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ABSTRACT. The Sullivan dictionary between Kleinian groups and rational dy-
namics describes striking similarities between the fields, both in terms of the
objects of study as well as the techniques used. We give an expository ac-
count of a recent bridge between the two sides of the dictionary by describing
a framework for combining a Fuchsian group with a complex polynomial into
a single dynamical system on the Riemann sphere.

To Dennis with admiration and affection.

1. INTRODUCTION

In this expository article, we draw heavily from and build upon two strands of
Dennis Sullivan’s work:

(1) The Sullivan dictionary between Kleinian groups and rational dynamics
[Sul85].
(2) The Patterson-Sullivan measure [Sul79, [Sul84].

We shall survey these two themes in the light of a recent combination theorem or
a bridge between Kleinian groups and polynomial maps discovered by the authors
[MM21]. An essential ingredient in the building of this bridge is the Bowen-Series
map [Bow9, [BS79).

Sullivan’s dictionary [Sul85, p. 405] was based on the empirical insight that
Kleinian groups and rational dynamics share many common features. For instance,
the limit set (resp. the domain of discontinuity) of a Kleinian group corresponds
to the Julia set (resp. the Fatou set) of a rational map. Sullivan extended these
similarities to a deeper similarity between techniques by introducing quasiconformal
methods into the field of rational dynamics. This led to the proof of his celebrated
no wandering domains theorem. In fact, using these techniques, Sullivan gave a
new proof of Ahlfors’ finiteness theorem along the lines of the no wandering domains
theorem.

Our focus here is on a line in the Sullivan dictionary that observes the similarity
between the following:

(1) The Bers simultaneous uniformization theorem in Kleinian groups
(2) Polynomial mating in rational dynamics, introduced by Douady and Hub-
bard [Dou83].

The first step is to replace the Kleinian group by a single map that captures its
dynamics. This brings us to the notion of a mateable map (see Section [2[ below
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under project no.12-R&D-TFR-5.01-0500 as also by an endowment of the Infosys Foundation.
MM was also supported in part by a DST JC Bose Fellowship. SM was supported in part by
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for details). With the context of mateable maps in place, we address the following
question:

Question 1.1. Which mateable maps and polynomials can be mated in the spirit
of Douady and Hubbard?

It turns out that Bowen-Series maps [Bow79l [BS79] for punctured sphere groups
provide such examples. Surprisingly, there exists a new class of related maps which
we call higher Bowen-Series maps that also fit the bill and give rise to combina-
tion theorems as well as ‘dynamically natural’ homeomorphisms between limit and
Julia sets. As the name suggests, higher Bowen-Series maps are closely related to
Bowen-Series maps. Indeed, higher Bowen-Series maps appear as second iterates of
suitable Bowen-Series maps. Higher Bowen-Series maps can also be characterized
as ‘amalgams’ of several Bowen-Series maps of the same Fuchsian group with over-
lapping fundamental domains. This part of the story is complex analytic in flavor
and is taken largely from [MM2T].

It is worth mentioning that examples of dynamically natural homeomorphisms
between limit sets of Kleinian reflection groups (i.e., discrete subgroups of Aut(@)
generated by reflections in finitely many Euclidean circles) including the classical
Apollonian gasket limit set and Julia sets of anti-holomorphic rational maps were
first constructed in [LLMM19], and this phenomenon was studied systematically in
a general framework in [LMM22] [LLM22]. To the best of our knowledge, [MM21],
Theorem 7.16] gives the first example of such an explicit connection between limit
sets and Julia sets in the holomorphic setting.

In the last section of this survey, we turn to the measurable dynamics of mate-
able maps and the resulting matings. From the point of view of group theory,
the measure-theoretic framework, naturally and rather appropriately, turns out to
be that of Patterson-Sullivan measures. On the other hand, since mateable maps
share features of rational maps, the limit set of a mateable map supports a natural
dynamically defined measure: the measure of maximal entropy (the existence of a
unique maximal entropy measure for a rational map was proved in [Lyu83] and inde-
pendently in [Mn83| [FLMn83]). The fact that a mateable map is an object halfway
between groups and polynomials is reflected in close connections between maxi-
mal entropy measures of mateable maps and suitable Patterson-Sullivan measures.
We conclude the article with some estimates of Hausdorff dimensions of maximal
entropy measures of (higher) Bowen-Series maps and related open questions.

The phenomenon of “mating” of rational maps with Fuchsian groups was dis-
covered in the 1990s by Bullett and Penrose in the context of iterated algebraic
correspondences [BP94] and was studied comprehensively in [BL20, BL21]. Specifi-
cally, they constructed a family of algebraic correspondences of bi-degree (2, 2), and
showed that the members of this family can be interpreted in an appropriate sense
as matings of the modular group with quadratic rational maps. This is quite dif-
ferent from our mating framework as we extract a non-invertible map (a mateable
map) from a Kleinian group (i.e., a semi-group dynamics from the dynamics of a
non-commutative group) and then combine this map with the dynamics of a poly-
nomial thereby producing a hybrid dynamical system in one complex variable. It
would be quite interesting to know if our mating framework has deeper connections
with that of Bullett-Penrose-Lomonaco.
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2. MATEABILITY

Let Aut(D) denote the group of all conformal automorphisms of the unit disk D.
A Fuchsian group T is a discrete subgroup of Aut(D). The aim of this section is to
spell out what it means to mate a Fuchsian group with a polynomial. We provide
the definition of mateability at the outset. The definition below will imply that I"
is a lattice (Lemma [2.9).

Definition 2.1. A continuous map A : S* — S' s a mateable map associated with
a Fuchsian group T if the following are satisfied:

(1) A is orbit equivalent to T.

(2) A is piecewise analytic on S'.

(3) A is an expansive covering map of degree greater than one.
(4) A is Markov.

(5) No periodic break-point of A is asymmetrically hyperbolic.

The failure of any of the conditions in Definition [2:1] provides an obstruction to
mateability. Somewhat surprisingly, it turns out that these necessary conditions
are also sufficient (see Proposition .

We elaborate now on the terms used in Definition Let A:S! — S! be a (not
necessarily continuous) map. The grand orbit of a point z € S! under A is defined
as

GO () := {2’ €St : A™(z) = A™(z'), for some m,n > 0}.

Let T’ be a Fuchsian group with limit set equal to A C S!. We say that a (not
necessarily continuous) map A : S* — S! is orbit equivalent to I on A if for every
T €A,

I' 2z =GO4(z).

A (not necessarily continuous) map A : S' — St is piecewise Mébius if there
exist k € N, closed arcs I; C S, and g; € Aut(D) for j € {1,--- , k}, such that

k
1 s'=1
j=1

(2) int I, Nint I, = O for m # n, and

() Al =g
A piecewise M&bius map A as above is called piecewise Fuchsian if g1,--- , gi gen-
erate a Fuchsian group, which we denote by I'4. If the maps g; are assumed only
to be complex-analytic in some small neighborhoods of I; (without requiring them
to be Mdbius), then f is said to be piecewise analytic.

The maps g; will be called the pieces of A. We shall occasionally refer to the

domains I; of g; also as pieces of A when there is no scope for confusion.



4 MAHAN MJ AND SABYASACHI MUKHERJEE

Remark 2.2. We think of the partition of S' into the closed arcs {I;} as a part
of the data of the piecewise Mobius/analytic map A. This can be formalized by
defining a piecewise Mobius/analytic map A as a pair ({gj}é?:p {Ij}?:l).

Lemma below upgrades the regularity of A considerably.
Lemma 2.3. [MM21], Lemma 2.8] Let A :S! — S! be a (not necessarily continu-

ous) piecewise analytic map that is orbit equivalent to a finitely generated Fuchsian
group I'. Then, A is piecewise Fuchsian, and the pieces of A form a generating set

forT.

Suppose that z1,---,x, are a cyclically ordered collection of k points on S!
defining the pieces I; = [xj,x;j41] of A (j + 1 taken modulo k). We shall say that
A is minimal, if the decomposition of S' given by x1,--- , 2} is minimal; i.e., there

does not exist ¢ and h € I' 4 such that

(1> A|[Ii,xi+1] = h|[1i,ﬂﬁi+1]’ and
(2) A|[$i—17xi] = h|[$i—17%‘]'
Thus, a minimal A has no superfluous break-points.

Let A be a continuous piecewise Mobius map on the circle. Let D denote the
unit disk. Let Iy,---,I; be a circularly ordered family of intervals with disjoint
interiors such that

(1) I; nIj41 = {x;41} (the indices being taken mod k).

(2) Al =g
Let «; be the semi-circular arc in D between x;, ;41 meeting S! at right angles
at x;,x;41, and let D; C D be the closed region bounded by I; and ~;. Then A,
the canonical extension of A to a piecewise Mdbius map in D is defined on U;D; as
A= g; on D;.

Set D := U;D; and call D the canonical domain of definition of A. Let R = D\D.
We shall call R the fundamental domain of A, as well as the fundamental domain
of A. Each bi-infinite hyperbolic geodesic contained in the boundary 0R will be
called an edge of R. The ideal vertices of R will be called the vertices of R. Let S
be the set of vertices of R. A pair of non-adjacent points in S, or equivalently the
bi-infinite geodesic joining them in R will be called a diagonal of R.

Remark 2.4. We note that the fundamental domain of a piecewise Fuchsian map
A may not be a fundamental domain for the Fuchsian group I 4 generated by the

pieces of A (see Subsection .

Remark 2.5. Let A :S' — S! be a continuous piecewise Mébius map with pieces
{gj}?:r By continuity, g;(z;+1) = gj+1(zj+1); t.e., a; = gj_logj+1 €Ty fizes xjt1
(indices taken modulo k). Then, ar---a1 =1 as a group element, or equivalently,
a, 0---0ayp =id. Moreover, if A is orbit equivalent to a Fuchsian group T' on ST,
then T is generated by {g1,a1, - ,ax} by Lemma[2.5

A continuous map f: S' — S! is said to be expansive if there exists § > 0 such
that for any a # b € St, there exists n € N such that d(f"(a), f*(b)) > 4.

We endow S! with the counter-clockwise orientation. For a,b € S', we denote
the counter-clockwise arc of S connecting a, b by ab. Suppose that 1 is a periodic
point of period n of a piecewise Mobius covering map A : S! — S'. Then, A" is
orientation-preserving, and it maps an arc of the form {17y to an arc of the form
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72yo. We define the one-sided multipliers of A at yy to be the one-sided derivatives
of A™:

A _ A™ _
(A" (y$) = lim M7 (A™Y (yg) = lim M’
Y=Yy — Yo Y=oy — Yo
YEyou YETyo

where § # 1o is any point on S'. See [MM21], Section 2] for properties of one-sided
multipliers of A.

Let = be a periodic point (of period n) of a piecewise Mobius, expansive cir-
cle covering A. Then x is said to be parabolic on the right (resp., on the left) if
(A™) (x*) =1 (resp., (A")'(z~) = 1). Likewise, x is hyperbolic on the right (respec-
tively, on the left) if (A™)'(z™) > 1 (resp., (A")'(z7) > 1). Also, x is symmetrically
parabolic (respectively, symmetrically hyperbolic) if (A™) (z7) = (A")(z7) =1
(respectively, if (A")'(zT) = (A™)(x~) > 1). The point x is called asymmetrically
hyperbolic if it is hyperbolic on both sides, but (A")'(z") # (A™)'(z~). Finally,
x is said to be a periodic point of mized type if it is hyperbolic on one side, but
parabolic on the other.

Lemma 2.6. [MM21, Lemma 2.15] Let A : S' — S! be a piecewise Fuchsian expan-
sive covering map having x1,--- ,xy as the break-points of its piecewise definition.
Further, let x; be a periodic point of A. Then, x; is not of mized type.

Definition 2.7. Let X be a topological space and f : X — X be a continuous map.
A collection of closed subsets {X1,Xa, - X} of X is called a Markov partition for
(X, f) if the following properties are satisfied:

(1) X =uX;,

(2) int X; Nint X; = 0 for i # j,

(3) it X; = X; forie{1,2,---,n},

(4) flx, is injective, and

(5) if f(int X;) Nint X; # 0, then f(X;) D X;.

It is well-known that continuous, open and distance expanding self-maps of com-
pact metric spaces admit Markov partitions (see [PUI0, §3]). In particular, the
polynomial map z — 2%, restricted to the unit circle S, admits a Markov partition
(in fact, explicit Markov partitions for z¢ can be easily constructed).

We call A : S! — S' a piecewise Fuchsian Markov map if it is a piecewise
Fuchsian expansive covering map (of degree d at least two) such that the pieces I;
(intervals of definition) of A in S! give a Markov partition for 4 : St — S!. The
restrictions A[7; = g;(€ T'a) of A to I; will be referred to as pieces of A.

By the Markov property of A, each interval I; has exactly d pre-images under
A. This gives us a natural transition matrix for A=! given by a;; = 1 if there exists
a point in the interior of I; mapped to I; under A, and aj = 0 otherwise. Further,
there is a naturally associated topological Markov chain, which we now describe
(compare [Ser86l, [ECH+92]). We construct a d—regular directed graph G with k
vertices (one for each I;) and a directed edge from vertex j to vertex [ if and only
if aj; = 1. Further, we label such a directed edge from j to I by gl_1 (since the
piece of A on I; is g, the inverse branch from I; to I; is gl_l). Note that there are
exactly d branches of A™! at each interior point of an I; and any such branch is
given by the inverse of one of the pieces of A; i.e., for each piece g; of A, g, lisa
label of some edge of G and each label of an edge of G is of this form.
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We now follow a point z € St under backward iteration of A. Let {z = 29,21, }
be a (finite or infinite) sequence of points in S! such that A(z;y1) = 2;. Then any
such sequence encodes a geodesic in G; i.e., an isometric immersion of an interval
[0, al], or [0,00) into G such that [i,4+ 1] maps isometrically to an edge of G labeled
by (the unique) g satisfying by the following:

(1) Zi € Ij(i)-

(2) zit1 € Ly

(3) A restricted to Ij(;41) equals g~
(4) 9(zi) = zit1.

