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Abstract

We consider the percolation of vacant set of random interlacements in dimensions three
and higher, and derive lower bounds on the truncated two-point function for all but the
corresponding critical parameter u,. These bounds are sharp to principal exponential order,
and match the upper bounds derived in a companion article [12]. In dimension three, our
results imply that the two-point function grows at an atypical rate, with a logarithmic
correction and a precise pre-factor that converges to 0 as the parameter u approaches the
critical point w, from either side. A particular challenge comes from the combined effects
of lack of monotonicity when dealing with truncation in the super-critical phase and the
precise (rotationally invariant) control we seek in dimension three. These rely on rather fine
estimates for hitting probabilities of the random walk in arbitrary direction e, which witness
this invariance at the discrete level, and preclude straightforward applications of projection

arguments.

January 2025
1School of Mathematics 2Imperial College London
Tata Institute of Fundamental Research Department of Mathematics
1, Homi Bhabha Road London SW7 2A7Z
Colaba, Mumbai 400005, India. United Kingdom.

goswami@math.tifr.res.in p.rodriguez@imperial.ac.uk


goswami@math.tifr.res.in
p.rodriguez@imperial.ac.uk

1 Introduction

We consider the vacant set of random interlacements (V*),~ on Z? in dimensions d > 3 and its
percolative properties (see [20]). As shown in the successive works [20, 19, 24, 18], the random set
V¥, which is decreasing in u, undergoes a percolation phase transition across a non-degenerate
threshold u, = u.(d) € (0,00) for all d > 3. This transition entails that whenever u < u,, there
exists a unique infinite cluster in V* with probability one. In stark contrast, for all u > wu, the
connected components (clusters) of V* are finite almost surely.

We now come to the statement of our main result which concerns the truncated two-point
function of (V*)y>0. To this end let

U Vu
(1.1) 7 (z,y) = Plx &y /= oa], for z,y € Z% and u € (0, 00).

Note that 7\"(z,y) = 7% (y,z) and that 7% (z,y) = 7%(0,y — z) = 7*(y — x) by translation
invariance of V*. When u > wu, the ‘truncation’ {0 <+ oo in V*} has probability one and can

be safely omitted, so that 7%*(z) = P[0 & x] = 7y(x), the usual two-point function. When

u < uy however, 7,(z) > P[0 & o]? > 0, which does not decay at all. the next result gives
sharp asymptotics for 7" at large distances.

In a recent work [8] (see Theorem 1.2, i) and (1.15) there), drawing upon the companion
articles [9, 10], it was shown that 7,(z) decays stretched-exponentially fast in the sub-critical
regime u > u,. In the super-critical regime u > u,, on the other hand, [8, Theorem 1.2] together
with the disconnection estimate in [24] yields a similar bound on a related but strictly smaller
quantity, namely where the disconnection in (1.1) happens at an intensity v < w. The main
object of this paper is to obtain ‘sharp’ lower bounds on 7i*(z). In the sequel, we write | - | for
the Euclidean distance on Z<.

Theorem 1.1. For all u # .,

log ||

(1.2) lim inf

log 7 (2) > —~ (Vi — im)?,  d=3.
When d > 4, for all u # us, there exists C = C(u,d) € (0,00) such that for all x € Z7,
(1.3) log 7" (z) > —C'x|.

Combined with Theorem 1.4 in the companion article [12], this implies

Corollary 1.2. For all u # u,

1
(1.4) lim 081!

x| 00 ||

log 7% (z) = —g(\f—\/m)i d=3.

When d > 4, for all u # ux, there exist C = C(u,d) and ¢ = c(u,d) € (0,00) such that for all
WA

(1.5) —clz| > log 7 (x) > —C' ||



We now make a few comments and highlight some aspects of the proof focussing entirely on
dimension 3 which is our prime interest in this paper. One of the main obstacles is the non-
monotonic nature (as functions of u) of the function 7%*. Theorem 1.1 will follow from a more
general result, Theorem 3.1, which yields a lower bound on the probability of a class of events
A"(z,6), that, roughly speaking, allow to connect the |z|°-neighborhoods of 0 and = € Z¢ by a
sufficiently “straight” cluster (i.e. efficiently in diameter) in the vacant set V*, which is isolated
from infinity (eventually, 6 | 0). The event A%(z,d) in fact more involved, it also entails the
flexibility to perform local surgeries near 0 and = (borrowing a technique recently introduced in
[9]), which normally would follow by application of the FKG-inequality, which however fails to
apply when the event in question is not monotone.

Theorem 3.1 has a lot of mileage, in allowing us to deduce Theorem 1.1, along with other
interesting results, among which, bounds on the so-called truncated one-arm events, see Re-
mark 3.2. Another case in point is the following ‘local uniqueness’ event LU and variants
thereof, which play a prominent role in the proof: for u,v,e > 0, with B, denoting the ball of
radius r > 0 around 0, let

(1.6) Ly def (B(i4e)r \ Brj2) N V" has at least one crossing cluster,
' ne (Br \ Byj2) N VY has at most one crossing cluster

Notice that the event LU}’ becomes unfavorable compared to the ‘unsprinkled” version LU
when v < wu. Events of this type arise naturally from monotone couplings involving non-
monotone events like LU etc. and as such are quite instrumental in understanding the
properties of V* in the super-critical phase (see, e.g. [15, 3, 21, 23, 8, 9, 10, 17]).

The study of LUY" for v < u (and in fact the more general event considered in Theorem 3.1)
proceeds through a change of probability method, that involves a carefully designed tilt P ¢ of the
canonical law P of the interlacement point process. As within classical large deviation theory,
the gyst is for the change of measure to simultaneously make the event of interest likely (i.e. with
probability of order unity rather than, say, the right-hand side of (1.2)), all the while retaining
good control on the Radon-Nikodym derivative it induces, which eventually leads to lower bounds
as in (1.2). A similar but simpler tilting technique than the one we employ here was used by
Li and Sznitman in [14] to study the (monotone) disconnection event from a box in the regime
u < Uy, see also [22] for other contexts. In the present case, the function f : Z¢ — R induces
a tilt on labelled trajectories entering the interlacement set which acts as a Doob-transform for
the trajectories, in a manner that depends on the label (here working with labeled trajectories
is intimately linked to the fact that the event (1.6) requires working simultaneously at different
levels), in order to induce a propitious spatially modulated level u(z), for which we now give
some heuristics.

Roughly speaking, the effect of the function f we choose is to create a ‘corridor’ 7' and
concentric interface T2, in which the new vacant sets 17“, resp. VY declared under I?Paf look
slightly super-, resp. sub-critical. That is, f is designed so as to roughly ensure that for any
0 <v<u,and small € >0
(1.7) Vil B pue P, R pute,

The rationale behind (1.7) is that the opposite requirements appearing in (1.6) become typical at
the effective new levels u, + ¢; indeed connection in V" is likely below wu,, whereas disconnection
is above u,. The way (1.7) is made precise is by developing couplings allowing to compare tilted
and untilted interlacements; see Proposition 6.1. These couplings boil down to rather precise



comparison estimates between tilted and untilted harmonic quantities for the random walk (see
for instance Proposition 7.3) below, which make the “effective levels” wu, + & appear, and are
ultimately responsible for our choice of tilting function f. One technical point is that the tilting
function f is typically not the discrete blow-up of a continuous analogue, which makes proving
these comparison estimates somewhat involved.

The remaining bit is to control the relative entropy H (Iﬁ’ #|P) between IF’f and P, and with it
the derivative between the two measures. This eventually follows from (killed) capacity estimates
for the tube regions T' and T2, somewhat similar in spirit to those that arose in [11] in the
context of the Gaussian free field. However, unlike the setup of [11], which dealt with one-arm
events (in the present context this would mean choosing T%, i = 1,2 to be axis-aligned), the
efficient connection between 0 and x underlying (1.2) follows the Fuclidean distance, hence the
sets T1 and T2 are oblique and directed towards e = I%I This setup is paramount in order to
yield (1.2) and it precludes the use of certain projection arguments (onto subsets of coordinates)
used in [11]. Rather than following a route suggested in [11, Remark 5.17,2)], which would resort
to dyadic coupling to Brownian motion, we develop robust techniques, which could be adapted,
e.g. to the setup of [5] and involve certain (non-standard) martingale arguments, see also Fig. 1
and the proof of Proposition 2.1. These are of independent interest.

We now describe how this article is organized. Section 2 isolates an estimate on the hitting
probability for an obliquely aligned cylinder pertaining to the problem discussed above. In
Section 3 we state our general lower bound in Theorem 3.1 and deduce from it our main result,
namely Theorem 1.1 above. The rest of the paper is devoted to the proof of Theorem 3.1.
Section 4 introduces the tilting functions f of interest, along with the tilted interlacement
measure Iﬁf they induce. Theorem 3.1 is then reduced to two results, Propositions 4.1 and 4.2,
from which the proof of Theorem 3.1 is readily concluded. Proposition 4.1 is the control on
the relative entropy H (Iﬁ’fﬂP’) It is proved in Section 5 which draws upon, among others, the
aforementioned hitting probability estimate for ‘oblique corridors’ given by Proposition 2.1 in
Section 2. Proposition 4.2 asserts that the event of interest in Theorem 3.1 becomes typical under
the tilted measure. The proof of Proposition 4.2 spans Sections 6 and 7. The key ingredient is
a coupling between tilted and untilted interlacements at suitable levels that makes precise the
above heuristics.

Our convention regarding constants is as follows. Throughout the article ¢,c,C,C’, ... de-
note generic constants with values in (0, 00) which are allowed to change from place to place. All
constants may implicitly depend on the dimension d > 3. Their dependence on other parameters
will be made explicit. Numbered constants are fixed when first appearing within the text.

2 Hitting probability for oblique sets

We present an upper bound on the hitting probability of a cylinder aligned along any arbitrary
direction in R3. This bound becomes effective when the distance between the underlying starting
point and the cylinder is of lower order than its length which renders the ‘standard’ estimate
obtained using bounds on capacity and Green’s function (see, e.g. (2.3) below) trivial (i.e. > 1).
A similar estimate was obtained in [11, (2.25)] for azis-aligned cylinders. The main feature of our
bound is that it holds uniformly in all directions which is consistent with the rotational invariance
apparent in (1.2) and (1.4). The argument in [11] relied heavily on projection arguments, whose
straightforward application is precluded when the cylinders are oblique. We proceed using a



(different) martingale argument which inherits the required (rotational) symmetry from the
large distance behavior of the Green’s function (see (2.10) below) rather than the Brownian
motion, the corresponding scaling limit, as suggested in [11, Remark 5.17,2)]. Consequently, our
method could be adapted to very general class of graphs; see, e.g. [5].

