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1. LECTURE 1

1.1. Considerations related to the Yoneda lemma. Recall:

{Equations over k} & {Solutions}.

{Ideals I C k[z1,...,x,]} & {Zariski closed subsets of A"}.

Nullstellenstaz: If k = k, Okay with ‘Ideals’ replaced by ‘Radical ideals’.
Changed mode:

{f.g. k-algebras A (in lieu of k[z1,...,2,]/1)} & X (k) := Homp_a5(A, k),
where “X = Spec A”.

Nullstellensatz: If k = k, okay in a sense for reduced finitely generated k-algebras, interpreted as a suitable
equivalence of categories, with the right-hand side interpreted as a variety.

For more general k, consider instead:
{k-algebras A} < { R — (X(R) := Homy_a1. (A, R) = Homgpec x(Spec R, X) },
f.g. k-algebra
the right-hand side interpreted as a functor from the category of k-algebras R, to sets (can throw in ‘finitely
generated’, or equivalently ‘algebraic’).
Yoneda lemma: “X = Spec A is determined by R — X (R)”, and moreover, “giving X = Spec A — Spec B =
Y is the same as giving, for all k-algebras R, a map X (R) — Y (R) of sets, functorially in R”.

More precisely:

Proposition 1.1 (Yoneda lemma). For any category C, the functor:
C — PreSh(C) := Fun(C°P, Sets),
given by:
X — Solx : (Z — X(Z) := Hom(Z, X)),
is fully faithful:
Home(X,Y) — Hom(Solx, Soly)  (:= Nat(Solx, Soly))
—_————
—Y(X)
is bijective. More generally, for any F € PreSh(C), have a bijection
F(X) — Hom(Solx, F) = Nat(Solx, F),
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which takes © € F(X) to the natural transformation given by Solx(Z) = Hom(Z, X) — F(Z) that takes
feHom(Z,X) to f*(z) € F(Z), and whose inverse takes a natural transformation T : Solx — F' to

T( id € F(X).
( ldx ) e F(X)
ESle(X)

Definition 1.2. Note that not every F € PreSh(C) will be of the form Soly; if it is, it is called “repre-
sentable”.

Thus, the word “representability” of F' : R — F(R) signifies that it is actually a system of solutions to some
collection of equations. Often, it is convenient to construct a variety or scheme by first specifying what its
R-points have to be for every R, and then showing that the functor is representable; from this perspective,
constructing morphisms is often easy, because one just needs to specify the X(R) — Y(R) as a map of sets
functorially in R, without worrying about structure sheaf etc. The functoriality in R will often be easy,
because the constructions tend to be ‘natural’, whatever that means. We will use algebraic geometry mostly
only from the ‘functor of points’ perspective where things are sort of set-theoretic, or in the setting of affine
schemes.

1.2. Group schemes. One thinks of GL,, /k as a group scheme over k because:

e For every k-algebra R, GL,,(R) has the structure of a group;
e Moreover, this happens in a functorial way: if R — R’ is a homomorphism of k-algebras, the induced
map of sets GL,,(R) — GL,(R’) is actually a group homomorphism.

In other words, Solgr,, , which is a functor {k—alg} — Sets (or equivalently (Affine schemes over Spec k) —
Sets), has been given an upgradation to a functor {k — alg} — Groups:

{k — alg} —— {Groups} —— {Sets}.

W

Definition 1.3. (i) Let C be a category with finite products (including the empty project, which is a
final object that we call ). A group object in C is an object G of C, together with the structure
of a group on G(Z) := Solg(Z) := Home¢(Z, ), with the property that with the resulting group
structures, Z — G(Z) is a functor C°® — Groups (thus lifting the functor C°? — Sets given by
Z — G(2)), i.e., Solg : Z — G(Z) factors as:

In this spirit, we define:

f
C — Groups TEL Qots .

By the Yoneda lemma, here is an equivalent definition: A group object in C is an object G together
with morphisms m : G x G — G,e : *x — G and inv : G — G, such that the following diagrams

commute:
(1) GxO)xG™ Y axag ™G
lobvious
idg xm m
GXx(GxG)—=GxG——G,
2) Gx+ ¢ axa  and +xGX%axq,

pry i pry l
m m

G G



idg Xinv
_—

(3) G GxG

invxidgl N\ lm

GxG— G

(G"3" G means G — * — G).

(ii) A group scheme over a scheme S is a group object G — S in the category of schemes over S (which
has finite products; the final object is idg : S — S). Note that e : S — G is a section to the structure
morphism G — S, and is hence called the identity section.

Remark 1.4. (i) We will mostly deal with the case where S = Speck, where k is a field. A scheme X
over k will be called an algebraic scheme or a variety over k if it is separated and of finite type over
k (some sources don’t seem to require separated, and some sources require varieties to be reduced;
we will not pay attention to this distinction as regards terminology, and will only be interested in
separated group schemes anyway); thus, we can also talk of an algebraic group scheme, which we
will also abbreviate to an algebraic group.
(ii) If G = Speck[G] is a group scheme over k that is affine algebraic as a scheme over k, then m :
GxG — G,e: Speck — G and inv : G — G can be specified by the corresponding maps at the
level of coordinate rings:

m* : k[G] = k[G x G] = k[G] ® k[G], e":k[G] — k[Speck] =k, and inv":E[G] = k[G],

satisfying suitable ‘coassociativity’, ‘coidentity’ and ‘coinverse’ p roperties obtained by translating
(1), (2) and (3), whose precise descriptions are left as an exercise.

We will refer to a k-algebra A together with ring maps m* : A - A®y A,e* : A — k and
mv* 1 A — A satisfying coassociativity, coidentity and coinverse, as a Hopf algebra over k. Thus,
any Hopf algebra A that is finitely generated as a k-algebra gives an algebraic group whose underlying
scheme is Spec A.

Remark 1.5. A clarification. There was something I forgot to mention in the lecture: a group scheme is
a group object in the category of schemes over k, so if we only use the Yoneda lemma, to make a scheme
G over k into a group scheme, we should give a group structure on G(S) for every scheme S /k (functorially
in S), and not just on G(R) for every k-algebra R. However, it turns out that considering just R-points for
k-algebras R, instead of S-points for general schemes S over k, is also enough, though we haven’t given a
formal justification for that. We will not be able to give a detailed justification for want of time, but let
me just say that the fundamental reason is as follows: firstly, every scheme over k has a covering by affine
open schemes, and secondly, anything representable in k-schemes is a Zariski sheaf (so it is basically the
sheaf conditions that do the job for us). Similarly, when we deal with only finite type schemes over k, we
can restrict to finite type k-algebras R, etc. Similar comments apply to defining a homomorphism of group
schemes, an action of a group scheme etc. This will be assumed implicitly in what follows, so we will convert
a scheme G into a group scheme simply by specifying a multiplication on G(R) for k-algebras R, etc.

Definition 1.6. (i) It is immediate how one can define a homomorphism G — H of group schemes over
k: it is a morphism G — H of k-schemes such that for every k-algebra R, G(R) — H(R) is a group
homomorphism. Thus, to define a homomorphism G — H of group schemes over k, it is enough to
give an abstract group homomorphism G(R) — H(R) for every k-algebra R, functorially in R.

(ii) A subgroup of a group scheme G /k is a closed subscheme H C G such that for every k-algebra
R, H(R) C G(R) is an abstract subgroup. Thus, to find subgroups of G, one looks for subgroups
H(R) C G(R) functorially in R, with the further property that R — H(R) is representable by a
closed subscheme of G. Similarly, define a normal subgroup.

(iii) The kernel of a homomorphism G — H of group schemes over k is the functor from k-algebras to
Sets given by R +— ker(G(R) — H(R)). This is representable, because it is the fiber product of
G — H with e : Speck — H. Therefore, the kernel is a normal subgroup scheme of G. Please be
warned that this kernel may be non-reduced (as in the examples u, and «, that we will see below),
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which automatically means that this notion of kernel differs from the notion of kernel that you will
see in Borel’s or Springer’s book.

G is commutative if G(R) is commutative for all R.

Base-change: If G is a group scheme over k and K is a ring containing k, then the scheme Ggpec x :=
Gg = G XK = G Xgpeck Spec K obtained by base-changing G to K, has an obvious structure of
a group scheme over K: this follows from the fact that for all K-algebras R, Gk (R) = G(R), which
is a group, functorially in R.

If G, H are group schemes over k, we will view G x H as a group scheme over k, using that G(R)xH(R)
is a group functorially in R.

1.3. Some examples.

Example 1.7. Let k be a ring (mostly we can also instead consider a scheme S), and let V' be a free module
of finite rank r over k.

(i)

(if)

(iii)

Ga/k is the algebraic group defined by “G,(R) = R”: more precisely, the functor {k — algebras} —
Groups sending R to R viewed as an additive group, is representable by the affine line A! = Spec k[z]
(i.e., when viewed as a functor {k — algebras} — Sets by composing with the forgetful functor). The
comultiplication, coidentity and coinverse are given by

kEz] 2z —2z@1+1Q0x € klz]®k[zx], z~0, and z+— —z,

respectively.

More generally, we can view the free R-module V' as the algebraic group R — V ®; R, representable
by SpecSym® V'V, where V'V = Homyg(V, k). Choosing a basis of V gives an isomorphism between
this group and the r-fold product G, (i.e., the r-fold product of G,). Note that these groups are
irreducible and smooth, since they are isomorphic to an affine space.

G, = GL; and GL,, given by R — G,,(R) = R* and R — GL,(R), representable as schemes
by A'\ {0} = Speck[z,z~'] and Spec k[(2ij)1<i j<n,det™']. The comultiplication, coidentity and
coinverse can be checked to be given by:

kEz, 27 er—ar@xcklz,z™!], z—1, and zw— 27!,

for G,,, and

Tij — Z.Tik X Thjs Tij — 51;73', and Tij — (det)*l(det Aij)
k=1
for GL,,, where A;; is the determinant of the matrix [zgi]1<k,1<n] With the j-th row and the i-th
column removed.

We can also consider the algebraic group G = GL(V), defined by R — GLg(V ®; R) = the
R-linear automorphisms of the rank r free R-module V ®; R. A k-basis for V gives an isomorphism
GL(V) — GL,,.

Tt is easy to check that G,,, GL, and GL(V) are all, being open subschemes of affine spaces, are

irreducible and smooth.
SL,, given by R +— SL,(R). It is a closed subscheme of GL,,, defined by the equation “det = 1.
One can show that det —1 is irreducible, and thus that SL,, is irreducible. Alternatively, if for
any a € R we denote by t, the diagonal matrix diag(a,1,...,1), then g > (f(qet g)-19,det g) gives
a map GL, — SL, xG,, of schemes, which is an isomorphism of schemes, though not at all a
homomorphism of group schemes (unless n = 1). Thus, SL,, /k, being a direct factor of GL,, /k as a
scheme, is connected and smooth.

Similarly, can define SL(V'), and show that it is irreducible and smooth.

Any finite group G gives rise to an algebraic group G over k, as follows: the ‘constant presheaf’
R — G is not representable, but one can show that the following closely related presheaf G is,
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(vi)

where:
G(R) = Locally constant maps Spec R — G

(note that the right-hand side is obviously a group, functorially in R). The resulting group scheme
G is called the constant group scheme associated to G.

Informal comment: Once we discuss Grothendieck topologies and sheaves, it will be clear that the
constant presheaf is not representable because it is not a ‘sheaf for the Zariski topology’, whereas
anything representable has to be a sheaf for the Zariski topology: G is really its sheafification, which
as in many favourable situations, renders the functor representable.

As a scheme, G is a disjoint union of #G-many copies of Speck, or equivalently, its coordinate
ring is a product of #G-many copies of Speck. G is not connected unless G is trivial. Thus, the
theory of algebraic groups contains the theory of finite groups, but we will mostly deal with only a
connected algebraic group or where the group of connected components does not create a problem.
In any case, the constant group scheme G is always smooth.
tn C Gy, is the closed subgroup scheme defined by the equation 2™ = 1, i.e., u,(R) = {z € R* | 2™ =
1}. Thus, as a scheme u,, = Spec k[x, 271]/(2"—1) = Spec k[z]/(x™—1). This realization is consistent
with the realization of G,,, as Spec k[z, x~!], so the comultiplication, coidentity and coinverse for i,
are given by z — r ® z,2z — 1 and  — 27!, respectively. Alternatively,  + ™ defines a
homomorphism G,, — G,, (given, for any k-algebra R, by the map z — z" from G,,(R) = R* to
itself), and p,, is its kernel.

Here are some observations about ,:

e If k has n different n-th roots of unity (in particular, its characteristic is prime to n), then p, is
noncanonically isomorphic to Z/nZ, the constant group scheme associated to Z/nZ: noncanon-
ically because a choice of a root of unity is involved.

e It is easy to show that p, is smooth if and only if p := chark { n: p, = Speck[z]/(z? — 1) =
Spec k[z]/(x — 1)P is not reduced, and hence not smooth. However, note that in this case p, is
connected, and is thus very different from Z/pZ.

e If R is a field containing k, e.g., R = k, and chark = p, then p,(R) = {1} is singleton. More
generally, since our group schemes are non-reduced, one needs to consider points over rings
which are not fields.

Suppose char k = p > 0. Then we have a homomorphism Frob : G, — G, given by x — zP (i.e., for
every k-algebra R and z € G,(R) = R,Frob(z) = 2?). «, is then defined to be the kernel of Frob.
Note that it is representable by Spec k[z]/(xP), consistently with the realizataion G, = Spec kx].
Thus, the comultiplication for «,, is given by 2 — z®1+1®x. Note that in this case a, is isomorphic
to up as a scheme (by x — 1+ x), but not as a group scheme.

1.4. Group actions and some related notions. Before defining more groups, let us define some basic
notions like group actions:

Definition 1.8. (i) Let G be a group scheme over k and X a scheme over k, both of finite type. An

action of G on X is amap a : G x X — X such that for every k-algebra R, the map a : G(R)xX(R) —
X(R) is a group action. To repeat, to give an action of G on X is to give an action of the abstract
group G(R) on the abstract set X(R), functorially in R for all k-algebras R. If G,X are affine, we
can describe an action of G on X in terms of conditions on the associated map k[X] — k[G] ® k[X]
of coordinate rings, that involve the comultiplication, coidentity and the coinverse on k[G].

If G acts on X, and Y C X is a subscheme, the stabilizer Gy = Stabg(Y) of Y in G is the functor
that associates, to each k-algebra R, the stabilizer or normalizer of the subscheme Y i of X, which
needs to be read carefully: not only are elements of Stabg (Y)(R) required to take Y(R) C X(R) to
itself, but:

Stabg(Y)(R) = {g € G(R) | for every R-algebra R, g-Y(R') CY(R')}}
={ge€ G(R)| for every R-algebra R',g-Y(R') =Y (R')},
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where the latter equality uses that every monic endomorphism of a finitely presented scheme over
any base (in this case Y over R) is an automorphism (I am shamelessly copying this from Conrad’s
luminy notes, which gives the reference as EGA IV, 17.9.6; I have not read this reference).

(iii) If G,X,Y are as in (ii), then one can also define the fixer of Y in G, with similar care; it is given by:

R+ Fixg(Y)(R) :={g € G(R) | for every R-algebra R',g: X(R') — X(R') is the identity on Y (R')}.

(iv) In the situation of (ii), if X = G and the action of G on X is by conjugation, then Stabg(Y) and
Fixg(Y) are referred to respectively as the (scheme theoretic) normalizer and centralizer of Y in G,
and one calls Zg := Fixg(G) the center of G.

(v) A representation of an algebraic group G on a vector space V is a homomorphism G — GL(V) of
algebraic groups. To give a representation of G on the vector space V is, therefore, to give an action
of the abstract group G(R) on V ®; R by R-module automorphisms, functorially in R for every
k-algebra R.

Example 1.9. (i) G x G has an obvious ‘regular’ action on G, G acts on itself by conjugation (as we
have used above) etc.

(i) GL(V) acts on V, on its dual V'V, and on all sorts of tensor powers of the form V& @ (VV)®* on
symmetric and exterior powers etc. This also allows us to construct more representations from a
given one.

(iii) Here is an example of why the formulation of (4) involving all R-algebras R’ is necessary: if G =
X = SLy over k = Fy acts on itself by conjugation and Y = T is the subgroup scheme of diagonal
matrices, then Y(Fy) = T(IF) is trivial, so its stabilizer in G(F2) equals G(IF3); but you can check that
Stabg (Y)(F2) is the group of permutation matrices (e.g., only the permutation matrices normalize
T(F,).

(iv) The scheme theoretic center of SL,, may be checked to be p,, embedded as scalar matrices in SL,,.
Thus, this notion of center differs from that in the books of Borel or Springer, since in characteristic
p, they do not recognize p1,, as a possible center.

2. LECTURE 2

2.1. The transporter and its representability.

Definition 2.1. One of course also has a definition of the action of an abstract group G on a scheme X
over k: it is a homomorphism from G to the group of automorphisms of X as a scheme, i.e., giving such an
action is to give an action of the abstract group G on the set X(R) for each k-algebra R, functorially in R.

Remark 2.2. Let G act on X, so by our conventions both are of finite type over k. Then the abstract group
G(k) also acts on X: for each R, since G(R) acts on X(R), G(k) also acts on X(R) through its image under
G(k) — G(R). More generally, for each k-algebra R, the abstract group G(R) acts on the scheme Xg, the
same way.

The main object of today’s lecture is to show the following proposition in some special cases — this amounts
to Problem 3 of Homework 3 in Conrad’s first course on algebraic groups:

Proposition 2.3. Suppose G acts on X over k (so both are of finite type by our conventions), and let
Y,Z C X be closed subschemes. Then the associated transporter functor, namely the subfunctor of G given
by:

Transp(Y,Z)(R) = {g € G(R) | for all R-algebras R', g-Y(R') C Z(R)},
is representable by a closed subscheme of G. In particular, if Y is a closed subscheme of G, then its normalizer

Na(Y) is representable by a closed subscheme of G, which is a subgroup scheme by its functor of points
description.
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We will not prove this proposition in the most general case, but rather discuss some special cases, following
the hints given by Conrad in Problem 3, Homework 3 of his course. But before that, let us prove a corollary:

Corollary 2.4. In the situation of Proposition 2.3, assume thatY is separated. Then the fizer Fixg(Y) C G
of Y in G is representable too. In particular, if Y is a closed subscheme of G, then the centralizer Ca(Y)
is representable by a closed subscheme of G, and the center of G is a closed subscheme of G, and in fact
subgroup schemes by their functor of points description.

Proof. The first assertion, which gives the remaining assertions, follows from expressing the fixer in terms
of a transporter: considering the action of G on X x X given by g - (z1,22) = (21, gz2), it is easy to see
that Fixy(G) is the stabilizer of the diagonal A(Y) C Y XY C XxX of Y in X x X, which is a closed
subscheme of X x X because Y XY C X x X and AY C Y x Y are closed subschemes, the latter because Y
is separated. O

2.2. Proofs for special cases of the representability of the transporter. Henceforth the word ‘proof’
will often stand for ‘Proof assuming everything is affine’.

Proof of Proposition 2.3, when k =k and Y is reduced. Henceforth, given a k-algebras R, we will often iden-
tify Y (k) with its image under Y (k) — Y(R). It suffices to prove the following statements:

(i) The functor Transp’(Y,Z) : k-algebras — Sets, given by
(5) Transp/(Y, 2)(R) = {g € G(R) | g - Y(K) € Z(R)},

where we identify Y (k) with its image under Y (k) — Y (R) (as we will often implicitly do henceforth),
is representable by a closed subscheme of G; and

(ii) Transp(Y,Z) = Transp'(Y,Z), i.e., for any k-algebra R, the obvious inclusion Transp(Y,Z)(R) C
Transp’ (Y, Z)(R) is a bijection.

For all y € Y(k), we have the associated orbit map a,, : G — X, given by g — g - y: concretely, for every
k-algebra R, g € G(R) is taken to g -y, with y standing for its image under Y (k) — Y(R). Since Z is
closed, and «; a morphism of schemes, a, 1(Z) c G is a closed subscheme (here, it is also tautological that
(o' Z)(R) = o ' (Z(R)) for each R).

Consider the scheme theoretic intersection, as y ranges over Y(k), of the a;*(Z): if everything is affine, so

that each o, 1(Z) is given by the vanishing of an ideal I, this is the subscheme given by the vanishing of

Zy 1. ! This is a closed subscheme of G (whose underlying set is the intersection of the sets underlying
-1

o, '(Z)). But it is clear that this intersection is Transp’(Y,Z), giving the (i) of the proof.

The idea for the step (ii) is to show that each containment Transp(Y, Z)(R) C Transp’(Y,Z)(R) is an equality,
using that Y(k) = Y(k) C Y % is in an appropriate sense dense in Y.

Thus, let g € Transp’(Y,Z)(R) C G(R). The action of g defines a map Yz — Xpg of schemes, and the
inverse image Y% of Zg is a closed subscheme of Y g, which we would like to prove is the whole of Yz (this
will give g € Transp(Y,Z)(R)). Since g € Transp’(Y,Z)(R), we know that Y%(R) C Y(R) contains (the
image of) Y (k). Then the equality Y% = Yg follows from Remark 2.5 below, together with the fact that
Q=Y (k) CY is dense (by the Nullstellensatz). O

Remark 2.5. Let Y be an algebraic scheme over k, @ C Y(k), and assume the following two conditions:
e QCY(k)C|Y]isdensein|Y|; and

1f you like to think of intersection as a fiber product, R/I ® g R/J = (R/I)/J(R/I) = R/(I + J).
2Reminder: each y : Speck — Y is identified with its image in the physical scheme Y.
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e cither & = k and Y is reduced, or (more generally) that Y is geometrically reduced, i.e., Yj, is reduced
3

Then we claim: for any k-algebra R, and a closed subscheme Y% C Y g with the property that Y% (R) C Y(R)
contains the image of @ C Y(k) in Y(R), we have Y% = Yp. We will explain a justification under the
simplifying assumption that Y is affine, say Y = Spec A. * It is enough to show that the ideal I C Ar =
A ®i R = R[YR] defining the closed subscheme Y% C Ygriszero. Let f € I C Agp = A ®; R be written
as y .75 fi, with the r; running over a k-basis for R, and f; € A. Since Y%(R) contains the image of @, we
have f(x) =0 for each z € Q C Y(K) C Y(R), so that >, 7 f;(x) = 0. Since the r; are a basis for R over
k, and since f;(x) € k for each i, it follows that f;(z) = 0 for each i. Since this is true for all z € @, and
since @ is dense in Y and hence in the Zariski topology on Y(k), it follows that f;(x) = 0 for all 2 € Y (k).
Since Y is geometrically reduced, it follows from the Nullstellensatz that f; = 0 for all 4, so that f = 0, as
desired. This proves the claim under the assumption that Y is affine, and the general case can be done by
covering Y by affine open sets U = Spec A, and noting that @ N U(k) is dense in U, etc.

Proof of Proposition 2.3, when k is separably closed and Y geometrically reduced, modulo two facts. Given that
Y is geometrically reduced, the above proof goes through once we know that Y (k) = Y (k%P) is dense in Y.

So one just needs the following key fact:

Fact: Y geometrically reduced and separated = Y is smooth on an open dense subset = Y (k°P) = Y (k) is
dense in Y. Hints for this fact by means of references can be found in Exercise 3 of Homework 3 and Exercise

5 of Homework 2, of Conrad’s course. Alternatively, assuming Y to be irreducible and geometrically reduced,

see A.48 of Milne’s book: the main point is that there is a separating transcendence basis k(t1,...,tq) for
k(Y), making residue fields separable for a dense subset of Y. O

We now have that Transp(Y gsep, Zgser ) is well-defined, and we want to ‘descend’ it to Transp(Y, Z).

Proof in the special case where we know that G and Transp(Y gser, Zgser) are geometrically reduced,modulo Galois descent.
® The proof in the separable case in fact shows (as it involved going through a scheme Transp’(Y,Z) defined
as in the right-hand side of (5)):

Transp(Y jen, Zieen ) (HP) = {g € G(RP) | g - Y (KP) C Z(K*P)}.

Note that for all o € Gal(k®P/k), which acts on all three of G(k*P), Y (k*P) and Z(k*P), since GXY — Z
is defined over k, it is now easy to see that Transp(Y gser, Zgser ) (k5P) C Y (k5P) is closed under Gal(k°P /k).
Hence, strategy:

(1) Transp(Y yeer, Zy=er) descends to k, in the sense that there exists a closed subscheme T C G such
that Tgseo C Gpser “equals” Transp(Y jser, Zgser) ¢ (this will be a consequence of two facts: the
Gal(ksP /k)-invariance of Transp(Y gser, Zgser ) (k%°P) just observed, and, as should be understandable
by now, the fact that Transp(Y gsep, Zgseo ) (k5°P) is geometrically reduced); and

(ii) Any such descent T automatically satisfies T = Transp(Y, Z), in the sense that T(R) = Transp(Y, Z)(R)
for all k-algebras R.

The step (i) is Galois descent, which we will prove later. Let us prove (ii) now; thus, we assume given a closed
subscheme T C G such that Tgser equals Transp(Y gseo, Zgser ), and claim that T(R) = Transp(Y,Z)(R) for
each R. In the lecture I had to skip this for lack of time, but I will give details here. For simplicity, I will
assume that G, X,Y are affine.

3Note that ‘geometrically reduced’ is the obvious condition to show up, since one applies the Nullstellensatz not to Y but
to YE'

4Perhaps this is standard and the justification here is too clumsy; but I am not too familiar with such standard facts, and
this is what I have.

5As Arnab points out, we may not need G to be geometrically reduced.

60ne way to make the “equals” precise is: the (sheaf of) ideals defining the two closed subschemes are the same).
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Fact: For any k-algebra R, X(R) — X(R ®j k*P) and G(R) — G(R ®, k°°P) are injective, and we have,
inside X(R ®j, k°°P):

Y(R) = Y(R® k*P) N X(R),
and similarly with Z C X and T C G.

Note that this fact for Y C X (the facts for Z C X and T C G being similar) is immediate if X = Spec A4 is
affine and Y is defined by the ideal A/I, since both sides just count homomorphisms A — R ®j, k5P that
vanish on I and land in R. The general case (where X is not affine) follows from the fact that R — R ®y, k%P
is faithfully flat, and hence Spec’s to an epimorphism in the category of schemes, which gives the injectivity
of X(R) = X(R ®j, k°°P); the equality Y(R) = Y(R ®j, k°P) N X(R) is clear from how functor of points is
realized.

Therefore, T(R) = T(R ® k°P) N G(R) inside G(R ® k*P). On the other hand, it is immediate from
the definitions that Transp(Y,Z)(R) C Transp(Y,Z)(R ®x k*P) N G(R) in G(R ®j k*P), but then this
containment is again an equality, since any g € Transp(Y, Z)(R ®j k°°P) N G(R) takes, for any R-algebra R,
Y(R') = Y(R @5, k*?) N X(R') to Z(R') = Z(R' 3 k*?) N X(R'). Thus:

T(R) = T(R ®¢ k*P) N G(R) = Transp(Y, Z)(R ® £*P) N G(R) = Transp(Y, Z)(R),
as desired. Modulo Galois descent (and arguably the facts in the nonaffine case), this finishes the proof. O

2.3. Galois descent. Now we discuss Galois descent. Let K/k be a finite Galois extension. Let X /k be
a scheme. Then Gal(K/k) acts on the scheme Xk (by scheme automorphisms, but not by K-scheme au-
tomorphisms): at the level of affine schemes, if X = Spec A, then Xx = Spec Ak, and Gal(K/k) acts on
Ax = A®j K by ring automorphisms or even k-algebra automorphisms, but not by K-algebra automor-
phisms. One can recover A as the Gal(K/k)-fixed points of Ax. Note that the action of Gal(K/k) on Ak,
while not K-linear, it is continuous and Gal(K/k)-semilinear, in the following sense:

Definition 2.6. If K/k is a finite Galois extension, an action of T' := Gal(K/k) on a vector space V over
K is said to be:

(1) continuous, if every element of V is fixed by an open (i.e., finite index) subgroup of I' = Gal(K/k);
and
(2) (T-)semilinear, if for all o € Gal(K/k), o(af) = o(a)o(f) for all a € K and f € V.

Thus, a question of Galois descent is: does every continuous (Gal(K/k)-)semilinear action of Gal(K/k) on
a scheme X over K ‘come’ from a k-scheme X? However, this is not what we immediately need: we already
have a scheme G over k, and want to ask if the subscheme Transp(Y..,,Zk..,) C Gg,., is ‘defined over’
k, i.e., identifies with the base-change of a closed subscheme of G?. So our question is different: if X is
a k-scheme, U C Xjeep is a closed subscheme, and the action of Gal(k*P /k) preserves U (or it preserves

U(k*P) C X(k®P) and is geometrically reduce(il), then is there a closed subscheme U C X such that the
closed subscheme Upgser of Xpsep identifies with U?

sep

Again, we will stick to affine scheme cases. The main task is to descent vector spaces from K to k, since the
coordinate rings of affine opens are vector spaces:

Proposition 2.7. Let K/k be a Galois extension, possibly infinite. Then sending V to Vi :=V Q) K with
its obvious semilinear I' := Gal(K/k)-action, and a morphism T : V' — W to its scalar extension Vi — W,
defines an equivalence of categories from the category of vector spaces over k, to the category of vector spaces
over K with a continuous semilinear I'-action.

Proof. The full-faithfulness of the functor translates to the assertion that the map Homy(V, W) — Homg (Vk, Wk)
is an injection with image equal to the subspace Homg r(Vk, W) of homomorphisms commuting with the
[-action. But this is clear (e.g., any element of Homy r(Vi, Wk) takes V = (Vi)' to (Wx)T = W).
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Thus, it is enough to prove the essential surjectivity of this functor. In fact we have a functor in the
other direction, that sends the K-vector space V to the k-vector space (V)Gal(K/k) and T :V — W to its
restriction (V)Gal(K/k) _y (T7)Gal(K/k) 1t is easy to see that the composite V — V := Vi s (V)GIE/E)
can be identified with the identity at the level of both objects and morphisms, so it suffices to show that for a

K-vector space V with a continuous semilinear -action, the map (V)Gal(K/ ¥) @, K — V is an isomorphism.

A proof of this is given in Section 14.2 of Borel’s book, the main input being linear independence of char-
acters. However, we will follow Milne’s proof, first proving this when K/k is finite, using as an input the
representation theory of M, (k). Let K[I'| denote, not quite the group algebra of I" over K, but with the
multiplication replaced to ensure that o -b = o(b) - 0. Note then that the category of K-modules with a
semilinear action of T’ (which is automatically continuous as K/k is finite) is the same as the category of
K[I'l-modules. It is easy to see that K[I'] has a k-linear action on the k-vector space K, where K C K|[I|
acts by left-multiplication and I' acts as usual. One then knows, from the linear independence of characters,
that this induces an isomorphism K[I'] = Endg(K). By “the relation between the representation theories of
M, (k) and k as a k-algebra” it follows that V +— V ®;, K gives an equivalence from the category of k-vector
spaces to the category of K[I']-modules, from which the proposition is easy to see.

Now assume that K/k is infinite. Then the fact that the map (V)G(K/k) @, K — V is an isomorphism,
and hence also the proposition, follows from realizing the map (V)G2(K/%) @, K — V as:

(V)Gal(K/k) Qp K = U(V)Gal(K/k:) @k Ko = U((V)Gal(K/KO))Gal(KO/k) @ Ko % (V)Gal(K/Ko) _ f/’

Ko Ko Ko

where K always runs over finite Galois extensions of k contained in K, the last equality uses the continuity
of the action, and the isomorphism preceding it applies the finite extension case to Ko/k. O

Remark 2.8. (i) In the situation of Proposition 2.7, any K-bilinear map Vx x Vxg — Vi which is
respected by Gal(K/k) descends to a bilinear map V' x V' — V, etc.: this allows us to descent all
sorts of ‘algebra’ structures, (possibly nonassociative and hence) including Lie algebra structures,
from Vi to V, provided they respect Gal(K/k).

(ii) A similar comment applies to Hopf algebra structures, so if we are given an affine scheme X or an
affine group scheme G over K with a continuous semilinear Gal(K /k)-action on its coordinate ring,
we can descent it to k, i.e., there exists an affine scheme X such that X = Xk, or an affine group
scheme G over k such that G = Gg (as before, the “=" needs to be interpreted appropriately).
There are versions available for non-affine cases, but these can involve some subtlety, perhaps quasi-
projective is okay.

Now we can discuss the Galois descent used in the proof of the step (i) of the proof of the case where Y and
Transp(Y gser, Zgser ) are geometrically reduced but k& may not be separably closed.

Lemma 2.9. Let U be an algebraic scheme over k, and K/k a Galois extension. Let T c Uk be a closed
subscheme. Then we have the following two conditions that let us conclude the T descends to k, that is to
say, that there exists T C U such that T =T.

(i) Consider the action of Gal(K/k) on Ug, which is by scheme automorphisms but not K-scheme
automorphisms: to simplify, one may consider the case where U is affine, in which case one is just
talking of the Gal(K/k)-action on K[U] (which is by k-algebra automorphisms, but not by K -algebra
automorphisms). Then T descends to a closed subscheme T C U if and only if this action preserves
T (that is to say, the maps Ux — U associated to elements of Gal(K/k) induces maps T — T).

(ii) Let U be a geometrically reduced algebraic scheme over K = kP, and let T C Upser be a closed
and geometrically reduced subscheme with the property that T(k*P) C U(KSP) is invariant under
Gal(k*®P/k). Then there exists a closed subscheme T C U, automatically geometrically reduced, such
that Tksep =T.
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Moreover, in either case, T is unique if it exists.

Proof when everything is affine. The uniqueness assertion is easy, so we will focus on the rest. The implica-
tion “=" of (i) is the easy one, so let us prove “<”. Assume that I' := Gal(K/k) preserves T, which is to say
that the ideal I ¢ K[U] = K[U] that defines T is stable under I'. Therefore, the map K[U] — K[T] = K[U]/I
is a morphism of K-vector spaces with continuous semilinear I'-action. By Proposition 2.7, there is a sur-
jection k[U] — W := (K[U]/I)! of k-vector spaces whose kernel is I', which is clearly an ideal in k[U], and
k[U] — k[U]/I" base-changes to K[U] — K[U]/I. Now it is easy to see that we may take T to be the closed
subscheme Spec k[U]/I" of k[U].

Now let us prove (ii). Since T is geometrically reduced, and since Y (k*°P) is dense in Y, the ideal I defining
T is precisely the set of f € K[U] such that f(z) = 0 for all z € Y (k®P). Since Y (k*P) is Gal(k®*P/k)-stable,
it follows that I is Gal(k*°P/k)-stable, so we are done by (i). O

2.4. If the transporter is not geometrically reduced (but Y still is). We now remove the assumption
that Transp(Y gsep, Zgser ) is geometrically reduced, but continue with the assumption that Y is. This case
was not discussed in the lecture, and I don’t even know if we will necessarily need it (we will mostly take
normalizers of tori etc.) but it still seems to me to be good to know.

Now how do we check the condition of Lemma 2.9(i) at the level of functor of points? Or for that matter,
how do we even describe the action of T' := Gal(K/k) on Uy at the level of functor of points? Unlike K or
kP a general K- or k%°P-algebra R is not acted on by Gal(K/k) or Gal(k*P/K).

To put it another way, we cannot associate to o € Gal(K/k) maps Ug(R) — Ug(R) functorially on K-
algebras R, because the map Ug — Ug defined by o is not an automorphism of K-schemes; it is only an
automorphism over of schemes over k. However, attempts to define such maps at the level of k-schemes also
has the problem that the only obvious action of Gal(K/k) on U itself is trivial: note that ‘physically’ in
terms of functions etc., U as a scheme is different from Uy, the latter being the base-change of the former
to K, and it is only on the base-change, over K, that we have a nontrivial action.

Strictly speaking, perhaps, one should resolve this by talking of the ‘absolute’ “or annd oy” and then the
relative fellow “oy,g”, like absolute and relative Frobenii. To my biased and very possibly not so well-
considered perspective, it seems convenient to not introduce too many things, and instead look at things the
following ad hoc way.

For o € Gal(K/k) and a K-algebra R, we can define a map with source Uk (R) as follows: to an element
J = ay of Ux(R) = Homg _a1g(K[U], R), we can associate f ~— a,(s). However, this is not a K-algebra
homomorphism: this sends af t0 ay(af) = Qo(a)o(r) = o(a)ay. Thus, this map is actually a map o :
Uk (R) — Uk (R?), where R is, in its capacity as a ring or even a k-algebra the same as R, but where the
structure morphism K — “R is obtained as K % K — R. Thus, our ‘not over Spec K’ map o : Ux — Ug
will be informally thought of as this functorial collection of maps Ux(R) — Ug(R). Here and in what
follows, I could have made sign or left vs right errors; please let me know if you spot any.

Lemma 2.10. In the situation 0f~Lemma 2?(@), T descends to k if and only if for every K -algebra R, the
map 0 : Ug(R) = Ug(R) takes Tk (R) to Tk(°R).

Proof. Again, the “<” implication is the nontrivial one. If f — « vanishes on the ideal I C K[U] defining
T, then it is on o~ !(I) that f — ,(s) vanishes. Thus, the map o : Ug(R) — Uk (R") takes Tx(R) to
T%(R?), where Ty C Uk is the image of T under the map Ug — Uk induced by o : K[U] — K[U], which

is to say the subscheme defined by o~!(I) C Spec K[U]. Thus, the given condition implies that T =T K
for each o € Gal(K/k), i.e., c~1(I) = I for each 0 € Gal(K/k). Thus, the lemma follows from Lemma

2.9(i). O
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Now we can remove the assumption that Transp(Y gser, Zgser ) was geometrically reduced:

Proof of Proposition 2.3 whenY is geometrically reduced (and X, G affine). By Lemma 2.10, it suffices to
show that for o € Gal(k®°P/k), the map G(R) — G(R?) defined by o sends Transp(Y, Z)(R) to Transp(Y, Z)(R?).
This is easy from the fact that for every k5°P-algebra R and o € Gal(k*°P/k), maps defined by o transport the
action map G(R) x Y(R) — Z(R) to the action map G(R?) x Y(R?) — Z(R?), and also, for any R-algebra
R’ transport Y(R') and Z(R') to Y((R')?) and Z((R’')?), respectively. O

3. LECTURE 3

3.1. A clarification. There was something I have been assuming so far without justifying: a group scheme
is a group object in the category of schemes over k, so if we only use the Yoneda lemma, to make a scheme
G over k into a group scheme, we should give a group structure on G(S) for every scheme S /k (functorially
in S), and not just on G(R) for every k-algebra R. Similar comments apply to defining a homomorphism
of group schemes, an action of a group scheme etc. However, it turns out that what we have been doing
so far — considering just R-points for k-algebras R — is also enough, though we haven’t given a formal
justification for that. We will not be able to give a detailed justification for want of time, but let me just say
that the fundamental reason is as follows: firstly, every scheme over k£ has a covering by affine open schemes,
and secondly, anything representable in k-schemes is a Zariski sheaf (so it is basically the sheaf conditions
that do the job for us). Similarly, when we deal with only finite type schemes over k, we can restrict to finite
type k-algebras R, etc.

3.2. The identity component G° of G. Main motivation for today’s lecture: G Lie group = its identity
or neutral component G?, i.e., the connected component of the identity, is an open and closed Lie subgroup
of G, and my(G) = G/G? is the group of connected components. We would like to do something similar for
algebraic groups, but for this there are subtleties that need to be taken care of.

The following lemma is immediate:

Lemma 3.1. If X is an algebraic scheme over (the field) k, then each connected component of |X| (the
topological space underlying X) is open.

Proof. This is because | X | has only finitely many irreducible components and hence finitely many connected
components. (Note however that irreducible components of X may not be open, but the definition of
connected components is such that this suffices). ]

Definition 3.2. If G is an algebraic group (i.e., algebraic group scheme) over k, we denote by | G"| the
identity component of | G|, i.e., the connected component of | G| that contains the image of the identity
section e : Speck — G. Moreover, noting that |G®| € |G| is open by Lemma 3.1, there is a unique open
subscheme of G with underlying set | G° |, which we denote by G°.

Lemma 3.3. (i) If X is a connected scheme, then any morphism X — G of schemes whose image
contains that of e : Speck — G factors through G°.
(i) G° is geometrically connected, i.e., (G°); is connected (as we will likely see in the next lecture, this
also turns out to be equivalent to: (G°)1, is connected for every field extension L/k).
(iii) G° is an algebraic subgroup of G. 7 (Note that it is an open and closed subgroup of G, but it may
not be reduced).

The proof of Lemma 3.3 will use the following lemma, which we will not prove until the next lecture:

"Recall that this entails that for every k-algebra R, the subset GO(R) C G(R) is a subgroup)
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Lemma 3.4. (i) Let X be a connected algebraic scheme over k. If |X| is connected and X(k) is
nonempty, then X is geometrically connected, i.e., | X, | is connected.
(i) If X is a geometrically connected algebraic scheme over k and Y is a connected algebraic scheme
over k, then X XY (the product being taken over k) is connected; more generally, without assuming
Y to be connected, the projection X X Y — Y induces a bijection between the connected components
of both schemes.

Although will prove Lemma 4.1 later, let us assume it and prove Lemma 3.3.

Proof of Lemma 3.3, assuming Lemma 4.1. Since GY is an open subscheme of G, for any k-algebra R, an
element of G(R) given by Spec R — G belongs to G°(R) if and only if its image is contained in | G”|. Now
(1) follows, since the image of | X| in | G| is contained in a connected component that contains the image of
e:Speck — G, ie., to |G|

(ii) is an immediate consequence of Lemma 4.1(i), together with the fact that Go(k) contains e : Speck — G,
which factors through Gg by definition.

For (iii), it suffices to show that the multiplication map G x G — G and the inverse map G — G restrict to
maps G x G¥ — G® and G° — G°, respectively. By (i), it now suffices to show that G% x GY is connected,
which follows from combining (ii) with Lemma 4.1(ii). O

Lemma 3.5. (i) Every connected component of | G| is irreducible (note that in the lecture I stated this
only for | Gg |, because I missed the details of the reduction to k = k).
(ii) Go is geometrically irreducible, and hence irreducible.

Remark 3.6. The ‘intuitive explanation’ for Lemma 3.5(i) is as follows: a standard example for a variety
that is connected but not irreducible is the ‘cross’ zy = 0. But clearly such a figure cannot be a topological
group, because it violates ‘homogeneity’: it looks different at the intersection point as compared to at the
other points.

Proof of Lemma 3.5. (ii) follows from (i) and Lemma 3.3(ii), so it is enough to prove (i).

First let us reduce this to the case where k = k (I missed the following argument in the lecture). It suffices to
show that the irreducible components of G are pairwise non-intersecting. Suppose X1, Xy C G are irreducible
components and they intersect. Then (X;)z and (X3); contain (X3 NXs)j; while (X1); and (X2)z may not
themselves be irreducible, this does show that any given point of (X; NXs); (and such a point exists by
the Nullstellensatz) belongs to some irreducible component of (X;)z and to some irreducible component of
(X2)z- It is also easy to see that no irreducible component of (X;)z is an irreducible component of (Xs)j.

Thus, it suffices to show that irreducible components of Gz are pairwise nonintersecting, for which we may
base-change and assume without loss of generality that k = k. Write G = X; U- - -UX,,. for the decomposition
of G into irreducible components. It suffices to show that each X; NX; is empty. If, X; NX; # 0, then by
the Nullstellensatz, 0 # (X; NX;)(k) = X;(k) N X;(k). Thus, it suffices to show that the X;(k) are pairwise
disjoint. Note that G(k) = Xy (k)U---UX, (k) is indeed the decomposition of G(k) with its Zariski topology
to irreducible components. If the X;(k) are not pairwise disjoint, there exists g € G(k) that belongs to at
least two irreducible components.

Now to use the ‘intuitive idea’ from Remark 3.6, by translating around (the action of G(k) on itself is
algebraic), each g € G(k) lies in at least two irreducible components, which is a contradiction: X; \(XoU---U
X,,) is nonempty, which gives us by the Nullstellensatz that there exists some element of X; (k) which does
not belong to any other irreducible component. O

SNote that | X | being connected is not sufficient to imply that | Xz | is connected, e.g., (Spec C/ SpecR)spec ¢ = Spec(C ®r
C) = Spec(C x C) = SpecC| | SpecC). Hence the assumption that X(k) # 0 is crucial.
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3.2.1. Symplectic and special orthogonal groups.

3.2.2. Symplectic groups. Let (V, B) be a finite dimensional symplectic space over k: V is a finite dimensional
vector space over k, and B : V x V — k is a symplectic form, i.e., a nondegenerate alternating bilinear form.
Then check, as an easy exercise, that the subfunctor Sp(V, B) C GL(V) given by

(6) Sp(V,B)(R) = {g € GL(V)(R) | B(g-v,g9-w) = Blv,w)¥Yv,w € V ®; R}°

is representable (the equations can be given in a matrix form by Jfg~1J~! = g, where J is the matrix of B
with respect to some basis of V over k) by a closed subscheme of GL(V') or even of SL(V).

It is immediate that Sp(V, B)(R) C GL(V)(R) is subgroup for all R, so Sp(V, B) C GL(V) is an algebraic
subgroup, and hence an algebraic group in its own right.

We note:

e It requires a little verification that Sp(V, B) is irreducible and smooth; we will do the former today,
and the latter in the next lecture or in the one after that.

e I forgot to mention the following in the lecture: a priori, the relation of the kind “Jfg=1J~! = ¢”

only gives us that Sp(V, B) — GL(V) 4 G, has image contained in pus C G,, (Conrad only asserts

this for geometric points, though it is not clear to me why this doesn’t follow for points in an arbitrary
k-algebra; hopefully it is just that Conrad doesn’t want to use the stronger statement). But once
one shows that Sp(V, B) is connected and reduced, it will follow that this image is trivial: outside
characteristic two, this follows from connectedness, while in characteristic two, this follows from
reducedness, by considering the dual map k[us] — k[Sp(V, B)] of coordinate rings, noting that k[us]
is generated over k by a nilpotent. Thus, showing that Sp(V, B) is connected and reduced would tell
us that Sp(V, B) is in fact a closed subgroup scheme of SL(V) C GL(V).

e All symplectic spaces (V, B) with the same dimension are isomorphic, so the isomorphism class of
Sp(V, B) depends only on dimy V.

e If char k # 2, one can replace ‘alternating’ by ‘skewsymmetric’, but not otherwise: the alternating
condition B(v,v) = 0 implies the skew-symmetric condition that B(v,w) = —B(w,v), and the
converse is only true when the characteristic is not two; e.g., the bilinear form whose matrix is the
identity is skew-symmetric but not alternating in characteristic two, and does not give a symplectic
group in characteristic two.

e GL(V) acts on the vector space of bilinear forms on V', which form an vector and hence affine space
of dimension (dim V)2, and it is easy to see that Sp(V, B) is the stabilizer of the closed ‘singleton’
subscheme {B} of this vector space. By Lecture 2, this gives us another way to think of the
representability of Sp(V, B).

Example 3.7. Simple but important example: if dimV = 2 and B is a symplectic form on V, then
Sp(V, B) = SL(V) € GL(V). I should have worked this out in the lecture, but it did not occur to me to do so.
We can choose a basis {e1,e2} of V such that B(ej,e1) = B(eg,e2) = 0 and B(er,ez) = —B(eg,e1) =1. We
use this basis to identify V with k2, and hence GL(V) with GLy. The equalities B(ge1, ge1) = B(ei,e1) =0
and B(gea, gea) = B(ea, e2) = 0 are automatic, so it suffices to impose the equality B(gey, ges) = B(ey, es) =
1, which is equivalent to:

ad —bc =1,

which is precisely the equation that defines SL(V').
Alternatively, to give a symplectic form B on the two dimensional vector space V' is to give an element of the

dual of the exterior square of V' (let us assume char k # 2 to be safe), so elements of Sp(V, B) are precisely
those that act trivially on the exterior square of V, that is to say, SL(V).

9In the lecture I freaked out and invoked “for all R-algebras R'”, but that is not necessary since by bilinearity the preservation
of the form needs to be checked only on a basis, which can be taken to belong to VC V ®j R.
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3.2.3. Special orthogonal groups. First assume that chark # 2. Let (V,q) be a nondegenerate finite di-
mensional quadratic space over k, where the nondegeneracy means that the bilinear form Bg(v,w) =
q(v + w) — g(v,v) — g(w, w) is nondegenerate.

Here is a perspective we did not discuss in the lecture. The nondegeneracy of B, is equivalent to {g = 0}
defining a smooth quadric in P(V); let us see this, following the book of Elman, Karpenko and Merkurjev
(see Proposition 22.1 of that book for more details). Let a point of {¢ = 0} C P(V') be given by the line
U = ku C V, where q(u,u) = 0. The tangent space to P(V) at u can be identified with V/U. Inside that,
the tangent space to {g = 0} at u can be identified with Ut / U, where Ut C V is the orthogonal of U with
respect to By, i.e., the space of v € V such that By(v,u) = 0: note that U+ 5 U since q(u,u) = 0. Thus, the
nondegeneracy of By is equivalent to requiring that for every u with ¢(u,u) = 0, Ut cVis proper, which
is equivalent to dim U+ /U = dim V — 2 = dim{q = 0}. Thus, the nondegeneracy of B, is equivalent to the
smoothness of {¢ = 0}.

In our present situation where we assume that char k # 2, one can define O(V, ¢) = O(V, B,) as the stabilizer
of B, in GL(V), exactly as we did with Sp(V, B), replacing B with B,: in other words O(V,¢)(R) =
O(V, B,)(R) is given by the right-hand side of (6). Again, it can be described by a set of equations that can
be captured by Jfg~'J~! = g, and O(V,q) = O(V, B,) as well as its representability can be viewed as the
stabilizer of B, under the action of GL(V') on the space of bilinear forms on V.

Using that By (v, w) = g(v+w) — q(v) — g(w), it is easy to check that an equivalent definition of O(V,¢) can
be made by requiring:

(7) O(V,q)(R) ={g € GL(V ®k R) | q(gv) = q(v)Vv € V ®; R}.

One can show that O(V, ¢) is smooth, but it is not connected. Rather, the map O(V, q) — GL(V) G,y is
readily verified, using an equation of the form Jfg~'¢g~! = J, to be valued in ps C G,,. The kernel of the
resulting map det : O(V, q) — s is defined to be SO(V, ¢), which can be shown to be smooth and connected;
we will see the connectedness today, and the smoothness in this lecture or the next. All this is under the
assumption that char k # 2.

Two further observations:

e Unlike with symplectic forms, (V,q) and (V,q’) can be nonisomorphic for distinct nondegenerate
quadratic forms ¢, ¢’ on V. For instance, if k¥ = R, the isomorphism classes of nondegenerate quadratic
forms on V are in bijection with pairs (a,b) of nonnegative integers such that a + b = dim V', with
(a,b) corresponding to a quadratic form which is positive definite on an a-dimensional subspace and
negative definite on a b-dimensional subspace (i.e., the signature of the form is (a,b)). If k =TF, is a
finite field, the isomorphism classes of quadratic forms are, at least if we assume that ¢ is odd and
dim V' is not too small, classified by their discriminant, valued in F/ ]qu2.

e Accordingly, there can be multiple isomorphism classes of special orthogonal groups associated to
the same V. For instance, over R, passing through the functor from algebraic groups over R to
Lie groups, one sees that orthogonal groups defined by quadratic forms corresponding to signatures
(a,b) and (a’,b’) are isomorphic if and only if (a’,b’) equals one of (a,b) or (b,a); ' in particular,
sometimes SO(V, ¢) can be isomorphic to S O(V”’, ¢’) without (V, ¢) being isomorphic to (V',¢’). The
reason is basically that each maximal compact subgroup of the Lie group O(a,b) is isomorphic to
O(a) x O(b).

e Suppose k = R. Though SO(V, q) is connected as an algebraic group, the Lie group SO(V, q)(R) is
not connected unless the signature of (V,q) equals (dim V,0) or (0,dim V'); this is basically because
for every reductive group G /R, the Lie group G(R) is diffeomorphic and hence homeomorphic to a

10The 4f part here is the observation that one passes from (a,b) to (b,a) by multiplying the quadratic form by —1, which
does not change the orthogonal group.
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product of something connected and even contractible, and a maximal compact subgroup, which for
SO(V, q) with the signature of (V, q) being (a,b) is isomorphic to:

{(91,92) € O(V,a) x O(V, D) | (det g1)(det g) = 1}.

e The above point can perhaps be felt more viscerally with a simple special case: G,, is connected as
an algebraic group, but G,,(R) = R* is not connected as a Lie group.

Now we put ourselves in a situation where char k is allowed to be 2. We may not study smoothness etc. in
this case, but I wish to define O(V, ¢) and give some idea of the definition of SO(V,¢) in general, so as to
give an idea of the subtleties involved, so that one can marvel at the fact that despite all these exceptional
considerations being required, the theory of reductive groups still admits a uniform description across all
characteristics. A quadratic form over k can be described in a characteristic-independent manner as a map
q : V — k such that g(av) = a?q(v) for all a € k and v € V, and such that By : (v, w) — g(v+w)—q(v) —q(w)
is bilinear. Note that it can be base-changed, since it is a polynomial function on V', and its base-change
to any field extension L/k is a quadratic form over L (and one can make similar considerations over all
k-algebras). First of all we need to deal with the notion of nondegeneracy, for which we observe:

o If char k = 2, whenever ¢ is a quadratic form, B, is alternating, and hence cannot be nondegenerate
if dim V' is odd;

o If chark = 2, even if B, is nondegenerate, so that dim V' is even, the stabilizer of By is a symplectic
group; this doesn’t spoil the situation because the stabilizer of ¢ turns out to be strictly contained in
that of B, (thus, this is a situation in which the special orthogonal group is contained in a symplectic

group).

Thus, the definition of ¢ being nondegenerate has to be weaker than that of B, being nondegenerate; it turns
out that there are two notions of nondegeneracy found in literature:

Definition 3.8. Let (V, ¢) be a quadratic space. I warn that the ‘classically’ and ‘absolutely’ in the following
is nonstandard terminology, used to distinguish two different definitions found in the literature, to reconcile
which I took Arvind’s help.

(i) We say that (V,q) is classically nondegenerate if, letting rad(B,) := {w € V' | By(w,v) =0Vv € V}
be the radical or the kernel of the possibly degenerate bilinear form B, we have that q|..q(s,) doesn’t
vanish outside 0, i.e., for all w € rad(By) \ {0}, we have g(w) # 0.

(ii) We say that (V, q) is absolutely nondegenerate if any of the following conditions, which can be shown
to be equivalent (see Section 7.A of Elman, Karpenko and Merkurjev, pointed out by Arvind to me),
is satisfied:

e For every field extension L/k, the base-change (V,qr) of (V,¢q) is classically nondegenerate;

e The base-change (V%, gz) of (V, q) is classically nondegenerate (or the same holds with & replaced
by any one single algebraically closed field L);

e ¢ is classically nondegenerate and dimrad(B,) < 1, in which case dimrad(B,) equals 0 if dim V’
is even and 1 if dim V' is odd;

e The quadric {g = 0} in P(V) is smooth;

e Over k, (V,q) becomes isomorphic to what Conrad calls the ‘National Bureau of Standards’
quadratic form, given by z1Zo, + TaZom—1 + -+ + TpTme1 if dimV = 2m is even, and by
x%mﬂ + T1%om + ToZom—1 + +* + T @1 if diMV = 2m + 1 is odd.

One can now define O(V, q) by (7) when (V, q) is classically or absolutely nondegenerate:
O(V,q)(R) ={g € GL(V @ R) | q(gv) = q(v)Vv € V & R}.

One interprets this as a stabilizer for an action of GL(V') on the space of quadratic forms on V', which is an
affine space of dimension n(n + 1)/2, so that O(V, q) is representable by a closed subscheme of GL(V'), and
can hence be thought of as an algebraic subgroup of GL(V).
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However, it is only when (V,q) is absolutely nondegenerate that O(V,q) is going to be a reductive group
(a notion we will only define later in this course); the point with the base-change is that reductivity of
groups is defined after base-changing to k, so we need a notion of nondegeneracy that carries over to k. I
haven’t verified, but from general comments of Conrad somewhere, it seems that if (V,¢) is only classically
nondegenerate, the resulting SO(V,q) are pseudoreductive groups that are not reductive unless (V,q) is
absolutely nondegenerate.

(i) If chark = 2 and dimV is odd, it so turns out that O(V,q) is connected, but not reduced: e.g.,
if dimV = 1, so that GL(V) = G,, canonically, then the equation g(zv) = ¢(v) is the equation
22 =1, so that O(V,q) = uz. More generally, whenever dim V' is odd, one sets SO(V, q) = ker(det :
O(V,q) — p2), and shows that SO(V, q) is irreducible and smooth, but that det : O(V,q) — po has
a section sending x to scaling by z, realizing O(V, q) as SO(V,q) x po. Thus, O(V,q) is connected
but not reduced (and hence not smooth either), though SO(V, q) is.

(ii) If chark = 2 and dimV is even, O(V, q) is disconnected, but det : O(V,q) — uo can be checked to
be trivial, e.g., using that SO(V, q) is contained in Sp(V, B,). Instead, recalling that Z/2Z and po
are different in this situation, there is a map called the Dickson invariant O(V,q) — m, whose
kernel is defined to be SO(V, ¢). One then shows that SO(V,¢) is irreducible and smooth.

Example 3.9. Simple, but important example: if G = SO(V,q), where dimV = 2 and ¢ is absolutely

nondegenerate, then Gz = G,,/k (though G itself may not be isomorphic to G,,). I only casually referred to

this example in the lecture, saying you could work this out explicitly with matrices, but I should probably

have done it in greater detail. First, it is easy to see that SO(V, ¢); = SO(V%, q3), so we may assume without

loss of generality that k = k. Using the ‘National bureau of standards’ quadratic form, it is easy to see that

V has a basis e1, e2 with g(e1) = ¢(e2) = 0 and By(e1, e2) = 1. Use this basis to identify GL(V') with GLs.

. b

Now writing g = 4)

e The equality ¢(ge1) = g(e1) = 0 gives ac = 0;

e The equality g(ge2) = g(e2) = 0 gives bd = 0;

e The equality g(g(e; + e2)) = q(e1 + e2) = 1 gives (a + b)(c + d) = 1, which, given ac = bd = 0 is
the same as ad + bc = 1 (note that when char k = 2 this gives det g = 1, making det : O(V, q) — uo
trivial, unlike when char k # 2);

Consider the subscheme of G defined by ¢ = 0, and call it G°. This subscheme is defined by ad = 1 and
b = c¢ = 0 (as forced by the invertibility of a and d). Thus, GY is the subscheme of diagonal matrices in
GL(V) with determinant 1, and is hence a connected subgroup scheme of G. It is now easy to see that

translation by:
0 1
Ti= <1 0) € G(k),

takes G° to the subscheme defined by a = 0 or equivalently by d = 0 (i.e., given in GLy by a = d = 0 and
be = 1) and vice versa. Note that this subscheme r G° is isomorphic to G, since r € G(k). Since G satisfies
ac = 0, it follows that G is the union of G® and r G°. These are disjoint as r ¢ Go(k). Clearly detr = —1 if
char k # 2, and if one looks at the definition of the Dickson invariant (which I haven’t defined but it is easy;
I am just being lazy), it is easy to see that r has nontrivial Dickson invariant if char & = 2. Thus, it follows
that SO(V, q) = G° = G,,,.

3.3. Symplectic and orthogonal groups are connected. Now we will sketch three proofs that symplec-
tic groups Sp(V, B) and special orthogonal groups SO(V,q) are connected when char k # 2, though at least
one of the proofs works for Sp(V, B) in arbitrary characteristic.

In all these proofs, we will implicitly use the following reductions:
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e It is enough to show that Gy is connected, so we may and shall assume without loss of generality
that k = k; and

e It suffices to show that G(k) = G(k) with its Zariski topology is connected, since G(k) C |G| is
dense by the Nullstellensatz.

3.3.1. (Sketch of) Proof 1 — using transvections (for Sp) and reflections (for SO). Strategy. Generate
G(k) = G(k) using very small subgroups, each of which is obviously connected.

First consider G = Sp(V, B). One shows that G(k) is generated by the G(k)-conjugates of:
1 a

(8) | a € Gu(k) p = Gu(k) C Sp(V,B)

1

(the only difference with the identity matrix is that the top right entry is a; in fact, since k is algebraically
closed, even if we replace a by 1 its conjugates generate Sp(V, B)(k)). Such a matrix is called a symplectic
transvection, and the collection of such matrices can be described coordinate invariantly as the collection of
the v — v + B(v, vg)vg, as vy ranges over V. But all these matrices lie in Go(k), since G, is connected, so
we conclude that G(k) = G°(k).