The labeled directed graph G (also known as a topological Markov chain) imposes
a structure akin to that of an automatic group [ECH+92] on backward orbits of
points via backward orbits of intervals I;. Thus, a sequence of backward orbits
of an interval I; may be given by I; = L), Lj1), ** , Ljn), -+ such that I, C
A(I(i41))- This sequence is also encoded by the same geodesic in G described above,
since the pair {1}, [j(;+1)} corresponds to a unique edge in G, and the label on the
edge is the unique g € T' such that ¢! is a piece of A satisfying L) C g’l(Ij(H_l)).

A more concise version of Definition [2.1] can now be furnished by saying that

Definition 2.8. A piecewise Fuchsian Markovmap A : S' — S! is mateable if A
is orbit equivalent to the Fuchsian group I's generated by its pieces, and none of
the periodic break-points of A are asymmetrically hyperbolic.

We finally provide the lemma promised before Definition guaranteeing that
T4 is a lattice.

Lemma 2.9. [MM2I| Lemma 2.18] If A is mateable, then T4 is a lattice (or
equivalently, T4 is a finitely generated Fuchsian group such that D/T 4o has finite
hyperbolic area).

For a complex polynomial P, its filled Julia set K(P) is the completely invariant
set of all points whose forward orbits (under P) stay bounded. A polynomial is
said to be hyperbolic if each of its critical points converges to an attracting cycle
under forward iteration. The set of all hyperbolic polynomials (of a given degree)
is open in the parameter space. A connected component of degree d hyperbolic
polynomials is called a hyperbolic component in the parameter space of degree d
polynomials. The hyperbolic component of degree d polynomials containing the
map 2% is called the principal hyperbolic component, and is denoted by Hg. The
filled Julia set of each map in H4 is a quasidisk, and the dynamics of such a map
on its Julia set is quasisymmetrically conjugate to the action of z¢ on S'.

The next proposition says that the conditions of Definition [2.8] are sufficient to
guarantee conformal mateability of piecewise Fuchsian Markov maps and polyno-
mials in principal hyperbolic components.

For a Jordan curve J on the Riemann sphere, we denote its complementary com-
ponents by D™ and D°Ut. The canonical extension A : D — D of a mateable map is
said to be conformally mateable with a polynomial P in a principal hyperbolic com-
ponent if there exist a holomorphic map F' defined on a subset of @, a Jordan curve
J € Dom(F), and a pair of conformal maps ¢ : D — D and ¢°" : (P) — Dout
that conjugate A and P (respectively) to F'. The following is the first main result
of [MM21].
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Proposition 2.10 (Mateable maps are mateable). [MM21] Proposition 2.23]
Let A : S' — S! be a mateable map of degree d, and P € Hq. Then, the maps
A:D —D and P: K(P)— K(P) are conformally mateable.

Remark 2.11. A mateable map may have parabolic fixed points on S', and hence
the topological conjugacy between 2% and A is not necessarily quasisymmetric. This
renders classical quasiconformal tools (such as the ones used in the proof of Bers
stmultaneous uniformization theorem) insufficient for the purpose of conformally
mating polynomials with mateable maps associated with Fuchsian groups. However,
an appropriate class of ‘generalized quasiconformal maps’, called David homeomor-
phisms (maps with suitable Sobolev regularity satisfying a quantitative control on
the area of the region where the dilatation blows up), allows one to perform the
conformal mating construction. Two results that lie at the analytic heart of the
proof of Proposition are the David integrability theorem (this can be seen as a
generalization of the measurable Riemann mapping theorem, see [Dav8g|, [AIMO09,
Theorem 20.6.2] ) and a David extension theorem for certain circle homeomorphisms
(which plays the role of the Ahlfors-Beurling extension theorem in the current set-
ting, see [LMMN20, Theorem 4.9]). In fact, Item@ mn Deﬁnition 18 required to
guarantee the existence of a David extension of a circle homeomorphism conjugating
2% to a mateable map.

3. BOWEN-SERIES MAPS OF FUCHSIAN PUNCTURED SPHERE GROUPS

3.1. Bowen-Series maps for General Fuchsian groups. Archetypal examples
of piecewise Fuchsian Markov maps of the circle that are orbit equivalent to finitely
generated Fuchsian groups are given by Bowen-Series maps. These first appeared
in the work of Bowen and Series [Bow79, [BS79).

A finitely generated Fuchsian group I' (of the first kind) admits a fundamental
domain R (C D) that is a (possibly ideal) hyperbolic polygon. Denote the edges of
R by {s;}7; (labeled in counter-clockwise order around the circle). Each edge s;
of R is identified with another edge s; by a corresponding element h(s;) € I'. The
set {h(s;)}?, forms a generating set for I'.

Let C(s;) be the Euclidean circular arc in I containing s; and meeting S! or-
thogonally. Further, let A" be the net in D consisting of all images of edges of R
under elements of I'. The fundamental domain R is said to satisfy the even corners
property if C(s;) lies completely in N, for i € {1,--- ,n}.

Definition 3.1 (Bowen-Series map). Suppose that a fundamental domain R of T'
satisfies the even corners property. Label (following [BST9]) the endpoints of C(s;)
on St, P;,Qir1 (with Qni1 = Q1) with P; occurring before Q;y1 in the counter-
clockwise order. These points occur along the circle in the order Py, Q1, P2, Q2, -+,
P, Q. (see Figure . The Bowen-Series map Ar ps : S' — S! of I' (associated
with the fundamental domain R) is defined piecewise as Ar ps = h(s;), on the
sub-arc [P;, Piy1) of St (traversed in the counter-clockwise order).

Proposition 3.2. [BS79, Lemma 2.4] The map Ar,ps is orbit equivalent to T,
except (possibly) at finitely many points modulo the action of T.

We shall simply denote Arpg by Ar. The Bowen-Series maps corresponding
to Fuchsian groups uniformizing positive genus surfaces (possibly with punctures)
are discontinuous. Let us illustrate this with two examples. In the left diagram in
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Figure R is a fundamental domain for a (closed) genus two surface where the color
coding determines the side-pairings. Note that h(s1)(x) = y, and h(s2)(P2) = Q5.
Thus, for continuity of the corresponding Bowen-Series map at P, the map h(sy)
must send the geodesic ray from z to P, to the geodesic ray from y to Q5. But
the former ray lies in the net A" (by the even corners property), while the latter
ray passes through int R. This is absurd as R is a fundamental domain, proving
discontinuity of the Bowen-Series map at P,. In the right diagram in the above
figure, R is a fundamental domain for a once punctured torus where the sides are
paired according to their colors. The side-pairing transformations h(s1) maps P»
to Ps, while h(sy) carries P» to P;. This causes discontinuity of the associated
Bowen-Series map at Ps.

Thus, to get continuous Bowen-Series maps, we need to restrict our attention
to punctured sphere groups (possibly with orbifold points) equipped with special
fundamental domains. In fact, it turns out that the Bowen-Series maps of Fuchsian
punctured sphere groups constructed below are coverings of S' with degree at least
two.

Py =@ Pr=@Q

P3 =Q3 Py =Qu

FIGURE 1. Bowen-Series Maps for surfaces of higher genus

3.2. Bowen-Series maps for punctured spheres. We mention at the outset
that we always associate Bowen-Series maps with Fuchsian groups decorated with
preferred fundamental domains and side-pairing transformations.

We first construct a specific Fuchsian group G4 uniformizing a (d + 1)—times
punctured sphere equipped with a preferred fundamental domain. The group G4
(equipped with the preferred fundamental domain) will serve as a base-point in the
Teichmiiller space of (d + 1)—times punctured spheres. Since any (marked) group
I’ € Teich(Gy) is conjugate to G4 via a quasiconformal homeomorphism of @, the
Bowen-Series map of I' equipped with a marked fundamental domain determined
by the quasiconformal conjugacy is easily seen to be a quasiconformal conjugate of
the Bowen-Series map of G.

Fix d > 2. For j € {1,--- ,d}, let C; be the hyperbolic geodesic of D connecting
pj = e /4 and p; = e™/? and C_; be the image of C; under reflection in
the real axis. We further denote the complex conjugate of p; by p_;, j € {2,--- ,d}.
Choose a Mobius automorphism g; of D defined as reflection in C; followed by



THE SULLIVAN DICTIONARY AND BOWEN-SERIES MAPS 9

complex conjugation. By construction, g; carries C; onto C_; (cf. Figure . Note
that for j € {1,--- ,d—1}, the Mobius map gj+1g;1 is the composition of reflections
in the circular arcs Cj41 and C;. Since C; and Cj4; touch at p;1, a straightforward
computation (using the formula of circular reflections) shows that g;y1 gj_1 fixes
pj+1 and has derivative equal to one at this fixed point. Therefore, 9j+19j_1 is
parabolic with its unique fixed point at p;,. Likewise, the maps g1, g4 fix p1,pa+1
(respectively), and have derivative equal to one there. Thus, g1, g4 are also parabolic
with their unique fixed points at p1, pa+1, respectively. Let

Ga:= (g1, " ,9d)-

We note that G4 is a Fuchsian group with fundamental domain R having Cy,--- ,Cy,
C_g4, -+ ,C_q as its edges. Moreover, D/Gg is a (d + 1)-times punctured sphere.

g2

g3 g1
D4 P1
a7 1

_ 1

g3 !
p—P—2
g5

F1GURE 2. The preferred fundamental domain R of G3, which uniformizes a
four times punctured sphere, is shown. The fundamental domain has all six
vertices on S!, and they cut the circle into six arcs. The corresponding Bowen-
Series map acts on these arcs by the generators gjil displayed next to them.

We refer the reader to Figure [2 For j € {1,---,d}, let I; denote the counter-
clockwise sub-arc of S' connecting p; to pj11. Let I_; denote the image of I; under
reflection in the real axis. Note that the Bowen-Series map Ag, of G4 (equipped

with the fundamental domain R) acts on It; by gfl. The following two properties
hold.

Proposition 3.3 (Properties of Bowen-Series maps of punctured spheres).
[MM21], Proposition 3.3]

(1) For d > 2, the Bowen-Series map Ag, of G4 (equipped with the fundamen-
tal domain R) is a O expansive degree 2d — 1 covering of S!, and hence is
topologically conjugate to 22?~!|gi. Moreover, Ag, is a piecewise Fuchsian
Markov map.

(2) Ag, is orbit equivalent to G4 on S'.

We refer the reader to [MM21l Propositions 3.4, 3.5] for an orbifold variant of
Proposition [3.3]
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Remark 3.4. In the above examples, the chosen fundamental domains of the groups
coincide with those of the corresponding Bowen-Series maps.

3.3. Mateability of Bowen-Series maps. We note now that Bowen-Series maps
for punctured spheres fit into our mating framework. Recall that H; stands for the
principal hyperbolic component in the space of degree k polynomials.

Theorem 3.5 (Fuchsian punctured sphere Bowen-Series maps are mate-
able). [MM21l Theorem 3.7] Let I € Teich(Gq), and P € Hoq—1. Then, the map
Ar :Da. — D and P : K(P) — K(P) are conformally mateable.

4. FOLDING AND HIGHER BOWEN-SERIES MAPS FOR FUCHSIAN GROUPS

The aim of this section is to describe a new class of piecewise Fuchsian Markov maps
(following [MM21]), beyond the Bowen-Series examples that are mateable with
polynomials. We start with classes of maps that we shall be considering in this
section. Recall that the fundamental domain of a piecewise Fuchsian Markov map
A is denoted by R. The set D =D\ R is the canonical domain of definition of A
in D, and a bi-infinite geodesic in R joining a pair of non-adjacent vertices of R is
called a diagonal of R.

It is instructive to go through the following two definitions in conjunction with
the two explicit examples of piecewise Fuchsian Markovmaps given in Subsec-
tion (cf. Figure [3)).

Definition 4.1 (Completely folding map). A piecewise Fuchsian Markovmap
A : St — S! is said to be a completely folding map if there exist finitely many
diagonals 61, -+ ,0; of R such that the following hold:
(1) For every edge a of R, A\(a) is one of the diagonals 41, --- ,9;.
(2) The ideal endpoints p;, q; of 0; are fized points of A for alli; i.e., A(p;) = p;
and A(q;) = q; whenever p;,q; are ideal endpoints of 6;.
(3) For p;,q; as above, ¢; = piy1.
(4) 6; N d; = 0 for i # j. Further, p1 # q; i.e., the sequence of diagonals
0; forms a chain of non-intersecting bi-infinite geodesics such that, after
adjoining the ideal endpoints, one obtains a ‘piecewise geodesic’ embedding
of the closed interval [0,1] in the closed disk D.