Below and in the remainder of the article, we write P, for the canonical law of the continuous-
time random walk on Z?, d > 3, with starting point = € Z% and mean one exponential holding
times. We write X = (X¢)¢>0 for the canonical process under P,. For K C 7%, we introduce the
stopping time Hx =inf{t > 0: X, € K}, Tx = Hya\ jc and Hy = inf{t >0: X, € K and 3s €
[0,t] s.t. X4 # Xo}. For U C Z%, we write gy for the Green’s function of the walk killed when
exiting U, i.e.

(2.1) gu(z,y) = Ex[/OTU H{X; = y}dt]a z,y € 2!

which is symmetric and finite, and for K C U we denote by ey for the equilibrium measure
of K relative to U,

(2.2) exu(y) = PylHk > Tollyex)-

Its total mass is denoted by capy (K), the capacity of K (relative to U). We omit U from the
notation in (2.1) and (2.2) whenever U = Z¢ (with T;a = oo by convention). An application of
the strong Markov property yields the formula

(2.3) PylHk < Tyl = gu(y, 2)exuv(2),
zeK

valid for all y € Z? and K finite set.

We write | - | for the Euclidean norm and denote by d(-,-) the Euclidean distance between
sets. Let z € Z9\ {0} and e = a7+ For a point z € RY, let [2] € Z¢ be a point achieving d(z, Z).
We now introduce certain discretized cylindrical sets, namely

T(x) =T(x,0) = {[je] : 0 < j < [l[]},

24 T(z,r)={yez®: dy,T(z)) <r}, r>0.

In the sequel, oK < { € K : d(z,K¢) = 1} denotes the inner vertex boundary of K C Z¢
whereas 9ot i %" d(Z%\ K) its outer boundary.

Proposition 2.1. For all §,e € (0,1), |z| > C(4,¢), if d = 3,

(25) y¢Tl(r;f‘x|5) Py[HT(IC,‘LEl(l_E)é) == OO] 2 C(SE;.

Proof. We abbreviate T' = T'(z), T? = T(z, |z|°1~¢)) and T3 = T'(x, |z|%) throughout this proof.
Let us start with a few reduction steps. By a straightforward application of the strong Markov
property at time Hyps it is enough to show (2.5) for y € 9°WT3. For |x| > C(4), we can write
9°"T3 C S UL, where, writing R = [z]® and ¢ = {te : t € R} with e = z/|z| and tacitly
embedding Z¢ ¢ R? in writing expressions such as d(z,/) below, we set

LY {2 eT(,4R)\T%: d &y

(2.6)
aoutTB \L

def



One can reduce the case y € S to the case y € L, as explained at the end of the proof. We now
focus on y € LL. For such y, we will in fact show a stronger statement, with 72 in (2.5) replaced
by a certain enlargement °>T 2 which we now introduce. This enlargement will later have a
‘uniformizing’ effect on the martingale we consider, cf. (2.8) and (2.12) below.

Figure 1 — A configuration of cylinders in a generic direction e = x/|x|. We
illustrate a sample path contributing to the martingale M; introduced in (2.8). The
point z varies over all of T, which includes the two ‘stablilizing’ rods (dashed). These
are used to achieve the desired uniformity for the lower bound in (2.12). In reality,
all lines and rectangles drawn are replaced by lattice approximations, cf. (2.4)-(3.1).

Recalling the notation [z] from around (2.4) and for K C Z4, let

(2.7) K KU{lje]:jezn ([~|a|,00U |, 2/z])}.

In words, K is obtained from K by adding two ‘rods’ of length roughly |z| each, extending from
near 0 and x in opposite directions parallel to e. Abbreviating T'(x) = T for the set from (2.4)
in the sequel, let

(28) My = Zg(Xtvz)v
zeT
and define the stopping time 7 = Hz, A Ty = TU\TQ with U given by (4.1).

Since g¢(+, z) is harmonic outside z and using the fact that T cT?it readily follows that
(Miar)e>0 is a martingale under P, for all y € L. We will need to separately consider the

extremities Ext(T) C T, defined as follows. Let 2o € T where 2 = [2|z]e] = [2z] and
x_ = |[—|z|e] = [~x] and
(2.9) Ext(T) Y {2 € T d(z,24) Ad(z,2_) < |z|/2}.

With these definitions, the following hold.



Claim 2.2 (d = 3). Let
(2.10) cp = lim |z|71g(0,2)(= <)

2l 00 pr
(see, e.g. [13, Theorem 1.5.4]). For |x| > C(d,¢), one has:
(2.11) for all z € L: E,[Mp] < 2¢1(1 — (1 —0.1¢)) log |z,
(2.12) for all z € T*\ Ext(T): E.[Mp] > 2c1(1 — (1 — 0.9¢)8) log |z.

The proof of both (2.11) and (2.12) requires slight care owing to discrete effects. To avoid
disrupting the flow of reading the proof is postponed to the end of this section. Suppose now
that Claim 2.2 holds. We proceed to show (2.5) for y € L. Since |Ma-| < C Py-a.s., the optional
stopping theorem applies and yields, upon neglecting the (positive) contributions stemming from
both the event {Hz, > Ty} and otherwise from the case where X, = X, belongs to Ext(T),
that for all |x| > C(d,¢) and y € L,

(2.11)
(2.13) 2c1(1—(1—-0.1¢)d)log|z| > E,[Mo]
(2.12) -
= Ey[M;] > Py[Hz <Ty, X, ¢ Ext(T)] - 2¢c1(1 — (1 — 0.9¢)6) log |z|.
By definition of T and Ext(T), sce (2.7) and (2.9), see also (3.1) one has that d(T'(z, 4R), Ext(T)) >
m when |z| > C(d,e). By [11, Lemma 2.2 and Remark 2.3] (or using (5.5) below), one knows

that cap (Ext(T )) < Clog”"x‘ By (2.3), it thus follows that

(2.14) sup Py[H

Bxt(F) < oo] < C(loglz|)™! — 0 as |z| — .
yeT(x,4R)

Using (2.14) one deduces in particular that P,[Hz < Ty, X, € Ext(f)] < 0.2¢10¢ for y € L
whenever |z| > C(6,¢). Using this together with (2.13) and the fact that T C Ty by (2.8), it
follows that
< < 0.80¢

(2.15) P[Hys < Ty] < P)[Hzy < Ty] < 1-2¢; (m
for all y € L and |z| > C(d,e). With a similar calculation as in (2.14), one finds that
sup,eza P:[Ty < Hp2 < 00] — 0 as |z| — co. Combining with (2.15), one deduces the bound in
(2.5) uniformly in y € L.

To complete the proof of (2.5) it thus remains to treat the case y € S in (2.5). To deal with
this, we now argue that

— ().1(56),

(2.16) 1r€1fP [H, < Hpz2] >
y

Once (2.16) is shown, (2.5) follows by applying the strong Markov property at time Hy, and
combining (2.16) with the lower bound on P,[Hp2 = oo for y € L already derived. We show
(2.16) using a chaining argument. Let y € S. By definition, see (2.6) and (3.1) for any such
y we can find a finite number of boxes B; = B(x;, 100) 1 < ¢ < n (with n uniform in y) such
that By > y, B;y1 and B; have a non-empty overlap containing a translate of B(0, 3§0) for all
1 <i<n, B, CL and lastly B(x;, 1%) NTy = for all 1 <7 < n. Then, using [17, (A.4)] with
the choice 0 = 1, one readily infers that inf.cp, P.[Hp,,, < Hyz2] > cforall 1 <i < n. Applying
the strong Markov property repeatedly, (2.16) follows as B,, C L. d



We now give the proof of the estimates (2.11) and (2.12), for which the stabilizing effect of
the extension 7' comes into effect.

Proof of Claim 2.2. Recall M; from (2.8), which involves summation along the oblique line TV,
see (2.4) regarding T = T'(z) and (2.7) regarding its extension 7" O T. As before, with | - |
denoting the Euclidean norm, let e = ﬁ for  # 0, and viewing Z¢ C R, consider the line

¢ ={te:t € R}. Given z ¢ /, define y, € ¢ as the point minimizing the distance to z, so that,
with (-,-) denoting the standard inner product,

(2.17) (z —ys,e) =0
and let j, € Z be such that |je — y.| is minimized when j = j,. In particular, it follows that
(2.18) lj-e —y:| < C.

From this, one obtains that for all y € T , i.e. for all y of the form y = [je] for some j €
7N [—|z|,2|z|], and z € Z%, abbreviating d. = d(z,¢) (recall that d(-,-) refers to the Euclidean
distance between sets), whence d, = |z — y.|, that

(2.19) |y — 2| =|lje] — 2| = |lje = 2| = C

((j = gel = C) V02
&2

)

!je—yz!2+d§—02dz\/1+ C,

where we used in deriving (%) that y, — e is collinear with e, whence (je — y.,z — y,) = 0, and
in the last step that |je — y.| > |7 — jz| — |46 — yz| > |j — jz| — C using (2.18). Now if z € L as
in (2.11), then in view of (2.6) one has that j, € [—|z|/2, 3|z|/2]] whenever |z| > C(d,¢). For
such z,let Iy ={j €Z:|j — j.| — C1 € [kd,, (k+ 1)d,)} and K = 2|z|/d., so that

K
(2.20) {j € Z:[je] € T}\ [j- — 2Ca, j. + 2Co] | In
k=1

It follows that for z € L and |z| > C’(d, ), recalling M; from (2.8), one has

(2.10) 1
e \—1
(221) (i) D] S @) o
yeT
e EKIZ Wy =ljel foraje L} 2 EK: || .
c C T3 C°
ovayy sl = Crad LI o
= yGT B ’

Now, using the fact that c|z|° < d, = d(z,£) < C|z|° for all 2 and z € LL one infers that the last
fraction in (2.21) is at most (14 55)k~" for |z| > C(0), that K < C|z|'~0 and that |I;| = 2d.
for any such k. Substituting these bounds into (2.21), the bound (2.11) readily follows upon
performing the harmonic sum and using that ) ;. % <l+logkK.

