, 1.1] or [S2,
1.8] for the precise description; note that the comparison isomorphisms are part of the data
of the object). The category .# (Spec(k)) is essentially the category of mixed realizations
over k (cf. e.g. [D, J, Hul]), except that we use the fixed embedding k C C rather than all
embeddings of k in C. Thus for a variety X/k and K € D%.# (X), the object

H(ax.K) € .4 (Spec(k))
(ax : X — Spec(k) is the structure morphism) is a triple consisting of a Q-mixed Hodge
structure, a filtered vector space over k, and a family of l-adic Gal(k/k)-representations, all
related by comparison isomorphisms. In particular, for a variety X and K = Q'}/(// this gives
the usual mixed realization on the cohomology:
H*(X) == (Hp(X), Hyr(X/k), (H7 (X))
= ((H*(X((C)anv @)a WM F.)’ (HZZR(X/k)a F.)7 (H:t(X Xk ka @l)l) .
For X irreducible of dimension d, the intersection complex K = ICx(Q%)[d] = j.Q[d]
where j : U < X is a smooth open subset belongs to .Z(X) (cf. e.g. [S2, §6]), so this gives
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a mixed realization on intersection cohomology:
IH"(X) := ((IH"(X(C)™, Q), W, F*), (IHgR(X/k), F*), (THZ (X Xy k, Qu)i) -
When X is proper this is pure, i.e. Gr}NIHi(X) =0 for j #i.
Henceforth, . (-) will stand for the theory of mized sheaves fized here.

2.3. Truncation by weights. Morel [Mo] found new ¢-structures in categories of mixed
sheaves. (The arguments in [Mo] are given for l-adic sheaves over a finite field but they
work in any theory of mixed sheaves with trivial changes.) Briefly, Morel shows that for
any a € Z U {£oc} the pair (VDS (X),YD>%# (X)) of full (and, in fact, triangulated)
subcategories defined by K € *DS#(X) <= H'(K) € .#(X) has weights <a (respec-
tively, K € *D>%#(X) <= H'(K) has weights > a) defines a t-structure on D%# (X).
The associated truncation functors are denoted weg, Wsq.

By a stratification of X we mean a partition X = | |/_, X; into locally closed subva-
rieties with each Xg open in X — | |,_,X;. Given a stratification of X by equidimen-
sional subvarieties, and any function a from the set of strata to Z U {00}, gluing the ¢-
structures above along the strata using the theory of [BBD, §1.4] produces a new t-structure
(DS (X),“D>%# (X)) on D2 (X) (cf. [Mo, §3]). Thus K € “DS%# (X) (respectively,
K e *DSey/(X)) iff ix, K € wpse(Xe) g (X},) (respectively, i!XkKengg(X’v)///(X)), where
ix, : Xz — X. We will be interested in the particular function dim defined (for any strat-
ification) by:

dim(S) :=dim S.
The truncation functors of the glued ¢-structure are denoted w<gim and ws gim.-

Proposition 2.3.1. Suppose that U is smooth of dimension n, j : U — X is an open
immersion as a Zariski-dense subset of an irreducible variety, and w:Y — X is a proper
morphism from Y smooth such that 7T|7r71(U) 18 an isomorphism. Assume X is given a

stratification such that HQ n], .Q¥ [n], and m.Q57 [n] are constructible. Then

W<mj*@6” [n] = wgmj;*(@ﬁ/{[n] = wémﬁ*@i{/ [n].

Proof. The equality of extreme terms is [NV, Proposition 4.1.2]. The first equality (also
noted in [NV]) follows by applying wegim to Morel’s formula j1.Q7 [n] = w<, . Q¢ [n] ([Mo,
Theorem 3.1.4]). O

2.4. The RBS compactification as a weight truncation. Let j : Mg — M} be the
inclusion. We work in the theory .#(—) on varieties over the reflex field E outlined above
and with the canonical stratification of M. Recall the compactifications in 2.1.

Proposition 2.4.1. There is a natural isomorphism
p-Qyz,. = For(weaimi-Qif,)
in the derived category of constructible sheaves on My .

Proof. This is a special case of [N2, Theorem 4.3.1] (see [N2, 4.6] for a discussion). [N2] is
written in the context of mixed Hodge modules, but as remarked there (Remark 4.3.7 of
loc. cit.) the proof works in any theory for which For factors through rat : DPMHM(X) —
D%(Qx), in particular for . (—). O
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Thus the cohomology of M carries a mixed realization
H*(Mk) = (Hp(Mk), Hip(Mg), (H (Mk))1) := H* (anrzcw<aim-Qi7, ) € A (Spec(E)).
Combining Propositions 2.4.1 and 2.3.1 gives identities
pQsz,. = For(wegimix Qi) = For(wegim Qi [n][-n]) = FO?"(w@LmW*QﬁIE{)-

The consequences of interest to us are summarized in the following commutative diagram

in . (Spec(E)):
H*(M32) (2.4.1)

H*(

H* (M)

Here ¢ : IH*(M};) — H*(M3) is given by any homomorphism j!*Qj/[//K [n] — W*Qﬁz [n]
coming from the decomposition theorem ([BBD], [S1], [S2, 6.10]). The morphisms other
than ¢ are canonical and Hecke-equivariant in the appropriate sense (e.g. for 7*,v* one
keeps in mind that a Hecke operator goes from H*(M3) — H*(M}') for some ).