Definition 4.2 (Higher degree map without folding). [MM21], Definition 4.2]
A piecewise Fuchsian Markovmap A : S' — S! is said to have a diagonal fold if
there exist consecutive edges oy, as of OR and a diagonal 6 of R such that g(ai) =6
fori=1,2. Note that if a1, as (resp. as,as) are the endpoints of oy (resp. s ) and
D, q are the endpoints of §, then A(a1) = p = A(as) and A(az) = q by continuity of
A on St

A piecewise Fuchsian Markovmap A : S* — S is said to be a higher degree map
without folding if

(1) there exists an (open) ideal polygon D C R such that all the edges 01, - , 0
of D are (necessarily non-intersecting) diagonals of R. We assume further
that 61,--- ,0; are cyclically ordered along 0D. We shall call D the inner
domain of A.

(2) If p is an ideal vertex of D, then A(p) = p.

(3) For every edge o of R, E(Oz) is one of the diagonals 61,--- ,4;.

(4) A has no diagonal folds.
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Cyclically ordering the edges avq, - -+ , i, of R, it follows from Definition [£:2] that
under a higher degree map without folding A, consecutive edges o, a1 of R go to
consecutive edges of D. Note however that an counter-clockwise cyclic ordering of
edges of R may be taken to a clockwise cyclic ordering of edges of D under A. In
any case we have a continuous map A:0R — OD. Adjoining the ideal endpoints
of R and D, A has a well-defined degree d. Further, each edge of D has exactly |d|
pre-images under A since there are no folds. Also, since each §; is a diagonal of R,
we have |d| > 1. We call |d| the polygonal degree of A. (Since |d| > 1, we call A a
higher degree map without folding.)

Remark 4.3. A piecewise Fuchsian Markovmap with a diagonal fold need not be
a completely folding map ; see Subsection [{.4.9 for an ezample.

4.1. A completely folding map and a higher degree map without fold-
ing for the sphere with three punctures. We now give two simple examples:
a completely folding map and a higher degree map without folding which are or-
bit equivalent to I'g corresponding to a sphere with three punctures. Then Iy is
isomorphic to Fj, the fundamental group of Sy 3 (see Figure [3). We will denote a
bi-infinite hyperbolic geodesic in D having its (ideal) endpoints at a,b € S' by ab.

Fix a (closed) fundamental domain W of I'y, given by an ideal quadrilateral with
its ideal vertices at the fourth roots of unity (the quadrilateral 1236 in the figure).
The generators of I'g are given by h, g, where h takes the edge 12 to 16, g takes
32 to 36, and g~ 'h is parabolic. The combinatorics in this case is relatively simple
and the case-by-case analysis for proving orbit equivalence in Proposition[£.4]is easy.

4.1.1. A completely folding map for Sp3. We shall first construct a completely
folding map, and then modify the construction slightly to obtain a higher degree
map without folding. We define the fundamental domain R of the completely
folding map Ar, cfm (to be constructed) as

R=int(WURWUgW).

Thus, R is the interior of the octagon 12345678 in Figure |3} We define the pieces
of Ar, ¢fm as follows. In the list below, an arc will be indicated by ;5 where the
pair of numbers i, j are its endpoints, provided there are no other break-points of
Ary.cfm in the arc. Otherwise, we will denote the arc by all the break-points it
contains. Further the label of the arrow will denote the piece of Ar, ctm that takes
the domain arc to the range arc.

o 12 - 123456

o 23 %5 678123

o 319 3456

o 52, G781

o 56 "%, 123456 (we use the convention that o indicates composition of
maps)

o 67 673123

o 781 3450

o 8115 G781
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FIGURE 3. Fundamental domains for a completely folding map and a higher
degree map without folding: 3 punctures

4.1.2. A higher degree map without folding for Sy 3. There is a higher degree map
without folding naturally associated with the completely folding map above. Note

that the completely folding map Ar, cfm is not minimal. The pieces of Ar, ctm
for the contiguous arcs 34 and 45 is g~!. Similarly, the pieces of Ar, ctm for the
contiguous arcs 78 and 81 is h~!. We define Ar, s : St — S! to be the minimal
piecewise Fuchsian Markovmap agreeing with Arp, cim everywhere (here ‘hBS’ is
an acronym for ‘higher Bowen-Series’, the reason behind this terminology will be
explained in Remark . Although Ar, csm and Ar, ns agree pointwise, they

are formally different piecewise Fuchsian Markov maps as Ar, ctm has more pieces
(some of which are repeated). Consequently, their canonical extensions A\Fo7cfm and
A\FO’hBS have different domains of definition.

It is easy to see that Epo,th is a higher degree map without folding. The
fundamental domain R’ for ﬁpo,th is the interior of the ideal hexagon 123567

contained in R. The inner domain of A\Fo,th is given by the ideal triangle 136 (see
Definition . The pieces of Ar, nps are given by the following list (note that 4,8
are not break-points of Ap, nps and hence we omit them from the notation):

o 12 - 12356

. 2325 67123

e 35 £ 35671

o 567 12356

o 671 67123

o 7175 35671
The polygonal degree of A\thgs is 2.

4.1.3. Orbit equivalence.

Proposition 4.4. Let Ar, ¢tm, Ar,nss be as above. Then Arg ctm, Ar, nBs are
orbit equivalent to T'y.
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Proof. Since Ary ctm and Ar, hBs agree as maps on St, it suffices to check this for
Ar, nBs- It is easy to see that Ar, nps—grand orbits are contained in I'g—orbits
simply because the pieces of Ar, nps are elements of I'y. It therefore suffices to
show that if x,y are in the same I'g—orbit then they lie in the same Ar, nps—grand
orbit. It suffices to check this for the generators g, h and their inverses.

Let y = g.x. We want to show that x,y lie in the same grand orbit under
Ar, hBS- o . _
Case 1: y € 32176. Then = € 32 and the piece of Ap, nps restricted to 32 is g.
Hence Yy = A/%hBS (LE) .

Case 2: y € 345. The branch of A, s restricted to 345 is g~1. Rewriting y = g(z)
as ¢! (y) = x, we see that Ar, nps(y) = z.

Case 3: y € 56. Then z € 12. Note that the branch of Ar, nBs restricted to 56 is

hog~!, and the branch of Ar, ,ps restricted to 12 is h. Hence,

Argnps(y) = h(g~ (y)) = h(g~ ' (g(x)) = h(z) = Ar, nBs(2).

This shows that = and y are grand orbit equivalent under Ar, 1ps.

Next, if y = ¢~ !.z, then x = ¢g.y and exchanging the roles of z,y in the previous
paragraph shows that z,y are grand orbit equivalent under Ar,ngs. Finally, by
the symmetry of the setup, the same argument applies to h, h~!. O

As a circle covering, the degree of Ar, g is equal to 4. This can be easily
seen from the actions of the pieces of Ar,nps (along with their range) listed in
Section [4.1.2] Thus, we have now exhibited two different examples of piecewise
Fuchsian Markov maps that are orbit equivalent to a thrice punctured sphere Fuch-
sian group; namely, the Bowen-Series map (of degree 3) and the higher degree map
without folding Ar, nps defined above (of degree 4). Moreover, the polygonal de-
gree of /AlpoyhBS is 2, while the Bowen-Series map induces a self-homeomorphism on
the boundary of its fundamental domain.

4.2. Folding and higher degree maps for general punctured spheres. We
follow the scheme of Section above and generalize it to the case of Sy j-a sphere
with k punctures, k > 3. We shall use Figure [4] below as an illustration for the
general case. Fix a (closed) fundamental domain of T’y = G_1 (see Subsection
for the definition of Gi_1), given by an ideal (2k —2)—gon W (the figure illustrates
the k = 4 case). For definiteness, let us assume that the ideal vertices of W are the
(2k — 2)-th roots of unity. To make the book-keeping a little easier, we modify the
notation as follows.

(1) The vertices of W on the bottom semi-circle are numbered 1 =1_,2_ ---,
k_ = k in counter-clockwise order.

(2) The vertices of W on the top semi-circle are numbered 1,2, --- , k in clock-
wise order.

(3) Between vertices i,4+ 1 (and including ¢,4+ 1) on the top semi-circle, there
are 2k — 2 vertices given by the vertices of g;.W (noting that ¢g;. /W N W

equals the bi-infinite geodesic i(i + 1)). We label the 2k — 4 vertices strictly
between 4,7 + 1 as {i,2},{¢,3},--- ,{4,2k — 3} in clockwise order.

The generators of I'g are given by g1, - - - , gp—1, where g; takes the edgei_ (i + 1)_
to the bi-infinite geodesic (i + 1).
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4.2.1. A completely folding map for Sp . Define R as

R=int (WU [(J @W],
i=1, k—1

so that i(z + 1) are diagonals of R.

{2,2) 123} {24}
2 RS
{51~

FIGURE 4. Fundamental domains for a completely folding map and a higher
degree map without folding: 4 punctures

As in Section we define Ar, ofm in terms of its pieces as follows. Recall that

iAj stands for an arc with its endpoints at the break-points 4, j such that there are
no other break-points of Ar, ctm in the arc.

e On the arc i_(i+ 1)_ , define Ar, ctm to be g; for i =1,--- ,k — 1. Then
Apry eim( i—(i4+1)_ ) equals the complement of (the interior of) the arc
i(i+1) inS.

e Foreveryi=1,---,k—1, and on each of the k—1 short arcs {4, j}{i,j + 1}
for i < j < i4 k — 2 between 4,7 + 1, define Ar, cem to be gi_l. Then
Apmcfm(uj»i’f_z m}) equals the upper semi-circle between 1 and
k. (Here, for notational convenience, we identify {i,1} with ¢ and {i,i +
2k —2} with i+ 1.) Also, for i < j <i+k —2, Ap, cm maps the clockwise
arc from {7, j} to {4, j + 1} onto the clockwise arc from j to j+ 1. We refer
to the clockwise arcs from {i,5} to {i,7+1} (for i < j <i+k—2) as short
folding arcs under Ar, cfm.

e Forie{2,--- k—1}and1<j<i—1,setj=i—s,sothat 1 <s<i—1.
We define Ar, cfm to be gso0g; ' on {i,5}{i,j + 1} . Thus, for j <i—1,
A({i,jHi,j5 + 1}) equals the counter-clockwise (long) arc from s to s + 1.

e Forie{l,---,k—2}and i+k—1<j <2k—3,let j =i+k—1+t, so that
0<t<k—2—1i. Wedefine Ap, cfm to be gr_1—¢ ogi_1 on {i,jHi,j+1}.
Thus, for i + k-1 < j < 2k -3, A({m}) equals the counter-
clockwise (long) arc from k — 1 —¢ to k — t.
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We refer to the clockwise arcs from {i,j} to {i,5 + 1} (for j <i—1 or
i+ k—1<j) as long folding arcs under A.
o Note that A, cm(i) =4 foralli=1,--- k.

It is easy to see from the above definition that Ar, ctm : St — S! is a completely
folding map . As any (marked) group I' € Teich(T'g) is conjugate to Iy via a quasi-
conformal homeomorphism of C that preserves S', D and respects the markings, we
define the associated completely folding map Ar ¢t to be the conjugate of Ary ctm
under such a quasiconformal homeomorphism.

Remark 4.5. It is not hard to cook up other examples of completely folding maps.
However, we do not know of any other completely folding map that is orbit equivalent
to the Fuchsian group generated by its pieces.

4.2.2. A higher degree map without folding for Sy ;. Again, as in Section define
Ar, nBs to be the minimal piecewise Fuchsian Markov map coinciding with Ary ctm
on S!. Denote the canonical extension of Ar, nBs by A\FO’hBS, its canonical domain
of definition in D by Dr, nps, and the fundamental domain of EFOJIBS by Rr, nBs-
Further, let D be the open ideal polygon bounded by the bi-infinite geodesics
12,23,--- ,(k — 1)k, k1. Evidently, all the edges of D are (non-intersecting) diago-
nals of Rr, nps, each ideal vertex of D is fixed by Ar, nps, each edge of R, nps is
mapped by A\[‘ths to an edge of D, and 121\[‘07}135 has no diagonal folds. Therefore,
A\po,th is a higher degree map without folding having D as its inner domain.

Definition 4.6 (Higher Bowen-Series map). We call the piecewise Fuchsian
Markovmap Ar, nps the higher Bowen-Series map of I'g (associated with the fun-
damental domain W ). For any (marked) group T’ € Teich(T'y), we define the higher
Bowen-Series map of (the marked group) I to be the conjugate of Ar, nps under
a quasiconformal homeomorphism of C that congugates T'g to T’ (and respects the
marking), and denote it by Ar nps-

Clearly, the higher Bowen-Series map of each T' € Teich(T'g) is a higher degree
map without folding. We refer the reader to [MM21] Proposition 5.2] for a char-
acterization of higher Bowen-Series maps among all higher degree maps without
folding.

4.2.3. Connections between Bowen-Series and higher Bowen-Series maps. The next
two propositions are about the relationship between Bowen-Series maps and higher
Bowen-Series maps (for I' € Teich(T'y)). In fact, Proposition will give an al-
ternative, more direct construction of the higher Bowen-Series map of I" in terms
of the Bowen-Series maps of I' associated with various overlapping fundamental
domains.

Proposition 4.7 (Characterizing higher Bowen-Series maps as piecewise
Bowen-Series maps). [MM21| Proposition 4.5] Let W be a (closed) fundamental
domain for a Fuchsian group T' € Teich(I'g) (uniformizing a k-times punctured
sphere) which is an ideal (2k — 2)-gon. We label the ideal vertices of W as 1 =
1,2, (k—=1)_,k_ = k,k—1,---,2 in counterclockwise order, and assume
that the side-pairing transformations of W (generating T') are given by g1, , gr—1,
where g; takes the edge i_ (i + 1)_ to the edge i(i 4+ 1).