To obtain (2.12), one proceeds similarly with a few modifications, which we now highlight.
It is here that the extension T bears its fruits over T' and allows a not too wasteful estimate (in



particular, one correctly producing the pre-factor 2 appearing on the right-hand side of (2.12)).
One readily derives a companion bound to (2.19), yielding that for all z € Z¢ and j € Z,

: (lj = Jz| + Co)?
(2.22) Ilje] — 2| < dz\/l + i +C.
The fact that j, as defined above (2.18) continues to range in [—|z[/2, 3|z[/2]] when z € T2\
Ext(T) as in (2.12) follows readily using the definition of Ext(T) in (2.9). Thus, in view of the

definition of T in (2.7), if one sets K’ = ¢|z|/d, for sufficiently small ¢ and defines I}, = {j € Z :
|7 — jz| € [kds, (k+ 1)d,)}, then one obtains the inclusion

K’

(2.23) {jez:[jeleTto L
k=1

Equipped with (2.22) and (2.23), now playing the role of (2.19) and (2.20), respectively, one
readily performs a computation akin to (2.21), using among others the complementary bound
stemming from (2.10) as well as the fact that the sets I}, are disjoint, to conclude (2.12). O

3 Generalized lower bound

We now state a general lower bound on a certain class of events involving simultaneous connection
and disconnection events in the vacant set. The precise statement is given in Theorem 3.1
below. The event of interest in Theorem 3.1 (cf. (3.5)) has three distinguishing features, which
together allow for various interesting consequences. First, it is quantitative in the sense that
connection and disconnection are implemented in specific (tubular) regions introduced below.
Second, the event allows a small amount of unfavorable sprinkling between the levels involved
in the connection and disconnection events (parametrized by n > 0 below). Third, it leaves the
flexibility for a good event G"(z), see (3.4), which in practice allows for local surgery around
0 and z: indeed, the event in Theorem 3.1 only connects their r1-neighborhhood, where r; is
chosen below, see (3.2).

Theorem 1.1, as well as various other interesting lower bounds (see for instance Remark 3.2),
are then derived in the remainder of this section, using Theorem 3.1 as crucial ingredient.
Theorem 1.1 follows rather straightforwardly once one implements a suitable surgery to connect
0 and z (without spoiling disconnection).

We will work with some special cylindrical sets (recall (2.4)) which will play a role in the
sequel. To this end, let z € Z¢ \ {0} (eventually this will correspond to the point x appearing
in the statement of Theorem 1.1) and ¢ € (0, %) Our construction involves the nested sets

T' c --- c T where

(31) 7 @0 . 6 50
Th = T(x, (Jz| v 100)?), 1 <i <5, T% =T(x,4(|z| v 100)*),

which implicitly depend on x and §. Let

1)
(3.2) ro =ro(x,9) 100 v ‘lm()|0’ ry= ré/4.

In the sequel (€}),cza >0 denotes the occupation time field of the interlacement point process;
for its explicit definition cf. (6.1) below. In what follows we consider, for u > 0, z € Z<,



9 € (0,1) and n € [0,1) (often kept implicit in our notation), a generic event G* of the form

“ = (Vier GB,» where (B; : i € I) is a finite sequence of boxes of radius 10r; with centers
in T'(z). It may well be B; = B; for some i # j. We further assume that Gp = G can be
expressed measurably in terms of (at most) two local occupation fields (¢}),ep and (£}))yes,
where v,w € {u(l — 777\[) k=0,1,2,3,4} with v > w, and that G is increasing in (£})yecp
and decreasing in (£}])yep-

Theorem 3.1. Let G* be of the above form and define, for u # u., n € [0,1), x € Z% and
d € (0,1), the event

w(1—n/3
(3.3) A¥(z, &?BOHNL%B@H)TVQ+6ﬁ}

For u > uy, A"(x,0) is declared as in (3.3) but omitting the disconnection event. If

(3.4) lim |I]-supP[(G'g,)] =0, for allu € [27 Yy, 2us],

|z|—o00

then for all uw # uy, 0 < n < ¢, one has when d = 3 that

1
(3.5) ling o ln nf Oi’f' log P[A% (2, 6)] > —g(wﬁu* — Va(1 - Cn))*.

As a first consequence of Theorem 3.1, we derive the asserted lower bound on the truncated
two-point function 7% from (1.1). The event G* will thereby allow for local surgeries (around
0 and x) at affordable multiplicative cost. This will notably involve a sprinkled finite energy
technique recently developed in [9, Section 3].

Proof of Theorem 1.1. We first prove (1.2), and start with the case u > u,. For z € Z% and
d > 0, abbreviating B, = B(z,r1) with 1 as in (3.2) and applying the FKG-inequality for V*
yields that

(3.6) logP[0 < 2] > log P[By < By, (Bo U B,) C V¥] > log P[By < B,] — ucap(Bo U By).

By subadditivity, cap(BoUB,) < C|z|*%*. Thus for all § < 4 , the second term on the right hand

side vanishes when multiplied with lof ||z| in the limit when ]w\ — 00. The event {By & B, }is

clearly implied by the event in (3.3) (in absence of the disconnection event since u > wu,) for the
trivial choice G*(z) = €2, the space on which PP is defined, and (1.2)-(1.3) thus follow for u > u,
using (3.5) upon letting first |z| — oo and then ¢ | 0.

For u < w,, the absence of monotonicity of the event appearing in (1.1) precludes the
application of the FKG-inequality. To address this issue we make use of the event G*. For
y €7 let A, C A denote the annuli defined as A, = B(z, 6r1)\ B(z, 4r1) and Ay = B(y,7r1)\
B(z,3r1). By choice of r1 in (3.2) and in view of (3.1), we have that (Ag U A,) C T, as will
be needed for the event defined momentarily in (3.7) to satisfy the assumptions of T heorem 3.1.
Let n € (0,c2) be small enough so that 145 < tx. We will eventually apply Theorem 3.1 with
v= 1_:7‘\/3 (< uy) in place of u. To this effect, let

(3.7) @) () ¢ineing?

ze{0,z}
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where, setting vy = v(1 — "T‘/g) so that u < vy < v(< uy), we define

1 def. I“ﬂgz /
< () {ve—>=v},
Y,y €I2NA,

G2 Y@\ T N B(z2m) £ 0}, and G2 () {5 <),
y€B(2,9r1)

(3.8)

and (¥ denote the (discrete) occupation time field of random interlacements at level v. As we
now briefly elaborate, one readily checks that the event G¥ = G¥(x) is of the form required by
Theorem 3.1, for a choice of boxes B;, i € I, with |I| = 6, each centered at 0 or x. For instance,
the event G} in (3.8) can be represented as G% with B = B(0,10r1) (C T") and expressed as a
function increasing in (¢%),ep and decreasing in (¢22),ep. The other events appearing in (3.8)
are dealt with similarly.

Asry =r1(z) = 00 as |x| — oo, the fact that (3.4) holds with v in place of u (for any v > 0)
follows by standard arguments, see in particular [7, Theorem 5.1] to deal with G.. Thus, all in
all, (3.5) yields for d = 3 that

1 v yu
(3.9) liminflim inf 217! log P[G¥ (), B(0,r1) &5 B(z,ry), T* /s OT]

510 Jz|—oo ||

T 2
> -2 (Vi — Va(l - Cn)’,
for all sufficiently small n > 0, with GV as in (3.7) and obvious amendments when d > 4.
As now explain, the event GV allows to obtain the bound

u

(310) (7(2) > ) P[0 &0 o, T4 s 0T

u

v 1%
> e*CT%dP[G”(x), B(0,7) NALIAN B(z,r1), T* +/» 0T%],

valid for all d > 3, 6 € (0,¢) and n € (0,¢(u)). Once (3.10) is shown, taking logarithms, using
(3.10) and (3.2), the desired lower bound in (1.2) for u < wu, follows upon taking successively
the limits |2| — oo (for fixed § < 55), then § | 0 and finally 5 | 0. To obtain (1.3) one proceeds
similarly but simply fixes any admissible value of n > 0, for instance n = cy A (1 — uiz* ).

It remains to argue that (3.10) holds. The events G defined in (3.8) correspond to those
appearing in [9, (3.8)] for the choices B = B(z,71) and u; = uz = u3 = v, 26; = d2 = nvov.
In particular, the intersection G N G% N G2 implies the event referred to as Fp therein (see for
instance [9, (3.9)] or [9, Remark 3.2]), on which the conclusions of [9, Proposition 3.1] hold for
r =7y and with (v,u) above corresponding to (u,u — §) therein. In particular, this entails the
following. Let B = B(z,8r1) and W denote the point measure obtained from w = 7, 0(u* u;)»

~

the canonical interlacement point measure, by removing from each trajectory w; intersecting B
all excursions between B and Oy B. Then abbreviating by F = U(wé,I” N B), one has by [9,

(3.2)] that F € F and moreover that

(3.11) P[BCV'|F]i5, > e~ O, B =DB(z,r), z € {0,2}.

Thus, returning to the probability on the right-hand side of (3.10), using for fixed 2 (say z =
0) the inclusion G1 N G? N G2 C Fp, observing that each of the events GL, G2, G2, Fp,

10



v 1 u .
{B(0,71) LARRLEN B(x,r1)} and {T* & OT"} is F-measurable (with regards to G%, using that

100y < |z|), applying (3.11) allows to enforce the event {B(0,71) C V*} at the cost of a
multiplicative factor eCr1*?, Repeating the procedure for z = x (which now also includes the
event {B(0,71) C V*} € F, where the latter follows using again that 100r; < |z|) yields the
desired connection between 0 and x in V*, and (3.10) follows. This completes the verification of
(1.2).

We now prove (1.3), which is far simpler. Let £ C Z? denote a connected set of minimal
cardinality intersecting both 0 and xz. Thus |z| < |¢| < C|z|, where |¢| denotes the cardinality
of £. Defining ¥ = 0B(¥, 1) we note that any unbounded path intersecting ¢ must also intersect
Y. Let N'* denote the number of trajectories of the interlacement at level u intersecting ¥, a
Poisson variable with mean u - cap(X). By subadditivity of the capacity, one has that cap(X) <
|X| < Clz|, whence

(3.12) T (z) > Pt C V", B C T% > cue” U FIP[r c VU, B c TN = 1],

where the first inequality is an inclusion by construction of ¢ and on account of the above
observation on ¥. Moreover, in bounding P[N* = 1] from below to obtain the second inequality,
we also used that cap(X) > cap({0}) > ¢. Now, the conditional probability on the right-hand
side of (3.12) is bounded from below by

;gg P,[range(X) D X, range(X) N ¢ = (],

where X is the simple random walk starting from z under P,. We claim that the latter probability
is bounded from below by e~ ¢l#l which, if true and when substituted in (3.12), completes the
proof. The former can be seen as follows. Fix a deterministic path = contained in ¥ starting in
z € 3 whose range covers Y. (which is a connected set). One can choose « in such a way that
its length is bounded by C|z|, uniformly in z. Forcing X to follow this path in its first steps
ensures that range(X) D X, at a cost bounded from below by (2d)~¢!*|. Upon completing this
requirement, one forces X at a similar cost to move away from ¥ without intersecting ¢ following
another deterministic path until reaching distance |z| from X. For 2’ at distance |z| from X,
denoting by Hsy, the entrance time in 3 one readily infers that, as |z| — oo,

P, [Hy, < 0] < Clz|?*cap(X) < |z~ — 0.

