Abstract

We consider induced representations Indg ((5)) 7, where P is a maximal parabolic subgroup of a reduc-
tive group G over a p-adic field F', and (, V') is a unitary supercuspidal representation of M(F'), M being
some Levi subgroup of P. Imposing a certain ‘Heisenberg parabolic subgroup’ assumption on P, we apply
the method of Goldberg, Shahidi and Spallone to obtain an expression for a certain constant R(7), which
captures the residue of a family s — A(s, 7, wo) of intertwining operators associated to this situation, in
terms of harmonic analysis on the twisted Levi subgroup M(F) := M(F)wo. For G absolutely almost
simple and simply connected of type G2 or Dy (resp., Bs), and P satisfying the ‘Heisenberg’ condition,
if the central character of 7 is nontrivial (resp., trivial) on Am(F'), where Awm is the connected center of
M, our formula for R(7) can be rewritten in terms of the Langlands parameter of 7, in the spirit of a
prediction of Arthur. For the same collection of G and P, when these central character conditions are not
satisfied, Arthur’s prediction combined with our formula for R(7) suggests a harmonic analytic formula
for a product of one or two ~-factors associated to the situation.
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1 Introduction

Let P = M N be the Levi decomposition of a maximal parabolic subgroup of a connected reductive group G
over a finite extension F' of Q,. Let (7, V) be an irreducible unitary supercuspidal representation of M(F)
(over the complex numbers), viewed also as a representation of P(F') by inflation.

Assume that there exists wy € G(F'), normalizing M and taking P to an opposite parabolic subgroup, such
that there is an isomorphism 7 (wp) : wor := moIntwy ' — 7 of representations of M(F). In the language of
the representation theory of twisted spaces (recalled in Section 2), choosing such an isomorphism is equivalent
to choosing an extension 7 : M(F) — GL¢(V) of 7 to a representation of M(F), where M = Mwy, C G
is viewed as a twisted space with underlying group M. Under this condition, the question of when the
representation Indg(p 7 (normalized parabolic induction) is irreducible is interesting, because the answer
is conjecturally related to L-functions. More precisely, one expects the following to be equivalent whenever
the condition wom = 7 is satisfied:

(1) Indg((g)) 7 is irreducible;

(ii) The meromorphic family s — A(s, 7, wp) of intertwining operators associated to this situation has a
pole at s = 0;

(iii) One of the (conjectural-in-general) L-functions L(s,m,r;) associated to this situation has a pole at
s =0.

(We refer to the body of the paper for the unexplained terminology used in this introduction, such as the
intertwining operators A(s, 7, wo) and the L-functions L(s,,r;) referred to above). Here, the equivalence
of (i) and (ii) above is known — it is a theorem of Harish-Chandra, recalled in Theorem 2.7 below. The
equivalence of (ii) and (iii) is necessarily conjectural because the L-functions L(s,m,r;) themselves are. In
fact, since local L-functions are determined by their poles, one could even try to define the L-functions
L(s,m,r;) by forcing the equivalence of (ii) and (iii) (e.g., this is how certain L-functions are defined in
Appendix A.2 of [67]).

In [52], F. Shahidi pioneered a program to compute the residue of this family s — A(s, m,wp) in terms of
twisted harmonic analysis on M(F') — or rather harmonic analysis on M(F') — and in particular to figure
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out when s — A(s, 7, wg) has a pole at s = 0 (and thus get a local definition of certain local L-functions).
This program developed further in a series of papers by D. Goldberg and F. Shahidi, thereafter in works of
S. Spallone, and subsequently in works by L. Cai, W.-W. Li, B. Xu and X. Yu (see, e.g., [21], [22], [23], [53],
[58], [37], [12], [69]).

Before going ahead, let us comment a bit more on the scope of this approach. A more precise version
of the equivalence of (ii) and (iii) above is given by Langlands’ conjectural normalization of intertwining
operators. A still more precise version is given by Arthur’s local intertwining relation as stated in [3, Section
7], especially the two statements of Conjecture 7.1 there, involving an appearance, motivated by the work
of Shahidi, of the A-constants defined by Langlands to study the behavior of e-factors under induction. In
the rest of this paper, we will use the boldfaced A instead of A to refer to these constants.

While we will not describe the local intertwining relation, we will describe what we expect from it under some
additional assumptions, including that s — A(s,m,wp) has a pole at s = 0, or equivalently, that Indg((g)) T
is irreducible. Let us first explain how the residue of s — A(s, 7, wg) at s = 0 can be thought of as a single

scalar R(7) in this case.

(F)
(F)
s o Int wal. The residue of the family s — A(s, 7, wp) at s = 0 can then be thought of as a map

()

Each A(s,m,wp) is an operator Indg T — Indg(F) wo(ms), where 7, is a certain twist of 7, and wq(7ws) =

Apes(m,wp) : Indg((g)) ™ Indg((g)) WoT
of G(F')-representations (this is well-known, but we anyway give a proof in Proposition 2.11). On the other
hand, the choice of the isomorphism 7(wp) : wom = 7 (or equivalently, of the extension 7 of 7) gives us a
map ¢ : Indg((g)) (wom) — Indg((g)) 7 of representations of G(F'): it sends an element of Indg'((g)) (wom), thought
of as a map from G(F) to the space V of wym, to its composite with 7(wp). Then we have

G(F G(F
fo Ares(ﬂ-a wO) : IndP((F)) T IndP((F)) 4B

G(F) G(F)
P(F) P(F)
irreducible, it follows that £ o Aes(m, wp) is given by multiplication by a scalar, which is what we are calling
R(7).

Thus, we can describe the main question of interest in this project as:

Question: What is the scalar R(7), say in terms of the Langlands parameter of 7?

Of course, there are some choices to be made for this question to even make sense, as we now describe,
temporarily assuming that G is quasi-split and that 7 is generic:

a self-map of the G(F')-representation Ind 7. Since we are considering the case where Ind T is

e One needs to choose a measure on N(F'), used in the definition of A(s, 7, wg). For this, there is a
standard choice in Langlands-Shahidi theory (see [54, Remark 8.2.2]), depending on a choice of a
pinning of G and an additive character ¢ : F — C*, which we adopt. (This is also the measure that
Arthur describes in [4, Section 2.3]). Here, we assume that the Borel pair underlying the pinning is
contained in (P, M).

e One needs to choose the ‘Weyl group representative’ wg. The pinning that we have temporarily fixed
on G gives rise to such a representative w, as described in [3, Section 7.1].

e Under the assumption that 7 is generic with respect to the Whittaker datum determined by the pinning
and ¢, we can ‘Whittaker normalize’ the extension 7 of 7 by requiring that 7 (w,) induce the identity
map on the space of Whittaker functionals for this Whittaker datum.



Under these assumptions, at least in the cases that we are interested in for this paper, we expect an expression
for R(7) of the following form:

R(ﬁ) = Awo (1/}) - Ress=o (H '7(i377rvri>1/})_1) . (1)

i=1

When 7 is not generic, one cannot normalize 7(wg) as above; rather, Arthur proposes to balance the choice
of the extension 7 with other constants that depend on it and are involved in endoscopy for the twisted
space M(F) In this paper, for simplicity we will not concern ourselves with this subtlety, though we do not
anticipate a structural obstruction to doing so. Rather, when 7 is not generic, or G is not quasi-split, we
will only normalize 7 up to a sign, and expect R(7) to be given by an expression as in (1) up to a sign.

Note that the right-hand side of (1) is very closely related to the relevant Shahidi local coefficient. This is
not surprising: one should be able to relate R(7) to local coefficients using Shahidi’s work, along the lines
of [4, Section 2.5].

Thus, as of now, the two main steps involved in this program can be described as follows:

(a) The harmonic analytic part. Develop the formalism of Goldberg and Shahidi, as taken further by
Spallone and Yu, to get an expression for R(7) in terms of harmonic analysis associated to M(F). This
step should consist purely of harmonic analysis.

(b) From the harmonic analytic formula to a Galois-side expression. Either:

e Derive from the resulting harmonic analytic expression for R(7), an expression equivalent to (1),
under additional hypotheses such as endoscopic character identities (if 7 is not generic, we would
like to get such an expression up to a sign that is as explicit as possible); or

e In case we know R(7) by other means, see what this means for the harmonic analytic expression
obtained in (a).

It is not clear what (b) will entail in general. In many cases, such as in [55], [37] and [12], endoscopic character
identities together with the (refined) formal degree conjecture have been seen to help, leaving the tantalizing
question of why, in other cases, the expression from (a) should be related to (1) at all. Based on examples
studied in this paper, and an example each from [53] and [55], it seems to us that, just as the formal degree
conjecture expresses an adjoint gamma value in terms of harmonic analysis, there should be other gamma
values that have harmonic analytic expressions, which should combine with endoscopic character identities
to help conclude (b) from (a) in many cases.

The main results of this paper can then be summarized as follows, in the representative situation when G is
absolutely almost simple and simply connected:

e We do (a) above in cases where G is of type B,(n > 3), D,(n > 4), Eg, E7, Eg, Fy or G and P = MN
is a ‘Heisenberg’ parabolic subgroup (see Notation 3.3 or later in this introduction). Here our approach
is closer to Spallone’s than Yu’s. See Theorem 9.3.

e Further restricting to the Go and Dy cases (resp., the Bs-case):

— Assuming that the restriction of the central character of 7 to the maximal split torus Ay (F') in
the center of M(F') is nontrivial (resp., trivial), we use the Labesse-Langlands character identities
(resp., the Schur orthogonality relations) and the refined formal degree conjecture to do some
version of (b) above. See Theorems 10.53, 10.55 and 10.56.



— Assuming that the restriction of the central character of m to Ay (F) is trivial (resp., nontrivial), we
observe, using straightforward manipulations (resp., the Labesse-Langlands character identities),
that if (1) is true, then that would give character theoretic formulas for certain (products of)
gamma values. See Theorems 10.59, 10.61 and 10.63.

We now explain the main steps of the Goldberg-Shahidi program as we understand it, providing simultane-
ously a section-by-section description of the results of this paper.

We hope this description matches earlier works such as those of Goldberg and Shahidi at least philosophically,
if not in a lot of the detail. We must caution the reader that treating more general cases than are considered
in this paper would require some of these details to change. The reader who is only interested in a more
detailed description of the results, and not in the methods employed in deriving the harmonic analytic
formula of (a) above, can skip directly to Step 6 and Step 7. In the following steps, we will frequently use
terminology that is defined only in the body of the paper and not in this introduction.

Step 1. Preliminary simplifications. In this step, the problem is expressed as one of computing the residue at
s = 0 of an expression 9J(s) = 9, £(s). Here ¢ varies over C2°(n(F")) (where n = Lie N: we follow the standard
convention that if an algebraic group is denoted by a roman letter, its Lie algebra will be denoted by the
corresponding fraktur letter), and ¢ over matrix coefficients of the chosen representation 7 of M(F) extending
7. In the body of the paper (in contrast to this introduction), we do not assume that such a 7 exists, but
only that the central character of 7 is invariant under wg. In this case, we recover Harish-Chandra’s result
that s — A(s, 7, wp) is holomorphic at s = 0 if such a 7 does not exist.

Let us explain this step a bit more. Once one unpacks the definition of R(7), one finds that for all v €
Indg((ﬁ)) m and % in the vector space dual of Indg((g)) 7, we have an equality (see (18)):

R(7){u,v) = Ress—o{@ 0 £,ns A(s,m,wp)(tns))

(where, as per our convention mentioned above, we refer to the body of the paper for the definition of 7;).

Following Shahidi, we use a lemma of Rallis to make convenient choices of (@, v), indexed by a triple (¢, u, v)
consisting of a ¢~ € C°(N™(F)), v in the space V of the inducing representation 7, and w in the space V'
of its contragredient 7¥. An important map that is used to pass from the integral over N(F) (which occurs
in the definition of A(s,,wp)) to harmonic analysis on M(F) is the map N’ := (NNwoPN~) — M that
sends each n € N’ to the unique 7 € M such that n € mNN~ € wo MNN™ = woPN~. A variant of this
map will be more convenient to us: the map

m 0’ = log(N') — M,

where mX is the unique element in M such that exp(X)~* € N" N-(mX) € N" Pw; ' = N” NM.

After some preliminary simplifications and a change of variables, one arrives at an expression of the following
form (see Corollary 2.24): letting ¢ = ¢~ o Intwy o exp € C°(n(F)), letting v/ = w o 7(wy) and v/ =
7(wo)~(v), and letting d* X be the measure on n'(F) = log N'(F) given by dp(mX - wp)~/2dX for a Haar
measure dX on n(F), we have

R(7)p(0)(u,v) = Ress=0 ¥, ¢ , (9),

P€ur v

where &,/ ,+ is the matrix coefficient for 7 associated to u’ and v’ (i.e., given by 7 + (u/, 7(1h)v')), and
9 =gl = [ EENIRN) o0 )
n/

(as before, see the body of the paper for the definition of f)B).



The formula (2) is the output of Step 1, which holds without any further assumption on (G,P, M, N, );
specifically, for this step we only require that Int wy takes P to an opposite parabolic subgroup and M to
itself, and that wom = . This step is carried out in Section 2.

Step 2. An integration formula for unipotent radicals. (2) still involves an integral over n’(F), rather than
just objects related to M(F'). The idea is to transfer the integral from n'(F) to M(F') (or, more precisely, to
some object associated with M(F')), using the map m : n’ — M defined above.

In previous works (by other authors), this step has heavily depended on the structure of (G, P, M, N), and this
paper is no different in this respect. This step seems to be the simplest whenever N has a single Zariski-dense
M-orbit, i.e., whenever the representation of M on n is prehomogeneous. This includes the case where P is a
Siegel parabolic subgroup of a quasi-split special orthogonal or symplectic group (treated in [52]), the case
where P is a Siegel parabolic subgroup of a unitary group (treated in [20]), and the case where N is abelian
(treated in [53]). Some additional situations have been handled in [68]. In all these cases, there are two
simplifying features: first, there exists a dense open subset of n(F') having only finitely many M(F)-orbits;
and secondly, the map m : n’ — M is finite-to-one on the Zariski open M-orbit in n. These factors make it
easy to express the integral in (2) over w'(F) in terms of integrals associated with M(F).

In contrast, the case where N does not have a Zariski dense M-orbit is much harder, and seems to need
some kind of a structure theory for the action of M on n. So far, all the work done in this case has involved
orthogonal, symplectic, or unitary groups, where one has convenient matrix realizations to work with. See
[21], [22], [23], [69] and [42]. The idea in general is, roughly, to obtain an ‘integration formula’ to evaluate
the integral of a function on n'(F') with respect to d*X. This formula bears a formal resemblance to a Weyl
integration formula, but involves nonmaximal ‘torus subspaces’ (T, T) of M(F) with T C M a nonmaximal
torus and T = Twy ' C M.

In Sections 3, 4, and 5 of this paper, we carry this step out under a ‘Heisenberg hypothesis’ (see Notation
4.1 and Notation 3.3). Let us first describe the contents of Section 3, where the structure of the action
of Mz on np is studied (we subscript with F to indicate a base-change to F). The hypothesis that we
impose on (Gg,Pz) is discussed at the beginning of this section (in which we write G and P for Gz and
Pz). In the case where G is absolutely almost simple, our hypothesis amounts to requiring that Gz is of
type Bn(n > 3), D,(n > 4), Eg, E7, Eg, Fy or Ga, and that P is a Heisenberg parabolic subgroup of G in the
following sense: there exists a unique simple root 5 of Gz that is not a root of the Levi quotient of P,
and, writing « for the highest root of Gz, we must have (v,8Y) = 1 and {7, (8')V) = 0 for every simple
root 8 # 8 of Gg. In this case, N is a two-step nilpotent group. More precisely, we have a decomposition
n =n; A ny of ninto irreducible M-representations, where n, is one-dimensional, consisting of the root space
corresponding to the highest root - as realized by any choice of a Borel pair of G contained in (Pz, Mg).

One nice feature of this situation is that the ‘twist’ in the twisted space M is particularly simple. A basis
element X, for the one-dimensional F-vector space ny(F') can be uniquely completed into an slo-triplet whose

neutral element belongs to m. The image of ( é) under the corresponding homomorphism SLy — G can

-1
be chosen to be wg, and this provides a good choice for a base-point of M=Muw,=M wy L Moreover, if we
write ¢ = Intwg ! for the outer automorphism of M associated to wy ' € M(F), then e(m) = 7V (x- (m))~1-m,
where v is the cocharacter associated to the aforementioned sls-triplet (it is independent of the choice of
X, € na(F)\{0}), and x : M — G,,, is the character with which M acts on ny. If we choose any Borel
pair of G contained in (Pz, M), getting a concrete realization of the highest root 7, then vV is the coroot
associated to v (explaining the notation vV), while x, extends . Note that € acts as the identity on Mger,
which simplifies the situation considerably. For instance, this has the consequence that the parabolic and
the Levi subspaces of M are the Q = Qwal and the L = L wal, where Q (resp., L) runs over the parabolic
(resp., Levi) subgroups of M. We will be interested in twisted tori T= Twy LM, with Tc M running
over certain nonmaximal tori that contain vV (G,,) (making T automatically stable under & = Intwg*).



Another nice feature of this situation is the existence of a very nice M(F')-conjugacy class of embeddings
SL3 /F — Gp, which are minuscule embeddings studied by Gross and Garibaldi (see [25]), and (relatedly)
are short SLz-structures studied by Vinberg (see [63]). The resulting copies of SL3 /F in G can be described
as follows. The Borel pairs of Gz contained in (P, Mz) form an M(F)-conjugacy class. Given any such
Borel pair, we can use it to realize £ and (v — ). One shows that the subgroup of Gz generated by
the corresponding root subgroups is a copy of SL3 /F in G . This way, we obtain an M(F)-conjugacy class
of copies of SLs /F in G, which can also be shown to be the set of images of the minuscule embeddings

SL3 /F — G just mentioned.

These copies of SL3 in G turn out to help in many ways, for instance:

e m can be studied using an SLs-computation. Any wg chosen as above belongs to the image of every
homomorphism SL3 /F — Gz described in the previous paragraph. This allows us to compute the map
m:n — 1\71, at least when restricted to a certain dense open subset nj, C n’. Thus, the computation of
m reduces to that of an analogous map with G replaced by SLs. This analogous map takes the form
c’T70 —-T:=T wo_l, where T is a maximal torus of a copy of SL3 in G, and c’T70 is a dense open subset
of a maximal nilpotent subalgebra cy of the Lie algebra of this copy.

e The fibers of m can be studied using an SLs-computation. Moreover, the map c’T70 — T is equivariant
for T-conjugation, so that its fibers inherit an action of the (connected) group T, of e-fixed elements
of T. This does not make the fibers of c’T70 — T into torsors for T., but they almost are: specifically,
if T, and T are the images of T, and T in a copy of PGLj3 corresponding to the copy of SL3 in which
T is a maximal torus, then c’T70 — T is equivariant for the obvious T-actions, and its nonempty fibers
are T _-torsors.

o If we write Tg for the set of T as above, we obtain a partition of the dense open subset n{, C n:

Its analogue over F will be used for a Weyl-type integration formula which can be applied to (2).

The main aim of Section 4 is to establish a relative version of the structure theory of Section 3. The relative
versions of the maps SL3 /F < G above are not maps SLz < G, but maps of the form SUz < G, where
each SUj is a quasi-split (and possibly split) form of a special unitary group in three variables, whose base-
change to F' lies in the M(F)-conjugacy class of embeddings SL3 /F < G described above. The relative
version of the set TE’ above is the set 7T of tori in M that become tori in TFj' upon base-change to F'; these
are also the intersections with M of the images of the embeddings SU3 <+ G just discussed. The tori in 7+
need not be split, but every T € T contains the split torus 7Y (G,,) € M C G, and is a maximal torus of a
unique copy of an SUs in G obtained as above. If T € 7 is not split, then it is isomorphic to Resg,p Gy,
for the unique quadratic extension E/F in F that splits this (form of) SUs.

Let 7 C T be a set of representatives for the (finitely many) M(F)-conjugacy classes of elements in 7+
(TI;r is a single M(F')-conjugacy class). This time, we have a partition of an open dense subset nj(F) C n(F)
of the form:
W(F) = || ero(F) = || AdM(F)(cho(F)).
TeT+ TeT

We now turn to the contents of Section 5. Let T € 7+. As in Section 3, m restricts to a map m : C/T,o - T.
Our first objective is to understand this restricted map better. As in Section 3, a suitable torus T acts on
both sides of the map ¢, — T (though not on n), making the map T-equivariant. Moreover, while we

haven’t identified good sections for the map c’T’0 — T, we can remedy this by composing c’T’0 — T with



the map T — T, given by twy '+ te(t). (Recall that T. is the e-fixed subgroup of T and is connected).
The map T — T. is also the quotient of T for the conjugation action of T. Densely defined sections for
the composite map c’T70 — T — T. are given by the maps Sz, 1 of Notation 5.1, defined on a dense open
subset T. ¢, C Te. In the work of Goldberg and Shahidi (and Spallone and others), such a section is defined
on a subtorus of G lying within the ‘classical part’ of the Levi subgroup M. In our situation, we seem to be
compelled to use instead T., viewed as a quotient rather than as a subtorus of T.

Thus, an important ingredient of our Weyl- type integration formula, and indeed the residue formula itself,
is the map S := SZT ri=moSz.1:Tee — T, for each T € T+. The Weyl-type integration formula then
takes the following form: It is proved in Proposition 5.14, which is the main result of Section 5:

/n(F) Z

TeT

/ / D(Sz. t(\)2p(m ™t S 7, v (A)tm) dt dmd.
Te oo (F) JMg (F)\ M(F) JT_(F)

(3)
Here, the group M7, which is the group of e-fixed elements of the centralizer Mt of T, is also the centralizer
of any sufficiently generic element of T.

#WT

Versions of a formula like (3) can be found in the works of Goldberg, Shahidi, Spallone, Yu, and others (e.g.,
see [42]). We hasten to add that, while we do not work with a particular linear representation of G, there
are factors that make (3) easier in some ways than these other formulas. Although N does not have an open
M-orbit, it does seem to help that M has orbits in N of codimension 1. This is reflected in the fact that the
tori T, are one-dimensional (and hence, for instance, determined up to isomorphism by their splitting field).
Thus, our situation seems to belong to the ‘next simplest’ set of cases after those where M has a Zariski
open orbit in N.

Step 3. Express 9(s) using weighted orbital integrals involving a family of crude weight factors, and prove
absolute convergence. We now turn to describing the content of Section 6. Write Ag, for the maximal split
torus in the center of any given linear algebraic group G;. Let Ay C Ay denote the largest split torus in M
centralized by M C G; it turns out to equal Ag. We wish to evaluate (2) using the integration formula (3).
A problem with £~ is that it is only compactly supported modulo Ap;(F'). Therefore, letting p be the central
character of &, one chooses f € C°°(M(F)), compactly supported modulo Ay, i(F) = Ag(F), which satisfies
the transformation property f(z1m) = u(z)f(m) for all z € Ag(F) and m € M(F) and satisfies

E(m) = / W (z) - ) de (4)
Ag (F)\ Am(F)

for all 7 € M(F). One secks to compute the residue at s = 0 of 1(s) as a distribution evaluated on f.

Henceforth, for T € T, we abbreviate Sz to S and S Zo,T to S. After several standard manipulations
that first follow [53] and then [58], we express J(s) =1, £(s) as a linear combination of contributions from
each T € T, of the form:

W= [ D (/ )
Te o (F) Ag(F)A\ Am(F)

/ Fem™ES(N)m)|x, (m~LS(A\)m)|* - Z wi (X, m)q~*** dm dz) dA.
(F)\M(F)

kEZ

(5)

Here w? is a family of ‘crude weight factors’ consisting of functions w{ (-,-) that are indexed by k € Z and
defined on the various T¢ o (F') x (MT(F)\ M(F)), and are given by:

w? (A m) = / / oo Adm 2ot (Symm(N)) dzo dt. (6)
T (F)JAmk/ A



Here, An i C AM(F) is a subset consisting of elements that scale the measure on n(F) by a certain factor
depending on k. It is invariant under A (F') and compact modulo Ay (F'). Roughly speaking, wy (X, m) is a
fiber integral — or more accurately, an integral of such integrals — for the map cf. ((F) — T(F) (whose fibers
are T_(F)-torsors). This integral involves fibers through elements that get closer to 0 as k gets large.

As far as the author understands, this approach involving the weight factors wj (A, m) as defined above
originates with Spallone ([58]). To prove the absolute convergence, we require estimates on the wy (A, m).
For this, we follow Spallone ([58]) in adapting techniques used to study similar questions in the context of
the local trace formula for Lie algebras, as expounded by Kottwitz in [32]. For varying A and m such that
m~1S(A\)ym € M(F) belongs to a compact set, one task is to bound w (X,m) in terms of the how close A
is to ‘0" or ‘o0’ or to 1 € To(F) \ Teer(F). A crucial input here is a result of R. Beuzart-Plessis from [7],
which states that quotienting by a spherical subgroup satisfies the norm descent property (as defined in [32,
Section 18.6]). The proof of this absolute convergence comprises material from both Sections 6 and 7.

Step 4. Change of weight, and a first expression for the residue. This step is carried out mainly in Section
7, though some preparatory material is presented in Section 6. If T € T is not split, then T, is anisotropic,
and as k — oo, (6) approaches the product of ¢(0) and some volume factors. However, when T is split,
the behavior of the wy (A, m) is much more nontrivial, and the analysis of 19%:; requires properties of £ that
derive from the supercuspidality of w. The contributions from split T € 7 have been shown to vanish in
some simple situations by Spallone ([60]) and Cai and Xu ([12]), and in considerable generality in the context
of classical groups by Yu ([69]).

In this paper we show that, contrary to expectations based on the aforementioned papers, contributions from
split tori do not always vanish; rather, they can lead to weighted orbital integrals in the sense of Arthur. In
fact, in our situation, the contribution from a split T € T (i.e., the residue of 19%:0 (s, f) at s = 0) vanishes
for all ¢ precisely in the ‘classical’ case, aligning with the previous results. However, it can be nonzero in
the ‘exceptional’ case, in which it is related to weighted orbital integrals in the sense of Arthur. (D, with
triality is considered exceptional). Nevertheless, many of the substeps here are carried out uniformly, without
distinguishing between the ‘classical’ and the ‘exceptional’ cases. The divergence between the ‘classical’ and
the ‘exceptional’ cases for a split T' € T is related to the fact that the centralizer Mt of T is maximal as a
Levi subgroup of M precisely when we are in the ‘exceptional’ case.

All this is accomplished using a ‘change of weight factors’; relying on the observation that (6) is built from
orbital integrals for the action of T_(F') on ¢p(F) (recall that ¢t is a maximal nilpotent subalgebra of the
Lie algebra of the copy of SLs in G corresponding to T). These orbital integrals are easily seen to admit
Shalika germ expansions. In fact, for split T € 7T, choosing coordinates suitably, the action of T, on ¢t can
be identified with the action of G,, on A% given by a - (z,y,2) = (az,a 'y, 2). Consequently, the relevant
Shalika germ expansion is a minor modification of that for the symmetric space SO(2,1)/0(1, 1), an example
worked out in [47, Section 4].

As k — oo, the orbital integrals in (6) are taken at points that approach 0 € ¢p(F'), and thus they are more
likely to equal their Shalika germ expansions. Since this is a simple case of the Shalika germ expansion, it
is easy to produce an explicit range of validity in the sense of Waldspurger and DeBacker, which depends,
roughly speaking, on ‘how locally constant’ the relevant function on c¢r(F') is. This means that we need to
understand ‘how locally constant’ functions of the form ¢ o Ad mflzo|cT( ) are, for which we again use the
theory of norms on affine varieties as expounded in [32]. In short, the Shalika germ expansion allows us to
replace the family w? = (wf (X, m)) by a nicer family w®?¥™ = (w**¥™(X\,m)) of weight factors.

With this simplification, the residue becomes much easier to compute. The residue of 19%:0 (s), or equivalently

of the approximated expression ﬂ%ﬁ;ﬂsym (s), at s = 0 is computed to be an explicit multiple of an expression

of the form

/ D(S(\)Y2. / ,fl(z)/ f(zm™1S(A\)ym) dm dz dX (7)
Te o (F) 2€A (F)A\ An(F) M. (F)\ M(F)



if T is not split, and an explicit multiple of an expression of the form

/ D(S(A\)Y/2. / ) / Fzm™ L S(\)ym)vr(m) dm dz d\ (8)
Te o (F) 2€Ag (F)A\ A (F) M. (F)\ M(F)

if T is split. When T is split and we are in the ‘exceptional’ case, the centralizer Mt of T in M is a maximal
Levi subgroup of M, and vt can be explicitly related to Arthur’s weight factors. When T is split and we are
in the ‘classical’ case, v is a linear combination of terms, each of which is invariant under left-multiplication
by the unipotent radical of some maximal parabolic subgroup of M(F'), and the residue vanishes by the
supercuspidality of 7, in agreement with the results of Spallone, Cai and Xu, and Yu.

The idea that Arthur’s weight factors show up in such considerations traces back to Spallone’s work ([60])
concerning the situation where G 2 Spg /F and M 2 GL3 x SLg /F. He related some of the expressions that
occur in the ‘hyperbolic terms’ of the residue (i.e., those contributed by split T) to crude weight factors — the
kind seen in Arthur’s local trace formula — which can be related to the usual weight factors of Arthur. These
contributions in [60] nevertheless vanished, for reasons similar to those mentioned above for our ‘classical’
cases (and unlike in our ‘exceptional’ cases).

Our approach differs from Spallone’s, however: we do not use explicit matrix realizations or computations
involving a Bruhat-Tits building (as Spallone does with the Bruhat-Tits tree associated to GLg /F). Fur-
thermore, our work does not involve crude weight factors like those in Arthur’s local trace formula. On the
other hand, we explicitly make use of homogeneity in the sense of Waldspurger and DeBacker.

Step 5. Relate the weighted orbital integrals of f to the character expansion of 7 at various semisimple
elements. We now turn to the contents of Section 8.

Arthur’s result from [1], which expresses character values of supercuspidal representations (at possibly nonel-
liptic but regular semisimple elements) as weighted orbital integrals of matrix coefficients, suggests — via the
equality (4) relating f to the matrix coefficient § — that we can express (7) and (8) in terms of the coefficients
of the character expansion of 7 at the S (A). This requires a version of [1] with two restrictions removed:
First, we must allow for twisted representations and twisted orbital integrals. Second, we must consider
some well-behaved singular semisimple elements instead of regular semisimple elements (since the S (A\) in
general are not regular). Section 8 addresses these issues: the problem of singular elements is taken care
of using Shalika germs, while the generalization to the setting of twisted representations is an easy conse-
quence of the local trace formula of Moeglin and Waldspurger ([43]). While working these out, we prove the
results in greater generality than necessary: we consider a general twisted space (G, Gl) over F' and relate
singular semisimple orbital integrals of pseudocoefficients of a supercuspidal w-representation 7, of Gl(F ),
to coefficients in the character expansions of 71 at such elements, albeit with some simplifying hypotheses
on these singular semisimple elements.

Step 6. Rewrite the residue as a sum of endoscopic contributions. We now turn to the contents of Section 9.
At this stage one has the output of the harmonic analytic part (a) above; it is a formula that takes the form

vol(Ay (F)\Awm,0)

R(7) = (9)
2logq TeTO
where
) hif D ey DISOD)2 - co(S(V) dA, if T € 7%F and T is not split;
=\ if T ¢ 7%7F, or if we are in a.
bT (71') - 0’ 3vol(T. (D)) B . ‘clasfical case’ and T is split ’ and
2vol((AM;0/ K;)(D))'FO,LI% fTs o (F) D(S(A\)Y2 - ¢o(S(N))dX, if we are in an ‘exceptional case’ and T is split.

(10)
Here ¢o(S(N)) is the coefficient of the trivial nilpotent orbit in the character expansion of 7 at S(\), and
T+ C Tt is a subset that equals 71 in all cases except ones related to the following situation: G is
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quasi-split and non-split of type Dy, and is also split over a quadratic extension of F. In (9), we see one of
the ingredients in the right-hand side of (1) emerging — for suitably chosen measures, we can show that:

VOI(AM (F)\AM,O)

oy = Ress—o (s, Ly) ",

where I : F* — C* is the trivial character. Thus, when R(7) # 0, this term captures the contribution (up
to the reciprocal of an integer) of the subspace of “%n” fixed by W, acting via Adog.

Recall that the nonvanishing of R(7) is expected to be equivalent to whether or not a member of a certain
family (L(s,n,r;)); of L-functions has a pole at s = 0. In many cases, the condition that any given L(s,m, ;)
has a pole at s = 0 itself seems to combine two requirements:

e 7 should arise from an L-packet IIg on the group H(F') underlying some endoscopic datum H for M
related to this L-function.

e A specific condition on the L-packet Il must be met.

This structure often manifests as follows. R(7) can be rewritten as a sum of contributions RE(7) corre-
sponding to endoscopic data H for M. Each RYE(7) starts out as an expression involving character expansions
of 7 at certain semisimple elements of M(F ). However, endoscopic character identities also realize it as a
simpler expression involving character expansions of the stable character associated to an L-packet IIy that
transfers to 7 via this endoscopic datum.

The main task in Section 9 is to write R(7) as a sum of terms R")(7) and R*)(#), each of which is intended
to be a candidate for an RE(7) as above. We do not justify this expectation or define the relevant endoscopic
data, beyond an ad hoc treatment for the G5, B3, and Dy cases.

In the G2, B3, and Dy cases, this decomposition simplifies considerably in our simple ‘Heisenberg’ situation:
the possible endoscopic data can be separated by considering the central character of 7, or more precisely,
by the pull-back w : F* — C* of the central character of 7 under vV : F'* — M(F'). Given the isomorphism
m(wp) : wom = 7, any such w is necessarily a quadratic character.

The quadratic characters w : F* — {£1} < C* that contribute to the decomposition of R(7) are:

e The sign characters sgng,p : F* — {£1} associated to quadratic extensions E/F such that there
exists a nonsplit F-split T € 7%%; and

e The trivial character.

In this introduction, we denote the endoscopic datum associated to such a quadratic character w by H,_,.
The full description of H, will be reserved for a follow-up paper. The terms (which should equal) RE(7) in
the decomposition of R(7) fall into two categories:

e RP)(7): indexed by a quadratic extension E/F corresponding to a nontrivial w = SgNE /s

e R™(7): indexed by the element ‘*’, standing for the trivial character.

It seems plausible to us that a necessary condition for L(s,m,r1) or L(s,m,r2) to have a pole at s = 0 is that
7 belongs to a packet that arises by endoscopic transfer from some H , as follows:

Case Pole for L(s,m,ry) only if Pole for L(s,m,r2) only if
D, Eg, E7, Eg,Go | Transfer from H , for nontrivial w Transfer from H , for trivial w
B, ,Fy Transfer from H , for trivial w Transfer from H,, for nontrivial w

11



To describe the decomposition of R(7) in terms of the R (7) and R*) (7), we will describe the corresponding
decomposition of by (7) from (9), for each T € 7 = T%+ N T. If T is split, the decomposition of by (7) has
only one term, indexed by the element ‘x’. Therefore, assume that T is not split over F', and split over some
quadratic extension E/F.

In this case, there are only two terms in the decomposition of br(7), indexed by E and the element .

The contribution of E (resp., %) to bp(7) is obtained by replacing the ¢o(S(\)) in (10) with the first (resp.,
second) of the terms on the right-hand side below:

co(SON) = (CO<S<)‘)) _200<SI()\))> " <00(S()\)) —;cO(S’(A))> ’

where we now proceed to explain what S’()\) means.

Since T splits over E but not over F, we can identify T(F) = E* and T.(F) = E' :=ker(Ng/p : EX — F*).
Let To.(F) C T(F) be the preimage of T. (F) C T.(F) under twy ' + te(t). Each stable conjugacy class
in T(F ) meeting T st (F') consists of exactly two T(F)-conjugacy classes. One of these is the conjugacy class
of S(\) for a uniquely determined A € Te o (F). S’(\) is then defined as a member of the other conjugacy
class. More precisely, the stable conjugacy class is an orbit for left-multiplication by vV (F*) C T(F) on
Te(F). The two T(F)-conjugacy classes in it are orbits for multiplication by ~" (Ng/r(E™)). Therefore,
fixing some ap € F* \ Ng,p(E*), we may define S’ (A) =~Y(ag)S(N).

The connection to transfer factors seems to come from how the harmonic analysis above picks up the
conjugacy class of 5’()\) from within its stable conjugacy class. There exists 7r € EX with 72 € F*, that
satisfies the following property: Let o denote the nontrivial element of Gal(E/F). For = twy ' € To(F),
with t € T(F) = E*, 1 is T(F)-conjugate to an element of the form S()) if and only if

Ar(t) :=sgug/p <2H7Ti(t)) =1

This suggests to us the following slogan explaining why the Goldberg-Shahidi method gives an ‘endoscopic
decomposition’ of R(7): the map m : nj(F) — M(F') selects specific conjugacy classes from the stable
conjugacy classes its image meets, and this selection is compatible with transfer factors.

Step 7. Express each ‘endoscopic contribution’ in terms of the stable character associated to an L-packet, on
the appropriate endoscopic group, that transfers to the L-packet of 7, and either prove (1) (up to a sign or
a complex number of absolute value 1, that is as explicit as possible, if 7 is not generic), or at least identify
a harmonic analytic formula for a product of gamma values that is equivalent to (1).

At this point, we turn to describing the content of Section 10. We assume for the rest of this introduction
that G is absolutely almost simple and simply connected (in a certain sense, we can reduce to this case, by
Proposition 2.15 below).

In this paper, we do not attempt Step 7 (apart from some preparatory steps) except in the Go, B3 and Dy
cases. There are two important simplifying features in these cases:

e The S()) are regular, so that ¢o(S()\)) is a character value ©;(S()\)) (rather than just a coefficient in
a character expansion).
e M(F') embeds into a product group M°(F) = [[; M;(F) = [[; Resk,/r H;(K;), where each H; is an

inner form of GLy over a finite extension K;/F.

This allows us to express each contribution to R(7) in terms of the representation theory of general linear
groups, which in turn allows us to apply the Labesse-Langlands character identities in some of the cases.

12



Let us first assume that we are in a Go-case or a Dy-case with w nontrivial, or in a Bs-case with w trivial.
These are the only cases where L(s, 7, 71) can have a pole, and these are the cases in which we prove (1). In
the G2 and Dy cases (with w nontrivial), our main results are Theorems 10.53 and 10.56, which we prove
using the Labesse-Langlands character identities to study the contributions of the relevant endoscopic data.
The Bs-case (with w trivial) is simpler, as there is only one endoscopic datum related to L(s,,r1) having
a pole. Our main result here, Theorem 10.55, uses the Schur orthogonality relations and does not require a
Labesse-Langlands type character identity.

Much of the preparatory work for these main results — Theorems 10.53, 10.55 and 10.56 — is shared across
these cases.

In particular, in the Ga-case, one recovers Shahidi’s result that A(s,m,wp) is holomorphic at s = 0, or

equivalently Indg((g)) 7 is reducible, whenever w is nontrivial. In the case of D4, when w is nontrivial, one

recovers a precise condition for the irreducibility of Indg((g)) 7 (i.e., for s — A(s,m,wp) to have a pole at

s = 0). This condition involves the Langlands parameter of 7, and amounts to saying that 7 should occur
in the restriction of a representation ®;m; via M(F) — M°(F) = [[; M;(F) = [[; H;(K;) as above, with
the following additional conditions on the 7;: for some quadratic extension E/F such that E # K for each
J, each m; should be a Weil representation of H;(K;) with respect to a character 6; of (EK;)*, and these
0; should satisfy [[;(0;|px) = 1. This slightly generalizes the condition obtained by C. Luo in [39] in the
case of Dy that is split or has triality (see Remark 10.48). He combined the results of Shahidi from [51], the
work of Henniart and Lomeli on the equality of the Asai triple product and the Langlands-Shahidi L and €
factors (see [29]), and a beautiful Galois-side computation (see the appendix to [39]). In Proposition 10.49,
we give a version of Luo’s Galois-side observations for forms of D, (that may be split, triality or neither),
though we use the structure theoretic results of Section 3 rather than imitate Luo’s approach. Unlike Luo,
we don’t use the Langlands-Shahidi method.

In the Bs-case, when w is trivial, one chooses an embedding M(F) — M°(F) = H;(F) x Ha(F') as above,
with Hy = GLy /F and with Hy an inner form of GLy /F. One then considers a representation w1 ® o of
H; (F) x Ha(F') containing 7 in its restriction to M(F'). We then prove the result (known from Shahidi’s work
at least in the quasi-split case) that A(s, 7, wg) has a pole at s = 0 (or, equivalently, Indg((g)) 7 is irreducible)

if and only if 7r; is isomorphic to the contragredient of the Jacquet-Langlands transfer of o to GLa(F).

Thus, our reducibility results are not strictly new: even in the cases of non-quasi-split Bs and Dy, one can
deduce our irreducibility results from the appropriate quasi-split cases using the formalism in [51, Section
9]. However, we hope that for more general groups where a local Langlands correspondence is not available,
the present approach — which involves an endoscopic interpretation — will give information that cannot be
obtained in any straightforward manner from the Langlands-Shahidi method. We therefore believe this
approach will be independently useful. For instance, we expect that this approach will combine well with
L-packets constructed by Kaletha, at least in many cases.

There are two aspects of the proof of Theorem 10.56 (which deals with the Dy-case) that we find remarkable.
Omne (which also applies to the proof of Theorem 10.55, which deals with the Bs-case) is that, to prove the
equality (1), we do not explicitly compute most of the constants involved. Once the Labesse-Langlands
character identities are applied, what remains are mostly volume and formal degree factors. All of these
factors are accounted for by using the equality of two sums of representations of Wg (involving the 7; o ¢
and some adjoint representations; see Proposition 10.49(ii)), together with the formal degree conjecture
and the question of the sign appearing in it (i.e., the refined formal degree conjecture in the sense of [26,
Conjecture 8.3] and [19, Proposition 14.1]). Here, the careful choice of measures is critical: one must verify
that choosing the measure on N(F') as in [4, slightly below (2.3.7)] translates, via the Jacobian computations
of the integration formula for unipotent radicals (in Section 5), to using measures as in [30]. This verification
is, in fact, done in Section 5.
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The second remarkable aspect is that, in accounting for the signs involved, we encounter Langlands’ A-
constants. These constants, whose role in these considerations was first observed in Shahidi’s work and later
incorporated into Arthur’s local intertwining relation, arise here from purely local considerations.

At this point, let us describe a pattern suggested by the cases we have examined, which we find intriguing.

e For an endoscopic datum that is related to L(s, m, 1) having a pole, it appears that, once an appropriate
character identity — such as a Labesse-Langlands character identity (in a Whittaker-normalized form)
— is applied, verifying the equality (1) often essentially amounts to the refined formal degree conjecture.
In fact, this idea, applied to the pair (G,M) = (GLay,, GL,, x GL,) that was studied in [53], was used
by Hiraga, Ichino and Ikeda to give the second of their two proofs of the formal degree conjecture for
general linear groups: see [31, Section 4] (where Shahidi’s normalization of intertwining operators is
used in place of (1)).

e For an endoscopic datum related to L(s, m, r2) having a pole, it seems to us that one will generally need
some other harmonic analytic expressions for certain (products of) gamma values in place of the refined
formal degree conjecture. Thus, in such cases we reverse our approach: we come up with conjectural
harmonic analytic expressions for gamma values that would be needed for the equality (1) to be true.

Finally, following up on the second of the two points above, let us describe the intriguing formulas suggested
by our computations in the G5 and Dy cases when w is trivial, and in the Bs-case when w is nontrivial.

Formula suggested by the Ga-case with w trivial. If o is a representation of GLo(F') (thought of as a Levi
subgroup of G(F) in the Gs-case) with trivial central character, we should have an equality of the following

form:
1
D 1/2@(7 d % +3 D 1/260 d x| = 0,0, 3 d, 2. 11
a) (Z/I‘*(F) (t) (t) t /g*( ) (t) (t) t) rY( st w) ( )

We remark that in the first sum, T runs over a set of representatives for the conjugacy classes of elliptic
maximal tori in GLg, and Ty is a split maximal torus of GLy. Furthermore, T, and T, ., denote the images
of T and T, in PGLsy. For the rest of the notation and more details, we refer to Theorem 10.59.

Formula suggested by the Dy-case with w trivial. Let (K;/F); be a collection of finite extensions of F such
that > .[K; : F] = 3. For j € J, let 0; be an irreducible supercuspidal representation of Resy,/r GL2(F) =
GLa(K;). Assume that [[;wj|px = I, where w; : K;° — C* is the central character of o;. Let § =
11 j Resg,; /r GLa, and let o be the representation ®;o0; of G(F). Then we should have an equality of the
form:

4 0- Zg (ZUT/ )1/2@ ()dt*+3UTe/ ()1/29 > HA /qu/} ) (070_’7,1’1/})717

Ts,«(F)
(12)
where some of the notation above is as follows:

e The v-factor ¥(s,o,r1,v) is the triple product gamma factor (s, x;0;,9) if [K; : F|] =1 for all j
(so #J = 3), the Asai triple product gamma factor if [K; : F] = 3 for all j (so #J = 1), and an
appropriate adaptation otherwise (i.e., if #J = 2);

e In the first term in the parenthesis, T runs over conjugacy classes of elliptic maximal tori in a copy of
GL, ‘diagonally embedded’ in Hj Resg,; /r GLa, such that E # Kj for all j if T = Resg/r Gim;

e The second term in the parenthesis, with Ty, should be ignored unless J is a singleton (so [K; : F] = 3);
when J is a singleton, T is a split maximal torus of GLa /F' C Resg, /r GLo;
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e vy and vy, are volume factors, and d(o, Zg(F)) is a formal degree term.

For the rest of the notation and more details, we refer to Theorem 10.61. We also remark that, when the
cardinality of J equals one or two, so that we can talk of the sign W(IT, K;)/F a8 in the notation defined just

before [46, Theorem D], then []; A(K;/F, ¥)? equals this sign.

Formula suggested by the Bs-case with w nontrivial. Let o be an irreducible supercuspidal representation of
GLy(F), E/F a quadratic extension, and 6 : E* — C* be a continuous character. Letting w, : F'* — C*
be the central character of o, assume that 0|px - w, = I. Let T C GLy be a maximal torus for which there
is an identification Resp/r G, = T, and use such an identification to view ¢ as a character of T(F). Then
we should have an equality of the form:

1 / D(t)1/260(t)9(t) dt = wye(—1)-7(0,05 ®60,¢p) ", (13)
T.(F)

2d(o)
where o denotes the base-change of o to a representation of GLa(F), ¥g : £ — C* is given by ¢ o trg,p,
and T, is the image of T in PGLsy. For the rest of the notation and more details, we refer to Theorem 10.63.

In the special case where w, = I, the left-hand side of (13) is a scalar multiple of the expression for residue
obtained in [55] in the ‘“trivial central character case’ — see [55, Proposition 14.1], where the factor D(t)'/?
is part of the measure denoted d*~v there. While this is exactly as the Galois-side computations suggest it
should be, this agreement is still remarkable, since, from the harmonic analytic side, our derivation starts
from a different group and works out differently from that in [55]. For instance, to get (13) we consider the
split group Spin,, while [55] considers a quasi-split non-split form of SOg. Again, in [55], the analogue y g of
6 is contributed by the ‘classical’ part of the Levi subgroup, whereas for us, 8 is contributed by what could
be called the ‘general linear’ part.

In any case, it is easy to see using Shahidi’s normalization of intertwining operators that the formulas (11),
(12), and (13) hold up to absolute value. This is recorded in Theorem 10.65.

Notice that there are some formal similarities between the formulas above in the Bs and Dy cases (i.e.,
(13) and (12)) and the local Gross-Prasad multiplicity formulas in the SO5 /SO2 and SO, /SOj5 situations
found in the works of Tunnell and Prasad (and which are proved in other or more general situations by
Waldspurger, Beuzart-Plessis and Wan). However, there are significant differences as well, of which we name
a few: the presence of the discriminant factors D(t)'/2, the fact that y-values at 0 are involved here (as
opposed to the e-values at 1/2 found in Tunnell’s work), and the presence of a contribution from a split
torus in the case of D4 with triality. There is also a conceptual divergence between the two sorts of formulas
that is not apparent from these low-dimensional examples: our formulas involve the coefficients of the trivial
nilpotent orbits in local character expansions at various points, while those in the Gross-Prasad multiplicity
formulas involve the coefficients of the largest nilpotent orbits in local character expansions at various points.

It will be interesting to see if formulas such as (11), (13) and (12) can be derived independently, using
methods that involve only the group M or a related group such as M°, without having to view M as a Levi
subgroup of a bigger group G.

In a follow-up to this paper, we hope to complete some form of Step 7 for those (G,P, M, 7) for which we
carry out the Goldberg-Shahidi program up to Step 6 in this paper; in other words, to extend the work of
Section 10 to all the ‘Heisenberg’ cases treated in this paper, beyond those of G5, B3 and Dy. While it is not
obvious how to extend the methods of this paper to more general ‘non-Heisenberg’ situations, we hope that
this paper represents progress in that direction. It will also be interesting to see if one can come up with a
variant of the Goldberg-Shahidi method to prove the local intertwining relation even when s — A(s, m, wp)
does not have a pole at s = 0.
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2 The Framework of the Problem

2.1 Some Preliminary Notation

Let F be a p-adic field, of characteristic zero. Let © C F denote the ring of integers, @ € O a uniformizer,
and ¢ the cardinality of the residue field of F. Fix an algebraic closure F of F, and let val : F — QU {0}
and |- | : F — R>( denote the standard extensions of the usual discrete valuation and normalized absolute
value on F'. We fix, once and for all, a smooth nontrivial additive character ¢ : FF — C*. However, 1 will
only be used in Subsections 5.6 and 5.7 and from Section 9 onwards, apart from being non-crucially used in
a small number of other places like Remark 2.14.

Though we will frequently make use of the fact that F' is of characteristic zero, at least some of our results
will probably be valid in “good characteristic”, though we do not wish to worry about this issue in the
present paper.

For a finite étale algebra L over a field K, try,x and N,k will denote the trace and norm maps L — K
and L* — K*, respectively, and we will often write L' for the kernel of N, /i (when K is understood from
the context).

If X is a scheme over a ring F, its base change to an E-algebra E’ will be denoted by Xg:. For an algebraic
group G over a field, G° will denote its identity component. If ¢ is an automorphism of G, we will write G¢ for
the subgroup of G fixed by € and G, for the identity component of G°. The Lie algebra of a group denoted by
a roman letter will typically be denoted by the corresponding fraktur letter, e.g., g = Lie G, mE,T = Lie M?T
etc.

If Q, is a parabolic subgroup of a reductive group G; over F', the associated functor of normalized parabolic
induction will be denoted Indgigg. For a reductive group G over a field, Gger (resp., Gsc; resp., Gaq) will
denote the derived group of G (resp., the simply connected cover of Gge,; resp., the adjoint group of G).

If N is an algebraic group on which a torus T acts, we will write R(N,T) for the nonzero eigencharacters
of Tz on np = LieNpg; its elements will be called the roots of T in N even when there is no root system
in sight. For each root o € R(N, T), we will write n,, for the a-eigenspace of Ty on np, viewed as defined
over some field of definition of o contained in F' — the context should make clear which field of definition
is being used. If no action of T on N is specified but T, N are subgroups of G with T normalizing N, then
the action will be understood to be conjugation. For an affine algebraic group M /F, X*(M) will denote
the group Hom(Mg,G,, ) of characters of Mz, while for a torus T over F', X.(T) will denote the group
Hom(G,, r, Tr) of cocharacters of Tx. In these cases, we will write X*(M)r C X*(M) for the subgroup of
F-rational characters, and X, (T)r C X.(T) for the subgroup of F-rational cocharacters.

Notation 2.1. (i) Recall Labesse’s notion of a twisted space over F (see [37, Section 3.1], to which we
refer for an exposition on basic facts concerning this notion): it is a pair (G, G), where G is an affine
algebraic group over F, and G is an algebraic variety together with commuting left and right actions
of G on it, each of which makes G into a G-torsor. If G and its actions on G are understood from the
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context, we will refer to this twisted space simply as G. The twisted spaces that we consider will all
have a nonempty set of F-rational points.

(ii) Suppose (G, G) is a twisted space over F. For § € C}(F ), Int 6 will denote the unique automorphism
of G such that §-g =Int §(g) - ¢ for all g € G(F'), and Adé € GL(g) will denote the derivative of Int ¢.
We will denote by G’ and Gy the centralizer and connected centralizer of § in G, respectively — in
other words, G’ C G is the subgroup G™9 fixed by Int§, and G is the identity component Gy g of
G°. The normalizer in G of a subset X C G is the set of § € G such that Int §(X) C X.

(iif) For a twisted space (G, G) as above with G reductive, Zg C G will denote the subgroup of z € G such
that Int §(z) = 2 for all 6 € G(F'), and Ag the maximal split torus in Zg (which is a torus).

(iv) For any affine algebraic group G, we have an obvious twisted space (G, G) (i.e., (G,G) with G = G)
obtained from the left and right multiplications of G on itself. When G is reductive, the notation
defined above will apply to this space too. Thus, Zq is the center of G, and Ag C Zg is the maximal
split torus in Zg. Again, for g € G, G? and G, are the centralizer and the connected centralizer of g
in G, respectively.

(v) Note that for any twisted space (G,G) with G reductive, we have Za C Zg and Ag C Ag. More
precisely, Zs C Zg is the subgroup fixed by Int g for any § € G - note that all these Int g have the
same restriction to Zg. Note also that Ay C Ag NZg is the unique maximal split torus inside Zg.

(vi) Following [37, Section 3.2], we can talk of parabolic subspaces (P,P) and Levi subspaces (M, M) of
(G,G). For the former, P is required to be a parabolic subgroup of G, P to equal the normalizer
of P in G, and f’(F) to be nonempty. For the latter, (M,M) is required to be a Levi component of
some parabolic subspace (P, P) of (G, G), in the sense that M is a Levi component of P and (M, M) is
in an obvious sense a sub-twisted space of (P,P) under inclusion inside (G,G). It is automatic that

M(F) # 0.

Notation 2.2. We recall some notation from [43, Section 2.1]. Suppose (G, G) is a twisted space over F,
with G reductive. Assume that G(F) # 0, and that for any § € G, the restriction of Int § to Zg (which
is clearly independent of §) is of finite order; these are the conditions (1) and (2) of [43, Section 2.1]. Let
(P, P) be a parabolic subspace of (G, G) — it automatically contains a minimal parabolic subspace (P, Py),
and has a Levi subspace (M, M). We have Levi decompositions P = MN and P = MN. Since M(F) # 0, it
is easy to check (using, e.g., [43, Remark 2.1]) that (M, M) satisfies the conditions that we have imposed on
(G, G). Set
Ay = Hom(X*(Ay),R)) =2 Hom(X*(M)r, R).

If  (temporarily) denotes the automorphism of Zy; obtained by restricting Int s for any 7 € M, then 0
(is independent of m and) induces an automorphism of Ay, which by our assumptions is of finite order.
Hence the invariants and coinvariants of this automorphism identify with each other, giving us a summand

AM C AM.
Suppose K C G(F) is a special maximal compact subgroup in good position with respect to M; we do not
require it to be normalized by an element of M(F'). We then have the Harish-Chandra map

Hp : G(F) — Aw, (14)

determined by the equality (x, Hp(nmk)) = log|x(m)| = (—logq)val x(m) whenever n € N(F),m €
M(F),k € K and x € X*(M)p. Let Hp be the composite of Hp with the projection Ay — Ag. The
restrictions of Hp and Hp to M(F') are easily seen to have intrinsic descriptions in terms of M, and will be
denoted by Hy : M(F') — Am and Hy - M(F) — Ay, respectively. These are homomorphisms.
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We will also set
Anic = Ay ®r C = Hom(X* (M) g, C) = Hom(X*(Ay), C), and Ay = Ay ®pC,
Ay c := Home(Awmc,C) = X*(M)r @7 C.

Notation 2.3. The fact that Ay can be viewed both as Hom(X*(Am),R) and Hom(X*(M)r,R) has the
consequence that, whenever My C My are Levi subgroups of G, Ay, can be viewed as both a subspace and
a quotient of Ay, , in a way that gives us a canonical decomposition Ay, = Am, S AM? This agrees with
the decomposition described in the second paragraph of [43, Page 5 (Section 1. 1)] (whose M’ and M are our
M; and Ms). Similarly, if we are in the setting of Notation 2 2, and M1 C M2 are Lev1 subspaces of G there

is a canonical way to get a decomposition Ay = Ay & A 2 for some subspace A 2 ? C Ay, - Again, have

dual decompositions, and we subscript with C to indicate tensorlng with C. Thus, we w111 talk of (AM? o)t
etc.

Now we define basic notation related to representations of twisted spaces.

Notation 2.4. Suppose (G, G) is a twisted space over F, with G reductive and G(F) # . Let w : G(F) —
C* be a unitary character trivial on Zg (F'). Except in Section 8, we will only be interested in the case where
w is trivial.

(i) Recall ([43, Section 2.5]) that an w-representation of G(F) (or just a representation of G(F) if w is
trivial) is a pair (m, %), where 7 is a smooth representation of G(F) in a complex vector space V., and
7 : G(F) — GL¢(V;) is a map with the property that ##(zgy) = n(z)7(§)7(y)w(y) for all z,y € G(F)
and g € G(F ). Often, we will abuse notation to denote this w-representation by just 7.

(ii) If (7, 7) is an w-representation of G(F), v belongs to the space Vi of 7 (or equivalently of 7) and u
to that of its contragredient, we will denote by &,., : § — (u,7(§)v) and &, : g — (u,7(g)v) the
associated matrix coefficients of 7 and =, respectively. The notation &, , will also apply if we are just
given a smooth representation 7 of G(F'), which may not underlie any w-representation (, 7). We will
denote by C(r) and C(7) the spaces of matrix coefficients for 7 and # (though we will hardly use C(r)
outside this subsection).

(iii) Let m be a smooth representation of G(F). For each g € G(F), write r5 for the homeomorphism
G(F) — G( ) given by g — gg. For v in the space of m and w in that of its contragredient, we will
denote by §g .u,0 the function G( ) — C given by g1 — &y © Ty (gl) (thus, £, = ég a0 0T5). Note
that the space spanned by all such §q v (as v and u vary in the space of m and its contragredient) is
independent of §; denote this space by C (). Note the following two properties of C( ):

e Given j € G(F), we have a linear isomorphism C(7) — C(r), sending each &, ., t0 E5.u.0-

o If m extends to an w-representation 7 of G(F), then C(r) = C(7) (since &5.y.p = éuﬁ(g)_lv).

(iv) Suppose (7, 7) is an w-representation of G(F), so that we have C(r) = C(7). We have, following [37,
the isomorphism f — f° slightly before Proposition 3.3.2] a linear isomorphism C(#) ~— C(7) given by
g”u,v > &uv (which is hence different from the inverses of the isomorphisms &, , + é{;;u,v in (iii) above,
and does not depend on the choice of any element of G(F )). We will often denote this isomorphism by
£ € (but when we do so we will explicitly invoke the present definition, namely, Notation 2.4(iv)).

(v) If w is a smooth representation of G(F), we will typically denote its (smooth) contragredient by mV.
Following [37, Section 3.3], the contragredient of a smooth w-representation (r, %) of G(F) is a smooth
w™L-representation (7V,7), where (7V(g)u, v) = (u,7(g)1v) for all v belonging to the space of = and
u to that of its contragredient 7V.
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(vi)

2.2

Let (m,7) be an w-representation of G(F). Following [43, Section 2.5, we will say that 7 is unitary if
there is a positive definite inner product on the space of 7 preserved by 7(g) for each g € G(F ). Note
that if this is the case then 7 is automatically unitary. Note also that (7,7) is unitary if and only if
(wV,7V) is; this will be used without further comment later.

A brief review on intertwining operators

Notation 2.5. The following notation will apply for the rest of this paper, except in Section 3. However,
we will later define and work with more specialized choices of some of the objects defined below (such as the
wo in (ii) and the measure dn on N(F) in (vii)).

(i)

(i)

(iii)

(vi)

(vii)

(viii)

G will denote a reductive group over F' and P = M N a Levi decomposition of a maximal parabolic
subgroup of G.

Assume henceforth that there exists wy € G(F) which normalizes M and sends P to a parabolic
subgroup opposite to it. Thus, P is ‘self-associate’.

Let (7, V) be an irreducible unitary supercuspidal representation of M(F'), viewed by inflation also as
a representation of P(F'). A few of the considerations that follow will only need 7 to be tempered or
essentially square-integrable, but we will not bother with this extra generality.

We also fix a special maximal compact subgroup K C G(F) in good position with respect to M, so
that we can talk of Hp : G(F') — Ay as in Notation 2.2 (see (14)).

Every v € A} ¢ defines a function 7, : G(F) — C* by the prescription g — e Hr(9)) (¢ instead of g
because of the way we have defined Hp). This function satisfies

. (pgk) = 1, (p)1.(9), (15)

for all g € G(F),p € P(F) and k € K. In particular, it is right-invariant under K and restricts to a
character of P(F) D M(F).

For any representation 7’ of M(F) and any v € Ay, ¢, 7, will denote ' ® (1, |m(r)), and wor” will

denote 7’ o Int wg, ! Note that conjugation by wq induces automorphisms of Awm,c, (ASUC)* etc., and
we have an equality wo(m,/) = (WoT' )y (1) -
Fix a Haar measure dn on N(F). For v € A} ¢, the operator
Ay, m,wp) : Indg((g)) T — Indlcj((;’)) wo(m,) = Indg((ﬁ)) (WoT ) wew
is defined by the formula:
Ay, m,wp)h(g) = / h(wg 'ng) dn, (16)
N(F)

for v belonging to a certain cone in AMC, where the above integral is known to be convergent. One can
show that the formula of Equation (16), in a suitable sense, has ‘rational’ continuation to the whole of
Ajpc - see, e.g., [64, Section IV.1], or Remark 2.8 below.

Our family of intertwining operators will be indexed by elements of the one-dimensional C-vector space
(AE/LC)* C Ajrc- To relate them to L-functions, which are defined on subsets of C, we will need to

choose an isomorphism ('AS[,(C)* >~ C, or equivalently a basis element 3 € ('AI\G/I,C)*' The standard
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choice is as follows. Choosing a dual group G and a Levi decomposition P = MN dual to P = MN,
writing I’ temporarily for Gal(F/F), we have isomorphisms:

(Afie)" = Abpc = X (AL") @ C = Lie ALY = af.

One chooses ( € (ASLC)* so that the set of eigenvalues of the corresponding element of a{?{ acting via

ad on n takes the form {1,...,m} for some m € N. Such a f is clearly unique if it exists. Its existence
reduces to the quasi-split case via an inner twist (that takes the Pz = Mz N to an analogous Levi
decomposition, obtained by base-changing from F', in a quasi-split form of G). The quasi-split case
is handled in the Langlands-Shahidi theory - see, e.g., [51, page 278, towards the bottom]; our B is
the & of that reference. We remark that the description “a = {p,a)~1p” of that reference interprets
this element as the fundamental weight for the maximal Levi subgroup M N Gger of Gger; however, this
description is only valid in the quasi-split case.

/ >
sp
™ @ (nplmr)) = ™ @ (Ms|mr)), and write A(s, m,wo) = A(sf,m,wp), so that (using wo(3) = —
which is easy to see), we have:

(ix) For s € C, write ns for n,5. For any representation 7' of M(F) and s € C, let m; denote 7

)

A(s, m,wp) : Indg((ﬁ)) Ty — Inds((g)) (wom) —s.
(x) If 7’ is an irreducible admissible representation of M(F), we may and often will identify the contragre-
dient (Indp{ ) 7)" of Indp() 7' with Indgi{f) (7"") as in [13, Proposition 3.1.2] (see also [13, Theorem
2.4.2 and Proposition 3.1.3]), using some choice of measure independent of 7'

Remark 2.6. Using the decomposition Ay o = Ag ¢ @ (AS[@)*, one can show that v — A(v,m, wo),
viewed as a map on Ai/{,c’ has a pole at v = 0 if and only if its restriction to (ASLC)* = Cf does. Thus,
v A(v, 7, wp) has a pole at v = 0 if and only if s — A(sf, 7, wo) = A(s, 7, wy) has a pole at s = 0.

The following well-known result of Harish-Chandra is one of the starting points of the Goldberg-Shahidi
program:

Theorem 2.7. (i) If 1 % wom, then Indg((ﬁ)) m is irreducible, and s — A(s, 7, wq) is holomorphic at 0.

(ii) Suppose m = wom. Then Indg((ﬁ)) m is irreducible if and only if s — A(s,m,wp) has a pole at 0.

Proof. As mentioned in, e.g., the introduction of [53], this follows from the work of Harish-Chandra in [57];
see [28, Theorem 1.2 and Lemma 1.8] for more explanation. Let us add that a proof of (i) that holds for
unitary essentially square-integrable representations 7 can be found in [64, Proposition 1V.2.2]. Wen-Wei
Li informs us that (ii) too holds for unitary essentially square-integrable representations, and is part of
the theory of the R-group, which has been established in the more general setting of covering groups by
Caihua Luo (see [38]). Indeed, adapting (standard) notation from [38], when 7 = wq, the kernel W°(r) of
{1,wo} = W(M) = W(r) — R(w) contains wy precisely when the u-function value 1 (7) vanishes, which is
equivalent to A(s, 7 ,wp) having a pole at s = 0. O

Remark 2.8. Given any v € Indg((g)) mand 4 € Indg((f:)) (wom)Y, thought of as maps from G(F) to the spaces

of m and (wom), it is easy to see using (15) that for any v € Ay ¢, 07, and @n_ () belong to the spaces

of Indsg)) 7, and Indg((g))((woﬂ)v),wo(y) = Indg((g))((woﬂ)woy)v = (Inds((ﬁ)) wo(wy))v, respectively — here
the last identification is from Notation 2.5(x). The claim about rational continuation mentioned in Notation
2.5(v) is then that for each v and u as above, v > (Un_q, (1), A(v, m,w0)(0n,)), defined a priori on a cone
in A} ¢, extends to a meromorphic function on Ay, ¢ that is obtained by composing v Nv|m(F), which is

valued in the complex torus of unramified characters of M(F'), with a rational function on this torus.
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Remark 2.9. (i) The identification of Notation 2.5(x), which uses [13, Theorem 2.4.2, Proposition 3.1.2

and Proposition 3.1.3], has the following consequence. If 7’/ is an irreducible admissible representa-
tion of M(F), v € A} ¢, ¥ € Indg'((g)) 7' and u € Inds((g)) ("), = Indg((g)) (m!)V (identified with
GF) (F) v

(IndP(F) 7)Y as in Notation 2.5(x)), then, noting that 1,0 = vn, € Indg((g)) 7, and un, € Indg(F) T

(identified with (Indg((f::)) 7')V as in Notation 2.5(x)), we have:

<'L_La 2_}77l/> = <ﬂ771/a 2_}>'

(ii) Note that, in Remark 2.8, we can also let 4 belong to the vector space dual of the space of Indg((g)) Wo T

(and not just the smooth dual of Indg((g)) wo), provided we replace (Un_., @), A(v, 7, wo)(vn,)) with
(ty Mo () A(v, m,w0) (V7). Indeed, if @ is smooth, these two expressions coincide by (i), and the
meromorphic continuation when « is not necessarily smooth can be reduced to the case of smooth 4,
by using that each 7, is right-K-invariant.

Remark 2.10. Since 7 is a discrete series representation, it follows from [64, Corollary IV.1.2]. that the
order of the pole of s — A(s,m,wp) at s = 0 is at most 1. In other words, for each v, % as in Remark 2.9(ii),
8 > Uy Ny (55) A8, ™, w0 ) (01,3)) = (@, s A(s, ™, wo)(0ms)) is meromorphic near s = 0 with a pole of order
at most 1.

2.3 The residue in terms of a scalar R(7)

We would like to think of the residue as a concrete map, as in the following proposition.

Proposition 2.11. There exists a map Ayes(m,w0) : Indg((?)) T — Indg((ﬁ)) (wom) of representations of G(F)

the so called residue of s — A(s, m,wo) at s =0), such that jor all v € In 7 and u in the vector space
h lled residue of s — A 0), such that for all © € Indg () © and h

dual of Indg((g)) (wom), we have:
Ress—o (@, ns A(s, m,wo)(ns)) = (@, Ares (7, w0o)0). (17)

Proof. This proposition is standard and hence we omit the details; it amounts to the statement ‘et son
résidu est bijectif’ in [28, Lemma 1.8] and the assertion in the last sentence of its proof that the residue
of the intertwining operator Jp|p is an intertwining operator; or, albeit slightly implicitly, in the sentence
containing [3, (7.4)], with its phrase ‘which intertwines Ip(c)’. O

Now we introduce the twisted space (M, 1\7[) and the scalar R(7). The former is the main twisted space of
interest in this paper. The latter is defined only when 7 extends to a representation 7 of M(F) (i.e., only
when 7 2 wpr), in which case it is a scalar that depends on such an extension 7, and will also be thought
of as the residue of s — A(s, 7, wp) at s = 0.

Notation 2.12. (i) Let M = Mwy' = Mwy = woM = wy ' M C G. Note that, under left and right
multiplication, it is a twisted space for M.

(ii) Suppose m = wor (= o Intwy ' as defined in Notation 2.5(vi)), so that 7 extends to a representation
7 of M(F), such that 7(wp) is an isomorphism wom = 7 o Intwy ' — 7. For the rest of this section,

write £ : Indg((g)) W — Indg((g)) 7 in such a situation for the map given by composition with 7 (wyg):

ie., if h: G(F) — V belongs to Indg((ﬁ)) wom, then £(h) = (g — 7(wo)(h(g))) € Indg((g)) m. Note that

l: Indg((g)) woTm —> Indg((g)) 7 is an isomorphism.
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(iii) Assume that m = wom. Fix a choice of 7 as in (ii), giving ¢ as in (ii) as well. Assume further that

Indg((f;))ﬂ is irreducible. Therefore, A(s,m, wp) has a pole at s = 0 by Theorem 2.7, so that the
map Ayes(T,w0) : Inds((g)) ™ — Inds((g)) wom as in Proposition 2.11 is nonzero. Thus, £ o A.es(m, wp)
g’((g)) m with itself. Since Indsg)) m is irreducible, £ o Ayes (7, wp)
is a scalar. Call this scalar R(7). In other words, for v € Indl(j((?)) 7 and @ in the vector space dual of

Indg((g)) w, we have

intertwines the G(F)-representation Ind

Ress—o(@ o £,ns A(s, m,wo)(tns)) = (G0 £, Ayes(m,w0)(0)) = R(7){u,v). (18)

Remark 2.13. Unfortunately, R(7) depends on the choice of wg, and not merely on the extension 7 of 7 to
M(F'), in contrast to the spirit of [3, the sentence before (7.4)]. Namely, it is easy to see that for m € M(F),
replacing wq by wom multiplies R(7) by dp(m)~/? (because we are using normalized parabolic induction).
Nevertheless, this does mean that R(7) is unaffected if wy is replaced by wom for some m € M(F') such that
dp(m) =1 (without changing 7).

The main object of the Goldberg-Shahidi method, to the best of the author’s knowledge, is to compute R(7)
as a harmonic analytic expression on M(F), and to analyze it from the perspective of an enhanced version
of the local Langlands conjectures. For instance, if we can figure out when R(7) # 0, then, by Theorem
2.7, we can describe when Indg((?)) 7 is irreducible. But the precise value of R(7) is also of interest, and not
merely its nonvanishing, as Arthur’s local intertwining relation (see [4, Conjecture 7.1]) gives a conjectural
expression for R(7) that involves constants of arithmetic interest such as L and ¢ values. Arthur has proved
this conjecture for classical groups (see [4, Theorem 2.4.1]).

Remark 2.14. In [3, Section 7], Arthur has described a delicate equality called the local intertwining
relation, assuming various conjectures on Langlands parameterization and endoscopy. For our supercuspidal
representation 7, if we further assume that R(7) # 0, then the local intertwining relation simplifies and
amounts to a conjectural formula for R(7) (since the hypothesis that R(7) # 0 would imply that Indg((f;)) ™
is irreducible, hence that the normalized intertwining operator in [3, Conjecture 7.1] is a scalar, and also
that the unique sum in the equality there is over a singleton set consisting of the irreducible representation
Indg((g)) 7). We now state such a formula in some very special cases and with some particular normalizations,
which we would like to later compare with the expression that we will compute for R(7). Just for this remark,
we impose the following additional notation and assumptions:

e G is quasi-split and equipped with a pinning. (P, M) contains the Borel pair underlying this pinning
(and not its opposite as in [3, Section 7]).
o Let wy € G(F) be associated to (P, M) using this pinning, as in [3, Section 7]. Note that w, € wo M(F).

e (m,V) is generic for the Whittaker datum determined by our fixed additive character ¢ and this
pinning (see [33, Section 5.3]), and 7 is normalized so that 7(w,) : V' — V induces the identity on the
corresponding space of Whittaker functionals.

e mg = walwo € M(F) satisfies that dp(mg) = 1 — thus, by Remark 2.13, R(7) would not change if
we replaced wg by w, in the definitions of A(s,m,wp) and ¢.

e The measure on N(F') used to define A(s, w, wp) is the one used in Langlands-Shahidi theory, attached
to the additive character ¢ and the pinning just fixed (this is what Shahidi calls the self-dual measure
in [54, Remark 8.2.2], and what Arthur describes in [4, Section 2.3]).

e s+— A(s,m,wp) has a pole at s =0, so that R(7) # 0 (note that [3, Section 7.1] does not impose this
restriction).
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Our computations in this paper suggest, under these assumptions and normalizations, the following expres-
sion for R(7), at least in some cases:

R(7T) = Awo () - Resg—o Hw(is, mori ) (19)

i=1

where Ay, () is the product of various constants A(L/K, 1)) of Langlands and their inverses, as associated
to (G,P) by Shahidi and recalled in [3, Section 7], and where r1,...,r,, are the representations of &M
contained in its adjoint representation on “Zn”, as in the Langlands-Shahidi method (e.g., [51]). The choice
of § in Notation 2.5(viii), which is the standard one, is necessary to ensure that the above expression has
y(is,m,75,) " as opposed to 7(cis, 7, 7;,1) "1 for some other scalar c.

2.4 Reducing the computation of the residue to the simply connected F-almost
simple case

Proposition 2.15. Suppose GY = Gisan isogeny, under which P!, M" N¥ are the inverse images of P, M, N.
Assume that wg is the image of some wg € GH(F) (which thus normalizes M? and takes P% to a parabolic

subgroup opposite to it), and consider the twisted space 1\7[u = MF wg with underlying group MF. Let 7% be an
irreducible component of the restriction of w to Gh(F). Then:

(i) A(s,m,wg) has a pole at s = 0 if and only if A(s,ﬂh,wg) has a pole at s = 0.

(i) Assume that the equivalent conditions of (i) hold, so that m = wor and 7% = wgwh. Then there is a

unique bijection between the (necessarily nonempty) set of extensions of w to a representation of M(F)

and the set of extensions of © to a representation of 1\~/Ih(F), which satisfies the following property: if
7 — @1 under this bijection, then the embedding 7% < 7 is also an embedding 7% — 7.

(iii) With 7 and 7° as in (ii), we have R(%) = R(79).

(iv) Suppose that for some reductive groups G’ and G®, and a Levi decomposition P’ = M’ N’ of a parabolic
subgroup of Gb, we have Gf = G° x Gb, with subgroups compatibly decomposing as P? = G° x Pb, Mf =
G® x M’ and N* = {1} x N°. Write nf = n° @ 7°, with ©° and 7° irreducible admissible supercuspidal
representations of G°(F) and M (F), respectively. Assume that wg = (1,w}) for some w € G*(F).
Then A(s,7°,w?) has a pole at s = 0 if and only if A(s,ﬁh,wg) has a pole at s = 0. Now assume that
these equivalent conditions hold, and that @ and 7% are as in (ii). Then there exists a unique extension
~ b ~ b
7 of ™ to a representation of M (F), where M is the twisted space M° w(b) with underlying group Mb,
- ~ b
such that the representation 7 of Mh(F) = G°(F) x M (F) has, in an obvious sense, a decomposition

as 7 = 1° @ #°. Moreover, this extension satisfies R(7") = R(7") = R(7).

