MODULAR REPRESENTATIONS OF GL;(IF;) USING CALCULUS

EKNATH GHATE AND ARINDAM JANA

ABsTRACT. We show that certain modular induced representations of GLy(IF;) can be written as cokernels of op-
erators acting on symmetric power representations of GL»(IF;). When the induction is from the Borel subgroup,
respectively the anisotropic torus, the operators involve multiplication by newly defined twisted Dickson polynomi-
als, respectively, twisted Serre operators. Our isomorphisms are explicitly defined using differential operators. As a
corollary, we improve some periodicity results for quotients in the theta filtration.

1. INTRODUCTION

Let G be the general linear group GL; and let p be a prime. Let V;, for r > 0 be the r-th symmetric power
representation of the standard two-dimensional representation of G(IFy). It is modeled on homogeneous
polynomials of degree r over IF, in two variables X and Y with the usual action of G(IF,). Let = XPY — XYP

be the theta or Dickson polynomial on which G(IF,) acts by determinant. Let V,(mH) for m > 0 be the sub-

Vr(erl)

representation of V; consisting of polynomials divisible by m + 1 copies of 6. The sequence is called

the theta filtration of V,.

1.1. Principal series. It is a classical fact going back to Glover [Glo78, (4.2)] that Vl’i is periodic in r with

period p — 1 where V" = Vr(l). This is proved nowadays by noting that
Vi . G(Fp) 4
v = 1ndB(IFp)d (1.1)

is a principal series representation of G(IF,) obtained by inducing the character d" of the Borel subgroup
B(F,) = {(§ )} to G(IFp) [Rozl14, Lemma 2.4], and by noting that the character depends only on r modulo
(p —1). Similar periodicity results have been investigated for higher quotients in the theta filtration of V;.

Indeed, it was shown in [GV22| Lemma 4.1] that for 0 < m < p — 1, the quotient % is periodic in r
modulo p(p — 1) by constructing an embedding ’
Vi . G(]Fp[e]) r
7V(m+1) — mdB(]Fp[g])d , (1.2)
§

where Fy[e] is the ring of generalized dual numbers (with €™+l = 0), noting that d" only depends on r

modulo p(p — 1), and by showing that the image of is independent of ¥ modulo p(p —1).

The map is no longer surjective when m > 0. In this paper, instead of working with generalized
dual numbers and characters of the inducing subgroup, we work with the induction of higher dimensional
representations of the inducing subgroup and obtain isomorphisms between % and induced spaces. We

have:

Theorem 1.1. Let 0 <m < p—1landr > (m+1)(p+ 1) — 1. Then, we have the following explicit isomorphisms:

(1) Ifpt () then
v,
V(m+1)

r

. G(F _
~ 1ndB((]FZ))(Vm & d?’ m)/ (13)

where Vy, is the representation of B(IFy) obtained by restriction from G(IF).
(2) Ifp | (,,) and m =1, then

~ ind

G(Fp)
B(Fp)

where V3® is the split representation of B(IFy) obtained as the semi-simplification of V.

(Vlss ® drfl)/
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The map in generalizes the ‘evaluation of the polynomial at the second row of a matrix’ map that is
used to prove and (L.2). Additionally, it involves the use of a differential operator V. Such operators
have found sporadic use in the literature (see [Glo78|] and [BG15]), but are used systematically throughout
this paper. We also need to divide by constants which do not vanish if p { (;,) (cf. 2.5)).

Consider now the case p\( ywith1 < m < p—1, thatis, 7 is in one of the congruence classes0,1,...,m—1

i

modulo p. While it is well known that the individual principal series ; occurring as subquotients in the

v
V(1+1
theta filtration are extensions of two Jordan-Holder factors (which split exactly when r = 2i mod (p — 1)), it
is not as clear whether the extensions between consecutive principal series

pli R g R yi)
Vr(iH) Vr(i+2) Vr(iﬂ)

for 0 < i < m — 1 occurring in the theta filtration split. We show that if p|(;,), then there is exactly one i such

(i)
that (L.4) splits. Indeed, since VV ~ ;/’ @det’ with ¥’ = r —i(p+1) = r —i mod p we are reduced to

(i+2)

analyzing the case m = 1. If p { , then V(g) does not split by and by (the converse of) the exactness of

induction [Alp86| §8, Lemma 6 (5)]. Modirfying the above mentioned differential operator V by dropping the
constant mentioned above (cf. (2.8)), in the second part of the theorem we show that if p|r, then

Vr G(F,
~ind,
V,(z) B(F)
splits. In other words, if p|r, then the two-dimensional standard representation V1 in (L.3) gets replaced by
the split representation V;* = a @ d of B(IF,). We deduce that the extensions (1.4) split exactly when r = i
mod p; moreover, under this condition, we have.

G(E,)

;adr 1@md B(E,)

v, v,y
y ) = D) @ o

(1.5)

As a corollary of Theorem we obtain a strengthening of the afore-mentioned periodicity result from
[GV22] in the case that p 1 (,,) since again the right hand side of only depends on r modulo (p —1)
and not on r modulo p. Thus, to obtain periodicity in this case, we no longer need to restrict to r in a fixed
congruence class modulo p, only to those r that avoid collectively the congruence classes 0,1, ...,m —1 mod
p. We obtain:

Corollary 1.2. Let 0 <m < p—1landr,s > (m+1)(p+1)—1withr =s mod (p—1). Ifpt(,,), (), then

v, W
V,(m+1) - Vs(m-&-l)

(1.6)

With future applications in mind, we equally treat the case of G(IF;) = GL,(IF;) for an arbitrary finite field
Fy with g = p/ elements for f > 1. Indeed, we prove the following twisted version of the isomorphism (T.3):

Theorem 1.3. Let m = Z{;()l mipt with 0 < m; < p—1and Vy = f o (Vim; 0 Fr'). Let r = Z{:Ol rip' with
ri>(mi+1)(g+1)—1and V, = ®{:_01(V,,. oFr'). Let "™ be the chamcter ®{:0 d(ri—mi)p' P of B(Fy). If pt () =
H{;Ol (i) mod p, then

Vv,

+1 +1 -
(96”0 /9;”1 L, .0, >

Here the V;, are modeled on homogeneous polynomials of degree r; over [F; in the variables X; and Y;
and V;, o Fr' means that we twist the standard action of G(IF;) on V;, by the i-th power of Frobenius. The
polynomials

0 = XiYip—l - Yinp—1
for 0 < i < f —1 are what we call twisted Dickson polynomials (we adopt the convention that —1 = f —1;
alternatively, one could index the variables by the group Z/ fZ); they do not seem to appear in the literature.

If p 1 (,,), then the periodicity of the quotient on the left hand side again follows since the right hand side
only depends on the character d” which is periodic in ¥ modulo (g — 1). We obtain:



MODULAR REPRESENTATIONS OF GL, (F,) 3
Corollary 1.4. Let m = Z‘,{;Ol mip't with 0 < m; < p—1. Letr = Z{;()l rip' and s = Z{;()l s;p' with r;, s; >
(mi+1)(g+1)—1landr=s mod (g —1). If pt (), (,,) then

Vi Vs

mo+1 mi+1 my1+1 = mo+1 pmp+1 mg_q1+1
(6" 6; AL ) (6" 6 el )

We end this discussion of the case of principal series by noting that the isomorphism in Theorem [I.3] is
expected to play an important role in investigations into the reduction problem of two-dimensional crystalline
[Ars21), [BL22, BLZ04, Bha20, BG15| BGR1S, BGV25, BG09, BG13| [GG15, [GK24) (Gha21, [GR23} IGV22) (Gha24,
NP19|] and semi-stable representations [BLL23|[BM10, (Chi24} ICG24, [CGY25),IGP19, [LP22] over arbitrary p-adic
fields F with residue field IF; using the compatibility with respect to reduction of the (yet to be discovered)
p-adic and mod p local Langlands correspondences for G(F) for an arbitrary finite extension of Q.

1.2. Cuspidal case. Let T(F,) = ]F;2 < G(IFp) be the anisotropic torus. The theme of writing (general-

ized) principal series representations as cokernels of theta operators raises the question (asked by Khare)
as to whether one may similarly write representations induced from the anisotropic torus as cokernels of
symmetric power representations.

Let D be the differential operator X” ;% + Y”.2 and let w; be the identity character T(F,) = F ;2 — ]F;z.

We prove the following analog of (1.1):
Theorem 1.5. Let 2 < r < p — 1. Then there is an explicit isomorphism (cf. (4.5))

)

Vitp—1 . .G(F
7 ® Vg =~ de((IFZ) wy

D(V)

defined over IF 5.

One may compare Theorems [I.T| and [T.5| by noting that if we tensor both sides of by V,_1, then the
right hand side of that isomorphism gets replaced by induction from the split torus TP (IF,) C B(IF,) to G(IF,)
of Vi @ d"™" (Remark . Theorem is also true for r = 1 (see Remark . We prove similar isomorphisms
for other values of r by twisting (Corollary using the fact that D preserves the theta filtration in a strong
sense (Lemma . We also prove similar isomorphisms when D is replaced by a higher power D("+1)
(Corollary 4.5 note the analogy with (1.3)).

A non-explicit version of the isomorphism in Theorem can be deduced from the work of Reduzzi
[Red10]. Let us provide some background and explain our contribution. In the discussion that follows, we
sometimes think of w, as a character taking values in a characteristic zero field (by taking its Teichmdiller lift).
Recall that for each complex character x of T(FF,) = ]F;2 (with x not self-conjugate) there is an irreducible

cuspidal complex representation @ () of G(IF,). Moreover, ©(x) is a factor of an induced representation: we
have

. G(F
O(x) ® St ~ de((]F;’)) X, (1.7)

where St is the p-dimensional complex irreducible Steinberg representation of G(IF,) with reduction St ~
V,—1. While the group G(IFp,) has no mod p cuspidal representations (since, for instance, the Jacquet functor
is never 0 because there are always invariant elements under the upper unipotent subgroup of G(IF;)), one
may still study the mod p reductions of ®(w}). Following a suggestion of Serre to use the operator D,

Reduzzi [Red10] proved that the mod p reduction ®(w}) is isomorphic to the cokernel of D on an appropriate
symmetric power representation, namely:

Vr+p—1
D(Vy)

~ ®(wh) (1.8)

for 2 < r < p—1. The proof uses a specific integral model of @(w}) arising from the action of G(IF,) on
the crystalline cohomology of the Deligne-Lusztig variety XY? — XPY = ZP*! (see Haastert-Jantzen [HJ90]).
Thus, Reduzzi’s isomorphism is not at all explicit given that the right hand side involves crystalline
cohomology. However, by tensoring with V,_1 and using the mod p reduction of for x = w}, one
sees that the isomorphism in Theorem [I.5| must hold, at least abstractly. An immediate question that arises is
whether one can make this isomorphism explicit, given that the right hand side of this isomorphism no longer
involves crystalline cohomology. Thus the point of Theorem is that it contains an explicit isomorphism
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(which was found after much computation with special cases). Again, the map involves a differential operator
Vi, where a is an element of F \ [Fp, which generalizes the operator V used in the principal series case

In fact, Reduzzi [Red10] prove that, more generally, for G(IF;) with g = p/, and for wy; : IF;Z — ]quz the
fundamental (identity) character of level 2f, one similarly has

for2 <r <p—1, wherenow D = Xq + Y‘f%. We end this paper by proving the following twisted version
of this result, which extends Theorem [1.5(to G(IF;):

Theorem 1.6. Let v = ro+rip+--- +rf,1pf_1, where2 < rg < p—Tlandr; =0forall1 <j < f—1. Then
there is an explicit isomorphism over IF j»:

-1 J
Ry Vi |

j=0 "rjt+p—1 f-1Fd . 1G(Fy)
o, Dy ) Fimo Vo1 = Iy oy

We remark that ®{:_01 V;ﬁjl ~ St where St is now the g-dimensional Steinberg representation of G(IF;). Also

in the statement of the theorem we need the following twisted versions of Serre’s differential operator D,
namely:

_xPxPl . xp1 9 ypyp-l  yp-1 9
Do = x5 x! X g H 00N oy
and 5 9
PPl -1 9 pyr—1_ yr1_9
D] - XOXI X]'—l aX] +YO Yl Yj—l aY],

forall1 <j < f —1. Interestingly, the D; are only G(F,)-linear modulo (Dj, ..., Dj 1) forall 1 <j < f (with
the convention that Dy is to be thought of as Dy, cf. Lemma . Again, the D; do not seem to appear in the
literature and one might refer to them as twisted Serre operators.

2. PRINCIPAL SERIES CASE

2.1. The case of GL,([Fy). Recall G(F,;) = GL,(IF,) and B([F;) is the subgroup of upper triangular matrices
of G(]Fp). Forr >0, let V, := Symr(]F%,) denote the r-th symmetric power of the standard representation of
G(IFp) over FF,. We identify V, with homogeneous polynomials P(X,Y) of degree r in two variables X and Y
with coefficients in F,,, with action of g = (?%) € G(F,) given by

g P(X,Y) = P(aX +cY,bX + dY).
Consider the Dickson polynomial
(X, Y) := XPY — XYP.
Note that G(IF,) acts on 8(X,Y) by the determinant character. So for each m > 0, we have
v { F(X,Y) €V, | f(X,Y) is divisible by 8(X, Y)m+1}
is a G(IF)-stable subspace of V;. These spaces give a decreasing filtration of submodules of V;:
v,ovY ooy 55 0).
Letd”: B(F) — FF denote the character given by (2 2) — d’. Forn >0, m € Z, define

1, ifm=0,
Mp=<nmn-1)---(n—(m-1)), ifm>0,
0, if m <O.
Lemma 2.1. Let k > 0. We have
Kok . . : ,
3 ()l Mhctomliliem = =4 Kl = el @
m=0

Proof. Follows by induction on k. O

11t also involves the difference of a polynomial evaluated at two points, which looks like the evaluation of a direct integral in calculus.
*Technically speaking, Reduzzi does not treat the case r = pTH, though it is covered by Theoremsand
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We introduce the notation: P(X,Y)|, , = P(c,d) for a polynomial P in two variables X, Y and scalars ¢, d.

(cd)

r L
Lemma 2.2. Let z € Fp and let P(X,Y) = ];O a; X" 1Y € V, with a;j € F for all 0 < j < r. Define the differential
operators
d d _ 8 8
fora,b,c,d € . Then, for all 0 < k < t, we have

Vikvk () = -tk ( + b> (P)
(ZC,Zd) aX aY

(cd)

Proof. Without loss of generality assume that P = X" 7/Y/. We note that

" . P
W(P) = [r— flpilflixX -0y (2.2)
Now,
d a\ "/ 9 2 \*
(aﬁ +bw) (Cﬁ dﬁ) (P) (ZC,Zd)
o kN bktp1 kem m o'
B 1=0 m=0 ( ) (m)a be ; oXt-l=mgyltm (P) (zc,zd)
t—k k , ,
_ Z ( )( )Zr tatikilblckimdm[i’—j}t,l,m[ﬂprmcri]i(tilim)d]ilim
1=0 m=0
ittt it (=K (& (K , ,
:lzoz tgt—k=lpl r—j—(t=1-k) gj l( l ) <m¥0 (m) [f—]]t—z—m[]]z+m>
b4k, i ( ) gtk == =1=Rgi-l
1=0
. K ‘o k-1l ok
=7 r—t+ ; X Tayl (P) w
a t—k
=z [T_t+k] <aﬁ+hﬁ> (P) (C,d).
The second and last but one equalities hold by 2.2). The fourth equality follows from 2.)). O

Lemma 2.3. Let a,b,c,d,u,v,w,z € Fy and P(X,Y) € V,. Let P, = P(U,V), with U = uX +wY and V =
vX 4+ zY. Then for k > 0 we have

p) 9 \*
(aaX + bay> (Py)

Proof. This is just the chain rule. O

3 k
= ((ua—kwb)ax + (va —|—zb)aY> (P)

(c,d) (uc+wd,vc+zd)

Lemma 24. Let a,b € Fyand V = a % +b%. Let f := f(X,Y),g := g(X,Y) € F,[X,Y]. Then, for all m > 1,
we have

m m 2 .
V(e = 3 (1) v,
i=0
Proof. This is just Leibniz (Leibnitz in Indian calculus texts!) rule. O

Lemma 2.5. Leta,b,c,d € Fy. Welet V = a% + b% and (X,Y) = XPY — XYP. Then, for 1,k > 0, we have
I b k=1
vl(9<X’Y)k>|(cd) _ : (VQ(X, Y)’(c,d)) ’ lf — &
’ 0, otherwise.
Proof. We first show that
Vi) =1 <’l‘) oF-1(ve), Vi >1. (2.3)
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We prove the result by induction on I. The | = 0 case is trivial. Suppose I = 1. Then, we have
0 d a6 a0
iy (9 1 9\ gk — agk—1 k-199 _ k-1
V(") = ( X +baY) (0°) = ake 5% + bko 3y = k0" (V0),
as desired. Assume that the result is true for [. If k > [ + 1, then

vy = v (1!(’?)9“(%)’) = 1!(11‘) ( aax (6" (vo)) +baiy (ekl(ve)l))

- 1'<Il‘) <6k laic(w) + (k—1)e1- 189 (V0) ’>
+l!<k>b<9k 19 (V0) + (ke 189 (ve)l)
= “(ll()ﬂk"v((ve)l) +1!(’Z‘> (k—1)6*1-1(6) (a;e( +b§3)

I
k
= (l+1)!(l+1)9k—<’+1>(ve)l+1.