Further, let D be the interior of the ideal polygon bounded by the bi-infinite
geodesics 12, 23, -, (k — 1)k, k1, and P the interior of the ideal polygon bounded
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by the bi-infinite geodesics 1_2_,2_3_, -+ (k—1)_k_, k_1_. Then the following
hold.

(1) W = DUP, and for each j € {1,--- ,k — 1}, DU g;(P) is a (closed)
fundamental domain for T.

(2) On the clockwise arc from j to j + 1, the higher Bowen-Series map Ar nps
equals the Bowen-Series map of I' associated with the (closed) fundamental
domain D U g;(P) (j € {1,--- ,k —1}), and on the counterclockwise arc
from 1 to k, Arnps equals the Bowen-Series map of I associated with the

fundamental domain W = DU P.

Conversely, a map A : S* — S! defined as in condition (2) above is a higher
Bowen-Series map orbit equivalent to I', and the fundamental domain of A is given

by R = int (W UUie1 o s gi.W).

Remark 4.8. The preceding description of Ar wss shows that Ar wps is made up
of Bowen-Series maps corresponding to various (overlapping) fundamental domains
of I'. This justifies the terminology ‘higher Bowen-Series maps’.

Higher Bowen-Series maps also arise as second iterates of suitable Bowen-Series
maps.

Proposition 4.9 (Higher Bowen-Series as second iterate of Bowen-Series).
[MM21], Corollary 5.6] Let d > 2.

(1) ForT € Teich(G4) = Teich(Sp,a+1) (respectively, I' € Teich(Gyq,2)), we have
A%’BS = A wBs, whereI” is an index-two subgroup of T' with D/T = S o4.

(2) For T € Teich(Ga,1), we have A} gg = Ar/ nps, where T' is an indez-two
subgroup of T' with D/IV 2 Sy 0g—1.

In all cases, the second iterate of the Bowen-Series map of I is orbit equivalent
to an index-two subgroup of I

The degree of the higher Bowen-Series map as a self-covering of St is (x — 1)2,
where x = 2 — k is the Euler characteristic of So .

The last statement may be found in [MM21] Section 4.3.2]. We do not know if
higher iterates of Bowen-Series maps produce further examples of mateable maps
(see Questionbelow). With careful combinatorial book-keeping, the arguments
of the proof of Proposition [£.4] can be adapted for the general case.

Proposition 4.10 (Orbit equivalence). [MM21] Proposition 4.7] Let T € Teich(T'y),
and Ar cfm, Arnss be as above. Then Ar cim, Arnss are orbit equivalent to I'.

4.3. Consequences. We now discuss some consequences.

4.3.1. Interpolating between completely folding maps and higher degree maps with-
out folding. The completely folding map Ar ctm and the higher Bowen-Series map
Ar nBg described in Sections and agree on S'. We denote the interior of the
polygon in Sectionwith vertices 1,--- ,k by D. Note that D is ‘half’ the (closed)
fundamental domain W in the sense that doubling D along the bi-infinite geodesic
1k gives W. Choose 1 = i1 < 49 < --- < i;41 = k to be a selection of vertices in
clockwise cyclic order along the upper semi-circle. Let U1<;<;(%;,%j41) = £ denote
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a finite union of edges and diagonals of W contained in D. Let Wy denote the part
of W contained above £ and let W, = Wy U L. Set

Ry, =int | W, U U 9 We
i=1, k

Then R, is the fundamental domain of the piecewise Fuchsian Markovmap Ap
whose canonical extension //12 has domain Dy =D\ R,.

Note that, for all £, the map Az equals Ar ctm on S'. The map Ar nBs is the
unique minimal representative and corresponds to the case 1 = i; < 15 = k. The
map Ar cem lies at the other end of the spectrum, with [ +1 = £, and ¢; = j for
j=1,--- k. The maps A, are non-minimal representatives whenever [ > 1.

4.3.2. Mateability of completely folding maps and higher Bowen-Series maps. We
now record the fact that higher Bowen-Series maps satisfy the conditions of Defini-
tion 2.1} and hence can be conformally mated with hyperbolic complex polynomials
(of appropriate degree) with Jordan curve Julia sets.

Theorem 4.11 (Fuchsian higher Bowen-Series maps are mateable). [MM21],
Theorem 4.8] Let I' € Teich(I'g), and P € H,_1y> (where Hq stands for the prin-

cipal hyperbolic component in the space of degree d polynomials). Then, /Tnth :
Drups — D (respectively, Ar ctm : Drctm — D) and P : K(P) — K(P) are confor-
mally mateable.

In light of Proposition [2.10} we make the following definition.

Definition 4.12 (Moduli space of matings). The moduli space of matings
between a topological surface ¥ and complex polynomials in principal hyperbolic
components consists of triples (I', Ar, P), where
(1) T is a Fuchsian group uniformizing %,
(2) Ar is a minimal mateable map orbit equivalent to T' on S, and
(3) P is a polynomial in a principal hyperbolic component with deg(P) =
deg(Ar : St — S1).

An immediate implication of Theorems and is that the moduli space of
matings between the topological surface Sp (k > 3) and complex polynomials in
principal hyperbolic components is disconnected. Specifically, it contains at least
two components corresponding to

e Bowen-Series maps associated to groups in Teich(Sp ;) and polynomials in
H2k73, and
¢ higher Bowen-Series maps associated to groups in Teich(Sp ) and polyno-
mials in H(k,l)m
We refer the readers to [MM21] §6.4] for further details.

Yet another application of orbit equivalence between higher Bowen-Series maps
and Fuchsian punctured sphere groups is the failure of orbit equivalence rigidity for
Fuchsian groups (see [FWO03] for general background on orbit equivalence rigidity
and positive results, and [MM21] §8] for a precise statement of its failure in the
Fuchsian case).
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4.4. Two non-examples. In this subsection, we will consider two modifications of
higher Bowen-Series maps and show that the resulting piecewise Fuchsian Markov maps
are not orbit equivalent to the groups generated by their pieces.

4.4.1. A non-example without folding. The following description of the higher Bowen-
Series map Ar, nBs on S! is straightforward to check from its construction (see

Subsection :

ArgnBs =

k—1 k—1i+k—2
Ar,Bs, on (U i—(i+1)—>U U U i+ |,
i=1 =1 je=i
AR, pg, otherwise,

where Ar, s denotes the Bowen-Series map of I'g associated with the fundamental
domain W.

In fact, the agreement of Ar, nps and Ar, gs on the arcs {i,j}{i,j+1} (i €
{1,---,k—1},5 € {i,---,i + k — 2}) played an important role in the proof of
orbit equivalence of I'y and Ar, ngs (see Proposition . However, if one replaces
Ar, Bs by AR, pg on these arcs as well, the resulting minimal piecewise Fuchsian
Markov map

B { Ar, s on S'N{z:Im(z) <0},
" A%mBS on St N{z:Im(z) > 0},
is mot orbit equivalent to I'y.

goh71

" hog’1
h! g !
Wu
’
>h g\ (
Wl
ht og

h |
FIGURE 5. The two piecewise Fuchsian Markov maps B (left) and C' (right) are

depicted. They are not orbit equivalent to the Fuchsian groups generated by
their pieces.

Proposition 4.13. [MM21l, Proposition 4.9] The map B : St — S! is not orbit
equivalent to the Fuchsian group Ty generated by its pieces.

Remark 4.14. The map B has no diagonal fold, but it is not a higher degree map
without folding. This is because some edges of the boundary of the fundamental
domain of B are not mapped to diagonals, and hence Condition (3) of Deﬁm'tion
is violated (see Figure[5 (left)).
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4.4.2. A non-example with folding. Yet another example of a piecewise Fuchsian
Markovmap that is not orbit equivalent to the Fuchsian group generated by its
pieces is given by the following symmetric version of higher Bowen-Series maps.
For simplicity, we illustrate the thrice punctured sphere case.

Consider the Fuchsian group I'y of Section[d.1] the (closed) fundamental domain
W with vertices at the fourth roots of unity, and the generators g, h that pair the
sides of W (as in Figure [3). We set

W :=Wn{Im(z) >0}, W':=Wn{Im(z) <0}.

The piecewise Fuchsian Markovmap C : S! — S! depicted in Figure [5] (right)
has degree 5. It has diagonal folds in the sense of Definition but it is not a
completely folding map since Condition (4) of Definition fails. Moreover,

Proposition 4.15. The piecewise Fuchsian Markovmap C : S' — S! of Figure @
(right) is not orbit equivalent to the Fuchsian group Ty generated by its pieces.

Proof. Observe that g(—i) = 4, and thus the points +i lie in the same I'g—orbit.
But both these points are fixed by C, and hence they cannot lie in the same grand
orbit of C. O

The proofs of orbit equivalence for Bowen-Series and higher Bowen-Series maps
only involve looking at the first iterates of the maps. On the other hand, the orbit
equivalence property is ruled out for the above two piecewise Fuchsian Markov maps
simply by furnishing suitable fixed points of the maps. In general, we ask the
following question.

Question 4.16. Is there a general recipe to test whether a piecewise Fuchsian
Markovmap is orbit equivalent to the Fuchsian group generated by its pieces?

5. INVARIANT LAMINATIONS AND BERS BOUNDARY GROUPS

The existence of mateable maps orbit equivalent to Fuchsian punctured sphere
groups leads one to the hunt for groups on boundaries of Teichmiiller spaces (of
punctured spheres) that can be conformally mated with complex polynomials. Since
Fuchsian realizations of Teichmiiller spaces are non-compact, the aforementioned
pursuit ought to be carried out on boundaries of Bers slices of Fuchsian punctured
sphere groups (note that such a realization of the Teichmiiller space is precompact
in a suitable topology). As in the Fuchsian case, the first challenge one encounters
in this program is to come up with the correct notion of ‘mateable maps’ for Bers
boundary groups.

Let us fix a Fuchsian punctured sphere group I'g equipped with a (higher) Bowen-
Series map Ar,. We denote the Bers slice of T'y by B(I'g). The map Ar, defines,
for each (marked) group I" in B(Ty), a piecewise Mobius Markov covering map
Ars (via quasiconformal conjugation) of the limit set A(T) such that A is orbit
equivalent to IV on A(T”). The map A is the (higher) Bowen-Series map associated
with the map IV. Now let I' € 9B(I'g). Guided by the Fuchsian situation, we
call a continuous self-map Ar : A(I') — A(T") the (higher) Bowen-Series map of
I' € 9B(Ty) if

(1) Ar is orbit equivalent to T', and
(2) Ar is the uniform limit of the (higher) Bowen-Series maps Ar/, as I €
B(Ty) converges to I in the strong topology.
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The Bers density conjecture, now a theorem due to Brock-Canary-Minsky [Min10),
BCM12] (see also [BB04]) states that the Bers slice is dense in the space of all
Kleinian surface groups with one end carrying a fixed conformal structure. Thus,
the closure of the Bers slice gives all such Kleinian surface groups. For any such
group I' on the Bers boundary, there is an end-invariant called the ending lamina-
tion—a geodesic lamination supporting a transverse measure. Further, there exists
a topological semiconjugacy [Mjl4a, Mj17], called a Cannon-Thurston map from
the circle onto the limit set A(T") of I'. It was shown in [Mj14bl [MjI7] that the
Cannon-Thurston map identifies precisely the end-points of the ending lamination.

It follows from [Min10, BCM12] (see also [BB04]) that any Bers boundary group
is a strong limit of groups in the Bers slice. Let I',, = ¢, o g o ¢! be a se-
quence of groups in B(Ty) (where ¢, is a quasiconformal homeomorphism in-
ducing the representation I'y — I'),) converging strongly to I' € 9B(Iy). By
[MS13, IMST17], [Mj22, Section 4.2], Cannon-Thurston maps of I',, converge uni-
formly to the Cannon-Thurston map of I'. Since the (higher) Bowen-Series map of
T, is equal to ¢, o Ar, o ¢, 1, by definition, the (higher) Bowen-Series map Ar, if
it exists, must be given by ¢, 0 Ar, 0 ¢!, where ¢ : St — A(T) is the Cannon-
Thurston map of I'. Thus, the (higher) Bowen-Series map Ar : A(T') — A(T), if it
exists, must be semi-conjugate to the base (higher) Bowen-Series map Ar, : S' — S!
via the Cannon-Thurston map of T' (see [MM21] §7.1] for details):

gl _Aro .«

e [
AT) —— A(T)

Put differently, in the light of [MjI14b], the existence of a (higher) Bowen-Series
map Ar requires the ending lamination £ of T’ (where S! /£ =2 A(T")) to be invariant
under the action of Ap, ([MM21I] Lemma 7.3]). On the other hand, such laminations
are necessarily invariant under the action of I'y. Simultaneous invariance of L
under the group I'y and the covering map Ar, can be thought of as a compatibility
condition between Kleinian group dynamics and polynomial dynamics, which turns
out to be very restrictive.

Theorem 5.1 (Bers boundary (higher) Bowen-Series maps are sparse).
IMM21], Propositions 7.6, 7.8] Let T'y be a punctured sphere Fuchsian group. Then,
there are only finitely many quasiconformal conjugacy classes of groups I' € 9B(Ty)
for which the Cannon-Thurston map of T semi-conjugates the (higher) Bowen-
Series map of Ty to a self-map Ar of A(T) that is orbit equivalent to T'. These
Kleinian groups arise out of pinching finitely many disjoint, simple, closed curves
(on the surface D/Ty) out of an explicit finite list. In particular, all such groups T
are geometrically finite.

