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The underlying scalar field is taken to be C unless mentioned otherwise

1. Let H be a Hilbert space and T ∈ B(H). Then T is hermitian if and only if 〈Tx, x〉 ∈ R
for all x ∈ H.

2. Let H be a Hilbert space and T ∈ B(H). Show that there exist unique self-adjoint
operators T1, T2 ∈ B(H) such that T = T1 + iT2. T1 and T2 are called the real and
imaginary parts of T respectively.

3. Let H be a hilbert space and T ∈ B(H). T is called normal if TT ∗ = T ∗T . Show that
the following statements are equivalent:

(i) T is normal.

(ii) ‖Tx‖ = ‖T ∗x‖ for all x.

(iii) The real and imaginary parts of T commute.

4. Let (Ω,F , µ) be a measure space and k ∈ L2(Ω×Ω,F ×F , µ× µ) be a kernel. Given
f ∈ L2(Ω,F , µ), define the function Kf on Ω as follows:

(Kf)(ω) =

∫
k(ω, ω′)f(ω′)dµ(ω′).

(a) Show that K is a bounded linear operator on L2(Ω,F , µ) with ‖K‖ ≤ ‖k‖2.
(b) Let {ei : i ∈ I} be an ONB for L2(Ω,F , µ) and

φij(ω, ω
′) := ej(ω) ei(ω′)

for i, j ∈ I and ω, ω′ ∈ Ω. Show that {φij : i, j ∈ I} is an ONS in L2(Ω× Ω,F ×
F , µ × µ) and that 〈k, φij〉 = 〈Kei, ej〉 where the inner products are L2 in their
respective measure spaces.
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(c) Show that there are at most a countable number of i and j such that 〈k, φij〉 6= 0.

Let us denote them as {ψk` : 1 ≤ k, ` < ∞} and ψk`(ω, ω
′) = ek(ω) e`(ω′). Now

define Kn = KPn + PnK − PnKPn where Pn is the orthogonal projection onto
span{ek : 1 ≤ k ≤ n}. Deduce that Kn is finite-rank.

(d) Show that

‖Kf −Knf‖2 ≤
∑

n+1≤k,`<∞

|〈k, ψk`〉|2

for any f ∈ L2(Ω,F , µ) such that ‖f‖ ≤ 1.

(e) Deduce that ‖K −Kn‖ → 0 and conclude that K is a compact operator.

5. Let (Ω,F , µ) be a σ-finite measure space. For any φ ∈ L∞(Ω,F , µ), consider the
multiplication operator Mφ : L2(Ω,F , µ) 7→ L2(Ω,F , µ) by Mφf = φf .

(a) Show that Mφ is bounded and ‖Mφ‖ = ‖φ‖∞.

(b) No nonzero multiplication operator on L2[0, 1] is compact.

6. Let H be a Hilbert space and T ∈ K(H). Let S be an invariant subspace for H, i.e.,
TS ⊂ S. Show that T|S is compact.

7. (Hilbert-Schmidt operators) Let H be a separable Hilbert space. An operator T ∈
B(H) is called a Hilbert-Schmidt operator if there is an ONB {en}∞n=1 of H such that∑
‖Ten‖2 <∞.

(a) Show that if {fm}∞m=1 is another ONB of H, then
∑
‖Ten‖2 =

∑
‖Tfm‖2.

(b) The number ‖T‖HS = (
∑
‖Ten‖2)1/2 is called the Hilbert-Schmidt norm of T .

Show that ‖T‖HS ≥ ‖T‖·
(c) Show that the operator K considered in Problem 4 is in fact a Hilbert-Schmidt

operator. Find its Hilbert-Schmidt norm.

8. Show that every Hilbert-Schmidt operator T on a Hilbert space H is compact. Find a
compact operator that is not a Hilbert-Schmidt operator.
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