The assertion now follows by applying the Markov property for X and combining the various
ingredients. O

Remark 3.2 (one-arm estimates). 1) By picking x = Nej, one immediately infers from The-
orem 1.1 similar bounds for the (truncated) one-arm probability, by which for all u # w.,

log N ’ v
(3.13)  ford=3: limin Ofv log P[0 &% 9By, 0 4 o0] > —%(\f — V),

N—oo

1 u yu
(3.14) ford > 4: l}yinfﬁlogP[OéaBN,O%oo] > —C(u).
—00

2) The following lower bound, which both i) localizes the disconnection from oo, and ii)
allows for a small unfavorable sprinkling can be useful in applications and is of independent
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interest (see below (1.6)). Let § € (0,1) and Ts = [-N?% N + N°] x [-N? N9~ Then
for all u < uy, and 0 < n < ey A (1— ;—*), when d = 3, one has that

1 N w Vu(lfn\/g)
%8 Y 10gP|0 I Ney, Tos A 8T35}

(3.15) liminflim inf
510

N—o0

>~ 2 (Vs — V(1 - o)

The estimate (3.15) follows by a slight modification of the above proof of Theorem 1.1,

which we now explain. Inspecting that proof, one chooses x = Ne; and replaces the
Vs

occurrences of v3 and u when defining the events G in (3.8) by vy = v(1 — 1¥°) and
vy = v(l — ”T\/S), respectively. The resulting events are still of the form required above

Theorem 3.1, and (3.4) continues to hold. Following (3.10) and the subsequent arguments,
these choices effectively allow to replace u by vs in (3.11). Together with the connection
event in VY N T appearing on the right of (3.10), this leads to a connection between 0
and Ne; at level vz > u, where u is the level of disconnection in (3.10). The lower bound
(3.15) then readily follows after a straightforward reparametrization.

When d > 4, (3.15) remains true upon making the following amendments. The factor
log N appearing on the left-hand side is removed and the sets Ty, Tos and T34, are replaced
by [0, N] x {0}4=1,[0, N] x {0}4~1 and O([0, N] x [~1,1]%1), respectively. The bound on
the right-hand side is then replaced by —C'(n, u); this bound follows directly by inspection
of the proof of (1.3), for the choice x = Ne; (see the argument around (3.12)).

4 The tilted measure IF’]«:

The remaining sections are devoted to the proof of Theorem 3.1. In the present section we
introduce a certain tilt of the measure which will effectively render the event appearing in
Theorem 3.1 typical. The tilted interlacement measure ﬁf is introduced in (4.9) below. It
depends on a profile function f which corresponds to a carefully chosen spatial modulation of
the intensity. The key features of the measure P ¢ are given by Propositions 4.1 and 4.2 below,
from which Theorem 3.1 is deduced at the end of the present section.

We start by introducing a minimal amount of notation that will be needed from here onwards.
Recall the tubes T% = T%(z) from (3.1), which depend on a choice of point = € Z¢\ {0} and
9 € (0,1). In view of (3.1), one has the inclusions

(4.1)

(T' ¢ --- O)T°® c U, where U = B(0,10°|z|).

We now introduce

(4.2)

F=A{fo, f1}

where fo, f1 : Z¢ — R are defined as follows. For ¢ € (0, % A1) and u > u,, let

(4.3)

’ 10

Uy — €

foly) = £ () =1 (1- )how).
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where ho(y) = Py[Hp < Ty] (see above (2.1) for notation) and similarly for 0 < v < u < u, let

@ A= =1 () - (),

where hi(y) = Py[Hp2 < Tys], ho(y) = Py[Hpe < Ty]. For later purposes, we record that

Usx —E T 1
(4.5) foly) = { wovel
1 x¢U

and that

Usx —E 2
Ueme el

(4.6) fily) = § /%2, 2 eTO\ T3
1 x¢U

In particular, any function f € F is finite, strictly positive and identically equal to 1 outside of
a finite set.

In light of this, we can now define a tilted interlacement measure ﬁf for f € F, which we
introduce next. The following construction is essentially the same as in [14, Section 2], to which
we frequently refer, except that we retain information on the labels u for reasons related to
the function f; and the non-monotonicity of the event of interest in the supercritical phase.
Let W4, resp. W denote the space of infinite, resp. bi-infinite continuous-time transient Z9-
valued trajectories, with finitely many jumps in bounded intervals of times. We write X, t € R
(resp. t > 0) for the canonical coordinates on W (resp. W, ). Identifying trajectories w,w’ € W
using the equivalence relation w ~ w’ if w(-) = w/(- 4+ t) for some ¢ € R yields the space
W* = W\ ~ of trajectories modulo time-shift and the canonical projection = : W — W*. We
write Wj; C W* for the set of trajectories entering U. If w* € Wy, we write s;;(w*) for the
trajectory in W, obtained by considering any w € W such that 7*(w) = w* and restricting w
to the trajectory in W, obtained after w first enters U.

With these notations, we then introduce, for f € F, the function Fy: W+ — R defined as

_Af
!

where Af(z) = 55 D lej=1 f(z +e) — f(z) for f: 7% — R denotes the discrete Laplacian. The
integral (4.7) is well-defined for any f € F because Vy = 0 outside U, a finite set and the
trajectory w is transient. In turn, the function Fy in (4.7) induces a function Ff on W* x (0, o0)
given by

(@) Fyw) = [ Vitu(s)ds. vy =

Fy(sf;(w*))  whenever (w*,v) € W x [0,ul)

0 otherwise.

(4.8) Fi(w*,v) = {

with U as in (3.1). The function F 7 defines the exponential tilt of the interlacement measure
P, as follows. The measure PP is formally defined on the space Q@ = {w = >, O(wrug) © W; €

W* u; € (0,00) for all i > 0, and w(W} x [0,u]) < oo for all K cC Z% and u > 0}. For
suitable G : W* x (0,00) we write (w,G) for the canonical pairing, i.e. the integral of G with
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respect to the point measure w € 2. In particular, one readily checks from (4.8) that (w, F})

leads to a finite sum and hence is well-defined. We then define the measure P ¢ via the Radon-
Nikodym derivative

(4.9) % = e F),

We now gather a few essential features of ]I~Df, which will be used in the sequel. By a slight
adaptation of [14, Proposition 2.1], one has for each f € F that Iﬁf defined by (4.9) is a
probability measure. Moreover, denoting by v ® A the intensity measure on W* x (0,00) of the
interlacement process w under IP, where A denotes Lebesgue measure, one has that the canonical
point measure w under P + is a Poisson point process with intensity measure e Fy (v@A).

The measure P ¢ retains an interlacement-like character. In particular, we will use the fol-
lowing fact in the sequel. For w =), O(wr u;) € 2 and K CC 72, let

@) = D 8t tuyuny L0F € Wi},

i>0

a locally finite (by definition of §2) point measure on Wy x R;. In words, ux retains all labeled
trajectories (w,u;) in the support of w which enter K, and replaces w; for such points by the
forward trajectory si;(w;) € Wy obtained after w} first enters K. Then (see [14, (2.9)] for a
similar result),

(4.10) under ]?’f, px (w) is a PPP on W x R, with intensity measure ﬁefK ® A

where ﬁéfx =) .6K (x)ﬁg{ , which we proceed to define. The measure Pl is given by

(4.11) LP’J - iefooo Vi(Xs)ds

dpP,  f(z)
with V; as in (4.7). On account of [14, Lemma 1.2 and Corollary 1.3], P} is a probability
measure for all f € F, and the canonical process (X¢);>o under P! is a Markov chain on Z2
with reversible measure A(z) = f2(z), = € Z%, whose semi-group on L?()\) is given by (etA)tZO
where Ah(z) = 2 Z‘ =1 f($+e (h(z + e) — h(z)), for h € L*()). The equilibirum measure éx

f(x)
appearing in (4.10) is defined as

(4.12) éx(x) = éx(z) = PI[Hg = o)1k (x)f <2d Z flz+e ) for z € 7.
le]=1

For later reference, we record that, upon introducing the tilted Green’s function

oAl [ 1 = as),

(4.13) g(z,y) =
one has in analogy with (2.3) that

(4.14) 1= Z g(z,y)ex(y), for all z € K.
yeK

Following are the two key properties of the measure P ¢ defined by (4.9). The first is a bound

on the cost of tilting by f in terms of the relative entropy H(Pf]IP’) e 7 Ef [dpf]
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Proposition 4.1. There ezists C3 € (0,00) such that for all u < uy, if d =3, the bound

log |z|

(4.15) lim sup lim sup lim sup H(@HP) < C3(vu — uz)*(1 4 Cn)

50 el0 Jglooe |7

holds for f = ff(l_"\/g)’wg and all n € [0,¢). For u > us, (4.15) remains valid for f = [y with
n =0 on the right-hand side. Moreover, one can choose C3 = 3.

The second characteristic feature of the measure Iﬁ’f is the mass it assigns to the event
A"(z,d) from (3.3), which involves the event G*. In the next proposition all assumptions on G*
made in Theorem 3.1 are tacitly assumed to hold; in particular, this includes (3.4). Recall the
dependence of A%(x,d) on the sprinkling parameter 7 € [0,1) when u < wu,, which is implicit in
our notation.

ape 0
Proposition 4.2. For all 6 € (0,1), u # us, n € [0,¢) and € € (0, us(1 A %)),

{u > uy with f = f3*°

4.16 lim Pj[A" x,0)] =1 holds for )
(4.10) A" @. ) o i

|z|—o00

The proofs of Propositions 4.1 and 4.2 are postponed to later sections. We now conclude the
proof of Theorem 3.1 using these two results.

Proof of Theorem 3.1. Let u > u, and f = fi* for e > 0. Since @f is absolutely continuous
with respect to P in view of (4.9), one classically obtains by Jensen’s inequality (see for instance
the discussion following (2.7) in [2] for a proof) that for all x € Z¢ and ¢ € (0, 1),

H(P;|P) + e

(4.17) log P[AY(x,0)] > log(ITDf[A“(a:,é)]) - I@f[A“(a: 5)]

Multiplying by bﬁc ‘f' on both sides of (4.17) and subsequently letting first x| — oo, € | 0 and

9 1 0, the claim (3.5) (with n = 0) follows upon inserting the bounds (4.15) and (4.16) on the
1-nV9),u;e

right-hand side of (4.17). For u < wu., the proof is analogous but choosing f = f}' (
instead, and the conclusions hold for all 0 <7 < c. O

5 Relative entropy estimate

In the previous section, the proof of Theorem 3.1 was completed, subject to the validity of two
results, stated as Propositions 4.1 and 4.2. In the present section we prove Proposition 4.1.
As will turn out, the estimate on the relative entropy will involve bounding potential theoretic
quantities related to the tubes 7%, which recall are oriented towards \% Importantly, the bounds

derived need to be sufficiently sharp to make the correct (rotationally invariant!) functional %
in (4.15) appear in the large-scale limit. This is a somewhat delicate matter when z is in generic
position and one cannot exploit (lattice) symmetries.