Dualizing gives mixed realizations on the groups W?H*(My). The ring structure of
H*(Mf), the natural map H*(My) — WYH*(Mf), and the action of H* (My) on WIH* (M)
all respect mixed structures.

We will not use the following fact, but it is useful to keep it in mind:

Lemma 2.4.2. The weights of H(My) are <i. The top weight quotient is
CeVHi (My) = im(H' (M) — TH*(Mj)) = im(H (My) 5 H(ME)).

Dually, the weights of WiHi(JWK) are > i and the bottom weight piece is the image of the
map TH (M},) — WIH! (M) Poincaré dual to H*(Mjy) — IH*(M3,).

Proof. The constraint on weights and the equality of the extreme terms is proved in [N2,
Proposition 2.4.2(ii)] or [NV, Lemma 4.3.1]. Since ¢ is injective the second equality holds.
O

Remark 2.4.3. Goresky and Tai [GT] proved the existence of a map H* (M, Z) — H*(MZ, Z)
factoring m* : H* (M}, Z) — H*(M3,7Z). This agrees (®Q) with v*.

2.5. Motivic approach. This approach uses the theory of motivic sheaves (see [A] and
the references there), unlike that of [N2, NV], which works with the more classical objects
in 2.2. It does not give the whole diagram (2.4.1) but gives the outer triangle, i.e. the
factorization 7 = ~* o p*, modulo some compatibilities which have not been checked in the
literature. This factorization is enough for the proof of Theorem 2 in §3.

Theorem 4.1 of [AZ] gives an object Eps» in Ayoub’s triangulated category DA (M}, Q)
of (étale) motivic sheaves on M- which realizes (in Ayoub’s Betti realization) to p.Qyz .
Ayoub’s theory of motivic sheaves has a formalism of six functors compatible with the
Betti realization, and over Spec(E) it gives Voevodsky’s triangulated category of mo-
tives over E (cf. [A] for a survey of the theory and specific references). So pushing
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Eps; forward by Mg- — Spec(F) gives a Voevodsky motive over E with Betti realiza-

tion RT'(Mg, Q) = @;H (Mg, Q)[—i]. Huber [Hul, Hu2, Hu3] has constructed realization
functors from Voevodsky’s triangulated category to the derived category of mixed real-
izations, so that one also gets a mixed realization in this way. This would give a mixed
realization with Betti part H*(Mg, Q) and the factorization 7* = +* o p*, except that the

compatibility of Huber’s Betti realization with Ayoub’s has not been checked (see Remarks
4.4 and 4.9 of [AZ].)

Remark 2.5.1. The mixed realizations coming from the two approaches described here could,
in principle, be different. Vaish [V] shows that given suitable realization functors (to derived
categories of mixed sheaves) on Ayoub’s category of motivic sheaves the two approaches
yield the same objects. Such realizations have recently been constructed by Ivorra [I]. (The
agreement of the Betti realization in [I] with the one used in [AZ] has not been checked, so
that one cannot combine [AZ] and [I] to get a mixed realization with Betti part H*( Mg, Q).)

3. CHERN CLASSES OF AUTOMORPHIC VECTOR BUNDLES

We continue in the setting of Shimura varieties of §2, i.e. (G, X) satisfies conditions
(S1)-(S4) of 2.1. We make the additional assumption that

G is simply connected.

Thus Gy = G"(R), and the compact form G, being a maximal compact subgroup of
G4r(C), is simply connected.

If H is a compact group (or an algebraic group over a subfield of C) the category of
finite-dimensional continuous (or rational) complex representations is denoted Rep(H).

3.1. Chern classes. For the reader’s convenience we summarize the properties of Chern
classes that we will use. For a clear discussion see [DMOS, 1.1, pp. 19-22]. Let £ C C.

Let Qp(1) be the Tate Hodge structure, i.e. C with Q-strucrure (27/—1)Q and Hodge
filtration F~1 = C, F® = 0. Let Q(1) be Q; with the action of Gal(k/k) by the l-adic
cyclotomic character x; : Gal(k/k) — Qf for any prime I, and Qgr(l) = k with the
filtration F~! = k, FY = {0}. Thus (Qp(1),Qqr(1), (Q(1));) is the Tate object in mixed
realizations, i.e. the mixed realization Ho(P'). For each i € Z the comparison isomorphisms
Qp(i) @ Q, = Qi) (over k) and Qp(i) ®g C = Qur(i) ®% C give comparison isomorphisms

oy : Hp(X)(1) ® Q — Hj (X) (i)
oar : Hp(X)(i) ®q C — Hgr(X)(i) @ C
for any smooth variety X over k, where, as in 2.2, we have
(Hp(X), Hyp(X/k), H (X)) = (H"(X(C)™, Q), Hip(X/k), Hy (X x5 k, Q1))

and H3(X)(i) = H3(X) @ Q2(1)®" for ? = B,dR, 1.
If X/k is smooth and complete and .# is a vector bundle (i.e. locally free sheaf of
Ox-modules) on X/k, there are classes:

(7)) e HE(X)()), ¢f"(F) € Hip(X/k)(i), i(F) € HI'(X)(0)

7

and these are related under comparison isomorphisms, i.e. oqr(c?(F)) = (F) and
01(cB(F)) = cL(F). The class c?(F) is of weight zero, ctf*(F) belongs to FO, and c.(.F)

is Galois-invariant.
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For X/k, % as above there is also an underlying topological complex vector bundle F
(with sheaf of holomorphic sections .#%") on the space X(C)®*. This gives topological
Chern classes

ci(F) € H*(X(C)™, Q) = HE(X)
(see [MS, §14], we ignore the integral theory) where one chooses v/—1 € C to orient F'. This
choice also fixes an isomorphism Qp — Qp(1), hence isomorphisms Q; — @Q;(1) (over k) and
C — Qar(1)®C. These induce isomorphisms H3 (X) — Hp(X)(4), Hf (X)(i) = Hj (X) (over
k, i.e. not Galois-equivariantly) and H},(X/k) ® C = H}}(X/k)(i) ® C. The isomorphism
H3(X) — Hi(X) (i) maps ¢;(F) to ¢?(F), so that one has:

oar((2mv/=1)ic;(F)) = B (.F) (3.1.1)
Gal(k/k) acts on oy(c;(F)) by x; " (3.1.2)

The first point is easily checked (see the diagram on p. 20 of [DMOS]). The second holds
because Hf (X)(i) = Hj (X) ® x! as Gal(k/k)-modules and c}(.%) is Galois invariant.

In any context, the Chern classes of a vector bundle depend only on its class in the
Grothendieck group of vector bundles, so that if two vector bundles have filtrations with
isomorphic gradeds then they have the same Chern classes.

The following remark will not be used below but it is useful to keep it in mind: If X/k is
an algebraic variety which is embeddable in a smooth variety, there is (by [Har] and [Gr])
a good theory of Chern classes in algebraic de Rham cohomology, i.e. for a vector bundle
F on X/k there are classes ¢/f'(F) € H2,,(X/k) which are related to the Chern classes of
the underlying topological vector bundle on X (C)** as in (3.1.1).

In the sequel we use the same notation for algebraic vector bundles and their underlying
topological vector bundles and suppress comparison isomorphisms from the notation (as in
the introduction).

3.2. Automorphic vector bundles. We summarize some standard facts (see e.g. [HI,
§3] or [Mi, Ch. III]) about the compact dual and automorphic vector bundles.

Fix a point A € X. The stabilizer of h in G(R) is of the form K2 A, where K, C G(R)
is maximal compact. There is a unique maximal parabolic P, of G(C) such that

(i) PoNGo= Koo = K3 NGo and
(ii) the induced map Go/ Ko — G(C)/Py is an open holomorphic immersion.
The inclusion G§ C G(C) induces an identification
D = G/ Ko = G(C)/ Py

so that the compact dual is a G(C)-homogeneous space. The open immersion D C D in
(ii) extends to give the G(R)-equivariant Borel embedding:
B:X < D.
The functor V — ¥, where
¥ =G(C) xp, V =G(C) x V/(g.v) ~ (gp.p™" - v),
gives an equivalence of Rep(P),) with the category of G(C)-homogeneous vector bundles on

D. A G(C)-homogeneous vector bundle ¥ on D gives an automorphic vector bundle (Vi)
on the Shimura variety where

Vi =GQ\ (8" x G(Ay)/K) .
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Then ;
YV = (af/K)K (3.2.1)

defines an exact tensor functor from G(C)-homogeneous vector bundles on D to G(Aj)-
equivariant algebraic vector bundles on 1&1 Mg

The compact dual D has a natural E-structure (see [H1, 3.1] or [Mi, II1.1]). By one of
the main results of Harris’s [H1] (see also [Mi, II1.5]) the functor (3.2.1) is E-rational, i.e.
takes a G(C)-homogeneous vector bundle on D with L-rational structure for L O E to an
L-rational vector bundle on the canonical model of Mg.

3.3. For technical reasons we will need a slightly different construction of bundles on M.
These come from the fact that Mg = | |, T;\D where T'; C G¥(Q) (for K small enough).
Let Pyp :== P, N G4, This is a parabolic subgroup of G9°* with K(()C,oo as a Levi subgroup,
and
D =G(C)/P, = G (C)/ Py, = G5/ Ko oo

Given E € Rep(Ko,«) one has the G§-homogeneous bundle & = G§ x , .. E on D. This has
an algebraic structure by inflating E to a Py -module (i.e. by letting the unipotent radical of
Py 1, act trivially) and using the identification & = G4°7(C) x Py, E induced by the inclusion
G§ x E C GI7(C) x E. Restricting & to D (via 8) and dividing by I'; € G9°*(Q) for each
i defines a vector bundle &% on My for K small enough, i.e. &x|p\p = (I'i\Go) x kK, ., E-
This defines an exact tensor functor

E v & (3.3.1)

from Rep(Kp o) to algebraic vector bundles on Mg for K small enough.