Proof of Proposition 2.15. (iv) is very easy once we know (i), (ii) and (iii), so we will only describe the
proof of (i), (ii) and (iii). In turn, much of the proof of (i), (ii) and (iii) is contained in [15, Theorem 3.3.4]
(although [15] treats the case where G? is contained in G, the arguments only require G* — G to be an
isogeny). Therefore, part of our proof of (i), (ii) and (iii) will be a sketch.

Let (mlvery, V) = @;zl(wE,Vih). Without loss of generality, assume that 7% = Wf. Restricting maps

(G(F) = V) to G¥(F), it is easy to get a decomposition (see [15, Lemma 3.2.1]):

G(F GY(F GH(F T T GY(F
(R 7) lazr = (5 (Rle ) = I ) (@ ﬁ) = @ mdg, ;) . (20)
i=1 i=1
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GH(F) G(F)
PE(F) ()

restricted to G¥(F), take values in Vl-h (though they will not take values in VZ-h on the whole of G(F)).

Concretely, Ind 7T C Indp 7 is the subspace consisting of those functions G(F) — V that, when

Since wo normalizes G*(F) and is the image of w0 € GH(F), it normalizes M*(F), and hence the restriction
of wom = woIntwy* to M¥(F) stablhzes each V on which it acts as wgwh This decomposition of (wom, V)
as the direct sum of the (wgwh, V ) gives, as with (20), a decomposition:

(Indg((ll:)) ’woﬂ') las(r) = @ (Indph((p)) Wy, Z) ) (21)

GH(F)
P4(F)
that, on the image of G*(F), take values in Vih cV.

G(F)

again with Ind wow for each 4, concretely identifying with those functions G(F) — V in IndP( F) WoT

As in [15, Lemma 3.3.1] and using some self-explanatory notation, it is easy that for Res > 0, A(s, m, wo)
has the a decomposition of the following form aligning with (20) and (21):

r

<A(S,7T,U)0) : Indg((g)) s — Indg((ﬁ))(wow)_s) = @ (A(S,?TZ, ) In dPh(F ( h) — Ind ))(woﬂ' ) ) .

=1

Therefore, using Proposition 2.11 and adapting notation from it, we get a parallel decomposition, which is
contained in the commutativity of the diagrams in [15, Theorem 3.3.4]:

(Ares(ﬂ', wy) : Indg((g)) ™ — Indg((g) woﬂ') = @ (Ares(ﬂ'h ) In dgu ((5) T, — Indg'u ((11:) wowf) . (22)
i=1

Therefore, A(s,m, wp) has a pole at s = 0 if and only if some A(s, E, w(h)) does. Since Ayes(m,wp) is a map of
G(F)-representations, and since IndP((F) m and Indg'((F)) wom are isomorphic and irreducible when Ay e (7, wp)
is nonzero (by Theorem 2.7), the condition that A(s,m,wg) has a pole at s = 0 is also in fact equivalent to
the condition that A(s,w?,wg) = A(s,wh,wg) has a pole at s = 0, giving (i).

Hence we may and do now impose the assumption that A(s,m,wp) has a pole at s = 0. Thus, wer =

7 o Int wal > 7, and Aes(m, wo) : IndP((F)) T — Indg((g)) wom is an isomorphism, and hence each of the

Arcs(wh ) In dPh((F)) w? — Indgh((g)) w07r are isomorphisms as well. Fix an extension 7 of m to M(F),
G(F)

giving 7(wp) : wom — 7, and using it define an isomorphism ¢ : Indp((F) WeT — IndP(F) 7 of representations
of G(F') as in Notation 2.12(ii), i.e., by composing a function G(F') — V with 7(wo).

Thus, €0 Ayes(m, wp) is a nonzero morphism of representations from Indg((?)) 7 to itself, and is given by multi-
g,_h

plication by the nonzero scalar R(7). In turn, this forces £ to restrict to an isomorphism ¢; : IndPn ") woﬂ. —
Indph((F)) 71'? of representations of Gh(F)7 for each i. Recalling that Indg ((F)) woﬂ' C IndP((F)) wom and

In dph ((F)) w? C Inds((g)) 7 were realized as functions on G(F) whose values on the image of G*(F) belong

to Vih, and that ¢ was defined by composition with the action of 7(wy), it follows that 7(wg) takes Vih to Vih
for each 7. This means that, for each ¢, we can extend 7TE to a representation ﬁ'f of M'(F) by letting ﬁ'? (wg)
be the restriction of 7 (wp) to Vh giving (ii).

GH(F) GH(F)
PE(F) P (F)
is simply composition with the action of 7; (wg)7 and we get:

G*(F)

WE defined above as the restriction of £ to Ind (F)

With this normalization, ¢; : Ind w07r — Ind wo 7

(é 0 Apes(m, wp) : IndP(F) ™ — IndP(F) ) @ <€ o Ares( ) IndPh(F) 7r — Indpu(g)) T )

=1
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This implies that R(7) = R(7") for each i. This gives (iii), since 7% = 7. O

Remark 2.16. (i) In Proposition 2.15 above, we could remove the assumption that 7 is supercuspidal,
provided that both the hypotheses that Indg((g)) 7 is irreducible and that A(s, 7, wp) has a pole at s =0

are made.

(ii) In Proposition 2.15 above, it is easy to check that the hypotheses on the existence of wg and w) can
be ensured if we change the choice of wy.

(iii) Proposition 2.15 might seem a bit surprising considering that the unitary principal series representa-
tions of GLg(F') are irreducible while those of SLy(F") are not necessarily so. However, this is consistent
with the proposition, as we now explain. A principal series representation of GLo(F) induced from
a character (x1,x2) of the standard split maximal torus is always irreducible, and the associated in-
tertwining operator has a pole at s = 0 if and only if the condition “wgm = 7« is satisfied. This is
equivalent to the restriction of (x1,x2) to the standard maximal torus of SLo(F') being trivial, which
in turn is equivalent to the intertwining operator for SLy(F') associated to this restriction having a
pole at s = 0.

(iv) Proposition 2.15, together with Theorem 2.7(ii) (which, as observed in its proof, would hold even if 7
were only a discrete series representation), tell us that the question of reducibility of representations
induced from discrete series representations on maximal parabolic subgroups can be essentially reduced
to a similar question for the simply connected cover of the derived group, by restricting.

2.5 Preliminary observations concerning possible poles at 0

In this subsection we introduce the preliminary steps of the Goldberg-Shahidi method.

Notation 2.17. (i) Let P~ be the parabolic subgroup of G opposite to P and containing M, and let N~
be the unipotent radical of P™.

(i) For ¢~ € C*(N(F)), v € V and s € C, define an element f, ,, , of Indg((ﬁ)) s by:

9

for o i(e) = {¢<n)5p<p>l/2 mo(p)v, i g =pn”,p € P(F),n” € N™(F), and
o 0, if g P(F)N™(F)
(here and henceforth dp is the modulus character of P(F)).
(iii) For v € V, u belonging to the space VY of 7V, ¢~ € C°(N™(F)) and s € C, write:
Vo= uw(s) = (u, (Als, ™, wo) fo- 0,5)(1))-
Note that f,- , s and fy- , 075 are different elements of Indg((g)) ms. Since our earlier discussion of residues

in Remarks 2.8, 2.9 and 2.14 were based on the latter, we wish to see that replacing it with the former gives
the same residue.

Lemma 2.18. (i) Let v € V. For all @ in the vector space dual of Indg((ﬁ)) WO,
Ress=0 <ﬂ/7 T]SA(Sa , wO)f¢*,v,s> = Resszo <ﬂ/7 T]SA(Sa T, wO)(f(ﬁf,v,O : 778)> = <ﬂ/a AFeS (ﬂ-a wo)f¢*,v,0>'

(1) Let v € V,u € VV (where V'V is the space of 7). Assume that 7 extends to a representation T of
M(F) (so = won). Let @ be the element in the vector space dual ofIndS((g)) m given by f — (u, f(1)),
and recall ¢ from Notation 2.12(ii). We have:

Ress—o 19¢*,uofr(w0),s = Ress—g <ﬂ ol, nsA(Sa , wO)(qu*,v,O : 775)> = R(ﬁ—)¢_ (1)<u7 U>-
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Proof. First let us deduce (ii) from (i). We have in the setting of (ii), by definition:

19¢_,uo7"r(w0),s = <1_1, © Ea 77514(87 T, wO)f¢_7v,s>'

Therefore, the first equality of (ii) follows from (i) by taking @’ = @ o ¢, while the second follows by using
the definition of R(7) as expressed in the form of (18), and noting that (u, fy- ,0) = ¢~ (1)(u,v).

Thus, let us prove (i). The latter equality of (i) is simply the definition of A,es(m,wp), so it is enough
to prove the former equality. We may assume that ¢~ is supported in n~ (N~ NK) for some n~ € G(F),
since the general case will then follow by taking a linear combination. Since 1s(pgk) = ns(p)ns(g) for
p€P(F),g € G(F) and k € K (see (15)), it is easy to see that fy— , 0ms = 1s(7) fo- v.s = 13(07)° fo- 0,50
and the lemma follows from the fact that the residue of a meromorphic function at 0 is unchanged if the
function is multiplied by s — a® for any positive real number a. O

Recall that a lemma of Rallis says:

Lemma 2.19. s — A(s,m,wp) has a pole at s = 0 if and only if there exist p— € C(N™(F)), v € V and
u' belonging to the space V'V of m¥, such that s — 94— . ,(s) has a pole at s = 0.

Proof. This is proved in [52, Lemma 4.1]. However, this result, or rather its nontrivial implication “=", can
also be seen as follows. Since one can choose a representation 7 of M(F') extending 7 by Theorem 2.7, so
that R(7) exists and is nonzero, it suffices to apply Lemma 2.18(ii) by choosing wu, v such that (u,v) #0. O

Thus, let ¢~ € C°(N™(F)) and v € V, and let u belong to the space V'V of the contragredient of 7.

Notation 2.20. (i) Henceforth, let € : M — M denote the (non-inner) automorphism of M defined by

Int wal.

(ii) Let N’ := NNP~ woN~ = wo(wy' NNPN™). Define maps m : N — M and ¢~ : N’ — N~ by
requiring that for all n € N,
wy'n=mn-n' -1 (n),
for some n’ € N. These are well-defined maps of algebraic varieties since the map M x N x N~ — PN~

given by (m,n/,n~) — mn/n~ is an isomorphism of varieties.

N’ C N is clearly open, and it is nonempty because P" NNP~ wo N~ is nonempty. Hence N'(F) # ()
by the Zariski density of N(F) in N. The complement of N’(F) in N(F) has measure zero, since N’ is the
complement of a proper closed subset of N, and since we have an isomorphism exp : n — N of varieties, which
is measure-preserving at the level of F-points, and whose source is the affine space n = Lie N. Therefore, for
Re s > 0:

s) = U, [o— woin n = mn)Y2(u, ms(mn)v)d~ (0~ (n)) dn.
Do) = [ ool m D) = [ o)) ()

"(F)
Clearly, m intertwines the adjoint action of M on N with a variant of the e-twisted conjugation on M:
moIntm(n) =e(m)-mn-m™*, (23)

for all n € N and m € M.

Combining this with the observation that dp o e = 6131, so that dp om o Int m = &p(m)~26p om, it is easy to
see that d*n := dp(mn)'/2dn is an Int M(F)-invariant measure on N’(F); see Lemma 2.3 of [53].

Thus, we get:
Do a9 = [ Gualm)o™ (@ () ', (24)
N'(F)
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where &, 4 s, defined by &, , s(m) = (u, ms(M)v) = &y u0(m)ns(m), is the matrix coeflicient of 7, associated
to u and v.

The above expression does not seem very amenable to computation, since n — ¢~ (¢~ (n)) is not in general
the restriction of an element in C°(N(F')), and in general the map ¢~ does not seem to be very well behaved
on N. However, Lemma 2.21 below converts our integral into one that avoids these potential issues. It seems
to correspond to the change of variables around (4.2) in [21], whose proof follows a different approach from
ours.

Lemma 2.21. The map ¢ := Intwg ot~ : N — N has the following properties:

(a) t(N") C N', and v in fact defines an automorphism of the variety N'.

(b) For allm € N, we have:

m o t(n) = m(n)"twy 2, and 1™ (1(n)) = wenwy .

(c) v preserves the measure d*n on N'(F).

Proof. (b) follows from the observation that if wg 'n = mn'n~ with m = m(n),n’ € N(F) and n~ = 1~ (n),

then:

wo t(n) =n"wyt = (n)7t - m T wy ? - (wonavy )

(note that w3 € M(F) since P is self-associate). The above equation gives t(N’) C N, and (b) also gives
that 2 = Int w?, which from which (a) follows.

Now let us prove (c). ¢ can be viewed in the following way. Since N’ = wg - (wg ' NNPN") = NNP~ wy N,

P N = P NNP wo N~ is invariant under right multiplication by Wy ! (since this right multiplication

takes P™ N and P~ wg N~ to each other). Consider the map s : N’ — P~ given by n ~ wq - mn - n’wo_l7

where n’ is such that wy'n = mn - n’t=(n). Then the composite
PN/ = P x N/ P T E W po g 0l pe N7 po (25)

is given by right multiplication by wg L

Choose a right Haar measure dp~ on P~ (F). Then for all f € C°((P~ N')(F)) = C=(P~ (F)N'(F)), letting
dp- be the modulus character of P~ (F') we have:

/ / Fon) bp- (o)L dp~dn = / / Fpmu(n) - 6p- (p™)~2dp~ " (dn) (26)
N/(F) JP—(F) N'(F) JP~(F)
[ ) ) ) )
N/(F) JP—(F)

On the other hand, one knows (see, e.g., Equation (2) of [64]) that J, Ldp~—dn agrees with a Haar measure
on G(F), so that this measure is invariant under the isomorphism P (F)N'(F) — P~ (F)N/(F) obtained
by taking F-rational points in (25) (which amounts to right multiplication by wy'). This implies that:

/w / )Ty dpdn = /w / )07 () o) dp”dn.(27)

Comparing (26) and (27), we get:

((psm) = 8- (p™ 52(n) " )dp~0* (dn) = 55" dp~dn,
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so that
t*(dn) = (0p- 0 3¢)dn = (6p- o Intwg om)dn = (6p o m) dn

(the last step is just the invariance of the determinant under conjugation). Therefore:
(d*n) = (dpom) - (6p omo )/2dn = (dp om) - (6p om0 1)*/? - (6p o m) "/ 2d*n.
Since m o ¢(n) = m(n)~"twy 2 by (b), it now suffices to show that ép(w?) = 1, which is a consequence of
op(wd) = |det Ad w;n| = | det Ad wowiwy '3 1| = | det Adwd;n™| = dp(wd) L.
O

Notation 2.22. (i) We have an exponential map exp : n — N (an isomorphism of varieties over F') with
inverse denoted log. Let n’ = log(N’). Let m = moexp : n’ — M, and define

m:n — M

by m(X) = m(exp X)~'wy . In other words, noting that exp(n’) = NNN~ NM, i is characterized by
requiring that for all X € n':
exp(X)™' € NT Nm(X).

(ii) Let dX,d*X be the measures on n(F') obtained by pushing forward dn,d*n under log. Thus, dX is
a Haar measure on n(F), and d*X can be described in terms of dX as dp(mX)Y/2dX or dp(mX -
wo)~V2dX.

(i) Somewhat artificially, we define 7j5 : M(F') — R~ < C* by 7j5(mwo) = nz(m).

(iv) If € € C(x), we set, for any ¢ € C°(n(F)) and s € C:
9 =gl = [ ERNITRN) X)X (28)
n/
We think of ¢ as an integral, which gives a value whenever it is convergent.

Our considerations thus far will be used through Corollaries 2.23 and 2.24 below:

Corollary 2.23. (i) V- uu(5) = U, ¢(s), where ¢ = ¢~ o Intwg o exp € CZ(n(F)), and & : M(F) — C
is such that £(mwy) = Euvolm) = (u,m(m)v) for all m € M(F), i.e., £() = Eyrvolinwy’) =
(u, m(mwg " )v).

(i) s — A(s,m,wo) has a pole at s = 0 if and only if there exists p € C°(n(F)) and some & € C(w), such
that Ress—o U, ¢(s) # 0.
Proof. Note that for m € M(F), é(mwo)ﬁg(mwo)s = &uw,s(m). Hence the first assertion follows from
changing variables n +— ¢(n) in (24), using (all the three assertions of) Lemma 2.21 and the fact that exp
takes dX to dn and d*X to d*n. (ii) follows by combining (i) with the lemma of Rallis, Lemma 2.19. O

~

Corollary 2.24. Assume that wom = w, so that w extends to a representation T of the twisted space
M(F) := M(F)wy. Let £ be as in Notation 2.12(ii), and let ¢ = ¢~ o Intwg o exp € CX(n(F)). Fiz v and u
in the spaces of m and w", respectively. Write éu/,v/ € C(7) = C(n) for the matriz coefficient for % associated
tou' :=wuo(wy) and v’ = 7(wo) 1v — i.e., given by m — (U, 7(M)v'). Then we have:

Ress—o ¥z, (5) = R(7)p(0){u,v) = R(7)p(0)(u',v").

P€ur v
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Proof. The latter equality follows from the fact that (u,v) = (u’,v’).
By Lemma 2.18(ii), R(7)p(0)(u,v) = R(7)¢~ (1){u,v) equals Ress=0 Uy~ uow(wo),v(s), which by Corollary
2.23 (i) equals Ress—o U, £(s), where € is such that

é(ﬁl) = §uo7~r(wO)}U70(ﬁ1wo_l) = (uo (wp), ﬂ'(ﬁzwo_l)w = (uwo 7(wp), (M) - 7(w) o) = éu/,,,(m)

— here the last equality used 7 (g ') = 7 (m)7(we) ', which follows from 7 () = 7 (mwy ' )7 (wo). Thus,

g = gu’,v“ O
Remark 2.25. Suppose we are in the setting of Corollary 2.24. Then we can summarize the conclusion of
Corollary 2.24 as saying that for any matrix coefficient £ of 7:

Ress—0 7, ¢ = ©(0)§(1) - R(7),

where £ is the image of € under the isomorphism C(7) — C(x) of Notation 2.4(iv). Note that this explains
the appearance of ¢(0) and £(1) in the Goldberg-Shahidi residue formulas that have already been worked
out — the ¢(0) seems to have a somewhat implicit presence in the proofs in literature, while the £(1) is like
the f2(1)f,(1) in [37, Lemma 6.4.3].

The following lemma is being proved for later use, in Lemma 6.16 (where it will, roughly speaking, be
combined with the supercuspidality of 7 to replace a sum for 19@ ¢ over k € Z with a sum over k € Z>).

Lemma 2.26. If C C M(F) is compact, then there exists a neighborhood 8k of 0 in n(F) (for the p-adic
topology) such that

Proof. We use exp and the relation m(X) = m(exp X) twy ! to reduce to showing that for any compact
subset C C M(F), there exists a neighborhood U of 1 in N(F) such that Y Nm~1(C) = 0. It is enough to
prove that there exists a regular function f” on N whose zero set equals N\ N’ (which contains 1), and such
that f”|n factors as x o m for a nowhere vanishing regular function x on M — for, given such an f”, we
may choose an € > 0 such that |f”(x)| > € for all z € m~1(C), and then set U = |f"|71[0, €).

There exists an irreducible (F-rational) algebraic representation 7 of G and a ‘lowest weight’ vector v~ in
the space of 7 such that the stabilizer of the line spanned by v~ is exactly P~ (e.g., use the construction in
[64, 11.2], taking the P there to be our P7). Then the contragredient of 7 has a ‘highest weight vector’ v,
such that the stabilizer of the line spanned by v is exactly P. Note that (v,v~) # 0. Let f’ be the algebraic
function on G given by f'(g) = (v,7(g)v™). Then clearly f’ is nonzero on PP~. Moreover, f’ vanishes
outside P P™, because on one hand it transforms according to P on the left and P~ on the right according
to some characters, and on the other, after choosing any Borel pair over F' contained in (Pz, M), any Weyl
group representative outside M takes v~ to a different weight vector (P~ being exactly the stabilizer of the
line spanned by v~), which therefore pairs to zero with the weight vector v.

Then n — f'(wy 'n) satisfies the desired properties: it vanishes on N\ N’ (as f’ vanishes outside PP ™), and
on N’ it factors as x o m for a character x : M — G,,, (because of the transformation property of f’ under
left-multiplication by P and right-multiplication by P™), giving the desired regular function on N. O

3 The setting and some structure theory over the algebraic closure

3.1 The setting

Notation 3.1. In this section (i.e., Section 3), we change notation a bit: F will denote an algebraically
closed field of characteristic zero, G will still be a reductive group over F, and P = MN and P~ = MN™
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will be Levi decompositions of a pair of opposite parabolic subgroups of G, with common Levi subgroup
M. After the statement of Notation 3.3 below, we will assume the hypothesis in it to be satisfied. In this
section, groups like G,,, SLo will be taken to be defined over F.

Remark 3.2. In later sections, the results of this section and the next will be applied with the present F'
standing for the I of those sections, and with G,P,M,N,P~,N~ being the base-changes to I of the objects
in those sections denoted by the same letter.

In this section (and indeed for most of this paper), we will not fix a Borel pair of G. Rather, we will work
with the ‘abstract based root datum’ of G. Occasionally, we will make temporary choices of Borel pairs in
G and equally temporarily realize the roots and coroots concretely as characters and cocharacters.

Notation 3.3. We impose the following hypothesis for the pair (G,P) in this section. We assume that P
is a maximal parabolic subgroup of G. Further, in the ‘abstract based root datum’ of G, write 3 for the
unique element of the set of simple roots that does not belong to the subset determined by the conjugacy
class of P, and —~ for the unique lowest root whose corresponding node in the extended Dynkin diagram of
G lies in the same component as the one corresponding to 3. Then we assume that the node corresponding
to B is the unique one in its component that is linked to the node corresponding to —v, and that this link
is via a single bond.

As we will see below, such parabolic subgroups P enjoy many special properties (see, e.g., [5]) that crucially
simplify our residue computations.

Remark 3.4. Here are some first consequences of the hypothesis in Notation 3.3. We have:

(i) The uniqueness of 8 means that the irreducible component of the Dynkin diagram of G corresponding
to S is not of type A, (n > 1), and the ‘single bond’ condition means that this component is not
of type Cy, (n > 2). If G is an almost simple group which is of type B,(n > 3) or D,(n > 4) or is
exceptional, then there exists a unique conjugacy class of parabolic subgroups of G satisfying Notation
3.3.

(ii) The ‘single bond’ condition gives (v, ") = (8,7Y) = 1. In particular, § is a long root. The reflection
about v takes —f3 to v — 8, and hence v — (8 is a long root as well. Since 3,7y — 8 and ~ all have the
same length, it follows that (y — 8)V =+Y — gV.

(iii) The uniqueness of 8 implies that v is orthogonal to every root in M. From this, it is easy to see
that, if we choose a Borel pair of G contained in (P, M), the resulting concrete realization of vV as a
cocharacter is valued in the center of M and also independent of the chosen Borel pair (as long as it is
contained in (P, M)). We will also see this in Lemma 3.7 below.

(iv) One knows (see, e.g., [5, Section 2]) that n has an Ad M-invariant decomposition n = ny @ ng, where,
concretely realizing roots using an arbitrary Borel pair in G contained in (P,M), for i« = 1,2, n; is
the direct sum of the root spaces corresponding to the roots in which 8 occurs with a coefficient of <.
Moreover, n; is irreducible as a representation of M, while ns is the (necessarily one dimensional) root
space associated to «. Similarly, write n™ =n; & n;.

Remark 3.5. Expressing Gy as a product of almost simple groups, it is easy to see that there exist reductive
algebraic groups G’ and G4 over F such that G” is almost simple and simply connected, G accepts an isogeny
from G° x G1, and the pull-back of P to G’ x Gy equals P’ x G4 for a maximal parabolic subgroup P’ c G
It is then easy to see that the irreducible component of g corresponding to 8 and ~ is the image of g°.
Moreover, the hypothesis of Notation 3.3 is satisfied with (G”, P*) in place of (G,P).
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Notation 3.6. For ? € {B,, | n > 3} U{D,, | n > 4} U{Es, E7, Eg, Fy, G2}, we will say that we are in the
?-case if the component of the Dynkin diagram of G corresponding to S (of which the Dynkin diagram of
any group G as in the Remark 3.5 is a copy) is of type ?.

Although we need to make a choice of a Borel pair (B*, T*) contained in (P, M) to talk of 3 and -~ as concrete
characters of a torus of G, it turns out that we can talk of some objects such as vV independently of such
choices:

Lemma 3.7. (a) exp(nz) and exp(ny ) generate a subgroup of G isomorphic to SLy and centralized by
Mder-

(b) If 0 # X € na(F), then X can be completed into a unique sla-triplet (Y, H, X) with Y € n; .

(¢) In the situation of (b), consider the cocharacter G,, — G obtained by restricting the homomorphism
wx : SLo — G associated to the said slo-triplet (Y, H,X) along the standard inclusion G,, — SLs
identifying G,,, with the diagonal mazimal torus of SLy. Then this cocharacter equals vV and is valued
in the center of M, and is independent of X .

Proof. For this proof, make a choice of a Borel pair (B*, T*) contained in (P, M), realizing +/3 and +~ as
roots of T*. Then ns is the root space associated to v, and n; that associated to —y. Thus, exp(ns) and
exp(n, ) generate a copy of SLy or PGLs. To see that the former is the case, note that v is injective, because
(8,7") = 1. Now, noting that Mg, centralizes ny and n; (since M normalizes these one-dimensional spaces),
(a) follows.

For the existence assertion in (b), one can use an SLy-homomorphism associated to the root v of T*, since
. . . 0 1 .
such a homomorphism can be chosen so that its derivative takes < 0 0) to X. For an sls-triplet constructed

this way, it is also clear that the resulting cocharacter G,, — G as in (c) is simply vV, which is independent
of X. Since Mye, centralizes the copy of SLy generated by exp(nz) and exp(n; ) (see (a)), which contains the
image of vV, we conclude that +" is valued in the center of M.

Thus, it remains to prove the uniqueness assertion of (b), which follows from the fact that {[Y',X'] | Y’ €
n,, X’ € ny} is a one-dimensional subspace of g, and can hence contain at most one element H such that
ad H|y,(ry equals multiplication by 2. O

Notation 3.8. (i) Fix X, € np(F) \ {0} until the end of this section (i.e., Section 3), and let ¢, be the
¢x, as in Lemma 3.7 above. Define:
0 1

Note that wo depends on X, but is independent of any choice of (B*,T*). Let X_, = ¢, ((1) 8)

(thus, it is the element Y furnished by Lemma 3.7(b) applied to X, ).

(ii) The character with which M acts on ny will henceforth be denoted by x., and the cocharacter associated
to any ¢x as in Lemma 3.7(c) will be denoted v, even without any reference to or dependence on
any Borel pair (B*, T*). This does not create any confusion, since the latter object agrees with the
concrete realization of vV made using any Borel pair (B*, T*) contained in (P, M).

(iii) Let ¢ denote the automorphism Intwg * of M.

Thus, if homomorphisms u, : G, =+ G and u_, : G, — G are the unique isomorphisms such that the
derivative of u, equals X, and the derivative of u_, equals X_, then wy = u,(1)u_(—1)u,(1).
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Remark 3.9. (i) For any Borel pair (B*, T*) contained in (P, M), the resulting realization «y : T* — G,
is a restriction of x, : M — Gy,.

(ii) By Lemma 3.7(a), wo centralizes Mge, and hence normalizes M. Now choose any Borel pair (B*, T*)
contained in (P, M), to realize roots concretely. Then wq fixes every root in M and, acting as the
reflection about v, takes 8 to —(y— ). We conclude that wy takes N to N~ . Hence M is self-associate,
and except for the fact that F' is not p-adic we are in the set up of Section 2.

(iii) As we noted in the proof of Lemma 3.7, vV is injective (since (3,7") = 1 in the abstract root datum
of G).

(1), (ii) and (iii) of the following lemma will often be used later without explicitly invoking them.
Lemma 3.10. (i) ¢ is given by m — vV (x,(m)) " 'm.

(#) € is an involution.

(tii) The kernel of x, on M equals the group M® of fixed points of € on M.

(iv) M® is connected, and so is MG« for any Levi subgroup M« of M.

Proof. Using Remark 3.9(i), (ii) follows from (i). So does (iii) too, since v is injective (Remark 3.9(iii)).
With w,,u_, as in the comment just before Remark 3.9, (i) follows from the computation:

-1

mawom ™ = Mty (1)t (= 1)ty (1)m ™ = 1wy (X4 (1) Ju—s (=X (1) ™y (x4 (M) = woy” (x5 (m)) "

(the last equality involves transferring a computation in SLy via the homomorphism ., of Notation 3.8(ii)).

Finally, we come to (iv). For this proof, choose a Borel pair (B*,T*) in G, with T* contained in Mr+, to
concretely realize 3 and ~. The regular morphism M — M given by m + BY(x,(m))™"' - m has image in
M? and is the identity on M (use (iii) and the fact that (vy,3") = 1). Thus, the image equals exactly M?,
which is therefore connected. The same argument applies to M7 (alternatively, it is easy to see from the
connectedness of M® that it is also reductive and that M7 is a Levi subgroup of M¢®). O

Remark 3.11. In particular, Lemma 3.10(i) implies that ¢ preserves a pinning on M — indeed, it preserves
every F-pinning of M.

3.2 The set 7' of non-maximal tori and an M(F)-conjugacy class of minuscule
SLz-homomorphisms

Notation 3.12. Let M := Mwo_l, viewed as a twisted space exactly as in Notation 2.12. Set N’ =
NNwy PN~ (exactly as in Notation 2.20), and n’ = log(N’) (as in Notation 2.22(i)). Let m : n’ — M be
defined as in Notation 2.22(i) as well.

3.3 A homomorphism SL; — G

There is a well-known conjugacy class of embeddings SLs — G, that are minuscule in the sense described
in the introduction of [25], and form short SLs-structures in the sense of Vinberg (see [63]). Embeddings
belonging to this class will be our main tool to study the map m : n’ — M, which we will do using SLs-
computations. Properties of such embeddings have been studied in several papers including in important
papers of Gan, Gross and Savin, and much of what follows in this subsection and neighboring ones is at least
implicitly, if not explicitly, present in literature. We have chosen to re-prove well-known facts because we
could not locate statements of lemmas or propositions in a convenient enough form, that state what want
without having the reader have to look through more of those references to get the context.
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Notation 3.13. (i) For this section alone, we will let B denote the set of Borel pairs (B*,T*) of G
contained in (P,M). It is well-known that B is a single M(F')-conjugacy class (the easy proof is
recalled in Lemma 3.17). As mentioned before, we will not fix a particular choice of (B*, T*), but each
temporary choice of an element (B*, T*) € B will give us, equally temporarily, a concrete realization of
each root a of G as a character of T* and the corresponding coroot oV as a cocharacter of T*; thus, in
such a situation (when (B*, T*) has been chosen) o and oV will also denote their concrete realizations.

(i) Each element (B*,T*) of B gives us a realization of 3¥,(y — 8)¥ as cocharacters of T*, and hence a
non-maximal torus T C G generated by the images of 3 and (y — 3)V. Let T+ denote the set of
all tori T obtained this way. Since B is a single M(F)-conjugacy class, it follows that 7 is a single
M(F)-conjugacy class (of nonmaximal tori of M). Its elements will index most of the objects that we
wish to study in this section.

Notation 3.14. (i) Suppose we are given a Borel pair (B*,T*) € B, realizing 8,7 — 8 and v as roots
of T*, together with nonzero elements Y3,Y,_3 and Y, belonging to the root spaces gg, gy—g and g,
respectively, satisfying [Yz,Y,_g] = Y,. When we talk of the embedding sl; — g associated to this
data, we will refer to the embedding defined as follows. By Lemma 3.1 of [5], the Lie subalgebra of
¢ generated by the root spaces g+g,g+(,—g) and g+, is isomorphic to sl3, and there exists a unique
embedding sl; — g that sends E12 to Y3, Eas to Y,_g and E43 to Y,. Here E;; € sl3(F) is the element
that equals 1 in the (4, j)-th cell and is zero elsewhere.

(ii) Suppose we have a datum (B*, T*,Y3,Y,_p,Y,) as in (i), giving an embedding sl3 < g. Since SLj is
simply connected, this embedding is the derivative of a unique homomorphism

SL; — G (30)

with finite kernel (to see this well-known fact concerning the ‘Lie Groups-Lie algebras correspondence’,
use, e.g., [41, Lemma 4.18, Lemma 4.19, Proposition 4.20, Theorem 4.22 (a)-(d)]). We will call this
the homomorphism SLs — G associated to the datum (B*,T*,Y3,Y,_3,Y,).

(iii) Let F stand for the set of all possible ¢ : SLy — G obtained as in (ii) from some datum (B*, T*,Y3,Y,_g,Y,)
as in (i). Lemma 3.17 below shows that F is a single M(F')-conjugacy class.

(iv) In this section and the next, we will denote the diagonal maximal torus of SL3 by Tb, and the group
of upper triangular matrices in SL3 by N,

Remark 3.15. (i) It is easy to see that 7T is the set of (non-maximal) tori in M that are of the form
©(T") for some ¢ € F.

(i) Using that ny is one-dimensional, it is easy to see that for any ¢ € F, ¢(SL3) contains the image ¢,
(see Notation 3.8), and in particular wy.

(iii) Suppose ¢ € F is associated to a datum (B*, T*, Y3, Y,_g,Y,) as in Notation 3.14(i). If Y, = X, then
a stronger version of (ii) applies: ¢, is the restriction of ¢ to the SLo that sits in the obvious manner
inside SL3 ‘using the outer four entries’ (i.e., centralizing —F1; + E22 — F33).

Remark 3.16. e Here is an example as to how a ¢ € F ‘looks like’. Suppose G = SOg,41 (n > 3)
or SOy, (n > 4). Realize G as the special orthogonal group of a quadratic space (V,¢q) with basis
€1+ +1€n,€0,€ n,...,e_1, such that q(e;, e;) = d;_;y, where any occurrence of ey should be ignored
if G = SOs9,,. Then one can check that P can be taken to be the stabilizer of F'e; + Fes and M to
be the common stabilizer of Fe; + Fey and Fe_o + Fe_;. Consider the subspace W of V spanned
by e1,es,e3,e_3,e_a,e_1, and the Siegel Levi subgroup of SO(W,¢qlw) C SO(V,q) that stabilizes
Fei + Fe_y 4+ Fe_3 and Fe_; + Fes + Fes. This Levi subgroup can be identified with GL3 in an
obvious way such that a ¢ € F may be taken to be the inclusion of SL3 into this copy of GL3.
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e If G is an exceptional group of type Ga, then a ¢ € F may be taken to be an inclusion of a Borel-de
Siebenthal subgroup obtained by removing the short simple root from the extended Dynkin diagram
of G.

Now we show that F is a single M(F')-conjugacy class.

Lemma 3.17. The data (B*,T*,Y3,Y,_3,Y,) as in Notation 3.14(i) are all M(F)-conjugate. Moreover, F
is a single M(F)-conjugacy class.

Proof. The former assertion implies the latter, since replacing a datum (B*,T*,Y3,Y,_3,Y,) by its con-
jugate under m € M(F') replaces the corresponding SLs-homomorphism as in Notation 3.14(ii) by its
conjugate under m as well. Thus, let us show that M(F') acts transitively on the set of possibilities for
(B*,T*,Y3,Y,_3,Y,). We first claim that the Borel pairs (B*, T*) € B form a single M(F)-conjugacy class.
Given any other (B}, Ty) € B, write Int g¢(B*,T*) = (B}, T}) for some g € G(F'); our claim follows if we
show that g € M(F). Since B*,B] C P, there exists p € P(F) such that Int p(B}) = B*, i.e., such that
pg normalizes B*, forcing g € p~! B*(F) C P(F). Therefore, if g did not belong to M(F), then M and
gM ¢g~! would be distinct Levi subgroups of the same parabolic subgroup P that contain a common torus
T =gT* g~ !, a contradiction. This proves that B is a single M(F')-conjugacy class.

Now it suffices to show that, for any fixed (B*,T*) € B, the set of possibilities for (Y3,Y,_3,Y;) as in
Notation 3.14(i) (or equivalently for (Y,Y,_g), given the constraint Y, = [Y3,Y,_g]) are all conjugate
under T(F) C T*(F), where T C T* is associated to (B*, T*) as in Notation 3.13(ii), i.e., it is generated by
the images of 8¥ and (v — 8)V (as realized using (B*,T*)). But since F is algebraically closed, this follows
from the fact that the matrix

(g VR ) Rl (e P ki My el (g IR

has determinant 3 and is hence invertible. O

Notation 3.18. When some (B*, T*) € B has been chosen and the present notation (i.e., Notation 3.18) is
invoked, then apart from using (B*, T*) to realize roots and coroots concretely, we will consider the following
notation defined:

(i) Let B} := B*NM, so that (B}, T*) is a Borel pair for M. Denote by B~ the Borel subgroup of G
opposite to B* and containing T*, and define By;* = B"*NM.

(ii) Using the choice of the Borel subgroup By, = B* MM of M, we can talk of standard parabolic subgroups
of M and highest or lowest weight vectors in representations of M.

(iii) Since the adjoint representation of M on ny is irreducible, it is easy to see that the root space gg of
B (resp., gy—p of v — f3), as realized using (B*,T*), is the space spanned by the lowest weight vectors
(resp., highest weight vectors) for this representation in the sense of (ii) above. We let P] (resp., P3)
be the parabolic subgroup of M stabilizing gg (resp., gy—g). Thus, P3 is standard (i.e., contains By;),
while PT D By/".

(iv) Let M} =P7NP3.

Lemma 3.19. Let (B*,T*) € B. Assume Notation 3.18. Recall the notation “R(N,T)” from Subsection
2.1.

(i) PT and P} are opposite parabolic subgroups of M, so that M} is a standard Levi subgroup of M, and:

R(M, T") = R(MZ, T*) U (R(P3, T") \ R(Mg, T%)) U (R(PT, T*) \ R(MZ, T7)).
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(ii) Given o € R(M, T*), the following are equivalent:
(a) a € ROMZ,T*) (resp., a € R(P3,T)\ ROMZ, T); resp., a € R(PY,T*) \ ROMS, T*)).
(b) (<Oé, 6v>a <Oé, (')/ - /B)v>) equals (07 O) (resp., (_15 1); resp., (la _1))

(¢) The set of roots in {a+nB | n € Z} and the set of roots in {a +n(y — B) | n € Z} respectively
equal {a} and {a} (resp., {a,a+ B} and {a,a—(y—pB)}; resp., {o,a— B} and {o, a+ (v = 5)}).

Proof. Though the lowest weight vector S of the adjoint representation of M on n; is not the negative of
the highest weight vector v — 3, these weights are negatives of each other when restricted to T* N Mge,, as
~ extends to the character xy : M — G,,, which is trivial on Mge,;. From this, (i) is easy to see.

Now let us prove (ii). For lightness of notation in this proof, we will write =, and =, for the sets of roots
in {a+nf|neZ}and {a+n(y— ) | n € Z}, respectively. Our first step is to consider some possibilities
for =, and for each such possibility, do the following:

e Find =/, which is simply given by {a —n(y — 8) | « + n8 € Z,} — this follows from the fact that ~
is orthogonal to every root in R(M, T*), together with the fact that the reflection about 7 sends 3 to

—(v—8).
e Find (o, 8Y) and («, (v — 8)V), which can be read off from =, and =,.

e Determine whether a belongs to R(P}, T*) and whether it belongs to R(P3, T*): Using the definitions
of P5 and P7 as the stabilizers of the highest and the lowest weight vectors in ny, and passing to the
Lie algebra, o € R(P}, T*) if and only if a+ 3 € Z,, and « € R(P5, T*) if and only if a+ (y— ) € E.,.

We now apply these considerations to some of the possibilities for Z,.

o If . = {a}, then B, = {a}, ((o,8Y),(a, (v = B)")) = (0,0), and a € R(P3,T*) N R(P},T*) =
R(MZ, TY).

o If =, ={a,a+ 8}, then E, = {a,a —
R(PT, T") = R(P3, T") \ R(MZ, T7).

o IfE, = {O‘_ﬂ7a}7 then Eix = {OZ,OZ—F (V_ﬂ)}v (<O‘7Bv>7 <Oé, (V_ﬂ)\/» = (15 _1)’ and o € R(PLT*)\
R(PE,T*) = R(PI,T*) \R(M:,T*).

(v=8)} (e, ), (e, (y=B8)")) = (=1,1), and a € R(P3,T") \

Thus, it is enough to show that, for any o € R(M,T*), the set of roots in {a + nS | n € Z} equals
{a},{a,a+ B} or {a— 5, a}. Indeed, using the fact that =, is a ‘string’, this can be seen using the following
two observations:

e Since R(M, T*) = R(P}, T*)U R(P3,T*), given any o € R(M, T*), one of a+ 3 and oo+ (y — 3) is not
a root. Since the reflection about v sends v — 8 to —f, we conclude that, if a4 3 is a root then a — 8
is not, and vice versa.

e 7 is the unique root that is a sum of 24 and an integral linear combination of the other simple roots
(use that dimny = 1), while v — 283 is not a root, because the fact that (v, 3V) = 1 forces that the only
roots of the form v+ n8 with n € Z are v — 8 and . Therefore, for any o € R(M, T*), neither o + 23
nor o« — 23 is a root.

O

Before proceeding, we digress to record a useful corollary that will later help us describe the torus T € 7+
generated by the images of ¥ and (v — 3)V, using just M}, P} and P3.
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Corollary 3.20. In the setting of Lemma 3.19, 28Y —~V is the unique cocharacter u : G,, — M., with the
property that the weights of Adou on m equal 0 on m%, 2 on the nilradical of p3, and —2 on the nilradical of
p5. Moreover, 23Y —~V, viewed as a cocharacter valued in M, is valued in AN .-

Proof. 23Y — ~V is an integral linear combination of coroots corresponding to elements of R(M*, T*), and
hence can be viewed as valued in Mg.. Now all the assertions, except the uniqueness assertion, are straight-
forward consequences of Lemma, 3.19. Since any such p centralizes M}, the uniqueness follows from the fact
that the set of elements of Zy: (F)) C T*(F) that belong to the kernel of each of the elements of R(M*, T*)
is the center of M and hence has finite intersection with Mge,, and hence has finite inverse image in Mg.. [

Lemma 3.21. Let (B*,T*) € B. Assume Notation 3.18.

(i) Let Z equal R(P5, T*)\ R(M}, T*), which is also the set of positive roots in R(M, T*)\ R(M}, T*). Let
=1 (resp., Z2) be the subset of R(ny, T*) consisting of the roots o such that o — 3 (resp., a — (v —f8))
is a oot — in R(M, T*), necessarily. Then we have a decomposition

R(N,T") = R(n, T") U R(ng, T") = (E1 U E, U{B} U {y — B}) U {~}.

(#i) The prescription a— a+ B (resp., a — a+ (v — B)) induces a bijection = — = (resp., —E — Ea).

(1) If o € R(ny, T*) belongs to E1,22,{B} or {y — B}, then, respectively, ({o, BY), (o, (v — B))) equals
(L O)a (07 1), (27 _1) or (—17 2)

Proof. (ii) follows from Lemma 3.19(ii). (iii) is easy to check using (ii) and Lemma 3.19(ii).

(iii) shows that =1, =9,{3}, and {y — B} are pairwise disjoint. Now, if we show that Z; UZs D R(ny, T*)\
{B,~v — B}, then (i) will follow as well.

Thus, given « € R(ny, T*)\{8,v— 8}, let us show that either a« — 3 or o« — (v —3) is a root. Note that neither
a+ B nor a+ (v — B) is a root (if either is a root, it would have to belong to R(n2, T*) and hence equal 7).
Therefore, if neither a« — 8 nor a — (7 — ) is a root, we would have (a, 8Y) = (a, (v — 8)V) = 0 (look at the
B-string or the (v — 3)-string through «), so that {(a,~v") = 0, a contradiction as {(a,7") = (8,7Y)=1. O

Remark 3.22. (i) If wg and w,_p are the reflections about 8 and v — 3, it follows from Lemmas 3.19
and 3.21 that, in the notation of Lemma 3.21(i), Z; = wg(E) and 23 = w,_g(—Z).

(ii) In the situation of Lemma 3.21, it is easy to see that o — v — « is an involution of R(ny, T*) without
any fixed points, and which exchanges Z; with Z5 and {f} with {y — 8}.

Corollary 3.23. Let (B*,T*) € B. Assume Notation 3.18. Define two elements ay,as € R(G,T*) to be
equivalent if a1 —ag € ZB+Z - (v — B). Then {£8,£(y — B), £} is an equivalence class, and every other
equivalence class is of exactly one of the following three forms:

(a) {a — (v — B), a0, + B} with a« € R(P5, T*)\ R(M}, T*) = R(M, T*) \ R(P}, T*) (or equivalently by
Lemma 3.19, with o € R(M*, T*) such that (o, fY) = —1);

(b) {a—B,a,a+ (v — B)} with a € R(P,T*)\ R(Mj, T*) = R(M, T*) \ R(P5,T*) (or equivalently by
Lemma 3.19, with o € R(M*, T*) such that (o, 8Y) = 1); and

(c) {a} with o € R(M}, T*) (or equivalently by Lemma 3.19, with o € R(M*, T*) such that (o, 3Y) =0).

Proof. This follows from Lemmas 3.19 and 3.21, together with the fact that the latter also gives its own
analogue for the roots of T* in N~ upon reflecting with respect to . O
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Proposition 3.24. Let (B*,T*) € B. Assume Notation 3.18. Assume further that (B*,T*) is part of a
datum (B*,T*,Y3,Y,_p and Y,) as in Notation 3.14(i), giving a homomorphism ¢ : SLg — G in F. Then
the representation Adoyw of SL3 on g decomposes as a direct sum of the following representations of SLg:

o The adjoint representation, realized on dp(sl3) = g3 ® 93 D gy—3 B §_(—p) D 8y D gy D dBY(F) @
d(y = B)Y(F) Cg;

o The standard representation, realized on each go—(y—g) + ga + ga+s with o as in (a) of Corollary 3.23
(note that the number of such a equals #(R(M, T*)\ R(P7,T*)) = #(R(M, T*) \ R(P3,T")));

e The contragredient of the standard representation, realized on each §o—pg + 8o + Gat(y—p) With o as in
(b) of Corollary 3.23 (note that the number of such o equals #(R(M, T*)\ R(P3,T*)) = #(R(M, T*)\
R(PT, T"))).

o The trivial representation, realized on each g, with a as in (¢) of Corollary 3.23 and on some subspaces
of t*.

Proof. This is an easy computation using Corollary 3.23. O

Corollary 3.25. Suppose we are in the setting of Proposition 3.24 — in particular, we have a (B*,T*) € B,
the objects of Notation 3.18, and a homomorphism ¢ : SLy — G in F.

(i) ¢ is minuscule in the sense of [25], i.e., (for any choice of a Borel pair of SL3) each weight \ of the
representation of SLg on g/dp(sl3) via Adoyp satisfies that (A, V) € {0,1,—1} for all roots a of SLs.

(i) ¢ : SLs — G is injective.

Proof. (i) follows by combining Proposition 3.24 with the fact that the standard representation of SLs, its
contragredient, and the trivial representation of SLs are all minuscule (we remark that [25] considers the
trivial representation to be minuscule). Since the standard representation of SL3 is faithful, (ii) follows once
we show that M € M. But if M = M then Proposition 3.24 would give that ¢(SL3) centralizes all of m,
which is impossible: since M C G contains a maximal torus, the centralizer of m in G is abelian and hence
cannot contain ¢(SL3). O

Remark 3.26. Thus, in the setting of Proposition 3.24, for some vector spaces .J, JY over F' of dimension
equal to #(R(M,T*) \ R(PT,T*)) = #(R(M,T*) \ R(P3,T")), denoting by Viq and V.Y, the standard

S
representation of SL3 and its contragredient, the representation Ad oy of SL3 on g decomposes as:

g = (Adjoint representation) @ J ® Vig © J¥ @ Viiy @ triv®",
where triv®" denotes some sum of copies of the trivial representation of SLz. Note also that dimn; =
2dim J + 2 = dimm — dimm} + 2.
3.4 Objects associated to a torus in 7

Many objects that we have seen so far, such as gg, gy—g, P, P35, M} etc., depended on a choice of some
(B*,T*) € B. In this subsection, we will see that such objects can (almost) be described starting from a
T € T+, without having to choose an element of B.

Lemma 3.27. Let T € T+, so that T = o(T°) for some ¢ € F.
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(i) The adjoint action of T on ny has exactly four weights, and they lie on a single affine subspace of
X*(T) ®z Q. Moreover, the weight spaces corresponding to the ‘two outermost’ or ‘extremal’ of these
weights are one-dimensional, and their sum is precisely dp(slz)Nny, for any ¢ € F such that T = @(Tb).

(i1) Assume that (B*,T*) € B has been chosen so that T is generated by the images of BV and (v — B)
(this is possible by the definition of T+ ). Let a,b € F* and let t = 8Y(a)(y — B)V(b) € T(F). Assume
Notation 3.18. Then:

(a) The eigenvalues of Adt on m/m{ are (a/b) and (a/b)~', with multiplicity (dimm — dimm)/2
each.

(b) There exists a decomposition n1 = gg B gy—p B V1 & Vo into vector spaces, with Vi and V3
independent of a and b and satisfying dim Vi = dim V2 = (dimn—3)/2 = (dimm—dimm})/2 # 0,
such that the eigenvalues of Adt on gg,g,—8, V1 and Va are respectively a’b™',a7'b?,a and b.
Further, if X, Y € V; for some i € {1,2}, then [X,Y] =0.

Proof. For both (i) and (ii), we may assume that T = (T”), where ¢ € F is attached to a datum
(B*,T*,Y3,Y,_3,Y,) as in Notation 3.14(i), because then T is automatically the subtorus of T* gener-
ated by the images of 3¥ and (y — 8)¥. Then (i) is easy to see from Lemma 3.21(iii), and the fact that the
points (2, —1), (1,0), (0,1) and (—1,2) of Q? all lie in a single line.

(ii)(a) follows from Lemma 3.19(ii), so let us prove (ii)(b). For i = 1,2, let V; be the span of the root spaces
go with « belonging to the set =; as in Lemma 3.21(i). Then V7 and V, are independent of a and b, and
the assertion about their dimensions follows from Lemma 3.21(ii). These dimensions are nonzero because
M5 # M as we saw in the proof of Corollary 3.25. The decomposition ny = gg @ g, ® Vi @ Va follows
from Lemma 3.21(i). The assertion about the eigenvalues of Adt on gg, g,—g, Vi and V5 follows from Lemma
3.21(iii). The assertion about [-,-] vanishing on each V; follows from the fact that no two elements of the
same Z; can sum to the unique root v in ng, as we noted in Remark 3.22(ii). O

Notation 3.28. Suppose T € 7. We associate the following objects to T.

(1) We define two characters fr 1, fr,2 € X*(T) and two cocharacters (7. ;, Bt 5 € X«(T) as follows. Con-
sider the two extremal weights of the action of T on ny (see Lemma 3.27(i)), and make a noncanonical
choice of calling one of them Bt ; and the other St . Let 5%71, B¥72 € X, (T) be the unique cocharacters
with the property that for ¢,j € {1,2}, <6T,ivﬁ¥’j> equals 2 if i = j and —1 if 4 # j — their existence
and uniqueness are easy, and implicit in the statement of Lemma 3.30(ii) below.

(ii) Let gg,,,8pr. C 11 be the weight-spaces corresponding to 1 and St . Note that these are one-
dimensional by Lemma 3.27(i).

(iii) We define Hy = ¢(SLs) and cp = do(n”) = dip(sl3) Nn, for any ¢ € F such that T = ¢(T”). Note that
¢r does not depend on the choice of ¢, as it is easy to see that ¢r = gg,, + gg., + gy (recorded in
Lemma 3.30(ii) below). Hr does not depend on the choice of ¢ either: since wy € ¢(SL3(F)) for any
¢ € F (see Remark 3.15(ii)), it is easy to give a description of h without referring to ¢, namely, it is
generated as a Lie algebra by ¢ and Ad wg(ct).

(iv) Let Mt be the centralizer of T in M, and let T be the quotient of T by ¢(Zgr, (F)), i.e., T is the image
of T in the adjoint group Hr oq of Hr.

(v) Let Pt and Pt be the parabolic subgroups of M determined by the cocharacters £y, and (Y ,,
respectively — i.e., pr1 C g (resp., pr2 C g) is the sum of the positive weight spaces of G, acting on
g via Adofy ; (resp., Ad oSy ,).
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(vi) Tt is a consequence of Lemma 3.30 recorded in Remark 3.31 below, that for ¢ = 1,2, Pt is also
the subgroup of M that stabilizes the line gg., C n1, and that Pt; and Pt 2 are opposite parabolic
subgroups of M intersecting in M. Granting this, let xg.,, for i = 1,2, denote the character of
Pr; D Mt with which it acts on gg, ;, and let M% C Mt be the intersection of the kernels of X B
and xg.. , restricted to Mr.

(vii) If Z, € gg,, and Zy € gg.,, then [Z;, Z5]/X, will denote the unique element ¢ € F such that
[Z1,Z5] = cX, — it exists because [gs; ,,8p:,] = §,, a consequence of Lemma 3.30 recorded in
Remark 3.31 below.

viii) Assuming ¢t = ggr., + 985, + 9, as we will verify in Lemma 3.30(ii) below, define ¢ = ¢r N0/, and
Br.1 Br,2 Y T

‘r0 = {Zﬂl + Zﬁ2 + TSXW ‘ Zﬁ1 € 9811 \ {0}7 Zﬂz € 98- \ {0}7T3 7é 0}'
Let ¢f o = ¢p Nero C op. Clearly, ¢, o1 0, ¢ o C o1 are open.

Remark 3.29. MlT may not be connected; e.g., if G = Go, we have Mt = T, and M}r identifies with the
kernel of the T — T.

Lemma 3.30. Suppose ¢ € F is associated to a datum (B*,T*,Ys,Y,_3,Y,) as in Notation 3.14(i), and
suppose T = @(T°). Then:

(i) {Br,Br2} = {8l (v = B)|r}

(”) IfﬁT,l = 5|T and BT,Q = (’7 - ﬁ)lT? we have gBT,1 = gﬁ7gBT,2 = g"{*ﬁ?ﬁ%@ = Bv7ﬁ¥,2 = (’V - ﬁ)vi and
‘(T =98 +8y—p + 08y = 9871 + 9B 2 + 94.

(iii) We have Mt = M3. If fr1 = B|r and Br2 = (v — B)|r, we have Pt = P}, P15 = P3.
In (ii) and (i), obvious modifications apply if fr1 =y — B and Br.2 = B instead.

Proof. (i) is easy to see from Lemma 3.21(iii). (ii) is straightforward, and its proof justifies the claim of the
existence and uniqueness of the Sy ; in Notation 3.28(i). For (iii), combine (ii) with Lemma 3.19(ii). O

Remark 3.31. Let us record some consequences of Lemma 3.30 above. Suppose T = (p(Tb) for some ¢ € F.
Then it is easy to see that:

(i) (BY.1,B+%2) and (Bf 5, By ;) define isomorphisms G, x G,, — T (use Lemma 3.30(ii) and Corollary
3.25(id)).

(ii) er = 98r, + 0pr. + 8y, and [gﬂT,lagﬂT,z] = g (see/use Lemma 3.30(ii)).

(iii) Fori = 1,2, Py is also the subgroup of M that stabilizes the line g, , (use Lemma 3.30(iii)). Moreover,
Pt and P2 are opposite parabolic subgroups of M intersecting in Myt (use Lemma 3.30(iii) and
Lemma 3.19(i)), justifying (vi) of Notation 3.28 above, so that Xg, ,, Xy, and M} now make sense.

(iV) Xpr.i Mz + XBr.2IMr = Xoy|my (as follows from the fact that [gs, ,,85:.,] = g,). By abuse of notation,
we will often refer to x|t as simply 7.

(V) By + Bt o =7" (use Lemma 3.30(ii) and the fact that ¥ + (y — 8)" =~").

We now restate Lemma 3.27(ii) so as to have it in terms of the notation just introduced.

Lemma 3.32. Let T € T+, and let t = BY ,(a)BY.,(b) € T(F) for some a,b € F. Then:
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1 e eigenvalues o t on m/my are (a/b) and (a/b)™" with multiplicity (dimm — dim mp each.
;) The et l f Ad b d (a/b)~1 with multiplicity (di di 2 h

(ii) There exists a decomposition n = gp.. , s, DV1@ Vo into vector spaces, with Vi and Vs independent
of a and b and satisfying dimVy; = dim Ve = (dimn — 3)/2 = (dimm — dimmr)/2 # 0, such that
the eigenvalues of Adt on gs.,,8p:.,V1 and Va are, respectively, a’b= a0, a and b. Further, if
X, Y €V, for some i € {1,2}, then [X,Y] =0.

Proof. This is a translation of Lemma 3.27(ii) using Lemma 3.30. O

Lemma 3.33. Let T € T'. Then 28Y, — " = B}, — BYy = —2B8Y, +" is the unique cocharacter
w: G, — M. with the property that the weights of Adop on m equal 0 on mt, 2 on the nilradical of pr 1,
and —2 on the nilradical of p 2. Moreover, this cocharacter, viewed as a cocharacter valued in M, is valued
in Zyg, -

Proof. This is a translation of Corollary 3.20 using Lemma 3.30. O

The following lemma gives a description of 7 that we think of as ‘slightly less coordinatized’.

Lemma 3.34. For this lemma, denote by Ty" the M(F)-conjugacy class of pairs (M}, {P%,P3}) obtained
as in Notation 3.18, as (B*, T*) varies over B (here {P},P5} is viewed as an unordered pair). Then T
(M, {P%, P2} is a well-defined M(F)-equivariant bijection T+ — To", which sits inside a commutative

diagram
B

7‘+ N 7B+

where the ‘downward left’ arrow sends (B*, T*) to the torus generated by the images of 8V and (v— )V, and
the ‘downward right’ arrow sends (B*, T*) to (M, {PT,P3}) defined using (B*, T*) as in Notation 3.18.

Proof. The map T — (Mry, {P%,P%}) is well-defined because {P%,P%} is an unordered pair. The commuta-
tivity of the diagram follows from Lemma 3.30(iii). Thus, it remains to show that the map 7+ — 7, is injec-
tive. But since T is generated by the images of v = By, + 67, and 26, =" = By | =B, = —(28Y,—7"),
this is easy to see from the uniqueness assertion in Lemma 3.33. O

Remark 3.35. If we use Lemma 3.34 to identify an element T € 7+ with its image (Mr, {P%, P%}) in the
set that was denoted 76+ in that lemma, then the noncanonical choice in the labeling of St 1, f1,2 that was
made in Notation 3.28(i) amounts to choosing an ordering for the unordered pair {P1, P3.}.

Lemma 3.36. Let T € Tt. For this lemma, write Ny(T) for the normalizer of T in M. Then Ny (T)
contains My with index two, and its actions on X*(T), X.(T) and the space g , +9p,., satisfy the following:
every element of Mr(F) fizes BTJ,BTQ,&%J and ﬁ¥’2, and stabilizes the lines gp,. , and gg..,, while every
element of Ny(T)(F) \ My (F) swaps B with Br 2, Bt with By 5, and g, , with gs, , .

Proof. Since X*(T) contains Zft 1 + Zfr2 with finite index (resp., since X.(T) = ZB}; + ZB ,), Mr
equals the set of elements in Ny (T) that fix both S and Br2 (resp., both ,6’%11 and quﬂg). Further, since
Mt = Pt NPy, it is also the subgroup of M that preserves gg.., and gg, ,, and also the subgroup of M
that normalizes Pt ; and Pt . Thus, it now suffices to show the following two assertions:

e Ny (T) contains Mt with index two; and

e Every element of Ny (T) either fixes 1,1, 61,2 € X*(T) or swaps them with each other — this would
also imply analogous statements about (7., B, € X«(T) as well as the lines gg, , and gg, , -
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The latter assertion follows from the fact that St ; and Bt 2 are the extremal weights of T on n;. This also
shows that the index of Mt in Ny (T) is at most 2. To show the former assertion, i.e., that this index is
exactly two, it suffices by Lemma 3.34 above to show that there exists some element of M(F') that conjugates
P% and P% to each other (and in particular normalizes Mt = P~ NPZ%) but does not centralize Mr. This
follows from the fact that P%« and P% are opposite parabolic subgroups of M that stabilize lines in the
irreducible representation of M on ny (and thus are taken to each other by a ‘long Weyl element for M’). [

Lemma 3.37. Let T € Tt. Let Z = Zg, + Zp, € (cvNny)(F), with 0 # Zg, € gp,,(F) fori=1,2. Identify
mr\m with the unique T-equivariant complement of mt in m, i.e., with the direct sum of the nilradicals of
PT1 and Pr,2-

(i) The linear map jz : t® (mp\m) — ny given by [Z,-] is a linear isomorphism, which sends t to ¢y Nng
and mp\m to the unique T-invariant complement of ¢t Nny in ny.

(i) For i = 1,2, jz is given by ad Zg, on mp\pr3_;, a subset of mp\m that, using our identification of
mrp\m, gets identified with the nilradical of pr 3—;.

Proof. (ii) follows from the fact that for i = 1,2, the action ad of the nilradical of pr ; annihilates Z3, € gg,.,
(apply this with 3 — ¢ in place of ).

Exchanging (1 and Sr2 with each other if necessary, we may and do choose (B*,T*) € B such that
Br1 = Blr and fro = (v — B)|r (where 5 and v — 3 are realized using (B*, T*)). Translating from Lemma
3.21 using Lemma 3.30, it is easy to see that ad Zg, maps mr\pr 3—; isomorphically to the space V; as
constructed in the proof of Lemma 3.27(ii), i.e., as in the statement of Lemma 3.32. It is also easy to
see that ad Z maps t isomorphically to gg,, + gsr, = ¢r N ny. Therefore, (i) follows from (ii) and the
decomposition ny = gg., ® ggr, © V1 ® V2 of Lemma 3.32. O

3.5 A formula for m on ¢t

Lemma 3.38. Suppose T € T+. If X = Zg, + Zg, + T3X, with Zg, € g, fori=1,2, then X e v if and
only if Ts X, # £(1/2)[Zs,, Z3,], in which case:

_ 1%, 2 1(Zs,, 2 _
m(Zs, + Zp, + TsX+) = B}, <T3 - 2[ﬂXﬂz]) BY (T3 + 2[6Xﬂz]> wi
Yy Y

Proof. We may assume that T = w(Tb), where ¢ is associated to a datum (B*,T*,Y3,Y,_3,Y,) as in
Notation 3.14(i). Moreover, we may conjugate this datum by an element of T*(F) (which does not change
T or the image of ¢) to assume that Y, = X,. We have that {fr1,812} = {8,7 — 8} by Lemma 3.30.
Interchanging fr,; and Bt 2 does not affect the statement of the lemma, so we may assume that Sr; = 3
and Bro = v — B. Now the assertion specializes to the following: if X = T1Ys + To2Y,_g + T3Y, with
Ty, T5,T5 € F, then X € v if and only if T5 + (1/2)T1T5 # 0 # T3 — (1/2)T1T%; moreover, if X € v/, then
m(exp X))~ = weBY (T3 — (1/2)ThT2) " (v — B)V (T3 + (1/2)T1T2) .

The map ¢, together with the fact that wq is the reflection associated to X, =Y, reduces the problem to
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a computation in SLg, for which we can use the identity :

1 1t 3

1 : 1t

1 1

1 t1(t3 — 61t
1 1( 3 1 2) —(tg _ t1t2) 7];5 (32)
t3 — tito " tt t3 2
= LB uit2 : 1 tats | t3 —tits )
i3 ts —t1to l ti 1
t3 1 t3 t3

with tl :Tl,tQZTQ,t:J, :T3+(1/2)T1T2. O]

Notation 3.39. Let T € T+.

(i)

(i)

(iii)

(ﬂ%l, B%Q) : G X Gy, = T and (Br1,Br,2) : T — Gy, X Gy, are easily seen to be isomorphisms, and
we will often think of them as identifications (usually with prior notice).

We claim that a — Sy, (a)BY 5(a™") defines an isomorphism G,, — T and that T° = T., where we
recall from Subsection 2.1 that T. is by definition (T¢)", with T C T denoting the subgroup fixed
by €. This claim will be justified in Remark 3.40(i) below, after which we will often think of this
isomorphism as an identification.

Since wy € Hy(F) (see Notation 3.28(iii)), € = Intw, * descends to an automorphism of Hr .4 and
hence of T, which we will also denote by . In Remark 3.40(i) we will also see that we have an
isomorphism T, — G,,, under which each a € G,, is the image of a unique ¢t € T, such that 81 1(t) = a
and fro(t) = a~!. This isomorphism T, — G, too will often be thought of as an identification.

Remark 3.40. Let T € 77, and identify G,, x G,, with T using (8 ;, 8} ,) and with T using (fr,1, 81 2),
as in Notation 3.39(i), of Notation 3.39. Then:

(i)

(i)

(iii)

e : T — T identifies with the map (a,b) — (b=, a™1) of G,, X G,, — this follows from the fact that the
reflection about y sends 3 to —(y — ) and (v — 8) to —3, and hence ¢ = Intw, ' sends Bt to —fBr.2
and Bt to —f71. Note that this justifies the claims in Notation 3.39(ii), and, using the identification
of T in Notation 3.39(i), also the claim in Notation 3.39(iii).

Identifying G,, with T. and T, as in (ii) and (iii) of Notation 3.39 (justified in (i) above), the embed-
dings T, — T and T. — T both identify with the embedding G,,, — G,,, x G,, given by a — (a,a™1).
Moreover, the map T — T, (as also the map T — T_) given by t + te(t) identifies with (a,b) — ab™!.

vV = BY1 + Bt Gy — T identifies with the diagonal inclusion G, = Gy, X G-

Remark 3.41. Let T € 7+. The action of T on ¢t via Ad oy descends to the action of T, identified with
G, X G, as in Notation 3.39, on ¢ given by:

(a, b)(Zﬁl + Zﬁz + TgX,y) = aZﬂl + bZ,@2 + angXA/, (33)

for Zﬂl € gBT,UZﬂz € 9812

Lemma 3.42. Let T € T+. Then the conjugation action of T on ¢t preserves CIT,o (defined in Notation

3.28(viii)) and makes each fiber of m: ¢ o — M a torsor under T..

Proof. Using the identifications of Notation 3.39, the lemma follows from Lemma 3.38 and Remarks 3.40
and 3.41. O
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3.6 The cro(F) partition ny(F)

We will need to understand the behavior of m on n’, for which we need to understand the adjoint action of
M on n better. It is a related consideration that, while we cannot expect the ¢t (F) to partition n(F) (as
T ranges over the M(F)-conjugacy class 71), we will show that the ¢y o(F) defined in Notation 3.28(viii)
partition an open dense subset ng(F) C n(F') that we will define in Notation 3.43 below. This (or rather a
p-adic and hence ‘non-algebraically closed’ version of it) will be crucially used in our Weyl-type integration
formula later.

Clearly ny has a Zariski open M-orbit (with ny(F)\ {0} for its F-points). It is a well-known result of Vinberg
that n; has an open orbit too.

Notation 3.43. For i = 1,2, we denote by n; o the open M-orbit in n;, and by ng the open subset {X; + X5 |
X; €noVi=1,2} of n. We set ny =n' Nny.

Remark 3.44. Let X be a nilpotent element in g; (F), for some reductive group G, /F. If (Y1, H1, X) and
(Ya, Ha, X) are two distinct slo-triplets completing X, then we claim that H; and Hs do not commute, i.e.,
the centralizer of Hy (resp., Hs), which is a Levi subgroup of the Jacobson-Morozov parabolic subgroup
associated to X, does not contain Hy (resp., Hi). Indeed, otherwise there would exist some maximal torus
of Gy which has both H; and Hs in its Lie algebra, and is hence contained in both these Levi subgroups,
contradicting that two different Levi subgroups of the same parabolic subgroup cannot share a maximal
torus (for the two Levi subgroups would then have the same set of roots with respect to this torus).

Lemma 3.45. Let T e TT.

(i) Let Z = Zg, + Zp, € cv(F) Nni(F) = gpr, (F) + 9p1. (F), where Zg, € gp,,(F) for i =1,2. Then
Z € m1o(F) if and only if Zg,, Zs, # 0.

(i) We have cr,o(F) = cr(F) Nng(F) and cp o(F) = er(F) Nng(F).

Proof. Suppose (i) is known. Then we immediately get ¢ o(F) = op(F) N ng(F), and, using the definition
op(F) = cr(F) Nn'(F) (see Notation 3.28(viii)), also the equality ¢ o(F) = e (F) Nng(F). Therefore, (i)
implies (ii), so let us prove (i).

Exchanging fr,1 and fr o if necessary, we may and do choose a datum (B*, T*,Y3,Y,_3,Y,) as in Notation
3.14(i), such that St 1 = S|t and Br,2 = (y—B)|r. Then we may and shall write Zz, = aYs and Zg, = bY,_p
with a,b € F. What we need to show is that Z € ny o(F') if and only if ab # 0.

Consider the orbit map M — n; given by m — Adm(Z). Its derivative at the identity identifies with —ad Z.
By Lemma 3.37, it is easy to see that that this orbit map is submersive at the identity (or equivalently at
every point of M) if and only if ab # 0. Since AdM(X) is open in its closure by the closed orbit lemma ([9,
Chapter I, 1.8]), and contained in the nonsingular locus of its closure by homogeneity, the submersivity of
the orbit map is equivalent to the closure of Ad M(X) having the same dimension as ny, i.e., to this closure
being equal to ny. This proves (i), and hence the lemma. O

Lemma 3.46. Suppose we have chosen a datum (B*,T*,Yp,Y,_3,Y,) as in Notation 3.14(i). Choose
Y g €95 and Y_(,_p) € g_(y—p) that belong to sla-triplets completing Yg and Y, _g, respectively.

(i) For a,b € F*, the following is an sly-triplet:
(2a7'Y_ g+ 20 'Y_(,_p),2dv" (1),aYps + bY,_5).

(i) For X belonging to the open orbit of AAM(F) on n;(F) (i =1 or 2), there exist a unique H € m and
Y en; such that (Y, H, X) is an sly-triplet; in fact, necessarily, H = (2/i)dv" (1).
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Proof. (i) is directly verified (use that (8,7V) = (v — 8,7") = 1, that 8¥ + (v — 8)¥ =V, and that v — 23
is not a root, as we saw in the proof of Lemma 3.19).

For (ii), the existence assertion follows from Lemma 3.45(i) and (i) if ¢ = 1 and from Lemma 3.7 if i = 2,
with H = (2/i)dyVY (1) in either case. Since the centralizer of dvV (1) contains the whole of M (as v is central
in M), the uniqueness assertion of (ii) follows from Remark 3.44 and the fact that any sls-triplet (Y, H, X)
is determined by H and X. O

Notation 3.47. (i) For the rest of this section, given ¢ = 1,2 and X; € n; o(F'), we denote by ¢x, : SLy —
G the homomorphism corresponding to the sly-triplet associated by Lemma 3.46(ii) to X;. Note in the
case t = 2 that px, has the same image as ¢, = px, independently of Xs € ny.

(i) For the rest of this section, given X = X7 + Xo € ng(F) with X7 € nyo(F) and Xz € nao(F), let Hx
denote the subgroup of G generated by the images of ¢x, and px,, and let Tx := Hx NM. Since Hx
and Tx depend only on X; — because ¢x, and ¢, = px._ have the same image — we will also write
Hx, for Hx and Tx, for Tx.

Lemma 3.48. Let X = X; + X5 € ﬂo(F), with X1 € ﬂl,o(F) and X9 € 11270(F).

(i) X € do(sl3(F)) for some homomorphism ¢ : SLy — G in F. Moreover, for any such o, we have
Hx = ¢(SLs) and Tx = ¢(T°) € T*; in particular, Hx = Hyp, = SLs (where Hy, makes sense by
Notation 3.28(iii) as Tx € TT).

(ii) Choose a datum (B*,T*,Y3,Y,_3,Y,) as in Notation 3.14(i), and denote the resulting homomorphism
SLs — G in F by . Then X1 belongs to gg(F) + gy—p(F') (or equivalently, X belongs to dp(sl3(F')))
if and only if Hx = p(SL3).

Proof. We first prove (ii). If Hx = ¢(SL3), then X3 belongs to hx(F) Nny(F) = dp(sls(F)) Nny(F) =
05(F) + g,—p(F), giving the ‘<=’ implication of (ii). To prove the ‘=’ implication of (ii), suppose that X;
is of the form aY3 + bY,_g, so ab # 0 by Lemma 3.45(i).

Lemma 3.46(ii) gives that Hx C ¢(SL3). Therefore, the ‘=’ implication of (ii) will follow if we show that
this inclusion is an equality, or equivalently, that dimbhx > 8.

For this, we view hx as a representation of SLy via ¢x, : SLy — G (defined in Notation 3.47(i)), whose
image is contained in Hx by definition. Then dyx, (slz) is an SLo-subrepresentation of hx isomorphic to
the three dimensional adjoint representation of SLy. Further, na(F) \ {0} consists of highest weight vectors
for the representation hx, on which the standard maximal torus of SLs acts with weight equal to that
of (2/1)dyY(1) = 2dyV(1) (see Lemma 3.46), i.e., 4. Thus, hx contains an irreducible five dimensional
representation of sly as well, so that its dimension is at least 8, as desired, finishing the proof of (ii).

The first assertion of (i) follows by combining (ii) with Lemma 3.45(i), which allows us to assume that
X € g3(F) + g—p(F) for some choice of (B*, T*,Y3,Y,_g,Y,). For the assertion in (i) that Hx = ¢(SL3)
whenever ¢ € F and X € dy(sl3), assume instead that ¢ is associated to some choice of (B*, T*,Y3,Y,_3,Y,),
and use the ‘=’ (‘only if’) implication of (ii). The assertion of (i) involving the equality Tx = ¢(T”) then
follows by intersecting with M and using that M is the centralizer of vV, and then the assertion involving
the isomorphisms Hx = Hp, = SL3 is obvious from the definition of Hr,, . O

Corollary 3.49. Let X = X1 + X2 € no(F), with X1 € n1o(F) and Xo € nao(F). Then T := Tx belongs
to T, X1 € 9pp, (F) + 98p.(F) = cr(F) Ny (F), and X € cp(F).

Proof. Lemma 3.48(i) lets us choose ¢ € F such that X € dy(sls(F)). It then gives that T := Tx = (1) €
T, so that X1 € do(sls(F)) Nny(F) = gy, (F) + gp.,(F) and X € do(sl3(F)) Nn(F) = cp(F). O
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Lemma 3.50. Given ¢1,ps € F, the following are equivalent:

(i) 1 and o determine the same element of T+, i.e., ¢1(T”) = @o(T");
(i) p1 and w2 have the same image; and

(i4i) There exists some element of ng(F) that belongs to the images of both dp1 and dps.

Proof. (iii) implies (i) and (ii) by Lemma 3.48(i). The image under each dy; of sl3(F') always contains some
element of ny(F') by Lemma 3.45(i), so (ii) implies (iii). Finally, we have (i) = (iii) by Lemma 3.27(i) (which
says that dp;(sl3(F)) Nny(F) is the sum of the weight spaces corresponding to the extremal weights of the
action of p(T”) on ny) and the observation, just made, that di;(sls(F)) Nng(F) # 0 for i = 1,2. O

Remark 3.51. In the setting of Notation 3.47(ii), one might have liked to assign to X a canonical ho-
momorphism ¢x : SLg — G in F, whose image coincides with Hx. However, this does not seem to be
possible, since there appear to be two natural choices for such a homomorphism, as we now describe. To
explain this, we may assume that some (B*,T*,Y3,Y,_g3,Y,) has been chosen as in Notation 3.14(i), so
that X € Y3+ Y,_g + na(F). One could then choose ¢ as in Notation 3.14(ii), or one could use the ¢
obtained by replacing (Y3,Y,_3,Y) with (Y,_g,Ys, =Y, ). Thus, this ambiguity comes from having to make
the noncanonical choice of Notation 3.28(i).

Lemma 3.52. We have:
I‘lo(F) = |_| CT)O(F).

TeT+

Proof. For each T € T, we have ¢ro(F) = ¢p(F) Nng(F), by Lemma 3.45(ii). The disjointness of the
¢1,0(F) then follows from Lemma 3.50, while the fact that they cover ng(F) follows from Corollary 3.49. [

3.7 The generic isotropy subgroup

It is a well-known theorem of Richardson (see [48]), and also a corollary of the Luna slice theorem, that
there exists a subgroup H of M and an open subset of n, with the property that the isotropy group in M of
any X belonging to this open subset is M-conjugate to H. We will find such a group H for our situation by
finding the isotropy group of elements in ny. By Lemma 3.52, this reduces to finding generic stabilizers of
elements in c.