Remark 5.2. Consider the Bowen-Series map Agq, associated with the Fuchsian
group Gy equipped with the preferred fundamental domain R given by the ideal
polygon with vertices at the 2d-th roots of unity (see Subsection . In this case,
the explicit finite list of Theorem [5.1] is

Sd::{gg,-~,gd_l}U{gi_lOQj¢i7j€{1a"'vd}’ i—j>1}
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(see [MM21l Proposition 7.6]), and hence every Ag,—invariant geodesic lamina-
tion on D/Gq = So,a41 is a subset of Sq. For d = 3, this gives exactly two invari-
ant laminations: {{g2},{g5"' 0 g1}}. The curve corresponding to go (respectively,
gglogl) on the four times punctured sphere depicted in Figure is the ‘vertical’ (re-
spectively, ‘horizontal’) curve which separates the punctures [ps], [pa] from [p1], [p2]

(respectively, [p1], [pa] from [ps], [p3].

The (higher) Bowen-Series map of a Bers boundary group (when it exists) is
piecewise Mobius and hence admits a canonical extension 121\1* to a subset of the
filled limit set K(T') of the group (i.e., the complement of the completely invariant
component of its domain of discontinuity).

Now let P be a complex polynomial in the principal hyperbolic component Hy,
where k = deg{Ar : A(I') — A(T")}. Then, the action of P on its Julia set J(P) is
topologically conjugate to z¥|si. On the other hand, Ar|ary is a factor of Ap|s1,
which is in turn topologically conjugate to z*|s1. One can now glue the filled Julia
set IC(P) (which is a closed Jordan disk) outside the filled limit set K(T') using
a semi-conjugacy between P|;(p)y and Ar|y(r), and this produces a topological 2-
sphere. Moreover, the existence of this semi-conjugacy implies that the action of
P on K(P) and the action of Ap on a subset of K(I') paste together to yield a
continuous map on the copy of S? just defined. This map is called the topological
mating of Ar and P. We say that the canonical extension Ar of the (higher) Bowen-
Series map of a Bers boundary group is conformally mateable with a polynomial P
in the principal hyperbolic component H, if the above topological 2-sphere admits
a complex structure that turns the topological mating into a holomorphic map (cf.
[MMZ21] §7.5]).

A sophisticated surgery procedure involving David homeomorphisms yields the
following conformal mateability theorem.

Theorem 5.3 (Bers boundary (higher) Bowen-Series maps are mateable).
IMM21] Theorem 7.19] Let I' € 9B(I'y) be a group that admits a (higher) Bowen-
Series map Ar. Then the canonical extension A\p can be conformally mated with
polynomials lying in the principal hyperbolic component Hy, where k = deg{Ar :
AT) — A(TD)}.

For a group T € 9B(Ty) admitting a (higher) Bowen-Series map Ar, the corre-
sponding geodesic lamination £ is invariant under the base (higher) Bowen-Series
map Ar,. The associated equivalence relation £ on S! satisfies the following prop-
erties.

(1) Lis closed in R/Z x R/Z.

(2) Each equivalence class X of L is a finite subset of R/Z.

(3) L—equivalence classes are pairwise unlinked; i.e., if X and Y are two distinct
equivalence classes of £, then there exist disjoint intervals Ix,Ix C R/Z
such that X C Ix and Y C Iy.

(4) If X is an L—equivalence class, then Ap,(X) is also an L-equivalence class.

(5) If X is an L—equivalence class, then X — Ar (X) is a cyclic order pre-
serving bijection.

On the other hand, the lamination associated with a complex polynomial P with
connected Julia set also enjoys analogues of the properties listed above (where the
role of Ar, is played by the base polynomial 2%). Roughly speaking, the lamination
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associated with P is a z%—invariant closed equivalence relation on S' such that the
quotient of S! by the equivalence relation yields a topological model of the Julia
set of P (cf. [Kiw04]). Remarkably, the topological conjugacy between Ar,|s: and
2451 (for some d > 2) provides us with a tool to pass from laminations in the
group world to those in the polynomial world. This combinatorial link allows one
to invoke standard realization results from polynomial dynamics and conclude that
the limit set A(T") is indeed homeomorphic to the Julia set of a complex polynomial
in a ‘dynamically natural’ way.

Theorem 5.4 (Equivariant homeomorphism between limit and Julia set).
[MM21] Theorem 7.16] Let I' € 9B(I'y) be a group that admits a (higher) Bowen-
Series map Ar. Then there exists a complex polynomial Pr (of degree equal to
that of Ar : A(T) — A(T")) such that the action of Ar on the limit set A(T') is
topologically conjugate to the action of Pr on its Julia set.

6. MEASURES OF MAXIMAL ENTROPY AND PATTERSON-SULLIVAN MEASURES

In this section, we study the measure-theoretic dynamics of Bowen-Series and
higher Bowen-Series maps associated with Fuchsian punctured sphere groups, thus
linking this theme to another seminal piece of work by Sullivan-the Patterson-
Sullivan measure. Specifically, we show that measures of maximal entropy of
(higher) Bowen-Series maps acting on the circle are push-forwards of appropriate
Patterson-Sullivan measures supported on Gromov boundaries of free groups.

Informally speaking, the Sullivan-Patterson measure on the Gromov boundary of
a group is the weak limit of a sequence of atomic measures supported on the words
of length n, appropriately weighted by the distances of the group elements from a
fixed base point (for the free group with the standard generating set, the sequence
reduces to Formula ) Although we will not use the general theory of Patterson-
Sullivan measures, we encourage the reader to consult [Pat76, [Sul79 [Coo93| for
the construction and basic properties of these measures in the context of Fuchsian
groups, Kleinian groups, and hyperbolic groups, respectively. For background on
symbolic dynamics and topological /measure-theoretic entropy, we refer the reader
to [Wal82| [BS02].

6.1. Maximal entropy measure for Bowen-Series maps. For definiteness, let
us fix the Fuchsian (d+1)—times punctured sphere group I'y = G of Sectionand
the fundamental domain R given by the ideal polygon with vertices at the 2d—th
roots of unity (d > 2). Further let A = Ar, s : S' — S' be the Bowen-Series map
of T'y associated with the fundamental domain R.

The topological entropy of a dynamical system is a numerical topological conju-
gacy invariant that measures the complexity of the system. Roughly, it represents
the exponential growth rate of the number of essentially different orbit segments of
length n. Since A is topologically conjugate to z2?~1, the topological entropy of the
A—action on S is equal to In(2d —1). We are interested in studying the measure of
maximal entropy (MME for short) for A; i.e., the unique A—invariant measure on S*
whose measure-theoretic entropy is equal to the topological entropy In(2d — 1) (see
[AKU21al [AKU21D] for computation of topological entropy of Bowen-Series maps
associated with cocompact Fuchsian groups and results regarding their measures of
maximal entropy).
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6.1.1. MME of A in terms of topological dynamics. By Proposition[3.3] there exists
a homeomorphism

¢:St =St
that conjugates p : z + 227! to A (this homeomorphism can be thought of as a
generalization of the Minkowski question-mark function @; see [LLMM22] §4.4.2]
for the analogy in the anti-holomorphic context).

We denote the Haar (normalized Lebesgue) measure on S! by m. Note that m is
the unique measure of maximal entropy for the action of p on S! (a straightforward
computation shows that the measure-theoretic entropy of p|s: with respect to m
is equal to the topological entropy In(2d — 1), and the uniqueness of this measure
follows for instance from [Lyu83, Theorem 9]). Since the homeomorphism ¢ is a
conjugacy, we have the following.

Proposition 6.1. v = ¢.m, where v is the unique measure of maximal entropy
for the A—action on S'.

6.1.2. MME of A in terms of symbolic dynamics. The partition of S* determined by
the 2d—th roots of unity form a Markov partition for A. We denote this partition

by {l1,I1-1, -+ ,Ia, 14}, where I; is the counter-clockwise arc of S! connecting
27 and e2™3a  and I_; is the complex conjugate of I;, for j € {1,---,d}.
The transition matrix for this Markov partition is
(1 0 1 1 1 1]
0 1 1 1 11
1 110 11
M:=1]1 1 0 1 11
11 11 10
1111 0 1

The above transition matrix gives rise to a one-sided subshift of finite type
Syt +
oY — Xy

Here Y}, is the collection of M —admissible infinite words in {41, +2,--- , +d};
ie.,

St={(in 0, +) € {1, £2, - £d} D A(L;) D I, for all j > 1},
and o is the left-shift map. A cylinder set of rank k > 1 in ZX/[ is a set of the form

[Tl,“' ,’I“}C} = {(il,i27~-') EELZij =Ty, fOI‘jG{L"' ,k}},

where (rq,---,7) € {£1,--,+d}*. We metrize ¥}, with the usual ultra-metric
(in base e).
Since A is expansive, one obtains a continuous surjection
et 1
Xy =S

that semi-conjugates o to A. We may and will assume that ¢ carries the cylinder
set [+j] C ¥, to the Markov partition piece of A connecting eFmi—D/d o eFmij/d,

Remark 6.2. See [Sta04] for Markov partitions of Bowen-Series maps associated
with more general Fuchsian punctured surface groups. These maps, however, are
not continuous if the genus of the surface is greater than zero.
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The unique measure of maximal entropy for the o—action on ¥, (which is
called the Parry measure in symbolic dynamics) is given by the ‘uniform’ Markov
measure p that assigns mass m to each cylinder set of rank n+ 1 (n > 0).
The corresponding topological entropy is also In(2d — 1) (note that 2d — 1 is the
largest eigenvalue of M). The existence of the semi-conjugacy 1 now implies that

Proposition 6.3. The measure of mazximal entropy of A, which we denote by v,
is the push-forward of the Parry measure u under ¥; i.e., v = 1, .

6.1.3. MME of A in terms of Patterson-Sullivan measure. Since the Bowen-Series
map A is cooked up from the Fuchsian group Iy, it is natural to ask whether the
measure of maximal entropy v of A is related to the Patterson-Sullivan measure
class of I'y. The following proposition gives a negative answer to this question
(recall that a Patterson-Sullivan measure of I'y lies in the class of the Haar measure
m).

Proposition 6.4. The measure v is not mutually absolutely continuous with respect
to the Haar measure m; i.e., v and m do not lie in the same measure class.

Proof. We learned this from Caroline Series. The proposition follows from the facts
that

(1) the action of the Fuchsian group I'y on S* = 9D is of type I11;.
(2) the action of the polynomial z* on S* = 9D is of type 111, y).

See [Spa87] for details. O

Fortunately, the free group on d generators Fy = I'g provides us with a Patterson-
Sullivan measure (supported on the Gromov boundary of Fj) that is intimately
related to v.

We denote the Cayley tree of F; by X, and equip it with the word metric. The
group acts on the tree by isometries. The Gromov boundary of Fy is denoted by 0.X.
Note that we can naturally identify 0X with the shift space EL. Visualizing the
Cayley tree X as dual to the T'g—tessellation of D (associated with the fundamental
domain R), one sees in light of the identification 90X = EX/{ that the map v is the
(Floyd-)Cannon-Thurston map from 9X to S' (cf. [Flo80)]).

Definition 6.5. Let X denote a Cayley graph of a group T'. Let g € T' (thought
of as a vertex of X ). The cone of g consists of the vertices h € X such that any
geodesic [1,g] followed by any geodesic [g, h] is a geodesic [1,h] in X joining 1, h.

The next result enables us to connect v to a suitable Patterson-Sullivan measure
on 0X.

Lemma 6.6. The Patterson-Sullivan measure on 0X (with respect to the base point
1 and the standard generating set) is given by the Parry measure .

Proof. Note that the number of words in Fy of length r is 2d- (2d—1)""1, for r > 1.
Hence, the Patterson-Sullivan measure on 90X (with respect to the base point 1 and
the standard generating set) is a weak limit of the measures

A+ Y mry (Zmzj 59) O+ Y mry (Zm:j 59)

2d-(2d—1)7—1 2d
1 + Z?:l ((2(1_1))3' 1 + 2d—n1

(1) pn:
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A straightforward computation now shows that the p,+,—mass of the cone at a
group element of length r is:
1 n+1
RN

which tends to W as n — +oo. It follows that the Patterson-Sullivan

measure on 0X assigns mass W to each cylinder set (in 9X) of rank r. In

view of the definition of u, the proof is now complete. O
Since v = ., we conclude the following result.

Proposition 6.7. The measure of mazximal entropy v of the Bowen-Series map A
is the push-forward of the Patterson-Sullivan measure p on 0X (with respect to the
base point 1 and the standard generating set) under the (Floyd-)Cannon-Thurston

map 1.

6.1.4. Tg—invariance of the MME of A. We now exploit the connection between
v and Patterson-Sullivan measures to exhibit I'gp—invariance of the measure class
of v.

Proposition 6.8. For each v € 'y, the measures v and v.v are mutually absolutely
continuous.

Proof. First note that the (Floyd-)Cannon-Thurston map ¢ semi-conjugates the
Fy—action on 90X to the I'p—action on S* [Flo80]. We will denote the element of
Fy corresponding to v € Ty by 7.