Remark 3.3.1. For V € Rep(P;,) the G(C)-homogeneous vector bundle ¥ on D as in 3.2 is
C* isomorphic to the bundle associated with E' = V|, , by (3.3.1) under the map induced
by the inclusion G§ x V' C G(C) x V. Similar remarks clearly apply to the bundles on Mg,
so that an automorphic vector bundle on the Shimura variety (i.e. as in 3.2) is, at any finite
level, C*° isomorphic to a bundle coming (by (3.3.1)) from a K ~-representation. (Con-
versely, a bundle coming from (3.3.1) is C'*° isomorphic to an automorphic vector bundle
on M because the restriction functor Rep(Py,) — Rep(Kp o) is essentially surjective.)

Henceforth, to avoid confusion between the constructions of 3.2 and 3.3, we will usually
use the letters V, ¥, Vi etc. for the former and the letters E, &, Ex ete. for the latter.
We will also avoid using the term automorphic vector bundle for the construction of 3.3,
reserving it for that of 3.2.

3.4. Toroidal canonical extensions. The vector bundles in 3.2, 3.3 admit canonical ex-
tensions to algebraic vector bundles toroidal compactifications.

Let M}E( be a smooth projective toroidal compactification in which the complement of
M is a simple normal crossings divisor. The vector bundle &k (as in 3.3) defined by E €
Rep(K( ) has a canonical extension to an algebraic vector bundle &3 on M3 (Mumford’s
canonical extension [Mu]). Then

E— &7 (3.4.1)

defines an exact tensor functor from Rep(Kj ) to algebraic vector bundles on M. This is
compatible with changing the level K or refinement of 3, i.e. if ¥’ refines ¥ then 5}% pulls
back to g}%’ under the morphism MI%/ — M3 extending the identity of My, and if K’ C K
then é‘}% pulls back to éa[%, under the covering My — Mp.
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Let MIE( be a smooth projective toroidal compactification in which the complement of
My is a simple normal crossings divisor. An automorphic vector bundle #% defined as in
3.2 has an extension to a vector bundle #;> on M3 ([H2]). This defines a functor

Vo Vi (3.4.2)

from G(C)-homogeneous vector bundles on D to algebraic vector bundles on MI% This
is an exact tensor functor compatible with change of level and refinement of 3. It is also
compatible with the G/(Ay)-action on the collection of all toroidal compactifications ([H2,
4.3]). When MZ is defined over E the functor (3.4.2) is E-rational by a result of Harris
([H2, Theorem 4.2]), i.e. if ¥ is L-rational for L D E then so is ¥}>.

Lemma 3.4.1. IfV € Rep(P,) and E = Vg, . € Rep(Koo) then the bundles V7 and
cga[% have the same Chern classes.

Proof. Filter V' by Pj-stable subspaces such that the unipotent radical of P}, acts trivially
on the graded quotients. The sum of graded quotients carries a representation of the Levi
K&ooZ(G) (here Z(G) is the centre of G) which restricts on K&oo to E. This gives a
filtration of ¥% by subbundles with the graded isomorphic to &x. Canonical extension is
exact so we get a filtration of ”1/1? with graded isomorphic to é’}% It follows that they have
the same Chern classes. g

3.5. RBS canonical extensions. The underlying topological bundles of the constructions
in 3.2, 3.3 admit canonical extensions to topological vector bundles on the RBS compacti-
fication.

For a bundle &x on M coming from a Ky -representation (as in 3.3) there is a natural
topological vector bundle &x on the RBS compactification My extending &%. This is
described in [GT, 9.2] or [Z2, 1.10] and is easily described stratumwise. In the notation
of 2.1(2), the restriction of &x to the P-boundary stratum of the component I';\D is the
vector bundle

&.p= (L P\Mp(R)) xfp E,

i.e. the extension & is obtained by gluing the various &; p together (see [GT, 9.2]). The
construction gives an exact tensor functor from Rep(Kp ) to topological vector bundles
on M.

For an automorphic vector bundle ¥ as in 3.2 defined by V' € Rep(P) let E = Vg,
and define:

Vi = Ek. (3.5.1)

Then V + ¥} defines an exact tensor functor from Rep(P,) to vector bundles on My
(which factors through the earlier functor).