Lemma 3.53. Let X; € nyo(F) and let T := Tx, € T* (see Notation 3.47(ii) for the definition of Tx,,
and Corollary 3.49 for the justification that T € T ). For this lemma, write Mx, for the centralizer of X3
in M, and Ny (T) for the normalizer of T in M (as in Lemma 3.36). Then Mx, is generated by My and
some element w € Ny (T)(F) \ My (F) satisfying that w?* € M%(F) (in particular, Mx, contains My with
index two). Moreover, x(w) = —1 for any w € Mx, (F) \ M3(F).

Proof. By the uniqueness assertion of Lemma 3.46(ii), M x, normalizes ¢ x, (SL2). Since M D My, normalizes
¢x,(SLg), it follows that Mx, normalizes Hx, (as defined in Notation 3.47(ii)) and hence also Hx, "M =
Tx, = T. Therefore, by Lemma 3.36, every element of Mx either belongs to M, or to Ny (T) \ Mt which
exchanges gg, , and gg.,. Thus, we get an injection (Mt NMx, )\ Mx, < Mt \ Nu(T).

By Corollary 3.49, we can write X1 = Zg, + Zg,, with Zg, € gg,, for i = 1,2. Since Mt acts on gg, , and
9pr. DY Xgr, and xg. ,, respectively, it follows that Mo N My, = M7. Thus, for all the assertions in the
lemma except the last, it now remains to show that Ny (T)(F) \ Mt (F) nontrivially intersects Mx,. Since
Nup(T)(F) \ Mt (F) exchanges gg,, and gg. ,, this follows from the fact that any w € Ny (T)(F) \ Mt (F)
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can be multiplied with some element of T(F) to ensure that Adw(Zg,) = Zs, and Adw(Zs,) = Zga,, thereby
ensuring that w € Mx;, .

Finally, if w € My, \ M%(F), then it is easy to see that Adw(Zs,) = Zs, and Adw(Zs,) = Zs,, and the
assertion that x,(w) = —1 follows from:

X’Y(w)[ZBNZﬁz] = Adw([ZﬁUZﬁz]) = [Adw(Zfﬁ)?Adw(Zﬁz)] = [Zﬁzvth] = _[Zﬁwzﬁz]'
O

Remark 3.54. In fact, in the situation of Lemma 3.53, one can show that a w as in that lemma can be
taken to satisfy that w? = 1, but we leave this to a different paper.

Corollary 3.55. The stabilizer in M of any element of ¢r,o(F) equals M}F Thus, the generic isotropy group
of n is MA%. (up to its M-conjugacy class, that is).

Proof. The latter assertion follows from the former and Lemma 3.52. The former assertion follows from
Lemma 3.53 and the observation that the centralizer of any element of ny o(F') in M equals M® = ker(x,). O

3.8 The subsets T,,

For T € T+, although Mt is the centralizer of T by definition, T can be a proper subset of the identity
component of the center of Mt (e.g., this happens when G is simple of type B,, with n > 3 or D,, with
n > 4).

Definition 3.56. Let T € T+.

(i) Let Tg = {B71(a)BY5(b) € T | a # £b} C T, a reduced and open subscheme. Note that T, depends
only on T and does not change if 11 and 2 are exchanged with each other.

(il) Let T = {BY1(a)By o(a™") | a € Gy \ {#1}} C T¢, areduced and open subscheme, again depending
only on T.

Remark 3.57. T (F) is the inverse image of T, s (F') under the map T — T, given by ¢ — te(t) — to see
this, use Remark 3.40(ii). However, T, 4 (F) # Ts.(F) N T (F).

Lemma 3.58. Let T € T*. Fort € T(F)\ vV (F*) D Ts(F), the endomorphism induced by Adt — 1 on
m/mr is invertible. Hence the connected centralizer of t in M equals M.

Proof. 1f we write t = 8Y(a)(y — 8)V(b) with a,b € F*, then a # b, since t & vV (F*). Using this, the first
assertion follows from Lemma 3.32(i). The second assertion follows from the first, since ¢ is semisimple, so
that the Lie algebra of its centralizer is the kernel of Adt — 1 on m. O

Lemma 3.59. Let T € T+ and t € Ts.(F). Then for each m € M(F), mtm~! does not belong to T(F)
unless m normalizes T.

Proof. First we explain the case where M C M is a maximal Levi subgroup. Note that T is a rank two
torus in the center of Mt N Gger. But the connected center of Mt N Gge, is a rank two torus, since Mt N Gyer
is a maximal Levi subgroup of M N Gge,, which in turn is a maximal Levi subgroup of Gge;. Therefore, the
connected center of Mt N Gger equals T. Thus, it suffices in this case to show that m normalizes M, which
follows from Lemma 3.58 and the fact that ¢, mtm=1 & vV (F*).

We now assume that Mr is not a maximal Levi subgroup of M. Write ¢ = 8y | (a)By »(b) with a,b € F*,
so a # +b. Let Vi, Vs be as in Lemma 3.32, so Vi, Vs # 0. Assume that m € M(F) and that mtm~! =
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Bt 1(c)BY 5(d) € T(F) (where c is allowed to equal +d). By Lemma 3.32, the set of eigenvalues of Adt
(resp., Admtm~1) on ny equals {a?b~!, a,b,a=1b?} (resp., {c?d~', c,d,c 'd?}). Since m normalizes ny, this
gives {a?b71,a,b,a710?} = {c*d~!,¢,d,c71d?}. Since a/b # +1, a and b differ from each other and from
each of a?b~! and a~1b?, forcing that {c?d~!,c,d,c 'd?} has cardinality at least 3. From this, it follows
that ¢/d # %1, so ¢ and d are different from each other and from each of c>d~! and c¢~1d? as well.

Suppose we can prove that {a,b} = {c,d}, which is equivalent to {a?b~!,a=10?} = {c?d~!,c"1d?}. This
forces Adm to take gg,, @ gg,, to itself, and hence to normalize cr = dp(sl3) Nn for any ¢ € F with
go(T") = T. Choosing such a ¢ and applying Lemma 3.50 to ¢ and Adm o ¢, it would follow that m

normalizes T, and we would be done. Thus, it is enough to show that {a,b} = {¢,d} (or equivalently
{a?b71, a7 1%} = {c2d~1,c1d?}), which we will do now.

First consider the case where a?b=1 = a=1b?%, i.e., {a?b™1,a,b,a"1b?} = {c®d~!,c,d,c 1 d?} has cardinality 3,
which is also equivalent to c2d~! = ¢~1d? (since ¢,d ¢ {c*d~',c1d?}). Then the eigenspace for Adt (resp.,
Admtm~') corresponding to the eigenvalue b~ = a=1b* (resp., c?d~* = ¢1d?) equals g, + g1, ON
which the Lie bracket is nontrivial. In contrast, by Lemma 3.32, the Lie bracket is trivial on V; and V4, which
are the eigenspaces in n; for Adt (resp., Admtm™!) corresponding to the eigenvalues a and b (resp., ¢ and
d). Since [Adm*!X, Adm*Y] = x.,(m)F[X,Y] for all X,Y € n; (because [ny,ny] is contained in ny, on
which M acts via x-), Adm sends eigenspaces of Ad ¢ on n; where the Lie bracket is nontrivial to eigenspaces
of mtm~! on n; where the Lie bracket is nontrivial. This forces {a?b~1,a=10?} = {c?d~!, ¢~ 1d?}, so that m
normalizes T, as required.

Now consider the case where a?b~! # a7 'b2, so that c2d~! # ¢ 'd? as well. It is now that we use that
My C M is not a maximal Levi subgroup. This implies that dim V; = dim V5 = (dim M — dim Mr)/2 > 2 > 1.
Thus, the eigenvalues a?b~! and a='b? (resp., c*d~! and ¢ 'd?) of Adt (resp., Admtm~!) on n; have
multiplicity 1 each, while the eigenvalues a and b (resp., ¢ and d) have multiplicity dimV; = dimV, > 1
each. This forces {a,b} = {c¢,d}, so that m normalizes T, as required. O

Corollary 3.60. Let T € T and t € Ty (F).

(i) If m € M(F) centralizes t, then m € Mr (i.e., m centralizes T).

(i1) The elements t and tyV(—1) are not M(F)-conjugate.

Proof. We will prove (i) and (ii) together. Write t = 34, | (a)BY 5(b), so a/b # £1. If m € M(F) and mtm ™"
equals either ¢ or ty¥(—1), then m normalizes T by Lemma 3.59, and hence by Lemma 3.36, Int m either
fixes Y, and By , or swaps them. If Intmn swaps By, and By ,, then mtm ="t~ = By | (ba™") By 5 (ab™ "),
which does not equal 1 or 4V (—1) = B4 ,(—1)BY 5(—1) since a/b # £1, giving (i). Thus, Intm fixes By ,
and Sy , and hence centralizes T, giving (ii) as well. O

Corollary 3.61. Let T1,To € T". Then T4 (F)NT2(F) =0 unless Ty = Ts.
Proof. Since T is a single M(F)-conjugacy class, there exists m € M(F) such that Int m(Ts) = T;. Thus,

if t € T1(F)NTa(F), then mtm~! € Ty(F), so that m (and hence m~!) normalizes T; by Lemma 3.59,
giving Ty = Int m~1(T;) = Ty, as desired. O

Remark 3.62. It is easy to see from Lemma 3.36 that Ty, is invariant under conjugation by the normalizer
Num(T) of T in M. Tt is clearly also invariant under multiplication by elements of vV(G,,), since vV =
Bt 1 + By o Thus, it is invariant under e-twisted conjugation by the normalizer Ny gy (T(F)) of T(F) in
M(F), so m™'tge(m) € T (F) if tg € Te(F) and m € Ny(py(T(F)).

Notation 3.63. Let T € 7.
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(i) Let T= Tw,' C M C G, viewed as a twisted space over T in the obvious way.
(ii) Let T := wo Tgr C T. Since Ty, is invariant under multiplication by 7Y (G,,), it is easy to see that

T —1 —1
Tsr = Wy Tsr = Tsr wo = Tsr Wy -

Remark 3.64. Let T € 7. It easily follows from Lemma 3.38 that m restricts to a map c’T70 — Ty

The map T~—> T. given by~tw0_1 — te(t) sends Ty to T¢. s, by Remark 3.57. Thus, the composition of
m:cp o — T with the map T = Twy* — T. given by twg '+ te(t) restricts to a map ero = Tesr

Corollary 3.65. The centralizer in M of any t € To(F) C M(F) equals M5..

Proof. By Corollary 3.60(ii) and (i) of Lemma 3.66 below, the centralizer of = twy ' € Ty (F) in M equals
the centralizer of ¢ in M, which equals MT by Corollary 3.60(i). O

Lemma 3.66. Let h € M(F) and h := hwy* € M(F). Then:

(i) The identity component of the centralizer M" of h in M equals the identity component of the group
M™€ of e-fized elements of the centralizer M of h in M.

(i) If h and hyY (1) are not M(F)-conjugate, then MP = M,

Proof. M" ¢ M is the subgroup fixed by Int k = Int hoe, so it is clear that M€ M}:’ and that M"° = (Mi’)e.
Hence it is enough by Lemma 3.10(iii) to show that x.(g) equals 1, if g belongs to M" and one of the following
two conditions is satisfied: either g belongs to the identity component of M", or h and h~yY(—1) are not

M(F')-conjugate.

So suppose g € Mi", so that Int h(e(g)) = g. By Lemma 3.10(i) we have that g~ *hg - 7" (x,(9)) " = h.
Applying X, and using x, o vV (z) = 22, we get x-(g) = £1. This forces x,(g) to equal 1 if one of the two
conditions above holds. O

Remark 3.67. The part ‘s’ of the subscript is used to (merely) remind ourselves of a very loose analogy
with ‘strongly regular’.

4 The setting and some structure theory over the ground field

4.1 The setting

Notation 4.1. (i) We now go back to the setting and resume the notation of Section 2. In particular F
is p-adic, and the objects G,P = MN,P™ = MN~ M, n’, m, the 19@ ¢ etc., are as in Section 2

(ii) For the rest of this paper, we assume that the pair (Gy,P ) satisfies the hypothesis of Notation 3.3.
Thus, P is not only maximal, but in fact ‘absolutely maximal’. As in Notation 3.3, this gives us roots
B and v and coroots Y and 7" in the abstract root datum of G, all of which are fixed by Gal(F'/F).

Remark 4.2. A relative version of Remark 3.5 applies, by expressing Gg. as a product of (F-relatively)
almost simple groups. We have a group of the form G’ x Gy together with an isogeny G’ x Gy — G, with el
absolutely almost simple and simply connected, such that the pull-back of P under it takes the form P’ x Gy
for a maximal parabolic subgroup P° ¢ G” such that (G'%, P%) satisfies the hypothesis of Notation 3.3.

Notation 4.3. Fix G’ as in Remark 4.2. It is unique up to isomorphism, so the following terminology is
well-defined.
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(i)

(i)

(iii)

For 7 € {B,, |n > 3}U{D,, | n >4} U{Es, E7, Es, F4, G2}, we will say that we are in the ?-case, if the
Dynkin diagram of Gi% is of type 7.

We will use obvious modifications of (i) above: e.g., we will say that we are in the case of ‘D4 that
is quasi-split, non-split, and split over a quadratic extension’ if G is of type Dy, and is quasi-split,
non-split and split over a quadratic extension. We will say that we are in a ‘simply laced’ case to mean
that the root system of G% is simply laced.

If we are in the ?-case with ? € {B, | n > 3} U{D, | n > 4}, and if G’ is not a quasi-split group of
type D4 with triality, we say that we are in a classical case. Otherwise, i.e., if G% is an exceptional
group or G isa quasi-split group of type D, with triality, we say that we are in an exceptional case.

We will apply the results of Section 3 to the base-changes of objects of this section to F, with F in place of
the F of Section 3.

Notation 4.4. (i) As in Section 3, we still have the decompositions n = n; @ ng and n~ =n; $n,, and

(iii)

the open sets 11,9 C ny,n29 C ng and ny C n, all defined over F' (though, e.g., n; o(F) is not a single
M(F)-orbit for ¢ = 1,2). We also have the open set nj, = n’ N ng C n, an open subscheme of n which
is reduced. Further, we have the character x, : M — G,,, (defined over F'), with which M acts on the
one-dimensional F-vector space ny (though ~ itself is not concretely realized as we are not making a
choice of a Borel pair contained in (Pz, Mz)).

As in Notation 3.8, we now fix X, € ny(F)\ {0}, which gives us a homomorphism ¢, = ¢x_ :SLy = G
and a cocharacter vV : G,, — M as in Lemma 3.7, which are now defined over F' (though, we repeat,
we are not making any choice of a Borel pair contained in (P, Mz), so that we don’t have a concrete
realization of the root 7). We have X_, € n; (F) as defined in Notation 3.8, with the property that
(X_,dvY (1), X,) is an sly-triplet. We now assume that the wg of Section 2 is obtained from ¢., as in
(29) — this is justified by Remark 3.9(ii), which ensures that Int wo(M) = M and that Int wo(N) = N™.

We have the automorphism € = Intwg le Aut(M), having description and properties as in Lemma
3.10. Recall that M = Mw; '

Notation 4.5. Henceforth, let 7+ denote the set of subtori T C M such that Tz belongs to the M(F)-
conjugacy class of non-maximal tori in Mz associated to (Gz, Pz, Mz) as in Notation 3.13(ii) — this latter
set, which was denoted 7+ there, will be denoted ’T};L henceforth. Let 7 C 7T be a set of representatives
for the M(F)-conjugacy classes in 71 (note that 7 is closed under M(F)-conjugation). Then 7 is finite
(but not singleton).

Before defining various objects associated to T € T, let us describe the structure of such a T.

Lemma 4.6. Let T € T+, so that Ty € Tg. Let fr.1,PBrp2 € X*(T) = X*(Tf) and ﬁ%ﬁ’l,ﬁ{%a €
X.(T) = X.(Tz) be associated to Ty as in Notation 3.28 (thus, their labeling is only canonical up to a
permutation). Then exactly one of the following holds:

(a)

(b)

BTF71,/3TF,27ﬂ¥ﬁ,1 and ﬁ%ﬁ’z are defined over F', T is split, and for any i € {1,2}, (quﬂﬁ’i,ﬁqvﬂﬁ’&i)
defines an isomorphism G, x G, = T (over F).

There exists a quadratic extension E/F in F such that Bry,1 and Br, 2 are defined over E but are
sent to each other by the nontrivial element of Gal(E/F), and the same applies to ﬁ¥ﬁ,1 and quﬂﬁ’z.
Moreover, for any i € {1,2}, we have a unique isomorphism Resp/p G — T (over F) that sends, for
any F-algebra R, any a € Resp/r Gm(R) = (E®@F R)* to B} ;(a)By, 3_;(a), where a € (E®F R)*
is the image of a € E ®p R under the R-algebra automorphism of E @ R associated to the nontrivial
element of Gal(E/F).
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Proof. That the possibilities for S, 1 and 7, 2 are as described, follows from their constituting the set of
extremal weights for the action of Tz on ny 7. The rationality properties for B¥F71 and ﬁ%ﬁg then follow from
their being determined by B, 1 and 1, 2 (see (31)). For i = 1,2, since T is isomorphic to (G, x G,,)/F
via (a,b) — B¥F7i(a)6¥ﬁ73_i(b), the description of T in terms of G,, X G, or Resg/r Gy, is now easy to
check. O

4.2 Objects associated to a torus in 7

Notation 4.7. Let T € T+. Let E = F if T is split, and let E/F be the quadratic extension of F in F
splitting T (i.e., as in (b) of Lemma 4.6) otherwise. We define F-rational versions of objects defined before,
mostly in Notation 3.28, as follows; note that all these objects, upon base-change to F, coincide with their
analogues over F' defined earlier.

(i) Write Br1,08r2 € X*(T) = X*(Tg) and By 1,81, € Xu(T) = X*(Tp) for what is denoted by
Brp1s Brp,2, B, 1 and BY_, as per Notation 3.28 (or Lemma 4.6 above).

Recall that 1 and fr 2 are only determined up to a permutation, and we are fixing a noncanonical
choice of labeling these (thus, making one such choice for each element of T).

(ii) Similarly, for i = 1,2, we have gg. ,, the Bt ;-weight space of Tg in ny g.

(iii) Let Hr (resp., ¢r) denote the unique algebraic subgroup of G (resp., vector subspace of n) such that
(Hr) 7 equals Hy . (resp., (¢1) 7 equals ¢, ), the latter object being defined as in Notation 3.28(iii) —
since T determines Hr . and cr,, it is easy to see using [9, Theorem AG.14.4] that Hp and cp exist
(a more detailed argument can be found in the proof of Lemma 4.14 below).

(iv) For T € T, let Mt be the centralizer of T in G, and let T denote the image of T C Hr in the adjoint
group Hr aq.

(v) For i = 1,2, write Pp; for the parabolic subgroup of Gg that stabilizes 9pr,- Thus, Pr 1 and P2
are opposite parabolic subgroups of Gg intersecting in Mt g, and are defined over F if and only if T
is split. When E # F, Gal(E/F) sends Pty and Pt 3 to each other.

(vi) For i = 1,2, we will write x,, for the homomorphism Pt ; — G,,/E determined by the action of
Pr; on gg,,. We extend the homomorphism T — T to a homomorphism xg, : Mt — T as follows.
The map (Bt 1,B152) 1 Tp = (G X G,n)/F, which descends to the identification (Brz1:Brp2) :
Tp = (G x Gp)/F of Notation 3.39(i), extends to the map (Xgr, 1> Xgr,2) : M1z = (G X Gm)/F,
giving via the identification (fr. 1,871;2) : Tp = (G X G,,)/F an extension XBr, Mr, — Tz
of Tz — Tp. It is easy to see that XBr descends to define a (necessarily unique) homomorphism
Xgr : Mp — T, which extends T — T and has the following alternate description. The adjoint action of
Mt on n preserves ¢t and gives us a well-defined map Mt — GLg(cr), which factors as the composite
of a unique map xg, : Mt — T and the well-defined adjoint action of T C Hr ,q on ¢t C br.

(vii) Let Mt be the kernel of yg, : My — T. Then M} base-changes to the M"lrF defined as in Notation
3.28(vi).

(viii) Define [Z1, Z5]/ X, as in Notation 3.28(vii) whenever R is an E-algebra and Z; € gg.,(R) for i = 1,2.

(ix) For T € T+, set ¢p = cr N ery = cr MNng and C/T,o = ¢r N1y (use Lemma 3.45(ii) to see why they
base-change to their analogues over F).
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Remark 4.8. In the setting of Lemma 4.6, if T is split, then Hr is isomorphic to SL3. If not, since Hp
is quasi-split (as ¢y C bt base-changes to the maximal nilpotent subalgebra ¢t of br,. = (br)z), Hr is
isomorphic to a quasi-split special unitary group in three variables that splits over E but not F, where E/F
is a quadratic extension over which T splits (as in Lemma 4.6(b)).

Remark 4.9. Let T € 7. Mr is a Levi subgroup of G if and only if T is split. It is in general only a
pseudo-Levi subgroup of G, and becomes a Levi subgroup after base-changing to any extension E/F that
splits T.

We have the following F-rational version of Notation 3.39.

Notation 4.10. Let T € 7+, and let E be as in Notation 4.7, i.e., F is the smallest extension of F in F'
splitting T. If T is split, i.e., E = F, we will often identify T and T with G,, x G,,, and T, and T, with
G, as in Notation 3.39 (thus, this depends on the labeling of {811, fr2}). If T is not split, i.e., E/F is
a quadratic extension, we will often make identifications as follows, which again depend on the labeling of
{Pr.1, P12}, and base-change to identifications as in Notation 3.39:

(i) The identifications (G,, x G,,)/F — Tp and Tz — (G,, x G,,)/F of Notation 3.39(i) descend to
unique isomorphisms Resg,/r G, — T and T — Resg,p Gy, which we will think of as identifications.
More concretely, the former isomorphism Resg,rp G,, — T maps, for any F-algebra R, any a €
Resg/p Gm(R) = (E®F R)*, having image a € (E®p R)* under the nontrivial element of Gal(E/F),
to the element ﬁ¥,1(a),8¥’2(&) of T(R) C T(E ®r R). Under the latter isomorphism T — Resg/p Gy,
a € (E® R)* as above having Gal(E/F)-conjugate @ is the image of the unique element ¢t € T(R) C
T(F ®F R) such that 8t 1(t) = a and fr2(t) = a.

(ii) Similarly, it is easy to check that the identification G,,/F — (Tz). = (T.)z of Notation 3.39(ii) and
the identification (Tz). = (T.)p — G,/ F of Notation 3.39(iii) descend to identifications of T. and T,
with the norm one torus associated to E/F (i.e., the kernel of Ng/p : Resg/p G — Gy ), satisfying
an obvious compatibility with the identifications of (i). Concretely, a € (E®p R)* that belongs to the
group of R-points of this norm one torus, so that a has Gal(E/F)-conjugate @ = a~! € (E ®r R)*,
identifies with 8Y ,(a)By 5(a) = BY(a)By o(a™") € To(R) C T.(E @ R), and with the unique ¢ €
T.(R) C T(E ®p R) such that f71(t) = a and Bra(t) =a=a"'.

Remark 4.11. We now state the easy F-rational analogue of Remark 3.40. With identifications as in
Notation 4.10, if T is split, the automorphism ¢, the inclusions T, <— T and T, — T, the map T — T, given
by t — te(t), and the cocharacter vV identify as in Remark 3.40. If T is not split, let E be the quadratic
extension of F in F splitting T, and let a + @ denote the automorphism of Resg /7 Gy corresponding to
the nontrivial element of Gal(E/F). Then ¢ identifies with the automorphism a +— a~" of Resg,p Gy, the
inclusions T. < T and T_ < T both identify with the inclusion of ker(Ng/r : Resg/p Gy — Gp) into
Resg/p G, the map T — T, given by t + te(t) identifies with a — a-a~ ', and the cocharacter vV identifies
with the inclusion of G,,, into Resg /F G-

4.3 The subsets Ty, C T, and the partition of ny(F) by the cro(F)

Notation 4.12. For X = X; + X, € no(F) where X; € n;o(F) for ¢ = 1,2, the groups Hy and Tx, as
defined in Section 3 over F, are naturally defined over F. Indeed, Hx is generated by the images of px,
and ¢, = @x_ as in Notation 3.47, which are defined over F'. Hence Hx is defined over F' by [9, Proposition
2.2], and so is Tx = Hx NM. Henceforth, Hx and Tx will stand for the relevant groups defined over F'.

Remark 4.13. Note that, if T € T, then for any X € c¢p(F), we have T = Tx and Ht = Hx.
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Lemma 4.14. Let T be a torus in My that belongs to TPT (defined in Notation 4.5). Consider the objects
Hr and cr associated to T as in Notation 3.28(iii). Then the following are equivalent:

(i) T is the base-change to F of a subtorus of M.
(ii) Hr is the base-change to F of a subgroup of M.

(iii) cr is the base-change to F of a vector subspace of n.

Moreover, when these equivalent conditions hold, there exists X € ng(F') such that (Tx)p =T and (Hx)p =
Hr.

Proof. Suppose ¢t is the base-change to F of some vector subspace ¢ C n. Since ny C n is Zariski dense,
there exists some X € ¢(F) Nng(F). Since X € cp(F) Nng(F), it is easy to see from Lemma 3.48(i) and the
definition of ¢ (see Notation 3.28(iii)) that T and Hr are respectively the base-changes of Tx and Hx to
F. Hence (iii) implies (i) and (ii).

Now suppose T is the base-change to F' of some torus T, contained in M; thus, T, € 7. Then by Lemma
3.32, ¢t is spanned by the extremal weights of T, on n;, which are defined over the separable closure of F'
in . These extremal weights are permuted by the Galois group of such a separable closure over F, so it is
easy to see that ¢ C ny is defined over F. Therefore, (i) implies (iii).

If Hy is the base-change to F' of a subgroup of M, then hr is the base-change to F of a Lie subalgebra of m,
and hence ¢t = bt Nn is the base-change to F of a vector subspace of n. Hence (ii) implies (iii).

Finally, note that the proofs of the implications (iii) = (i) and (iii) = (ii) give the last assertion of the
lemma. O

Remark 4.15. If T € 7+, then M% is the stabilizer of any element of cpo(F) (see Corollary 3.55).

Notation 4.16. Let T € T+. Let E/F be the smallest extension in F' that splits T.

(i) Let T. g« be the complement of {+1} in T., where 1 and —1 are viewed as elements of T. under the
identification of T, with G, or the norm one torus associated to E/F, as in Notation 4.10 (when T is
non-split this is described more concretely in Remark 4.17 below). Note that (Tes)5 = (T#)e,sr-

(ii) Let Tsy C T be the inverse image of T, s C T, under the map ¢ — te(t). Note that by Remark 3.57,
(Tst)p = (T#)se- It is invariant under multiplication by vY(G,,) C T.

(iii) Set T= Twa1 C M and MT = Mrp wal C 1\~/I7 viewed as twisted spaces over T and Mt in the obvious
way.

(iv) Set Ty = Ty wal; it is easy to see that (Tsr)p = (TA‘})SH and (using that Ty, is invariant under
multiplication by 7V (G,,)) that Ty, = Ter wo = wo Ty = wp ' Ty

Remark 4.17. Suppose T € T+ is not split, but that it splits over a quadratic extension E of F in F.
Consider the identification of T. with ker(Ng/p : Resg/p G,y — Gp,) as in Notation 4.10. For any F-
algebra R, denoting by a — a the Gal(E/F)-conjugation on E ®p R, the subset T¢ o (R) C T:(R) = {a €
(E®p R)* | aa = 1} equals:

T.ow(R)={a€(E®rR)* |aa=1anda+1l,a—1€c (E®pR)*}.

Remark 4.18. Let T € 7. As in Remark 3.64, it is easy to see that m : n' — M restricts to a map
m: C/T,o — T4;. Hence its composite with the map T — T, given by tw0_1 — te(t) takes d.[‘,O to Te o C Te.
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Lemma 4.19. Let Te T+.

(i) We have a partition:

Ilo(F): |_| CT7O(F).

TeT+

In particular:

no(F) = || AdM(F)(ero(F)),  no(F) = | | AdM(F)(¢po(F))- (34)
TeT TeT

(ii) Each fiber of the restriction m : ¢p o — T of M (well-defined by Remark 4.18) is a torsor under T_,
for the adjoint action of T C Hr aq on ¢p C bhr.

Proof. The disjointness of the ¢p o(F) in (i) follows from Lemma 3.52. To see that they cover ng(F), given

X € ng(F), letting T be the torus Tx as in Notation 4.12, we have by Corollary 3.49 that X € ¢ (F) N
no(F) = ep(F)Nng(F) = cr,o(F). This gives the first equality of (i). Recalling that ¢ ,(F) = ¢p(F)Nng(F)
by definition (see Notation 4.7(ix)), it is easy to see 34. (ii) is a consequence of Lemma 3.42 and the faithful

flatness of F'/F. O

4.4 Some results for later use

Remark 4.20. The following properties of restrictions of scalars will be very useful to us. Let L/K be a
finite separable extension of fields and H a connected reductive group over L. Then:

(i) Even though L/K may not be Galois, the product map L ® x L — L is a morphism of L-algebras,
where L ® g L is viewed as an L-algebra via x — x ® 1. This gives us, for any L-algebra R, a map

H(L ®x R) = H(L ®x L) ®;, R) — H(L ®, R) = H(R),

that is functorial in the L-algebra R. This defines a morphism (Resy,/x H)p — H. In what follows (for
various L, K, H that we will encounter), we will use this observation to talk of ‘the map’ (Resy,/x H)r, —
H, often without further comment.

(ii) The pair (Resy,x H, (Resy g H)r — H) as in (i) above has a well-known universal property, realizing
Resy/k as right adjoint to extension of scalars from K to L, which we now recall (see [10, Section
6.17]). Given any other algebraic group H' over K, any homomorphism H — Res;, /K H gives rise to a
homomorphism (H'); — H of algebraic groups, defined as the composite (H'), — (Resp x H)p — H,
the latter map being from (i) above. This gives a bijection between the set of homomorphisms H —
Resy, k H of algebraic groups, and the set of homomorphisms (H")z, — H of algebraic groups.

(iii) Hy + Resz,x Hy induces a bijection between each of the following classes of subgroups of H and
the corresponding class of subgroups of Resy,x H: maximal tori, (parabolic subgroups and hence)
maximal proper parabolic subgroups, (twisted Levi subgroups and hence) maximal proper twisted
Levi subgroups. This is an easy consequence of [10, Proposition 6.18]; the cases of maximal tori and
parabolic subgroups are in fact stated in [10, Corollary 6.19].

Lemma 4.21. Suppose we are in the case where G is almost simple (and hence absolutely almost simple,
see Remark 4.2), and suppose T € T+. Write Mg as a product HjeJ M;-, where for each j € J, M; is an
F-almost simple simply connected group and hence of the form Resg, H; with H; an absolutely almost
simple reductive group over a finite extension K;/F. Then:
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(i) For each j € J, the centralizer M;’T of T in M; 18 a mazximal proper twisted Levi subgroup of M;
(thus, informally, while Mr C M is not a maximal twisted Levi subgroup in general, it involves taking
a mazximal twisted Levi subgroup on each F-simple factor).

(i) Suppose T is split, so that M is a Levi subgroup of M, and for each i = 1,2, Py ; is a parabolic subgroup
of M defined over F' with Mt as a Levi subgroup. Then fori=1,2 and j € J, the inverse image Pim,j
of Pr; in M; is of the form Resg, /r Qg)j, where QQJ s a proper mazimal parabolic subgroup of H;
(hence Py, ; is a mazimal parabolic subgroup of Mj).

Proof. The proof will use the following three easy facts. First, for a finite extension K/F and a reductive
group H; /K, any parabolic or twisted Levi subgroup of Resg,p H; is of the form Resg/p Q;, where Q; C Hy
is a parabolic or a twisted Levi subgroup of H;. Secondly, if Q; is a maximal parabolic subgroup or a maximal
twisted Levi subgroup of a reductive group H; over a finite extension K of F, then Resg,r Q; is a maximal
parabolic or twisted Levi subgroup of Resg,r Hi. Thirdly, if we write M. 7 as a product of almost simple
groups over F', then the factors in that expression are given by the base-changes of the H; to F,asjeJ
and the F-algebra embedding K; < F' vary; and similar assertions involving parabolic and twisted Levi
subgroups of H; apply, with an obvious compatibility. Using these three facts, it is easy to reduce both (i)
and (ii) to the following: for each almost simple factor of M. p, the centralizer of T in that factor is a
maximal Levi subgroup.

Therefore we are reduced to proving the following assertion involving Dynkin diagrams: identifying the
Dynkin diagram of M (i.e., of M) and that of its simple factors with subdiagrams of the Dynkin diagram
of G, each irreducible component of the Dynkin diagram of M has exactly one node connected to the node
corresponding to S. That there is at least one node (in each irreducible component) follows from the fact
that the Dynkin diagram of G is connected (as G has been assumed to be absolutely almost simple), and
that there is at most one node follows from the fact that the Dynkin diagram of G does not have cycles.

One can also see these facts concerning the Dynkin diagrams concretely, using the Dynkin diagrams in [25,
Figure 1]. O

Recall the notions of classical and exceptional cases from Remark 4.2.

Lemma 4.22. Suppose T € T+ is split. Then Mt is a mazimal Levi subgroup of M if and only if we are in
an exceptional case (which includes the case of Dy with triality, see Notation 4.3(iii)).

Proof. Using Remark 4.2, it is easy to reduce to the case where G is absolutely almost simple. By Lemma
4.21, M is a maximal Levi subgroup of M if and only if Mg, is almost simple as a reductive group over F.
Since we can write M. as [, Resg, /p Hj as in Lemma 4.21, this is equivalent to the number of Gal(F/F)-
orbits in the set of connected components of the Dynkin diagram of M. z being equal to 1. We can determine
when this happens by inspecting the Dynkin diagrams from [25, Figure 1], as follows:

e If we are in a 7-case with ? € {G3, Fy, Eg, E7, Eg}, then the Dynkin diagram for M, 7 is irreducible,
so M. 5 is almost simple and hence so is M.

e If we are in a B,-case with n > 4 or a D,,-case with n > 5, then the Dynkin diagram for Msc)p consists
of two irreducible components that are not isomorphic to each other (one of them has only one node,
and the other has more than one), so that M. is a product of two F-almost simple groups over F.

e If we are in the Bs-case, then the Dynkin diagram of M. s consists of two irreducible components
each with a single node. These nodes cannot be permuted between each other by Gal(F'/F), since one
of these nodes is connected to that of 8 by a single bond and the other by a double bond. Hence Mg,
is a product of two F-almost simple groups over F'.
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e If we are in the Dy-case, the Dynkin diagram for M,  consists of three irreducible components.
Therefore, Mg is an F-almost simple group if the Dynkin diagram of G has triality, and a product of
two or three nontrivial F-almost simple groups otherwise.

O

Remark 4.23. Let T € 7T be split, so that Hr is isogenous to SL3 over F, and the extremal weights
Bt and Bt of T on n are also defined over F. Recall the cocharacters ,6’%1 and 6%2; we now wish to
‘justify’ this notation from the perspective of the notion of coroots for non-split reductive groups. Let Ay
be a maximal split torus of M containing T, and for ¢ = 1, 2, let Bl be a root of Ay in N that restrict to Br ;.
Then each 3; is unique and has a one-dimensional root space in n, because of the uniqueness of {Br.1,Pr2}
as the set of extremal weights for the action of T on n and the fact that the corresponding weight spaces
9sr, and gg, , are one-dimensional. Since A is a maximal split torus of G, there is a well-defined coroot
5;’ € X.(Ap) ®z R for each i = 1,2. We claim that for each i = 1,2, BZV = ﬂ%)i (which is what we mean by
justification for the notation B%Z) This is a consequence of Lemma 4.24 below, which should be well-known
but for which the author is not able to find a reference.

Lemma 4.24. Let Gy be a reductive group over F' with a maximal split torus Ag, so that the centralizer My of
Ay is a Levi subgroup of a minimal parabolic subgroup Py of G1. Let a be a root of Ag in G1, and let ¢ : SLy —
G1 be a homomorphism with finite kernel whose derivative dp takes the standard upper triangular (resp.,
lower triangular) nilpotent element in sly(F) to an element of the direct sum ®jen.,81,ja(F) (resp., the
direct sum @jen.,01,—jo(F)) of root spaces, with nonzero projection to the g1 (F)-factor (resp., g1,—o(F)-
factor). Write ag for the image of the composite of @ with the standard coroot of the standard maximal torus
of SLa, and assume that af € X.(Ag). Then «f is also the coroot a¥ associated to « in the root system
underlying X.(Ag / Ag,) ®z R associated to (Mo, Ap).

Proof. Let M, be the centralizer in G; of the identity component A, of the kernel of a. Then by Corollary
9.2 of [9], the Lie algebra of M,, consists of Lie My together with those Ag-stable subspaces of g; on which
the action of A factors through the one-dimensional torus Ag / A, (and hence operates by rational multiples
of a).

Let we, = ¢ (01 (1)> Note that —2ay = Int wa, (o) — @y . To conclude from here that ay is parallel to

oV, we will need to ensure that Int w,, normalizes Ag and acts on X.(Ag) as the reflection corresponding

to a. Note that dy takes sl into LieM,. Since F is a p-adic field (a finite extension of Q,), ¢ takes SLo
into M, (e.g., using the exponential map we see that a small neighborhood of 1 € SLy(F) is taken into M,
and hence also the whole of SLy by Zariski density). Hence wq, belongs to M, and therefore centralizes A,.
Since wgy, also takes oy to —ay, we also have that ay (G,,) and A, together generate Ag, and we conclude
that wq, € My (F) normalizes Ay but does not centralize it.

Thus, we, is a representative in M, (F') for the reflection corresponding to «, and the equality —2ay =
Wa, () — g implies that o is parallel in X, (Ag) @z R to a¥. Now the equality o = " follows from the

. . 0 1 Lo
equality {a, o) = 2, a consequence of the hypothesis that dy (O O) has a nonzero projection to g1,o. O
Lemma 4.25. There ezists at most one T € T that is split.

Proof. Since TFT is a single M(F')-conjugacy class, it suffices to show that if T1, To C M are split tori such
that T z and Ty s are M(F)-conjugate, then T} and Ty are M(F')-conjugate.

Since Ty, Ty are split, every homomorphism T;  — Ty s arises by base-change from a homomorphism

T1 — To. Hence any m € M(F) that conjugates T; p to Ty  gives us an isomorphism Intm : T; — Ty (over
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F). Thus, 0 — o(m)~'m defines an element of ker(H'(F,M;) — H'(F,M)), where M; is the centralizer
(and not just the normalizer) of T;. Thus, it suffices to see that H*(F,M;) — H'(F,M) is injective, which
is a consequence of the fact that M; C M is a Levi subgroup (since, if Py is a parabolic subgroup with
M; as a Levi subgroup, then H'(F,M;) — H(F,P;) is an isomorphism and H'(F,P;) — H(F,M) is
injective). O

5 An integration formula for the unipotent radical N(F)

The main result of this section is Proposition 5.14, an ‘integration formula for unipotent radicals’ in the
spirit of [59] and [42], which transfers the integral of a function on n(F’), with respect to the measure d*X,
across m, expressing it as a sum over T € T of a certain integral on T, ¢ (F) x (MT(F)\ M(F')). A key idea
is that, using (34) and Remark 4.15, it is not difficult to see that we have a continuous bijection:

|| Nuee) (TE)\(ME(F)\M(F) x e1.0(F)) = o,
TET

obtained by quotienting maps M(F) x ct.o(F) — no(F) of the form (m, X) — Adm~1(X), on whose fibers
we have a transitive action of the normalizer Ny (T(F)) of T(F') given by my-(m, X) = (mim, Adm (X)).

5.1 The structure of ¢ .

As the above idea suggests, it turns out to be necessary to study the action of Mt on c’T70 better. Note that
this action factors through the map xg, : Mt — T from Notation 4.7(vi). The object of this subsection is
to show that the resulting action of T on cif’o has a pleasant structure.

Some of the points of Notation 5.1 below are motivated by Lemma 5.2 that follows it.

Notation 5.1. For any T € 7+, assume for now the identification of T with G,,, or ker(Ng/p : Resp p Gy —
Gy) from Notation 4.10. There is a slight abuse in the notation for many of the objects introduced below,
which suppresses their dependence on the labeling of {0t 1, 81,2} noncanonically fixed in Notation 4.7(i).

(i) For T € T+ and Z = Zg, + Zs, € cv(F) Nnyo(F) with Zg, € gg,,(F) for i = 1,2, define:
SZ,T : Ta,sr —ccrCn

by the following, which is easily seen to be well-defined (use Remark 4.17 when T is not split):

SZ,T(A) = Zﬁl + Zﬁz + [Z51vzﬁ2]' (35)

)‘;
2(A—1)
Here, if T is not split and E/F is a quadratic extension splitting T, then given A € T, o (R) for some
F-algebra R, the calculation of (35) takes place inside g(E ®p R), but its right-hand side belongs

to g(R), as the nontrivial element of Gal(E/F) takes both (A 4+ 1)(A — 1)~! and [Z3,, Z3,] to their
negatives. Replacing (Br,1,8r,2) by (B2, Br,1) replaces Sz r(\) with Sz r(A71h).

(ii) In the setting of (i) above, define SZ,T (T — Ty = Ty wo_l by
Sym=rmoSy

— this is well-defined since Lemma 5.3 below shows that Sz 1(T. s ) is contained in ¢7 5, and m(cr ) C

T. by Remark 4.18. In Remark 5.4(1) below, we will show that §Z7T extends to a regular map
T.\{1} — T, and this extended map will also be denoted by Sz .
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(iii) In the setting of (i) above, let 771 denote the unique element of F' satisfying that [Zs,, Zs,] = 721X,
(recall that X, was fixed in Notation 4.4).

(iv) Whenever T € T+ and Z € c¢p(F) Nnyo(F), with Z = Zg, + Zs, as in (i) above, are understood
from the context, we might write S = Sz 1, S=5 z71. When T € T is not split, we will typically
write E for the smallest extension of F in F that splits T, A for a typical element in T. o (F), and
og € Gal(E/F) for the unique nontrivial automorphism.

(v) The well-defined adjoint action of T C Hr aq on ¢p C hr (considered in Notation 4.7(vi)) will be called
‘Ad’, though this action does not extend to an action of T on n. This will not cause confusion.

(vi) For Z € cr(F) Nny o(F), set (Z +na)" = ¢ o N (Z +ng), and write (Z + na(F))" for (Z + na)'(F).

Lemma 5.2. Let T € Tt. Then ¢y Nny g is a trivial T-torsor for the action Ad (see Notation 5.1(v)).

Proof. Since the adjoint action of T on ¢t N n; preserves ¢ N1y and also descends to the action Ad of
T, the latter action preserves ¢ Nny o as well. To see that this action makes ¢ N1y o into a torsor for T,
we may and do base-change to the faithfully flat extension F of F. By Lemma 3.45(i) and the fact that
¢ Nny o is reduced (because ny,9 C ny is open and has been defined to be reduced, and ¢p < n is a closed
immersion), we have:

(erNnio)p ={Z1+ Z2 | Z1 € (8p+,)r \ {0}, Z2 € (9p:,) 7 \ {0}}.

Therefore, by the description of the action of Tz on (cr)s in Remark 3.41, it follows that Ad makes
(er Nny,0) 7 into a torsor for T, and hence cr Nny o into a torsor for T. The triviality of the torsor follows
from the fact that cp Nng o(F) # 0, since cr N1y g C or Ny is open and (¢r Nny)(F) is Zariski dense in the
affine space ¢t Nny. O

Lemma 5.3. Let T € T" and Z € ¢p(F)Nny o(F), with Z = Zg, + Zg, as in Notation 5.1(i) above. Write
S=5zr.

(1) S defines an isomorphism of varieties T. o — (Z + n2)'. More precisely, the maps Te g — Te g and
(Z +n3) = (Z +ng) given by

(twy ' = V(=D (twg )2 =t"te(t™))omoS  and So (twy —tle(t™!))om
are the identity.
(ii) The map T x (Z +n2)" — cp o given by (t,Y) — AdL(Y') is an isomorphism of varieties. So is the map

!/
TXxTeo —cpy

given by
(t,A) = Adt(S(N)).

Proof. Let E equal F if T is split, and the quadratic extension of F' in F splitting T otherwise. Using
Remark 4.17 it is easy to see that for any F-algebra R, S(T. (R)) is contained in:

{2+ 15X, | T3, Ts £ (1/2)([Z5,, 28,1/ X5) € (E@p R)*} Cno(R).

This set is also contained in n/(R), and in fact equals (Z+ns)’(R), by the computation of Lemma 3.38, which
applies over E®p R for any F-algebra R (note that Zg, € gg,,(E) fori = 1,2). Thus, S(T. «(R)) C (Z+n2)".
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The claim that (twy '+ t~*e(t™!))omoS is the identity map of T. is straightforward to verify from Lemma
3.38 — part of that computation can be seen in Remark 5.4(i) below. One can also similarly check that
So(twy !+ t~'e(t™1)) o m is the identity on (Z + ny)’, giving (i).

The first assertion of (ii) follows from Lemma 5.2 and the fact that the action of T on ¢t preserves ¢y 5. The
second assertion of (ii) follows from the first together with (i). O

Remark 5.4. Let T € T+ and let Z € cr(F) Nny o(F). Write S = Sz and S = Sy 1.

(i) With our identifications, it is easy to see from Lemma 3.38 that for A € T, (F), S(\) = m(S(\))
equals:

A+1 1 A+1 1 T T
ﬁ¥,1 (2(/\_1) Tz, T — 27'Z,T> ﬁTz (M 'TZ,T+27'2,T> —ﬂT1 ( 2T ) ﬁTz( Z/\T_1> w

This formula makes sense on T, \{1}. Hence, as discussed in Notation 5.1(ii), we henceforth view S as
defined on T \{1} D T. -

(ii) The map T — T. given by twy !+ vV (— -1) (twg * ) = t~'e(t)~! induces an isomorphism T// T — T,
where T // T stands for the quotient of T= Two by the conjugation action of T. One can see from
direct computation that on T, \{1}, the inverse to this isomorphism can be given as taking A to the
image of S(\) € T in T// T — alternatively, note that this only needs to be verified on T¢ o, € T.\{1},
and use Lemma 5.3(i).

(iii) Since A —1 # £(1—A"1) if 1 # X € F, it is easy to see that S(\) € T (F) for A € Te o (F): combine
(i) and the observation that (Ts) 5 = (Tz)sr = (T7)swy - (from Notation 4.16 and Notation 3.63(ii)),
with the definition of (Tz)s, from Notation 3.56.

(iv) Since T C Hrp, the conjugation action of T on T factors to give an action of T on T, which we
call ‘conjugation’ and denote using ‘Int’. It is easy to see that this action preserves T, and that
cT 0~ Ty C T which we know to be T-equivariant, is also T-equivariant.

5.2 The set-up for the formula

Roughly speaking, our integration formula will involve two steps:

(i) Getting a Weyl-type integral formula on the representation space n(F') of M(F);

(ii) Transferring such an integral formula to M(F) via integration along the fibers of m : w’ — M or rather,
of the various m : ¢ o — Ty (F).

Notation 5.5. Let T € 7" and Z € cp(F)Nnyo(F), with Z = Zg, + Zg,, where Zg, € gg..,(F) fori=1,2.
Write S = Sz 1. Like with S = Sz T, some of the following constructs will involve a slight abuse of notation:
while they will be indexed by Z, they will depend not only on Z, but also on the labeling of 8t and Bt
that was noncanonically fixed in Notation 4.7(i) (changing which exchanges Zg, with Zg, ).

(i) Write Nyypy(T(F)) for the normalizer of T(F) in M(F), and Mz for the centralizer of Z in M.

(ii) Let Wy = My(F)/ MA(F) and W = Nunir)(T(F))/ M (F). Lemma 3.53 allows us to use the inclusion
Mz(F) C Nyi(ry(T(F)) to view Wz as a subgroup of Wr.

Of these objects, Wr will be used throughout the rest of this article, but Ny p)(T(F)), Mz and Wy
will be used only in this section (Section 5).
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(iii) For T € 7+ and # € T(F), noting that Ad(f) preserves mr, set:

D(#) = | det(Ad(f) — 1); mp\m.

(iv) Noting that M7 fixes each point of ¢r g (see Corollary 3.55), we define
coniy = coniz,, ..+ (ME(F)\M(F)) x (Z + na(F))' — nj(F)

to be the map induced by:
(m, Z + X3) — Adm™H(Z + X>).

(v) Asin Lemma 3.37, we identify mr\m with the unique M-stable complement of mt in m; thus, under
this identification, (mr\m)(F) is spanned by the nilradicals of pr 1 (F) and pr2(F). Since mp = mh &t
(as xpy restricts to the isogeny T — T), we may and shall identify mi\m with t & (mr\m) C g, and
thus with an Mr-invariant complement of mi. in m. This identification will be implicitly assumed in
what follows.

(vi) Let jz : mik\m = t&® (mp\m) — ny be the linear map given by X ~— [Z, X]. It is a linear isomorphism
whose description in Lemma 3.37 will be used.

(vii) The identification of T. with G, or ker(Ng,/p : Resg/r G — Gyp) (from Notation 4.10) gives an
identification T, 7 & G,,/F, and hence an identification t.(F) & F. Over F, we get identification of
t.(F) with F"if T is split and with ker(trg,p : E — F) if T is not split.

(viii) Note that, regardless of whether or not T is split, we have an identification t.(F) — ny(F) given
by composing the identification of t.(F) with F' or ker(trg,p : £ — F) from (vii) above, with the
isomorphism j%(Y) = [Z3,, Z3,]Y. Denote this composite identification also by j7, : t.(F) — na(F).

Remark 5.6. A notation for D(f) that does justice to its dependence on Myt would be D} (%), but this
extra dependence is suppressed for lightness of notation.

5.3 Constraints on measures

In this subsection, we will fix some measures arbitrarily and define others based on those (see Notation 5.7
below). In other words, we will impose some constraints on the measures that we will use on various objects,
under which the integration formula will be stated. We will also fix some measures that will only be used in
later sections — (ii) and (iii) of Notation 5.7 below — they are being discussed here so as to have a common
point of reference for the various measures that will contribute to our final formula. Later, in Subsection 5.6,
we will define more precise measures that (are consistent with the ones in Notation 5.7 and) will be needed
to interpret the residue.

Recall that we had already fixed, in Notation 2.22(ii), measures dX and d*X on n(F), where dX is a Haar
measure and where d*X = dp(mX)'/2dX on the dense open set n'(F) C n(F).

Notation 5.7. (i) We choose Haar measures dX; on n;(F) (i = 1,2) with dX = dX1dX,. Further, we
choose a Haar measure on M(F'), and for each T € T+ we choose Haar measures on T.(F), M%(F)
and T_(F), with the following properties (it is easy to see that we can):

a) There exists a Haar measure on MX(F) with the following two properties:
T

(I) The resulting quotient measure on M (F)\ M(F) is obtained in the following manner from the
measure dX; on ny(F). For some (and hence by Lemma 5.8 below, any) Z € ¢p(F)Nny o(F),

it is determined by the density on mk(F)\m(F) that equals |7z |~ (2+dimM—dimMz)/2 i eq
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the density on m4(F)\m(F) obtained by pulling back, via jz : mi\m — ny, a density on
ny (F) that gives dX;. Thus, if we write dX as a|w| with a € Rs and w a top-degree form
on ny (the meaning of saying dX; = a|w| is recalled in Remark 5.20 in Subsection 5.6), the
measure we use on M4 (F)\M(F) is |7z p|” G+dimM=dimMn)/20)./| " where o’ is the unique
right-M-invariant top-degree form on MlT \ M whose value at the identity is the pull-back of w
under jz (such a form exists because M is ‘algebraically unimodular’, i.e., the determinant
of the adjoint action of My on mk\m is identically one).

(I1) Giving ML (F)\ M%(F) the quotient measure, the embedding

My (F)\M%(F) = T°(F) = T.(F)

€

induced by restricting x s, : Mp — T is measure-preserving (onto its image).

(b) For some (and hence by Lemma 5.8 below, any) Z € c¢p(F)Nny o(F), the measure on T, (F') equals
|7z |1 times the one given by a density on t.(F) obtained by pulling back via j/, : t.(F) — na(F)
a density on ny(F) that gives dXo.

(ii) We fix a Haar measure on Ay (F), and one on Ay (F).

(iii) For each T € T that is split (if such T exist), we choose a Haar measure on Ay (F)/Ay/(F) =
(Agr, / Ayp)(F), where we recall from Notation 4.16(iii) that My = My wy ' Since we had chosen a
Haar measure on Ag(F) in (ii) above, we now have for each such T a Haar measure on Ay (F).

Lemma 5.8. Let T € T+. The measures on M4.(F)\ M(F) and T.(F) described in Notation 5.7(i) above
are independent of the choice of Z € (¢cr Ny o)(F); in fact, the same applies even if we define measures
analogously with Z € (cv Ny o)(F) (the meaning of measures associated to forms that are not defined over
F is recalled in Remark 5.20 in Subsection 5.6 below).

Proof. Each jz (where Z € c¢p(F) Nnyo(F)) is an isomorphism between spaces over F' of dimension equal
to dimp (mlT\m) =dimpny = 2 + dim M — dim M, which is even. It suffices to show that, as Z varies over

= 7 —(24+dim M — dim M 2 i —di
o (F) Mg o (F), 7, MM MO/ g2 dim M= dim Mo

power), as does 7, 1. - j5,. The assertion for j/, is immediate.

Jjz remains constant (where A stands for exterior

To see the assertion for jz, note that any other choice for Z can be written aZs, +bZs, with a,b € F*. Re-
placing Z by aZg, +bZs, multiplies 7z 1 by ab and hence 7'Z_7(T2+dlmM —AimMr)/2 0 (gh)—(2+dim M — dim Mr)/2,

Therefore, it suffices to show that this replacement multiplies A2+dimM = dimMr ;) by () (2+dim M = dim Mr)/2

Recall from the identifications in Notation 5.5(v) the decomposition

(mp\m)(F) = 4(F) ® (mp\m)(F) = t(F) & (mp\pr,1)(F) & (mr\pr,2)(F),

of (mi\m)(F) = t(F)@(mr\m)(F) into subspaces of dimensions 2, (dim M — dim M) /2 and (dim M — dim Mr) /2
respectively. Therefore, using the description of jz from Lemma 3.37, it suffices to show that replacing Z
by aZg, + bZg, multiplies:

e the exterior square of the map jz|yz) : t(F) = (¢cv(F) Nni(F)) = gp,, (F) + gpr ,(F) by ab; and
e the restrictions of jz to (mr\pr.1)(F) and (mt\pr2)(F) respectively by b and a.
The former follows from the fact that making this replacement replaces j Z‘t( ) with the composite of j Z‘t( )

and the automorphism of ¢p(F) Nny(F) = gy, (F) @ g, (F) that multiplies ga, , (F) by a and gg, , (F)
by b. The latter follows from Lemma 3.37(ii). O
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5.4 The integral of a function on n(F)

Lemma 5.9. Let T € T and Z € ¢cp(F) Nnyo(F). For all Z' € ¢p(F) Nnyo(F), the following are
equivalent:

(i) conj, and conj,, have intersecting images;
(#i) conj, and conj,, have the same image;

(iii) Z and Z' are in the same orbit under Nyypy(T(F)).

Proof. If conj, and conj, have intersecting images, then there exist m € M(F) and Xo, X} € ny(F) such
that Z + Xs € (Z + na(F)), Z' + X} € (Z' + na(F)) and Adm(Z + X3) = Z' + Xb. Since Adm(Z +
X3) € ¢y m(T),O(F)7 the disjointness of the partition of nj(F) in 34 implies that Intm(T) = T. Hence
m € Nyry(T(F)), and the equality Adm(Z) = Z' gives the implication (i) = (iii).

Since (ii) immediately implies (i), it remains to show that (iii) implies (ii). Write Z = Zg, + Z3, and
7' = Zjy + Zy, with Zg,, Zj € 9p,,(F) for i = 1,2. If Intmy(T) = T and Z' = Adm;(Z) for some
my € M(F), then by Lemma 3.36, we either have (Z5 ,Z5,) = (Admi(Zg,), Admi(Zg,)), in which case

B1°
Sz 1(A) = Admy(Sz (M) for all A € T¢ o (F), or (Z’Bll,Z,gz) = (Admy(Zg,), Adm1(Zg,)), in which case
Sz (A) = Admy(Sz (A1) for all A € T. o (F). Hence (iii) implies (ii), as desired. O

Corollary 5.10. Let T € T+ and Z € cp(F) Nnyo(F). Then the set of Z' € cr(F) Nny o(F) such that
conj, and conj,, have the same image is a union of (#Wr/#Wz)-many orbits under My (F).

Proof. By Lemma 5.9, the set of Z’ as in the assertion is the orbit of Z under Ny (T(F')), and hence a
union of M (F)-orbits in bijection with the set:

Moy (F)\Nur) (T(F))/ Mz (F), (36)

where we also use that Mz(F) C Nyp)(T(F)) by Lemma 3.53. Since Mt (F) is normal in Nyypy (T(F)),
and since Wy = My(F)/MX(F) by definition, this set identifies with the quotient of Wy by the image of
the map Wz — Wy, Thus, the corollary follows from the fact that the map W; — Wr is an injection, as
observed in Notation 5.5(ii). O

The following lemma could be viewed as a part of the Weyl integration formula for n{(F') with its Ad M(F)-
action.

Lemma 5.11. Let T € 7T and Z € cv(F) Nnyo(F).

(i) The deriwative of conj, at (m,Xs) identifies with the map
(mp\m)(F) & na(F) — n(F)

given by
(V. X5) > Adm™([Z + Xo, Y] + X3) = Adm ™ (j2(Y) + [Xz, Y] + X3)..

(#) conj, is submersive, with open image and fibers of cardinality #Wy.
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(iii) Let o : n(F) — C be a measurable function. Then (with the measures dm on Mx(F)\ M(F) and dX
on na(F) chosen as in Notation 5.7):

i |,7_ZT‘(2+dimedimMT)/2
p(X)d" X = —
[mage(conjz) #WZ

/ / O(Adm™HZ + X3)) - 6p(m(Z + X3))Y/? - dXypdm,
ML (F)\ M(F) /s (F)

where m is as in Notation 2.22(i). Here the above equality is interpreted to mean that the left-hand side
converges absolutely if and only if the right-hand side converges absolutely, and that when this happens,
both sides are equal.

Proof. (i) is a straightforward computation which can be informally depicted as:
Ad((T+eY)m) N Z + Xo + X)) = Adm™ Y Z + X, + e([Z + Xo, Y] + X1)),

where we have written (1 + €Y')m instead of m(1 + €Y) because the tangent spaces for M4 (F)\ M(F) are
identified with mi(F)\m(F) using right-translation, and not left-translation. The submersivity and hence
also the openness in (ii) follows from (i) and the fact that jz : mi\m — ny is an isomorphism (Lemma
3.37) — informally, since [X5,Y] € na(F), (i) gives the derivative as the composite of Adm ™! and a ‘block
diagonal’-type linear map, where the ‘diagonal blocks’ are given by the isomorphism jz : mi\m — n, and
the identity map ny — ns.

By definition, the fiber of conj, through (m, Xs) is precisely the image in its source of the set of points
(m'm, X3) such that m’ € M(F), X} € ny(F) and Adm/~"(Z + X}) = Z + X,. This this set in turn is in
bijection with Mz(F), under the map that sends (mm’, X)) to m’, giving the cardinality of each fiber of
conj, as #Wyz, and finishing the proof of (ii).

By (i), the pull-back of dX via conj, equals the product of |7'Z7T|(2"‘dimM —dimMt)/2 times the measure we
gave on the source (M4 (F)\ M(F)) x (Z 4 ny(F))’ of conj, in Notation 5.7, and the function on this source
induced by (m, X3) + ép(m~1). Therefore, by (ii), the definition of d*X and the equality:

Sp(m™") - dp(m(Adm ™ (Z + X3)))'/? = 6p(m(Z + X2))'/?
(this equality follows easily from the observation shortly below (23)), we get (iii). O

Our next step is to derive from Lemma 5.11 an expression for the integral of such a function ¢ on the whole
of n(F), as a sum involving the T € T. For that, we will need the following lemma.

Lemma 5.12. Let Te T+.

(i) The maps in the chain
Te(F)\T(F) = M3 (F)\ My (F) = T_(F)\T(F), (37)
where the latter map is induced by x g, : M — T, are isomorphisms of abelian topological groups.

(ii) View the injective homomorphism My (F)\ My (F) — T induced by x5, and its restriction M (F)\ ML (F) —
T_(F) as inclusions. Then the map:
T_(F)/(My(F)\ M3 (F)) = T(F)/(M1(F)\ M1 (F))

=¢

is an isomorphism of abelian groups.
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Proof. The exact sequences

1 = Mp(F)\MT(F) = Mp(F)\Mz(F) = M3(F)\Mz(F) =1 and 1 - T (F) = L(F) = T (F)\L(F) -

of abelian groups fit into a commutative diagram induced by xg., applying the snake lemma to which easily
gives that the latter isomorphism of (i) implies (ii). Therefore, it suffices to prove (i).

Note that x., on Mt factors through T/T,, and it defines an algebraic isomorphism of each of T, \ T, M7 \ M
and T \T with G,,. Hence ., is injective on each of the three quotients in (37), giving the injectivity of the
maps in the chain. It remains to prove that the composite map of (37) is a surjection.

X~ gives us injections
T(F)\T(F) = T (F)\IL(F) — F*,

and it suffices to show that the cokernels of the latter map and the composite map are isomorphic. But
these cokernels are respectively isomorphic to ker(H'(F,T.) — H'(F,T)) and ker(H(F,T.) — H(F,T)),
and hence easily seen to be each isomorphic to H'(F, ker(Ng/p : Resg/p G — Giy)). O

Proposition 5.13. For each T € T, fix Zp € cr(F) Nnyo(F). Let the measure dXo on ng(F) be as in
Notation 5.7, as also the measures dm on M7 (F)\M(F) and dt on T_(F) for each T € T. Then for a
measurable function ¢ : n(F) — C, we have:

T|(2+d1m M — dim I\/IT)/2

/ Z ‘TZT7
n(F) #Wr

TeT

/ / / P(Adm" 1" (Zy + Xa)) - Sp(m(Zr + Xa))"/2 - dXodtdm,
T(FN\M T (F) Jna(F)
where the equality is interpreted as in Lemma 5.11.

Proof. By the partition of nj,(F') in (34) (which was part of Lemma 4.19), and the fact that the complement
of ny(F) in n(F) has measure 0, it suffices to fix T € T, and find partitions:

(F)=| | T.(F); and AdM(F) =||B;
JjeJ jeJ
into open sets, where J is a finite indexing set, such that for each j € J we have an equality

T|(2+dimM —dim Mr)/2

* ‘TZT
(X2 x = 72
/Bj #Wr (38)

/ / / O(Adm ™Y (Zr 4 X)) - 0p(m(Zy + X2))Y2 - dXodtdm
Mg (F)\M(F) JT_(F); Jna(F

interpreted in a sense similar to that stated in the proposition.

Let {t; | i € I} be a (necessarily finite) set of representatives for the cokernel of the embedding M~ (F)\ M%(F) —
T.(F) from Lemma 5.12 (i.e., induced by xg, : M7(F) — T.(F)). By Lemma 5.12(ii), it is also a set of
representatives for the cokernel of M%.(F)\ Mr(F) — T(F). We will abbreviate Zr to Z (as we have fixed
T), and set Z; = Adt; *(Z). By Lemma 5.2, {Z; | i € I} is a set of representatives for the My (F)-orbits in
CT(F) n n170(F).

Declare 4,7" € I to be equivalent if conj, and conj z,, have (intersecting images, or equivalently by Lemma
5.9) the same image. By Lemma 5.9, ¢ and i’ are equivalent if and only if Z; and Z;; are in the same
Nucry (T(F))-orbit. By Corollary 5.10, the cardinality of the equivalence class of i equals #Wr/#Wz,.
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Let J be the set of equivalence classes in I. For j € J, let B; be the image of conj,, for any ¢ in the
equivalence class j. Then clearly Ad M(F)(¢r(F)) is the disjoint union of the B; as j ranges over J. For
j € J,let T.(F); be the union of the cosets ¢;(My(F)\ M5 (F)) in T.(F) represented by the various ¢; as i
runs over the class j. Then clearly, T.(F) is the disjoint union of the T.(F);.

Since we have seen that the cardinality of any given equivalence class j equals #Wr/#Wy, for each i in the
equivalence class j, (38) (and hence the proposition) follows if we show that for each i in the class j:

I, T|(2+dimM —dim Mr)/2
X)d*X = :
Lf() i

/ / / O(Adm ' HZ + X3)) - dp(m(Z + X,))Y/? - dXydtdm.
M (F)\ M(F) J ¢, (M},(F)\ M, (F)) J/n2(F)

Recalling that the measure we have given to My (F)\ M%.(F) equals the measure it gets from its inclusion as
an open set into T_(F') (see Notation 5.7(i)(a)(II)), we are now reduced to proving, for each t € T_(F):

|(2+dim M — dim Mr)/2

/ o) x = T2l
Image(conjAdL,l(Z)) i Adt—1(Z) (39)

/ / / o(Adm™*m7 %N (Z + X5)) - 0p(m(Z + X3))Y/? - dXodmydm.
M5 (F)\ M(F) J Mg (F)\ M5 (F) /n2(F)

So let us prove (39), fixing t € T_(F). Apply Lemma 5.11(iii) after replacing Z by Adt=*(Z), to get:
(Z)7T|(2+dimM7dimMT)/2

/Image(conjAdtl(Z)) #WAdjfl(Z)

/ / / o(AdmtmT (Adt1(Z) + Xa)) - 6p(m(tZ + X2))/2 - dXodmidm.
M (F)\ M(F) J ML (F)\ M5(F) Jna(F)
(40)

o) = 22

We now use that ¢ belongs to T_(F'), which fixes na, so that Ad¢~1(Z) + Xo = Adt~*(Z + X3). The same
fact (that ¢ € T_(F) = ker(x+|r(r))) also gives that Taqs-1(z)r = Tz, and that m(Ad(t™'Z + X»)) =
m(Adt=H(Z + X3)) = m(Z + X5) (use Lemma 4.19(ii)). Using all this to simplify (40), (39) follows. O

5.5 Expressing the integral in terms of objects associated to M(F)

The following integration formula is the main result of this section.

Proposition 5.14. For each T € T, fix Zt € cp(F) Nnyo(F). For each T € T, let the measure dX on
T.(F), the measure dm on M%T(F)\M(F) and the measure dt on T (F) be as in Notation 5.7. Then for a
measurable function ¢ : n(F) — C, we have:

1 N
/ p(X)d"X =) 07 / / D(Sze. 2 (M) 20(m™ 1Sz, v (N)tm) dt dmd,
n(F) tor W Jr. ) Ivs e\ Mp) JT (6

in the sense that, if the right-hand side converges absolutely, then so does the left-hand side (i.e., p €
L'(n(F),d*X)), and the two sides are equal.

Remark 5.15. It follows from the above proposition that the expression on the right-hand side of the
equality in it is independent of the choice of Zp. We informally think of the inner integral in the above
expression, over ¢ € T (F), as an integral along a fiber of m : nj(F) — M(F).
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Proof of Proposition 5.14. For T € T, identify T(F) with F* or ker(Ng,p : EX — F*) for the minimal
extension E/F in F splitting T, using Notation 4.10. By Proposition 5.13 and the fact that, for each T € T,
A = Sz.r(A) defines an isomorphism T, o (F) — (Z1 + na(F))’ (Lemma 5.3(1)), it suffices to see the
following two assertions:

e The pull-back of the measure dXs on (Z1 + na(F)) C Zr + nao(F) = ng(F) along Sz, 1 equals the
product of |7z, t|d\ and the function on T, & (F) C F* that takes A to [(A — 1)(A~! — 1)|71; and

e For all A € Te o (F):

|7 p|AFAmM = dImMO)21 (N 1) (AT — 1) 7 6p (m(Szp,1(A))? = D(Sz,, (M) "2,

Here, we implicitly used that absolute convergence would justify the rearrangement required to make the
integral over T, o (F') the outermost.

Recalling that d\ was defined in Notation 5.7 as |7z, v|~' times the pull-back of dX5 by j7_, the first of
these is easy to verify. The second is carried out in Lemma 5.16 below. O

Lemma 5.16. Let T € T, and identify T.(F) with F* C F* or ker(Ng,p : EX — F*) C F* for the
minimal extension E/F in F splitting T, using Notation 4.10. Let Z € ny o(F)Ner(F), and write S = Sz .
For A€ T. o (F) C F*,

S(m(S(A) = [rzz|~(HHEmM = dmA) |y L 1)(y-1 _ p)[HAmA - dim i) 2
and for all X € T.(F)\ {1} C FX,
D(S(N)) = (A~ (A" - p[(@m = dimve)/ (a1)
(which thus equals |(X = 1)(A™" = 1)|72|7z,p| 4+ dmM=dimMe) . 55 (m(S(X))) if A € Teu(F)).

2+(dim M — dim T) /2 .. . .
+(dim imT)/2, ; this is an immediate conse-

Proof. First we claim that for m € M, det(Adm;n) equals x5
quence of Lemma 3.21, in whose notation it is easy to see that 23 = v — & (see Remark 3.22(ii)). Hence
the first equality is a consequence of the following computation, which uses Remark 5.4(i) and the relation

between m and m (see Notation 2.22(i)):

X (M(SN)) = x5 (wg " - (M) = x5 (B1 1 (70 (A = D)Ba(775(1 = A7H)) = 727(A = (1 = A7),

Since Intwy ! acts trivially on mr\m, we have for all A € T.(F) \ {1}, by Remark 5.4(i) and the definition
of D(t) (Notation 5.5(iii)):

D(S(/\)) = |det(Ad§()\)w0—1;mT\m)| = ‘det (Ad(ﬁ¥’1<TZ7T()\ — 1)_1)ﬂ¥)2(TZ7T<1 — )\_1)_1)) — 1;mT\m)‘ .

Now the second assertion is an easy consequence of Lemma 3.32(i), which implies that the eigenvalues of
By (tzr (A =1)"1)BY 5 (72 0(1 — A7) ™") on mp\m are A and A™!, with multiplicity (dim M — dim Mr)/2
each. O

Remark 5.17. It would be nice if one could prove the relationship between dp(m(S()))) and D(S())) as
in the above lemma more conceptually.
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5.6 Some more precise choices for measures

In this subsection, we will use the additive character ¢ : FF — C* fixed in Section 2. Since 1 is arbitrary,
the definitions and results of this section will be used later with (F, ) replaced by pairs (K, 1) such that
K/F is a finite extension and ¢k : K — C* is an additive character.

Notation 5.18. (i) If L and K are finite extensions of F' in F with K C L, write e(L/K) and f(L/K) for
the ramification degree and the degree of the extension of residue fields associated to L/K. Further,
write 9(L/K) for the differential exponent of L/K — it equals the O -normalized discrete valuation
of a generator of the different ideal of L/K, which equals e(L/K) — 1 if L/K is tamely ramified.

(ii) By the order ¢(¢) of ¥, we mean the largest integer ¢ with the property that @™ <O is contained in
the kernel of 1 — the larger the kernel, the larger the order. An obvious variant gives a well-defined
integer c(¢)') when ' : L — C* is an additive character of a finite extension L of F.

Remark 5.19. In Notation 5.18(i), when L/K is Galois, 9(L/K) can also be expressed in terms of the lower
ramification groups Gal(L/K); as Y-, (# Gal(L/K); — 1) (see [50, Chapter IV, Section 1, Proposition 4]).
Thus, when L/K is quadratic, 39(L/K) equals the smallest ¢ such that Gal(L/K); is trivial. In this case,
o(L/K) also equals the Artin conductor of the quadratic character sgny j : Gal(F/K) — {£1} — C*
associated to L/K (e.g., use [50, Chapter VI, Section 2, Corollary 17]).

Remark 5.20. (i) Suppose we are given an algebraic group G; or a homogeneous space Hy \ Gy over F,
such that Gq,H; are ‘algebraically unimodular’, in the sense that Ad : G; — gl(g1) takes values in
sl(g1), and the same holds with Ad : H; — gl(h1). Suppose we are also given a top-degree differential
form Q on (g1)7 or (h1\g1)z. As in [36, Section 1.4], we can define a G (F)-invariant measure ||
on G1(F) or Hi(F)\ G1(F) as follows. This already has a standard and well-known meaning if € is
defined over F (i.e., is a top-degree form on g; or h;1\g1); in the general case, since the space of such
top-degree forms is one-dimensional and defined over F, we can choose a € F'* and a top-degree form
Q; on gq or hi\g1 (defined over F'), such that Q = aQq, and set || = |a||€2;|. Note that this measure
is independent of the choice of the pair (a, ;).

(ii) In the setting of (i) above, we can also talk of the measure on G1(F) or Hy(F)\ G1(F) determined
by  and the t-self-dual Haar measure on F' — if d stands for the dimension of G; or H; \ Gy, this
measure equals ¢~ %(*)/2|Q| (the considerations are the same as in [31, (1.1)]). Thus, the larger the
kernel of ¢, the larger is its conductor, and the smaller the measures it determines.

Notation 5.21. To define and work with various measures, it will be convenient to use the following non-
standard abbreviation, which will apply for the rest of this section: if V=V, @& --- @ V, is a direct sum
decomposition of vector spaces over F or F, then, given Qy, € APV for i = 1,...,7 and Qy € A©PV*
when we say that Qy, ® -+ - ® Qy,. maps to Qv for the map induced by the decomposition V=V @&---®V,,
the reference will be to the resulting isomorphism A*PV*®@- - @ APV * — APY* Here the exterior powers
and the tensor products are over F or F as the case may be, and we have written AP for ‘top exterior
power’, as we will continue to write for the rest of this section.

We now recall Arthur’s choice of measures on N(F), and specify various other measures that seem to be
the most convenient to work with in interpreting the residue. The rest of this section will involve studying
these measures, in particular in verifying their consistency with the prescriptions of Notation 5.7. After this
section, we will return to these measures only in Sections 9 and 10.

Notation 5.22. (i) Choose a Chevalley basis extending a pinning of Gz whose underlying Borel pair is
contained in (P, M), with the property that Y, € O £ X, where Y, is the basis element of ny(F’) that
is part of the Chevalley basis, and we recall that X, was fixed in Notation 4.4. The Chevalley basis
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gives F-bases for ny g, 0y p and np. Thus, it gives a top-degree forms 2y, ,y,, and Q, on ny 7,0y 5
and nz, respectively, that are well-defined up to D}i and in fact even up to a sign (depending on
the ordering of the basis). These forms together with ¢ determine measures dX;,dXs and dX on
ny (F),na(F) and n(F), respectively, as in Remark 5.20(ii). Note that dX = dX;dX5. Note that our
choice of measures on N(F') follows that in [54, Remark 8.2.2] and [4, Section 2.3] (see shortly below
(2.3.7) in the latter reference). By Lemma 5.26 below, these measures depend only on X.,, and not on
the choice of the pinning (subject to the condition X, € D;YW).

(ii) Given any torus T over F', we can choose an isomorphism Tz = G:m 7 and transfer to tg the standard
top-degree form on G!, (obtained using the isomorphism Lie G,, = G,, which holds over Z). This
top-degree form Q¢ is determined up to multiplication by {£1} C D% (since Aut(Tz) = GLz(X.(T))).
Hence € together with ¢ determines a measure on T(F), as in Remark 5.20(ii). Further discussion
can be found in (iii) below that generalizes this measure to reductive groups.

(iii) In fact, as in [24, Section 5], the consideration of (ii) can be generalized to any reductive group G; /F, as
follows. Given any extension E/F that splits G, any Chevalley model for Gy g determines an invariant
top-degree differential form for G; g and hence for G, z, well-defined up to &1 independently of the
differential form (see [24, Corollary 2.3]). Thus, we get a unique Haar measure on G (F'), which would
be denoted |¢*(wo)| if ¢(¥)) = 0 and we adapt the notation of [24, Section 5], as well as denoted pg,
if we adapt notation from [30] (even if c(v)) # 0).