Remark 3.10. (i) Note that this proof can also directly tell us that det : Sp(V, B) — G,,, vanishes on
geometric points, but to conclude from here in characteristic two that det : Sp(V, B) — G, is trivial,
one additionally needs that Sp(V, B) is reduced (which will follow if we show it is smooth): this is
because over k-algebras R, the symplectic transvections probably don’t generate Sp(V, B)(R).

(ii) Note that this proof is kind of ‘showing connectedness by showing path connectedness’: this is
because each conjugate of (8) is a copy of G,, which is isomorphic to A! as a scheme, so when we
write ¢ = ¢1...g, with each g; a conjugate of an element of (8), we are connecting the identity
element to g by a successive chain of paths with each path a copy of G, (that too, a very special
kind of path given that one is translating by a homomorphic image of G,). I have a vague memory
of reading, though it could be a ‘false memory’, that the classical proof of connectedness of compact
Lie groups involved showing path connectedness, perhaps using the exponential map.

(iii) This ‘path connectedness’ theme has important manifestations in the theory of algebraic groups. For
instance, given an algebraic scheme X over k, one says that x,y € X (k) are R-equivalent if they can
be connected by a chain of rational maps P! --+ X, i.e., there exist ; = z,...,x, = y such that
for each 1 < i < n, some rational map P! --» X that is regular at 0 and 1 maps 0 to z; and 1 to
x;4+1. The above proof shows that the collection of R-equivalence classes for Sp,,, (k) is trivial. This
should also be related to the theme of A'-connectedness, but I have probably already written more
than is appropriate for my knowledge.

Now consider G = SO(V, ¢). Unlike in the lecture, I will allow the characteristic to be 2 (this has made the
proof longer, so feel free to just read the following summary instead of the details).

Summary of what we do: If dimV equals 1, SO(V,q) is trivial, while if dimV = 2, then SO(V,q)
is isomorphic to G,, since k = k, and is hence connected. In general, we will try to write an arbitrary
element of SO(V,¢q) as a product of elements, each belonging to a subgroup of SO(V, ¢) that is isomorphic
to SO(V',q¢") = G, with (V’,¢') a subspace of (V,q) of dimension 2, and is therefore connected and hence
contained in GY. In doing this, we will assume the consequence of Witt’s theorem that the orthogonal group
is generated by a product of reflections (which is where almost all of the hard work really lies). Much of this
proof works almost always even when k # k, and can be used to show that the compact Lie group SO(n)
is connected, because the compact SO(2) is isomorphic to S and is hence connected. This proof does not
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show that the non-compact Lie group SO(a,b) is connected when a,b > 0, as it shouldn’t, because some of
the forms of SO(2) that show up are noncompact, and hence isomorphic to G,,(R) = R* as a Lie group,
which is not connected.

Now let us work out the details. Since we are assuming that & = k, one knows the consequence of Witt’s
theorem, that O(V, q)(k) is generated by products of reflections. ! Here, by a reflection in SO(V, q), one
refers to an element r of SO(V,q) obtained as follows: choose a vector vy € V that is anisotropic, i.e.,
q(vo) # 0, and define r = r,,, € GL(V)(k) by:

By(v,v0) ;

q(vo, vo)

One can show that r,, € O(V,¢q)(k) C GL(V)(k), and that 72 = 1. When char k # 2, this shows that the
endomorphism r,, of V' is diagonalizable, but when char k = 2, it is unipotent (use that r,, — Id has image
in kvg, but (ry, —Id)(vo) = 0). Moreover, in this case, 7y, is the identity if vy belongs to the radical of By,
and otherwise it is an easy consequence of the definition of the Dickson invariant that the Dickson invariant
of ry, equals —1 € Z/27 = 7,/27Z(k). Also note that when char k # 2, this notion of a reflection agrees with
the ‘usual’ one, since By is twice the ‘usual’ bilinear form associated to the quadratic form q.

Too (V) = v —

Therefore, SO(V, q)(k) is generated by those elements g = r1ry that are products of two nontrivial reflections
71 = Ty, and 1o = 1y, with ¢(v1) # 0 # g(v2) and such that neither of v; and vy belongs to the radical of
B,.

We now make the following simplifications:

e If kvy = kvs then it is immediate that g = Id, so we assume that v; and vy are linearly independent.

e Since V is not the union of two proper subspaces, there exists w € V such that By (vi,w), By(ve, w) #
0. Writing g = 7y, 70y = (T, 7w) (Twrv, ), We may now assume that B, (v1,v2) # 0 (this simplification
is not necessary when char k # 2).

It is easy to see that B, is nondegenerate on kvi + kve (in characteristic two, use that Bg(v;,v;) = 0,
which is not the case when the characteristic is not two). It is then easy to see that ¢ (though possibly not
B,) is nondegenerate on (kvi + kvy)t = Wi N Wy, where W; = (kv;)* is the subspace of V fixed by 7,,.
Thus, we have an orthogonal decomposition (V,q) = (W1 N Wa), q|(w,nws)) © (kv1 + kva, gk, +rv,), and
hence the subgroup of SO(V,q) consisting of elements that act as the identity on Wi N Wa is isomorphic
to SO(kv1 + kva, qlkv, +kv,). Note that g = rire clearly belongs to this subgroup, which is isomorphic to
SO(kvy + kv, G|k, + kv, ), Which is in turn isomorphic to G,, (since k = k; see Example 3.9) and is hence
connected.

Now consider the case where By(v1,v2) = 0. We wish to reduce this to the case where B,(v1,va) # 0. If
there exists w € V such that By(v1, w), By(ve, w) # 0, then we may write g = 7y, 7y, = (Fo, 7w ) (TwTy, ), and
are done. Thus, assume that for all w € V, either B,(v1,w) = 0 or By(ve, w) = 0. Since a vector space
cannot be the union of two proper subspaces, we conclude that either v; or vy belongs to the radical of B,.

Choose w that does not belong to the radical of B, (here we assume without loss of generality that dim V' > 1,
so the radical is not the whole of V). Writing g = 7,7y, = Ty, Tww"v, , We may assume that one of v; and
vy do not belong to the radical of B,. Since reflections have order two, we may assume that v; does not
belong to the radical of B,.

3.3.2. (Sketch of ) Proof 2 — using a ‘mock logarithm’ to show rationality, and assuming char k # 2. Though
this proof assumes char k # 2, it has the advantages that it more or less simultaneously handles the Sp and
the SO cases, and also shows that these groups are smooth (outside characteristic two).

L This is true for all orthogonal groups over all fields except some low dimensional example over F2 or so, and hence okay
for algebraically closed fields.
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Strategy. One uses a ‘mock logarithm’, called the Cayley transform in the case at hand, to show that G
is birational (i.e., has an open subset isomorphic to that of) an affine space g, that turns out to be its Lie
algebra, though we haven’t defined a Lie algebra and this fact will not be needed.

First, let us give a slightly convoluted proof of the connectedness and smoothness for GL(V'), since that will
motivate the proof for Sp and SO. Note that g — g — 1 (1 standing for the identity linear transformation
Idy) defines a birational equivalence G = GL(V) --» End(V) =: §, so that, since End(V) is an affine space,
GL(V) has an open and connected smooth subset. One can then translate around and massage the argument
to show that GL(V) is connected and smooth.

Let G = G(V, B) be a symplectic or orthogonal group over k = IE:, with char k # 2, where B is a symplectic
or nondegenerate symmetric bilinear form. We have G(V, B) C G := GL(V).

This time g — g — 1 does not work since it does not take G to any recognizable subspace of g := End(V).
Instead, let g = {X € End(V) = g | X* = — X}, where X* is the adjoint of X with respect to B, defined
by B(Xv,w) = B(v, X*w). Then check that, if the rational map G --» § given by g — g — 1 is modified
to be given by g — 2(g — 1)(g + 1)71, then it becomes a rational map G’ --» g’, with inverse given by
X --» (14 (X/2))(1 — (X/2))~!. It is immediately verified that these are inverses to each other, so it
suffices to show that it takes the subscheme of G on which it is defined to g (and automatically onto an open

subscheme of g); this is because the condition on g is defined by relation X* = —X | which translates to (and
* —1
I use fractional notation to avoid too many parentheses) (ig@g) = iggi = (ifg@g) .

With some care involving algebraic geometry, one can massage this proof to not only show that Sp(V, B)
or SO(V, B) is connected and smooth (for smoothness, note that the above argument gives an open smooth
subscheme; then translate around), but also that it is rational, being birational to the affine space g C
End(V). But this requires some care because one needs to address the subscheme of G where the above
map is not defined, namely, the subscheme where an eigenvalue can be —1 (more precisely, the subscheme
defined by det(Id+g)). One can, for instance, use basic linear algebra to note that the —1-eigenspace is even
dimensional and nondegenerate, and use an inductive hypothesis or a G,,-action to connect such a g to an
element none of whose eigenvalues is —1. Moreover, this argument works only when k& has odd characteristic.

More generally, we will see later that split reductive groups are rational varieties (as follows from the Bruhat
decomposition), i.e., birational to a projective space, and that general reductive groups G are unirational,
i.e., there exists a map from some dense open subset of some projective space to G with dense image,
such that the corresponding extension of function fields is separable (though not necessarily algebraic); this
condition is the same as saying that the function field k(G) of G has a separable extension which is purely
transcendental over k.

3.3.3. (Sketch of) Proof 3 — using group actions.

Strategy. Based on the following point-set topological fact: if Y — Z is an open map of topological spaces
such that Z is connected and each fiber of this map is connected, then Y is connected. Use this to get
an algebro-geometric version, and come up with group actions where this algebro-geometric version can be
used.

Here is the algebro-geometric version, which is Proposition 8.1.2 of Conrad’s notes.

Proposition 3.11. Let G be an algebraic group over k, and a : G x X — X an action of G on a smooth
connected algebraic scheme X over k. Suppose the action of G(k) on X(k) is transitive, and the stabilizer
Stabg, (z0) is connected for some (or equivalently, any) xo € X(k). Then G is geometrically connected, and
hence connected.

Idea of the proof. e Without loss of generality, k = k (which is what we were assuming anyway). One
can then show that the subscheme G,.q C G is actually a subgroup scheme (this would not be true
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if k were not perfect). Thus, G,eq C G also acts on X, and this action is easily seen to satisfy the
hypotheses for the action of G on X, so we may replace G with G,eq and assume that G is reduced.

e Now G is smooth: this is because any algebraic group that is reduced over k = k has a nonempty open
subscheme where it is smooth, and one can translate around and get it to be smooth everywhere.

e Topological input: if Y — Z is an open map of topological spaces with Z and each fiber connected,
then Y is connected. Now suffices to show G(k) — X (k) with Zariski topology is an open map.

e By ‘generic flatness’ + translating around, G — X is flat, and hence open.

O

Let us first use this to sketch a proof that G = Sp(V, B) is connected. char k can be arbitrary. As X we will
take the variety P(V), on which Sp(V, B) acts through its action on V. It is immediate that Sp(V, B)(k) acts
transitively on V ®y, k\ {0}, so the action of G (k) on X(k) is transitive. One can show that each stabilizer for
this action is, as a variety, a direct product of GL1 X Spgiy, v—2 and a group that is isomorphic as a scheme
to an affine space; I skip the details (for which you can see Theorem 8.3.1 of Conrad’s notes), but the idea is
that using suitable bases and making appropriate choices, the stabilizer can be written in the matrix form

as:

a * * b
0 - - %
(9) - :
0o — ... — «
0 0 ... 0 at

where the ‘—’s (which are in the inner square of side two less) together make a symplectic group associated
to a vector space of dimension dim V' — 2, which is connected by induction, a lies in GL; which is connected,
and the *’s as well as b can be arbitrary (hence each of them contributes a copy of Al), and the *'’s are fully
determined by the *’s.

Remark 3.12. It didn’t occur to me to make the following remark in the lecture, though it might have been
good to: for those of you who have some familiarity with reductive groups, in the above situation, the right-
hand side of (9) is a parabolic subgroup of Sp(V'), and thus P(V) is really one of the ‘Grassmanians’ or rather
‘(G / P)-s” associated to Sp(V'). Thus, to put it very informally, in a sense one is using the connectedness of
the Grassmanian to reduce to the connectedness of what should be a Levi subgroup, which is simpler than
the original group. This could be partly why Conrad is saying that in applications X is usually not affine.

Now consider SO(V, q), again with k& = k without loss of generality, and assume for simplicity, as I did in
the lecture, that the characteristic is different from 2. The case dim V < 2 is easy so assume dim V' > 2. We
make use of our assumption that k = k, to write the quadratic form g as 22 + --- + 22: this is okay since
chark # 2. The set X C V of v such that B(v,v) = 1, where B = B,/2, is then 27 + - + 22 = 1. This
set is easily seen to be irreducible, because the polynomial 22 + - -- 4+ 22 — 1 is irreducible (as n # 1). It is
easy to see from the Jacobian criterion that X is smooth. By Witt’s theorem, O(V, B)(k) acts transitively
on X(k). Moreover, the vector vg = (1,0,...,0) is stabilized by reflection about the hyperplane z,, = 0
(use that n > 2), so SO(V,b)(k), which has index two in O(V,b)(k), also acts transitively on X(k). Since
B(vg,v0) # 0, the stabilizer of vy in SO(V, B) can be identified with SO(V+, B|y 1), which is connected by
induction since dimV+ =n —1 < n.

Remark 3.13. (i) Thus, this proof for the connectedness of SO(V, q) is an algebro-geometric version
of one of the classical proofs of the connectedness of the compact Lie group SO(n), using that it
acts transitively on S™ and that the stabilizer of some standard unit vector can be identified with
SO(n —1).

(i) The above proof as such does not work when chark = 2, even if we change 2% + --- + 22 to the
‘National Bureau of Standards’ quadratic form x%mH + T1Zom + T2Tom-1+ "+ + T Ty in the case
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where dim V' = 2m + 1 is odd. This is because {g(v) = 1} C V is no longer smooth at (1,0,...,0).
When dim V' = 2m is even, this problem does not arise at the first induction step, but then that
yields an odd dimensional quadratic form shows up and one can’t proceed further.

(iii) However, Conrad has given a characteristic free proof of the connectedness of SO(V, ¢) in his handout
on orthogonal groups, using a two-step induction process that uses Witt’s extension theorem (so
possibly even reminiscent of the proof given earlier in these notes using products of reflections). He
also handles more general base-schemes S.

(iv) Moreover, recall that the ‘absolute’ nondegeneracy of a quadratic form ¢ is equivalent to the smooth-
ness of the quadric X defined by ¢(v) = 0 in P(V); this quadric is also irreducible. At least if
char k # 2, here is another way to prove the connectedness, in the spirit of the proof for Sp(V, B) given
above. One can use Witt’s theorem to show that the action of G(k) = G(k) on {v € V\{0} | ¢(v) = 0}
is transitive, and hence so is the action of G(k) on X(k). One can then identify any stabilizer for
this action with a group that has a description somewhat similar to the one given in (9), involving a
group of the form SOgimv—2. This gives another proof that SO(V, q) is connected, and it seems to
me that it should apply when char k = 2, though I have not thought of the details even superficially.

4. LECTURE 4

Clarification: In the previous notes, I wrote, following Conrad, that while det : Sp(V, B) — G, lands inside
t2 C Gy, one can use the connectedness and smoothness of Sp(V, B) to show that det is trivial on Sp(V, B),
so that Sp(V, B) C SL(V). In fact, this can be seen just algebraically using the Pfaffian, as follows. For a
suitable choice of basis, Sp(V, B) can be described by an equation gJ'g = J, where J is the (alternating)
matrix of B with repsect to the given choice of basis. On the free module of alternating matrices over
any ring, there is a polynomial Pf called the Pfaffian, with the property that Pf> = det, and such that
Pf(gJtg) = (det g)Pf(g); this gives det g = 1 for all g € Sp(V, B)(R) over any k-algebra R. For more details,
see Section 5 of Chapter 9 of Bourbaki’s Algebra (this is in Volume 3).

Here is a very crude idea of what the Pfaffian is, associated to the free module V' = R™ over an arbitrary
(commutative) ring R: in the exterior algebra A®V of V, one can realize AY™VV as a target for a ‘divided
power’ map from A2V. Moreover, one uses the standard basis of V = R™ to make two identifications: firstly
to attach an element of A2V to the given bilinear form, and secondly to trivialize AY™ V'V, Thus, given an
alternating n x n matrix J over R, we first get an element of A%(V') and thence an element of A¥™ V'V and
hence using the trivialization of AY™ V'V an element of R. This is Pf(R). The precise proof of the properties
mentioned involves first working out a polynomial identity using a characteristic zero ring, which for formal
reasons holds true for more general rings.

4.1. mo(X) and mo(G). Recall that, last time, we proved basic properties about the identity component (or
neutral component) GY of G, only modulo the following lemma:

Lemma 4.1. (i) Let X be a connected algebraic scheme over k. If |X| is connected and X (k) is
nonempty, then X is geometrically connected, i.e., | Xy | is connected.
(i) If X is a geometrically connected algebraic scheme over k and Y is a connected algebraic scheme
over k, then X x Y (the product being taken over k) is connected; more generally, without assuming
Y to be connected, the projection X XY — Y induces a bijection between the connected components
of both schemes.

4.2. Long rant to motivate.

4.2.1. Ezpectations, and the behavior of my under base-change.

Remark 4.2. (i) Here are properties one might expect out of g, evaluated on algebraic schemes X /k:



28

e 7o(X) should be a scheme that counts not only the connected components of | X |, but also those
of | Xk | for field extensions K/k, in an appropriately functorial manner;
e For X = G an algebraic group, my(X) = my(G) should have an algebraic group structure, and
we should have a morphism G — my(G) that is ‘surjective’ in a suitable sense, whose kernel is
the identity component G° of G.
(ii) However, we cannot take the naive prescription of seeking to represent R — mo(Xg): this is because
this will make maps go in the wrong direction, since if R’ is an R-algebra, then we only have a map
Xpgr — Xg, and hence a map my(Xgr/) = 7o(Xg). However, this is the direction in which physical
points of the scheme should map, so we can ask if the schemes my(X) can be defined so that its
physical points parameterize the connected components of X, and at least for field extensions k’/k,
we have (79(X))r = m(Xys) as schemes.
(iii) How should this work for us/k? It turns out that:
o If (chark,3) = 1, then mo(us/k) is the finite group scheme us/k — this takes care of the fact
that mo(u3/Q) should have two elements, one of which splits into two elements over Q; and
e If chark = 3, then m(us/k) is the trivial algebraic group over k.
To repeat the first point, the fact that the nonidentity component Spec Q[w] splits up into two
components over Q is encoded by the Q[w] in it, since (Spec Qw))g = Spec Q| | Spec Q.
(iv) If K/k is a finite field extension, one can check that the appropriate choice for mo(Spec K/ Speck) is
Spec K/ Spec k, where K /k is the maximal separable field extension inside K/k.

4.2.2. The approach in Poonen’s notes, after some motivation.

Remark 4.3. Let X be an algebraic scheme over k. Then the naive map (| Xx |) — mo(| X |) satisfies:

(i) If K/k is separable, it is surjective, with each fiber permuted transitively by Gal(K/k).
(ii) If K/k is purely inseparable, it is a bijection (use the proof of Lemma 4.9 below).
(iii) If k is algebraically closed too, it is a bijection (again, use the proof of Lemma 4.9 below).

Now the point is that:

e (ii) and (iii) of Remark 4.3 suggest to us that mo(X) should become a constant scheme over kP,
in particular mo(Xyeep) should be simply the constant scheme associated to the set of connected
components of it, while

o (i) of the same remark, together with Remark 4.2(ii) suggests to us that one might be able to define
7o(X) from mo(Xyser ) by Galois descent.

This is what the notes of Niven based on Poonen’s course does: my(Xysep) is simply the constant scheme
associated to the set of connected components of Xyser, and mp(X) is obtained by Galois descent from it.
When X = G is an algebraic group, mo(Gpser) is in obvious bijection with 7o(Gz) = G(k)/ G°(k) by Remark
4.3(ii), giving mo(Gpgeer) and mo(G) the structure of an algebraic group. However, we will instead follow the
approach in the books of Waterhouse and Milne.

4.2.3. Another motivation: connected components and the mazimal constant subalgebra. By a constant k-
algebra, we refer to a finite product & x - - - X k of copies of k. This notion and the following lemma will not
be used, but motivates the final choice for .

Lemma 4.4. (i) If A is a finitely generated k-algebra, then A has only finitely many idempotents, and
the subalgebra of A generated by these together with k C A is the unique mazimal constant subalgebra
of A.

(ii) Let X be an algebraic scheme over k. Then #mo(| X |) = the number of minimal idempotents 2 of
I'(X, Ox) = dimy, B, where B is the mazimal constant subalgebra of T'(X, Ox). More precisely, the

121.e., idempotents that are nonzero and minimal for the relation where e > ¢’ if ee/ = €’; they clearly exist when there are

only finitely many idempotents.
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map X — Spec B dual to B — T'(X,Ox) induces a bijection |mo(X)| — |Spec B| (thus letting us
identify |mo(X)| with | Spec B|).

Proof, assuming that X is affine. This is easy; the finiteness assertion in (i) follows from the fact that Spec A
has only finitely many connected components, while setting X = Spec A and e; € A the minimal idempotent
in B = [], k corresponding to the i-th copy of k, we have A = Ae; x - - - x Ae,, and the connected components
of Spec A are the Spec Ae;. Thus, X = Spec A — Spec B identifies with the disjoint union of the Spec 4; — k,
which each Spec A; connected. O

While this gives us the set mo(] X|), it doesn’t base-change well, and we are looking for a scheme 7 (X)
that does. The idea is to combine the above lemma with the example of my(Spec K/ Speck) = Spec K,
discussed above: as we will see, this amounts to replacing ‘maximal constant subalgebra’ with ‘maximal
étale subalgebra’.

4.3. The definition of 7y (X).

4.3.1. étale k-algebras. Now let us give definitions. We also want 7o (X) to be universal for morphisms X — Y
as Y runs over finite étale schemes (discussed below). Any such Y is affine, and this means that morphisms
X — Y are in bijection with k-algebra homomorphisms k[Y] — O(X), where O(X) := I'(X, Ox) is the ring of
global sections of X (this needs only Y, and not X, to be affine). The question becomes: is there a maximal
subring of O(X) that can arise this way, or equivalently as it turns out, does I'(X, Ox) have a maximal étale
subalgebra? To address this, let us study the various possibilities for k[Y].

Recall that a finite étale k-algebra A is a k-algebra with dimy A < 0o, such that one of the following equivalent
conditions is satisfied:

(i) Like with separable field extensions, we have # Homy_a14(A, k) = dimy, 4;
(i) A = [], K;, with each K; a finite separable extension of & (arguably the most explicit of these
conditions);
(i) A becomes constant over kgep, i.€., A ®k ksep = ksep X -+ X Ksep;
(iv) A becomes constant over k, i.e., A®y k =k x - - x k; and
(v) A is geometrically reduced, i.e., A ®}, k is reduced

(see Theorem 6.2 of Waterhouse’s book, where he calls such an A a separable k-algebra). One can thrown
in more equivalent conditions: that Spec A — Speck is smooth, that the trace form (z,y) + tr4/(zy) on
A has to be nondegenerate, etc. If k is perfect, these conditions are equivalent to A being reduced, but not
otherwise (e.g., if t € k is not a p-th power, then the purely inseparable extension A := k(t'/P) is clearly
reduced, but its base-change to k equals k[z]/(z — a)P, where a € k is a p-th root of t).

In what follows, we will use the following theorem, which is basically Galois theory (in the lecture, I forgot
to put the ‘op’ in the middle one):

Theorem 4.5. Let T' = Gal(k*P/k). There are equivalences of categories:
{finite étale k-schemes} <> {étale k-algebras}°® < {finite sets with a I'-action}
(note that the T'-action is automatically continuous in the third object). Here:
(i) The functor from the second category to the first is given by A — Spec A and the one from the first
to the second is given by X — I'(X, Ox).
(Thus, every finite étale k-scheme is affine; if you are not familiar with what a finite étale k-scheme

means, you can just take its definition to be that it is of the form Spec A with A a finite étale
k-algebra).
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(ii) The functor from the second category to the third sends A to the finite set X = Hom(A, k*¢P) which
gets a I'-action from the T'-action on k5P, while the functor from the third to the second takes a finite
set X with T'-action to the k-algebra

(Functions X — k>P)".

where one passes from the first to second by taking Spec and back by taking global sections, the second to
third is given b y Z — Z(k*P) together with its T'-action which arises from the fact that the T action on k3P
is via k-algebra automorphisms.

Some explanation for the second correspondence follows:

e — In passing from the second to the third, Hom(A, k%P) is just the k*P-points of Spec 4; and
— In passing from the third to the second, X with its I'-action is thought of as the k*P-points of
some variety (Spec A) which we seek to find, and Functions X — £°P is the coordinate ring of
that variety over k%P, so by Galois descent its coordinate ring is just (Functions X — k*°P)L.

e It could be easier to first view this correspondence in a restricted and simpler setting: if we changed
‘étale’ to ‘constant’ in the second category, the third category would be just finite sets (with trivial
I-action): a product of r copies of k corresponds to a finite set with r elements. Again note that
the two are related like a coordinate ring and points of the variety.

e An example: Suppose X is a finite set with r elements x = xy,...,z,, and assume that it is a
single I'-orbit; the general case can be built out of these. The stabilizer of x = x; in I' can be
written as Gal(k®P/K) for a finite extension K/k in kP of degree exactly r. Then any element of
(Functions X — k*°P) is entirely determined by its value on x, and the only constraint on this
value is that it be fixed by Gal(k*P/K), i.e., belong to K. Thus, (Functions X — k*P)T is just K.
It is now easy to see the essential surjectivity for passing from third category to the second.

4.3.2. The maximal étale subalgebra of a finite type k-algebra, and the definition of my(X).

Lemma 4.6. If A is a finitely generated k-algebra, then there is a unique mazximal étale k-algebra contained
in A. In particular, if X is an algebraic scheme over k, then O(X) = I'(X, Ox) contains a unique mazimal
étale k-algebra.

Proof. Tt is easy to see that the compositum of étale k-algebras, being a homomorphic image of their
product, is an étale k-algebra. Thus, it suffices to show that the dimensions of the étale k-algebras in O(X)
are bounded. This is slightly less trivial than with constant k-algebras, because now along with the number
of their factors K;, which can be captured by the number of connected components, we should also bound
[K; : k]; but clearly this problem goes away on passing to kP, which is what we are going to do.

If A =T]K; is an étale k-algebra in O(X), and we set n = dimp A = >, [K; : k], then A ® k5P =
k3P x ... x k5P (n copies) is an étale k*P-algebra in O(Xjsep), giving a decomposition of Xjep into at least
n disjoint open and closed sets. Since the number of connected components of Xyser is bounded, we are
done. (]

Definition 4.7. If A and X are as in the lemma, we declare pg(A) to be the unique maximal étale k-
algebra contained in A (warning: highly nonstandard notation), and let 7o(X) = Specpo(O(X)), where
O(X) =T'(X, Ox). The inclusion po(O(X)) C O(X) gives us a morphism X — my(X).

Thus, the difference between the ‘maximal constant subalgebra’ and the ‘maximal étale subalgebra’ po(O(X))
of O(X) is not in the idempotents, but in the separable extensions that show up; this has the following
immediate consequence (though we will elaborately write out a proof when X is affine):

Lemma 4.8. m(X) has the following properties:
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(i) Every morphism from X to a finite étale scheme over k factors uniquely through X — mo(X).
(ii) X — mo(X) induces a bijection between the connected components of | X | and the elements of |mo(X)].

Proof, assuming that X is affine. The first assertion is obvious from the definitions, so let us prove the
second.

Let X = Spec 4, and let B = po(O(X)) = po(A) = [[i_; K; C A, with each K; a separable extension of
k. If ¢; is the idempotent of py(A) corresponding to K;, we have > !_, e; = 1, giving us a decomposition
A = xI_, Ae;. The fibers of X — 7my(X) are then given by the subschemes of A corresponding to the quotients
Aeq, ..., Ae, of A. Thus, it suffices to show that Spec Ae; is connected for each 7: but if not, Ae; would
contain a nontrivial idempotent, and we would get a copy of k x k inside the factor Ae; of A, contradicting
the maximality of po(A). O

4.3.3. mo(X) base-changes well. The main point of taking the maximal étale subalgebra as opposed to the
maximal constant subalgebra was the following fact that the former base-changes well:

Lemma 4.9. If K/k is a field extension, then mo(X) g = mo(Xk).

Proof. By definition, it is enough to prove that for any finitely generated k-algebra A, po(A @i K) =
po(A) ® K. Clearly po(A) ® K C A ®, K is K-étale and hence contained in po(A ®; K), so we may
base-change K and assume it to be algebraically closed.

By a similar reasoning, such a case itself can be divided among three different cases: one where K is a
separable closure of k, one where k is separably closed and K/k is purely inseparable algebraic, and one
where k is algebraically closed.

Let us consider the first case, so that since K is separably closed, pp(A ®; K) is a product of copies of K,
corresponding to the minimal idempotents of A ®; K. Note that we have:

po(A) @k K C po(A @y K)' @ K C po(A @y, K),

where I' acts on A ®; K by its action on K, with A as the subring of I'-fixed elements. It suffices to
show that these two inclusions are equalities. The former is an equality since po(A @ K)'' C A is an étale
k-algebra containing po(A), the étaleness following from the fact that po(A @5 K)'' @i K C po(4A @y, K) is
necessarily a product of copies of K. Galois descent gives the latter to be an equality, once we show that
po(A ®r K) C A® K is D-invariant. Since po(A ® K) is a product of copies of K, it is generated by
K C A®y K and the set of minimal idempotents of A ®; K, each of which is permuted by I, giving the
required I'-invariance.

Now counsider the second case: both k and K are separably closed, so that po(A) is a product of copies of k,
and po(A ® K) a product of copies of K. Thus, it suffices to show that the idempotents in A ®; K belong
to A. This follows from the fact that, for each f € A ®;, K, some fP" € A, where p = chark.

Now consider the third case: for the same reason, it is enough to show that the idempotents in A ®; K all
belong to A. Writing A as a product x|_; Ae; using its minimal idempotents, we may reduce the problem to
these individual factors Ae;, and thus assume without loss of generality that A has no nontrivial idempotent.
Therefore, X := Spec A is connected (there is no other X around), and it suffices to show that Xk is connected
too. We have a map X(k) — X(K) C | Xk |. We know that X(k) is connected in its Zariski topology, so it
suffices to show that this map X(k) — X(K) is continuous, and that its image is dense in X(K). We claim
that the Zariski topology on X(k) is obtained by restricting from that on X(K'). The nontrivial direction is
to show that the common zeroes in X(k) of a set of polynomials in K[X] = K[Xg] is Zariski closed in X(k).
But this follows from writing an element of K[X] as f = > a;f; with a; running over a basis for k in K,
and noting that the set of zeroes of f on X(k) is then the intersection of the sets of zeroes of the f; on X(k).
Exactly the same argument, combined with the Nullstellensatz for X, tells us that the elements of K[X] that
vanish on X(k) are all nilpotents, forcing X(k) to be dense in X(K), as desired. O
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4.3.4. Properties of my and consequences.

Lemma 4.10. (X xY) = mp(X) x mo(Y).

Proof. Since m(X) x mo(Y) is a finite étale scheme, we get by the universal property of mo(X XY) (see
Lemma 4.8(1)) a map (X xY) — 7o(X) x mo(Y), which we must prove is an isomorphism. But since
base-changes well, and a morphism of schemes over k is an isomorphism if and only if it remains so after
base-changing to k, we may now assume that k = k, upon which this comes down to showing that a product
of connected varieties over k = k is connected, which is easy: if X and Y are connected, then for each
x € X(k) and y € Y(k), X x{y} and {z} x Y are connected, etc. O

Proof of Lemma 4.1. Since X is connected, mo(X) has just a point, say Spec K with K a finite separable
extension of k. It suffices to show that K = k. But since there exists x : Speck — X in X(k), composing
with X — mo(X), we see that there exists a morphism Speck — Spec K (over Speck), which shows that
K=k

Now the previous lemma, together with Lemma 4.8(ii), gives us that the projection X x Y — Y induces a
bijection between connected components of X X Y and those of Y, which gives the second assertion. O

The following lemma was only casually mentioned in the lecture, and that too in the context of a group:

Lemma 4.11. Let X be an algebraic scheme over k. Then the morphism X — mo(X) is faithfully flat (this is
stronger than being just surjective at the level of set theory, and is a kind of surjectivity for maps of schemes).

Proof. Faithfully flat is just flat + set theoretically surjective, and flatness can be checked fiberwise. Since
X — 7mo(X) is set theoretically surjective (Lemma 4.8(ii)), the only thing to check is that for each s € my(X),
the map X, — {s} is flat. But this is immediate since {s} is just the spectrum of a field. O

The following lemma was only casually mentioned in the lecture.

Lemma 4.12. Let G be an algebraic group over k.

(i) “mo(G) is an algebraic group over k”: The map 7o(G) X mo(G) — mo(G) (obtained by applying the
universal property of mo to the map G x G = G — mo(G) involving the multiplication on G and using
that mo(G x G) = 7o(G) X 7o(G)), the map Speck — G — 7o(G) (involving the identity section of
G), and the map mo(G) — mo(G) (obtained from the map G — G — mo(G) involving the inverse
map on G) define the structure of an algebraic group on my(G).

(ii) The map G — mo(G) is a homomorphism of algebraic groups, and its kernel is G°. In particular,
GY is a normal subgroup of G.

Proof. Both assertions are straightforward. O

4.3.5. Some examples (not discussed in the lecture).

(i) Let G = SLa /k, let T C G be the subgroup of all diagonal matrices, and let Ng(T) be the normalizer
of T in G. It is easy to see that mo(Ng(T)) is isomorphic to the constant group scheme Z/27Z
associated to Z/2Z, and that the homomorphism Ng(T) — m9(Ng(T)) has a set-theoretic section,
but no group-theoretic section (any point in the inverse image of the nontrivial element squares to
-1).
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cosf)  siné
—sinf cos6

T(R){(_ab 2) |a,b€R,a2+b21}.

One can check that this is a subgroup scheme of G. Consider Ng(T). Then again, mo(Ng(T))
is isomorphic to Z/2Z. However, this time, Ng(T)(R) — mo(Ng(T))(R) is not surjective (despite
Na(T) = mo(Ng(T)) being scheme theoretically surjective): to see this, check the easy linear algebra
fact that no g € SLa(R) that does not belong to T normalizes it (any such g differs from diag(1, —1)
by a matrix of positive determinant).

(iii) Let G = GL3 /Q. We have a subgroup T C G kind of like in the previous example, but using Q[+/2]
in place of the C that was implicitly used in the previous example: namely, choosing a Q-linear
isomorphism Q® = Q[v/2], T(R) consists of R-linear automorphisms of Q3 ®g R = R® & R®q Q[V/2]
given by multiplication by elements of (R ®g Q[/2])*. In this case, mo(Ng(T)) becomes isomorphic
to the symmetric group Sz on three letters over Q. But over Q, it is strange. Unless I am making a
mistake, mo(Ng(T)) has exactly three physical points: the one corresponding to the identity element
and isomorphic to Speck, one isomorphic to Spec Q[w] where w is a cube-root of unity, and one
isomorphic to Spec Q[/2].

(ii) Let G = SLy /R, and let T C G be the “( )” subgroup; i.e., for any R-algebra R,

4.4. Review of smoothness. Since now we will need to deal with smoothness more nontrivially, let us
actually review it.

Unlike what happens with manifolds, smooth varieties do not locally look like an open subset of an affine
space (e.g., every local ring of an elliptic curve remembers its genus), so one defines smoothness as follows,
using the intuition that fibers of submersions of smooth manifolds are smooth manifolds (and that one wants
affine spaces to be smooth):

Definition 4.13. Let X be an algebraic scheme over k, and let « € X (i.e., € | X|, not necessarily X(k)).
Then:

Informally: We say that X — Spec k is smooth at x if, locally near x, X looks like a fiber of a map A™ — A™™"
at a point where it is submersive. (This is not a property of the scheme X, but of the morphism X — Spec k).

(Somewhat) More precisely: (Following the notes of Poonen’s lectures by Achenjang)

(i) In the special case where X = Speck[x1,...,2n]/(fr+1s---, fn), Where f; € klz1,...,xz,] for each i,
we say that (this presentation of) X — Speck is ‘obviously smooth’ of relative dimension r at x if
Ofi
(10) (ax](x)> rircien € M(p—ryxn(r(z))
1<j<n

has maximal possible rank, i.e., n — r, where:

e k(z) denotes the residue field of X at x, or rather, that of A™ at the image of  under the closed
immersion X — A"/k defined by k[z1,...,zn] = k[x1, ..., 20]/(fre1s -y fn)-

e What does it mean to think of the (0f;)/(0z;)(z) as belonging to x(x)? The fact that z € X
automatically defines z as an element of X(k(x)) C A™(k(z)), ** and these computations are
therefore done at the level of k(z)-points.

(ii) Onme says that X — Speck is smooth at x if locally near x, it can be realized as obviously smooth at
z, i.e.: there exists an affine open subscheme Spec k[x1, ..., Zn]/(fra1s-- -, fn) = X' C X such that
X' — Speck is obviously smooth at x.

13This doesn’t contradict that @ can split up when we pass to x(z), as k(z) ® x(x) has k() as a canonical quotient, but
then also possibly other factors.
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(iii)

One can extend (i) and (ii) to more general morphisms X — S: one defines ‘obviously smooth’ as
in (i) where we simply allow k to be any ring (where this time x(x) will not contain k£ but only be
an extension of a homomorphic image of k), while for ‘smooth’, we need affine opens X’ C X and
S’ € S such that X — S restricts to X’ — S’ as an ‘obviously smooth’ morphism.

Remark 4.14. (i) [Only casually remarked in the lecture.] For those comfortable with these things:

(i)

(iii)

(vi)

the condition on the rank of the determinant in (10), being equivalent to the linear independence of
the n — r rows of that matrix, can be captured by saying that f,11,..., f; are linearly independent
in Qzlm/k ® k(z), and hence is related to the injectivity of the “I/I? — B®4 Q4,g” in the conormal
sequence.

Relation to the Jacobian criterion as in Hartshorne’s book. [Only casually and partially remarked
in the lecture.] The above definition of smooth amounts to saying that locally, a strong form of the
Jacobian criterion should be satisfied: in the Hartshorne version of the Jacobian criterion, the rank
is “n — dim X”, while here, we are additionally requiring the target affine space to have the same
dimension as the rank. One can deduce some forms of the Jacobian criterion from here: if X — Z
is any closed immersion of finite presentation corresponding to a sheaf I of ideals, sending = € X to
z € 7, then there exist local sections f,41,..., fn of Oz generating the localization I, C Oz, of I
at z, such that df,11,...,df, are linearly independent in Q%/s ® k(2).

“Smooth iff flat and all (geometric) fibers are smooth”. [Not at all mentioned in the lecture, will
not be of any immediate use.] (The latter condition, if ‘geometric’ is inserted, means: “for all
s : Speck — X over S, where K is an algebraically closed field, the base-change X3 — Spec& of
X — S is smooth.”) Let X — S be locally of finite presentation, and let € X mapping to s € S.
Then X — S is smooth at z if and only if it is flat at =, and X, := X xg{s} is smooth over k(s) at s.
Smoothness implies ‘geometric’ reqularity. Suppose X — Speck is locally of finite type and smooth
at x € X. Say (near x) X = Speck[z1,...,2n]/(fr+1,---, fn). Then dim Ox , > dimk[z1,...,2,] —
(n —r) = r, while, since the image of T, X — T, A" (corresponding to the embedding X «— A™) is
annihilated by df,41,...,df,, which is linearly independent in Qj, /e ® k(z), we have:

dlmﬁ(@ Ta7 X := d1mn(w)(mL/(mi))* S n — (’fl — ’/‘) =T

Here, m, stands for the maximal ideal of the local ring Ox . By the definition of regular local rings,
this means that the local ring Ox , is regular, or in other words, X is regular at x. This has two
consequences:

e The smooth locus of X — Speck is open, so X is actually regular at all y in a neighborhood U
of x, i.e., some open neighborhood U of x in X is regular;

e Smoothness is easily seen to be stable under base-change, so for all field extensions k' /k, U x k'
is regular (giving geometric regularity).

Regular is not necessarily smooth. Regular is not smooth, because regular is not geometrically
regular: consider Spec K — Spec k, where K/k is a finite field extension. Then:

o If K/k is not separable, then X = Spec K is regular (since K is a field), but since there exists a
finite extension k' of k such that K ®; &’ is not reduced, X — Speck’ is not reduced, so that
X — Speck’ cannot be smooth, so that X — Spec k cannot be smooth.

o If K/k is separable, so that K = E[t]/(f) for a separable polynomial f, then the unique x €
X = Spec K gives a root o of f in K = k(z) (namely, the image of t € k[t] in K = k[t]/(f)),
and (df /dz)(c) # 0 by separability.

o If k is imperfect with chark = p and t € k is not a p-th power, then y? = P — t is regular,
but not smooth: over k(t'/P) it becomes isomorphic to y?> = 2P which is not smooth at 0. Now
regularity only needs to be checked at the ideal defined by y = 0, namely (y, 2P —t); check that
xP — t is not in the square of this ideal.

We conclude that if A is a finite dimensional k-algebra, then Spec A — Spec k is smooth if and only
if A is an étale k-algebra.
However, geometrically regular is. More precisely:
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o If X is regular at € X (which is to say, if Ox , is a regular local ring) and x(x) = k, then X is
smooth at z: this is because in this case, the “smooth at x = Ox , regular” argument can be
reversed, as there is no conflict between £(z) and k.

e We claim that, in particular, when k = k (and X — Spec k an algebraic scheme), X — Speck is
smooth. Indeed, the smooth locus is open in X, and contains X (k) by the above observation, so
its complement is empty by the quasi-compactness of X (which implies that every closed subset
of X should contain at least one closed point), a contradiction.

e More generally, if X is regular at  and k(x) is separable over k, then one can show that X is
smooth at z. You can see Lemma 10.140.3 of the Stacks Project for a proof.

(vii) Smoothness can be checked after going to k (more generally, smoothness can be checked after base-
changing to a faithfully flat extension).
Conclusion: Geometrically regular = geometrically smooth = smooth. In particular over a perfect
field (though not over a general field), regular = smooth.

5. LECTURE 5 (VERY BADLY INCOMPLETE)

5.1. Smoothness of algebraic groups.

Proposition 5.1. Let G /k be an algebraic group. Then the following are equivalent:

(i) G is smooth;
(i) Gy is smooth;
(iii) G is geometrically reduced;
(iv) Gy is smooth at some g € G(k);
(v) Gg is smooth at the identity element e;
(vi) G is smooth at the identity element e;
(vii) Og,e is a regqular local ring;
(viti) Og; e is reduced.
(i) Og.c is a regular local ring;
(x) @G,e is isomorphic to a power series ring k[t1,...,tq] for some variables ty,...,tq;
(zi) If R is an Artin local k-algebra and J C R is a square-zero ideal, i.e., J> = 0, then the obvious map
Homk_alg(@(;7e, R) — @G,G,R/J) is surjective;
(zii) (Assuming k = k for simplicity) If R is an Artin local k-algebra and J C R is a square-zero ideal,
then:
ker(G(R) — G(k)) — ker(G(R) — G(k))
18 surjective.

Proof. This proof was only very informally explained in the lecture. We have (i) < (ii) because smoothness
can be checked after going to k (or more generally after any faithfully flat base-change).

We have (ii) = (iii), because if Gy, is smooth, then each of its local rings is a regular local ring and hence
an integral domain. We have (iii) = (iv) by a fact that we have blackboxed before: the fact that G is
geometrically reduced tells us that the smooth locus of G, which we know to be open, is also nonempty,
which suffices because G(k) is dense in Gz. We have (iv) = (v) by translating around. The same argument
also gives (v) = (i), as follows. If (v) holds, then the smooth locus of Gj contains all its closed points, and
is hence the whole of Ggz: here, we use that since G is an algebraic scheme over k and hence quasi-compact,
every nonempty closed subset of | G| contains a closed point, with the consequence that if the singular locus
of G were nonempty, it would contain an element of G(k), a contradiction.

The equivalence of (v) and (vi) follows from the fact that smoothness can be checked after going to a faithfully
flat extension. The equivalence of (vi) and (vii) follows from the fact that e is k-rational, so k(e) = k (recall
that if k(z)/k is separable, then regularity at z implies smoothness at ).
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To see the equivalence of (viii) with (iii) (and hence with the remaining conditions), it suffices to show that
if Gy, is not reduced, then Og; . is not reduced. Without loss of generality, assume that k = k. Thus, some
affine open subset U C G supports a nilpotent section f € Og(U). Since the support of f is a closed subset

of U, which contains a point of G(k) as G is quasi-compact, the image of f in Og , is nonzero for some
x € U. Translating, we find that Og . is not reduced, contradicting (viii).

The equivalence between (vii) and ?? follows from a general fact, given in Lemma 5.2 below g

Lemma 5.2. Let A be a Noetherian local ring. Then A is regular if and only zfA is, where A denotes the
completion of A with respect to its maximal ideal.

Proof. See Lemma 15.43.4 of the stacks project. O

The following lemma and a proof can be found in Conrad’s notes.

Lemma 5.3. Let B be a complete local Noetherian k-algebra with residue field k. Then the following are
equivalent:

(i) B is reqular;
(ii) B = k[xq,...,xq] for some d;
(iti) Grothendieck’s “infinitesimal criterion for smoothness”: If R is an Artin local k-algebra and J C R
is a square-zero ideal, i.e., J? = 0, then the map Homy_a15(B, R) — Homy,_a15(B, R/J) is surjective.

Remark 5.4. (i) Remark 6.2.3 of Conrad’s notes: For the lifting criterion, enough to work with those
R with residue field k, and can assume J = (¢) for some € € R that annihilates its maximal ideal.
(ii) Homp_aig(Ox 2, R) = Homk,alg((f)x’m, R) and similarly with R/J, and when X is affine and R has
residue field &, and this is equivalent to checking that X(R)[z] — X(R/J)[z] is surjective, where
X(R)[z] is the set of elements of X(R) that map to x € X(k) under X(R) — X (k) induced by the
residue field isomorphism R — k. Thus, the way Conrad’s notes prove the smoothness of Sp,,, is
by showing that for such algebras R, Sp,,,(R) — Sp,,,(R/J) is surjective; this is more or less linear
algebra.

Theorem 5.5. Suppose chark = 0. Then G is automatically smooth.

This was not proved in the lecture; a proof will be given in these notes later, because it seems instructive to
discuss it after introducing Lie algebras.

Remark 5.6. Let M be a manifold and G a Lie group. Recall:

(i) ToM = Derg(C*°(p),R), also the set of derivations “with respect to evaluation at p” from C*°(U),R),
for any open neighborhood U of p.

(ii) Vector fields on M, namely M > p — X,, € T,M with the smoothness property that that p — X, f
is smooth for all f € C°°(M), can be identified with Derg(C* (M), C>(M)).

(iii) On G one can talk of left-invariant vector fields:

o G3g— X,€T,G, where X34 € ThyG is the image of X, € TyG under left-translation by h;
e Equivalently, these are those elements of Derg(C>(M),C°°(M)) that commute with the left-
regular action, since Xp4(g1 — f(hg1)) = X4(g1 — f(q1))-

(iv) Clearly, we have an isomorphism of R-vector spaces from the tangent space T.G of G at the identity,
and the set of left-invariant vector fields: X, € T.G corresponds to the vector field X, := g.(X.),
where g, : T.G — T,G is induced by left-multiplication by G.

(v) The Lie algebra g = Lie G of G is defined to be the vector space T,G with a Lie bracket structure,
which has the following interpretations:
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o In terms of left invariant vector fields. Given X.,Y. € T.G corresponding to left-invariant
vector fields X : (g — Xy) and Y : (g — Y,), [Xe, Y], note that [X,Y]: f— X (Y f) =Y (Xf)
is also a left-invariant vector field, corresponding to [X,Y]. € T.G, which we denote by [X., Y¢].
This map is obviously bilinear, and satisfies the following additional properties [X, X] = 0 and
the Jacobi identity:

[Xev [Ym Ze” + [Ye’ [ZmXeH + [Zea [Xea Ye]] =0,

showing that T, G really becomes a Lie algbera. We call it Lie G. Henceforth, elements of Lie G
will be denoted by X,Y etc. and not by X,,Y, etc.
e Using the Baker-Campbell-Hausdorff formula:

exp(X) exp(Y) exp(X) texp(Y) ™! = [X, Y] + (“higher order terms”).
Thus, (X,Y) — [X,Y] is the double-derivative of the commutation map. Namely, if we consider
the map
GxG—CG
given by
(g,h) — ghg~'n 7,
then one can show that the derivative of this map at the identity is the zero map g g — g,
and its second derivative, which is a symmetric bilinear map (g ® g) x (g ® g) — g, corresponds
to the quadratic map
gbg—g
given by (X,Y) — [X,Y].

d

ds

e For g € G, we have Int g : G — G taking e to e, so its derivative Ad g := d(Int g)|. : T.G — T.G,
ie., Adg: g — g. One shows that

G>9— Adge GL(g)

is a smooth map G — GL(g), and its derivative ad : g — GL(g) is given by X — (Y — [X,Y]).
Thus, we also write ad X (V) = [X,Y].

d
[X,Y] = —ls=0 7 li=o exp(s.X) exp(ty) exp(—sz).

Recall that if X is an algebraic scheme over k, the tangent space to X at x € X(k) is given by the space
Derk(Ox,x, k)

of derivations from Ox , to k, i.e., the vector space of maps D : Ox , — k such that D(fg) = f(xz)Dg +
g(x)Df. Here, f(z) refers to the image of f € Ox , in the residue field k(z) = k.

Alternate definitions that we will use:

o If m, is the maximal ideal of Ox , at z, so that Ox , = m, + k, then it is easy to see from the
k-linearity that any element of Dery(Ox s, k) vanishes on k, and then that restricting to m, gives us
an isomorphism Dery,(Ox 4, k) = Homy,(m, /m2, k) of k-vector spaces.

e Henceforth, k[e] will stand for k[z]/(2?), and e will stand for the image of x in it. It is easy to
see that D : Ox, — k belongs to Dery(Ox 4, k) if and only if the map Ox , — k[¢] given by
f = f(z) + (Df)(x)e is a k-algebra homomorphism, and that this gives us a bijection

Dery(Ox o) = Homy_a14(Ox o, k[€e]) = the fiber over x of X(kle]) — X(k).

This is a vector space isomorphism for the vector space structure on the fiber over z of X(k[e]) —
X(k), defined as follows:
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— Given homomorphisms vy, ve : Ox . — kle] lying over z given by f — f(z)+ D, f, v1 +va, which
should be thought of as f + f(2)+(D1+Dz)f can be described by forming k[z, y]/ (22, vy, y?) =
{(a+be1,a+cez) € kle1] x klea] | a, b, ¢ € k} which accepts maps from kle;] and k[e2] sending €;
to z and € to y, forming v; : Ox . — k[z,y]/(z? xy,y?) and then mapping to k[e] by sending
z,y to e

— To multiply by « € k, compose with the self-automorphism of the k-algebra k[e] given by
a + be = a + abe.

Remark 5.7. (i) Note that if a regular function f € k[U] for a neighborhood U of 2 in X has the same
image as f in Ox 4, then f(z) is the same as the evaluation f(x) of f on z. Using this, it is easy
to see that for any affine open neighborhood U of z in X (e.g., U = X if X is affine), one may as
well describe this as Dery ., (k[U], k), where the condition for Dery, , is the same as above, with f(z)
standing for the value of f at dx.

(ii) Note that the above gives us a definition of T, X whenever € X(k) C X. One can give a similar
definition T, X if € X is not k-rational; replace the k in the “k[e]”-definition by the residue field

k().

Now we want to identify global derivations and T, G.

Remark 5.8. Let G be an algebraic group scheme over k.

(i) Let G be affine. Note that k[G] is a representation of G x G, as we now recall. Recall that for any
k-algebra R, the abstract group G(R) acts on Gr. More generally, we have the regular action of
G(R) x G(R) on Gp: for any R-algebra S and g1, g2 € G(R),

(91,92) - 9 = 91995
where onn the right-hand side, g1, g2 stand for their images in G(.59).

(ii) If G acts on a scheme X, then for any R, the abstract group G(R) acts on Xg: for any R-algebra S,
one defines G(R) x X(5) — X(5) via G(R) — G(S).

(iii) If G acts on a k-scheme X, then there is an obvious representation of G on the k-vector space
k[X]: for any k-algebra R, G(R) acts on the space k[X] ®x R = R[Xg| of morphisms Xz — Al, by
g-p(x) = p(g~ ).

(iv) Thus, we get various actions: an action of G x G on G given by (g1,92) -9 = 91995 ', the left-regular
(resp., right-regular) action of G on G given by restricting this to the G =2 G x{1} C G x G (resp.,
G = {1} x G C G x G, and the conjugation action ¢ given by g1 - ¢ = g1gg7 "

These actions induce algebraic representations of G or G x G on k[G]. Of these, ¢ preseves the
maximal ideal m, C k[G] as well as m2,

Strategy in Springer’s book:

(i) Dery(K[G], k[G])
(ii) Get an isomorphism Dery (k[G], k[G]) — k[G] ® T. G, by X, — X, such that, for all f € k[G], if
m*f =3 fi ® fi, so that f(gh) =3, fi(g)fi(h), then:

X(f) =D (XD

Example 5.9. (i) The Lie algebra gl(V) = Lie GL(V') of GL(V):
Lie GL(V) = ker(GLy(V ®¢ kle]) — GL(V)) = {Id +¢ Endy(V)} = Endg(V),
where this last bijection, given by Id +€¢A — A, may be checked to be an isomorphism of vector
spaces.

(ii) The Lie algebra sl(V') = Lie SL(V) of SL(V): the condition det(Id +eA) = 1 becomes tr A = 0, so
the set of trace zero matrices.
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(iii) The Lie algebra sp(V, B) = Lie Sp(V, B) of Sp(V, B):
LieSp(V, B) = {g = Id +Ae €| B((Id +A¢€)v, (Id+Ae)w) = B(v,w)Vv,w € V}
={A € End(V) | B(Av,w) + B(v, Aw) = 0}
={Ae€End(V)| A=—-A"},

where A* is the adjoint of A with respect to B. The same works for O(V, B) outside characteristic
two, and can be done after base-changing from k to any k-algebra R.

(iv) The Lie algebra ¢(V, q) = Lie SO(V, q) of O(V, q) is the set of v € End(V') such that ¢((Id +Ae€)v) =
q(v) for all v € V, which amounts to B,(Av,w) + B, (v, Aw) = 0. Note that when chark = 2 and
dimV is odd, B, is not nondegenerate, so this works badly, as it should: O(V,¢q) is not reduced in
this case. For Lie SO(V, ¢) in this situation, intersect with {tr A = 0}.

(v) Let V be a two dimensional space over k, and let {v1, vo} be a basis for V. Let T = T(v1,v9) C GL(V)
be the set of all linear transformations that act by some scalar a on v; and by a~! on v,. Clearly,
T depends on the choice of v1,vy. LieT C End(V) is the subspace that acts by some scalar a on
v1 and by —a on vs. Note that when char # 2, LieT and T determine each other from amongst
all possible T(v],v5), but when chark = 2, LieT is independent of the choice of v; and va, so
Lie T C Lie GL(V)V does not determine T C GL(V).

Proof of Theorem 5.5. 1 follow the notes of Poonen written by Achenjang. By Proposition 5.1, we assume
without loss of generality that k = k, and further, it is enough to show that Og,c is reduced. Suppose
not, and suppose that f = 0 for some f € Og,.. There exists some nilpotent f € Og . that belongs to
m \ m?, where m C Og_ is the maximal ideal: if not, dim(m/m?) would be unchanged if Og . is replaced

with (Og.e)red = OG,4.¢, annd hence G would be smooth.

Note that restriction gives a bijection Homy_a14(Og. e, k[t]/(t?)) — Homy(m/m? k), so we conclude that
there exists some nilpotent f € Og. and a k-algebra homomorphism Og . — k[t]/(t*) which does not
vanish at f. Dually, we get Z := Spec k[t]/(t?) — Spec Og . — G, which realizes Z as a closed subscheme of
G supported at the identity. Now consider the map

(11) Oc.e = klt1, ... ta]/(t5, ... t2)

obtained as dual to the map
Zx---x7— G,

where the latter arrow is inclusion composed with multiplication. We claim that this map sends f to
ty + -+ t, + g, where g consists of possibly mixed terms.

This in turn follows from the fact that (11), when composed with the map k[ty,...,t,]/(t3,...,t2) —
k[t:]/(t:)? that sends t; with j # i to zero, is dual to the inclusion Z — G, with the Z corresponding to the
i-th copy, and hence f gets mapped to ¢;.

Therefore, under (11), f™ gets mapped to nlt; ...t,, which is a nonzero element of k[t1,...,t,]/(t3,...,t2),
a contradiction. g

6. LECTURE 6 — MONOMORPHISMS OF ALGEBRAIC GROUPS

6.1. The material for today. Recall: If ¢ : H — G is an injective homomorphism of Lie groups, then
¢(H) C G may not be a Lie subgroup, since the subgroup ¢(H) C G may not be closed. Recall also that
for both topological groups and Lie groups, closed subgroups behave much better than others in ways that
are crucial in the context of several applications.

14e.g., if H is a closed unimodular subgroup of a locally compact unimodular topological group G, H\G gets a G-invariant
measure by factoring chosen Haar measures on G and H.
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Example 6.1. A standard example in this regard is, for any chosen o € R\ Q:
R — St x S,
T (627”'17 627riaz).
Thus, we would like to ask the same question for algebraic groups. We will see today that the above sort of

pathology does not show up in this context, as shown by the first two of the following three main results for
today’s lecture:

(i) If ¢ : G — H is a homomorphism of algebraic groups (with G smooth), then ¢(|G|) C |H]| is closed
(as before, | G| stands for the topological space underlying the scheme G); Theorem 6.2 below.
(ii) If ¢ : G — H is a homomorphism of algebraic groups (with G smooth), and if ker ¢ is trivial, then
¢ : G — H is a closed immersion; Proposition 6.13 below.
(iii) If G is an affine algebraic group over k, then G is linear, i.e., is isomorphic to a closed subgroup of
GL(V) for some finite dimensional vector space V over k; Theorem 6.15 below.

The above results are true without smoothness, but while we will prove them only under that assumption,
may use them in their full generality, hence the parentheses. There will be blackboxes; most importantly
Chevalley’s theorem on constructibility and Zariski’s main theorem. At least the first two results would not
be true if k is replaced by a more general base like a ring.

6.2. Homomorphisms of algebraic groups have closed images. Let us formally state the first result
we wish to prove:

Theorem 6.2. Any homomorphism ¢ : G — H of algebraic groups, with G smooth, has closed image.

6.2.1. Chevalley’s theorem on constructible sets.

Example 6.3. Assume that & = k, and consider the map A2 — A? given by (z,y) — (x, zy). Its image (at
the level of k-points) equals:

(A% \ {y-axis}) U {(0,0)}.
Note that this image is neither open nor closed, nor even locally closed (locally closed = intersection of open
and closed = open in its closure). However, it is a finite union of locally closed sets: the (open) complement
of the y-axis, and the origin (which is closed).

The key input for the proof of Theorem 6.2 will be the result of Chevalley, which says:

Theorem 6.4 (Chevalley). The image of an arbitrary morphism of algebraic schemes over k (or more
generally that of a finitely presented morphism of schemes) is constructible, i.e., a finite union of locally
closed sets.

Thanks to this result and ‘homogeneity’, an orbit of G through a rational point € X(k) is better than just
constructible; it is locally closed:

Proposition 6.5. Let G be an algebraic group over k acting on an algebraic scheme X over k. Then for all
x € X(k), the image of the orbit map a, : G — X given by g — g - x (interpreted at the level of R-points for
every k-algebra R) is a locally closed subset of | X|.

Definition 6.6. Once this proposition is proved, then for any G,X and x as above, we will view the image
a; (| G|) of the orbit map at = as a k-scheme with the reduced induced structure it gets from the inclusion
a;(|G|) C | X| being locally closed (as openly immersed into its closure, which will be given the reduced
induced structure). When G is smooth, the resulting scheme will be denoted by a,(G), and will be referred
to simply as the ‘orbit of G through «’.
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Remark 6.7. (i) Note that if G is not smooth, the orbit map g — ¢-x may not land inside the reduced
subscheme of X determined by a, (| G|) or its closure a5 (| G|), which explains why it is only when
G is smooth that we have defined a,(G) and called it the orbit of G through z (I did otherwise in
the lecture, and I shouldn’t have). For instance, in characteristic p, consider the action of G = p,
on X = G;,, by multiplication, and take x = e; then a, (] G|) is simply {e}, and hence the reduced
subscheme of X underlying it is {e} C X, where as arguably p, C X deserves to be considered the
‘real orbit’. This refers to considering what is called the ‘scheme theoretic image’ instead of the
‘set-theoretic image’, but I haven’t seen people do this a lot, and certainly due to my ignorance, I
don’t know anything about the orbit maps in this case or whether they lead to a useful notion. I
may update this if I get better information.