By Proposition and the previous paragraph, the measure v,v on S' is the
push-forward of the measure y,p on 0X under . Moreover, as p is a Patterson-
Sullivan measure on 9.X, it follows that 7, p and p are mutually absolutely continu-
ous (see [Co093, Theorem 5.4, Theorem 8.2]). It is now easy to see using the defini-
tion of push-forward of a measure that the measures v = v, (u) and Vv = Y. (Yupt)
are mutually absolutely continuous. O

Remark 6.9. For~ € Ty, the Radon-Nikodym derivative d(v.v)/dv can be written
in terms of ¥ and the Radon-Nikodym derivative d(V.u)/du, which in turn can be
computed from measures of cylinder sets (see [Coo93, §8] for a general method of
describing such Radon-Nikodym derivatives in terms of Busemann functions).

Now observe that the Bowen-Series map A does not depend only on the group
Ty, but also on the choice of the fundamental domain R. The translation of R
by an element v € I'y is a different fundamental domain v - R for I'j. We denote
the Bowen-Series map of T'g associated with the fundamental domain ~ - R by A”.
Clearly, AY = yo Ao~~!. Moreover, the unique measure of maximal entropy for
the A”—action on S' is given by .. Proposition now implies the following.

Corollary 6.10. The measures of mazimal entropy for the Bowen-Series maps
associated with the fundamental domains ~v- R (for v € Tg) are mutually absolutely
continuous. In particular, all these measures have the same Hausdorff dimension.

6.1.5. MME for matings of Bowen-Series maps and polynomials. Recall that The-
orem provides us with a conformal mating of the canonical extension A of the
Bowen-Series map A (associated with the fundamental domain R of T'g) and the
polynomial map 22¢~!. Also note that the restriction of this conformal mating on
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its Jordan curve limit set is topologically conjugate to Alsi. The following descrip-
tion of the measure of maximal entropy of the conformal mating now follows from

Propositions [6.1] and

Proposition 6.11. The unique measure of mazximal entropy of the conformal mat-
ing of A and 22071 restricted to the limit set is equal to the push-forward of the
normalized Lebesque measure m (which is the unique measure of maximal entropy
of 2247151 ) as well as the push-forward of the Patterson-Sullivan measure u on 0X
(with respect to the base point 1 and the standard generating set) under appropriate
conjugacies. In particular, the corresponding topological entropy is In(2d — 1).

6.1.6. Topological entropy of A from a group-theoretic perspective. The topological
entropy In(2d—1) of A can be related to the volume entropy of the group F,, which
measures the exponential growth rate of the number of words of length n in a group
(equivalently, the exponential growth rate of the number of group elements in a ball
of radius n around identity).

Lemma 6.12. The volume entropy of Fy with respect to the standard (symmetric)
set of generators and the critical exponent for the Fg—action on X are both equal
to In(2d — 1).

Proof. Recall that the number of words in Fy of length r is 2d - (2d — 1)"~1, for
r > 1. Hence,

. _ - L (2d —1)" — 1
#lg€Fa:lgl<n}=1+2d) (2d—1)"" = L+ 2d————,

r=1
from which it follows that the volume entropy is In(2d — 1).
Now consider the Poincaré series with exponent s:

50 ) _yn—1 ) - n
CFd(S) — Z e—s|g| — Z Z e — de (2d 68711) _ 2d2i - Z <2d€s 1) .
n=1

g€EF,y n=1geFy n=1
lgl=n

Clearly, the series converges if and only if 2d — 1 < €® <= s> In(2d—1). In
particular, the critical exponent is In(2d — 1). O

Remark 6.13. A connection between the topological entropy of Bowen-Series maps
associated with cocompact Fuchsian groups and the volume entropy of suitable hy-
perbolic groups was established in [Los14].

In [Sul84, Theorem 1], Sullivan proved equality of critical exponents and Haus-
dorff dimensions of limit sets for geometrically finite Kleinian groups. While the
analogous result for hyperbolic groups follows from general consideration (cf. [Co093,
Theorem 8.3] [KB02, Theorem 15.8]), we can give a simple proof in the present set-
ting.

Lemma 6.14. The Hausdorff dimension of the Gromov boundary of Fy equipped
with the visual metric (in base e) is equal to In(2d — 1). Moreover, the In(2d —
1)—dimensional Hausdorff measure ™24~ (on 0X ) and p are mutually abso-
lutely continuous.

Proof. The visual metric (in base e) on 0X is bi-Lipschitz to the ultra-metric given
by d(a,b) = eIl where ¢ is the bifurcation point for the geodesic rays [1,a) and
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[1,b). Hence, it suffices to compute the Hausdorff dimension of 0X with respect to
this ultra-metric.

We first note that the p-measure of a cylinder of rank n is equal to W.
On the other hand, the diameter of a cylinder of rank n is e~™. Thus,

1
B —n\) — B ~ 1n(2d71)'
MBo.e™) = gy = mBlar) ~r
The result now follows from standard results on Hausdorff dimension (for instance,
see [Fal03| Proposition 4.9]). In fact, we have shown that the In(2d—1)—dimensional
Hausdorff measure is positive and finite. The second statement is obvious from the
above proof. [

6.2. Maximal entropy measure for higher Bowen-Series maps. We now
carry out a similar analysis for the measure of maximal entropy of a higher Bowen-
Series map of a Fuchsian punctured sphere group. For simplicity of exposition, we
work with the thrice punctured sphere case.

Let us fix the Fuchsian thrice punctured sphere group I'y of Section and
a (closed) fundamental domain W given by the quadrilateral with vertices at the
fourth roots of unity. Further let A = A, ,ps : S! — S! be the associated higher
Bowen-Series map of I'g. As Alg: is topologically conjugate to z*|s1, the topological
entropy of A is equal to In(4). We denote the unique measure of maximal entropy
for Alst by v.

6.2.1. Topological dynamics. As A is an expansive circle covering of degree 4, there
exists a homeomorphism

¢:St =St
that conjugates p : z — 2% to A. Using the conjugacy ¢, one can write the measure
of maximal entropy v for Alg: as the push-forward measure ¢,.m.

+1 p+l 1
h

6.2.2. Symbolic dynamics. The pieces of A are given by g ,goh ™l hog™t.
Their intervals of definition yield a Markov partition (counter-clockwise starting at
1) for A with transition matrix

=
O = = O
O = = O
O~ = O

0
1
1
0
1

ORr Rk O

0 1 1 1 1
The above transition matrix gives rise to a one-sided subshift of finite type
oyt +
o Xy — Xy,
where EL consists of M —admissible infinite words in {1,2,---,6}", and o is the

left-shift map. As before, we metrize ¥}, with the usual ultra-metric (in base e).
Since A is expansive, one obtains a continuous surjection
Yo — St
that semi-conjugates o to A, and sends the cylinders of rank 1 to the Markov
partition pieces of A.
The Parry measure (i.e., the unique measure of maximal entropy) for the c—action
1

on 241\_/[ is given by the ‘uniform’ Markov measure i, that assigns mass g7 to each
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cylinder set of rank n + 1 (n > 0). The corresponding topological entropy is also
In(4) (note that 4 is the largest eigenvalue of M), and v = ¢, .

6.2.3. Patterson-Sullivan measure. We now turn our attention to the the free group
Fy =2 (g)x(h) with the generating set {g*!, h*!, goh=! hog=1} (which are precisely
the pieces of A).

We denote the Cayley graph of Fy with respect to the above (non-standard) gen-
erating set by X, and equip it with the word metric. Note that we can naturally
identify the Gromov boundary 0X with the shift space EL. With this identifi-
cation, the boundary at infinity of the cone at a generator is the corresponding
cylinder set in 7.

h2q71
[ e
hgilh
(hg™1)?
hg’1
2 h
hg n g
hg~1h—1 hgh71
—1 -1 —1
9 heT T 19 h _
ghg™" gh
2
g
g_2 g_1 1 g
gZh—l
-1
gh _
g—lh—l gh71g71 gh 19
(gh™1)?
gh™?
RlgT! et h™'g
h~lgh™1
h72

FIGURE 6. The words of length one and two in the Cayley graph of F» with
respect to the generating set {g*',h*!, goh™' hog™'} are displayed.

Remark 6.15. The higher Bowen-Series map A gives rise to a Markov map A
acting on the Gromov boundary 0X (such that A is orbit equivalent to the Fo—action
on 90X ) in the following way: for a € {g*',h*' goh™ ho g™}, the map A acts

on the boundary at infinity of Cone(a) as a™'.

Lemma 6.16. The Patterson-Sullivan measure on 0X (with respect to the base
point 1 and the generating set {gt',h* go h™' h o g~1}) is given by the Parry
measure (.
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Proof. Tt is easy to see from the generators and relations (equivalently, from the
Cayley graph depicted in Figure that the number of words of length r in Fy
(with respect to generating set {g*',h*!, goh ™ hog '} is 6-4""1 (r > 1). A
computation similar to the one in the proof of Lemma now readily shows that
the Patterson-Sullivan measure in question (on 0X) assigns mass zp—r to each
cylinder set (in 0X) of rank r. Thus, the Patterson-Sullivan measure agrees with
w on each cylinder set. O

Proposition 6.17. The measure of mazimal entropy v of the higher Bowen-Series
map A is the push-forward of the Patterson-Sullivan measure p on 0X (with respect
to the base point 1 and the generating set {g** h*', goh™' hog~1}) under v.

6.2.4. To—invariance of the class of v. Proposition[6.17, Fy—invariance of the mea-
sure class of the Patterson-Sullivan measure p (on 0X) [Co093, Theorem 5.4, The-
orem 8.2], and the fact that the map 1 semi-conjugates the F;—action on 0X to
the T'p—action on S! together imply the following.

Proposition 6.18. For each v € [y, the measures v and ~y,v are mutually abso-
lutely continuous.

6.2.5. MME for mating. According to Theorem [£.11] there exists a conformal mat-
ing of the canonical extension A of the higher Bowen-Series map A (associated with
the closed fundamental domain W of T'y) and the polynomial map z* such that the
restriction of this conformal mating on its Jordan curve limit set is topologically
conjugate to A|si. The interpretation of the measure v in terms of m and p implies
the following.

Proposition 6.19. The unique measure of mazximal entropy of the conformal mat-
mng off/l\ and z* restricted to the limit set is equal to the push-forward of the MME
of z* on S' as well as the push-forward of the Patterson-Sullivan measure on 0X
(with respect to the base point 1 and the generating set {g*',h*' goh™' hog™'})
under appropriate conjugacies. In particular, the corresponding topological entropy
is In(4).

6.2.6. Topological entropy, volume entropy, and Hausdorff dimension. Since there
are 6 - 4”1 words of length r in Fy (with respect to generating set {g*=!, h*! go
h=1,hog=!}), the arguments used in the proof of Lemmas apply mutatis
mutandis to the current setting and prove equality of volume entropy, critical ex-
ponent, and Hausdorff dimension of the Gromov boundary. Moreover, this number
coincides with the topological entropy of Als:.

Lemma 6.20.

(1) The volume entropy of Fy with respect to the generating set {g ,go
h=1,h o gt} and the critical exponent for the Fy—action on X are both
equal to In(4).

(2) The Hausdorff dimension of 0X equipped with the visual metric (in base
e) with respect to the generating set {g=*, h*' goh™ hog™'} is equal to
In(4). Moreover, the In(4)—dimensional Hausdorff measure H™% and p
(on 0X ) are mutually absolutely continuous.

+1 p+1
Jh

6.3. Hausdorff dimension of measure of maximal entropy: thrice punc-
tures sphere. Recall from Proposition that the measure of maximal entropy
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of the Bowen-Series map of a Fuchsian punctured sphere group does not lie in the
Lebesgue measure class. In this section, we will prove a sharper version of this fact
in the thrice punctured sphere case.

Specifically, we will show that the Hausdorff dimension

HD(v) := inf{HD(Y) : Y Cc S*, v(Y) =1}

of the MME v of the (higher) Bowen-Series map of a Fuchsian thrice punctured
sphere group is strictly less than 1. This statement should be compared with the
analogous result that except for some very special cases, the Hausdorff dimension
of the measure of maximal entropy of a rational map is strictly smaller than the
Hausdorff dimension of the Julia set [Zdu90].

In what follows, we will cook up a self-map of the interval [0, 1] from the (higher)
Bowen-Series map under consideration, and relate the Hausdorff dimension of the
MME of the (higher) Bowen-Series map to that of the MME of the associated self-
map. This will allow us to obtain the desired upper bounds. We note that while this
intermediate step is not essential for the Bowen-Series map (in this case, one can
obtain the upper bound of Proposition by working directly with the Bowen-
Series map), this method yields additional information in the higher Bowen-Series
case. Indeed, this reduction step connects the MME of the higher Bowen-Series map
to a classical measure from number theory, which makes known results applicable
to the current setting and gives a better estimate for the Hausdorff dimension of
the MME.

6.3.1. The Bowen-Series case. Since the Teichmiiller space of a thrice punctured
sphere is a singleton, we may, without loss of generality, work with the Bowen-Series
map Ag, introduced in Subsection Note that every non-identity element g in
the free group G, admits a unique shortest representation with respect to the
symmetric generating set {glil, 9211} introduced in Subsection The length of
this shortest representation is called the length of g (the length of the identity
element is defined to be zero). Recall that the ideal polygon in D with vertices at
the fourth roots of unity is a fundamental domain for the Gy—action on D, and
hence its translates under elements of Gy yield a tiling 7, of D. We call this
fundamental domain the rank 0 tile and its translate under an element g € G5 of
length k a rank k tile for the above tessellation.