Remark 3.5.1. The definition (3.5.1) ignores the algebraic structure of ¥x. Since M is
motivic, it is interesting to ask what sort of algebraic/motivic object on My we should
associate with V' € Rep(Py,). As a first approximation, one can ask for Chern classes in the
cycle groups of the motive of My refining the ¢ (k).
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3.6. Chern classes and the homomorphism 6. We now show that
0(c;i(¥)) = (=1)°¢;(Vx) (in H* (Mg, Q)) (3.6.1)

for a homogeneous bundle ¥'. We will use the natural connections on homogeneous bundles,
which descend to bundles on quotients.

Recall that the Chern-Weil theory (see [MS, Appendix C]) gives a C* way of computing
the Chern classes of a complex vector bundle F' on a smooth manifold Y, at least in
H%(Y,C), as follows: Given a Hermitian connection V in F', one has the curvature form
2 which is a smooth 2-form on Y with values in End(F). The Chern forms ¢;(F, V)
are closed forms given by applying the natural conjugation-invariant polynomial functions
End(F) — C. Thus ¢(F,V) = P;(2) where P; is the ith symmetric function of the
eigenvalues of an endomorphism. Then the image of ¢;(F) € H?*(Y,Q) in H*(Y,C) is
the class of G F) -ci(F, V).

Let (E,7) € Rep(Ko,o0). Then go (the Lie algebra of Gy) and End(E) are €y .o-modules
under adlg, ., and ad o dr respectively. The Go-invariant connections in the vector bundle
Go Xk, ., F are given by £y -module homomorphisms

go — End(E)

which extend d7 : £y oo — End(E). (See [GP, Proposition 5.3]: As in [GP, 5.2], we identify
End(E)-valued forms on D with End(E)-valued forms on G which are basic (i.e. Ko o-
equivariant and £y .-horizontal). A connection is determined by its End(E)-valued 1-form,
which in the case of a Gy-invariant connection reduces to a mapping go — End(E) with the
properties above.) The Cartan decomposition of gy gives a projection 6y : go — €000 and
the Gp-invariant connection given by

dr o 90 100 — End(E)

is called the Nomizu connection and denoted VN, The curvature 2-form of VN™ is the G-
invariant differential form given at the identity by Qo(X,Y) = —d7([(1—60)(X), (1—00)(Y)])
where X, Y € g. (See [GP, Proposition 5.3, Example 5.5.1]). The Chern forms of VN™ are
Go-invariant differential forms on D (see [GP, Proposition 5.3]). The Nomizu connection
descends to one on & which will also be denoted VNom™.

Lemma 3.6.1. Let E € Rep(Ko o), €k the associated vector bundle on My (as in 3.3),
and & the canonical extension to the RBS compactification (as in 3.5). In the isomorphism

H* (M, C) = H*(g, K% Ao, B(G)T')
(of Proposition 1.6.1) the invariant differential form ﬁck(&(,VNom) represents the
kth Chern class of &k .

Proof. This is essentially proved in [Z2], but for the LP cohomology model there. The same
proof (minus the last step) works in our context; we sketch it for the reader’s convenience.

In [Z2, §4], Zucker shows how to represent Chern classes of vector bundles on a stratified
space like M using a choice of control data, i.e. how to do Chern-Weil theory in a stratified
setting. The class (2mv/—1)¥ci(&x) is represented by the Chern form cy(&x, V™) of a
controlled connection V! which is a controlled differential form on My (Theorem 4.3.5
of loc. cit.). Lemma 5.4.2(i) of loc. cit. shows that such controlled differential forms are
bounded, hence belong to the relative Lie algebra complex computing the cohomology
of B(G)X. On the other hand, Proposition 5.4.3 of loc. cit. shows that the difference
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w = ek, VM) — ¢ (8, VIO™) is bounded, and by standard formulas (cf. (4.3.4.1) of
loc. cit.), w = dny, for a bounded differential form ng. Thus ¢ (&x, V') and ¢ (Ex, VNO™)
represent the same class in the cohomology of B(G)¥. O

Lemma 3.6.2. For E € Rep(Ko), 0(ck(&)) = (—1)Fcx (k).

Proof. This is essentially Hirzebruch’s original observation (see [Mu, p. 263]). The G§-
invariant connections in the bundle & = G§ xg, . E are given (as above, using [GP,
5.2, 5.3]) by £y oo-module homomorphisms g§ — End(E) extending dr. As before, dr
composed with the projection g§ — €0~ gives a canonical connection vNem  The curvature
2-forms g and Qy of VN°™ and VNo™ gatisfy B*(Qo) = —Qp where 3 : D < D and hence
i (&, VN = (—1)kcy(Ex, VNO™) as invariant differential forms. O

This proves (3.6.1), since for a G(C)-homogeneous bundle ¥ we have

(V) = en(&) = (=1Fer(k) = (=1 en(¥k).
by Remark 3.3.1 and the definition (3.5.1).

3.7. Proof of Proposition 1. Recall the map v* : H*(Mf) — H*(MZ) from 2.4 and the
diagram (2.4.1). We shall show that there is a commutative diagram

9/27 H*(M3,Q) (3.7.1)
H*(D,@) *
’ H* (Mg, Q)

with 6% injective. This will prove Proposition 1.
Lemma 3.7.1. For E € Rep(Ko ), 7*(ck(ék)) = cr(E3).