(ii) Henceforth, Brion’s exposition from ‘Some structure theorems for algebraic groups’ will be among
what we follow.

(iii) On the other hand, the purported reduction of the proof of Proposition 6.5 to the case where k = k
that I briefly discussed in the lecture, asking you to work out some details, had an embarrassing gap.
Therefore, the following proof has been rewritten: the case where k = k remains the same, but the
reduction to the case k = k is done differently, and after handling the case where k = k. I still feel
shaky about it; please let me know if you find gaps.

(iv) If G is reduced, there may be a better way to prove this by showing that G — a,(G) is flat and hence
open. I am not yet sure how to formulate the correct analogue when G is not reduced (in which
case the orbit map will land topological-spacily in a, (| G|) but not scheme-theoretically), whether
to replace G by Gyeq etc. I might come back to this later.

Proof of Proposition 6.5. First we consider the case where k& = k. By Chevalley’s theorem, a,(|G|) is
constructible, and it is a general fact in our Noetherian setting that a constructible set contains a nonempty
open subset U of its closure. *® Let V = a;'(U) C | G|, which is open, and satisfies a,(V) = U. Since G(k)

xT

is dense in G, we have [ cq 1) 9V = G(k). Thus:

(12) aw(|G|): U am(gv): U g'aw(v): U gU,

geG(k) geG(k) geG(k)

which is open in a5 (| G|) as elements of G(k) act on X by homeomorphisms and stabilize a, (| G |), and hence
have actions on a, (] G|) by homeomorphisms as well.

Now we consider the general case. Let |Z| = a,(|G|) C | X|, and let Z C X be the associated subscheme
with reduced induced structure. Since |Z] is constructible by Chevalley’s theorem, it contains a set |U|
which is open in | Z|. Let U C Z be the openly immersed subscheme with underlying set | U|.

For each field extension K/k inside k, an obvious commutative diagram involving the map 7 : X — X,
the analogous map Gx — G and the orbit maps a, and a,,, where zx denotes z € X(k) C X(K) viewed

as an element of | X |, tells us that g (az, (| Gk |)) = az(] G|). As in (12), but with the role of a,(|G|)
there replaced by | Z |, which contains Uj as an open set, we get:

Thus, if y € a,(|G|) = 7j(as, (Gy)), there exists g € G(k) such that y € w(g - Up). If K/k is a finite
extension in k such that ¢ € G(K), it follows that y belongs to 7k (g - Uk). Since Uy is open in Zg, and
since 7 is faithfully flat and finitely presented (K being a finite extension of k) and hence open, it follows
that 7x (g - Uk) is an open neighborhood in Z containing y, as desired. (Il

1 ¢ = U, Ci with each C; locally closed, then C'\ ({J,(C; \ C;)) is open in C, and nonempty as each C; \ C; has dimension
less than the maximum of that of the C;. This was something I skipped in the lecture.



42

Remark 6.8. An alternate approach to the proof may be as follows, though I haven’t thought through
things. First suppose k = k. Use generic flatness to ensure that V. — U < Z is flat, where V and U have
reduced induced structures. Use homogeneity to see that the orbit map G — Z is flat and hence open. For
general k, since |Gg| — |G| and |X; | — |X]| are open maps, the orbit map G — Z is again open, and
hence its image is open in Z. I may get back to this idea later (if it seems correct to me then).

Corollary 6.9 (closed orbit lemma). Let G,X be as in Proposition 6.5, but assume additionally that k = k
and that G is smooth. Let x € X(k) be such that a,(|G|) has minimal dimension. Then a,(|G|) C |X] is
closed.

Proof. Let Y = a,(G), with its reduced induced structure. To get a contradiction, assume that Y is not
closed, and consider the nonempty closed subset Y \'Y C | X|, giving it its reduced induced structure.

Suppose we can prove that Y \ Y is G-stable; then it would have a closed point 2’ € X(k), since Y \'Y
is nonempty and closed and X is algebraic, and a,/(G) C Y \ Y would have smaller dimension than Y, a
contradiction. Thus, it suffices to show that the stabilizer Stabg (Y \ Y) of Y \'Y in G, which we know to be
representable by a closed subscheme of G, is the whole of G.

Recall that, when we proved the representability of transporters, we saw that for every k-algebra R (since
k=kand Y\Y isreduced):

Stabg(Y\ Y)(R) = {g € G(R) | Yy € (Y \Y)(k),ay(9) € (Y \Y)(R)}.

Applying this with R = k = k, we find that, since any g € G(k) preserves Y and hence also Y, and
hence also (Y \ Y)(k) = Y(k) \ Y(k), the inclusion Stabg(Y \ Y)(k) C G(k) is an equality. Since G is
reduced, it follows that Stabg(Y \ Y) = G, as desired (when G is affine, the argument looks like this:
since Stabg (Y \ Y)(k) C G(k) is an equality, every f € k[G] that vanishes on Stabg (Y \ Y) vanishes on
G(k) and is hence nilpotent. Since G is reduced, it follows that every such f vanishes, or equivalently,
Stabg(Y \Y) = Q). O

Proposition 6.10. Let ¢ : G — H be a homomorphism of algebraic groups over k. Then p(|G|) C |H]| is
closed.

Proof. First let us reduce to the case where k = k. The map H; — H is an integral morphism of schemes
and hence a closed map, and by an obvious commutative diagram, ¢(] G|) is the image of ¢(] Gz |) under
this map. Therefore, it suffices to prove the proposition assuming that k& = k. We view G as acting on H
via . Note that for all h € H(k), an(] G|) equals a.(| G|) - b (where e is the identity element of H(k)), and
hence has the same dimension as a.(| G|). Thus, a.(| G|) trivially has minimal dimension among the orbits
an(] G|) with h € G(k), and is hence closed in |H| by Corollary 6.9. O

Remark 6.11. From Milne’s book: “The orbit lemma was first proved by Borel 1956. Today, it is an
elementary fact, but in the 1950s it was considered surprising because the statement is false for a complex
Lie group acting on a complex variety.” In the context of real Lie groups, a counter example is given by the
irrational winding torus of Example 6.1; but this implies that in the complex world too, the homomorphism
C — C* x C* given by z — (¥ 2™%) for any a € R\ Q fails the closed orbit lemma as well as
Proposition 6.10.

6.3. Injective homomorphisms are closed immersions.

6.3.1. Informal review of closed immersions. While dealing with schemes, much better than simply being
an injective map with closed or even being a closed map, is being a closed immersion, i.e., one that locally
looks like R — R/I, since it says that the source is defined in by a bunch of equations in the target. In fact,
closed immersions are really the ‘correct’ scheme theoretic analogue of closed subsets of topological spaces.
More specifically, recall that a morphism i : Z < X of schemes is a closed immersion if it is an isomorphism
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of Z onto the subscheme Z’ of X defined by some sheaf of ideals T C Ox, i.e., Z’ is the support of Ox /T
and Oz = (Ox/Z)|z. This is equivalent to requiring that ¢ is a homeomorphism onto its image and that
i . Ox — 1,0z is surjective.

Example 6.12. Let C be a nodal curve over £ = C with a unique node x, and assume that the fiber over x
of the normalization C — C is a two element scheme {y, z}. Then C\ {z} — C is bijective and closed, but
not a closed immersion. Proposition 6.13 below explains that a homomorphism of algebraic groups cannot
look like this.

Proposition 6.13. Let ¢ : G — H a homomorphism of algebraic groups, with G smooth. Then ¢ is a closed
immersion if and only if ker ¢ is trivial.

Remark 6.14. (i) The smoothness assumption in the above proposition is unnecessary; see Conrad’s
notes for a reference from SGA. However, we will need it in the proof we give. Later we may give a
proof for affine schemes that does not need this assumption.

(ii) Let us briefly discuss some of the ideas that go into the proposition for people who are not that
comfortable with algebraic geometry, assuming that and that G = Spec B and H = Spec A are
affine. We can reduce to the case where k = k and ¢ is surjective, so A — B is injective. Now note
that for the nontrivial direction:

o If ker ¢ is (scheme-theoretically) trivial, then for each maximal ideal m C A, A/mA — B/mB
is an isomorphism;
e What we need to show is that A — B is a surjection (which corresonds to G — H being a closed
immersion), or equivalently, that the map A, — By, of localizations of A-modules is surjective
for each maximal ideal m C A.
Note that going from the former to the latter is Nakayama’s lemma, but for it to apply, we need
By, to be a finite module over A,,. Thus, this can be done if we prove a statement along the lines
of ‘since the fibers of ¢ are finite, (in our ‘homogeneous’ situation) ¢ itself is finite’. We will use
Zariski’s main theorem following Brion, while Conrad’s notes instead show ‘finite flatness’ of A — B
by ‘spreading out from the generic point’.

Proof of Proposition 6.13. Only the implication “<” is nontrivial, so assume that ker(y) is trivial. Since
one can check for closed immersions after base-changing to a faithfully flat extension, we may assume that
k=k.

Step 1. Reduce to the case where ¢ is surjective. Let o(G) C H denote the reduced subscheme corresponding
to the subset ¢(] G|) C |H]|, which is closed by Proposition 6.10. It is easy to see that ¢(G)(k) = ¢(G(k))
is a subgroup of H(k), and then using reducedness that the subscheme ¢(G) C H is a subgroup scheme.
Combining the equality ¢(G(k)) = ¢(G)(k) crucially with the fact that G is reduced, we see that ¢ : G — H
factors through G — ¢(G). Thus, we may now replace H with ¢(G) and assume that G is set-theoretically
surjective.

Step 2. Show that ¢ : G — H is quasi-finite, i.e., each fiber of G — H is finite. The fact that ker ¢ is trivial
tells us that the fibers over closed points of H (which correspond to elements of H(k) by the Nullstellensatz)
are finite. This suffices for quasi-finiteness, by the fact, which we blackbox, that the set of y € | H| such that
o~ Y(y) is finite is constructible (and every nonempty constructible set contains a closed point).

Step 3. Show that ¢ is finite. '°® By Zariski’s main theorem, ¢ factorizes as the composite of an open
immersion G — X and a finite morphism ¢ : X — H = ¢(G). Since ¢ being finite is closed, ¢(| X\ G|) C |H|
is closed, and hence its complement U is open. Since ¢ is finite, so is its base-change with respect to U — H,

16For those who are not very familiar with these considerations, a typical example of a quasi-finite map which is not finite
is an open immersion, e.g., Al \ {0} < A! is quasi-finite as every fiber is a point, but it is not finite since k[z] < k[z] (4 does
not realize k[x}(z> as a finite k[z]-module. The fact we use, called Zariski’s main theorem, says that this is essentially the only
obstruction for quasi-finite to be finite.
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which however is simply the map ¢|,-1(u) : ¢ Y(U) — U. Translating around using k-rational points (and
using that k = k), we can now show that ¢ itself is finite.

Step 4. If Y — Z is a surjective finite morphism of algebraic schemes over k& with the property that the
scheme-theoretic fiber over every closed point is isomorphic to Speck (over Speck), then Y — Z is an
isomorphism. Note that proving this assertion will give us the proposition, since, thanks to ker(y) being
trivial, the surjective map ¢ : G — H satisfies the hypotheses of the proposition.

To prove this, we may assume that Y = Spec B and Z = Spec A: this is justified because finite morphisms
are affine. Thus, we are in the situation of Remark 6.14(ii), since for each maximal ideal m C A, the
composite k — A/m — B/mB is an isomorphism by hypothesis, and since B is a finite A-module. Thus, by
Nakayama’s lemma, Ay, — By, (localization of A-modules with respect to m) is surjective. Since this is true
for each maximal ideal m of A, we conclude that A — B is surjective. Since A — B is injective (as Y — Z
is surjective), it follows that A — B is an isomorphism, as desired. O

At the risk of repetition, we write down the following consequence of Proposition 6.13: if H is an algebraic
group over k, G C H is a locally closed subscheme and G(R) C H(R) is a subgroup for all k-algebras R, then
G is in fact a closed subscheme of H.

6.4. Affine algebraic groups are linear.

6.4.1. The set up and strategy. The aim of this subsection is to prove:

Theorem 6.15. Any affine algebraic group G over k is linear, i.e., there exists a closed immersion G —
GL(V) for some finite dimensional vector space V' over k.

We will first deduce the theorem from a key technical result, to state which we now extend the definition of
a representation to include the infinite dimensional case:

Definition 6.16. If V is a possibly infinite dimensional vector space over k, a representation of G in GL(V)
simply refers to giving a homomorphism G(R) — GL(V)(R) = GL(Vg) = GL(V ®; R) for each k-algebra
R, functorially in R. The notions of a subrepresentation, a homomorphism of representations etc. are clear.

The following proposition will be the key input into the proof of Theorem 6.15:

Proposition 6.17. Let G be an affine (not even necessarily algebraic) group scheme over k, and suppose
we are given a representation of G on a vector space V over k. Then V is the union of its finite dimensional
subrepresentations.

Proof of Theorem 6.15, assuming Proposition 6.17. By Proposition 6.13, it suffices to show that G has a
faithful finite dimensional representation, i.e., a homomorphism G — GL(V') with trivial kernel, where V is
a finite dimensional vector space over k.

What we almost obviously have is an infinite dimensional faithful representation of G, namely, the left-
regular action of G on its coordinate ring k[G]: for any k-algebra R and g € G(R) and f € k[G]®, R = R[G]
(which is the coordinate ring of Gz and hence the ring of regular morphisms Gz — A'/R), g - f is given by
x— f(g7'x) (interpreted as maps G(R') — R’ functorially for R-algebras R’).

By Proposition 6.17, any finite set fi,..., f, € k[G] is contained in a finite dimensional subrepresentation
V of the left-regular representation (if each f; is contained in some finite dimensional subrepresentation V;,
consider the subrepresentation Vi + --- 4+ V,.). Taking f1,..., f. to be a set of generators for the k-algebra
k[G], the resulting representation G — GL(V') would be faithful since any g € G(R) that fixes each of
fi,-.., fr € k[G] @k R = R[G] fixes the whole of R[G] (since g acts via algebra automorphisms), and hence
flg~h) = f(e) for all f € R[G], so that g~! = e since evaluations at them define the same element of
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Homp_ag(R[G], R) = Homy_.1s(k[G], R) = G(R). Thus, the map G — GL(V) given by restricting the
left-regular action is faithful, as desired. O

6.4.2. Representations are unions of finite dimensional subrepresentations. To really complete the proof of
Theorem 6.15, we now prove Proposition 6.17.

Proof of Proposition 6.17. Let v € V. It suffices to show that v is contained in a finite dimensional subrep-
resentation of V. Write A = k[G], so that A is a Hopf algebra.

Action on v defines a map G — V: functorially in k-algebras R, we have G(R) — Vg :=V ®; R given by
g—g-v.

Recall that for each k-algebra R, each g € G(R) is an element of Homg_ai(A, R). Let guniv € G(A) be
the element corresponding to the identity homomorphism id : A — A in Homy_a5(A, A). Thus, given
g € G(R) = Homy_a14(A, R), we can view it as the image of guniv under the map G(g) : G(A) = G(R)
corresponding to the k-algebra homomorphism g : A — R. Thus, we have a commutative diagram:

(13) (g P A= R) S Homkyfalg(A, R) _ G(R) h=h-v VR .
QOT G(g)T T@A,HR
(Guniv =1d : A = A) € Homy_a14(A, A) == G(4) ok Va

The upshot of the diagram is that, if guniy - v = Zi v; ®a; € Vi =V ® A, where the a¢; run through a
k-basis for A and all but finitely many v; are zero, then we can write g-v =3 . v, ®1; € Vg =V @ R,
where 7; is the image of a; under g € Homy,_,15(4, R).

Thus, let W be the span of the v;, which is finite dimensional. We conclude that for each k-algebera R,
G(R) -v C W ®x R. However, while this says, roughly speaking, that “the G-translates of v span the finite
dimensional subspace W of V7, one needs to do more work to show that W contains (or equals, as we will
show) a G-subrepresentation of V.

Thus, to finish the proof it suffices to show:
Claim. For each k-algebra R and g € G(R), g-v; € W ®; R.
(Note that T am slightly rephrasing the proof of the lecture; this is shorter).

To prove the claim, we consider G(R ®; A). Define elements §1,52 € G(R ®; A) as follows. We have
homomorphisms G(R) — G(R @i A) and G(A) — G(R ®x A) obtained by applying the functor G to the
k-algebra homomorphisms r — r ® 1 and a — 1 ® a, respectively; g1 is the image of ¢ € G(R) under the
former, and g, is the image of guniv € G(A) under the latter.

Since §1g2 € G(R ®;, A), we have by (13) (as discussed just below it):

(14) g1g2 - v € Zvi Rk (R @y A).

On the other hand, by the definition of g» and g; and the functoriality of the map G — V', we have:

(15) 9192 v =01(92 - v) = §1(Z v;®1®a;) = §1(Z(Uz’ o) ®a) =Y (gu) @ a;,

? 7 K2

where each gv; is viewed as an element of V®y R, so that gv;®a; is an element of (VR R)QrA = VR (RRLA).

Since the a; are linearly independent over k, comparing (15) with (14) forces that each gv; belongs to W&y R,
as desired. 0
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Remark 6.18. (i) Let us discuss the usual comodule approach to proving Proposition 6.17. Assuming
that G is affine, recall that to give an action of G on an affine scheme X is equivalent to giving
a map k[X] — k[X] ®; k[G] which satisfies some compatibilities. The picture simplifies if we are
in the context of representations, which are linear actions: there it is sufficient to give a comodule
structure on V' that takes the form of a map p : V. — V ® k[G] (rather than k[V] — Ek[V] ®
k[G]), satisfying certain compatibilities reflecting the definition of a linear group action, including
“(p®id) o p = (id®@m*) o p”. The comodule approach to proving Proposition 6.17 is then to write
p(v) = >, v; ® a;, with a; running over a basis for A = k[G] over k, and almost all v; zero. To show
that W := Span({v;};) is a subrepresentation of V' (which automatically contains v), one shows that
W is a sub-comodule of the comodule V', by showing that p(v;) takes the form Zj TiikV; @ ag. To
show this, one applies “(p ®id) o p = (id ®m™*) o p” to v and uses the linear independence of the a;.
This is what I essentially translated in the proof of Proposition 6.17 above.
(ii) For those who are comfortable with the comodule proof, to make this connection clearer, let us
compute g1g2 as in the proof of Proposition 6.17, in the special case where R = A = k[G] and
g € G(R) is also taken to be guyniy. We claim that §1g2 is simply the element of G(A ®; A) =
Homy (A, A ®; A) given by the comultiplication m* : A — A ®; A. Indeed, this follows from the
fact that g1g- is simply the composite of §1 ® g2 : A A - A®, A with m*: A - A®; A, since
N ®Ge: ARQr A — A®y A is simply the identity.

6.4.3. Embedding an affine scheme equivariantly into a representation, i.e., G-equivariantly linearizing an
affine scheme. The following was only passingly mentioned in the lecture. It says that an affine scheme X
with an action of G can be embedded equivariantly into a representation of G; this has the advantage that
some questions involving actions on schemes can sometimes be reduced to questions involving representation
theory. For instance, while I am following Brion’s notes here, the following proposition is Lemma 1.1 a) in
Kempf’s well-known paper ‘Instability in Invariant Theory’; there, considerations building on it are used to
deduce a statement about orbit closures in schemes from statements about orbit closures in representations.

Proposition 6.19. Let G be an affine algebraic group over k acting on an affine algebraic scheme X over
k. Then there exists a representation V of G and a G-equivariant closed immersion X < V.

Proof. Consider the representation of G on k[X], i.e., given by g — (f — (z — f(g~'x))). As in the proof

of Theorem 6.15, using Proposition 6.17, we get a finite dimensional subrepresentation W C k[X] which
is faithful, where W generates k[X] as a k-algebra. Thus, we get a surjective k-algebra homomorphism
k[Sym W] — k[X], and hence, dually, X — WV, where WY = Homy(W, k) is the contragredient represen-
tation of W (note that Sym W is the algebra of polynomials on the vector space WV). These are readily
checked to be G-equivariant.

Being dual to a surjective k-algebra homomorphism, X — WV is a closed immersion. O

7. LECTURE 7 — TORSORS, H\ G

7.1. Motivation.

7.1.1. Point-set topology.

e A map ¢q: X — S of topological spaces is said to be a quotient map if it is surjective and gives Y
the quotient topology, i.e., any subset U C S is open if and only if ¢~} (U) C X is open.

e One can then show that any quotient map ¢ : X — S of topological spaces is also a ‘categorical quo-
tient’, i.e., for any topological space Z, letting ‘Mor’ stand for continuous maps, —oq : Mor(S, Z) —
Mor(X, Z) induces a bijection between continuous maps S — Z and those continuous maps X — Z
that factor through q.
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e If a group H operates on X, we can give S := H\X the quotient topology, and note that pull-back
under ¢ : X — H\X = S induces a bijection Mor(S, Z) — Mory (X, Z), where Mory (X, Z) stands
for the set of continuous maps X — Z that are invariant for the action of H on Z.

7.1.2. Manifolds.

e If H is a Lie group acting on a manifold X, H\X does not always make sense as a manifold unless
conditions along the lines of ‘smooth, free and proper’ are imposed (as with SL2(Z)\H, H denoting
the upper half plane).

e Important special case where such conditions are satisfied: X = G Lie group, H C G Lie subgroup.

e Some quotient maps for manifolds. One could formulate a definition that a smooth surjective map
q : X — S of manifolds is a quotient map if:

— S has the quotient topology, i.e., U C S is open if and only if ¢~}(U) C X is; and
— For any open U C S and any map g : U — R, g : U — R is differentiable if and only if
goq:q Y (U)— Ris.

e ¢: G — H\G turns out to be a quotient map in this sense. While this might look unwieldy, it is an
immediate consequence of a stronger result: H\G can be covered by open sets U C H\G with the
property that we have a diffeomorphism ¢=*(U) = H x U, which is H-equivariant and transports ¢
to pry (I forgot to mention the latter condition in the lecture):

(16) G¢—1>H\G.
¢ (U)——U
H-equiv.
diffeo.

HxU- U

e Thanks to the above property (in (16)), we say that G — H\G is a principal H-bundle or an H-
torsor. For U as in (16), the identifications of (16) are said to constitute a trivialization of this
H-torsor over the open subset U C H\G.

e If H C G is normal, then H\G becomes a Lie group under the multiplication induced by that on G,
and G — H\G is a homomorphism of Lie groups.

o The example of G = GL{(C) and H = py := {£1} C G. The quotient map ¢ : GL;(C) —
p2\ GL1(C) can be identified with the map ¢ : GL;(C) — GL;(C) given by z + 2?. For any
open U C GL;(C) on which a smooth square-root /- can be defined, we have a ps-equivariant
diffeomorphism ¢~ 1(U) — ps x U given by z (\/szz, 2?2), with inverse s x U — ¢~ 1(U) given by
(£1, z) = ++v/z (I managed to get tripped up with the details in the lecture, and might have made
some mistake in writing this down).

7.1.3. Adaptations for algebraic groups.

e Clearly, the example of GL;(C) above canot be adapted as such to algebraic groups, because on no
Zariski open neighborhood of GL; is z — /2 a regular map. Instead, one interprets the middle
row ¢ Y(U) — U of (16) as a base-change of the top row q : G — H\G with respect to a map
U — H which is not assumed to be an inclusion; then the isomorphism (in the appropriate sense)
¢ Y (U) — H x U ‘over U’ as in the bottom square of (16) can be viewed as saying:

(¢: G — H\G) xg\¢ (U — H\G) becomes H-equivariantly isomorphic to H x U — U.

e But then one could also consider base-changing with respect to maps U — H which are not inclusions,
and in particular with respect to maps like y — y2, GL;(C) — GL1(C). Recalling that q : GL;(C) —
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(18)

o\ GL1(C) is identified as ¢ : GL1(C) — GL1(C) given by x ~— 22, this time the base-change gives:

GL,(C) inas GL,(C)

(%y)HxT TyHyz

{(2,y) € GL1(C) x GL(C) | 22 = 2} —=¥7Y__ GL,(C)

The bottom left object is just pe x GL1(C), as realized using the change of variables (z,y) —
(yx~t,y). Once we do this change of variables, the bottom horizontal arrow becomes the projection
map pry : (h,y) — y and the left vertical arrow becomes the action map a : (h,y) — hy. Also noting
that all of this carries over to the algebraic group GL; over any field k, we get in that context:

2
GL, imaid GL,

ai(h,y)HayT TyHyz
pry:(h,y)—=y

(action)
pa X GL; ——————— GL;
(projection)

Some comments about (17):

— Neither z + 22 nor y ~ y? is now surjective at the level of rational points, but that doesn’t
matter; it is surjective in the appropriately scheme-theoretic sense (faithful flatness). I forgot
to mention this at this point in the lecture.

— This time, the map y ~ %2, which takes the place of the inclusion U C H\G, is an ‘étale
neighborhood’ if char k # 2, but only a ‘faithfully flat neighborhood’ if char k = 2. A point we
may not spend any time discussing is that whenever H is smooth, G — H\ G can be trivialized
by an étale neighborhood, but otherwise only by a faithfully flat neighborhood.

It turns out that a similar picture as in (17) will hold at least in the situations we are interested in:

G—1 ~H\G.

a:(h,y)HayT Tq
(action)
pro:(hy)—y
>
HxG (projection) G

Here are two interpretations, the latter a bit informal, that one may read into (18):

— The top horizontal arrow, which is the quotient ¢ : G — H\ G, base-changes via the right
vertical arrow (again ¢ : G — H\ G, which is faithfully flat as it turns out), into the bottom
horizontal arrow pry : H x G — G, thus becoming in the process a ‘trivial H-torsor’.

— The assertion that the square (18) is Cartesian (i.e., a fiber product diagram) — in other words,
the isomorphism H x G — G X\ @) G — can be viewed informally as a way of saying that H
acts simply transitively on the fibers of G — H\ G: after all, that is what such a fiber product
diagram at the level of set theory says.

To expand on the last point, at the level of abstract groups, each fiber of G — H\G has a simply
transitive action by H. In a sense, (18) is saying that the same holds at the level of a ‘faithfully flat
neighborhood’, just as in the Lie group situation it holds at the level of open neighborhoods in some
cover of H\G.

7.1.4. Two simple set-theoretic observations. The following very simple set-theoretic observations can help
motivate some of the objects that we are going to see. Suppose an abstract group H acts on a set X, and
we are given a map ¢ : X — S.
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e ¢ is H-invariant if and only if goa =qopr, : H x X — §, i.e., the two composites below are equal:

HxX3X4%s.

pro
Another way of stating this is that the map (a,pry) : H x X — X x X lands in X x g X, so we have:
(19) (a,prg) : Hx X — X xg X.

e Suppose ¢ : X — S is H-invariant, so that (19) is well-defined. Then the following are equivalent:

— The map of (19) is a bijection, i.e., (a,pry) : H x X Ly xg X; and
— For each s € S, ¢~ !(s) C X is either empty or acted upon simply transitively by H.

7.2. The definition of torsors.

7.2.1. A set-theoretic case.

Definition 7.1. Let H be an abstract group acting on a set X. Let S = {x} be a singleton set. We say that
X — {x} is a trivial H-torsor, or equivalently in this case an H-torsor, if the action of H on X is simply
transitive.

For instance, if H is a subgroup of an abstract G, each fiber of G — H\G is an H-torsor.

One slogan somewhere on the internet is: ‘A torsor is a group that has forgotten its identity element’.

7.2.2. Torsors when the base is Speck.

Definition 7.2. Let H be an algebraic group over k, acting on an algebraic scheme X /k. Then:

(i) We say that X — Speck is a trivial H-torsor if X, as a scheme with an H-action, is isomorphic to H,
with its left-multiplication action on itself.
(ii) We say that X — Speck is an H-torsor if the action of Hj, on Xz makes Xj, into a trivial Hz-torsor.

Example 7.3. Let ¢ : G,,,/k — G,, /k be given by ¢(z) = 2. For a € k*, consider the scheme X := ¢~ 1(a),
namely Speck[z]/(z% — a). This scheme has a k-rational point if and only if a is a square in k. In either
case, it has an action by H = uy (e.g., because H = ker(p)): concretely, h € ps takes z € X to hx € X
(as interpreted at the level of R-points for every k-algebra R). It is easy to see that this makes X into an
H-torsor, which is trivial if a € k is a square, and that this torsor is nontrivial otherwise. This is especially
obvious from Remark 7.4(i) below. Note that in this example we could replace G, with an elliptic curve,
etc., or more generally, consider fibers of points in an orbit under an orbit map, at least in good situations.

We collect some obvious properties of these torsors in a remark.

Remark 7.4. (i) Given an H-torsor X — Speck, it is trivial if and only if X(k) # 0. Indeed, if the
torsor is trivial, then X(k), being in bijection with H(k), which has the identity section e, is nonempty.
Conversely, if there exists € X(k), the orbit map H — X given by h — h -z is H-equivariant, and
is an isomorphism, since by definition it becomes an isomorphism upon base-change to k.

(ii) If K is any field containing k, then it is easy to see that X — Spec K with the base-changed Hg-
action is an Hp-torsor. It can happen that X(k) = @) while X(K) # (), in which case we say that the
torsor X — Spec k, which is nontrivial, becomes trivial over K. This is analogous to how in the Lie
group situation G — H\G may not have a section realizing G as H x (H\G), but on base-changing
with respect to U — H\G the base-changed map ¢~ 1(U) — U acquires a section realizing ¢~ (U)
as H-equivariantly diffeomorphic to H x U.
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7.2.3. Torsors when the base is some S — set up. It is not enough for us to study what it means for
X — Speck to be an H-torsor, since our interest is in when ¢ : G — H\ G is an H-torsor: thus, we need to
study torsors X — S, where S can be H\ G rather than something like Spec k. For a while, we will use the
following convention and abbreviation:

e Simply ‘x’ will denote fiber product over Spec k, while for fiber products over other schemes like S
we will write xg, etc. Unless otherwise specified, actions, maps etc. will be of schemes over Spec k.

e A morphism X — S will be called fppf (resp., fpqc) if it is faithfully flat and locally of finite
presentation (resp., faithfully flat and each point € X has a quasi-compact neighborhood whose
image in S is affine open).

Moreover, we will work in the following context:

e XS are schemes over k that we will initially allow to be non-algebraic (because we want to allow
base-change with respect to arbitrary schemes for our definitions), and ¢ : X — S is a finitely
presented morphism (we will apply these considerations with X = G and S = H\ G). X /S will
stand for X viewed as a scheme over S using ¢ : X — S as the structure morphism. Since I did
not follow this notation in the lecture, I have almost certainly have made multiple mistakes with
subscripts in this part in the lecture, mainly regarding paying attention to base k vs base S, e.g.,
writing X(S) instead of (X /S)(S), despite the convention on schemes being considered over Spec k
by default.

e H will be an algebraic group over k, which acts on X.

e The map X — S will be assumed to be H-invariant, or equivalently the action of H on X will be over
S: note that this means that, for each k-scheme T, the map X(T) — S(T) is H(T)-invariant, i.e.,

the two composites H(T) x X(T)i X(T) — S(T) are equal, or equivalently

(20)
the map (a,pry) : H(T) x X(T) — X(T) x X(T) lands inside X(T) xg() X(T).
But by the Yoneda lemma, this being true for all T can be described as
(21) the two composites H x X i X — S are equal, or equivalently
(a,pry) : Hx X — X x X lands inside X xg X, i.e., have well-defined (a,pry) : Hx X — X xg X.
7.2.4. Torsors when the base scheme is some S — definition. For a while, let H /k acting on X, and the

H-invariant morphism X — S of k-schemes, be as in Subsubsection 7.2.3. This means that our definitions
will not be the most general ones possible.

To start making sense of the following definition, compare it with Definition 7.2; or maybe recall that X — S
is supposed to be like G — H\ G, or note the analogy between this and a torsor in the Lie group situation
as in Subsubsection 7.1.2.

Definition 7.5. (i) We say that X — S is a trivial H-torsor if X with the action of H on it is isomorphic
to Hg = H x S with the left multiplication action of H on it. In other words, X — S has a section,
and for some (or equivalently, any) section s : S — X, the map Hg = HxS — X /S given by h — h-z
(as interpreted at the level of T-points for all S-schemes T) is an isomorphism of S-schemes.
(ii) We say that X — S is an étale/fppf/fpqc/. .. H-torsor if there exists an étale surjective/fppf/fpqc/. ..
base-change U — S such that Xy — U is a trivial H-torsor.

Thus, the role of the base-change k/k in Definition 7.2 is now taken up by the étale surjective/fppf/fpqc/. . .
base-change U — S in the above definition.

To make sense of Definition 7.5, we will see two more equivalent definitions, before which let us make the
analogue of Remark 7.4 (if the following doesn’t seem to make sense, please compare with Remark 7.4).
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Remark 7.6. (i) Given an H-torsor X — S, it is trivial if and only if (X /S)(S) # 0, i.e., if and only if
X — S has a section. Indeed, if the torsor is trivial, then (X /S)(S) being in bijection with H(S), with
has the identity section e € H(k) C H(S), is nonempty. Conversely, if there exists € (X /S)(S), the
orbit map Hg — X given by h — hz is H-equivariant, and is an isomorphism since by definition, it
becomes an isomorphism upon base-change to a faithfully flat extension U — S.

(ii) If U — S is any scheme over S, then it is easy to see that its base-change Xy — U with its base-
changed H-action given by

HxXy=Hx(XxgU) = (HxX) xsU— XxsU=Xy

(which is well-defined as the H-action on X was over S, i.e., X — S was H-invariant), is an H-torsor.
It can happen that (X /S)(S) = § while (X /S)(U) = (Xy /U)(U) # 0, in which case we say that the
torsor X — S, which is nontrivial, becomes trivial over U. Again, this is analogous to how in the Lie
group situation G — H\G may not have a section realizing G as H x (H\G), but on base-changing
with respect to U — H\G the base-changed map ¢~ 1(U) — U acquires a section realizing ¢~ (U)
as H-equivariantly diffeomorphic to H x U.

(iii) X — S automatically has a lot of nice properties (at least in the étale/fppf/fpqc situations without
the ‘...7): since there is a faithfully flat morphism U — S such that the base-change Xy — U
becomes isomorphic to Hy = H x U — U, which is in turn a base-change of H — Spec k, all the nice
properties that H — Speck may have that can be checked after a faithfully flat base-change, are
inherited by X — S. In particular, since H — Speck is faithfully flat (as k is a field) and of finite
presentation (since H is algebraic over k), it follows that X — S is automatically fppf. Moreover, if
H — Speck is smooth, so is X — S, etc.

7.2.5. Two alternate definitions for an fppf/fpgc torsor. Given an H-torsor X — S and an S-scheme U, there
are two possibilities:

(i) (X/S)(U) = (Xu /U)(U) = 0; and
(ii) (X/S)(U) # 0, in which case by Remark 7.6(ii), it follows that H(U) acts simply transitively on
(X/8)(U).

Together with Remark 7.6(iii), it is now easy to see that Definition 7.5 for X — S being an H-torsor, in the
fppf and fpqc cases, is equivalent to:

Definition 7.7 (Equivalent definition for an fppf/fpqc torsor). X — S is an fppf/fpqc torsor over H if it is
faithfully flat, and for every S-scheme T, the set (X /S)(T) of T-points of X /S or equivalently of Xt /T is
either empty, or acted on simply transitively by the elements of H(T).

(There is no difference between an fppf torsor and an fpqc torsor in this case, since H — Spec k is both fppc
and fpqc, which forces that property on X — S by Remark 7.6(iii)).

For the next equivalent definition, note that in both the cases (X /S)(T) = 0 and (X /S)(T) # 0 (compare
with the set-theoretic observations in Subsubsection 7.1.4), it follows that:
(a,pry)
H(T) x (X/8)(T) "5 (X/8)(T) x (X/8)(T) = (X xs X)(T),

where (X xg X)(T) should be interpreted as the T-points of the S-scheme X xg X, recalling that T is a given
S-scheme. Using this (and the Yoneda lemma) we can give another equivalent definition of an fppf/fpqc
torsor:

Definition 7.8 (Another equivalent definition for an fppf/fpqc torsor). X — S is an fppf/fpqc torsor over
H if it is faithfully flat, and the map:

(22) (a,pry) :Hx X — X xgX

(which was set up in (21)) is an isomorphism of S-schemes.
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Remark 7.9. (i) As should be clear from the way we arrived at this, (22) captures the idea that H

acts transitively on the fibers of X — S, something we expect from G — H\ G.

(ii) The fact that there should be a trivialization is captured by the fact that H x X is really the base-
change of Hg to X, and X xg X is the base-change of X to X, both the base-changes being taken over
S; thus, (22) is also doing the job of expressing that X — S becomes trivial upon base-change along
X — S, which is fppf.

(iii) How does this gel with our observation that X — S becomes trivial over those U such that Xy — U
has a section? For this, just note that the base-change of X — S along X — S, which is pr, :
X xgX — X, has an obvious section, namely, the diagonal (which at the level of T-points for S-
schemes T is given by = — (x, z)).

7.3. Torsors are quotients in all kinds of nice ways.

7.3.1. Torsors are (universal) categorical quotients.

Proposition 7.10. If ¢ : X — S is an H-torsor, then ¢ : X — S is a categorical quotient of X by H in the
category of schemes over k, i.e., for every k-scheme Z, the map Mor(S,Z) — Mor(S,X) given by g — goq
gives rise to a bijection between Mor(S,Z) and the subset Mory (S, X) C Mor(S, X) consisting of H-invariant
morphisms.

Remark 7.11. Since a base-change of a torsor is a torsor (Remark 7.6(ii)), it follows that an H-torsor
q : X — S is a universal categorical quotient, i.e., for all U — S, gy : X xg U — U is a quotient of X xg U by
H.

Proof of Proposition 7.10, modulo fpgc descent. The notion of an H-invariant morphism was recalled around
(20). Thus, what we need to show is that in the diagram:

— =\ q
(23) HXXJX\*>S‘ ,
pro N
N
AN
Z

the set of possible arrows g are in bijection with the set of those possible arrows f with the property that
foa = fopry. In category theory, this is captured by saying that the top row of the diagram is a coequalizer

diagram, or by saying that ¢ : X — S is a colimit of H x XiX.
o

Given the isomorphism H x X3X xg X (see (22)), this reduces to showing the same with H x X, a and pr,

in (23) with X xg X, pr; and pr,, respectively. This is the same as the problem of fpqc descent, discussed
(but not proved) below. O

7.3.2. A statement of fpqc descent for morphisms of schemes. We now discuss (but not prove) fpqc descent
for morphisms; the result of interest to us is fpqc descent for morphisms, in the form stated below:

pry
Theorem 7.12. Any any fpqc/fppf morphism q : X — S is a colimit of X xs X 3 X, i.e., in the following
pra

diagram:
pry q
S
(24) XXSX‘_/,X\*>S‘ ,
pry N
< g
FoQy
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the set of possible arrows g are in bijection with the set of those possible arrows f with the property that
fopry = fopry. In other words, the top row of (24) is a coequalizer diagram.

Remark 7.13. I feel I should have added the following remark on how one may very informally read (24),
mainly because it is only through informal analogies like that that I can understand things: since g : X — S
is fpqc, it is like a surjective map of sets, and X xg X is like the collection of pairs of elements of X that
belong to the same fiber of ¢ : X — S. Therefore, the condition associated to (24) is kind of analogous to
the obvious set-theory fact that given a surjective map X — S of sets, a map X — Z of sets factors through
X — S if and only if it is constant on the fibers of X — S, and when it does the factoring is unique.

7.3.3. Gluing morphisms on open subschemes (Zariski descent) and Galois descent as special cases of fpgc
descent. We know that defining a morphism ¢ : S — Z is equivalent, given any open cover {U;}; of S, to
defining morphisms f; : U; — Z for each i, such that f; and f; agree on U;NU; for each j. Let us see how
Theorem 7.12 recovers this as a special case.

Thus, let {U;} be an open cover of S. Let X = | |, U;. Then there is an obvious surjection ¢ : X — S which
is the inclusion U; < S on each U,;, which being an open immersion is flat. Clearly, X — S is surjective as
well, so it is faithfully flat, and clearly also locally finitely presented. Thus, Theorem 7.12 on fpqc descent
for morphisms applies; the following observations tell us that in this case, the theorem simply amounts to
the above observation involving the g and the f;:

e Giving f: X — Z is clearly equivalent to giving morphisms f; : U; — Z for each i.

e XxgX = |_|ijUiﬂUj. On U; NUj, the map pr; : X xgX — X equals the composite inclusion
U;NU; = U; C X, and the map pr, : X xg X — X equals the composite inclusion U; N U; <= U; C
X.

e Thus, the condition f o pr; = f o pr, simply says that for each i, j, filu,nu;, = f;
is clearly the condition for f to be of the form g o g for some g : S — Z.

U;NU;- But this

Now we come to Galois descent. Let us recall the statement. Let S and Z be k-schemes. Let L/k be a
Galois extension. We have the base-changes Sy and Zy, of S and Z along L/k, i.e., along Spec L — Spec k.
According to Galois descent, if we are given f : S;, — Zp, then f is ‘defined over &’ (in other words, f is the
base-change to L of some g : S — Z) if and only if for each o0 € Gal(L/k), °f = f, where °f : S, — Z,
equals 0 o f oo~ or more precisely:

(idg xo : Zg, — Zr) o fo(idg xo~ ' : Sy — Sp).

For those who prefer affine schemes, this is just the following immediate observation, when S = Spec A and
Z = Spec B: it says that an L-algebra homomorphism (or in fact even an L-linear map) f*: BQrL — A® L
is obtained by base-changing some ¢g* : B — A if and only if 7f* = f* for all 0 € Gal(L/k), where of*
equals o o f o o~1 or more precisely (id4 ®0c) o f* o (idg ®c~1).

We could instead rephrase this as saying that f* : B — A ®; L is obtained by composing some ¢* : B — A
with A — A®y L if and only if 7 f* = f* for all 0 € Gal(L/k), where this time ? f* stands for (id4 ®c)o f*.
Or more generally in the context of non-affine schemes, f : S;, — Z factors through S;, — S (the dual to
A — A®y L) if and only if 7 f = f for all o € Gal(L/k), for an obvious notion of 7 f.

Remark 7.14. Thus, we are only dealing with an ‘obvious’ form of Galois descent, and not the subtler ones
where we ask when a closed subscheme of Sy, arises by base-change from a closed subscheme of S, or when a
scheme Y over L together with some ‘cocycles’ or automorphisms that look like arising from Gal(L/k), can
be descended from L to k. The latter is called ‘effective fpqc descent for schemes’; hopefully we will see it
later, but I am not sure, and it depends on how the course progresses.
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To recover this from Theorem 7.12, let X = Sg. The obvious map X = S — S is faithfully flat, since it is
obtained by base-changing Spec L — Speck. It is not locally finitely presented unless L/k is infinite, but it
is quasi-compact: thus, it is fpqc, but not necessarily fppf.

Assume for simplicity that L/k is finite (I forgot to state this assumption in the lecture, but used it never-
theless). Note that:

X xgX = (S xgSpecL) xg (S xpSpec L) = (S xg8) Xy, (Spec L Xgpeck Spec L) = S X, Spec(L ®j, L)
=SxpSpec( [ L)=Sxu( || SpecL)= || Si= || X

oc€Gal(L/k) oc€Gal(L/k) o€Gal(L/k) o€Gal(L/k)

where we used the isomorphism:

(25) LexL— [ L
o€Gal(L/k)
which on pure tensors is given by
a®b— (ac(b)),.

From this, it is easy to see that:

pr; : XxgX = |_| St — St and  pry:XxgX= |_| St — St
oc€Gal(L/k) ceGal(L/k)

are given by the following on the o-th copy: pr; is just the identity S;, — Sy, on this copy (corresponding to
the ‘@’ in ao(b)) and pr, is just the map Sy — Sy, given by o (corresponding to the ‘0’ in ac(b)).

Thus, given f : X = S; — Z, the condition that 7 f = f is precisely that f o pr; equals f o pry on the o-th
copy. Thus, Galois descent as summarized above is precisely the statement that f : X — Z equals g o ¢ for
some (necessarily unique) g : Z — L if and only if f o pr; = f o pry, which is what Theorem 7.12 says.

7.3.4. Some very informal ideas on the proof of Theorem 7.12. We put ourselves in the setting of Theorem
7.12. Consider the very simple case where ¢ : X — S has a section s : S — X. In this case, given f : X — Z,
define g : S — Z by g = f os. Of course, the question is: when do we have f = g o ¢?

The argument is more or less trivial, but let us spell it out: note that f = gog if and only if f = fosoq : X — Z,
which holds if and only if for all schemes T and x € X(T), we have f(x) = f(s(q(x))) € Z(T),

which holds if and only if for all schemes T and x € X(T), f(x) depends only on ¢(x) € S(T),

which is to say that the map f : X(T) — Z(T) is constant on the fibers of X(T) — S(T),

which is to say that f opr; = f o pry at the level of T-points for all schemes T,

which by the Yoneda lemma is the same as f o pry = f o pry.

Now, though ¢ : X — S does not have a section in general, it does acquire a section after a faithfully
flat base-change: namely, base-changing with respect to ¢ : X — S, we get pry : X xg X — X, which has
‘diagonal’ as a section. Thus, one could try to show that, since the theorem holds ‘upstairs’, by faithful
flatness it holds ‘downstairs’ too.

This informal idea can be argued to underlie a rigorous proof. See, e.g., Professor Nitin Nitsure’s KIAS
lectures or the BLR book for a rigorous discussion of fpqc descent. The main statement to prove, assuming
that we are in the affine case, is that if A — B is a faithfully flat ring homomorphism then the following
sequence (called the Amitsur exact sequence)

O%A%Bid@’l%l@idB@AB

is exact. More generally, one proves for any A-module M, that the following sequence (called the Amitsur
exact sequence for M)

(id ®1—1®id)®id]y{
_>

0— M"Y B, M B@sBoaM
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is exact. Perhaps the latter is more natural as the whole thing feels like linear algebra, I am not sure, but
in any case the latter is used for fpqc descent of morphisms of quasi-coherent sheaves.

Along the lines of the idea above, one first proves this exactness assuming that A — B has a section
s: B — A, and then reduces to that case by tensoring with B, and noting that id®1: B — B®4 B has a
section, the ‘diagonal section’ by ® by — b1bs.

7.3.5. Bonus material on good quotients and geometric quotients. The material of this subsubsection was
not discussed in the lecture; some of it attempts to follow Seshadri’s Annals 1972 paper, and the rest of it is
very informal. The main purpose of this subsubsection is to give an informal idea of why, as can be expected
from the situation of Lie groups acting on manifolds, torsors are better than many other kinds of quotients.

Definition 7.15. Let H be an affine algebraic group over k acting on a scheme X over k, and let ¢ : X — S
be an H-invariant morphism. We say that ¢ is a good quotient if the following two conditions hold:

(i) ¢ is surjective, and satisfies the following condition which we first state when X and S are affine,
before stating it in its general form:

e If X = Spec B and S = Spec A, so that ¢ : X — S corresponds to A — B, then the condition is
that A — B identifies A with BH: here, B¥ should be interpreted as in our discussion about
H-invariant morphisms around (21), i.e., B! = ker(a* — pr} : B — B ®;, k[H]).

e More generally, we require that S have an affine covering by {U; = Spec 4;} such that each
q 1(U;) is of the form Spec B;, and the map ¢* : A; — B, identifies A; with B, which is
made sense of using that ¢~ !(U;) is H-stable. Note that this condition forces that ¢ is an affine
morphism.

(ii) If Z1,Z2 C X are H-stable, closed and disjoint, then ¢(Z1), q(Z2) C S are closed and disjoint.

Remark 7.16. (i) The condition that A; is identified with BY says that q : ¢1(U;) — U, satisfies the
condition for a categorical quotient with respect to morphisms that are valued in A! (as opposed to
arbitrary schemes 7).

(ii) As can be seen from the example of A'/G,, below, if Z,Zs C X are say H-orbits H-x; and H -z
with 21,29 € X(k), and Z; C Zy, then ¢(z1) = q(3), even though Z; and Z, may be disjoint. This
can be thought of as follows: any H-invariant morphism f : X — Z with Z an algebraic scheme over
k will be constant on Zs, and hence on Zs O 74 (as k-rational points are closed).

Example 7.17. (i) Let H = G,, act on A' by multiplication: G,,(R) = R* acts on A}(R) = R
by multiplication. Then it is easy to see that A!'/G,, — Speck is a good quotient and hence a
categorical quotient: the main computation is that the only polynomials in one variable which are
invariant under scaling, i.e., homogeneous of degree 0, are constants. Clearly, this is not a G,,-torsor:
G, does not act transitively on the fibers of Al — {x}.

(ii) This example is well-known, but I got it from a colleague. Let k[x, y] be acted on by Z/2Z, with the
nontrivial element sending x to —x and y to —y. Then one can check that there is a corresponding
good (and hence categorical) quotient that is obtained by applying Spec to

klz, y] =2 o) = ga? 2y, y?) < K[z, y].

But this is not a torsor, because one can see that this quotient is not flat, and hence not faithfully
flat. The rough idea is that the fiber over 0 has length three and the fiber over other points has
length two, so that it cannot be locally free, and hence it cannot be flat. Clearly, this is related to
0 being a fixed point of the group action in a manner very unlike the other points, preventing the
fibers from varying nicely.

Definition 7.18. In the situation of Definition 7.15, we say that ¢ : X — S is a geometric quotient if it is
a good quotient, and additionally orbits of rational points are closed (i.e., for all z € X(k), the image of the
orbit map h — h -z is a closed subset of | X |). There is an alternate definition that does not require H to
be affine, but let us not get into it.
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Remark 7.19. (i) Again, one can show that torsors are both good quotients and geometric quotients.
Any geometric quotient is by definition good, but the good quotient A — {x} of A by G,, is not
a geometric quotient, as the orbit of a nonzero rational point is not closed.

(ii) We saw in Example 7.17 that a good quotient need not be a torsor. A geometric quotient need not
be a torsor either: e.g., consider a trivial action of a group H on two points, or for a less trivial
example, one where the nonempty fibers are nonisomorphic, as hopefully in the following example.

(iii) (Warning: The following is a guess and I haven’t checked it). If (M,),s C M,, is the open subscheme
of the affine space of n x n matrices over k consisting of matrices with distinct eigenvalues (i.e.,
localization of M,, with respect to the discriminant of the characteristic polynomial), then the char-
acteristic polynomial maps (M,,),s to an open subscheme of A™. This I think can be shown to be a
geometric quotient of (M,,),s by the conjugation action of GL,,, but is not a torsor for GL,, or for
any smaller group since the nonempty fibers are all nonisomorphic.

(iv) Thus, torsors are very good kinds of quotients:

{torsors} C {geometric quotients} C {good quotients} C {categorical quotients},

and each inclusion is strict. As we will see, G — H\ G is a torsor, and hence of the best kind, and
unsurprisingly so given the nature of the action.

8. LECTURE 8 — QUOTIENTS OF AFFINE ALGEBRAIC GROUPS

For all of today, G will be a linear algebraic group. Until Subsection 8.5, G will be smooth (I will try to
recall these assumptions each time).

8.1. An embarrassing correction. In the lecture, I did not prove that orbits of smooth groups were
smooth. This problem is already in Lecture 6: there, I proved that orbits of smooth algebraic groups are
locally closed and put the reduced induced structure on them, but I didn’t prove that the reduced induced
structure on an orbit over k base-changes to the reduced induced structure on the corresponding orbit over k,
i.e., that when one base-changes to k these orbits don’t pick up nilpotents like Spec &’/ Spec k with k’/k purely
inseparable does. This was in fact crucial to reductions to k¥ = k (e.g., in the proof that a homomorphism of
algebraic groups with trivial kernel is a closed immersion), because you want the base-change to k of what we
define as the orbit over k to coincide with what we define as the orbit over k. So I am adding the following
lemma as a correction.

Lemma 8.1 (Orbits of smooth reductive groups). Let G be an algebraic group over k acting on an algebraic
scheme X over k. Assume that G is smooth, and let © € X(k). As before, we take a,(G) C X to be the
reduced subscheme underlying the set-theoretic image a,(| G|) of the orbit map g — g -x. Then a,(G) is
smooth (and in particular geometrically reduced), and the orbit map G — a,(G) given by g — g - (which
is well-defined as G is reduced) is faithfully flat (in particular, surjective and open, the latter using that it is

finitely presented). Moreover, a,(G);, C Xy, identifies with the orbit a,(Gy) of Gi through x € X(k) C X(k).

Proof, modulo semi-blackbozes, some details only sketched. We will use the notion of ‘schematic image’ of a
morphism f : X" — X of schemes (which is probably the natural thing to use in defining the scheme structure
on the closure of the orbit). It refers to the smallest closed subscheme of X through which X’ — X factors
(see Lemma 29.6.1 of the Stacks Project; some explanation in the affine case is given below). Assume that
X’ and X are algebraic over k.

We will use the following two semi-blackboxes about schematic image:

(i) In our setting, the formation of the schematic image commutes with base-change to k, i.e., the
schematic image of X;; — X, is the base-change to k of the schematic image of X’ — X; and
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(ii) If X’ is reduced, the schematic image of f : X" — X is the reduced subscheme of X with underlying

set f(]X"]), the closure of the image of | X'| in | X| (this is a general fact about reduced induced
subscheme structure; see, e.g., Lemma 29.6.7 of the Stacks Project).

Let us give a justification for (i) in the special case where X’ and X are affine. Say f : X' = Spec A’ —
X = SpecA is dual to A — A’. It is easy to see that the schematic image of this map is the closed
subscheme Spec(A/I) C Spec A = X, where [ is the kernel of A — A’. If we base-change to k, the kernel
of ARy k — A’ @ k is simply I ®; k (as k/k is trivially flat), and A @ k/(I ® k) = (A/I) ® k, giving
(i) in this case. This argument can be adapted to the non-affine case, and gives commutativity of schematic
image with respect to flat base-change.

Now from the facts (i) and (ii), it follows that if X is geometrically reduced, then the reduced subscheme Z

of X underlying f(| X'|) is geometrically reduced.

Let us deduce the lemma from this observation. Recall that the orbit a,(G) was defined as follows: we saw
that the image a,(| G|) of | G| under the orbit map g — g -z was open inside its closure | Z |; we then let
a;(G) be the reduced subscheme of X with underlying set a, (| G |): more precisely, this meant that we let Z
be the reduced subscheme of X whose underlying set is | Z |, and a,(G) was defined to be an open subscheme
of Z with underlying set a,(| G|), i.e., a-(G) < Z is an open immersion. The previous paragraph tells us
that Z is geometrically reduced. Since a,(G); < Zi is an open immersion, we get that a,(G)g is reduced,
i.e., a;(G) is geometrically reduced, as desired.

Now that a,(G) is geometrically reduced, it is easy to see using generic flatness and homogeneity, applied
over k and involving a k-point of a,(G)z that belongs to only one irreducible component, that the orbit map
G — a,(G) is flat (since it is flat after base-change to k). Since this map is surjective by definition, it is also
faithfully flat.

Since a,(G) is geometrically reduced, its smooth locus is nonempty. By homogeneity again, it is easy to see
that the smooth locus is all of a,(G), so that it is smooth. The last assertion of the lemma is immediate
since, using an obvious commutative diagram involving the g + ¢ - x and its base-change, we see that
lax(G)|5 = |ax(Gg)| is the preimage of |a,(G)| under | Xj | — | X[, and both a,(G) and a,(Gg) have been
seen to be openly immersed in the reduced closed subscheme (a,(G)); = Zj = a,(Gg) (since schematic
image commutes with base-change). (I

8.2. Statement of existence of quotients for linear algebraic groups.

Theorem 8.2. Let G be a smooth linear algebraic group over k, and H C G a subgroup. Then there exists
a unique H-torsor G — H\ G of schemes over k. It satisfies the following:

(i) H\ G is a smooth algebraic scheme over k, which is quasi-projective.
(ii) G — H\ G is a categorical quotient for the action of H on G by left-multiplication.
(i4i) If K/k is a field evtension, 7 then the obvious map Gxg — (H\G)x induces an isomorphism
Hx\Gg 2 (H\G)k.
(iv) If K/k is a field extension, then G(K) — (H\ G)(K) induces an injection H(K)\ G(K) — (H\ G)(K),
which is a bijection if K is algebraically closed.

Remark 8.3. (i) We have assumed that G is both linear (or equivalently affine) and smooth. A lot
of the theorem continues to be true without this assumption, especially the assertion that H\ G
exists as a categorical quotient of G and that G — H\ G is faithfully flat. However, obviously the
smoothness of H\ G cannot hold if we drop the hypothesis that G is smooth. I have not looked up
whether G — H\ G is a torsor in that kind of generality, though naively I am not able to see why
not.

7Note that we are not assuming K/k to be algebraic.
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(ii) We are not assuming that H is smooth; the smoothness of G is enough to make H\ G smooth. For
instance, we discussed that GL; — 2\ GL; should be the map GL; — GL; given by = +— 22, so
w2\ GL; = GL; is smooth, even though s is not smooth if char k = 2.

(ii) The injection H(K)\ G(K) — (H\ G)(K) as in Theorem 8.2(iv) need not be a surjection when K
is not algebraically closed; e.g., when G = GL; and H = ps, the map G — H\ G can be identified
with the map GL; — GL; given by = ~ 22, which is not surjective if k = K = R or Q or Fy.

The key input into the standard proof of Theorem 8.2 that we will discuss is the following theorem of
Chevalley:

Theorem 8.4 (Chevalley). Let G be a linear algebraic group and H C G a subgroup. Then there exists a
representation G — GL(V), and a line L C V, i.e., H C G is the stabilizer Stabg(L) of the line L C 'V
(defined in the same functorial sense as when we discussed stabilizers: H(R) = Stabg(r)(L ® R) for each
k-algebra R).

We will combine Chevalley’s Theorem 8.4 with:

Proposition 8.5. Let G be a smooth linear algebraic group acting on a smooth variety S, and let v € S(k)
be such that the orbit map g — g -z defines a surjection G(k) — S(k). Let H = Stabg(x). Then the map
q:G — S given by g+— g~ - = is is automatically an H-torsor.

Remark 8.6. I should have instead written this proposition in the following situation: G acting on a variety
X, which is not necessarily smooth, and H is the stabilizer of € X; then one takes S to be a,(G), which
is necessarily smooth, and then the orbit map ¢ : G — S is an H-torsor. If possible, I should make this
modification in a later version.

Proof of Proposition 8.5, with one detail only sketched. q is surjective because ¢(| G [) C | S| is constructible,
so the constructible set | S|\ ¢(| G|), if not empty, would contain an element of S(k).

One can then apply generic flatness to G — Sg, involving a point of Sz that belongs to only one irreducible
component of Sz, and use homogeneity to show that gz is flat, and hence so is g: here, one uses that Sz is
smooth and hence geometrically reduced. Since g is also surjective, it is faithfully flat.

Thus, g — g~ ! -z, being flat and surjective, is faithfully flat. To show that ¢ is an H-torsor, it remains to

show that the map

(a,pry) : Hx G = G x35 G,
given by (h, g) — (hg, g) (which is well-defined since q(hg) = g(h)), is an isomorphism. But this is immediate
from the fact that Stabg(z) = H:

GxsG={(g1,9) | 91,9 € G and q(g91) = ¢(9)} = {(91.9) |€ 91,9 € G and g; 'z = g 'a}

={91,9) 1 91,9 € G and g1g™" € Stabg(2)} = {(hg,9) | g € G,h € H}
(as interpreted at the level of R-points for every k-algebra R). |

Proof of Theorem 8.2, modulo Theorem 8.4. Assume first that we can prove the existence of an H-torsor
g : G — S, such that S is quasi-projective and smooth. Then (i) is automatic, and (ii) will follow since we
showed in Lecture 7 that torsors are categorical quotients. This also gives the uniqueness asserted in the
statement of the theorem. (iii) follows from the fact that torsors base-change well, something we had seen
in Lecture 7.