We will use a specific symmetric property of the tessellation 7, which we now
describe. Following Section 3| we denote the ideal polygon in I with vertices at
the fourth roots of unity by R, and its edges by Cy1,Cys. Let us further denote
the anti-Mobius reflections in these edges by p+1, p+2, and the reflection group
generated by p+1, p+2 by §. Note that the polygon R is invariant under the actions
of R and ¢, where R is rotation by angle 7/2 and ¢ is the reflection in the real axis.
It follows that conjugation by R and ¢ act as permutations on the generating set
{p+1, p+2} of G, and hence R and ¢ conjugate G to itself. Hence, the G—tessellation
Tg of D arising from the fundamental domain R (closure taken in D) is preserved
by both R and ¢. Note furthermore that the relations g; = top; = p_;o0¢, i € {1,2},
and (—invariance of the tessellation Tg imply that the tessellations 7¢ and 7, are
the same. It follows that the tessellation 7q, of D is symmetric with respect to
7 /2—rotation R.

For the current purpose, it will be more convenient to work with the upper
half-plane model. To this end, consider the M&bius transformation M (z) = i(1 —
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2)/(1 + z) which carries the unit disk onto the upper half-plane such that M (1) =
0,M(i) =1,M(—1) = oo, and M(—i) = —1. Hence, M sends the ideal polygon in
D with vertices at the fourth roots of unity to the ideal polygon in H with vertices at
—1,0,1, and oco. The map M conjugates G5 to a discrete subgroup Gy of PSLy(R),
and transports the Gy—tessellation of D defined in the previous paragraph to a
G2—tessellation of H. One defines tiles of this tessellation and their ranks as in the
previous paragraph. Moreover, M conjugates the Bowen-Series map Ag, to the
map

t+ 2, t € [—o0,—1],
te [_17O]a
teo,1],

e
T:RU{oo} = RU{o0}, T(t) =4 _t_
-2t

t—2, te(l,+o00].

By construction, 7 maps [0, 5] to [0,1], [, 1] to [1,+0o0], and [§,1] to [—oco, —1]
(see Figure [7)).

Since Euclidean isometric rotation R : z ~— iz (about the origin) respects
the Go— tessellation of D, it follows that the conformal rotation Ryg(w) = M (i -
M~ (w)) = 1% € PSLy(R) (about i) respects the corresponding G2 —tessellation
of H.

This allows one to construct a self-map of [0,1) associated with 7:

) = % te[0,3),
F:0,1)=0,1), Fi={ Rg'on)®) = %5 te[53).

(REor)(t) = 2L tell1).
(See Figure ) The symmetry of the Ga-tessellation of H under the conformal
rotation Ry implies that F' sends the ideal vertices of tiles of a given rank to the
ideal vertices of tiles of the previous rank.

_ _ 101

1 0 1 1 0 3 3
FIGURE 7. Left: A fundamental polygon of the thrice punctured sphere Fuch-
sian group G = M o Gy o M~! with ideal vertices at 0,+1, and co. Right: A

tile of rank one with ideal vertices at 0, %, %, and 1 is shown.
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Let ¢ : S! — S! be the homeomorphism conjugating z3 to the Bowen-Series map
Ag, with ¢(1) = 1. As the chosen fundamental domain of Ag, is symmetric under
rotation by /2, one readily sees that the map ¢ commutes with z — iz. Using
this, it is straightforward to verify that the tripling map x5 : [0,1) — [0,1)

3z, T e [0, %) ,

xa(e) =4 3r—1,  welg3),
3v-2, =z€[31),

is topologically conjugate to F' via
H:[0,1] = [0,1], = — M(¢(E(z))), where F(z) = ™%,

Due to the conjugation property, the homeomorphism H sends the rational numbers
k/3™ (which are the n-th preimages of 0 under x3) to the ideal vertices of tiles of
rank n (which are the n-th preimages of 0 under F).

Also note that the Lebesgue measure m on [0,1] is the measure of maximal
entropy for x3, and hence,

(2) v = H.m

is the measure of maximal entropy for F'.

Lemma 6.21. Let v,v/ be the measures of maximal entropy of the Bowen-Series
map Ag, and the map F, respectively. Then, HD(v') = HD(v).

Proof. We first observe that the Mdbius map M : {¢? : 6 € [0,7/2]} — [0,1]
is bi-Lipschitz, and hence preserves Hausdorff dimension (this can, for instance,
be deduced from the fact that M(e?) = tan()). Thus, by definition of v/ (see
Equation , we have

HD(v') = HD((¢ o E).m).

Note that the measure F,(m) is simply the normalized Lebesgue measure on the
arc {e? : 0 € [0,7/2]} C St
Now choose A C S! with v(A) =1, and set A’ := An{e : 0 € [0,7/2]}. By
definition, the set ¢~1(A) has full measure with respect to the Haar measure m
on S!, and hence, m(¢~1(A’)) = 1/4 (here we have used the fact that ¢ maps the
first quadrant of S to itself). This implies that ¢~!(A’) is a full measure set with
respect to E,m, and thus in turn A’ is a full measure set with respect to (¢o E).mm.
Therefore,
HD((¢ o E).m) < HD(A") < HD(A).
Taking the infimum over all full v-measure subsets A of S, we conclude that
HD(v') = HD((¢ 0 E).m) < HD(v).

For the opposite inequality, pick A’ C {e% : § € [0,7/2]} with full (¢ o E).m-
measure. Define A to be the symmmetrization of A" under rotation by 7/2. As
»~1(A’) has full measure with respect to E,m, we have that m(¢—1(A4")) = 1/4.
Since ¢ commutes with multiplication by 4, it now follows that m(¢~1(A)) = 1;
i.e., A has v-measure 1. Therefore,

HD(v) < HD(A) = HD(A')
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Finally, taking the infimum over all full (¢ o E),m-measure subsets A’ of {¢? : § ¢
[0,7/2]}, we have that

HD(v) < HD((¢ o E),m) = HD(//).
O

Proposition 6.22. Let v be the measure of mazimal entropy of the Bowen-Series
map Ag,. Then, HD(v) < 1.

Proof. By Lemma it suffices to show that HD(+') < 1, where v/ is the measure
of maximal entropy of F (defined by Equation . The following relation between
Hausdorff dimension, entropy, and Lyapunov exponent is standard (see §10],

[HR92)):

/ In(3)
D =
) fol In |F'|dv'
(0,1)
y =1In(3)
(3,0)
(0’0) (%70) (%’O) (170) (0,0) (%,O) (1,0)

FIGURE 8. Left: The graph of F. Right: The graph of In |F”|.

We also have the following explicit description of In|F’| on (0,1)\ {3, 3}:

lnm, t e 0,%),
mF|E)={ WSz t€(53)
lnw—l27 te(%,l).

(See Figure[§])

Our goal is to show that In(3) is a strict lower bound for the Lyapunov exponent
of F. To this end, we first note that by definition of v/, the ideal vertices (in [0, 1])
of the tiles of rank up to three divide the unit interval into 3% sub-intervals each of
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which has v/-mass 1/3%. The endpoints of these intervals are displayed in Figure @

1 1 1 2 3 1 3 2
5 4 3 5 7 2 5 3
f@&———o— — o — @6 ——9o — ¢ — @ ——0—— o —-01]
1 1 2 3 3 2 3 5 7 5 4 5 54 5 7 53
7 6 9 13 1 7 § 13 17 12 9 1 97 811 7 14

FIGURE 9. The break-points of the piecewise definition of F' (which are the
ideal vertices of a rank one tile) are marked in red. The new ideal vertices of
the rank two, three tiles are displayed in green, orange (respectively). Each of

/ 1
the 27 complementary components has v’-mass 5.

Since In |F”| is increasing on (0, ) and (1, 3), and decreasing on (3,1), we have:

3
/11n|F’|du’
0
L WF(0)- F'(3) - F'(5) - F'(5) - F'(5) - F'(55) - F(3) - F'(57) - I (3)|

13 11
33
L lF () F(§) - F(gp) - F'(5) - F'(35) - F'(33) - F'(3) - F'(5) - F' (1)l
33
L IFE) - F'G)-FG) - F'Q)- PG - FG) -FG) - FE) - FO)
33

~ 1.201 > In(3).

(The number 1.201 above is obtained by explicit numerical computation using the
formula of In|F’| given above, and is correct up to 3 decimal places.)

Hence, HD (/) = flhlf‘% <1. O
0

6.3.2. The higher Bowen-Series case. We will now show that the Hausdorff dimen-
sion of the MME v of the higher Bowen-Series map A of Section [£.1] is strictly
less than 1. To simplify computations, we will first apply a reduction step that
will allow us to work with a degree —2 covering of S! (note that A is a degree 4
covering of the circle). This will also relate the Hausdorff dimension of v to that of
a classically studied measure arising naturally from the Minkowski question-mark
function @ (see [Den38|, [Sal43, [Kin60] for details on the question-mark function).

For consistency, we will use the notation employed in Section Recall that
W is a (closed) ideal quadrilateral in I with ideal vertices at the fourth roots
of unity (the quadrilateral 1236 in Figure [3). The Mobius maps g,h pair the
sides of this quadrilateral (as shown in Figure [3)), and generate a thrice punctured
sphere Fuchsian group I'g. Moreover, W is a (closed) fundamental domain of T'y.
The fundamental domain of the higher Bowen-Series map A is given by the ideal
hexagon 123567, while the inner domain of A is the ideal triangle 136.

Let us denote reflections in the hyperbolic geodesics 13,36, and 61 by 1,72, 3.
With this notation, the side-pairing transformations g and h are given by 79 o 1y
and 73 o r1, respectively. It is also readily checked that the map A : St — S! is the
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second iterate of the piecewise reflection Markov map

ri(z) ifze 1/2\37
R:S' =S 2 ra(z) if 2 € 356,
r3(z) if z € 671.

Hence, the circle endomorphisms A and R have the same measure of maximal
entropy.

We will now relate the map R to a well-studied orientation-reversing double
covering of S!'. Note that as any pair of hyperbolic ideal triangles are Mobius
equivalent, the triangle A136 of Figure [3]is M6bius equivalent to the reqular ideal
polygon IT C D with vertices at the third roots of unity. The Nielsen map py : S' —
St of the regular ideal triangle reflection group is defined as anti-Mobius reflections
in the three sides of IT on the three corresponding arcs of S! (see Figure [10| for a
pictorial illustration and [LLMM?22, §2], [LLMMI19, §4.1] for the precise definition
and properties of this map). The Mobius equivalence of A136 and II implies that
the map PR is Mdbius conjugate to po. Moreover, the fact that Mdbius maps are
bi-Lipschitz tells us that the Hausdorff dimension of the MME v of the higher
Bowen-Series map A is equal to the Hausdorff dimension of the MME of p,.

FIGURE 10. The action of the Nielsen map po of the ideal triangle
group is depicted.

Figure The Nielsen map p» acts on the arcs 16%, e*F e’ and e 1 of S

)
27 27wi 4w

as reflections in the bi-infinite hyperbolic geodesics les , e3 e3 , and e's 1, re-
spectively. It naturally extends as a piecewise anti-Mobius map to the complement
of the ideal triangle IT (in grey) in D.

Applying the construction of Subsection to the upper half-plane model
of po (such that the ideal triangle in D with vertices at the third roots of unity
corresponds to the ideal triangle in H with vertices at 0, 1, 0c0) combined with the
arguments of Lemma[6.21] one can show that the Hausdorff dimension of the MME
of ps is equal to the Hausdorff dimension of the MME of the orientation-reversing
degree two map

F:[0,1)—[0,1), 7(t)= { =
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We refer the reader to [LLMMI19, §9] for the details of this construction. It is also
shown there that the map F' is topologically conjugate to the orientation-reversing
doubling map
| =241 (mod 1) z€0,3),
X-2(w) = { —2r+2 (mod 1) =z € [4,1),
via the question-mark function. Hence, the MME of F is given by the push-forward
-1
of the Lebesgue measure on [0, 1] under (7). According to [KS08], the Hausdorff
dimension of this measure is strictly less than 1. In fact, it is shown there that the
Hausdorff dimension of the push-forward of the Lebesgue measure on [0, 1] under

@71 is approximately 0.875 (see [KS08| Figure 2, §3]). We collect the upshot of
the above analysis in the following proposition.

Proposition 6.23. Let v be the measure of maximal entropy of the higher Bowen-
Series map A of a Fuchsian thrice punctured sphere group. Then,

HD(v) ~ 0.875 < 1.

6.4. Some open questions. We conjecture that the results of Section [6.3 hold in
greater generality.

Question 6.24. Let v be the measure of maximal entropy of a (higher) Bowen-
Series map of a Fuchsian punctured sphere group. Is

HD(v) := inf{HD(Y) : Y c S!, v(Y) =1}
less that 17

Henceforth we will assume that k > 3, so that the surface Sy has a non-trivial
Teichmiiller space.

We believe that the Hausdorff dimension of the limit set of the conformal mat-
ing of Ar g (respectively, Ar ngs) and P, where I' € Teich(Sy 1) and P € Hop—3
(respectively, P € H(_1)2), is strictly greater than 1. The next question is moti-
vated by Bowen’s theorem on Hausdorff dimension of quasi-Fuchsian limit sets (cf.
[BowT9]).

Question 6.25. Do the Hausdorff dimensions of limit sets of the above class of
conformal matings attain its global minimum at a unique point?