The first equality holds by the induction hypothesis. Note that V8 = bX? —aY?, so V((V8)') = 0, and hence
the last equality follows. Thus the identity follows by induction.
Now, suppose k < I. Then
Vi(6F) = VITR(VF(6%)) = kivITR(VO)F) = VIR ((Ve)F) = 0. (2.4)

The second equality follows by taking | = k in . The last equality follows because V((V6)¥) = 0.
Combining and (2.4), we have

l 1
V) oy = {lz(f)ek—l\(cld) (V6| (o)), k=1 _ {1! (V6] (), ifk=1,

0, if k <I. 0, otherwise. O

2.1.1. Non-split case. We prove Theorem (1) from the introduction.

Theorem 2.6. Let 0 <m < p—1landr > (m+1)(p+1) -1 If p1(,,), then we have

Vi

G(Fp) r—m
r

(1F)

Proof. First a word on notation. The space Vj, (like V;) is modelled on homogeneous polynomials over FF, of
degree m in two variables, say X’ and Y’. However, to prevent confusion with the variables X and Y used to
model V;, we think instead of elements of V;, as tuples (x;)o<j<m € ]F;”Jrl with such tuples corresponding to
the coefficients of the polynomials in the basis {X"" /Y }o<j<u.

Now, define the map

P V,—>1nd(( ))(Vm®d’ ")

by ¢(P(X,Y)) = ¢p forall P = P(X,Y) € V,, where ¢p : G(IF,) — V,,, ® d"~™ is defined by

()= (o Gorog)” el ) e

for all (7%) € G(IF,). We show that ¢ induces a G(IF,)-equivariant isomorphism between

indc(( )) (Vin ®@d"™™™). Note that, by hypothesis the constant is a well-defined non-zero element of IF;,. For

Vi
V;Tzrl) and

some motlvatlon on how ¢p is constructed for general m, it is useful to work out the case m = 1, where it is
necessary to divide by the constant r in the first coordinate.
Recall that we denote V = a% + b3 and V/ = c % +d=

B(F,)-linearity: We first show that ¢p is B(FFp)-linear. Let v = (2%) € G(F,), b = (§?) € B(FF,) and
X = (Xj)ogjgm € Vi @ d" ™. Then the action of b on x is given by

b-x=2"". (Em (]> um_jvf_izixj>
- — 1
j=i

0<i<m
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We have

pp(b-7) = IPP((W;ZUC ub;;vd)> = < ) (uV +0V')" 7 (P)

[r]m—j

_ () (" m—j mi—kgkgm ik
= <Vmﬁ<g%<k ) Jrkkgm=i=kg* ) (P)

which by taking t = m — j in Lemma and by using the fact [r],,; = [r];—j—k[r — (m — j — k)] equals
m—j (M)(M=])zr—(m=j) ‘ ,
Z (]) k ) (um—]—kvkvm—]—k) (p)‘ ) (26)
(Mim—j—x ) ) iz
arn = (4 7) - (v
At 0 z [r]mfj

k=0
(C’d)) 0<i<m
which, by relabeling j as I and i as j, and by further replacing ! by j + k, equals

m—j jHky o m 1= (m—j) } )
(Z (5 )(]-s-k)‘ um]kvkvm]k(P)’ ) . (2.7)
—]= (cd) 0<j<m

(zc,zd)) 0<j<m

7

(Zcrzd)> 0<j<m

Now,

m (1) (Mg (m—i) o '
) = (B g
(cd)/ o<j<m /

j=i [r]mﬂ

Observing ( )" ]) = (jJ]fk) (ka) and comparing (2.6) and ( .b we have ¢p(b-) = b-p(v). So p is B(Fp)-

linear and hence 1 is well defined.

G(F,)-linearity: Now, we show that ¢ is G(IF)-linear. Lety = (7%), ¢ = (%?) € G(F,). Theng- P(X,Y) =
P(U,V) =: P;, where U = uX +wY and V = vX 4 zY. We have

v P = v ((25) - <[r(]7) (1240 2)" )

which, by Lemma 2.3} equals

(") ( d a\"
(ua + wb) = + (va + zb) — ) (P)
( Mm*j 0X 9Y (uc+wd,vc+zd) 0<j<m

for all v € G(IF,). So (g - P(X,Y)) = g p(P(X,Y)) for all g € G(IF,). Hence ¢ is G(IF,)-linear.

(C/d)> 0<j<m

=p(P(X,Y))(rg) = (- ¥(P(X,Y)))(7)

Kernel: Next we show that keryp = Vr(mH) by induction on m. If m = 0, it is well known that ker ¢ = Vr(l)
(e.g., [Roz14, Lemma 2.4] or Lemma with f = 1). Let P(X,Y) € ker. By definition of 1, we have

Vm’j(P)|(Cld) =0forall0 <j<m, (‘és) € G(F,). In particular, this is true for all 1 < j < m. So

by the induction hypothesis, we have P(X,Y) € V,(m), which gives P(X,Y) = 6(X,Y)"Q(X,Y) for some
Q(X,Y) € V,_p(ps1)- Now, taking j = 0 and using Lemma

_ (f (*j)vmfwmwf@(x,w))

i=0

0=V"(P)

(c,d) (c,d)

This implies Q(c,d) = 0 since, by Lemma all terms above die except for the i = 0 term. Then by
the m = 0 case, we have 0 | Q(X,Y), so P(X Y) € V(m+1 Thus ker C Vy ("+1) " On the other hand if
P(X,Y) = 0"1Q/(X,Y), it is easy to check using LemmaSH 2 5that V/ (P ))’(C g = 0forall0 <j <m.

By the definition of i, we have P(X,Y) € ker¢. Thus ker ¢ = mH)

to 1ndB((IF ))(Vm ®@dr—m).

This is an isomorphism since both sides have dimension (m +1)(p+1) as r > (m +1)(p+1) -1 O

Isomorphism: We have shown ¢ induces a G(IF,)-equivariant injection from W
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Remark 1. To compare Theorem and Theorem (to be proved in Section E]), we note that the extra factor
of V,_1 in the latter cuspidal setting also occurs in the present principal series setting. To see this, we compare
the induction of V;;, ® d"~" from the Borel subgroup B(IF,) with that from the split torus S(IF,) := T*P(IF,) C
B(IF;) of diagonal matrices. We claim that for any representation V of B(IF,), we have

G(Fy)

1nd V} Nlnd( )V® Vp1

S(F

To see this, first observe that inds((]F” )) 1>V, )’ Indeed, since S(IF,) is a group of order prime to p,
p

1 ‘B(]F
every representation of S(IF,), in particular the trivial representation 1, is projective. Since induction of a

B(Fp) B(Fp)

projective is projective, so is indg S(F )]l By Frobenius reciprocity 1 C indg S(F )]l making the last module

the projective envelope of 1 (since the smallest dimension of a projective B(]Fp)—module is p by, e.g., [Glo78,
(2.11)]). Also, V,,_1 is a projective G(IF,)-module and restriction of a projective is projective, so V,_1| B(E,) 1S

projective. Since 1 C V,,_4 ] B(F (as the highest monomial), by uniqueness of projective envelopes, we have
'mdg3 ((]Fp)>]]_ ~Vy_1|p ()" Tensormg with V yields 1nd V‘ sr,) =V @V |5 (¥, Using this, we have

ind = indy(") (indg(g" V], ) = indG( ) (V® Vptlpe,) ) =indg |V e vy

G(Fp
Ste)) Vlsir,) = i) B(F)) B(F))
as claimed. Thus tensoring both sides of the isomorphism in Theorem 2.6 with V,,_; and using the above
claim with V = V,;; ® 47", we obtain the isomorphism
Ve G(Fp) r—m
V(er) ® Vp_q1 ~ indg S(E ) (Vim@d™™)
for0<m<p-1,r>(m+1)(p+1) -1, pt(,,). Thisisomorphism is closer in flavor to that in Theorem

2.1.2. Split case. We turn to the case p | (;). As explained in the introduction we may assume that m = 1.
In the next theorem, we prove Theorem [.1) (2). Recall that V3* := a @ d denotes the two-dimensional split
representation of B(IFp).

Theorem 2.7. Let r > 2p + 1. If p | r, then we have

V’ ~ 3 G(]FP) SS r—1 G(F ) r—1 G(F )
W—mdB(IFp) (Vl ®d ) 1nd( ) ad @md( )d
Proof. Define
. G(F r_
PV, — 1r1dB((IF}f))(V1SS ®d 1)
by $%(P) = ¢35, where % : G(F,) — Vi* @ d"~! is defined by
a b
i <( d)) - (vp (c)’ Pw))’ 28)

for (°%) € G(F,), V = as%x + bz Note we've dropped the 1/ factor in the j = 0 term of form =1.
We check the B(FF,)-linearity of ¢3. Let b = (§?) € B(F,) and v € (*}) € G(IFp). Then,

ss s (uat+vc ub+vd _ 1
yp(b-y) = ¢p (< ze 2d >) = <“Z V(P) (cd)
= <u271V(P) () + vz 1rP(c,d), er(c,d)) = <uzr1V(P)
¢

N (g Z>'(V(P)<d)

Ly Ped) = by

+ 0z 7 V/(P)

Here V' = c;% +d % and the fourth equality follows because p | r. Hence ¢ is B(FF)-linear.

The proof of the G(IF,)-linearity of * and the fact that ker ¢** = Vr(z) follows as in the proof of Theo-
rem [2.6] We conclude as in the proof of Theorem 2.6|by comparing dimensions. O

As discussed in the introduction, we obtain the splitting (1.5):

Corollary 28. Let 0 <m < p—1landr > (m+1)(p+1) -1 Ifp | (,,), thatis, p | r —i for some 0 <i < m —1,
then we have '
vi Vo vt
YD) = D) © YD)
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2.2. The case of GL,(IF,). Let G(IF;) := GLy(F,) with g = p/ for f > 1. Let B(F,) denote the subgroup of
upper triangular matrices of G(IF;). Let r > O and let r = rg +r1p+ -+ + 751 p/~1 be the p-adic expansion

of rwith0 <rj < p-Tand 0 < j < f—1. Let V};rj := Sym'i(F2) o Fr/ for all 0 < j < f —1, where Fr

denotes the Frobenius morphism. Let V};ri be modeled on polynomials in X; and Y; over [F; of degree r; for
all0 <j< f—1 Let

60:=XoY}  —YoX} ; and 6 =X Y] | —YiX] (2.9)
forall 1 <k < f —1 denote the twisted Dickson polynomials.
Lemma 2.9. Leta,b,c,d,z € F;. We write

0 ) d 0
. P9 r_ o 2 p 9
V] a ax +b ay and V] aX +d BY

V]' e i .
Let P; (X],Y]) Yy ain;] TYij ¢ V,I;r] with aj; € I, for all 0 < i; < ;. Then, for all 0 < k; < t;, we have
ii=0

ki 1k J
VISR ik V)|
((ZC)p],(Zd)p/) (Cp],dp])
Proof. Similar to Lemma O
Lemma 2.1Q. Let u,.b, c,d,u,v,w,z € Fyand Pj(Xj,Yj) c V,,l;rj~ Let PJ( = Pj(ll]»,Vj), where U; = uprj + wpfyj
and V= o X;+ z”]Yj. Then for kj > 0, we have

kj _ kj
( aP a§( +bpf;)yj> (P)) (Cp].,dp].) = ((ua —|—wb)7”aan + (va + zb)? 3y, ) (Pj)’ ((de)pjr(vmd)pj).
Proof. Similar to Lemma O
Lemma 2.11. Let 0’ = X9Y — Y9X. Let P(X,Y) = ﬁoaixr—fyi € Fy[X,Y] be such that P(c,d) = 0 for all
i
<ch Z) € G(F,). Then P(X,Y) € (6').
Proof. Exercise. O

Lemma 2.12. Let a,b,c,d € Fy. We let Vj = ( a? 2 a + bl"] 9 ) and 6]{ = X?Yj — X]'Y]q. Then we have

!
VG' , ifk=1,
( ]w",dvf')) d

0, otherwise.

I/ntk
v].(ej )

Proof. Similar to Lemma O

Lemma2.13. For 0 <j< f—1,0<m; <p—Tlandr; > (mj+1)(q+1) -1, let
i . y/Frf .1 G(Fy) Fr/ (rj—m;)pl
gl VE — indp ) (Vi @ dlmr)

be defined by g/ (P (X, Y;)) = lpéj(X,,Yj)’ where ¢§’1(X;,Yj) : G(Fy) — V,E]r,j ®drm)P s given by

i a b (7’::]) mi—n;
lp;’j(X]-,Yj) ((c d>) = ([rj]mjjnj V]'f /(Pj)

for all (Z Z) € G(Fy) and V; = apj + b 2 av- Then

7

(C”],d”])> 0<n;<m;

(l) lp;’](X],Y]) is B(]Fq)-linear,
(ii) ¢/ is G(IF;)-linear,
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(iii) ¢/ induces an isomorphism from W to 1ndB(( ")) (VFr] @ dri=m)e )

Proof. (i) B(IFy)-linearity: Let b = (§2) € B(F;) and v = (7}) € G(F,). Let x’ := (%0 Jo<n;<m; € V,E;j ®

AT~V Then the action of b on x' is given by

by =zi—mv . Y <’?J)u(m/‘—"j)rﬂv("/—lﬂplefpfx;}_
71]:1] Zj

As in the proof of Theorem [2.6| but using Lemma [2.9instead, 1/){,_ (b-v) = lp{;j (b- ). Thus 1/)%_ is B(IF;)-linear.

(if) G(IF;)-linearity: This follows as in the proof of Theorem [2.6{using Lemma instead.

(iii) Isomorphism: We now show by induction on m; that ker P = (9;(mj H)), where 0} = X?Y]- - X]-qu.
Suppose m; = 0. Then 9/ (Pj) = 1pp is defined by 1p] ((a8)) = Pj(cf’j,dpj). Clearly (0;) C ker /. Let P; €
ker /. Then Pj(c?',d”") = 0 for all (c,d) € Fy x Fg\ (0,0). Thus, P;(c,d) = 0 for all (c,d) € Fy x Fy )\ (0,0).
Then by Lemma 2.11) we have P; € (6]’) So ker ¢/ C ((9]’> Thus ker ¢/ = <6;>

Assume that the result is true for n; — 1. By Lemma we have

Va (glm,+1

)|(ij,dpj) = O

for all 0 < a; < mj. By definition of ¢/, we have G/mjﬂ € kery/. So (9;mj+l> C kery/. Let Pj € kery.

o
Then V].’(P]-)](ijrdp]-) = 0forall 0 < a; < mj. In partlcular V (P )|(ij ) = 0 for all 0 < a; < mj—1.