Now let us prove (iv). That H(K)\ G(K) — (H\ G)(K) is well-defined is immediate from the fact that ¢ is
H-invariant, and its injectivity follows from the fact that for every g € G(K), by the definition of an H-torsor,
the scheme ¢~1(q({g})) equals the trivial Hx-torsor Hx g C Gx (in the lecture probably I only argued this

at the identity element e in place of g). When K = K, that this map H(K)\G(K) — (H\G)(K) is a
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surjection (and hence a bijection) follows from the fact that for each z € (H\ G)(K), ¢~ !(z) is a nonempty
scheme (the nonemptiness following from the fact that g is surjective), and hence has a K-rational point by
the Nullstellensatz, since K = K.

Now let us prove (i). Associate V and L C V to G and H as in Theorem 8.4. Let = € P(V)(k) be the
element represented by L, and let S be the orbit of x under the action of G, i.e., the reduced subscheme of
P(V') whose underlying set is the image of the orbit map G — P(V) given by g — ¢ - z. By Lemma 8.1, S is
smooth and in particular geometrically reduced. Since G is smooth as well, the orbit map G — P(V) factors
as the composite of an inclusion S < P(V') with a faithfully flat map ¢ : G — S.

In particular, ¢ is surjective at the level of k-points. Clearly, Stabg({z}) = H, and S is quasi-projective
(being locally closed in P(V); we had seen in Lecture 6 that orbits of algebraic groups are locally closed and
not merely constructible), as well as smooth as we saw above. Thus, Proposition 8.5 applies, and shows that
q: G — S is an H-torsor. O

Remark 8.7. Though not strictly necessary for the proof of Chevalley’s theorem, 8 it might feel psycholog-
ically helpful to keep in mind that if W is a finite dimensional vector space over k, and U C W is a subspace,
then for a choice of a suitable basis identifying GL(W) with GLqimw, Stabgr,w)(U) consists of matrices in
a block upper triangular form, which if dim W =4 and dim U = 2 can be written as:

* ok ok X
* ok ok X
* X
* X

We will later see that subgroups of GL(W) of the form Stabgr, ) (U) are what are called (maximal) ‘par-
abolic subgroups’, and thus arise as stabilizers of lines spanned by ‘highest weight vectors’ in irreducible
representations Similarly, if L C V is a line as in Chevalley’s theorem, we can describe Stabgr,y)(L) in such
a form, where the blocks are of sizes 1 x 1,1 xn —1,(n—1) x 1 and (n — 1) x (n — 1), respectively.

Proof of Chevalley’s Theorem 8.4. Claim. It is enough to prove that there exists a representation p : G —
GL(W) for some finite dimensional vector space W over k, and a subspace U C W, such that H is the
stabilizer Stabg ,(U) of U C W in G which acts via p.

To prove this claim, let dimp U = r. Let V = A"W, where A" stands for r-th exterior power, and let
L =ANUCANW =YV. Then L is a line, since dim; U = r. Note that if p(g) preserves U C W,
then, letting A™ : GL(W) — GL(A"W) be the r-th exterior power representation of GL(W), we see that
A" o p(g) = A"(p(g)) preserves A"U C A"W, so that H = Stabg ,(U) C Stabg arop(L). This containment
is in fact an equality since the following stronger assertion is a standard fact in linear algebra (see Remark
8.8 for a partial review): given g € GL(W), g preserves U C W if and only if A"g preserves A"U: or
rather more precisely, for any k-algebra R, g € GL(W ® R) preserves U @, R C W ® R if and only if
A"g € GL(AR(W ® R)) = GL((A"W) ®g R) preserves A"U ®; R = AR (U ®; R) C ARL(W @ R).

Now that the claim is proved, it suffices to prove that there exists a representation p : G — GL(W) and a
subspace U C W such that H = Stabg(p). For this, we consider the left-regular representation of G on its
coordinate ring k[G] (note that G being a linear algebraic group is affine).

First we show that, if I C k[G] is the ideal defining the closed subscheme H, then H is the stabilizer of I
for the left-regular representation: i.e., for every k-algebra R, H(R) C G(R) is the stabilizer of R ®; I C
R ®y, k[G] = R[GR] for the left-regular action of G(R) on R[Gg].

8For today, “Chevalley’s theorem” refers to the one stated today, namely, Theorem 8.4.
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Note that R[Hg] = R ®y, k[H] = (R ®y, k[G])/(R ®i I), i.e., Hg is the closed subscheme of G defined by
R®y I. Thus, R®y [ is the ideal of R®y, k[G] = R[G] that vanishes on the closed subscheme Hp C Gg, i.e.,
which vanishes on H(R') C G(R') for every R-algebra R’. !9

Hence, using the identity (g- f)(gg’) = f(¢’) satisfied by the left-regular action with any given g € G(R), the
left-regular action of g on R[G] = R ®, k[G] takes R ®j I to the ideal of R[G] consisting of functions that
vanish on the closed subscheme g Hr C Hg. This means that the left-regular action of g stabilizes R ®y, I if
and only if g Hr = Hp, or equivalently, g € H(R).

This proves the claim that H is indeed the stabilizer of I C k[G] in the left-regular representation. Now let
W C k[G] be any finite dimensional subspace that contains a set of generators for k[G] as a k-algebra, as
well as a set of generators for I as an ideal in k[G]. Since any representation of G is a union of its finite
dimensional subrepresentations as we saw in Lecture 6, and in particular so is k[G] with its left-regular
representation, we may assume without loss of generality that W C k[G] is a subrepresentation. Since W
generates k[G], the obvious map G — GL(W) is faithful. Since U := W N I contains a set of generators for
I, it follows that Stabg(U) = Stabg(I), which we have proved to equal H. This finishes the proof of the
theorem. |

Remark 8.8. Here are some remarks on the proofs of Theorems 8.4 and 8.2.

(i) The standard fact from linear algebra that we skipped is as follows: if M is a free R-module of
finite rank n, and r < n, then for any submodules N, N’ C M each of which is generated by r
elements of some basis for M, AN = A" N’ inside A"M if and only if N = N’. Only the ‘only if’
part is nontrivial, the main idea in whose proof is the fact that N can be recovered from A" N (and
similarly with N’) as follows: we have a bilinear map M x A"M — A" M obtained by restricting
multiplication in the exterior algebra A®* M, and N can be recovered as the annihilator of A" N under
this pairing, as can be seen from choosing a basis e, ..., e, of M of which ey, ..., e, is a basis of N.

(ii) In fact, the assertion of (i) only needs that N and N’ are direct summands of M of rank r, which in
general only implies that N and N’ are projective, not necessarily free. One can reduce this more
general assertion to that of (i) by localization. The significance of this is as follows: if W is a finite
dimensional k-vector space and r < dim W, then the associated Grassmanian Gr(r, W) is given at
the level of functor of points by:

Gr(r, W)(R) = {N C W ® R| N is a direct summand of the R-module W ®;, R of rank r},

and the direct summands N C W ®; R in general only need to be projective, not necessarily free.
Thus, this slightly more general form of the assertion of (i) is part of the assertion that the Pliicker
description of the Grassmanian is an embedding.

(iii) In fact, as Poonen’s notes by Niven Achenjang point out, the reduction step in the proof from U to
L, involving the exterior r-th power representation A", was not really necessary: one could directly
work with the Grassmanian Gr(r, W) in place of P(V).

Proposition 8.9. Let G be a linear algebraic group and H C G a subgroup. Then dim(H\ G) = dim G — dim H.

Idea of the proof. Since G — H\ G is dominant, ‘generically’ the fibers of G — H\ G have dimension equal to
dim G —dim(H \ G). This suffices since all fibers are H-torsors and hence have dimension equal to dimH. [

Remark 8.10. In Theorem 8.4, we required H to be the scheme theoretic stabilizer of L C V. In the
treatment in the books of Borel or Springer, the requirement is that H(k) is the stabilizer in G(k) of
L ®yk CV ®y k, and that Lie H(k) is the stabilizer in Lie G(k) of L ®j, k. The scheme theoretic condition
we impose is stronger, since the Lie algebra condition follows by considering the k-algebra R = k[e] (with
€2 = 0 as in Lecture 5). However, in the situation of Borel and Springer, H is smooth, so the condition they

For the nontrivial direction, if f € R[G] has nontrivial image in (R ®j k[G])/(R ® I), then it does not vanish on the
element of H(R[G]/(R ®, I)) given by the identity homomorphism from R[G]/(R ®y, I) to itself.
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impose is equivalent: if I understand it right, their tangent space condition cuts down the tangent space of
the scheme theoretic stabilizer so as to have the same dimension as the scheme theoretic stabilizer, forcing
it to be smooth just as H is in their situation, and hence to equal H since the two match at the level of
k-points.

8.3. Some examples of quotients.

Remark 8.11. (i) In practice, to construct concrete examples of H\ G with G a smooth linear algebraic

group, I don’t know if one ever uses the regular representation. It is enough to construct an action
of G on an S as in Proposition 8.5, i.e., with S a smooth variety, such that H = Stabg(z) for some
x € S(k), and such that the orbit map g — g-x is a surjection G — S (something that can be checked
at the level of k-points). Then (with the assumption that G is smooth) Proposition 8.5, together
with some remarks from the proof of Theorem 8.2, tells us that g ++ g~! - = defines an isomorphism
H\G —S.

In practice, such an S will often be an orbit of G on a vector space V' or the corresponding projective
space P(V), or the image of G under a homomorphism G — H of algebraic groups. Since G is
smooth, it is automatic that such an S is smooth. In practice there will often be another candidate
description S’ for this orbit, and we would like to prove S’ = S, so that we can describe H\ G as a
known object S’. Typically, this will be done as follows: we will know or prove that S’ is smooth and
hence geometrically reduced like S, and simply observe that S(k) = S'(k) inside V @y, k or P(V)(k).

Now let us discuss some examples of quotients H \ G, following the approach described in Remark 8.11.

Example 8.12. (i) Let G = GL(W), where W is a finite dimensional vector space over k. Let H =

Stabg (U), where U C W is a subspace with dim U = r < oo; thus, the shape of H is as in Remark
8.7. Then the construction of H\ G is present in the proof of Theorem 8.2: H is the stabilizer of the
element © € P(A"W) represented by the line A" U. Thus, let S be the orbit of G through x (which as
we have seen above is smooth since G is). In fact, in our situation S is simply the Pliicker-embedded
S’ := Gr(r, W) inside P(A"W): we know that S’ is smooth, and it is immediate that S(k) = S'(k) is
simply the set of all 7-dimensional subspaces of W ®, k. Thus, in this simple but important case we
have H\ G = Stabgp,w)(U)\ GL(W) = Gr(r, W), with r = dim W.

Let G = GL(W), where W is a finite dimensional vector space over k. Choosing an ordered basis
€l,...,en, for W, identify GL(W) with GL,. Let B C G be the subgroup of upper triangular
matrices, clearly a closed subgroup scheme of G. We let S’ := F be the variety of complete flags in
V: in terms of functor of points,

(26) F(R)={0CcWV C---CV,=V®;R| each V; CV ®; R is a direct R-module summand of rank 7}

(iii)

(again, for a general R the V; are only projective modules, not free). One knows that S’ = F is
a projective variety and is smooth; the rough idea in showing that F is projective is to note that
sending a flag as in (26) to (V1,...,V,) maps F to Gr(1, W) x - -- x Gr(n, W), where n = dim W; one
then needs to show that the condition “V; C V;4;” is a closed condition in Gr(i, W) x Gr(i + 1, W).
Now note that B C G is the stabilizer of = € S'(k), defined by the standard flag:
(e1) C (e1,e9) C -+~ C {e1,...,€n).

Moreover, the (smooth) orbit S of x under G is all of S’ = F, since it is immediate that S(k) = S'(k)
is simply the set of all complete flags in V ®;, k. Thus, in this simple but important case, B\ G = F,
which is again projective.

Let G = SLs, and let H C G be the subgroup of upper triangular matrices. Consider the standard
action of SLy on A?, and let z = (1,0) € k? = A%(k) be the standard basis element. It is easy to
check that H = Stabg (), and that the orbit S = G+(1,0) equals S’ = A%\ {(0,0)} (interpreted in a
scheme theoretic sense). Thus, in this case H\ G is quasi-affine, but not affine.

Example 8.12(iii) is a special case of the following;:
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Lemma 8.13. Let G be a smooth linear algebraic group over k, and H C G a subgroup with the property
that the group Hom(H,G,,) of algebraic group homomorphisms from H to G,, (these homomorphisms are
called characters, and form a group since G, is commutative) is trivial. Then H\ G is quasi-affine.

Proof. Choose a representation G — GL(V') and a line L C V with Stabg (L) = H, as in Chevalley’s theorem.
Since H preserves L, it acts on L by a character x : H — G,,. 2 Since Hom(H, G,,) is trivial, we conclude
that H = Stabg(v), for any fixed nonzero v € L. We take S C V to be the orbit under G of v. We know
that S is smooth and open in its closure inside V'; since this closure is affine, S is quasi-affine. Now it is easy
to see from Proposition 8.5 that g ++ g~! - x defines an isomorphism H\ G — S. ]

Later we will see that if H is a unipotent group or a semisimple group, the condition that Hom(H, G,,) is
trivial is satisfied, so that H\ G is quasi-affine. In fact, one can show that if H is semisimple, then H\ G is
affine; this property (that H\ G is affine) is satisfied whenever H belongs to a more general class of groups
called reductive groups that contains all semisimple groups (but no nontrivial unipotent group is reductive).

Example 8.14. Now let us continue with more examples along the lines of Example 8.12.

(i) Let V be a finite dimensional vector space over k, and let V. = V3 @ --- @ V; be a direct sum
decomposition. Then H = GL(V}) x --- x GL(Vy) sits inside G = GL(V) as a subgroup, with
(91, --,94) acting on each V; by g;. We claim that H\ G = GL(V}) x - - x GL(V4)\ GL(V) is affine.
Affineness can be checked after base-changing to any field extension, so we may and do assume that
k> has at least d distinct elements aq,...,aq.

Let z € GL(V) be the element that acts on each V; by the scalar a;. It is easy to see that H
is the centralizer of x, or in other words, the stabilizer of x € GL(V') for the conjugation action of
GL(V). Let S be the orbit GL(V) - z of z under the conjugation action, so S is smooth. We claim
that it is closed in GL(V). Indeed, let S C GL(V) be the closed subscheme consisting of elements
g with the property that [J(g — a; - Id) = 0 (i.e., satisfying the minimal polynomial of x), and such
that the characteristic polynomial of g equals that of 2 (to make sense of S’, we use that the map
GL(V) — AYmV sending a matrix to the non-leading coefficients of its characteristic polynomial is
a regular morphism). Clearly, z € S'(k), and S’ is stable under the action of GL(V) (true at the level
of R-points for every k-algebra R). Further, it is easy to see that S(k) = S’(k). This is not sufficient
to see that S = S’ (I haven’t tried working this out), but at least this shows that S C GL(V) is the
reduced subscheme with the same underlying set as the closed subscheme S, and is hence closed in
GL(V). Thus, S is affine.

(ii) Let V be a finite dimensional vector space over k equipped with a nondegenerate symmetric bilinear
form B, where we assume for simplicity that char k # 2. Let V = W & L be a direct sum decomposi-
tion with L a line, and assume that both L and W are nondegenerate and orthogonal to each other
under B. Let v € L, so that a := B(v,v) # 0. Then G = SO(V, B) acts on L, and the stabilizer of
v equals H := SO(W, B), where B also denotes its restriction to W. Let S be the orbit of G in v,
which we know to be smooth, and let S’ C V be the closed and hence affine subscheme defined by the
equation B(v',v’) = a. It is easy to see from Witt’s theorem that S(k) = S'(k). Since char k # 2, the
tangent space of S" at any k-point v’ can be identified with the kernel of B(v', —) (if B(v',v") = a,
then B(v' 4 ew, v’ + ew) = a if and only if 2B(v/,w) = 0), and hence has the correct dimension, so
that S’ is smooth. Thus, S' = S. Thus, we conclude that H\ G = SO(W, B)\ SO(V, B) is isomorphic
to the affine subscheme of V' defined by the equation B(v',v') = a.

We will give some more examples in the next subsection.

20For each k-algebra R and h € H(R), there exists a scalar x(h) € R such that p(h)|Lg, r is multiplication by x(h); it is
easy to see that x(h) takes values in R*, and then that h — x(h) defines a homomorphism H — Gy,
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8.4. H\ G when H is a normal subgroup of G. In this subsection, we sketch proofs for the assertions
that if H is a normal subgroup of the smooth linear algebraic group G over k, H\ G is not only a group but
also affine as a scheme over k.

Proposition 8.15. Let G be a smooth linear algebraic group, and assume that H C G is a normal sub-
group. Then there is a unique structure of an algebraic group on H\ G such that G — H\ G is a group
homomorphism. Further, given any homomorphism ¢ : G — G’ of algebraic groups whose kernel contains H,
the obvious factored map H\ G — G’ (more precisely, the one obtained by applying the universal property of
G — H\ G to the orbit of G through the identity element of G' for the action via ) is a group homomorphism
for this group structure on H\ G.

Once we prove Prooposition 8.15, we will consider H\ G as a linear algebraic group as in the proposition
whenever H is a normal subgroup of the smooth linear algebraic group G.

Theorem 8.16. Let G be a smooth linear algebraic group, and assume that H C G is a normal subgroup.
Then H\ G is affine, so that by Proposition 8.15, it is an affine and hence linear algebraic group.

We will sketch a proof of Theorem 8.16 after sketching a proof for Proposition 8.15, and then making some
preparations.

Sketch of the proof of Proposition 8.15. (Warning: I am not able to say if I am somehow being ridiculous or
not). The uniqueness is an easy consequence of the faithful flatness of G — H\ G. Since H is normal, it is
immediate that the map G — G, given by g — ¢!, is invariant under left-multiplication by H, and hence
induces a map H\ G — H\ G. It suffices to show that the multiplication map G x G — G, when composed
with G — H\ G, factors thorough (H\ G) x (H\ G): then the verification of the ‘group axioms’ and the latter
assertion of the proposition is more or less formal. It is easy to see that this composite is left-invariant under
multiplication by H x H, so it suffices to show that the map (Hx H)\(G x G) — (H\ G) x (H\ G), which is
obtained by factoring G x G — (H\ G) x (H\ G) using its left H x H-invariance and is clearly dominant, is
an isomorphism. This follows from the fact that if X; — Y; is an Hy-torsor and X5 — Y5 is an Hs-torsor,
then X; x Xo — Y1 X Yo is an H; x Ha-torsor, since:

(Xl X Xg)XYl X Yo (X1 X Xg) = (Xl Xy, Xl)X(Xg XY, Xg) = (H1 X Xl)X(H2 X X2) = (H1 X HQ)X(Xl X X2)
]

The following proposition reduces the proof of Theorem 8.16 to proving that any normal subgroup of G
arises as the kernel of a homomorphism:

Proposition 8.17. Let G be a smooth linear algebraic group, and assume that H C G is the kernel of a
homomorphism ¢ : G — G', where G’ is a linear algebraic group. Then the homomorphism ¢ : H\ G — G’
through which ¢ factors (see Proposition 8.15) has trivial kernel and is hence a closed immersion, so that
the algebraic group H\ G is affine.

Proof. Note that ker(@) is trivial: this follows from the fact that a construction of H\ G as in the proof of
Theorem 8.2 could have been done with the action of G on G’ via ¢ (this does not need G’ to be smooth),
and considering the orbit of the identity element of G’. Here, we used that the stabilizer in G of the identity
element of G equals ker ¢ = H. Since H\ G is smooth, it follows that ¢ is a closed immersion of H\ G into
the affine scheme G’. Therefore, H\ G is affine, as desired. ]

Let us now use this to produce two more examples continuing with the series of Examples 8.12 and 8.14;
but before that we define PGL,,:

Definition 8.18. If V is a finite dimensional vector space over k, we let PGL(V') denote the quotient GL(V)
by Z, where Z is the center of GL(V'), which may be verified to be the subgroup of scalar matrices in GL(V).
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Example 8.19. (i) Let us show that PGL(V) is affine:

o GL(V) has an adjoint representation, which we saw is the representation GL(V) — GL(End(V))
given by g+ (T + goT og~!). It is easy to see that the kernel of this representation is simply
the center Z of GL(V). Thus, by Proposition 8.17, GL(V) — GL(End(V)) factors through
a closed immersion PGL(V) — GL(End(V)), showing that PGL(V) is affine. Note that in
this approach, the affineness is essentially proved using Chevalley’s constructibility result and
homogeneity; no equations defining PGL(V') have been exhibited, nor a description of what it
is at the level of functor of points. 2!

e Instead of the adjoint representation, to study PGL(V) just as a variety, one can as well look at
the left-multiplication action of GL(V') on End(V), or rather the resulting action on PEnd(V).
Let x € PEnd(V) be the image of the identity element of GL(V). Then Z := Stabgy () is
the center of GL(V'), so that the image S := GL(V) - « in PEnd (V) identifies with PGL(V) as
a scheme. However, letting S C PEnd(V) be the open and hence smooth complement of the
hypersurface defined by the homogeneous polynomial det = 0, it is easy to see that S(k) = S'(k).
As in Remark 8.11, it follows that S = S’. Thus, PGL(V) identifies with the complement of a
smooth hypersurface in PEnd(V'), which is another way to think of why PGL(V) is affine. This
approach gives us a system of equations realizing PGL(V'), though I haven’t thought about how
to describe the group operations on PGL(V') from this perspective.

e Along the lines of the Skolem-Noether theorem, there could be an approach to realizing PGL(V)
as a group scheme of automorphisms of End(V') viewed as a k-algebra. This perspective, if it
works out, would give us ‘in principle’ a system of equations and what can be argued to be a
functor of points description.

(ii) Now we discuss an example that will be relevant to us in the proof of Theorem 8.16. Let V =

Vi@ @V, be a direct sum decomposition of a finite dimensional vector space V over k. Thus, we
have a subspace
W :=End(V4) @ --- ®End(V,,) C End(V)

which is proper in general; it consists of ‘block diagonal matrices’. Let G’ C GL(V) be the normalizer
of W C End(V): informally, it is the subgroup of GL(V) that ‘permutes the V;’. Let H C G be
the subgroup comnsisting of linear transformations that act by a scalar on each V;: thus, H is a
product of copies of G,,, one corresponding to each . Then the adjoint representation GL(V) —
GL(End(V)) restricts to a homomorphism G’ — GL(W), and it is easy to see that the kernel of
this homomorphism, which is precisely the centralizer of W in End(V), is H'. Therefore, we get a
homomorphism H'\ G" — GL(W), which by Proposition 8.17 is a closed immersion, so that H"\ G’
is affine.

Now we prove Theorem 8.16.

Proof of Theorem 8.16. We first describe the strategy. A special case H' \ G’ has been worked out in Example
8.19(ii) above. The idea is to relate H\ G to such a H'\ G’. In other words, it suffices to find a representation
p: G — GL(V), and a vector space decomposition V =V; @ --- @ V,,, such that p(G) lies in the normalizer
G of W :=End(V}) @ --- ® End(V,,) C End(V), and such that H is precisely the set of elements of G that
act by a scalar on each V;: for, this will give homomorphisms H\ G — H'\ G’ — GL(W) with trivial kernel,
so that H\ G is affine by Proposition 8.17.

To work out the details, since affineness can be checked after base-changing to k, we assume without loss of
generality that k = k. I don’t like this, but for now I am not able to figure out how to prove Claim 2 below
without base-changing to k.

Choose p: G — GL(V) and a line L C V with Stabg (L) = H, as in Chevalley’s theorem.

2lIf K is a field, one can show using Hilbert’s theorem 90 that the map Z(K)\ GL(V)(K) — PGL(V)(K) is a bijection,

where Z is the center of GL(V). But this is not true if K is replaced by a general ring R.
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Thus, we have L C @X Vy, where for x belonging to the group Hom(H, G,,) of characters of H, we set:
Vy ={v €V |V k-algebras R and h € H(R), h - v = x(h)v}.

Claim 1. The V, are linearly independent, i.e., }>° cyom,c,.) Vx = @ 16, Vi C V-

x€Hom(

For this, we first prove that the elements of Hom(H, G,,) C k[H] are linearly independent in k[H]; this is a
kind of ‘linear independence of characters’. If they are not, it is easy to see that we can choose a linearly
independent subset {x1,...,xn} C Hom(H,G,,) with n > 2, and nonzero scalars ¢y, ..., ¢, € k, such that
Xo = Y.¢xi belongs to Hom(H,G,,). It is easy to see that under the comultiplication m* : k[H] —
k[H] ®y k[H], each x € Hom(H, G,;,) maps to x ® x. Therefore, inside k[H] ® k[H] we get an identity:

ZCiCin ®X; = Xo® Xo = Z CiXi @ Xi-
4,J i
Since the y; are linearly independent, it follows that there exists at most one ¢ such that ¢; # 0, a contradiction
since n > 2.

Now to finish the proof of Claim 1, we assume given a relation of linear dependence ). a;v; = 0, where
v; € Vy, fori=1,...,n, each a; € k nonzero, and X1, ..., xn pairwise distinct. Then either multiplying by
huniv € H(k[H]), or using comodules, it is easy to see that we get an equality:

> ai(vi @ x;) =0 €V @ k[H].

i=1
This is a contradiction since x1,..., X, are linearly independent.

Since V' is finite dimensional, let Vi,...,V,, C V be the distinct subspaces of the form V,, as x ranges over
Hom(H, G,,). Let V; =V,,.

Claim 2. (Since G normalizes H,) G permutes {V1,...,V,}: more precisely, G stabilizes V1 & ---®V,, C V,
and the restricted action of G normalizes End(V4) @ --- @ End(V;,) C End(V1 @ --- ® V,,).

Let us prove this claim. Since we proved the representability of stabilizers, it is easy to see that the subfunctor
of R — G(R) that satisfies the two given conditions is representable by a closed subgroup scheme of G (once
we cut down to the stabilizer of V1 @- - -@®V,,, consider the action of this subgroup scheme on End(V; ®- - -@V,,).
We wish to show that this subscheme is all of G. Since G is reduced, it suffices to show that it ‘contains’

G(k), which we recall is G(k). But this follows from the fact that conjugation by G(k) acts as automorphisms
of the group scheme H, since H C G is normal, and hence permutes the V.

Now we may replace V' by the V; & --- @& V,,, which is a subrepresentation by Claim 2, since L is contained
in one of the V;. This also shows that H, which acts on each V; by x;, is precisely the subgroup of G that
acts on each V; by scalars. Now we are done by the strategy described at the beginning of the proof. (Il

8.5. ‘Group theory’ and ‘the isomorphism theorems’. In this subsection, we will study constructions
like ‘semidirect product’, and algebraic group theoretic versions of standard abstract group theoretic iso-
morphism theorems. However, we will only state these theorems, and skip their proofs. Basically, I will
copy these statements from Milne’s book; I haven’t read the proofs in detail. These theorems will be very
useful in dealing with the structure of solvable groups, etc. Some of these theorems generalize or strengthen
theorems we have already proved, one aspect of this strengthening being that they do not require G to be
smooth.

Theorem 8.20 (Homomorphism theorem). Any homomorphism G — H of linear algebraic groups factors,

i an appropriately unique manner, as a composite G 515 H, where q 1s faithfully flat (in particular
surjective) and i is a closed immersion.



66

Remark 8.21. (i) The above theorem is not hard to assemble from what we have proved, if G is
smooth. But of course, the theorem does not assume that G is smooth.

(ii) The theorem lets us define the image of a homomorphism G — H of linear algebraic groups: it is
the closed subgroupscheme of H with which the closed immersion ¢ identifies I.

(iii) The above factorization has an easy description in terms of coordinate rings. If G = Spec B and
H = Spec A, and G — H corresponds to a homomorphism A — B of Hopf algebras, then this
homomorphism factors as A — A/J — B for some ideal J C A. Moreover, A/J is a sub-Hopf-
algebra of B, since A — B is a homomorphism of Hopf algebras. In fact, Spec(4/J) C Spec A is
the schematic image of G = Spec B — Spec A = H, namely the smallest closed subscheme through
which it factors. Thus, one takes I = Spec(A/J) with the group scheme structure coming from the
Hopf algebra structure on A/J. But it needs to be shown that A/J < B is faithfully flat, i.e., every
inclusion of Hopf algebras is faithfully flat, which is not at all obvious.

Now we define semidirect products:

Definition 8.22. (i) If H,N C G are algebraic subgroups with N normal in G, we say that G is a
semidirect product of N and H if for all k-algebras R, G(R) is a semidirect product of its subgroups
H(R) and N(R). In this case we write G = N x H.

(ii) If H and N are algebraic groups and H acts on N by automorphisms of N as an algebraic group, we
define an algebraic group N x H as follows. The underlying scheme of N x H is the product N x H.
For each k-algebra R, the set (N x H)(R), which equals N(R) x H(R), identifies as a set with the
abstract group N(R) x H(R) obtained using the group action of H(R) on N(R), and thus gets a
group structure, functorially in k.

(iii) If H,N C G are algebraic groups with H normalizing N, we can form N x H. There is a group
homomorphism N xH — G that has the obvious interpretation at the level of R-points for each
k-algebra R. We define HN C G to be the image of this group homomorphism.

Theorem 8.23 (Isomorphism theorem). Let G be a linear algebraic group, and let HHN C G be subgroups
such that H normalizes N. Then HNN is a normal subgroup of H, and HONN\H — N\ HN is an isomor-
phism.

As suggested by this theorem, when N is normal in G one can give an alternate definition of the closed
subgroup scheme HN < G as a fiber product of G — N\ G and HNN\H — N\ G (this realizes it as a
closed immersion too, being a base-change of HONN\ H — N\ G):

HJ/N T
HAN\HC—>N\G

Theorem 8.24 (Correspondence theorem). Let G be a linear algebraic group, and let N C G be a normal
subgroup. Then H — (N\H) C (N\ G) is a one-one correspondence between the set of algebraic subgroups
of G containing N and the set of algebraic subgroups of N\ G. An algebraic subgroup H of G containing N
is normal if and only if N\ H is normal in N\ G, in which case the map:

H\G — (N\H)\(N\G)
s an isomorphism.
8.6. Some considerations related to the above theorems, flat sheaves etc. Warning: all of this

subsection is informal and vague, I am talking about things that I don’t really know about, but still seem
helpful to keep in mind.
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The ‘isomorphism theorems’ etc. would all be trivial if we could just replace the (H\ G)(R) with the
H(R)\ G(R). In general, given the H(R) and the G(R), we get H(R)\ G(R), but how can we describe
(H\ G)(R) at least in a weak sense?

In Remark 8.3(iii), we saw that the map H(K)\ G(K) — (H\ G)(K), where K/k is a field extension, is not
bijective in general, though it is when K = K. When K is perfect, (H\ G)(K) can be recovered as the set
of Gal(K/K)-fixed elements in (H\ G)(K) = H(K)\ G(K). The reason why H(K)\ G(K) — (H\ G)(K) is
not a surjection is that it is easier to be Galois invariant modulo H than to be Galois invariant in itself.

Thus, using Galois, we have some handle on (H\ G)(K) using G(K) and the H(K). What about (H\ G)(R)
for a k-algebra R? Here is something one knows:

e Although H(R)\ G(R) — (H\ G)(R) is not surjective, given any element z € (H\ G)(R), there exists
a faithfully flat R-algebra R’ such that the image of  under (H\ G)(R) — (H\ G)(R’) (which is an
inclusion) lies in the image of H(R')\ G(R') — (H\ G)(R').

e Given a faithfully flat R-algebra R/, there is no Galois group to detect when an element of (H\ G)(R’)
belongs to the image of (H\ G)(R) — (H\ G)(R'). But analogous to the usual isomorphism “L ®j
L= HoeGal(L/k) L”, we have an exact sequence:

rsr’ @1
(27) (H\G)(R) = (H\G)(R) "% (H\C)(R ©r R,
identifying (H\ G)(R) with those elements of (H\ G)(R’) that map to the same element of (H\ G)(R'®g
R’) under the maps (H\ G)(R') — (H\ G)(R' ®g R’) induced by ' — " @ 1 and ' — 1 ® 1/, re-
spectively.

More generally, for any algebraic scheme Y over k, the functor R — Y(R) satisfies the following two
properties:

(i) Y(Ry X+ X Rp) =Y(Ry) x -+ x Y(Ry); and
(ii) We have an exact sequence analogous to (27) with (H\ G) replaced by Y:

Y(R) = Y(R) =7 Y(R ®@rR).
r—1Qr!
Definition 8.25. Any functor F : {f.g. k-algebras} ~» Sets such that (i) and (ii) above are satisfied with Y
replaced by F' is called a flat sheaf on the category of finitely generated k-algebras.

Thus, the (slightly more than) Yoneda embedding
{Algebraic schemes/k} ~» {Presheaves on f.g. k-algebras}
factors as

{Algebraic schemes/k} ~~ {Flat sheaves on f.g. k-algebras} ~» {Presheaves on f.g. k-algebras}.

In other words, any representable functor has to be a flat sheaf, and not merely a presheaf. It so turns out,
and is easy to make sense of as an exercise, that R — H(R)\ G(R) is not representable, because it is only a
presheaf and not a flat sheaf. The notion of sheafification applies in this setting as well, and let us talk of the
‘flat sheaf associated to a presheaf’. Any map from a presheaf to a flat sheaf factors through the associated
presheaf, something that is particularly suited to categorical quotients.

It so turns out that R — (H\G)(R) is simply the flat sheaf associated to the ‘naive quotient’ presheaf
R — H(R)\ G(R). Thus, one could ask if one can prove the isomorphism theorems at the level of presheaves
(or the “naive quotients”), and then sheafify it. This seems to be along the lines of what Milne’s book is
doing, though I haven’t read this part of the book carefully.



68

9. LECTURE 9 — JORDAN DECOMPOSITION AND TANNAKIAN RECONSTRUCTION

9.1. Review of Jordan decompostion for GL(V) and Endy (V). Let us begin recalling an elementary
lemma:

Lemma 9.1. Let V be a finite dimensional vector space over k. Let g € GL(V) (k). Assume that k is perfect.

(i) Let g € GL(V)(k) = GLx(V). Then there exist unique gs, g, € GL(V)(k) such that gs is semisimple
(i.e., diagonalizable over k), g, is unipotent (i.e., g, — Id € Endg (V) is nilpotent), and g = gsg, =
Gugs- Moreover, gs, gu € k[g] = {p(9) | p € k[z]} C Endx(V).

(i) Let a € Endg(V). Then there exist unique as,an, € Endg(V) such that as is semisimple, a, is

nilpotent, a = as + ap, and asa, = anas. Moreover, as,a, € kla] = {p(a) | p € k[z]} C Endg(V).

Proof. This lemma is standard: see, e.g., Proposition 2.4.4 and Corollary 2.4.5 of Springer’s book, or Section
4.2 of Borel’s book. However, we will give a proof of (i) just to exercise the following perspective; the proof
of (ii) is similar (I am just trying this out, and it may not be elegant. Skip it if you don’t like it; but I am
adding more explanation and not less, since I felt not everyone was happy with the amount of explanation).

Let R = k[g] C Endg(V). R is finite dimensional over k and hence an Artin ring, and therefore can be
written as Hi R;, with each R; an Artin local k-algebra. Let K; be the residue field of R;, so that the kernel
of R =], R; — []; K is the nilradical of R. Note that:

e g is unipotent if and only if g — 1 € k[g] = R is nilpotent, or equivalently g maps to 1 € [], K;.

e g is semisimple if and only if R = k[g] is an étale k-algebra: this follows from the fact that R = k[g]
is isomorphic to k[z]/(p(x)), where p is the minimal polynomial of g, so that g is semisimple if and
only if p is multiplicity-free, i.e., separable.

It could be helpful to note that, since R = k[g] = k[z]/(p(x)), the eigenvalues of g are simply the images of

g under the elements of Homy_ 14 (R, k) = Homy_aig([]; K, k).

Let K/ C R; be the maximal subring which is a separable field extension over k. Then it is easy to see that
[L; K] C R is its maximal étale subalgebra, so that g is semisimple if and only if K] = R; for each i. Clearly,
1, K! injects into [, K;, and the situation (except for the existence of s below) can be summarized as:

(28) Hz K—— Hz R; == R == k[g]“—— Endy(V)

N

Hi K;

Regardless of what g is, noting the perfectness of k, we claim that the diagonal map of the above diagram,
1, K] — T, K, is an isomorphism. The analogue of this over k is clear, since the analogues of K; and K]
over k are each k. Thus, it suffices to show that the map []; K; — [[; K| base-changes to its analogue over
k. This is because the notion of a maximal étale subalgebra base-changes well to k as we saw in Lecture 4
(ie., (I[; K;) @k k is the maximal étale k-subalgebra of R ®, k), while, nontrivially using that k is perfect,
each K; base-changes to a product of copies of k.

This proves the claim that [[, K; — [[, K is an isomorphism, justifying the existence of the s in the (28).
Now, given the description of the notions of semisimple and unipotent above, it is easy to see that

gs = s(m(g)) € HRi = R=k[g] CEndi(V), and g, =g-s(r(g)"",

which are polynomials in g (they belong to k[g]) and hence commute with each other, are respectively
semisimple and unipotent (g5 is contained in an étale subalgebra of Endg(V'), and g, — Id is nilpotent).
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The uniqueness is proved as usual: if g = gLg,, = g.,¢% with g% semisimple and g/, unipotent, then since gs, g,
belong to k[g] and hence commute with anything that g commutes with, one can check that g;1¢. = g.(g,) !
is both semisimple (an algebra generated by commuting étale k-algebras being an étale k-algebra) and
unipotent (eigenvalues), and hence equal to the identity element. O

Remark 9.2. In the situation of the above lemma, if £ is imperfect, such decompositions g = ¢s¢g,, and
a = as + a, as in the lemma may exist only in a purely inseparable extension, but any such decomposition
is unique if it exists, since the uniqueness can be checked over k. The point where the proof breaks down if
k is imperfect, is that K < K as in that proof may not be an isomorphism.

Definition 9.3. Let V' be a finite dimensional vector space over a perfect field k. If ¢ € GL(V)(k), we
will denote by ¢g; € GL(V)(k) and g, € GL(V)(k) the unique elements such that gs is semisimple, g, is
unipotent, and g = gsg, = gugs- When k is not necessarily perfect, we will be open to using this notation
when such g, and g, exist.

9.2. Jordan decomposition for a linear algebraic group.

Theorem 9.4. Let G be a linear algebraic group over a (not necessarily perfect) field k, and let g € G(k).
The following are equivalent:

(i) For some faithful finite dimensional representation p: G — GL(V), p(g) € GL(V)(k) is semisimple
(resp., unipotent);
(ii) For every finite dimensional representation p : G — GL(V), p(g) is semisimple (resp., unipotent);
(iii) For every (possibly infinite dimensional) representation p: G — GL(V), p(g) € GLy(V) restricts to
a semisimple (resp., unipotent) element in every finite dimensional subrepresentation of p.

We will prove this theorem later in this subsection. For Definition 9.5 and Theorem 9.6 below, we assume
that Theorem 9.4 has been proved.

Definition 9.5. (Assuming Theorem 9.4) Let G be a linear algebraic group over a field &, and let g € G(k).
We say that g € G(k) is semisimple (resp., unipotent) if ¢ satisfies the equivalent conditions of Theorem 9.4.

Theorem 9.6. Let g € G(k), where G is a linear algebraic group over a perfect field k. Then there exist
unique gs, gu € G(k) with g5 semisimple, g, unipotent and such that g = gsgu = gugs-

Definition 9.7. If g € G(k) where G is a linear algebraic group over a perfect field k, we will denote by g
and g, the elements as in Theorem 9.6, refer to the decomposition g = gsg, as the Jordan decomposition of
g, and to g and g, respectively as the semisimple and unipotent parts of g.

Corollary 9.8. Let ¢ : G — H be a homomorphism of linear algebraic groups over a perfect field k, and let
g € G(k). Then ¢(gs) = ¢(9)s and ©(gu) = #(9)u-

Proof, assuming Theorems 9.4 and 9.6. If H= GL(V), this follows from the definition (which assumes The-
orem 9.4). The general case easily follows from composing with a faithful representation H — GL(V). O

Proof of Theorem 9.4. Isolating the nontrivial implication. Since every representation is a union of finite
dimensional subrepresentations (as we saw in Lecture 6), it is easy to see that (ii) and (iii) are equivalent.
Since (ii) trivially implies (i), it suffices to prove the implication (i) = (ii). Thus, fix a faithful represen-
tation p : G — GL(V)) such that p(g) is semisimple (resp., unipotent), and let us prove that for any finite
dimensional representation p’ of G, p’(g) is semisimple (resp., unipotent).

Observations about functorial and tensor compatibility.

(a) If V — W is a surjection or W — V is an injection, if gy € GL(V')(k) is semisimple (resp., unipotent),
and if gy induces an automorphism gy of W, then gy € GL(W)(k) is semisimple (resp., unipotent)
— this follows from the fact that in either case, k[gy] has k[gw] as a factor.
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(b) If g € GL(V)(k) is semisimple (resp., unipotent), then ‘g € GL(V")(k) is also semisimple (resp.,
unipotent), where V'V = Homy (V, k) is the dual of V and (‘g -v")(v) := v¥(g - v): this follows from
the fact that k[g] and k[?g] are isomorphic, e.g., because g and ‘g have the same minimal polynomial.

(c) If g; € GL(V;)(k) is semisimple (resp., unipotent) for i = 1,2, then g1 ® g2 € Endy (V1) @, Endy (V) =
Endj (V1 ®g V2) is semisimple (resp., unipotent): this follows from the fact that k[g1 ® g2 is a
homomorphic image of k[g1] ®p k[ga]-

Reduction to a statement about representations. By these observations (a), (b) and (c), it suffices to show:
Every finite dimensional representation p’ of G is contained in a homomorphic image of a

(29) representation of the form @p@’” ® (p¥)*.

Here, (pV,VV) refers to the contragredient of (p, V). In other words, for every k-algebra R and g € G(R),
pV(g) € GL(VY @, R) = GLg(Vy) is given by p(g)~1, ie., “g-v¥ =vo (¢! —)".

Since this assertion (i.e., (29)) is interesting in its own right, we transfer its proof to Proposition 9.9 below.
Modulo Proposition 9.9, we have completed the proof of Theorem 9.4. |

Proposition 9.9. If . : G < GL(V) is a faithful representation of a linear algebraic group G over k, then
every finite dimensional representation p of G is contained in a homomorphic image of a representation of
the form @, (¥ @ (4¥)%.

Proof. Step 1. Bringing in the regular representation. We claim that every finite dimensional representation
(p, W) of G is contained in a direct sum of copies of k[G].

First we explain the rough idea. If we map W to the space Fun(G,W) of functions from G to W by
vi= (g — g-w), then hv — (g — (gh) - w), so this map W — Fun(G, W) can be made intertwining if we
make G act on Fun(G, W) right-regularly. Note that this latter action of G is insensitive to W, so Fun(G, W)
is a direct sum of copies of the right-regular representation of G. Since Fun(G, W) & W ®, Fun(G, k), to
make this idea precise, we could look for a map W — W — this is the ‘comodule perspective’.

The way I have worked this out is ugly, and there should be a much more elegant way (and the classical
‘comodule’ way should be better). Please let me know if you find any errors here. Letting A = k[G], we
recall the map W — W ®y, k[G] = W4 from Lecture 6, which is the composite bottom row of the second
diagram below:

w—g-w

g € Hom(A, R) —— G(R) We W We '
go—T TG(Q) idw @gT Tidw %9
Guniv = id € HOHI(A, A) = G(A) Wwc Wa W Guniv "W W

From this diagram it is not hard to check that for all k-algebras R, g € G(R) and w € Wg, if w — >, w; ® a;
under (W — Wa) ®; R, then we have g - w = >, w; - a;(g) € Wg, where a;(9) € R is the value of
a; € k[G] C R[GR] at g € G(R), which is also the image g(a;) of a; under g : A — R (first consider the case
where w € W, and extend R-linearly). Such a property involving R-algebras R’ and g € G(R’) characterizes
this map (W — Wj4) ®x R. Since g- (h-w) =Y, w; ® a;(gh), for all h € G(R), h- w € W is taken by this
map to Y, w; ® (9 — a;(gh)) € W ® R[Ggr] = Wa ®; R. Thus, the map W — W, = W ®y, k[G] intertwines
the representation W with the representation W ®j, k[G] on which G acts by id ®(right regular). Since this
latter representation is a finite direct sum of copies of the right-regular representation, this step has been
justified.

Step 2. Reduction to elements in the right-reqular representation. If (p, W) is contained in a direct sum of
copies of k[G] (with its right regular representation), then it is contained in a direct sum of finite dimensional
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representations each inside k[G]. Therefore, it suffices to show the following version of (29):
(30)
Every element of (k[G], right regular) is contained in a homomorphic image of a representation of the

form ® BT @ (LV)®0
i

Step 3. Using the tensor structure to reduce to algebra generators. The multiplication map k[G|®k[G] — k[G]
intertwines (right regular) ® (right regular) with right regular. Thus, (30) needs to be proved only for a set
of generators for k[G].

Step 4. The case where G = GL(V'), ¢ = std. Here, std refers to the standard action of GL(V) on V.
In this case, we have k[GL(V)] = k[End(V),det™] and k[End(V)] = Sym®(End(V)Y), so by the previous
observation, it suffices to prove (30) for the linear polynomials End(V)¥ C k[End(V)] C k[GL(V)], and for
det 1. The case of det™! is immediate: it is simply AimV) o5tdY. On the other hand, the space End(V)Y
of homogeneous linear polynomials on End(V'), with its right-regular action, is immediately verified to be a
direct sum of (dim V)-many copies of the standard representation std. 22

Step 5. The general case. The general case is an immediate consequence of the case of G = GL(V) and
¢ = std, using that k[GL(V)] — k[G] is a surjection, since ¢ and ¢ are respectively the pull-backs of std and
std” under . O

Now we prove Theorem 9.6.

Proof of Theorem 9.6. Properties of the p(g)s and the p(g),. Note the following:

(a) For each representation (p,V) of G, since k is perfect, we have p(g)s, p(9)u € GL(V)(k) (Lemma

9.1);
(b) T : (p,V) — (p/,V') is a morphism in of representations of G, then we have a commutative
diagram:
(31) v—2Lsv
p(g)sl lp/(g)s
| 14

and similarly with p(g), and p'(g). (follows from the observation (a) in the proof of Theorem 9.4).

(c) For representations (p, V) and (p’, V') of G, we have that ((p ® p')(g))s = p(9)s ® p'(9)s and ((p ®
P )9 = p(9)u @ P (9)w in Endy(V @k V') = Endg (V) ®; Endg (V') (follows from the observation
(c) in the proof of Theorem 9.4).

To show. There exist gs, g, € G(k) such that for all representations ¢ of G, or equivalently by Theorem 9.4
for some faithful representation ¢ : G — GL(V) of G, we have that 1(gs) = ¢(g9)s and ¢(gu) = t(g)n. Without
loss of generality, we replace ¢ by ¢ @ ¢V if necessary to assume that ¢ = V.

Apply Chevalley’s theorem (Lecture 8). This shows that there exists p’ : GL(V) — GL(W), and a subspace
U C W, such that «(G) = Stabgrv),,(U) (here, t(G) C GL(V) is the closed subscheme with which ¢, a
closed immersion, identifies G).

Now let us complete the proof. It suffices to show that p(c(g)s), p(t(9)n) € GL(W)(k) stabilize U C W.
However, by the implication (i) = (ii) of Theorem 9.4, applied separately with GL(V') in place of G and

22In the lecture, I did this very wrongly: I wrote End(V)Y = End(V) 2 V ® V'V (up to notational translation), forgetting
that the action involved here was the right-regular action and not the ‘usual’ action of G on End(V).
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t(g)s and ¢(g), in place of g, we get

(32) p(i(g)s) = (pou(g))s, and  p(u(g)u) = (po t(9))u-

This reduces to proving that (poi(g))s, (pot(g))w € GL(W)(k) preserve U, which follows from the fact that
(poi(g))s and (poi(g))y are polynomials in p o ¢(g) (Lemma 9.1), which preserves U. O

Remark 9.10. (i) While I haven’t worked out the details, it seems that a modification of the above
argument can give us the following sort of a Lie algebra version of Theorem 9.6, for a proof of which
you can refer to Section 4.4 of Borel’s book: If X € Lie G, we can uniquely decompose X = X+ X,
where X acts semisimply on V for every finite dimensional representation (p, V') of G, and X,, acts
nilpotently on every finite dimensional representation (p, V) of G. This decomposition is preserved
by any homomorphism Lie G — Lie G’ that is obtained by taking the derivative of a homomorphism
G — G’ of algebraic groups.

(ii) However, note that this Lie algebra version depends on keeping track of Lie G as the Lie algebra of
G, and is not intrinsic to just the Lie algebra. For instance, if we consider the one dimensional Lie
algebra k over k, it could be the Lie algebra of either of G,, or G, so it doesn’t make sense to ask
if a nonzero element in it is semisimple or nilpotent. Thus, for a general Lie algebra, unlike in the
case of a semisimple Lie algebra, there is no intrinsic notion of semisimple or nilpotent.

9.3. Tannakian formalism I — Recovering a group from its representations.

Definition 9.11. For a linear algebraic group G over k, let Rep, (G) denote the category of finite dimensional
representations of G, Vecy, the category of finite dimensional k-vector spaces, and let w : Rep,(G) — Vec,
denote the forgetful functor sending a representation to the vector space on which it acts.

Remark 9.12. Note that:

e The condition (a) in the proof of Theorem 9.6 gives us maps (p,V,) — p(g)s € GL(V,) = Aut(w(p))
and similarly with p(g)., giving us automorphisms of the functor w applied to each object of Rep;, (G).

e The condition (b) says that this assignment respects morphisms, which is to say that this assignment
can be upgraded to be an element in the group Aut(w) of automorphisms of the functor w.

e The condition (c) says that this is not any automorphism of the functor w, but in fact a tensor
automorphism, and is thus an element of Aut®(w).

While not necessarily obvious from the presentation above, these were essentially the only facts that went
into the proof of existence of g, and similarly with g,. In other words, we constructed specific elements of
G(k) by first constructing elements of Aut®(w). Thus, one might hope to put this argument into a general
context, and say that given G, we can recover the abstract group G(k) as Aut®(w). In fact, one can do
better: for every k-algebra R, we will define an object called Aut®(w)(R) generalizing Aut®(w), and show
that one can recover G(R) as Aut®(w)(R) (functorially in R, so that we recover G as a group scheme over
k). This leads to the slogan: “a group can be recovered from its representations”.

Remark 9.13. Apart from reducing, in a sense, some questions about G to questions about various GL(V),
this generalizes a lot of classical work:

(i) Pontrjagin duality, which says that a locally compact topological group A can be recovered from the
locally compact topological group A := Homgs unit. (A4, C*) C Homgts (A, C*), called the Pontrjagin
dual of A.

(ii) Tannaka’s theorem, about recovering a compact topological group from its representations.

Definition 9.14. Let R be a k-algebra. Informally, Aut®(w)(R) is the set of automorphisms (i.e., self-
isomorphisms) of the functor

V=VRrR
>

w(r) : Repy,(G) > Vecy, R — Mod,
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preserving tensor products and the “unit element”, where R — Mod is the category of R-modules. More
precisely, an element of Aut®(w)(R) is an assignment p — g,, to each representation p in Rep,,(G), of some
gp € Autr(wr)(p)) = GLr(V, ®¢ R) (here and henceforth, we will often write V, for the space on which p
acts), such that:

e “It is functorial”: If T : p — p’ is a morphism in Rep,(G), then we have the analogue of (31),
namely:

(33) V, 9 R—>Vy @ R ;

V,®R——>V, ® R

e “It respects the tensor product™: g,, ®¢p, = gp,0p, 0 Endr(V), r)@rEndr(V,, r) = Endr(V(,,0p,.),R);
e “It respects the unit element of the tensor product”: If p is a trivial representation 1, then g, =
g1 =1d € GLr(V, ®; R). #

Remark 9.15. Note that we have an obvious map G(R) — Aut®(w)(R), sending ¢ to the assignment
(p g, :=p(g) € GLR(V ® R)). This is a homomorphism of groups, and is functorial in R, so we have a
map

(34) G — Aut®(w)
of functors from k-algebras to groups.

Theorem 9.16. Let G be an affine group scheme. Then the map G — Aut®(w) (see (34)) is an isomorphism
of functors {k — alg} — {Groups}.

Proof in the algebraic case, and the main idea otherwise. First consider the case where G is algebraic; here
the proof is almost a copy of the proof of existence of g5 and g, — involving both Theorems 9.4 and 9.6.

Since G is algebraic and hence has a faithful representation, it is immediate that G(R) — Aut®(w)(R) is
injective for all R. Thus, we need to show that for each (p — g, € GLz(V, ®; R)) € Aut®(w)(R), there
exists g € G(R) such that g, = p(g) for all p.

Fix a faithful representation ¢ : G < GL(V) = GL(V,) in Rep,(G). For simplicity we replace ¢ by ¢ & ¢ if

necessary, and assume that ¢ = V.

We first need to do the part that (predominantly) adapts Theorem 9.4. This involves the following observa-
tions (which we will justify after stating them):

(i) “g, determines every g,”, namely, the map Aut®(w)(R) — GLg(V ®j R) sending (p — g,) to g, is
an injection. This generalizes the argument that if +(g) is semisimple or unipotent, then so is p(g)
for all p.

(i) If p: GL(V) — GL(W) is in Rep,(GL(V)), so that p o € Rep;(G), then

(35) Gpor = p(9.) € GL(W @4 R).
This generalizes the argument (technically made in the proof of Theorem 9.6) that (p o t(g))s =

p(e(g)s)-

Let us prove (i). This assertion is tautological for p = ¢, while for p = " it follows from applying the
functoriality of p — g,, as well as that it respects the tensor product, to the pairing p ® p¥ — 1. The fact
that p — g, respects tensor product now implies that (i) is true whenever p is a representation of the form
(BT @ (1Y)®%; the case where r; = s; = 0 follows from the requirement that gy = Id. The fact that p — g,

23this condition is automatic from the other conditions if R = k, but perhaps not otherwise.
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is functorial in p, which includes as a special case the assertion that it is additive, now shows that (i) is
true whenever p is a homomorphic image of a representation of the form €, (®" ® (.¥)®%. Since any p is
contained in a representation of this form by Proposition 9.9, (i) follows.

Now we come to the proof of (ii), which is somewhat similar to the proof of (i). First, when p = std" is the
contragredient of the standard representation of GL(V), (ii) follows by applying the functoriality of p’ > g,
and the fact that it respects tensor products, to the standard pairing ¢t ® ¢V — 1. One continues to proceed
as in the proof of (i), but with (G, p) replaced by (GL(V),std): (i) is true when the representation p of
GL(V) is contained in a homomorphic image of a sum of the form @, std®™ @ (std")®*, which covers all
possibilities for p by Proposition 9.9.

Now we move to the part of the proof that predominantly generalizes 9.6. By the observation (i) above,
it suffices to prove that g, € «(G(R)). For this, we use Chevalley’s theorem to choose a representation
p: GL(V) — GL(W), and a subspace U C W, such that «(G) = Stabgrv),,(U). Therefore, it suffices to
show that U ®, R C W ®y, R is stabilized by p(g,), which equals g,., by the observation (ii) above. By
the definition of U, p o ¢ stabilizes U C W, so that for the induced action (p o ¢)y of G on U obtained
by restricting p o ¢, the inclusion U < W is a morphism (p o ¢t)y — p o ¢ of representations of G. By the
functoriality of p’ — g, (see (33)), it follows that g,o.|v@, kR = 9(por),» Which preserves U @i R, as desired.

This takes care of the case where G is algebraic. Let us sketch the general case. One first fixes some
representation ¢ : G — GL(V,), and considers the strictly full subcategory Rep,(G), of Rep,(G) consisting
of representations that are contained in homomorphic images of some @, t*"* ® (¢+V)®%. The above argument
can then apply to match the subgroup «(G) C GL(V,) with Aut® (w|gep, (G),)- One then shows that the affine
group scheme G, though not algebraic, is a projective limit of affine algebraic group schemes, and in our
situation one shows that G is the projective limit of the various ¢(G) C GL(V,). One also shows that all
the Aut®(w|Repk(G)L) patch up well. Passing to the projective limit, one shows that G — Aut®(w) is an
isomorphism. O

Corollary 9.17. Let G, G’ be affine group schemes over k, and let F : Rep,(G') — Rep,(G) be a ‘tensor
functor’ — i.e., is additive and respects tensor products and the ‘unit element’, i.e., the trivial representation
— such that WS o F = wS" | where wS and wS" are the forgetful functors associated to Rep,,(G) and Rep,(G').
Then F is induced by pull-back with respect to a unique homomorphism f : G — G'.

Proof. If F(p') = p, so that V, = w(p) = w(F(p')) = V,r, we have an obvious isomorphism GLz(V, ® R) —
GLg(V,y @i R) for every k-algebra R, functorially in R. The fact that F' is a functor implies that this takes
each Aut(w®)(R) to Aut(wS )(R). The fact that F is a tensor functor implies that this takes Aut®(w®)
to Au‘c®(wc’/)7 giving us a homomorphism f : G — G’. Check that it is tautological that F is induced by
pulling back under f. O

Remark 9.18. (i) A different approach to proving Theorem 9.16 is sketched in Poonen’s notes, and is
along the lines of how Springer’s and Borel’s books prove the existence of Jordan decomposition. In
this approach, given p — g, in Aut®(w)(R), one can define g, for infinite dimensional p too (since
they are unions of finite dimensional ones, and since p — g, respects morphisms). In particular, one
can define g, where p is the left-regular representation of G. This g, commutes with all right-regular
actions, since left-regular and right-regular actions commute. One can show that any automorphism
of R|Gg] that commutes with all the right-regular actions is a left-regular action, and use this to
argue that g, indeed comes from an element g € G(R). Since p is the left-regular representation and
hence sort, of universal, one can then show that the same g works for other representations as well.

(ii) To explain (i) of Remark 9.13, let A be an abelian locally compact topological group, so that its
Pontrjagin dual A = Homegs unit. (A, C*) is analogous to a set of generators for Rep,(G): the fact
that A is abelian kind of justifies considering only one dimensional representations. To give a ‘tensor
automorphism’ of this category is like giving an element a, € C* for each character x € A, such
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that the ‘tensor compatibilities’ a; = 1 and a,,+ = aya, hold. Thus, the tensor automorphism is

like an element of /1, and hence kind of like an element of A.

9.4. Tannakian formalism II - categories that look like Rep,(G) (informal). This subsection will
be very imprecise. It deals with the algebraic group analogue of the question that Krein investigated: what
categories arise as Rep,(G)? First, we state the main theorem, involving terms whose meaning will only
be informally discussed after the statement of the theorem. But hopefully it is relatable by analogy with
objects encountered in the previous subsection. Moreover, in the next subsection, we will discuss some
concrete examples for this theorem (without formally justifying that they are concrete examples, since we
will not define the terms for this subsection fully precisely).

Theorem 9.19. Let (C,®) be a rigid abelian tensor category with k = End(1), and let w : C' — Vecy, be an
exact faithful k-linear tensor functor. Then:

(i) Aut®(w) : {k-algebras} — {Groups} is represented by an affine group scheme G.

(ii) For each object X of C' and each k-algebra R, note that G(R) = Aut®(w)(R) acts on w(X), **
giving a representation of G on the vector space w(X). This extends to an equivalence of categories
C — Repi(G).

Now I will give crude ideas about the meanings of the terms above (I will follow Deligne and Milne, Tannakian
categories — other sources can differ in terminology):

e A tensor category or a symmetric monoidal category means one can define a tensor product X ® Y of
objects, together with an ‘associativity constraint’ in the form of appropriately internally consistent
functorial isomorphisms X @ (Y ® Z) 2 (X ® Y) ® Z, a ‘commutativity constraint’ in the form of
appropriately internally consistent functorial isomorphisms X ® ¥ 2 Y ® X, and a ‘unit object’
1 that won’t be explained any further. Here, ‘appropriately internally consistent’ means that the
associativity and commutativity constraints aren’t ‘God given’ but involve choices of a large number
of isomorphisms, and hence one needs to verify that associating things in different ways don’t lead
to inconsistencies due to different choices of isomorphisms etc.

e [t turns out that in a tensor category one can define any tensor product ®;X; of a finite collection
of objects X;.

e If Kk = End(1), one can make k act on each object X and on each Hom(X,Y), so that composition
of morphisms and ® are bilinear: one says that the category is k-linear.

e An abelian tensor category is not only required to be abelian, but the ® is required to be additive.

e ‘Rigid’ is a set of various requirements, one of which is the existence of an ‘internal Hom’ Hom(X,Y)
in the category itself, as opposed to only a set Hom(X,Y"): in other words, just as for representations
(p, V) and (p', V') in Rep,, (G) one can make Hom(V, V'), which is a priori a set, into a representation
say Hom(V,V’) and hence another object of the same category, one should be able to get an object
of the same category. One approach is to require that T — Hom(7T ® X,Y") is representable, and call
it Hom(X,Y'). The conditions imposed allow one to define ‘duals’ XV of objects X, and all objects
are required to be reflexive, i.e., some natural map X — (XV)V is required to be an isomorphism.

e A tensor functor F' is required to respect identity objects, and to respect the tensor structure in
the sense of coming with (as part of the data) functorial isomorphisms F'(X)® F(Y) - F(X ®Y)
respecting associativity and commutativity constraints. One can define morphisms of tensor functors,
and hence their automorphisms as well.