We start with some preparation. For f : Z¢ — R, we consider the Dirichlet form E(f, f)

associated to the random walk, defined as

(1) D=5 3 5@~ FW)2,

lz—y|=1
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where the sum ranges over all points z,y € Z¢ satisfying the constraint. Let H? = {f : Z¢ —
R : E(f, f) < oo}. For f,g € H?, the energy £(f,g) is declared by polarization. Recall the
functions fo = f3*° and f; = f{""*° from (4.3)-(4.4), which depend implicitly on both = € Z? and
§ € (0,1) via the choice of sets T® and U, cf. (3.1) and (4.1), entering their definition. Recall
the notation for the (relative) capacity from below (2.2).

Lemma 5.1. For all u,e >0 and 0 < v < u, one has fo, fi € H?>. Moreover, for |x| > C(J),

(52)  E(fo.fo) = u (Vi — Ve —2) capy (T1),
(5.3)  E(f1, fi)=vt [(Vui+e— ﬁ)gcapU(T6) + (Vus +e— Vo unu, — 5)2capT3 (TQ)].

Proof. On account of (4.5), (4.6) and (4.1), the functions fy, fi are constant outside the finite
set U hence the sum in (5.1) is effectively finite, whence fo, fi € H?. We now show (5.3). The
proof of (5.2) is similar, but simpler.

Introducing the shorthands o = (%£)1/2 — 1 and g = (%t£)1/2 — (42=£)1/2 the formula
(4.4) defining f; reads fi — 1 = ahy — Bhi. The functions hi(x) = Py[Hp2 < Trps] and hao(x) =
P,[Hpe < Ty] have the property that for any neighboring pair of points z,y € Z%, hi(z) = hi(y)
or ho(xz) = ha(y) whenever |z| > C(6); indeed for such x we may assume in view of (3.1) that
the 1-neighborhood of T is contained in 7. It follows that ho(x) = ha(y) = 1 whenever at
least one of the neighbors x,y lies in T3, whereas hi(z) = h1(y) = 0 whenever z,y ¢ T3. All in
all, it follows that £(hi, he) = 0. Hence,

(5.4) E(fi. i) =E(fi — 1, fr = 1) = &®E(hg, ha) + BZE(ha, ).

The claim (5.3) now follows from (5.4) using the classical fact that capy(K) = E(V, V) with
V(z) = P;[Hig < Ty] for all U cC Z¢ K C U, K # 0. O

Next we collect bounds for the relative capacities involved in Lemma 5.1. The proof of (5.7)
below crucially involves Proposition 2.1.

Lemma 5.2. For all§ € (0,%), || > C(8) and i =1,...,6, when d = 3,

: 7|x|
. T) < (1
(55 cap(") < (1+ CO) g,
. C .
. Q < 7
(5.6) capy (T7) < (1+ o ’x‘>cap(T ),
(5.7) capps (T?) < Co~ teap(T?).

Proof. The bound (5.5) can be obtained by combining [16, (2.24)] and [11, Lemma 2.2] (see,
e.g., [6, below (5.9)] for a similar argument). Next, we aim to show (5.6). To do this, consider
y ¢ U and notice that min,cgr, [y — 2| > 9]z| on account of (4.1) whence g(y,z) < Clz|™?
for z € T?. Using this, a last-exit decomposition, and (5.5), it follows that Py[Hp: < oo] <
Clz| teap(T?) < C'(log|x|)~!. For z € T, decomposing the (bare) equilibrium measure of T*
over the exit location of U and feeding this bound yields that

C

Py[Hpi = 00 = Y PolHyps > Ty, X1, = y|Py[Hys = 0] > (1 ~ ool

yeoU

)Px (Hp > Ty
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Summing both sides over # € T% and rearranging yields (5.6). It remains to prove (5.7). Using
the inequality

(5.8) er2(z) > epz2 13 (2) ygl;s Py[Hp2 = o0

valid for all z € supp(ep2), which follows readily from (2.2) upon applying the strong Markov
property at time T3, one obtains (5.7) by summing (5.8) over z and using Proposition 2.1. [

Equipped with Lemmas 5.1 and 5.2, we are ready to proceed with the:

Proof of Proposition 4.1. Let f € F as in (4.2). The relative entropy H(]T‘H]P’) can be recast as

~ ~ rdP (4.9) w1 (410)  ~
(5.9) HEP) = By | L] "2 By [(w, F)] "2 L, [Fy ()
where in applying (4.10) one notes that the Poisson variable (w, F Ji‘ ) depends on w ‘through’ uy
in view of (4.7), (4.8) and since V vanishes outside U. By definition of Fy in (4.7) one obtains,

noting that all sums below are effectively finite, that

G10) BLF (0] = | T B vi(x) 413)Z€U PEVi(2)
LIS v DS reane) 2 e ),

where the last equality follows by a discrete version of the Gauss-Green theorem, see for instance
[1, Theorem 1.24]. We now focus on the case u < u,, whence f = ff(l_m/g)’uﬁ . The case u > u
follows by a similar resoning, simply using (5.2) instead of (5.3) in what follows. Combining
(5.9), (5.10) and (5.3) with the choice v = u(1 — 7v/d) for n € [0,1], and subsequently feeding

the bounds (5.6)-(5.7) in combination with (5.5), one finds that

H(E ) < 10 S (Vi = u - av®) (14 o)

+ 057 (v re - - v - o)),

for all u,e >0, n € [0,¢) and |z| > C(4). Multiplying by ﬂx' on both sides, the desired bound
(4.15) follows upon taking the successive limits |z| — oo, € | 0 and J | 0, using for the term
in the second line that |1 — /1 — 2| < Cx for 0 < x < ¢ with x = 1V/d, which upon squaring
precludes the explosion of the factor ! in the limit & | 0. O

6 Coupling tilted interlacements

The remainder of this article deals with the proof of Proposition 4.2, which concerns the effect
of the tilted measure P ¢ introduced in Section 4. Towards this goal, we first show that the tilted
interlacements can be controlled locally in terms of regular interlacements but with a modified
(and spatially inhomogenous) intensity close to u.. Herein enter the specifics in our choice of
tilt f from Section 4.
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The control is stated in terms of a coupling between the corresponding occupation time fields,
which appears in Proposition 6.1. This is the main result of this section. From Proposition 6.1
we first deduce Proposition 4.2. The proof of Proposition 6.1 then occupies the remainder of
Section 6, and relies on two key intermediate results, Lemmas 6.2 and 6.3. The former compares
certain entrance laws for tilted vs. untilted walk, while the latter exhibits concentration of certain
associated excursion counts. Both of these results hinge on fine properties of the tilted random
walk measure P;Z . Their proofs are given separately in Section 7.

Recall that, for a realization w = ), O(wr ;) € € of the Poisson process (declared under

either P or I?P;f, cf. (4.9)), one introduces the occupation time at level v > 0 and = € Z? as

(6.1) 0 = % (w Z/ Hw!(t) = 2} dt.

pui<u T

To distinguish between the two possible reference measures, we will henceforth write 0" to refer
to a random field having the same law as ¢ under P (the choice of f will always be clear from
the context). We consider boxes

(6.2) B? = B(z,r§i+2)/8), for z€ Zand i € {1,...,4},

)

where 7¢ is given by (3.2). We will almost exclusively consider centers z € I' = I'jpy U Dex,
where I'iyy = T'(x) and Ty = 074, with T'(x) and T* as in (2.4) and (3.1). Note that, with the
choices of radii in (6.2), whenever |z| > C(8) we have that Bf C Bf C T" for all z € iy, and
B C (T 5\ T3) for all z € T'eyxt. The following proposition essentially asserts that the effect of
tilting is to make the law of the (tilted) occupation times at level u look slightly supercritical in
the region T, i.e. roughly like untilted interlacement occupation times at level u, — O(¢g), and
slightly subcritical in the region T3\ T2.

Proposition 6.1. For all § € (0,1), € € (0,% A1) and n € [0, c3), the following holds.

' 10
i) If u < uy and z € Doy, then with f 11, v= u(1 — nV/3) and abbreviating B = B,
there exists a coupling Qp of ({x u*+ 2%)2eB, (6“”75 )ecn (each underP) and (1°).cp (having

the same law as (£2)zep under Py by above convention), such that for é = é(u,d,e,m),

ustle pt u*—i- €

(6.3) Q"> <<l * , xeB]>1- e~ 6.

it) If u < uy and z € iy, with sz( )

= t(1 —7)% for~; € [0,1), 0y € {#1}, i = 1,2, there
( sl(u* k=14 )

exists a coupling Qp of v€B, kie{1,2) and (Eii(u))meg,izl,g, such that

Sq (U*

_3 - 1 .
(6.4) Quler™ 2 < s < g2 e p i=19] 21—,

for ¢ = é(u,0,e,n,v,0:). If u> uy, then for all z € Ty, there exists a coupling Qp with
the same properties, but with f = f,*° now underlying the marginal law of (gfgi(u))xeaz':m.

With the aid of Proposition 6.1, we first give the proof of Proposition 4.2.

Proof of Proposition 4.2. We will freely (and tacitly) assume that various statements hold for
|z| > C(0), which is no loss of generality in view of (4.16) since the latter concerns the limit
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|z] = oo only. Let u < w, and f = f"" with v = u(1 — nV/3) and n € [0,¢4) as for the
conclusions of Proposition 6.1 to hold. The following conclusions will always hold uniformly in
1 as above, § € (0,1) and € € (0, us(1A 771—\65)), as postulated in the statement of Proposition 4.2.
Using Proposition 6.1 we argue separately that

(6.5) lim Py[T* &5 0T% =0,
|z|—o00
~ U 1
(6.6) Jim PG, BO, ) X Bla,r)] = 1.