By the induction hypothesis P; € (9]/.mj ). Write P; = Q;0 j "I with Qj € Fy[X;,Y]]. Now, taking a; = m; and
proceeding exactly as in the proof of Theorem but using Lemma instead, we see 9]’« divides Q;. So

ker 1/J7 C <6]/-mj+1>. Thus ker 1/;]' — <9]’,’"1+1>.
S0 ¢/ induces an injective map W - lndB((]F )) (Vrlr:lfj @di™ ;)p]>. Note that the dimension of both
o, )

j

sides is (m; +1)(q +1) as rj > (m; +1)(q + 1) — 1. So this map is also surjective and an isomorphism. O

Remark 2. Tt is also possible to give a direct proof of the surjectivity of ¢/, at least when mj = 0. Let 0 be a

representation of B(IF;). For ¢ € G(IF;), v € 0, let [g,v] € ind (( ")) o denote the map defined by

otherwise.

0,0l(¢) = {g(g’g)v, if §'g € B(Fy),

dti=m)P i given by (cf. [Bre07, Lemma 7.2], [BP12, Lemma 2.5 (2)] )

{ Yy A (A 1) (L1], ¢ := [1,1]} , (2.10)
A€y

0<i<g-1

. . 4G(Fy)
A basis of mdB(]Fq)

| x € ]Fq} . When,

where [1,1] denotes the function supported on B(F,) and [1,1](u) = 1 forall u € {(}¥)
i < g—1, and maps

e.g., j = 0 and my = 0, then one may check y° maps (—1)"X6°7iY6 to f; for 0 <
Y7o _qulyrof(qfl to ¢.

Similarly for j, m; arbitrary, a basis of V,; ® ind ((]F )) di=mp ~ indG(]F:) (Vi ®d (rj=mj)p! ) is given by

{s/"” Tof, s Tloplo<i<m, 0<i<q-1},

where V;;; is modeled on polynomials of degree m; over F; in S;, Tj and f;, ¢ are in indg((]f:)) AT=mP 4s in
(2.10). One should similarly be able to write down polynomials mapping to these basis elements under /.

Theorem [1.3|is a twisted version of the Lemma However the proof is more involved. To prove it we
need a few more lemmas. Recall the twisted Dickson polynomials 6; for 0 < j < f —1 were defined in (2.9).
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Lemma 2.14. Leta,b,c,d € Fg. For 0 <j < f—1and 0 < I; k; < mj, let V; —ap]a?( ‘H’p]ay Then

i\ ([
() (1)

Proof. We induct on f. Lemma 2.5]is the case f = 1. Assume the result for f — 1. Now, consider

=t =1
V! 6.’
],:1_[0 ] I}) ] (C,d;m;cpf—l ,dpfﬂ )

()

(ebseric?’ )

lj
.. =1 v.(p. j —
_ lo' lffl! i=0 <V](9]) (C/d;m/,cpflldpfl)> s lf (ZOI"‘/lffl) - (k0/~-~/kf71)/

B otherwise.

(c,d;...;cf’fil,d%’ffl)

(C,d;...;clﬂf*1 ,dpfq )

o (o)

(C,d;...;clf’fi1 ,de*l )

I
S
T
L
<
~—
/-~
T <
L —_
=)
—~
N——

Iy
. ,oif (o, .. i) = (ko ... k1),
(C,d;...;c%’fl,dnf1>> f (o 1) = (ko F-1)

0, otherwise.

The first equality follows since ¢; for 2 < j < f — 1 is independent of Xp, Yo, and since V(6;) = 0, and the
last from the induction hypothesis and a twisted analogue of the j = 0 version of Lemma [2.12] O

f-1
For 0 < j < f —1, assume that r; > p/~i. Then r = Z r]pf > fg. Note that r does not determine the 7;
]_

f=r
and the 7; are not the digits of the base p expansion of 7. Let 0 <i; <r;for0 <j < f—1. Seti= } i;p/ and
j=0
e 7 ro Tf,l
i= (ig,.. lf 1)- Wewrite ¥ := } -+ ¥

i=0 =0 i q=0

f .
Lemma 2.15. For 0 < j < f—1,let 0 < i]- < r]-andO < kj < p—-1 Letk = Zk]-p]. Let P =
0

Z aﬂ]—[f 1X’ ]Y] € Fy[Xo, Yo, .-, X¢_1,Y¢_1] be such that P (c,d;...;cl"ffl,dpffl) = 0 for all (‘C‘ s) € G(IFy).

Then ag = 0 = ag, and the polynomial P is of the form

p— ! 7 Vit erfijyz] Xr/ —k; k
= 5 D S 4 £ H
k=1 i=0 j=0
T4k
i=k mod (q—1)

_ _ 7 o
Proof. From the given condition we have P (c, d&;...;c 7 av 1) = Y ax'd" =0, for all (c,d) € Fy x FFy \
i=0

{(0,0)}. In particular, choosing (c,d) = (1,0), we have a5 = 0 and choosing (c,d) = (0,1), we have az = 0.

Let Fy = {A; [ 1 <1 < g—1}. Then taking (c,d) = (1, 1), we have

p a k
P(LA;..; LAY ) =) ) a: | Af | =0,
k=1 i=0
i=k mod (q—1)
7 q-1
which, by writing Ay = Y az, gives ), Ak/\é‘ = 0. Since the (essentially) Vandermonde matrix (/\5‘ )
*:a k=1
i=k mod (g—1)

is invertible, we have
A =0 (2.11)
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forall 1 <k < g —1 (see also [Bre03, Lemme 3.1.6], [Hen19, Lemma 2.8]). Now, we have

i f71 T/'—l']' i q71 i f71 V]'—l'f Z/
— i
Po= Lallx =) Lo a[Ix
i=0 J= k=1 i=0 j=0
i=k mod (q-1)

! ’ ri—ij i ri—k; k = ’ =1 ri—ij i ri—k; k
= Z Z IZ*HX/ ZY] +akHX’ = Z Z az ij/ ]le HX]
= ) k=1 ) =0
£k £k
i=k mod (q-1) i=k mod (q-1)
The last equality follows from (2.11). O

Lemma 2.16. Let 6 := xoy;’fl — Yoxﬁfl and O == X Y] | =YX} [ forall1 <k < f-1.For0<j<f-1,

let C]',d]',g]', h] e INU {0} be such that Cj+ d] =1 with 1 > pfi] Let

f-1
P(Xo, Yoi.; Xp1, Y1) = ]‘[chyf ]’[ngy

where Z d; pl = 2 h; pl +t(q —1) for some t > 1. Assume that P has no pure term which involves either only Xj or

only Y Then for 0 < j < f —1 there exist c d’ € N U {0} such that

=1 g g 1
P(Xo, Yo;- - Xp 1, Yp 1) = (H X?ij HXSJY ) mod (6, ..., 05 1)
j=0 j=0

f-r
with Y. dipl = Z hip
=0’ j=0

Proof. We first make two observations. First, if cg > 1,df 1 > p, then we may write

1 ci\ A
4, Tody -1 A 1—P —1ydo+1Cf-1FPy df_1—P
[1x'y = (Hx/y ) ( Xo Y XY T (XoYE L — YoXE ) + XY XY )

which implies that

Vit S 122 o co—1ydo+1Cr-1+Py df1—p
[1xy = T1XY ) X0 Yo" X/ 7Y/} mod 6. (2.12)
=0 j=1
Second, for 1 <k < f—1,if ¢ > 1,dx_1 > p, then similarly
Vit ¢ d; 1 ci i Ck_14p~ A 1y dp+1
[1x/y = TT X'y | X577 7Py mod 6 (2.13)
i=0 i=0
‘¢@k—1

Note that the first operation involving 6 decreases Z ]p] in (2.12) by g — 1. However, the second operation

involving 6 does not change Z{:o d;p/ in @13).

Now, to prove the result we may assume that df_1 > hg_q (replacing P by -P). We also assume that ¢ = 1.
If t > 1, we iterate the argument below to reduce to the case t = 1.

Case 1: Suppose dy 1 > p.

First assume ¢ > 1. Since ¢g > 1 and d¢_; > p, by , we have

o (]
[Ty = (foy ) X0 XY P mod 6,

s 2 f-1 f-1
Note that,
f2 -
(do+1)+ Y dip/ + (dsy —p)p/ ' = Zd]P] =) Iy
= =0
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Thus the result follows by taking ¢, = c¢o — 1,dy = do + 1;6}71 =cr1+p, d}71 =ds_1—pand Cp = C,d =
diforalll <k < f—2.

Next suppose ¢y = 0. Since there is no pure term in Y; in P, we choose k to be the least index for which
¢j #0in H{;()l X;jl/]éf. Then we have ¢; = 0 for all j < k and ¢ # 0. This implies thatd; = r; > p forall j <k
and c, > 1. Then, using (2.13), we have

f-1 f-1
o d: - _
[y = [T X7y [ X Py X mod 6
j=0 j=0
jAkk—1
= ¢y d Ty det1 Fp-1ydi—p+l +pyd
— iy Cr— k15 Ce—1tpP— k-1—P Ck—2+P MAk—2—P
= I XY XX Y5 X "V, mod 61

jAkk—1k—2

j=k+1 ‘

f-1 ‘ k=1 ,_
( H X]C/Y]d/> X}ik—lykdk-‘rl ( X;’ﬂ] 1Y;l/ p""l) Xgﬁ‘ngO*p mod 91'
j=1

Clearly ¢y + p > 1 and we are reduced to the previous paragraph (cy > 1).
Case 2: Suppose df 1 < p.
Thend; | = p—iy =ipp —iy, whereip =1and 0 <i; < p.Since rf 1 > p, we have ¢y | =7y 1 —ipp +
iy > i1. Now, if dg 5 > ip, taking k = f — 1, by (2.13) we have
]i:IlXC]Yd] . ﬁXC]Yd] XCf_2+i1def_2—i1pXCf_l—ilydf_l-‘,-il mod 911
=0 /A =0 i f-2 f=2 f-1 T f-1 f-r
Note that ds 1 +i; = p, so we are done by Case 1.
Suppose, df 5 < i1p. We write df 5 = iyp —ip with 0 < ip < 7yp. Since by assumption rf_ > p? and
0<ip <p wehavers , > p? > iip. This shows that Cfo=rfo—i1p+iz >ip. Now, if df 3 > irp, taking

k= f —2, by (2.13) we have

f_l XC]Yd] . f_l XC]Yd] XCf,3+i2def,3fi2pXCf,zfl'QYdf,2+ll2 d 912
g it ]11 A v B I

J#f=2f=3
Note that dy 5 + iy = i1p. So we are done by the ‘d; » > i;p” case above. And so on.
Thus it is enough to show that this process stops. Suppose not. Then for 0 < j < f —1, we have
0 <ijy1 <ijpsuchthatds 1 ;j=ijp—ij1. In particular, dy <i; 1p. Now, note that
f1 f2 f2
;) dipl <ifqp+ ZO dp oy p/ T =g ap+ ;}(ijp —ij)p/ T =g
= = =

-1 f-r o
Since ip = 1, we have }_ d;p/ < g. Also, note that }_ d;p/ > q — 1 by assumption. Hence,
=0 =0
f-r f-r 1
q—lﬁZdjpfgq—1:>Zdjp]:q—1:>2hjp]:0=>hj=0,
j=0 j=0 j=0

forall 0 <j < f —1. This is a contradiction because P does not contain any pure term in X;. Thus modulo
(61,...,8f_1), we can always assume that d; | > p, hence by Case 1 the result follows. O

Lemma 2.17. Let 6 := XY} | =YX}  forall1 <k < f—1.For0<j< f—1,1letcjdjgjhj € NU{O} be
such that c; +d; = rj with r; > p/=. Let

N = N
P(XOIYO;-”/‘Xfferffl) = ]1;]():)(] Y] — HX] Y] P
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U T
where Y d]p] =Y ]’l]p] Then P(Xo,Yo,‘.. .,‘Xf,],Yf,l) € <91,. . .,9f,1>.
j=0 j=0

Proof. We make the following observation. For 1 <k < f —1,if dy > 1,¢c,_1 > p, then

f-1 f-1

ciyd; iy d; 1P A1+ 1,d—1
l—ngflfjf: ]’[0 XY XYY mod 6y (2.14)
= J=
jAkk—1

Note that the operation involving 0y in does not change the sum Z{;Ol d; pl.

Now, we prove the result by induction on f. If f = 1, then P = 0, and hence, the result follows. Assume
that the result is true for f — 1. Without loss of generality we assume that d; 1 > hy 1. lf df 1 = hy 1, we
are done by the induction hypothesis.

Suppose df 1 > hy 1. We assume that d; | — hy_1 = 1. If this difference is bigger than 1, then we iterate
the proof below until it is 1. Clearly dy 1 > 1. If cf » > p, taking k = f — 1 in (2.14), we have

f71 C]' d] C] Cf 2—Pp df 2+p Cf ]+1 df 1— 1
onjy],: HXY X/ Yy XY mod o
Since the operation involving 6¢_; does not change the sum Z{;Ol djpf and dy 1 —1 = hy_1, we are done by
the case ‘df 1 =hy 1"
Ifcy o < p wewritecy » =p—i; =ipp — i, where ig = 1and 0 < i; < p. Since by assumption r; » > p,
we have df,z =rfo—iop+ip > i1. Now, if Cf3 > i1p, taking k = f —2in li we have

f*l chydj _ f71 XC]-Yd]' XCf 3— llPYdf 3+11pXCf 2+11Ydf _o—i1 d 61'1
11X = g PG [ X Yps Xpn Yy, o modbp,
j#Ef=2.f-3

Since the operation involving 6, does not change the sum 2{2—01 djpj and ¢y, +1; = p, we are done by the
‘cg o > p’ case. And so on.

Thus it is enough to show that this process stops. Suppose not. Then for 0 < j < f —2, we have
0 <ijp1 <ijpsuchthatcs o j=1ijp—ij1. In particular, cp < iy ,p. By hypothesis, we have

ff
Z@W Xwﬂzi’x%W+dewfﬂJ Z%W

which by substituting df,l —hy 1 =1d;=rj—cjand h; <rjforall0 <j < f — 2 gives

f-2 , f—2 f=2
Z(;)(rj —cj)p/ —i—pf*l < Z(;Jrjpf —_ — Z(;)cjpf —i—pf*l <0,
= j= j=

which further by substituting ¢; = if 5 jp —if 1_; implies that
f=2 A
—EZ(VJﬁP—qu)W+Pﬂ{§0:=>—%W;L+%4+Pﬂ4§0
j=0

Since iy = 1, we conclude iy 1 < 0. But we had 0 < iy ; < iy ,p. Thus we arrive at a contradiction. So
modulo (6, ..., Gf,1> we are always reduced to the ‘ds 1 = hy 1 case, and so we are done. |

We finally prove Theorem [I.3|from the introduction.

Theorem 2.18. Let m = mo +myp + -+ myp_ 1pf 1 be the p-adic expansion of m with 0 < mj < p—1. Let
r:ro+rlp+~~~+rf_1pf’1withrj ( i D(@+1) =1forall0<j< f—11Ifpt(, )forallO<]<f—1
then we have

1 J
®f VFr f-1 ]
P :indg((lfq)) (VFr/ d(’i_m/')”]>.
<96"“+11~--r9f111 ) " =0
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Proof. Define
f.r f -1

P: V}jr] — ind @ (VFr] @ di )pf)
j=0 ]:0
[ f-1 , _
J -\l
®¢§3j(xj,y]) G(Fg) — ® (V,,ljjr ® dri—mp )

is given by

Vl

S ()
(" 8 ( ) _gmn ) |
j=0 [Tf]’”j*”; (¥ ar') 0<n;<m,

We show that ¢ induces a G(IF;)-equivariant isomorphism between the right and left hand sides of the
isomorphism in the statement of the theorem.

We first show that ®{;01 1/1% (X;7:) is B(IF;)-linear. This follows from the B(IF;)-linearity of each 1/)%
Let b € B(F;) and g € G(IF;). Then

f-1 f1 -1
(Q IP;DI(X/"Y/')> ®¢P X,Y)) (b-g) ®b 4’] (X, <® ‘P] Pi(X,,Y;) ) =b- (Q lp;’,(XﬁY/)) (8).
j= P

The second equality holds by Lemma [2.13] (1).