I hope it isn’t entirely surprising, given Theorem 9.19, that the following definition exists.

24Obvious1y, I am assuming something here about how Aut® (w)(R) is defined.
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Definition 9.20. A neutral Tannakian category over k is a rigid abelian tensor category C with End(1) = k,
such that it admits an exact faithful k-linear tensor functor w : C' — Vecg. Such a functor is said to be a
fiber functor for C.

Note that we have only defined (to the extent we can be said to have) a neutral Tannakian category, and
not a (“plain”) Tannakian category. The very rough idea is that just as neutral Tannakian categories are
related to algebraic groups, Tannakian categories are related to torsors for algebraic groups, and hence only
required to have a fiber functor over some nonzero k-algebra.

9.5. Examples.

9.5.1. “Ezample 0” — Vecy. I will skip the details; this corresponds to the trivial group: essentially,
Rep, (G) = Veck(G) when G is the trivial group.

9.5.2. Z-graded vector spaces. The category C of Z-graded finite dimensional vector spaces (V, (V},),) over
k can be verified to be a rigid abelian tensor category. Its unit element 1 is a one dimensional vector space
which is entirely in degree 0, and

(V. (V")) @ (W, (Wa)) = (VW (D VI @ V).
p+g=n
One can check that defining w((V, (V"),,) = V extends to an exact faithful k-linear tensor functor w : C' —
Vecy, so Theorem 9.19 says that there is some affine group scheme G with Aut®(w)(R) = G(R) for all
k-algebras R. We claim that G = G, fits the bill.

This is the promised concrete computation. Note that any (p — g,) in Aut®(w)(R) is entirely determined
by what it does to one dimensional Z-graded vector spaces, and hence is given by a tuple (ay,)nez with a, €
GL;(R) = R* for each n. That this is a tensor automorphism implies that ap = 1 and that a,,a, = @y for
each m,n € Z. Thus, this tuple is determined by a; € R*, i.e., by an element of GL1(R). Thus, ((an)n) — a1
gives us an identification Aut®(w)(R) = GL1(R), functorially in R. This says that Rep,(GL;) should be
the category of Z-graded vector spaces, and even gives us how this equivalence works: the representation of
GL; on (V,(V™),) is such that for all n, a € GL; acts as multiplication by a™ on V™.

In Lecture 10, we will hopefully go in the other direction, namely, assign a Z-grading to each representation
of GLq, in the form of its ‘weight decomposition’, as should be clear to those who are familiar with this
notion.

9.5.3. “Real Hodge structures”. Assume that & = R. Let C be the category of finite dimensional vector
spaces V over R together with the datum of a Z2-grading

VerC= @ vr,
(p,q)€Z?

where an additional restriction is imposed, that VP4 = V%P, The objects of C' are called “real Hodge
structures”, not to be confused with the more complicated pure or mixed Hodge structures that involve a
Z-lattice in V.

C' can be verified to be a rigid abelian tensor category; the definition of the tensor structure on V should
be obvious, as is its ‘unit object’. One checks that w : C — Vecy sending (V, (V??), ,) extends to an
exact faithful k-linear tensor functor C' — Vecy, so there should be an affine group scheme G such that
G(R) = Aut®(w)(R) for all k-algebras R.

It is easy to check using considerations similar to, but slightly more involved than, in the previous example
(involving G,,), that each element of Aut®(w)(R) is given by a tuple (a,4)p.q, With a,, € (R ®g C)* and



7

aq,p = Gp g for each p, q, where @, ; denotes the image of a, , € R ®r C under complex conjugation, that is
to say, under idr ®(z — Z). The condition that this element respects the tensor structure is that ago =1
and that ap,4ps.g1+g2 = Dp1,q1 Cps.ge- ALy tuple (ap q)p ¢ satisfying these conditions is entirely determined by
a1 = a1, and hence we get an identification Aut®(w)(R) = (R ®g C)*, functorially in R.

It is easy to verify, and we will hopefully see this in Lecture 10, that there is a group G = Resc/r G,
called the ‘Deligne torus’, representing R — (R ®g C)*. In fact, one can check that its base-change to C is
represented by the group algebra C[Z?] = C[z, y, 2!,y ] of Z2, and Galois-descent it to R using the action
of Gal(C/R) on Z? that permutes the standard basis elements.

Thus, the category of representations of Resc/r G, should be equivalent to that of tuples (V,(V} 4)p.q) as
above, where a € (Resc/r Gn,)(R) = (R®gr C)* acts on V ®g R by the unique automorphism that, on base-
changing from R to RQrC, acts on V,, ; by aP’a?. We will hopefully see this description of the representation
theory of Resc/r G, too, in Lecture 10.

9.5.4. M -graded vector spaces. This is exactly like the example of Z-graded finite dimensional vector spaces,
except that this time we have M-graded vector spaces (V, (V™)enr), for a finitely generated abelian group
M. k is again arbitrary, i.e., not necessarily R like in the previous example. One constructs C and w :
C — Vecy, by (V,(V™),,) + V. This time, as in the first example, one can check that Aut®(w)(R) consists
of (@m)men with each a,, € R*, where ag = 1 and am@ny = Gmim. In other words, Aut®(w)(R) =
Hom(M, R*) = G(R), where G has coordinate ring equal to the group algebra k[M] of the abelian group M.
In Lecture 10, we will hopefully see that G is the unique ‘split group of multiplicative type with character
group M’, which is a split torus if and only if M is torsion free.

9.5.5. M-graded vector spaces, with Galois twist. Let I' = Gal(k*P/k), and let M be a finitely gener-
ated abelian group with a continuous action of I'. One considers the category C' whose objects are tuples
(V, (V™) mem) with V' a finite dimensional vector space over k, and V @y, k*P = @, ., V™ an M-grading
such that for all o € T, we have o(V"™) = V(™). One can again define an obvious tensor structure on C
and show it to be a rigid abelian tensor category with End(1) = k, and show that sending (V, (V™) menr) to
V extends to an exact faithful k-linear tensor functor w : C' — Vecy.

This time, in a manner similar to that in the earlier examples, Aut®(w)(R) is given by tuples (am )menr With
each a,, € (R ®y, k*P)*, such that for all o € Gal(k*P/k), we have ay(m) = 0(am), where o stands for the
automorphism idg ®c of R ®y, k5°P.

In other words, Aut®(w)(R) equals Hom(M, (k%P ®; R)*)? = G(R), where G(R) is obtained by Galois-
descenting Spec k*°P[M] from k*°P to k, with k*P[M] denoting the group algebra of M and given the obvious
T'-action which is nontrivial on both k%P and M. In other words, G is obtained as follows: Ggsep is simply
R — Hom(M, R*) as in the previous example, but this has a I'-action, using which one descents from
k*°P to k. This suggests that representations of G are given by vector spaces V over k together with a
decomposition V @y, k%P = P, ,,, V™ satisfying the compatibility condition o (V) = V() as above, and
that (m — a.,) € G(R) C Hom(M, k°® ®; R) acts on V by an automorphism, that over k%P, acts on V™
by a,,. Hopefully in Lecture 10, we will review this construction of G as the unique group of multiplicative
type whose character group is the finitely generated abelian group M with the given continuous I'-action,
and show that the representations of G are given by (V, (V™),,cnr) as above.

9.5.6. The Nori fundamental group scheme. 1 copy stuff that I don’t know enough to talk about, but which
some of you would follow. Let X be a complete connected geometrically reduced scheme over k, and assume
that there exists a rational point xg € X(k). Say that a semistable vector bundle E over X is finite if
there exist polynomials g, h € N[t], g # h, such that g(E) = h(E), where g(E) and h(E) are made sense
of using direct sums (where one sees polynomial addition) and tensor products (where one sees polynomial
multiplication). The category C of subquotients of finite semistable vector bundles over X can be shown to
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be a rigid abelian tensor category with a fiber functor w : C'— Vecy, such that w(E) = E,, is the fiber of E
over zo. The unique affine group scheme G over k such that Aut®(w)(R) = G(R) for every k-algebra R is
called the Nori fundamental group scheme of X with respect to zg.

9.5.7. Isocrystals. There are objects called isocrystals. They are related to what is called crystalline coho-
mology, but we will not worry about that. The following will be crude and informal.

Let Q)" denote the maximal unramified extension of @, in an algebraic closure Qp. Then Gal(Qp™/Qp)

is isomorphic to Z, and is topologically generated by a Frobenius element Fr. By continuity, Fr extends to
an automorphism of the completion L of Q™. In this context, a Qp-isocrystal is a vector space V' over L
together with an (L, Fr)-semilinear bijection V' — V. Thus, it is not quite an element of GL(V), but there
is some kind of a Fr-twist involved.

For instance, if V is one-dimensional, any Fr-semilinear bijection V — V is completely determined by where
it takes a basis element v, which is to some av with « € L. If we choose a different basis element v' = av, « is
replaced by a-Fr(a)a™!. Given that L is the completion of Q,"", one can show (basically by Lang’s theorem)
that Fr(a)a™! could be any unit in L, so the equivalence class of the isocrystal in this (one-dimensional) case
is determined by the valuation of «, which is an element of Z. Thus, very crudely, just as conjugacy classes
of linear maps are roughly classified by eigenvalues, here there is something like ‘Fr-conjugacy’ going on,
which makes us look for valuations for eigenvalues rather than for eigenvalues themselves. These valuations
can lie in Q (since the eigenvalues can lie in an extension of L, on which one uses a suitably normalized
valuation).

The Dieudonné-Manin classification theorem makes these crude ideas precise: it says that the category of
isocrystals is abelian and semisimple, so that every isocrystal is a direct sum of simple isocrystals, and that
simple isocrystals are classified by elements of Q: if p,q € Z with ¢ > 0 and (p, q) = 1, the isocrystal E,,
corresponding to p/q is defined on an r-dimensional vector space.

In other words, if an L-vector space Vis given the structure of an isocrystal, we get a Q-grading on it, the
(p/q)-graded subspace being the subspace underlying the “E, ,-isotypic subspace”. This Q-grading is called
the slope decomposition of the isocrystal.

Thus, one can ask: can this assignment of a slope decomposition to an isocrystal on V be interpreted as a
statement about a general linear group, and then generalized to other connected linear algebraic groups? For
this, we first make the following preliminary observation: just as we saw above that giving a Z-grading of a
vector space over L is equivalent to making it into a representation of G,, = Spec L[Z], giving a Q-grading
is equivalent to making it a representation of the affine group scheme Dy := Spec L[Q] with an obvious
group structure. Thus, one can ask: can we have a notion of an isocrystal for G over @, and assign to it a
homomorphism D;, — Gp?

To justify an implicit assumption in the previous sentence, suppose that V equals Vi, = V ®q, L, where V' is
a finite dimensional vector space over Q,. We have an obvious Fr-semilinear bijection on V7, given by id ®Fr.
Since the composition of Fr-semilinear and L-linear is Fr-semilinear, sending b € GL(Vy) to b(idy ®Fr) gives
us a bijection of GL(Vr) with isocrystals on V7. Note that under this bijection, GL(Vf)-conjugation on an
isocrystal b(idy ®Fr) corresponds to Fr-twisted conjugation on b.

Now let G be any connected linear algebraic group over k = Q, (not L). Suppose we are given an element
b € G(L). Then we can form isocrystals on V;, as V varies through representations of G over k = Q,: namely,
for each p: G — GL(V), one upgrades Vi, = V ®;, L to the isocrystal p(b) o (idy @Fr) on V. This gives, for
each (p, V) € Rep,(G), a Q-grading of Vy,. Like in Corollary 9.17, but working over L (i.e., restricting from
algebras over k = Q, to algebras over L), we get a homomorphism D, = Spec L[Q] — Gy.
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Thus, if we interpret the Dieudonné-Manin slope decomposition for an isocrystal on V7, as a statement about
GL(V), associating to the isocrystal a homomorphism D;, — GL(V}), we can generalize the same to any
connected linear algebraic group G over k = Q,, associating to b € G(L) (informally thought of as something
like “b(id ®Fr)”) a homomorphism Dj, — Gp,. This is a well-known construction of Kottwitz.

10. LECTURE 10 — (SPLIT) DIAGONALIZABLE GROUPS

A good reference for many of the topics we cover in this lecture, but in a strictly more general setting (over
an arbitrary base scheme), is Oesterle’s article in “Panoramas et Synthéses”, Number 42-43, consisting of
proceedings of a school on group schemes, particularly SGA 3, in Luminy.

10.1. Diagonalizable groups.

10.1.1. Motivation — homomorphisms into G,,. Let G = Spec A be a linear algebraic group over k. The
coordinate ring A = k[G] has a subset consisting of very special elements, namely X} (G) := Homgp (G, G,,) C
Mor(G, A') = k[G], where Homy,,, stands for ‘algebraic group homomorphisms’. It is easy to see that
Homyg, (G, Gyy,) is contained in k[G]*, in fact as a subgroup, this abelian group structure being also the one
obtained from the one on G,,. So we can ask how much we could study G based on this special subset.

. bij _
X;(G) 2 Homygops alg(k[z, 271], K[G])
= {x € K[G]" [ m"(x) = x @ x}-
The elements x € k[G]* such that m*(x) = x ® x are called the group-like elements of k[G]. In fact, since
k is a field, one can check that the k[G]* above can be replaced by k[G] \ {0}.

Let

B= Y k-xCEk[G].
XEX}(G)

B C E[G] is clearly a subring (as X (G) C k[G]* is a subgroup). It is easy to see that it is a sub-Hopf-algebra,
since m*(x) = x ® x and it is easy to check that inv*(x) = x ™! for all x € X} (G).

Thus, B = k[H] for some quotient H of G, 2> which has the obvious universal property that every homomor-
phism from G to G,, factors uniquely through G — H. Thus, one could say that H is as far as we can learn
about G using X; (G). We would now like to study groups for which G = H.

10.1.2. The definition of diagonalizable groups.

Definition 10.1. If G is a linear algebraic group over k, we say that G is diagonalizable if ZXEX;(G) kE-x =

k[G]. (Informally this should capture, though I haven’t checked, that G has no nontrivial subgroup which
lies in the kernel of every homomorphism G — G,,.)

Some sources seem to use ‘diagonalizable’ to mean what we would refer to as ‘diagonalizability after base-
changing to &’ (for which we will use the term ‘of multiplicative type’). Definition 10.1 looks a bit abstract,
insofar as it doesn’t give any kind of classification as to how these groups look like. The following lemma is
a first step in making it more concrete.

Lemma 10.2. Let G be a linear algebraic group over k. The following are equivalent:

(i) G is diagonalizable, i.e., k|G] = ZXeX’:(G) k- x.

(ii) kG = Byexs e k- X-
(i1i) (k[G], right regular) is a direct sum of one dimensional representations.

25We have not proved that k[H] is of finite type over k; I will skip that since this part is anyway motivational.
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Proof. (ii) = (i) is immediate, as is (i) = (iii).

(i) = (ii) is just ‘linear independence of characters’, which we saw in Lecture 8, but let us recall it anyway.
If X;(G) is not linearly independent, there exists a linearly independent set x1,...,xn € X} (G), as well as
some x € X;(G) which is different from x1, ..., X, such that we have an equality x = > ; ¢;x; for some
scalars ¢; € k.

Applying m* and using that m*(x) = x ® x and m*(x;) = x; ® x; for 1 <i <n, we get:

n n
Z CiCj  Xi © X :ZQ'Xi@@Xi-
i,j=1 i=1

Since X1, ..., Xn are linearly independent, this gives us that c;c; = 0 for i # j, and that ¢ = ¢; for i = j.
Since k is a field, we see that there exists at most one 1 < i < n with ¢; # 0. The condition c? = ¢; forces
such a ¢; to equal 1, so that x = x;, a contradiction, giving (ii).

Now it is enough to prove (iii) = (i). This follows if we show that each one-dimensional subrepresentation
k-f C k[G]is k- x for some x € X} (G). Since k- f is a G-stable line in k[G], G acts on it by some character
X € X} (G). But this means that for each g,h € G we have f(hg) = f(h)x(g), so that f(g) = f(e)x(g), so
that f is the product of x and f(e), which also forces f(e) € k\ {0} = k*. This gives (i). O

10.1.3. Diagonalizable groups and finitely generated abelian groups. X;(G) is reasonable:
Lemma 10.3. If G is diagonalizable then X (G) is a finitely generated abelian group.

Proof. Since k[G] is a finitely generated k-algebra and is spanned by X}5(G), there exist x1,...,xn € X} (G)
generating k[G]. Thus, if x € X} (G) C k[G], we can write it as a polynomial in x1,...,Xn. By the linear
independence of characters (see the proof of Lemma 10.2), such a polynomial has to be a monomial of the
form x7*...x%", so that in the group X;(G), we have x = ai1x1 + - -+ + an)n» (note that though we write
E[G]* in multiplicative notation, when we think of X;(G) C k[G]* as a group in its own right, we use
additive notation). O

Definition 10.4. If M is a finitely generated abelian group, and R is any ring (our case of interest is
R = k), we will write R[M] for the group algebra of M, converted into a Hopf algebra by requiring that
for each xy € M, we have m*(x) = x ® x,inv*(x) = x~! and e*(x) = 1. It is easy to check that this
indeed makes R[M] into a Hopf algebra which is finitely generated as an algebra over R (by any set of
generators for M as an abelian group), so that D(M)g := Spec R[M] is an affine ‘algebraic’ group scheme
over R. Each M C R[M] is a spanning set of invertible elements x such that m*(x) = x ® x, so that
when k = R, D(M) := D(M), is diagonalizable. For more general R, one could take the definition of
diagonalizable as ‘of the form D(M)g’ (or equivalently, that there is a finitely generated abelian group M
such that G(R') = Hom(M, R'™), functorially in R-algebras R’): this agrees with Definition 10.1 when
R =k, by Lemma 10.5 below.

Lemma 10.5. For a linear algebraic group G over k, the conditions (i), (ii) and (iii) of Lemma 10.2 for G
to be diagonalizable are equivalent to each of the following conditions:

(i) G is of the form D(M) for some finitely generated abelian group M.
(v) There is a finitely generated abelian group M such that G(R) = Hom(M, R*) for all k-algebras R,
functorially in R.

Proof. If G is a diagonalizable group, so that k[G] is as in Lemma 10.2(ii), then it is easy to see that
G = D(X}(G)) with X} (G) finitely generated by Lemma 10.3. Conversely, since k[M] is spanned by
M C k[M]*, and since each x € M satisfies m*(x) = x ® x, D(M) is diagonalizable by definition. This
gives the equivalence of the conditions of Lemma 10.2 with (iv).
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The equivalence with (v) follows from the fact that, since k[M] is the group algebra of M, we have
Homy, a1 (k[M], R) = Hom(M, R*) by restriction to M C k[M]. O

Thus, though Definition 10.1 was abstract, we can now explicitly see what diagonalizable groups look like:

Example 10.6. (i) If M = Z, then Hom(M, R*) = R* = G,,(R) for all k-algebras R, so D(M) = G,.
(ii) If M = Z/nZ, then Hom(M, R*) = pu,(R) for all k-algebras R, so D(M) = pu,.
(iii) Thus, in general we can write D(M) = G?, X fipn, X -+ X i, , where M X 2" QL/Z® - - - DL/ N 2.

Remark 10.7. Let p be the characteristic of k. It follows that D(M) is connected if and only if the torsion
subgroup of M is a p-group, that D(M) is smooth if and only if M has no p-torsion, and that D(M) is
smooth and connected if and only if M has no torsion, i.e., M is free, i.e., D(M) = G, for some r.

10.2. The abelian category of diagonalizable groups.

10.2.1. Equivalence with the category of finitely generated abelian groups. Let us now see that this description
of diagonalizable groups in terms of finitely generated abelian groups is an equivalence of categories:

Lemma 10.8. Assigning G to X;(G) and G — H to X (H) — X} (G) is an equivalence of categories:

{diagonalizable groups over k} ~» {finitely generated abelian groups}°P.

Proof. One can show that M +— D(M) is (or rather extends to morphisms as well, so as to be) a quasi-inverse.
Or note that the given functor, which is well-defined since X} (H) does pull back to X;(G), is also:

e Essentially surjective, since D(M) has image M;

e Faithful, since X (H) generates k[H| so that k[H] — k[G] is determined by its restriction X} (H) —
X (G); and

e Full, since any group homomorphism X (H) — X (G) clearly extends to a k-algebra homomorphism
k(X (H)] = k[X}(G)] of their group algebras.

O

The following corollary was discussed at a much later stage in the lecture; Anand Chitrao’s proof of the
‘quotient group’ part, which is what (I think) I write below, lets me relocate it here, where it seems to fit in
more appropriately.

Corollary 10.9. Let G be a diagonalizable group. Then every subgroup and every quotient group of G is
diagonalizable.

Proof. First let H be a subgroup of G. Then k[G] — k[H] is surjective, since we know that H — G is a
closed immersion. Since the image of any x € X;(G) in k[H] belongs to X} (H), it follows that X; (H) spans
k[H], so that H is diagonalizable.

Now let H be a quotient group of G, say H = G1\ G. Let f € k[H] C k[G], and write f = > ¢;x; with the
xi € X;(G) distinct and each ¢; nonzero in k. It suffices to show that each y; factors through G — H. Since
G — H is a categorical quotient by Gy, it suffices to show that for each k-algebra R and each g1 € G1(R),
each y; is left-invariant under g1, or equivalently, that x;(g1) = 1 for each i. This is because for each
R-algebra R’ and g € G(R/):

ZciXi(gl)Xi(g) = flg19) = f(9) = Z cixi(9),

so that 3, cixi(g1)x: and _; ¢;x; are equal in R[Gg] = €D, R- x (this equality holding since G satisfies the
condition (ii) of Lemma 10.2), forcing x;(g1) = 1 for each 4 (since each ¢; is a unit). O
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10.2.2. Abelianness of the category of diagonalizable groups. We will skip the formal verification of the
following lemma; it uses not only the fact that quotients by normal subgroups exist (even outside the affine
case) and are categorical quotients, but also the fact that any epimorphism in the category of algebraic
groups, being dominant, is faithfully flat and hence a quotient map (we essentially proved this faithful
flatness when the source is smooth, but the flatness in the nonsmooth case needs some extra argument).

Lemma 10.10. Commutative algebraic groups form an abelian category, where kernel and cokernel are
defined in the obvious sense: recalling that a homomorphism G — H of algebraic groups factors as a composite
G —» I - H with G — 1 faithfully flat and I — H an embedding, the cokernel of G — H, when H is
commutative, is defined as the quotient of H by the closed and obviously normal subgroup scheme defined by
I—H.

Corollary 10.11. Diagonalizable algebraic groups form an abelian category, where the kernel and cokernel
are as as usual (see Lemma 10.10).

Proof. This follows from Lemma 10.10, since diagonalizable groups are a full subcategory of the category
of commutative algebraic groups, and since subgroups and quotient groups of diagonalizable groups are
diagonalizable (Corollary 10.9). Here, we use that a full additive subcategory of an abelian category that is
closed under taking kernels and cokernels is an abelian subcategory. ]

Remark 10.12. Since we used but did not prove the faithful flatness of a dominant morphism G — H
of algebraic groups, let us note that the special case of diagonalizable groups is particularly easy to see:
X;(H) — X;(G) is injective, so k[G] = k[ X[ (G)] is free over k[ X} (H)] = k[H] (with a set of representatives
for X;(H)\X;(G) as a basis), and hence faithfully flat as a module over k[X; (H)] = k[H]. Notice that this
works over an arbitrary ring R in place of k, where diagonalizability means ‘of the form D(M)g for some
finitely generated abelian group M.

Corollary 10.13. The antiequivalence of categories in Lemma 10.8, defined by G — X} (G), is exact. In
other words, it is additive, and if
1-G -G—-G"=1

is a short exact sequence of diagonalizable groups, then
0 — X5(G") = X{(G) —» XH(G) =0
s exact as well.

Remark 10.14. (i) Though this is immediate from Corollary 10.13, it still seems useful to remark the
following: to search for subgroups H of a diagonalizable group G, it is enough to search for quotients
M’ of X} (G), and hence enough to search for subgroups M" of X;(G): thus, H is the annihilator
in G of a unique M"” C X} (G). Similarly, we can describe subgroups or quotient groups of X; (G)
in terms of quotient groups or subgroups of G.

(ii) It is clear that the above statements would become much more clumsy if we included only reduced
groups, avoiding scheme theory as in the books of Borel or Springer: if so, instead of talking about
all finitely generated abelian groups, we could have to talk about finitely generated abelian groups
without p-torsion etc. Unlike all diagonalizable groups over k, reduced abelian groups over k£ do not
form an abelian category (e.g., the map G,, — G,, given by x — 2P would not be a kernel of any
morphism).

10.3. Representations of diagonalizable groups. Recall that if V' is a representation of an affine alge-
braic group G, then the action of guniy := id € Hom(k[G], k[G]) = G(k[G]) on V gives us a map which we
will refer to henceforth as ‘co-action’:

V =V ey k[G],

which is characterized by the following property: if v — ). v; ® a; under this map, then

(36) g~v:Zvi~ai(g)
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(inside V' ®j R, whenever R is a k-algebra and g € G(R)). In what follows, this fact will be used multiple
times. We will also use the following:

Lemma 10.15. Let V be a (possibly infinite dimensional) representation of a linear algebraic group G. For
X € X;(G) = Homg, (G, Gyp), let Vi, C V be the x-isotypic subspace of V, i.e., the subspace spanned by
v € V such that G acts on the line kv C V by x, in the sense that for all k-algebras R and g € G(R), we
have g -v = x(g)v € V ®; R. Then

Vi={veV|v—v®x under the map V — V ® k[G]}.

Proof. The containment “D” is immediate from (36). For the containment “C”, given 0 # v € V such
that G acts on kv by x, kv C V is a subrepresentation, isomorphic to the subrepresentation ky C k[G] of
the right regular representation. Therefore, the coaction on kx C k[G] is given by the restriction of the
comultiplication on k[G], and hence by x — x ® x, so that the coaction for the representation kv is given
by w — w ® X, so that the coaction for V takes v to v ® x. Here, we used that the map W — W ® k[G] is
functorial in the representation W. (]

Proposition 10.16. If V is a (possibly infinite dimensional) representation of a diagonalizable group G,
then the V,, as x varies over X} (G) are linearly independent and span V.

Remark 10.17. Neither the proof of Lemma 10.15 nor that of Proposition 10.16 really requires that k is
a field, provided that the definition of a diagonalizable group over a general ring R is taken as one of the
form D(M)g for some finitely generated abelian group M. Conrad’s notes say that the observation that
Proposition 10.16 holds over a general ring is due to Grothendieck. Note that the example of G,,/(k X k)
acting on the rank one free module over k x k by (z,2')(v,v") = (¢™v,2™v") for m # n does not contradict
this, since the V,, are not required to be free even if V is.

Proof of Proposition 10.16. For the linear independence, if >, v; = 0 (a finite sum) with each v; € V,, and
the x; distinct, then applying the coaction map, we get >, v; ® x; = 0. Since the x; € X} (G) are linearly
independent, it follows that each v; equals zero.

Now it suffices to show that each v € V belongs to the sum of the V,. This also reduces us to the finite
dimensional case, since V' is a union of its finite dimensional subrepresentations. Since X;(G) is a basis for
k[G], we can write the image of v under the coaction map as ), v; ® x;, with each x; € X;(G). In other
words, for each g € G we have gv =) v; - xi(9).

It is enough to show that v; € V,, for each 7. Since we saw in Lecture 9 that each finite dimensional
representation of G is contained in a direct sum of copies of the right-regular representation, we are now
reduced to showing that if v belongs to the right-regular representation and v — . v;® x; under the coaction
map, then v; € V,, for each i. This is clear given that the coaction for the right-regular representation is
given by comultiplication, under which x — x ® x for each x € X} (G).

An alternate approach to the latter step is to compare the equalities:

(gh)v = Z'Ui)(i(gh) = Z(Xz(g)vz)Xz(h) and  g(hv) = gZ“z’Xl’(h) = Z(gvi)xi(h),

K2 ?

by fixing g € G(R) and varying h through G(R’') for R-algebras R’, so that the maps Ggr — V ®; R given
by h — > .(xi(9)vi)xi(h) and h = >, (gv;)xi(h), which identify with the elements ), (x:(g)vi) ® x; and
>;(gv;) ® x; in the space Vg @ g R[GR], are equal. Now the R-linear independence of the x; in R[Gg] forces
Xi(g)v; = gv; for each 1. a

Let us state some obvious linear algebraic corollaries:

Corollary 10.18. Let G be a diagonalizable group over k.
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(i) Sending V' in Rep,(G) to V together with the gradingV = GBXEX;(G) Vi (Proposition 10.16), extends
to a tensor equivalence of Rep,(G) with the category of X} (G)-vector spaces.
(i) G is linearly reductive, i.e., finite dimensional representations of G are completely reducible (i.e.,
direct sums of irreducible representations).
(i) Any representation G — GL,, can be GL, (k)-conjugated to be valued in the subgroup of GL,, con-
sisting of diagonal matrices.

Proof. (i) is straightforward. For (ii), (use (i) or note that) if V' is a finite dimensional representation of G
and W C V is a subrepresentation, it has a complement W' = , Wy with x running over X;(G), where
W}, is any vector space complement for the x-isotypic subspace W, C W in the x-isotypic subspace V, C V.

For (iii), it is enough to show that for each representation G — GL(V) with V finite dimensional, V is a
direct sum of one dimensional subrepresentations, which is Proposition 10.16. ]

Corollary 10.19. A linear algebraic group G over k is diagonalizable if and only if either of the following
two equivalent conditions is satisfied (thus, we add to the equivalent conditions (i), (ii) and (iii) of Lemma
10.2 as well as to the conditions (i) and (v) of Lemma 10.5):

(vi) Each representation of G is a direct sum of one dimensional subrepresentations.
(vii) Each finite dimensional representation of G is a direct sum of one dimensional subrepresentations.

Proof. The diagonalizability of G implies (vi) by Proposition 10.16, which trivially implies (iii) of Lemma
10.2 and hence the diagonalizability of G.

(vi) trivially implies (vii). To see that (vii) implies the diagonalizability of G, take a faithful representation
G < GL(V). (vii) allows us to choose a basis for V with respect to which G has image in the subgroup of
GL(V) consisting of diagonal matrices, which is a product of copies of G, and hence diagonalizable. Since
G — GL(V) is a closed immersion, the diagonalizability of G now follows from Corollary 10.9. O

Remark 10.20. Anand Chitrao raised the very nice question of how Corollary 10.19 is related to complete
reducibility for finite or finite abelian groups, and I realize that there is more to explain than what I
attempted in the lecture. On the one hand, for representations of finite abelian (abstract) groups G over
fields that are of good characteristic (i.e., not dividing #G) but may not be algebraically closed, we do have
complete reducibility, but irreducible representations may not be one dimensional (e.g., Z/3Z acting on R? by
rotations). In contrast, Corollary 10.19 characterizes diagonalizable groups as those linear algebraic groups
which not only have complete reducibility, but whose irreducible representations are all one dimensional.
However, this is good: finite groups are realized as algebraic groups by viewing them as constant group
schemes, whereas here we are interested in diagonalizable group schemes.

More precisely, when does a finite abelian group G satisfy that its irreducible representations over a field &k of
good characteristic are all one dimensional? When G is of the form Z/nZ, it is immediate that this happens
if and only if k contains all the n-th roots of unity. On the other hand, this is exactly the condition for the
constant scheme associated to Z/nZ to equal the diagonalizable group p,,, since, by the Chinese remainder
theorem, this is the condition for the coordinate ring k[u,] = k[z]/(z™ — 1) to be a copy of products of k.
It is easy to see using structure theorem for modules over a PID etc. that this generalizes: if G is a finite
abelian group, its irreducible representations over a field k of good characteristic are all one dimensional if
and only if £ contains all the n-th roots of unity whenever n is the order of some element of G, and this is
equivalent to requiring that the constant group scheme associated to G is a diagonalizable group scheme.

Remark 10.21. Suppose that k has characteristic p, and that G = p,. Then G(k) is trivial, and yet
Corollary 10.18 shows that G has a nontrivial representation theory: to make a vector space V over k into
a representation of G = p, is the same as giving a (Z/pZ)-grading on V. Thus, a p,-action on a geometric
object could give a Z/pZ-grading on an associated cohomology space, etc.
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10.4. A better version of the anti-equivalence between diagonalizable groups and finitely gener-
ated abelian groups. In this subsection, we wish to discuss the upgradation of the equivalence of categories
G ~» X}(G) to a more scheme theoretic one, where either of the two directions, and not just one, can be
described as just taking Hom into G,,. It is stated in Poonen’s notes, and described with proofs in Oesterle’s
notes on diagonalizable group schemes in the proceedings of the SGA 3 school at Luminy.

Example 10.22. The computation that Hom(D (M), D(M')) = Hom(M’', M) (see Lemma 10.8), depended

on k being a field. If R = kxk, Hom(X;(G,,), X} (G,,)) = Z captures only those elements of Hom(G,,,/ R, G,,,/R)
given by x +— z™, and not those where one raises to two different powers over each copy of k. To describe these
latter elements of Hom(G,,/R, G,,/R), given (m,n) € Z? and an R-algebra R’, we can write R’ = R| x R},
over R =k x k, and define G,,,(R") = (R})* x (R5)* — (R))*(RL)™ = G (R') by (z1,22) — (27, 23).

Since the problem in this example arises due to Spec R being disconnected, one could ask if we might be able
to deal with the case of general R by replacing the abstract group Hom(M', M) with the constant group
scheme associated to Hom(M’, M). This is addressed in the following lemma, which was only discussed in
the lecture in the special case where Spec R is connected; this connected case is what we will need to prove
in Lecture 11 that groups that become diagonalizable over k already become diagonalizable over kS°P.

Lemma 10.23. Let G = D(M),G’ = D(M') be diagonalizable groups over k. Then the functor R
Hom(D(M) g, D(M'")R) is the constant scheme associated to the abelian group Hom(M', M). In particular, if
Spec R is connected, or equivalently if R has no nontrivial idempotents, then the obvious map Hom(M', M) —
Hom(D(M),D(M’)) — Hom(D(M)gr, D(M')R) is an isomorphism.

Proof when Spec R is connected, idea in general. Hom(D(M)g, D(M')g) is in bijection with Hopf algebra
morphisms ¢ : R[M'] — R[M]. Since R[M’] is the group algebra of M’, these in turn are in bijection with
group homomorphisms from M’ into {f € R[M]* | m*(f) = f ® f}, say denoted by m' — ¢o(m’) = f,./.

To get the key idea clear, let us first give the proof in the case where Spec R is connected, or equivalently
R does not have any nontrivial idempotent. In this case, it suffices to show that ¢ : R[M'] — R[M] takes
M’ into M, for which it is enough to show that any f € R[M]* with m*(f) = f ® f belongs to M C R[M].
Write f = )", ¢ixi, with each ¢; € R and x; € M. The conditions m*(f) = f® f and m*(x;) = x; ® x; give:

Z CiCiXi @ Xj = Z CiXi @ Xis
ij i
so that we have
0, ifi#j, and
CiCj = B
¢, otherwise.

This means that the ¢; are all mutually orthogonal idempotents. The fact that Spec R is connected then
forces that at most one of these is nonzero, and that exactly one of these equals 1, as desired.

For the general case (i.e., when Spec R may not be connected), we now give the idea, assuming for simplicity
that R is a finitely generated k-algebra and hence has only finitely many idempotents. The same computation
as in the case where Spec R is connected gives that any f € R[M]* with m*(f) = f® f is of the form > ¢;x;,
where the ¢; are pairwise orthogonal idempotents, which sum to 1 as f is invertible. Thus, {f € R[M]* |
m*(f) = f ® f} identifies with the group of locally constant maps from Spec R to M. Since M’ is finitely
generated, it follows that the dual map R[M'] — R[M] itself can be thus viewed as a locally constant map
Spec R — Hom(M', M) (or if you prefer to be more algebraic, there exist mutually orthogonal idempotents
C1,---,Cn € R, summing to 1, and 1, ..., ¢, € Hom(M', M), such that R[M'] — R[M] equals Y ¢;;, with
@i : R[M'] — R[M] the unique R-algebra homomorphism restricting to ¢; : M' — M on M’ C R[M']). O

Corollary 10.24. There is an equivalence of categories

{diagonalizable groups} ~> {constant group schemes associated to finitely generated abelian groups}°P,
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where the functors in either direction are simply Hom(—, G,,), i.e., taking all natural transformations into
G-

Proof. This follows from Lemma 10.8 together with Lemma 10.23, observing that for the direction from
constant group schemes to diagonalizable groups, for any finitely generated abelian group M and any k-
algebra R, homomorphisms from the constant presheaf M to G,, are in bijection with the homomorphisms
from the associated constant sheaf to G,,, by the universal property of sheafification. (]

Remark 10.25. (i) Of course, constant group schemes associated to finitely generated abelian groups

M are of infinite type except when M itself is finite.

(ii) The above result applies over arbitrary base rings R (or arbitrary base schemes S), provided one
takes the definition of diagonalizable group schemes over R to refer to those of the form D(M)g.

(iii) In the upgraded formulation above, we have an aesthetic symmetry of getting an equivalence of cate-
gories between diagonalizable group schemes and constant group schemes, by taking homomorphisms
into G,,. It is tempting to think of this as analogous to Pontrjagin duality between compact abelian
groups and discrete abelian groups, where one takes homomorphisms into S* C C* rather than
into G,,,. It is tempting to think of diagonalizable groups as analogous to compact abelian groups,
given the ‘complete reducibility’ result Corollary 10.18(ii), and constant group schemes associated
to finitely generated abelian groups as analogous to discrete abelian groups.

(iv) There is an anti-equivalence called Cartier duality from the category of commutative finite group
schemes G over k (i.e., such that G is an affine group scheme over k, and k[G] is finite dimensional as
a vector space over k) to itself, by taking homomorphisms into G,,. This applies to group schemes
that are not necessarily constant or diagonalizable but are nevertheless finite and commutative.

11. LECTURE 11 — GROUPS OF MULTIPLICATIVE TYPE, AND RESTRICTION OF SCALARS

11.1. Groups of multiplicative type.
Definition 11.1. Let G be an algebraic group over k.

(i) We say that G is of multiplicative type over k if for some field extension K/k, Gk is diagonalizable
(since K/k is faithfully flat, this makes G automatically affine, and hence linear). Note that we are
not assuming K/k to be finite or algebraic, though we will see below in Proposition 11.6 that it can
be taken to be.

(ii) If K/k is a field extension such that Gk is diagonalizable, we say that K/k splits G or that G splits
over K. In this spirit, we will also refer to a diagonalizable group as a ‘split group of multiplicative
type’.

(iii) A torus over k, or a k-torus, is a smooth connected group of multiplicative type over k. Thus, T
is a k-torus if and only if for some field extension K/k, we have Tx = (G,,/K)", where r is the
dimension of T, which we will also call the rank of T.

Lemma 11.2. If G is of multiplicative type over k, so are subgroups and quotient groups of G. Moreover,
the category of multiplicative type groups over k is abelian, with the ‘obvious’ kernels and cokernels (thus,
they form an abelian subcategory of the abelian category of commutative algebraic groups).

Proof. Easy by looking at a base-change to a bigger field, hence skipped: that the kernel and cokernel work
well can be checked after base-changing to a field extension that splits T, etc. (I

Now we can give a relatively more intrinsic characterization of semisimple elements without having to refer
to a choice of a faithful representation or to the regular representation.

Lemma 11.3. Let G be a linear algebraic group over k, and let g € G(k). Then g is semisimple if and only
if g belongs to a subgroup of G of multiplicative type.
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Proof. First consider the case where G = GL,,. If g € H(k) for some subgroup H C GL,, of multiplicative
type, then letting K/k denote some field extension such that Hy is diagonalizable, we see that g becomes
diagonalizable and hence semsimple in GL,,(K), so g was semisimple over k to begin with (e.g., though it
is an overkill, one could apply for k[g] C M, (k) the fact that the maximal étale subalgebra base-changes
well with respect to arbitrary extensions, and that we defined g to be semisimple precisely when k[g] is
an ¢étale k-algebra). Conversely, if g € GL, (k) is semisimple, consider the subring k[g] C Endg (V). Let
H be the group scheme of units associated to this subring, given at the level of functor of points by R
(R ®y klg])* € Endg(V ®, R)* = GLg(V ®i R). This is indeed the intersection of the (vector subspace)
subscheme k[g] C Endg (V) with the open subscheme GL(V) C Endg(V'), because the invertibility of the
determinant lets us deduce from the characteristic polynomial a polynomial expression for g—! in terms of
g. Then H is a subgroup of GL(V)/k with ¢ € H(k), and is of multiplicative type since base-changing to
k%P makes k[g] C Endy (V) constant and hence H diagonalizable. 26

The general case follows from taking a faithful representation G < GL(V'), using that an element of G(k)
is semisimple if and only if its image in GL(V')(k) is, and noting that the scheme-theoretic inverse image of
a group of multiplicative type under a closed immersion is again a group of multiplicative type, by Lemma
11.2. ]

Corollary 11.4. Let G be a commutative linear algebraic group over k. If G is of multiplicative type, G(k)
consists entirely of semisimple elements. The converse holds if G is smooth.

Proof. The first assertion is immediate from Lemma 11.3. Conversely, suppose that G is smooth and com-
mutative and that G(k) consists of semisimple elements. Choose a faithful representation G < GL(V'), and
view it as an inclusion. Since G(k*P) C GL(V)(k*°P) is a commuting set of semisimple elements, we can
find a basis for V ®k%P that simultaneously diagonalizes it (it is basic linear algebra that you can do this
with k%P, without having to go to k). Using this basis to identify GL(V) x}, k%P with GL,, /k*P, we find
that G(k°P) is contained in the subgroup T of GL,, /k*P consisting of diagonal matrices. By Lemma 11.2,
it is enough to show that Ggser maps to T under Ggser < GL,, /k%P. But since G is smooth and hence
geometrically reduced, this follows from the density of G(k*P) in G: functions on GL,, /k%P that vanish on
T also vanish on G(k°°P), and hence on G. O

Remark 11.5. We will see later that, in the situation of Corollary 11.4, the ‘converse’ assertion does not
need commutativity: if G is a smooth linear algebraic group and G(k) consists entirely of semisimple elements
(perhaps we also need G to be connected, I will need to check), we will see that G is of multiplicative type.

11.2. Multiplicative type groups split over a separable closure.

Proposition 11.6. Suppose G is of multiplicative type over k. Then some finite separable extension K/k
splits G, or equivalently, Gser is diagonalizable.

Remark 11.7. In the special case where G is smooth, there is an easy proof: see the proof of the (condi-
tional) ‘converse’ implication in Corollary 11.4, where an inclusion Ggser < T with T /k%P diagonalizable
is produced. In fact, though I am probably being naive, and though this doesn’t address the general case,
this is how I like to think of this assertion: “tori split over k%P because semisimple elements have separable
minimal polynomials, and hence the roots of these polynomials lie in k5°P”.

Proof of Proposition 11.6. Reduction to the case where K/k is finite. Let K/k be a field extension that
splits G. Fix an isomorphism Gg = D(M)g for some finitely generated abelian group M; though in
Lecture 10 we defined D(M )i = Spec K[M] as a group over K, it is clear that it is also the base-change of
D(M) = D(M)j, from k to K. Thus, our isomorphism Gx = D(M) g, being polynomial and hence ‘involving
only finitely many coefficients’, may be assumed to be the base-change of some isomorphism Gg = D(M)g,

261 pelieve this is equivalent to, though phrased differently from, what I replied to Anand when he pointed out the detail I
had missed.
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where R C K is a finitely generated k-algebra. Reducing modulo some maximal ideal m C R, we get an
isomorphism Ggs = D(M)g:, where K’ := R/m is clearly a field extension of k. Since K’ is both a field
and a finitely generated k-algebra, and hence a finite algebraic extension of k by the Nullstellensatz, we
may replace K by K’ and assume that K/k is finite. We now need to show that K/k can be taken to be
separable, which is the main part of the proof.

The case where K/k is finite. Now it is enough to show that if K/k is purely inseparable and splits G, then
G is split.

Since K[G| := K[Gk] = ®X€X;<(GK) K - x, it suffices to show that each x : Gk — G,,/K in X} (Gg) is
obtained by base-change from some character G — G,,, (which will then automatically be a morphism of

group schemes and not just schemes).

The extension K /k is fpqc and not Galois, so we will use fpqc descent for morphisms of schemes, which, we
recall, says that in the following diagram with its top-row given:

pry
(37) Grewx = CGr xgGx =G ——G
. |
pro \ ”
X %

Gm

the set of possibilities for the dashed downward arrow is in bijection the set of those possibilities f for the
slanting downard arrow that satisfy f opr; = f o prs.

This has a simple interpretation in our situation: we just need to show that for our given x € X5 (Gg), the
two homomorphisms Ggg, x — G, /k, that are dual to

(38) Koo % KIG] 5 (K @ K)[G,

are equal. Note that these can, by scalar extension, be thought of as maps (K ® K)[z,z71] — (K ®x K)[G],
upon which they become (dual to) elements of Hom(Gkg, x, Gm/(K ®) K)).

These agree after composition with the multiplication map (K ®y K)[G] — K[G], since a®1,1®a € K ®; K
become a € K upon evaluating under this map: in other words, the two elements of Homg, (G g, ks Gm /K Q%
K) given by (38), after base-change along the multiplication map K ®; K — K, become the same element
of HOHIK(GK, Gm/K)

Thus, it suffices to show that the map Homg,(Gre, k; Gm/K @ K) — Homg,(Gg, G,/ K) given by base-
changing with respect to the multiplication map K ®; K — K, is a bijection. Since G is diagonalizable,
so is Gkxg, Kk as one sees by base-changing with respect to either a — a ® 1 or ¢ — 1 ® a: in other words,
we can write Gxg,x = D(M)kg,x for some finitely generated abelian group M. Since Spec K ® K is
connected as K /k is purely inseparable (this is the key point), Homg,(Gxg, ik, Gm/K @4 K) identifies with
M, and for any ring homomorphism K ®; K — K’ with K’ a field, the map Hom,,(Grg, x, Gm /K@, K) —
Homg, (G, G, /K') given by base-change identifies with the identity map M — M, and is hence a bijection.
Apply this with the multiplication map K ®; K — K in place of the homomorphism K ®; K — K’. O

Remark 11.8. We now make some very crude remarks on the proof of Proposition 11.6 as given in Springer’s
book (at least in the case where G is a torus):

e We will only discuss the nontrivial step, i.e., if K/k is a purely inseparable extension and Gg is a
split torus, then G is split. By induction, it suffices to consider the case where K = k[t]/(t? — a) is
obtained by adjoining a p-th root of some a € k.

e First, how does one isolate k from K, when we do not have Gal(K/k)? The point is to use derivations:
it turns out that k is precisely the set of t € K such that D(t) = 0 for all k-derivations K — K. The
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main point in seeing this is that there is a nontrivial derivation K — K taking the p-th root t of a
to t, as the condition D(t* — a) = 0 is automatic in characteristic p. Notice that this agrees with
how, unlike in the separable case, we have Q}( e 7 0.

e As an aside, these ideas are part of Jacobson’s ‘purely inseparable Galois theory’, dealing with purely
inseparable extensions K/k with the property that K? C k (where K may not be generated over k
by just one element). One can describe intermediate subfields etc. using derivations; see Proposition
11.1.5 of Springer’s book.

e Using this as kind of a substitute for taking Galois-invariants, one can imitate what we do with
Galois descent: if V' is a vector space over k, we can extend a k-derivation K — K to a map
V ey K -V ®, K, and recover V C V ®; K as the set of elements annihilated by the resulting
maps (in this context, one views these vector space maps as ‘flat connections associated to the p-Lie
algebra of derivations of K/k’, but let us ignore the details).

e Thus, it is easy to use these derivations to give a criterion for when a map V ®, K — W ®; K is
a base-change of a map V' — W. In particular, these considerations can be used to detect when an
isomorphism Xy — Y i of base-changed affine schemes is a base-change of an isomorphism X — Y.
I hope it is at least not surprising now that one can use these considerations to prove that each
X : Gk — G,,/K as in the proof of Proposition 11.6 is defined over K. Somehow the fact that
m*(x) = x ® x is crucially used in proving this.

e Are the two proofs related? I haven’t spent enough time on this, but some crude speculative pointers.
The map pry — prs : K[G] — (K ®; K)[G] is obtained by base-changing the map K — K ®; K
given by a — a® 1 — 1 ® a. But this map has image in I, where I is the kernel of the multiplication
map K ®; K — K. The map K — I/I? induced by a — a ® 1 — 1 ® a is the ‘universal derivation’
K — Q}( Ik of K/k. Thus, at least on the surface, the two approaches don’t seem unrelated.

Proposition 11.9. Let K/k be a finite purely inseparable field extension. Then the functor:
{Groups of mult. type over k} ~» { Groups of mult. type over K}

given by G — G is an equivalence of categories.

Remark 11.10. (i) This proposition is easy to see it from (ii) below and Proposition 11.13 below.
However, we have placed it here on account of its similarity with Proposition 11.6: some idea for the
“fully faithful” part of it is provided by the proof of Proposition 11.6. A proof of this proposition
in a spirit generalizing and strengthening that of Proposition 11.6, that too in a much more general
setting, can be found in Section 13 of Oesterle’s Luminy notes.

(ii) Compare the above proposition with the following. If K/k is a finite purely inseparable extension,
then R — R ®; K is an equivalence of categories from étale algebras over k to those over K, with
a quasi-inverse given by “taking the maximal étale subalgebra” (use that separable and inseparable
degrees are multiplicative in towers). Therefore, restriction defines an isomorphism Gal(K*P/K) —
Gal(ksP /k).

(iii) Beware that this does not at all mean that tori inside GL,, /k come by base-change from tori inside
GL,, /k*® (i.e., tori in GL, /k are abstractly isomorphic to base-changes of tori over k%P, but their
inclusion into GL,, /k are not base-changes of inclusion of tori over k%P into GL,, /kP).

11.3. Classification in terms of character groups and Galois action. Now we can define the ‘linear
algebraic object’ classifying multiplicative type groups G:

Definition 11.11. If G is a group of multiplicative type over k, let X*(G) = X}cp (Giser ) = Homgp (Gser, Gy /£5P).
Noting that the action of Gal(k*® /k) on k*P[G] = €D, ¢ x - (q) k™7~ X preserves the subset X*(G) of group-like

elements, we will view X*(QG) as a finitely generated abelian group together with the action of Gal(k*P/k)
thus obtained.

Corollary 11.12. Any group G of multiplicative type over k has a ‘smallest’ splitting field (here, we are
only worrying about ‘up to isomorphism’, and not ‘up to a unique isomorphism’).



90

Proof. It has to be the fixed field of the kernel of the action map Gal(k*P/k) — Aut(X*(QG)) (and is thus
in fact Galois over k). O

Proposition 11.13. Definition 11.11 induces an anti-equivalence of categories:
{G multiplicative type group over k} — {Fin. gen. abelian groups with a continuous Gal(k*P /k)-action},

which is exact and has an exact quasi-inverse.

Proof. By Galois descent (as applies to Hopf algebras as well), we have for each finite Galois extension K/k:

e Hopf algebras K[M] . .
G multiplicative type over k . ¢ Fin. gen. abelian groups M
{ and split over K « M f.g. abelian group, « with a Gal(K/k)-action

+ semilinear Gal(K/k)-action
Here, to go between the second and the third terms, use that for any o € Gal(K/k), o-semilinear Hopf
algebra homomorphisms K[M] — K[M] are, by well-defined restriction, in bijective correspondence with
group automorphisms of the subset M of group-like elements.

By taking limit over K in k°°P, and using that every multiplicative type group over k splits over kP
(Proposition 11.6), we get the desired anti-equivalence. The exactness assertions are immediate from the
corresponding exactness assertions k°¢P. I am a bit confused about the fact that sources do things this way,
instead of directly descenting from k°°P (where we have a continuous Galois action). g

Remark 11.14. If G; and Gy are groups of multiplicative type over k, the functor Hom(Gy,Gs) : R +—
Homg, ((G1)g, (G2)r) may be, I think verified, using Galois descent (and its description, given in Lecture
10, in the case where G; and Gq are diagonalizable), to simply be the étale group scheme associated to the
abstract abelian group Hom(X*(Gsz), X*(G1)) with its Gal(k*P/k)-action. In general, it is of infinite type.

Example 11.15. Here are some examples of multiplicative type groups:

(i) If n is relative prime to char k, the constant group scheme Z/nZ associated to Z/nZ is of multiplica-
tive type, but it is not diagonalizable unless k has all n n-th roots of unity.
(ii) Groups of the form G, are diagonalizable, and hence are split tori. X*(G},) is the free module Z",
with the trivial action of Gal(k°P/k). If k is separably closed, then every torus over k is of this form.
(iii) What are the tori of rank one, i.e., groups T of multiplicative type over k such that X*(T) is a free
Z-module of rank one? To answer this we only need to classify the Galois actions Gal(k®P/k) —
AutZ = {£1}. Now:
e One possibility for such a homomorphism is for it to be the trivial one, giving G,,.
e If this homomorphism is nontrivial, its kernel is Gal(k**P/K) for a quadratic extension K/k:
thus, given o € Gal(k*P/k), o acts on X*(T) = Z trivially if o fixes K, and takes each
x € X*(T) = Z to —x otherwise. We will describe this torus more explicitly later, as the “norm
one torus” Res}, /i Gm associated to the quadratic extension K/k.

(iv) There are a lot of crazy tori out there, since there can be many actions of Gal(k*P /k) on Z-modules.
But let us identify some nice classes of Z-modules, which will correspond to simple (in a non-technical
English sense) tori that often let us study more complicated tori. If Gal(k®P/k) acts on a finite set
B, then it also acts on the finitely generated free Z-module Z? with basis B by permuting the basis
elements. This gives us a particularly nice class of free Z-modules with Gal(kP/k)-action, and
hence a particularly nice class of tori, which are called ‘induced tori’.

A particularly special case is when the action of Gal(kP/k) on such a B is transitive, letting
us identify B with the coset space Gal(k*P/k)/ Gal(k*P/K), where Gal(k**P/K) is the stabilizer of
some chosen element of B (note that K/k may not be Galois). The torus we get in this case will be
called Resg /. Gy, which is something we will study later in this lecture. Clearly, a torus is induced
if and only if it is a product of tori of the form Resg /i G-
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11.4. Representations of groups of multiplicative type. Recall from Lecture 10 that if G is diagonal-
izable over k, then the tensor category Rep,(G) of finite dimensional representations of G is equivalent to
the tensor category of finite dimensional X} (G)-graded vector spaces, where one associates to a representa-
tion V' the decomposition V = EBXe X:(C) V, of V into isotypic subspaces, which is also called the ‘weight
decomposition’ of V. Let us now study the analogue of this fact for groups of multiplicative type.

Proposition 11.16. Let G be a group of multiplicative type over k. Given a representation V of G, write
(39) Verkr= B T
XEX*(G)

for the decomposition, into isotypic subspaces, of the base-changed representation Viser of the diagonalizable
group Gyses. This gives us a tensor equivalence of abelian categories between Rep, (G) and the tensor category

of pairs (V,(Vy)yex=(qa)), where:

V' is a finite dimensional vector space over k;
V @y k5P =@, Vy is an X*(G)-grading (a decomposition as in (39));
We require that VU(X) = o(Vy) for all o € Gal(k*P/k) and x € X*(G); and

I will skip writing down the tensor structure, but it is the obvious thing to do.

A quasi-inverse sends (V, (Vy)y) to the unique representation of G on Vwhose base-change to Gyser has V;,
as the x-isotypic subspace, for each x € X*(G).
Sketch of the proof. To make sense of the ‘forward direction’; all that there is to prove is that U(f/x) = VU(X)

for each x. Since we saw in Lecture 10 that f/X = {v € V®k*P | v v® yx under the co-action map}, this
follows from the fact that the co-action map is defined over & (so if v — v ® x, then o(v) = o(v) ® o(x)).

Now let us make sense of the ‘reverse direction’. Let us abbreviate kP, Gpser and V ®j, k5P tojf, Gand V.
Since we studied the representation theory of diagonalizable groups in Lecture 10, given (V, (V,)y), we do
get a representation p of G on V such that the co-action map V-V ®z I;[G] equals v — v ® x on each VX.
The condition o(V, ) = VU(X) shows that this coaction map is Gal(k/k)-invariant. But it seems more helpful
for us to know that the coaction map VV — V'V ®y l%[é] associated to the contragredient representation of
G on the dual vector space VY of V is Gal(k/k)-invariant, which follows similarly.

If we can deduce from this that the map k[V] — k[V] ®j k[G] dual to G x V — V is Gal(k/k)-invariant, then
Galois descent will let us descent p to a (necessarily unique) representation p with the correct description.
Since k[V] = Sym® VY, it suffices to prove that the restriction of this map to the subspace VV C k[V] of
linear polynomials without constant term is Gal(k/k)-invariant. But just from the definitions, this restriction
map may be verified to be the co-action map

VY = VY e k[G]
for the contragredient representation Vv of G, which we just observed to be Gal(k/k)-invariant.

Thus, we have functors in both directions; it is easy to see that they are quasi-inverses to each other and
that they respect the tensor structures. O

Corollary 11.17. Let G be a multiplicative type group over k. Then the category Rep,(G) is semisimple,
i.e., every subrepresentation W of a finite dimensional representation V' of G has a complement. In other
words, groups of multiplicative type are linearly reductive.

Sketch of proof. Let (V,(Vy)y) be as in Proposition 11.16, and write a subrepresentation as (W, (W, ), ). By
Proposition 11.16, it suffices to find a complement W)’( for WX in V, for each x € X*(G), such that for all
o € Gal(k*P/k), we have O'(W;() = W;(X).
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It suffices to do this for each Gal(k**P /k)-orbit in X*(G). In other words, fixing x € X*(G) as a representative
for such an orbit, it suffices to find a complement W>l< for W, in V,, with the property that for all o €
Gal(k*P/k), o(W, ) depends only on o - x: for, if we do this, then we can define W7 := o(W}), and the
property V., = W,., @ W, will be automatic, as will be the property o/ (W; ) = W/

ol-o-x"

In other words, it is enough to choose the complement W;( of WX to ensure that for each o € Gal(k*P/K),

o(W,) depends only on the image of o in Gal(k*P/k)/Gal(k*P/K), where we write the stabilizer of x in
Gal(k%P /k) as Gal(k*P/K) for a finite extension K/k of k in k%P (which may not be Galois). In V, g :=
(V) G/ K) Vi, we fix a complement W, g for Wy i == (W) CAE/E) “and set Wy, := Wy x @ k5P.
Now it is easy to check the desired property, that for each o € Gal(k*P/k), O'(W;() = o(W} r ®K k*P) =
o(W} i) @ (k) k*P depends only on the image of o in the coset space Gal(k*P /k)/ Gal(k*P/K), and hence

X
only on o - x. O

Remark 11.18. (i) Thus, irreducible representations of a group G of multiplicative type over K are
indexed by the orbits of Gal(k*P /k) in X*(G); the representation V' corresponding to the orbit O,
of x has, over kP, weight spaces of dimension one each for each x’ € O,, and hence dimension equal
to #0O0y.

(ii) As Poonen’s notes point out, in characteristic zero, linearly reductive is the same as the identity
component being reductive, while in characteristic p, linearly reductive is the same as requiring that
the identity component G° is a torus and that p does not divide the order of the quotient G°\ G
(i.e., the dimension of the coordinate ring of the finite étale scheme 7o (G)).

11.5. Restriction of scalars. We know that every complex manifold of dimension n is a real manifold of
dimension 2n. We would like to do something similar with schemes. For example, consider the variety X
over C defined by

(40) P hy+4+i=0

in A2/C. We wish to “somehow” view this as a variety over R. For this, we can write z = 1 + 27 and
Y = y1 + yoi, with o1, 22, y1 and yo thought of as real variables. The equation becomes: (2% — 23 +y; +4) +
1(2z129 +y2 + 1) = 0.

Thus, if we consider the variety Y over R defined by the system of equations
(41) {23 — 254y +4=0,20129 +yo + 1 =0},

then the solution set Y(R) to (41) over R is in an obvious bijection with the solution set X(C) to (40) over
C = R + Ri. More generally, the solution set Y(R) of (41) over any R-algebra R is in bijection with the
solution set X(C ®g R) of (40) over C ®g R = R+ Ri.