Recalling A%(z,0) from (3.3), the claim (4.16) for u > u, immediately follows from (6.5) and
(6.6). To obtain (6.5) applying the relevant coupling from Proposition 6.1,7), one finds that for
all z € Ty, with B = B?,

u*+%57

~ v v —, (6.3) _ o
Pyl &5 0B8] = Qplz <225 0B8] < Qplz =% 9] + e~clel”?

u*+%€ : (s
= IP’[Z 22 83] +e 0 < CeCll ( >,

where the last step follows using [8, Theorem 1.2,i)] and recalling that ro > c|z|°. Applying a

union bound over z € 9T*(= I'ex;) and using the previous bound on P tlz & 0B] yields (6.5).
To deal with (6.6), we use part ii) of Proposition 6.1. We consider the two events appearing in
(6.6) separately, and start with the connection event appearing there. Throughout the rest of
the proof, constants may implicitly depend on all of u, d,,n.

Similarly as in (1.6), let LU,(V, V") denote the event that B(z,71/2)\ B(z,r1/2) has at least
one crossing cluster in V and that B(z,r1) \ B(z,71/2) has at most one crossing cluster in V',
For any v > wu, the joint occurrence of LU, (VY, V") as z varies over I'jyy = T'(z) is seen to imply

_1
E. Let v = ﬁ, with v chosen small enough so that vV w < u,, where w = u’iiis. Applying
Proposition 6.1,ii) with 3 = 0 and ~2 =, 02 = —1, one finds that for any z € Ty,

(6.7) P/ [LU,(V",V")] > PILU, (VY V% 2)] — ¢4,

But as a straightforward consequence of [8, Theorem 1.2,ii)], which applies because w < u,, one
obtains that the right-hand side of (6.7) exceeds 1 — Ce~6. Together with a union bound, this
implies (6.6) in absence of the event G“, i.e. ﬁf[E] — 1 as |z| — oo, where E = {B(0,71) <
B(z,r1) in V*N T}, To accommodate the presence of G* in (6.6), recalling its form specified
above Theorem 3.1 and applying a union bound, one sees that it is enough to argue that
(6.8) lim || -supP;[(Gp,)°] = 0.
|z|—o00 i

This is obtained by combining (3.4) and Proposition 6.1,i). Indeed, recall to this effect (cf. above
Theorem 3.1) that B; is a box of radius 107y with center z € T'jy. By choice of 1 in (3.2) and
in view of (6.2), this means that B; C Bf = B. In particular, the event Gp, is thus measurable
relative to (@i(“))xeg’i:m, where s;(u) = u(l — ;) for suitable choice of 7; € {%77\/3 k=
1(u)

)

0,1,2,3,4}. Assume for concreteness that s;(u) > so(u), so that G p, is increasing in (£3'"),ep

and decreasing in (Z}?(u))xeB. With (v, w) = (s1(u), s2(u)), (v, w') = (s1(us — 3€), s2(us — 3€)),
it then follows by application of (6.4), using the (separate) monotonicity of Gp, = G%’Z”, that

ByG) > PG —e 7.
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nva

The claim (6.8) now follows using (3.4), noting in particular that the assumption ¢ < u.’45>
guarantees that v’ > w’.

To deduce (4.16) for u < us, one shows (6.6) now with f = f;° in exactly the same manner
as above but resorting to the second part of item 4i) in Proposition 6.1 instead. O

It thus remains to prove Proposition 6.1. We start with some preparation. For z € T,
with B = Bf and U = Bj (recall (6.2)) we will consider both for tilted and untilted walks
successive excursions between B and U€. In light of this, we introduce a reference Poisson point
process g = Zn>0 (¢n,un) governed by the probability measure @ p on the state space E x Ry,
where = = Ep denotes the space of relevant excursions, i.e. of finite length nearest neighbour
trajectories starting on 0B, with range contained in U up to their terminal point, a vertex in
U¢. The intensity measure of 1 is v ® A, where A denotes the Lebesgue measure and

Z Px[(Xt)OgthU S }

r€OB

(6.9) vp(-) <

Importantly for what is to follow, if f = f;"" for any 0 < v < u < u, and € € (0,5 A 1),
then regardless of the choice of z € T', by (4.6) the function function f is constant in the one-
neighborhood of U, which in turn implies that Vy(x) = 0 for all € U. In view of (4.11), this
means that P, in (6.9) can be freely replaced by E{ , i.e. excursions between B and U¢ do not
witness the tilt. The same conclusions hold for f = fi"°, u > u, and £ € (0,1) if z € Tjy in
view of (4.5).

We now proceed to define two Markov chains Z = (Z,,),>1 and 7 = (Zn)n21 on Z, as follows.
To this effect, we introduce the entrance distribution and potential of B, for z,y € Z%, as

(6.10) hp(x,y) = Py [Hg < 00, X, =y], hpx)=> hp(z,y).

The corresponding tllted quantities hB(ZU y) and hp(x) are obtained by replacing P, by the
tilted measure Px = P Both Z and Z are specified in terms of their transition densities m and
7 relative to vp in (6.9), that is,

(6.11) 20" ro(Ovp(dC),  PlZysr € dC|Z4,. .., Zy) = 7(Zy, Ovp(dC), for k> 1

and similarly for Z with 7 in place of 7, where, for ¢ = (Coy---,Cn) € Eand with ég = ep/cap(B)
the normalized equilibrium measure,

(6.12) 70(¢) L en(c), 76 ) Y hp(Gu, )+ EB(CH) (1 — hp)(Cn).

The corresponding tilted transition densities are declared by replacing ég and hp by their tilted
analogues. One readily sees from (6.11) and (6.12) in combination with the observation made
below (6.9) that Z, resp. Z has the same law as the excursions from B to U¢ induced by the
interlacement process w under P, resp. IF’f, when ordering them according to increasing label u
and in order of appearance within a given random walk trajectory in the support of the point
measure w. The key behind the coupling(s) postulated in Proposition 6.1 is encapsulated in the
following comparison of transition densities.

To state it concisely, it will be convenient to introduce the notation I'y for f € F, as follows.
Recall T' = Tyt U Text from below (6.2), the set of centers z under consideration, along with
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the boxes Bf, 1 < i < 4 defined there. We set Iy, = I'iyy and I'y, = I' in the sequel. With
this definition, in light of the statement of Proposition 6.1, when working with f € F we only
ever have to deal with boxes B = Bf having centers z € I'y. Note that, albeit implicit in our
notation, the set of centers I'y = I'¢(x) depends on x € Z% via the oblique cylinders introduced
in (3.1). These cylinders, as well as the boxes B?, depend on one further parameter ¢ € (0, %)

Lemma 6.2. Forall fe F,z €74 z € Ly(z), with == =p: pz,

7~TO(C) ﬁ-(C/? C) —c
@) |70 1'} =Gt

The proof of Lemma 6.2 requires some work and is postponed to the next section. The main
issue is that between successive excursions, the walk under P,, z € B, may in principle travel
far (with polynomial probability in ry), thereby exploring regions in which the effect of the tilt
is severely felt. An additional source of difficulty stems from the fact that (6.13) requires a
(stronger) control of ratios rather than of mere differences |7 — 7|.

Assuming Lemma 6.2 to hold, the method of soft local time [15], see also [4] which will be
sufficient for our purposes, allows to define under ()p an event U} for each integer n > 1 and
v € (0,c) such that, whenever |z| > C(v) (so that the bound in (6.13) is smaller than %), one
has

)

(6.13) sup {

¢,¢'eE

QplU;] > 1 — Cexp(—cun), and

(6.14) on U}, for all m > n: {%1’ " "%(1—11)"7«} CH{Z1,- - Z(vavym )
N {Zlv---’Z(l—v)m} - {Zlv'--’Z(1+4v)m}'

To obtain (6.14) one retraces the steps of [4, Lemma 2.1], and the key assumption [4, (2.5)]
appearing in that context is replaced by (6.13).

Next, we attach to each of Z and 7 a sequence o = (0y)r>1 and & of labels in {0,1}, as
follows. We o1 = 1 = 1 and for each k > 2, the label o has conditional law given Z,_1, Z;
given by

hp(Zf_1, Z})

(6.15) Ploy=0|Zy_1,Zx] =1 — Ploy = 1| Zy_1, Zx] = T Zer Z)

where Z"/° refer to the initial /end-point of Z.. The prescription for 5 is identical to (6.15) but
using hp and 7 instead. The label o recovers information about the trajectories underlying the
excursions forming Z: the label o; = 1 signals excursions Zg, ... stemming from a new random
walk trajectory. We henceforth assume that Q)p is suitably enlarged as to carry the sequences
o and ¢ with the correct law, independently of each other conditionally on Z, Z.

As a last ingredient, we assume Qg to carry additionally two independent Poisson counting
processes np and np on [0, 00) with intensity cap(B) and cap(B), respectively, and write np(t) =
np([0,t]) for t > 0, a Poisson variable with mean cap(B)t. We consider the random variables

(6.16) N*=sup{n>1 DY <hen Ok <np(u)}, u>0,

(with the convention sup® = 0), and similarly N “ using o and np instead. These random
variables admit the following comparison estimates, which depend on the function f underlying
the law of Z determining N*.

[v can be anything]
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Lemma 6.3. For all § € (0,1), ¢ € (0,55 A1) and n € [0,c4), the following hold.

i) If u < us and z € Toxy, then with f = f"°, v =u(1l —nV6),
(6.17) Qp[(1+ N F2° < N < (1 +ce) "N™F2°] > 1 — e 5.

it) If u # uy and z € Ty, then with s;(t) = t(1 — ;)% for v; € [0,1), 0; € {£1}, i = 1,2,
one has for f as above when u < u, and f = f3’ when u > u, that

(618) QB [(1 _’_E)Nsi(u*fga) < st(u) < (1 _i_g)fl./\/‘sz'(u*f%&)] >1— 6767"87 j = 1’2’
for suitable ¢ depending on u,d,e,n, i, 0.

The bounds (6.17) and (6.18) are tailored to our purposes. Underlying them are similar
controls on the behavior of the tilted walk P; that are also needed to prove (6.13) (essentially
because the relevant quantities 7 and hp also crucially appear in (6.15) and thus govern the law
of the variables (6%)r>1 entering N in (6.16)). The proof of Lemma 6.3 thus appears jointly
with that of Lemma 6.2 in the next section. With both Lemmas 6.3 and 6.2 at our disposal, we
are ready to give the short:

Proof of Proposition 6.1. We choose Qg the coupling constructed above. Recall from (4.10) the
induced interlacement process pup = pup(w) (declared under either of P and Igf), collecting the
labeled trajectories entering B after their entrance time in B. Observe that under g, the
random measures

(619) (gu &-v uv>0 dgf ( Z 621“’ Z 5Zk>u,v>0

1<k<Nu 1Sk$'/\~/’v

have the same law as the excursions between B and U¢ induced by the trajectories in the support
of up with label at most u and v under P and @f, respectively. As can be seen from (6.1), the
occupation time field (€%),cBu>0 is clearly a measurable function of the excursions induced by
pp(w) under P, and similarly for (0*)2eB w0 under IP’f (recall our notational convention from
below (6.1)). Hence, %, ¢%, x € B,u,v > 0 can be viewed (in law) as functionals of the point
measures in (6.19), as

 law len(Zy,)
(6.20) = = Z HZ,(t) =2}dt, z€ B,u>0,
1<k<N©

where len(Zy) refers to the length (duration) of the excursion Zj, and similarly for (¢, In
particular, @p thus furnishes a coupling of the occupation time fields (€Y, eg x € B,u,v > 0).