Similarly, for the G(IF;)-linearity of ¢, we note that (g - ®f_1P (X, Y}) = ¢(®f 0 & Pi(X;,Y))) =
® l/J = ®/) ¥/(g - Pi(X;,Y})), which by Lemma 2.13| (ii), equals ®/ ) g - 9/(P/(X;, ;) = g-
®/ Ly ( i ]>> 8- ® 0 Yhx,w) = 8 V(& (X)),

Now there is a natural sur]echon

f-1
7T ®mdB(IF (VFr]®d(rJ m])pf) — ind (( IFq) (® VFr]®d( mj)p )

j=0

(Xj,Y;)"

given by 7t( { 'F; 7) = Fwith F(g) = ®{ o Fi(g) forall g € G(IF;). Note that 77 is not necessarily injective (take
f > 1 and compare dimensions on both sides of 7). By definition of ¢, we have that (® ]f 0 Pi(X;,Y;))(8) =
o L
®{:0 lpé,j(leyj)(g) = 7T(®{:O w@j(leyj))(g) for all g € G(F;). Hence we have that 1,b( i 0P](X],Y])) =
~1,j .
n(@{zo lpéj(leyj)). But the last map is equal to 7'[(( —0 ¢])(®] 0 P](X],Y]))) (o ®f —0 1/)1)(®j 0 P](X],Y]))
Thus
p=mo (2 9.

By Lemma [2.13|(iii), each ¢/ is surjective, hence so is ®f lp] Since 7t is surjective, so is .

Note that each ¢; is not injective, hence ®f -0 ¥/ is not injective, therefore ¢ is not injective. Thus it remains

to compute ker ¢. We show that ker i, = ( 31 ot ., 0;11 11+ ), where we write ¢, instead of 1 for emphasis.

By Lemma for 0 < a; < mj,

forall 0 < s < f — 1. By the definition of ¢, we see that (9"10+1 ..,9;"’“, ...,0
prove the other containment

—0,
(c,d;..‘;c?’f TS

1
fmﬁﬁ ) C ker ¢,,. We now

_1+1
ker i, C(mOH ..,9;"f+1,...,9;1£1] ).

This is the trickiest part of the proof of the theorem. We will use the three lemmas proved before the theorem.
The proof is by induction on }_,(m), where }_,(m) = mp + -+ + ms_; denotes the sum of the p-adic
digits in the base p expansion of m. If Y7, (m) = 0, then we have m; = 0 for all 0 < j < f — 1. Noting that

(2.15)
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rp>(mi+1)(g+1)—-1> p/=I for 0 < j < f — 1, we see that (2.15) follows immediately from Lemmas E
and
Now, suppose ), () > 1. Assume that (2.15) holds for m’ with Y, (m") < ¥, (m) — 1. Pick t such that

mp > 1. Let m' = mg+---+ (my —1)p' +- - +my_1p/~. Then ¥, (m) = ¥,,(m) — 1 and so

Ker g, © (650700, .07, (2.16)

by the induction hypothesis. Now, let P € ker ¢,,,. So (H{:_Ol V;lf) (P)| (s )

In particular, (H{;()l V?j) (P)|(C,d;m;cpf,1,dpf,1) = 0forall 0 < a; < mj with j # t and for all 0 < a; < m; — 1.
This shows that P € ker ¢,,. By (2.16), we may write

1 :Oforallogajgm

]'.

_1+1
P = Qup " - QO+ Qp a8y

with Q; € IF;[Xo, Yo; - ..;Xf,l,Yf,l] for 0 <j < f —1. Clearly,
1 41
Pe <eg1°“,...,9;"f+1,...,9}”5;” ) = Q" € <93"0“,...,9;"t+1,...,9}”111+ ).
So without loss of generality, let P = QtQ?”. Since P € ker ¢y, for 0 < aj < mj and j # t, we have

=0
(c,d;...;cl’ffl,df’ffl )

-
( [1 V/) Vi (Qi6")

=0,
=0

f*l o 1y mi m,‘fl ! iy
— | II V; v ovier) o
=0,j£t 1=0 (e dsomicr’ ™ ar
f-1 o |
[T v/ |V Qovien) L=
j=0,j£tt—1 (e v/

a =1 a —
v (( I1 V/) vy ’(Q») via (Vi (92”’)))

(c,d;m;cF’f*l,de*])

j=0,j#EE-1

j=0,j£t (cidseic?™ ")
1 1 me_1+1 41 1 me_1+1
— Qte(9310+,...,9t,...,9f1; ) = Q0" € (6" ,...,97’**,...,9fjl ).

The fourth implication follows from Lemma if (k,1) = (0, my), then

= my!(ad — bc)mfpt #0,

k I
viviem|
(c,d;...;c”f ,dpf )

and is O for all other (k,1). The penultimate implication holds by the induction hypothesis as the sum of the

L+l
p-adic digits is X, (m) —m; < Xp(m) —1.So P € (96"°H,. . .,9?”“, .. .,9;”{11+ ), proving (2.15). O
3. DUAL NUMBERS
This section is an aside. The ring of generalized dual numbers is defined by [Fp[e] = %. We make

some remarks on two questions that arise in the context of the lack of surjectivity when m > 0 of the map
(1.2) which involves dual numbers (introduced in [GV22| Lemma 4.1]). Firstly, can one possibly replace the
inducing subgroup B([Fy[e]) in by another subgroup B’ of index p + 1 in G(IF,[e]) and d" by a surjective
character x, : B" — F,[€]* such that there is an isomorphism

WV
Vr(m+1)

? . .G
2 indSFleD

which might then be used to study periodicity results? The answer is no, and explains why in this paper we
turned towards proving the isomorphism in Theorem[I.1} Secondly, can one at least describe the image of
in a more conceptual way than in [GV22, Lemma 4.1]? The answer in some cases is yes (see Proposition
and a longer arXiv version of this paper https://arxiv.org/pdf/2308.10246 for its proof).
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It would be interesting to see how the material in this section connected to announced work of Schein and
his coauthors on the modular representation theory of GL,(R) where R is a finite quotient ring of Or for F a
p-adic field, and, e.g., to work of Avni, Onn, Prasad, Vaserstein [AOPV].

3.1. Isomorphisms using dual numbers. There are two notions of projective space over the generalized dual
numbers. The first is standard projective space

P! (Fple]) = {[x: yll(x,y) = 1}.

It has cardinality p(p + 1) when m = 1 and is the cylinder obtained by glueing the line at oo, namely [1 : de],
to the plane [c : 1] [Gru06]. The second is P! (Fp[e]) = {[x : y]|(x,¥) # 0}. It has cardinality (p + 1)* when
m = 1. The group G(IF,[e]) acts on the left on both these spaces via (?4) - [x : y] = [ax + by : cx + dy].

Let B be the e-Iwahori subgroup of G(IF,[€]) obtained as the pre-image of the usual Borel B(IF,) under the
reduction modulo € map G(FF,[e]) — G(IF,). Then B’ is the stabilizer of [e : 0] under the action of G(IF,[e])
on IP}(F,[e]) (whereas B(F,[€]) is the stabilizer of [1 : 0] in P! (IFp[e])). Clearly B has index p + 1.

One may ask if there is a surjective character x : B" — F,[e]* which induces a G(IF,)-isomorphism

Vy
Vr(m+1)

~ i,

from which the periodicity of the left side would follow if one knew x;, only depended on r modulo p(p —1).
The answer is no. Indeed, one quickly sees that B has abelianization IF, [e]* x F) and so the only surjective
characters B' — IF,[e]* it supports are powers of the determinant character. These characters are not genuine
characters of B’, since they are obtained by restricting from G(IF,[e]), so the induction is not so well-behaved.
Moreover, one checks that every other subgroup B” of index p + 1 in G(IF,[e]) is conjugate to B’ so this
line of reasoning does not bear fruit.

3.2. Image of (1.2). Thus, the best one can hope to do is to characterize the image of the (non-surjective) map
(if m > 0)
V G(IF;?[E])

) )

d?’

mentioned in the introduction (cf. [GV22, Lemma 4.1]).
To this end, we consider the right action of G(FF,[e€]) on standard projective space IP!(F,[¢]) defined via

[x:y]- (?Y) = [ax +cy : bx + dy]. This action is transitive and the stabilizer of [0 : 1] under this action is
B(IFy[€]). We have the following decomposition

Glylel) = B (eD) (1 ) LInwled (7 4.,

where ¢,d € FFp[e]. There is a bijection between B(IF,[e])\G(F,[e]) and P!(FF,[e]) by sending B(F,[e])g to
[0:1]g for g € G(FFle]).

We say that f : PY(F,[e]) — Fp[e] is smooth if for all zg + z'e € Fp[e] with zg € Fp and 2’ = z; + z0¢ +
ot zy1e" Vwith zy, ..., 2,1 € Fpand all 0 < j < m, there exist constants f)([zg : 1]) and fU)([1:0]) in
IF, such that

ISV m ISV
(Z]f!’f) f0 ([z0:1]) and f([1:7¢]) =) (Zﬂe> £ (112 0]).

j=0

f(zo+7e:1]) = i
=0

Proposition 3.1. Let ¢ : V; — indg((lfg[z]))d’ be given by Y(P(X,Y)) = ¢pxy) for all P(X,Y) € V;, where

¥p(x,y) : G(Fple]) — Fple] is defined by p ((° Z)) = P(c,d) for (¢ Z) € G(Fyle]). If r = 0 mod p(p — 1), then
Im ¢ = {f - PY(F,[e]) — F,[e] | f(a) € Fpifa € PY(F,) and f is smooth} .

4. CUSPIDAL CASE

In this section, we prove Theorems [I.5 and [1.6] which, as explained in the introduction, are the cuspidal
analogs of Theorems [I.T|and
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4.1. The case of GLy(IFp). Let a € IF» be such that 2?2 € F, and « ¢ ). Fix an identification i : ]F;2 i
T(F,) C GLy(IFp) given by u + va — (& ng) for u, v € IF, not both zero. Recall that w, : T(F,) — ]F;2 is the

inverse of i.
We define some functions in induced spaces. For r > 0 and 0 <i <r + p2 +1, let f; : G(]Fp) — ]sz be

fi ((Z Z)) = (a+ca) TP (p 4 dg),

forall g = (7%) € G(F,). Then f; is T(F,)-linear and hence f; € indg((]]lfg))wgﬂ. Indeed, for t = (u o) ¢

T(IF,), we have
+oa’c ub+ va’d 2 241y .
=1 (M ) ) = e )

which equals

2_
(u+00) L fi(g) = (u+0a) 2 fi(g) = whtA (1) - fi(g) =t filg).
One can check that the functions in B = {f; | 0 <i < p? — p — 1} are linearly independent. Also, T(Fp)

(]FP) r+2
F

has index p? — p in G(IF). So B forms a basis of ind(T;( )W We fix this basis in the computations to follow.

For p2 —-1<i<r+ p2 + 1, we observe that
fi= fp271+j = f] (4.1)

for some 0 < j < r + 2. In this case, we say that f; is a flip. We shall soon assume that r < p —3 < p> —p—3
in which case f; lies in B.

On the other hand, for p? — p <i < p?> — 2, we have f; = fp2—pyjfor some 0 < j < p — 2. Then we say that
fiis a flop. It is the last term in the following relation:

fitfivpn) T firap-n o i) t iy =0 (4.2)
where all but the last term lie in B. Indeed, we have

xP-1_1— (prl _ 1) (XP(P*U 4+ xp=Dp-1) ¢ xp1 4 1) )

Then for A € ]F;2 \ X, we have AP(P=1) + A(P=D(=1) 4 ... 4 AP=1 4+ 1=0. So for (?}) € G(F,), we have

a-+ca ”(”71)4_ a+cu (pfl)(”*l)_i_m_'_ a-+ca ”*14_1:0,
b+da b+da b+da

which, after multiplying by (a + ca) P+ =i (b + da)I*7*~P on both sides, gives
(a+ czx)(r“’ZH)*j(b +da)l + (a+ coc)(””zfp“)*j(b +da) TP 4 (a4 ca) TP (4 dtx)]'*pz*p =0,

which shows that (4.2) holds for 0 <j < p —2.
Thus, any flip or flop can be expressed as an easy linear combination of vectors in B using {.1), (4.2).
For any polynomial P(X,Y) and A,B,C,D € ]sz, we set

P(X, Y)‘(C’D) .= P(C,D) — P(A, B).

The following theorem is Theorem [1.5|from the introduction (replacing * by r + 2).

Theorem 4.1. Let 0 < r < p — 3. Then there is an explicit isomorphism defined over IF ,»:

Vitp+1 G(F,)

— 7" 2V, 1 ~ind P r+2’
D(V,.p) & V-1 = My, @2
where D := XP% + Yp%.

Proof. Let P € V,yp1 and Q € V1. Define

. G(F
PV @V, — de((]F;))wg*Z (4.3)
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by (P ® Q) = ¢pgq, where Ypeg : G(Fy) — F is defined by

v ((2 7)) = Ve

((a+ca)?, (b+du)P) ((a+ca)P, (b+dua)P)

(a+ca, b+da) (0,0)
for all (“ Z) € G(FF,), and where
d d
Va= (a + Ca)a7 + (b + dﬂé)aT
For convenience, we set
Ay=a+ca and B, =0b+da. (4.4)

We think of A, and B, as ]F;z—valued functions on G(IF,). We remark that the definition (4.3) of ¢ reminds

one of the evaluation of a direct integral in calculus. It was arrived at after much explicit computation with
special cases.

T(IFp)-linearity: We show that ipg o is T(IFp)-linear. Since P(X,Y) is a homogeneous polynomial of degree
r+p+1and Q(S, T) is a homogeneous polynomial of degree p — 1, we have V,(P(X,Y)) - Q(S, T) is a linear
combination of terms of the form

A;—fBIJ," . xPH1I-kyk  gp-1-1Tl
for0<k<p+1,0<I<p—-1,and 0<j<r. Now,

P P P P
(AuuBa) ) pflflTl (Aa/Ba)

ATIBl . xpH1l-kyk
(Aa,Bu) (0.0)

r—jpj 2 _kp—Ip+1 pkp+1 2 _Ip—k+1 pk+1
= AR (AR ATt

which shows that ¢py is a linear combination of the functions f; defined above. Since these functions are
T(IFp)-linear, Yps is also T(IFy)-linear.

G(IFp)-linearity: We show that ¢ is G(IFp)-linear. Let g = ({, %) € G(IFp). Then we have

¢-(P®Q)=PU,V)2Q(U, V') =P, ®Q(say),
where U = uX +wY,V =vX +zY and U = uS +wT,V' = vS + zT. Now,

ws- o) ((¢ g)) = vreen((¢ 4))
((atca)?, (b+da)?) '

d Y
= ((a + Cﬂé)aix + (b + d“)ay) (Pl) ((a+ca),(b+da))
QU ((a+ca)’,(b+da)’), V' ((a+ca)l,(b+da)F)),

which, by Lemma applied twice

((uAx+wBy)" (vAc+2Ba)")

= ((MA,X + wBy) % + (vAy +2Bq) aay>r (P)

Q ((uAx +wBy)?, (vAs + 2By)")
_ au+bw av+bz\\ [(u v a b\\ _ a b
_¢P®Q<(cu+dw cv+dz)>_<w z)'¢P®Q(<c d)>_g'¢P®Q(<c d))

Thus we have ¢(g- (P ® Q)) = g - ¥Ypeg. Hence ¢ is G(IF)-linear.