Proof. This could be proved using Lemma 3.6.1 and simple arguments from [Mu], but
we will use [GP, Z2| instead. According to the main result of [GP], there are classes
P (&) € ka(M]*(,(C) such that 7 (c{F (6k)) = cx(6%). By [22], p*(c{T (6k)) = ck(bk).
Thus v*(ck (&) = 7 (¢S (k) = cr(EF). O

Lemma 3.7.2. There is an injective ring homomorphism

6% : H(D,Q) — H' (Mg, Q)
with 6% (cx(8)) = (—1)*c(6%) for E € Rep(Ko.0o)-
Proof. Following a suggestion of N. Fakhruddin we will use K-theory to prove this. Let
K%(—) denote the topological K-theory of a space and ch : K°(—) — H*(—, Q) the Chern
character homomorphism. We write R(H) for the representation ring of a compact group

or an algebraic group over a subfield of C, i.e. R(H) is the Grothendieck group of Rep(H).
We first show that the ring homomorphism

R(Koc0) — H" (Mg, Q) (3.72)
defined by E + ch(&7) and extended Q-linearly defines a ring homomorphism
k:KY(D)®Q — H*(MZ,Q). (3.7.3)
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(Here &% is the bundle as in 3.3 and &} is the construction in (3.4.1). That x is a ring
homomorphism follows from the compatibility of canonical extension with tensor product
[H2, 4.2] and the fact that the Chern character is one.) Since D = G§/K ~ with G§ simply
connected and Ko, C Gf is a subgroup of maximal rank, the construction £ & gives
an isomorphism
R(Ko,00) ®r(ce) Z — K°(D) (3.7.4)

where Z is a R(G§)-module via the dimension homomorphism (by [Pi, Theorem 3]). Since
the left-hand side is the quotient of R(Kp o) by the ideal generated by ker(dim : R(G§) — Z)
and ch is a ring homomorphism, it suffices to check that ch(&%7) = dim F if E is a G§-
representation. Since the degree zero term of the Chern character of a bundle is its rank,
it suffices to check that cx(&%) = 0 for k > 0 for such E. By Lemma 3.7.1, cx(&%) =
7*(ex(EK)), so it is enough to show that cx(&x) vanishes in H*(Mp,C) for k > 0. By
Lemma 3.6.1 ¢ (&) is represented (up to (27v/—1)%) by the kth Chern form of the Nomizu
connection VN°™, But if F is a Gg-representation the curvature 2-form of VNem vanishes
identically (see e.g. [GP, Proposition 5.3]), hence so do its Chern forms for £ > 0. Thus
cr(8%) =0 for k > 0, ch(&3) = dim E, and we have & as in (3.7.3).

Since D is a flag variety it has only even-degree cohomology so the Chern character gives
an isomorphism ch : K%(D) ® Q — H*(D, Q) (cf. [AH, 2.4]). Now define

0> :=koch loo

where o : H*(D,Q) — H*(D,Q) is defined by o(a) = (—1)&(®/2q. (Since H*(D, Q) is
concentrated in even degrees this makes sense and ¢ is a ring homomorphism.) Note that
0 (0(ch(&)) = ch(&}), from which it follows that 6% (cx(&)) = (—1)Fcg(&7%). This implies
that > is injective (i.e. nonzero) in top degree 2n = 2dimc D: Choose a nonzero monomial
cky (61) -+ ex, (&) with 3, k; = n; it spans H?*(D, Q). Then

| Pad) a6 = (00 [ an(d) e @) £0
M D

where C'is a nonzero constant. (This is Mumford’s version of proportionality [Mu, Theorem
3.2]; it also follows from the equality of Chern forms in Lemma 3.6.2 and a computation on
My, since ~* is an isomorphism in top degree. The constant C is the volume of Mg.) It
follows that 6% is injective: For nonzero o € H*(D) choose 8 € H?"~*(D) such that a-3 # 0.
Then 0 # 6> (a - B) = 6% () - 6%(B), so that 6% () # 0. O

z
K

The commutativity of (3.7.1) follows from the previous two lemmas, Lemma 3.6.2, and
the surjectivity of (3.7.4). Proposition 1 follows.

3.8. Proof of Theorem 2. We work in the category .Z (Spec(FE)) of mixed realizations
from 2.2. The action of the Hecke algebra of K-biinvariant functions on G(A ) on H*(M)X =
H*(Mf) respects all structures, i.e. is an action in .# (Spec(E)). (The action on H* (M)
in ./ (Spec(F)) is induced by an action by cohomological correspondences on the object
W< dim, j*Q'ﬁK, see [Mo, 5.1]. By naturality of the isomorphism in Proposition 2.4.1, it agrees
with the action by cohomological correspondences on p*@MK, which induces the action of
the Hecke algebra on H*(Mf) discussed after Proposition 1.6.1.) The direct summand of
invariants can be projected out using an element of the unramified Hecke algebra outside
a finite set of finite places, so it is a direct summand in the category .# (Spec(E)). For a