(iv) Applying ((ii) and more generally) (iii) above, we get forms Qy,, and for each T € T forms Q¢, Q4_, Qi , Qiny
and s, where each Q- is a top-degree form on 7z. Together with v, as in Remark 5.20(ii), we get
a Haar measure on M(F), and for each T € 7' we get Haar measures on T(F), To(F),T.(F) and
MZ(F) (we will not be interested in the measure on My (F) directly). These measures do not depend
on any choice of a pinning or a Chevalley basis.

(v) Let T € T*. We choose a top-degree form Q1 on (md) 7 such that 31 ® Q¢ maps to an element
of O 7Oy, for the map induced by the decomposition mp = mi @ t (in the sense of Notation 5.21).
Together with 1, as in Remark 5.20(ii), we get a Haar measure on M%.(F).

Remark 5.23. A more natural description for the above choice of Q1 is as follows. Since mi is the kernel of
the surjection mp — t obtained by differentiating x g,., we have an isomorphism AP (mkL)*@AtPt* =2 AtoPmZ..
Under this isomorphism 2,1 ® €2 maps to an element of O£, — this is because the isomorphism t — ¢
(which is also the restriction of the derivative of xg,) pulls ¢ back to an element of 31“);9{, a consequence
of the fact that the (scheme theoretic) kernel of T — T is of order 3.

The following lemma is a special case of [30, Lemma 3.3’].

Lemma 5.24. Let T be an anisotropic torus over F. Write pr for the representation of Gal(F/F) on
X*(T)® C 2t (= LieT, where T is the Langlands dual of T). Then with respect to the measure on T(F)
defined in Notation 5.22(ii), the volume of T(F) equals:

L0, pr)|

Vol(T(F)) = ' (F.T) - (0, )| ™! = GRHN(ELT)) - (e o

Proof. Since T is anisotropic, vol(T(F)) is simply d(Stt)~!, where Stt is the Steinberg (or equivalently
trivial) representation of T(F'), and d(Stt) is the formal degree of St defined as in [31] and [30]. Since T is
commutative, pr identifies with the composite of the adjoint representation of T on t with the Langlands
parameter of Stp. The measure on T(F') from Notation 5.22(ii) coincides with the measure as in [30] (see
slightly before Conjecture 1.4’ in that reference). Hence one uses the equation just after the proof of [30,
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Lemma 3.3’] for the formal degree of St, which is denoted my in that reference, and notes that the Sio of
that reference equals H!(F,T), as explained just before [31, Lemma 3.3] (this being the full statement of
the formal degree conjecture for Str, this does not need the assumption just before Lemma 3.3 in [30] that

c(y) =0). O

Lemma 5.25. Suppose T is a torus over F of dimension 1, the measure on T(F') is normalized as in
Notation 5.22(ii), and additionally, c(v)) = 0. Then if T is split (resp., non-split and unramified; resp.,
non-split and ramified), the measure of T(O) (resp., T(F); resp., T(F)) equals (¢ —1)q~* (resp., (¢+1)q~*;
resp., 2q°E/F)/2 where E/F is a quadratic extension that splits T).

Proof. In the split case, one can use the mock exponential map x — 14 x (which is appropriately measure-
preserving near 0 € F') to prove the lemma. Suppose now that T is non-split but unramified. Then pr is
unramified, so its Artin conductor a(pt) is zero. Therefore, using that c¢(¢) = 0, we have |e(0, pr,¥)| =
q*P)/21e(1/2, pr,ab)| = 1, and L(s,pr) = (1 + ¢~*)~!. Moreover, H'(F,T) is of order 2. Using these
together with Lemma 5.24, the given formula is easy to check.

In the ramified cases, the L-factors are trivial, so by Lemma 5.24 we have vol(T(F)) = (#H'(F,T)) -
(0, pr, )| 71 = 2¢=a(P1)/2 = 2¢—2(E/F)/2 where we use Remark 5.19 for this last equality. O

Lemma 5.26. The measure on N(F) from Notation 5.22(i) is independent of the choice of the Chevalley
basis in Notation 5.22 (subject to the condition there that Y., € DL X, ). More precisely, the forms Qq,,Qn,
and Q, of Notation 5.22(i) are well-defined up to DE,

Proof. The pinnings considered in Notation 5.22 are all conjugate under M(F) (since the B from Lemma
3.13 had a similar property). The condition Y, € D;X,Y shows that these pinnings there are all conjugate

under {m € M(F) | x,(m) € O%}.
Hence, it suffices to show that for m belonging to this group, the determinants of Adm on ny(F),ny(F)

and n(F) all belong to O%. This follows from the fact that for any m € M(F'), the determinant of Adm on
n1(F),n2(F) and n(F) are all powers of x. (this is an easy consequence of Lemma 3.21, as we observed in
the proof of Lemma 5.16). O

We have the following standard result relating quotient measures and volume forms:

Lemma 5.27. Suppose Gy and Hy are linear algebraic groups over F' that are algebraically unimodular (see
Remark 5.20(i)). Suppose we are given top-degree forms Qg, on g1 and Qp, on b1, and a top-degree form
Qu,\ G, on bi\g1, such that these correspond under the usual isomorphism

(APgy)™ = (A™Phy)" @ (A™P(h1\g1))" (42)

of top exterior powers, considered over F. Write dgy,dhy and dg, for the measures on G1(F),H(F) and
Hi(F)\ G1(F) C (H1\ G1)(F) obtained from these forms together with 1, as in Remark 5.20(i)). Then the
measure on Hi(F)\ G1(F) obtained by quotienting the measure dgi on G1(F) with the measure dhy on Hy (F)
equals dg, .

Proof. Since dim Gy = dim H; +dim(H; \ G;), we may assume without loss of generality that ¢(¢)) = 0, so
the measures are [Qg, |, |Qp,| and [Qy,\4, | as in Remark 5.20(i). Choose a,b € F* such that a='Qg, and
b=y, are defined over F. Then so is a='bQy,\g,, since the isomorphism of (42) is defined over F. Since
la| = [b] - |ab™!|, we may now assume that Qg,,Qy, and Qy,\4, are defined over F. Now the lemma is a
standard fact about fiber integration on manifolds. Alternatively, one uses the Campbell-Hausdorff formula
to show that for some complement V' C g1 (F') of b1 (F) in g1(F), and a sufficiently small lattice L C g1 (F)
chosen so that LNgy(F) = (LN (F)) D (LNV), we have exp(L) = exp(LNh1(F)) exp(LNV), and combines
this with the observation that the derivative of the exponential map at the identity is the identity. O
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Lemma 5.28. Let T € T+. The quotient measure on Mx(F)\ M(F) obtained from (iv) and (v) of Notation
5.22 satisfies the condition of Notation 5.7(1)(a)(I) that for any Z € ¢v(F) Ny o(F), it is determined by the
density on m&L(F)\m(F) that equals |77 |~ GTAmM=dimM®)/2 yines the density on mh(F)\m(F) obtained
by pulling back, via jz : mi\m — ny, a density on ny(F) that gives dX;.

Proof. Choose top-degree forms Q1 \y, for (mE\m)(F) and Qu\m for (mp\m)(F) such that Qi ® Qi \m
and Qmy @\ m map to elements of O £ Oy, under the maps induced by the decompositions m = mid(mi\m)
and m = mr @ (mr\m) (see Notation 5.5(v) for these decompositions).

By Lemma 5.27, the quotient measure on M%(F)\ M(F) is associated as in Remark 5.20(ii) to Qmi\m- By
the choice of Q1 (Notation 5.22(v)) and the identification my.\m = t& (mr\m) (Notation 5.5(v)), O Qi \m
contains the image of 3Q¢ ® Quy\m under the map induced by the decomposition mf\m = t® (mp\m).

Thus, it is enough to show that for any Z € c¢r(F) Nnyo(F), jz : t(F) ® (mp\m)(F) — ny(F) pulls
Qn, back to an element of 3|z p| T FTAmM=dimMD)/25% . O @ Qe 0 APPHEF)* @ AP (mp\m)(F)* =
AP (H(F) ® (mp\m)(F))*.

Since M®(F) centralizes ny(F'), we may use Lemma 5.26 to M®(F)-conjugate the Chevalley basis chosen
in Notation 5.22 and assume that its underlying maximal torus, call it T*, contains T, and that 8 and
v — B (as realized using the basis) respectively extend S and fr2. By Lemma 5.8, we may and do
take Z = Y3 + Ys _,, where for each root a € R(Gg,T*), we write Y, for the element of the chosen
Chevalley basis spanning the root space g,. Since [Y3,Y, ] = £V, € O X, we get |7z1| = 1. It is easily
seen from the definition of Qy\m (and the definitions of Qn,. and Q) that £Qu,\m are the elements of
A*P(mp\m)(F) defined using the F-basis of (mp\m)(F) given by the Y, as « ranges over AU B, where A
(resp., B) denotes the set of roots of T* in the nilradical of pr o (resp., the nilradical of pr ;). Moreover,
Q(dp¥ (1) Ad(y — B)Y(1)) € OF (use the identification of Notation 3.39(i)).

It is easy to see from Lemma 3.21 that:
R(n, T%) = {8,y =B U(B+ AU (y - B+ B).
By Lemma 3.37, jz : (mi\m)(F) — ny(F) decomposes as a direct sum of three linear isomorphisms:
e A linear isomorphism FdB3V(1) & Fd(y — B)V(1) — FYz + FY,_g;

e The two linear isomorphisms (mr\pr2)(F) — Y c4 F¥p1a and (mr\pr1)(F) = Y oc5 FYy—p4a
given by [Y3,-] and [Y,_g, -], respectively.

2 -1
The former map has matrix <_ 1 9 ) , which has determinant three, with respect to the bases {d8Y (1), d(~v—

£)¥(1)} and {Yj,Y,_g}. Therefore, by the descriptions of Q. \m and € given a few lines before, it suffices
to show that the second (resp., the third) component of jz takes Y, to £Ys o (resp., £Y,_g4a).

But since for all & € A, §+ « is a root while S — « is not (by Proposition 3.24), and similarly for all « € B,
v — B+ « is a root while @ — (7 — ) is not a root, this follows from a standard fact about the Chevalley
structure constants ([14, Theorem 1.1]). O

Remark 5.29. We find it helpful to think of a key point in the proof of Lemma 5.28 as follows. Choosing
a suitable Chevalley basis for Gz, for an appropriate choice of Z € ¢p(F), we can realize the map [Z,-] :
t(F) @ (mi\m)(F) — ny(F) (which is an isomorphism by Lemma 3.37, whose t we have replaced with t) as
the base-change to F' of an isomorphism over Z. The reason for this in turn is that the three-dimensional
irreducible SL3-subrepresentations of gz from Proposition 3.24, given suitable integral structures, are each
appropriately isomorphic to the standard representation of SL3 /Z on Z3 or its contragredient, due to the

fact about Chevalley structure constants used in the proof of Lemma 5.28.
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Lemma 5.30. The quotient measure on M4(F)\ M5 (F) obtained from (iv) and (v) of Notation 5.22 satisfies
the condition of Notation 5.7(i)(a)(II) that the embedding Mi(F)\ M3 (F) < T_(F) is measure-preserving.

Proof. Let T" denote the F-torus obtained as the image of 5%,1- The key fact we will use in this proof is
that the product map from T, z x T’ to Ty is an isomorphism (and not just an isogeny).

t., we have an isomorphism A'°P(mL)* @ A*Pf 2 A*P(m%)*. By Lemma
5.27, it suffices to show that this isomorphism maps Q1 ® Q4 to an element of D;QmsT. The (scheme

Since mk is the kernel of mg. — t

theoretic) kernel of the map T. — T_ has order three, and hence pulls 4 back to an element of 3DI>§Q{€.
Therefore, it suffices to show that 3Qm% ® €2, maps to an element of D;Qm% under the map induced by the
decomposition m§. = mi. & t..

Since the product map T, z x T’ — Tp is an isomorphism, it is easy to see that Qs ® Qy maps to an
element of O£y, under the map corresponding to the decomposition mr(F) = m%(F) @ t'(F). Therefore,
it suffices to show that 3Qm% ® Q¢ ® Q¢ maps to an element of D;QmT, under the map corresponding to
the decomposition mr(F) = mi(F) @ t.(F) @ ' (F).

Again since the product map T, 7 x T — Ty is an isomorphism, so that €, ® Q¢ maps to an element of
D70 under the map correspond,ing to the decomposition t(F) = t.(F) @ t'(F), this follows from the choice
of Q1 in Notation 5.22(v), which is such that 3Q1 ® Q¢ maps to an element of O £, under the map

corresponding to the decomposition mt(F) = mi(F) @ t(F). O

Lemma 5.31. The condition of Notation 5.7(i)(b) is satisfied — more precisely, for any Z € ¢p(F )Ny o(F),
O7Q, contains |tz,v|™" times the pull-back of Qu, via jy : t- — ny (defined in Notation 5.5(viii)).

Proof. By Lemma 5.8, we can instead work with any Z € ¢ (F) Nny o(F), so we may and do choose Z such
that [Zs,, Zp,] = X, where Z = Zg, + Zg, with Zg, € gg,,(F) for i = 1,2. This gives |7z 1| = 1. The
identification of t.(F') with F' or with ker(trg,/p : £ — F') used in the definition of j’, (see Notation 5.5(vii))
was the restriction to F-points of an identification t.(F') = F obtained by differentiating an isomorphism
T. 7 — Gm/F. Since [Zg,, Zg,] = X, j can be thought of as the identity map F = t.(F) — ny(F) = F,
this latter identification made using X,. Now the lemma is immediate. O

Remark 5.32. By Lemmas 5.28, 5.30 and 5.31, it follows that the measures chosen in Notation 5.22 —
on ny(F),ny(F) and M(F), and for each T € 71, on T(F), T.(F) and M7 (F) — are consistent with the
prescriptions in Notation 5.7.

5.7 The refined formal degree conjecture for Resg/r GL;

The main result of this subsection is Lemma 5.35, giving a form of the refined formal degree conjecture for
a group obtained from an inner form of a general linear group by restricting scalars. Before stating it, let us
recall the definition of formal degree.

Notation 5.33. (i) If H is a reductive group over a finite extension K of F' , 7y is a unitary (essentially)
square-integrable representation of H(K), Z C H(K) is a closed central subgroup containing Ay (K),
and dh a Haar measure on Z\H(K), we define the formal degree of 7y with respect to Z and dh to
be a scalar d(my, Z,dh) such that for all «/,v belonging to the space of my and u,v’ to that of its
contragredient 7 (and identifying «’ with an element of the contragredient of 7}{) we have:

/ (u, T (g)v)(u', m4 (g)v') - dh = d(mn, Z,dh) ™ {u', u) - (v', v).
Z\H(K)

One knows that d(my, Z, dh) exists and is unique. Now assume that an additive character ¥ i : K — C*
is given and that Z = Z(K) for some algebraic group Z C H. We will write d(my, Z) = d(mn, Z, ¥k )
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for d(mn, Z, dh), where the measure dh on Z\H(K) C (Z\H)(K) is chosen as in as in Notation 5.22(iii)
(depending on ¢ ). We will write d(my) = d(mn, An(K)).

(ii) For the rest of this subsection, let H be a reductive group over a finite extension K of F in F, and let
G= RESK/F H.

(iii) In this subsection, we will work with an irreducible (essentially) square-integrable representation of
G(F) = H(K), denoted by mg (resp., my) when it is viewed as a representation of G(F') (resp., H(K)).

(iv) A(K/F,) will denote the constant defined by Langlands (and is usually denoted A(K/F,1))).

(v) For this subsection alone, let ¢y be a Langlands parameter for H, and let ¢ be the Langlands parameter
for G obtained from ¢y using Shapiro’s lemma (see [8, Proposition 8.4]; thus pg and ¢y correspond
under the bijection of [18, (A.19)]). (Assumptions relating pg to mg or ¢y to Ty will only be imposed
later).

Remark 5.34. The dependence on d(wg, Z,dg) on dg is such that the measure d(wg, Z,dg) - dg on Z\G(F)
is independent of dg.

Lemma 5.35. Assume that H is an inner form of a general linear group GLy,, /K. Recall that G = Resg,p H.
Assume that @g is the Langlands parameter of wg, and that w : K* = Zg(F) = Zn(K) — C* s the central
character of mg or equivalently of my. Then:

w(_l)nL—l
mAK/F,py

d(mg, Z(F)) = (0, Ad ogg, ),

where Ad opg denotes the representation of Wg acting via Ad opg on (Lie Cdcr) =~ Lie @Z\G

When K = F, this has been proved by Gan and Ichino (combine [19, Proposition 14.1] with the fact that the
Jacquet-Langlands correspondence preserves formal degree and central character). The general case reduces
to the case where K = F'| by the arguments in [18, Appendix], as the following lemma explains.

Lemma 5.36. Let Adopy (resp Adopg) stand for the representation of Wy (resp., Wg) that it denotes,
on Lie H/ Ay (resp., Lie G/ Zg. where Zg = Resg/p An). Assume that, for some a € C*,

d(Tl'H) = d(ﬂ-Ha AH(K)5 wK) = G/’)/(O, Ad OPH, wK)a
where we write Yy for  otrg,p. Then:
d(mg, Z(F)) = d(ng, Zg(F), 1) = aX(K/F, )~ 4mMH/ Ay (0, Ad opg, ).

Proof. As representations of Wr x SLa(C), we have Adopg = Ind%f{xxssﬁ((% Adopy (the argument of [18,
Lemma A.3] applies; the statement in that reference needs an extra anisotropy assumption, but that is only
because they work with Ag instead of Zg). Therefore, (0, Ad opg, 1) = A(K/F)3mH/ Av)~ (0, Ad ooy, ¥k)
— this is a consequence of the inductivity of e-factors for virtual Weil-Deligne representations of dimension
zero; see [18, (1) and (2) of Theorem A.2]. Thus, it suffices to show that d(mh) = d(7g, Zg(F)). Since Ay

and Zg = Res k/F An are cohomologically trivial, we have an identification

(Z6 \G)(F) = Zg(F)\G(F) = An(K)\H(K) = (An \H)(K),

and thus, this group gets two measures from Notation 5.22(iii) — a measure dg coming from the algebraic
group Z¢ \G over F' and the additive character ¢, as well as a measure dh from the algebraic group Ay \H
over K and the additive character ¢ : K — C*. The equality d(mh) = d(rg, Zg(F)) is equivalent to the
assertion that these two measures are the same.
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Write Qg and Qy for differential forms associated as in Notation 5.22(iii) to the (base-changes to F' of) Z¢ \G
and Ay \H, giving measures |Q2g| and |Qu|x as in Remark 5.20(i). Let d = dim H, so that dim G = d[K : F].
Let gk be the cardinality of the residue field of K.

On one hand, we have using [24, Proposition 6.1(4)] and the equality two lines below [24, (6.5)], that
|Dare|~Y2Q] = |DMH|;(1/2|QH|K as measures on (Zg \G)(F) = (Apy \H)(K), where Dy, and Dy, are as
in [24, Corollary 4.6], attached to the motives of Ay \H and Z¢ \G, respectively. It thus is easy to see from
[24, (6.5)] that |Qg| = |Qu]| - |disc(K/F)|%/?, where disc(K/F) is any generator for the discriminant of K/F
— here we are using that |disc(K/F)| equals what one can write as [Dg,p| on adapting notation from [24,
shortly before (6.2)] (use, e.g., [50, Corollary to Proposition 4, Section 2, Chapter VI]). On the other hand,
the conductor c(¢) of Y = Yotrg,p equals e(K/F)c(¢) +0(K/F) (recall that o stands for the differential
exponent). Therefore, on the Rsg-torsor of Haar measures on this group, we have:

dg _ Q2| ) g~ UK Flew)/2 _ —dval(disc(K/F))/2 . 1 _ —dval(disc(K/F))2 . 1 -1
dh ~ |Qn] Zde(vr)/2 q —E/F2 4 q—dval(disc(K/F))/2 ’
i AK
(13)
as required. O

Proof of Lemma 5.35. By the refined formal degree conjecture for H — combine [19, Proposition 14.1] with
the invariance of formal degree and central character under the Jacquet-Langlands correspondence — we
have d(my, Ap(K), ¢ o trg p) = (1/m) - w(—=1)""1 - (0, Adopy, ¥ o trgp). Hence the lemma follows from
Lemma 5.36. O

6 Preliminary simplifications and naive weight factors

6.1 Preliminary simplifications

Notation 6.1. If (Gl,él) is a twisted space and p; is a complex-valued character defined on a group
containing Ag (F), let Cs‘il(Gl(F )) be defined as the C-vector space of locally constant complex-valued
1

functions fi : G1(F) — C that satisfy f1(2g) = p1(2)f1(g) for all z € Ag (F)and g € G (F), and such that
the support of fi has compact image in Ag, (F)\G1(F) (we have written u " instead of y; for consistency
with the notation of [43, Section 6.7]).

We go back to the situation of Section 2, but using the restricted (‘Heisenberg’) setting and notation of
Section 4. Thus, we want to figure out when s — A(s, 7, wp) has a pole at s = 0, and when it does have a
pole we wish to compute the residue as captured by the scalar R(7) from Notation 2.12(iii). Recall that, by
Corollaries 2.23 and 2.24, this amounts to computing the expression in Equation (28). Much of what follows
will adapt the analysis of [53] and then techniques from [58].

Lemma 6.2. The element € Ajrc defined in Notation 2.5(viii) is the image of xo € X*(M)p in
X*M)p @r C = Al e, so that ng = [x~1-
Proof. The lemma is an easy consequence of the fact that for any simple root « of G, {y,a") equals 0 if

a#B,and 1if a = 3. O

Notation 6.3. (i) Henceforth, p will denote the central character of our unitary supercuspidal represen-
tation m of M(F') (this supersedes earlier notation defined using the letter u). Further, we will assume
that poe = p on Ay (F), so that p is trivial on

A:={a"'e(a) | a € Ap(F)}. (44)
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We will abuse notation to use p to also denote its own restriction to smaller central subgroups like A
and Ay (F).

(ii) We define, as artificially as with 7j; (Notation 2.22(iii)), X : M — G,, by X~ (mwp) = x4 (m) — thus,
Mz = |Xy| on M(F). Therefore, by Equation 28 and Lemma 6.2, we have for each ¢ € C°(n(F)), £ €
C(r) (see Notation 2.4(iii)) and s € C:

W(s) =0, ¢(s) = /,(F) E(MX)|x (MX)[*p(X) d* X (45)

(defined wherever the integral converges, like with (28)).

(iii) Until further notice, unless otherwise stated, measures as in Notation 5.7 will be used on n(F), M(F), Ag (F)
and Ay (F), and for each T € T, on T.(F), T.(F) and M%(F), and on various quotients involving

) —¢

these groups. The choices from Subsection 5.6 will be used later, in Section 10.

Notation 6.4. (i) For the rest of this paper, for each T € T+, we will assume that some Zp € cp(F) N
n1,0(F) has been chosen (to fulfil a role like that in Proposition 5.14), and write Zr = Zg, + Za,
with Zg, € gg,,(F) for i = 1,2 (suppressing the dependence of the Zg, on T since it will not cause
confusion). Moreover, we will abuse notation by simply writing S for Sz, v and S for S 2+ T, when T
is understood (e.g., in the interior of a sum of the form »  ;.;). For the rest of this section, we will
work with a fixed ¢ € C3°(n(F)), and hence suppress it from notation.

(ii) For T € TT,m € M(F) and X € T, (F), set:
p(m, \) = / S(Ad(m~ 't )S(N) dt. (46)
T_(F)

@ factors through a function on (M%(F)\M(F)) x Te o (F'), which we will denote by @ as well.
(iii) For f e C’E‘il(M(F)), we let éf be the function M(F) — C given by:

&t = | pe) - Fem) dz, (47)
A (F)\ Am (F)
where on Ay (F)\ Am(F) we use the quotient of the measures fixed in Notation 5.7(ii).

(iv) Suppose F : M(F) — C is a smooth function that is compactly supported modulo Ay (F). We call F
a cusp form if, whenever U is the unipotent radical of a proper parabolic subgroup of M, we have for

all 7 € M(F):
/ F(um)du=0
U(F)

(we warn that this is probably nonstandard terminology).

(v) We will slightly abusively denote by CZ?I(M(F ))eusp the vector space of f € C’;O_I(M(F )) such that

£ 7 18 a cusp form in the sense of (iv) above.

(vi) For T € T, A€ T o(F), f € C2, (M(F)) and 5 € C, set:

Ur(s, A) = Ur(s, A, f) = Urp(s, A, f) = / Ef(m™ S Nm) Xy (m ™ SN)m)[* - p(m, A) dm,
M5 (F)\ M(F)

(48)
which, like ¢ o 5(3), we view as an integral which gives a value when it converges; a similar interpretation
will apply to many of the integrals that follow.
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(vii) For Te T+, f e CMOEI(M(F)) and s € C, set:

Or(s) = J1(s, f) = I1,0(s, f) :/T | (F)D(S*(A))l/Q\PT(s,A) dX. (49)

(viii) For a while, we will informally think of Ur(s,\,-) and d1(s,-) as elements of the linear dual of the
smaller space C72, (M(F))cusp C Cha (M(F)). However, as (48) and (49) indicate, f will be often fixed
and hence understood, and therefore suppressed from notation. Recall that we have also temporarily
fixed p € C°(n(F)), and hence suppressed it from notation.

Notation 6.5. Let £ € C (7). Since m 3 (mwg 1) is a matrix coefficient of the supercuspidal representation
7, and hence compactly supported modulo Ay (F), we may and do choose fg € Cp2i(M(F)) such that

é = é(];é). Since 7 is supercuspidal, C(7) consists of cusp forms in the sense of Notation 6.4(iv), so we

automatically have fé €Ci, (M(F))cusp-

Lemma 6.6. For any f € Ches (M(F)) such that éf € C(n), we have:
1 .
9o, (5) =D Z Ol ), (50)

in the sense that, for all s € C such that the right-hand side converges absolutely in its expanded form —
i.e., after (49), (48) and (46) are plugged in — the left-hand side also converges absolutely and equals the
right-hand side.

Proof. This follows from applying Proposition 5.14 to the expression (45), using the M-conjugation equiv-
ariance of m and noting that, for all A € T, . (F), S(A) € T(F') is centralized by T (F). O

Notation 6.7. Thanks to Notation 6.5 and Lemma 6.6, we will fix T € 7+ and f € C,-1(M(F)) for the
rest of this section, and analyze the expression (49) for this choice of T.

We make some preparations to study Wr.
Lemma 6.8. (i) The product maps Zg X" (Gy) — Zn and Ag XvV(Gn) — Am are isomorphisms.

(it) The inclusion Aq — Ay is an equality, while Zg — Zyg has cokernel of order two ‘generated by
YV (=1)" (more precisely, vV defines an isomorphism of {z € G, | 22 = 1} to this cokernel).

(iii) The group A (defined in (44)) equals 'yV(FXQ), ANAg(F) ={1}, and v : F* — A\ (F) induces an
isomorphism F**\F* — Ay (F)A\ Ap(F).

Proof. Let ﬁ : Zy — Gy, be the character with which Zy; acts on ny: if we realize 8 using some Borel pair
(B*, T*) of G contained in (Pz, Mz), then 3 is the restriction of § to Zyr (as made sense after base-change
to F). Note that Zg is the kernel of B, since [ is the only simple root of Gz which is not a root of Mz.
Hence, using that (3, 7v> = 1, one checks that a two-sided inverse to the product map Zg XYV (Gp) = Zm
is given by z — (27V(8(2)) "5V (B(2))).

This gives the first assertion of (i), which also gives its second assertion (by taking the maximal split subtori

on either side). (ii) follows from (i) and the fact that ¢ takes ¥ to (yV)~!, while (iii) follows from (i) and
(i). O
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Notation 6.9. Factoring an integral over Ay (F')\ Anm(F') into an inner integral over A and an outer one over
Ay (F)A\ Ap(F) (use that A N Ag(F) is finite, even trivial, by Lemma 6.8), and using that z — 25 "e(20)
induces a surjection Ag (F)\ Ay (F) — A with finite kernel (equal to vV ({~1,1}), by Lemma 6.8), we may
and do choose Haar measures on Ag (F)A\ Ay (F) and Ag (F)\ Ay (F) — the latter different from the one
used in (47) (it will always be denoted ‘dzq’ to distinguish from the one in (47)) — so that for any measurable
function f” on A (F)\A(F), we have:

/ f"(z)dz = / _ / f”(zzo_le(zo)) dzodz, (51)
Ag (F)\ Am(F) Az (F)A\ Am(F) JAg (F)\ Am(F)

where the left-hand side uses the measure from (47) and the right-hand side uses the newly chosen measures.
While, in using the newly chosen measure denoted ‘dzy’, we are breaking our convention to follow Notation
5.7, these newly chosen measures will not be used beyond Proposition 7.18.

Remark 6.10. We conclude that, for any m € M(F) and any measurable function f" on M(F) with
f(zm) = p(z)f'(m) for z € Ay (F) and m € M(F), we have, using that y is trivial on A:

W () dz =

pt(2) / f (225 Ynzo) dzodz. (52)
Ag (F)A\ Ap(F) Ag (F)\ Am(F)

‘/A]\-/[(F)\AM(F)

Now Wr(s,A) can be written, using (52), as:

/ / 1 (2) Fzm ™ S(N)m) 2 (m~ S(N)m)[* - @(m, A) dz dm
M (F)\M(F) v Ag (F)\ Am(F)

:/ . (2 / / Flem™ 25 SN 2om) Xy (m™ES(A\)m)|* - @(m, A) dm dzg dz,
Ay (F)A\ An(F) Agg (F)\ An(F) J M5 (F)\ M(F)

again, assuming absolute convergence, which would also justify the interchange of integrals.
Now, thinking of zy as an element of Ay (F')/ Ay (F) (which is ‘physically’ the same group as Ay (F)\ Am(F)),
which acts on the quotient M5 (F)\ M(F) by (z},m) — z,”'m preserving its measure, we change variables
replacing m by z; 'm, and use the identity )zw(zofnzofl) = X, (28m) = x+(20)2X~ (1) to get:

Up(s, ) = f(szls'()\)m)|>~<W(mflS()\)m)|S~/ X~ (20) 5 @(25 ' m, \) dzg dm dz,
Am(F)/ Ag (F)

(53)
assuming absolute convergence, which would justify the exchanging of the second and the third integrals.
Here, we have transferred the measure ‘dzo’ to Anm(F)/Ag(F) (using its being ‘physically’ the same as
Ag(F)\ Ani(F)).

Notation 6.11. Fix a set Co = {2; | i € I} C Ay(F) of representatives for (Ag(F) - A)\ Ap(F) (which
is finite by Lemma 6.8). We transfer the measure on (Ag(F) - A)\ Am(F) (chosen in Notation 6.9) to Cp.
The integral over z in the expression (53) and its modifications will often (with prior notice, and typically
to prove estimates) be considered as an integral over Cy. This is analogous to fixing a set of representatives
for F* /F** in [58, Section 7.

Jovcorione™
Ag (F)A\ A (F) M, (F)\ M(F)

6.2 Naive weight factors and preliminary estimates on them

In this subsection we define and study, following Spallone, the naive weight factors wy (X, m) = wf (X, m)
which are a slightly modified version of the factors wg(g, h) in [58, Definition 9]. Recall that we have fixed
peCPm(F))and Te TT.
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Notation 6.12. (i) Note that Ay, being the center of M, has its adjoint action on n; given by a central
character 5 : Ay — Gy, which then equals a square-root of x|a,,. Set, for k € Z:

Anige = {20 € An(F) [ 1B(20)| = 7%} = {20 € An(F) | valx;(20) = 2k} (54)
It also helps to record the observation that val y(Ay(F)) C 27Z as x4 |ay = 52
(ii) For A € T¢ o (F) and m € M(F) set (as made precise and justified by Remark 6.13 below):

wnm) = wf(m) =

@z 'm, N) dzg = / / wo Adm ™zt 71 (S(N)) dzo dt.
Am,r/ Ay (F) T (F) JAm, i/ Ay (F)

(55)

Remark 6.13. The definition of wy (A, m) needs some justification. First, by Lemma 6.8 and the fact
that § is trivial on Ag(F) = Aq(F), Am is closed under multiplication by Ag(F), so we can talk of
Ani i/ A (F), which is an open subset of Ay(F')/ Ay (F), which has been given the measure ‘dzy’. Note
that An i/ Ag(F) is a translate of Ano/ Ag(F), and hence is compact with measure independent of &
(again, use Lemma 6.8). Thanks to this compactness and the continuity of ¢, the integral defining wy, (A, m)
converges absolutely for all A\, m, k, also justifying the right-most equality of (55). We remark, though we
haven’t used it, strictly speaking, that the adjoint action of Ay (F) on n(F) factors through Ay (F)/ Ay (F)
(since Ay (F) = Aq(F)).

Remark 6.14. We note for later use the following properties of the ‘naive weight factors’ wy (A, m). Since
the action of M%(F') on ¢p(F') (which contains each S())) factors through MT.(F) — T (F'), we get:

wi(t, mm) = wi(m), Ymy € M3(F), m € M(F). (56)
The second is the consequence of (54) and (55), that for all z € Ap(F), A € Te o (F), m € M(F) and k € Z:
Wt (val x, (2)) /2 (A m2) = wi (A, m). (57)
The following explicit description of the measures chosen in Notation 6.9 will be useful later:
Lemma 6.15. The measures in Notation 6.9 are related by:
2vol(Ag (F)\Am,o) = VOI(AM(F)A\ Anm(F)) - vol(Am,o/ Ag(F)),
where on each side, we use measures from the corresponding side of (51).

Proof. Using Lemma 6.8, it is easy to see that (Ag (F)AN An0)\Amo C Ag(F)A\ Ay (F) has index equal
to that of DX/DX2 in FX/Fx2, i.e., 2. Using this, the lemma follows from applying (51) with f” equal to
the characteristic function of Ay (F)\Awm,o. O

From (53), the definition of wy (A, m) (see (55)), and the fact that |x,(20)| = ¢~ for 2z € Amk(F)/ Ag (F),
we get:

Wo(s, ) = / | u(z) / Fem=1800m) %y (m LS m)I* - 3 w(h, m)g = dim dz,
Az (F)A\ Am(F) Mg, (F)\ M(F)

keZ
(58)
again assuming absolute convergence (after plugging in (55), that is).

Lemma 6.16. Suppose C; C M(F) has relatively compact image in Ag (F)\M(F). Then there evists k_ € Z,
depending only on C1 and ¢ (in fact, only on C1 and supp @) such that, for all k < k_, A € T, & (F) and
m € M(F) such that m~1S(A\)m € Cy, we have wi(\,m) = 0.
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Proof. Note that any S()), being equal to m(S())), belongs to Gaer(F). Hence, if m~1S(A\)m belongs to
C1, it belongs to the set Ci N Gger(F'), which has compact closure in G(F') (since Ay = Ag by Lemma 6.8).

By Lemma 2.26, we have a neighborhood 4 of 0 € n(F) such that m=1(C; N Gger(F)) N U = @. There
exists k— € Z such that for all k < k_ and zp € Ak, Ad zo(4) D supp . Therefore, if m € M(F) and
A € T, o (F) satisfy that m~1S(A\)m € Cy, then for any k < k_,t € T_(F) and zy € Ay x we have:

Ad(zom ™1t H)S(\) € Ad zo(M~H(m™ES(\)m)) € Ad zo(n(F) \ &) C n(F) \ supp ¢
(use that m(Adm~1t=1(S()\))) = Intm = (Int t~"(S(X))) = m~1S(\)m), so that wi (X, m) = 0. O

Notation 6.17. For A € T.(F)\ {1}, so that D(S()\)) # 0 by (41), set (following [58, Definitions 3 and 4],
and with the latter equality below following from (41), which uses the identification of T.(F) with F* or
ker(Ng/p : EX — F*) C F as in Notation 4.10):

6(A) = log, max{1, D(S(A) "} = log, max{L, |(A — 1)(A~" — 1)|~(HmM —dimMz)/2y,

Remark 6.18. Separately considering the cases where val A is negative, zero or positive, it is easy to see
that ¢(A\) = (dim M — dim M) max(val(A — 1),0) in all cases.

Remark 6.19. Recall from [32, Section 18] that we have a notion of norms on affine varieties over F. For

any affine variety X over F, one can choose a norm || - || : X(F) = R by choosing a set {f1,..., fn} of
generators for the coordinate ring F[X] of X, and setting ||z|| = max{1, | fi(z)|,...,|fn(2)|} for all x € X(F).
A different set of generators would yield an equivalent norm || - ||’, in the sense that each of || - || and || - ||" is

bounded above by the product of a fixed positive constant and a fixed positive power of the other (see [32,
Section 18.1]).

Notation 6.20. For each affine variety X over F, we fix an arbitrary norm || - ||x on X(F'), except in those
cases where we specify a choice of || - ||x explicitly.

Lemma 6.21. Consider the ‘good quotient’ p : M — q = M//M of M by M-conjugation. Let TM c M
be a (not necessarily mammal} torus which contains the image of vV and is hence normalized by wo , and
set TM = Tmwy L Let Ty — TM// TM be the quotient of TM by Tri-conjugation. Then the morphism
TM// Ty — q induced by the inclusion TM —~Misa finite morphism.

Remark 6.22. The lemma follows from a ‘T /W-type’ description of the variety q, given at the level of
F-points in Lemma 3.2.A of [33]. But since we cannot locate the ‘variety version’ of the result in literature,
we give a proof for our special case, deducing it from the well-known untwisted case.

Proof. For this proof, we may and do make the faithfully flat base-change to F, and write M, Ty etc. instead
of Mz, (Tm) # ete. Let T, denote the image of vV Tt is a central torus in M. The map M — M / T, sending
mw ! to the image of m respects M-conjugation, and hence induces by the universal property of quotient
maps a map from q to the variety g, of conjugacy classes of M / T. This morphism is clearly surjective at the
level of F-points (since M — M /T, — q5 is), and hence dominant (in fact it is an isomorphism but we do
not need it). Further, the map Ty — Ty given by two_1 > ¢ induces an isomorphism Ty // Tm — Tam /Ty

Thus, it is enough to show that the map Ta /T, — g, induced by the inclusion of Ty /T, in M /T, is
finite. But this is easy: if T is a maximal torus of M / T, containing T / T.,, and the associated Weyl group
is WTiq’ then this reduces to the finiteness of the composite Ty — T?v[ — Ti/[ /WT?\U which is clear (the
former is a closed immersion, the latter a quotient by a finite group). O]

To establish the absolute convergence that we need, we will crucially use the following estimate; it is an
adaptation of some considerations in [58], especially Proposition 10 there.
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Lemma 6.23. Suppose C; C M(F) is a subset that is relatively compact modulo Ag(F). Let T € T+. Then
there exist positive constants cy,chy with the following property: whenever A € T.(F)\ {1} and m € M(F)
satisfy that m~1S(\)m € Oy, there exists m’ € M5 (F)m with:

log, [[m/[lm < ¢} + c3(N).

Proof. Since S(A\) € Gger(F) for each A € T. o (F) (see the proof of Lemma 6.16), and since Ag = Ay (by
Lemma 6.8), we can replace C with the closure of C; N Gger(F), and assume that C; is compact.

Recall that T := Twy . In the proof, we will use the identification T.(F) = F* from Notation 4.10. We
will also use the notion of semisimplicity. If 7 € M(F) is semisimple as an element of G(F), we claim that
its M(F)-orbit is closed. This is certainly well-known but can also be seen as follows. Let T. denote the
image of v, and let M" denote the subgroup of G generated by M and wy — it has exactly two connected
components, since w € M(F). We have a surjective homomorphism M* — M/ T.,, which is the obvious
map on M and sends wy to 1. Given /i € MT(F), it is semisimple as an element of G(F) if and only if it
is also semisimple as an element of M™ (F). For any such 1, with (automatically semisimple) image /m in
(M /T,)(F), the M(F)-orbit of 7 is the inverse image of the (M /T, )(F)-orbit of m under M — M /T,
and is hence closed, as desired.

Consider the subvariety M, C M consisting of those elements 7 such that:

(a) The rank of Adm — 1 € gl(m) is at most dim M — dim M7, and

(b) p(m) € p(T), where p: M — q = M// M is the quotient by M-conjugation (as in Lemma 6.21).

The first of these is a closed condition, since bounding the rank from above is. The second is a closed
condition too, since by Lemma 6.21, p(T) is the image in q of a finite (and hence closed) morphism with
source T// T (using notation from that lemma). For each 7 € M, (F), the characteristic polynomial Py, (T
of Ads —1 on m is divisible by 79" M7 (hy condition (a) above). Further, the map that takes each m € M,
to the coefficient Dy (/) of T4 Mz in Py (T) is nonzero — e.g., M, contains T, and for A € T.(F) \ {1}
(so S()) is defined and S(\) € T(F)), we see from (41) that D(S())) # 0, which also easily gives that the
connected centralizer of S(\) equals M, and then we have:

Di(S(N) = D(S(V) - | det(Ad S(A) — Limy/m$)] = D(S(V)) - | det(e — 13t/€)] 0. (59)

Let 1\7[; C M, be the locus of nonvanishing of D;. For the rest of the proof, we will set T, = T.\{1}. Then
(59) gives a well-defined morphism
te : (M5 \ M) x T, — M., (60)

induced by (m, A) — m~1S(\)m.

Claim 1. tc is surjective at the levgl/ of F-points.

Let us prove this claim. Let m € M, (F'). To prove the claim, it suffices to show that m is M(F')-conjugate
to an element £ € T(F), for then  belongs to T(F) \ 7Y (F)wy* (since otherwise Dy () = Dy (f) = 0), and
is hence conjugate to an element of S(T.(F)) by Remark 5.4(ii). For this, it suffices, by the discussion on
semisimplicity above and the fact that p(n) € p(T(F)) C q by the condition (b) above, to show that
is semisimple as an element of (M™)z (note that the elements of T(F) are semisimple, since their squares
are). Write m = mgsm,, for the Jordan decomposition of m as an element of M}(F) Thus, s € M(F) and
My € M(F), and both Adm, and Adm,, preserve m. It suffices to show that m, = 1, or equivalently, that
m, belongs to the center of the (necessarily reductive) connected centralizer My, of 1 (a group over F).

Since m,, € My, (F), and since F has characteristic zero, it suffices to show that m,, or equivalently m itself
centralizes m;;_. Thus, it is enough to show that m; = m;,_.
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Since m;; C my;,,, this equality follows from:
dim M7 < dimmy;, < dimmg, < dim M7,

where the first inequality uses the condition (a) above and the last uses that 0 # Dy (m) = Dq(ms) (Adms,
is the semisimple part of Adm, so that Adm — 1 and Adms — 1 have the same characteristic polynomial).
This gives Claim 1.

Claim 2. tc is quasi-finite, i.e., the map it induces at the level of F-points has finite fibers.

To prove this claim, it suffices to prove that whenever m;'S(A\;)m; = my 1S (As)my for some my, my € M(F)
and A\, Ao, T’E(F‘) we have A\; = )\Qﬂ the reason this suffices is that, whenever Ay = Ao, mlmgl belongs to the
centralizer of S (A2), whose identity component equals (M7) 7 (use the argument just before (59)). If Ay or Ao
belongs to T, ¢ (F), then it follows from Lemma 3.59 (and the fact that S(\) € Ty, (F), see Notation 5.1(ii))
that mgmfl normalizes T and hence (T.), in which case, one sees using Lemma 3.36 that its conjugation
action on (T.)p is given by A — A or A — A~ — this suffices by Remark 5.4(ii). But if A1, A2 & Te o (F),
then since TL(F) \ TE Sr( ) = {—1}, the only possibility is that \; = Ay = —1 € F* = T.(F), so the
assertion that A = /\1 is automatic in this case.

Claim 8. tc is actually a finite morphism.

It suffices to see this over the faithfully flat extension F'/F. Note that tc is M-equivariant, where m € M
acts by right translation of the first factor by m on the left-hand side and by conjugation by m~! on the
right-hand side. Thus, by Claim 2 and [17, Theorem 3.3(2)] (a form of Zariski’s main theorem for morphisms
of varieties that are equivariant for a group action), to prove that tc is a finite morphism, it is enough to
prove the following:

(i) The images under tc of closed M(F)-orbits in (M5 \ M)(F) x T.(F) are closed in 1\7[; (F).

(ii) The map .,
(M7 \M) x TZ)// M = M, // M (61)

is finite (where the // M denotes quotienting by M-conjugation).

Of these, (i) is an easy consequence of the fact that M consists entirely of semisimple elements (which have
closed orbits by the discussion on semisimplicity above) For (ii), we recall from Lemma 6.21 that, with
the notation of that lemma, the morphism T/ T — M// M is finite. This morphism factors through the
morphism T// T — M,// M induced by the inclusion T < M,, so the morphism T//T — M,// M is finite
too. Hence the localization of this morphism at D; € F[M,//M] = F[M,M ¢ F[M,] is finite too. From
the definition of a good quotient (use Condition (iii) in [17, Definition 2.12]), this localization map identifies
with T,//T — 1\7[;// M, where T’ ¢ T is the locus of nonvanishing of D;. But by Remark 5.4(ii), together
with (59) and (41), this morphism identifies with the morphism of (61), giving Claim 3.

Thanks to the finiteness of tc, by Proposition 18.1(1) of [32], we may and shall choose a norm || - [| (. \ My x T2

on the left-hand side of (60) to be the pull-back of a norm on M;, which in turn may and shall be taken to

be max(|| - |5, [D1(-)|7!), thanks to l\~/[/o being defined by the nonvanishing of D in the closed subvariety
M, of M (see [32, Proposition 18.1(2) and (5)]). Thus, letting d’ > 1 be an upper bound for || - ||g on Ci,
which exists by [32, Proposition 18.1(3)], we conclude the following: if A € T.(F) \ {1} and m € M(F) are
such that m~1S(\)m belongs to the compact set Cy, then, denoting by 7 the image of m in (M5 \ M)(F):

172, Ml s\ wyxr, = max([[m ™t S(\)mllg, [ Dy (m ™ S(A\)m)| ™) < &’ max(1, |D1(S(A))[ ).

Using (59), and letting d"” = d' max(1, [det(e — 1; t/t)|71), the last expression above is less than or equal to
d’ max(1, D(S(\))~') = d"¢?™M. Applying Proposition 18.1(1) of [32] to the projection from (M5 \ M) x T’
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to its first factor, we have positive constants dp,d1, R such that whenever m € M(F) and A € Tc(F) \ {1}
are such that m=1S(A\)m € Cy, we have:

172llnig\ vt < doll (72, M| figs\ pywry, < dag"™.

Now it suffices to show that for some Ry, ds > 0, any m € (M5 \ M)(F) lying in the image of M(F') has a
preimage m € M(F) that satisfies:
— 1 R2
Il < da[mllyg | v-

This is equivalent to saying that the map M — (M7 \ M) has the norm descent property in the sense of [32,
Section 18.6].

By a result of R. Beuzart-Plessis ([7, Proposition 2.9.1 (page 469)]), this follows if we show that M7 C M is
an F-spherical subgroup (this notion is recalled just before Proposition 2.9.1 of that reference). Since M is
generated by M7 and the image of vV, which is central in M, this in turn follows if we show that Mt C M
is a spherical subgroup. But as mentioned in that reference, this in turn follows if we show that Mt C M
is symmetric as recalled in [7, Section 2.8.1, page 457], i.e., Mt is contained in, and contains the identity
component of, the set of fixed points of an involutive automorphism of M. We claim that this involution
can be taken to be conjugation by 8y ,(—1). Every element of Gal(F/F) either preserves 3y ,(—1) or takes
it to By o(—1) = By 1(—1)7Y(~1), which implies that the automorphism Int 8y ;(—1) of M is defined over
F. Clearly this automorphism has order two, and Lemma 3.58 gives us that the identity component of its
group of fixed points is M, so that Mp C M is a symmetric subgroup, as desired. O

Remark 6.24. The above lemma gives us one reason why our Heisenberg case may be simpler than more
general ones: for us, M7 was easily seen to be spherical in M, which let us conclude the norm descent
property from a general result of [7] without any effort. Note that the corresponding result in [58] instead
needs the norm descent property with respect to quotienting by a torus, which is [32, Proposition 18.3].

6.3 Some homogeneity results and estimates

Recall that we have fixed ¢ € C2°(n(F)) and T € T+. Note that the w} (X, m) can be expressed in terms of
orbital integrals (Notation 6.25 below) for the action Ad of T (F) C T(F) of ¢p(F) discussed in Notation
5.1(v); — for a precise expression of this relation, see (66) below. To replace wy (A, m) with nicer weight
factors, and to get estimates on the wy (A, m), we will study the simple Shalika-type germ expansion for
these orbital integrals, following the SO(2,1)/0(1, 1) example worked out in [47, Section 4], but spelling out
explicit domains of validity as in works of Waldspurger and DeBacker.

Notation 6.25. For ¢ € C°(cp(F)) and X € cp(F), let:
o= [ wwtxa
T (F)
whenever this integral converges (see Remark 6.26 below). Here, we use the measure on T_(F) fixed in

Notation 5.7.

Remark 6.26. Write X € cp(F) as X = X1 + Xo + X3 with X; € g, ,(F) for i = 1,2 and X3 € na(F).
In Notation 6.25, it is easy to see that O(X,¢) does not converge absolutely if the following three conditions
all hold: T is split, at least one of X; and X5 equals 0, and ¢(X3) # 0. In all other cases, O(X, <) converges
absolutely.

We will need some simple ‘homogeneity’ results. Until and including Lemma 6.30, we will discuss these, in
the case where T € T is split, in greater detail than we will need.
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Notation 6.27. Assume that T is split. Recall from Notation 6.4(i) that for each T € T, we have fixed
Zy = Zg, + Zg, € ¢v(F) Nnyo(F) with Zg, € gg,., for i = 1,2. Since T is split, Zg, € g(F) for i =1,2.

(i) We will use the identification ¢p =2 A3, with (13,15, T3) € A® corresponding to T1Zs, + T2 Zg, + 13X, €
cr (an identification of F-vector spaces, not of Lie algebras).

(ii) For convenience we recall the identification G,, = T, from Notation 4.10, which identifies a € G, with

the unique element ¢ € T, satisfying fr.1(t) = a and Bra(t) = a™t.

Remark 6.28. With the identifications of Notation 6.27, the action of G,, = T.(F) on A% = ¢t is given by
- (T, Ty, T3) = (N1, \~ Ty, T3). Thus, one can view this action as a product of the G, action on A% given
by A (T1,T2) = (ATy, \~'Ty), and the trivial G,,-action on A'. The asymptotics associated to the former
dictates the asymptotics associated to the product.

Notation 6.29. Assume that T is split, and consider the action of G,, = T, on ¢t = A3 as identified in
Notation 6.27.

(a) Realize the quotient for this action by qr = (¢, q%) : A> — A% where g4 (T1,Ts,T3) = T1T» and
4(T1,T>, T3) = Ts. Note that X = (T1,Ts,T3) € A? is semisimple if and only if ¢/-(X) = T3 T # 0 or
T, =T, =0.
(b) There are three nilpotent orbits for this action — Oy = {(0,0,0)}, Oy := {(11,0,0) | T} € A\
{0}}, 02 :={(0,12,0) | T> € A"\ {0}}.

(C) For ko, lo € Z, let Ukmlo = {T1Z51 +T2252 +T3X,Y ‘ Val(Tsz) Z k’o,V&l(Tg) Z lo} = qu(kaD leOD).
For ko, lp € R, set uko,lo = u(ko],ﬂo]'

(d) For each ki,k2,lo € Z, let Ly, gy, C cr(F) be the lattice @975 + w2075, + wloDX,. For
ko,lo € Z, let Dy, 1, be subspace of C°(¢r(F')) generated by those functions that are invariant under
Lk, ky,1, for some integers k1, ko with ky 4 ko < ko. If 7/, 7" € R, set Dy v = Dppr [per7-

Lemma 6.30. Assume that T is split. There ezist two nonzero T (F)-invariant distributions vo,v on
C(cr(F)), with the following properties.
(a) vy is a scalar multiple of ¢ — ¢(0);
(b) The restriction of v to {s | <(0) = 0} equals O(Zg,,—) + O(Zs,,—); and
(c) Let ', r" € R. If ¢ € Dy pr, then for all semisimple X € Uy v with q.(X) # 0, we have:
O(X,5) = wols) val i (X) + ). (62)

Proof. Tt is enough to fix arbitrary kg,lyp € Z and prove the existence of distributions vy, v satisfying the
properties (a)-(c) with ' = kg and r” = Iy — the same would then follow for general kg and [y by considering
[ko] and [lp], and it is formal that vy and v are independent of kg and .

Let Xo = ThZg, + TaZg, + 13X, € Uy, 1, be such that q-(Xo) = 111> # 0. We have valT; + valTy =
val q/r(Xo) > ko. If ¢ is the characteristic function of some (T7{Zs, + T5Zs, + T5X~) + L, k,,1, Where
k1,k2,lo € Z and ki + k2 = ko (note that such functions belong to, and together span, Dy, ;,), then one
checks the following.

(i) If val T3 < lp or if valT] < k; for both ¢ = 1,2, then O(Xo,<) =0 = 0(Zg,,%) = O(Zs,,%)-
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(ii) If valTy > lp and we have ¢ € {1,2} such that valT} < k; and valT4_, > ks_;, then
O(Xo, %) = O(Zs::%0) = O(Z3,,50) + O(Zp,, %) (63)

— an easy way to verify this is to use Remark 6.28 to T_(F)-translate X so that valT; = k; > val T},
so valTs_; > kg — valT; = ks_;, and verify the following three assertions: firstly, for all t € T_(F),
t™' - Xo € (T1Zg, + T5Zp, + T4 X)) + Ly ko if and only if t =1 - whi Z5, € (T1 Zg, + T5Zp, + T4X,) +
Ly ko lo secondly, for all ¢ € IE(F), t=L. Zg,_, & (T{Zﬁl + TQ/Z,BQ + TéX,Y) + Ly ks 1o and thirdly,
O('vzﬁi) = O('vwkiZBJ (as Zﬂwwkizﬁi € 0;).

(iii) If valT§ > lp and valT] > k; for i = 1,2, then
O(Xo,0) = vol(L.(D)) - (val g’p(Xo) — ko + 1)

— for t € T_(F) corresponding to a € F*, so fr.1(t) = a and Br2(t) = a~!, we have that t~1X,
belongs to T{Zg, + T5Zp, + T5X~y + Lk, katy = Lk, ks, if and only if —vala + valTy > k; and
vala + val Ty > ko, i.e., if and only if vala belongs to the interval [ky — val Ty, val Ty — kq].

One knows that the set of extensions of O(Zg,,—) + O(Zs,,—) to a T _(F)-invariant distribution on c¢p(F)
supported on the nilpotent cone FZg, U FZg, = Og U O1 U Oy is nonempty and takes the form {¢ —
v(s) + ¢s(0) | ¢ € C} for a distribution v (which is therefore such an extension as well) — a slightly harder
variant of this assertion is discussed in [47, Section 4.1, pp. 129]. Since v is clearly determined up to adding
a multiple of the distribution ¢ — ¢(0), we specify it uniquely by requiring that:

V(]ILkl,kQ,zo) = (—ko + 1) VOI(IE(D)) (64)

for some fixed choice of ki, ko € Z with ki + ko = kg, where ]ILkl,kNO denotes the characteristic function of
Ly, ko1, Since changing ki, k2 subject to ki + ko = ko replaces Ly, k,.1, by a T (F)-conjugate, (64) applies
for all k’l,kg € Z with k1 + ko = kg.

We set vy = vol(T.(D))(s — <(0)). Whenever k1, ka € Z with k; + ko = ko, since (64) holds, we get from
(iif) above that (62) holds with ¢ =1y, , ., , for any semisimple X € Uy, i,

Thus, it suffices to show that (62) holds for any semisimple X € Uy, ;, and any ¢ € C°(ep(F')) that does

not have zero in its support and is invariant under some Ly, , i, for some ki, ko € Z such that k; + ko = ko.
But this follows from (i) and (ii) above. O

Remark 6.31. For later use, we record that if T is split, X € cp(F) with ¢/r(X) # 0 (so X is automatically
semisimple as discussed in Notation 6.29(a)) and ki, ke, lo € Z with ky + ke = ko € Z we have:

0(X, Ly, 1y )| < vOl(T (D)) max(val g7 (X) — ko + 1,0) < vol(T, (D)) (max(val qp(X),0) + [ko| + 1).

If X € Uy,,,, this follows from (iii) in the above proof. If not, the inequality is still satisfied because its
left-hand side is zero.

Notation 6.32. Henceforth, when T is split, we will denote by vy and v the distributions of Lemma 6.30;
in particular vg = vol(T.(9))(s +— ¢(0)). When T € T is non-split, we will denote by v the distribution
¢ — (volT,.(F))s(0) on C°(ep(F)), and set vy = 0 as a distribution on C°(cr(F)). In either case we
suppress the dependence of these objects on T for lightness of notation.

We will not need the full strength of Lemma 6.30, but rather mostly only the cruder consequence summarized
in the lemma below, which also considers the case where T is not split.
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Lemma 6.33. Let L C cp(F) be a lattice. There exists a neighborhood Uy, of 0 in cr(F), invariant under
the action of T_(F') as well as under the action of Asy for all k > 0, with the following property: for any
k € Z, any function ¢ € C=(cp(F)) invariant under w"® L-translation, and any semisimple 0 # X € whUy,
(thus, X € w*Uy, is such that X # 0 if T is not split, and q’p(X) # 0 if T is split), we have

O(X,s) = vo(s) val g (X) +v(s) (= vol(T.(F))s(0) if T is not split.) (65)

Proof. If T is split, it suffices by Lemma 6.30 to take Uy, = Uy, 4,1, for any ki, ks,lo € Z such that L D
Lk1,k2,lo — note that any L{kmlg is invariant under AM,k for all k Z 0, and that wkuk1+k2,lo = L{k1+k2+2k7lo+k.
So assume that T is not split. Since T_(F) is compact, it is easy to see that L contains a lattice of the form
L1 ® Ly, where Ly C ¢p(F) Nny(F) nd Ly C op(F) Nng(F) are lattices invariant under T (F) (e.g., for
i = 1,2, let L; be the intersection of the ¢ - (L Nn;(F)) as t ranges over the compact set T (F)). We may
replace L by Li @ Lo without loss of generality. Now L is invariant under T_(F'), and (being a direct sum of
lattices in ¢p(F) Nny(F) and cp(F) Nng(F)) under Ay for each k > 0 as well. It is now easy to see that
one can take Uy, = L. O]

Remark 6.34. The U}, constructed in the proof of Lemma 6.33, regardless of whether or not T is split, has
the following properties. First, under the topological isomorphism ¢ (F') = (cp(F)Nny (F)) X (ep(F)Nng(F))
corresponding to ¢p(F) = (cr(F) N (F)) & (er(F) Nna(F)), we have U, = (U Ny (F)) x (Ur Nng(F)).
Secondly, each of Uy, Nny (F) and Ur, Nna(F) is stable under multiplication by O p.

Notation 6.35. (a) For m € M(F) and ¢1 € C°(n(F)), let <oy m = @1 0 Adm ™o (r).
(b) If T is split, let Ky be a maximal compact subgroup of M(F) associated to a special point in the
apartment of a maximal split torus of My containing T, so that M(F) = Py 1(F)Kym = Pr2(F)Ku.

Again, in both cases, we suppress the dependence on T for lightness of notation.

Corollary 6.36. Fiz p1 € C°(n(F)) and a lattice L C c¢p(F'). Then:

(i) There exist constants di,ds € R such that for all m € M(F), S,, m is invariant under translation by
ol dilog, Imllm+d2] 1,

(#i) Let dy,ds be asin (i). There exist a nonnegative constant ey and a real linear polynomial e (depending
on (the support of ) v1) with positive slope, such that for all semisimple 0 # X € c¢p(F) and m € M(F),
we have, writing ||¢1||eo for the L>®-norm of ¢1:

|O(X, Sp1,m)| < [l1lloc - (e1 max(val qp(X), 0) + e2(log, [[m|[m))
(i1i) There exist constants c1,ca € Rxq, with ¢1 =0 if T is not split, such that for all m € M(F):
[V(Spr,m)| < c1logy [lm|[m + ca.

Proof. Choose a lattice L, C n(F) and d3 € N such that L, N ¢p(F) D @w®L and such that ¢; itself is
invariant under translation by L,. Consider the algebraic group GL(n) associated to the F-vector space
n; then L, defines a maximal compact subgroup K, C GL(n)(F). An O-basis for L, determines a split
maximal torus A, of GL(n). It is easy to see from [32, Lemma 18.11] (and the fact that the Euclidean norm
and the ‘L°°-norm’ on a copy of R™ bound each other up to fixed multiples) that we can choose a norm
|l - leLn) on GL(n)(F) as follows — given g € GL(n)(F), use the Cartan decomposition to write g = kjaks
for some ki, ky € Ky and a € Ay (F), and set ||g]|qrm) = maxy ¢/l as X runs over the eigenvalues of a on
n. This norm has the property that g - L, D w8 l9lere L, for each g € GL(n)(F).
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Thus, (i) follows if we show that there exist constants d; € Rso and R € Ry such that || Adm|grm) <
R||m||§} for all m € M(F) — then we could take dy = (log, R) + ds, since that would give that ¢; 0 Adm™"
is invariant under translation by

Adm(La) > '8 | Admllcri [, 5 coldi 108, Imilvtos, R, — o [dilog, mls-+(log, R)+ds] [,

giving (i). But the existence of such d; and R follows from [32, Proposition 18.1(1)], as required.

Now let us prove (ii). This is trivial if T is non-split (in fact with the better estimate |O(X,cp, m)| <
[l¥1]loo vOL(L.(F))), so let us assume that T is split. Let L' C n(F) be a lattice such that ¢ is supported
in L' and such that L' N cp(F) = Ly gy for some ki, k5,1 € Z. Using notation from (i) and an argument
as in (i), we have that for any m € M(F), ¢, o Adm™" is supported in Adm(L') C w™ '8l Admllore . 1/,
Since log, | Adm||gL@) < [dilog, [m]| + log, R] (where dy, R are as in the proof of (i)), this gives that
Sp1,m is Supported in w™ [d1logg [Im[lm+log, F L'n CT(F) S w_[dl logg [lmlm+log, R Lkll,ké,l/ = Lki’,ké/,l”y where
ki = ki — [d1log, |[m|ln + log, R, and ky, 1" are similar.

Therefore, for all X € c¢p(F) we have, using Remark 6.31,
00X 59| < O (X, llgrlloe Ty g0 ) < orllo - voI(T () (max(val g (X),0) + [k + k5] +1).

Hence, taking e; = vol(T,(9D)) and ez(z) = vol(T. (D)) - (|k] + k5| +2(d1x +log, R+ 1) + 1), we see that for
all semisimple 0 # X € ¢p(F) (so automatically q7.(X) # 0), |O(X,Sp,,m)| is bounded above by:

@1 |0 vol(T. (D)) (max(val g7.(X), 0)+|k; +k5|+2[dy log, [|m[m+log, R]+1) < [l¢1leo-(e1 max(val gy (X), 0)+e2(log, [ml|m))

(use that dy,log, R > 0 and that log, ||m||m > 0 for all m € M(F)), giving (ii).

If T is not split, (iii) is trivial — take ¢; = 0 and ¢ = ||¢1]|oo - VOI(T (F)). Therefore, assume that T is split,
so that Zg, € ggr,:(F) for i = 1,2 (where we recall that Zr = Z3, + Z3,). Recall Ky from Notation 6.35(b).
Write x1 = Xy, and x2 = X, , for the characters with which Pt ; and Ptz act on FZg, = gg,,(F) and
FZg, = 981, (F)a respectively. Let Cpy = MaAXEe Ky O(Zﬂu |§<P171 = S,k ) + MaXge Ky O(Zﬁzv |§<P1,1 - gsahk')
— the local constancy of 1, the compactness of Ky, and the fact that the integrals defining the O(Zg,, —)
converge on elements of C2°(cp(F')) that vanish at 0, guarantee that c,, is well-defined.

Thus, since v restricts to O(Zg,, —) + O(Zg,, —) on elements of C2° (¢ (F')) that vanish at 0, we get:

V(CLth - 9/31’1) = O(Zﬁwgtphm - g@lyl) + O(Zﬁw Sp1,m Ctpl,l)'
If we write m = p1k1 = pake with k1, ke € Ky and p; € Py ;i(F) for ¢ = 1,2 (thus, the k; and p; depend on
m, but we are suppressing this dependence for lightness of notation), then we get:
|V(§t,01’m)_l/(§<,01,1)‘ < CLP1+|O(Zﬁl s Sp1,k1 _Ctﬁl,p1k1)|+‘0(zﬁ27 Se1,k2 _§4P1,P2k2)| = Cypy +V01(IE(D))-QP1(0)~(| Vale(P1)|+| val XZ(pQ)Dv

where the last step uses Remark 6.37 below (an easy property of integration on F* C F'). Since v(sy, 1) is a
constant, the lemma follows from the fact that |x1(p1)|=", [x2(p2)|=' < C1|jm|| for some positive constants
C; and R; independent of m, by the compactness of Ky (use [32, Proposition 18.1(7)] and the fact that
norms on Pr 1 (F) and Py o(F') may be taken to be restrictions of || - ||m by [32, Proposition 18.1(1)]). O

Remark 6.37. For ¢ € C°(F*) C C°(F) and any ag € F* C F, consider:

O(agp,s) := /FX s(apa) da,

where da is a Haar measure on F*. It is immediately verified that for any ¢ € C°(F') and ag,a € F*, writing
o € C°(F) for the function x — ¢(a™1x), we have O(ag,s —¢,) = vol(D*) - vala - ¢(0). This implies that if
T e T+ issplit, i € {1,2}, xi = Xpy, is the character with which P ; acts on gg.,, m € M(F),p € P ;(F)
and 1 € C°(n(F)), then:

O(Zg,,Sp1.m — Spr.pm) = O(Z,, (p1 0 Adm ™" — 1 0 Ad(pm) )| e (ry) = vol(T(D)) - 1(0) - val x;(p).
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The following lemma is somewhat related to [58, Corollary 9.

Lemma 6.38. (i) Assume that T € T+ is not split. Then for all k € Z, X\ € Te & (F) and m € M(F),
we have |wi (X, m)| < ||¢]loc - VOI(T.(F)) - vol(Anr,o/ Ag(F)). For each fized X and m, we have that
wi (A, m) = p(0) - vol(T (F)) - vol(An,o/ Ay (F')) for all k> 0.

(ii) Assume that T € T+ is split. Then, for any subset C; C M(F) that is compact modulo Ag(F),
there exist positive constants co,c1 and co such that for all k € Z,m € M(F) and X € T¢ o (F) with
m=tS(\)ym € Cy:

|wg (A, m)| < cgmax(k,0) + c1 - (A) + co.

Proof. In either case we can interchange the integrals in the definition of wy (A, m) (see Notation 6.12,
specifically (55)), to get:

wi(A,m) = /A ) O(z0 - S(N), Sp,m) dzo, (66)

because S(\) is nonzero semisimple and hence this integral converges absolutely.

Let us prove (i), so assume that T is not split. Using (66), the first assertion is immediate from the fact that
Am i/ Ag(F) has the same measure as Anio/ Ay (F). For each fixed A and m, choosing a neighborhood
U of 0 in n(F) on which ¢ is constant, the second assertion is easily seen to be true for all k such that
m T (F) - 20(S(N\) € U for all zg € Amx — such a k exists as T, (F) is compact.

Now let us prove (ii), so assume that T is split. Corollary 6.36(ii) gives us a nonnegative constant e; and a
real linear polynomial e, such that

O(20'S(A), Sp.m) < l[@lloo (€1 max(valgr(zo - S(A)),0) + e2(log, [mlln) = [l¢]loo (261 max(k, 0)+e2(log, [Iml|u))

(use that val¢/:(S(A\)) = 0, a consequence of the definition of S = Sz, 1 and the identification ¢p(F) = A3
chosen in Notation 6.27).

Note that O(zo - S(X),Sp,m) is unchanged if we replace m by an element of M7.(F') - m (use that the action of
M5 on cr factors through yg, : M5 — T.), so the condition m~'S(\)m € C allows us to use Lemma 6.23
to replace log, ||m/||y in the above estimate by a linear polynomial in ¢(\) (depending only on C1), and the
lemma follows. O

7 Change of weight factors and a first expression for the residue

In this section, we define a notion of a family of weight factors (in the context of the problem at hand),
and replace our weight factors wy(X,m) = w{ (X, m) with a more pleasant collection of weight factors
w Y™ (X, m), without affecting the residue. We then compute the residue as an expression obtained from
(sometimes weighted) orbital integrals of matrix coeflicients. We do not fix any ¢, f or T for now.

7.1 Families of weight factors and related objects

Notation 7.1. (i) By a family of weight factors (in the present context) we will refer to a datum v =
(vk)kez comprising the following: for each k € Z, a locally constant complex-valued function

ve i | (Tew(F) x (M3(F)\M(F))) = C,
TeT+
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called a weight factor, satisfying for all z € Ay (F) (and A € Te o (F) and m € M(F)):
Uk+(val x(2))/2 ()‘7 mz) = vk()‘a m)7 (67)

as well as the following property: for all T € 7+ and a subset C; C M(F ) that is compact modulo
Ay (F), there exist an integer k_ and positive real constants co, c1, c2 such that whenever A € T. s (F)
and m € M(F) are such that m~1S(\)m € Cy, we have:

(a) vg(A,m) =0 for all k < k_; and

(b) |vk(A,m)| < o max(k,0) + c16(N) + ¢o for all k € Z.

(ii) For a weight factor family v, and for each T € T, define for each f € Czc,l(l\N/I(F )) the following
integrals generalizing (58) and (49), whose convergence is yet to be addressed:

i) = [

' pt z)/ f(zm_lS()\)m)|)~<7(m_1§()\)m)|s-(zvk()\,m)q_4ks) dmdz,
A (F)A\ Ay (F) Mg (F)\ M(F)

kEZ

92 (s, ) = /T py DISOD w2, Fran (69)

As before, when f is understood, write W% (s, \) = Wi(s, A, f) and ¥5(s) = 95 (s, f).

Remark 7.2. The equality (67) from Notation 7.1(i) ensures that the outer integrand in (68) is well-defined
on A (F)A\ Ay (F): if we change 2 to 225 '(20) € 2zA with 2z € A (F) (50 20 € A val o (z0)72 € Am(F),
see Notation 6.12(i)), applying the change of variables m + mz;' to the integrand over M5 (F)\ M(F)
multiplies |, (m~"S(\)m)|* by |x-(20)|** and > rez Ve(Am)g 5 by x4 (20)| 72 = VX2 (20)s the latter
because, using (67) with mz; " and zo in place of m and z, we get:

Z ’Uk()‘7 mzal)q—4ks = Z vk—&-(valx,‘,(zo))/Q()‘v m)q—4ks = q2(va1 X~ (20))s Z Vk (>‘v m)q—4ks.
kEZ kEZ kezZ

Remark 7.3. Let p € C°(n(F)).

(i) w? = (wf)kez is a family of weight factors: the local constancy assertions are easy (the <, are
locally constant in m, and T_(F)-orbital integrals for elements of C2°(¢p(F')) are locally constant on
the regular semisimple set of ¢p(F')), the equality (67) follows from (57), the condition (a) follows from
Lemma 6.16, and the condition (b) follows from Lemma 6.38.

(ii) Foreach T e T+, f € C’;‘il(l\~/I(F))7 A € T (F) and s € C, the integrals U2 (s, A, f) and U (s, A, f)
are identical expressions, (compare (58) and 68), as are the integrals ﬁ%v(s, f) and I, (s, f) (compare
(49) and 69).

The following proposition is an adaptation of [58, Proposition 14].
Proposition 7.4. Let T € T+ and f € C;‘il(l\N/I(F)) Let v = (vg)r be a family of weight factors as in
Notation 7.1(i). For Re s > 0, the expanded integral obtained by plugging in (68) into U5 (s) = ﬁ%(s,f) =
D(S(\)Y2WE (s, \, f) dX, namely
Te,se(F)
[ opeoye [ e Fem™ SO)m) 1, (m = SO m)I(3 (A, m)g™ ) dm dz,
Te,or(F) Ay (F)A\ Ap(F) M% (F)\ M(F)

keZ
(70)
converges absolutely.
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Remark 7.5. Applying this proposition to the family w!?! of weight factors rather than to the family
w?¥, one gets absolute convergence of the ‘fully expanded’ integrals for w,éf(s) (Re s > 0) as well as the
I7(s) = 19T74P(s,f) obtained by substituting from (50), (49), (58) and (55) (in that order). This justifies
various exchanges of integrals that we have seen thus far.

Proof of Proposition 7.4. For the estimate, we may and do replace the integral over AM(F)A\ An(F) with
one over the set Cy as explained in Notation 6.11. Let

M = max{|%, (" *z)|®* | 2 € Cy, = € supp f}

— this is well defined since the support of f is compact modulo Ay (F'), on which x., is trivial.
Further, Cy ! - supp(f) is compact modulo A (F). Thus, by the conditions (a) and (b) in the definition of a

family of weight factors (Notation 7.1(i)), it is now enough to show the absolute convergence, for any k_ € Z
and real constants cg, c; and cg, of:

/ D(S*(A))l/?/ ,u_l(z)/ Fem™ SNm)-M-[ > a7 (|cok| + |erd(N) + ca|) | dmdzd.
Te,se(F) z€Co M (F)\ M(F) E>k_

(71)
Since p is unitary and Re s > 0, this reduces to showing that for every polynomial p (even linear ones will

suffice), the integral
[ peon [ P ddx
Te,sr(F) ZECO

converges absolutely, where we abbreviate, for £ € T(F) = T(F)wy *:

(e | ) = D@ | |Fl(zm™im) dim. (72)
M5 (F)\ M(F)

Recall from Remark 5.4(ii) that, on To(F) \ {1}, A — S()\) is the inverse to the isomorphism T/ T =
T/(1-¢)T — T induced by twy '+ t7le(t1). Therefore, by the compactness of Cy and the local
constancy of z — (m +— f(zm)), the proposition will follow if we show the following two assertions:

(a) For each z € An(F), IM(z - —, |f]) is bounded on Ty (F) € T(F) = T(F)wy ', and the image of its
support in (T// T)(F) = (T /(1 —e) T)(F') has compact closure.

(b) For any complex polynomial p in one variable, po ¢ : T, 4 (F) — C is locally integrable on T, (F').

These conditions are taken care of in Lemma 7.6 (which adapts [58, Propositions 6 and 7]) and 7.7 (which
adapts [58, Proposition 5]) below. O

Lemma 7.6. Let f' € C;?,I(M(F)) for some unitary character i’ on Ag(F), and let z € Am(F). Then

the function T IM(zL, ) (defined as in (72)) on Ty (F) is bounded, and its support has relatively compact
image in (T// T)(F).

Proof. Using Lemma 6.21 and its notation, the map T//T — M// M is finite. Thus, the latter assertion
(regarding compactness of closure) follows if we show that the set of £ € T(F) such that f'(zm~'im) # 0
for some m € M(F) has relatively compact image in (M// M)(F). Since T = Twg * is contained in Hp(F) =
Hr ger (F') C Gger(F), this is immediate from the fact that f’ has compact support modulo A, which equals
Ag by Lemma 6.8.
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To prove the assertion regarding boundedness, we may replace f’ with a function f; that is compactly
supported on M(F), for instance the product of f’ with the characteristic function of (C, Gger(F) N M(F)),
where C, is a compact open neighborhood of z in Zg(F). Then an analogous boundedness statement is
proved in Appendix A.1 of [56], due to R. Kottwitz, in a general ‘untwisted’ setting — for smooth functions
on a reductive p-adic group (not a twisted space) that are compactly supported (like f; and unlike f’ ).
Noting that D(#) = |det(Ad(f) — 1;m/m;)| - |det(e — 1;¢/t.)| " for £ € Tg(F) (use the argument of (59)
and Corollary 3.65), the same proof works in the twisted case, and (applied to f;) gives us the desired
boundedness: exactly as in [56, Appendix A.1, the proof of Theorem 13.1], using semisimple descent, this
reduces to a problem involving untwisted orbital integrals on a Lie algebra, which is proved in [56, Appendix
A.1, Theorem 13.11] (the specific normalization of measures in that reference is of no concern to us since
the elements of Tsr(F ) all have the same centralizer by Corollary 3.65, namely, M7). O

Lemma 7.7. (i) There exists v > 0 such that A — D(S(\))™" is locally integrable on T (F).

(it) For any polynomial p in one variable over C, the function po ¢ on Te o (F) is locally integrable on
T.(F).