(uAx+wBa,vAy+2By)

Kernel of y: Next we show that keryp = D(V,y2) ® V,_1. We first show that D(V,42) ® V,-1 C kery.

r+2 iy r42 ini ivi
Let P = Y 4;X""27'Y' € V,p and Q € V1. Then D(P) = Y. a; ((r+2 — i) X" TPyl 4 ixr+2-iyttp=1),
i=0 i=0
. l ab . ((a+cv¢)V,(b+dal)V)
Claim: for all (2%) € G(F,), we have V}(D(P) (ot =0.
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Indeed,
P} o\’ 42 il ivi it
r = — o . _ A yrptl—iyi | ayr+2—iyitp—
VO0) = (Agg By ) (Lo (r2-nxraoparii )
r+2 r r o o o
- Lk (k) ALFBE S S (k2= )XY X2yt
i=0 k=0
r+2 r r ' 4
- Lk (k) ai(r +2 = ) ATFBE[r 4 p 41— ), il XPH Ry
i=0 k=0
r+2 1 r .
+ Z <k) uiiAZ_kB]vf [I’ +2- i]rfk[i +p- 1]ka+2_lYl+p_1_k,
i=0k=0

which, by observing [i]x equals 0 if i < k and equals i! if i =k,

r

r+1 r
= a(r+2)ALr+p+1,xP Y Y (k

>ui(r +2— )ALKBE [ 4 p 41— ], [i] xP (R yick
i=1k=0

r+1 r L

o (r+2)Bir+p+ 1, Y + ) Y (;{) ai Ay FBE[r +2 — ], _i[i + p — 1 XKy PR
i=1k=0

which again using [r+p+1—i], y =0 mod pfork <i—1, [iJy =0fork > iand [r+2—i], = 0 for

k<i—2and [i+p—1];y =0 mod pfork >i—1,

ril -
= 110(1’ +2)A;[7 + p + 1]rXP+1 + <Z (:) 111'(1’ +2— ZI)AZTIBL[T + p +1-— i]y_i[i]i) Xerl
i=1

r+1 . .
+ (Z (1- ' 1)”1‘(” +2-)ATTB  r+ p 1 =il [i]il) xPY
i=1
r+1

r e ap—i i . .
tapyo(r+2)BL[r + p+1),YP1 + (Z (1. - 2) aii Ay 2B r 42 — ]y i+ p - 1L'-z> Yt
i=1

r+1 . .
+ (Z (i j 1)‘11‘1'14;71“3?1 [r+2—il, ili+p— 1}1'1) XYP.
i=1
Since [r+p+1—i],_jy1 = (r—i+1)! modulo pand [i + p — 1];_1 = (i — 1)! modulo p, the above expression

r+1

= ag(r+2)AL[r+p+1,XP + (2 C) a;(r+2—i)A ' Bi[r+p+1— i]ri[i],-> xp+l
i=1
r+1

+ara(r+2)By[r + p+ 1,7 4 (2 (i ! 2) aii Ay 2B r 42 — ] pyg i+ p - 1]i2> yri
i

r+1 . .
+ (Z (Z. i 1)ai(r +2— i)!i!A;’“BfX1> (XPY + XYP).
i=1
Note that since A,, By € Isz, we have

P P P np
Xp+1’§j“'z“)) _ AZ(pH) ~ AP —0 and Y”l'iflza; _ Bg(rﬂrl) )
Also,
(ALBY)
XPY + XY”‘ . = AaBL+ AfBy — AlBy — AyBY = 0.
Thus we have,
v (D(P ((a+ca)? (b-+da)P) 9 (D(P (A£,BY) 0
«(D(P)) (e od) = Vu(D(P)) g

proving the claim, and so P ® Q € ker. Thus D(V,42) ® V,,_1 C ker .
Next, we show that ker ¢y C D(V,,2) ® V,,_1. We prove this inclusion by changing r to r — 2, i.e., we show
kerp C D(V;) @V, 1,

for2 <r < p—1, where

. ,G(F
Y:Vip1®Vy — de((]FZ))“JE
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such that (P ® Q) = ¢pgq ,where Ppeg : G(F,) — 2 is defined by

¥rag ((z Z)) = v )| Y g () (b4 (4.5)

(a+co,b+du)

for all (* Z) € G(IF,). We use the latter notation since we reduce the rest of the proof of Theorem |H| to
some determinant computations in a longer arXiv version of this paper https://arxiv.org/pdf/2308.10246
where r is replaced by r — 2.
Let
r+p—1p-1 o o
PoQ= Y Y a X1 @S T € keryp, (4.6)
i=0 j=0

where V), is modeled on polynomials in S,T. Then we have
p—1 [r+p-1 d d r—2 .~ (AR BE) 5 L
r+p—1—iyi are P —p=iPRplP _
];O ( Y << +Baay> (x Y') ‘(AmBa) AL PP =0, 47)

Now,

g/

ripct ) 9\ 2 - [(ALBD)
- v v r+p—1—iy/i
' (A“aX+B“ay) (x Y|

i=0 (Athx)
+p—1 - -
'y 4 Vi (’ 2>Ar 2—k gk i (XH»pflfin') ‘(AE'B‘F")
= i
= T\ e\ Kk “oXr—2-kgyk (AyBa)
r+p-1 r=2 ) ) (AL,BD)
— Ar 2— kBk —1— Xp+1fl+kyl7k
( ( ) A p 1l I
_ et r—2 r—ip+kp+p—k—1pip—kp+k r+p—1—ini
- az] k [r+p—1_lr2ka<Azx By _Azx Ba>
i=0 k=0
"+}7—2 r—2 . . o
= ( ( 2) [t p =1 = i)y lile (AP T AL“’“B&)) (48
i=1

In the last equality, we dropped the terms for i = 0,7 + p — 1 as these are zero. Indeed, for i = 0, since [i]; =0
for k # 0, only the k = 0 term survives in the sum over k for which

—ip+kp+p—k—1 pip—kp+k —1—ip; -1 -1
AL kep kel ikt prep-ioipi el grepel_ g
Similarly, one can check that the terms for i = r + p — 1 are also zero. The expression
r+p-2 =2 /. 9 : ; i i
= X % ((2 ( ¢ ) r+p-1- ﬂr2k[ﬂkA;‘”’*"P*”"“lB;”‘kp+k> —(r- 1>!A;+”‘1"B;> , (49)
i=1 k=0
since Ay"""'"'Bi is independent of k and, by (Z.1),

=2 (r—2
—1—1],_ = -1, 0= (r— mod p.
T ()1l = p =Tz = (1) mod

Consider now the expression (4.9) as a polynomial in the variables a; ;. We compute the coefficients of a; ;
and a;; 1, in this polynomial for 1 <i <r—1.

Coefficient of 4; : Note thatfor 1 <i <r—1and0 <k <r—2,wehave [r+p—1—i],_p y=0fork <i-1,
and [i]y = 0 for i < k. Thus the coefficient of a;; in (4.9)

-2 r—2 . i
= (:_1)[?+P—1 ily—ica[ili1 Ay~ 131+p1+( . )[+p—1—z]r,2[]Ar+"11B —(r—1nALP Bl
) T ) L
(:71)0—1—1)!1!14;*13;*” Ty ((’i )(r—i—l)!i!—(r—l)!) ALP1oipl
= (=2 B — (r—2)1a B
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Coefficient of a;,, 1 ;: Similarly, in (4.9), the coefficient of a;;,_1; is

r—2
-2 ) ) P a4 ) i
(Z ( K )[r—mfz,k[wp—um; Py gty "*’*") — (=1t B
k=0

-1

—((23)e—in=vr= =) A B () - - A
—(r—1) ((r—z)!A;fiB;wfl _ (r—z)!Af[i“”lB;) .

r—2 r—2 o
- (i—2>[ il p = o2 AL 1+( )[ riali+p— 11 Ay P~ (r— 1AL B

The first equality holds because [r —i], , y =0fork <i—2and [i+p — 1]y = 0 for k > i — 1. The second
equality follows because [i +p—1]; , = (i—1)! =[i+p—1];i_1.

For 1 <i <r—1, substituting the coefficients of a;; and 4;,, 1, in (4.9), we have
r+p—1 9 2 r—2 N ((ALBD)
. A B XH—p—l—zYz ’
;o i <( “ax “8Y> ( ) (AuBy)
- (iai,]- —(r— i)aiﬂ,,l,j) (r—2)! (A;*fB,’,'f”‘l — AT )
Pl 2 (r—2 . 4 AT—iptkp+p—k—1 Hip—kp+k AT Hp—1=ipi
+ Z aj,j Z k [T +p—-1- Z]T’—Z—k[l]kAlX By - (r - 1)'AIX B,
' k

- . —ipitp—1 —itp—1pi
= <1a,-,j —(r— 1)111'_,_,,_1/1-) (r—2)! (A; A Y B;)
rl =2 r+p—1=10\(1\  r—iptkp+p—k—1 pip—kp+k r+p—1—ipi
+ Y ai | | Y (r—2) 0k " Ay B, —(r—1)!A; B, |.
i=r k=0 r—e—
Thus (4.7) shows that the following linear combination of functions in the induced space vanishes:

p—1 /r—1 . . . .
. 3 . 1 _ 1 2 .
) (Z (Wz‘,j - (r_l)uier*l,j) (AZ BT AT BZ)) Ay TP+
i=1

j=0

oyl r+p—1-—

14 r—ip+kp+p—k—1 ip—kp+k r+p—1— z PP—jp—rpir _
;}(Za,]<<k2( o )(k)A B (DAL ATIPRP — g,
j=0 \i= =

after dividing by (r —2)!.
For simplicity, we make the change of variables

(4.10)

Xi ij - 1a1] (7’ - i)ai+pfl,j/
fori1<i<r—land0<j<p-—1,and,

r+p—1—1\ (i
Xi,j = a,-,]» and Zi,k Z:( sz—k >(k),

forr<i<p-1,0<j<p—-1,0<k<r—2The XZ-,]' are variables (and the Z;; constants).
We claim that all the X;; must be 0. The proof of this is computational. It will occupy the next few pages.
To reduce the length of the proof we have referred to some determinant computations which are in the longer

arXiv version of this paper https://arxiv.org/pdf/2308.10246. The first time reader may skip to the end
of the proof of Theorem

Claim: For 1 <i < p—land0<j< p —1, we have X; ; = 0.
We prove the claim. Write (£.10) as

. AP i—jp=p gitiptp-1 r+pP—i—jp—1pi+j
(Z ( pioisipmpgitiptp=l _ grepoizjp=lph ]P)>+
=1

Al
Lon

g/

p-1 r—2 y o ) S
<2 Xi,j ((Z Zi,kA;er 1P1P+kpletlxl7+]PkP+k) . (r - 1)A;+p 1z]pB;+]p>> —0.
1

j=0 \li=r k=0
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Collecting terms in the same congruence class # of i + j modulo (p — 1), we have

r+p*—i—jp—p pit+jp+p—1 r4pr—i—jp—1pi+j

y y Xi,j(Aocp Ip=pgitivtp=1 _ yrep=i-jp me>+
n=1 1<i<r—1

0<j<p-1

i+j=n mod (p—1)

R = rp?—ip—jp+kp—k—1 Lip+jp—kp+k rp2—1—i—jp pi+jp
) ) Xij | | X ZixAn B, —(r—1)A, B, = 0.
n=1 r<i<p—1 k=0

0<j<p—1

i+j=n mod (p—1)

Write the n-th summand above as B), for 1 < n < p — 1. Recall that we are viewing A, and B, as functions

27
on G(Fy), cf. (@4). By inspection, each of the functions in By, is of the form AP ! IBL for | = n modulo

21
(p —1). Note that AL7 "Bl is an element of ind(T;((];Fj )) wh. Using (.I) and {#.2), we may assume each of

these functions belong to the basis B, noting that these operations preserve the congruence class n. By the
linear independence of the basis B and the vanishing of the sum of the B,, we conclude that each B, = 0.
Thus fixing 1 < n < p — 1 we have:

r+p?—i—jp—p pi+ip+p—1 r+p?—i—jp—1 pnitj
Y Xi,j(Aap Jp=ppitivtp=1 _ yrep—i-jp BaJP)Jr
1<i<r—1
0<j<p—1
i+j=n mod (p—1)

= r+p*—ip—jp+kp—k—1 qip+jp—kp+k r+p*—1—i—jp pi+jp
Y Xij | | X ZixAx By —(r—1)Ay By =0. (4.11)
r<i<p—1 k=0

0<j<p-1
i+j=n mod (p—1)

The possible pairs of (i,j) such thati+j=n mod (p—1)for1 <i<p—-1and0<j<p—1are:

.. in—i), ifl1<i<n,
(i,j) = (. ) N . 4.12)
(ibp—14+n—i), ifn<i<p-—1

We analyze three cases:

Case 1: Suppose 1 < n < r — 1. Using (4.12), equation (4.11) becomes

g Xins (A;+p2fif(nfi)ppr;Jr(nfi)erpfl B AZ‘erzfif(nfi)pletl;r(nfi)p)
=1

r—1
r—i—np+ip pi+p*+np—ip—1 r—i—np+ip+p—1pit+p*—p+np—i
+2Xi,p—l+n—i(Alx pripgitpinp=ip=l _ gr—i=nptiptp=1pitpipinp p)
i=n

-1 )
+ pZ Xip-14n—i (r Zi kAZHp_l)k_an_lBgz_ernp_(p_l)k)
i=r k=0
el r—i—np+ip+p—1 pitp?—p+np—i
= Y (r=D)XjpaaiAy PP — (4.13)

i=r

Looking at the indices occurring in X;; in the above equation, we note for each i # 1, there is a unique
j # 0. But for i = n, we get both j = 0 and j = p — 1. For convenience, we drop the index j for j # 0: we write

X;;j as Xi, ij#0, (4.14)
" Xp, ifj=0.

Now, there is no flip or flop in the first summand of the above equation. If i = #n, then there is one flip in
the first component of the second summand and one flop in its second component. Also, for i = n 4 1, there
is one flop in the first component of the second summand if n < r — 2 (and the i = n + 1 term is not there if
n = r —1). Finally in the third summand, there are flips for 0 < k < n — 1 and there is one flop for k = n.
Apart from these there are no flips and flops appearing in the above equation.
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Assume that 1 < n < r — 2. Changing the flips and flops appearing in (4.13) to functions in B and looking

at the coefficient of Ar+p S =) g o0 < 1 < p — 1, we get the following system of equations:

2Xn n+1+z lnl ln)Xi_XOZOr ifl =0,
Xy n+1+z 1n2 1n)Xi7Xn71+X0:0/ ifl =1,
X — Xpy1+ Z (Zin—1-1—Zipn) Xi + X131 — X1 = 0, if2<l<n-1,
i=r
p—1
Xn = Xns1— Y, ZinXi+ Xy_141 =0, ifl =n,
i=r
Xy — Xpq1 — ZZ,,,X — 1) Xy p1 =0, ifn+1<I<p—r+n,
p—1
Xn — X1 — Zz,nx Xpyp—1 =0, ifl=p—r+n+1,
i=r
p7 .
Xy — Xpi1+ Y. (zi,,,+n_, - zi,n) Xi+ Xty 141 — Xnppt =0, fp—r+tn+2<I<p—1 (4.15)
i=r

Case 2: Suppose ¥ < n < p — 2. In this case, by (4.11) we have

E Xin_i (Ar+p2—i—(n—i)p—pBll;é-&-(n—i)p-&-p—l _ A;+p2—i—(n—i)p—lB;-&-(n—i)p)

o

n
+ZX1,H z<ZZ Ar+(p 1)k—np+p? —1Bnp (p— 1)k>
i=r k=

n

_2(7’_1) ine IAH»p —1-i— np+zpBl+np ip

p—l
+ Vk—np+p—1 + 1
+szp n Z(ZZlkAr (p=Dk=np+p—1 gp*—p-tnp—(p— >>

i=n

p-1 . . . .
r—i—np+ip+p—1pi+p>—p+np—i
- § :(1’— 1):(1',,1771‘%1’171“‘0( e B, P < .