G(C)-homogeneous bundle ¥ given by V € Rep(P,) and the automorphic vector bundle
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Vi, let & and &k be the bundles on D and M associated with E = VKo (as in 3.3).
Since ¥ = &k (by definition, cf. 3.5), we have

7 (en(P)) = 7" (b)) = en(6) = en(Vi)
by Lemmas 3.7.1 and 3.4.1. Since ¥* is injective on the direct summand of invariants, the
class ci(7k) has the same properties in realizations as its lift c,(%;). The properties (i)-
(iii) in Theorem 2 then follow from general properties of Chern classes ((3.1.1) and (3.1.2))
and the rationality of the functor # +— #;> due to Harris noted after (3.4.2) of 3.4. O

4. REMARKS ON OTHER COMPACTIFICATIONS

We make some remarks on analogues of the main results for other compactifications. For
toroidal compactifications or for the intersection cohomology of the minimal compactifica-
tion there are straightforward analogues of the main results, which we state first in 4.1, 4.2.
For the cohomology of the minimal compactification the situation is rather more interest-
ing, and we discuss what we expect to hold in 4.3. (Since our main purpose is to sketch a
conjectural picture we will not give complete proofs in the discussion in 4.3.) The setting
is that of §3, i.e. (G, X) satisfies (S1)—(S4) of 2.1 and G is assumed simply connected.

4.1. Minimal compactification (intersection cohomology).

Proposition 4.1.1. The invariants (and coinvariants) of the mized realization TH*(Mj;)

are isomorphic to H*(D), given by the composition
H*(D) L H* (M) -2 TH* (M),
where p : H*(My) — IH*(M}.) is as in the diagram (2.4.1).
Proof. A version of Matsushima’s formula for IH* (M}, C) gives a natural isomorphism

TH* (M, C) = lim, TH* (M) = @) mais(m) 7 @ H* (g, K% Avo, o)

7T:7Tf®7l'oo

where the (algebraic) direct sum is over 7 appearing in the L? discrete spectrum of G, and
mais(m) is the multiplicity. (See e.g. [Mo2, Theorems 2.1, 2.2].) It follows that invariants
and coinvariants agree and are isomorphic to H*(D, C). The homomorphism p : H*(Mg) —
IH*(Mj},) maps invariants into invariants. Since v* = ¢ o p is injective on the invariants, so
is p. Hence p o @ is an isomorphism onto the invariants. The proposition then follows from
Theorem 2. ]

Remark 4.1.2. This can be used, with the methods of [N2], to prove that H(M)“Xs) of
HZ(M), which is proved to be a direct summand in [F2], is a mixed Tate realization.

4.2. Toroidal compactifications. There is an analogue of Theorem 1 for toroidal com-
pactifications, which we will state without proof. (The analogue of Theorem 2 is immediate
from [H1, H2].) Let
H* (M) o= limy, i H* (Mg ).

Here the first (i.e. inner) limit is over all 3 adapted to K (see [H2, 2.5] or [P, §6]) and the
second is over all compact open subgroups K. This is a smooth, but not usually admissible,
module for G(Ay), and an (infinite-dimensional) mixed realization over E. Properties of
canonical extensions verified in [H2, §4] and Lemma 3.7.2 give an injective homomorphism
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gtor . H*(D) — H*(M'"). The G(As)-module H*(M!") is not semisimple, but nevertheless
one has:

Theorem 4.2.1. The homomorphism 67" : H*(D) — H*(M*") induces isomorphisms
H*(D) o H*(th")G(Af) ~ H*(MtOT)G(Af)-

The proof involves studying the graded pieces of the filtration of H*(M'") coming from
the decomposition theorem ([BBD, S1] and [S2] for mixed realizations) and the perverse
filtration of the direct image of the constant object by the morphisms MIE( — M. The
(co)invariants come from the subquotient IH*(M*) = lim IH*(Mj;), which contributes

H*(D) (by 4.1), and the other constituents of H*(M*") make no contribution.

4.3. Minimal compactification (cohomology). We will consider the mixed realization
HY (W) o= lim H (M) € .4/(Spec(E)

on which G(Af) acts. The classes cZ*(#) belong to the subring H*(M*)%(A1) of invariants.
For each K, Theorem 1, together with [GP], gives a surjection

H*(Mj},) — H*(D) (4.3.1)

in mixed realizations. (Indeed, the composition of H*(Mj},) — H*(My) — H*(D) is sur-
jective since it takes the class ¢ (#%) to (—1)%¢,(#).) (}) This is compatible with limits,
giving a surjection

H*(M*) — H*(D) (4.3.2)
which is already surjective on the subring of invariants (which contains the classes ckGlD (Yk)).
In fact H*(D) is the top weight quotient of H*(M*)“(4) (e.g. by Lemma 2.4.2). Theorems
1 and 2 suggest the following question:

Does H*(M*) — H*(D) split naturally (in particular, G(Ay)-equivariantly) in the
category of mized realizations?
The answer, perhaps surprisingly, is no. The first case showing this is the Siegel modular
variety of degree 3.