Proof. Let us first deduce (ii) from (i). It suffices to show the local integrability of po¢ on the subset of those
X € T.(F) where 0 < D(S(\)) < 1. If X € T (F) belongs to this subset, then ¢()) = log, D(S(X))~™.
Hence (ii) follows from (i) and the observation that, given v > 0, there exists d > 0 such that forall 0 < a < 1,
we have d - a™" > p(log, a™") (since there exists d > 0 such that dg"* > p(z) for all z > 0).

So let us prove (i). As in Notation 4.10, identify T (F) with either F* or E' := ker(Ng,p : EX — F*) C F
for a quadratic extension E/F — thus, A in F* or E! identifies with 51!,1()\)5%,2()\)’1 in T.(F). Recall
from (41) that, for A € To(F)\ {1} C F:

5 _ (dim M — dim Mr)/2
D(S() = A =1(A~! = 1) e
Clearly, the local integrability needs to be proved only around A = 1 € T.(F) C F.
Note that t.(F) identifies with F' (if T is split) or with ker(trg,p : E — F) (if T is not split).
We use that z — (1 + (2/2))(1 — (z/2))~! is a homeomorphism from a small neighborhood of 0 in t.(F')
to a small neighborhood of 1 in T.(F), which is measure-preserving on these neighborhoods if they are
small enough and the Haar measures on t.(F) and T.(F) are chosen compatibly. This easily reduces us to
showing that for some v > 0,  +» |g|~¥(dimM—dimMr) ig iptegrable on some neighborhood of 0 in t.(F),

or equivalently F. By a geometric progression arising from an annulus computation, z — |z|~¢ is locally
integrable near 0 in F for € < 1, so it suffices to take v < 1/(dim M — dim Mr). O

Proposition 7.8. Let T € T+ and f € CZ?I(I\N/I(F)) Let v = (vg)k be a family of weight factors as in
Notation 7.1(i). The integral defining U3 (s) = ﬁ%(s,f), which we know is absolutely convergent for all
Re s > 0 by Proposition 7.4, defines a holomorphic function in this region.

Proof. We warn the reader that the proof of this proposition will be used in the proof of Lemma 7.10 below.

Write )
{ai,...,a,.} = {|)~(.y(zflx)\s | 2 € Co,x € supp f}

the right-hand side is a finite set since the support of f is compact modulo A (F), on which X~ is trivial).
M ¥
For 1 <i <r, set:

Xi:={(Azm) € Tee(F) x Co x (Mp(F)\M(F)) | |3, (m~'S(\)m)| = a;}.
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Consider the expanded expression for ¥%(s) (see (70)), where we take the integral over Ag (F)A\ Ay (F) to
be over C instead. Then applying the Fubini theorem to this expression, as justified by Proposition 7.4, we

Z Z b,kasq74ks’ (73)

1=1 kEZ

have for Re s > 0 an expression:

o= [ B [ wte | L, (A 2.m) F(zm™ S )m)uy (A, m) dmdzdh, (74)
’ Te e (F) Co (F)\ M(F)

a convergent integral.

The very fact that (73) converges absolutely for Re s > 0 ensures uniform convergence on compact sets and
hence the holomorphy of the sum. O

7.2 Close weight factors and replacing w; (A, m) by w*™(\,m)

Definition 7.9. Let u = (ux)r, v = (vi)r be two families of weight factors in the sense of Notation 7.1(i).
We say that u and v are close if for all T € 7+ and each C; C M(F) that is compact modulo A (F), there
exists a real polynomial py (x) = d’x+d", where d’, d” > 0, with the property that whenever m_lg()\)m ey
with m € M(F') and A € T o (F'), we have:

Vk>pi(e(N), ur(A,m)=uvr(A,m).

Let us begin with a lemma that allows us to change weight factors.

Lemma 7.10. Let T € T+ and f € C’;’LO_I(I\?I(F)) Let uw = (ug)r and v = (vg)i be two families of weight
factors that are close in the sense of Definition 7.9. Then 19%(7,];) — ﬁ%(f,f), which is holomorphic on
Re s > 0 by Proposition 7.8, extends to a holomorphic function on a neighborhood of s = 0.

Proof. Choose k_ € Z to work, for both the weight factors u and v, as in (a) of Notation 7.1(i), taking the
(' there to be C’O_1 -supp(f). Then the proof of Proposition 7.8 gives us an expression, for Re s > 0:

B =) = STt =3 3 Ottt ™
i=1 keZ i=1 k>k_
where each by} equals by, — by, with the b)) and the bj, as in (74).

To show that (75) extends to a holomorphic function in a neighborhood of s = 0, it suffices to show that
it converges absolutely in a neighborhood of s = 0 — for then the uniform convergence on compact sets is
automatic. Since there are only finitely many (4, k) with k > k_ and a;q~** > 1, the absolute convergence
of (75) needs to be proved only at a single real number s < 0.

If we show, for some real number s < 0, that the expression

S 12 1z Flem™LS(Nm) v (m~ LS 4ks v m

k=k_

converges absolutely, then the Fubini theorem will let us rearrange it, as in the proof of Proposition 7.8, and
give us the absolute convergence of the right-most expression in (75) (for that value of s).
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Using (as in the proof of Proposition 7.4) the unitariness of y and the fact that |x,| takes only finitely many
values on Cjy’ Y'supp (f), we are reduced to proving the convergence of the following expression, at some real
number s < 0:

/ D(S(\))Y/? / / [Flem™ SN)m) - | > g |uy, — v (\,m) | dmdzdX.  (T6)
Ts,sr(F) CO %‘(F)\M(F)

k=k_

Since u and v are close, the above expression remains unchanged if the sum over k is changed to only run
from k_ to |p1(6(N))], where py () = d'x+d" is associated to u, v, T and C; = Cy *supp (f) as in Definition
7.9. Use (b) of Notation 7.1(i) to choose cp, ¢1, c2, assumed to be all positive without loss of generality, such
that |ur(\,m)| + lox(A\,m)| < cok + c16(\) + co whenever m~1S(\)ym € C; = Cy' - supp(f) and k > k_
(where we note that we could replace ¢ max(k,0) by cok, by adding colk—_| to co and using that k > k_).

For s < 0, we have ¢~*# < ¢4P1(#(A\)s whenever k < [p1(¢()\))]. Now it is easy to see that there exists a
quadratic real polynomial py so that for s < 0, (76) is bounded above by:

/ D(5(\)V/2 / / Flem™ S(Aym) - P GOV, (6(X)) dimdzd
Ts,sr(F) CO %‘(F)\M(F)

(e.g., one can take pa(x) = co(p1(x) — k— + 1)(p1(x) — k=) /2 + (12 + cok— + c2)(p1(x) — k— + 1)).

Using Lemma 7.6, as in the proof of Proposition 7.4, this reduces to proving that for some s < 0,

gV py (M) = (max{1, D(S(A) D)~ py(p(N))

is locally integrable on T.(F). Tt suffices to prove that, for some s < 0, the above expression is inte-
grable in a neighborhood of A = 1, on which we may assume that D(S(\)) < 1 (whenever A # 1), so
that max{1, D(S(\))~'} = D(S(\))~'. Choose any ds > 4d’. By Lemma 7.7, there exists s < 0 such
that D(S()))%* is locally integrable on T.(F). This suffices since it is easy to see that there exists a pos-
itive constant dy such that D(S(X))* *ps(p(N)) < dyD(S(N))%* whenever D(S(A)) < 1 (e.g., see the easy

computation used in deducing (ii) of Lemma 7.7 from (i) of the same lemma). O

The following definition is motivated by (66) together with Lemma 6.30: it tends to approximate w; using
the behavior of orbital integrals of the ¢, ,, near 0:

Notation 7.11. Define a family w#®¥™ of weight factors (we will justify in Lemma 7.13 below that it is
indeed a family of weight factors) attached to our ¢ € C°(n(F)) as follows. Let T € TT. Let vg, 11 be as
in Notation 6.32, and let A € T¢ o (F), m € M(F') and k € Z. Then we set:

w]f,asym ()\

)

- {o, if k< —(1/4) val(X, (m—1S(\)m)),
vol(Ant,o/ Ag(F)) - (vo(Sp,m) - 2k + v(Sp,m))  otherwise.

Thus, if k > —(1/4) val({, (m~1S(\)m)), then

wf,asym(A

)

- vol(Awm,o/ Ag (F)) - ¢(0) - vol(T(F)), if T is not split, and
vol(Awm,o/ Ag(F)) - (0(0) vol(T_ (D)) - 2k + v(sp,m)), if T is split.

Remark 7.12. We will see in Lemma 7.14, using homogeneity for T, (F')-orbital integrals on ¢t (F), that
the family w¥*¥™ is close to w¥ in the sense of Definition 7.9. Therefore, by Lemma 7.10, the study of

@,asym

Res;—o 19%¢ (s) reduces to that of Ress—o U7 (s).

Lemma 7.13. w??Y™ s indeed a family of weight factors in the sense of Notation 7.1(i).
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Proof. First, let us verify that wg*™(m'm) = w*™"(m) for all k € Z,\ € T (F),m € M(F) and
m' € MT(F). Since m~1S(A\)m = (m'm)~1S(A\)m'm, and since M7 acts on ¢ via M7 — T°, this follows
from the invariance of the distributions vy and v under Ad T, (F'). The local constancy of w;**™ in X and

m follow from the local constancy of val(X- (m~'S(A\)m)) in A and m, and the local constancy of s, in m.

The property (67) is easy to see from the following two facts:

e For all z € Ay (F),

—val X, ((m2) " S(\)mz) = —val X, (m~S(\)m)+2val x,(2) = — val X, (m = S(A\)m)+4-val x(2)/2 € —val X, (m ™S (A\)m)+4
(77)

e For z € Ay (F) and m € M(F'), if T is split, so that v restricts to O(Zg,,-) + O(Zs,,-) on elements
of C°(ep(F)) vanishing at 0, then using Remark 6.37 (with its notation), (¢(0)vol(T.(D)) - 2(k +
(val x4(2))/2)) + v(Sp,m=) equals the sum of p(0) vol(T, (D)) - 2k + v(<p,m) and:

(0) vol(T. (D))-val X+ (2) =1 (Spm—Sp,m=) = ¢(0) vol(L.(9))-val x4 (2) = (0)-vol(IL. (D))-(val x1(2)+val x2(2)) = 0.

Condition (a) in Notation 7.1(i) follows because we have declared wy**¥™ (X, m) = 0 whenever k is lesser
than —(1/4) val Y, (m~1S(A\)m), which takes only finitely many values on any subset of M(F') that is compact
modulo Ay (F).

It remains to prove Condition (b) from Notation 7.1 (i). This is similar to the proof of Lemma 6.38, but
easier, as we now explain. In the non-split case there is nothing to do since the wy"**™ (X, m) are uniformly
bounded when A belongs to T« (F) with T nonsplit. In the split case, one associates to T and C; constants
cq,ch as in Lemma 6.23, ¢1, ¢2 as in Corollary 6.36(iii), and k_ as in Condition (a) of Notation 7.1(i) (whose
existence we just proved). Therefore, if m~1S(A\)m € C}, there exists m’ € M%(F)m so that

vol(Au,o/ Ay (F))~Hw ™™ (A, m)| < ¢(0) vol(Te(D))-(2 max(k, 0)+2[k- |)+]v(p,m)| = ¢(0) vol(Te(9))-(2 max(k, 0)+2[k—|)+|v(Spm)|
is bounded above by the following expression which is of the desired kind:

©(0) vol(T< (D)) - 2max(k,0) + ¢y log, [[m’||x + c2 + ¢(0) vol(T- (D)) - 2[k_|
< (2¢(0) vol(T.(9))) - max(k,0) + c1¢50(N) + (c1¢) + c2 + p(0) vol(T. (D)) - 2|k_]).

O

Lemma 7.14. For any ¢ € C°(n(F)), the families w? and w® Y™ of weight factors are close in the sense
of Definition 7.9.

Proof. Let T € T+. Fix a lattice L C ¢p(F). Applying Corollary 6.36(i) with c 'L in place of L, there
exists a real linear polynomial ps, with positive slope, such that for all m € M(F), ,..m = ¢ 0 Ad m’1|cT(F)
is invariant under translation by P28 ImIM)1=11 5 g lp2(os, Imim)] 7,

Let C; C M(F) be compact modulo Ay (F). By Lemma 6.23, there exists a real linear polynomial p,
again with positive slope, such that if m~1S(A\)m € Cj then there exists m/(m) € M%(F)m such that
log, [|m’(m)|lm < p3(#(A)). Assume without loss of generality that pa(0), p3(0) > 0, so (p2 o p3)(0) > 0.

Associate to L a neighborhood U = Uy, as in Lemma 6.33, also satisfying the properties of Remark 6.34.
Claim. There exists a real linear polynomial p,, with positive slope, such that p4(0) is an upper bound for
(—1/4) val(x~(C1)), and such that for all A € T. o (F),k € Z and 29 € A such that & > ps(é(X)), we have
20S()) € wlrera@))yy.

Let us prove this claim. We will use the identification of T.(F) with F* or E' := ker(Ng/p : EX —
F*) as in Notation 4.10. First, since S(\) = Zr + (1/2 + (A — 1)71)[Z4,, Z5,] (see (35)), and since
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(dim M — dim M)~ !¢()\) = max(val(A — 1), 0) is a nonnegative integer (see Remark 6.18), it follows that for
all A € T, o (F), (dimM—dimMr)""6(X) §()) is of the form cZy + (d/2)[Zs,, Zs,), where ¢,d € O (in fact ¢
belongs to F and d to F or a quadratic extension of F'). Write A for ¢r(F)N (D2t +27'95(Zs,, Z5,]), a
compact neighborhood of 0 in ¢p(F).

Since A is compact and independent of A, there exists a positive integer e such w®A C U, and such that e
is an upper bound for (—1/4)val x,(C1) (which exists by the compactness of C1, since X, factors through
Ay (F)\M(F)). Set ps(z) = (dimM —dimMr) "z + (p2 o p3)(x) + e. Then the conditions that ps has
positive slope and that p4(0) is an upper bound for (—1/4) val x,(C1) are automatic. For all A € T o (F),

P EONIG(\) = lP2ops(@)] . (dim M —dim M) " 6 +eg( ) ¢ mlr2ops(@] . e g ¢ glr2oms (BN,

Thus, if £ > ps(#(N)) and zg € An g, so that zp acts on ny and ng by elements of valuations k and 2k,
respectively, recalling that &/ = U}, was chosen to have the properties of Remark 6.34, we find that zpS(A)
belongs to w!P2°rs(®()I1f giving the claim.

Hence if m~1S(\)m € Cy, then since p, has positive slope, the claim gives for zy € Am i with & > pa(op(N)):

20S(\) € wlP2ers@ONIgy  lpaQog, Im'(m)lnlyy.

This implies, by the choice of U = U, as in Lemma 6.33 and the fact that <, /() is invariant under

translation by w208 Im" (mIMI L that whenever m=2S(A\)ym € C1,k > ps(¢(N)) and zp € Ay g, setting
m’ = m/(m) and noting that val q.(205(A\)) = 2k if T is split:

O(20S(N), Csﬂ,m’) = VO(gso,m’) val qif(ZOS(A)) + V(gcp,m’) = VO(Ctp,m/) 2k + V(Qp,m’)

(if T is not split, we have vy = 0, so the terms involving val ¢/.(20S())) can be ignored).

Thus, for such X\, m, k we have, continuing to write m’ = m’(m) and using the expression (66) for wy (A, m’):

wfOvm) = wfm) = [ 020+ S(N): Spm) d0 = vol( Arto/ Agg(F)) - (o (spumr) - 26+ 1(Sm)).
Am,k/ Ay (F)

We claim that for such \,m,k, wf (X, m) equals w}*¥™(\,m/(m)) = w{*¥™(m). Since py has positive

slope, this follows the from the above equality and the fact that (for such A, m, k) we have k > ps(d(X)) >

pa(0) > (—1/4) val(X,(m~1S(A\)m)). Therefore w? and w#*¥™ are close in the sense of Definition 7.9, with

p4 playing the role of the p; in that definition. O

7.3 Formula for the contributions from tori

The main result of this subsection is Proposition 7.18, in which we compute, given T € T, the residue at
s =0 of 19%%%yrn (s) = 1939; m(s, f) (which equals the residue at s = 0 of ¥y (s) = ﬂ%w (s) by results already
proved, namely, Lemmas 7.10 and 7.14). If T is not split, it will turn out that the residue is built up from
orbital integrals of f . If T is split, one needs to instead use orbital integrals weighted by certain factors
vr(m) that we now define.

Notation 7.15. Suppose T € T is split. Define a function vr(m) : M(F) — C as follows. Write
m = prkma = pekm,2 with p; € Pp(F) and ky; € Ky for ¢ = 1,2 (where Ky is as in Notation 6.35(b)).
Let x; = xpr, be the character with which Pt ; acts on gg.,, and set (see Remark 7.16(i) below):

vr(m) = val x1(p1) + val x2(p2) — valxv(m) = val x1(m1) — val x1(mz) = val x2(ma) — val x2(m1), (78)

where, for ¢ = 1,2, m; is the image of p; in the Levi quotient M1 (F') of P ;(F).
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Remark 7.16. (i) It is easily checked that vr(m) is well-defined (independent of the chosen decomposi-
tions m = p1km1 = p2km,2). The equality of the second term in the definition of vp(m) with the third
and the fourth terms uses that x, = x1 + x2 on Mr.

(i) The following allows us to relate v to w®*¥™. Suppose T € T+ is split. If ¢ € C°(n(F)) is fixed
by Ad Ky, (e.g., if it is the characteristic function of a lattice in n(F') invariant under Kyp), we claim
that for all A € T¢ o (F) and m € M(F):

vol(T.(9))p(0) val X (m) + v(Spm — Sp,1) = — vol(T(D)) - (0) - vr(m). (79)
By Remark 6.37, if m = pi1km,1 = p2kwm,2 as in Notation 7.15, then it is easy to see that:

V(Sp,1 = Sp,m) = O(Zp1 5501 = Sp,p1) T O(Z5,, 50,1 — Sppy) = VOI(TL (D)) - 0(0) - (val x1(p1) + val x2(p2)),

which easily gives (79).

Notation 7.17. Let T € T+. Define a distribution Rt : (Gt (M(F)) — C by declaring Ry (f) to be:

VOI(IE.(F)) / D(S(\ 1/2./ u! z)/
vol(Ag (F)A\ Am(F)) Jr. .(r) 2€Ag (F)A\ A (F) M, (F)\ M(F)

f(zm™t8(\)ym) dm dz d\

if T is not split, and

_ vol(T, (D)) . G 1/2,
vol(Ag (F)A\ An(F)) /TE,ST(F) D) /ZGAM(F)A\ A (F)

) / F(zm™ L S(\)ym)vr(m) dm dz dX,
M5 (F)\ M(F)

if T is split. Here, the convergence of the integral follows from Proposition 7.18(i) below.

Proposition 7.18. Let T € T, and let p € C°(n(F)).

(i) The integral defining RT(f) converges absolutely in each case, so that Rt is indeed a distribution
o (M(F)) — C.

(i) Assume that eithefT is not split or that f belongs to C;‘il(l\N/I(F))wsp (see Notation 6.4(v)). Then

19%0 (s, f) and 9 (s, f) extend to meromorphic functions in a neighborhood of s = 0, with at most
a simple pole at s = 0. Moreover:

Ress:o 19%4’ (S, f) _ Ress:o ﬁ%w,asym (87 f) _ SD(O) ) VOI(AM (F)\AM,O)

CRo(f
210z g T(f),
where the measure on Ag(F)\Amo C Ag(F)\Am(F) is from (47) (and different from the one on
Ao / Ay (F) that we have been using so far and was introduced in Notation 6.9).

Proof. The proof of (i) is somewhat similar to that of Proposition 7.4, but much easier, as we now sketch. One
replaces the integral over Ay (F)A\ Ay (F) with one over G (Notation 6.11). The argument of Proposition
7.4 involving Lemmas 7.6 and 7.7 adapts easily, if we show in the case of split T that, for (A,m) such
that m~*S(\)m € Cy 'supp(f), |vr(m)| is bounded above by a linear polynomial in ¢(\). To show this,
(instead of using the condition (b) from Notation 7.1(i)) one combines Lemma 6.23 with the fact that
lur(m)] € {log, (Ix1(p1)x2(p2)x~(m 1))} is bounded above by d+ Rlog, ||m||n for some positive constants
d and R independent of m (an easy consequence of (1) and (7) of [32, Proposition 18.1], as observed towards
the end of the proof of Corollary 6.36).

Thus, let us prove (ii), so assume that either T is not split or we have f € C’Eo_l(l\?[(F))wsp. In both the
split and the non-split cases, Lemma 7.14 and Lemma 7.10 together give that the meromorphy assertion for
,asym

19%0 is equivalent to that for ﬁ%w , and also give the first equality asserted.
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Thus, it suffices to prove the meromorphy assertion for ﬁ%W’asym (s) and the second equality.

By Lemma 6.15, vol(Anr,0/ Ay (F)), which uses the measure introduced in Notation 6.9, equals 2 vol(Ag (F)A\ Ay (F))~?
vol(A g (F')\Aw,o0), where vol(Ag (F)\Awm,o) uses the measure from (47). It is then easy to compute that for
Re s > 0 and (A\,m) € T¢ o (F) x M(F), setting

~ _ val val(¥~ (S(\
€0 m) = [~(1/4) - val(x, (m { ) _ ol (5 >>>l
for lightness of notation, and using that Z - 48(1 ) . we have:

2 vol(Ay (F )\AMO) gt
vol(Ag (F)A\ An(F)) 1—q *

Z ,wlf,asym()\7 m)q74ks _

keZ

vo(Sp,m) - ( qq4s +20(\, m)) +1/(§¢,m)> )

@, asym

Plug this into the definition of J7 (s) (expanded from (69) and (68) into (70)) to get, assuming Re s > 0:
(e (s) = (L—q %) (bo + big™® + bag™ > + b3q™ %), (80)

where we note that {g=* | 0 < < 3} is the set of possible values taken by |- (m~1S(\)m)|g=**™) and
let:

bi:/ D(g()\))lﬁ/ _ ;fl(z)/ fem™LS(N)m)w(\, m, s) dmdzd), (81)
Tese(F) Ay (F)A\ Am(F) (M5 (F)\ M(F));

where (M5 (F)\M(F)); € M%(F)\ M(F) is defined by the condition that Y, (m~1S(A\)m)|g~ ™) = ¢~
(so the (MT(F)\ M(F)); for 0 <1 < 3 partition (M%(F)\ M(F)), and

()\ m, S) _ vol(Ayg (F)A\ Am (F))

2vol(Ag (F)\Am,0) 2¢4¢ . . .
VO](AM(%A\ Ant(F)) (VOl(ie(D))(p(O) (717(],45 + 2€(A,m)) + V(Qa,m)) , if T is split.

2 vol(Ag (F)\Awm.0) vol(T_(F)) - ¢(0), if T is not split, and
T

If T is not split, then each b; is independent of s, and since each ¢~* is holomorphic at s = 0 with value 1,
the lemma follows from the observation that:

¥rasym

Ress—o ’l9 ( ) = (ReSS:0(1 — q—4s)—1) (bo + by + b+ bg) = (410g q)_l(bo + b1 + by + bg) (82)
Thus, for the rest of the proof we assume that T is split, so that f € C’E‘il(lf/[(F))cusp. Then w(A,m,s) =
2vol(Ag (F)\Awm,o) - vol(Ag (F)A\ A (F)) ™1 - (wi (N, m, 8) + wa (X, m, 8)), with

—4s

w10 1.5) = 185 (™ SO m) O (VI (0))0) - ( T2+ 2400 m) —val e (m) ) 4 v(55) )

wa(A,m, ) = [ (m~ SA)m)[* - g1 (vol(T (D)) - ¢(0) val Xy (m) + 1(Spm — Sp1))

We will use the following claim, proved later in Lemma 7.19 below; it is a consequence of the fact that
fe Cﬁ‘il(M(F)) belongs to the smaller subspace C’EEI(I\N/I(F))CuSp, something that we have not yet used
before this point:

Claim 1. Suppose A € T.(F)\ {1}, and let w : M(F) — C be any continuous function that is left-invariant
under A M5.(F)N¥(F), where N% is the unipotent radical of some proper parabolic subgroup of M that
contains Pr 1 or P . Then:

/ pt(2) / Fzm™1S(A\)ym) - w(m) dm = 0. (83)
zEAG (F)A\ Ay (F) M5, (F)\ M(F)
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For fixed A € T, o (F) and s with Re s > 0, it is easy to see that 2{(\,m) — val x,(m) and (hence also)
|>~<.Y(m’15‘()\)m)|Sq*4e(A’m)S, viewed as a function of m, depends only on the parity of val x-(m). Therefore,
as a function in m alone, wy (A, m, s) is left-invariant under M®(F), as well as under A (because val x-(A) C
2Z). Applying Claim 1 for each fixed A € T, o (F) and s with Re s > 0, taking the w of Claim 1 to be
m +— wy(A,m,s), we find that for Re s > 0, ﬁ%w’asym (s) equals an expression as in (80), but where we rename
b; (0 < i < 3) to equal the integral obtained from (81) by replacing w(A, m, s) with 2vol(Ag (F)\Am,o) -
vol(Ag (F)A\ Am(F))~ wa (X, m, s), namely:

o 2V01(AM(F)\AM,O) D(S(\)/2 —1(,
" vol(Ag (F)A\ Am(F)) /TE,SAF) ( /AM<F>A\ AM<F># ( )/<M;<F)\M(F>>i (84)
Fzm™ S(A)m) - (vol(T.(D))(0) val X+ (m) + v(Sp.m — Sp,1)) dmdzdA.

Since (84) is independent of s, (82) applies. Thus, by the definition of Rr(f), it is enough to show that
the expression obtained from the right-hand side of (84) by replacing (M7 (F)\ M(F)); with M%(F)\ M(F)
(which equals by + by + b2 + b3) is unchanged if we replace vol(T,(9))e(0) val x~(m) + v(Sp,m — Sp,1) by
—¢(0) vol(L.(D))vr(m).
We consider three cases:
Case 1. ¢(0) = 0. In this case, it is enough to show that (84) equals 0. Since ¢, (0) = ¢(0) = 0, we have:

(m = v(Se.m = sp1)) = (M= O(Zp,,Sp.m = Sp1)) + (M= O(Zg,, Som = S,1))-

For i = 1,2, the function m — O(Zg,,S»m — Sp,1) is invariant under Pt ;(F) by Remark 6.37 and the fact
that ¢(0) = 0, so the desired vanishing follows from Claim 1 above.

Case 2. ¢ o Adky = ¢ for all ky € Ky In this case, it follows from (79) that vol(T,(9))¢(0) val x(m) +
V(Sp.m — Sp,1) equals —p(0) vol(T, (O))vr(m), so we are done.

Case 3. General case. This follows from the fact that w? Y™ is readily seen to be additive in ¢, and every
v € CX(n(F)) can be written as the sum of two elements of C°(n(F)), the first of which vanishes at 0 and
the second of which is invariant under composition with Ad ky;, for any ky € K.

This finishes the proof. We remark that, while we could only show ﬁ%w to have a meromorphic continuation
aey

to a neighborhood of 0, the proof gives a rational continuation of 19%:: m, that takes a form as in (80) when

either T is non-split or f € Ches (M(F))cusp- O

Now we give a proof of ‘Claim 1’ that was used in the above proof.

Lemma 7.19. Suppose T € T+ is split. Let A\ € T, o (F). Let fe C’l‘j‘il(M(F))Cusp (see Notation 6.4(v)), so
that éf as defined in Notation 6.4 (iii) is a cusp form in the sense of Notation 6.4(iv). Let N* be the unipotent

radical of some proper parabolic subgroup of M that contains P11 or P1a (so N can be the unipotent radical
of Pt for some i € {1,2}, and possibly strictly smaller). Let w : M(F) — C be a locally constant function
that is left-invariant under AM&S(F)N*(F). Then:

/ . pt(z) /
Asiir A\ Ani(F) M5, (F)\ M(F)

Proof. Using the A-invariance of w, and breaking the integral over M%.(F)\ M(F) according to Ag (F)\ Au(F)-
orbits, the given integral equals (for a suitable choice of measures):

flzm™LS(\)ym)w(m) dm dz = 0.

/ _ ot z)/ / fzm™ 125 S(\) zom)w(m) dzodmdz.
Ay (F)A\ An (F) A (F) ML (F)\M(F) J Ay (F)\ Am(F)
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Here, we may assume that dzg is the measure on A (F)\ Am(F') introduced in Notation 6.9. We now move
the integral over Ag (F)A\ Ap(F) so as to be the middle integral (moving p~'(z) accordingly). This is
justified by the Fubini theorem, the integral being absolutely convergent by compactness (note that S(\) is
semisimple). Note that this results in a well-defined integral, the left-hand side below of (85) below:

/ / ‘ / Y (2) fzzg 'm T S (V) mz)w(m) dzodzdm = gf(m_lg()\)m)w(m) dm,
Am (F) ML (F)\M(F) J Ay (F)A\ Am(F) Y Ag (F)\ Am (F) Am(F) ML (F)\M(F) -~ (85)
85
where this equality uses (52).

Thus, it suffices to prove that the right-hand side of (85) equals 0.
Claim. Any M(F)-invariant functional C°(Anm(F) MT(F)\M(F)) — C factors through the map

& <m — /NU(F) &(nm) dn) , (86)

from C° (A (F) MT(F)\M(F)) to indhAdlfllzl)r) M. (F) ¥ (F) O An (F) Mz (F) Ni (r)» Where in this proof we denote by

ind the unnormalized compact induction and by dg the modulus character of a locally compact topological
1 0o £ . M(F
group H (note that (86) indeed takes C°(Ay (F) MT(F)\ M(F)) to mdAI\(d(;,) Mz, (F) N¥(F) O Ani(F) M2, (F) N4 (F))-

Let us prove this claim. Consider the unique parabolic subgroup P! of M which has a Levi decomposition
P% = M"N" such that M* > Mry. It follows from the ‘MU K-integration formula’ (e.g., see [32, (13.10.1)])
that any Haar integral C2>°(M(F')) — C factors through the map £ — (m — fph(F) £(pPm) dp?), which takes

C(M(F)) to indgi((?) Ops (), where dp® is a left Haar measure on P*(F).

Since dps (g | Ay (7) Mz, (F) Ni(F) = O A (F) M. (F) N (), bhis latter map factors through a similar map integrating
on Ay (F) M5 (F)N*(F) ¢ P%(F) instead, and hence the Haar integral on CS°(M(F)) can be written as a
composite:

) oo . M(F . M(F
C2(M(F) = C2(An(F) My (F)\ M(F) — indy L oy O g ) Ny — i) Oy = €,

where the first map is a surjection that takes the form £ — (m — | An(F) M5 (F) &(m'm) dm’), and the second
map is given by (86). Any M(F)-invariant functional C2°(Ay(F) MT(F)\M(F)) — C is a scalar multiple
of the composite of the second, third and fourth maps in the above chain, so the claim is immediate. We
remark that it should be possible to avoid having to bring in Ph7 by using the fact on integration at the
beginning of the proof of [13, Theorem 2.4.2]. However, we cannot find a conveniently usable reference.

By the claim, it suffices to show that the image of
m = £p(m~ S(\)m) - w(m)

under (86) equals zero. Since w is left-N*(F)-invariant, this amounts to showing that for all m € M(F),
/ f}(milnflg()\)nm) dn = 0.
N&(F)

By the assumption on éf-, it now suffices to show that the map n + Int 5’()\)_1 (n=1)-n = Int(S(A\)wo) " (n~1)-
n is an self-isomorphism of the variety N¥, under which a Haar measure on N*(F) pulls back to a (possibly
different) Haar measure. Since Ad(S(M\)wo)~! — 1 is invertible on LieN* (by Lemma 3.58 and the fact that

S(AN)wg € T(F) \vY(F*)), this is a consequence of [62, Lemma 8]. O

Proposition 7.18 has the following corollary:
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Corollary 7.20. Let £ € C(x), let f € CE?I(M(F)) be such that Ef = ¢, and let p € C(n(F)).

(i) 19@ é extends to a meromorphic function in a neighborhood of s = 0, and we have:

VOI( ( )\AM 0 Z RT(f)

Ress—0 7, ¢(s) = Ress—o 19%5];(5) = ¢(0) - 2log g

TeT #WT

(ii) Suppose further that 7 extends to a representation 7 of M(F). View £ = éf as a matriz coefficient for
7 (using the equality C(m) = C(7%) as in Notation 2.4(iii)), and associate to it a matriz coefficient £r
of m as in Notation 2.4(iv). Then:

0);(1)R(F) = p(0) - A E N Arwo) Z#WT

2 log q TeT
Proof. Using that ¥,z = > rcr(#Wr) 11,4 (s, ) (by Lemma (6.6)), and that 97, (s, f) = 9% (s, f) (as
observed in Remark 7 3(11))7 this follows from Proposition 7.18(ii) and Remark 2.25. O

7.4 Rr(f) and weighted orbital integrals, T split

While Proposition 7.18 computed the residue of interest in terms of Rrp( f ), the definition of Rrp( f ) for split
T involves the function vt from Notation 7.15, which we have not studied explicitly. In this subsection,
restricting to a fixed split T € T+ we show that Rr( f) has an expression in terms of weighted orbital
integrals (in the sense of Arthur and Moeglin and Waldspurger) in the exceptional cases, and that it vanishes
in the classical cases.

Notation 7.21. In this subsection we fix a split T € 7. For our fixed split T, we have Zg, € gg,,(F)
(1 =1,2) with Zp = Zg, + Z3,, as well as the x; and X2 from Notation 7.15. The normalizers of Pt 1, Pt o
in M are the parabolic subspaces (see Notation 2.1(vi)) PT 1=Pr1w, ,PT 2’[1}0 c M.

For the rest of this section we will freely make use of notation such as Hp, Hp, Ay, Ag? (and identities like
Ayt & Ay, & Agj etc.) from Notation 2.2 and Notation 2.3, which are normalized as in [43]. Note that
e =Intwy ! induces an automorphism of Ay, for any Levi subspace M; = M, Wy Lof M.

We wish to relate the function vr(m) from Notation 7.15 with Arthur’s weight factors.

Remark 7.22. Write m = pi1km,1 = p2km,2 as in Notation 7.15, and for j = 1,2, let m; be the image of p;
in the Levi quotient My (F') of P ;(F). Then for ¢,j € {1,2}:

(Xi» Hp, (m)) = (xi; (Hpy , (m)+e(Hp, ;(m)))/2) = ((Xi+xiog) /2, Hp, ; (m)) = (—logq) (val xi(m;) + val x; 0 £(m;)) /2,
(87)
which, by the description of € as m’ — 7Y (x,(m’))~'m/, equals the product of —log ¢ with:

val x;(my) — (1/2) val x; (7" (x5 (my))) = valxi(m;) — (1/2) val x+ (m;) = val xi(m;) — (1/2) val x(m),
where the first equality uses that (87 ;,vY) = 1. It follows that for i = 1,2, and i’ = 3—i (i.e., {1,2} = {i,4'}):

(—loga) " {xi, Hp,, ,(m)— Hp,_ ,(m)) = valxi(m;)—val xi(mq) = val xi(pi)+val xir (pir) —val x(m) = vr(m)

(88)
(independently of ¢ = 1,2, so that choosing one over the other would not make a difference). We caution
that, while the right-hand side is a well-defined function on Ay (F) M7 (F)\ Mt (F), taking a part of it such
as m = (xi, Hp,_,(m)) would not factor through M7(F)\ Mr(F).
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7.4.1 The exceptional cases

For this subsubsection (7.4.1), we are in the ‘exceptional cases’ as in Notation 4.3(iii), so that, by Lemma
4.22, M~ is a maximal Levi subgroup of M. In the rest of this subsubsection, we will freely use that
ﬁ¥716¥72_1 : G, — T, is an isomorphism (see Notation 4.10).

Lemma 7.23. We have Ay, = A -T. Moreover, the product map Ay x Te — Ay obtained from the
inclusions Agp — Ay and T. — Ay is an isomorphism.

Proof. Let us deduce the surjectivity from rank considerations. Mr is a maximal Levi subgroup of M in
the exceptional cases (Lemma 4.22), so that rank Ay = rank Ay +1. Therefore, the split torus T, being
centralized by Mt but not by M, satisfies Ay, = Am-T = Ay Y (Gp) - To = Ay - Te. Taking e-fixed
points, we get Ay = Ay Te, proving the surjectivity of Ay x Te — Ay (as morphisms of tori).

We have Ay = Ag C Zg by Lemma 6.8. Thus, to prove the injectivity assertion, it suffices to show that no
non-identity element of T.(R) is central in G(R), for any F-algebra R. This follows from the fact that the
weights of ﬂ{lﬂ%g_l =207, AV ™! on m/my are be +2 (see Lemma 3.33), together with the fact that its
weight on gg, , is 3. O

Notation 7.24. We give AgT the measure such that (log q) X, (Ay; / Ay), realized as a sublattice of A%T
via

AR = Homz(X*(Mr) p, R)*/ Homy (X* (M), R)® = X, (Ag, ) @2R/(X.(Agy) @2R) = X.(Ag, /AM)@’(ZR)v

89
gets covolume equal to the measure of (Ag, /Ay) (D), where the measure on (Ag /Ayg)(F) is as chosen
in Notation 5.7(iii). Note that this lattice is the image of the Harish-Chandra homomorphism:

Hag, /ag) t (Aspy /Ag)(F) = Xu(Agy, / Agp) @z R 2 A

Remark 7.25. If we follow the choices of measures from [43] (see Sections 2.1 and 1.2 of that reference),
it would involve choosing measures on Ay~ and Ay first, then choosing measures on Ay (F) and Ay (F),
so that their maximal compact subgroups Ay _(9) and Ag(9) get measures equal to the covolumes of the
images of the Harish-Chandra homomorphisms Ha_ : Ay (F) — Ay and H Ag, Ay, (F) = Ay, and
giving A%T = Ay /Ay the quotient measure. The fact that Ay is a direct factor of Ay~ (Lemma 7.23)
implies that the prescription of [43] is consistent with that in Notation 7.24.

Lemma 7.26. Under the following composite isomorphism (justified by Lemma 7.23):
Ag © Xu(Te) @ R = Xu(Ay) @ RO Xu(To) @ R = X (A ) @R = Ay,

X.(T.) ® R maps isomorphically to AgT,

Proof. In the formalism of [43], A%T is the orthogonal complement to Ay in Ay under a Weyl-invariant
inner product on Aa, = X, (Ag) ®R D Ay D Ag, where Ag is a maximal split torus of M containing Ay,
(an untwisted version of this definition is given shortly before (1) on page 5 of that reference, and Section
2.1 of that reference says that analogous definitions are made in the twisted case). From this, it is easy to
see that Al\l\ﬁT is the image of X, ((Ay, NMger)?) ® R in X, (Ag ) ® R = Ag_. Since AET is of dimension
one, it now suffices to show that T C Mge,, which follows from the fact that 8Y — (y — 8)V is a sum of
coroots for M. O
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Note}tion 7.27. Choose a minimal parabolic pair (Pt o, Mt ) of M contained in (Pt 2, Mt), and denote
by vlls/[/[T : Mp(F)\M(F) — C the weight factor associated to the semistandard Levi subspace (Mg, Mrt) of

(M, M), as in the first paragraph of [43, Section 5.4], where we use the choices of measures in Notation 7.24.

Lemma 7.28. In the exceptional cases, for split T € T, with the measure on (Ag. [ Ag)(9) as in Notation
5.7(iit), we have:

vr(m) = 5 vl\%[

Vol{(Ay, /A (@) "o )

T

Proof. Pt 1,Pr2 are opposite parabolic subgroups of M, with common Levi subgroup Mt. These are
maximal parabolic subgroups, since we are in an exceptional case. Recall that we have chosen a minimal
parabolic pair (Pt o, Mt o) of M contained in (P2, M7). Let A be the (unique and necessarily central)
maximal split torus of Mt g. Thus, At contains Ay, D T.

Since Mt C M is a maximal Levi subgroup, there exists a unique simple root ag of At o in Pt that is a root
of Pt 2 but not of P ;. We have a coroot ay € X, (A1) ®zR = Awm,,, whose image under Ayr, , — Ani,
is, under Arthur’s formalism, called the coroot associated to the root ayg| Anty of Ay, in Pro — see the
second paragraph of [43, Section 1.3]. Call this image oV € An,., and use o to also denote its own image
in Ay _.

Then one knows that, for m € M(F), Hp,. ,(m) — Hp, ,(m) = ra" for some positive real number r — this
follows from a well-known general fact which implies that sending m € M(F') to (—Hgq(m))q as Q runs over
parabolic subgroups of M with Mt as a Levi subgroup, is a positive (M, Mr)-orthogonal set as reviewed
in [43, Section 1.3, page 8| (this fact itself, for minimal parabolic subgroups, is assertion (8) in page 9 of
that paper, and the case of non-minimal parabolic subgroups follows from properties reviewed towards the
bottom of page 8 of the paper). Since ¢ preserves Pp 1 and P o, and it also preserves o (as it acts as the
identity on Mye ), it follows that we also have for all m € M(F):

Hp, | (m) — HPT,z(m) =ra”. (90)

We defined U%T (m) as a special case of the v%(m) at the beginning of [43, Section 5.4]; the ingredients used

in this definition, such as the notion of (G, M)-families and the notation vf;[(x, A) used there, are set up in
Section 2.3 of that reference, by adapting definitions such as that of ‘p§;(A)’ from Section 1.4 there. What

we will need about this definition is that, with i standing for \/—1, recalling that o was positive for Py »
and not for P, and using (90), vl\l\{[[T (m) equals:

A vol(Al\:/I JZaY) vol(Al\:/I /ZaY) _ —irt _q
lim e <A7HPT’1(’W)> L~ Mgl T 7 +e <A’HPT,2(m)> L v Mgl T _ VOI(A% /Zav)hm 67.,
AciAy (A, —aV) (A, aV) T t—0  —it
A—0

which equals r-vol(A%T /Za). Note that if instead, we wrote Hg_ (m)—Hp_(m) = r'X for some nonzero

X e A% = RaV, so that X = (r/r")aV, then we would have
T

v (m) =1 |1’ fr] - vol(AY /ZX) = Lr' vol(AY /ZX),

where the sign is +1 if 7/ /r > 0 and —1 if ' /r < 0.

We choose X to be the image of (— log q)ﬁ%ﬁ’lﬂ%,g*l € X.(To)®@R in A%T under the isomorphism obtained
from Lemma 7.26. Therefore, X = Hp, , (BY ()61 o(w)™') = Hp,, (81 ,(w@)By 5(w) ). By Notation
7.24, VOI(AET/ZX) = vol((Ag, / Ag)(9D)).
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On the other hand, (x1,X) = (—logq)({B11, 6% — Bt ) = —3logg. Similarly, (x2, X) = 3logq (alterna-
tively, use that (x1 + x2,X) = (x4, X) = 0 as x, € Homz(X*(M),R) = A3;). Hence:

' (=8logq) = (x1,7'X) = (x1, Hp, , (m) — Hp, ,(m)) = —logq - vr(m),

this last equality holding by (88), so ' = vp(m)/3.

Since VOI(A%T JZX) = vol((Ag, / Ag) (D)), it remains to prove that r’/r > 0. For this, it is enough to see
that, if (-,-) stands for a Weyl invariant inner product on Ay, , as in [43, Section 1.1], then (a", X) > 0.
The restriction Sr1 of x1 to At (which extends what are already denoting by Or 1 on T) is a root of
the maximal split torus At in the minimal parabolic subgroup Pt ¢N of G. This root St is simple for
Pt o N, as follows from the fact that the parabolic subgroup P ; of M, which contains the minimal parabolic
subgroup of M that is opposite to Pty C P2 and contains Mt o C Mr, stabilizes 9pr..- The associated
coroot of At in G is what we are denoting by 5%,1» by Remark 4.23. Recall that ag is a Pt o-simple root of
At o in M restricting to oe. Therefore it is a Pt ¢ N-simple root of At o in G. Hence, by a well-known property
of root systems (e.g., mentioned in [35, the proof of Lemma 1.2.6]), we have (8 ;,ay) < 0. Therefore, since
Bi 1 — Bro =2B%, —~", and since (ag,7") = 0 due to v being central in M, we have:

0 < (ag, (—logq)(Br,1 — 1)) = (g, X) = (a”, X),

as desired, the last equality holding because a is image of o under the orthogonal projection Anr, =
X. (A1) @R — “‘%T =RX. O

7.4.2 The classical cases

For this subsubsection (7.4.2), we are in the ‘classical cases’ as in Remark 3.5.

Lemma 7.29. In the classical cases, for split T € T+, Rt =0 as a distribution on Cﬁ‘il(M(F))CuSp.

Proof. Using Remark 4.2 and Lemmas 4.21 and 4.22, there exist two nontrivial reductive groups M’ and
M” over F such that Mg, = M’ x M”, and such that the parabolic subgroups of M. corresponding to Pt
and Pt > can be written as P'T’1 X P%yl and PfF,Q X P%’Q, respectively, with P/T,i C M’ and P/{ﬂyi C M” proper
parabolic subgroups for i = 1,2. Then the inverse image of Mt in Mg, — call it Mgt — can be written
as M7 x M7, with M7 = Pﬁ_«,l ﬁF’ﬁf,2 and M/ = Pq«’l HP%Q (if G is almost F-simple, then M’ and M" are
almost F-simple if we are not in a Dy-case, but one of these can be otherwise if we are in a Dy-case).
Obvious maps give isomorphisms

M’ M’ ~ gMee ~ AM ~ M
A &@A 1" :AMSC,T:AMT:AMT’ (91)

T

where the second isomorphism is induced by the map My, — M whose image together with Zy; generates
M, and the last isomorphism is a consequence of € acting trivially on Mge;.

Thus, we get projection maps pr’ : A%T — AMjT and pr” : A%T — A%;, letting us write vp(m) =
v (m) + v (m), where

/

vh(m) = (x1. o (Hp, (m) — Hp (m))),  and  of(m) = (x1, 00" (Hp, ,(m) — Hp,_(m))).

m > Hp, (m)—Hp, (m)islocally constant and descends to a well-defined function on Zi (F) M (F)\ M(F),
because it is easy to see (e.g., from one of the considerations in (87)) that, under the isomorphism AMT = A%T

which we saw in (91), we have an equality:

Hf’T,l(m) — I’I~

Pr o

(m) = HPT,I(m) - HPT,2 (m) (92)
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Therefore, m + vrp(m) and m ~ vy (m) have these properties too. Therefore, the following integral is
well-defined, and converges for each A € T, o, (F') by the semisimplicity of S(\):

/ . ul(z) - / Fem=LG(\)m) - v (m)dm. (93)
Ag(F)A\ Am(F) M5 (F)\ M(F)

Similarly, the same applies to the analogous integral with vy(m) replaced by vf.(m). By the definition of

Ry(f) (Notation 7.17), it suffices to show that both these integrals vanish, for any fixed A € T, o (F'). By
symmetry, it is enough to show that (93) vanishes.

For this, by Lemma 7.19 and the invariance of m +— v.(m) under left-multiplication by Zy(F) MT(F) D
AMS.(F), it suffices to show that m — v/.(m) is invariant under left-multiplication by N¥(F) as well, where
N¥ is the unipotent radical of the parabolic subgroup of M which corresponds to M’ x P%,l (and hence
contains Pr 1) — note that this parabolic subgroup is proper.

Thus, let m € M(F) and let «” belong to N%(F). It suffices to show that Hp_ (u"m)— Hp

same projection to AM:T as Hp_ (m)— Hp_ (m).

(u”m) has the

T,2

Since we have observed that Hp_ (m) — Hp_, (m) equals Hp,,(m) — Hp, ,(m), it remains unchanged

T,2
if we left-multiply m by an element of Mrp(F'). Since Mt normalizes N%, we may replace m by some
element of Mt (F)m to assume that m is the image of some (m/,m”) € M'(F) x M"(F) = Mg.(F) under
Mso(F) — M(F) (see Remark 7.30 below). But in this case, since u” belongs to the image of M"(F), it is
easy to see that the projections of Hp  (u"m)— Hp  (u"m)and Hp  (m)— Hp_ (m) to A%T are both
given by Hp, (m') — Hpy,, (m'), so we are done. ' ' O

Remark 7.30. To get (m’,m”) towards the end of the proof of Lemma 7.29, we used that every element
of M(F) can be written as mmse, where m € Mr(F) and mg. belongs to the image of Mg.(F). It suffices
to show the same with Mt replaced by some minimal parabolic subgroup of M, since the rational points
of its unipotent radical belong to the image of My.(F'). This in turn follows from the Mg.(F')-conjugacy of
minimal parabolic subgroups of (Mg, and hence) M.

8 Supercuspidal characters and weighted orbital integrals of pseu-
docoefficients

We now know the description of Rr(f) (and hence of the residue) in terms of (possibly weighted) orbital
integrals of matrix coefficients. We would like to express these weighted orbital integrals in terms of character
theory instead.

The main result of [1] says that the (appropriately) weighted orbital integral of a matrix coefficient of a
supercuspidal representation of a p-adic reductive group at a strongly regular semisimple element v equals,
up to an explicit scalar, the (Harish-Chandra) character value of the representation at that element ~. This
result can be viewed as an application of Arthur’s local trace formula. In the case where ~y is elliptic, the
result is due to Harish-Chandra, and the relevant weighted orbital integral is the usual (unweighted) orbital
integral. A twisted version of this result (involving elliptic regular semisimple elements and unweighted
orbital integrals) is [37, Proposition 3.3.2]. We will need such a result in the twisted case for non-elliptic
non-regular semisimple elements, which involves weighted orbital integrals and is stated in Proposition 8.34,
which is the main result of this section. This formula will then be used to express the residue in terms of
twisted characters (associated to an extension of 7 to a representation of M(F ) — we will see that the residue
vanishes if such an extension does not exist). It is probable that the work of Moeglin and Waldspurger on
the stabilization of the twisted trace formula (see [44] and [45]) contains some of the results of this section,
but we have not investigated this possibility carefully.
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There is no extra difficulty in temporarily shifting to a more general setting than the present one, which we
describe below.

8.1

The setting for this section

We now define notation for our more general setting.

Notation 8.1. (i) Let (Gl,él) be a twisted space associated to a reductive group G; over F, as in

(vii)

8.2

Notation 2.1. We denote by ¢; the automorphism of Zg, that equals the restriction of Int g for any
g € Gi(F) (it is independent of §), as well as the automorphism of Ag, that it induces. To apply
results of [43], we impose the conditions (1) and (2) of Section 2.1 of that reference: the first of these
says that G, (F) # 0, and the second that e, has finite order. Note that our (M, M) satisfies both these
conditions. Let N, be the order of ¢;.

Fix a unitary character w : G1(F) — C* of G1(F'), whose restriction to Zg (F) as well as to the image
of G1 sc(F) in G1(F) is trivial (w itself will be trivial when we apply these considerations to our setting
later).

In what follows, whenever we choose a measure on Gy (F), we will implicitly assume that G (F) is
given the unique measure obtained by pushing forward the measure on G1(F') under any isomorphism
of the form

Tg 2 g gg1orlg, g = q1g,
for any g; on Gl(F ). We will also often tacitly assume that, if G; and G are unimodular groups with
Ga C Gy a closed subgroup, and we have assigned Haar measures to G; and G, then G;/Gs has been
automatically assigned the quotient measure.

Let p; : Ag, (F) — C* be a unitary character, which we assume to be ‘w™!-g;-self-dual’; i.e., uj og1 =
piw~t. Note that we imposed an analogous condition on our x in Notation 6.3(i).

Let 7 be a unitary supercuspidal representation of G (F), the restriction of whose central character
to Ag, equals p; (fixed in (iv) above).

As mentioned in [43, Section 2.1], we may (and do) choose a parabolic subspace of G; and a Levi
subspace thereof, such that the underlying parabolic pair of Gy is minimal. A parabolic subspace of Gy
is said to be standard (resp., semistandard) if it contains the chosen minimal parabolic subspace (resp.,
the chosen minimal Levi subspace). A Levi subspace of G, is said to be semistandard if it contains
the chosen minimal Levi subspace, and standard if it is semistandard and also a Levi subspace of a
standard parabolic subspace.

Recall that 7r’1v denotes the smooth contragredient of a smooth representation 7} (of any I-group).
For any smooth character w' : Gy (F) — C*, ©(7, ) as well as Oz (-) will denote the Harish-Chandra

character of any w’-representation 7] of C‘q(F ). Further, henceforth, by a ‘discrete series representa-
tion’, we will refer to an essentially square-integrable unitary representation (so the square-integrability
of matrix coefficients is only modulo the center).

Character values and invariant weighted orbital integrals of pseudocoeffi-
cients

Let us recall from [43, Section 7.2] notions related to pseudo-coefficients for w-representations of C1(F).
Recall from Notation 6.1 the space C’E‘il(Gl(F)) of locally constant functions f; : G1(F) — C that are
1

compactly supported modulo Ag (F) and satisfy f1(29) = pa(2) f1(g) for z € Ag (F)and g € Gy (F).
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Notation 8.2. (i) Set G} = Ag \ G} and (11 =Ag, \Gll for every algebraic subgroup G} C G; contain-

(iii)

(v)

(vi)

ing Ag, and every subvariety le c Gy stable under multiplication by Ag, (following [43, Section 6.7]).
If 7} is an admissible w-representation of Gy (F) with central character restricting to u;' on Ag, (1),
and if f; € C;‘il(él(F)), set:

1

71 (f1) = f1(9)71(9) dg, (94)

/Ac‘;l (F)\C1 (F)

and Ig (71, f1) = tr @ (f1), again following [43, Section 6.7]. This depends on choosing a measure on

each O?Gl(F) and Ag (F') (the former gives a measure on G1(F) by Notation 8.1(iii)). If instead we
T

have f; € C°(Gy(F)), 7 (f1) will be defined by a similar integral but over G (F).

Let M; C G; be a semistandard Levi subgroup and o7 a discrete series representation of M; (F'). We
have groups WG (1) D Wy (01) and R (1) = WS (0y) /WS (1) from [43, Section 1.11]. When
M; = G, these groups are all trivial, because with the notation of that reference, W% (a;) is a
subgroup of W& /WM = WG /Ty G = {11,

Suppose My, Gy1,07 are as in (ii). We also have sets Rél(al) and Rél(al) and a map Ré’l(al) —
Rél(al) from [43, Section 2.8, page 42]. Again, assume that M; = Gy, so that o1 is a discrete series
representation of G1(F). One checks from the reference just quoted, that R (o) identifies with the
set of unitary extensions of ¢; to an w-representation of G;(F) (use that the W' (o1) from (ii) is
trivial, and check that the set WS (01) from [43, Section 2.8, page 41] identifies with the set of unitary
extensions of oy to an w-representation of Gi(F)). One also checks that Rél(al) is a singleton set
standing in for the set of all these extensions, so that the map RE! (01) = R&: (01) is the unique map
with this source and target.

In [43, Section 2.9], a set 5(@1, w) is defined as a subset of the set of triples (M1, o1, F), where M; C Gy
is a semistandard Levi subgroup, o7 is a discrete series representation of Mj(F') considered up to
isomorphism, and ¥ € R% (0y). If we write the map R% (1) — R (01) mentioned in (iii) as
= 7, then the same section of [43] defines the set E(Gy,w) as the set of (My,o1,7) such that for

some T € ’Rél(gl) lifting 7, we have that (My,0;,F) € £(G1,w). We have an obvious surjective map
g(Gl, w) — E(Gl, w).

In [43, Section 2.11], a certain subset Eq(G1,w) of E(Gy,w) is defined.

e One can define an equivalence relation on Eeu(él ,w) by declaring two elements equivalent if they
are conjugate, in an obvious sense, under an element of Gi(F); this relation is considered in [43,
Section 2.11], and a similar relation for F(G1,w) is considered in [43, Section 2.9]. Denote the
resulting set of equivalence classes in Eeu(@q,w) by Eeu(él,w)/conj.

e Forany (My,01,7) € E(Gy,w), if My = G (so that oy is a discrete series representation of G (F)),
then (My,01,7) € Ean(G1,w), as follows from the definition in [43, Section 2.11] (sketch: adapting
notation from [43], Wél(al) is a singleton set identifying with Rél(crl), W't (o) is trivial as
we saw in (i) above, and if W% (o1) = {@}, then AG = AZ = Ag, ). Somewhat conversely,
each discrete series representation o1 of Gy (F') (viewed up to isomorphism) that extends to an
w-representation 61 of Gl(F) determines a unique (G1,01,7) € Eeu(él, w), where 7 is the unique
element of the set RS (0y) (see (iii) above).

To each 7 = (My,01,T) € E(C}l, w) is associated, after choosing a parabolic subgroup P(M;) of G; with
Levi subgroup M;, an w-representation 7, of G1(F') (see towards the beginning of [43, Section 2.9]).
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Note that our notation O(7, -) for its Harish-Chandra character, as introduced in Notation 8.1(vii), is
consistent with the analogous notation introduced just before the theorem of [43, Section 7.1]. We will
use the following two facts about this representation 7. First, by the definition of 7 in [43, Section
2.9] (which invokes constructions from pages 41 and 42 of that reference), the representation of G1(F)
underlying 7 equals Indg(lMl) o1. Secondly, if My = Gi, then 7 is the unitary extension of o7 to an

w-representation of Gy (F), that corresponds to T as determined by the identification of R (o) in (iii)

above. Note that the language of twisted representations allows us to talk of 7 as an w-representation
without having to invoke virtual characters like one does in the untwisted case.

(vii) Suppose 7} is a finite length unitary w-representation of Gi(F), and g} : Ag, (F) — C* a unitary
character. We say that 7] has Ag (F)-central character yj if the underlying representation m} of
G1(F) satisfies that 7 (zg) = py(2)7m1(g) for all z € Ag (F) and g € G1(F). This is (by unitarity)
equivalent to the notion of an A-central character of 7] as defined in [43, Section 6.7]. In what follows,
we will use that if 7 = (My,01,T) is as in (vi) above, then 7, as defined there has an Ag (F')-central
character equal to the restriction of the central character of oy to Ag (F).

N -1 N
(vili) Let 15, = ’det (1 ff;Agi)’ , where 7 is the automorphism of Agi = Ag,/Ag, = Xi(Ac) ®
R/X.(Ag) ® R induced by ;. Note that, if 7 = (My,04,7) € E(él,w) satisfies that M; = G; and
that oy is a discrete series representation of G1(F), then 15 equals ¢(7) as defined in [43, Section 2.9];
use the description “.(7) = |det((1—7)| 4 )|~'” given a few lines before the statement of Theorem 7.1

M

in [43]. Note that 15, does not equal 1 in general.

(ix) Weighted orbital in}‘egmls. Let M; € G; be a Levi subspace associated to a Levi subgroup M; C

Gi. Assume that M; contains the minimal Levi subspace fixed in Notation 8.1 (vi), so that M; is
semistandard. We will let the weight factor vglll be as in the beginning of [43, Section 5.4], of which
Notation 7.27 was a special case — it depends on a choice of measures on Ay (F)/ Ag (F) (which
dictates a measure on A%ll) Let fi € Czjil(él(F)) and let v € M, (F) be semisimple and such that

the centralizer G| of 7 is contained in M;.

o Weighted orbital integrals. We set (a version of [43, (1), Section 5.4], but unnormalized and
adapted to the character pq, and without assuming strong regularity of +):

0% (v fi) = [ w(@)fi (5~ ) vC () da,

' GY(F)\G1(F) '
with the understanding that this integral is zero if w is not trivial on G](F). This depends on
choices of measures on Gy (F),G](F) and Ay (F)/Ag (F). Tt is well-defined because vglll is

left-invariant under M(F’), which contains G] (F') by assumption.

e For this section, following [43, Section 4.1], let DS1(y) = |det(1 — Ad9lg, /g, )| The slight
difference between this definition of D%1(y) and that of the D(-) from Notation 5.5(iii) (e.g., used

in D(S(A))) will not cause confusion, since the latter will not be used in this section.
e Normalized weighted orbital integrals. Following [43, Section 5.4], let Jﬁl (v,w, f) = DS (7)1/20511 (v, w, f1).
1 1
e Invariant normalized wetghted orbital integrals. Let Iﬁl (v, w, f) be as defined in [43, Proposition
1
6.5]. We will not recall the precise deﬁni:cion7 but we will need to know it in a special case, as

recalled in Lemma 8.9 below. As with Og’[ll (v, w, fl) and Jﬁi (v, w, fl), it depends on a choice of
measures on G1(F), G} (F) and Ay (F)/Ag, (F).
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(x)

o A variant adapted to central character. Assume that v € Sl( ) for an elliptic twisted maximal
torus S; of M; in the sense of [43, Section 4.1]. Thus, A§1 = Ay, . We have 81 =Ag \81 from
(i) above. Following the definition shortly before [43, Remark 6.7] set:

Ii(%w,fl) = 25, (F) : (Ag, (F)\Zs, (F))] ™" IS (3, w, 1)

Here, in defining Zg and Zg (according to Notation 2.1(iii)), we are thinking of S; as a twisted
space over some maximal elliptic torus S; of M; (so S, =5 v), and & as one over 3, := Afh \ Sy
— in other words, Zg and Zg are what correspond to 5? and S(f in the notation of [43, Section

6.7]. Assume further that 7 is strongly regular, i.e., G] is abelian, so that S is the centralizer of
G in G (see [43, Section 4.1, the latter half of page 103]). In particular, G] C S, and it is easy to
see that G} = 87 = Zg . Further, vol(Ag (F)\ G](F)) equals vol(Ag (F )\Z (F)) by ellipticity,

and is hence finite. Note that for all f; € Cﬁ‘l’(Gl( )) we have:

vol(Agy, (F\GY(F)) - I8 (7w, fr) = vol(Agy (F\ G () - IS (v, 1), (95)

provided (as in [43]) all quotients by Ag (F') are given the quotient measure, for some choice of
measure on Ag (F): indeed, (95) follows from the first two collections of equalities in [43, Page
152].

The notion of a cusp form from Notation 6.4(iv) generalizes to our situation to define what it means for
a function G1(F) — C that is compactly supported modulo Ag, (F) to be a cusp form. Additionally,
we will also talk of a weaker notion of cuspidal functions in C° (G4 (F)) or COo (G1(F)) in the sense of

[43, Section 7.1 or Section 7.2] — these are the ones whose strongly regular non elliptic orbital integrals
are zero.

Remark 8.3. Assume that ~y, My, M; are as in the setting of Notation 8.2(ix). We have not recalled the
definition of the weighted orbital integral OSII (v, w, fl) when G'7 is not contained in M; — we will not
1

need it, because (in the context of our application), for all A € T, «(F), the centralizer of S()\) in M equals
Mt and is hence contained in Mr. In what follows, we will use without further mention that, whenever
v e 1\7[1(F ) is a semisimple element that is strongly regular as an element of Gl(F ), we automatically have
G] € M; (use the discussion in [43, Section 4.1, the latter half of page 103]).

We will need some more notation from [43] which will be of use in later subsections as well:

Notation 8.4. (i) Recall Hg : Gi(F) — Ag, from Notation 2.2 (a special case of the Hy there). It is a

homomorphism. Let G1(F)! denote its kernel, as in [43, Section 2.6]. Let
Ag, p = GLF)N\G1(F) = Gy (F)/ Gy (F),

and let ﬁél : Gl(F ) — AGl  be the obvious map, the quotient topology on whose target is discrete.

Replacing G; with M, we have a similar map }NIMI : M,y (F) — AMI’F for each Levi subspace M; C Gy.

Since ‘AAM1 — Ay, is an isomorphism, it is easy to see that if Cy C AMh  is compact (or equivalently,

finite) and C% C M; (F) is compact modulo Ay, (F), then ok ﬂHN_/Il(Cl) is a compact subset of My (F').
1

For use in this subsection, we define Hae(G1(F)) and IGNC((}l(F)) following [43, Section 6.4]. More
explicitly, Hae(G1(F)) is the set of smooth functions fi : G1(F") — C that are bi-invariant under some
open compact subgroup of G1(F’), and satisfy that for each b € C°(Ag, r), f1-(boHg,) € C°(G1(F)).
The space Io.(G1(F),w) is, by definition, the quotient of H..(G1(F)) by the subspace of those f
satisfying O (v,w f) = 0 for all strongly regular semisimple v € G4 (F). A similar definition will

apply to deﬁne Iac(Ll(F), w) for a Levi subspace L, c Gy.

105



Now we summarize a result from [43] as follows:

Theorem 8.5 (Moeglin and Waldspurger). Let (7},7)) be an w-representation of G1(F) (thus, 7 is the
representation of G1(F) underlying 71; see Notation 2.4(i)). Suppose the central character of m} restricts
to uyt on Ag (F). Assume that m belongs to the discrete series, giving an element T = (Gi,7,7) €

Eon(Gy,w), which we will also identify with its image in Ee(Gi,w)/conj. 7 corresponds uniquely to a
choice of a lift T € E(G1,w) of T € Een(Gy,w); thus, @ = 7, (see Notation 8.2(vi)). Choose Haar measures
on Gi(F),Ag, (F),Ag, (F) and G](F), and use these in what follows, whenever applicable (keeping the
conventions of Notation 8.1(iii) in mind). Let a; € C.

(i) There exists f € C’;o,l(él(F)), a cuspidal function in the sense of [43] (see Notation 8.2(x)), with the

property that for all T4 € E(Gl,w) lifting some 7, € Ecll(él,w)/conj and such that 7, has Aél(F)—
central character py' as defined in Notation 8.2(vii) (in other words, T, belongs to E.y, “;1(G1(F),w)
in the sense of [43, Section 7.2]), we have:

5 ai, if T =71 in &(Gy,w), and
IG1(7TTO’f1):{ 1 ) (G1,w)

0, ifto#Tin Eell(él,LU)/COIlj.

(ii) Let (My,M,) be a semistandard Levi subspace of (G1, G1), and ~ a semisimple element of My (F) which
is strongly regular as an element of G1(F). Then for any f  as in (i) above we have:

ap - (—1)4mAm, —dimAg, g, -Dél(’y)l/zG)(ﬂ,v), if v is elliptic in M (F), and

0, otherwise.

vol(A, (F)\ G (F))-I§! (,w, f,) = {

Remark 8.6. Some comments on how the choices of the measures (on Gy (F), Ag (F), Ay, (F) and G{(F))
impact the various terms in the above theorem can be found in Remark 8.12 below.

Proof of Theorem 8.5. (i) follows from the isomorphism in [43, Section 7.2, (1)].

Thus, it remains to prove (ii). First we consider the case where 7 is not elliptic in My (F). In this case, the
assertion is a ‘variant with central character’ of [43, Theorem 7.1(i)], which unfortunately is not stated in [43,

Theorem 7.2]. However, we can deduce it from [43, Theorem 7.1(i)] as follows. Although f € C;‘il (G1(F))
- 1

does not belong to C°(G(F)), it belongs to Hae(G1(F)) (use the discussion in Notation 8.4(i)). By
. & - 4 G ool i

[43, Section 6.5, (3)], we have Imi (’y,w,il(b o Hg )) = b(Hél(fy))Il\@ (’y,w,il) for each b € C¢ (.{l@hF).

Therefore, it suffices to show that, for each such b, IN(/}Ii (v,w, f,(bo Hg,)) = 0. Note that f (bo Hg, ) €

C°(G1(F)) is a cuspidal function in the sense of Notation 8.2(x), since f, is. Therefore, the equality
Il\% (vsw, f,(bo flél)) = 0 follows from [43, Theorem 7.1(i)], as desired.

Now we assume that + is an elliptic element of M; (F), and explain how to deduce (i) in this case from [43,
Theorem 7.2]. If a; = 0, it follows from [43, Section 7.2, (1)] that all strongly regular semisimple orbital
integrals of f , vanish, and it is easy to see from [43, Section 5.5, Remark 2] that all w-invariant distributions

(in the sense of that remark) vanish on each f (bo ﬁél) (beCx (“Zl(”;l,F))v and then from [43, Section 6.5,
(3)] that Ilg[i (v,w, f,) = 0. Thus, assume that a; # 0, and hence without loss of generality that a; = 1.

Then the left-hand side of the claimed equality in (ii) matches that of [43, Theorem 7.2], by (95). To match
the right-hand sides too, since 7, = 7}, it suffices to see that the terms that would be denoted |Stab(W & 7)|
and ¢(7) upon adapting notation from [43] are equal to 1 and g, respectively. The former follows from the

second statement after the quoted theorem, since RS (7}) = 1 (see Notation 8.2(ii)). Since 7 is obtained from
the discrete series representation 7} of G (F), the latter follows from the discussion of Notation 8.2(viii). [
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Remark 8.7. The proof of (ii) of the above theorem, in the case where a; = 0, gives us a variant which
does not involve any (1,7 ): if Ig, (7r,, f,) = 0 for all 75 € £(G1,w) lifting some 76 € Een(G1,w) and such

that 7r, has Ag (F')-central character pyt — which is vacuously satisfied if there is no such 7, — then for

(M1, M;) and v as in the theorem, we have Il\% (vsw, f) =

One difficulty in using the above theorem directly is that I Gl(%w f ) is an invariant weighted orbital

rather than the usual weighted orbital integral J Yy, w, f ). However, if f satisfies a suitable ‘cuspidality
1

property’, then these two agree — this is the content of Lemma 8.9 below. Before stating it, we introduce

the following terminology to help guide our thinking.

Notation 8.8. Let 7] be as in Theorem 8.5 (so its underlying G (F )-representation is a discrete series
representation). A pseudocoefficient for 7] is an element f € Cu 1(G1(F)) satisfying the condition of (i) of
- 1

that theorem, with a; =1 (in particular, tr 7| (f ) = 1).

Lemma 8.9. Suppose f € C’S‘il(él(F)) satisfies the cusp-form-like property that, whenever U is the
L B ¢
unipotent radical of a proper parabolic subgroup of G1, we have for all g € G1(F):

/ £, (ug)du = 0. (96)
U(F)

Let (M1, M) be a semistandard Levi subspace of (G1,G1), and v a semisimple element of My(F) which is
strongly regular as an element of G1(F). Then:

IGl(%w f)= (%w £ (97)

Proof. Tt is easy to see from the discussion in Notation 8.4(i) that Coc,l(él( )) € HaelG1(F)), so f €

Hae(G1(F)). We claim that if (Ql,Ll) is a pair consisting of a proper parabolic subspace Q, ¢ G; and
a Levi subspace L; of Q, and 7} is a smooth unitary w-representation of Ll( ) whose underlying L, (F')-

representation is of finite length, then for each b € C2° (AG r); We have (Indg’1 ) (f 0, where in this

[ =
proof we abbreviate f - (bo ﬁél) € C°(G1(F)) to f1 ,» and Indg1 7} refers to an induced representation in

the setting of twisted spaces, as in [43, Section 2.5, (3)]. To prove thls claim, by the unitarity of 71, it suffices
to show that 7'(f1,5) = 0, where f1, € C2°(G1(F)) is defined by g — [, (9g) for some fixed § € G1(F'), and

7’ is any irreducible non-supercuspidal representation of Gi(F). Since U(F) C G;(F)' whenever U is the
unipotent radical of a parabolic subgroup of G, the analogue of (96) with f ) replaced by f1 and g replaced
by an arbitrary g € G1(F) is satisfied, i.e., f1, belongs to the space of cusp forms in C°(G1(F)) as defined
in [6]; we denote this space temporarily by Coousp(G1(F)). If 7'(f15) # O, there exists u belonging to the
space V’ of 7’ such that fi;, — 7'(f14)u nontrivially intertwines the left-regular representation of Gq(F)
on C2%uep(G1(F)) with (7', V’). This gives a surjective map of Gy (F)-representations from C’c usp(G1(F))
to (', V'), a contradiction by the exactness of Jacquet functor, the non-supercuspidality of 7/, and the fact
that all proper Jacquet modules of Cg%,,(G1(F')) are zero by [6, (2)] (from which we differ harmlessly in
dealing with the left-regular representation). This proves the claim.
Assume that v € C}l(F ) is strongly regular. By [43, Proposition 6.5], the lemma follows if we prove that
for any proper Levi subspace L; of G; containing M;, the image of ¢£1(i1) in Iac(ﬂl(F)7w) vanishes,
where the function ¢z (f,) is as in [43, Proposition 6.4]. By [43, Proposition 6.4], this amounts to showing

the vanishing of the terms JS Y7, X f 1) defined by adapting the notation of that proposition. As f €
Hao(G1(F)\ C2(G1(F)), these terms inl (71, X, [,) are defined just before [43, Proposition 6.4], extending
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the definition in the Cgo(él(F))—gase given shortly before (6) in [43, Section 6.4, page 133]. From this
definition, the vanishing of the ng(fri,X,fl) follows if we show that for each b € Cgo(flél ), certain
B 1 = 1
expressions JSI (7] s f, b), adapting notation from that reference, vanish. These expressions JSI (7] s f, b)
1 ? —4 1 ? —4
in turn are weighted characters defined in [43, Section 2.7], and thus, have an expression of the form

TS F s fy ) = tr (ME (el ) IS 74, )

for a choice of a parabolic subspace Ql of G having L as a Levi subpace. This expression vanishes because

Indg1 T a(f,,) = 0 as we saw in a claim earlier in this proof. O
1 T

Remark 8.10. Let us show, as in the proof of Lemma 8.9 and for use in the proof of Corollary 8.11,
that 71 (f1) = 0, whenever f; is an element of the subspace C;?l Sp(Gq(F)) C C/‘jo,l(Gl(F)) of functions

satisfying the cusp-form-like property of that lemma, and (7, 7]) is any w-representation of eh (F) such that
7 is a finite-length unitary representation of G (F') whose every irreducible subquotient is non-supercuspidal
and has a central character that restricts to yu; * on Ag, (F). In fact, by the unitarity of 7}, this follows if we

,cu

show an equality «'(f1) = 0, where f; is given by g — fi (9g) for some § € G1(F), and 7’ is any irreducible
smooth non-supercuspidal representation of G (F) whose central character restricts to u; ' on Ag, (F) (and
where 7'(f1) is defined by an integral over Ag (F')\ G1(F)). The proof of this fact, in turn, is similar to the
proof of the equality 7'(f1,,) = 0 used in the above proof. Namely, a counter-example will give a nontrivial
map intertwining C’S‘lil (G1(F)) with the space of /. One can then show that all proper Jacquet modules

,cusp

of C’E‘ll p(Gl(F)) vanish; for this one can adapt the proof of [6, (2)], where one notes that [6, (4)] applies
1 ,cus

for our f1 as well, though it is only compactly supported modulo Ag (¥ ) (e.g., work with Ag, \ G; in place

of Gl)

Using Lemma 8.9, Theorem 8.5 has the following corollary.

Corollary 8.11 (Corollary to Theorem 8.5). Let (7},7}) be a unitary w-representation of Gy (F), such that
71 is irreducible supercuspidal with central character restricting to uy" on Ag, (F). Letay € C, let (My, M)

be a semistandard Levi subspace of G1, and let v € M (F) be a semisimple element which is strongly reqular
as an element of G1(F). Choose Haar measures on G1(F), Ay (F),Ag (F) and G} (F) and use these in

what follows when applicable (keeping Notation 8.1(iti) in mind). Suppose f € C;‘il(Gl(F)) is such that:
- 1

° f1 satisfies the cusp-form-like property of Lemma 8.9;

o We have tr 7y (f) = 0 whenever (n{,7{) is an w-representation of G1(F) such that /' is an irreducible
unitary discrete series representation of G1(F) that is not isomorphic to m) and whose central character
restricts to puy ' on Ag, (F); and

° trﬂ(il) =aqy.
Then:

ay - (1) A mdmAe L L O(7Y, ), if v is elliptic in My(F), and

0, otherwise.

vol(Agy, (F)\ G](F)-05 (7, w, f,) = {

Remark 8.12. One can check that changing the measures on G1(F), Ag (F), Ag, (F) or G| (F) does not
change the left-hand side of the equality in Theorem 8.5(ii) or Corollary 8.11 (and obviously does not change
the right-hand side in either case, either). Multiplying the measure on G1(F') (and hence on Gi(F')) by

a scalar a, while keeping a; and the other measures fixed, multiplies f N by a~! but Ogll (v,w,-) by a, so
— 1
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that O ('y,w f,) is unaffected. Multiplying the measure on G”(F) alone by a multiplies Ogl (vsw, f})
L L

1

by a~ and vol(Ag, (F)\ G} (F)) by a; multiplying the measure on Ay (F) alone by a multiplies (vl\(:/;Il and

hence) 01\711 (vsw, f,) by a and vol(Ay, (F)\ G](F)) by a~"; multiplying the measure on Ag (F) alone by a
multiplies f, by a and (v~1 and hence) Oml(fy,w, ) by a™!