We now argue that (6.3) holds (which implicitly entails that z, f and B = Bf have been
chosen accordingly). For two point measures £, &' on the excursion space Z, as in (6.19) for
instance, we write £ < &' if supp(§) C supp(¢’). As follows plainly from (6.20), the occupation
time field is clearly monotone with respect to this order, i.e. £ < ¢ implies £(§) < ¢(¢'). Fix
v = ce with ¢ small enough so that the conclusions of (6.14) hold and 11%4;) < 1+ ce. Let
n = N4 . With these choices for v and n, if the event U? appearing in (6.14) and the event on
the left-hand side of (6.17) jointly occur (under @Qp), one deduces using N’ wet3€ > A% when
applying (6.14) that

(6.14) ~

{(Z\,....Z Yy c{Z,.... Z

(6.17)
Nu*+75 ) (1+CE)Nu*+?E}

C { 1,...,Z/\7v}.
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With a view towards (6.19), this yields that 5“*‘%8 < €Y and hence EZ*JF%E = Em(§“*+%5) <
0(EY) = gz for all x € B by monotonicity. The other inequality 57;’; < €;*+%8 inherent to the
event in (6.3) is obtained similarly, now exploiting (6.14) together with the second inequality
in (6.17). To conclude the proof of (6.3) it thus suffices to combine the bound on the event in
(6.14), together with a suitable estimate on Qp[USZ \ru.]. The latter is obtained by combining
(6.14), first for |x| > C(e) but eventually for all x by possibly adapting the constant ¢, and the
fact (see, for instance, below (7.26)) that Qp[N™ > Lu,cap(B)] > 1 — e~ccap(B),

The proof of item ) in Proposition 6.1 follows a similar reasoning as that of item i), now
combining (6.14) and (6.18) to deduce (6.4). O

7 Tilted harmonic measure

In this section we prove Lemmas 6.2 and 6.3, which concern the tilted random walk measure 2
introduced in (4.11). The functions f € F = {fo, f1} are defined (4.2) and implicitly depend
on parameters u,v and ¢, as well as on z € Z% and ¢ € (0, %), which determine the underlying
(oblique) regions T, cf. (3.1) and (4.3)-(4.4). In order to keep notation reasonable, whenever
the parameters 6, u, v, € are not further specified below, it is tacitly assumed that the conclusions
hold for all § € (O,%), e€ (0,7 A1), and all u > u, when f = fyorall 0 < v < u < uy when
f = f1. Recall that, when working with f € F we only have to deal with boxes B = Bf having
centers z € I'y = I'f(x) (see above Lemma 6.2 for notation).

The following result will be key.
Lemma 7.1. For f € F,

(7.1) 8! (z) - sup sup ]Byf[HB_z < oo] = 0 as |z] = oo.
i=1,2 2T (z), y€dB, ’

Proof. For simplicity we assume that ¢ = 2 in the sequel. The other case is treated in the same
way

Let f € F. Recall from (4.7) that V; = —Af/f. We will prove with y ranging over
UzeFf 9°"* B below (noting that this range depends on x € Z% as I'y = I'f(z)) that

o

(7.2) sup Py[If(a)] =3 1, where If(a) et {/ Vi(X,)ds > —a}.
x?y 0

We start by explaining how (7.2) yields the claim. To this effect, first note that, uniformly in

x € Z% 2 € T'y(z) and y € §°"* B3, abbreviating B; = B?, one has by virtue of (6.2) (cf. also

(3.2) regarding ry) that Py[Hp, = oo] > c5. Applying (7.2) we then fix « large enough such

that P,[I;(a)] > 1 — 2. Using that f < C(u,v,¢c), as can be seen by inspection of (4.3), (4.4),

f
whence %1@((1) > c¢(u, v, €), it thus follows that (uniformly in z,y as above)
C5C6
—
Now to (7.1). Let B?(-) be defined as §y(-) in (7.1) but with oo replaced by Tp;, the exit time
from Bj. We first argue that

(7.3) PJ[Hp, = oc] = PJ[Hp, = o0, If()] = c5(Py[Hp, = 00| = P[I§(a)]) =

(7.4) Bg(x) — 0 as |z| — oo.
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To see this, first observe that, prior to exiting By = Bj, the law of the tilted random walk
is identical to that of the simple random walk (indeed Bf C T' whenever z € I'y, and By C
T'U(T5\T?) whenever z € T'y,, and fo, f1 are constant on these respective sets; cf. (4.5), (4.6)).
In particular this implies for y as in (7.1) that JBJ [Hp, < Tp,] = P,[Hp, < Tp,| and the latter
is bounded by Py[Hp, < oo] < r{“ using standard arguments and the choice of boxes in (6.2).
All in all, (7.4) thus follows.

Consider now the quantity ]Ajyf [Tp, < Hp, < oo]. Applying the strong Markov property at
times T, and Hp, o GTB4, where 6; denotes the canonical shift by ¢t > 0, it readily follows for y
as in (7.1) that IBJ [T, < Hp, < o0 < ﬁg(x) sup, ﬁJ, [Hp, < oo], with the supremum ranging
over iy € 0°"* By, whence

B} ()
1 —sup,, P/ [Hp, < ]

(7.5)  Pl[Hp, < 0| = PI[Hp, <Tp,)+ Pl[Tp, < Hp, < ] <

Applying both (7.4) and using (7.3) to control the denominator in (7.5), (7.1) follows.

It thus remains to prove (7.2). For real-valued V' let V=~ = (=V) V0. In the rest of the proof
constants ¢, C, ... may freely depend on all of u,v and € (as entering the definition of f € F).

We will show that for all 2 € Z¢ and y € User, O°U Bz

(7.6) Ey[ /0 h Vi (X,)ds| < C.

First we deal with the case of f = fy. Recalling its form from (4.3), see also (4.5) and exploiting
the fact that fo is harmonic at z € Z¢ unless z € 9T U 9°™U, it follows that V},(z) vanishes
unless z belongs to this set, whence

(7.7) Ey[ /0 h Vf;(Xs)ds}

= Ey[/ Vi (Xs){X, € T' U a‘th}ds] = > Vi (2)g(y, 2)-
0 2€0TTUHom U

Abbreviating ¢; = 1 — (”*T_a)% € (0,1) (recall that u > u, when f = fo = f3°°), so that
fo =1 — c7hg, we have that for all z € Z¢,
Afo(z)  crAhg(z) cr 1

T holz) T 1-crho(z) 1 _C7h0(z)m;(ho(z’) — ho(2)).

(78)  Vp(a) =

Moreover, if z € 9°"*U then ho(z) = P,[Hpm < Ty] = 0, which effectively disappears from the
right-hand side of (7.8), so that V; () = 0, hence the sum over z € 9°"*U can be ignored in

(7.7). Meanwhile, ho(z) = 1 whenever z € 9T, hence (7.7) yields for such z that

cr

_ c 1 ~
(7'9) Vfo (Z) =—Vy (z) = 1 —707?d Z P [HTl > TU] = PZ[HTl > TU]a

1-— Cc7
zl~z

using the simple Markov property in the last step. By choice of U in (4.1), one readily infers

that infegy Pe[Hp = oo] > ¢, and applXing the strong Markov property at time Ty, this is
straightforwardly seen to imply that P.[Hpm > Ty] < ¢ lepi(z) for all z € 9T". Feeding this
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into (7.9) and the resulting bound on V() into (7.7), and using that >~ 7 e71(2)g(y, 2) < 1,
(7.6) follows for f = fo.

Now we deal with the case f = f1, see (4.4) for its definition. Using harmonicity, the formula
(7.7) remains correct for f = fi but the sum on the right now ranges over z € 91% U 9°*T3 U
OT® U 9°"*U. Abbreviating cg = (“*T“'e)l/2 — 1 and ¢g = ¢7 + cg, so that fi = 1 4 cghs — cghy,
the analogue of (7.8) reads

Af1(2> _ CgAhl(Z) — CgAhQ(Z)
fl(Z) 1+ 09h2(z) — 08h1(z)’

Recalling that hy(z) = P,[Hp2 < Tpsl, ho(2) = P,[Hps < Ty), it follows that for z € 9°UT3,
we have ho(z) = 1,Aha(2) = 0,h1(2) = 0, so that V} (2) > 0 by inspection of (7.10), whence
V} (2) = 0. The same fate applies to z € OT", using now that h1(z) = 0, Ah1(2) =0, ha(2) =1
Thus, the relevant sum over z in the analogue of (7.7) boils down to z € 9T?Ud°"*U. One takes
care of z € OT? in much the same way as z € 9T in the case of fy, deducing this time that
Vi (2) < Cepz(z) for z € OT?. Finally, for z € 9°“U, we have hq(z) = 0, Ah1(2) = 0, ha(2) =0
such that

(7.10) Vi (2) = — z e 7%

_ C ~
(7.11) Vi (2) = i > " Pu[Hps < Ty] = coP.[Hys < Hyel.

zl~z

By construction, see (3.1) and (4.1), 7% C U/2, where with hopefully obvious notation U/2 is
the box concentric to U with half the radius. Thus bounding P,[Hps < Hye] < P, [Hyjo < Hye]
and by considering the projection of the walk in the direction orthogonal to the face to which
z € 9°"*U belongs, a straightforward Gambler’s ruin argument readily yields that P,[Hps <
HUc] < C’$|_1.

Hence, returning to (7.10), which feeds into (the analogue of) (7.7), yields the desired esti-
mate towards obtaining (7.6), since for all y as in (7.6),

!
(7.12) 3 v:<z>g<y,z>§|j 3 g(y,z>s§,\a°“w\x|2dsc",

zegouty zegouty

where we have used that |y — z| > c|z| and a standard estimate on the Green’s function.
Overall, this completes the proof of (7.10) for all f € F, and with it the verification of (7.2),
thus concluding the proof. d

As an immediate consequence of Lemma 7.1, we obtain the following comparison between
tilted and untilted entrance laws. Extending the notation hp(-,-), hp(-,-), from (6.10), we define
for B ¢ B’ C Z% the quantity hB B/ (x,y) = 2 [HB < Tp, Xu, =y for z,y € Z¢, and similarly
hp p(x,y) with P, in place of P Thus, hg = hB z4. We will sometimes write hB B = = hp B
or hg = hp to insist on the dependence on f.