Ezample 4.3.1. Let G = Sp(6). The compact dual D is the space of totally isotropic 3-
planes in Q° and has even Betti numbers 1,1,1,2,1,1,1. A Q-basis for H*(D) is given by
1,e1,c2,...,c8 and c3, where ¢; € H? (D) is the ith Chern class of the tautological bundle.
Each basis element of degree 2k gives a summand Q(—k) C H?*(D).

By strong approximation, My = I'\Sp(6,R)/U(3) where I' = K N Sp(6,Q). The bound-
ary Mj;—Mp is a union of minimal compactifications of quotients like I'"\Sp(4,R)/U(2),
I C Sp(4,Q), with pairwise intersections certain (compactified) modular curves. It follows
that H3(M},— M) = 0, and the long exact sequence

o = HY (M) — H¥ (M) — BY(Mj—My) — -

I This improves [GP, Theorem 16.4], where the authors prove that the subalgebra of H* (M} ) generated
by the classes ¢ ¥ (¥ ) surjects onto H*(D) but excluded the cases where Gy is isogenous to SO(2,2n). In
fact, the use of Theorem 1 is unnecessary and an argument using L?/intersection cohomology as in 16.6 of
loc. cit. is enough to prove (4.3.2).
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implies that HS(Mg) < H®(M},) for all K. Thus HS(M) < H(M*) and this gives an
inclusion of mixed realizations

HE (M) F8s) ¢ HO ()G (hs)
The mixed realization HS(M)%(41) has the following properties:

(1) It is mixed Tate: There is a short exact sequence
0 — Q(0) — HS(WV)EA1) 5 Q(—3) — 0. (4.3.3)

The top weight piece is the image of HS(M)FAs) in TH(M*)“(A) and under the
identification THS(M*)¢(4s) = HO(D) it is the summand spanned by c3. Thus the
map HS(M)E(As) — Q(—3) is the restriction of (4.3.2). The sequence comes with a
canonical splitting s¢ over C.

(2) The class of the extension HE(M)“(s) in rational mixed Hodge structures, i.e. in

Extgvns (Q(-3), Q(0)) = C/(2rv-1)°Q.
is a nonzero real multiple of ((3), in particular it is nonzero.

Here (1) follows from results of [F2] and [N2]. The splitting in (1) comes from a particular
Eisenstein series; the computation in (2) comes from an understanding of its residues at a
particular point. (1) and (2) will be discussed in detail in a sequel to [N2] in preparation.

In particular, (4.3.3), and therefore H* (M*)¢(4) — H*(D), is nonsplit. Similar examples
can be found in all Sp(2¢g), g > 3, involving quantities like ((k) for k£ odd, and in other
Shimura varieties.

In this example H*(M},,C) — H*(D,C) is canonically split. Working at full level K =
Sp(6, Z), we have that

My = Sp(67 Z)\Sp(6> R)/U(3) = A3

is the moduli space of principally polarized abelian threefolds. Combining a result of Franke
[F2, Cor. 3.5] with one of Hain [Ha, Theorem 1] we have HX(M)% (A7) = H*(A3). Hain [Ha]
also shows that H*(A%) contains Q[A]/(A7) where X is first Chern class of the Hodge bundle
on As. A splitting H*(D,C) — H*(A%) is defined by ¢; + X\ and c3 + sc(c3) where
sc is the splitting in (1) above. Onme can check that this defines a ring homomorphism
H*(D,C) — H*(A3,C) and also that A (respectively, sc(c3)) is ¢fF (respectively, ¢§) of
the Hodge bundle. (The Hodge bundle is the automorphic vector bundle associated with
the tautological bundle on D.)

Returning to the general situation one can formulate a conjectural picture:

(1) The homomorphism H*(M*, C) — H*(D, C) has a canonical splitting respecting the
Hodge filtration. It is given by the Goresky-Pardon construction, i.e. by ¢z (&) —
(—1)FeGP (&).

(2) For G = Sp(2g) the surjection of mixed realizations H*(M*)¢(4s) — H*(D) is split
over the summand Q(—k) of H?*(D), k < g, given by the kth Chern class of the
tautological bundle if and only if K = 1 or k is even.

I expect that the methods used in the example above (based on [F2, N2]) can be used to
produce a splitting as in (1) and to verify the analogue of (2) in rational mixed Hodge
structures.

As noted in 0.4, Scholze’s p-adic Hodge-Tate map would give an approach to an analytic
splitting, analogous to (1), but in the p-adic analytic world.
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4.4. Satake compactifications. For a general locally symmetric space (i.e. not necessar-
ily Hermitian), it seems reasonable to expect that the Hecke-invariants in the cohomology
of any Satake compactification contains a copy of the cohomology of the compact dual,
i.e. there should be well-defined Chern classes lifting to c(7%) under pullback to the RBS
compactification and these should generate a copy of H*(D,C).
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