Definition 11.19. Let X be a scheme over a ring B, and let A C B be a subring. If the functor {A —alg} —
Sets given by R+ X(B®4 R) is representable, we denote any scheme representing this functor by Resg,4 X
(thus, by the Yoneda lemma, it is unique up to a unique isomorphism), and call it a restriction of scalars of
X with respect to the ring extension B/A. In other words, when Resp 4 X exists, we have a bijection

(42) (Resp/a X)(R) = X(B ®a R)

for all A-algebras R, functorial in R. Note also that, modulo existence, Resp/4 X is a functor, so that if
f: X — X’ is a map of schemes over B, we will talk of Resp/a f : Resp/a X — Resp/a X’ whenever Resp/a X
and Resp/a X' exist.

Proposition 11.20. Suppose B is a free A-module of finite rank, and let X be a quasi-projective scheme
over B. Then Resp/a X exists as a scheme.
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Proof. Skipped. But the idea of the construction, in the case where X is affine, is as follows, where I follow
Construction A.3.5 of the book of Gopal Prasad and Tasho Kaletha; note that the way this works is similar
to the example of 22 4+ y 4+ 4 4+ i = 0 given above, so it is not hard to get a proof out of this.

e Let X = Spec B[T4,...,T4]/I, and let B = Ae; @ --- + Ae, as an A-module.
e One considers B[T;; | 1 <i<d,1 < j <n]. Foreach f € I, we write f(Z?Zl ejTl,jv--ij e;jTy )=

>oj¢€j - [ with f; € A[Ty 5 [ 1 <4 <d,1 < j" <n]for each j (i.e., evaluate over B, and expand
along B = Ae; @ -+ @ Aey).

e Let I’ be the ideal in A[{T};; | 1 < i < d,1 < j < n}] generated by the fi,..., f, as f ranges over

I. Then Spec(A[T;; | 1 < i < d,1 < j < n]/I') (even though possibly empty) can be checked to
represent R — X(B ®4 R), so that Resp 4 X exists.

The general quasi-projective case follows by gluing the outputs of the above construction applied to affine
opens, but apparently this uses the quasi-projectiveness somehow, and cannot be adapted to more general
non-quasi-projective schemes. O

The following remark includes some frequently used properties of restrictions of scalars.

Remark 11.21. (i) We will likely not use the above construction in this course at all; almost all of what

we will need is the existence of the scheme Resp,4 X characterized by (42), i.e., that it represents
R+— X(B®a R). Perhaps sometimes we will also use that (42) can be described in terms of a single
map (Resp,4 X)p — X discussed in (iii) below.

(i) The functorial identification (Resg/4 X)(R) = X(B ®4 R) for A-schemes Z = Spec R automatically

extends to non-affine A-schemes Z, and gives an isomorphism:
Mor(Z,Resp /4 X) = Mor(Zp, X)

functorial in A-schemes Z, where Zp = Z Xgpec 4 Spec B. In other words, restriction of scalars from
B to A is right-adjoint to base-change, or “extension of scalars”, from A to B.

(iii) “Universal property of Resp,4”: general nonsense/Yoneda considerations tell us that (42), or for that

matter (43), can be realized in terms of a single morphism (Resp/4 X)p — X: taking Z = Resg,4 X
in (43), and considering idz on the left-hand side, we get a morphism

(RGSB/AX)B — X.

By general nonsense, (43) is simply “base-change to B and compose with (44)”. At the level of
functor of points, (44) can be described as, for all B-algebras R:

(Resp/a X)p(R) = (Resp/a X)(R) = X(B®a R) = X((B®a B) ©p R) = X(Bp R) = X(R),

where one uses the map B ® 4 B — B given by multiplication; one could instead go directly from
X(B®a R) — X(R) by multiplication, since R is a B-algebra, but the more convoluted description
above is in the spirit of (v) below, to keep in mind that factoring B ® B lets us factor (Resp,4 X) 5,
something we will see below.

(iv) If X is a group scheme over B, then it is immediate from (42) that Resp/4 X is in an obvious way

a group scheme over A, and various considerations made above hold at the level of group schemes:
e.g., (Resp;4 X)p — X is a homomorphism of group schemes.

(v) If A=k and B = K is a field extension of A, then for any field extension L of k we have:

(Resg/i X)L = H Resr, /1 X,

where K @, L =[], L; as an L-algebra (the L;’s are fields if K or L is separable over k, but not in
general), so that for all L-algebras R we have

K@kR:(K®kL)®LR:H(Li®LR)'
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(Correction: In the lecture, I wrote Resy, , instead of Resy,,r,, which is nonsense: that wouldn’t
match dimensions correctly, and one is anyway looking for an L-scheme, and not just a k-scheme.)
In particular, if K/k is separable and L contains a Galois closure of K/k we have:

(46) (Resg /i X)L = H Xo,Ls
oc€Homy _,15(K,L)

where X,, ;, denotes the base-change of X along o : K — L.

Thus, we can say informally: “Resg/, X is like a product of copies of X with respect to the fibers
of Spec K — Spec k, with the relevant Galois-twists factored in”. We will see later that notions like
parabolic subgroups, Levi subgroups, maximal tori etc. behave in appropriately good ways with
respect to Resg /.

(vi) Consider the case where X is already defined over k. In this case, one typically writes Resg ;X for
Resg /i Xk, and we also have an obvious map X < Resg/;, X, given by the X(R) — X(K @ R) as
dictated by the R — K ®j R, in turn given by « — 1 ® z. Clearly, in view of (v) above, this map
deserves to be called ‘the diagonal embedding of X in Resg s, X'.

(vii) In the situation of (vi), suppose that K/k is Galois. Then each o € Gal(K/k) induces an automor-
phism of Resg /;, X, which at the level of R-points is given by the map X(K ®; R) — X(K @ R)
that is induced by 0 ® id : K ® R — K ®; R. Thus, we have an action of Gal(K/k) on X by alge-
braic automorphisms, and clearly the subscheme of X fixed by Gal(K/k) is precisely the ‘diagonally
embedded’ X — Resg/ X.

Note that, more generally, if K, Ko are fields containing k, then for every k-algebra homomor-
phism K; — K3, we get a similarly defined map Resg, /p X — Resg, /i, X, etc.

(viii) Resg/r, preserves some properties like smoothness (e.g., use (46)), but can also have weird properties.
For instance, even though our K'/k is a field extension and X is a nonempty affine scheme, Resg ;. X
can be empty. For instance, if chark = p > 0, K/k is degree p extension obtained by attaching a
p-th root t of a € K, and L/K is a degree p extension obtained by attaching a p-th root ¢; of ¢,
then Resk/x L is the empty scheme: given any k-algebra R, there is no K-algebra homomorphism
L — K®y R, since if t; — Y a; @b;, then on the one hand ¢] =t mapstot®1 € K®; R\ ({1} ® R),
and, on the other hand, to >, af ® oY =3 1® (a;b;)P € {1} ® R.

(ix) The book ‘Pseudo-reductive groups’ of Conrad, Gabber and Prasad says (I change notation to match
ours) ‘One should think of the functor Resp /4 as analogous to the pushforward operation on sheaves.’
I haven’t spent time thinking about this comment, but some of you may immediately relate to it.
This is perhaps related to the adjunction with extension of scalars ((ii) above).

Lemma 11.22. (i) If G is a group of multiplicative type over K, and K/k is a separable field extension,
then Resg i, G is a group of multiplicative type. If G is a torus, so is Resg i, G.
(ii) In the situation of (i), writing I' = Gal(k*P/k) and 'k = Gal(k*P/K) C ', X*(Resg i, G) with its
T-action is simply Indll:K X*(G), namely Z[I'] @zr,.] X*(G) whose I'-action is the left action of T’
on the Z[T)-factor. 27 Moreover, this identification is functorial in G.

Remark 11.23. This lemma would not hold if we allowed K/k to be inseparable. This would lead to groups
that base-change to groups over k of the form Resp /i Gm, where B has nilpotents. Thus, e.g., B contains =
with 2% = 0, and hence a subgroup of the form {1 + az | a € G,} = G, (namely, R — {1 +az | a € R}),
which is unipotent and hence cannot be contained in a group of multiplicative type. These are, as I have
probably mentioned before, simple examples of what are called pseudo-reductive groups.

Proof of Lemma 11.22. (i) is immediate from (45), since each base-change of G to a field extension is again
of multiplicative type.

270One can also think of the induced representation as the space of functions f : I' — X*(G) such that f(¢’c) = o/ (f(o)) for
o’ € Tk and o € T', with T acting on these functions right-regularly. But morally, this description corresponds to the co-induced
representation rather than the induced representation, though these coincide in our situation because I' /T is finite.
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Now let us prove (ii). By (45), we can write:

(47) X*(Resg ), G) = b X* (G poen )

oc€Homy, _,15 (K, k5¢P)
where I will desist from describing the action of I' = Gal(k%P/k) on the right-hand side (which is straight-
forward but slightly bothersome); almost all that we will need is that ¢’ € T' takes the ‘¢’ component of the
above direct sum to the ‘c’o’-component, something that may be verified easily.

While this might look messy, one can proceed almost formally. The ‘o = id’ component X*(Giq gser) of the
right-hand side of (47) is preserved by the I'-action (use the previous paragraph), and as a Z[I' x]-module,
it identifies with X*(G). Therefore, since the right-hand side of (47) is a Z[['l-module, for purely formal
reasons this identification X*(G) — X*(Gjq,ser) extends to a homomorphism from Z[I'] @z .} X™*(Giq,gser )
to the right-hand side of (47). From the previous paragraph, and the fact that T' C Z[[']* acts on either side
invertibly, it is easy to see then that the map from Z[I'] ®zp,.] X*(Giq,kser) to the right-hand side of (47) is
an isomorphism. The functoriality in G of this identification is easy to see.

Note how it is the ‘induced’ and not the ‘co-induced’” module that naturally shows up. Here is a different
way to recapitulate the above ideas proving (ii). Note that for each group H over k of multiplicative type,

Homp (X*(Resg /i, G), X*(H)) = Homg, (H, Resg/, G) = Homg, (Hg, G) = Homr, (X™(G), X™*(H)|r,)

as follows from (43), where X*(H)|r,, refers to the I''module X*(H) viewed as a I"x-module. By Frobenius
reciprocity (or as is equivalent in this situation, Hom-tensor adjointness), given that every finitely generated
I-module is some X*(H), the functor M — Homgr,(X*(G), M|r,) on the category of finitely generated
Z[I'-modules M is represented by Z[I'] @z ,.] X*(G), so we are done. O

Example 11.24. (i) It is easy to see from Lemma 11.22 that X*(Resf ;, G,) is as described in Example
11.15(iv).

(ii) We now discuss a group Res}(/k. G, the ‘norm one torus’ associated to K/k, which when K/k is
quadratic realizes a G having the “X*(G) with Gal(k**P/k)-action” of Example 11.15(iii) (hence
completing the classification of rank one tori over k). We will define it as the kernel of a surjective
homomorphism Resg /i, G,y — Gy, called ‘norm’, which we might even denote by N/, sometimes.
For any k-algebra R, K ®j, R is a free R-module of rank equal to [K : k]. Thus, we get a map

Gm(K @1 R) = (K @ B)* 3" GLR(K @1, R) % R = G (R),
functorial in R, i.e., amap Resg , Gp, — Gy, This has (R*)X* in its image, and is hence surjective
(e.g., being surjective when R = k). Hence the kernel of this map is a subgroup of Resk i, Gy, of
codimension 1, which we call Res 7k Gm.
Clearly, the group Res}( 7k Gm (k) of k-points of Res}( /i Gm 1dentifies with the group of elements
of K* lying in the kernel of the norm map Ng s, : K* — k. Note that the group Resé/R Gy, is the

—sinf cosf
(iii) On base-changing from % to a Galois closure L of K, the ‘norm map’ Resg/, G,, — G, base-

. . o Lo 0 in6
algebraic group associated to the unit circle S', which is also the “( cos st >” torus.

changes to the map GLnK:k]/L — Gy, /L given by (21,...,2x:k) — [, zs, and hence its kernel is
isomorphic to (Gp,/L)¥*~=1. Thus, on base-changing to L, Resj/, Gy becomes isomorphic to

GEHI= Therefore, Res}, /i Gm 1s smooth and connected; in other words, it is a torus.

(iv) Now assume that K/k is quadratic. The above observations tell us that (Res%(/k)K = (Ggfzk]*l/K =
G /K. Therefore, as Z-modules, forgetting the Gal(k%P/k)-action, we have X*(Res}(/k Gn) =
X*(Gy) = Z. The Gal(k*P/k)-action on factors through Gal(k*P/k) — Gal(k*P/K). We claim
that it is nontrivial. It suffices to check this after base-changing to Q, and using

0= X*(Gm) = X*(Resg/k Gm) — X*(Resge/, Gpm) — 0
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and the knowledge that X*(Resg/x G,,) is as in Example 11.15(iv). Thus, we conclude that
Res}{ Ik G, is the group described in Example 11.15(iii), completing the classification of rank one
tori over k.

Over k = R, since Gal(k**P/k) = Gal(C/R) is of order two, it is easy to see that every free Z-
module with a Gal(C/R)-action is isomorphic to some A™ @& B™ @& C™, where A = Z with the
trivial Gal(C/R)-action, B = Z with the unique nontrivial Gal(C/R)-action (the nontrivial element
acting by  — —x), and C = Z @ Z with the nontrivial element permuting the elements of the
standard basis. Therefore, every torus over R is a product of copies of of the following three tori:
G, Res(lc /k Gm and Resc g G, For instance, Resc/g G, is related to the embedding of C in R via:

. <a —b>
a+ib— .
b a

Note that even over finite fields tori tend to be more complicated than this.

Remark 11.25. (i) When K/k is Galois, it can be seen from the considerations of Remark 11.21(vii)

(i)

that the ‘norm’ map Resg /i, G, — Gy, whose kernel is Res}(/k Gy, (see Example 11.24(ii)), upon
identifying the target G,,, with the ‘diagonally embedded’ G,,, < Resg /i G, (see Remark 11.21(vi)),
is simply the product, over ¢ € Gal(K/k), of the associated algebraic group homomorphisms
Resg/r Gm — Resg i, Gy as in Remark 11.21(vii). A more complicated description involving a Ga-
lois closure can be given when K/k is only separable and not Galois: do everything inside Resz, /. Gy,
where L is a Galois closure of k. Thus, the description of N, : K* — k™ in terms of Galois con-
jugation also generalizes to give a description of the ‘norm’ map Resg /i G,y — G-

One can clearly get crazier tori such as the kernel of a ‘norm’ map Resy, /. G, — Resg i, Gy, where
k — K — L are field extensions. But this is not much crazier — it is simply Resg Rele/K Gm —
but I just wish to make the point that the Galois action on X*(G) can become complicated.

12. LECTURE 12 — SUBGROUPS ATTACHED TO COCHARACTERS, CENTRALIZERS OF MULTIPLICATIVE

SUBGROUPS (ONLY SCRIBBLINGS)

12.1. Motivation. Brief comment on cocharacters:

Definition 12.1. (i) If G is of multiplicative type, we will define X,(G) = Homgp (G /k%P, Gpser ),

together with the obvious action of Gal(k*P /k) on it: Gal(k®°P/k) acts on it since G,,,, G are defined
over k. We will refer to elements of X.(G) as cocharacters valued in G, though they are really
defined over k%P; in general, elements of X*(G) (resp., X.(G)) arising by base-change from & will
be identified with the characters (resp., cocharacters) they base-change from.

We have a pairing

() 1 Xu(G) x XH(G) = Z,
as follows: if x € X*(G) = Homgp(Gpser, Gy, /E*P) and A € X, (G) = Homgy, (G, /k°P, Gpsep ), nOting

that po A € Homgp (G, /k%P, Gy, /E°°P) is of the form ¢ +— ¢™ (just as Homgp (G /5P, Gy, /K%P) =
X* (G, /k5P) = Z), one sets (u, \) = n.

The following lemma is easy, by base-changing to ks, so that G becomes isomorphic to the product of some
Gy, and a product of copies of G,,’s:

Lemma 12.2. The pairing {-,-) is bilinear and Gal(k*P/k)-equivariant, and identifies X.(G) with the
quotient X*(G)/X*(G)tors of X*(G) with its torsion subgroup. In particular, if G is a torus, then (-,-)
is a perfect pairing realizing X.(G) as dual to X*(G), Gal(k*°P/k)-equivariantly.

Motivation: LU decomposition: ‘most’ matrices in GL,, can be written as (lower triangular unipotent) times
(diagonal) times (upper triangular). This can be done at the level of block matrices: if M C GL,, consists of
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block diagonal matrices, and N, N~ C GL,, the corresponding block unipotent upper and lower triangulars,
then one can show that the product map:

N™ " xMxN = G,
defined by (n™,m,n) — n~mn, is an open immersion.

Today we would like to study a similar result for general algebraic groups. We wish to first realize M, N and
N7 in terms of constructions associated to a single cocharacter A : G,, — G.

Definition 12.3. Suppose G,, acts on an affine scheme X = Spec B over k. Let ¢ : G,,/R — Xg be a
morphism. If there exists a morphism ¢ : A'/R — Xp restricting to ¢ on G,,/R, we say that lim; o ¢(t)
exists, and set lim;_,op(x) := @(0). This is well-defined since Xp is separated, so that ¢ is uniquely
determined by ¢ if @ exists: there is at most one way for B — R[z,z7!] to land inside R[z] (if X were not
affine, it would suffice for it to be separated over k).

We will make obvious variations on this notation: if G,, acts on X and x € X(R), we will talk of lim; ot - x
etc.

Definition 12.4. Now consider A : G,, — G, and view G,, as acting on G by Into)X. We will use the
notation —\ to denote A~!. Define:

e M(X) = centralizer of A\(G,,) in G = fixed points of G,, on G;

e P(\) ={g € G| limy_oInt A(t)(g) exists, and P7(A) = P(=A) = {g € G | limy—, 0o Int A(¢)(g) exists
(these are viewed as functors from k-algebras to sets);

e N(A\) = {g € G| limyoInt A(¢)(g) = e, N"(\) = N(—=A) (these are viewed as functors from k-
algebras to sets).

We wish to prove the following today:

Proposition 12.5. Let G be a linear algebraic group over k.
(i) P(N),M(X),N(X) are representable by closed subgroups of G. If G is smooth, so are P(\),M()\) and

N(A).

(i) PA) NP =M(N).

(iii) P(A) = M(A) x N(A) (i.e., N(A) x Z(A) — N(A) is the normal subgroup).

(iv) The map N(=X) x P(A) = G or equivalently the map N(—X) x M(X) x N(A) = G, given by multipli-
cation, 1S an open iMmersion.

(v) LieP(\),Lie M()\) and Lie N(\) have analogous descriptions as P(X), M(X) and N(\), except that one
considers the action AdoX of G,, on g = LieG in place of the action Int o\ of G,, on G. More
concretely, if g, (X) denotes the subspace of g where Ad o\ has weight n, and if g>o denotes ®n20 On

and g>o(X) = B,,5¢ In () then:
LieP(A) = g>0(A\), LieM(X) = go(N), and LieN(A) = gso()N).
One can similarly describe LieP(—)A) = g>0(—A) = g<o(—A) and LieN(=X) = g=0(—A) = g<o(—A).

Sketch of proof, when G = GL(V') or assuming the smoothness assertions and that G is smooth. Suppose A :
G — G = GL(V), so A is a representation of G,, on V, given by a Z-grading on V. Let the weights

be aq,...,a,, with V; the weight space corresponding to a;, and assume without loss of generality that
a; > --- > a,. Let the dimension of the space with weight a; be n;. Thus, choosing a basis for V
by concatenating bases for the V;, and using it to identify GL(V) with GL,, it follows that A(¢t) =
diag(t®, ..., t*, 1%, .. %2 ... % ... t%), where each t% occurs n; times.

The action of Int A(¢) multiplies the (i, j)-th entry by a;; — a;/, where 4 is in the ¢/-th block and j is in the
j’-th block. From this, the following are immediate:;
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e P()) is (represented by) the subgroup of GL,, consisting of (n1,...,n,)-block upper triangular ma-
trices;

e M(]) is represented by the (ng,...,n;)-block diagonal matrices in P());

e N()) is represented by the subgroup of P(\) consisting of elements whose block diagonal entries are
idp,,...,idp,;

e For P(—\) and N(—\), replace ‘block upper triangular’ with ‘block lower triangular’ in the above.

Now (i) and (ii) are immediate. (iv) is easy: ‘projecting to the block diagonal part’ gives a surjection
P(A) — M(A), which is obviously split, with kernel N()).

We will only sketch the proof of (iv). But for GL2, note:
1 (a (1 y\_[a ay
z 1 b 1) \za zay+b

has image equal to the open subscheme { (Z Z) | deta # O}, with inverse given by:

(@ )= (ear ) (* pocas) (C 17

This argument works for GL,,, provided r = 2. We can deduce the general GL,, case from here and induction.
Perhaps the general GL,,-case follows by Gaussian elimination as well. The image of the open immersion is
given by the nonvanishing of all the top left (nq + -+ +n;) X (n1 + - - - + n;)-minors.

The assertion (v) is an easy computation.

Now consider the general case. Choose a faithful representation G «— GL(V) := (N}; Write P(A), M(A), N()\)
for the objects defined exactly like P(A), M(\) and N(A), but with G replaced by G = GL(V).

Almost tautologically, R[G] — R[m,x’}] has image in R[z] if and only if R[G] — R[G] — R[z,z '] does.
Therefore, it is immediate that P(~)‘) = P(A\)NG at the level of R-points for each R, giving its representability.
Given this, the equality N(A) = N(A) N G follows. The analogue M(\) = M(A) N G is immediate.

Now (i) and (ii) for G follow from the corresponding assertions for G, except possibly for the smoothness of
P(A),M(\) and N(X). As said, we will assume these for now.

Now we come to (iii). The map P(A) — M()) can be interpreted as follows: x — lim¢ 0 A(t) - 2. Therefore,
it restricts to a map P(\) — M()), which is clearly a surjection as well. N(A), being N(X) N G, is clearly
normal in P(A). Thus, (iii) follows.

Since G — G is a closed immersion, and since P(\) = P()\) N G scheme-theoretically, it is easy to see that
LieP(A) = Lie P(A\)NLie G (consider k[e/e?]-points etc.). From this, (v) follows for G from the corresponding
assertions for G.

We want to use this to prove (iv). We are assuming that P(\) and N(—\) are smooth. The derivative of
the multiplication map P()A) x N(=\) = G at (ep(»), en(—»)), which is a map Lie P(\) @ LieN()\) — LieG,
is simply (X,Y) — X + Y, and therefore surjective as is immediate from (v). Since P(A) and N(—\) are
being assumed to be smooth, the image of multiplication map P(\) x N(—=A) — G, which is the image of the
orbit map at the identity, is smooth. We also know that this image is open in its closure, which is smooth
at e. The surjectivity of the map of tangent spaces implies that the closure of the orbit is the whole of G.
Therefore, the image of P(A) x N(=\) is open. Moreover, this map is injective at the level of R-points for
every k-algebra R, since P(\) N N(=)\) is {e}, as this is already the case with P(A) N N(=\). O



99

Definition 12.6. If an algebraic group G over k acts on a scheme X over k, we let X% be the functor
{k — alg} — Sets given by:

XC(R) := {x € X(R) | V R-algebras R’ and g € G(R'), g- = = x inside X(R')}

(where we let x also stand for its image in X(R')). We will see below that X© is representable by a closed
subscheme of X.

Theorem 12.7. Let G act on an algebraic scheme X over k. Then the functor XE s representable by a
closed subscheme of X.

Theorem 12.8. If X is a smooth algebraic scheme over k and G is a smooth linearly reductive group acting
on X, then X© is smooth.

Remark 12.9. (i) If H is linearly reductive and acts on smooth algebraic group H, then G is smooth:
this holds without assuming H to be smooth.
(ii) One can show that, among smooth linear algebraic groups, Theorem 12.8 characterizes (smooth)
linearly reductive groups: Milne cites Fogarty and Norman.

Corollary 12.10. Let G be a smooth linear algebraic group over k, and T C G a (smooth) group of
multiplicative type.

(i) The centralizer Cq(T) of T in G and the normalizer Ng(T) of T in G are smooth.
(ii) The identity component Ng(T)? C Ng(T) is contained in Cq(T). In particular, Cq(T) is of finite
index in Ng(T).

Proof. We saw in Lecture 11 that T is linearly reductive, and since G is smooth. Moreover, Cg(T) can be
interpreted as the subscheme of G fixed by the conjugation action of G. Hence it follows from Theorem 12.8
that Cg(T) is smooth. If we prove (ii), it will follow by (base-changing to k and using homogeneity) that
Ng(T) is smooth.

Therefore, let us prove (ii). Here, the latter statement follows from the first, so let us prove the first assertion,
that the conjugation action of Ng(T)? on T is trivial. It is enough to prove this after base-changing to k,
since R-points of any scheme are contained in its k ®; R-points. Therefore, assume that k = k. Therefore,
T is diagonalizable.

This conjugation action defines a morphism of functors:
Ng(T)? = Aut(T),

given by g — (Int g)|r. We saw in Lecture 10 that the functor Aut(T) is given by the constant group scheme
scheme Aut(X*(T)) associated to the abstract abelian group Aut(X*(T)).

The intuitive idea is as follows: Aut(X*(T)) is ‘discrete’, so its identity element is open, and its inverse image

in Ng(T)? is open; but since Ng(T)? is connected it cannot have a proper open subgroup, and hence all of

Ng(T)? has to map to the trivial element. Let us formalize this. Any morphism Ng(T)% — Aut(X*(T))

is given by a locally constant morphism Ng(T)® — Aut(X*(T)), which is constant because Ng(T)° is

connected. O

Remark 12.11. Let us sketch the approach in Borel’s book to proving Corollary 12.10(ii). Again, base-
change to k and assume that & = k. Consider Ng(T)? x T — T. For each finite order point ¢ € T(k), the
map Ng(T)%(k) x {t} — T(k) consists of finite order points in the target T(k), which are only finitely many.
Since Ng(T)°(k) is connected, we conclude that the restriction Ng(T)%(k) x {t} — T(k) has singleton image.

Thus, Ng(T)?(k) acts trivially on all finite order points of the T(k) on the ‘source’ side, and since these are

dense in T(k), it follows that Ng(T)%(k) centralizes T(k).
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Corollary 12.12. Let G be an smooth algebraic group acting on a smooth algebraic scheme X over k. Let
s € G(k) be semisimple. Then the subscheme X° of X fized by s (the inverse image of the diagonal under
x> (x,8-x)) is smooth.

Sketch. Can make sense of the Zariski closure H in G of the group generated by « (it could have dimension
one): it is reduced by construction and hence smooth, and can be shown to be a subgroup scheme of G.
By lecture 11, H is of multiplicative type and hence linearly reductive. Using density, one can show that
X* = X" which is smooth by Theorem 12.8. |

Example 12.13. (i) G, acts on X& + X1 X9 + -+ + Xo,_1 X2, = 0 by scaling??

(ii) G, acts on P!, ¢ - [z : y] = (x + ty,y). The fixed point set needs y = 0. So consider x = 1. Then
crudely: ¢-[1 :y] = [1 4+ ty : y], which equals [1 : y] if and only if (1 + ty)y = y, or equivalently
ty? = 0. This suggests that the fixed point subscheme is k[y]/(y?), but this is not rigorous. Nor was
the treatment in the lecture, will try to fix it for the actual version.

(iii) SL, acting on itself, so SL,, is not linearly reductive.

12.2. Representability and smoothness of fixed points — sketches of proofs.

Idea of the proof of Theorem 12.8. If X is a representation V of G, show that X© is simply the (vector
subspace) subscheme

VG :={veV |v— v®1l under the co-action map },
which is representable: this can be done using k-algebras R and R-algebras R’, or using the right-regular
representation, like we did with diagonalizable groups in Lecture 10.

Now we wish to reduce the general case to the case where X is a representation.

z € X% is a smooth point of X. We have ¢ : X — V G-equivariant, with ¢(z) = 0 and such that
T, X — TyV =V is an isomorphism of vector spaces. Check that this is G-equivariant. Again, check that
T, (X%) = (T, X)€. Therefore,

dimy, T,,(X®) = dimy (T, X)¢ = dim VE.
It can be seen that the natural map T}, (XG) — VY is an isomorphism.

Crudely: the base-change of X — V with respect to VG < V is some X' — V. which is étale. X' > X©,
so dim, X’ > dim, X© O

Proof of Theorem 12.7. Here is an idea, when everything is affine. For schemes Y,Z over k, let Mor(Y, Z)
denote the functor R+ Mor(Y g,Zg). It is not representable in general.

We have a map of functors:

X — Mor(G, X x X),
given by

x> (9 (2,9 7)),
as interpreted at the level of R'-points for every R-algebra R’.

Then X© is simply the inverse image of Mor(G, A(X)) € Mor(G,X x X) (where ‘C’ stands for subfunctor
here) under this map, where A(X) C X x X is the diagonal, which is a closed subscheme as X is algebraic
and hence separated. Thus, the theorem follows from the following theorem. O

Theorem 12.14. Let Y,Z be schemes over k, and let Zy C Z be a closed subscheme. Then for all schemes
X over k, and for all morphisms X — Mor(Y,Z) of functors, the inverse image of Mor(Y,Z1) C Mor(Y,Z),
which is a subfunctor of R+— X(R), is representable by a closed subscheme of X.
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Remark 12.15. Theorem 12.14 also implies the representability of the transporter scheme Transp(Y,Z),
where Y,Z C X are closed subschemes and X is an algebraic scheme acted on by G: it is the inverse image
of Mor(Y,Z) € Mor(Y,X) under the map G — Mor(Y,X), g— (y = g-y).

Proof of Theorem 12.14, when X,Y,Z are affine. Write X = Spec A. Then by Yoneda lemma, X — Mor(Y,Z)
is defined by a single element, say ¥, of

Mor(Y,Z)(A) = Mor(Y a,Za) = Homa_aig(k[Z] @1 A, E[Y] @k A) = Homy_a1(k[Z], E[Y] @1 A).
In terms of this element of Mor(Y,Z)(A), the map X(R) — Mor(Y,Z)(R) is given by:
(0: A= R)— (K[Z] 5 K[Y] @1 A) ™ kY] @ R.

Let k[Z1] = k[Z]/J. Thus, it is enough to show that there exists I C A with the following property: the
composite
id
k2] % kY] @p A Y] @4 R
factors through k[Z;] = k[Z]/J if and only if ¢ vanishes on I. Clearly, the composite factors through k[Z]/J
if and only if idy;y) ®¢ vanishes on I; := the ideal in k[Y] ® A generated by the image of J.

Since ker(idyy] ®p) = E[Y] @ ker(p), it is enough to show: there exists I C A that is the smallest ideal
such that k[Y]®y I D I;. For this, fix a vector space basis {y;} for k[Y], write the elements of I in the form
> y; ® a;}, and let I be the ideal generated by all the a;. (Il

12.3. Concentrator scheme (with proofs only sketched).

Definition 12.16. Suppose G,, acts on an affine scheme X = Spec B over k, and let Z C X be a closed
subscheme stable under G,,: in other words, Z is defined by an ideal that is homogeneous with respect to
the grading of B induced by the G,,-action. Then the concentrator of Z in X, denoted C(Z,X), is given by:

R — {z € X(R) | tli_r)r(l)t -z exists and belongs to Z(R)}.

Let us give an independent proof of the representability of P()) in the above proposition; this follows from:

Lemma 12.17. (i) Let G, act on X = Spec B. Then the concentrator C(Z,X) is representable by a
closed subscheme of X.
(i) There exists a map
C(Z,X) = 7Z given by x + lim;_,ot - x, with values in XG.

Remark 12.18. Examples: In the situation of Proposition 12.5, for the action Int o), we have P(\) =
C(G,G), and N(A) = C({e},G).

Proof of Lemma 12.17. Modulo (i), (ii) is immediate as it is defined functorially at the level of R-points for
every k-algebra R.

Since G, acts on X, it acts on B, giving us a decomposition B = P, ., B,. Since Z is G,,-stable, the
ideal I defining it is homogeneous, i.e., I = @, .4 I,,, with I,, = I N B. We claim that C(Z, X) is the closed
subscheme of X defined by the ideal generated by Ip 4+ 3, o Bn.

Given f € B, write f = f,, according to this decomposition. Given a k-algebra R and x € X(R), it suffices
to show that z € C(Z,X)(R) if and only for all f € B = k[X], we have f,,(x) =0 for all n < 0 and fy € Io.

First consider the case where Z = X, so that Iy = 0. The image of t — f(tx) € B in R[t,t7!] = R[G,,] is
simply Y fnt™; this belongs to RJ[t] if and only if f,(2) = 0 for all n < 0. This takes care of the case where
7 =X.
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We have a map C(X,X) — X given by x +— lim;_,o ¢z, and C(Z, X) is the inverse image of Z. Thus, C(Z,X)
is defined as an ideal in C(X,X) by the image of the ideal I defining Z, under the map k[X] — k[C(X, X)].
This map is given by f + fo, where fy is the image of fy in k[C(X, X)]. Thus, C(Z,X) C C(X,X) is defined
by the image of I under f — fo, i.e., C(Z,X) C X is defined by the ideal generated by all possible f,, with
n < 0, and by the fy as f ranges over I, or equivalently Ij. a

The main point in the smoothness of P(A) and N(\) are as follows:

(i) Given the descriptions P(A\) = C(G, G) and N(A) = C({e},G), it is enough to show that when X
and Z are smooth, then C(Z, X) is smooth.

(ii) Ome shows that if z is regular as a point on X and lim; ot - « is regular as a point in Z, then x
is regular as a point on C(Z,X): given that one knows the coordinate ring of C(Z,X) in terms of
those of X and Z, this is a commutative algebra lemma of Hesselink. This is enough to show that
the smooth locus of C(Z,X) contains all geometric points, and hence is the whole of C(Z,X).

13. LECTURE 13 (ONLY SCRIBBLINGS)

13.1. One dimensional smooth connected algebraic groups.

Lemma 13.1. Let G be a one-dimensional smooth linear algebraic group over k. There exists a finite
extension K/k such that Gg is isomorphic to G./K or G,,/K (which are distinct from each other as
nonidentity elements of Gy (k) are unipotent while those of G, (k) are not).

Remark 13.2. If Gk is isomorphic to G, or G,,,, we say that G is a K/k-form of G, or G,,. If G becomes
isomorphic to G, or G,, over a field extension K/k, we will say that K/k splits G.

Proof of Lemma 13.1. 1 essentially copy the proof from Conrad’s notes. Without loss of generality, k = k,
and it suffices to show that G is isomorphic to G, or G,,. Choose an open immersion G — X, where X is a
smooth projective curve.

We claim that the genus of X is either 0 or 1. G(k) is an infinite group of automorphisms acting on G, the
formation of X from G is functorial, so G(k) acts on X. By some generality, smooth projective curves of
genus g > 2 have only finitely many automorphisms (see Conrad’s notes for a sketch of proof of this), so
g=0or 1.

Now we claim that g = 0. If ¢ = 1, then X, together with some O € X\ G, is an elliptic curve. Some
finite index subgroup of G(k) fixes X'\ G pointwise. In other words, this infinite subgroup of G(k) preserves
the elliptic curve (X,0). These are all group scheme automorphisms of (X, 0) by some generality about
elliptic curves, giving infinitely many automorphisms of an elliptic curve, a contradiction (Silverman’s book,
Chapter I11.10.1).

Now know that X = P'. We know that an automorphism of P! that fixes three points is trivial, so X \ G has
at most one or two points, so that as a scheme, G is isomorphic as a k-scheme to A!/G, or G,,.

The key-point in the proof is:
Claim: the fixed-point free k-scheme automorphisms of G, /k are the translations given by the z — z + a,
a € k, while the fixed-point free k-scheme automorphisms of G,,/k are given by the x +— bx.

This claim is easy, as follows. For G,, use that the generators of k[x] are the linear polynomials, so every
automorphism of G, as a k-scheme is given by a linear polynomial x — bx + a, but  — bz + a has a fixed
point unless b = 1. For G,, use that the generators for k[z, z~!] are of the form az or ax~!, so the k-scheme
automorphisms of G,,, are those of the form = — ax or 2 — az~!, but  — az~"! has fixed points.
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Thus, let Y equal G, or G,, depending on the case, and fix a k-scheme isomorphism ¢ : G — Y. Without loss
of generality, assume that ¢(e) is the identity element 0 € G, (k) = Y(k) or 1 € G,,,(k) = Y(k), depending
on the case.

Since G and Y are smooth, and since k = k, it suffices to show that ¢ : G(k) — Y (k) is a group homomor-
phism.

Now letting Aut’ stand for ‘fixed point free k-scheme automorphisms’, we have a group homomorphism
G(k) — Aut/(G), given by g — (h + hg). Similarly, we have Y (k) — Aut/(Y), which the claim above shows
to be an isomorphism. Thus, we have a diagram using left-translations:

Aut'(Q) 2 Aut'(Y) .

G(k) —F—Y (k)
The vertical arrows as well as the top horizontal arrow are homomorphisms, and the right vertical arrow is
an isomorphism. Therefore, it suffices to show that the above diagram commutes. Let ¢’ denote the the
composite map G(k) — Aut’'(G) — Aut’(Y) — Y (k). For g € G(k), we need to show that ¢'(g) = ¢(g).
Recall that the image of g in Aut’(g) is h + hg. Therefore, the image of g in Aut’(Y) is y — p(0 "1 (y)g).
The definition of ¢’ is such that this automorphism is of the form y — y - ¢'(g). Thus, ¢(g) and ¢'(g) are
related by the fact that for all y, we have:

(e~ (y)g) = y¢'(9).

Now let y be the identity element of Y; we normalized ¢ so that ¢ ~!(y) = e is the identity element of G.
Applying the above with this choice of y, we get p(g) = ¢'(g), as needed. a

Corollary 13.3. (i) In the ‘multiplicative case’, i.e., when Gg = G,,/K, G is a rank one torus, and
we have classified rank one tori.
(i) In the ‘additive case’, i.e., when Gg = G,/K, one can choose K to be purely inseparable. In
particular, if k is perfect and we are in the ‘additive case’, then G = G,.

Proof. (i) has been done, so let us focus on (ii). Since K may not have a ‘maximal purely inseparable
subextension’; replace K/k with its normal closure, so that it K/k factors as K/K;/k, with K/K; is
separable and K /k is separable. Thus, G becomes split over K, and it suffices to show that it becomes
isomorphic to G, over K;.

For each o € Gal(K/k), consider f, := o(f)f~!. It is easy to see that o — f, € H'(Gal(K/k), Aut(G,/K)).
If we show that H'((Gal(K/k), Aut(G,/K)) is trivial, we will get f € Aut(G,/K) such that o(f)f~! =
a(f)f'~" for all o € Gal(K/k), and it will follow that (f')~1f : Gx — G,/K is Galois invariant.

Thus, by Hilbert’s Theorem 90, it now suffices to show that Aut(G,/K) = K* as abelian groups with a
Gal(K/k)-action. Any automorphism ¢ : G,/K — G,/K, ¢* : K[z] — KJz]| sends x to some generator
b,x 4+ c. Since it preserves the identity, ¢ = 0. It follows that ¢ +— b, is the required identification
Aut(G,/K) = K*. |

Example 13.4. (i) Here is a non-split form of G, over a field & (which is necessarily imperfect by the
above corollary). Let a € k\ kP, and consider y? = z + azP. Clearly a subgroup of G2. Over
K := k(a'/?) and letting t = a'/? € K, (x,y) — (x,y — tz) gives us an isomorphism from Gg to
{(z,y) | y = 2P} 2 G,/K. See Conrad’s notes for a summary of the proof that G % G,, showing in
particular that the compactification of G in P? is regular.
(ii) More generally one can show that:

{(z,y) € G4 x G, | y”m zm—l-alxp—l—---—i—arxpr},
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which is clearly a subgroup of G, x G,, becomes isomorphic to G, over kP~ but not over k#~ " "
Moreover, any group that becomes isomorphic to G, over k is isomorphic to a group of this form.
All this is worked out in Russell’s Pacific Journal of Mathematics paper from 1970. The ‘generic’
example G of this type satisfies that G(k) = {0}, so the equality G % G, is especially obvious.

13.2. Jordan decomposition at the level of subgroups of G.

Lemma 13.5. (i) For any linear algebraic group G over k, there exists a closed subscheme G, of G
such that Gy (k) = {g € G(k) | g is unipotent}.
(i) If further k is perfect, one can replace G, with (Gy)req using Galois descent, and characterize Gy,

as the unique closed smooth subvariety of G with the property that G, (k) = G(k)..

Proof. 1If G = GL(V), then the G, of (i) can be chosen to be the inverse image of (z — 1)4™V under the
characteristic polynomial map

charpoly : G = GL(V)) — {Monic polynomials of degree n}.

The general case of (i) follows from choosing a faithful representation G — GL(V). (ii) is an easy consequence
of (i) and Galois descent. O

Lemma 13.6. Let k be perfect, and G a commutative smooth linear algebraic group over k. Then:

(i) There exist unique smooth closed subgroups Gs, G, C G, with Gs NG, trivial, such that:
Gs(k) = {g € G(k) | g is semisimple }, and  Gu(k)={g € G(k) | g is unipotent}.

Note that, automatically by smoothness, Gy is of multiplicative typee and G,, is unipotent.
(i) Multiplication gives us an isomorphism Gy x G, — G.
(i1i) If G is connected, so are G, and G,,.

Remark 13.7. The above lemma is false if k is imperfect, essentially because Jordan decompositions do not
exist over ground fields that are imperfect. For instance, consider G = Resg . G, where K /k is a quadratic
purely inseparable extension. Indeed, it is easy to see, using the standard embedding Resg / Gy, — GL ()
(given by the embeddings (K ®; R)* — GLg(K ®; R) by multiplication), that the subset of G(k) = K
consisting of semisimple elements is k& C K, while the subset consisting of unipotent elements is {[1} C K: the
point is that if a € K\ k C K* = G(k) — GLg(K), the eigenvalues of a are simply the images of a under all
possible embeddings K — k, and by pure inseparability these are only a; but since a doesn’t act by a scalar,
such a linear transformation can be neither semisimple nor unipotent. Since G(k); x G(k), = k- {1} # K,
it is clear that we cannot have a decomposition G = G4 x G,, as in the lemma.

Remark 13.8. I bungled up this proof in the lecture, and then claimed that one needed Lie-Kolchin to
fix that, but one does not; but the proof does need a bit more of complication. In fact I had thought of a
work around without characteristic polynomial, but failed to recall it, and it uses the notion of unipotent
groups anyway: the smoothness of G; would give us that G, is of multiplicative type (this was a lemma in
Lecture 11), and the smoothness of G,, would give, by Proposition 13.17 below, that G,, is unipotent. But
as mentioned above this needs unipotent groups, a notion we did not discuss in the lecture.

Proof of Lemma 13.6. Suppose we have proved (i).

Therefore, G; NG, would be both of multiplicative type (and hence linearly reductive) and unipotent, and
hence trivial.

The map Gy x G, — G can be thought of as an orbit map with trivial scheme-theoretic kernel (since it is
part of (i) that Gs NG, = {1}), and is surjective at the level of k-points. Thus, (ii) would follow. Moreover,
(iii) would follow from the identity mo(X) X mp(Y) = mo(X X Y).
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Therefore, it now suffices to prove (i). Once we verify other properties, the uniqueness would be easy from
smoothness. Since k is perfect, k = kP, The uniqueness part of the assertion allows us, by smoothness and
(effective) Galois descent, to assume that k = k (i.e., if once we construct the required smooth (G), and
(Gg)u over k, the Gal(k/k)-invariance of (Gg)s = G(k)s and (Gg), = G(k), are enough for us to descend
these to schemes over k).

Therefore, it suffices to assume that k = k, and prove the existence of smooth subgroups G, G, C G with
Gs(k) = G(k)s and Gy (k) = G(k)y, and with G¢NG, = {1} scheme-theoretically. From Lemma 13.5,
we have the subvariety G, C G as in (i), except that we need to prove it to be a subgroup, i.e., that the
multiplication map G x G — G takes G, x G, to G, and analogously with the inverse map. Since G is
commutative, these assertions are clear at the level of k-points, which suffices by the smoothness of G,,.

Now let us construct G;. In fact, to get Gs NG, = {1}, it seems convenient to simultaneously also construct
G, separately. Embed G into some GL(V). The point is that, since G is commutative, some elementary
linear algebra lets us inductively choose a basis for V' satisfying both the following conditions:

e Elements of G(k)s; C G(k) acts on V diagonalizing this basis;
e With respect to this basis, the elements of G(k) all act upper-triangular-ly.

Using this basis, identify GL(V) with GL,. Thus, G(k)s € GL(V)(k) maps to the group T of diago-
nal matrices, and G(k), C GL(V)(k) maps to the group U of upper triangular unipotent matrices. The
scheme-theoretic intersection TNU is clearly trivial. Thus, set Gg := (GNT)yeq, and note that our G, by

construction satisfies G, = (GNU)eq; we have that Gs NG, is trivial, since TNU is trivial. O

Remark 13.9. e Poonen gives us an analogy to think of the above result: G4 and G, are like Sylow
subgroups of the abelian group G, and the result looks like: a finite abelian group is the product of
its Sylow subgroups.

e But what else is a product of its Sylow subgroups? Finite nilpotent groups. Accordingly, we would
like to see below, in Proposition 13.11 that such a decomposition G = G4 x G,, also applies if G is
nilpotent.

e For a finite solvable group G, then one can say is that if #G = mn with (m,n) = 1, then one
has subgroups G1,G2 C G with #G1 = m and #G> = n, and clearly the map G; x Go — G is
an isomorphism of sets, though not of groups. An analogous result may be discussed by Saniya in
Lecture 14.

13.3. Solvable groups and the Lie-Kolchin theorem.

Definition 13.10. (1) Let G be an algebraic group. A subnormal series is a sequence of subgroups
G=GyD>GD---DG, ={1},

with each G;y1 a normal subgroup of G;. If further each G; is a normal subgroup of G, we see that
this is a normal series.
(2) We say that G is solvable if there exists a subnormal series {G;} with each G;_; / G; commutative.
(3) We say that G is nilpotent if we have a normal series {G;} with G;_1 / G; commutative, and moreover
each G;_1 / G; is contained in the center of G / G;11.

Proposition 13.11. Let k = k. Every smooth connected nilpotent algebraic group over a perfect field k is

of the form U x T with U like the G,, above, i.e., satisfying the property that U(k) = G(k)., and T a torus.

Crude idea. Let s € G(k) be semisimple. Want to show that s is central in G. Let ¢ : G — G be the map
2+ srs~t-2~! Since G is nilpotent, it is easy to see that ¢” = 1 for some 7. The derivative of ¢ at the
identity is given by Ads — Id. Therefore, Ad s — Id is both a nilpotent and a semisimple automorphism of
g, and is hence 0. Thus, Ad s is trivial.
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One now uses the following important result which might have been mentioned in Lecture 11, but not proved:
The centralizer Cg(s) of s is smooth, and {X € g| Ads(X) = X} = Lie Cg(s).

Since Cg(s) is a smooth, closed subgroup of G and since Lie Cg(s) = {X € g | Ads(X) = X} equals Lie G
(as we saw above that Ad s is trivial), it follows from the connectedness of G that that Cg(s) is the whole
of G. 0

Remark 13.12. If k = k, G is smooth connected solvable, the corresponding result is Ux T — G is an
isomorphism of varieties, and more precisely, G = U x T.

Proposition 13.13. (Lie-Kolchin) Suppose k = k, and G is connected, smooth and solvable. Let G —
GL(V) be a representation. Then G stabilizes a complete flag {0} = Vo c V4 C --- C V,, =V, with
dim V; =i for all i.

Proof. Tt suffices to show that G(k) has a common eigenvector: then one can induct. For this, we can assume
without loss of generality that V is an irreducible representation of G. Choose a subnormal series

G=GyD>G D---DG, ={1}.

By induction hypothesis, G1(k) has a common eigenvector. Thus, if for each character x : G1 — G, Vy
denotes the corresponding eigenspace, then we have a nonzero subspace

@chv,

with each V) a common eigenspace for G;. G permutes these V,, and by connectivity leaves each V;
invariant. (All these arguments require small arguments to fully justify, and these were discussed in the
proof of Chevalley’s theorem that if H is normal in G then H\ G is affine and hence a linear algebraic

group).
Since V is irreducible, it follows that V = V, for some x. If x is trivial, we are done: the action of G

on V =V, factors through the smooth connected quotient G\ G, which is abelian, and hence (G \ G)(k)
being abelian has a common eigenvector on V' (recall that k = k).

In the lecture I first wrongly claimed that x was trivial, which is only true if G; is kind of ‘optimal’ (one
gets a counterexample if G was abelian in the first place); let me anyway complete the proof.

Assume that y is nontrivial. Then y : G; — G,, being a nontrivial homomorphism of algebraic groups is
surjective. Let G} C Gp be the kernel of x, so that G| \ G = G,,,. Thus, we may replace G and G; by G| \ G
and G} \ G1, to assume that G; = G,,,.

Consider the commutator map:
GxG— G1 .

If this map is trivial, we are again done, because G is commutative, so G(k) has a common eigenvector. If
this map is not trivial, then the image of this commutator map is dense in Gy.

Thus, under G — GL(V), a dense subset of G; maps to SL(V'), so Gy itself maps to SL(V) (in the lecture I
wrongly wrote G C GL(V'), which is nonsense: the representation is irreducible, not faithful). Thus, det is
trivial on Gy (after composition with G; — G — GL(V)).

On the other hand, since G; acts on V by Y, it follows that det = 4™V on G;. Since det is trivial on
G1, x4V is trivial on G; = G,,,. But this implies that y itself is trivial (since Homg, (G, G,y,) = Z is
torsion-free). O

Remark 13.14. (1) We haven’t defined the derived group yet, but for any reasonable notion of the
derived group, the Lie-Kolchin theorem shows us that the derived group of a connected solvable
smooth linear algebraic group over k is nilpotent: indeed, base-change to k, embed G into upper



107

triangulars, and notice that the commutator of the upper triangulars is contained in unipotent upper
triangulars.

(2) This is one way connected algebraic groups work better than solvable finite groups: Sy is solvable,
but its derived group A, is not nilpotent.

(3) This example of Sy and Ay also shows that connectedness is important in the above theorem, since
the above considerations show that the theorem fails for the constant group scheme associated to
Sy, which is embedded in GL,4 as permutation matrices.

13.4. Unipotent groups.

Definition 13.15. (i) A finite dimensional representation G — GL(V) of a linear algebraic group G
over k is said to be unipotent if there exists a flag

o=VycVyc---CcV,=V

of G-invariant subspaces such that for all ¢, the representation of G on V;/V;_ is the trivial repre-
sentation. Equivalently, the image of G lies in the upper triangular matrices with respect to some
choice of a basis for V.

(ii) A linear algebraic group G is called unipotent if every nonzero representation of G has a nonzero
fixed vector.

Proposition 13.16. A unipotent algebraic group G cannot be linearly reductive (and hence not of multi-
plicative type either) unless it is trivial. Any homomorphism G — H or H — G with H linearly reductive is
trivial.

Proof. 1t is clear from the definition that the only completely reducible representations of a unipotent
algebraic group are direct sums of the trivial representation. |

Proposition 13.17. For a linear algebraic group G over k, the following are equivalent:

(i) G is unipotent.
(i) Every finite dimensional representation of G is unipotent.
(iti) G has some faithful unipotent representation, i.e., G is isomorphic to a closed subgroup of the group
U,, of upper triangular matrices in GL,,, for some n.

Proof. (ii) implies (i) immediately, since every representation is a union of finite dimensional representations.
It is easy to see from induction that (i) implies (ii).

If (ii) is satisfied, then considering any faithful representation gives. (iii).

Now suppose that (iii) is satisfied, so that we can choose a faithful unipotent representation p : G — GL,, of
G. For all J € GL,,(k), g+ Jp(tg=1)J~! VV realizes the contragredient pV of p; if J is anti-diagonal, then
this is valued in upper triangulars. We conclude that p¥ is unipotent. Thus, unipotent representations are
closed under contragredients. Clearly, they are also closed under sums, tensor products and homomorphic
images. Thus, given any faithful unipotent finit dimensional representation p of G, any homomorphic images
of any @, @, V" @ (VV)®%. We are done since we know that any finite dimensional representation of G
is of this form. |

Corollary 13.18. Let K/k is a field extension, and G is a linear algebraic group over k, then G is unipotent
if and only if Gg is.
Proof. Since V€ = {v € V | v+ v® 1 under the co-action map}, it is easy to see that V¢ is nonzero if and

only if it is nonzero after base-change to k. ]

Corollary 13.19. Extensions, subgroups and quotient groups of unipotent groups are unipotent.
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Proof. For quotient groups this is immediate. For extensions, if a normal subgroup G; C G and G/ G,
are unipotent, then given any representation V of G, VS #£ 0 is a space acted on by Gg, and therefore
(VG1)G2 £ 0, and it is easy to see that (V)92 5 VE (the action of G on VE1 factors through Go).

For subgroups, use that G is unipotent if and only if it has a faithful unipotent representation (see Proposition
13.17). O

Corollary 13.20. Let G be a unipotent algebraic group over k and H a linearly reductive group over k. Any
homomorphism H — G is trivial, as is any homomorphism G — H.

Proof. This follows from Proposition 13.16 and Corollary 13.19. ]

Proposition 13.21. Suppose the linear algebraic group G over k is smooth. Then G is unipotent if and
only if every element of G(k) is unipotent.

Proof. “=" is immediate, since G has a faithful representation valued in the group of upper triangular
matrices, so let us prove “«<”. Let V' be a nonzero representation.

Thus, assume without loss of generality that k = k. We may also assume without loss of generality that V' is
irreducible. Since G is smooth, it is easy to see that V is irreducible as a representation of the abstract group
G(k): if the stabilizer G; in G of some W C V contains G(k), then any regular function on G vanishing Gq
would vanish on G(k) and hence on G, since G is geometrically reduced. By Burnside’s theorem, p(G(k))
spans Endg (V). On the other hand, since for all g, h € G(k) we have tr(g) = tr(gh) so that tr((1 —h)g) = 0.
Therefore 1 — h = 0, since the trace form tr is nondegenerate. This implies that G(k) acts trivially on V.

Using that G is geometrically reduced, we see again that G is the trivial representation. O
Example 13.22. (i) G, is unipotent, since it can be embedded in the group U, of unipotent upper
1 =z

triangular matrices in GLo, by = +— 1

(ii) Therefore, by Corollary 13.19, it follows that subgroups of G, are unipotent, and in particular,
if chark = p > 0, o, is. The same applies to the constant group scheme Z/pZ: the presheaf
R — (Z/pZ) maps into k as the prime field, a copy of the F,, and hence so does its sheafification
Z/pZ. Thus, while Z/nZ is of multiplicative type if n is relatively prime to chark, it isn’t if so
without this assertion, as assumption is not true, by Proposition 13.16.

(iii) An étale group is unipotent if and only if its order is a power of p.

(iv) Suppose chark = p > 0. Truncated Witt schemes W,, over k are unipotent. W, = A" as schemes,
but the group structure is not G7; e.g., Wy, (F,) = Z/p"Z. One can show that W; = G,, and we
have exact sequences:

truncate

15 W S Wi, ™85 W, 0.

(v) It is a fact that in characteristic zero, the following assertions are true, which they are not in
characteristic p:

e G — Lie G defines an equivalence from the category of unipotent algebraic groups to the category
of finite dimensional nilpotent Lie algebras. The inverse can be defined using the Campbell-
Hausdorff formula:

X Y=X+Y+[X,Y]/2+...

at the level of R-points, for every k-algebra R.

e This includes the assertion that unipotent algebraic groups in characteristic zero are (not only
smooth by Cartier’s theorem, but also) connected.

o It follows that taking Lie algebra gives an equivalence from the category of commutative unipo-
tent algebraic groups to the category of finite dimensional vector spaces. This is not true in
characteristic p as shown by a,n,Z/pZ, and for a non-p-torsion example, W,,.
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Definition 13.23. We say that G is split unipotent if it has a filtration whose successive quotients are all
isomorphic to G,.

Proposition 13.24. Let G be a smooth connected unipotent group over a perfect field k. Then G has a
filtration (G;) with quotients G;—1 / G; = G,. Moreover, this may be assumed to be a central series, in the
sense that G;_1 / G; C Zg jq, for each i.

Proof. If G = U, this is easy: let U, ; be the subgroup of U,, consisting of matrices (a;;) with the further
property that a;, = 0 if 1 < k — j < i. The successive quotients are powers of G,, so a filtration {G;} of the
kind sought after exists.

red’

In general, embed G in G:= U,, and let G; = (G ﬂéi)o which is smooth and connected as k is perfect.
Clearly (GNG;)? is normal in G, since G; is normal in G. G; is connected, and being reduced, it is smooth.

Each G; / G;_1 is smooth, connected, and unipotent of dimension at most one. Check that these are only
G, and {1}. If the dimension is zero, then connected and smooth clearly force {1}. Now suppose G has
dimension one. It is easy to see that G is commutative. Every g € G(k) is unipotent. O

Let k£ be a field of characteristic p > 0. Want to study a specific class of commutative unipotent groups:
those that can be studied using Homg, (G, G,). This group is a module over the ring End(G,). What is
End(G,)? We have an obvious map k — End(G,), by multiplication. We also have Frobenius F', acting by
the Frobenius map o : G, — G,. We get a map k,[F] — End(G,,), where k,[F] is not the polynomial ring
E[F], but a ‘Frobenius-twisted’ polynomial wring where Fc = o(c)F.

Fact: This map k,[F] — End(G,) is an isomorphism.

Thus, get a functor
Unipotent algebraic groups — {k,[F] — modules}°?,

G — Hom(G,G,). This is of course not an equivalence in general, because G, is killed by p, so one cannot
expect something like a Witt scheme to be recovered.

Fact. This classifies those groups which are elementary unipotent, i.e., embeds into a vector group, i.e., into
a power of G,.

Example 13.25. (i) Every smooth connected commutative algebraic group G of exponent p (e.g.,
Ga, apr) is elementary unipotent.

(ii) When k is perfect every elementary unipotent algebraic group over k is a product of copies of G,
the a,r, and étale group of order a power of p. This uses the structure of modules over k. [F], facts
such as that left-ideals in it are principal.

(iii) (Corollary 14.53 of Milne’s book) When k is perfect, every smooth connected elementary unipotent
group is isomorphic to some G¢, and the proper connected subgroups of G, are the Q.

In general, classifying commutative unipotent algebraic groups.
Assume that k is perfect. This time, not enough to consider Hom(G,G,), but lim Hom(G, W,). This

does not land us inside a module over k[o], but over W[F, V], as follows. Here W = W (k). W has an
automorphism called Frobenius, denoted o, and an endomorphism called Verscheibung, denoted V', the
latter being (ag, a1, ...) > (0,a9,a1,...). Can form, instead of k[F], the wring W[F, V], where commuting
with F' applies the Frobenius, and commuting with V undoes it, and F'V = p =V F. To give a module over
W, (F,V) is to give a W-module M and endomorphisms F, V of M satisfying the obvious relations. One gets
an equivalence of categories between commutative unipotent algebraic groups and those finitely generated
Dieudonné modules that are killed by a power of V.
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e Over an algebraically closed field of characteristic p, any unipotent abelian connected algebraic group
is isogenous to a product of truncated Witt schemes.

14. LECTURES 14 AND 15 — SOLVABLE GROUPS AND EXTRA MATERIAL LIKE DERIVED SUBGROUPS

14.1. Trigonalizable groups. Let us now introduce trigonalizable groups, more or less copying Poonen’s
notes by Niven Achenjang.

Definition 14.1. (i) A finite dimensional representation V of G is said to be trigonalizable if and only
if the image of G — GL(V) stabilizes a full flag

0O=VWWcWic---CcV,=V,

with dim; V; = i for each i. Equivalently, if there exists a basis of V such that, identifying GL(V)
with GL,, using this basis, the image of G — GL(V) = GL,, is contained in the subgroup B,, C GL,,
of upper triangular matrices.

(ii) We say that G is trigonalizable if every finite dimensional representation of G is trigonalizable. Note
that by an easy inductive argument, the trigonalizability of G is equivalent to requiring that given
any nonzero finite dimensional representation V' of G, G has a common eigenvector on V.

Example 14.2. A prototypical example is that of the subgroup B,, of upper triangular matrices in GL,, /k:
the justification that B, is trigonalizable is given by Theorem 14.3 below.