In the second but last sum above there are flips for all 0 < k < r — 2. Also, there is a flop in the last sum at
i = n. As before, by changing the ﬂips and flops appearing in the above equation to functions in B and then

looking at the coefficient of AHP ("H(p*l))BZH(p —1) for 0 <1 < p —1 and using the convention (4.14) for
the variables, we get the following system of equations:

r—1DX,—(r—1)Xg =0, ifl =0,

r—-1DX,—(r-1)X,_; =0, if1<I<n-—r,
p—1

(r=0)+Zypo11) Xn = Xpi+ Y, Zin1-1Xi =0, ifl=n—r+1,
i=n+1

n—1
((r =D+ Zypoi1-1) Xn+ Y Zin_1Xi

i=r

p—1
— Xy + X1 + Z Zi,n—l—lxi + Zn,n—lXO =0, ifn—r+2<I<n-1,
i=n+1
n—1
(r=D)Xu+ X141+ Y, Zin1Xi + Zyn_1Xo =0, ifl =mn,

i=r

(r=1)Xn = (r—=1)Xy_11p =0, ifn+1<I<p-1. (4.16)
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Case 3: Suppose n = p — 1. From (4.11) we have,

r—1

r—itip pi—ip+p*—1 r4p—1—itip pi+p2—p—i
Y Xip1i (Aa L PREFPP P)
i=1

p—1 r—2 )
+ Z Xip 1 i <Z Zi’kA;-F(P—l)k‘FP—leFZ —P—(P—l)k>
k=0

i=r

p_l PR . 2 .

r—it+ip+p—1pit+p-—p—i

=Y r=1)Xjp g Ay PP
i=r

r—2

~1Dk—(p—1)% ,2p*>—2p—(p—1)k

+X, 1,1 (Z Zp_l,kA,ff(p Jk—(p )Bap p—(p ))
k=0

1

2_
— (r—=1)X,_1,-1ABY " =0. (4.17)

There are flops in the first component of the first sum for i = 1 and in the second sum for k = 0. Also,
there are flips in the second last line above for all 0 < k < r — 2 and in the last line. Changing the flips and

2 1 (p— —
flops appearing in the above equation to functions in B, looking at the coefficient of AP =11 B,’X(p Y for
0 <1 < p—1 and using the convention (4.14) for the variables, we have the following system of equations:

p—2
—X1— Y ZipX; — (r—1)Xp-1— Zp_10X0 =0, ifl =0,
i=r
p—2
- Xy = Y ZipX; — (r—1)Xo — Zp—_1,0X0 = 0, ifl=1,
i=r
p—2
= X1 = ), ZipX; — (r = 1)Xp_; — Zp_10X0 =0, if2<Ii<p-r,
i=r
p—2
- X1 =Y ZioXi = Xp 1+ Zp_1,2Xp-1 — Zp-10X0 = 0, ifl=p—r+1,
i=r
p—2
—X- % (zi,o - Zi,,,_l) Xi+ X, 141 — Xy
1=r
+ Zp_llp_l_lXp_l + Zp—l,p—lXO - Zp—l,OXO =0, ifp—r+2<I< p—1 (4.18)

Let M be the coefficient matrix of the above systems of equations in Cases 1, 2 and 3, respectively. A
computation shows that det(M) # 0. In fact, one can give a formula for det(M) in each case but we do not
need it, so to keep this paper a reasonable size, we omit it (details about this and other omitted arguments
in this current abridged version of the paper may be found in an earlier version of the paper on the arXiv at
https://arxiv.org/pdf/2308.10246.pdf). It follows that in each case X; = 0 for 0 < i < p — 1. Thus we
have Xi,j =0foralll <i<p—-1and 0 <j<p—1,proving the Claim.

Thus, for all 0 < j < p — 1, we have
iajj— (r—i)ajp-1,;=0
forl1<i<r—1and
ajj = 0

forr <i < p—1, where a;; are the coefficients of P ® Q in (4.6).
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Using these relations, we have
r+p—1p-1 o o
PRQ= Y Y a Xty @sriiT
i=0 j=0
-1
= Zao X' PSP 4 Za,ﬂ, LY P e sPT
j=0 j=

i - o r=1pmd - -
+ Z Z ﬂi,jXr+p_1_lYZ ® gp=1=jTj + Z Z ﬂi+p71,]‘Xr_lYl+p_l ® gp—1-jTi
i=1j=0 i=1 j=0
p—1 -1

= EaO]XHP Lo sp=1-iTi & Z”HP 1]y+P L sp=1-iTi
j=0 =

— X't 1- zyz X'~ lyl+p 1 gp— 1 ]T]
+]Z(;)12al] =) (r i) +i )®

Each term in the last equality belongs to D(V;) ® V},_1, and hence, so does P ® Q. Thus ker¢ C D(V;) ®
V-1 and so equality holds. Changing r back to r + 2, we have ker ¢y = D(V,12) ® V,, 1

. C . Vr+p+1 G(Fp) ,+2 . . .
Thus ¢ induces an injective map DVrea) ® Vp-1 —ind, (E,)@2 - Since both sides have the same dimen-
42
sion p? — p, we conclude that the induced map is an isomorphism. This finally proves Theorem O

We have proved Theorem [1.5{for 2 < r < p — 1. One might wonder what happens for boundary values of
r. Theorem |[1.5|is also true if r = 1, though the definition of the map ¥ needs to be changed a bit.

Proposition 4.2. We have

P ~ G(F p)
DOV @V, ~ind, T(E,) @
Proof. Define ¢ : V, @ V1 — de((IF ))wz by

(0,0)

b (AL,BE) (AL,BE)
P®QH<¢p®Q:<‘Z d)HD(P)‘ 'Q(OO) )

One checks that ¥ is a well-defined G(IF,)-linear map and ker¢ = (ker DN V,) ® V,_1, which by [Red10,
Proposition 3.3] (which is due to Fakhruddin), equals

(Fy[XF,YP,0]N V) @ V1 = (Ep-span of XP,YP) @V, 1 =D(V1)®@V,
By comparing dimensions, the isomorphism in Proposition 4.2| follows. O

Remark 3. In fact, Proposition 4.2] is true ‘without tensoring with V), 1". That is, Reduzzi’s result even
holds for r = 1. Indeed, one has
Vi
D(W)
by Diamond [Dia07, Proposition 1.3] (this does not use crystalline cohomology, see also the material around
Prasad [Pral0, Lemma 4.2] for a survey: in fact, the reduction mod p of the complex cuspidal representation
O(wj) for1 <r < p—1of G(IF,) is irreducible if and only if » = 1). On the other hand, if = p, then Theorem

~V, 2 ®det ~ O(wy),

is false for dimension reasons. Since ind;;(( )) wy ~ ind (( )) wy, the right hand side of the isomorphism in
P P
the theorem reduces to the case r = 1. As for the left side, one easily checks

Vop-1 indCFp)

D(v,y = M,

is a principal series representation. Similarly, if r = p + 1, then wg s self-conjugate and the induction on
the right side is not as interesting, whereas on the left side one checks
Yy
D ( Vp+1 )

is a twist of the mod p Steinberg representation.

Vp_1 ® det
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In view of Proposition and Remark 3] we see Theorem holds for —1 < r < p — 3 but not for
r = p—2, p— 1. However, by twisting, the theorem may be extended to the following higher symmetric
powers:

Corollary 4.3. If -1 <r<p—-3—kfor0 <k <p—2, then

Vet (k+1)(p11)
D(Vii24k(pr1))

®V, 1 ~ind (( ;@*“’““”

Proof. We first show that

(k)
Vipri@det' Vg Vg
®

D(Vy,2) 2dett (Vr+)2+k(p+1)) ~ D(Vijoyk(pr1))

v
for0 <k < p—2. Define 7: V, 11 ® dett — % by sending P to 0kP for P € Viips1-Let Q € Vo
r+2+k(p+

Then 71(D(Q)) = 6¥D(Q) = D(6*Q), where the last equality follows because D() = —XPY? 4+ XPYP = 0.

Thus we have 71(D(V, 1) ® det’) C D(Vr(+)2+k(p+1)) and hence,

(k)
=. Vitp+1 ® det* Ve (k1) (p+1)

: —
k (k)
D(Vr42) ® det D(Vr+2+k(p+1))

is a surjection. Also, both sides have dimension p — 1, so 7 is an isomorphism.
For the second isomorphism, consider the composition

v,
(k) r+(k+1)(p+1)

In the above, the first map is the natural inclusion map and the second one is the natural surjection map.

Note that, the kernel of the map {#.19) is Vr+) k1) (p1) D(V;y21k(p+1))- We show that

(k) _ (k)
Vr+(k+1)(p+1) ND(Viizsk(p+1) = D(Vr+2+k(p+1))'
k . . ..
Clearly, D( r(+)2+k(p+l)) C Vr(+)(k+1)(p+1) N D(V,424k(p+1))- The other containment is trivially true for k = 0.

To establish it for 1 < k < p — 2, we need the following lemma which is easily proved by checking the two
conditions in [GV22, Lemma 2.7].

Lemma4d4. [f0<m<p-—-2andpt(,

pvt)s then 61 D(Q) <= 6™+ Q.

Remark 4. By the lemma, D induces an inclusion

V, Vr+p—1
(mt1) (m+1)’
V” Vr—«—p—l

which is an isomorphism for dimension reasons. This provides another proof of (1.6) using the D map, under
the slightly stronger assumptions 0 < m < p —2and p { (,,’ ;). The last condition is necessary (for instance,
form =0, if p | r, then D maps X", Y" to 0, so the map above is not injective).

Now, let 6P = D(Q), for some P € Vitpt1, Q € Vipoygpery and 1 < k < p—2. By Lemma

we have 6% | D(Q) if and only if 65 | Q. Thus 6P = D(Q) € D(V ) 4(psr)) and hence VIE, 0
D(V,o4k(p+1)) C D(Vr(i)2+k(p+1)) So the kernel of [.19) is D( r(+)2+k(p+1))' Thus, there is an injection
(k)
Vel k) (o) _, Ve
- .
D(Vr(+)2+k(p+1)) D(Viy2ik(ps1)

If-1<r<p-3—-kand0 <k <p—2, thenD isinjective on V, 5 ;1) Otherwise, by [Red10, Proposition
3.3] and comparing degrees, we would have a relation of the form ap +bp+c(p+1) =r+2+k(p+1) for
some a,b,c > 0. Comparing p-adic digits on both sides and noting they are in the range [0, p — 1], we have
c=r+2+kand a+b+c = k. The first equality implies ¢ > k + 1, whereas the second implies ¢ < k, a
contradiction. Thus the dimension of each side of the inclusion above is p — 1. So it is an isomorphism.
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Now, by Theorem [4.1]and Remark 3] for —1 < r < p — 3, we have

Vr+p+1
D ( Vr+2)

Twisting both sides by det’ with 0 < k < p—2

®V,_ 1 ~ind (( ))w£+2.

Vr+p+1 & detk

L (l’) r42
D o aet & Vet = indrgl) (w5 @ defin,)

(Fp)

(k)
|4
r(k+1)(p+1) G(Ep) (142 o  K(p+1)
pv® Vp-1 = indyp ) (wg ® Wy )
( r+2+(p+l))
Vet (k1) (p1) indC®Ep) jr+2+k(p+1)
——=®V, 1 ~ind w, O
D(Vr+2+k(p+1)) T ()
Corollary 4.5. Let m > 0and 2m —1 < r < p — 3. Then, we have
V24 (m+1) (p-1) . G(F)) r2-m
W @V, 1~ de(le) (Vm ® wy ) .
Proof. Note that V, ’T(]F ]'”_ wy =Y Thus to prove the corollary, it suffices to prove that for 2m — 1 <
r < p — 3, we have
Vr+2+(m+1)( 1) G(Fy) - r+2+j(p—1)
Ty OV indny) | B -
For m = 0, this is Theorem [4.1] and Remark B} The proof for m > 0 is by induction and is omitted. O

4.2. The case of GL,(IF;). We now prove Theorem. 6, which is a twisted version of Theorem. Recall that
VFr] := SymJ (]Fz) o Fr/ and {X’ ’Y }0<l <r, is a basis of VFr forall0 <j< f—1.

Lemma 4.6. Let rg > 1. We define

_xpx o xp 1 0yt 1 9
Do = X/ xt X igxc Y01 oy
and
_ yPyp-l p-1 0 pyp-1  yp-1 9
Dj = Xpx| - X1 19% Yo v
foralll <j < f—1. Then, the maps
M
B V . ®VFI‘ ®...®VFI‘f71
. F Fr/~1 ro+p-1 p—1 p—1
Dy: V@ V' ®---@Vy" = (D1, Dy 1) and
()

f-1
Vr0+p,1 ® Vr];il ® R ® V;£1
<D1, .. .,D]'_1>

Dj: V1@V @ oV oV eV 0. o VI -

are G(IFy)-linear.

Proof. (1). We show that Dy is G(IF;)-linear modulo (Dj, ..., Ds_1). By Bruhat decomposition, it is enough

to check that Dy (g - Xi°~ IOYZO) = g-Do(Xg*™ ZOYIO) modulo (Dy,...,Ds_1) for g either diagonal, the Weyl

element w = (91) or upper unipotent. The case when g diagonal is clear. If g = w, then

Do(w- X0 Y2) = Do(Y x)
= Xy TR TOXY T X (g — i) XY T T YT
- w. (ioyiow*lxro*ioyf*l . y}’:ll + (ro — iO)YéOXSO“”l*i"Xf*l . X}Ej)

= w- D(XP YD),
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Finally, if g = ( ) for a € Fy, then

Do(g-X(r)O*lOYéo) - Dy (Xro lO(ﬂXO-l-Yo)lO)

= X} ((ro—i0) Xy (aXo + Yo) + X Piga(aXo + Vo)) {1 X))

1 -1
FYP X0 (aX + Yo) o YT -.Y}[l (4.20)
and
Do(XP0Y{0) = -(X”(r —ig) X0 yfox P P Ly x0Tyt yP Ly

8§ Po & (“olfo —10)4g 0 -1 1 f-1

= X[ (ro—i0)Xp " (aXo + Yo)ox} 7T XIT)

FigX 0 (aXg 4+ Yo)P o @l Xy + Yp)P - (@ Xpq+ Y )P, (4.21)

so taking the difference of (4.20) and (4.21)), we have

D0<g'X607iOYéO) g DO(Xro onzo)

= ioanXSO_iO (LIXO + 10Y0)10_1Xf L f 1 -i- l()YpXSO_iO (LIXO + Yo)iﬂ_lylp_l s ij:ll

— igX 0 (aXo + Yo) "0 (@ Xy +Y1)P e (@ Xy + Yf_m’*l
ro—i i1 L = 1 —
=X (aXo+Yo)o M [ aX{ T ] X]’? +YVT] Y].” (aP X} +Y)) ]‘[ (@ X+ )P . (4.22)
j=1 j=1 j=1

The term in the parentheses

f-1 f~-1r f-1 -1
(“Xé’ 1" —arx] [T, + Yﬂ’”) ’ (Yo” [T -y T X+ nv-l)
]:

j=1 j=1 j=1

-1 p—1,
Lo Bl o)

i1=0 Zfl 0

p—1 p—1un » — p](p_l_i-) p—l—i]' ij
R (7))

i1:0 lf 1_0 j=
p=1, 1— i i].pj i ij f-1 L
—_y ... = e xP p=1=ijy i
mip VRD DI R I R
= if1=0 j=1
1 1 - I& f-1
p= Pl 1-p- Zl,p/ vi fl L
= i=1 'y P p=1=ijy i
_‘Z...'Za j= (—1)/ YOHXf Yj'
i1=0 lf,lio ]:1

where Y- - - Y means (0, . ..,0) is omitted from the sum and Y- --Y” means (p — 1,...,p — 1) is omitted

f-1 f-1
from the sum. Writing [; = Z i p and Ypli= Z i;, the above expression
=j =j

:_g ii pzlpzl pf (—1)5r gt =lix? (HXP 1)]‘[}(” 1y

=1 I=j

. j—1 -1 ,
P Y B -1 —1- ;
Y (—1)=eliat Py <| [Y/ ) (] B4 ”Y;’>

1=1 1=j

f=1( p-1 p—1 p=2 p-1 p—1
ilzp—l ij_lzpflij:()i]'+1_0 l’f,]zo

= e = Ty ligl=lixP = p=1\ P=1=0j 0 = p—1—iy i
== X_:Z e, (FD)= Xy \TIx )X v/ TT X Y

I=1 I=j+1

f=1 {p=1 p-1 p-1 j—1 o f-1 o
~1,1-Tjy p—1 p—ij ii—1 p—1-i
_ (Z y o (—1)Zr i <| [Y] >X]. Y/ <|| X! ’Y}’) ,

1]:1 l‘]ur] =0 if,1:0 1=1 l:]+1
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where the fourth sum above is obtained by the transformation i; — i; — 1 in the second sum above, which,
together with (#.22), gives

Do(g - XSO—iOyéO) g Do(Xm onzo)

f=1 [{p-1 p-1 p—1  \L, -1
=-) (Z Yooy ! 1)i.pj D (Z XP 0 (aXo + Yo) 0 1x] Y H X ”Y”>)
j ]

jZl ljZl i]'+120 if,lzo 1= ]+1

S <D1,. . '/fol>'

Thus Dy is G(TFg)-linear modulo (Dy, ..., Ds_1).
(2). The proof is similar and is omitted. |

Let a € FFj» be such that a? € Fy, « ¢ F,. Fix an identification i : F ~ T(F;) C GLy(IF;) given by
u+on — (U vgz ).
Letr >0and 0<i<r+ q2 — 1. Let f; : G(F;) — ]qu be a function such that

(¢ )=
G(Fy)

for all (?%) € G(IF;). Then f; € ind; (F )a)gf and the set B; = {f;|0 < i < ¢g*> — g —1} forms a basis of
ind?((]f”))wgf Indeed, let t = (4 %*) € T(IF;) and g = (?}) € G(IF;). Then we have

2 . .
fith8) = ((ugffffcc uzljb++Ude) ) = (u+ o) (a4 ca) TV (b + da)’

which equals (u +va)" - fi(g) = W} f(t) - fi(g) = t- fi(g). One can check that the functions in B; are linearly

independent. Also, T(FF,) has index 4> — g in G(FF,). So B, forms a basis of ind(T;((Eg)) wh £

For q2 —-1<i<r+ q2 — 1, we observe that
fi=fpasi=1 (4.23)
for some 0 < j < r. We say that f; is a flip. We soon assume thatr < p—1<g¢?>—g—1,s0 f; € B,.