Proof of Corollary 8.11. We claim that il is a cuspidal function in the sense of [43] (i.e., as in Notation
8.2(x)). For this, it suffices to show that for each b € C°(Ag, r)s il,b = f, - (boHg, ) € CZ(G1(F)) is
a cuspidal function as in [43]. As mentioned in [43, Section 7.1], this follows if we show that for any pair
(Ql,Ll) consisting of a proper parabolic subspace Q1 c Gy and a Levi subspace Ly of Ql, and any finite

length tempered w-representation 7} of Ly (F), we have tI‘(II’ldgl 7)(f, ,) = 0 (again, Indg1 ! refers to an

)
1,b
induced representation in the setting of twisted spaces, as in [43 Section 2.5, (3)]). But in fact we saw in

the proof of Lemma 8.9 that in such a situation the operator Indgl T (f itself vanishes.

lb)

Given the hypothesis on f together with Remark 8.10 (and the dlscusswn of Notation 8.2(vi)), it is now
easy to see that f satlsﬁes the hypotheses of Theorem 8.5(i). Hence the corollary follows from Theorem
8.5(ii) together w1th the consequence of Lemma 8.9 (whose hypothesis Jf, has been assumed to satisfy) that

IS (0, f)) = IS (1w, £,) = DO (V208 (1,0, £). O

Remark 8.13. An analogue of Remark 8.7 applies here, giving us a variant of the above corollary which

does not involve any (my,71): if f, € C’;O_I(Gl(F )) has the cusp-form-like property of Lemma 8.9 and
1 ~

satisfies (even if vacuously) that tr 77 (f ) = 0 for all w-representations (77, 7') of G1(F’) such that 77’ is an

irreducible unitary discrete series representation whose central character restricts to p; ' on Ag, (F), then

OSII (v,w, f,) =0 for all (My,M;) and ~ as in the corolary.

Remark 8.14. In the situation of the above corollary, we do not have a reason to believe that an f as in
the corollary — which is both “a;-times a pseudocoefficient for 7]” and satisfies the hypothesis of Lemma
8.9 — would exist if 7] is not required to be supercuspidal. However, we will see that it does exist when 7}

is supercuspidal, which is the case of interest to us.

8.3 Semisimple descent, Shalika germs and passage to singular semisimple or-
bital integrals

While Corollary 8.11 relates weighted orbital integrals at strongly regular semisimple elements to character
values, our S()\) (with A € T. . (F)) are not regular except in some low rank examples (their centralizers
equal M7). Therefore, we need to get a version of Corollary 8.11 that relates weighted orbital integrals at
singular semisimple elements to (the asymptotic expansions about such elements of) characters. For this,
we will use Shalika germs, in our twisted context, to study weighted orbital integrals at certain singular
semisimple elements.

Since we do not have any further use for our earlier notation ¢, we will start using it for other objects.

Notation 8.15. Suppose Ms is a linear algebraic group whose identity component is reductive, and wsy :
My (F) — C* a unitary character.

(i) Suppose M, is a twisted space with underlying group Ms. For fs : MQ(F ) — C a smooth function whose

support has compact image in Ay, (F)\My(F) = MQ(F)/AMQ (F), v € My(F), and choices of Haar
measures on My (F) and MJ (F'), define OM: (7, wa, fa2) to be the wy-twisted (unweighted) orbital integral
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of fo at 4 — thus, if we adapt Notation 8.2(ix), OM: (7, ws, f2) would be written as O (’y,wg, f2),

where additionally vg[b is normalized to take the constant value 1 (as it can be), and ~ is not required
2
to be semisimple.

(ii) We define, for X € my(F), ¢ € C°(my(F)) and choices of Haar measures on My(F) and My (F):
OM2 (X, wa, ¢) = / p(Admi (X)) - wa(m) dm, (98)
M3* (F)\ M2 (F)

where again the integral is assumed to be zero if wy is not trivial on M (F).

The following is a minor variant of [65, Lemma 2.4].

Lemma 8.16. Let (M, M) be a Levi subspace of (G1,G1), and letn € My (F) be semisimple (so the identity
component of M| is reductive). Fix Haar measures on My(F) and M{(F). There exists an Ad M/ (F)-
invariant neighborhood Y of 0 in my ,(F) = (Lie My ,)(F), mapping homeomorphically via the exponential
map exp to a neighborhood of 1 in My ,(F), with the following properties:

(i) For all X € $l, we have M?XP(X)W = (M), i.e., the centralizer of exp(X)n in My equals that of X in
M7 (at the level of algebraic groups).

(ii) Let C" C My(F) be a subset whose image in AMI(F)\I\N/Il(F) = I\N/Il(F)/AMI(F) is compact. Let
S :={m e M (F) | m Yexp()pm N C"} # 0.
Then the closure of the image of S in MY(F)\ My (F) is compact.

(iii) For all fi € C°°(My(F)) whose support has compact image in AMI(F)\I\N/[l(F) = 1\~/[1(F)/AM1(F),
there exists ¢ € C°(U) C C°(my,,(F)) such that for all X € 4, using the Haar measures on M (F)
and M(F) just fized, we have OM (exp(X)n, w, f1) = O (X, w, ¢), i.e

fi(m ™ exp(X)nm) - w(m) dm = d(Admy (X)) - w(my) dmy,

/Mi*"<x>”<F>\M1<F> /<M¥>X<F>\M¥<F>
where both sides use the same Haar measure on MCXP(X)"(F) = (M])X(F) (this equality following
once (i) is proved), and where both sides are zero by convention if w is not trivial on (M])X(F) =
M?xP(X)”(F).

Proof. For (i), see the beginning of [65, Section 2.4], around the assertion (2) there. In the case where C*
is compact in M (F'), (ii) is known (see [2, Lemma 2.1] and [65, Section 2.4, (3)]), so it suffices to reduce to
this case, which is what we will do. This reduction will then be used in the proof of (iii).

For this reduction, it suffices to prove that there exists a compact set Ch C M, (F) such that Int M, (F )(exp(u)n)
C% =Int Ml(F)(exp(ﬂ)n)ﬂC’f. We saw in Notation 8.4(i) that if C; C AM _ is compact, then ok ﬂH ( Cy)
is a compact subset of M;(F). The reduction will hence follow if we show that Hy L (Int My (F) (exp( m))
equals f{Ml(n), which being singleton is a compact subset of .AM p- 1t is easy to see that AM F s
a principal homogeneous space under Ay , = Hy (Mi(F)), and that under this realization we have
Hy (mmm') = Hy (mm') - Hg (m) for all m,m’ € My(F) and m € M (F). Hence the claimed equality
ﬁml(lnt M (F)(exp(l)n)) = f{Ml(n) follows if we show that Hy (exp(it)) = {0} C Ay, . This follows from
the fact that Hyy, (exp(4)) = 0, which is in turn a consequence of the fact that for all x € X*(M;)r and
Y € 4, we have x(exp(Y)) = exp(dx(Y)) € O, giving the claim, hence the reduction, and hence (ii).
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(iil) is very similar to [65, Lemma 2.4], but we give the details because there are minor differences in the
assertion, such as our compactness of support being only modulo AM1(F), our using full centralizers as
opposed to their identity components, and our not assuming X to be strongly regular semisimple.

The reduction step in (ii) allows us to replace fi with f ~]IC§; for a suitable compact open subset C’E c M, (F),
and assume that f; € C2°(M;(F)). Let S be as in the statement of (ii), with C? replaced by the support of
fr.

Let o € C°(M;(F)) satisfy the property that its push forward to C2°(M7](F)\ My (F)) (as in [32, (2.4.2)],
depending on a choice of a Haar measure on M} (F) which we take to be as fixed in the statement of

the lemma) is the characteristic function of a compact set containing the closure of the image of S in
M7(F)\ M1 (F). One defines ¢ to be 0 outside i, while for X € 4 we define ¢(X) by:

o) = [ ilm™ exp(X)mmatmy(m) dm.
M (F)

The compactness of the supports of o and f gives that ¢ € C°(LL).

Let X € 4 be such that w is trivial on MTXP(X)U(F) = (M])X(F) — for X € 4 that do not sat-
isfy this, the assertion of (iii) is trivial. We apply [32, Lemma 2.3], taking the G, H,I and f of that
lemma to be M;(F), M{(F), M})X(F) = M?Xp(X)n(F) and m — fi(m ™" exp(X)npm)w(m) respectively,
and using measures fixed in the statement of the lemma. Then the ¢ of that lemma is precisely our
my +— ¢(Adm; (X))w(m;). The integrability hypothesis required for that lemma is a well-known con-
sequence of a result of Ranga Rao on the convergence of nilpotent orbital integrals. Then the equality of the
two integrals furnished by that lemma is precisely the equality OM (exp(X)n, w, f1) = OMI (X, w, ¢). O

Remark 8.17. Suppose we are in the situation of Lemma 8.16.

(i) In Lemma 8.16, f; does not determine ¢, but it does determine T(¢) for every MY(F)-invariant
distribution T on my ,(F) or on £l

(ii) The set of possibilities for ¢ as in Lemma 8.16(iii), for any given f1, depends on the measures dm
and dm; chosen on M; (F) and M{(F): f, and ¢ are related as in Lemma 8.16(iii) for the choice of
measures dm and dm; if and only if f; and aMlal\_Aln - ¢ are similarly related for the measures oy, dm

1

and o dm.

Notation 8.18. Let M5 be a linear algebraic group over F', such that its identity component is reductive.

(i) For each X € my(F) regular semisimple, and choices of Haar measures on My(F) and My (F), let
Lo m,(X) denote the value of the Shalika germ (to be precise, the ‘canonical Shalika germ’ in the
sense of [32, Section 17.8]) for the orbital integral OM2(X,1,-) (see Notation 8.15(ii)), associated to
the trivial nilpotent orbit in mo(F'). Again, we are suppressing the dependence on the chosen Haar
measures for lightness of notation. We remark that, though the version of the Shalika germ expansion
usually seen (e.g., as in [27, Theorem 8.1]) is stated in the case where My is connected, this restriction
can be eliminated by summing over MJ(F)-orbits in a given My (F)-orbit.

(ii) Fix Haar measures on My(F) and Ay, (F). Let 'y, denote vol(Ayg, (F)\l\/[g((F))l"O’l\/[2 (X), for
any elliptic regular X € my(F) and any choice of Haar measure on My (F). Then T'gy, is clearly
independent of the choice of the Haar measure on M3 (F), and it follows from the main result of [49]
(which extends easily to take care of the fact that My may not be connected or semisimple) that it
is independent of the choice of X as well, and nonzero. Of course, it still depends on the quotient
measure on Ay, (F)\ My (F).
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Remark 8.19. The main situation of interest for our application of Notation 8.18 will have, for some
semistandard Levi subspace M; C Gy, that My = MY for some semisimple n € M;(F) C G1(F) such that
M7 = G7, and such that w is trivial on My(F) = G}(F) = M](F).

Lemma 8.20. Let (M, M;) be a Levi subspace of (G1,G1). Let n € My(F) be semisimple, and assume that
w|M?(F) is trivial. Let X € my ,(F) be reqular semisimple. Let 3L be as in Lemma 8.16. Choose Haar mea-
sures on My(F),M7(F), and (M")X (F), which by Lemma 8.16(i) also equals (M)’ X (F) = M?Xp(tzx)"(F)
whenever t € F* satisfies that t?°X € . Use these Haar measures to make sense of orbital integrals
and Shalika germs in what follows. For each fi € C®(M(F)) whose support has compact image in
AM1(F)\1\711(F) = 1\~/_[1(F)/A1\~41(F), there exists a polynomial po = pox € Clx] such that for any ¢ re-
lated to fi as in Lemma 8.16(iii), we have:

e For alln >0 and for all t € F* with valt = n:
po(q") = OV (X, 1, ¢) = O (exp(* X ). 0. f1) (99)
(to make sense of the latter two terms we use that, for valt > 0, we have t2X € ).

o po(0) = Loz (X) - OMi(n,w, f1).

Proof. We will apply the Shalika germ expansion discussed in Notation 8.18, with MY in place of Ma. This
Shalika germ expansion satisfies a homogeneity property (part (1) of [27, Theorem 8.1]), which gives that
for any ¢ € C°(my,(F)), there exists a polynomial py = po,x € Clz] with the property that for all n > 0
and for all t € F* with valt = n,

po(q") = OMI (X, 1, ¢). (100)
Given f; and ¢ € O°(my,(F)) as in the lemma, we get py = po_x as in (100), so that the first equality of
(99) is automatic, while the second follows from the relation between f; and ¢ (as in Lemma 8.16(iii)). Note
that py depends only on fl and not on ¢, by the equality of the first and the third terms in (99).
The constant coefficient pg(0) of p is contributed by the trivial nilpotent orbit in the Shalika germ expansion
for ¢ (note that the Shalika germs of [27, Theorem 8.1] are normalized unlike ours). Therefore:

po(0) = To i (X) - 6(0) = Lo aip (X) - O™ (w0, f1)

(for the latter equality, use that w|ym gy = I), so we are done. O

Now we use Lemma 8.20 to deduce a version of it, Lemma 8.21 below, for weighted orbital integrals. Though
the Shalika germ expansion for a weighted orbital integral Ol\c;’ll (-, w, fl) near a general semisimple element
n € My (F) is complicated ([2, Proposition 9.1]), it simplifies considerably when Gy, C My, i.e., G1, = M ,;
see [2, Lemma 2.2], from which the argument of the following lemma is taken.

Lemma 8.21. Let f; € C’so_l(él(F)) Let (My,M;) be a semistandard Levi subspace of Gy, and let ij €
- 1

M, (F) satisfy the conditions (a), (b) and (c) of Proposition 8.25 below — in other words, G} C My,
MY = My, - Zyy,, and wlyn(py is trivial. Let X € g1,,(F) = my,(F) be regular and semisimple. Choose
Haar measures on G1(F) and (M])X (F) and use them to define orbital integrals in what follows. Then there
exists a polynomial p1 = p1 x € Clx] satisfying the following two conditions:

e For alln>> 0 and for allt € F* with valt = n, exp(t*X)n € M, (F) is semisimple and strongly reqular
~ 2 2
as an element of G1(F), and satisfies GG{Xp(t Xom — (MD)X, giving G?xP(t X)n(F) a Haar measure; we
then have: } }
pi(g") = O (exp(t*X)n, w, f1). (101)
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e For any choice of a Haar measure on M{(F), we have p1(0) = Tg \n(X) - Oc}l (n,w, f) (the condition
that G} C My ensures that O (n,w f1) is well-defined; see Notation 8. 2(230))

Proof. Choose a neighborhood ${ C my ,(F) = g1,,(F) of 0 satisfying the conditions of Lemma 8.16, as well
as the conditions (i) and (ii) of that lemma with (M, M;) replaced by (Gy,G1). Therefore, the condition
that GY C M; implies that, for all t € F* such that t2X € i, we have

MR = (X = (a)X = g, (102)

Since (M7)%X equals M‘fn Zyy, by the condition 1\~/I717 = My, Zj;,, it is abelian, giving that exp(t*X)n is
semisimple and strongly regular as an element of G1(F) whenever t2X € 4, which is satisfied if valt > 0.
Since le (mg) = v~ ( ) for all m € M;(F) and g € G1(F) (an easy consequence of the definition of vﬁl;

this property is mentloned slightly before (2.1*) in [2]), we can write, for any semisimple v € M, (F) with
M7 = GJ (compare with [2, (2.1)]):

01\;1 (v w, f1) = /

/ filg~tm ™ tymyg) vgll (9)w(mg) dmdg
M1 (F)\ G1(F) /M (F)\ M1 (F) '

-/ 0™ (3,0, fy o Int g~ e (g)u(g) dy. (103)
(FO\G1(F)

For g € G(F), apply Lemma 8.20 with f o Int g_1|M1(F) in place of fi; we get a polynomial Po,g € Clz]
such that for n > 0 and ¢t € F* with valt = n,

Po.g(q") = O™ (exp( X ), w, fr o Int g1, (104)

and
pO,g(O) = FO,M? (X) : OMI (777("'}7 fl © Intg_1>~ (105)

We claim that the map g + pg 4 has three properties: it is locally constant, its support has relatively
compact image in M (F)\ G1(F), and it satisfies p g, = w(m) 'poy for g € Gi(F) and m € M;(F).
The first and the third are easy using (104) and the fact that f; € C’;’jil(@l(F)) By (104), the second
property follows if we prove that Int(g~" M; (F))(exp(£l)n) does not intersect the support of f; for g outside
some set with relatively compact image in M;(F)\ G1(F). Since we chose U to satisfy (ii) of Lemma 8.16
with (M, M;) replaced by (G, G), there exists a compact subset ¢’ C G;(F) such that any g € G1(F)
with Int g~ (exp(&)n) Nsupp fi # O belongs to Gy, (F)C" = My, (F)C". Therefore, any g € G(F) with
Int(g~* My (F))(exp(&)n)Nsupp f1 # 0 belongs to M (F) M, (F)C" = My (F)C’, giving the second property.

These three properties of g — pg 4 give us that:

p = / Po.g - v (9)w(9) dg (106)
M, (F)\ G1(F)

is a well-defined polynomial in Clz]. Using these three properties, we get from (103), (104) and (106) that
for all n > 0 and t € F'* with valt = n:

Ol\Ci/;Ill (exp(tQX)na w, fl) =P1 (q'fl)

(the lower bound on n can be taken uniformly over the integral of (103) since the fi o Int 9_1|1\711(F) belong
to finitely many orbits under M; (F')-conjugation, by the first two properties above).
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Moreover, (103) (applied with v =), (105) and 106 give:

p1(0) = Toar(X) - OF (n,w, f1). (107)
O

Remark 8.22. Let 77 € G (F) be semisimple (but not necessarily regular), and let 7} be an w-representation
of G1(F) whose central character restricts to ;' on Ag (F). Assume that w is trivial on GY(F). Write
6 — 6 for the Fourier transform on C2°(g; ,(F)) as well as on the space of distributions on g; ,,(F), defined
by the choice of appropriate data — a Haar measure on g1 ,,(F'), a GY(F)-invariant symmetric nondegenerate
bilinear form on g ,, and an additive character F — C*. For each nilpotent GY(F)-orbit O in gy ,(F),
temporarily write Do for the Fourier transform of the G} (F)-orbital integral over O, and also for the locally
integrable function on g, ,(F) that realizes it (see [27] for more details). The usual Howe-Harish-Chandra
character expansion adapts to this situation, giving a complex scalar co(7]) for each such O, such that, for
any Y € g1, (F) sufficiently close to 0, we have O(7],exp(Y)n) = > co (7))o (Y).

Notation 8.23. For 7} and 7 as in Remark 8.22 (in particular, w is trivial on GY(F')), denote by co,,(7])
the coefficient c(oy(7]) associated to the nilpotent GY(F)-orbit {0} in g;,(F) as in Remark 8.22, where
we assume this orbit to have a total measure of 1 (so that, with the notation of that remark, the locally
integrable function 7o) can be taken to be constant with value 1).

Lemma 8.24. Let € Gi(F) be semisimple (but not necessarily regular), satisfying the condition G =
G124y, and that w is trivial on GY(F). Let 7} be an w-representation of G1(F) whose central character
restricts to uy;* on Ag, (F). Then for all regular semisimple X € g1, (F), there ezists a polynomial py =
pe,x € Clz] satisfying the following two conditions:

e For alln>> 0 and for all t € F* with valt = n, pa(q™) = O(7}, exp(t2X)).
o p2(0) = con(7) (thus, p2(0) is independent of X ).

Proof. Tt is easy to see as in the proof of Lemma 8.21, using the condition G! = Gy, Zgl in place of
the condition My = M, Z; there, that for all n > 0 and for all t € F* with valt = n, exp(t*X)n is

semisimple and strongly regular as an element of G, (F). Hence O(7}, exp(t?X)n) is well-defined for such .
The existence of ps satisfying the first of the two conditions follows by the character expansion for 7] at n
(see Remark 8.22) and the identity 7o (t2Y) = [t|~4mODn(Y) (see [27, Lemma 9.2]).

Recalling that the Fourier transform of the zero nilpotent orbit is represented by the constant function with
value 1, the second condition, that p2(0) = o, (7}), is forced by the identity 7o (t2Y) = [t|~4mOpy(Y)
above. O

Proposition 8.25. Let 7}, (1\/11,1\711)7(11711 be as in Corollary 8.11. Let 1) € My (F) be a semisimple element
satisfying (a), (b) and (c) of the following conditions:

(a) GT C My, i.e., GI = M7 (though n may not be strongly reqular);
(b) M;rl] = Mlm ’ Zrl\l/ll;
(c) w is trivial on M](F);

(d) The ‘ellipticity condition’ that the inclusion Ay C Anpr s an equality.
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Choose Haar measures on Gy (F), M{(F), Ag (F) and Ag (F). Then we have:

(_l)dim AMI — dim Aél

.LG

ay - T Lo (7)), if n satisfies the condition (d), and
o,M7 :

0, otherwise

Gy —
OMI (777w7i1) -

Remark 8.26. An analogue of Remark 8.12 applies here. On changing the measures on G1(F), G} (F) =
M (F) (this equality holding under the condition (a) above), Ay (F) and Ag (F), the value of 01\(7;111 (n,w, f))
respectively remains unaffected, varies inversely, varies directly and remains unaffected (recall that f L de-
pends inversely on the measure on Ag (F)\Gi(F) and that the weight factors depend directly on the
measure on Ag (F)\ Ay (F)). I'oyr has exactly the opposite of these dependencies of Og’[ll (n,w, f,), under

the condition (d) (namely, that Ay = Ayp), while co ) (7]) has none (use Lemma 8.24).

Proof of Proposition 8.25. We choose X € my ,(F') that is regular, semisimple and elliptic (as an element
of my ,(F)). By the conditions (a), (b) and (c), the hypotheses of Lemmas 8.21 and 8.24 are satisfied,
giving polynomials pi,ps € C|x] with the property that for n > 0 and ¢ € F* with valt = n, we have

Ogt (exp(*X)n,w, £ ) = p1(q") and O], exp(t X)) = pa(g™)-

Now we use the fact that X is elliptic as an element of my,(F). This means that Ay \ M;%, which also
equals Ay \M‘ixp(tgx)" for valt >> 0, is an anisotropic torus. Therefore, for such ¢, exp(t2X)n is elliptic as
an element of My (F) if and only if the condition (d) is satisfied.

Thus, if (d) is not satisfied, then by Corollary 8.11 we would have p;(¢"™) = 01?411 (exp(t2X)77,w,i1) =0
whenever n > 0 and ¢t € F* with valt = n. Since p; was chosen as in Lemma 8.21, this would give that
IV (X)Olal1 (n,w, f,) = p1(0) = 0, and hence that 01?7111 (n,w, f,) = 0 (since Iy (X) # 0 — see the
discussion in Notation 8.18(ii)).

Now assume that (d) is satisfied. This time, Corollary 8.11 gives that for ¢t € F* with n = valt > 0:

G ex 2 — imAy —dimAg =
pi(a") = O (exp(®X)n,w, ) = (vol(Agy, (F)\ Gy (1))~ (—1) B A —dmAcr O(F], exp(2X)n),
which equals (vol(Ag (F)\(M{)*(F))) a1 - (—1)dimAg, —dimAg, ‘15, *P2(q") by the equality G‘i"p(th)” =

(M?)X (which is valid for n = valt > 0) and the choice of py, where Py denotes the coefficient-wise complex
conjugate of py. Therefore:

1= (vol(Ag, (\(M])¥ (1)) Hay - (1) S = der .y,

Evaluating at 0 and substituting for p;(0) and p3(0) from Lemmas 8.21 and 8.24, we get:

- ai - (_1)dimAM1 —dimAé1 G (_1)dimAM1 —dimAé1 G
o0& = Lo (7)) =a- L 7
i (000 L) = R el e x () = Font )
(use Notation 8.18(ii) and that Ay = Ay by the condition (d)), as desired. O

Remark 8.27. The above proof, combined with Remark 8.13, gives us a variant: if (M, 1\711) is a semistan-

dard Levi subspace of (G1,G1), i1 is as in Remark 8.13, and 7 is as in the above proposition (satisfying the
conditions (a), (b) and (c) there), then Og[ll (n,w, f,) =0.
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8.4 Matrix coefficients and pseudocoefficients

Proposition 8.25 gives us singular weighted orbital integrals of pseudocoefficients with special properties,
when they exist. However, we are interested in an expression that involves singular (weighted) orbital
integrals of matrix coefficients, and hence need to relate matrix coefficients and pseudocoefficients (of twisted
supercuspidal representations). This material is again standard, but we give details due to an inability to
find suitable references for our twisted context.

Notation 8.28. (i) Given an w-representation (7}, 7)) of Gy (F) such that 7} is admissible of finite length
and has central character restricting to say ) " on Ag, (F), and £ € C°°(G,(F)) which satisfies
£(29) = ph(2)é(g) for all z € Ag,(F) and § € G1(F), and such that the support of £ has compact
image in Ag, (F)\G1(F), we will write, depending on a choice of Haar measures on each of G;(F) and

Ag, (F):
7 (E) = /A . (OO (108)

The apparent conflict with the definitions of 7 (f;) in Notation 8.2(i) will not cause confusion, since
these definitions involve mutually exclusive hypotheses on the supports of the functions involved.

(ii) We have an ‘untwisted version’ of (i) above, letting us define 7} (£), where the finite length admis-
sible representation 71 of Gi(F') is not assumed to extend to an w-representation of Gi(F), and
€ € C*(G1(F)) satisfies properties analogous to those of the £ above.

Recall the representation 71 and that its central character restricts to 3 on Ag, (F) (see Notation 8.1).

Lemma 8.29. Choose Haar measures on G1(F) and Ag,(F). Let &€ € C(my) (see Notation 2.4(iii)). Let
(w1, ) be an w-representation of G1(F) such that 7] is smooth and has a central character restricting to

uit on Ag, (F); thus, 7 (€) is well-defined (see (i) of Notation 8.28). Then:
(i) If 7, has no subquotient isomorphic to my, then T (€) = 0.
(ii) Suppose " = 71, so that 71 = (7})Y is an extension of m to an w™'-representation of Gi(F) (see

Notation 2.4(v) for the meaning of (71)"). View € as a matriz coefficient for 71 (using the equality

C(m1) = C(71) as in Notation 2.4(iii)). Then

tr#; (§) = d(m)~'E(1),
where € is the image of & under the isomorphism C(71) — C(m1) of Notation 2.4 (i), and d(my) is the

formal degree of w1 (with respect to Ag,(F), as defined in Notation 5.33, using the chosen measures).

Proof. (i) is a standard Schur orthogonality argument, as we now recall. It is easy to see that, for any
u' and u in the spaces of 7}" and 7Y, respectively, v = (v/ = ' o 7} (€y.,)(v)) intertwines 7, with the
contragredient of /. Thus, if /" has no subrepresentation (let alone subquotient) isomorphic to 7y, then
w1 (&) =0 for all £ € C(m), from which it is easy to see that 71 (&) = 0 for all £ € C(m), giving (i).

For (ii), it suffices to assume that §-: €u.v, and show that for all v" and u’ belonging to the space of 7} and
its contragredient, we have (v, 71 (&, )v") = d(m1) ™ u', u) (v', v). But, choosing any § € G1(F), we have:

(7 (Euo)V") = / (u', 71 (99)0") (u, 71 (9g)v) dg = / (u', w1 (9)7 (§)v") (u, m1(g)71(g)v) dg,
Ac, (F)\G1(F) A, (F)\ G1(F)

which by the definition of formal degree equals:
d(my) "' u) (@ (G 71 (9)v) = d(m) T (v, ),

using the definition of the contragredient for twisted representations (Notation 2.4(v)). O
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Notation 8.30. Let Ay = {2z, 'e1(20) | 2 € Ag, (F), 20 € Ag, (F)} (for &1, see Notation 8.1(i)).

Lemma 8.31. Ay C Aq, (F) is of finite index and has the following property: if (7}, 7)) is an w-representation
of G1(F), where 7} is a smooth finite length representation that has a central character restricting to ,ul_l
on Ag (F), then this central character agrees with ,ufl on Ap.

Proof. Since ) has finite order and Ag = (Ag,)’, it is easy to see that Ay is of finite index in Ag, (F). Let
1y be the restriction of the central character of 7} to Ag, (F). We are given that ) and u;* agree on Ag, (1),
so it suffices to show that they agree on £;(z)z~" whenever z € Ag, (F). We have u ' (e1(2)z~") = w(z) by
hypothesis (see Notation 8.1(iv)), which reduces us to proving that u}(e1(2)271) = w(z) for all z € Ag, (F).
By the definition of w-representations (Notation 2.4(i)), 7{(¢) intertwines 7} ® w with 77 o Int g for any
g € G1(F), and the equality ) (e1(2)z~ 1) = w(z) follows from this by comparing central characters. O

Notation 8.32. Suppose Haar measures on Ag (F) and Ag, (F) are understood from the context. Write
fi— éfl for the map Cﬁf,l(f}l(F)) — C°(G1(F)) defined by the analogue of (47), i.e.,

- () = “111(29) d=.
£7,(9) /Aél(F)\Agl(F)M(Z) fi1(zg) dz

Even when 7, extends to an w™!-representation of G, (F), an f, € C;o,l(Ml(F)) such that éfl e C(m1) may
1 ~

not be a pseudo-coefficient for an extension of m) to an w-representation of Gq(F). The following lemma

addresses this problem.

Lemma 8.33. Choose Haar measures on Gi(F),Ag,(F) and Ag (F). Let € € C(m1). Then there exists

S C;‘il(Gl(F)), satisfying the following properties:
- 1

° 11 has the cusp-form-like property of Lemma 8.9;
i =

e For each smooth w-representation (), %) of G1(F) such that 7, has a central character restricting to
pyt on Ag, (F) (though not necessarily on Ag, (F)), if 7Y has no subquotient isomorphic to wy, then
71(f,) = 0 (the operator itself and not just its trace).

Moreover, any such [, (in fact, more generally, any € C;‘lil(él(F)) satisfying éil = é) automatically
satisfies the following additional property:
e Suppose we are given an w-representation (7,7, of G1(F) such that ©" = 71: in particular, ) is
irreducible, and 7, := (7})Y is an w™'-representation of G1(F) with underlying G, (F)-representation
7. View € as a matriz coefficient for 71 and associate to it the matriz coefficient & for m as in
Notation 2.4(iv). Then:

trfri(il) =d(m) (D). (109)

Proof. Let us first show the last assertion of the lemma: if we have an w-representation (7}, 7}) such that
7Y =y, and let 71 := (7})V, € and f, be as in the assertion (thus, {; = ¢), then tr 71(f,) equals

/ ] / £,(:0)7,(25) d= | d = / ) / i ()1, (:9) dz | 7(3) dg,
Ag, (F)\G1(F) Ag, (F)\ Ag, (F) A, (F)\G1(F) Ag, (F)\Ag, (F)
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which equals tr ﬁi(éil) = tr ) (£), which in turn equals d(m;)'€(1) by Lemma 8.29(ii). Thus, we will now
focus on the remaining assertions of the lemma.

Recall the subgroup Ag = {225 e1(20) | 2z € Ag (F),20 € Ag, (F)} C Ag,(F) from Notation 8.30. The
integral defining & 7, can be factored (for some choice of Haar measure on AO) as:

& (9) = / pi(2)7t - °&s (29) dz,
! Ao\ Ag, (F)

L

where for this proof we will use the following notation analogous to Notation 8.32:
G @)= [ w7 G de
Ag, (F)\Ao

Since Ay C Ag, (F) is of finite index (Lemma 8.31), there exists f, € C’;O,I(Gl(F)) such that Ogil is a
nonzero scalar multiple of the given € € C(m). In fact:

Claim. There exists [ € C;?l(él(F )), which has the cusp-form-like property of Lemma 8.9, and is such

that °& f is a nonzero scalar multiple of é .

We will postpone the justification of this claim to the end of this proof. Let f, € C;‘lil (G1(F)) be as in the
claim. Then, automatically, & . is also a nonzero scalar multiple of {. Hence we may and do multiply f L
with a nonzero scalar, and assume without loss of generality that £ I equals &.

Suppose (7], 7) is an w-representation, such that 7 is smooth and has a central character that restricts to
pyton Ag, (F), and such that 7" has no subquotient isomorphic to 7. Let us show that 7/ (f,)=0. By
Lemma 8.31, the central character of 7} restricts to ,ufl on AO, so that:

@@= [ &, (0)7(3)dg = (const) - [ g, SR a5

#i= | -
' Ag, (F\G1(F) A\G(F)

If the central character of 7} does not restrict to 7 * on all of Ag, (F), then this integral vanishes. If it does,

then we conclude that 7 (f,) equals 7 (§), which vanishes by Lemma 8.29(i), as desired.

It remains to show the claim whose proof we have postponed, that there exists f € C:?,l(él(F )) with the
cusp-form-like property of Lemma 8.9, such that °¢ 1 is a multiple of &.

Let G1(F')c C G1(F') be the kernel of the homomorphism Hg, : G1(F) — Ag,. Note that Ag, (F)) G1(F). is
of finite index in Gy (F'). Hence there are only finitely many Ay G (F).-orbits in G1 (F') for left-multiplication.
Denote the set of these Ag Gy (F).-orbits by {C/ |i € I,}, and choose an Ag, (F) Gi(F)-orbit C; C Cf for
each i. Let C be the union of the Cj; it is an open subset of G1(F'). Set il =l €. It is easy to see that il €
C;:,l (G1(F)) — to see the compactness of its support modulo Ag (F'), use, e.g., an untwisted variant of the
discussion in Notation 8.4(i). We claim that °¢s equals the product of vol(Ag (F)\(AoNAg, (F)G1(F)c))
and £. Since Gy (F) = Ay - C, it suffices to verify this equality at each § € C = UC;. For such a g € C;, we
have:

)= [ mE e d = ol (Mo N A, (7) G (F)) - 6.

using that p1(z)"1€(29) = £(§), and that, since § € C;, we have zg € C; if and only if z € Ag, (F) G1(F)e.
Since G1(F). contains Gy ger(F'), it follows that I¢ is left-invariant under multiplication by Gger(F'), which

contains the unipotent radical of every parabolic subgroup of G1(F'). From this, and the fact that §~ itself has
the cusp-form-like property (since £ € C(m) and since 7 is a supercuspidal representation), it is easy to see

that f | has the cusp-form-like property as well, finishing the proof of the claim and hence of the lemma. [J
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Proposition 8.34. Let € € C(m1), and let (M, My) be a semistandard Levi subspace of (G1,C1). Let
n € My (F) be a semisimple element satisfying (a), (b) and (c) of the following conditions, which we repeat
from Proposition 8.25:

(a) GT C My, ie., GI =M (though n may not be strongly regular);
(b) MY =My 2w,
(¢) w is trivial on M](F);

(d) The ‘ellipticity condition’ that the inclusion Ay C A is an equality.

Choose Haar measures on Gi(F), M{(F), Ag (F),Ag (F) and Ag, (F). Let fi € C;"il(él(F)) be such that
£ = éfl. Then:

(i) If w1 does not extend to an w™'-representation of Gi(F), or if n does not satisfy the condition (d),
then

/. py ()05 (21w, 1) dz = 0.
Ao\ Ag, (F)

(ii) Suppose w1 does extend to an w™l-representation 71 of G1(F), which we assume without loss of gen-
erality to be unitary, and suppose that n satisfies the condition (d). Let 7\ := m), and let 7| := (71)V.
Let co(71) and co(71) be the coefficients of the trivial nilpotent orbit in the character expansions
of ™1 and T at n (see Notation 8.23). Then, letting & be the matriz coefficient of w1 associated to

€ € C(m) = C(71) as in Notation 2.4(iv), we have for any choice of a Haar measure on the finite group

AO\AGl (F)
dim Ay —dim Ax

1 1 G : (1) ()7 “ g -

: 2)02" (zn,w, f1)dz = . L. o (T
vol(Ao\ Ag, (F)) /AO\AGl(F) H ()0, G w, fr) dz = 20 Toun 0.0(71)
(110)

B 5(1) . (_1)dimAMl —dimA@1 . Lél . (ﬁ- )

~d(m) Lo o oL
(111)

Proof. In the situation of (ii), where 7} = (71)", the equality of (111) follows from the equality cq,(71) =
co,n(7}), a consequence of the fact that ©(71,v) = (7], v) for every strongly regular semisimple v € Gl(F),
which in turn is easy to see from the fact that 7, and 7] are unitary and contragredient to each other (so
one can be naturally hosted in the base-change of the vector space hosting the other with respect to complex
conjugation). Thus, if we are in the situation of (ii), it suffices to show (110). We will now show (i) and (ii)

almost together.

One can easily show (e.g., as in the proof of Lemma 7.19, specifically the deduction of (85) there), that for
a suitable normalization of measures:

/. ufl(z)Ogll (zn,w, f1)dz = / w(m)gfl (m_lnx)vgll (x) dx,
Ao\ A, (F) ! Ac, (F) G (F)\ G1(F) '

which is well-defined by the equality p; o ey = pw™" (see Notation 8.1(iv)), the fact that w is trivial
on MJ(F) = G](F), and the left-invariance of vg’lll under left-multiplication by M;(F) D Ag, (F) G (F).

Therefore, the left-hand side of (110), or that of the equality claimed in (i), does not change if we replace fi
by any f € C;‘il(Gl(F)) such that {7 = & . We choose f as in Lemma 8.33.
A - f, L
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In what follows, whenever z € Ag, (F') and we are in the situation of (ii), define ¢ .,(7]) by replacing n with
zn in the definition of ¢y, (77). Thus, it suffices to show that for each z € Ag, (F), Og’[ll(zn,w,il) equals
0 in the situation of (i), and that in the situation of (ii) it equals p1(2) times the right-hand side of (110).
Since cg .y (1) = py *(2)co. (71) = p1(2)co.,(7;) whenever we are in the situation of (ii) (with 7} = (71)V),
and since each of the conditions (a), (b), (c) and (d) is satisfied if and only if it is satisfied with 27 in place

of n, it is enough to replace zn with n and show that Og’ll (n,w, f,) equals O (resp., the right-hand side of
| S
(110)) if we are in the situation of (i) (resp., (ii)).
If m; does not extend to an w™'-representation of él(F), then it is easy to see from the choice of i1 (i.e.,
its being as in Lemma 8.33) that it satisfies the conditions of Remark 8.13. If 7; does extend to an w™1-
representation of G (F), then the same choice of f , implies that the conditions of Corollary 8.11 are satisfied,
with (7], 71) = (77, (71)V) and a1 = d(m;)~LE(1).
Now it is easy to see that each of (i) and (ii) of the proposition follows from either Remark 8.27 (if 71 does not
extend to an w™l-representation of Gi(F)) or Proposition 8.25 (otherwise). Here we use that the conditions

(a), (b), (c) and (d) are copied from corresponding conditions in the statement of Proposition 8.25. O

9 The residue formula and some simplifications

Now we get back to the main setting of the paper. In this section, we will apply the main result of the
previous section, Proposition 8.34, to convert our expression for the residue in terms of weighted orbital
integrals, into one in terms of character theory. Note that the resulting residue is a sum over contributions
from various T € T. We will then rearrange this residue into a sum of what should, at least in many cases,
be contributions from various endoscopic data.

9.1 A first expression for R(7T)

Notation 9.1. (i) Let 7% C T+ be the set of T € T+ such that either T is split, or there is no
proper Levi subgroup of M containing M. Note that the latter condition is equivalent to the inclusion
An C Amy (or equivalently the inclusion Ay C Ay ) being an equality. Let TO=T70+NT.

(ii) Let T € T+, and let t € To(F) = To(F)wy '. If we are given an extension 7 of 7 to a representation
of M(F), we will write co(7, t) for the coefficient of the trivial nilpotent orbit in the character expansion
of 7 at ¢ (normalized like in Notation 8.23). When 7 is understood, we will write co(Z) for co(7, 7).

Remark 9.2. The definition of 7% is motivated by the condition (d) in Proposition 8.34. For more details,
see the proof of Theorem 9.3 below.

Recall 7, and that the central character u of 7 satisfies o e = p (see Notation 6.3(i)). Recall, for T € T,

the distribution Ry : C72, (M(F)) — C from Notation 7.17

Theorem 9.3. Let T € T+, and let f € C’E‘il(M(F)) be such that éf € C(n).

(i) If © does not extend to a representation of M(F), then Rr(f) = 0.

(ii) Suppose T extends to a representation 7 of M(F). Viewing {ff. as a matriz coefficient for T (using the
equality C(m) = C(%) as in Notation 2.4 (iii)), let £ € C(m) be associated to it as in Notation 2.4(iv).
We have:
£r(1)

RT(f) = d(7r)

- by (7),
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where by () equals 0 if T & T%F, and when T € T it is given by

21<F7 Jr. .y DISOV)2 - o(S(N)) dA, if T is not split;
br(7) =<0, if we are in a ‘classical case’ and T is split; an
3vol(T_(O & G . . p . s . .
2vol((Ayi, /(/:Eq()(g)))‘FOWM% Jr. o (F) D(S(\)Y2 - co(S(N)dN, if we are in an ‘exceptional case’ and T is split

Here, we use measures on A (F), Ay (F), M(F), Te(F), T.(F) and Ay (F)/ Ay (F) = (Ag, / Az (F)
chosen respectively in (i), (ii), (i), (i), (i) and (iii) of Notation 5.7, and Tone is as in Notation
8.18(ii), using the measures on My(F') and Ay (F) = A (F) chosen in Notation 5.7 (note that
Ay, = Ag if T € TOF is not split). Further, the quotient measure on M(F)/ An(F) is used to define

the formal degree d(r).

Remark 9.4. A discussion on the choices of measures above is postponed to Remark 9.6 below.

Proof of Theorem 9.3. Whenever we are in the situation of (ii), we may and shall assume 7 to be unitary
without loss of generality: multiplying #(wg ') by a # 0 multiplies each ¢o(S()\)) by a, but also multiplies
(1) by a~!. We will prove (i) and (ii) together, so assume that we are in either of these two cases.

‘Classical’ case, T split. In this case the theorem follows from Lemma 7.29 (since 7 is supercuspidal, the
condition that f belong to the space C721 (M(F))cusp of Notation 6.4(v) is automatic).

In the remaining cases, we will apply Proposition 8.34 in the following setting. In each case, we will take
G =Muw= = lg,(r) and n = S(\) for varying A € T. o (F); and we will let M; equal My or M (= G;)
depending on whether or not T is split (thus, M, is indeed a Levi subspace of Gy in each case, and we may
assume it to be semistandard). Note that each such n = S()) is semisimple, and satisfies the conditions (a),
(b) and (c) of Proposition 8.34 whether or not T is split: this is because G7 = M*™ equals M5 € My € M;
(as follows from Corollary 3.65, since S(\) belongs to Tg(F) by Remark 5.4(iii)), which is connected by
Lemma 3.10(iv). In each case, we will use that 1, = 1y (see Notation 8.2(viii)) equals 1/2 — this is because
Am/ Az = A/ Ay is one-dimensional, and on it the map induced by € equals multiplication by —1 (use,
e.g., Lemma 6.8). We will also use that the Ay (F)A of Notation 7.17 equals the Ag of Notation 8.30.

Further, when we are in the situation of (i) as well as whenever 1 = S(\) does not satisfy the condition (d) of
Proposition 8.34, we will apply Proposition 8.34(i) with 1 = ; else we will apply Proposition 8.34(ii) with
(m1,71) = (m,7). In either case, the measures on Gy (F) = M(F), M{(F) = M%3.(F), Ay (F) (which equals
Agp (F) or Ag (F) = Ag(F)), Ag, (F) = A (F) and Ag, (F) = Am(F') that are needed for the application
of Proposition 8.34 will be chosen as stated in the theorem, i.e., as in Notation 5.7.

‘Exceptional’ case, T split. We have from the definition (Notation 7.17) and Lemma 7.28 that Rr( f) equals:

B 3vol(L, (9))
vol(Agr, / Ag) () vol (A (F) A\ A (F))

/ D(S(\)2 / | u (2)OM (28(\),w, ) dz d.
e (F) (F)A\ An(F) T

We apply (i) or (ii) of Proposition 8.34 as mentioned above, recalling that 1, = 1/2 and Ay = Ag(F)A,
noting that each n = S(A) with A € T, s (F') satisfies the condition (d) of that proposition (since Ay =
Agp. = Amg = Ay in this case), and using the fact that dim Ay —dimAg =1 (since, by Lemma 4.22,
M; = Mr is a maximal Levi subgroup of G; = M in this exceptional case with T split). Hence Ry (f) equals
0 in the situation of (i), and in the situation of (ii) it equals:

£;(1) 3vol(T.(D)) . 2 o (3
d(m) 2vol((Agy, / Axp)(9))Tons, /TE)“(F)D(S(A)) 0(S(\))dA,

as desired.
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‘Classical’ or ‘exceptional’ case, T is not split, but T € T9%. In this case, we have from the definition
(Notation 7.17) that Ry(f) equals:

VOI(L.(F)) D(S(\)1/2 SLNOM (5N w. F) ded)
TPV AT ey ") /,L\N.[<F>A\AM<F)“ ()05 (25 (N), 0, f) dzd

where we use that, given our choices of measures, the trivial torus Ag (F)\ Ag (F) gets the counting measure,
so that the weight factors in the orbital integrals above are identically 1. We again apply (i) or (ii) of
Proposition 8.34 as mentioned above, recalling that (g, = 1/2 and Ay = AM(F)A, noting that this time
each 17 = S(\) satisfies the condition (d) because Ay = Ang = Ay, = Ay by the hypothesis that T € T,

and using the fact that dim Ay —dimAg = 0. Hence Rr(f) equals 0 in the situation of (i), and in the
situation of (ii) it equals:

&(1) vol(T.(F))
d(ﬂ') 2F07M§F

[ D) aEm)ax
Te o (F)

as desired.

The case where T ¢ T%%. In this case, everything is the same as in the case where T is non-split and
T € TO’JF, except that this time, since the inclusion Ay C Ay = Amz = Ay is not an equality, the
n = S(A) do not satisfy the condition (d) of Proposition 8.34, so one has to apply (i) of the proposition.
Thus, one gets Rr(f) = 0 in this case.

This finishes the proof of the theorem. O

The following corollary of Theorem 9.3 is one of the main results of this paper.

Corollary 9.5. (i) Ifwor # 7, i.e. z'f7r does not extend to a representation of M(F), then s — A(s, T, wp)
is holomorphic at s = 0, so that IndP(F) 7 is reducible (recovering one of the implications of Theorem
2.7).

(ii) Suppose wor = w, so that we may and do fix an extension T of w to a representation of M(F). For
T € T%*F, let by () be as in Theorem 9.3. Then:

R() - AR\ o) Z

2logg TeT?

#WT

Proof. (i) follows from Corollary 2.23(ii), Corollary 7.20(i) and Theorem 9.3(i), while (ii) follows from Corol-
lary 7.20(ii) and Theorem 9.3(ii). O

Remark 9.6. vol(Ay (F)\Awm,o)d(m) 1oy (7) for each T € 7,7, and hence also R(7), in fact depend only on
the measures on M(F) T (F), Te(F) and M%3.(F), and not on the measures on Ay (F), Ay (F) and Ay (F),
as we now explain briefly (note that this is exactly how our set up and Proposition 5.14 require it to be).
The contributions of the measure on Ay (F) to vol(Ag (F)\Awm,0) and d(m)~! cancel out. If T is not split
(resp., if we are in an exceptional case and T is split), one can check that the contributions of the measure on
Ay (F) to vol(Ag (F)\Awm,o) and to (Toaz )" (resp., vol((Ay /Ag)(9))™") cancel out. When T is split
and we are in an exceptional case, the contributions of the measure on Ay, (F) to vol((Ag, /Ay (D))"
and (o= )" cancel out. Nevertheless, we will still work with precisely chosen measures on Ay (F), Ag(F)

and Ay (F), since that will help us get nice expressions for individual factors contributing to R(7).
T

Notation 9.7. (i) Now that we have recovered Harish-Chandra’s result (in the special case of our setting)
that the residue vanishes when 7 22 wgm, we now assume that m = wgm, and fix an extension 7 of 7 to
a representation of M(F'), for the rest of this paper. Our aim will be to understand R(7) better.
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(ii) Henceforth, we impose that the measure on M(F), as well as the measures on T (F), T (F) and MT.(F)
for each T € T, are chosen as in Notation 5.22(iv) — notice that this is consistent with the choices
in Theorem 9.3 (which followed Notation 5.7), by Remark 5.32. We also impose that the measures on
An(F) and A (F), and on (Ay / Ag)(F) for each split T € T+ if we are in an exceptional case, are
chosen as in Notation 5.22(ii).

(iii) Henceforth, for each T € 7% C T+, br(7) will denote the expression given for it in Theorem 9.3, i.e.,
vol(T_(F & & . . .
2;77(;) S, oy DISON)Y2 - co(S(N)) d, if T is not split;
br(7) =<0, if we are in a ‘classical case’ and T is split; and

3vol(T_(O & & . . ¢ . y . .
2Vol((AMTO/(X;I()(D))))TO,M% fTs,sr(F) D(S(A\)'Y/2 - ¢co(S(N\))d\, if we are in an ‘exceptional case’ and T is split.

Here, we use the measures defined in (ii) above.

(iv) Recall the character ¢ : F — C* fixed in Subsection 2.1. Henceforth, let v*(0,1,) be the constant

such that:
L(s,I)

e(s, L) L(1 — s,1)’

7*(0,T,4) ™! = Resy—o v(s,1,4) "' = Resy—g
where [ is the trivial character of F'*.
Lemma 9.8. We have (thanks to the choice of measures in Notation 9.7(ii)):
vol(Ag (F)\Awmo) - (log q) ™ =7"(0, L) ",
so that by Corollary 9.5(ii):

* —1
Ry = PO gy 3
TeT®

br(7)
#Wr'

Proof. Tt suffices to prove the first equality. Replacing ¢ by = +— t(ax), for some fixed a € F*, multiplies
both sides by |a|'/? (use facts recalled in [31, (1.1) and Lemma 1.3]). Therefore, we may and do assume that
¢(y) = 0 (here ¢(v)) is the order of ¢, as recalled in Notation 5.18(ii)).

Since (8,7") = 1, the character § used in the definition of Ay o (see Notation 6.12(i)) satisfies that (3,~") =
1. Since the product map Ag x7Y(G,,) — Anm is an isomorphism (Lemma 6.8(1)), it follows that Ay =
Ag(F)yY(9*). Combining the isomorphism Ag xvY(G,,) — Am with the fact that Aq = Ay (Lemma
6.8(ii)), and using that Ay and Ag = Ay have been given measures as in Notation 5.22(ii), it now follows
that vol(Ay(F)\Awm,0) equals that of vV (9*) C vY(G,)(F), where the torus vY(G,,)(F) is given measure
as in Notation 5.22(ii). Since c(¢)) = 0, it is now easy to see that both vol(Ay (F)\Awm,)(logg)~! and
v*(0,1,4) "1 evaluate to (1 — ¢ 1) - (logq)~! (use, e.g., Lemma 5.25), so that we are done. O

Now let us describe 70 as a subset of 7.

Lemma 9.9. 7%t = T+ unless we are in the case of D, that is quasi-split, non-split and split over a
quadratic extension K/F (in the sense of Remark 4.3(i)), in which case, given T € T+, we have T €
TH\TYF if and only if T is non-split but splits over K.

Remark 9.10. Thus, in most situations we have 7%+ = T+, The exclusion from 7%%, in the case of D,
that is quasi-split, non-split and split over a quadratic extension K/F, of T € T that are non-split but
split over K, is related to the condition F # K in Proposition 10.49(i) below.
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Proof of Lemma 9.9. Using Remark 4.2, it is easy to reduce to the case where G is absolutely almost simple.
It is also easy to reduce to the case where G is in addition simply connected — passing to the simply
connected cover replaces 7+ with a set that is in obvious bijection with it (e.g., use Lemma 3.34).

Thus, we assume that G is absolutely almost simple and simply connected. If G is not of type Dy, then Mg,
is a product of absolutely almost simple groups: this has been observed in the proof of Lemma 4.22.

Thus, in all cases other than the D4-case, we will be done if we prove the following;:

Claim. If Mg, is a product of absolutely almost simple groups, and if T € 7 is not split, then the inclusion
An C Ay, is an equality.

To prove the claim, assume for now that T € 7 is non-split and that Mg is a product [] j M; of absolutely
almost simple groups. Correspondingly, the centralizer Mg, t of T in M., which is also the preimage of Mt
under Mg — M, is a product [] j M;»yT7 with each M;-,T a twisted Levi subgroup of M; It suffices to show
that the inclusion {1} = An,, C Am,, = []; Ay, . Is an equality, or equivalently, that Ay, s trivial for
each j. Since the connected center of (the absolutely almost simple group) M; is trivial for each j € J, this

sc, T

follows if we show the following two claims for each jo € J: that (M;»()’T) 7 is a maximal Levi subgroup of
(M;U) 7, and that M;O’T contains a central anisotropic torus.

Since M; , is absolutely almost simple, the former statement follows by applying Lemma 4.21(i) over a finite
extension of F. To prove the latter statement, first note that T does not centralize (the absolutely almost
simple group) M), and hence neither does the image of T in Maq = [] ; (M})aa. This image is an anisotropic
torus, since the maximal split subtorus of T is 7Y (G,,) C Zy. Hence there exists a nontrivial anisotropic
torus in (M) )aq, and hence in M , that centralizes M, r, giving the second claim. Thus, we are done when

G is not of type Dj.

Let us now assume that we are in the Dy-case (and G is still absolutely almost simple and simply connected).
We write Mg, =[] jed M; as a product of almost simple groups (which may not be absolutely almost simple).
For each j € J, it is easy to see that one can write M; = Resk,/r H;, where for each j € J, K;/F is a finite
extension in F', and the group H; over K is an inner form of SLy — for some more details, see Notation
10.1(iv) below. Then _,[K; : F| = 3. Let T € T be non-split, and split over a quadratic extension E/F
in F.

It is immediate that for each j € J, the centralizer M;T of T in M;-, being a proper twisted Levi subgroup
of M;-, is a maximal torus of M; The centralizer Mgc, v of T in M. equals Mg "M as well as [] y M;T
T := TNMger = TNM;, is isomorphic to the norm one torus associated to E/F.

First consider the case where I # K; for each j. In this case, we claim that for each j € J, M;)T is
obtained (up to isomorphism) by applying Resg,,/r to the norm one torus associated to EK;/K;. To see
this, note that we can (by Remark 4.20(iii)) write M ¢ = Resg,/p T, for some maximal torus T C Hj.
The fact that the map T" < Mg, — M; = Resk,/r H;», is nontrivial (because M;,T C M;) and has image in
M;’T = Resg, /r T;, together with the universal property of Resk,,p (Remark 4.20(ii)), implies that there
is a nontrivial map (T')K]. — T;-, forcing T;- to be the norm one torus associated to EK;/Kj.

Thus, the claim follows, and we have proved that M;-yT is obtained by applying Resk,/r to the norm one
torus associated to EK;/K;. But this forces each M 1 to be anisotropic (e.g., because M 1(F) is compact).
Hence Mg 1 =] j M}T is anisotropic, forcing the inclusion Ay C Ay, to be an equality.

Thus, it suffices to consider the case where there exists j € J such that £ = K;. Then we may write
J=1{1,2},K; = F and K> = E. In this case, the quasi-split inner form of G is non-split and split over E
— note in particular that we are done in all the cases except in the ones where the quasi-split inner form of
G is split over a quadratic extension E/F, and T too is split over that extension.

If G is not quasi-split, then it follows from the tables for 2D,, in [61] that M. is anisotropic, so that no split
torus in M can be larger than Ay, forcing Ay, = Awm.
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Now we are done in all cases except that of D, that is quasi-split and non-split over the same quadratic
extension E = K of F that splits T, and all we need to show is that T ¢ 7%, It is easy to see that the
only maximal tori of M, = Resg /F SLz that contain nontrivial subtori that split over E are its maximally
split maximal tori. Since the one-dimensional torus T/ = TNMger = TNM,. splits over E and has a
nontrivial projection to My = Resg/rSLy (as M5 # Mj), it follows that the maximal torus Mjp of
M5 = Resg /F SLa, which contains this projection, is a maximally split maximal torus of Resg,p SLa. This
forces Mge, 1 = Mgc MMt to contain a nontrivial split torus, so T € Tt \TO’+, as required. O

Lemma 9.11. Let T € TF. Then T+ is the set of all tori T' C M such that Ty and T’z are M(F)-conjugate.

Proof. This is in fact part of the discussion in Notation 4.5. O

9.2 Preliminary simplifications involving the residue

Recall from Notation 9.7(i) that we have fixed an extension 7 of 7 to a representation of M(F). In this
subsection we write R(7) as a sum of terms R(®)(7) and R*)(7), where the E and the element * belong to
a set & defined in Notation 9.14(ii) below, that turns out at least in some cases (and will turn out, we hope,
in most if not all cases) to index endoscopic data that contribute to the residue.

Notation 9.12. Henceforth, let w be the restriction of the central character of 7w to v¥(F*). It will also
be thought of as a character on F'* via vV. However, we will sometimes refer to w also as a character of
M(F), in which case the reference will instead be to w o x : M(F') — C* — this conflict in notation should
not cause confusion. Thus, 7 (wy ') defines an isomorphism 7 = moe =7 ®w ™! (use the description of ¢ in
Lemma 3.10(i)). Comparing the central characters of 7 and 7 ® w™!, we see that w = w™!, i.e., w? = [px.

Remark 9.13. Henceforth we will frequently use that, if T € 7T is split (resp., non-split but split over a
quadratic extension E/F), then the T(F)-conjugacy class of any i € T(F) = T(F)wg ! is given by vV (F*)i
(resp., v (Ng,r(E*))t). On the other hand, the set of elements of T(F) that are T(F)-conjugate to £ is given
by 7V (F*)t (whether or not T is split). Both these assertions can be easily verified using an identification
of T(F) with F* x F* or with E* as in Notation 4.10.

Notation 9.14. (i) Henceforth, for any quadratic extension L/K of finite extensions of F', we write
sgny, i for the unique character K* — K* /Ny, /i (L*) = {+1} — C*.

(ii) Let, using {*} to denote some fixed singleton set:

& ={E | E/F is a quadratic extension in F such that there exists T € T split over E but not F}U{*},

and let

& = {E | E/F is a quadratic extension in F' such that there exists T € 7% split over E but not F}U{x}.

(iii) Given E € £\ {*}, so that E/F is a quadratic extension, let T,/ C 7+ denote the set of T € 7+ such
that T is split over E but not over F, and let T = T NT. Thus, Tz is a set of representatives for
the M(F)-conjugacy classes in 7, . Note that the set of non-split tori in 7+ is the union of the 7, as
E runs over € \ {*}. It follows from Lemma 9.9 that the set of non-split tori in 7%% is the union of
the T,/ as F runs over & \ {*}. Similar comments apply to 7 and T°.

1v) Let € e a quadratic extension o , and let € . Fix ag € E/F and deline
iv) Let E € €D drati i f F dlet T 7'E+ Fi F> Ngy E* d defi
S Teo(F) = T(F) by A ~Y(ag) - S(N).
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(v) For E € & a quadratic extension of F, set

R () = 77*(0’};”/’)_1 Cd(m)~1 b (), (112)

where () (7) = Y oreT, (#WT)_lb%E)(ﬁ), with b(TE) (), for any T € T,f, given by:

vol(T. (F))

E), ~
b (7) = Ty
sV

[ DB (wlE0) - wlE ) dr
Te,sr (F)

This expression does not depend on the choice of ag: replacing ag with a different choice multiplies
S’(X) by an element of vV (Ng,p(E*)), and hence, by Remark 9.13, replaces it with a T(F')-conjugate.

(vi) Set:

1) = LI )40,

where b0 (7) = Y 1o 70 (#WT)_lb(;)(ﬁ'), with bg)(ﬁ'), for any T € 7%, equal to:

LD [y DS (CO(S(A)) + CO(S”(/\))> d\, if Te 77 with B € &\ {+} (so T € TOF is not split),

41—‘0,1\/{%l
0, if we are in a classical case and T is split, and

3vol(T_(O & & . . . . .
2vol((Ayy,, /(KI;()(Q))TO,MET Jr. ) D(S(A\)Y2¢o(S(N\))dA, if we are in an exceptional case and T is split.

As in (v), this expression does not depend on the choice of ag.

Remark 9.15. In the definition of b(qf)(fr) in Notation 9.14(vi), when T € T%7 is split and we are in an
exceptional case, so that Mp C M is a maximal Levi subgroup, given our convention from Notation 9.7(ii)
of using measures on the one dimensional tori T.(F') and (Ay,_/Ag)(F) as in Notation 5.22(ii), we have
vol(T_(9)) = vol(Ag /Ag) (D), so that the expression 3vol(T_ (D)) - (2vol((Ay, /Ag)(O)) - Toms) ™!
simplifies, and equals 3 - (2F0,Mgf)’1.

Proposition 9.16. Recall that w is viewed as a character of F* wvia v, and that w? = 1.
(i) R(T) = > 4ce, R@)(7) = (X pRE(7)) + RM(7), where in the last sum above E ranges over the
quadratic extensions of F in &.

(ii) If w is nontrivial, so that w = sgng,p for a unique quadratic extension E/F in F, then R1)(7) =0
for all e € &\ {E}. Hence R(7) = RE)(7) if E € &, and R(7) =0 if E & &.

(i4) If w is trivial, then RUP)(7) = 0 for all quadratic extensions E/F inside &. Hence R(7) = R™ (7).
Proof. (i) is easy to see from the second equality of Lemma 9.8, the fact (discussed in Notation 9.14(iii))
that:

TO={TeT’|Tsplityu || Tz,

Ee&o\{+}
and the fact that co(S())) is the sum of (co(S(N)) + co(S(N)))/2 and (co(S(N)) — co(S'(N)))/2.

The second assertion of (ii) follows from the first assertion and (i). The first assertion of (ii) follows if we
show the following two statements, assuming w = sgnp/p:

(a) co vanishes on T, (F) if T € 7%+ \ 7T,; and

(b) co(S(N) 4+ co(S'(N) =0if T € T and A € T. o (F).

126



For both of these statements, we will use that, for any T € 7°, any a & Ng/p(E*) and any te Tsr(F):
—co(t) = sgng,p(a)eo(t) = w(a)eo(t) = co(v" (a)i). (113)

Now to see (a), we can apply (113) with any a ¢ Ng,p(E>) such that vV (a)t and t are conjugate — using
Remark 9.13, this conjugacy is automatic if T is split, and is satisfied for a € NE//F(E’X) \ Ng,p(EX) if
T € T for some quadratic extension £’ # E in &. To see (b), apply (113) with a = ap € F* \ Ng/p(E™)
and £ = S()\).

As for (iii), again, the second assertion follows from the first assertion and (i). This time, in place of (113)
we get co(vY (a)t) = ¢o(f) for each a € F* and € Ty (F), which implies that for each quadratic extension
E/F inside & and each A € T. . (F), the expression ¢o(S(\)) — ¢o(S’()\)) vanishes. This gives the first
assertion of (iii), and hence finishes the proof of the lemma. O

Notation 9.17. (i) For T € T+, write T, for T /vY(G,,). The kernel of the map T — T. given by
t — t~le(t1) is easily verified to be 7V (G,,), and hence this map gives us an isomorphism T, — T.,
using which transfer the measure on T¢(F') to T, (F) — thus, the measure on T, (F') is as in Notation
5.22(ii). Write T, o (F) for the preimage of T¢(F) in T.(F). It follows from Remark 5.4(ii) that
the map T — T, sending twa1 to the image of ¢ in T, (F') identifies T, with the quotient of T by
T-conjugation (denoted T// T in Remark 5.4(ii)). The same remark also gives that the inverse to the
isomorphism T, — T, takes A\ € T. . (F) to the image of S(\) under T — T,. Combining this with
(ii) and (iv) of Notation 4.16, we see that T, . (F) is also the image of Ty (F) under T(F) — T.(F).

(ii) Let T € 7. It follows from the definition of D : T(F) — C* (see Notation 5.5(iii)), and the fact that
7Y (G,,) centralizes M, that D|4 factors through the map T(F) — T.(F') from (i) above. This lets us
define D(t) for t € T(F) as well as ¢t € T.(F).

(iii) Suppose T € T+ is non-split, and split over a quadratic extension E/F. Recall that for each Z =
Zg, + Zs, € n1o(F) Nep(F), with Zs, € gg,,(F) for i = 1,2, we defined 771 in Notation 5.1(iii),
by requiring that [Zg,, Zs,| = 72 17X,. We have 7z 7 € E. Any other element of n; o(F) N cp(F) is
of the form aZg, + aZs, where a € E* and a is the Gal(E/F')-conjugate of a; and replacing Z with
aZg, + aZg, replaces 7z 1 with Ng,p(a) - 7z 1. Thus, we have an element 70 € E* /Ng,p(£*) (the
image of 7z 1), which does not depend on Z but does depend on the labeling of {871, 81,2} (changing
which replaces 7p by —7r). Note that og(7r) = —7r, where o is the nontrivial element of Gal(E/F').

(iv) For T € T+ and i € Ty, (F), write:

A (f) = 1, if # is T(F)-conjugate to S(\) for some X € T & (F), and
B —1, otherwise.

Remark 9.18. Let T € 7+ be non-split (so that S’ is defined), and let Ty, (F)// T(F) be the quotient of
the topological space Ty, (F) for the conjugation action of T(F). The map T (F) — Teq(F) defined by
twg * > t~1e(t)~! (which is well-defined by definition; see (ii) and (iv) of Notation 4.16) quotients to a map
Ter(F)// T(F) — Teo(F). Tt is easy to see using Remark 9.13, and the fact that vV (G,,) is the kernel of
the map ¢ — te(t) on T, that this latter map is two-to-one. Using Remark 5.4(ii) as well, we see that it
has disjoint continuous sections given by S and S’. It is now easy to see that Ap(S’(\)) = —1, whereas

A7 (S(A)) =1, for each A € T, & (F'). The notation Ay is meant to suggest a connection to transfer factors.
Lemma 9.19. Let E/F be a quadratic extension in £, let T € Tg, and let og denote the nontrivial
element of Gal(E/F). Identify T with Resg,/p(G,,) as in Notation 4.10, so that the resulting identification
E* =T(F) takes a € E* to BY.,(a)BY 4(0p(a)). Ift = twy ' € To(F) and t is thought of as an element of
E* with this identification, with t :== og(t), then:
- t—1t
Ar(t) = SgNp ) p <) .

—TT
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Proof. TIf T equals S(\) for some A € T, o (F), then Ar(f) = 1 by definition, while it follows from Remark
5.4(i) that (¢t — #)/(—7r) equals 1 as well. By Remark 9.13, ¢ = t'wy' € Tq(F) is T(F)-conjugate to
t = twy " if and only if ¢’ € Ng/p(E*)t C EX = T(F). From this, the lemma follows in the case where
Ar(t) = 1.

By Remark 9.18, if 7 is not conjugate to any S()), then # is conjugate to S'(A) = v (ag)S(\) for some

A € T.u(F), where we recall (Notation 9.14(iv)) that ag € F* \ Ng/p(E*). Thus, Ap(f) = —1 by
definition, while, arguing as in the previous paragraph, we get (t —t)/(—7r) € Ng,p(E*) - ag, so that
sgng, p((t —1)/(=7r)) = sgng,p(ar) = —1 as well. Hence the lemma follows. O

Remark 9.20. Assume the notation of Lemma 9.19 above. Recall that the definition of S()\) depends on
the choice of Zt € ¢r(F) Nny o(F) made in Notation 6.4(i), as well as on the labeling of {81 1, fr2}. Hence
the definition of At a priori depends on these choices. Since 7t is a well-defined element of F'* /Ny, p(E*),
Lemma 9.19 shows that At is independent of the choice of Z. Lemma 9.19 also shows that, as a function on
TST(F), Ar is also independent of the labeling {fr,1, 81,2} — this is easy to check using the fact that switching
the labeling replaces the identification T(F) = E* by its composite with ¢ — og(¢), thus exchanging ¢ and
t, and also replaces 7p with —7p (alternatively, note that this switching replaces S(\) with S(A~1), and that
A+ A1 induces a bijection of T, & (F) with itself).

Lemma 9.21. Suppose w = S/ p for a quadratic extension E/F contained in &y, and let T € Tbj'. Then

vol(T.(F))

bSFE)(ﬁ') = T
»Mip

/ DY Ar(Deo () dt,
Ty s (F)

where part of the assertion being made is that t — D(1)2Aq(£)eo(t) factors through the map Te(F) —
T, «(F) of Notation 9.17(i), and can thus be used to denote also the resulting function on T, 4 (F).

Proof. Since w = sgng,p and T € T, it is easy to see that co(S(\)) = —co(S'(N)) for all A € T. o (F).
Hence b(TE)(fT) (see Notation 9.14(v) for its definition) equals:

vol(T. (F))
4-Toms

vol(T. (F))
2-Toms

[, PEOD (oS00 oS ar = AR CEEEEES

(114)

We saw in Notation 9.17(ii) that t — D(f)'/? factors through the map T(F) — T,(F). For each a € F*
and t € T, (F), we have At(vY(a)t) = sgnE/F(a)AT(f) (use Lemma 9.19) and co (7Y (a)t) = Sghp/p (a)co(t)
(since w = sgng,p). Therefore, the product t = Ar(f)co(f) factors through Te (F) — Tao(F) as well.
Thus, the integral on the right-hand side of the claimed equality is well-defined.
Hence by the description of the inverse to the isomorphism T, — T, in Notation 9.17(i), and the fact that
it preserves measures at the level of F-points by definition, the right-hand side can be written as:

vol(T_(F ~ - -

D) [ D30 2anE S () i

2-Toms Jrow(m)

which equals the right-hand side of (114) since Ap(S(A)) =1 (see Remark 9.18). O

Lemma 9.22. Suppose that w is trivial, and let T € T%F. Then:

vol(T_(F))

o5 fT*,sr(F) D()Y2¢y(t) dt, if T is not split,
T

bgfk)(fr) =<0, if we are in a classical case and T is split, and ,
3vol(T(9))
QVOI((AMT /Al\“/l)(D))'Fo,lvEF

fT*,sr(F) D()Y2¢co(t) dt, if we are in an exceptional case and T is split

where the integrals are interpreted as in Lemma 9.21 above.
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Proof. This has a proof that is somewhat similar to that of Lemma 9.21, and in fact slightly easier. O

We will not use the following lemma, but it gives us a good way of thinking about At (and hopefully,
suggests some interesting properties satisfied by transfer factors).

Lemma 9.23. Fiz T € T+. Forte Tsr(F), the following are equivalent:

(i) t lies in the image of m(n)(F)).

(ii) Ar(t) =1, i.e., t is T(F)-conjugate to S()\), for some X € T. o (F).

Proof. (ii) implies (i) by the equivariance of m for T(F) c M(F) and the fact that, S()), by definition
(Notation 5.1(ii)), lies in the image of m(ny(F)). So let us assume (i) and prove (ii). If T is split, (ii)
is automatic: one can compute using Remark 5.4(i) and the fact that Intwy' o By, = (BY,)~" that
ﬁ{l(a)ﬁ‘%g(ax\)wal is obtained by conjugating S(\) = Sz, (\) by B¥71(7'Z_T1,Ta()\ —1)) e T(F).

Therefore, assume that T is non-split but split over a quadratic extension E/F. Suppose { = m(X) with
X € ngy(F). By Lemma 4.19(i), there exists Ty € 7 such that X € ¢ (F), which gives teTy(Fwy'. In
other words, f = twy ! with t € Ty, (F)NT;(F), which by Corollary 3.61 forces T = Ty, so that X € op o (F).

By Lemma 5.3(ii) and the T-equivariance of m|.; =~ (Remark 5.4(iv)), we can write £ =TInt(S(\)) for some
t € T(F) and A € T. o (F). There exists t € T(F) such that the image of ¢t in T(F') belongs to T _(F)t (use
the fact that the composite map of (37) is an isomorphism). Then Int ¢(S()\)) = ¢, giving (ii), as desired. [

9.3 The choice of wy

For this subsection, we assume that G is quasi-split. The wg that we have chosen is different from what
Arthur has described in [3], namely, the element w, in Notation 9.24 below (see Remark 2.14 for why we
work with a pinning whose underlying Borel pair, rather than its opposite as in [3], is contained in P).

Notation 9.24. (i) Assume (for this subsection) that G is quasi-split. Fix a Gal(F/F)-invariant pinning
(B*, T*,{X4}a) of G with B* C P and T* C M. For now the pinning is arbitrary, but we will impose
a constraint on it in (vii) below.

(ii) For this subsection, use the pinning defined in (i) to realize 8 and 7. Note that these are defined over
F, the latter being the character with which T* acts on ny(F), and the former being the unique simple
root characterized by (v, 8Y) = 1.

(iii) For any root «, we will denote by 1w, the reflection associated to «, an element of the Weyl group of
T* in G (by which we mean the Weyl group of T% in Gg).

(iv) For each simple root a, recalling that we have X, from (i), let X_, € g_, be the unique element such
that there is an slo-triple of the form (X_,, Hy, X, ), and let:

w, = exp(Xa)exp(—X_q) exp(Xa). (115)

(v) For each element w of the Weyl group of T* in G, let w be the representative for w associated to the
pinning fixed in (i) above, as described shortly before Lemma 2.1.A in [36]: in other words, writing
W= Wy, ... Wa, for areduced decomposition for w as a product of reflections associated to the simple
roots of T* in B*, we have w := Wey - W, - Then w is known to be independent of the choice of the
reduced decomposition, and this also shows that w € G(F').
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(vi) We define two elements wy, g in the Weyl group of T* in G as follows (and thus, w; and w, will denote
their representatives as in (v) above). wy is the element in this Weyl group represented by wgy (which
normalizes T*). To define 11, first note that, as in Notation 3.18(iv), and using Lemma 3.19, we have
a standard Levi subgroup M3 = P7 NP5 of M (and hence of G), with P} and P} opposite parabolic
subgroups of M; M} is the centralizer of either of 8 or (7 — )Y in M. We define w; to be the product
of the long Weyl elements of M} and M (in that order) with respect to T* and the positive system
determined by B*. Since (any representative for) the long Weyl element of M exchanges the space gg
of lowest weight vectors in the irreducible representation n, of M with the space g,_g of highest weight
vectors of that representation, and since M} normalizes gg and g,_g, it follows that w; exchanges (
and v — 3, and hence also preserves the set of roots of T* in M.

In other words, M} C M is a self-associate parabolic subgroup, and it is easy to see that iy preserves
the set of simple roots of M and takes the positive roots of T* in M outside M to negative roots.

(vii) Recall that the representative wy was fixed in Remark 3.8 (specifically, (29)) using the choice of
some X, € ng(F). We will assume without loss of generality that X, is related to the pinning
of (i) as follows. Suppose Xz € gg(F') is part of the datum associated to the pinning. Consider
Xy—p = Adw,;(X3) € g,—p, where w; is the representative for w; as in (v) above, which as we saw
exchanges § and v — 5. We then assume that X, = [Xg, X,,_g]. (We can make this assumption, e.g.,
by renormalizing X, so as to satisfy this condition). Note that X, will then also automatically satisfy
the condition “Y, € DEXW” of Notation 5.22 for this pinning.

1

Lemma 9.25. (i) wy = wo-7"(—1) (which equals wy " as w3 = vV (—1)), unless we are in the case of By,

with n even or D,, with n odd.

(ii) In the case of B, with n even or D, with n odd, we have w, = wq - oy (—1), where, in the simple
factor of Gg. containing N, oy is the simple root as in the labeling in the plates of [11]: it satisfies that
(a1, BY) = —1 and that {(a1,a") = 0 for every simple root o # 1, B (and is characterized by these two
properties).

Proof. Without loss of generality, we assume that G is absolutely almost simple and simply connected.
Though v — 8 and 7 are not simple roots, the choices of X,_3 and X, (see Notation 9.24(vii)) let us choose
representatives ny_ 5 and ny for the reflections associated to them, using the prescription of (115) above.
Then, by definition, w’, = wo.

The fact that [Xg, X, 3] = X, gives, by an SLg-computation, that yﬁy’w_ﬁggl = w!, = wy. Since

s
Xy—p=Adw,(Xp), we get:
wo = waw wawy wy' (116)

Writing ¢ for Weyl group element lengths in this proof alone, and using the equality dimn; = dimm —
dim m} 4 2 recorded in Remark 3.26, we get:

l(ig) = dimn = dimny + dimny = (dimm — dimm} + 2) + 1 = 2£(un ) + 3, (117)

where, to get £(w1) = (dimm — dimm})/2, we used that 1, takes the positive roots in M} and N to positive
roots, and positive roots in M outside M} to negative roots.