Theorem 14.3. Let G be a linear algebraic group over k. The following are equivalent:

(i) G is trigonalizable.
(i) Every irreducible representation of G is one-dimensional.
(iti) G has a faithful trigonalizable representation, i.e., G is isomorphic to a subgroup of the group B,, of
upper triangular matrices in GL,,.
(iv) There exists an exact sequence

1-U—-G—->D-—=1,

with U unipotent and D diagonalizable.

Proof. We will prove (ii) = (i) = (iii) = (iv) = (ii).

The implication (ii) = (i) is an easy induction, and the implication (i) = (iii) is immediate. The implication
(iii) = (iv) is easy as well: use the homomorphism from B,, to the subgroup of GL,, consisting of diagonal
matrices given by ‘keeping the diagonal part and putting zeroes everywhere else’, whose kernel is the group of
upper triangular unipotent matrices in GL,,. To finish, let us show (ii) assuming (iv). Given any irreducible
(and hence automatically finite dimensional) representation V of G, note that V'V is a nonzero representation
of G/U = D. Since D is diagonalizable, so that every representation of D is a direct sum of characters, it
follows that V'V C V is a subrepresentation which is a direct sum of characters, and hence by irreducibility
one-dimensional as well as equal to the whole of V. |

14.2. Relating solvable and trigonalizable groups when k = k. In this subsection we will compare
and contrast three closely related notions for smooth connected groups: solvable, trigonalizable, and split
solvable (see Definition 14.5 below), each a stronger condition than the preceding. First, let us compare
solvable with trigonalizable.

Remark 14.4. It is clear that trigonalizable groups are solvable, but the converse is not true, due to at
least two reasons:
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(i) k& may not be algebraically closed. 1f K/k is a finite separable field extension, then Resg/p G, is
solvable but not trigonalizable; more generally, a group of multiplicative type is trigonalizable if and
only if it is diagonalizable.

(ii) Connectedness is important. Even over k = k, a non-connected solvable group may not be trigo-
nalizable. For instance, assuming k = k, it is immediate, by considering G as a subgroup of some
B,,, that it has a nilpotent subgroup H with the property that G /H is abelian (using the notion of
derived groups defined below, we could just say that [G, G] is nilpotent). However, this property is
not satisfied by the symmetric group S4 on four letters, since its derived group A4 is not nilpotent.
Thus, the constant group scheme associated to S, is solvable but not trigonalizable.

Definition 14.5. A linear algebraic group G over k is said to be split solvable if G has a filtration G =
Gog D -+ D G, = {1}, with each G;_; / G; isomorphic to either G, or G,,.

Proposition 14.6. If G is a smooth, connected, solvable group over k = k, then G is split solvable.

Proof. Consider a filtration G = Gg D --- D G, = {1} with each G;/G;_; commutative. For each i, let
G, = (G?)red: each G! is a linear algebraic group, since k = k. Since the commutator map G; x G; — G;
has image in G;_;, and since G, C G; is connected and reduced, it follows that the commutator map
G; x G} — G} has image in (G;—1)% 4 = G;_;. Thus, we can replace the G; with the G;_; and assume that
each G; is smooth and connected.

Now it only remains to note that for each i, G; / Gi_1, being a smooth connected commutative group over
k =k, is isomorphic to (G; / G;—1)s X (Gi / Gi—1)u, and moreover:

e (G;/G;_1)s is a smooth connnected commutative group having only semisimple elements and is
hence of multiplicative type (Lecture 11); and

e (G;/Gj;_1)y is a smooth connected commutative group over k = k having only unipotent elements,
and is hence smooth connected unipotent (Lecture 13), and hence has a filtration with each succesive
quotient isomorphic to G, (again, Lecture 13).

O

Theorem 14.7 (Borel fixed point theorem). Let G be a split solvable group, acting on a complete algebraic
scheme X over k. Assume that X(k) # 0. Then X(k) contains a point fized by G.

Remark 14.8. If X = P(V) where V is a representation of G, and the action of G on X is induced from
that on V, this assertion says simply that a split solvable group acting on V has a common eigenvector. We
saw a version of this in Lecture 13: over k = k, under the assumption that G is connected solvable let us
trigonalize every finite dimensional representation of G.

Proof of Borel’s fixed point theorem, Theorem 14.7. Case 1. G = G, or G = G,;,. In this case, the orbit
map G — X given by ¢t — t -z extends to a map P' — X, by the valuative criterion for properness. By
limy oo ¢ - &, we mean the value of this map at co € X(k). Now we are done since it is easy to see that
limy_, oo t -  is fixed under G:

to- (tli>rrolot z) = tlggo(tot) = tli)rgot -m,
where we use the fact that the action of G on itself extends to an action of G on P!, and the latter equality
is a consequence of the fact that tg - oo = oo for all k-algebras R and ¢ty € G(R).

Case 2. The general case. Let N C G be a nontrivial split solvable subgroup such that G /N is also a
split solvable group. By induction, we may assume that the result holds for N and for (G /N). We know
(Lecture 12) that the functor X~ of N-fixed points of X is represented by a subscheme of X which is closed
in X and hence complete. Moreover, since N is normal in G, it is easy to see from the functor of points
description of XN that XN is G-invariant. It is also easy to see that the action of G on X™ factors through an
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action of G /N on XV (use, e.g., that the orbit map Gz — Xp at each x € X~ (R) factors through Ng, and
hence factors through Gg /Ngr = (G / N)g, the latter equality following from the fact that G -+ G /N is an
N-torsor and torsors base-change well). The induction hypothesis for N acting on X tells us that X™ (k) # 0,
and then the induction hypothesis for G /N acting on X~ tells us that (X™)S/N(k) # (). We are done since
X4 = (XN)G/N, O

Corollary 14.9. Let G be a smooth connected linear algebraic group over k. If G is split solvable, then it
18 trigonalizable.

Proof. Let V be any finite dimensional representation of a split solvable linear algebraic group G. G has an
obvious action on the variety X of complete flags on V' (this was defined in Lecture 8). By the Borel fixed
point theorem, it follows that G fixes a point of X(k), i.e., a full flag in V, so we are done. (]

Remark 14.10. (i) According to Proposition 16.52 of Milne’s book, the converse to Corollary 14.9
holds when k is perfect: it involves a slight refinement of the results discussed earlier concerning
obtaining a normal series filtering unipotent groups; one obtains a suitable central subnormal series
for the reduced subgroup G, of G such that G, (k) = G(k)., which further is invariant under the
action of G / G,,. This involves replacing various groups by their underlying reduced group schemes,
which is possible since k is perfect.

(ii) When k is imperfect, a non-split form of G, (see, e.g., notes for Lecture 13) is a trigonalizable group
(being unipotent), which is clearly not split solvable. Separately, note that Resg /i G, (K/k a finite
separable field extension) is connected, smooth and solvable but not trigonalizable. Thus, in general
for connected smooth groups:

e the implications in split solvable = trigonalizable = solvable are strict.
e When £ is perfect, the former implication is an ‘if and only if’ but not the latter.
e When k = k, both the implications are ‘if and only if’, by Proposition 14.6

Let us record one of the observations of Remark 14.10 as a corollary:

Corollary 14.11. Assume that k = k, and let G be a smooth connected linear algebraic group over k. Then
G is split solvable < G is trigonalizable < G is solvable.

Remark 14.12. Aside: While it is clear that extensions of solvable groups are solvable and the same applies
to extensions of split solvable groups, it follows from Remark 14.4(ii) above that extensions of trigonalizable
groups may not be trigonalizable. However, are extensions of connected trigonalizable groups trigonalizable?
This looks so reasonable to expect, and follows from Corollary 14.11 when k = k, but the general case is not
clear to me yet.

14.3. The structure of solvable groups (in ‘good’ situations).

14.3.1. Motivation. Recall the result of Hall mentioned in Lecture 13: if G is a finite group of order mn
with (m,n) = 1, then G has subgroups Gi, Gy of orders m and n respectively, and the multiplication map
G;1 x G2 — G is an isomorphism of sets (though not of groups). The analogy Poonen mentions seems to be
that multiplicative groups and unipotent groups are respectively like p’-groups and p-groups, where p’ and
p are distinct primes.

Thus, one could ask if a substantially large subclass of the class of solvable groups G have subgroups
U,D C G, with U unipotent and D multiplicative, and such that the multiplication map U x D — G is an
isomorphism of varieties. More optimistically, one can ask if such a presentation can be enhanced to realize
G as a semidirect product U x D.

One way to realize this could be to ask if, given a smooth connected solvable G, we have a smooth connected

subgroup G, C G as in Lecture 13, with G, (k) = G(k), and G /G, a torus, such that the natural map
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G — G/G, is split. We won’t bother with a fully general treatment of this, but instead look at exact
sequences
1-U—-G—-D—>1

with U unipotent and D of multiplicative type, and discuss the following two questions:

e The ‘H2-question’, roughly ‘existence of large enough maximal tori for connected solvable groups’:
does the above sequence split?

e The ‘H'-question’, roughly ‘the conjugacy of maximal tori for connected solvable groups’: is the
splitting, when it exists, unique up to G(k)-conjugacy?

14.3.2. The structure of solvable groups: The following is copied from (part of) Summary 16.29 of the Milne’s
book and is a strengthening of Theorems 16.26 and 16.27 of that book, which deals with the ‘H?-question’,
giving the answer ‘affirmative with caveats’; the reference given is SGA 3, Section XVII, 5.2.3 and 5.3.1:

Theorem 14.13. Let G be a linear algebraic group over a field k fitting into an exact sequence
1-U-G5D—1

with U unipotent and D smooth of multiplicative type (e.g., such a sequence exists if G is smooth trigonaliz-
able, by Theorem 14.3(iv)). Assume that one of the following hypotheses holds:

k=k;

k is perfect and U is smooth and connected;

k is perfect and D is connected; or

U is commutative and q is scheme-theoretically (but not necessarily group-theoretically) split.

Then the following hold:

(i) ‘Ewmistence of large tori’: There exists a section s : D — G to U.

(ii) ‘Conjugacy of these tori’: The sections s : D — G as in Theorem 14.13 are unique up to conjugacy
by U(k).

(iti) ‘These tori are precisely the maximal ones’: Any subgroup of G of multiplicative type is contained
in s(D) for a section s : D — G as in Theorem 14.13. In particular the maximal multiplicative type
subgroups of G are precisely the s(D), which, by the above, are U(k)-conjugate to each other and are
mapped by q isomorphically to D.

28

Corollary 14.14. Solvable linear algebraic groups G as in Theorem 14.13 (i.e., fitting into an exact sequence
as in Theorem 14.18 and satisfying one of the hypotheses there) can be written in the form U x D, with U
unipotent and D of multiplicative type.

14.3.3. Analogy with the theorem of Schur-Zassenhaus. We essentially copy this part from Poonen’s notes
written by Niven Achenjang.

Theorem 14.15. Let
(49) I N=-G5Q—1

be an exact sequence of finite groups with (#N,#Q) = 1. Then this exact sequence splits, any two sections
are N -conjugate, and any group of order dividing #Q is contained in the image of a section.

Idea of the proof when N is solvable. The general case is proved by induction starting from the case where
N is abelian. In this case, the conjugation action of @ on N (induced by the conjugation action of G) has
associated to it an element o of H2(Q, N); note that H2(Q, N) is an abelian group and not just a pointed

28Note the analogy with Sylow theorems
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set, since N is abelian. Concretely, « is represented by a cocycle that takes (g1,¢g2) to ggl_lgz_1 e N C G,
where g1, 92,9 € G lift q1,¢2,¢1q2 € Q. ¢ has a section if and only if the element is trivial in H2(Q, N). The
point is that H2(Q, N) itself is trivial, since it is killed by both #Q and #N, and (#N,#Q) = 1.

Thus, the extension (49) splits. It is a standard and easy fact that the set of sections can put into bijection
with H(Q, N), which again vanishes since it is killed by both #Q and #N. |

Somehow, at least in many of the special cases, and modulo my distortion of what Poonen is conveying, the
proof of Theorem 14.13 is similar: the quotient linearly reductive group D seems to be analogous to a group
that is Sylow for a prime not dividing the characteristic of the coefficient field, and U seems to be analogous
to a group that is Sylow for a prime that equals the characteristic of the coefficient field.

14.3.4. Some ideas on the proofs of Theorem 14.183 in special cases. Here is a crude collection of ideas that
seem to underlie the proof, as given in Milne’s book, of Theorem 14.13; we will restrict to the case where
k =k, and G,U and D are connected and smooth. I have certainly not read this material carefully myself,
so the following is just for a crude idea.

e Basically, induction reduces us to considering the case where U = G, or at least U is contained in
Gy; in the special cases we are restricting to, we can take U = G,. One can also assume that the
action of D on U is ‘linear’ (rather than through the Frobenius etc.), because of how U arises in
a trigonalized setting. Let us restrict to the case where U equals G,; the general case is done by
induction.

e The main thing to prove for the ‘H?2-question’ in these cases is that Ext'(D,U) = 0, where Ext'
denotes extensions of ‘(flat) sheaves of groups’: this is because the exact sequence 1 - U — G —
D — 1 is saying that the sheaf G is an extension of the sheaf U by the sheaf D. This can be put into
a derived functor setting, and this is described in Section h of Milne’s Chapter 15.

e The proof of Theorem 14.15 however involves usual finite groups, where one constructs two-cycles
working with a set-theoretic section, etc. Example: unlike in the set-theoretic situation, it is not
automatic that G(R) — D(R) is surjective. Accordingly, to imitate the usual finite group theoretic
argument as discussed in the proof of Theorem 14.15, one needs to replace Extl(D, U) with a group
EY(D, U), where one only considers those extensions G of D by U where we require split exactness, and
that too in the presheaf sense: those extensions where one can split G(R) — D(R) set-theoretically,
and that too functorially in R. Such extensions are called ‘Hochschild extensions’, and are studied
by Milne in Section ¢ of Chapter 15 of his book.

The fact that we can restrict to Hochschild extensions instead of all extensions of sheaves, or more
precisely that we have an equality Ext’(D,G,) = E(D,G,) for U = G, is given by Proposition
15.29 of Milne’s book (Section h of Chapter 15).

e E! works more like group cohomology, so one can imitate the set-theoretic argument to give an
equality E*(D,G,) = HZ(D,G,), where the Hochschild cohomology groups H{(D,G,) are defined
just like with finite groups, but at the level of R-points and functorially in R. This is Proposition
15.10 in Section ¢ of Milne’s Chapter 15.

e Thus, one needs to show that HZ(D,G,) = 0 and H}(D,G,) = 0, where we recall that the action
of D on G, is linear. More generally, one shows that H}(D,V) = 0 for every representation V of D
and 7 > 1, as we remark on below.

e The point in showing that H{(D,V) = 0 is that D is linearly reductive. As we have discussed in
earlier lectures, V' can be put into a direct sum of copies of the right-regular representation. One
shows (“Shapiro’s lemma”) that H(D,right regular) = 0. Thus, we can assume that Hi(D, W) =0
for some representation W containing V', and by some generalities one can assume W to be finite
dimensional.

e Let us first describe showing that Hi(D,V) = 0 (the general case will follow by some sort of
‘dimension shifting’), following Proposition 15.15 of Milne’s book. For this, it suffices to show
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that H(D,V) injects into Hg (D, W), which follows by some long exact sequence if we show that
WS — (W/V)€ is surjective. This in turn follows because W — W/V splits by the linear reductivity
of G.

e Now we generalize from H{ to H}, following Proposition 15.16 of Milne’s book. Take V and W as
before. We have H. (G, V/W) — H{(G,V) — H(G, W) exact. Given the choice of W we have
H{(G,W) = 0, while by induction we have H;~'(G,V/W) = 0. Therefore H}(G,V) = 0, as desired.

Here, I guess Milne writes H* for H} (the beginning of Section d of Chapter 15 of his book),
presumably because he has a different complex to calculate the cohomologies in this case.

Poonen’s notes (Remark 18.9) have comments on trying to adapt the proof of Sylow theorems to construct
the splitting in Theorem 18.5, which involves reducing to the finite field case and counting points (at least
when D is smooth and connected, i.e., a torus).

14.3.5. Ideas of the proofs from Springer’s book — k =k, and G and U are smooth and connected. Assume
that & = k, and that G is connected and solvable. It is not entirely immediate that D is connected, but
Springer shows it earlier in the section, somehow using the nilpotent case; e.g., if G is nilpotent, we have a
decomposition “G = Gg x G,”, showing that G¢ and G, are connected.

e Like with Milne/Poonen, Springer too starts with the case where U = G,, and then inducts by
quotienting with normal subgroups isomorphic to G,.

e Example: to prove that there exists a maximal torus with the correct dimension: U contains a central
subgroup N that is isomorphic to G, and normal in G. By induction G /N has a maximal torus of
the correct dimension, and its inverse image in G is a group that satisfies the analogue of U = G,.
Thus, it is enough to construct a maximal torus of the correct dimension when U = G,.

e While it is not easy to lift D to G (unless one uses Milne-type stuff, which is really Demazure-Gabriel
type stuff), what can be easily lifted are semisimple elements: the map G — D is surjective with
unipotent kernel, and if g — d then g, +— d.

e In Milne’s case, a lot of the cohomology vanishing comes from D being linearly reductive. In
Springer’s case, there is a slightly analogous property: if s € G is semisimple and Cg(s) denotes
the centralizer of s, then Lie Cg(s) is also the kernel of Ad s — 1 (the semisimplicity is really crucial
here).

e How does this help manufacture tori? For instance, given a semisimple element s, one expects Cg(s)
to be large enough, because G /U is a torus, so s centralizes all of G /U. But this sort of thing is
easy to see from the Lie algebra side because the maps involved are linear, and the above fact lets
us lift it up to the group side.

In other words: Springer manufactures tori as centralizers of semisimple elements.
e Some idea about conjugacy of maximal tori. One key computation can perhaps be articulated as:

() e ()

!/ b/
are conjugate to each other by an obvious unipotent element. Thus, if G is the set of all (a 1),

then any two nontrivial tori T and T’ contained in G are conjugate because, under the ‘projection

!/ / /
“ b) — (a 1), both T and T’ map isomorphically to G,,, and hence they

1
a b a v
< 1> and ( 1) .
When G, = G, ie., we know by the ‘H2-part’ that G = T xG,, this idea gives the proof. In
general, one inducts from here.

homomorphism’ (

contain some
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e Springer’s considerations come with an extra assertion: if G is connected smooth solvable over k = k,
then the centralizers of semisimple elements are connected, as are centralizers of diagonalizable
subgroups.

e Another result in Springer’s book: in the setting of connected smooth solvable groups, centralizer of
a torus H C G equals its normalizer.

14.4. The definition of the derived group. One wishes to generalize the notion of the derived subgroup
[G, G| of a finite group G as well as the notion of the commutator subgroups [G1, G| with G, G2 subgroups
of the finite group G, from the setting of finite groups to that of algebraic groups. Our treatment will be
very sketchy, since we need to get to structure theory soon.

We will follow Milne’s book, to which we refer for more details, and use the notion of an algebraic subgroup
of G generated by a map ¢ : X — G, which is the obvious algebraic group version of ‘subgroup generated
by a subset’:

Definition 14.16. (i) Let ¢ : X — G be a map of affine algebraic schemes over k. By the subgroup of
G generated by ¢, we refer to the smallest algebraic subgroup scheme of G through which ¢ factors:
in other words, it is the intersection of all the algebraic subgroup schemes of G through which ¢
factors (an infinite intersection makes sense at the level of affine schemes, since it corresponds to
taking a sum of ideals).

(ii) Let G be a linear algebraic group. The derived group Gger = [G, G] of G is the subgroup scheme of
G generated by the commutator map G x G — G. More generally, given subgroups G1, Go C G, the
commutator [G1, Gs] is the subgroup scheme of G generated by the commutator map G; X Go — G.

Remark 14.17. Here is an explicit construction of the subgroup of G generated by ¢ : X — G. For
simplicity one assumes that ¢(X(k)) contains e and that for every k-algebra R, ¢(X(R)) is closed under
g+ g1 (we can reduce to this case by first replacing X with X Li{e}, and then replacing ¢ : X — G by the
map ¢’ : X x X = G given by (z,y) — p(x)p(y)~1).

(i) Recall the notion of scheme theoretic image. The scheme theoretic image of ¢ : X — G is the
smallest subscheme (as opposed to subgroup scheme) of G through which ¢ factors. Concretely, if
the map k[G] — k[X] dual to ¢ : X — G has kernel I, then the scheme theoretic image of ¢ is the
closed subscheme of G defined by I.

(ii) Slightly informally, thanks to the assumptions on X, it is easy to see that the subgroup of G generated
by ¢ is the ‘union’ (in a ‘closed subscheme’ sense) of the scheme theoretic images H,, of the various
maps

Yt XXXx--xX =G,

sending (x1,...,%y) to ©(x1) ... p(xn).

(iii) In place of ‘union’, one looks at the scheme theoretic image of each ¢,: if it corresponds to the
ideal I,, C k[G], then the subgroup H of G generated by ¢ is the closed subscheme defined by the
intersection of the various possible I,.

The justification can be found in Proposition 2.46 of Milne’s book. The point is, as can be seen by an easy
commutative diagram involving coordinate rings, or through standard properties of scheme theoretic image,
that the multiplication map G x G — G takes H,, x H,, to Ho,,.

Remark 14.18. We state some facts without proof. Suppose {p; : X; — G};cs is a family of maps indexed
by an arbitrary set I.

(i) We can similarly define and study the subgroup of G generated by the family {y;};.

(ii) In the case where G and each X; are geometrically reduced, the subgroup generated by {p;}; is the
image of a single map X;, x --- x X; — G given by (21,...,2:) = @;, (x1)" ... ¢; (), for some
i1y...,0r € I and €1,...,€. € {£1}. This involves the following observations:
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e The subgroup of G generated by {®;}; can be seen to be geometrically reduced, and is hence
(in our finite type situation) determined by its underlying topological space. A special case of
this is stated in Lemma 14.19 below.

e The topological spaces involved have finite dimension, so the closures of the images of the
Xy X x X; — G (involving also the €;,...,e. € {£1}) stabilize (this step might have
some difficulty if the X; are not geometrically connected, but one can work with connected
components after passing to the separable closure, using Galois descent).

e The image of each map X;, x--- x X; — G as above contains an open subset of its closure by
Chevalley’s theorem on constructibility, so more copies can be added to close things up.

(iii) In this situation, if each X; is geometrically connected and geometrically reduced, then so is the
subgroup of G generated by {¢;};: this is an easy consequence of the above observation.

The following lemma summarizes many of the properties of [G, G|, though we skip its proof.

Lemma 14.19. Let ¢ : X — G be a map, with X an affine algebraic scheme over k and G a linear algebraic
group over k.

(i) If X is geometrically reduced (resp., geometrically connected), then the subgroup of G generated by
v : X = G is geometrically reduced (resp., geometrically connected). In particular, if G is smooth
(resp., geometrically connected), so is [G,G], and if G1,Ga C G are smooth (resp., geometrically
connected) subgroups, so is [G1, Ga].

(ii) The notion of subgroup generated by ¢ base-changes well: For an arbitrary (not necessarily algebraic)
field extension K/k, ifH, C G and H,,,, C Gk are the subgroups generated respectively by ¢ : X = G
and i : Xg = Gg, then Hy,, = (Hy)k. In particular, Gk, Gk] = [G,G]k, and [G1 k,Go k] =
[G1,Ga] k-

(i1i) [G,G] is a characteristic subgroup of G, in the sense that for any k-algebra R, any endomorphism
of Gg preserves |G, G|g. In particular, [G, G] is a normal subgroup of G.

(iv) [G,G] is the smallest normal subgroup N of G such that G /N is commutative (more precisely, given
a normal subgroup N of G, we have that G /N is commutative if and only if N contains [G, G]).

(v) If G is geometrically reduced, then for any algebraically closed field K we have |G, G](K) = [G(K), G(K)]
and [G1,Go](K) = [G1(K), G2(K)]. In particular, in ths case |G, G] is the unique subgroup G’ of G
with the property that G' (k) = [G(k), G(k)], and more generally [G1, Gz] is the unique subgroup G

of G such that G" (k) = [Gy(k), G2(k)].

Proof. These proofs don’t seem to be hard, so we skip them. They are proved in Section d of Chapter 6
and Section h of Chapter 2 of Milne’s book. For (iii), one characterizes [G, G](R) as the set of elements
of G(R) that belong to [G(R’'), G(R')] for some faithfully flat R-algebra R’ (though I haven’t yet followed
that argument; I was under the impression that this needed some kind of a result along the lines of Remark
14.18(ii)). O

Proposition 14.20. Let G be a linear algebraic group over k.

(i) G is solvable if and only if the derived series of G, as defined by G D G; D Ga D ..., where
G; = [Gi—1,Gi_1] for each i, is of finite length.
(ii) G is nilpotent if and only if the descending central series of G, as defined by G D G} D G, D ...,
where G = [G, G,_4] for each i, is of finite length.
Proof. Easy. O

16. LECTURE 16 — BOREL SUBGROUPS, PARABOLIC SUBGROUPS, SEMISIMPLE AND REDUCTIVE GROUPS

Today: Unless otherwise stated (though I will try to state), G is a smooth linear algebraic group over k.
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Note: Unlike in the lecture, I have tried to incorporate the case of char k = 2 while studying (symplectic
and) special orthogonal groups. However, I didn’t get enough time to be careful enough, so be especially
careful about possible errors in the parts that deal specifically with special orthogonal groups in characteristic
two.

16.1. Borel subgroups.

Definition 16.1. Let G be a smooth connected linear algebraic group over k.

(i) If k = k, a Borel subgroup of G is a maximal smooth connected solvable subgroup.
(ii) For general k, a Borel subgroup of G is a subgroup B C G such that By C Gy is a Borel subgroup.
(iii) Note that for a general k, G may not have a Borel subgroup; if it does, we say that G is quasi-split.

Example 16.2. Let us study Borel subgroups for general linear groups as well as for ‘classical” groups
Sp(V, B) and SO(V, q), assuming that k = k. Detailed justifications for the relevant linear algebra will not
be given.

(i) Let G = GL(V) and k = k. If B C GL(V) is a Borel subgroup, then since k = k, so that smooth
solvable implies split solvable and hence trigonalizable, B preserves a complete flag F in V of the
form

(50) 0o=Vcwhc---cV,=YV,

with dim V; = i for each i. Since Stabgry,v(F) is trigonalizable, it follows from the maximality of B
that B = Stabgp,v)(F). In particular, B is the subgroup of upper triangular matrices for a suitable
identification of G = GL(V') with GL,,. It is now easy to verify that we have a bijection:

(51) Fl(V)(k) := {Complete flags in V'} — {Borel subgroups of G = GL(V)}

which takes a complete flag to its stabilizer.

In fact, it turns out that the same is true even if k # k, and the variety of complete flags in
V can be thought of as the variety of Borel subgroups of G = GL(V'). Moreover, all of the above
works as such for G = SL(V') as well (intersecting with SL(V') gives a bijection from the set of Borel
subgroups of GL(V) to those of SL(V)).

(ii) Let G equal Sp(V, B) with B a nondegenerate alternating form on V', or SO(V, ¢) with ¢ an ‘absolutely
nondegenerate’ quadratic form on V' in the sense discussed in Lecture 3. I forgot to mention in the
lecture that G is (apart from being connected) smooth, as can be seen using well-chosen “N(—X\) x
P(A) — G” type maps as in Lecture 12, that I hope to make available in the actual Lecture 12 notes.
Assume that k = k.

As with (i), any Borel subgroup B C G is trigonalizable and hence preserves a complete flag, but
the stabilizer of a complete flag, while solvable, may not be large enough to be a Borel subgroup.
This time the analogue of (51) turns out to be a map

(52) {Complete near-self-dual flags in V'} — {Borel subgroups of G}

sending a near-self-dual (nonstandard terminology, defined below) complete flag to its stabilizer,
which is a bijection if G equals either Sp(V, B) or SO(V,q) with dimV odd; if G equals SO(V, q)
with dim V' even, this map is only two-to-one and surjective. Here, by near-self-duality for a flag
o=VycWVLc---CcV,=V
we mean that for each 1 <1 <r/2,
Vit i={veV|B(vV;) = {0}} equals V,_;

— unless chark = 2 and G = SO(V, ¢) with dimV odd, we have that B or B, is nondegenerate,
we can require the same for all ¢ rather than just ¢ < r/2, so that one can say ‘self-dual’ instead of
‘near-self-dual’ (so perhaps talking of totally isotropic flags as Conrad does is more appropriate in
general).
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Ezample to see that SO(V, q) with dim V' even works differently. e.g., for the standard quadratic form
q:V :=k® — k given by q(x,y) = zy, SO(V, q) is isomorphic to G,,, which is smooth, connected
and solvable and hence has exactly one Borel subgroup, and the two (near-)self-dual flags can be
checked to be {0} C ke; C V and {0} C kea C V, which are permuted into each other by an element
of O(V, q)(k) \ SO(V. q) ().

Hints on how to justify the non-bijectivity-related claims:

e Proceed by induction; dimension up to two is easy. The main claim to show is that given
any complete flag Fy, Stabg(Fp) also preserves a near-self-dual complete flag F on V, so that
Stab(;(]:o) C Stab(;<]:).

e In the Sp(V, B) case, W := Vi, stabilized by B’ := Stabg(Fy), is automatically totally isotropic.
In the remaining cases, if Vi is not anisotropic, one applies the induction hypothesis to Vi* and
gets a totally isotropic subspace W C V stabilized by B’ := Stabg (Fp).

e WL /W is nondegenerate; thus, B or ¢q induces a nondegenerate form of the same type on
WL /W. One then checks that the stabilizer P := Stabg(W) = Stabg(W=) surjects onto
GL(W) x G(W+/W), where G(W+/W) is the group of the same type on W= /W with its
induced form, and the kernel is the subgroup of elements of G that act trivially on W and on
WL /W (and then automatically on V/W). Intersect with Fy to get an induced flag on W
stabilized by B’, and use the induction hypothesis to get a flag on W= /W stabilized by B’;
using these and taking ‘L’, get a near-self-dual complete flag on V preserved by B’, as required.

e This shows that any Borel subgroup of G is the stabilizer of a near-self-dual complete flag. To
show that these are all, show that the near-self-dual flags are all conjugate under Sp(V, B)(k) or
O(V, q)(k), as the case may be, so that their stabilizers are conjugate under G(k) or a slightly
larger group. For this purpose, it might help to use ordered bases as in Example 16.9 below.

Let us make two more remarks:

e Omne can check that Sp(V, B) is always quasi-split, while SO(V, q) is quasi-split if and only if
V has a totally isotropic subspace of dimension equal to |(n — 1)/2], where n = dimV. In
particular, the compact orthogonal group O(n) C GL,(R), viewed as (or rather enhanced into)
an algebraic group over R, is never quasi-split if n > 2.

e If G =Sp(V,B), or if G = SO(V, q) with dim V' odd, the above descriptions for Borel subgroups
also apply when k # k. But when G = SO(V, ¢q) with dim V even, it can happen that there is
no (near-)self-dual complete flag but a Borel subgroup nevertheless exists: essentially, one can
do things ignoring the “V,, o-term” and the “V(;,/2)41-term” with n = dim V', as the case where
n =2, with G = Res}(/k Gm = SO(K, Ng/i), shows.

It is an easy linear algebra exercise to see that in the above examples (G = GL(V'),Sp(V, B),SO(V, q) over
k = k) that the Borel subgroups of G are all G(k)-conjugate to each other. We would now like to prove
that this holds in general. For this, it seems most convenient to introduce and use the notion of a parabolic
subgroup.

16.2. Parabolic subgroups and their relation to Borel subgroups.

Definition 16.3. Let G be a smooth connected linear algebraic group over k. A subgroup P C G is called
a parabolic subgroup if P is smooth, and G /P is a proper variety over k.

Remark 16.4. Later, we will see that such a P is automatically connected. Also, while ‘proper’ is not the
same as ‘projective’; it turns out to be true that if G /P is proper, then G /P is automatically projective.

Theorem 16.5. Let G be a smooth connected linear algebraic group over k. Assume that k = k.

(i) If P C G is a smooth subgroup, then P is parabolic if and only if P contains a Borel subgroup.
(i) The Borel subgroups of G are all conjugate under G(k) = G(k).
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Note that as a formal consequence of (i) and the (mazimality in the) definition of Borel subgroups we get:
Borel subgroups are precisely the minimal parabolic subgroups.

Proof. Let us first prove the theorem assuming Claim 1 and Claim 2 below, and then proceed to prove Claim
1 and Claim 2:

Claim 1. (Uses the Borel fixed point theorem, Chevalley’s theorem on subgroups, and the closed orbit
lemma). G contains some Borel subgroup B which is a parabolic subgroup.

Claim 2. (A special case of Borel fixed point theorem). Given any parabolic subgroup P C G and any
smooth connected solvable subgroup B’ C G, there exists g € G(k) such that g~' B’ g C P.

Let us deduce the theorem assuming Claim 1 and Claim 2. It is easy to see that (ii) follows from Claim 2,
applied with B’ an arbitrary Borel subgroup of G and B a Borel subgroup of the particular kind as supplied
by Claim 1.

The “=" assertion of (i) follows from Claim 2. The “«<” assertion of (i) follows from the fact that, if a
smooth connected subgroup P C G contains some Borel subgroup B’, then by (ii) we may assume that B’
is of the particular kind as supplied by Claim 1, and then use the surjectivity G /B’ = G /B — G /P to
deduce that G /P, being the image of G /B, is complete.

Thus, it remains to show Claim 1 and Claim 2. Let us first show Claim 2. Let P C G be a parabolic
subgroup, so that G /P is a complete variety. Then for any smooth connected solvable subgroup B’ C G,
by the Borel fixed point theorem (and the fact that smooth connected solvable is split solvable over k = k),
B’ has a fixed point on (G /P)(k), which equals G(k)/P(k) as k = k. Therefore, for some g € G(k), we
have B'(gP) = (¢ P). Since Stabg(gP) = gP g1, it follows that B’ C g P g1, or equivalently, g~ ' B’ g C P.
This gives Claim 2.

Now let us show Claim 1. We will first show:

Less than Claim 1. (A consequence of the closed orbit lemma) There exists a solvable subgroup B C G
such that G /B is complete.

Choose any faithful representation G — GL(V). GL(V) acts on the variety FI(V) of complete flags on
V, and hence so does G. By the closed orbit lemma, an orbit of G-z of G through = € FI(V)(k), such
that dimG -z < dim G -z’ for all 2’ € FI(V)(k), is closed in FI(V) and hence complete. Choose such an
x € FI(V)(k); its stabilizer B in G therefore satisfies that G /B = G -z is complete, where this equality holds
due to the orbit-stabilizer theorem, showing ‘less than Claim 1.

To show Claim 1 using this argument, it suffices to exhibit a single Borel subgroup B C G with the property
that for some faithful representation G — GL(V) and = € FI(V')(k), B is the stabilizer of x € FI(V)(k) and
such that dim G-z < dim G -2’ for all 2’ € FI(V)(k). The latter condition is automatic if we choose B to
have maximal possible dimension among connected smooth solvable subgroups of G and hence also among
all solvable subgroups of G; we fix such a choice. It remains to show: given any solvable subgroup B C G,
there exists a representation G — GL(V) such that B is the stabilizer of some z € FI(V)(k).

In fact, choose any G — GL(V) such that B is the stabilizer of a line L C V, and set V; = L. Since B
preserves L, it acts on V := V/L, preserving thanks to its solvability a complete flag 0 =V, C Vo C --- C
V., =V = V/L. If the inverse image of V; in V is denoted by V;, then 0 C V; C Vo C --- C V, =V is a
complete flag in V' stabilized by B, finishing the proof of Claim 1 and hence of the theorem. ]

Remark 16.6. (i) Thus, part of the point is that Borel subgroups hit the ‘sweet spot’ where opposite-
ish requirements of being solvable and having a complete quotient meet, and this sweet spot sets one
up for many applications of the Borel fixed point theorem.
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(i) When k # k, the above proof breaks down. Firstly, Borel subgroups may not exist, and even when
they do, they may not be split solvable. Nevertheless, we will see that for reductive groups G over
a k that may not be algebraically closed, when Borel subgroups do exist, they are all conjugate
under G(k). More generally, it is true (and we may or may not see in this course) that even when
Borel subgroups do not exist, we can talk of minimal parabolic subgroups of G, and that they are
all conjugate under G(k).

16.3. Conjugacy of maximal tori.

Theorem 16.7. Assume that k = k. Then all mazimal tori in G are conjugate to each other.

Proof. By Theorem 16.5, we know that Borel subgroups are conjugate under G(k) = G(k). Since each
maximal torus is smooth, connected and solvable, and hence contained in a Borel subgroup, we are now
reduced to showing that any two maximal tori contained in a common Borel subgroup are G(k)-conjugate,
something we saw in Lecture 14. O

Remark 16.8. Theorem 16.7 would not be true if we remove the hypothesis that k = k: e.g., if k = R

cosf) —sinf),,
sinf  cosf )
torus of G are both maximal (e.g., since they may be verified to be their own centralizers), but they are not
conjugate, since in the classical topology, the former is noncompact and the latter is compact.

and G = SLg, then diagonal torus of G consisting of diagonal matrices as well as the “(

Example 16.9. Assume that k = k.

(i) If G = GL(V), then the maximal tori in G are in obvious bijection with the decompositions V =
@,cs Lj of V into lines; this bijection sends a maximal torus T to the decomposition of V' into
eigénspaces for T (which exists as T is diagonalizable and not just of multiplicative type, since
k = k). It is clear that such decompositions are all conjugate. Please note that J is unordered
here; changing the order of the decomposition results in the same torus. Here are two related
considerations:

e Given a maximal torus T C GL(V) corresponding to a decomposition V' = ;. ; L;, and a
Borel subgroup B € GL(V) corresponding to a flag 0 =V, C V; C --- C V,, =V, we have that
T C B if and only if there exists a bijection o : {1,...,n} — J such that for all < € {1,...,n},
Vi = Vio1 + Lg(;). This shows, e.g., that each maximal torus of GL,, is contained in exactly
n! tori. Later, we will see that this n! basically arises as the cardinality of the Weyl group
W(G,T) = Ng(T)/T.

e Both maximal tori as well as Borel subgroups can thus be obtained from an ordered decomposi-
tion V = @?:1 L; of V into lines: take V; = Ly +---+ L;. Or for that matter, from an ordered
basis for V. Now the conjugacy of both Borel subgroups and that of maximal tori follow from
the fact that ordered bases for V form a single G(k)-orbit.

All the above apply with SL(V) in place of GL(V).

(ii) Now suppose that G = Sp(V, B) or SO(V, q) as in Example 16.2(ii). In this case, it is an easy linear
algebra exercise to see that maximal tori in G are in bijection with decompositions V' = @ e Lj
such that the following two conditions are satisfied:

(a) For each j € J, there exists a unique j' € J with the property that B(L;, L;/) # 0, where we
write B = B, in the SO(V, g)-case, ?° except that if chark = 2, G = SO(V, ¢) and dim V' is odd,
exactly one L; is allowed to be the radical of By; and

(b) In the Sp(V, B) case or in the SO(V, q) case with dim V' even, we have j' # j for all j, while in
the SO(V, q) case with dim V' odd, there exists exactly one j with j' = j.

The bijection is as before: send T to the eigendecomposition for T.

29%he condition that follows may not have been mentioned in the lecture, where it was assumed that char k # 2.
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Moreover:

We have a similar description as in (i) describing when a given maximal torus T of G is contained
in a given Borel subgroup B of G.

In this case, we can construct all maximal tori of G as well as Borel subgroups of G starting from
suitable ordered decompositions of V' = @?:1 L; of V into lines, such that B(L;,L;) = 0 unless
it+j = n+1. Thus, we could equally start from ordered bases vy, ..., v, for V with the property that
B(vi,vj) = 6; nt1—; for 1 < i < n/2, again with the exception that when chark = 2,G = SO(V, q)
and dim V' is odd, v(,,11)/2 spans the radical of B, and is instead required to satisfy q(v(4+1)/2) = 1;
such bases exist because we are assuming that k = k. In the Sp(V, B) case, such bases are conjugate
to each other under Sp(V, B), giving the conjugacy of both Borel subgroups and of maximal tori in
Sp(V, B). In the SO(V, q) case with dim V' odd, the same applies, because in this case O(V, q)(k) =
SO(V,q)(k) x {£Idy}. In the SO(V,q) case with dimV even, such bases, which form a single
O(V, q)(k)-conjugacy class, split into two SO(V, q)(k)-conjugacy classes. However, one can still get
the conjugacy of maximal tori and Borel subgroups from here: to put it crudely, we can still take
each ordered basis of the above form to another such up to a transposition that stabilizes the relevant
Borel subgroup and torus.

Example 16.10. We will not justify the claims in this list, but they follow from the following two facts,
which should be proved later in the course:

The G being considered below (GL(V'),Sp(V, B),SO(V, q)) are all reductive (to be defined later in
this lecture);

For a reductive G, parabolic subgroups are all of the form P()), as defined in Lecture 12, for varying
cocharacters A : G,,, — G.

The parabolic subgroups for G = GL(V) are in bijection with flags 0 =V, C --- C V;, = V, which
may not be complete: to a flag is associated its stabilizer P.

If G = Sp(V,q) or G = SO(V, q), each parabolic subgroup is the stabilizer of a flag 0 =V, C -+ C
V.. = V, which is near-self-dual in the sense that for each 1 < i < r/2, we have Vil = V,_;; here
1 is the orthogonal with respect to B or By, as the case may be. If G equals Sp(V,q), or if G
equals SO(V,q) with dimV odd, this gives us a bijection between parabolic subgroups of G and
near-self-dual flags of G. If G equals SO(V, q) with dim V' even, certain pairs of flags may give the
same parabolic subgroup; see Appendix T of Conrad’s “Linear Algebraic Groups II” notes (cowritten
with Tony Feng) for more details.

Remark 16.11. Part of Example 16.10 is not hard to justify: the subgroups P associated to flags as in that
example are all indeed parabolic subgroups, since in each case G /P can be verified to be a complete variety:

(i)

First suppose that G = GL(V). If P is the stabilizer of a flag 0 =V, C V; C --- C V. =V, then,
setting d; = dim V; for each 7, the orbit map at this flag identifies G /P with:

Fl(dy,....dp V) ={0=Wo CW, C - CW, =V | dimW; = d;Vi} C Gr(dy,V) x -+ x Gr(d,, V).

(i)

To see this, one can use orbit-stabilizer considerations with the smoothness of Fi(dy,...,d.; V),
which one can verify by exhibiting a covering of this variety with affine spaces. This variety turns
out to be complete because in the product Gr(d;, V) x --- x Gr(d,, V), each condition of the form
“W; C W;41” may be verified to be a ‘closed condition’.

Now suppose G equals Sp(V, B) or SO(V,q), and that P is the stabilizer of a near-self-dual flag
0=VwWcCV C--CV,=1V. Let us first ignore the case of SO(V,q) with dimV even. In
this case, we need to consider a closed subvariety .i:l(dl, co.dr; V,q) of Fl(dy,...,dr; V) to reflect
that V,_; = V;J- for 1 < ¢ < r/2. One can verify that these conditions “V,._; = V;J-” are closed
conditions. However, this time, I haven’t checked if .,Fvl(dl, ...y dy;V,q) is smooth. Nevertheless,
we can replace ./}:/l(dl, ..., dr; V,q) by its underlying reduced scheme Fl(dy,...d,;V,q), which has a
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closed immersion into ﬁ(dl, ...,dr;V,q) (and hence into Fl(dy,...,d,;V)), and is hence complete.
In the case of SO(V,q) with dimension V even, Fl(ds,...,d,;V,q) is a union of two orbits, which
can be obtained from each other by an element of O(V, q)(k), so each of these is closed by the closed
orbit lemma, and hence complete.

16.4. Almost simple, semisimple and reductive groups.

Definition 16.12. Let G be a smooth linear algebraic group over k. We do not assume that G is connected
or that k = k.

(1) We say that G is almost simple if G is connected and does not have a nontrivial connected smooth
normal subgroup.

(ii) We say that G is absolutely almost simple if G is almost simple.

(iii) We say that G is semisimple if Gz does not have a nontrivial connected smooth solvable normal
subgroup (or equivalently, it does not have a nontrivial connected smooth commutative normal
subgroup. Compare this with the following (see Humphreys’ book on Lie Algebras, Section 3.1): at
least over a field of characteristic zero, a Lie algebra is semisimple if and only if it does not have a
nonzero solvable ideal (or equivalently, it does not have a nonzero abelian ideal).

(iv) We say that G is reductive if G does not have a nontrivial connected smooth unipotent normal
subgroup.

(v) The radical RG of G is the maximal connected smooth solvable normal subgroup of G, and the
unipotent radical R, G of G is the maximal connected smooth unipotent normal subgroup of G.
These exist by Lemma 16.13 below. Thus, G is semisimple if and only if R Gy, (i.e., R(Gg)) is trivial,
and G is reductive if and only if R, Gg is trivial, which can be checked to be equivalent to R Gy
being a torus. Compare the latter with the fact that, at least over characteristic zero, a Lie algebra
is reductive if and only if its radical is abelian.

Lemma 16.13. Let G be a smooth linear algebraic group over k. Then RG exists and contains all smooth
connected solvable normal subgroups of G. Moreover, R, G exists and contains all smooth connected unipotent
normal subgroups of G.

Proof. We will prove the assertion for R, G; the assertion for R G is similar. If H;,Hy C G are connected
smooth unipotent normal subgroups, recall that the normality lets us define H; Hy C G: it is the image of an
obvious map H; x Hy — G. To prove the lemma, it suffices to show that Hy Hy C G is a smooth connected
unipotent normal subgroup. For this purpose, we may base-change and assume that k = k.

Note that Hy x Hy is connected, since it equals H; x Hy as a scheme, and hence so is H; Hy. Since H; x Hy
is an extension of a quotient of the unipotent group Hy by a unipotent group Hj, it is unipotent, and hence
so is H; Ho. The normalizer of H; Hy in the smooth group G is represented by a closed subgroup of G,
which contains G(k) = G(k), since conjugation by any element of G(k) induces an obvious automorphism
of H; x Hy that is compatible with the conjugation in G. Since G is smooth, it follows that this normalizer

subgroup equals the whole of G, as desired. ]

Example 16.14. Any group of multiplicative type is reductive, since we have seen that a multiplicative type
group never has a nontrivial unipotent subgroup. In particular, tori are reductive, though nontrivial tori are
not semisimple. The examples of general linear, symplectic and special orthogonal groups are discussed in
Example 16.18 below.

Remark 16.15. Let G be a smooth linear algebraic group over k.

(i) Warning: The inclusions (R, G); C R, Gj and (RG); C RGj, can be strict. For instance, take
G = Resg/p G, where K/k is quadratic and purely inseparable. In this case, it is easy to see that
R, G is trivial, but R, Gy is not. Thus, Resg /i G, is not reductive; the fact that R, G is trivial
makes it a so called pseudo-reductive group. A case where R G is trivial but R Gz is not may be
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given by SO(V,q) for a ‘classically but not absolutely’ nondegenerate quadratic space (V,¢q) such
that dim V' > 2 and such that (V3, ¢;) is nondegenerate; but I need to look this up or check.

(ii) Assume that G is connected. Later, hopefully we will see that, somewhat analogously to what
happens for Lie algebras:

e G is semisimple if and only if there exist almost simple groups Gq,..., G, such that G is a
quotient of G; X --- X G,. by a finite central subgroup — in other words G is an ‘almost direct
product’ of almost simple groups; and

e G is reductive if and only if there exists a semisimple group G’ and a torus T such that G is
the quotient of G’ x T by a finite central subgroup. In fact, we can even take G’ = [G, G] and
T=17%.

(iii) Assume that k = k. It is immediate that:

RUGCRGCﬂB,
B

as B rus over Borel subgroups of G: indeed, R, G being smooth connected solvable is contained in
some Borel subgroup, and hence in all Borel subgroups by their conjugacy. 3¢ Later, we will see
that the latter inclusion is an equality. But already, we get a sufficient condition for reductivity,
summarized in Lemma 16.16 below.

Lemma 16.16. If there exist Borel subgroups B,B™ C G such that BNB™ is a torus, then G is reductive.

Remark 16.17. It is an immediate consequence of the structure theory of reductive groups that the existence
of a pair of Borel subgroups B, B~ C G such that BNB™ is a torus is not only sufficient (by Lemma 16.16)
but also necessary for G to be reductive. Very informally, this is a reflection of the fact that a reductive
group is ‘symmetric’ with respect to every maximal torus in it. In fact, in characteristic zero, a reductive
group is precisely a linear algebraic group that can be realized as a closed subgroup of some GL,, that is
stable under the ‘transpose inverse’ automorphism, which is also a kind of symmetry of a not unrelated kind.

Example 16.18. (i) It is now an easy linear algebra exercise to see from Example 16.2, which becomes
easier if one uses discussions in Example 16.9, that the condition of Lemma 16.16 is satisfied when
G equals GL(V),SL(V), Sp(V, B) or SO(V, q). Thus, these groups are reductive.

(ii) In fact, it is easy to see that SL(V) and Sp(V, B) are semisimple, as is SO(V, ¢) whenever dim V' > 3.
For this, one verifies using some easy linear algebra that these groups, which we just saw to be
reductive, also have finite center, and uses Proposition 16.19 below. In fact, one can verify without
much difficulty that these groups are absolutely almost simple.

Proposition 16.19. If G is a connected reductive linear algebraic group, then RG C (Z%)rcd, where ZOG 18
the identity component of Zg and (Z&)rea is its underlying reduced scheme. If we know that (Z)rea C G is
a subgroup scheme (and not just a subscheme), as is automatic when k is perfect, then RG = (ZX)red.

Remark 16.20. In the lecture, I stated the equality RG = (Z%).eqa without bothering to check that the
subscheme (Z%)rcd C G is actually a subgroup scheme. In fact, it now appears to me that to prove this fact,
one would need to go a bit further towards the structure theory of reductive groups, showing that Zg is
contained in a torus, and is hence of multiplicative type, so that (Z%)red is a subgroup scheme of G even if k
is imperfect. Therefore, I am weakening the statement for now; however, the weakened statement is enough
for the purposes of Example 16.18(ii) above.

Proof of Proposition 16.19. When (Z&);eq is a subgroup scheme of G, it is immediate that (Z)req € RG.
To see the other inclusion in general, since R Gz O (R G)z, we may and do assume without loss of generality
that k = k. Use the solvability, connectedness and smoothness of R G, and the fact that k = k, to write
RG = U x T, where U is unipotent and T is a torus.

301 gave a convoluted argument for this point in the lecture saying that R, G and any B together generate a connected
solvable smooth subgroup, but as Anand Chitrao pointed out, one could get that from the Borel fixed point theorem. Or, using
the conjugacy of Borel subgroups as discussed here.
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If we show that U is trivial, it will follow that R G is a torus, so that G C Ng(RG)? = Cq(RG), where the
latter equality is from Lecture 12. This will show that R G is contained in Zg and hence in (Z%)red.

Thus, let us show that U is trivial, for which, by the reductivity of G, it suffices to show that U is smooth,
connected and normal in G. Since U x T, as a scheme, is the product U x T of U and T, the smoothness is
immediate, as is the connectedness (recall that mo(U x T) = m(U) x 7o(T)). The normalizer of U in G is a

closed subscheme which contains G(k) = G(k) by the smoothness of U, and therefore by the smoothness of
G equals the whole of G. This finishes the proof of the proposition. |

Proposition 16.21. The formation of RG commutes with separable field extensions K/k, as does the
formation of R, G.

Idea of the proof. Use Galois descent, and note that the descent of a solvable or a unipotent group is solvable
or unipotent. 0

The following lemma tells us that over & (and hence also over a perfect field), quotienting by R, G or R G does
not create further unipotent radical or radical, and thus results respectively in a reductive or a semisimple

group.

Lemma 16.22. Let G be a smooth linear algebraic group over k. Then G /R, G has trivial unipotent radical
(and is hence reductive if k is perfect, and G /R G has trivial radical (and is hence semisimple if k is perfect).

Proof. We will prove the assertion for G /R, G; the assertion for G /RG will be similar. Let N C G be
the preimage of R,(G /R, G) under G — G /R, G. It suffices to show that the normal subgroup N of G is
smooth, connected and unipotent, for that will show that N C R, G, so that its image in G /R,, G, which
equals R, (G /R, G), is trivial.

N is an extension of the unipotent group R,, G by the unipotent group R, (G /R, G), and is hence unipotent.
The map N — R,(G/R,G) is an R, G-torsor, and hence some faithfully flat base-change Ng — S of
N — Speck takes the form R, G XspeckRu(G /Ry G)s — S, which is smooth since R, G — Speck and
R,(G /R, G)s — S are smooth.

To see that mo(N) is trivial, note that N — m(N) factors through G /R, G since R, G is connected, and
hence through G /R, G — m(G /R,, G), which is trivial. This finishes the proof that N is smooth, connected,
and unipotent, so that the lemma follows. (Il

Proposition 16.23. Suppose G is a linear algebraic group over k, and K/k is a field extension. Then G is
reductive or semisimple if and only if Gx 1is.

Proof. Skipped. Let us just mention that we can assume without loss of generality that both k and K are
algebraically closed, and then of course one needs to show that the containments (R, G)x C R, Gk and
(RG)g C RGg are equalities in the particular cases at hand. This involves some ‘spreading out’ techniques.
I haven’t worked out all the details from what Milne has written. O

Lemma 16.24. Let G be a smooth linear algebraic group over k. If G admits a faithful representation such
that its base-change to k is semisimple, then G is reductive.

Proof. Without loss of generality, let k = k. It is enough to show that R, G acts trivially on each simple
representation V of G. Recall that we had shown earlier that the G-fixed subscheme V& C V is a sub-
vector space, and it is easy to see that V%« G is stabilized by G, since R, G C G is a normal subgroup (and
G is smooth). Moreover, V%« G £, since R, G is unipotent. This forces that V& =V as desired. O



126

Remark 16.25. Assume without loss of generality that k = k. It is an easy linear algebra exercise to see
that the standard representation of G = GL(V),SL(V),Sp(V, B) on V is simple, as is the representation
of G = SO(V,q) on V at least whenever dimV # 2 and chark # 2 (when chark = 2 and dimV is odd,
this representation is not simple). If dimV = 2, this representation is semissimple. These assertions are
especially easy in the GL(V),SL(V) and Sp(V, B) cases, as the action of G(k) on V' \ {0} is transitive in
these case. This gives another way of proving that GL(V),SL(V') and Sp(V, B) are reductive, and that so is
SO(V, q) at least when char k # 2 (of course, SO(V, q) is always reductive, as noted in Example 16.18).

Proposition 16.26. Let G be reductive. Then Zg NG, G] is finite.

Proof. Since (Z%)_red is a torus of finite index in Zg — the finiteness of Zg / (Z%)red following from that
of (Za /(ZL)rea) (k) = Za(k)/ 2% (k) — this follows from the more general proposition, Proposition 16.27,
below. ]

Proposition 16.27. Let G be a smooth linear algebraic group, and T C G a central torus. Then T N[G, G]
is finite.

Proof. Again, we assume without loss of generality that k = k, so that T is diagonalizable and not just of
multiplicative type. Note that the proposition is clear when G = GL,,, in which case Zg N[G, G] = u,,. The
same clearly therefore also applies when G is a product of general linear groups.

The idea is to reduce the general case to this one. It is enough to get an injective homomorphism G —
[1GL(V;) such that T maps to [[Zgr(v;). Take any faithful representation G < GL(V'). Since T C Z¢ is
diagonalizable, we get a decomposition V = EBX Vy, where x runs over elements of X*(T), and T acts on
Vy through x. Since G centralizes T, the image of G under G — GL(V) is easily seen to be contained in
[IGL(Vy) C GL(V): namely, for each x, the stabilizer of V, in G is a closed subgroup scheme of G, which
contains G(k), and hence equals G by smoothness. O

Remark 16.28. (i) Let us write Gger instead of [G, G] henceforth. Later we hope to show, as was
mentioned before, that G = Z% - Gger, and that Gge, is semisimple. This makes G the quotient of
Z% X Gger by a finite central subgroup, giving a realization of the reductive group G as an ‘almost
direct product’ of a torus and a semisimple group. This will imply that Gger — G = G/ Zg =: Gad
is a surjection with finite kernel. One crucial input that will make many of these assertions easy is
that semisimple groups are perfect.

(ii) There are several semisimple groups one can associate to a connected reductive group G, for instance
Gder; G/RG and Guq := G/ Zg. Here, the group G.q = G /Zg is called the adjoint group of G; one
can show that its center is trivial. There is also a fourth important semisimple group that one can
attach to G, namely the simply connected cover Gy, of Gger, @ notion that we will only define later.

Proposition 16.29. Let k = k. Let 7 : G — H be a surjection of smooth connected linear algebraic groups
with central kernel. Then w|rq is a surjection RG — RH, and 7|g, ¢ s a surjection R, G — R, H (here,
‘surjection’ is in the sense of homomorphisms of algebraic groups, i.e., the image of 7|g, ¢, which is a closed
subgroup of R, H, equals the whole of R, H). In particular, if G is reductive or semisimple then so is H.
Moreover, if if ker 7 is further of multiplicative type ' and H is reductive, then G is reductive.

Sketch of the proof. We will prove the assertion that the obvious inclusion 7(R,, G) C R, H is an equality;
the analogous assertion involving R G and RH is similar but easier.

71 (R,H) C G is normal. Consider 7—*(R, H)? ;, the reduced subgroup scheme underlying the identity
component 7~ (R, H)? of 771 (R, H). It is easy to see that the smooth connected subgroup 7~!(R, H)" ; C
G is a normal subgroup of G, which is also solvable as ker « is central. We can write it as U x T, where T

is a torus and U is connected smooth unipotent. Again, it is easy to see using smoothness assertions that

31y forgot to state the ‘multiplicative type’ assumption in the lecture.
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U C G is normal, so that U C R, G. Since T(k) consists entirely of semisimple elements, it is easy to see
that U(k) — R, H(k) is a surjection, so that 7|g, ¢ : R, G — R, H is a surjection by the smoothness of
R, H. For the last statement, note that if H is reductive and ker 7 is of multiplicative type, then it follows
that R, G C ker 7 is necessarily trivial, so that G is reductive (recall that k = k). O

Example 16.30. Applying the above proposition to SL(V) — PGL(V), which is surjective with central
kernel p,, and using that SL(V') is semisimple (see Example 16.18), it follows that PGL(V) is semisimple.
In fact, once one shows that SL(V') is absolutely almost simple (as we have claimed above in Example 16.18
is not hard to verify), the same follows for PGL(V).

17. LECTURE 17 — SOME STRUCTURE THEORY MODULO VERY NONTRIVIAL BLACKBOXES (TO BE
PROVED LATER) - I

17.1. The main nontrivial results being assumed. In this lecture and the next (if not in the one after
that), I hope to discuss how a lot of the structure theory for reductive groups follows from the following
three theorems, whose proofs are postponed to later lectures, and whose terminology that will be defined
after their statement:

Theorem 17.1. If T is any mazimal torus in any connected reductive group G over k, then Cg(T) = T.

Theorem 17.2. If G is a connected reductive group over k and S C G is any torus, then Cg(S) C G is
connected reductive (and in particular smooth, but we had stated the smoothness in Lecture 12).

Theorem 17.3. If G is any connected split semisimple group of rank one, then G is isomorphic to either
SL2 or PGL2

These theorems are all nontrivial. The proof of Theorem 17.2 involves heavy use of Borel subgroups; e.g.,
one first relates the unipotent radical to Borel subgroups that contain a given torus (Chevalley’s formula
for the unipotent radical), and also relates Borel subgroups of G to those of Cg(T). The proofs of these
theorems are postponed to later lectures, in the hope that this approach might make the overall plan clearer.

Now (Definition 17.4 and 17.5 below) let us define the terminology that goes into these theorems:
Definition 17.4. Let G be a smooth linear algebraic group over k. Then:

(i) By a maximal torus of G, we will actually refer to a torus T C G such that Ty C Gy is a maximal
torus.

(ii) The rank of G is the rank (i.e., the dimension) of any maximal torus in Gz. Note that this is well-
defined, since we saw in Lecture 16 that all maximal tori of G; are Gg-conjugate, and hence have
the same dimension.

Note that we did not define maximal tori of G as maximal among the tori of G; however, it is a very nontrivial
result of Grothendieck, a proof of which we may or may not sketch later in this course, that doing so would
not alter the definition, i.e., if T C G is maximal among the tori contained in G, then it is automatically a
maximal torus in G. However, for now we will not assume Grothendieck’s theorem, and instead work with
Definition 17.4.