On the other hand, for g% — g < i < g% — 2, we have f; = fop—g4j for some 0 < j < g —2. We say that f;isa
flop since it satisfies the following relation:

fit firg-n +fivag-n o g T firp—g =0 (4.24)

where all terms but the last are in 3;. Indeed, since X711 = (X971 —1)(x@-17 4 XD ... 4
X971 4+1),for A € ]P;2 \ F}, we have A-17 4 AlG-D(-1) ... 1 A7-1 1 1 = 0. Thus for (28) € G(IFy),

(a-1)q (1-1)(g-1) q-1
a+ca L (ot b (T
b+ da b+ da b+ da

which, after multiplying by (a + ca)("+1-D=i (b 4 da)7" =9+, gives
(a4 ca) D7 (b + da) + (a + ca) THD T (b 4+ da) T 4o 4 (@ ca) T (b 4 da) T = 0,

which shows (4.24).
Thus, by using (4.23) and (4.24), any flip or flop can be changed to an easy linear combination of functions

in B;. We fix the basis B, in the computations to follow.
For any (%) € G(F;), we denote A, = a+ca and B, = b+ da. For any polynomial P(X,Y) and
(C,D)
A,B,C,D € Fp, we write P(X, Y)’(A y =P(C:D) = P(4,B)

Lemma 4.7. Letr = ro—l—rlp—l- e w Tt with2 < rg < p—1and rj > 0foralll <j < f—1. Let

P®Q:= ® P ® ® Q] ®f ! VFr/p 1® ®f ! V;rjl, with P; a homogeneous polynomial of degreerj +p — 1

in X;, Y, and Q] homogeneous ofdegree p—1in§, T Define {pgq : G(IF;) — F 2 by

(X!r

2f 1, 2f 1) f_

a b re_ f+i _pfti
(¢ &) v ewre - vaee| ) O S T e
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where
p] a

"‘BX

p]a

+Baaiy,j

Vi=A
forall 0 < j < f —1. Then the map

(1) ¥peq is T(IF,)-linear.

2) ¥ ®f 1VFr]p 1®®f 1VFrJ —>1nd(( ))

Proof. T(IF,)-linearity: Note VYO_Z(PO) H{;ll vl (P) H Q]( j, T;) is a linear combination of terms

wzf such that (P ® Q) = pgq is G(IF,)-linear.

Ar=i=2pi xpH1- WOHX” iy Hsp g,

where r = Zf,:ol rjpf and i = Z{:O ijp]. Now,

(Apf Baf . ,A”f szf !

) o1
p—1-k; k‘
1 S .
il (A Baeal B2 H

pf+1 B,,fﬂ

(A
(0,0)

Ar i— ZBZ XP‘H IOYIOHXP 1- l/YZ] )

=

= 1 =
pf 1f7+1—10+2(101+ —p=ip) | pf lo+):l,p’ p+1- 10+2(1a’+ —pl—ijpl) i+ ¥ ijpl
=1 =
A B, — A,

_ Ar—i—2ni j=1 j=1
= Al 2B! B,

f f
pf(E (pH—pl- kpf)> Pf<§0kﬂ”)
A, V7 B, V-

) ; 2 i s . 2, 2 i (; e 2_1_(2 i
:A;:HZBIZX (Az+q WB:,?—A; z+qB’1X> AZ q qu(I’ccq _ A;+q 1—i (z+k)thzX+(z+k)q_A2+q 1 (21+kq)B§z+kq,

where in the last but one equality k = Z{z_ol ki pl. Thus §pe is a linear combination of functions of the form
fi above and hence is T(IF,)-linear.

G(]Fq)-linearity: Letg=(%7) € G(qu). Note that,

f-1 f-1 f-1
g (PQ) = QPULY; ®®QJ u;, vy) ¢®Pf®®Q}f
j=0 =0 i=0

where U; = u?’ X; + w?'Y;, V; = o' X; + 27X, U} = uvfsj +w!' T, V! = oS, +2/'T;. Now,

varoa((t )

2f—1 2f—1
@ g e )

rHa

d a N2 I e i )
= <Aaaxo +Ba¢aYO) (PO) ]-:1 Aa aX Ba aY (P]) (A,X,Ba,...,AKfil,Bﬁfil)
f-1 . .
T, B). (4.25)
=0
Applying Lemma (twice), for 0 < j < f —1 and k > 0 we have
™ g

k
PO oy 9\ o
(w2

k
= ((u”’A”’+ P’B”)%ﬂvrw# PJB”]);;) (P))

(atl By
e R T
(uP]A,’,ff ]+wV]va’f ],UV]A,ff J-&-z”] Bgf ])

S T R T o
(P! AV +w?' BY P! AL 2P BY)
( /pf*/’ /pf+f>

k
I VA
- (A“ aXf+B“ an) (P)‘(A”” By

where A, = uA, + wB, and B}, = vA, + zB,. Observe that, in the last equality in writing the top limits in
terms of Al and B), we use the fact that u,v, w and z are in F,.
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Now taking, k =rg —2for j=0and k =r; for 1 <j < f —1, the expression in (4.25) equals
o g A A

d 9 702 f-1 /l 0 1pi 0 i (A w el Y
1 9 / ! F }
(Atxax +B'XaYo) (PO)E " 0X; B 9Y; (P])’(AQ,B.Q ..... ap

)
)

/f+1 /f+/
HQ, 4 Bd )

:‘/J(P@Q)((szz ZZEZ)) =g~(¢(P®Q>>(<? Z))

The following lemmas will be useful in the proof of the main theorem.

O

Lemma 4.8. Let
ro+p—1p—1

f-1 . f1
P — 2 Z Z bzo Xro+ﬁ 1- zoylo <1—[ le—l—l;Yl11> € Vr0+p—1 X ® V;ill.
=1

ip=0 i;=0 zf 1=0 =
Then,
(1) we have P € Im Dy if and only if
ibiy,0,..0 = (10 = 10)big+p—1,p—1,...p-1
for1 <iy <ry—1,and
biy,...ipy =0
forroSioSp—landallogijgp—lforlgjgf—l.
(2) for1 <j < f—1,wehave P € Im D; if and only if
bio,0,...0ijip 1 = Bigtpp—p=Lij—Lisi1,ip 1
where 0 <ipg <rg—1,1< i]- <p—1and0 < i]-H, . ..,if,l < p —1, and in the remaining cases
b; =0.

i0,esif—1
Proof. The conditions are clearly necessary, and can be checked to be sufficient. O
Lemma 4.9. Let 1 <rg < p—1and let

ro+p—1p—1

. f-1 o f-1
i ro+p—1—ig i p—1—iy, i Fr!
P= 3 ) - 2 big,.i 1 Xo' Yy (H X] ’Yzl> € Viprp-1®@ Q VI

i0=0 i1=0  i; =0 =1 =1
Then we have P € (Dy, ..., Df_y) if and only if the following hold:
(1) for1 <ig <rg—1, we have
iobiy,0,..0 = (r0 = 10)big 4 p—1,p—1,..p-1
(2) forrg <ip gp—landallogij <p—-1forl1 <j< f—1,wehave
biy,...ip 1 = 0,
@) for0<ig<rg—landforalll1 <t< f—-1,1<i <p—1and0 git“,...,if_l < p—1, we have

bio, 0, 0jitrei 1 = ~Digpp—Tep=Lis=Ligs 1,y 1+

Proof. Say P € (Dy,...,Ds_1). We show conditions (1), (2), (3) are satisfied. Write P = Zf P; where

ro+p—1 p—1 Q) o l—in i f-1 i
J— ] ToTrp—1—loy 10 p—1l=1y1 .
Pi= ) ) bio,...,if,lxo YO ITX Y; € Im D;
=0 if =0 =1

forall 0 <j < f —1. Then
Z blo, ,‘

with each bl(é )“ o satisfying the conditions of Lemma Now (2) is clear since if g < iy < p — 1, each term

ol f—
on the right vanishes by (both parts of) Lemma Condition (1) is also clear, since if 1 < iy < rg — 1 and the
other i; are all 0 or all p — 1, then all the terms on the right vanish for j > 1, by the second part of Lemma
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and the j = 0 term on the right satisfies the desired identity by the first part. Similarly (3) holds, since if
0 <ip < rg—1 and the other i]- are not all 0 or not all p — 1, then the j = 0 term on the right vanishes by the
first part of the lemma and the remaining terms satisfy the desired identity by the second part, whence so

does their sum.
For the converse, note that P can be written as

f=1 [(r=1 0 0 pzl Pz p-l ro+p—1—i 1f ! —1—ijyi
Yy ¥ Z Z © Y bi0 i Xg OYIOHXFJ [1x "y
i0:0 i1:0 =0 : 1=

t=1 i1 0 1f,1:0 =1 1=t
= ro+p—1—i 1 rorp1 i
i _ _ _
+ 3 bigo,0Xg YR szp +ho,.0Xg T TTX]
ip=1 =1 =1
p—1 p-1 iy T i
rot+p—1l—ioy, 19 pP—1=1u,1
+ Z )OS Z biy,....i Xo Yo I1x Y
ip=rp i1=0 Zfl =0 1=1
- rotp-topcl - Pz p! - ro+p—1—igi = 14 1f71 p—1—ij,i
X 0 —1=1loy 10 - — 1=l
+Z PORED DR Z Xy Z iop=Lep—Litir1 X0 oI TIx ™
t=1 io=p i1=p—1 ir_1=p—11=0141=0 if 1=0 =1 1=t
ro+p—2
Ry b: Xro+p 1—- mYzo Yp 1 b Yro+p 1 Yp 1
+ Y Digpt.p-1 H + brgtp—1,p-1,..p-1 H ,
10 p =

which, by the transformations iy +— ip + p and it — i; — 1 in the fourth sum above (and dropping the
summations for iy, ...,i;_1 in the first and fourth sum) and by the transformation iy — ip + p — 1 in the last
sum, can be rewritten as

f=1 [ro—-1p—1 p—
Z (UZ Z Z Z b . Oz,...,if,IX(r)Oer 1- loan <HXP 1) XP 1- I;th 1—[ Xp 1- ”Y”)

t=1 \ ip=04=1i,41=0 ir 1=0 =1 I=t+1

—1 fr=1p=1 p-1 p-1 . T L S N i
Z Yy )y - Z Biovt pp—1,p—tis—1,.. XSo—lo—lyéoJrPHYIP* XPiyit T xp iy

i0=0i;=1it1=0  if1=0 1=1 I=t+1
—1 1
N Xp oy T x0T 5o, Xp oy P T v
+ Z i0,0,--,0 H + ) bigrp-tp-1,.p-1 H
1 l(]—l
-1 p-1 -
+ Z pz: Z b: X70+p—1—ioyi0 HXp—l—ilyil
10,000/1 0 0 1 I
10 1’()11 =0 lf 1—0 1=1
-1 -1
r0+p71f p—1 ro+p71f p—1
+Dbo,...0X T1X +byrp-1p-1..p-1% | IR (4.26)
=1 =1

Now suppose the conditions (1), (2), (3) hold. Then by {#.26), we can write the polynomial P as

f_1 rp—1p—1 p-1 -1 b‘o 0 P . . . f_l ..
Z 2 Z Z 2 10/ i’”""’lf*1 Dt Xso_l_lOYSOXf_”YZt H le—l—lz Ylll
t=1 ip=0iy=11is,1=0 iH:o ¢ I=t+1
02 10,0, ,0 (Xl’o—i(] Ylo) + lD (b XV(] + b Y}’O)
— O — l 0 0 0 0 \Y0,...,044 ro+p—1p—1,.,p—110 ) -
This implies that P € (D, ..., Ds_1). O

Remark 5. In Lemma there are no conditions on the coefficients by o and by p-1,p-1,.,p-1 Of P. So if
1 <ry < p—1, then the dimension of (D,..., Df,1> over [F; is
f-1
24+ (ro—1)+ Y ro(p—)p/ " =ro+14r0(pf T 1) =rop/ T 41
t=1

The following theorem is Theorem [1.6] from the introduction.
Theorem 4.10. Letr =rog+rip+ -+ rf,lpf_l, where 2 < ry < p—1and rp = O0foralll <j < f—1. Recall
that

_ yPypP-1 p-1 0 pyp—1 p—1
Dy = X X3 "'Xf—1TXO+YOY1 "'Yf—lano
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and

PPl 19 ipup1 p-1 0
Dy = XX X g T

forall1 < j < f —1. Then over IF ;> we have
® F:’-p 1 i
Fr G(Fq)
<D0, e, Df—l ® Vpil - lndT(]Fq)ahf'

Proof Define 1/) ®f ! V,Fip 1 ® ®f ! VFI"]1 — ind (( )) w} ¢ as in Lemma @ Recall that for P ® Q :=

® P ® ® Q]-, we have (P ® Q) = ¥pgg, where now noting that r; = 0 for 1 < j < f — 1, we have
1pp®Q G(]Fq) — > is defined by

f o of 2f=1 _,2f-1
(AL BY ., AY" T BY

a b ro—2 AP pet
(C d) — VO (Po)Pl Pf_l‘(Aa,Ba,...,Agf 1 Bpf—l) H Q] , By )/

rEn

where V( = A“aayo + B“aiyo' By Lemma 4.7] (1), the map ¢pgq is T(IF;)-linear and hence 1 is well defined. It
is also G(IF;)-linear by Lemma @ 2).
We show that kery = (Dy,...,D¢_q1) ® ®f VFr] The proof occupies the rest of this paper. First we

show (Dy,...,Df_1) ® ®f ! VFr/1 C ker .