By (116) and (117), and the fact that (ig)? = (11)? = 1 (use that W} takes all positive roots to positive
roots), we get that wgwqwgwiwg is a reduced decomposition for wy. Therefore:

Wy = WaW WeWWg. (118)
By (116) and (118), we have w; "w, = wgwiwg, and it suffices to show that wswiwgs equals 4¥(—1) (resp.,

ay (—1)) if we are in the situation of (i) (resp., (ii)) of the lemma. We claim that lefyv(—l)wgl =+V(-1)
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(resp., wgla}/(—l)wgl = oy (—1)) in the situation of (i) (resp., (ii)). Since ng = BY(—1), this follows from
seeing that wg(yY) + Y =~V (resp., wg(ay)+ BY = af +28Y), which is easy using that (8,7") =1 (resp.,
(B,ay) = —1). This proves the claim, so we are reduced to showing that w? equals ¥ (—1) in the situation
of (i) and «)(—1) in the situation of (ii).

By a standard property of the representatives w (see, e.g., [36, Lemma 2.1.A]) and the fact that (w)? =1
(seen above), we have: w? = [], @Y (—1), where the  runs over positive roots that are taken by w; to
negative roots. In other words, w? = A\(—1), where in this proof alone we write A for the sum of the coroots
associated to the positive roots of T* in M outside M}. Thus, we need to show that A\(—1) equals vV (—1)
(resp., ay (—1)) if we are not (resp., if we are) in the case of B,, with n even or D,, with n odd.

For this proof alone, write Ay for the sum of the positive coroots associated to the roots of T* in M, and
Am: for the analogous cocharacter associated to M7. Thus, A = Ayt — Ans.

First assume that we are in the Go, Fy, Eg, E7 or Eg case. In these cases, there is a unique simple root «q
in M connected to 3, and (M})z C My is a maximal standard Levi subgroup, the unique one which does
not have g as a root. Therefore, the subgroup of the coroot lattice for T* in M consisting of elements that
belong to the kernel of each of the roots of T* in MY, has rank one. It is easy to see that vV — 23" belongs
to this subgroup (since it belongs to the coroot lattice for T* in M, and M} centralizes 8V). In fact, so does
A=A — )\M;: use that the sum of all positive coroots is also twice the sum of the fundamental coweights.
Thus, A is some rational multiple of v — 28, since (ag,7Y —28Y) =0—-2-(=1) =2 #0.

To finish the proof in the cases currently being considered, i.e., to show that A(—1) equals vV (—1), it is
enough to show that X is an odd integer multiple of v — 28", which in turn follows if we show that:

(dimM —dimM})/2 - (yV —28Y), if we are in the Go-case,
A=< (dimM—dimM%)/4- (yV —28Y), if we are in the Fy-case, and ,
(dimM —dimM})/6 - (v¥ —28Y), if we are in the Eg, E;7 or Eg cases,

since (dim M — dim M})/2 equals 1,6,9,15 and 27 in the Ga, Fy, Fg, E7 and Fg cases.

This in turn follows from the following two facts:

e The coefficient of o in v — 28Y equals 3 in the Fy, Fg, E7 and Eg cases, while it equals 1 in the
Go-case (g has coefficient 3 in v, and in the Fy, Fg, E7 and Eg cases, it is a long root like 8 and «v);

e The coefficient of oy in A equals (dim M — dim M%)/2 (resp., 3(dim M — dim M})/4) in the Go, Es, E7
and Fg cases (resp., the Fy-case). This is because in all the cases other than the Fjy-case, the roots in
M all have the same length, so that the coefficient of agf in A equals the number of positive coroots for
M with a nonzero ag-coefficient (since this coefficient is then necessarily 1), i.e., (dim M — dim M%) /2,
while in the Fj-case one checks using the plates of [11] or a computation in the root system of Spg
that, in the notation of the roots for Fy from [11, Plate VIII], A equals

(bay + 8ay +9ay) — 2(af + ) = 3y + 6y + 9oy,
with our g being the as of the above expression.

Now we come to the B,(n > 3) and D,(n > 4) cases. Number the roots of G as in the plates of [11]
(so ag = (). In the Bs-case (resp., the Dy-case), it is easy to see that A\ = o + ay = vV — 28V (resp.,
A=af +ay +ay =+ —28Y), 50 \(—=1) = vY(—1) and the lemma follows. So assume that we are in a
B,,-case with n > 3 or a D,-case with n > 4. One labels the roots in the simple factor of G4, containing N
as in the plates of [11], and also represents them using an orthonormal basis e1, ..., e, in a Euclidean space
as in that reference. This lets us represent the coroots using the dual basis ey, ...,eY. One then checks by

explicit computation that A equals e —ey +(2n—4)ey in the B,-case and e} —ey 4 (2n—6)ey in the D,,-case
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(where one recalls that, in the B,,-case, the root corresponding to es is short, so the coroot corresponding to
it is 2ey). Since o, Y and 7Y equal e — ey, ey — ey and ey + ey, respectively, it is now easy to check that
A equals (3 —n)ay + (n —2)(yY —28Y) in the B,-case and (4 — n)ay + (n — 3)(v¥ — 28Y) in the D, -case.
Hence A(—1) equals vV (—1) if we are in the By-case with n odd or the D,-case with n even, and oy (—1) if
we are in the B,,-case with n even or the D,-case with n odd, so the lemma follows. O

9.4 Some computations for later use

Lemma 9.26. Let M — M; be a surjective homomorphism of algebraic groups, whose kernel is central in
M. Let T € T° (where T° was defined in Notation 9.1(i)) be non-split, and split over a quadratic extension
E/F. Let nt be the number of elements of T whose images in My are My (F)-conjugate to that of T. Let
Nu, 7y (T) and Nyi(py(T) denote the normalizers of T in M(F) and M1 (F), respectively, and let My T denote
the image of My in My (thus, My 1 is the centralizer of T in My ). Let M(F') denote the image of M(F') in
M;(F). Then:

nr #(My(F)/(My,r(F)M(F)))

#Wr  # (N, () (T)/ My, (F))

Proof. The set of elements of T+ whose images in My are M;(F)-conjugate to that of T, is a torsor
under My (F)/(Nu,ry(T)), and hence the set of elements in 7" with the same property is in bijection
with the set of M(F)-orbits in My (F)/(Ny, (r)(T)), ie., with My(F)/(Ny, () (T)M(F)). Thus, ny =
#(M1(F)/ (N, () (T)M(F))).

It is easy to see that obvious maps give an exact sequence of abelian groups:

0 = Wr = Ny(ry(T)/ Mp(F) = Ny, (7)(T)/ My (F) = My (F) /My p(F)M(F) = My (F)/(Ny, (7) (T)M(F)) — 0.

From this, the equality follows. O

Proposition 9.27. Suppose G is of adjoint type. Then M(F) — Maq(F') is surjective.

Proof. This follows from the fact that, by Lemma 6.8(i), the kernel Zy; of M — M,q equals vV (G,,), and
hence, being a split torus, has trivial Galois cohomology. O

Lemma 9.28. Let E, K be finite extensions of F in F, with E/F quadratic, such that E ¢ K. Let T"
be the norm one torus over F associated to E/F, and let T' be any one dimensional torus over K. Then
Resg/r T’ contains a copy of T if and only if T' is the norm one torus associated to the quadratic extension
EK/K. Moreover, when T’ is the norm one torus associated to EK/K, the maximal E-split F-subtorus of
Resk/r T is one dimensional (and hence isomorphic to T" ).

Proof. The first assertion follows from the universal property of Resg,p (see Remark 4.20(ii)), and the fact
that (T")x is the norm one torus associated to EK/K.

To prove the second assertion, let us take T’ to be the norm one torus associated to EK/K, and show
that the maximal E-split subtorus of Resg/p T’ is of rank at most one, which follows if we show that
the maximal split subtorus of (Resg/r T')p is of rank at most one. This in turn follows if we show that
(Resg/r T g = Respk/E (T4 ), for the latter is isomorphic to Respk/E G, whose maximal split subtorus
is of rank one. But this is because (Resk,/p T')p takes an E-algebra R to T'(K ®p R) = T"(K ®F R) =
T'(K ®r E) ®g R) = T"(EK ®g R), functorially. O

Remark 9.29. For F, K as in Lemma 9.28, it is also easy to see that the maximal E-split subtorus of
Respk/r Gy equals the copy of Resg,r Gy, naturally embedded in it: indeed, the maximal split torus in
(Resgr/r Gm)e = Resgpk /g G X Respk /g Gy, has rank two.
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10 Examples — the cases of Gy and D, with nontrivial w, and the
case of B; with trivial w

In this section we specialize to the situation where we are in a Go, Bs or D4 case. If we are in the Gs-case or
the Dy-case and w is nontrivial, or if we are in the Bs-case and w is trivial, we will describe R(7) in terms
of Artin L and e-factors, recovering existing results that follow either from Shahidi’s work or by combining
Shahidi’s work with some additional arguments and computations (e.g., as in [29], [39]). In the remaining
cases — i.e., when we are in the Ga-case or the Dy-case with w trivial or in the Bs-case with w nontrivial—
we will use such results instead of recovering them, and show that they yield character theoretic formulas
for certain ~y-values.

For most of this section, we will assume that G is absolutely almost simple and simply connected: this will
turn out to be enough, thanks to Propositions 2.15.

10.1 Some structure theory when we are in a GGy, B3 or D, case

Notation 10.1. From now on, until Subsection 10.7, we assume that G is absolutely almost simple and
simply connected of type Go, B3 or Dj.

Notation 10.2. (i) Let M’ be the Levi subgroup of Gaq corresponding to M. Accordingly, we have a
twisted space 1\~/Ih with underlying group M (obtained by replacing G with G,q4 in the definition of 1\7[),
and a map M — Mh obtained by restricting G — G,q. We then have an analogue th : M* = G,, of
X~, whose composite with M — MF equals x~.

(ii) We will often denote the roots of Gz as {aq,...,a,} according to the labeling in the plates of [11].
Thus, n equals 2 in the Gs-case, 3 in the Bs-case and 4 in the Dy-case. In each case, as equals 8 and
7Y equals the sum of 23" and the o with ¢ # 2. ~ itself equals 3a; + 28 in the Ga-case, a1 +28+2a3
in the Bs-case, and a7 + 23 + a3 + a4 in the Dy4-case, and in each case

iii) It is easy to see that the Dynkin diagram for (M. ) 7 consists of the nodes corresponding to {ay, ..., an,
F
{az}, with no node joined to any other. Therefore, M, ¢ is a product of copies of SL, £, these copies
being in bijection with {ay,...,an} \ {8}, and their number being equal to the rank of M, #.

(iv) We will now introduce the objects J, K, M;-, H; from Lemma 4.21, giving a decomposition

M. = HM; = H ResKj/F H; (]_]_9)
jeJ jeJ

of M. into F-simple groups, slightly more concretely. Let I = {1,...,n}\ {2}. We have a bijection
i+ a; from I to {aq,...,a,} \ {B}, using which we give I a Gal(F/F)-action. For i € I, let K; C F
be the fixed field of the stabilizer of ;. It is easy to see that there is a unique subgroup (M}, )z of Mz
that and contains, for any choice of Borel pair, the root subgroup corresponding to the root «;, and is
isomorphic to SL, 7 (use that G is simply connected). This group descends to an inner form My, of
SLy /K;. Let J be the set of Gal(F/F)-orbits in I. For each j € J, let I; C I denote the corresponding
orbit, make a choice of i(j) € I, and set K; = K;(;), H; = M;im and M := Resg, /r Hj. We may and
shall make the identification (M})% = Hielj (M,,,)7- Then the decomposition (119) is easy to verify.
Note that [K; : F] € {1,2,3} for each j € J, and that }_,[K; : F] equals the rank of M, p.

(v) For this point (i.e., Notation 10.2(v)), assume that G is quasi-split. We fix a Gal(F/F)-invariant
pinning of G whose underlying (F-rational) Borel pair is contained in (P, M). Further, in this (quasi-
split) case, we will assume that X, (and hence also wy) is related to the pinning as in Notation 9.24(vii),
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and that various identifications fixed in (iv) are determined in the following manner by the fixed
pinning. Use the fixed pinning to concretely realize o, ..., a, from (ii). For each ¢ € I, the pinning
determines an isomorphism SL, 7 — (M, ), that descends to an isomorphism SLy x, — M, (since
the pinning is Gal(F'/F)-invariant). In particular, for j € J, we get an identification SLy /K; — H},
and hence also an identification Resy,,r SLo — Resg, /r H; = M; On the other hand, again using
that the chosen pinning is Gal(F/F)-invariant, the base-change of this isomorphism Resg /r SLy —
M; = Resk,/r H; to I identifies with the product of the above isomorphisms SLy p — M; over
i € I;. Taking product over j of the isomorphisms Resg,/r SLa — M; = Resk,/r H;-, we therefore
get identifications [ ;Resk,/rSLy = 11 j M; = Mg.. This ends the description of our prescriptions for
various objects and maps figuring in (iv) above, in this (quasi-split) case.

(vi) Suppose j € J. Since H; is an inner form of SLy /K, we can choose a central simple algebra A; over K
of dimension 4 and an identification of H; with the absolutely almost simple algebraic group over K;
associated to the norm-one elements of A;. Let H; be the algebraic group associated to the invertible
elements of the central simple algebra A; from (iv) above, and set M; = Res i;/F Hj. Moreover, let
X; : Hj = G,,, be the reduced norm (or determinant) map over Kj, so that H; = H; ger is the kernel

of Xj-

(vii) In the situation of (vi), if G is quasi-split, impose the additional assumption, as we may by (v) above,
that the central simple algebra A; of (vi) equals matrix algebra My (K;). This gives us identifications
H; =GLy /K; and M; = Resg,;/r Hj = Resg,; /r GLa, which we shall use as well.

(viii) Let M® denote [[;.; M; = [];.; Resg,/r H;. Once we prove Lemma 10.4, which gives a realization of
M as a particular subgroup of M®, we will use that realization to view M as a subgroup of M®. Thus,
if G is quasi-split, then we have an identification M® = [ j Resg, /r GLa.

(ix) It is easy to check that for each T € 71, My is a maximal torus in M: this follows from Lemma 3.19
and the fact that (o, 8Y) # 0 for each simple root o # 8 in each of our cases (G2, B3 and Dy). It
follows from Lemma 3.65 that for each T € T+, each t € Tsr(F ) is strongly regular semisimple, so that
co(t) is now simply Oz (%), where in this section we write O for the Harish-Chandra character of 7;
similar notation will be used to denote other (possibly twisted) Harish-Chandra characters. We will
use these facts often without further mention in what follows.

Remark 10.3. In the Gs-case, J is a singleton; the unique element j € J, corresponding to the root aq,
satisfies that K; = F,H; = M} = SLy /F and H; = M; = GLy /F. In the Bs-case, we have #J = 2,
J identifies with {1, a3} (each of whose elements is a singleton Gal(F'/F)-orbit), and K; = F for each
j € J. Suppose we write J = {1,2} with 1 corresponding to «; and 2 corresponding to a3. Then we have
H| =M] 2 SL, /F and H; = M; = GLy /F, while Hj and Hy are inner forms of H} and Hj, respectively.

Lemma 10.4. There is a unique isomorphism of algebraic groups
{(mj) € M°® | 3a € G,, such that for all j € J, (ResKj/F x;)(m;)=a€G, C Resk,/r Gm} — M, (120)

whose restriction to each Resg; /r H; (which is clearly a subgroup of the source of (120)) is the identification
Resg,/r H; — M; fized in Notation 10.2(iv), and whose restriction to the diagonally embedded G, inside
the standard central subgroup Hj Resg,;/r Gm C Hj Resg,/r Hj equals V.

Proof. For this proof, denote the source of the proposed map (120) by M*. For this proof alone, the symbol
‘[T’ will always refer to a product over j € J. The diagonal embedding of G,, inside [[Resg,/r G, C M°
has image contained in M*, and it is easy to see that M* is generated as a subgroup of M° by the subgroup
[1Resk,,r Hj and the image of this diagonal embedding. From this, the uniqueness of (120) (if it exists) is
clear.
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Using this embedding G,, — M?", it is easy to see that M* gets identified with the quotient of G,, x
[]Res K;/F H; by the diagonally embedded

,ugC,ug><l_lResKj/FugC(Grm><1_[ResKj/FH;»7 (121)

where the inclusion Resg, /r 2 C Resg, /r H; is obtained from the standard inclusion po C H; The group
Gm <[] Resg;/r H; is also a source for the surjective map G, x [] Resk,/r H; — M that equals vV on the
Gm-factor and the inclusion Resk, H; — M; < Mgc on each factor of the form Resg,/r H; We claim
that this map too has the same diagonally embedded ps of (121) as the kernel. This claim follows from the
fact that, if we are given a € G,,,/F and elements a; € G,,,/F as i ranges over {1,...,n}\ {2} as in Notation
10.2(ii) above, then the product of vV (a) and all the ) (a;) equals 1 if and only if a belongs to us/F and
equals each a; (use that vV —23Y is the sum of the o with i ranging over {1,...,n}\ {2}). Thus, it factors
to an isomorphism M* — M, which is easily seen to have the description in the lemma. O

Remark 10.5. As mentioned in Notation 10.2(viii), we will henceforth think of M as the subgroup of M®
satisfying the condition given in the source of (120). If m € M(F') identifies with (m;);, and a € G, is as
in (120), i.e., Resk,/r x;j(m;) = a € Gy, C Resg, p Gy, for each j, then it is easy to see that x,(m) = a:
combine the fact that (120) restricts to v on the central ‘diagonally embedded’ G,,, with the fact that x.
is the unique character M — G,,, whose composition with vV is given by z + x2.

Remark 10.6. Assume that we are in the situation of (v) and (vii) of Notation 10.2(v), so in particular G
is quasi-split. Recall from Notation 10.2(viii) that we are viewing M® as containing M via the inclusion of
Lemma 10.4. It is then immediate that the identification Hj Resg,/r GL2 — M?, upon base-change to F,
becomes an identification [],.; GLy 5 — (M®)f, that extends the identification [T, SLy 7 = M. 7 obtained
by taking the product of the isomorphisms SLy z — (Mg, )p as in in Notation 10.2(v). In particular, we
have M C M® =[] Resg, /r GLg, defined by a condition analogous to that in the source of (120).

Remark 10.7. Assume that G is quasi-split, so we have identifications [ [; Resk,/r GL2 = M? and [ [, GL» (F)=

M°(F) as in Notation 10.2(vii) and Remark 10.6 above. Then we claim that for ¢t € G,,, 8Y(t) € M C
M°® = Hj Resg,/r GLg equals the element of the diagonally embedded GLy C ]_[j Resg,/r GLa given by

1 _
( t)' To see this, it is enough to prove that for t € F*, 85(t) is the element of the diagonally embedded
GLy(F) C [[; GLo(F) = M® given by the same matrix. To see this, first note that vV (¢) is the element of
the same diagonally embedded GLo(F') given by (8 55)) — this follows from the fact that the map (120),

restricted to the ‘diagonally embedded’ G, (see the statement of Lemma 10.4), equals vV. Now use the fact
that, in all our three cases (Ga, B3 and Dy), vV is the sum of 23" and the simple coroots other than 3.

10.2 Elements from 7' and 7;" that belong to a given isomorphism class

In this subsection, we will study the sets Tg and their cardinalities. We will find when Tg is nonempty (in
other words, identify the sets £ and & from Notation 9.14(ii)), and when it is, show that T, forms a single
M,q(F)-conjugacy class. This will help us simplify R(7); see Subsection 10.3 below.

Notation 10.8. Let 7% C T (resp., T%F C T°) be a set of representatives for the Mh(F)—conjugacy classes
of elements of 7+ (resp., 7%F). Thus, if we are in the Ga-case, then 7% = T.

Lemma 10.9. (i) T (or equivalently T?) contains a split torus if and only if G is quasi-split.

(i) If there exists no j € J such that K;/F is quadratic and H}; is non-split (as is automatic in the G
and Bs cases), then

& ={E | E is a quadratic extension of F in F} U {}.
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If there exists jo € J such that K;,/F is quadratic and H;-O 18 non-split, then

& ={E | E is a quadratic extension of F in F and E # K, } U {*}.

(iii) If G is quasi-split of type Dy, non-split and split over a quadratic extension of F in F, say K, then
Eo=EN{K}. In all other cases, & = E.

(iv) For each quadratic extension E of F in £, there exists a unique element T € TP that is non-split over
F but splits over E. Moreover, sending E to Ty gives a bijection from £\ {*} to the set of non-split
elements of TH.

Proof. For the “=" implication of (i), note that if T € 7T is split, then Pt 1 and Pr o are Borel subgroups
of M, as their intersection Mt is a maximal torus (see the discussion in Notation 10.1(ix)); this implies that
P11 N and Pr o N are Borel subgroups of G. The implication “«<” of (i) follows from the fact that, for any
choice of a Borel pair in G, the resulting realization of the root § is defined over F' (e.g., the discussion in
Notation 9.24(ii)), and hence the subgroup of G generated by the images of 3Y and (y — 8)Y =Y — 8V is
a split torus in 7.

(iii) is a special case of Lemma 9.9. Thus it is enough to prove (ii) and (iv); we will prove these together.

By Lemma 9.11, 77 is the set of F-tori in a certain M(F)-conjugacy class of tori in Mz. Since each torus
in 77 is determined by its intersection with Mg, (being generated by this intersection and the image of v
in M), this gives an M?*(F)-equivariant bijection of 7+ with the collection 7 of these preimages. Note
that 7.5 is the collection of F-tori lying in a single M(F)-conjugacy class of one dimensional subtori of
M. (F). This M(F)-conjugacy class is easy to describe: it is simply the set of those one dimensional tori
in M. 7 = [[SLy /F (as many copies as the rank of M) that have a nontrivial projection to each factor

SLs /F (note that such tori indeed form a single M(F)-conjugacy class).

This implies that 7_¢ is simply the set of one-dimensional subtori of Mg, = [ ;Resk,/r H; that project non-
trivially to each factor Resg, /r H; this follows from the fact that each non-identity element of Resg, /r H; (F)
projects to a non-identity element of each simple factor of (Res K;/F H:) P

Since each non-split T € T.! splits over a quadratic extension of F', both (ii) and (iv) follow if we prove the
following two assertions, for each quadratic extension E/F in F':

o If there exists no j € J such that K; = £ and H; is non-split, the set of one-dimensional tori in T&
that split over E but not over F' forms a single conjugacy class under Mh(F), or equivalently, under
Maa(F) (HJ Resk, /r H;)ad(F) = Hj Resg, /r Hj aa(F') — this equivalence follows from the fact that
M?(F) — M,q(F) is surjective by Proposition 9.27.

o If there exists jo € J such that &/ = K, and H;-O is non-split, then 7. does not contain any non-split
FE-split torus.

Let us first see the latter assertion: if &' = K, and H;O is non-split and hence anisotropic, then Res Ko /F H;-O =
Resg/r H;»O cannot contain a nontrivial E-split torus since (Resg /F H;O) B = H;-O X H;O is anisotropic.

Now let us prove the former. Suppose there exists no j € J such that £ = K; and H; is non-split. Since
non-split E-split one dimensional F-tori are all isomorphic, the former assertion follows if we show the
following two assertions: first, that for each j € J, Resg, /r H; contains at least one non-split E-split one
dimensional torus, and second, that any of the two isomorphisms between any two such tori can be realized
by conjugation under (Resg, /r H;)(F'). This is the content of Lemma 10.10 below. O

Lemma 10.10. Suppose j € J, and let E/F be a quadratic extension in F such that either E # K; or H;
1s split. Then:
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(i) There exists at least one nonsplit E-split one-dimensional torus in Resg, /p H; = M;

(i) Any isomorphism between any two tori as in (i) can be realized by conjugation by an element of
M;(F) = (Resg, /r Hy)(F) = H;(K;).

Proof. The set of non-split E-split one-dimensional F-tori in Resg,/r H; can be described as follows:

e If E # Kj, these are the maximal E-split subtori of the Resg, T, as T’ ranges over the maximal
tori of H; that split over EK; but not Kj, as follows from Lemma 9.28.

o If ¥ = Kj, in which case H; is (E-)split by hypothesis, these are the maximal anisotropic subtori of the
Resg/r T" = Res x;)F T " where T’ runs over the split maximal tori of H; (use that if T' is anisotropic,
then so is (Resg/p T')p = T' x T').

(i) is immediate from these two facts. For (ii), given Si,Ss as in (i), choose maximal tori T} and T4 of
H); as in the two facts above, so that S; is the maximal E-split (if E # K;) or maximal anisotropic (if
E = Kj) subtorus of Resg,/r T!. The above facts imply that T} and T, are isomorphic. Since isomorphic
maximal tori of H are H; (K )-conjugate, both the isomorphisms T} — T4 can be realized by conjugation
under H, (Kj). ThUb there exist x1, 72 € (Resk,,r Hj)(F) such that Int z1, Int 25 restrict to isomorphisms
Resg,/r T/l — Resg, /r T/, that differ from each other by the automorphism z — 2! of Res K;/F T5. But
then these restrict to isomorphisms S; — Sg of their maximal E-split or maximal anisotropic tori, that differ
from each other by the automorphism = — ! of S5, and we are done. O

Lemma 10.9 has the following corollary.

Corollary 10.11. Sending E to Tg, where Tg is as in Lemma 10.9(iv), gives a bijection from &y \ {x} to
the set of non-split elements of T4,

Proof. This follows from Lemma 10.9(iv), the definitions of £ and & (in Notation 9.14), and Lemma 9.9. O

Notation 10.12. (i) Given T € T, let Mt denote its centralizer in M. Noting that M®, M,q and each
M;7Mj C M® (j € J) act on M by conjugation, we denote the centralizers of T in M® M*® and
M}, M; (j € J) by M}, Maq,r and M, Mj 1 respectively. In particular, the equality M® = [TM;
restrlcts to an equality MG = [ M, 1. Moreover, for j € J, we can write M] v = Resg,/r HJ o and
M; 1 = Resg, /r Hj T for maximal tori H s C H and H; v C H; (by Remark 4.20(iii)).

(i) Assume that T € 7+ and j € J. Note that T < M < M® — M; is injective with image in M; 1, and
that in fact Tx, — (Mj 1)K, — Hj 1 is an isomorphism (e.g., use the argument of Remark 10.7, after
choosing a suitable Borel pair and making a base-change if necessary). Thinking of this isomorphism
Tg, — Hjr as an identification, we get an identification M; 1 — Resg,;/r Tk; = Resg,;;rp'T. We
claim that the composite of this identification with T < M; t is the ‘diagonal’ embedding T
Resg, /r T; indeed, this follows from the fact that this diagonal embedding is characterized by requiring
the composite Tk, — (ResK /F T)Kk, — Tk, to be the identity. Now assume that T is non-split but
split over a quadratic extension F of F in F, such that £ # K for each j; thus Tk, = Respk, /x; Gm-
Then any identification Resg,/r G, — T, in particular the one we are using from Notation 4.10(i)
(using the labeling (811, Or,2) of the unordered set {fr,1, Or.2}), gives rise to an identification

Mj,T — RGSK]./F(RQSE/F Gm)KJ — ResKj/F ReSEKj/K]. G, — RGSEK]./F Gm, (122)

which is immediately seen to extend T — Resg/p G, (use that T — M;p = Resg,/p T is the
‘diagonal’ embedding).
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Remark 10.13. In what follows, we will often use, and sometimes without further mention, the following
observations. Let T € 71 and j € J. Then the map T’ := TNMg, — My, — M; is nontrivial (otherwise
Mt would contain M; and hence not be a torus). Suppose additionally that T is nonsplit but split over a
quadratic extension E/F in £, such that E # K;. The above morphism T" — M} is a nontrivial morphism
T — M;-yT = Resg,/r H;-yT, and hence it follows from Lemma 9.28 (using the fact that E # K) that H;-’T is
isomorphic to the norm one torus associated to EK;/K;, which also gives that H; v = Resg i;/K; Gm (and
hence M T = Resg,/r Hj 1 = Respr, /r Gim)-

Lemma 10.14. Let E € £\ {*} and T € T;f. Then the normalizer Nyi,,(7)(T) of T in Maa(F) contains
Maq,1(F) with index two.

Proof. By Lemma 3.36 (which works over F'), the index sought for equals 1 or 2, so it suffices to show that
M.a(F), or equivalently M°(F) = []; M;(F), has some element that normalizes T but does not centralize
it. Since T is generated by vV (G,,,) and T" := T N M., and since vV (G,,) is centralized by M®, this follows
if we show that for each j € J, there exists an element of M;(F') that normalizes the projection T;- C M;
of T" € Mg = [[Mj to Mj, and acts on it by = — z~'. Since T" — T} is an isogeny (otherwise we
will have M, r = M;, contradicting that M is a torus), T;» is an F-split non-split one-dimensional torus
in M; Therefore, the required existence of an element of M;(F) that normalizes T;- and acts on it by
z +— z~! follows from Lemma 10.10(ii) — the condition that either £ # K; or H; is split follows from

Lemma 10.9(ii). O

Lemma 10.15. Let E € £\ {*} and let T € T;. Consider the conjugation action of Maq(F) on M, which
by Lemma 9.11 induces an action on T, . This action is transitive, and hence makes Tg into a torsor for

the quotient Maq(F')/M(F) Ny, 7y (T) of Maa(F) by the subgroup M(F')Nyr,(r)(T) generated by the image
M(F) of M(F) in Maq(F) and the normalizer Nyr,(ry(T) of T in Maq(F) — this subgroup M(F )Ny, ,(r)(T)
is independent of the choice of T € Tbj'.

Proof. Since M*(F) acts on M(F) and T4 by conjugation, and this action factors through M?(F) — Maa(F),
the transitivity assertion follows from Lemma 10.9(iv). This transitivity assertion, together with the fact
that Maq(F)/M(F) is abelian, implies that the subgroup M(F)Ny,,(#)(T) C Maq(F) is independent of T,
and gives the realization of T as a torsor for Maq(F')/(M(F) Ny, (7)(T)). O

Corollary 10.16. Let E € &\ {*}. The cardinality ng of Tp satisfies np = 2#7=2.4#Wr, for any T € T, .
Proof. For this proof, write M(F) for the image of M(F) in Muq(F). Fix T € 7/. By Lemma 9.26 (applied
with M,q in place of M;) and Lemma 10.15, ng/#Wr equals the quotient of #(Mag(F)/ Maa,r(F)M(F))
by #(Num,.(7)(T)/ Mag,v(F)). Thus, by Lemma 10.14, ng/#Wrt equals #(Maq(F)/ Maa, 7 (F)M(F))/2, and

it remains to prove that Maq(F)/ Maq,r(F)M(F) has cardinality 2#7/~1.

The determinant and/or reduced norm maps give a surjection Myq(F) = Hj Resg, /r Hjaa(F) — Hj KjX /KjX 2,
whose kernel equals the image of Mg (F') C M(F). By Lemma 10.4, the image of M(F') under (the composite
of M(F) — M,q(F') and) this map is the image of the ‘diagonal’ homomorphism FX/FX2 — 11, Kj/K;z7
while the image of Maa, v (F) equals [ [, Nek,/k, ((EKJ-)X)/KjX2 (use Remark 10.13 and the fact that £ # K
for each j by (ii) and (iii) of Lemma 10.9, since E € &), which has index 2#7 in Kf /K]*Q.

Thus, Maq(F)/(Maq,m(F)M(F)) equals the quotient of [[; K[ /Ngk,/x,;((EK;)*) (which has cardinality
2#7) by the image of F*/F*? in it. Therefore, to prove our claim that #(Maq(F)/(Maq.v(F)M(F))) =
27#J=1 it suffices to show that for some j, Npk, /i, (EK;)*) does not contain F*. Choose some j such that
[K, : F|is odd: each [K; : F] is automatically 1 in the G5 and Bj cases, while in the Dy-case, the existence
of such a j € J follows from the fact that the sum of all the [K; : F'] equals 3. If Npg, /x, ((EK;)*) contains
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F>, then applying N, /r, we find that Npg,/r((EK;)) contains F™ [Kj:F], whose index in F'* is a power
of [Kj : F] and hence odd, whereas Npx,/r((EK;)*) is contained in Ng,r(E*), which is of index two in
F*, a contradiction.

Hence #(M,q(F)/(Maq,r(F)M(F))) = 2#7/~1 and we are done. O

10.3 Residue in terms of isomorphism classes of tori

In this subsection, we simplify the expressions obtained for b()(7) and b(*)(7) (defined in (v) and (vi) of
Notation 9.14), by combining, for each E € &\ {*}, the contributions of the various T € Tg, using that they
belong to a single M,q(F)-conjugacy class. We will also fix a representation 7° of M®(F) D M(F') extending
m, and relate d(m) to the formal degree d(w°, Zye (F)) of m° with respect to Zygo (F') (see Notation 5.33(1)).
In the case where w is trivial, we collect the consequence for R(7) in Corollary 10.22 below.

Notation 10.17. (i) Let (7°,V®) be a choice of an irreducible supercuspidal representation of M®(F)
whose restriction to M(F) contains (7, V). Write (7°,V°®) = ®;(n;, V}), where (7;, V;) is an irreducible
supercuspidal representation of M, (F') = H;(K).

(ii) Let 3 (the Hebrew letter ‘beth’) denote the quotient of M*(F) by the image of the map M(F) — M(F)
obtained by restricting G(F) — Gaq(F). Let 28 € M*(F) be a set of representatives for the elements
of 3.

(iii) Noting that conjugation by each m? € M? C Gaq is a well-defined automorphism of the twisted space
M C G, let

ok

ﬁ Z O; o Int m”.

mbedk

(iv) Recall from Notation 5.33(i) that d(7®, Zye (F')) stands for the formal degree of the representation 7
of M°(F), where the central subgroup is taken to be Zywe (F) rather than Ay (F), and the measures
on M°(F') and Zye (F') are chosen as in Notation 5.22(iii).

Lemma 10.18. Suppose w = sgup g for a quadratic extension E/F contained in &. Then for any T € 7'E+ :

_ 2#773vol(T_(F))
Lo me.

b () / PRGEESIGEIOLE

where the integral is interpreted as in Lemma 9.21.

Proof of Lemma 10.18. For each m! € Mh(F), Intm? is an automorphism of the twisted space (M, M), and
hence 7 o Int m? is a representation of M(F) extending the supercuspidal representation 7 o Int mf of M(F).
Moreover, each Int m? induces a bijection of T, . For each T € T,/ and m® € M4(F), we claim that:

(E)
Int m?

o1y (7) = b7 (7 o Tnt mf). (123)
vol(T_(F)) and I'gne do not change when T is replaced by Int mf(T), and D(t) = D(Int mf(f)). Hence,
by Lemma 9.21, and keeping the equality co(t) = O (f) from Notation 10.1(ix) in mind, (123) will follow
if we show that Apyg ps(ry o Int m? = Ap. Write T = Int m*(T). Remark 9.20 lets us assume, for the
purpose of showing that Ars o Intm? = Ay, that Zpv = AdmP(Zt), and that ﬁT’1,5T7276¥71 and ﬁ{z are
related to their analogues for T” via Int mf. It is then easy to see that the identifications T(F) = E* and
T'(F) = E* as in Lemma 9.19 are related by Int m?, and that 70 = 71/ € F* /N, p(E*). Then the equality
A oIntm? = At follows from Lemma 9.19, giving (123).
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For each T € T, and mh e Mh(F)7 it is also clear that #Wr = #Wiy ps(r). For each mh € Mh(F)7 Int m?
induces a bijection of T to itself, taking M(F)-conjugacy classes to M(F)-conjugacy classes. Moreover, the
action of M*(F) on T, is transitive (Lemma 10.9(iv)).

Combining these observations with (123), we conclude that for any T € T, bE)(7) equals the product of
(#Te)(#Wr)~! and the expression obtained by substituting @E?(f) for co(t) = ©z(f) in the expression for

b(TE) (%) given by Lemma 9.21. Therefore, the lemma follows from the expression #7x = 2%/~ 2#Wr given
by Corollary 10.16. O

Lemma 10.19. Suppose w is trivial. Suppose that for each quadratic extension E/F in &, we are given a
torus Tg € Tg. Let Ty be a split element of T, if we are in an exceptional case (in other words, if we are
in the case of Go or Dy with triality; in these cases G is quasi-split, and Lemma 10.9(i) gives the existence
of Ts, while its uniqueness up to M(F)-conjugacy follows from Lemma 4.25). Then:

p(m) = Y

Eeé&
E/F quadratic

2773 vol(T . (F))

FO,MEFE

3vol(T, (D))
4vol((Agy, /Ag)(D)) Toms.,

/ D(0)/20% (7) di+ / D(0)726% (7) dt,
Tg,«(F) Ts,«(F)

where the second term (the contribution of Ts) should be considered only in the exceptional cases (i.e.,
replaced by 0 if we are in a classical case), and where the integrals are interpreted as in Lemma 9.21.

Proof. The contributions from quadratic extensions E/F in & can be handled exactly as in the proof of
Lemma 10.18 (but using Lemma 9.22 in place of Lemma 9.21), and hence we will skip the proof that their
contributions amount to the first of the two summands on the right-hand side. As for the contribution of
the split torus, we may and do assume that we are in the case of either G5 or Dy with triality. Therefore J
is singleton, say {j}, and M(F') identifies with the set of elements of GLy(K;) with determinant in F*. In
cither case, it is immediate that #Wr_ = 2. Moreover, for { € T, o (F) we have ©z(f) = @E? (t): to see this,
use that M*(F) = Image(M(F) — M!(F)) - MEF (F), where MEFS (F) is the centralizer of T, in M*(F) (this
equality follows from the fact that MEF is a Levi subgroup of Mh), and that w is trivial. Now we see from

Lemma 9.22 (and the observation that co(t) = ©x(t)) that the contribution of T is exactly the second of
the two summands on the right-hand side. O

From Lemma 10.19, we will get Corollary 10.22 below, which gives us our final residue formulas in the case
where w is trivial. But for that we will also need to compare the formal degrees of = and 7°.

Lemma 10.20. Let n, denote the length of 7° as a representation of M(F) C M®(F). Then:

#J-1
d(m) = 2

d(’l’(’o, ZMO(F))

N
Proof. If Gy is a reductive group over F, write St, for the Steinberg representation of G1(F); and if 7 is an
irreducible essentially square-integrable representation of Gy (F'), write co(m) for the coefficient of the zero

nilpotent orbit in the character expansion of 7 at the identity. In such a situation we know that d(m)/co(m1)
is independent of 71, and we know that ¢o(Stg,) = co(Stq, ,..). Then, since Mger = Mge = Mg,

nﬂd(T() = ’I’LWCO(F)~C()(S‘CM)_1d(StM) = CO(WO)CO(StMO)_ld(StM) = d(Tro, Zinvio (F))d(StMo7 AN (F))_ld(StM)

It suffices therefore to show that d(Styge, Zne (F)) = 21=#7d(Sty). Since M/ Ay and M® / Zyge have the
same dimension, we may assume without loss of generality that the additive character v (which is used to
normalize the measures) has order 0. This allows us to use the expression for the formal degree of a Steinberg
representation of a p-adic group with compact center given slightly before [30, Lemma 3.3’] (which we apply
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to the groups M / Ay and M® / Zyge, which have compact centers). Noting that M / Ay and M® / Zye are
isogenous and hence have the same motive, we get:
d(Stne, Zne (F)) _ H#HYF, M/ Ay) _ #HY(F,M/Ay)
d(Stn) LHU(F N [ Zoge) o#J ’

where the equality #H'(F,M® / Zyo) = 2% follows using Shapiro’s lemma.

Thus, it remains to prove that #H'(F,M/Ay) = 2. The map Mg, — M /Ay is surjective (e.g., for
dimension reasons), and its kernel is of order 2: Ay equals vV (G, ), and since v —23Y belongs to the coroot
lattice of M, the intersection of Ay with Mg equals vV (u2). Thus, if T” is a maximal torus of M / Ay, then

the quotient of X, (T') by the coroot lattice of M / Ay is of order two, and is hence acted trivially on by
Gal(F/F). So the claim that #H'(F,M /Ay) = 2 follows from the Kottwitz isomorphism. O

Notation 10.21. Henceforth, in the case where w is trivial, so that 7(wg') is an isomorphism from 7 to

T ®w ™! =, we will assume the extension 7 of 7 to be normalized so that 7(wy ') : 7 S 7 is the identity
map from the space of 7 to itself. Notice that, in such a situation, if 7 is generic with respect to some
Whittaker datum, 7(wq 1) acts trivially on the corresponding space of Whittaker functionals.

Corollary 10.22. Suppose that w is trivial. If T € T+, write

vol(T,(F)) - F(;ME , if T is non-split, and
or = { vol(T. (D)) - (vol((Agy, / Ag)(D)) - FQM%)_l , if T is split and we are in an exceptional case, and
0, if T is split and we are in a classical case.

Let Tg, for each quadratic extension EJF in &y, and T, be as in Lemma 10.19. Recall that 7 is normalized
as in Notation 10.21, i.e., so that 7(wy ') is the identity map. Then

(0,1, )" / 1/2 / 1/2
_ o Dt Oro(t) dty + 307, D(t Oro(t)dt, |,
8d(m®, Znte (F)) Z e () 2 Q T (F) Q Q

Ec&y
E/F quadratic
where again the contribution of Ts should be ignored if we are in a classical case (and where one notes
that each of the integrands, defined on the vV (F>)-invariant subset Tg(F) C T(F) where T = Tg or T,
descends to Ty (F)/vY(F*) = Ty s (F); the D(t) in the integrand is made sense of using Notation 9.17(ii)).

Proof. Let n, denote the length of the restriction of 7 to the normal subgroup M(F) C M°(F). By
Proposition 9.16(iii), R(7) equals R™) (7) = *(0,1, 1)~ (2d(7))~*b*) (7). Hence Lemma 10.19 gives:

D(t)/?0% (twy 1) dt
o (F)

o Y0, Ly) ! #J-3 / 17200 (4,,—1 o,
R(’IT) - Qd(ﬂ') Z 2 UTE T . (F) D(t) @%(two ) 4

Ecé&y
E/F quadratic

Using the normalization of 7, the fact that w is trivial, and the fact that both M*(F) and M°(F) surject
onto M*(F), it is easy to see that if m € M(F) is such that mw, ' € M(F) is regular semisimple then:

1
Oz (mwyt) = # e Z O, (Int m*(m z:: O (Int m®(m)) = n—w@ﬂo(m),
miedl m°€ °

where 3° C M®(F) is a set of representatives for M®(F)/(Zye (F) M(F)). Now the lemma follows by the
relation d(7) = 2%/~ In_1d(n°, Zye (F)) (from Lemma 10.20), and on noting that in the exceptional case,
#J =1, so that 2#7~1 = 1 whenever there is a contribution from T,. O]
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Remark 10.23. In the situation of Corollary 10.22, assume that T € Tt is split, and that we are in an
exceptional case, so that J is singleton, say J = {j}. Then as in Remark 9.15, T, and AMT / Ay are both split
tori of dimension 1 and hence isomorphic, so that vol(T (D)) = vol((Ay.. / Ay)(9)). MF is not anisotropic
in this case, since it contains T, = T° as a split subtorus. In fact, T. is the maximal split subtorus of
MT C M® = My, as My = Resg, /p SLy has split rank one. Thus, vp = (Tomz ) ™! = vol(MT / T)(F)) ™,
where (MT / T:)(F) is given measure as in Notation 5.22.

We now describe the volume factor v from Corollary 10.22 a bit more explicitly.

Lemma 10.24. Let T € T%F, and let vy be as in Corollary 10.22 above. If T is split, assume that we are
in an exceptional case. If T is not split, write E/F for the quadratic extension in &y splitting E. Let qr,
denote the residue field cardinality of L, for any finite extension L/K. Assume that 1) has order ¢(¢) =0
(so 1 is trivial on O but not on w19 ), and recall the notation 0 for differential exponent from Notation
5.18(i). Then:

0(K;/F)/2
(1+q7 Y- e qujJrT’ if T is non-split and E/F is unramified,
0T = | gl=#J g —(E/F)/2 I1,e DJ(K i/ E)H(BKG [K)/2 if T is non-split and E/F is ramified,
%K/F)/Q 1=q - if T is split, and we write K = Kj for the unique j

e(K/F)-(1=q")’

Proof. Let us study M7 first. The inclusion Mg, = Mger <> MF is an isomorphism (e.g., by dimension con-
siderations and the fact that M* is connected), and we have M3 = Mt N M. = [[; M)+ = [, Resk,/p H 1,
where M;»’T C M; and H;,T C H; are the maximal tori defined in Notation 10.12.

First we consider the case where T is not split. For each j, we have E # K, (as E € &; see (ii) and (iii) of
Lemma 10.9), so by Remark 10.13, H;»,T is isomorphic to the norm one torus associated to EK;/K;. Hence
M7 is anisotropic, so that Ty, equals vol(M%.(F)).

Let H;T(K]) be given a measure as in Notation 5.22(ii), associated to the additive character ¢, : x —
Y(trg, pa) of K. Since M+ = Resg,,p H) 1, this choice ensures that vol(M) (F)) = vol(H} 1 (Kj}))
(use the argument of (43)). On the other hand, c(vk;) = e(K;/F)c(y) +o(K;/F) = d(K;/F), so the
measure on H;T(K /) equals g D(K /)12 times the measure it would receive had we replaced ¢k, with
an additive character of K, of conductor 0 (use a basic fact recalled in Notation 5.20(ii)). Therefore, by
Corollary 5.25, vol(T_(F)) and vol(M; 1-(F)) = vol(H) +(K})) equal 14¢~" and q;j(Kj/F)/Q(l—l-qI}j_) (resp.,
2¢°E/F)/2 and 2qx (a( Ki/F)+o(BK;/K; ))/2) if E/F is unramified (resp., ramified). From this, it follows that

o = VOl(fa(F))F(IM% = vol(T.(F)) vol(M%(F))~! equals

(K /F)/2
K . . .
wol(T ol K-t = (1+q¢Y)- e, f—kT’ if E/F is unramified,
jIEJ ol # g B2 QUGB it B/ s ramified

as desired.

Now we come to the case where T is split. For this we may assume that we are in the Ga-case or the case
of D, with triality. We write K = Kj for the unique 7 € J. Recall from Remark 10.23 that vt = Fall\/[% =
vol((M% / Tc)(F))~". In the Go-case, M7 = T, so [gmz. = 1, and the expression claimed in the lemma for
vt equals 1 as well, and we are done.

Thus, assume that we are in the case of D4 with triality. In this case, by the discussion at the beginning
of the proof, M7 identifies with Resg,p G,,. Its subgroup T. identifies with G,, C Resg,p G,,. Thus,
M7 / T¢ is isomorphic to (Resg,p Gy, /Gy ). It is enough to show that vol((M7 / T.)(F)) equals q;{a(K/F)/Z .
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-+ : (=g )~ - (1 —qx ie,14+q " 4+qg°i is unramified and 3¢, i
(FO/F)™ (K F) - (L=g7) 7 (1= gch)) Les T4 g7 +¢72 i K/F fied and 3q,° /77 if
K/F is ramified. This follows from Lemma 5.24, using the following data:

e In either case, we claim that # H'(F,M%/T.) = 3. It is easy to see that X,(M% /T.) identifies
with the quotient of Z* by the diagonally embedded Z, the action of Gal(F/F) on which permutes
the images of the standard basis vectors of Z3 transitively. It is then easy to see that the group of
Gal(F /F)-coinvariants of X, (M7 / T.) is isomorphic to Z/37Z; now use the Kottwitz isomorphism.

e The representation pr in the notation of that lemma, applied to our torus M7 / T® in place of the T
there, is isomorphic to p = (Ind%f( I)/L, and L(s, p) = L(s, Ly, )/L(s, Iw,).

e When K/F is unramified, we have L(0, p) = 1/3,L(1,p) = (1+q¢ ' +¢ 2)7! and €(0, p,?%) = 1 (recall
that ¢ has order 0).

e When K/F is ramified, we have L(0,p) = L(1,p) =1 and |€(0, p, )| equals q?((K/F)/Q as in [18, (A.15)

and (A.18)].

O

10.4 Applying Labesse-Langlands character identities in the case of nontrivial
w

In this subsection, we will use the Labesse-Langlands character identities to simplify R(7) in the cases where
w is nontrivial.

Notation 10.25. (i) If we are in the Ga-case or the Dy-case, set J; = J. In the Bs-case, let J; C J
correspond to ay in the setting of Remark 10.3 (thus, in the SO7-case, J; captures the ‘general linear
part’ of the Levi subgroup M).

(i) Let x°: M® — G,,, denote the character whose restriction to each M; = Res K;/F Hj is trivial (resp.,
given by Ny roResk; r X, where x; is the determinant or the reduced norm as in Notation 10.2(vi),
and N,/ also stands for the norm map Resg,/r Gm — Gp), if j & J1 (vesp., if j € J1).

Lemma 10.26. (i) x° extends x~, X~ or X% on M C M®, depending on whether we are in the Go, Bz or
Dy-case.

(ii) The map M® — M®y = Maq factors through a map M® — M*, whose composite with x4 (see Notation
10.2(i)) equals x°.

Remark 10.27. The composite of the map M® — M? of (ii) of the lemma with the inclusion M < M® does
not equal (resp., equals) the obvious map M — Mh, if we are in the Dy-case (resp., not in the Dy-case). This
follows from (i) of the lemma.

Proof of Lemma 10.26. Since M = My vV (G,,), (i) follows if we show that x® o~ equals z +— 22, x +— 22 or
x +— 2% depending on whether we are in the G, Bs or Dy-case. This is easy to check using the identifications
of M € M® and vV in Lemma 10.4. So let us prove (ii). Throughout this proof, Nk, r will also denote the
norm map Resk,/r G = Gy

It is easy to reduce to showing that, for each j € J, the map M; — M,q factors through a map M; — Mh,
whose composite with XHY (see Notation 10.2(i)) equals Ng, r o Resk, /r x; or the trivial map depending on
whether or not j € J;. So fix j € J. Consider the following two maps:
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e The obvious map Resg,/p(Gm X H;) — Resg,/r Hj = Mj; note that its composite with Nk, ,p o
Resg,/r xj (resp., the trivial map) equals NIQQ/F (resp., the trivial map) on the Resg,/r Gm-factor.

e The map Resg, (G, x Hj) — Mf, whose restriction to Resg, p H; = M) equals Resg,/p H; =
M; — Mg — Mu, and whose restriction to Resg, /r G, equals vV o Nk, /r (resp., the trivial map)
if j € Jy (resp., if j & J1); the composite of this map with XHY equals NI2(_7/F (resp., is trivial) on the
Resk, /r Gm-factor, if j € Jy (resp., if j € J1).

It suffices to show that the second map factors through the first, for then M; — M,q will factor through
the resulting map M; — Mh; moreover, the pull-back of XE, along this map M; — M?® will then agree with
Ng,/r o X; (resp., the trivial map) if j € J; (resp., if j ¢ J1), as one sees by further pulling back to
Resg, /r(Gm x H).

The assertion that the second map (Resg, /(G xH}) — M?) factors through the first (Resy, /g (G xH)) —
M;) may be checked after base-changing to F'. If j ¢ Ji, which happens only when we are in the Bs-case
and j represents the short root as, this assertion follows from the observation that (after choosing a suitable
Borel pair to realize coroots concretely) oy (—1) belongs to the kernel Zg(F) of M(F) — M*(F), which in
turn follows from the fact that (o, ay) € {0, £2} for every simple root @’ of G. In the remaining cases, i.e.,
when j corresponds to the Gal(F/F)-orbit of a simple root a of M which is different from as if we are in the
Bs-case, this assertion follows if we prove that for each such «, vV (—1)a"(—1) belongs to the kernel Zq (F')
of M(F) — M?(F), or equivalently, that (o/, " 4+ V) € 27Z for each simple root o’ of G. For simple roots o’
of M, this follows from the fact that (o, vy¥) = 0 together with the fact that (o/, @) equals 2 or 0 depending
on whether or not o’/ = a. For o/ = 3, this follows from the fact that (3,7V) =1 = —(3,a"). O

Remark 10.28. Let K be a nonarchimedean local field, L/K a quadratic extension, and 7" an irreducible
supercuspidal representation of H(K'), where H is an inner form of GLy /K. Let xy : H(F) — F* denote
the determinant or the reduced norm map. Recall that 7’ is called a Weil representation associated to L/K
if the following equivalent conditions on 7" are satisfied:

e The Langlands parameter of 7’ is of the form Ind%f 0 for some character 6 : L* — C*, viewed via
the abelianization map Wy — L* as a character of Wp;

e The restriction of 7’ to x3;' (N /x (L)) is reducible.
When these conditions hold, one knows that:

e There are exactly two characters 6 : L — C* such that the Langlands parameter of 7’ is of the form
Ind%f 6 (this uses that ; is supercuspidal); any of these is obtained from the other by composing with
Gal(L/K)-conjugation. If 6 is any of these characters, we will also say that 7’ is a Weil representation
associated to (L/K,0).

e The restriction of 7’ to x5 (Nr, (L)) is a direct sum of two nonisomorphic irreducible representations
(that these representations are nonisomorphic follows from the character identities of [34]).

A representation of Hye, (K) is called a Weil representation associated to L/K if it is contained in a Weil
representation of H(K) associated to L/K.

Recall the irreducible representation (7°,V ) of M®(F) from Notation 10.17(i), whose restriction to M(F)

contains (7, V). Recall also the decomposition 7° = ®;7;, with each 7; a supercuspidal representation of
M (F) = H;(K;).
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Proposition 10.29. Suppose that w = sgng,p for some quadratic extension E/F in &. If RE)(7) # 0,
then for each j € Ji, the representation m; of Hj(K;) is a Weil representation attached to EK;/K;.

Proof. Fix T € T+ Note that EK,;/K; is indeed quadratic, since E € &. It is enough to prove that, if m;
is not a Weil representation associated to EK /K for some j € Ji, then b(®)(7) = 0, which will follow from
Lemma 10.18 if we show that ©% ( £(f) = 0 for each £ = twy ' € Te(F).

A = 7(wy ") intertwines 7 with moe = 7 ® w™'. Since y, : M(F) — F* is surjective (combine the
description, given in Remark 10.5, of y, in terms of the identification of M C M°, with the fact that
each x; : H;(K;) - K ]-X is surjective), A has exactly two eigenvalues, the corresponding eigenspaces being
preserved by M(F);, := x5 ' (Ng/r(E*)) C M(F), and taken to one another by any m € M(F) \ M(F);.
Moreover, A? intertwines 7 with itself and is hence a scalar. Denote the representations of M(F); on the
eigenspaces of (m, V) by (7, V™) and (7—,V ~); these are irreducible since 7 is an irreducible representation
of M(F'). Write ¢ for the eigenvalue of A on V', so that the eigenvalue of A on V= equals —c. If m € M(F),
is such that mwg ' € M(F) is regular semisimple, then @z (mwy ') = ¢(O,+ () — O, (m)).

Recall x° : M® — G,, from Notation 10.25(ii). Let M°(F); := (x°) '(Ng/r(E*)) € M°(F). Since
#(F*/Ng/p(E*)) = 2, and since x° extends x~, xy or x3 on M C M® (Lemma 10.26(i)), we have M°®(F); N
M(F) = M(F);.

Let (7T, V>%) and (7*~,V®7) be irreducible subrepresentations of the restriction of (7°, V°) to M°®(F);
that, in their further restriction to M(F');, contain representations in the isomorphism classes of (71, V™)
and (7=, V™) respectively. We are allowing for the possibility that V% and V>~ may be identical; in
particular it can happen that 7% and 7%~ are isomorphic as representations of M®(F);.

Since x., : M(F) — F'* is surjective, we may and shall choose 2% to satisfy Xi(mh) = 1 for all m? € 2% Hence
Int mh(twal) =IntmA(t) - wy ' for all m% € Mh(F) and t € M(F). Thus, for # = twy ' € T(F)s € M(F);:

c

CHG Z Oz (Int m* (t-wy ) Z Oz (Int mA (t)-wy ') = 7T

mhe:lh mhe:lh

Z ((© 5+ oInt m*)(t)— (O, oInt m?)(t)).

mbedl

Here, we are thinking of 3% as a set of representatives for the quotient of Mh(F)l by the image of M(F)q,
where M*(F); ¢ M*(F) is given by XE{A(NE/F(EX)) — with this understanding, the ©,.+ o Int m® and the
O, - oIntm? do not depend on the representative m?.

For each m! € 2% ¢ M¥(F)y, nt o Int m¥ is, up to isomorphism, an M(F);-subrepresentation of 7. By
Lemma 10.26(ii) (which says that M®(F) — M,q(F) factors through a map M®(F) — M*(F) that pulls
X, back to x°), we have that M®(F); and M?(F); have the same image in M,q(F). This in turn has
the consequence that as m? runs over 3%, 7 o Int m? runs over the set of isomorphism classes of irreducible
M(F);-subrepresentations of 7%, with multiplicity independent of the isomorphism class. Similar comments
apply with the 7~ o Int m? and 7%~. Since 7*T and 7~ have the same length as M(F);-modules, we find
that @Er(f) is a multiple of © 0.+ (t) — O 0.~ (t), or more precisely:

@E?(two_ Y=n2

™

Loc (Ot (t) — Opo— (1)), (124)

where n, is the length of either of #®% or 7%~ as an M(F);-module (we will use this, the argument for
(124), at a later point outside this proof).

If 7%F and 7~ are isomorphic, then this expression equals 0, and we are done. Thus, it now suffices to see
that, if 7; is not a Weil representation with respect to EK;/K; for some j € Ji, then the restriction of 7°
to M°(F); is irreducible (since that will yield that 7** = 7%7). For each j € J, the restriction of 7; to

M;(F)y == {m; € Mj(F) = H;(K}) | det m; € Npg,/x, ((EK;)*)} = {m; € M;(F) | Nk, /podetm; € Np,p(E™)}
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is irreducible or of length 2, and it is irreducible unless 7; is a Weil representation with respect to FK;/K;
(we recalled this fact in Remark 10.28 above). For j € J; such that 7|, (), is reducible (resp., irreducible),

write m; = 71 @7, (resp., 71 = m; = m;), with each 77 and 7, irreducible representations of M, (F);.
J J J J J J J J J

Any two of the irreducible (J];c; M;(F)1) x (I[;g;, M;(F))-subrepresentations @), ;, w?j ® gy, ™ of
7 (where a; = + or — for each j) are either equal or nonisomorphic, since for each j, 7rj+ and 7, are
equal or nonisomorphic (see Remark 10.28). Since ([;c;, M;(F)1) x (I];2;, M;(F)) C M®(F)1, we assume
without loss of generality that (w7, V) contains @, 7 ® @, ;. If there exists jo € Ji such that
7r;.g = m;, (i.e., mj, is irreducible), then there exists m® = mj, belonging to M;, (F') \ M, (F)1, which via
the inclusion M, (F) < M°(F) is a subset of M°(F) \ M°(F)1, such that 7°(m®) preserves the subspace
e Ty ® &g, ™ of (7T, VT), and hence (7T, V) itself. This forces (7, VoF) = (7°,V°).

Hence the restriction of 7° to M°®(F); is irreducible, as desired. O

Notation 10.30. Suppose w = sgnp,p for a quadratic extension E/F in &. Assume that for each j € Jy,
(m;,V;) is a Weil representation associated to EK;/K;. We will now fix some notation related to this
situation, which will be invoked later.

(i) Consider a datum v := (T, (Br1,01,2)s V/4), where T is a choice of an element of T, (Br.1,Br2) is
as usual (i.e., from Notation 4.7(i); the ‘ordered pair’ notation is meant to keep track of the labeling
of {Br1,Prz2}), and V4 is an element of E* such that § = \/52 € F*. For instance, /& could
be some 7z 1, but we are keeping it more flexible in order to keep track of the normalization of
transfer factors. Recall that the choice of (Bt 1, 2) gives us an identification T = Resg,r G, where
a € Resp/p G(F) = EX identifies with 8y (a)BY ,(a), a denoting the Gal(E/F)-conjugate of a.
Recall also that we have a well-defined element 70 € E* /Ng,p(E*) (see Notation 9.17(iii)).

(ii) Along with v from (i) above, and the resulting identification T = Resp/p G,n, we will fix, for each
J € Ji, the identification Mt = Respg,/r G, to be as in Notation 10.12(ii); specifically (122) there
— this is okay since E € &, so that £/ # K for each j. We will use the observation there, that this
identification M — Resgk;/r Gy, extends T — Resg/p G-

(iii) Henceforth, whenever identifications are fixed as in (i) and (ii) above, given any ¢ belonging to
M; 1(F) = (EK;)* for some j € Ji, we will write ¢ for the element of M; r(F) = (EK;)* ob-
tained as the conjugate of ¢ under Gal(EK;/K;). Thus, if t € T(F) C M;(F), then ¢ is also the
conjugate of t € T(F') = E* under Gal(E/F'), and hence does not depend on j.

(iv) For each j € Ji, since we are assuming that 7; is a Weil representation with respect to FK;/K;, we
may and do choose a character 6, : (EK,;)* — C* such that 7; is a Weil representation associated to
(EK;/K;,0;), or equivalently to (FK;/K;,0;), where §; (henceforth) denotes the composite of §; and
the unique nontrivial element of Gal(EK;/K;). We will assume these to satisfy one further condition:
if we are in the Dy-case and there exists ¢; € {0}, 0;} for each j € J; = J, such that e 05lex =1px,
we will assume that [];.; 0j|px = Igpx (as we may, e.g., by replacing the 6; with the 0}). Note that
for each j € Jy, 0; # 0; (since 7, is supercuspidal; see Remark 10.28).

(v) Let T € T, and j € J. The Weyl group of M; v(F) = H; 1(K;) in M;(F) = H;(K;) has cardinality
exactly two; write {1,w;} for a set of representatives for it. For ¢t; € H; v(K;) = M; 1 (F) C M;(F) =
Hj(Kj), write

Dj(t;) = | det(Adt; — Lm; (F)/m; o (F))| = |det(Adt; — 1;b;(K;)/b;0(K;)) g, »
where ||, denotes the normalized absolute value on K (both expressions measure how much Ad¢; —1

scales any Haar measure on m;(F)/m,v(F) = b;(K;)/h;1(K;)). This in particular defines D,(t) =
Dj(tj) ift = (tj)jej S MT. Note then that D(t) = |det(Adt — 1;m/mT)| = Hj Dj(t).
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(vi) Henceforth, for any finite extension L/K of extensions of F' in F', and any additive character ¢} : L —
C* of L, we will systematically write (generalizing Notation 5.33(iv)) A(L/K,¢}) for the constant
that [34] denotes A(L/K, v} ) (since we have been using A for an element of T.(F)).

(vii) Let j € Ji, so that (7, V}) is a Weil representation with respect to EK;/K;. We get from [34] (around
(2.4) of that reference when H; is quasi-split and just below Lemma 7.1 when H; is non-quasi-split)
that, since 6; is not invariant under ¢ — ¢ (see (iv) above), there exist unique mutually non-isomorphic
irreducible supercuspidal representations 71 (6;) and 7~ (0;) of

M;(F)1 = H;(K;)1 = {g; € Hj(K;) | detg; € Ngk,)/x,((EK;)*)} = {g; € Hj(K;) | Nk, r(det g;) € Ng/r(E™)},

such that (m;, Vj)Im, (r), = (71(6;), Vj+) @ (7 (05),V;"), and such that for each t; € (FK;)* \ K} C
(EKJ‘)X = Hj/r(Kj) = MJ"T(F) with Gal(EKj/Kj)—conjugate t_j,

tj — t_j Gj(tj) + Cj 9j o Int Wy (tj) (125)
205 Dj(t;)/?

t —m) () + ¢; - 0,(F))

Ont(0,)(tj) = On—(0,)(t;) = MEK;/K;, ;)80 px,y/x, <

J
2V5 Dyt 7

where v; := ¢ o trg,,p, and where ¢; equals 1 (resp., —1) if H; is quasi-split (resp., if H; is not

= NEK;/Kj, 0)3805x,)/ K, <

quasi-split). Note that we are using the choice of v/§ to normalize the transfer factors; replacing v/&
by an element of (F* \ Ng,p(E*))Vd will swap 7t (6;) and 7~ (6;). Note that v determines which

irreducible component of 7|y (r), is labeled 77 (6;) (and hence also which one is labeled 7~ (6;)).

(viil) Let M®(F); = x° "(Ng/r(E*)) C M°(F), i.e., M°(F); C M®(F) is the subgroup so denoted in the
proof of Proposition 10.29. Since the representations @ ,c;, 7% (0;) ® &gy, 7 of [[;c; Mj(F)1 x
1z, Mj(F) € M®(F); are pairwise nonisomorphic (where each a; = + or —), we may and shall
assume that some subrepresentation (7%, V) of (7°,V°)|yo(s), contains &, (7F(6;),V;")
&g, (5, V;). It is then easy to see that we get a decomposition:

(7707 VQ)‘MO(FM = (ﬂ-o’+7 VO’JF) S5 (ﬂ-o’iv V%i)

of 7°|pe(r), into irreducible representations, where (7%, V**) (resp., (7*~,V>7)) is the direct
sum of all the <®j€Jl (ﬂ-aj(ej)7‘/jaj)®®j€el\<]1 (7rj,Vj)>, with a; € {+,—} for each j € Ji, such

that the number of j € J; with a; = — is even (resp., odd). This has the consequence that, if
m® = (m;); € [[;es, Mj(F)1 x [1¢5, M;(F) C M®(F); is strongly regular as an element of M®(F),
then:
O 04+ (M®) — O, (M®) = H (97r+(0 )(mj) O,- ;) m] H O, (m;). (126)
JjEJ1 J€J1

By the discussion towards the end of (vii), it follows that v determines which irreducible component
of (7%, V) |me(r), gets labeled (7 F, V™) (and hence also which one is labeled (7% ~,V7)).

(ix) Let A°:V°® — V° be the map that acts as the identity on V> and as multiplication by —1 on V®~
It satisfies, for all m® = (m;); € [[; H;(K;) = [[; M;(F) = M°(F):

A% om®(m®) = sgnp p(x°(m)) - (7°(m®) 0 A°) = (]| senp, /x, (detm;)) - (7°(m®) 0 A°).  (127)
JE€EJ1
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(x) Since A := #(wy ') intertwines 7 with moe = 7 ® w™!, A? is a scalar by Schur’s lemma, and A has

exactly two eigenvalues, that are negatives of each other. Let M(F); = x5 (Ng,p(F*)) C M(F) (as
in the proof of Proposition 10.29). We have a decomposition

(ﬂ', V)|M(F)1 - (7T+7 V+) D (ﬂ-ia Vﬁ)

of 7|ni(ry, into irreducible representations, where V+ and V'~ are the eigenspaces of A. Any m € M(F)
with x,(m) € F* \ Ng/p(E*) maps VT and V™~ into each other.

(xi) Since (7+,V™T) is a subrepresentation of the restriction of (m,V) to M(F);, which is a subgroup
of M°(F), and since (7, V) embeds into (7°,V°)|\(r), it follows that (7%, V') can be embedded
into (7*F, Vo) ey, or (797, V7 )|w(r),. We exchange (7+, V™) and (7=, V™), if necessary, to
ensure that (71, V™) embeds into (7T, V>1). Then, applying 7°(m) for any m € M(F) \ M(F); C
M?(F) \ M®(F); (this last inclusion holding because x° extends x, or x3 on M by Lemma 10.26(i)),
it follows that (7=, V™) embeds into (7*~, V7).

(xii) We let (v,7) be the scalar with which A = #(wy') acts on V*+ — this depends on v, because v
determines which irreducible component of (7°, V°)|ye (g, gets labeled (7, V1) (see the discussion
towards the end of (viii) above), and because we have chosen (77, V1) to embed into (7%, V) |y pys.
There is possibly an additional choice that we are making here, at least a priori — we have not ruled
out the possibility that (7=, V™) might also embed into (7%, V*T) (in which case (7, V") and
(m=,V~) can be swapped). However, Proposition 10.32, or more explicitly Corollary 10.33 below,
shows that this extra choice does not change the value of (v, 7) whenever R(7) # 0; it would be nice
to see this more directly. In any case, for { = two_l € Tsr(F) C M(F)lwo_l7 we have @;T(two_l) =
<U, ﬁ—> (@77"' (t) — O, (t))

Remark 10.31. In Notation 10.30(xi), we would have liked to start with an embedding of (m, V) into
(7, V). However, without assuming that the restriction of (7, V') to M(F') is multiplicity-free, we are not
able to ensure that the restriction of A°® to V preserves V.

Proposition 10.32. Assume that w = sgug,p for some quadratic extension E/F in &, and that for each
j € Ji, mj is a Weil representation associated to EK;/K;. Let v and various objects and notation and
identifications be chosen as in Notation 10.30. Let n, be the length of 7° = ®;m; as an M(F)-module. Let
t=twy' € T (F), with t € T(F) = EX — (EK;)* = M, (F) for each j (these identifications as in (i)
and (i) of Notation 10.30). We have:

OL{E) = n (v, 7) - NEK; /K, 0;)580 pre ) /1. t=t ) Oalt)+ e 05(8) ) 0, ().
() =n; (v,7) jgl ( /Kj,¥;)s8 (EK;)/K; (2\/5_1> Dj(t)l/g jgl J()

Proof. Note that [[; M;1(F) C [[;es, Mj(F)1 x [[;gs, Mjr(F) € M°(F);. Therefore, (126) and (125)
give:
Oros (1) = Ono—(t) = [] (Ort(o,)(t) = On—0,)(1)) - [ ©x, (1) (128)

jeJ1 JEJ1

_ t—f\ 0(t)+c;-0(F)
= ANEK; /K, ), ) . — . @W].t.
jgl ( J/ J %)Sgn(EKJ)/KJ (2\[5 1) Dj(t)l/z jgl (t)

On the other hand, n, is also the length of each of 7#>* and 7®~ as an M(F);-module, so applying the
argument used to obtain (124) (which was part of the proof of Proposition 10.29), we get:

O%(twy ') =1z (1, 7) - (Oort () = O (1)).
Combining with (128), the proposition follows. O
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Corollary 10.33. Suppose that w is nontrivial. Then

(i) R(7) =0 unless w = sgng,p for a unique quadratic extension E/F in &.

(i) Assume w = sgng,p for some quadratic extension E/F in &. Then R(7) = 0 unless, for each
j € Ji, mj is a Weil representation associated to a character 8; of (EK;)* which is not invariant
under Gal(EK;/K;).

(tii) Let E be as in (i), and assume that for each j € Jy, m; is a Weil representation associated to a character
0; : (EK;)* — C* which is not invariant under Gal(EK;/K;). Choose v = (T, (811, Br.2),Vd) and
various objects and notation and identifications as in Notation 10.30. Let op = vol(T, (F))l“&ll\/lfr (i.e.,

as in Corollary 10.22). Then R(7) equals the product of sgnE/F(—Q\/gilfq_?l) and:

’7*(07}171/})_1UT<U’7}> n 1/2
8d(r°. T (F)) [T MEK; /K 45) / [T +¢-0;0) |- [ Dit)/?6x,(t) | at,

jen T (F) \ jen JEINI

where it is part of the assertion that the integrand, though defined on T(F) = E*, descends to a map
on T.(F).

Proof. (i) is a repetition of Proposition 9.16(ii): since w is nontrivial and quadratic, w = sgnpg /r for a unique
quadratic extension E/F in F, and Proposition 9.16(ii) says that R(7) = 0if E ¢ &. (ii) is a repetition of
Proposition 10.29 (the condition on the 8; follows from the supercuspidality of 7;). Let us prove (iii), so we
have the identifications T(F) = E*,M, rv(F) = (EK;)*, the characters 6, etc. as in Notation 10.30.

By Proposition 9.16(ii), R(#) equals R(®)(7), which, by definition (see (112) in Notation 9.14(v)) and
Lemmas 10.18 and 10.20, equals:

'7*(07]17#))71 . -1 3(E)(~) _ nnV*(OaHJ/J)*l X 2#J73V01(IE(F)) n1/2 nNob (§
PO ) 0w = g B s P /T PRCEESIGEHGE

= M 1/2 N n OL(F
"~ 8d(7°, Zyo (F)) /T(F) [1D;®"? | Ar(d) - n-0%(F) dt

JjeJ

where n, is the length of 7 as a representation of M(F'), and in the second expression the t of D;(t)

is such that ¢ = twy ! Now the lemma follows from Proposition 10.32, provided we show that for each

t € T (F) C T(F) = E*, the left-hand side of the following equality, which equals its right-hand side by
the expression for At in Lemma 9.19, equals sgnE/F(—2\/Sil\ﬁ_1):

t—1t t—t t—t
AT(twal) . H SgnEKj/Kj <1> = sgnE/F ( ) H sgn EK;/K; <> .
jed 2v/0 jeh Vo
On the other hand, the right-hand side equals

_ _N\ e, (K F] -

sgn H ( ! ) sgn ( bt > o (2\/5 1) sgng g 2\/5717'71)

E/F | K;/F = E/F 1 : — = E/F\™ T

je Vo 2V6 7T

[K; : F] equals 1 or 3, which is odd), as desired. O

(use that >, 5
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10.5 The normalizations in the quasi-split case, w nontrivial

In this subsection, we consider the case where G is quasi-split, and, using the pinning and the resulting
identifications chosen in Notation 10.2(v), fix a concrete choice of the datum v as in Notation 10.30. We
then relate our ‘v-normalized’ transfer factors to Whittaker normalized transfer factors. More precisely, we
figure out when a nontrivial Whittaker functional on (7®, V) for the Whittaker datum determined by 1 and
the chosen pinning, is trivial on the M°®(F);-subrepresentation (7*%, V*) of Notation 10.30(viii) (which, as
discussed there, is determined by v). This indeed relates (v, ) to Whittaker normalization, because (v, 7)
is the scalar with which #(wg ') acts on (7, V1), which is an M(F);-subrepresentation of (7, V) that was
chosen to be contained in (7F, V) [y

Notation 10.34. Assume that G is quasi-split, and fix E € &, so that E # K for each j € J. Fix VéecE

such that F = F[V/§] and § = \/52 € F*. Write op for the nontrivial element of Gal(E/F). Recall that,
since G is quasi-split, we have fixed a Gal(F'/F)-invariant pinning of Gz in Notation 10.2(v), and used it to
get identifications H; = GLa /K; and M; = Resg,/r GLz for each j € J (see Notation 10.2(vii)). In what
follows, we will have use for the ‘diagonally embedded” GLy contained in J] jResg,/p GLo = 11 M= M?,
considered in Remark 10.7. In fact, the image of GLs is contained in M C M?, and x, on M identifies with
det on this copy of GLy (use Remark 10.5).

(i) Fix T € T, as follows. Following [66, Section 3.1], we embed Resg,/r G, in GLg by:

a b
a+bV/s — <b5 a). (129)
Composing with the ‘diagonal embedding” GL2 — M mentioned above, we get a copy of Resg,r G,
in M, which we call T. We will see in (iii) below that T € T,f.

(ii) Let go = (g _11> inside GLy(E), viewed using the ‘diagonal’ embedding GLy < M as an element

of M(E) € M°(FE). This go is somewhat of a variant of the gy of [66, Section 3.2]. Note that:

w(ps ot = (TN ) =P -8 Ve, )

using Remark 10.7: here and for the rest of this subsection, 3" and (y—3)" are realized as cocharacters
of G using our fixed pinning from Notation 10.2(v).

iii) By (130), Int go(T7) equals the F-torus generated by the images of 8V and (y — 3)V. Hence, T € T, .
E

(iv) We choose the labeling of {11, 61,2} to be such that 11 = Solnt gy and fr2 = (v — ) oInt go, i.e.,
Bt = Int g5 oY, Bt 5 = Int go o (y—pB)Y. Note that we now have a datum v = (T, (811, fr.2), V9)
as in Notation 10.30(i).

(v) Thus, the identification T = Resg,p G, from (i) coincides with the one for which a € E* is identified
with By ,(a)By 5(0r(a)) € T(F), as we have been using in some other parts of this paper, including
in Notation 10.30(i). The ‘diagonal’ embedding GLs — [] ;Resg;/p GLy = M? considered above has
the property that its base-change to K;, composed with the (base-change of the) projection (M?)g, —
(Mj)x, — H; = GL2 /Kj, is the identity, for j € J. Using this for some fixed j € J, and following
through the construction of the identification Resgg, /¢ Gy — M 1 in Notation 10.12(ii), which was
imposed in Notation 10.30(ii), we can describe it more concretely in our situation as follows. The
prescription of (129) gives us an embedding Resgk,/x, Gm — GL2 /K; = H; with image H; , from
which we get the required identification Resgg,/r Gy — M1 by taking Resg,/r. We repeat that
this lets us identify (£K;)* with M; t(F), and that it extends the identification Resg/p G, — T —
M < M°® — M, (see Notation 10.12(ii)).