The following questions are motivated by results of McMullen on variation of

Hausdorff dimensions of limit sets and naturally associated measures living on them
(cf. [McMOg]).

Question 6.26. How does the Hausdorff dimension of the measure of mazimal
entropy of the (higher) Bowen-Series map vary as the marked group runs over
Teich(So ) ?

Question 6.27. How does the Hausdorff dimension of the limit set of the conformal
mating of Ar s (respectively, Arnps) and P vary as T’ runs over Teich(Sy ) and
P runs over Hap_1 (respectively, over H,_1y2)?

REFERENCES

[AIMO09] K. Astala, T. Iwaniec, and G. Martin. Elliptic partial differential equations and qua-
stconformal mappings in the plane, volume 148 of Princeton Mathematical Series.
Princeton Univ. Press, Princeton, NJ, 2009.



[AKU21a]

[AKU21b)
[BB04]
[BCM12]
[BL20]
[BL21]
[BP94]
[Bow79]
[BS79]
[BS02]
[Co093]

[CRS0]

[Dav88]
[Den38]
[Dou83|

[ECH+92]

[Fal03]
[FLMn83)
[Flo80]
[FWO03]
[HR92]
[Kin60]

[KB02]

[Kiw04]
[KS08]

[KU07]

THE SULLIVAN DICTIONARY AND BOWEN-SERIES MAPS 37

A. Abrams, S. Katok, and I. Ugarcovici. Flexibility of measure-theoretic entropy
of boundary maps associated to Fuchsian groups. Ergodic Theory Dynam. Systems,
https://doi.org/10.1017/etds.2021.14, 2021.

A. Abrams, S. Katok, and I. Ugarcovici. Rigidity of topological entropy of boundary
maps associated to Fuchsian groups. https://arxiv.org/abs/2101.10271, 2021.

J. F. Brock, and K. Bromberg. Density of Geometrically Finite Kleinian Groups. Acta
Mathematica , 192:33-93, 2004.

J. F. Brock, R. D. Canary, and Y. N. Minsky. The Classification of Kleinian surface
groups II: The Ending Lamination Conjecture. Ann. of Math. (2), 176(1):1-149, 2012.
S. Bullett and L. Lomonaco. Mating quadratic maps with the modular group II.
Inventiones Mathematicae, 220:185-210, 2020.

S. Bullett and L. Lomonaco. Dynamics of modular matings. https://arxiv.org/abs/
1707.04764v2, 2021.

S. Bullett and C. Penrose. Mating quadratic maps with the modular group. Inven-
tiones Mathematicae, 115:483-511, 1994.

R. Bowen. Hausdorff dimension of quasicircles. Inst. Hautes Etudes Sci. Publ. Math.,
50:11-25, 1979.

R. Bowen and C. Series. Markov maps associated with Fuchsian groups. Inst. Hautes
Etudes Sci. Publ. Math., 50:153—170, 1979.

M. Brin and G. Stuck. Introduction to dynamical systems. Cambridge University
Press, Cambridge, 2002.

M. Coornaert. Mesures de Patterson-Sullivan sur le bord d’un espace hyperbolique au
sens de Gromov. Pacific J. Math., 159(2):241-270, 1993.

E. M. Coven and W. L. Reddy. Positively expansive maps of compact manifolds.
In Global theory of dynamical systems (Proc. Internat. Conf., Northwestern Univ.,
Evanston, Ill., 1979), volume 819 of Lecture Notes in Math., pages 96-110. Springer,
Berlin, 1980.

G. David. Solutions de I’équation de Beltrami avec ||u|| = 1. Ann. Acad. Sci. Fenn.
Ser. A I Math., 13:25-70, 1988.

A. Denjoy. Sur une fonction réelle de Minkowski. J. Math. Pures Appl., 17:105-151,
1938.

A. Douady. Systémes dynamiques holomorphes. In Séminaire Bourbaki, volume
1982/83, pages 39-63. Astérisque, 105-106, Soc. Math. France, Paris, 1983.

D. B. A. Epstein, J. W. Cannon, D. F. Holt, S. V. F. Levy, M. S. Paterson, and W. P.
Thurston. Word processing in groups. Jones and Bartlett Publishers, Boston, MA,
1992.

K. Falconer. Fractal geometry. John Wiley & Sons, Inc., Hoboken, NJ, second edition,
2003. Mathematical foundations and applications.

A. Freire, A. Lopes, and R. Mané. An invariant measure for rational maps. Bol. Soc.
Brasil. Mat., 14(1):45-62, 1983.

W. J. Floyd. Group completions and limit sets of Kleinian groups. Invent. Math.,
57:205-218, 1980.

D. Fisher and K. Whyte. When is a group action determined by its orbit structure?
Geom. Funct. Anal., 13(6):1189-1200, 2003.

F. Hofbauer and P. Raith. The Hausdorff dimension of an ergodic invariant measure
for a piecewise monotonic map of the interval. Canad. Math. Bull., 35:84-98, 1992.
J. R. Kinney. Note on a singular function of Minkowski. Proc. Amer. Math. Soc.,
11:788-794, 1960.

I. Kapovich and N. Benakli. Boundaries of hyperbolic groups. In Combinatorial and
geometric group theory (New York, 2000/Hoboken, NJ, 2001), volume 296 of Con-
temp. Math., pages 39-93. Amer. Math. Soc., Providence, RI, 2002.

J. Kiwi. Real laminations and the topological dynamics of complex polynomials. Adv.
Math., 184(2):207-267, 2004.

M. Kessebchmer and B. O. Stratmann. Fractal analysis for sets of non-differentiability
of Minkowski’s question mark function. J. Number Theory, 128:2663—-2686, 2008.

S. Katok and I. Ugarcovici. Symbolic dynamics for the modular surface and beyond.
Bull. Amer. Math. Soc. (N.S.), 44(1):87-132, 2007.


https://doi.org/10.1017/etds.2021.14
https://arxiv.org/abs/2101.10271
https://arxiv.org/abs/1707.04764v2
https://arxiv.org/abs/1707.04764v2

38

[LLM22]

[LLMM22]

[LLMM19]

[LMM22]

[LMMN20]

[Los14]
[Lyu83]
[McMOog]
[Min10]
[Mj14a]
[Mj14b)
(Mj17]

[Mj22]

[MM21]
[Mn83]

[MS13]
[MS17]

[Pat76]

[PU10]

[Sal4d3]

[Ser81]
[Ser86]

[SpagT]
[Sta04]
[Sul79]

[Sulg4]

MAHAN MJ AND SABYASACHI MUKHERJEE

R. Lodge, Y. Luo, and S. Mukherjee. Circle packings, kissing reflection groups and
critically fixed anti-rational maps. Forum Math. Sigma, vol. 10, e3, 2022.

S.-Y. Lee, M. Lyubich, N. G. Makarov, and S. Mukherjee. Dynamics of Schwarz
reflections: the mating phenomena. https://arxiv.org/abs/1811.04979v3, to appear
in Ann. Sci. Ec. Norm. Supér. (4), 2022.

R. Lodge, M. Lyubich, S. Merenkov, and S. Mukherjee. On dynamical gaskets gener-
ated by rational maps, Kleinian groups, and Schwarz reflections. https://arxiv.org/
abs/1912.13438v1, to appear in Conform. Geom. Dyn., 2022.

K. Lazebnik, N. G. Makarov, and S. Mukherjee. Bers slices in families of univalent
maps. Math. Z., 300:2771-2808, 2022.

M. Lyubich, S. Merenkov, S. Mukherjee, and D. Ntalampekos. David extension of
circle homeomorphisms, welding, mating, and removability. https://arxiv.org/abs/
2010.11256v2, 2020.

J. Los. Volume entropy for surface groups via Bowen-Series-like maps. J. Topol.,
7(1):120-154, 2014.

M. Lyubich. Entropy properties of rational endomorphisms of the Riemann sphere.
Ergodic Theory Dynam. Systems, 3(3):351-385, 1983.

C. T. McMullen. Thermodynamics, dimension and the Weil-Petersson metric. Invent.
Math., 173(2):365-425, 2008.

Y. N. Minsky. The Classification of Kleinian surface groups I: Models and Bounds.
Ann. of Math. (2), 171(1):1-107, 2010.

M. Mj. Cannon-Thurston Maps for Surface Groups. Ann. of Math. (2), 179(1):1-80,
2014.

M. Mj. Ending Laminations and Cannon-Thurston Maps, with an appendix by S. Das
and M. Mj. Geom. Funct. Anal., 24:297-321, 2014.

M. Mj. Cannon-Thurston Maps for Kleinian Groups. Forum Math. Pi 5, el, 49 pp.,
2017.

M. Mj. Motions of limit sets: a survey. Proceedings of Workshop on Teichmiiller
and Grothendieck—Teichmiiller theories held at the Chern Institute of Mathematics
of Nankai University (Tianjin), on July 24-30, 2016, pg 125-163, Advanced lectures
in Mathematics series, International Press, 2022 (to appear), http://www.math.tifr.
res.in/~mahan/cmotions.pdf,

M. Mj and S. Mukherjee. Combining rational maps and Kleinian groups via orbit
equivalence. https://arxiv.org/abs/2103.00835v1, 2021.

R. Mafié. On the uniqueness of the maximizing measure for rational maps. Bol. Soc.
Brasil. Mat., 14(1):27-43, 1983.

M. Mj and C. Series. Limits of Limit Sets I. Geom. Dedicata 167, pages 35-67, 2013.
M. Mj and C. Series. Limits of Limit Sets II: geometrically infinite groups. Geom.
Topol., 21(2):647-692, 2017.

S. J. Patterson. The limit set of a Fuchsian group. Acta Math., 136(3-4):241-273,
1976.

F. Przytycki and M. Urbarniski. Conformal fractals: ergodic theory methods. London
Mathematical Society Lecture Note Series, 371. Cambridge University Press, Cam-
bridge, 2010.

R. Salem. On some singular monotonic functions which are strictly increasing. Trans.
Amer. Math. Soc., 53:427-439, 1943.

C. Series. Symbolic dynamics for geodesic flows. Acta Math., 146(1-2):103-128, 1981.
C. Series. Geometrical Markov coding of geodesics on surfaces of constant negative
curvature. Ergodic Theory Dynam. Systems, 6(4):601-625, 1986.

R. J. Spatzier. An example of an amenable action from geometry. Ergodic Theory
Dynam. Systems, 7(2):289-293, 1987.

M. Stadlbauer. The return sequence of the Bowen-Series map for punctured surfaces.
Fund. Math., 182(3):221-240, 2004.

D. Sullivan. The density at infinity of a discrete group of hyperbolic motions. Inst.
Hautes Etudes Sci. Publ. Math., 50:171-202, 1979.

D. Sullivan. Entropy, Hausdorff measures old and new, and limit sets of geometrically
finite Kleinian groups. Acta Math., 153(3-4):259-277, 1984.


https://arxiv.org/abs/1811.04979v3
https://arxiv.org/abs/1912.13438v1
https://arxiv.org/abs/1912.13438v1
https://arxiv.org/abs/2010.11256v2
https://arxiv.org/abs/2010.11256v2
http://www.math.tifr.res.in/~mahan/cmotions.pdf
http://www.math.tifr.res.in/~mahan/cmotions.pdf
https://arxiv.org/abs/2103.00835v1

THE SULLIVAN DICTIONARY AND BOWEN-SERIES MAPS 39

[Sul85] D. Sullivan. Quasiconformal Homeomorphisms and Dynamics I: Solution of the Fatou-
Julia problem on Wandering Domains. Annals of Math. (2), 122:401-418, 1985.

[Wal82] Peter Walters. An introduction to ergodic theory, volume 79 of Graduate Texts in
Mathematics. Springer-Verlag, New York-Berlin, 1982.

[Zdu90] A. Zdunik. Parabolic orbifolds and the dimension of the maximal measure for rational

maps. Invent. Math., 99(3):627-649, 1990.

SCHOOL OF MATHEMATICS, TATA INSTITUTE OF FUNDAMENTAL RESEARCH, MUMBAI-40005,
INDIA

Email address: mahan@math.tifr.res.in

Email address: mahan.mj@gmail.com

URL: http://www.math.tifr.res.in/ “mahan

SCHOOL OF MATHEMATICS, TATA INSTITUTE OF FUNDAMENTAL RESEARCH, MUMBAI-40005,
INDIA

Email address: sabya@math.tifr.res.in

Email address: mukherjee.sabya860@gmail.com

URL: http://www.math.tifr.res.in/"sabya/



	1. Introduction
	Acknowledgments
	2. Mateability
	3. Bowen-Series maps of Fuchsian punctured sphere groups
	3.1. Bowen-Series maps for General Fuchsian groups
	3.2. Bowen-Series maps for punctured spheres
	3.3. Mateability of Bowen-Series maps

	4. Folding and higher Bowen-Series maps for Fuchsian groups
	4.1. A completely folding mapand a higher degree map without foldingfor the sphere with three punctures
	4.2. Folding and higher degree maps for general punctured spheres
	4.3. Consequences
	4.4. Two non-examples

	5. Invariant laminations and Bers boundary groups
	6. Measures of maximal entropy and Patterson-Sullivan measures
	6.1. Maximal entropy measure for Bowen-Series maps
	6.2. Maximal entropy measure for higher Bowen-Series maps
	6.3. Hausdorff dimension of measure of maximal entropy: thrice punctures sphere
	6.4. Some open questions

	References