Case 1: Suppose j # 0. We show that Im D; C ker ¢. For 0 < iy < rg — 1, we have

.. f—1
D: X}'o*l*l‘oyioprlelj f Xp*l*l'[Yl'l
i\ %o 0% Y Hl 1 I
:]+

1 .. /-1
+p—1—ig+ i 1 NP1 —1—iji
= Xy <| [ I~ )(—zj)X]. Y/ ( [T xF ”Y,”)

1=1 I=j+1
+X70—1—i0Yi0+P ]_1Yp_1 l‘,Xp_iinf_l = XP—l—ilyil
0 0 L1 IRYERRS 1” I e
= —j+1

We claim

) j—1 o f-1 ) (A”f Bpf Apzf—l szf—l)
r0—2 (s to+p—l—ioyio p=1 p=1=ij\ i p=1=iryg gom e
-V (Xo Yy ) (H X] X; Y; H s Y (AuBarn A BT

1=1 I=j+1
2f—1 2f—1
B a e
( S = (4.27)
(Ag,By,, AN B )

+ VBO_Z (Xso—l—ioyéo+r7) (]1—[ Ylpfl

=1

XP l/Yl (H XP 1- 11Yll

I=j+1

Indeed, we have

- i B o 72 i

RGN = (Mg thag) (6T

1’()—2 ; ;
- ¥ (rok )A’O “2kogRofry 4 p—1— ],szfko[io]koxé’“_(Z‘]_k")Yé(’*k“
ko=0 0
0
0 —
-2 i i SNy
" (roio )AZU 2Bl (rg — 1~ ig)lig! X}, (428)
and similarly
v6072 (X60717i0Y60+p> _ (:gil)Aro 1— loBlo 1(7‘0—1—10)'10'Yp+

+ (foi 2) ALTZT0BI (rg — 1 — ig)tig! Xo Y. (4.29)
0
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Ignoring the factor (rg — 1 —ip)'ip! and using ([@.28), the first summand on the left side of becomes

2f—1 2f—1
LA e

f-1 .
ro — ro—1—ig pig—1 P p—1 p—1-ij, ij p—1—i14 ‘
— AR OB X5 Yo | |X X Y | | X Y,
(lo - 1) ( ) : :

=1 1=j+1

]'71 L. f*l . Apf an Al’f BY fﬁl)

10 = 2\ ro—2—ig pio yp+1 p=1\ p—1=ijy i p—1—iry iy | [(Ax Ba oo B

— (707 %) an—2-iogiy [1x/") <"y [ TT x yi ’ o
( iy ) ¢ “o ! j j ! U N agBy.a g™y

1 -1
(AuwBor Al BT

=1 1=j+1
which, by noting
j—1 f-1
1 1 2 1 . 1
Yp—Dp M+ (p—1-ipp/ T+ Z p—1—ipp/ T =p —p/T Y ipft
1=1 I=j+1 I=j
and, dividing by p/,
j—1 f-1 f-1
1 N N ]
Yp—Dp+(p—1-ipp+ Y (p—1—i)p' =p/ —p= Y b,
=1 I=j+1 I=j
equals
f-1 f-1
7 prp —pf T S ey pwfpiwﬂ1+2w
_ (13_ 1)ATO 1- 10310 1 Ay I=j B, I=j — A, B, I=j
11 2f L fHl U 1 S
o —2 T B R A A L L Z ip/t prlkpf—p- X iyt K

f-1

-1
<1’0 _ 2> ro—ip— Z ipftt dg— 1+pf+ Z ip/t! ro—1—ig+p/ =% iap" i+ ): ipt
Ay

I=j I=j
= ip—1 B, — Ay B,
) Uy .St . e
ro—2 rgflfngrpffIZ_ ip/+ 10+IZ_ ip/+ 7071710+pf712_ ipt 10+IZ ip!
— . A - By ' —A - B, . 4.30
(%) | 4 . . . (430

Again, ignoring the common factor (rg — 1 — ip)!ip! and using (4.29), a similar computation shows that the
second summand on the left hand side of is

f-1 f-1 f-1 ~1
<r0_ 2) ro—ig— ¥ ijp/ ™! i071+pf+lz,imf+’ 70*1*i0+Pf*’Z_i1Pl io+lz_z’,pl
=]

I= = =
o1 Ay " B, ! — Ag " B,

-1

f-1 f-1 f-1
S ro—l—ig+p/ =¥ ip/*! dg+ ¥ ipH! ro—1—ig+pf =¥ iip' o+ Z ip!
0 — i=j I=j =
+ ( Z ) A, ! B, — A, o, , (4.31)
0

which is the negative of (#.30). This proves the claim @#27). Hence Im D; C ker¢ forall 1 <j < f —1.
Case 2: The proof that Im Dy C ker ¢ is similar and is omitted.

Combining Cases 1 and 2, we see that (Do, ...,Df_1) ® ®f ! VFrJ1 C ker .

Next we show that kery C (Dy,..., Dy 1) ® ®f ! VFr]1 Let

tq-1q- f-1 o f-1 o
PoQ= 2 Z X HP 1oy (H X{’“W[’) (H s;’lf’ir;l> € ker ¢,

=0 7 =1 1=0

....1
O
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. . r+q-1  rp+p—1p-1 p—1 g=1 p—1 -1
where i = (io,...,if-1),j = (jo,---,jp-1)and Y = ¥ X - X, X =8 oo Z . By definition
i=0 io=0 i1=0  if1=0 ;=G  jo=0  jr1=0

of g, forall (7Y) € G(F,), we have

t? — f—l . . (Apf Bpf AP2f71 szfil)
ro—2 T()-‘rp 1—ig+, o p—1—ij 0 A /Dy
; Z bi7Vo ( Yo ) HXI Yi ‘(Aa,Ba,...,A,ff Le
i=0 =1
f+1 f+1
- (AP BY )
H sptiy ”‘(OO) —0. (4.32)
Note, for each f,
f-1 f-1
f-1 - ! g™ (p—1-j)p ™! ZJ#J“ 1—q— % jipf*! Z]HJ+Z
I IRES ”Tﬂ 00 = AP Bi° =A, " Bi° ) (4.33)
1=0

Now by fixing j jand only considering the sum over i'in (32), we have

T+q*l a a ro—2 . . i f*l i . (Apf B}”f AP2f71 BPZfil)
+p,],l 1 p,l,l 1 a P s Pu
L by (A”‘axo +B”‘ayo> (xe o) (TTx S

f f-1
= =1 ‘(Aa,Bu,...,AZ By )

r+q 1rp—2 _9
Z Zb ( ko >70+P—1— 0] ry—2—ko li0] ko A&~ 2~ko glo

7

‘ f=1 o
p+1—(io—ko)~ ig—k p—1—ijyi
'XO 0—Ko Y(Z)O 0 (l | Xl IYII

I=1

2f—1 2f—1

@t g B
1 f-1
‘(Aa,Ba,...,Aﬁf B

F1 F1
which by observing p/*1 + pf — (ip —ko)pf + = (p —1—i))p/ T = p* + pf (1 + ko) — T ijp/*!, and writing
=1 I=0

rg— 2 . . 7’O+P_1_10 )
Cipn = ro+p—1—1yl, —o_i. i rg— 2 , 4.34
io.ko < ko )[ 0ot p 0)ro—2—k [f0]k, = (10 — 2)! ( o2k ) \ko (4.34)
equals
rq—1ry—2
) Z by Cioy AR 2B
17
f-1 f-1 f-1 f-1
P bl (k)= £ ip™ Go—ko)p/+ Z g™ plHltko=Eip' io—ko+ T irp!
Ay = B, S A, =B, =
, -1 -1
r+g-1 rg—2 ro+q—1—ko(1—q)—q<1§O im’) ko(l—q)+q<1§0 izlﬂl>
= Z b?f Z Cio ko Au By
=0 ko=0
- i f-1 f-
r+q-1 ro+q—1— Z ipt X ap
— Z bz]—‘(?’o — 1)!Aa¢ =0 ,;:0 . (435)
i=0
The last equality holds since by (2.1), we have
7’072 1’072 TO _ 2
Y. Cioko = 2. < k )[”O +p —1—ioly—2—kli0]k, = (ro —1)! mod p.
ko=0 ko=0 0

Moreover, we have adorned the limits in the last two sums with ’s to indicate that we drop the terms corre-
sponding to i = 0 and i = r + § — 1. Indeed, if i = 0, then iy = 0 and

C - (1’0—1)!, ifk(]:O,
Oko = 0, otherwise.
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So the term for i = 0 in (&.35) is
ro+q—1 ro+q—1
baj((ro — AT (g — 114701 ) = 0.

Similarly, one may check that the term for i=r +q —11is zero.
For notational convenience, set

f71 L] f71 L] f71 f71
ro—2 ro+q—1-ko(1—q)—q EO ip' | ko(1—q)+q EO ip ro+q—1— ¥ iipt ¥ ip!
(%)= Y CiproAn B * By
k=0

Then (4.35) decomposes as

ro—1 ro+p—2
Z io,0, Of(*)+ Z ig,p—1,...,p—1, (*)
iro=1 lo=p

0 p-1 p-1 p=1
2 . 2 DY bio,O,...,O,i,,...,if,l,f(*)

t=1 l():O i] =0 1t 0 1[:1 1441 0 l‘f,1:0
f=1 [ro+p-1 p-1 p—=1 p-2 p-1 p—1
+ Z ‘ e Y Z , Yy ' Y big,p71,...,p71,i,,...,1'f,1,f(*) ' (4.36)
t=1 ip=p i1=p—1 i_1=p—1i;=01,1=0 ir1=0
By taking iy =iy = --- =iy 1 = 0, the coefficient (x) of bio 0 ofin the first sum above is

rog—2 . . .
ro+g—1—ko(1—g)—i ko(1—g)+1i ro+g—1—ip i
( Z Cio,koAer q o(1-q) qu“o( q) oq) — (1o — 1)IAD q oo,
ko=0

Note that, by (4.34), for 0 < iy < rg — 1, we have

(7‘0 — 2)!i0, if ko = io -1,
Cio,ko = (1’0 — 2)!(70 —-1- io), if ko = io,
0, otherwise.
Thus the coefficient of bio 0. 0]?becomes

io(ro — 2)LAR OB ((rg — 1 —dg) (rg —2)! — (rg — 1)) AR FT 1 70Bl,

which further equals

io(ro — 2)! (AQO*iOBLW*l _ AT0HI1i Bf;?) : (4.37)
Now use the transformation iy — ip + p — 1 in the second sum of (4.36). By taking iy =iy = -+ =if 1 =
p — 1, the coefficient (x) of bi0+p_1 b1, p_lfis given by

7072 . . . .
< Z Ci0+p_1,k0A;0+‘7_1_k0(1_‘7)_q(l°+‘7_l)B§°(l_q)+q(l°+q_l)> ~ (ro — 1)!A£0710B;)+‘7_1‘
ko=0

For 0 < iy <ry— 1, we have
. 5 (1’0—2)!(i0—1), ifk():io—z,
0— . . . . .
Ci0+p—1,k0 = ( ) [ro — lo]ro—z—ko lio+p— 1]k0 = 4 (ro—2)!(ro —ip), ifko=1ip—1,

ko .
0, otherwise.

Thus the coefficient of bl.0 L p—Tp—1,.p—1] becomes

((ro —2)1io — 1) — (ro — 1)) AL OB ™71 4 (rg — 2)1(rg — i) AR BY,
which equals
— (ro — 2)!(ro — io) (A;WOB};?* -1 At q‘l‘iOB};?) . (4.38)



38 EKNATH GHATE AND ARINDAM JANA

f-1
Finally, using ip — igp + p and i; — i; — 1 in the fifth sum of {4.36), and noting that Z ilpl changes to

t—1

lo+p+z —1)p + (s — 1)p' + Z iy’ —10+Zzlp,
= I=t+1 I=t

the coefficient () of b. -equals

iotp,p=1 p=Lir=Lip1,if1,f

_ f-1 -1 -1
ro—2 ro+q*1*ko(lfq)*q(io+lg izp’> ko(lfq)ﬂ(ioﬂ; iz#) ro+q—1—ig— ): ip! io+f2 ip!
Y CiptphoAa - /B - — (rg—1)!4, B, =" (4.39)
ko=0

which is exactly the coefficient of bl 0,0, obtained by taking iy = ip = --- = i;_1 = 0 in (%), since

Cistpko = Cigk, mod p for 0 <ip < rp— 1. Summarizing, the transformation iy — iy + p — 1 in the second
sum of (4.36) and the transformations iy — io +p and iy — iy — 1 in the fifth sum of (4.36), together with
@.37), @.38) and [@.39), allow us to rewrite (£.36) as

7’0—1

. ro—io pio+g—1 ro+q—1—iy pi
Z (70 - ) <10b1010, ,0] (1’0 _ZO)bi0+p—1,p—1,...,p—l,f> (Atxo Otho 1 - Azxo 1 030?)

io=1

p—1 p-1

+ Z Z . Z T Z (bio,o,...,o,i[,...,if,l,f+ bl’o+p,p71,...,pfl,1’t71,...,if,l,f) (*) : (440)

t=1 ig=01i=14;,1=0 l‘f,1:0

Now, for each = (jo, ..., js 1), leti = ©) ) iip! and j = ) jip!, and set

lobio,o,...,o,f_ (ro — 1O)bi0+pfl,p71 ..... po1 if1<ig<rg—1,ir=0fort#0,
Xi,j = bz‘o,...,if,l,f' ifrg<ip<p—-1,0<i<p—1fort#0,
bz‘g,o,...,O,if,i..,if,l,f+ big-s-p,p—l,...,p—l,it—1,...,z'f,1,f' if 0 <ig <ryp—1,t > 1 smallest s.t. iy #~ 0.

Note that 1 <i < g—1and 0 <j < g—1, so there are (g — 1)q variables X; ;, with the first kind running in
the range 1 <i =iy < ry— 1, and the second and third kind running in the range rp <i < g —1.

By (4.32), and (4.33), and (4.40) but with the variables X; ;, we obtain

ro—1g—1 . 1 1—j 1 . .
Y Y (ro— (Aro igita=l _ plota- _lB;> . Ala-iagia
i=1 j=0
i =2 1—ko(1— ko(1— 1—i
+ Z 2 X; (( Z Ciky A ro+q o(1—q)— qu ol q)+lq> (ro — 1)!A;o+f1* lB&)
i=rg j= ko=0

. A}ciqiq]’BZj =0,
which by dividing by (9 —2)! and setting (cf. (4.34))

7 _ Gk _ (rorp—1—io\ (io
io/ko (1’0 — 2)! ro—2— ko ko

yields the system of equations (that was obtained earlier in (4.10) for g = p)

rg—14-1 S o
Yy Xy (A;oﬂ—q—l—MB;ﬂqﬂ—l _ A;o—l—]qB;‘i']ﬂ)
i=1 j=0
g—1g-1 ro—2 L
ko(1— ko(1— —ie
I Z Z X; ((kz Zi OAro o(1-q)— (1+JMB o(l-q)+ (1+J)q> —(rg—1)Al™ MB;ﬂq) —0.
i=rg j= 0=0

As before, we separate the equations according to the congruence class 1 < n < g — 1 of the sum i + j so that
we obtain g — 1 separate systems of equations (each with g distinct Variables) Again in order to work in the
basis B;, we convert all flips and flops to elements of B, using (4.23) and #24). The resulting equations and
corresponding coefficient matrices obtained and the computation using row operations to show that these
matrices have non-zero determinant are identical to the case of 4 = p treated earlier. The only real difference
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is that in the formulas for the determinant (obtained earlier in three cases depending on the relative size of
1), one needs to replace p by g everywhere. We conclude that all X;; = 0. That is, for each j, we have
(1) if1 <ip <rp—1andi; =0 forj # 0, then

i0b; o 07 = (ro = iO)bioerfl,pfl,‘..,pfl,]_'"
(2) ifrg <ip < p—landogijgp—lforl <j < f—1,then
_ 0’

i df1g
(3) if 0 <ip < rp—1and thereis a (smallest) 1 <t < f —1 withi; #0(soi; =0for1 <j<t—1and
0 S it+1,. . 'Iiffl S p— 1), then

biO/Or-»-rO;it/-~-/if—1/f - _bio+P,P—1r--~,P—1,it _1/it+1r-~-/if—1/f'

Then,
g=1 [r+g4-1 PP i S U o S
_ ro+p—1—igy,i p—1l—ijy i p=1=ji7j
PeQ = Y | X biXy OYOOHX, ;! ®11“£s, '),
i=0 i=0 = =

where each polynomial in the parentheses satisfies (1), (2), (3). So by Lemma we conclude P® Q €

(Do, .-, Df_1> ® ®{;01 V;ﬂjl, showing kery C (D, ..., Df_l) ® ®}:01 V;ﬂjl. We finally have

-1
keryp = (Dy,...,Dy_1) @ @ Vi,
j=0

By Remark the dimension of (D, ..., Ds_1) over [F; equals rop/ =1 41, so after tensoring with Fp,

f=11,Fd
® Vi,
dim % = (ro + f—lir f_l—lz _1
%2 \ 1Dy, D) (o +p)p op q
—1 o Frf
® ) Vi, 4
. j=0 "ri+p-1 -1 . . (G(F;)
Thus, over F; we have dlmIqu m ® ®{:0 V;fl =q(g—1) = dlm]qu de(]F;’) wy, and s0 ¢
must be an isomorphism. This completes the proof of Theorem (which is also Theorem [1.6)). O
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