150



Lemma 10.35. Suppose G is quasi-split, let E € &y, and assume the notation of Notation 10.34, such as
-1
V6, the choice of T € T there etc. Then tr € 2V/§ Ng/p(EX).

Proof. Let X € gg(F') be part of our fixed pinning from Notation 10.2(v).

From Notation 10.34(iv), it is easy to see that Adg; ' takes 95,7 t0 9., p- Since go € M(E), it follows
that Adgy ' (Xg) € g, (E). Since T is not split, op(Adgy ' (Xs)) € gpr,(E). Thus, Adgy'(Xp) +
op(Adgy H(Xp)) € nyo(F) Nep(F), and we can write:

[Adgy ' (X5),0(Ad gy ' (X5))] € Ng/r(EX) - 70X, (131)

Recall from Notation 9.24(vi) the element w; € M(F) representing a long Weyl element for M modulo the
Levi subgroup M} defined there. In our situation, M’ (which is F-conjugate to Mr) is simply the maximal

1
1 0> € GLy(F) under
the ‘diagonal embedding’ GLs — M. Recall also from Notation 9.24(vii) (which was enforced in Notation
10.2(v)) that we set X,_g = Adw;(Xp) and X, = [Xg, X,_g]. Therefore:

torus underlying our pinning, and it is easy to see that w; is the image of (

[Ad gy ' (Xp), Ad gy 'w; (Xp)] = Ad gy (X)) = x4 (g5 ) (Xy) = (det go) " - X, (132)

where, to make sense of the equality x-(go) = det go, we refer to the discussion in Notation 10.34, just before
(i) there.

Comparing (131) and (132), we get that, if we can show that Adw; 'goor(gy ") scales X5 by some scalar
a € EX, or in other words if o (Ad gy ' (Xp)) = a- Ad g5 'w, (X5), then 7 € (det go) *aNpg/r(EX).
One computes that wy*goor(go) " is the element inside the diagonally embedded GLo(F) C I1; GLy(F) =

M¢(F) given by:

0 1\' (V6 -1\ (=V5 -1\ (1 0

-1 0 Vo1 -V 1 o -1)°
This element is the same as 3Y(—1) (see Remark 10.7). Therefore, Ad wi ' goor(gy ") scales X5 by B(8Y(—1)) =
1€ EX, so 1 € (det go) *Np/r(E*) = (2V6) ' Np/p(EX) = 2\/5_1NE/F(EX). O

10.5.1 Normalization of Labesse-Langlands transfer factors

So far, our ‘normalization’ of transfer of characters has used the choice of v/§ (see Notation 10.30(vii)), in
addition to that of T together with an identification T = Resg,p G;,. In Lemma 10.35, we chose a specific
T € T, depending on /¢ (and our fixed pinning), and related 7r to v/3. To relate R(7) (or equivalently
(v, 7)) to Whittaker data, we will now study the behavior of Whittaker normalized transfer factors on the
chosen T. For this, we will need to spell out how the Whittaker normalization plays out in the endoscopic
situation of [34]. Although this should be well-known, we will work out the details since we are not able to
locate a reference. It turns out to be sufficient to study a related problem in twisted endoscopy, involving
twisted GLy /F and the norm one torus associated to E/F (which is a form of SOz /F) — in this case, we
have the explicit computations of [66] available. Strictly speaking, we will need to study a similar question
with F replaced by each Kj: for lightness of notation we will stick to F', but of course only use those results
that will allow us to later replace F' by any of the Kj’s.

Notation 10.36. The following notation will apply in the proof of Proposition 10.37 below.

(i) We will be interested in GLy /F, and let T now stand for the copy of Resg,/r G,, embedded as a
maximal torus in GLy /F, according to the prescription of Notation 10.34(i), specifically (129).
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(ii) For t € T(F), let DGY2(¢t) = |det Adt — 1;gl,/t|. We will write oz for the nontrivial element of
Gal(E/F). As in Notation 10.30(iii), for ¢t € T(F) = E*, write t for og(t) when t is thought of as an
element of £*. When one thinks of ¢, as elements of T(F), one has { = wtw~! for any w belonging
to the unique coset of T(F) in GL2(F) that normalizes T but does not centralize it.

(iii) For any continuous character 6 : EX — C* such that 6 # (0 : t — 6(f)), we will denote by 77 (6) and
7 () the representations of

GLy(F); := {g € GLo(F) | det g € Ng,r(E*)}

as in Notation 10.30(vii), so that, for all ¢t € T(F) = E*, we have:

t—t ot ot
m*) D(G)L;wg/z' (133)

Ort(9)(t) — Orn—(0)(t) = N(E/F,¢)sgnpp (

(iv) We will think of ¢ as also a character, automatically nondegenerate, of the standard maximal unipotent
subgroup of GLy(F): thus, ©¥(g) = ¥(a), where a € F is the (1,2)-entry of g.

Proposition 10.37. Assume Notation 10.36. Let 6 : EX — C* be a continuous character with 6 # 0. Then
7(0) has a - Whittaker model, and 7= () does not.

Proof. This is simply a question of translating a discussion from [34, towards the end of Section 2] to our

situation, for which we will use the exposition in [33, towards the end of Section 5.3]. For a + b € EX,
with a,b € F, let m(a + bv/§) denote the corresponding element of T(F), so that:

m(a+ bVo) = <b6:5 2) = g1 'mi(a—bVo)gi,

” = (_5 1), ma(a - bV3) = (_“b ‘;’5).

Since —0 € Ng/p(E£*), we have g € GLy(F);. Therefore, the equality (obtained from (133))

where

O, +(0)(mla + bV8)) — O, gy (m(a + 0V3)) = NE/F, d)senp, ( V0 —oplat m) b(t) + 9(7)

2\/3—1 DGL2(1)1/2”

gives, using that \/571 € —V6Ng,p(E*) and that A(E/F,v¥) = XE/F,%)~! = X(E/F, Y)sgng p(—1):

&0y a0~ 1V5) — O—gy s (a ~ 0V5)) = A(E/F, s ( ~ i T ) Do

The embedding a — bv/§ + my(a — bv/3) of EX in GLy(F) is exactly like the embedding

a+br — ¢ bv
b a+bu

discussed towards the end of [34, Section 2], where, in our situation and with our notation, we have V4 in
place of 7, 0 in place of u and ¢ in place of v. As mentioned towards the end of [34, Section 2], a few lines
after this embedding is introduced, this implies that 77 () is the representation 7 (60,1)) referred to there,
which is ¢-generic — these assertions in [34] are made using notation from other references, and as alluded
to above, we are following the exposition in [33, towards the end of Section 5.3]. O
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Corollary 10.38. Assume that G is quasi-split. Let E/F be a quadratic extension in & (so K; # E for each
j € J), and assume that for each j € Ji, m; is a Weil representation associated to EK;/K;. Let a datum
v = (T, (Br,1,Pr,2), V/9), together with embeddings Resg/p Gp = T — GLy € M C M®, and identifications
Resgr,;/r Gm — Mj 1, be chosen as in Notation 10.534. Using these in place of the corresponding objects and
identifications in (i) and (i) of Notation 10.30, define 6; (resp., w*(8;) and ©=(0;) for j € Ji; resp., %+
and 77 ) as in (iv) (resp., (vii); resp., (viii)) of Notation 10.30. Let (U°(F),vue) denote the Whittaker
datum for M®(F) determined by our pinning and 1. Then ©%% supports a nonzero 1°-Whittaker functional,
and 7~ does not.

PTOOf. Write UQ(F) = Hj UJ(KJ) under MQ(F) = Hj M](F) = Hj H](KJ) = Hj GLQ(KJ) Then U](KJ)
is the group of Kj-rational points of the standard upper triangular unipotent subgroup of H; = GL, /K.
It is immediate that we can write (U°(F),¢ue) as a product [[;(U;(Kj),¢u,), where for each j, ¢y, is
a nondegenerate character of U;j(K;). It is an easy exercise to check that ¢y, takes an upper triangular
unipotent matrix in GLa(Kj) to ¢ = ¢ o trg, p applied to its (1,2)-th entry. By the multiplicity one
property of Whittaker functionals, it suffices to show that 7% supports a nonzero 1°-Whittaker functional.
Using the choice of 7% in Notation 10.30(viii), and using that each 7; (j € J1) is (U;(Kj), 1y, )-generic,
it now suffices to prove that for each j € Ji, 7+ (#;) supports a nonzero Whittaker functional for the
Whittaker datum (U;(K}),u;). This follows from Proposition 10.37, applied with F, E,+) and 6 replaced
with K, EKj,1; = 1 o trg,/p and 6;; here we are also using that the identification M; t(F) = (FK;)*
under consideration translates to an embedding (EK;)* < M;(F') = GL2(XK;) having the same prescription
as the embedding E* = T(F) — GLy(F) in Notation 10.36(i), so that Proposition 10.37 applies directly to
this setting. O

Corollary 10.39. Assume that G is quasi-split. Let E/F be a quadratic extension in & (so K; # E
for each j € J), and assume that for each j € Ji, w; is a Weil representation associated to EK;/K;.
Suppose © is generic for the Whittaker datum determined by v and the chosen pinning, and that T is
Whittaker normalized for this Whittaker datum, i.e., T(wg 1) acts as the identity on the corresponding space
of Whittaker functionals. Let v be chosen as in Notation 10.34(iv). Then (v,7) = 1.

Proof. For this proof alone, we write to for the Whittaker datum on M(F’) determined by the chosen pinning
and 1. We will abuse notation by treating tv also as a Whittaker datum for each of M°(F),M(F); and
M®(F);. Recall from Notation 10.30(xii) that (v,7) is the scalar with which 7(wy') acts on the space
of (mt, V1), where (77,V ™) is a subrepresentation of (m,V)|y(p), that embeds into the restriction of
(7T, Vot) to M(F); (see Notation 10.30(xi)). By the Whittaker normalization of 7, it suffices to show
that (7, V1) supports a nonzero to-Whittaker functional. By the hypothesis on m and multiplicity one for
Whittaker functionals, we know that exactly one of (#+, V™) and (7—, V™) supports a nonzero to-Whittaker
functional. Since (7, V™) embeds into (7%, V™), it now suffices to prove that (7**, V1) supports a
nonzero to-Whittaker functional and (7*~, V> ~) does not. This follows from Corollary 10.38 above. O

10.6 Normalizing factors from the Galois side

In this subsection we associate to m certain Artin L-functions and e-factors analogous to the L(s,m,r;) and
the e(s,m,7;,7) seen in the Langlands-Shahidi method, using the fact that M embeds in M®, which is a
product of restrictions of scalars of general linear groups. We then do some Galois side computation to find
out when these L-functions have poles at s = 0, the idea being to show later that such poles occur exactly
when R(7) # 0 (and then to relate R(7) to an expression made from these L and e-factors).

Notation 10.40. (i) Let P c G be the parabolic subgroup dual to P determined by the pinning of G
that is part of its L-group data (for us, the L-group data are rigid enough to include the pinning).
This pinning of G gives us a Levi decomposition P = MN, whose Levi component M identifies with the
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(iii)

(vi)

Langlands dual of M. The inclusion M < G extends to an embedding “M — I G that we think of as
an inclusion. In what follows, groups over C will often be identified with their groups of C-points. Here
and henceforth, we use the Weil form of the L-groups, so that “M = M xWr and ¥ G = G xWp.

As in the Langlands-Shahidi method, we write the adjoint action of M on # = LieN as:

m

=@
=1

where each 7; is an irreducible representation of ¥ M, with the property that, denoting by 4V : G,,/C —
M the homomorphism dual to x-, : M — G,,, the representation ;09" of G, /C is a direct sum of copies
of z — z'. This is indeed the usual decomposition of  as seen in the Langlands-Shahidi method, since
X~ is the fundamental weight associated to the Levi subgroup M of the maximal parabolic subgroup
P, as observed in the proof of Lemma 6.2. For 1 < i < m, let 7% be the pull-back of r; to £ M°. The
notation rq, 72, ... just introduced will carry over to later sections, but the integer m will be used only
in this subsection, up to and including Lemma 10.46 below.

We write M~ for the Langlands dual group of M®, and ©M°® = M x Wrp for its L-group. We may
and shall realize “M? as the fiber product of the M; over Wg. Dual to the embedding M < M°?,
we get a surjection “M® — L M. Let r{ denote the pull-back of 7; under this surjection. Since
M; = Resg,/r H;, we may and shall identify M;, as a Wr-module, with Ind%f{j H; ([8, Section 5)).

Assume first that G is quasi-split. Recall the following objects from (v) and (vii) of Notation 10.2:
the set I, the Gal(F/F)-orbits I; := Gal(F/F) - i(j) for each j € J, the identifications M; =
Resg,/r GLg for each j € J, and the identification M® = Hje] Resg,;/r GLa. We can then iden-
tify M; = [Tics, GL2(C) (resp., M = [T:c; GL2(C)) as a Gal(F/F)-module, on which Gal(F'/F) acts
by permutation through its action on I; (resp., I). Moreover, for each j € J, ﬁj can be identified
with the copy of GLa(C) corresponding to i(j) € I;, on which Gal(F/K;) acts trivially. Here, we are
thinking of the various products of GLy(C) under consideration as pinned reductive groups (with their
standard /obvious pinnings). If G is not quasi-split, we may and do use a quasi-split inner form to fix
identifications of the kind just described.

For j € J, let ¢; be the Langlands parameter of 7, thought of as a representation of H; (K), for which
the local Langlands correspondence is known. This also gives us a Langlands parameter ¢; for ;,
this time viewed as a representation of M;(F'), related to ¢; by the isomorphism of Shapiro’s lemma
(see [8, Proposition 8.4]). Thus, we get a Langlands parameter ¢, o for m°, whose composite with
LM® — I1; LM; equals (p;);. Let ¢r denote the composite of pro and © M<> LM. For1<i<m,
and for each addltlve character ¢’ : F — C*, we set L(s,m,r;) := L(s,r{ 0 pro) = L(s,7; 0 @), and
€(s,m,1i,1) = €(5,75 0 pro,h) = €(s,7; 0 Yr, 1), where ¢ is the composite of r; with L' M® — L M.
It is not hard to show that ¢, is independent of the choice of 7°, but we will not do this as we do
not need it. In any case, using terminology defined in [29, Page 250], M® is of GLo-kind and r{ is
an LS-representation of *M?®. Moreover, it is easy to see from [29, Theorem 1.1] that, when G is
quasi-split, the L(s,m,r;) and the e(s,m, r;,1) are the Langlands-Shahidi L-functions and e-factors
their notation usually represents. If G is not quasi-split, one can make an analogous assertion using
the Jacquet-Langlands transfers of the ;.

Up to Lemma 10.45 below, we will write J as {1} in the Ga-case and as {1,2} in the Bs-case, with
J1 = {1}. If we are in the Gy-case or the Bs-case, we have LM = LH = GLy(C) x Wr for each
j € J, letting us talk of the standard, symmetric square, exterlor square, adjoint, determinant .

representations of ©M; for any given j € J (with ©M; = M; x W acting via the projection to M; )
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which we will denote by std, Sym?, A2, Ad, det ... in the Go-case and by std;, Sym?,A?, Ad;, det; ...
in the Bjs-case.

(vii) If « is a root of G, we will denote by & the corresponding root of G, and by &" the coroot of G
corresponding to & (note that this is consistent with the usage 4V in (ii) above). We will identify
these roots andACé)roots WithAtheir concrete realizations using the fixed pinning of G. Similar comments
will apply to M and the M, (using the pinnings that are part of their L-group data). The map
EM® — £ M and each of the maps £ M® — L M, will be assumed to respect the relevant pinnings.

(viii) Let
Auo () = [T AE;/F.0)* = [ ] seng, yp(-1).
jeJ jeJ
Thus, Ay, (¥r) equals 1 in the Gy and Bs cases. The same applies in the Dy-case when G is split.
In the Dy-case when G is not split, we have Ay, (¢) = sgng,/p(—1) for the unique j € J such that

K; # F. In Lemma 10.51 below, we will see that it agrees with the object denoted A, (%) in [3,
Theorem 7.1].

Remark 10.41. More explicitly, the isomorphism M I
to the isomorphism M% = []

;1 GL2(C) of Notation 10.40(iv) above is dual
icr GLio p considered in Remark 10.6.

Remark 10.42. Let j € J. With the identifications of Notation 10.40(iv), it is easy to see that the
‘Shapiro’s lemma’ bijection between the Langlands parameters for M; and H; (relating the ¢; and ¢; of

Notation 10.40(v)) can be described at the level of cocycles as first restricting to Wg, C Wp, and then

projecting onto the factor of Mj = [[,c;. GL2(C) corresponding to i(j) € I;.

i€l
Remark 10.43. Suppose we are in the G-case or the Bjz-case. For j € J, write xj : M® — G,, for the
character that equals x; = Resg,/rx; on M; = H; = GL2 and is trivial on My for i # 7. Its dual
X7 1 Gm/C — M projects trivially to M for j # j/ € J, and its projection to M; = GLgy(C) is given by:

()

Then, since X7 restricts to x, on M (see Remark 10.5), the composite of X7 with M M equals 4.

Lemma 10.44. Assume that we are in the Gy-case, so that M = M®. Then m = 3,7, = std,r, = A? and
r3 = std ® det.

Proof. This is well-known, but we emphasize that our identification M = GLy(C) from Notation 10.40(iv) is
used in the assertion; for instance it can be used through its consequence stated in Remark 10.43. O

Lemma 10.45. Assume that we are in the Bs-case. Then m = 2,1{ = stdy @stda, and r§ = Sym% ®dety =
Ad; ®(dety dety) = Ady ®x4, where x5 is the character of M’ dual to vV (which is valued in the center of
M?®), inflated via © M® = [ x Wrp — M’ to a character of L M°.

Proof. Recall from Notation 10.2(ii) that we write the simple roots of G as a1, as = 8, a3. One checks that
the highest weight vectors for r; and ro are given by the roots &1 + 5+ &g and 241 +28+ &g, respectively. The
former pairs with &Y, &y and 4V to give 1,1 and 1 respectively, while the latter gives 2,0 and 2, respectively.

Hence, with our identifications, using Remark 10.43, and writing weights for M’ = GL3 x GLs in the usual
tuple notation as pairs of pairs of integers, we get that the highest weights of r{ and r§ are given by
((1,0),(1,0)) and ((2,0),(1,1)), respectively. From this, the lemma is immediate; note that det; dets is the
composite of x5 with LM® — LM, since for j = 1,2, the composite of v" with M — M; equals the standard
central cocharacter of M;. O
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We will not use the nontrivial part (i) of following lemma. Nevertheless, it helps us view r; and ry in the
D,-case more concretely.

Lemma 10.46. Assume that we are in the Dy-case. Note that P = MN c G satisfies the hypothesis of
Notation 3.3, with 7 the highest root of G, so 4 extends to a homomorphism x5 : M — C*, and further to
a homomorphism (denoted by the same symbol) x5 : LM — C* (thus, X4 15 the character with which I'M
acts on the root space associated to 7). For j € J, write 7 for the set of F-algebra homomorphisms from
K to F, and p; for the Asai #7;-th power representation of *M; = GLq (C)#5 x W on a tensor product
@pem1,C? of #71;-many copies of C* (see [29, the beginning of Section 5]). Via L' M® — I1; EM;, we get a
representation of L' M® on the space of ®;p;. Then:

i) The representation 1 of “M satisfies that its pull-back r$ to ¥ M® equals the representation of ©M°
1
on the space of ®;p; just mentioned.

(ii) 72 is the one-dimensional representation x5 of M.

Proof. (ii) follows from definition.

(i) is a more complicated variant of the part of Lemma 10.45 that deals with 7. But when J = {j} is a
singleton, so that [K; : F] = 3, (i) has been described in [29, Section 5.4]. The general case follows using
obvious adaptations. O

To prepare for Proposition 10.49 below, which studies 1 o ¢, when L(s, ¢, 71) has a pole, we will use the
following remark, which tells us about Langlands parameters of Weil representations of M; associated to
quadratic extensions E/F in &.

Remark 10.47. For this remark, given any reductive group G; over a finite extension of F', we will write
®(G1) to denote the set of equivalence classes of Langlands parameters W x SLy(C) — ¥ G for G;.

(i) Assume that Ty, ,H; are connected reductive groups over a finite extension Ki/F, and let Tg, =
Resk,/r Tu, and G1 = Resg,,p Hi. Thus, we have morphisms Tgl — THI (resp., Gl — ﬁl) such
that the ‘Shapiro’s lemma’ bijection ®(Tq,) — ®(Tw,) (resp., ®(G1) — ®(H;)) can be given, at the
level of cocycles, by first restricting to Wg, X SLy(C) and then composing with this morphism, i.e.,
Ta, — Tu, (resp., G; — H;). Now assume further that we have embeddings *Tq, — ©G; and
L Ty, — L'H, whose restrictions Tc;l — Gl and THl — I:h satisfy the obvious compatibility: the
former, when composed with G — I:h, is the composite of the latter and Tgl — THl. From this
compatibility, we get:

e Whenever ¢g, — ¢, under the ‘Shapiro’s lemma’ bijection ®(G;) — ®(H;), we have that ¢g,
lies in the image of ®(Tq,) — ®(G1) if and only if ¢y, lies in the image of ®(Ty,) — ®(Hy).

(ii) Assume the setting of (i), but also additionally that H; = GL2 /K;. Let E;/F be quadratic field
extension in F such that [E1K; : K1] = 2. Suppose Ty, C Hj is a maximal torus together with an
isomorphism Ty, = Resg, k,/k, Gm, and fix the resulting isomorphism Tq, = Resg, g, /r Gp,. Let
0 : (E1K1)* — C* be a character, viewed also as a character of Tq, (F') using the isomorphism just
fixed. Then embeddings “Tq, — LGy and LTy, — LH; as in (i) exist, as we will verify in (iii)
below; fix such embeddings which we further assume to be as in (iii) below. Let ¢g, € ®(G1) be the
Langlands parameter of a representation my of Gy (F) = H;(K7). We claim that:

e 7 is a Weil representation of Gy (F) = Hy(K;) associated to Ey1K;/K; if and only if g, lies in
the image of the map ®(Tg,) — ®(G1) (induced by *Tg, < £ Gp). Further, if these equivalent
conditions are satisfied and if pg, is the image of the Langlands parameter of the character
0: EX =Tg,(F) — C*, then m is the Weil representation associated to (E1K;1/K7,0): to see
this, combine (i) with the fact that the analogous assertion for H; is well-known.
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(iii) Assume the setting of (i), but additionally that Hy = GLg, (nm,) and that Ty, is isomorphic to
Resg, i, /k, Gm, for some finite extension Ey/F with ny, = [E1 K, : K] = [E; : F|. This assumption
has the consequence that the map Homp(FE; Ky, F) — Homp(E;, F) x Homp (K1, F), where Homg
stands for F-algebra homomorphisms, is an isomorphism of Gal(F'/F)-sets. Let I = Hompg (K, F) and
I} = Homp(E;, F). Let Sy, and Sg, = [Licr, Sw, be the standard maximal tori of H; = GLpy, (C) and
G, = [Licr, H, = [Licz, GLny, (C), viewed as pinned reductive groups using their standard pinnings.
Recall that Gal(F/K) (resp., Gal(F/F)) acts on Sg, and H; (resp., Sg, and G,) trivially (resp.,
through its action on I;). The character lattices X*(Tq,) and X*(Sq,) have bases of the form {e; i |
(i,i") € Iy x I} and {fi s | (i,i") € Iy x I;}, respectively, where Gal(F'/F) acts on the former via
its ‘diagonal’ action on I; x I{, and on the latter via its natural action on I; and the trivial action
on I{. Map T(;l to Sgl by requiring each f; to pull back to e; ;». Letting 2 be the Weyl group of
Scl in C}l, define w : Wr — Q by requiring w(w) to send each f; # to f; .. It is immediate that
each w(w) is fixed by Wp, and thus w — (w(w),w) is a homomorphism Wr — Q x Wpg. One then
notes that permutation matrices give a Wg-equivariant lift Q — G, composing w with which we get
W : W — G. Now it is easy to see that sending each w € W to ((w), w) € © Gy is a homomorphism,
and lets extend Tel — C}l to an embedding Tg, — L'Gi. An easier variant with K; = F gives us
a similar embedding L Ty, — L'H;, and a compatibility between the embeddings L Ty, — LH, and
LTq, < L' Gy as mentioned in (i) is easy to check.

Remark 10.48. Proposition 10.49 below, in the case where J = {j} is a singleton set and hence [K; : F] = 3,
was proved by C. Luo in the appendix to [39]. More precisely, in the case where we additionally have that
K;/F is Galois, [39, Theorem 3.16] agrees with the proposition below. While the description in [39, Theorem
3.17], which treats the case where K;/F is not Galois, is somewhat different from that in the proposition
below, [39, Remark 7] allows for deriving from it a formulation that is parallel to [39, Theorem 3.16] and in
line with the proposition below. I thank Luo for email correspondence on this. Our proof will be of a different
nature from that in [39], and will rely on the structure theory from Section 3, applied to P=MNCGin
place of Ps = Mz Nz C Ggp. It will also be longer than necessary, and seemingly artificially bring in a
T € T, in order to be closer to what we believe is the spirit of the endoscopy in the situation. This will
also help make the proof of (ii) of the proposition more natural.

Proposition 10.49. Assume that we are in the D4-case.

(i) L(s,m, 1) has a pole at s = 0 if and only if the following holds: w = sgng,p for some quadratic
extension E/F in & (thus, E # K; for each j € J), and there exist characters 6; of (EK;)* for
each j € J, such that 6° := Hj 0;|px is the trivial character of E*, and such that each m; is a Weil
representation of M;(F) = H;(K;) associated to (EK,;/K;,0;).

(ii) Assume that L(s,m,71) has a pole at s =0, and let E/F be as in (i). Suppose T € T+ is split over E
but not F. Let pyrs, be the representation of Wp on X*(M7) ® C (recall that Mt D M7 is a torus).
Then the representation r1 satisfies the following isomorphism of eleven dimensional representations:

Adog, @ (Ind%g 11) 2 11 0 or @ puts,s

where on the left-hand side Ad op, stands for the representation of Wr acting via Ad o, on w /35 =
1/ Lie zG# /)0,

M

Remark 10.50. As will follow from the proof of Theorem 10.56, the Ad og, in (ii) of the above proposition
is what ‘explains’ the contribution of d(7) (or equivalently of d(7°, Zpe (F)) to our residue formula, while
the PME, ‘explains’ the FO’MET in the denominator of the formula.

Proof of Proposition 10.49. Note that G is of the same type (D4) as G, and that P=NMNisa Heisenberg
parabolic subgroup. Therefore, the hypothesis of Notation 3.3 being satisfied in this setting, we may and

157



shall apply results from Section 3 with the algebraically closed field of that setting (denoted F' there) replaced
by C, and G,P,M, N by G, 15, M, N. We will adapt notation from these sections, and will hence talk, e.g., of
=1 ®nyg. Fori=1,2, 1; is the space on which Ad 04" has weight two, and hence it hosts r;.

Recall from Notation 10.2(ii) that we write aq, az, g for the simple roots of G other than B Thus, we have
roots é, A, éy in M. Write T C M for the subgroup generated by the images of BV and AV ﬂv We can
talk of its centralizers in M as well as in M (which acts on M by conjugation). Then these centralizers,
call them MT and I\A/I?F7 are the maximal tori of M and I\A/Io7 respectively, that belong to the fixed pinnings of
these groups — this is an analogue, for G, of the fact that My C M is a maximal torus for each T € T+,
In this proof, we will use the identification M = [I;c; GL2(C) = GL2(C) x GL2(C) x GL2(C) from Notation
10.40(iv), whose GLy(C)-factors have an indexing by elements of I = {1, 3,4} (with some obvious relation

to the identifications of the M; in Notation 10.40(iv)).
5> note that these are fixed by Gal(F/F) — this follows from the fact that
Gal(F/F) acts trivially on ﬁ and 4 due to the uniqueness of 8 and + in the abstract root datum of G.

It will help us to study the stabilizer of X; + X5 in £ M (which will be useful thanks to Claim 1 below).

Fix X; € gﬁ and X5 € g,

Let 4 be the element of M~ = GL3(C) x GLy(C) x GLy(C), each of whose components is given by <1 1).

Note that 1 is fixed by Gal(F'/F) (since Gal(F'/F) acts by permutation on the factors of 1\7[0) We will use
W to also denote its image in M; this will not cause confusion. Let 1\711T be the intersection of the kernels of
the roots 8 and 4 — 8 of the maximal torus M4 C M. Being a representative for the long Weyl element of
M, @ swaps the lowest and highest weight lines CX; and CX5 for the adjoint action of M on fiy. Therefore
we renormalize X5 so that Xo = Int w(X7), so X7 = Intw(Xz) as well. Thus, the stabilizer of X; + X5 in
LM contains the subgroup generated by Mrlf, w and Wr C ¥ M. Hence, by Lemma 3.53, this stabilizer (of
X1+ X5 in M) equals exactly the subgroup generated by MlT,w and Wp, and contains 1\7[;« x Wg with
index two.

This description immediately implies an analogous description of the stabilizer of X, —|—X2 in I M — namely,
the latter stabilizer is generated by MT ,w and Wg, where MT is the preimage of MT in M’ , which is also
the intersection of the kernels of ﬂ and 4 — B, viewed as roots of M.

Claim 1. If 0 £ Y € fi is fixed by @y (W), then Y € Ad M(X; + X3). In particular, L(s, 7,71 ) has a pole
at s = 0 if and only if @, o can be chosen to satisfy that ¢ro(Wr) has image in the stabilizer of X; + Xo,

0,1
or equlvalently to satisfy that @,o(Wp) is contained in the subgroup (MT (0)) x Wr C £ M® generated by
MT , w and Wg.

Before proving the claim, we make two remarks. First, the proof of this claim will use only that P=MNCG
satisfies the hypothesis of Notation 3.3, and hence will prove its analogues for G of type D, (n > 4), Eg, E;
and FEg; we hope to use this in a later work. Second, here and henceforth, we will equivocate between
Langlands parameters (which are defined up to conjugacy) and L-homomorphisms representing them, when
there is no scope for confusion.

Now let us prove the claim. By Lemma 3.45(i), Ad M(Xl + X5) is the open orbit fiy ¢ of M in ;. Suppose
that the claim is not true, i.e., Y € iy \ i o. To get a contradiction, it suffices to prove that ¢o(Wpg) is
contained in a proper parabolic subgroup of ©M® (in the sense of [8, Section 3.3]), which will contradict the
supercuspidality of 7°.

Let (3 denote a primitive cube root of unity in C. Then Int4Y ((3) is an automorphism of G of order 3, with
derivative Ad 4" (¢3). This automorphism makes § into a Z/3Z-graded Lie algebra, in which the graded piece
corresponding to 0 € Z/3Z equals m, and Y belongs to the graded piece fi; ®fi_o. By the Jacobson-Morozov
theorem for Z/3Z-graded Lie algebras (namely, the assertion “Js(z) # 07 in (b) of [40, Section 2.3]), we
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conclude that Y can be completed into an slo-triplet (Y ~, H,Y) in g with H € m. Moreover, H is not a
multiple of d¥Y(1): if it were, it would have to equal 2d5V (1) (so as to have [H,Y] = 2Y), so by Lemma
3.46(i) and Mal’cev’s theorem ([16, Theorem 3.4.12]), Y would be conjugate to X + Xo under the centralizer
M of d4V (1) in G, a contradiction. Since d¥V (1) spans the center of 1 (as M is a maximal Levi subgroup of
the almost simple group G), this has the consequence that the intersection of the Jacobson-Morozov parabolic
subgroup associated to Y with M is a proper parabolic subgroup of M. Since @,o(Wpr) fixes Y, it normalizes
~ O ~ ~ O
the inverse image of this parabolic subgroup under M — M, which is a proper parabolic subgroup of M .
The normalizer of this latter parabolic subgroup in ©M® meets every connected component of ©M?, since
o (Wr) does, making it a parabolic subgroup of L' M? (see [8, Section 3.3]). Thus, @ (Wp) is contained
in a proper parabolic subgroup of “M?, a contradiction. This proves Claim 1.
Claim 2. L(s,m,r1) has a pole at s = 0 if and only if ¢,o can be chosen to satisfy that, for some quadratic
~ 0,1 ~ol
extension E/F in &, @ (Wg) C MQT x Wg and @0 (Wr \ Wg) C (M?F w) X (Wp\ Wg).
Let us prove Claim 2. The sufficiency is obvious from Claim 1. Hence, by Claim 1, it suffices to assume that
Aol . - . .
Pro(Wg) C (MQT (w)) x Wg, and prove, using the supercuspidality of the 7;, that there exists E/F as in the
~ 0,1 . . ~Ol . . .
claim. First, since MOT x Wp has index two in (M?F ()) X W, there exists a quadratic extension E/F such
~ o1 . ~ol .
that @ (Wg) C M?F x Wg. This forces that @ (Wr\Wg) C (MOT W) X (Wp\Wg) — otherwise ¢ would
factor through the Levi subgroup MOT x Wr C ¥ M®, which contradicts that 7 is supercuspidal. Finally, to
see that E//F belongs to £y, note that if £ = K; for some j, then it is easy to see using the ‘Shapiro’s lemma’
bijection between Langlands parameters for M; = Resk,,r H; and Hj, that the Langlands parameter of 7,
viewed as a representation of H;(Kj), factors through a proper Levi subgroup of £ H;, which contradicts
the fact that 7; is supercuspidal. This gives Claim 2.

Claim 3. Given a quadratic extension E/F in &, the following are equivalent:

® .o can be chosen to satisfy that ¢ro (Wg) C MoTl X Wg and @0 (Wr\ Wg) C (I\A/I?rlui) X (Wp\Wg);
and

e For each j € J, m; is a Weil representation associated to (EK;/K;,0;) for some character §; :
(EK;)* — C*, with the property that 6° :=[[; 0;|gx is trivial.

Before proving Claim 3, we note that it finishes the proof of (i): indeed, the assertion that w = sgng,p is
readily verified using the fact that the homomorphism x4 through which M acts on the root space of 4 equals
1 on M}F and —1 on @ (use Lemma 3.53), and that x4 is dual to v¥. To prove Claim 3, fix E/F in &. It is
now that we bring in a choice of a T € ’Tg , which exists by Lemma 10.9(ii). We also choose, for each j € J,
identifications H; v = Tg, = Respg,/k; G and M1 = Resg, /p Hj T = Resg, )r T = Respr, /r G as in
Notation 10.12(ii). By the discussion in Notation 10.12(ii), via these identifications, the inclusion T < M; r
becomes the ‘diagonal embedding’ T < Resg,,r T. Thus, given any character

6° = (0;); : MY(F) = [ [ M;n(F) = [ [(EK;))* = C*,
J J
the condition that 6° := []; 0;|x is trivial amounts to §° being trivial on T(F) C M7(F'), or equivalently,

its Langlands parameter @go : Wp — L MY, factoring through MOTI X Wg, where 1\7[;1 C MQT is the kernel of
the map MQT — TdualtoT C M. At this point, we apologize for the similarity in the notation between 1\7[;
and I\A/I?F — the former is defined using T, while the latter is defined using T and is the chosen or standard
maximal torus of M.

Thus, by Remark 10.47(ii), Claim 3, and hence also (i), will follow if we prove the following:
Claim 4. There exists an embedding ¢ : * M$ < L M that takes Mffl x W isomorphically onto M;l X Wg
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and M;l x (Wp \ Wg) bijectively onto (Mi}lw) x (Wp \ Wg), and which is in a suitable sense a product of
embeddings M, < L M; constructed as in Remark 10.47(iii).

To construct the embedding M} «— ' M?°, we first identify bases for X*(M;) and X*(M;) Note that
BY, viewed as an element of the ‘cocharacter lattice’ in the ‘abstract root datum’ of M®, can be written as
BY + By + B, where the composite of 3; with the projection to the GL, p-factor indexed by any 4’ # i is
trivial (when made sense of using the relevant abstract root data). Dually, for each i € {1,3,4}, we get a
character Bl of the chosen maximal torus MT M<> that factors through the projection to the i-th copy of
GL3(C) in M. The & does not factor through MT — MT, but 51 + Bg + 54 does, and is obtained by pulling
/3 back under MT — MT. Similarly, we have 4; € X*(M ) C X* (MT) for each i € {1, 3,4}, again factoring
through the i-th copy of GL3(C).

Let I’ = {1,2}. Using Remark 10.7, it is easy to see that the free abelian group X*(M;) has a basis indexed
by I x I', with (i,#') € I x I’ corresponding to ; if i’ = 1 and to 4; — f3; if ¢/ = 2. Gal(F/F) acts on this
basis through the diagonal action on I x I’, where I’ is given the trivial action of Gal(F/F).

Now we construct a Gal(F/F)-invariant basis for X *(MOT) We have cocharacters

ﬁ¥717ﬁ¥72,7\/ : Gm,p — Tp C Mp C M% = HGL2,F .
iel
For i € I = {1,3,4}, denote the composite of 3. |, B} ,,7" with the i-th projection pr; by By ; 1, Bt ;2,7
Again using Remark 10.7, we see that the free abelian group X,(M%) = X *(MQT) has a basis indexed by
I x I', with (4,4") € I x I' corresponding to By ; ;. Gal(F/F) acts on this basis through the diagonal action
on I x I’, where this time I’ gets the unique nontrivial action of Gal(#'/F) that factors through Gal(E/F)
(use that B = pr; o Briv, and that Gal(F/F) acts on the pr; according to its action on I).
Now map MOT to M; by requiring that for each ¢ € I, the characters BZ and 4; — Bz of M; pull back to the
~ O

characters of My that correspond Langlands-dually to the cocharacters Sy ; ; and (7. ; 5 of M7, respectively.
One sends each w € Wy to the element of M’ x Wp = L' M? given by (1,w) or (i, w), depending on whether
w belongs to Wg or to Wr \ Wg.
Since T is generated over F' by the images of 5%,1 and 5%12, whose Langlands duals are pull backs of B and

— B under Mi} — MOT, it is easy to see that ¢ restricts to an isomorphism of groups M%’l xWg — Mi}’l Wg

~rs1 ORILIN . . . T .

and a bijection M?F x (Wp\ Wg) — (M; w) X (Wg \ Wg). It is also immediate that it is in an obvious
sense built up of analogous embeddings M, — L M; constructed as in Remark 10.47(iii). This finishes
the proof of Claim 4, and hence of (i).

Now let us prove (ii). We may and do assume that we can realize ¢, as a composite (£ M® — £ M)o(L M. —
LEM®)opge as in the proof of (i), where T is the given element of 7, . Since ¢, (Wr) fixes X1+ Xo, [ X1+ Xa, ]
gives us a homomorphism of Wp-representations from m/my., identified with a MT—invariant complement of
M4 in m, to a subrepresentation of fi;, where Wr acts on each of these spaces by Ad op,. In fact, by Lemma
3.37, this defines an isomorphism of Wg-representations from m/mg4 to a complement of CX; + CX; in ;.

.1
Since M4 and Wr fix X; and X5 while @ exchanges these, it is easy to see that the action of Wr via Ad oy,
on CX; + CX5 is given by Indwg L.

Therefore, to prove (ii), it suffices to show that the representation Adow, of W on my4 /3y, is simply pue .
This is easy to prove, using two facts. First, the map

("MG — M) = (" M® = " M)o (MG — *M°),

through which ¢, factors, takes MT to M and in turn quotients, first to a map that takes Mr to M
isomorphically, and then further to one that takes M isomorphically to MT / Z0 (because M7 is the kernel
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of x, on Mt while Z%/{ is the image of the coroot 4V, which is dual to x,). Secondly, this isomorphism
MT — MT/ Z%/{ respects the action ?E W (acting via Adog, on the target), simply because ¢, factors
through M} — £ M, and because My is commutative. O

Lemma 10.51. Consider an inner twist G — G*, sending P = M N to an analogous decomposition P* =
M* N*, with the latter decomposition also defined over F. Fix a pinning (B*,T*,{X,}) of G* such that
either B* or the Borel subgroup of G* that is opposite to B* and contains T, is contained in P*. Then:

(i) For a belonging to the set X"(B*;M™) of reduced roots a of At~ that are not roots in M* (i.e., are
nontrivial on Ay~ ), the derived group of the Levi subgroup of G* associated to a (which is automatically
simply connected, since G is) is isomorphic to Resg, /r SLa for some finite extension K,/F in F.

(i) The K, ’s of (i) can be chosen so that we have an equality of multisets:
(Kl o€ 7B M), Ko £ FY = {K; | j € 1K, £ FYU{K, | j€ LK, £F). (134)

Hence:

Awo () = [[AES/F ), (135)

where the product on the right-hand side is over o as in (i), which is also as in [3, (7.8)] with the w;
of [3, (7.8)] replaced by an analogue w§ of wy for G*.

Proof. (135) is a consequence of the definition of A, (¢) in Notation 10.40(viii), and (134) (use that wg
normalizes M* and takes P* to an opposite, and hence takes each av € X" (B*; M*) to a negative root). Thus,
it suffices to prove (i) and (134). In the G5 and Bs-cases, G* is split and both assertions are clear, so assume
that we are in the Dy-case. From Lemma 3.21 and Remark 3.22(i), applied with (G%,B%, T%) in place of
the (G, B*, T*) there, and noting that the M} of Lemma 3.21 is a torus in our case, we get a pair (Uy., Upis)
of unipotent radicals of opposite Borel subgroups of M*, such that n} = Ad wg« (uj-) & Adwys_g= (uyis ) ®
FXg« @& FX«_g+, with wg« and wy-_g- representatives chosen in G*(F') for the reflections in the Weyl
group associated to (G*, T*) about the roots 8* and v* — 8*; here, 8*,7* — 3* and n} C g* are the obvious
analogues of 8,7 — 8 and ny C g. This lets us obtain both (i) and (134) from a computation in M, namely
the isomorphism Mg, =2 Hj M; o Hj Resg, /r SLa. O

10.7 Residue formulas for G, and D, when w is nontrivial, and B; when w is
trivial

Notation 10.52. (i) Now we drop the hypothesis, made in Notation 10.1, that G is absolutely almost
simple and simply connected, though we continue to assume that we are in the Ga-case, the Bs-case
or the Dy-case in the sense of Notation 4.3.

(ii) We will define L(s, 7, r;) and €(s, 7, r;, 1), generalizing from Notation 10.40(v), as follows. As in Remark
4.2, we have an isogeny G’ x G; — G, with G’ absolutely almost simple and simply connected, under
which the Levi decomposition P = M N pulls back to one of the form (P* x G1) = (M” x G1)(N” x{1}).
Let 7 pull back, under M’ (F) x G1(F) — M(F), to a representation that has 7” ® 7/ as an irreducible
component, where 7” and 7’ are irreducible supercuspidal representations of M’ (F) and G4 (F), respec-
tively. Note that we can define L(s, 7, 7?) and €(s, 7°,7?,4) as in Notation 10.40(v); these 7, defined
like the r; but with G® in place of G, pull back to their analogues for M under a map “M — M°
that is dual to M> — M (whose image is a normal subgroup of M, letting us make sense of the dual
map ‘M — F Mb). For each 7, we set:

L(s,m,1;) = L(s,wb,ri), and  e(s,m, ) = 6(877Tb,7°i7’¢).
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Just like with Notation 10.40(v), these are also a priori noncanonical, but can be shown to be canonical
(in particular independent of the choice of the isogeny and 7rb), but we will not bother with this, since we
will not need it, strictly speaking (the theorems can be interpreted as being valid for any noncanonical
choice of these values).

(iii) We define Ay, (¥) to be what this symbol denotes with G”, P, M’ in place of G,P,M (see Notation
10.40(viii)).

Theorem 10.53. Suppose we are in the Ga-case, and w is nontrivial. Then

R(ﬁ-) =0= A11)0(1p) : ReSS:O (7(8’7r7r15 ¢)_17(287 777”“271/})_17(3877{’74371#)_1) .

Thus, Inds((;:)) 7 is reducible.
Proof. The final assertion of the theorem follows from the earlier assertions and Harish-Chandra’s work
(see Theorem 2.7(ii)), so let us prove the earlier assertions. By Proposition 2.15(iv) and the definitions in
Notation 10.52(ii), we may and do assume that G is absolutely almost simple and simply connected. We
have M = M® = GLy (see Remark 10.3).

By (i) and (ii) of Corollary 10.33, R(7) = 0 unless there exists a quadratic extension E/F in & such that
w = sgnp,p, and such that the representation 7 of M(F') = GL2(F) is the Weil representation associated to
a character 6 of E*. If these conditions are satisfied, Corollary 10.33(iii) gives that R(7) is a multiple of an
expression of the following form, that uses notation borrowed from the corollary:

/ (6(t) + 0(D)) dt,
T.(F)

which equals 0 as 6 is nontrivial (as 7 is a supercuspidal representation).

This gives the first equality. The latter equality follows from Lemma 10.44, which gives L(s,m, 1) =
L(s,m,std), L(s,m,m3) = L(s,m,A%) = L(s,sgng,p) and L(s,m,73) = L(s,m,std ® det), and the fact that
these L-functions are all entire, forcing the (s, 7, 7;,1) ! to be entire as well. O

Remark 10.54. Thus, although our formula for R(7) is of no interest in the Ga-case, it does yield an
amusing observation, as we briefly sketch, assuming G to be absolutely almost simple. In the situation of
the proof of Theorem 10.53, suppose that we can take the character § of E* to be trivial. This ‘should’
correspond to 7 having the nonsupercuspidal Langlands parameter ¢, = Ind%g I = Iw, ®sgng,p, which
we will pretend to be the case. If we drop the factor d(7®, Zyo (F')) (which equals d()) from the expression

for R(7) in Corollary 10.33(iii), we get the product of sgnE/F(—Z\/Sier_l)v*(O,H,z/))’1<v,7?) with:

LY 7 _br 7 1 1 0w, )t
5 ME/E ) 2vol(Tu(F)) = —= - ME/E,¢) - (#H (F, T))AE/F,4)v(0, 8805, 9) " = =
Here, we used Lemma 5.24, the fact that 5(0,sgnE/F,w) S 6(1/2,sgnE/F,w)R>0 = X(E/F,¢¥)Rsq, that
AE/F,9)X(E/F,) = 1, and that vy = vol(T_(F))(Toms)~" = 1 in this case. This formula can be
‘explained’ as follows. The factor (1/2) occurs because we ‘multiplied’ R(7) by d(), which ‘should have been’
(1/2)wx(=1)7(0,7, Ad,9) = (1/2)sgng,p(—1)7(0, 7, Ad, ¥) (see [19, Proposition 14.1]). While (0, 7, Ad, 1))
does not make sense, it is easy to see that Ad o, @y, = riop.®rsop,. Further, for suitable normalizations,
we have, by Lemmas 10.35 and 10.39, sgnE/F(—Zﬁier_l) = sgnp,p(—1) (‘accounting’ for the sgnp,/p(—1)
in the expression for d(w)) and (v, 7) = 1.

Theorem 10.55. Suppose we are in the Bs-case, and w is trivial. Choose G’ 5P’ = M’ N with G* abso-
lutely almost simple and simply connected, and a supercuspidal representation ™ of Mb(F), as in Notation
10.52(ii). We associate the objects J,M®, M;, m; etc. of this section to G” and 7° in place of G and w. Thus,
we can write J = {1,2}, with J; = {1}, and then we have that My is isomorphic to GLy /F, while My is an
inner form of My (see Remark 10.3). Assume that 7 is normalized as in Notation 10.21.
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(i) We have:

R(ﬁ-) = :I:)‘wo (w) Ress:O (’Y(Sv T X T2, 11))71’7(257 T1s Ada ¢)71)
- :l:)‘wo (1/1) ReSS:O (7(53 ™ T, w)il’}/(Qsa ™, T2, ?/’)71) )

where the sign + is + if Ma is split and —1 otherwise, where (s, 71, Ad, 1) is an Artin factor associated
to Ad oy, , and where (s, w1 X 7o, 1) can be made sense of similarly or as as a Rankin-Selberg factor
after passing to a quasi-split inner form of G

(i) R(7) # 0, or equivalently Indg((f:))ﬂ is irreducible, if and only if m is isomorphic to the Jacquet-
Langlands transfer of w3 (the contragredient of ma) to GLa(F) = My (F) (this Jacquet-Langlands trans-
fer is taken to be isomorphic to 3 if Ma, or equivalently G, is split).

Proof. First, we have similar considerations as in the proof of Theorem 10.53. The equivalence between
the nonvanishing of R(7) and the irreducibility of Indg((g)) 7 in (ii) follows from Harish-Chandra’s work (see
Theorem 2.7(ii)), so let us prove the rest of the theorem. By Proposition 2.15(iv) and the definitions in
Notation 10.52(ii), we may and do assume that G is absolutely almost simple and simply connected. Here,

~ b
we used that Proposition 2.15(iv) involves an extension 7° of 7° to a representation of M (F) (the analogue

of M(F ) when G is replaced with Gb) that has a certain compatibility with 7, and as a consequence the

normalization of Notation 10.21 on # imposes an analogous normalization on 7”.

Recalling that local Rankin-Selberg L-functions and e-factors for general linear groups are equal to the
relevant Artin factors, the second equality of (i) follows from Lemma 10.45 and the fact that, using notation
from that lemma, x4 o o is the Langlands parameter of w, which is trivial. Hence it suffices to prove the
first equality.

Using Corollary 10.22 (which makes use of our normaliation of 7) and its notation,

~\ 7*(0,1,4) " 1/2
R(7r)_—8 i 7o (F) > or, /T EW*,sr(F)D(t) Oo (1) dt,

Eecé&
E/F quadratic

(the split torus does not contribute as we are in a classical case).

Noting that M7 = T, x T, (e.g., see the beginning of the proof of Lemma 10.24), we get that for each
T = Tg as in the above equation:

vol(T,(F)) _ vol(I.(F)) _ vol(L,(F))

o = To,ms " Vol(M5(F)) ~ vol(T.(F))? vol(T.(£))™". (136)
Thus,
7 _ Ly 12 . .
RE) = S, 2o (F)) }; /TE,*,“(F)D“) Ome(t)dt' ],

E/F quadratic
where dt’ denotes the normalized Haar measure on the relevant Tg . (F).

From Lemma 9.9 (which gives & = £) and Lemma 10.9(ii) (which says that £ covers all the quadratic
extensions of F in F), it follows that, as E ranges over & = &, My 1, (i.e., M; 1, with j = 1 € J) ranges
over a set of representatives for the conjugacy classes of elliptic maximal tori in M;. By the discussion of
Notation 10.12(ii), for j € J = {1,2}, the map Tp < M°® — M; induces an isomorphism Tp = M; 1,
and hence an isomorphism Tp . = M; 1, /Zy,. Moreover, D(t)Y/? = (DM (t)DMz2(t))Y/2 = DM1(¢), where
DMi (t) stands for | det(Ad¢;m;/m;1)|. Let 75 denote the Jacquet-Langlands transfer of ma to My (F).
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Thus, using also the notation DM1(¢;) = | det Ad t1;my /my 4| for strongly regular semisimple ¢; € M (F):

R DM (11)61, (1) - (£O, (1)) diy
4d(my)d(m5) T #Wr, Jr,(F)) 2, (F) ™ 2 ’

the Ty in the sum ranging over a set of representatives for the conjugacy classes of maximal elliptic tori in

M;, with d¢; standing for the normalized Haar measure on T1(F)/ Znm, (F) = (T1 / Zn, ) (F), and #Wr, =2

standing for the cardinality of the Weyl group of T1(F') in M; (F'). Here, the ‘+’ in front of O, is ‘+’ if My

is split, and ‘=’ if My is non-split.

By the Schur orthogonality relations, we get:

7*(07H71/))71 : ~ IV
R(7) = | Flamay, fm=m, and (137)
: /!
0, if mp 27

again with the same interpretation for =+.
From this, (ii) follows immediately.

Note that L(s, ¢x, @ ¢r,) is holomorphic at s = 0 if m; 2 ", and that
Pt ® Prl, = @7\1{5 ® Prl, = Ado P, &1,

where Ad denotes the adjoint representation of GLg(C) on sla(C). Now the first equality of (i) follows easily
from (137) and the refined formal degree conjecture for GLo(F') (see [19, Proposition 14.1]) applied to each
of m and 7}, using that the product of their central characters is w, which is trivial (accounting for the
contribution of the central character in [19, Proposition 14.1], so that the sign remains unchanged). O

Theorem 10.56. Suppose we are in the Dy-case, and w is nontrivial. Choose G’ > P’ = M°N° with
ek absolutely almost simple and simply connected, and a supercuspidal representation 7 of Mb(F), as in
Notation 10.52(ii). Obtain from the extension & of ™ an extension 7° of ©° as in Proposition 2.15(iv). We
associate the objects J, Kj, M, M;, m; etc. of this section to G’ and 7 in place of G and w. Choose a datum
v = (T,(Br1,Prz2), V/6) as in Notation 10.30(i), and identifications M; 1t = Resg,)r T = Resgk, /r G as
in Notation 10.30(ii) (which followed Notation 10.12(ii)).

(i) Setting (v, 7) = (v, 7°), we have:

-1
R(7) = sgnE/F(2\/g T{l)(v,ﬁ»\wo (1) Ress—o (v(sm, r1,0) 1y (28, T, o, 1/1)_1) . (138)
(i) R(7) # 0, or equivalently IndS((g)) m 45 irreducible, if and only if there exists a quadratic extension
E/F in F with E # K; for each j € J, and characters 0; of (EK;)* for each j € J, such that

Hj 0;|px is the trivial character of E*, and such that for each j € J, m; is a Weil representation of
M;(F) = H;(Kj) associated to (EK;/Kj,0;).

Proof. First, we have similar considerations as in the proofs of Theorems 10.53 and 10.55. The equivalence
between the nonvanishing of R(7) and the irreducibility of Indg((g)) 7 in (ii) follows from Harish-Chandra’s
work (see Theorem 2.7(ii)), so let us prove the rest of the theorem. By Proposition 2.15(iv) (which we used
to relate the normalizations of the extensions 7 and #”), and the definitions in Notation 10.52(ii), we may

and do assume that G is absolutely almost simple and simply connected.

(i) and (ii) of Corollary 10.33 give us that R(7) = 0 unless w = sgnp,p for a (necessarily unique) quadratic
extension E/F in & and also unless, for each j € J, the representation 7; of M,;(F') is the Weil representation
associated to a character 6; of M;r(F) = (EK,;)* (where this last identification uses the isomorphism
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M; 1 = Resgk, /r Gm fixed using Notation 10.30(ii)). When these conditions are not met, the right-hand side
of (138) vanishes as well, by Proposition 10.49(i) and the fact that L(2s,m,72) = L(2s,w) = L(2s,sgng/p)
is holomorphic at s = 0: r3 0 pr = sgng,p = w as representations of Wp, because 7 is dual to YV,

Thus, we may assume that each 7; is a Weil representation associated to 6; as above.

By Corollary 10.33(iii), and adapting notation from there, we have:

5 = sgne o(—2v/s pey 20 L Y) Tor (v, /) R .- (Dt 6
R(7) = sg E/F( 25 ) 8d(m°, Zngo (F)) EA(EKJ/K17¢J) /T*(F) g](oj(t)+ J 9](1?)) dt.

(139)

Thus, the above integral is zero unless for each j, there exists 0 € {0, 0;}, where 0; is given by 0, o (t ~— t)
(and ¢ — t is the Gal(E'K;/ K;)-conjugation in (EK;)* = M; t(F)), such that [[; ;|gx = I. This condition
is equivalent to the condition that, we can, changing the choice of 0; if necessary for each j € J, assume
that [[; 0;|px is trivial. If this condition is not met, then the right-hand side also vanishes, as one sees from
Proposition 10.49(i). Note that (ii) is now immediate, so that we may now focus on (i). Moreover, we may
and do assume for the rest of the proof that [[; 6;[gx =L

We claim that, for any choice of ¢ € {0, 6;} for each j € J, the product Hj 0%~ does not equal I unless
either 0 = 6; for each j, or 0} = ; for each j. To see this, we may replace {¢] | j € J} with {@ | jeJ}if
necessary, to ensure that 9;- = ¢, for all j except possibly some j = jo which satisfies that K;, = F' (use that
> ;1K + F] = 3). If such a jo exists, then the conditions [[0;|px = I = [[0}|gx forces 0’ [px = 0j,|px,

so that 0} = 0;, (as Kj, = F), a contradiction. Moreover, the number of j € J such that ¢; = —1 (or
equivalently, M; is not quasi-split) equals either 0 or 2, as follows from the tables for 'D,, 2D,,, 3D, and
GD :

4 in [61].

Combining these observations with the fact that vol(T,(F')) = vol(T.(F')) (see Notation 9.17(i)), and sub-
stituting v = vol(T.(F))(Tomz )", (139) now becomes:

70,1, 9) " vol(T, (F)) -

(F)P - fom) _
W T () Tong, L A/

jeJ

R(7) = sgng p(~2V3 170) -

Therefore, it suffices to show that:

Fy* (Oa H7 d))il VO](T* (F
FO,M% . 4d(71’°, ZMO (F

sgnp/p(—1) )>)) N JTAEE; /K ) | = Awe () Resao (v(s, 7,71, 8) " (28, 7,m9,90) 1)

jeJ
We have noted above that 73 o pr = w = sgng,p as representations of Wg. Therefore, by Proposition

10.49(ii), and the decomposition Ind%ﬁ [ =1@®sgng,p, of which the contribution of I is accounted for by
7*(0,1,%) 1, this reduces to showing:

vol(T., (F))?
4F07M§r . sgnE/F(fl)d(ﬂ'o, ZMo

) TTAMER; /K, 85) | = X ()70, Ad oo, )

jeJ
(0,880, 1, 9) " 7(0, pus., ). (140)

Now by Lemma 5.24 and the fact that €(0,sgng,p,¢) is the product of €(1/2,sgng,p,¢) and some integer
power of ¢'/2, vol(T,(F)) equals

#Hl (Fa T*) : 7(07 SgnE/F7 w) = 26(1/25 SgnE’/F? w) ' ’Y(Oa SgnE’/F? w)_17
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so that, using €(1/2,sgng, p, ) = AME/F,¢), we get:
vol(T(F)) = 2X(E/F, ) - (0, sgnp, p, ) (141)

We have M7 = [, Resg/r T}, with T} /K the norm one torus associated to EK;/K; (as observed in the
proof of Lemma 10.24). Therefore, #H'(F,M%) = 27/, and py= is a direct sum EBjeJInd%;j SeNEK, /K, -

Hence, using Lemma 5.24 again, we get that I'o vz, = vol(M7(F')) equals:

#(Hl (Fv MET))G(l/Qv PMs. 7/}) : 7(0a PMs, s 1/))71 = Q#J H 6(1/27 Ind%ij SgnEKJ‘/K]‘ ) w) ! 7(07 PMs. w)il'
J
Therefore, using the behavior of epsilon factors under induction:

Fome = 2%/ '7(0>PMET71/1)_1 ) H (A(K;/F, ) - AEK;/Kj, 45)) - (142)

J

Further, using Lemma 5.35 and the fact that w(y"(—1)) = sgng,z(—1), we get:

-3

s p(—Dd(x 2o () = 2747+ [AUSG /) | 40, Ad o, ) (143)

By (141), (142) and (143), the desired equality (140) will follow if we prove that:

y TLABE, /K 0,
[, AEK, /K, 4;

This in turn follows from the definition of A, (1)) (Notation 10.40(viii)), and the fact that

[[; MEEK;/K;, ;) 1 1 1 1 1

[ AEK; /K 4;) T ANEBEK /K002 11 senex, ik, (—1)  sgngp(I]; Nie,/r(—1)  senge(—1)  A(E/F)?
O

)‘(E/F’w) ) 'HA(Kj/F7¢)2=/\wo(1/J)-
)

jeJ

Remark 10.57. Assume that G is absolutely almost simple, simply connected and quasi-split, of type Bs
or Dy. Consider the Whittaker datum determined by 1 and the pinning chosen in Notation 10.2(v), and
abuse notation to use 1 to also denote this Whittaker datum. Assume that 7 is defined by the Whittaker
normalization wherein 7 (wg 1) induces the identity map on the space of Whittaker functionals with respect
to 1. Note that in the Bs-case, this simply means that 7(w 1y acts trivially on the space of 7, as required
in (Notation 10.21 and hence in) Theorem 10.55. Recall from Lemma 9.25 that wgl is the Weyl group
representative w, associated to this pinning by Arthur in [3, Section 7], explaining our choice of 7 (wg 1) in
the Whittaker normalization. Now it is easy to check that, if R(7) # 0, then the assumptions imposed in
Remark 2.14 are all satisfied — the condition dp(wy 'w,) = 1 follows since wg 'w, = wy? = ¥ (—1), and
our choice of measure on N(F') in Notation 5.22(i) agrees with what Shahidi calls the self-dual measure in
[54, Remark 8.2.2] (and what Arthur describes in [4, Section 2.3]).

The expectation from Remark 2.14, specifically (19), amounts to the following formula when R(7) # 0:
R(7) = Auo () Resg—o (y(5,7,71,90) " y(28, 7, 72,4) 1)

In the Bs-case where w is trivial and in the D4-case where w is nontrivial, this is exactly what Theorems
10.55 and 10.56 give, where in the Dy-case we note that, in the notation of Theorem 10.56 and choosing
v as in Notation 10.34(iv), we have 2\/37'1?1 = 1 by Lemma 10.35, and (v,7) = 1 by Corollary 10.39. We
reiterate that the Langlands-Shahidi y-factors in our situation are known to agree with the corresponding
Artin ~-factors, by [29, Theorem 1.1] (special cases of which were known before [29]).
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10.8 Some formulas for v-factors

In this subsection, we restrict ourselves to the cases not considered in Subsection 10.7, i.e., the Go-case
and the D4-case when w is trivial, and the Bs-case when w is nontrivial. In these cases, given our formula
for R(7), the validity of (19) of Remark 2.14 is equivalent to some character theoretic formulas for certain
(products of ) gamma values that we have not managed to locate in the literature. In this subsection, we will
assume the former (as formalized in Hypothesis 10.58 below) and derive the latter, in Theorems 10.59, 10.61
and 10.63 below. If one can prove Hypothesis 10.58, as we hope can be done using Shahidi’s work along the
lines of [4, Section 2.5], then these character theoretic formulas for gamma values will become unconditional
theorems.

Hypothesis 10.58. We impose the hypothesis that if G is absolutely almost simple, simply connected and
quasi-split, of type G or Dy (resp., Bs), and if w is trivial (resp., nontrivial), then the expectation of Remark
2.14 is satisfied, i.e., whenever the assumptions and normalizations of that remark are met, we have:

R(’fr) = >\w0 (¢) Ress:O H ’Y(st ™, T, ql))_la

where the ¢ in the product ranges from 1 to 3 in the Gs-case, and from 1 to 2 in the Bs-case and the D,-case.

Theorem 10.59. Let o be a representation of GLo(F') with trivial central character. Then, assuming
Hypothesis 10.58:

fw) (; /T*(F)D(t)l/QGU(t) dt. +3/FSW*(F)D(t)1/2@U(t) dt*> =7(0,0,std, 9) 2. (144)

where in the first sum T runs over a set of representatives for the conjugacy classes of elliptic tori in GLg /F,
T, is a mazimal split torus of GLy /F, and T, and T . denote the images of T and Ty in PGLs. Moreover,
D(t) = |det(Adt —1;gly/t)|, and the measures on T.(F) and Ty .(F) are as in Notation 5.22(ii). Here, the
integrands are well-defined on open dense subsets of the T(F) and Ts(F), and descend to functions on open
dense subsets of T..(F) and T, .(F), respectively.

Proof. We can assume that G = Go,M = GL; and ¢ = m = 7w°. Then the theorem follows from Corollary
10.22 and Hypothesis 10.58 (and easy volume computations contained in Lemma 10.24), noting that the
residue of v(2s,m,72)"! at s = 0 equals v*(0,1,7)71/2, and that since o has trivial central character,
(0, o, std ® det) = (0, o, std). O

Remark 10.60. The reason for the length of the statement of Theorem 10.61 below is that we have stated
it to be made sense of independently, without relying on notation introduced elsewhere in this paper.

Theorem 10.61. Assume Hypothesis 10.58 for every possible quasi-split Dy-case. Let G = Hjej Resy; /r GLa,
where each K; is a finite extension of F, and 3 . ;[K; : F] = 3. Let 0 = ®jeg0; be an irreducible su-
percuspidal representation of G(F), each o an irreducible supercuspidal representation of GLo(K;). Con-
sider H = GLg as ‘diagonally embedded’ in G, and assume that the central character of o is trivial on
Zy(F) C Zg(F). Then we have the equality:

1 1/2 1/2 _ ] 2y o, )" !
(o, 75(F)) (?UT [, pores@a s, [ b eau)dt*) (TTAK/E ) 4(0.0,m1, ),

’ (145)

whose notation we explain as follows.
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o The y-factor (s, o,7m1,%) is an Artin factor defined as explicated in Lemma 10.46(i). In particular,
it is the triple product y-factor (s, X jeg0;,¥) if [ICj : F| =1 for all j (so #J = 3), the Asai triple
product if [IC; : F] =3 for all j (so #J = 1), and the obvious adaptation otherwise (i.e., if #J = 2).

e In the first term in the parenthesis, T runs over a set of representatives for the conjugacy classes of
elliptic mazximal tori in H C G, with the property that that E # K; for all j € J if T = Resg/p G-
The second term with Ts should be ignored unless J is singleton (so [K; : F| = 3 for the unique j € J ),
in which case T is a split mazimal torus of H C G. Each T, and T, . denotes the image of T and T
in H/Zy = PGLs.

e Each vy and v, are defined analogously to objects in Corollary 10.22, as follows. Let T' = T NHger C
H, let Gi denote centralizer of T in Gaer, and similarly define T, and g&«S. Then each v equals
vol(T'(F))/ vol(Gy(F)), while vy, equals vol((Gr_ [/ T,)(F))~ .

o All the measures involved are chosen as in [30] or equivalently as in (i) and (iii) of Notation 5.22, and
d(o,Zg(F)) is the formal degree of o using measures as in [30], but with the central subgroup taken to
be Zg(F) (thus, we do not use the maximal split torus in the center as in [31]).

o Ift € T(F) then D(t) = |det(Adt — 1;LieG(F)/ LieGr(F))|, where Gr C G is the centralizer of
T CH CG. One defines D(t) similarly if t € T4(F).

e The integrand is interpreted as in the Ga-case considered in Theorem 10.59.

Proof of Theorem 10.61. Without loss of generality, we may assume that J = J, that K; = K; for each j,
and that G = [[,c;Resg,/r GLa = M®. Then the restriction of the central character of o to v¥(F*) =
Z4(F) is trivial by hypothesis; in particular, 7’ = 7’ o ¢ for any irreducible subrepresentation 7" of o|yi(p).
This lets us assume 7° = o as a representation of G(F') =[], ; GL2(K;).

Then each T and T, as in the statement of the theorem are elements of 7T, and it is easy to see that or
and vy, equal exactly what they denoted in Corollary 10.22 — in the case of vr,, use Remark 10.23 and
the fact that M® = Mg,,. Now the theorem follows easily from Corollary 10.22 and Hypothesis 10.58, noting
that the residue of v(2s,7,72,1) ! at s = 0 equals v*(0,1,7) 71 /2. O

Remark 10.62. Suppose we are in the situation of the proof of Theorem 10.61. When J = {;j} is singleton,
it is easy to see that Ay, (1), which equals X(K,;/F,)? by definition, equals 1 if K;/F is Galois, and
sgnp, p(—1) otherwise, where L/F is the unique quadratic extension contained in the Galois closure of K
in F'. Now it is easy to see that, when the cardinality of J equals 1 or 2, so that the sign W, Kj)/p(—l) in
the notation of [46, Theorem D] is defined, then Ay, (1) equals this sign.

Now we come to the Bs-case with w nontrivial. This is more involved than the previous two cases, because
w is nontrivial.

Theorem 10.63. Let o be an irreducible supercuspidal representation of GLo(F'), with central character
Wy. Let T C GLy /F be a mazimal torus, together with an isomorphism T = Resg/r Gy, where E/F is a
quadratic extension in F. Let T, denote the image of T in PGLy /F. Let § : E* — C* be a continuous
character such that 0| px = w; . Assume that Hypothesis 10.58 holds whenever we are in the Bz-case. Then
we have an equality:

1

e GL2(4\1/2 (1) . .
2d(0) /[‘*(F)D ()20, (£)0(t) dt = wy(—1) - v(0, 05 ® 0,95) ",

where we explain the notation as follows.

e op denotes the base-change of o to GLa(E).
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All the measures involved, including the one used to define the formal degree d(c), are chosen as in
[30], or equivalently, as in (ii) and (iii) of Notation 5.22.

For regular semisimple t € GL(F), D2 (t) stands for | det(Adt — 1;gly/gl, ,)|.

YE : E— C* is the additive character given by Vg = otrg p.

Though the integrand is defined over a dense open subset of T(F) = E*, it factors, by the condition
0| px = w; Y, to define a function on a dense open subset of T.(F).

Remark 10.64. Note that, accounting for differences in notation, the expression on the left-hand side of the
equality in Theorem 10.63 is a multiple of the expression obtained in [55, Proposition 14] (whose measure
‘d*~’ includes the factor DGL2 (t)l/ 2). In [55], the residue was computed only up to multiplication by a
nonzero complex number; we hope that our agreement up to a multiple can be converted into an exact
equality if one goes through the computations of [55] with appropriate normalizations, and does not throw
away any of the constants involved. This is indeed what Remark 2.14 suggests should be the case, though
this agreement is not obvious from the ‘harmonic analytic side’: for us, in the proof of Theorem 10.63 given
below, the ‘0’ arises via the Labesse-Langlands character identities from what might be called the ‘general
linear part of the Levi subgroup of G(F) = Spin,(F')’ in analogy with the SO7(F')-case, while in [55], the
analogous character ‘x g’ comes from the ‘classical part’ of the Levi subgroup of the group SOg(F') considered
there, without involving the Labesse-Langlands character identities.

Proof of Theorem 10.63. We will make a change in notation: we will write Ts for what is called T in the
statement of the theorem. By the conjugation invariance of ©,, the statement of the theorem is unaffected
if we change the choice of Ty or of the isomorphism Ty = Resg/r Gy, so we will work with a particular
choice later.

Let 7(6) be the Weil representation of GLa(F') associated to 0; its central character wy(g) equals 0| pxsgng, p(—1).
We assume that G is split, absolutely almost simple and simply connected of type Bs, so that we have an
identification M® 2 GLg x GLy. Consider the representation 7(0) ® o of M°(F) = GL2(F) x GLa(F). We
claim that we may assume 7° = 7(6) @ 0.

More precisely, our claim is that there exists an irreducible subrepresentation 7 of (7(6) ® o)|m(r), such that
7' = 7' ®(sgnpg, poX) — note that we will then automatically have w = wr(g)wo = 0| pxsgip,pws = sghg,F,
which will imply that 7' = 7' ® (sgng,p o x,) = 7’ 0. We have an intertwining isomorphism 7(6) — 7(0) ®
sghp, p, which is a map of SLy(F)-representations and hence preserves the irreducible subrepresentations of
7|s1,(F), these irreducible subrepresentations being nonisomorphic by the uniqueness of Whittaker models.
Tensoring this with the identity map of o, we obtain an isomorphism 7() ® o — (7(0) ® o) ® ((g1,92) —
sgnp, p(det g1)) that preserves each SLy(F') x SLa(F)-subrepresentation of 7(#)®@o, and hence each irreducible
component of the restriction of 7(6) ® o to M(F'). This proves the claim, since the restriction of ((g1,92) —
sgnp,p(det g1)) to M(F) equals sgng /g © X+-

Therefore, we may and do assume that 7° = m(0) ® o, and that 7 is the unique irreducible subrepresentation
of 7(0) ® o|m(r) that is generic with respect to the Whittaker datum defined by ¢ and the chosen pinning.
We choose the datum v = (T, (Br 1, Br.2), Vd) as in Notation 10.34 (see Notation 10.34(iv)).

Write J = {1,2} D J; =1 as before (i € J corresponds to the root «; as fixed in Notation 10.2(ii)), so that
7 = 7(0) and m = 0. We will also write wr, and wy, for wy(g) and w,.

Let Ty (see the beginning of this proof) be the image of T under T — M® — My which we have earlier
seen to be an inclusion. The assertion that we need to prove can now be written, adapting notation from
Corollary 10.33, as:

1

- 1/2 _ e 3 .
2d(m3) /T*(F)DQ(t) 0()Or, (t) dt = wry (~1)sgnp)p(=1)7(0, om, @ @y, 1)1, (146)
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where O, (t) is made sense through the projection of t € T(F) C M°(F) to the My (F')-factor, and where we
used that ¥(0, or, ® @r,, 1) = sgngp(—1)7(0,0 ® 0g,¥E), as follows from the behavior of e-factors under
induction: note that

P @ @ry = (INAYE 0) @ 0y = Ind}} (0 @ oy ),
and that A(E/F,)m0®¢mlwe) = son o (~1).

We extend 7 to a representation 7 of M(F ) by letting 7 (wy 1) act as the identity on the corresponding space of

Whittaker functionals. Hence, by Corollary 10.39, we have (v, 7) = 1. We also have sgnE/F(—Q\/S_lTT_l) =
sgnp,/p(—1), by Lemma 10.35. Therefore by Corollary 10.33(iii), adapting its notation, we have:

7*(0,1,4) tor

R(7) = sgnE/F(_l)m

AE/ED) [ 00+ 60) - Dat)? - 0, (0)dt.

T.(F)

We use that Dy ()20, (t) = Dy(£)'/?0,, (%), together with Hypothesis 10.58 and Lemma 10.45 (together
with the behavior of the Langlands correspondence for GLy x GLy with respect to central characters), to
get:

7*(07 ]L w)ilnT

SgnE/F(—l)m “NE/F, 1) - / Dy (t)'/20(t)On, (t) dt

T.(F)
= Resozo (105,00 © @ras ) (25, Ador, @sgugyp ) ). (147)
Since m; = w(#), we have ¢, = Ind%Z 6, so that, letting 6; be the character of E* given by t +— 0(tt~1), it
is easy to see that Ad ¢, = Indwg 61 @ sgnp,p. Therefore
(Adpr, ®sgng p) ®sgngp = Adpr, &L
Applying this in (147), and using that the residue of v*(2s,1,7)~! at s = 0 equals 2y*(0,1,9) "}, we get:

sgh/p(—1) o - A(E/F,7)
2d(7T1)d(7T2)

/T . Dy (t)M20(4)Or, (t) dt = 7(0, o, @y, ) " 7(0, Ad 0, , 1) "1 7(0, 58015 o, ).
) (148)
On the other hand, from earlier computations in (136) and 141, we get:

vol(T.(F)) _ vol(T.(F))

T TTomy | vol(ML(F)) vol(To(F)) ™! = (1/2)A(E/F,v) "' 7(0, sgn g/, ).

Using this in (148), and combining with the fact that A(E/F, ))X(E/F,)~' = X(E/F,)"% = sgnp/p(—1),
we get:
1

- - . 1/2 _ —1 1
) gy PO 2080 =100, 0, © 9, 0171500, Ad )

Using the refined formal degree conjecture for 7y ([19, Proposition 14.1]), which says that d(m1) = (1/2)wx, (—1)7(0, Ad oo, , ¥
where wr, = 0|pxsgng,/p = w;;sgnE/F is the central character of w1, we get:

1
2d(71'2)

’ / ) DQ(t)1/20(t)67F2 (t) dt = wW2(_1)SgnE‘/F(_1)’Y(Ov Om; @ %mll))_l,
T.(F

which is the same as (146). This proves the theorem. O

Theorem 10.65. In each of Theorems 10.59, 10.61 and 10.63, even without assuming Hypothesis 10.58,
the absolute values of the two sides of the claimed equality are equal.
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Proof. Asin the proof of [31, Lemma 4.1], Shahidi’s normalization of intertwining operators (see [51, Theorem
7.9]) gives an expression for R(7) up to absolute value: it implies that Hypothesis 10.58 applies up to
absolute value, i.e., |R(T)| = [Aw, (¥) Ress—o [1; 7(is, 7, 7i,9)"*|. One then proceeds exactly as in the proofs
of Theorems 10.59, 10.61, and 10.63. O]
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