Corollary 7.2. For all f € F, ¢¢ > 0, 0 € (0,%), |z] > C(eo,0), 2z € T'¢(x), y € 0B5 and
y' € 72, abbreviating B; = Bz,

(7.13) hpy B, (y,y) < (y.y) < (1+ Go)yfggg hB1,Bs(9,Y)-
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Proof. The first bound in (7.13) is immediate since Bél (y,y) > ﬁél,Bs (y,9y) = ﬁél (y,y') for

y € 0B3, using that X.,7, has the same law under P, and ]Byf , cf. below (7.4). For the second
bound in (7.13), applying a similar reasoning as used to deduce (7.5) yields that

7 f / 1 f /
(7.14) g (9:9) < 757 57 (a) S, Wi, 5,0, Y),

and the latter quantity equals max; hp, B,(9,y’). To conclude (7.13), one applies Lemma 7.1 and
uses the fact that maxyhp, p,(7,7") < (1 + |z|~°) ming hp, p,(7,y'), which follows by similar
considerations as e.g. in [14, Lemma 3.5]. O

Corollary 7.2 will readily yield the part of Lemma 6.2 concerning % Dealing with %’
cf. (6.12) requires a control on the tilted equilibrium measure, which is the object of the next
lemma. This result will also be needed in the course of proving Lemma 6.3. In the sequel it will
be convenient to introduce “effective” levels

. {u if feF and z € iy
Uf:

v if f=fiand z € Tex
(7.15) o
us —e if f € Fand z € Ty

ue +¢ if f = f1 and z € Tey.

(4.5),(4.6)

uf = f2(z)11§c = {

Note that (7.15) defines uf and uf for any z € I'y since I' ;) = I'ing and I'y; = I'jp UT'ext according
to our definition at the beginning of this section.

Proposition 7.3. For alleg € (0,1), f€ F,z € Z%, z € I'¢(z) and |x| > C(eo, 6),
(7.16) (1 —eo)uf - cap(B3) < @} - capp(B3) < (1 + eo)u} - cap(B3), and
(7.17) (1 — co)uf - ep: (y) < % - ép:(y) < (1+eo)uf-ep: (y), y € Z%

Proof. A bound similar to the first inequality in (7.16) was proved in [14, Proposition 3.1], and
can be obtained within the present setup via similar arguments, essentially with Lemma 7.1 now
playing the role of [14, Lemma 3.3].

We now focus on the second inequality in (7.16), which requires additional arguments. We
begin by noting that, with the effective levels defined in (7.15) and the tilted Green’s function
g as introduced in (4.13), one has the identity

(7.18) i Y e, Wi )W) =ui > en oY),

Y,y €B2 Y,y €B2

where g = gya is the usual Green’s function given by (2.1). To see (7.18), one simply applies
(4.14) to the left-hand side and notices that f2(y') = f2(z) for all 3/ € B3 and similarly (2.3)
to the right-hand side, to conclude that both sides equal ujf|Bg\. Roughly speaking, we aim to
argue that the left-hand side is an upper bound for ﬂj -cap ¥ (B3), while the right-hand side is a
lower bound for u} - cap(B3). The desired inequality will then follow by means of (7.18).

To this end, using the fact that gp,(y,y’) = 9B, (y,y’) for any y,y’ € B3 we bound

(719) > Wy, y) = capp(By) inf > g, (y,y) = capy(Ba)x
Yy’ €B2 Y= yeB,

inf (9w 9) =By [9(X1y,.9)]) = caps(Ba) inf > (g(y,s/)=Cla|™ sup g(y",¢")),
yE By VB, €B>o yeDs y"' €Dy
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for all |x| > C(6). Using the fact that uniformly in y € B,

2
(7.20) Y 9(y.y) = crolBa| 1 (1 + 0(1)), as |z| = oo,
y' €82
for a suitable constant cjg, see e.g. [14, Lemma 1.1.] for a proof, one immediately deduces by
inserting (7.20) into (7.19) and using that f(y’) is constant in By that the left-hand side of (7.18)
is bounded from below by cloa;ﬁ( z) - Eé-ﬁf(Bg)’Bg‘z(l —€p), for all |z| > C(9, €p). Employing
(7.20) allows to bound the right-hand side of (7.18) from above by ciouj - capf(Bg)]le (14¢€).

The claim now follows using (7.19) and the fact that u} = = ()03 7, see (7.15). This completes
the proof of (7.16).
The inequalities (7.17) are a consequence of (7.16) and (7.13), as we now explain. Indeed,

to obtain the desired upper bound for u; - ép, (y), applying the sweeping identity to the sets
By C By yields that for all || > C’(eo, ),

) ) - (7.13) - . .
ép ()= Y ép,W)he(y) < (1+e/2)caps(By) in hi,.Bs(§,Y)
y'€0B2 Y 2
(7.16) us Uz 3 %
< (o) =Leap(B5) min hiy(79) < (1+e0) =L > e/ (729) = (Le) =L e v),
uy I §€oB, f

where the last step uses again the sweeping identity. The lower bound on épg, in (7.17) is obtained
similarly. O

Proof of Lemma 6.2. We first deal with the part of (6.13) concerning Z2. Summing (7.17) over
B and subsequently using this resulting inequality when dividing by the capacity of B} yields
an analogue of (6.13) rgarding normalized (tilted and untilted) equilibrium measures. In view
of the definition of mp in (6.12), the claim follows.

We now show the part of (6.13) concerning % To this effect, we first observe that, for all
€0 > 0,6 € (0,%) and |z| > C(eg, ), uniformly in f € F, z € ['f(z), y € 0B and y' € 9BF,

(v,

(7.21) (1 —eo)ep, (¥) < Bl [Hp, < o]

< (1+eo)en (¥);
indeed (7.21) follows readily from Corollary 7.2, as we now explain. By applying (7.13), both

in its given form and when summing over y’, one deduces that the ratio in (7.21) and its
untilted analogue % are comparable up to multiplicative errors of order 1+ O(¢y) when
|x| > C(€p,0). Then one uses the fact that the untilted analogue of (7.21), i.e. bounding
% from above and below by (1 £ €g)ép, (') is classically known, see, for example, [13,
Theorem 2.1.3]. Hence, overall, (7.21) follows.

Now let (,(’ € E be two excursions between B = B} and U¢, where U = Bj, cf. around

(6.9) for notation. Rather than dealing with the ratio :Egg; directly, we will separately consider
géfé;)) and W(Cé,)) with (; € 0Bf denoting the starting point of ¢’. Recalling 7 from (6.12), it
follows, abbreviating y = (,, ¥’ = () and with the aid of (7.21) that
7(¢.¢) _ bWy
en(y)  em(y)

1—hp, (y) <1+ e€ohp, (y)v
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along with a similar lower bound, implying overall that

7(¢,¢)
€B, (y/)

(7.22)

— 1‘ < eohp, (y).

The same bound as (7.22) is obtained for 7 instead of 7 using the (classical) untilted analogue
of (7.21), see [13, Theorem 2.1.3]. From (7.22) and its version for 7, the desired bound on | —1|
readily follows with ¢y = 1. O

The rest of this section is geared towards the proof of Lemma 6.3, which concerns the random
variables N introduced in (6.16) and their tilted analogue. We first isolate the following result.
Under P,, define the successive return times to B = Bj and departure times from U = Bj as
Ry = Hp, and for k > 1, Dy, = Ry, + Ty o Ry, Rg+1 = Dy + Hp o Dy (assuming Ry, is finite, and
else set Dy, = Rp11 = o0). Now let

(7.23) T =7 =sup{k >1: D < oo}.

The random variable 7 counts the number of excursions between B and U® made by the walk.
We write 7 for its pendant defined under Pj. Recall 7y from (6.12).

Lemma 7.4. For all A\ € (—oo,¢), f€F, € 7% z ¢ Ly(z), with T = 7z,

(1 - ' (2))

(7.24) =B (@) < By ) < T—ogra

(see (7.1) for ' (z))
Proof. The upper bound is proved in a similar way as [21, Lemma 2.7]. The lower bound is
obtained by bounding E;:O (2] > e/\P;{O [T =1]. O

It remains to give the

Proof of Lemma 6.3. In view of (7.23), and by inspection of (6.15), one observes that if one
defines recursively 6; = 1 and for k > 1 6341 = inf{k > 6 : o = 1}, then 6511 — 63 has the
same law as 7 under P,,. Moreover, the random variables 6141 — 6%, k > 1 are independent and
analogous statements hold for tilted quantities. It follows in view of (6.16) that for all v > 0

6(u)

(7.25) NS5
=1

where 7;, ¢ > 1, are i.i.d. with same law as 7 under 15;{0, where 7 is the normalized tilted

equilibrium measure on B, cf. (6.12), and ©(u) is an independent Poisson variable with mean
u - cap(B). A representation similar to (7.25) can be derived for N™.

We now focus on (6.17); the remaining bounds are obtained similarly. Thus let f = f;"",
v =u(l —nV$) for some u < u, and B = B? for some z € Teyq. From (7.25), Lemma 7.4 and
Proposition 7.3, we infer that for A € (—o0,¢), €g € (0,1) and |z| > C(ep),

i | .
(1:20) 108 [] = o-G@R(B) (BL () 1) = v @B

(7.17) ) (e —
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z

where, in applying (7.17), we have summed over y € Z? and used that v - g—ﬁ = Uy + € by

(7.15) (and using that z € Dexy with f = f1). A lower bound correspondingf to (7.26) can
be derived similarly, along with similar estimates for log E[e*V"], w > 0, obtained by means
of an obvious analogue of Lemma 7.4 (but no longer requiring Proposition 7.3). Using that
(e =1)V(1—e?) <A1+ CN) for 0 < A <1 and applying Chebyshev’s inequality separately
to /\/'“*+%E, NV and /\/’“*+%5, selecting in each case A = ¢y = ce in (7.26), while using Lemma 7.1
to control 3/ in (7.26), one ensures that with probability at least 1 — e~ and for |z| > C(e, ),
the inequalities

N3 5<cap( )(us + 3¢),
cap(B)(us + &) < NV < cap(B)(us + 3¢),
N®F3% > cap(B)(u, + Le)

all hold. From this (6.17) immediately follows for sufficiently small choice of ¢ € (0, 1). O
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