Definition 17.5. A split reductive group over k is a connected 3? reductive group G over k which conains
a split maximal torus T C G, i.e., a maximal torus which is split (to be distinguished from a maximal split
torus, which is merely maximal among the split tori in G and hence may be smaller). Sometimes, we will
refer to a split reductive group as a pair (G, T), where G is connected reductive over k and T C G is a split
maximal torus.

32Thus, though we are not requiring reductive groups to be connected, for convenience we are requiring split reductive
groups to be. This is of course nonstandard.



128

Example 17.6. GL(V),SL(V) and Sp(V, B) are always split, while SO(V, ¢) (where we will always assume
that ¢ is ‘absolutely nondegenerate’) may or may not be split, and the story is just a minor modification of
the case when k = k, that was discussed in Lecture 16:

(i)

(iii)

(iv)

If G = GL(V) or G = SL(V), then split maximal tori in G exist and correspond bijectively to decom-
positions V = @ ieJ L; of V into lines: this bijection takes T to the simultaneous eigendecomposition
V = €D,c; L; for the action of T on V, whose inverse takes V = ;. ; L; to the subgroup of G
stabilizing this decomposition. The stabilizer in GL(V) or SL(V') of the decomposition V = @, ; L;
identifies with the torus of diagonal matrices if we identify GL(V') with GL,, or SL(V') with SL,, using
a basis eq, ..., e, such that for some identification J = {1,...,n}, we have e; € L; for each i € J.
This torus is maximal because any torus centralizing it would have to be contained in its centralizer,
i.e., itself.
If G = Sp(V, B), then split maximal tori in G correspond to decompositions V = @jeJ(Lj @ L) of
V', where:

e L;® L is B-orthogonal to L; ® L; if i # j; and

o L, L; C V are totally isotropic 3 and in duality with each other with respect to B.
We are cheating a bit here: two such decompositions should be considered equivalent if one is
obtained from the other by exchanging an L; with an L;- (we will be more careful about this point in
Lecture 26). The bijection works exactly as before: T goes to its common eigendecomposition, and a
decomposition goes to its stabilizer. Here, the stabilizer T of such a decomposition V = €p j(Lj ©LY)
is indeed a maximal torus since for a basis ey, ..., e,, €., ..., €] of V together with an identification
J ={1,...,n} such that e; € L; and ¢, € L} for each i € J, the torus can be written as the set
of all diag(ay,...,an,a,",... 7afl)7 so that the stabilizer of T consists of the diagonal matrices in
Sp(V, B) = Sps,,, which by the condition on the decomposition is seen to be no larger than T.
If G = SO(V,q) with dim V' even, then all of what is written for Sp(V, B) above applies, with the
exception that such a decomposition may not exist when k # k. Thus, G may or may not be split; it
is split if and only if such a decomposition exists. Thus, e.g., the compact special orthogonal group
SOs, C GL,(R), viewed as SO(V,q) where V = R" and ¢(X) = XX, is not split because the
positive-definiteness of ¢ prevents such a decomposition from existing.
If G = SO(V,q) with dimV odd, the story is similar, except that we need decompositions V =
(D, (Lj® L)) & Lo, where Lo is a line that is Bg-orthogonal to each of the L; & L. If chark = 2,
then Lg is automatically the radical of B,.

17.2. Root decomposition.

Definition 17.7. (i) Given a split reductive group (G,T) (connected by the somewhat nonstandard

definition/convention being imposed in Definition 17.5), we can decompose g = Lie G for the adjoint
action of T (i.e., the restriction of Ad : G — GL(g) to T), i.e., simultaneously diagonalize the Lie
algebra with respect to the action Ad restricted to the diagonalizable group T:

- D
GedCxX*(T)

Moreover, we can write ® = ®(G, T) U {0}, and since Theorem 17.1 above implies that uy = g* =
Lie Cg(T) = Lie T = t, we can write:

g=ta® @ Ugy.
a€d=a(G,T)

(Here, the equality g7 = Cg(T) used above is automatic from the scheme-theoretic perspective, and
is from the Lecture 12 material. From the perspective of the books of Borel and Springer, it is a

33This is automatic as B is symplectic and L;, Lg- are lines, but later I am going to refer the SO examples to here, for which

this condition needs to be imposed.
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consequence of T being of multiplicative type, which ensures that Cg(T) is smooth as a scheme over
k.) Thus, for all @ € X*(T), we have that

Uy = (X €g| Ad#(X) = a(t)X V¥t € T} C g

(interpreted appropriately in terms of functors of points) is the subspace on which T acts via «; we
choose ® to be minimal, so that each u, that contributes to (53) is nonzero.

(ii) The elements of ®(G, T), which we will often abbreviate to ®, are called the roots of T in G. Thus,
the roots of T in G are simply the nonzero weights for the adjoint action of T on G. The equality (53)
will be called the root decomposition of (G, T) or that of G with respect to T. For each « € ®(G, T),
u,, will be called the root space corresponding to «.

Note that such a decomposition as above exists only because T is a split torus; a split torus is a generalization
of ‘a family of elements which are diagonalizable over the ground field’.

In the literature, what we have denoted by u, above is often denoted by g,. We stick to u, since we we
wish to let g, stand for the larger Lie algebra Lie G, that we will see below.

Notation 17.8. (i) We are going to discuss root decompositions for GL(V),Sp(V, B) and those of
the SO(V, q) that are split. For this, we will assume the description of split maximal tori T C G
as in Example 17.6. Given a decomposition V' = €P,c; L; in the GL(V) or SL(V) cases, or a
decomposition V' = @, ;(L; & L}) & Lo in the Sp and SO cases as described in Example 17.6, so
that Ly is trivial in the Sp and even SO cases and equal to a line in the odd SO case, we can identify
T with G/, such that (aj)jes acts as multiplication by a; on L; in all the cases, as multiplication
by aj_l on L, whenever L, exists (i.e., in the Sp and SO cases), and as the identity on Lo (whenever

Ly exists, i.e., in the odd SO case).
(ii) Moreover, given such a T corresponding to V' = P, L;j or V = @, ;(L; ® L) & Lo (with Lo
possibly trivial), we will denote by e; the character T = G, — G,, given by projection to the j-th
factor. If G were SL(V) instead, it is the centralizer of T in GL(V) that is isomorphic to G;,, and

e; is defined on such a centralizer.

Example 17.9. We now give the root decompositions for G = GL(V), G = SL(V) and G = Sp(V, B), and
for G = SO(V, ¢) assuming it to be split. We put ourselves in such a situation. Let T C G be a split maximal
torus corresponding to a decomposition V =P, ; Lj or V =P, ;,(L; ®L}) & Lo (with Lo possibly trivial).
Let the identification T = G, and the character e; : T = G/, — G,, be as in Notation 17.8, except that
when G = SL(V) this needs the modification that the centralizer of G in GL(V) is what is isomorphic to
G/

(i) First let G = GL(V) or G = SL(V). In this case, we have essentially seen directly (without Theorem
17.1) that Cg(T) = T and up = t, and that:
o OG,T) = {ei—e; |4, € i £ J):
e For a = ¢; —¢j € ®, u., o, € gl(V) = End(V) is one-dimensional; it is simply the set of
morphisms V' — V that ‘live on the (¢, j)-th entry’, i.e., map L; to L;, and other L; to 0.
(ii) Let G equal Sp(V, B). Then one can check:
e &(G,T)={e;—ej |4, JiF#jtU{es+e;|i,j€Ji#JTJU{2, |i€ J}. Here, sort of
pnemonically, e; + e; is like e; — e; and 2e; is like e; — €.
e The u, are as follows:

— If @ =e¢; —ej, then any X € u, takes L; to L; and L] to L;, and takes every other L;
and L] to 0. Moreover, what any X € u, does to L} is entirely determined by what it
does to L; (by the identity B(Xv,w) + B(v, Xw) = 0). Thus, u, is one-dimensional.

— If @ = e; + e;, then one just swaps L; with L; in the above description. Namely, any
X € u, takes L;» to L; and L] to L;, and takes every other L; and L;j to 0. Moreover, what
X does to L is entirely determined by what it does to L;. Thus, u, is one-dimensional.
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— If o = 2e;, then any X € u, takes L] to L;, and annihilates every other L; and L;. Thus,
U, is one-dimensional.
(iii) Let G equal SO(V, q) with dimV even. Then one can check:
o O(G,T)={e;—e;|i,jeJi#j}U{eite;|ije i}
e For each a, u, is exactly as in the Sp(V, B) case, with B replaced by By, and is thus one-
dimensional. In terms of matrices, these look different mainly because, say if a = e; — e; and
X € ug, then the relation between X|r, : L; — L; and X|L; L — L; involves B or By, and
their signs differs between these cases.
(iv) Let G be a split SO(V, ¢) with dim V' odd. Then one can check that:
] @(G,T):{ei—ej |’L.,j€J,7;7éj}U{€i—|—€j |Z,jEJ,Z7éj}U{€1"LEJ}
e Assume for simplicity that char k # 2 (I haven’t checked the general case). Then:
—Ifa=e —e; € ®(G,T)ora=e; +e; € &(G,T), then u, is exactly as in the Sp or the
even SO cases. Thus, u, is one-dimensional.
—Ifa=e¢ € ®(G,T), then any X € u, takes Ly to L; and L} to Ly. Moreover, what X
does to Ly is entirely determined by what it does to L}, so u, is one-dimensional.

Remark 17.10. Here are some questions we wish to state answers for today or maybe partly in Lecture 18,
modulo some blackboxes:

(I) What is dimu,? We will see that dimu, = 1 for all « € ®(G,T), like in the GL,SL,Sp and SO
cases above.
(IT) (For Lecture 18) Is there is an appropriately unique subgroup U, of G ‘corresponding’ to u,: namely,
Lie U, = u,, plus extra properties to characterize it?
(ITII) (For Lecture 18) Can we describe other subgroups of G, such as Borel subgroups and parabolic
subgroups, their unipotent radicals etc. using T and the U,?

17.3. G, the minimal reductive subgroup of G containing the contribution of «. To answer the
questions (I) and (II) of Remark 17.10, the key will be to isolate a fixed « from the rest and relate it to
something known, using Theorem 18.3 above.

Definition 17.11. Let (G, T) be a split reductive group over k (and hence it is connected by definition).
For any a € ® C X*(T), let:

(i) Sq := (kera)?, C T, a subtorus of T.
Justification: Here, (ker a)?ed C (ker a)? is not merely a subscheme, but also a subgroup scheme,
since T is of multiplicative type: if T is of multiplicative type, then it is easy to see that (T').eq is
also of multiplicative type, whose character group is the abelian group X*(T')/X*(T')tors With its
obvious Gal(k*P /k)-action.

(ii) G4 := Cg(Sa) C G; it is a connected reductive subgroup of G by Theorem 17.2; and is split since
the split maximal torus T of G is contained in G.

Remark 17.12. The idea is: S, is the largest subtorus of T centralizing i, so G, is the smallest reductive
subgroup of G that contains T and whose Lie algebra contains u,, as can be manufactured using Theorem
17.2. One hopes to study G, by showing that the hypotheses of Theorem 18.3 apply to G, der-

Lemma 17.13. Let (G, T) be a split reductive group over k. Let a € ®(G,T). Then the root decomposition
of the split reductive group (G, T) equals:

(54) go =LieGo =to P w=to D ug,
B\Beq)‘d BE(QanX*(T))CX*(T)®Q
Sq =1

Proof. We know that g, C g is the subspace fixed by Ad(S,) (this is automatic from the scheme-theoretic
perspective, while from the perspective of the book of Springer or Borel, where isotropy is defined differently,
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this follows from the fact that S, is of multiplicative type). Therefore, the first expansion for g, = Lie G,
is immediate, and it suffices to see that:

{ e X*(T)|Bls, =id} = {8 € X*(T) | B is a rational multiple of a}.

I left it as an exercise in the lecture, so let me be loud with the details now:

e “C”: The left-hand side identifies with X*(T /S,) € X*(T), so the containment “C” follows from
the fact that T /S, is a split torus which is obviously of dimension 1, so that X*(T /S,) & Z.

e “D”: Conversely, if § is a rational multiple of «, then some integral multiple of 3 restricts to the
trivial element of X*(S,), so that Sls, € X*(S4) is torsion and hence trivial (X*(S,) is torsion-free
since S, is a torus).

O

Example 17.14. Let us look at what the various possibilities for G, are, in the GL(V),SL(V), Sp(V, B)
and the split SO(V, ¢q) cases, where we assume for simplicity in the SO(V, ¢q) case that chark # 2 (this may
not be needed, but I have not checked). We will assume conventions and notation as in Example 17.9.
(i) In the GL(V) case, with T corresponding to a decomposition V = ;. ; L; and a = e; —¢; as in
Example 17.9(i), G, identifies with GL(L; + L;) x (G,Jn\{m} =~ GLy xG7:772, embedded inside GL(V)
in an obvious manner. We have an analogous picture for SL(V'), by adding the obvious determinant
condition: the G, for SL(V') is the subgroup of GL(L; 4+ L;) X G such consisting of tuples the
products of whose determinants is 1. In either case, Gqg,der = SL(L; + L;) = SLs.
(ii) In the Sp(V, B) and the split SO(V, q) cases, we have the following pictures for G,:

o If & = ¢; — ¢;, then G identifies with GL(L; + L;) x Gi'"7} embedded inside G as the
subgroup acting in the standard manner on L; + L;, by its ‘transpose inverse as determined
by B or By’ on L + L;, and suitably scaling the remaining lines in the decomposition. Thus,
Ga,der = SL(L; + Lj) = SLo.

o If a = e; +e; with i # j, exchange L; and L’ in the above description. Thus, G, = GL(L; +
L) x G, and Ga,ger 2 SL(L; + L)) 2 SL,.

o If o = 2¢;, so that G = Sp(V, B), then G, identifies with Sp(L; + L], B) x G\
L) x G\ Again, we have G, qer = SLo.

o If a = ¢;, so that G = SO(V, ¢q) with dim V' odd, then using the assumption that chark # 2, G,
identifies with SO(L; @ Lo ® L}) x G € SO(V, ). Note that Ga aer = SO(L; @ Lo ® L)) is
a split SOz, which is isomorphic to PGL2; see Remark 17.15 below.

1%

SL(L; +

Remark 17.15. In the odd SO case of the above example, we used the isomorphism of split SO3 with PGL,
which is among the simplest of the so called ‘exceptional isomorphisms’. When char k # 2, let us sketch
how this isomorphism can be proved. Let G = PGLy. Consider the adjoint representation G — GL(g),
and note that GL(g) = GLj3 since g is three dimensional (PGLys = GL3 /G,,, is smooth of dimension 3).
g always hosts a symmetric bilinear form: B : (X,Y) = tr(ad X adY), called the Killing form. 3* Tt is
immediate that the image of G — GL(g) stabilizes this form (use any faithful representation, and use that
for general linear groups, the adjoint action is given by conjugation). If chark # 2, it is easy to verify that
this symmetric bilinear form is nondegenerate, and thus gives an injective homomorphism PGLy — SO(g, B).
Comparing dimensions (it is easily verified that dim Lie SO3 = 3), we get that this map is an isomorphism
PGLs — SO(g, B). I haven’t thought about what to do about this when char k = 2, where this killing form
is degenerate even as a quadratic form.

34Killing is the name of a mathematician.
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17.4. G, can be studied using G, qer, Which is split semisimple of rank one. A lot of the amazing
properties of reductive groups will be proved using mainly the following two facts:

e Fach Gg ger is isomorphic to SLy or PGLa, which are groups that we can prove many properties
explicitly for.

o G, can be studied using Gq ger and the central torus So C Gq: the map So X Gader = Go is a
surjection with finite kernel.

To show using Theorem 18.3 that Gg ger is isomorphic to SLy or PGLg, we need to show that G qger is split
semisimple of rank one.

That is what this subsection seeks to do. The following lemma is the main result of this subsection; it is
a key input for us to get the structure theory. This is the lemma whose proof I goofed up, and I omitted
serious parts of it in the lecture. Even the proof given below in this subsection is not very pretty, which is
nevertheless almost certainly due to my missing something.

Lemma 17.16. We place ourselves in the main setting for this lecture: (G,T) is a (connected) split reductive
group, o € (G, T), and S,, G, and u, are as defined earlier in this lecture. Then:

(i) Ga.der s split semisimple of rank one, with T' := TN Ga,der as a mazimal torus. In particular, by
Theorem 18.3, Gq.der 5 isomorphic to either SLy or PGLa.
(i) So = R G, and the maps
Soz X Ga,dcr — Ga and Sa X T/ — T

are surjections with finite kernel.

To prove this lemma, let us start with several preparations. The semisimplicity is easier:

Lemma 17.17. Suppose G is a connected reductive linear algebraic group over k. Then Gge, is semisimple.

Proof. Without loss of generality, we assume that k& = k. To show that R Gge, is trivial (so that Gqer is
semisimple), it is enough to show that R Gqer C RG: this is because we saw in Lecture 16 that RG C Zg,
and that Zg N Gye, is finite.

G(k), acting by automorphisms on Gge,, normalizes R Gge,. Since G is smooth, it follows that the normalizer
of RGger in G is the whole of G. Thus, R Gger C R G, as needed. Thus, Gge, is semisimple. O

Definition 17.18. A smooth linear algebraic group G over k is said to be perfect if Gger = G.

Eventually, we would like to prove the perfectness of semisimple groups, which is used in showing that if
G is connected reductive, then G = Z% - Gger- This essentially strengthens Lemma 17.17 above, but as is
hopefully obvious, we are first proving special cases of such elegant results for our situations, to later combine
with structure theory and give the elegant results in general. Let us now verify the perfectness of SLy and
PGL3, which will be of use as we will soon verify that G ger is isomorphic to SLy or PGLs.

Example 17.19. We claim that SLy and PGLy are perfect. Let G = SLs. By smoothness, it suffices to
assume that k¥ = k and show that G, (k) contains G(k), where G equals SLy or PGLy. The result for PGLy
follows from the fact that SLa(k) — PGLy(k) is surjective, so we may assume that G = SLs. First, if z € k,
then choosing any ¢ € k such that t> — 1 # 0, and setting 2’ = /(> — 1) we have:

(A0 e) () =)=

x) € G(k) = G(k). Similarly, (; 1) € G(k). Thus, if U and U™ are the groups of upper and

1
lower triangular matrices of G = SLy, then U(k), U™ (k) C Gger(k). Now, using the calculation (which turns

so that <1



133

out to be actually quite an important one):

(o )= D) Deon

we see that for all x € k*:
x x 1
)oY Yoo

so that, denoting by T C SLy = G the diagonal maximal torus, we have T(k) C Gger(k). Thus, at least at
the level of k-points, Gger contains the image of U~ X T x U — G, which is an open immersion (see Lecture
12). Since G = SLj is smooth and irreducible, it follows that G = Gger, as desired.

Somehow, the ways to prove Lemma 17.16 that I ended up coming across or thinking of (not that I looked
as hard as I should have) seem to involve looking at not only Gg der, but also G4 / Sq, and showing first that
G /S is split semisimple of rank one, and hence perfect. This will be useful via the following lemma.

Lemma 17.20. Let G be a connected reductive linear algebraic group over k. Suppose S C G is a central
torus and we know that G / S is perfect. 35 Then S-Gger = G (i.e., the homomorphism S X Gaor — G defined
by multiplication is surjective). In particular, since S C RG C Z¢ (since G is connected reductive, the latter
containment follows from Lecture 16), we have that RG - Gger = Zg - Gaer = G.

Proof. Since G — S is surjective, it is easy to see that Gger < G — G /S induces a surjection Gger —
(G/S)der: e.g., use the fact from Lecture 15 that since G is smooth (being reductive), Gger is the unique
smooth subgroup of G whose k-points are given by [G(k), G(k)], and similarly with (G /S)qe. Since G /S is
perfect, we conclude that Gger — (G /S) is surjective. Now, e.g., looking at k-points and using orbit-stabilizer
considerations, we conclude that the multiplication map S x Gge; — G is surjective. |

In the lecture, I missed the following lemma, which is crucially used in the proof of Lemma 17.16.

Lemma 17.21. Let G — H be a surjective homomorphism of connected reductive groups over k, whose
kernel is a central torus. Then for any mazximal torus Ty C H, its inverse image T in G is a mazimal torus

of G.

Proof. Without loss of generality, given the definition of a maximal torus (Definition 17.4), we assume that
k = k. Therefore, (To)red C T is a subgroup scheme, which is smooth and connected. Since Ty and ker(G —
H) are commutative, (To)red is a smooth connected solvable group over k = k. Write (To)red =UxT, with
U unipotent and T’ a torus. Since U is a unipotent group mapping to the torus Ty, U belongs to the kernel
of G — H, which, however, we are assuming to be of multiplicative type. Thus, (To)red =T C G is a torus.

The fact that Ty is a torus forces that T/ = (To)red — Ty is surjective too (use orbit-stabilizer considera-
tions). The group ker(G — H) is both contained in T and has been assumed to be a central torus, and is
hence contained in (To)md = T’. Now the fact that T' — Ty is surjective forces that T = T.

If T' = T is not a maximal torus of G, then, given that T = T D ker(G — H), some larger torus T" would
have image in H that is of larger dimension than Ty. But this image is a subtorus of H, contradicting that
Tu C H is a maximal torus. Therefore T = T’ is a maximal torus of G, as desired. O

Now we can prove Lemma 17.16:

35Eventually this will turn out to be automatically true for S = R G, since RG C G is a central torus and we will show that
semisimple groups are perfect.
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Proof of Lemma 17.16. G, is connected reductive by the highly nontrivial Theorem 17.2, which we are
assuming for now, so G, der is semisimple by Lemma 17.17.

Let us first show:

Claim 1. G, /S, is split reductive of rank exactly one.

Since G, is reductive and S, C G, is central, we know that G, /S, is reductive (the last proposition of
Lecture 16, which can be applied with k in place of k). Moreover, G /S, contains the split torus T /S, of
rank one. Therefore, to prove Claim 1 it is now enough to show that every maximal torus T of G, /S, is
of rank at most one. But if T has rank than one, its inverse image in G, would be, by Lemma 17.21, a
maximal torus of G, of rank at least rk S, +2, contradicting the fact that the rank of the maximal torus T
of G is rk S, +1. This gives Claim 1.

Claim 2. G, /S is split semisimple of rank one.

If not, then R(G, /Sa) is a nontrivial central torus in G, /S, and hence equals the maximal torus T /S,
of G, /Sa (see the proof of Claim 1). This implies that [G,, T] C Sq C T, so that G, normalizes T. Since
G, is connected reductive (Theorem 17.2), it follows that G, centralizes T by rigidity for tori, and hence
equals T (Theorem 17.1), contradicting that g, D u, (see Lemma 17.13). This gives Claim 2.

Thus, G /S, is isomorphic to SLy or PGLy, and is hence perfect. This also shows that the inclusion
Sa € RG, is an equality, since otherwise one of SLs and PGLsy, which we know to be semisimple, would
have a nontrivial connected smooth solvable subgroup.

Since G /R Gy, is perfect, Lemma 17.20 applies, and implies that Sy - Ga.der = RGo - Ga,der = Go. With
T =T N Ga,der, it is now easy to see that the map S, x T’ — T given by multiplication is surjective at the
level of k-points, and since T is smooth it is surjective (orbit-stabilizer considerations).

This forces that the torus (T')p,q is of dimension at least one, and is hence maximal in G ger: any larger
(over k) would combine with S, to give a larger torus in G, than T, because Sq NG der C Za, N Ga.der 18

finite. Since T’ centralizes this maximal torus (T")%,, it follows that T' = (T")Y ;. O
Remark 17.22. (i) Let us describe another idea to show that Gg der, which is semisimple by Lemma

17.17, has rank exactly one. First, if T' C Gq,der 15 some maximal torus, then S, T C Gg is a
maximal torus. Since S, N Ga.der C Za, N Ga.der is finite, we have tk(S, - T') = rk S,, +1k T, which
is at most rk'T = rk S, +1, so that kT’ < 1. Now it suffices to show that Gq,der has rank at least
one. This is because any nontrivial connected reductive group H contains at least one nontrivial
torus: if not, a Borel subgroup By for H will be unipotent, so that H /By will be both quasi-affine
(by a result discussed in Lecture 8) and complete, and hence trivial, forcing H itself to be solvable
and connected reductive, and hence a torus, a contradiction.

(ii) Now we explain how to use this to conclude that T :=TnN Ga,der is nontrivial. For this, we may
and do assume that k = k. Let T” C G, der be a maximal torus, which as we just saw is of rank one.
Then S, - T” is a torus of G, and hence has a conjugate contained in T. Conjugating, and using
that G, normalizes G, der, We may assume without loss of generality that T” ¢ T, so that T” c T’,
so that T’ is nontrivial. This also gives us that T’ is a rank one torus.

(iii) However, I don’t yet see how we can use this to show that Sy X G der — Go is surjective, and hence
we use the longer proof of Lemma 17.16 given above.

17.5. The root decomposition of (G,,T).

Theorem 17.23. We place ourselves in the main setting for this lecture: (G,T) is a (connected) split
reductive group, o € ®(G,T), and Su, G and u, are as defined earlier in this lecture. Then:

(i) ga =t B Us Bu_q.
(i) ®(Gy, T)NQa = {a,—a}. In particular, ®(G,T) has the symmetry of being closed under a — —a.
(iti) There exists a unique connected smooth subgroup U, C G, normalized by T, such that Lie U, = u,.
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(iv) There exists a unique injective homomorphism u, : Uy — G of groups (where the vector space u, is
viewed as an algebraic group), such that:
e Lie(uy) is the inclusion u, — g; and
e u,oAdt=Inttou, forallteT.

Proof of (i) and (ii). Since (ii) follows from (i) and Lemma 17.13, it is enough to prove (i). (iii) and (iv) are
postponed for Lecture 18.

By Lemma 17.16, So X Ga,der — Gq is a surjection with a finite kernel. If we were in characteristic zero, we
could conclude that s, ® ga,der = 8o, and one can use this to derive a proof that is more straightforward
than the following more careful proof that works in general, where I follow Milne’s book (Chapter 21).

Let TV = Ga,der N'T, which is a split maximal torus of Gq,der Of rank one, by Lemma 17.16.

Let A : G,,, — T" C T be any nontrivial cocharacter. Since S, NT" C Zg, NGq der is finite, (o, \) # 0; we
assume without loss of generality that (a, A) > 0.

Asin Lecture 12, viewing A as a cocharacter valued in G, we have smooth connected subgroups N(A), N(—X), M(X) C
Gy, such that the multiplication map N(—X) x M(A) x N(A) = G, is an open immersion. Here:

e M()) is the centralizer in G, = Cq(Sa) of A(G,,), which equals T’ since T’ is of rank one; thus,
M()\) = Cg(Se - T') = Ca(T) = T; and

e N(\) ={g € G | limy_o A(t)g\(t) ! = e}, and N(=\) is defined analogously. It is easy to see that
N(M) and N(—X) are unipotent (e.g., for any faithful representation G — GL(V'), we saw in Lecture
12 that each element of N(A) or N(—2) is respectively upper or lower triangular for a suitable basis
of V).

Note that N(A),N(—X) C Gq,der: this is because G, / Ga,der s a quotient of S, (since Go = Sq - Ga,der by
Lemma 17.16), while N(A) and N(—A\) are unipotent, so that the maps N(A) = G, / Gq.der and N(—=XA) —
Ga / Ga,der are trivial. (I found this clever, but I don’t claim to have a good picture of this whole thing).

Now that G, der contains N(X), N(=)) and T" = A(G,,), and is isomorphic to SLy or PGL2, we can compute
in SLy or PGLs to see that N(\) and N(—X\) are of dimension exactly one (it is easy to see that split maximal
tori of SLy /k or PGLy /k are conjugate under SLa(k) or PGL2(k); therefore, we may choose an isomorphism
of Gg,der With SLy or PGLo, that identifies A(t) with either diag(¢™,¢") € SLy or the image in PGLy of
diag(t",1) € GL2, depending on the case.)

Since (a, A) > 0, and since Lie N(\) = @gea(a.,m)tg (this is something we saw in Lecture 12), it follows
(B,2)>0

that u, C LieN(A). But dimLieN(A) =1 (dimN(\) = 1, and N(A) is smooth as we saw in Lecture 12), so

we conclude that u, = Lie N(A).

On LieN(—M), S, acts trivially, and Ad o) o G,, operates with the opposite of the weight with which it acts
on LieN(A), as follows from a computation in SLy or PGLg. Since T = S, -A(G,,), it follows that T operates
on Lie N(—\) with weight —a, i.e., LieN(=\) = u_,. Thus,

ga = LieN(A) ® LieM(A) ® LieN(=)\) = t® uy D u_q,
giving (i), as desired. O

18. LECTURE 18 — SOME STRUCTURE THEORY MODULO VERY NONTRIVIAL BLACKBOXES (TO BE
PROVED LATER) — II

18.1. Review of the nontrivial theorems that we are assuming.

Theorem 18.1. Let G be a connected reductive group over k and T C G a mazimal torus. Then Cg(T) = T.
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Theorem 18.2. If G is a connected reductive group over k and S C G is any torus, then Cg(S) C G is
connected reductive (and in particular smooth).

Theorem 18.3. If G is any connected split semisimple group of rank one, then G is isomorphic to either
SL2 or PGL2

18.2. Aside: Tangent spaces of quotients; different subgroups with the same Lie subalgebra.

18.2.1. The tangent space to G / H at its base-point e H. Let G be a smooth connected linear algebraic group,
and let H C G be a subgroup. The derivative of G — G /H at the identity is a map Lie G — T, y(G /H),
whose kernel is simply LieH: use the description Lie G = ker(G(k[e]) — G), together with an analogous
description for G / H. Thus, this induces an injection:

(55) (Lie G)/(Lie H) < T.1(G / H).

Since G is smooth, the left-hand side has dimension dim Lie G —dim LieH = dim G — dim Lie H as a vector
space over k, while the right-hand side has dimension dim(G /H) = dim G — dim H as a vector space over k.

Conclusion: (55) is an isomorphism if and only if dimH = dim LieH, or equivalently, if and only if H is
smooth. Thus, if k£ has characteristic zero, so that H is automatically smooth by Cartier’s Theorem (Lecture
5), the map g/bh — T.u(G /H) is always an isomorphism.

But this is not true when char k > 0:

Example 18.4. (i) Let chark = p, G = G, and H = p,,. We can identify G,, = G — G/H = G,
with the map z — xP, whose derivative is 0. In this case, LieH = Lie G, as is faciliated by the
non-smoothness of H, so that Lie G / Lie H is zero, unlike Lie(G / H) & G,.

(ii) Here is a manifestation of the above example. SLs /u2 = PGLg, but the map sly — pgl, is not
surjective in characteristic 2 (though it is when char k # 2): the diagonals in sly C gly, = My(k) lie
in the kernel of this map.

18.2.2. LieH determines H® in characteristic 0 but not in general. Let H,N C G be subgroups. Using the
description LieH = ker(H(k[e]) — H(k)) and the analogous descriptions for LieN and Lie(HNN), it is
tautological that the obvious injection

Lie(HNN) < LieHN LieN

is an isomorphism. Now importantly, assume additionally that G,H,N and HNN are all smooth, and that
LieH = Lie N. Thus, the inclusions (HNN)? < H° and (HNN)? < N of irreducible smooth groups induce
isomorphisms at the level of Lie algebras, and dimension considerations now force H’ = (HNN)? = N°.

Let us give an example to see how all this can fail in characteristic p without the smoothness assumptions:

Example 18.5. Assume that chark = p. Take G = G, x G4, H = G, x {0} and N = {(z,2P) | z € G,}.
Then LieH = LieN = G, x {0} € G, x G, = Lie G, but H° # N°. Here, G,H and N are smooth, but HNN
is isomorphic to oy, which is not smooth.

18.3. Root decomposition and root subgroups. Recall that we proved (i) and (ii) of the following
theorem in Lecture 17.

Theorem 18.6. (i) o =tBu, Bu_,.
(ii) ®(Ga, T)NQa = {a,—a}. In particular, ®(G,T) has the symmetry of being closed under o — —a.
(iti) (The root subgroups) There exists a unique smooth connected subgroup U, C G (called the “root
subgroup associated to a”), normalized by T, such that LieU, = u,. Moreover, this group U, is
1somorphic to G, and is contained in G,.
(iv) (Ezponentiating root spaces into root subgroups) There exists a unique injective homomorphism u,, :
Uy, — G of algebraic groups, such that:
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o Lie(uqy) is the inclusion u, — g; and

e u,oAdt=Inttou, for allt € T.
Moreover, uq, is an isomorphism of algebraic groups u, — Uy C G, where U, is the root subgroup
associated to «, constructed in (iii) above.

Remark 18.7. (i) In characteristic zero, the uniqueness of the root subgroups U, is automatic from
the fact that “in characteristic zero, LieH = LieN <= H" = N?” (see Subsubsection 18.2.2), and
does not even need that U, is normalized by T. But using Example 18.5, it is easy to see that in
characteristic p, the uniqueness can fail if the condition of being normalized by T is not imposed.

(ii) The smoothness and connectedness of the U, are also nececssary to impose for its uniqueness:
without connectedness one could replace U, by U, Z for some finite nontrivial subgroup Z of Zg
that may exist, and without smoothness one could replace U, = G, by a copy of o, in its place.

(iii) If we are over characteristic 0, then in (iv), the isomorphism u, — U, can be obtained as follows.
Choosing any faithful representation, view G as a subgroup of some GL(V'). On nilpotent elements of
End(V), the exponential map exp is a finite sum. Thus, we get a well-defined map exp : u, — GL(V).
One can check that this map agrees with the map u, — U, of (iv) (this is related to the fact
that the derivative of the exponential map at 0 is the identity). Of course, this does not work over
characteristic p due to the various n! in the denominators, but remarkably the isomorphism u, — U,
still exists.

Remark 18.8. Let us now recall constructs and ideas that went into the proofs of (i) and (ii) of Theorem

18.6 in Lecture 17, since we will need some of them to prove the remaining assertions of the theorem, namely
(iii) and (iv).

e We had set G, = Cg(S,), where S, := (kera)?,; C T.

e We showed that G, der is split semisimple of rank one, and is hence isomorphic to SLy or PGLo.

o We set T/ := Gq,der N'T, and noticed that it is a split maximal torus of Gq ger (in particular, it is
smooth and connected), and is hence isomorphic to G,.

e We proved (by showing that G, /S, is split semisimple of rank one and hence perfect) that the
multiplication maps S, x T — T and S, X Ga.der — Ga are surjective homomorphisms with finite
kernel.

e We chose a cocharacter \ : G,,, — T’ C G, such that (o, A\) > 0. It is automatically a surjection
to T', since T’ has rank one. We had the associated subgroups M(A),N(\),N(=)) C G, which are
smooth and connected (Lecture 12).

o We noticed that M(X) = T, and that N(A),N(—X) C Gg,ger- Using a computation in SLy or PGLg,
it can be deduced that N(\),N(—=\) 2 G, (I don’t remember whether we did this in Lecture 18, but
this is easy). We proved (i) and (ii) by showing that g, = Lie N(\) and g_,, = Lie N(—\), so that:

go = LieM(\) @ LieN(\) @ LieN(—=\) =t @ u, D u_q,.

Proof of (iii) and (iv) of Theorem 18.6. We will use the constructs N(\) etc. reviewed in Remark 18.8 above.

Let us show the existence of U, as in (iii). Recall that Lie N(A) = u,. Moreover, since T centralizes A, it
follows that it normalizes N(\). Thus, we can take U, = N(A). That N(\) = G, is a computation in SLg or
PGLg, one of which is isomorphic to Gy der- This also gives the existence assertion in (iv).

Now let us show the show the uniqueness of U, in (iii); the uniqueness of the u, in (iv) is an immediate
corollary of that.

For this, it is enough to prove the stronger claim: if a subgroup H C G is smooth and connected, is
normalized by T, and satisfies h D u,, then H O U, = N(\). Since Lie Cy(Ss) = h% D u, (where b5«
is the subspace of h = LieH fixed by AdS,), and since Cy(S,) is smooth (Lecture 12), we may replace
H by Cy(Sa)?, to assume that H C Cq(Sa) = Ga; the condition that H is normalized by T is unaffected
by this replacement. Now consider A : G,, — T’ C T as valued in HT C G,, and associate to it groups
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M'(A), N'(A),N’(=A) € HT analogous to M(A),N()\),N(=A) C G,; again, these are smooth and connected
(Lecture 12). Thus, N'(A) C N(\) & G,, is smooth and connected, and it suffices to show that it is nontrivial.
However, if it is not, then we have:

LieH C Lie(HT) = LieM'(\) @ LieN’(=\) C LieM(\) @ LieN(=)\) = t D u_,,

a contradiction.

Let us record the stronger claim proved above for later use:

Proposition 18.9. Let (G, T) be a split reductive group, and let o € ®(G,T). If a smooth connected
subgroup H C G is normalized by T, and satisfies LieH D ug,, then H D U,.

Corollary 18.10. dim G = dim T +#®.

Proof. Use that G and T are smooth, so we can read off the dimensions from the equality g = t ® P u,,
using that dimu, =1 for each a € ®(G, T). O

Theorem 18.11. If (G, T) is split reductive, then G is generated by T and the root subgroups U,.

Proof. Since T and each U, are smooth, as we saw in the notes for Lecture 15, they generate a smooth
subgroup H C G. Since H is smooth, it now suffices to show that Lie H = Lie G. But Lie H contains t as well
as each u,, and hence is equal to the whole of g. O

18.4. The Weyl group, coroots and reflections.

Definition 18.12. For any connected reductive group G and a maximal torus T C G, define W(G,T) =
Ng(T)/ Ce(T) = Ng(T)/ T = mo(Na(T)) (use Theorem 18.1 for the first equality and the rigidity of tori for
the second equality), which being a 7o is an étale group scheme over k. W(G,T) is called the Weyl group
associated to G and T.

Lemma 18.13. For any split reductive group (G, T) over k, W(G,T) is a constant (and not merely étale)
group scheme, and Ng(T)(k) = W(G, T)(k) is surjective, so that we have an isomorphism W (G, T)(k) =
Ne(T)(k)/ T(k).

Proof. We know that W(G,T) is finite étale. Thus, it suffices to show that the action of Gal(k*P/k)
on W(G, T)(k%P) is trivial. This is because W(G,T) < Aut(T) (where Aut(T) is the functor given by
R — Aut(Tgr)), and the action of Gal(k*P/k) on Aut(T)(kP) is trivial.

Let us explain the above sentence in more concrete terms. If w € W(G, T)(k*P), then for all 0 € Gal(k*P/k)
we have that o(w),w have the same image in Aut(Tyser), simply because Aut(T) — Aut(Tgser) is an
isomorphism, as a consequence of the fact that Gal(k®P/k) acts trivially on X*(T). This means that
o(w)w™! € W(G, T)(k%P) fixes T pointwise, so that any representative for it in Ng(T)(k) centralizes T and

hence belongs to T (k). This gives the first assertion; let us move to the second.

Now note that Ng(T)(k%P) — W (G, T)(k*P) is surjective, because for each w € W(G, T)(k°P), its inverse
image in Ng(T)gser is a Tgeer-torsor, and hence smooth, and hence geometrically reduced, hence has a k¢P-
point. In particular, given w € W (G, T)(k), the fiber of Ng(T) — W(G,T) over w has a k5P-point n. We
wish to show that n can be modified (i.e., replaced with another element of T(k*P)n C Ng(T)(k%P)) so as
to belong to Ng(T)(k).

For all o € Gal(k**P/k), since o(w) = w, we have a, := n~lo(n) € T(k*P). It is immediately verified
that o + a, is a 1-cocycle of Gal(k**P/k) in T(k%P) = ((k*°P)*)dmT  Since H'(Gal(k*P/k), T(k%P)) =
HY(Gal(k*? [k, ((k*¢P)*)dimT) is trivial by Hilbert’s Theorem 90, there exists ¢ € T(k*°P) such that for all o €
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Gal(k*P/k), a, = t~1o(t). In other words, nt~! € Ng(T)(k*P) is fixed by Gal(k*°P/k), and hence belongs
to Ng(T)(k). It clearly has image w in W(G, T)(k), proving the assertion that Ng(T)(k) — W(G, T)(k) is
surjective. (]

(A lot of the following was slurred over in the lecture, especially (iii) of Notation 18.14 below); I should have
explained better).

Notation 18.14. Let (G, T) be a split reductive group.

mean its group W (G, T)(k) of k-points, and realize W (G, T) = W(G, T)(k) as Ng(T)(k)/ T(

(ii) Since W(G, T)(k) = N (T)(k)/ T(k) acts on T by conjugations, we will also think of W (G, T)(k)
acting on X*(T) and X, (T): (wx)(t) = x(w=(t)) and (wA)(t) = w(A(t)). Here, we write w(t) in
place of Int n,(t), where n,, € Ng(T)(k) is a representative for w € W(G, T) = W(G, T)(k).

(iii) Given the root decomposition

g=ta @ Ug,

aed(G,T)

(i) Thanks to the above lemma, given a split reductive group (G, T), we will also write W(G, T) to
).
as

it is immediate that the adjoint action of n € Ng(T)(k) takes u, to U, where (na)(t) = a(n=ttn).
It follows that the action of W(G,T) on X*(T) preserves the subset ® C X*(G,T) (I might have
carelessly made a phrasing in the lecture that W (G, T) acts on the root decomposition; it only acts
on the set ®(G,T) of roots).

Thus, ®(G,T) has a natural group of symmetries, which turns out to be very nice.

Remark 18.15. Given a torus T over k, Recall from an earlier lecture the pairing X*(T) x X.(T) —» Z
given by (x, A\) = a, where xo A = (¢ — t%). Since T is a torus, this pairing is perfect. If T is a split maximal
torus of the connected reductive group G, it is clear that this pairing is perfect: (wy,wA) = (x, \), since

(wx)((wA)(£)) = x(w™H (w(A1)))) = x(A())-

Remark 18.16. Suppose (G, T) is a split reductive group over k, and let « € ®(G, T). Let T' := TN Gy ders
a maximal torus of G, der as we have seen above. Note that we have an inclusion W(G,,T) C W(G,T).
Noting that Ng, ., (T’) normalizes S, T = T, we also get an inclusion W (Gq,der, T') € W(G, T). Thus:

(56) W(Gader, T') € W(G,, T) C W(G,T).
Proposition 18.17. Assume that we are in the setting of Remark 18.16.

(i) The inclusion W (G der, T') C W(Gq,T) is an equality, and these groups have cardinality exactly
two.

(ii) Recall that T" = TN Gg,der; there ezists a unique oV € X.(T') = Hom(G,,,, T') such that (o, o) = 2.

(iii) Let so € W(Ga.der, T') C W(G,T) be nontrivial. Then the oV of (ii) above can be characterized

as follows: it is the unique element of X.(T) (and not just X,(T')) such that for all x € X*(T),

sa(X) =x — (x, ")

Proof. We have an embedding W(G,,T) — Aut(T’), since G, = Cg(S4), so that the action of w €
W (G, T) on T’ determines its action on S, - T’ = T. Since T = G,,,, we have 2 = # Aut(T') > #W(G,, T),
so it suffices to show that #W (Ga.der, T') > 2.

Thus, it suffices to show that N, ... (T)(k) \ T’(k) is nonempty. For this, we can choose an isomorphism
of Gq,der With SLy or PGLg, that takes T’ to the group of diagonal matrices in SLy or PGLs, and note that
the image of

()
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normalizes T but doesn’t centralize it.

This proves (i); now let us prove (ii). Clearly, an @V as in (ii) is unique if it exists, so it suffices to prove
the existence. Again, we identify G, der With SLy or PGLy so that T’ gets identified with the subgroup of

diagonal matrices. Moreover, we can assume (after conjugating with (57) if necessary) that a sends (t t‘1>

to t? in the SLo-case, and the image of (t 1) to ¢ in the PGLy-case. It is then immediate that one can
take:

aV(t) = (the image of) (t t1>'

This proves (ii); now let us prove (iii). Again, the uniqueness assertion is immediate, so we just need to show
that s, (x) = x — {x, a")a for each y € X*(T).

The main point is that s,, as an element of W(G,,T) C Aut(T), is characterized by the fact that it acts as
the identity on S, and by t + ¢t~ on T". Thus, a similar description applies to the action of s, on X*(T):
restrictions from T to S, and T’ give us an injection X*(T) < X*(S,)® X*(T’), and s, on X*(T) is clearly
the restriction of the automorphism on X*(S,) @ X*(T’) that acts as the identity on the first factor and as
x' — —x’ on the second.

Thus, it suffices to show that x — x — (x,a")a is also the restriction of the same automorphism along
X*(T) < X*(Sq) ® X*(T'). In other words, we need to show that x|s, = (x — (x,a")a)|s,, and that
Xl =—=(x = (x,a")a)|r.

The former follows from the fact that « is trivial on S,. As for the latter, since X*(T') = Z and oy is
nontrivial, we can write x|t = na| for some n € Q. Since (o, ") = 2, we have n = (), ") /2. Thus,

(x — (x,a")a)|r = nalr — 2naly = —nalr = x|,

as desired. O

Definition 18.18. Let (G, T) be connected reductive over k. We define the following objects as suggested
by Proposition 18.17 above:

(i) For o € ®(G, T), we denote by s, the unique nontrivial element of W(G,,T) ¢ W(G,T). It is
called the reflection in W(G, T) associated to « (see Remark 18.26(iii) below for an explanation as
to why it can be called a reflection).

(ii) For o € (G, T), we let ¥ € X, (T) be as in Proposition 18.17(ii), i.e., it is the unique cocharacter in
X.(T") € X.(T) with (o, @¥) = 2, which among elements of X, (T) is characterized by the property
that s, (x) = x — (x,a¥)a for each x € X*(T). We call o the coroot associated to .

(iii) Let ®V(G,T) = {a" | @ € ®(G,T)} C X.(T). The elements of &V (G, T) are called the coroots of
(G, T).

Thus, in the setting of the above proposition, we get a constraint on the finite subset ®(G,T) C X*(T): if
B € ®(G,T), then for all @ € (G, T), 5,(8) = 8 — (B,a")a belongs to ®(G,T) as well. We would like to
eventually see that this is a strong constraint that arises in the context of root data and root systems, a
notion that we will discuss, after the following examples.

Example 18.19. (i) Suppose G equals GL(V') or SL(V) over k. Choose a decomposition V' = P, ; L;
into lines, and let T be the associated split maximal torus of G. Let T be the centralizer of T in
GL(V): thus, T equals T if G = GL(V), but is bigger if G = SL(V). Recall from Lecture 17 the
identification T 2 G, and the associated projections €j: T= G! — G,, for j € J. For each j € J,
we also have an obvious cocharacter eJV : G, — Gl = T: it sends t € G,, to (a))ie; € G, = T,
where a; equals ¢ if [ = j and 1 otherwise; in other words, e;(t) € GL(V) acts by ¢t on L;, and



141

as the identity on L; for each [ # j. Then it is an easy computation to see that for a = e; — ¢,
o’ =e/ —e/. Though ¢; and e} are in general only valued in T, e}’ — e is indeed valued in T since

det(ey (t)/ef (t)) = t/t = 1. Thus:
(G, T)={e; —¢j | 1,5 € Ji#j}, and @V(G,T):{eiv—e;-/\i,jGJ,i;éj}.

(ii) Suppose G equals Sp(V, B) or a split SO(V, q) as in the earlier lectures. As in Lecture 17, choose a
split maximal torus T C G corresponding to a decomposition V' = (B, ;(L; ® L})) & Lo (satisfying
appropriate properties with respect to B or By), where Ly is trivial in the Sp and the even SO cases,
and is a line in the odd SO case. Thus, as in Lecture 17, we have an identification T = G/, and
characters e; : T = G, — G,, for j € J. Let e}’ : G, — G, be the cocharacter that sends ¢ to
(aj)jes € G, = T, where a; equals ¢t if [ = j and 1 otherwise. In other words, e;(t) acts by ¢ on
L;, by t=! on L%, and by 1 on every other L; and L; (including Lo). Then it is easy to check the
following:

o If a=e;+ej, then a¥ =e¢ Tef.

o If a = 2¢;, so that G = Sp(V, B), then a¥ =¢).

e If « = ¢;, so that G = SO(V, B) with dim V' odd, then o = 2¢}.
Thus, we have the following picture:

G (G, T) PV(G,T)
Sp(V, B) {eitejlijedi#jpU{2e|ic )| {ef £ef i, jedi#jpule) |icJ}
0dd SO(V,q) | {eitejlijedyi#jiUdes i€} [{ef Tef[djedi#juU{2 |iec ]}
Even SO(V, q) {eitej|i,jedi+#j} {e/ £ef |i,jedi#j}

Notice an interesting phenomenon in this example: if we go to a ‘dual picture’ by exchanging all the
e; with the €Y, we go from GL to GL, Sp to odd SO, odd SO to Sp, and even SO to even SO; this is
essentially the computation that GL and split even SO have “themselves” as their Langlands dual
groups (up to the field of definition — one defines the Langlands dual over a different field like C or
@ in many cases), while Sp and odd SO have odd SO and Sp, respectively, as their Langlands dual
groups.

18.5. Root data and root systems.

Definition 18.20. (i) A root datum is a three tuple (X, ®, o — "), where X is a finitely generated
free Z-module, ® C X is a finite subset called the set of roots of the root datum, and o — " is an
injection ® — XV := Hom(X,Z), such that:

(rdl) (a, ") =2 for all « € ® (where (-,-) is the pairing X x XV — Z);
(rd2) s4(®) C @ for all @ € @, where s, is given by x — x — {x, @)« (which is an automorphism of
X as (a,aV) =2).
(rd3) The group W(®) = (so | @ € ®) C Aut(X) is finite.
We will denote the image of the injection ® — XV by ®¥ C XV, and refer to its elements as the
coroots of the root datum.
We often abuse notation to write the root datum (X,®,a — «V) instead as a four tuple
(X, 8, XV, 3V).
(ii) The root datum (X, ®, XV, ®V) is said to be reduced if for each a € ®, the only rational multiples
of a in ® are +a.
(iii) The finite group W(®) in (rd3) above is called the Weyl group of the root datum.

Remark 18.21. In the definition of a root datum, an equivalent condition to impose in place of (rd3) is
the following one imposed in Springer’s book and in SGA 3:

(rd3)” @ sav(®Y) C DY, Vaed,

where sov € Aut(X,(T)) is defined analogously (i.e., by A — A — (a, M)aV'). We will skip the proof that
replacing (rd3) by (rd3)’ leads to an equivalent set of conditions. See Exercise 7.4.2 of Springer’s book for a
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proof that the definition involving (rd3)’ is at least as strong as the definition involving (rd3); more details
are provided in Section e of Appendix C of Milne’s book, which also shows that the definition involving
(rd3) is at least as strong as the definition involving (rd3)’. As Milne remarks, the definition involving
(rd3)’, as in SGA 3 or in Springer’s book, has the advantage that the ‘dual’ (XY, ®V, X, ®) of a root datum
(X,®, XV, ®V) is also a root datum; this is useful since the dual root datum is used to define the Langlands
dual group etc. (this is the duality touched upon at the end of Example 18.19).

We have an immediate corollary of the above considerations:

Corollary 18.22. Let (G, T) be a split reductive group over k. Then (X*(T),®(G,T), X.(T),®(G,T)) is
a reduced root datum, where ®V (G, T) is as in Definition 18.18.

Proof. The only further verification needed is that the group generated by the s, in Aut(X*(T)) is finite;
this is so since it is contained in the image of W(G,T) — Aut(T) = Aut(X*(T)), which is finite since
mo(Ng(T)) is. O

Definition 18.23. The root datum (X*(T), ®(G,T), X.(T),®"(G, T)) is called the root datum associated

o (G,T).

Example 18.24. (i) Descriptions of root data for a split reductive (G, T), where G equals GL(V'), Sp(V, B)
or split SO(V, q) over k, essentially follow from Example 18.19 (some of the calculations in it go back
to Lecture 17). With notation as in Example 18.19, in each case X*(T) = >, Ze;, Xu(T) = 3_, Ze; .
®(G,T) and @V (G, T) are given in Example 18.19.

(ii) If G = SL(V), viewing G as a subgroup of GL(V') and a split maximal torus T of G as a subgroup
of its centralizer T in G := GL(V), using notation as in Example 18.19, we can view X*(T) as the
quotient of X*(T) = > ZLe; by Z-(3_;ej) (note that 3~ e; is the restriction of the determinant), and
X, (T) as the subgroup of X, (T) = > ; Zej consisting of the ), aje; such that ) a; = 0 (namely,
they should pair trivially with the determlnant) With these identifications, ®(G,T) C X*(T)
and ®V(G,T) C X.(T) have the same descriptions {e; + ¢;} and {e/ = ev} as in the case of
G: ®(G,T) is the (bijective) image of ®(G, T) under the restriction map X*(T) — X*(T), and
®Y(G,T) C X.(T) C X.(T) is simply ®V(G, T).

(iii) If G = PGL(V) over k, we have a picture that is sort of dual to that for SL(V'), as follows. We can view
a split maximal torus T of G as the quotient of a spht maximal torus T of G := GL(V), by the central
G C GL(V) = G. To describe objects related to G, we use notation from Example 18.19. X*(T)
identifies with the subgroup of X*(T) consisting of > _; a;e; such that 3}, a; = 0 (i.e., those characters

that vanish on Zg = G,,), and X, (T) identifies with the quotient of X.(T) by Z - (32, (ie.,

quotient by the character lattice of the central G,, in GL( ); this works well only because the kernel
of GL(V) — PGL(V) is connected). With these identifications, ®(G,T) C X*(T) and ¥ (G, T) have
the same descriptions {e; £ ¢;} and {e; £ e} as in the case of G: ®(G,T) ¢ X*(T) € X*(T) is the
same as ®(G, T), while " (G, T) is the image of ®¥(G, T) under the obvious map X*(T) — X*(T).
It is easy to see that root data for SL(V) and PGL(V') are dual to each other in the sense discussed
at the end of Remark 18.21.

Compare the notion of a root datum with the following cruder notion of a root system:

Definition 18.25. Let V be a vector space over R.

(i) A root system in V is a finite subset ® C V' such that:
(rsl) @ is finite, spans V and does not contain 0;
(rs2) for each a € @, there exists @ € VV := Homg(V,R) with (a, ") = 2, such that ® is closed
under the order two linear automorphism s, : V' — V given by s4(v) = v — (v, a")a.
(rs3) For all a, 8 € @, s,(8) — [ is an integer multiple of a.
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We will often refer to such a root system as (V, ®).

We will call a root system (V, ®) reduced if for all & € ®, the only rational multiples of a in V are
+a.

Given a root system (V, ®), note that the subgroup W(®) = W(V, ®) of GLgr(V') generated by the
Sq is automatically finite, because ® spans R, so that each element of W (®) is determined by the
bijection ® — ® that it restricts to. We call W (®) the Weyl group of the root system (V, ®).

Remark 18.26. (i) Note that we did not include the s, or the @V in the notation for the root system

(V,®). This is because the s, and hence automatically also the «V turn out to be uniquely determined
by (V,®). To see this following Appendix C of Milne’s book, it is enough to see that each s, is
determined by (V,®) (and hence so is W(®)). The eigenvalues of (any possible candidate for) s,
are —1 and 1, occurring with multiplicities 1 and dim V' — 1, respectively, and the —1-eigenspace
is precisely Rae C V. From this, it follows that if s, s’ are two candidates for s,, then s~'s’ acts
trivially on both Ra: and V/Ra, and is hence unipotent. However, s~!s’ is also of finite order (since
s, s’ preserve ® and ® spans V'), and hence semisimple. Being both semisimple and unipotent, s~1s’
is trivial.

Now choose any W (®)-invariant inner product (-,-) on V, 3% we get an identification V = VV. We
claim that under this identification, o and « are related by the formula

av = 22
(a, @)

But this is precisely what it takes for s, : x — {x,a")a to be the (-,-)-orthogonal reflection with
respect to the hyperplane perpendicular to a.

Often in literature, a root system is defined on a Euclidean space (V, (-,-)) (i.e., a real vector space
V with a positive definite bilinear form (-,-)). But in a lot of algebraic groups literature, e.g, in the
books of Borel and Springer, one avoids Euclidean spaces and just works with the vector space V' and
its dual V'V, this is what we have followed above. This approach may be slightly more canonical, in
being more convenient to define equivalence of root systems, since this way one doesn’t have to worry
about issues such as scaling the inner product. However, the perspective involving the Euclidean
space lets one view each s, as really an orthogonal reflection, and thus arguably makes it easier to
visualize how the whole thing is special: ® is stabilized by a finite group generated by orthogonal
reflections.

If T is a split torus, then its root datum is just (X*(T),0,X.(T),0). Since T — X*(T) is an
equivalence of categories from the category of diagonalizable groups to the opposite of the category
of finitely generated abelian groups, it follows that a split torus can be completely recovered from
its root datum, and something similar applies to morphisms of split tori. In a sense, we would like
to see how far something of this sort can be said for split connected reductive groups (and then, do
something about the non-split case by bringing in an action of Gal(k*P/k)).

Each root datum (X, ®, XV, ®V) gives rise to a root system (V,®) as follows. One takes V to be
Spang (®) C X ®z R, and the “aV for (V,®)” to be the image under

XVeoR=(X®R)Y =V

of the “aV for (X, ®, XV, ®V).” The conditions (rs1)-(rs3) are automatic, the condition (rs3) because
5a(8)—B = (B,a)a, and (8,a") € (X, XV) C Z. In particular, we can also talk about a root system
associated to G, namely, that associated to its root datum (X*(T), ®(G, T), X.(T),®" (G, T)).

Note that there is some loss of information when one goes from a root datum to root system as
in (v) above. For a particularly concrete example, if T is a split torus, then its root datum is
(X*(T),0, X.(T),0), but its root system is just (0, (), where 0 denotes the zero vector space. Apart
from this, root data, being defined at the level of lattices, contains information that is lost when one
tensors with R. At the level of algebraic groups, one can show that if G — H is a homomorphism of

36As can be obtained by W (®)-averaging any inner product on V; it is not canonically determined, but this doesn’t affect
the considerations that follow.
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reductive groups whose kernel is central, and such that H is generated by Zy and the image of G,
then the easily associated map of root systems (modulo a choice of a split maximal torus etc.) is an
isomorphism, but the associated map of root data need not be.

18.6. Semisimple groups vs reductive groups; G = ZOG - Gger-

Proposition 18.27. Let (G, T) be a split reductive group.

(i) We have
7 = ﬂ (kera) C T.
a€d(G,T)
(ii) In particular, Zq is of multiplicative type, with X*(Zg) = X*(T)/Z®(G,T), where Z®(G,T) C
X*(T) denotes the Z-span of ®(G,T).

Proof. (ii) follows from (i), noting that X*(T)/Z®(G, T) is the character group of the subgroup ((ker ) C T.

Let us show the containment “C” of (i). First, Zg C Cg(T) = T. Since AdZg is the identity on each u,,
we have a(Z¢g) = {1} for each a € ®(G,T), giving “C”.

For the containment “O” of (i), recall from Theorem 18.6(iv) that we have a T-equivariant isomorphism
uy, — U,. Therefore, an element of [(ker «) acts trivially by conjugation on each U,, in addition to on
T, and therefore centralizes the subgroup of G generated by T and the U,, which by Theorem 18.11 is the
whole of G. |

Proposition 18.28. Let G be a connected reductive group over k. Then (Z%)md = RG.

Proof. In Lecture 16, we saw that this is true whenever we know that (Z%)rcd C Zg is a subgroup scheme,
and not just a subscheme (the main point was that, R G being a torus since G is reductive, and normalized
by the connected group G, it is also centralized by G). That (Z%)red C Zg is a subgroup scheme will in
turn follow if we show that Zg C G is of multiplicative type. This follows from Proposition 18.27 above
(base-change to k to make G split reductive). ]

Proposition 18.29. Let (G, T) be a split reductive group. Let ® = ®(G,T) and &V = &V (G, T). Then the
following are equivalent:

(i) G is semisimple.
(ii) Zq is finite.
(iti) Z® C X*(T) is of finite index (here Z® denotes the Z-span of P ).
() Z®Y C X.(T) is of finite index (here Z®" denotes the Z-span of ®V ).
(v) The subgroup (U, | o € ®) C G, generated by the root subgroups U, associated to (G,T), equals the
whole of G.
(vi) The subgroup (Gg der | @ € @) of G, generated by the subgroups Gq der, equals the whole of G.
(vii) G is perfect as an algebraic group.

Proof. We have (i) < (ii), by Proposition 18.28. We have (ii) < (iii) by Proposition 18.27(ii).

Now let us prove (iii) = (iv). Thus, ® spans X*(T) ®@ R. Choose an inner product (-,-) on X*(T)®R that is
invariant under the Weyl group of the root datum of (G, T). This identifies X*(T) ® R with X, (T) @ R. As
we saw above in (58), this identification identifies o with 2a/(«, «), which is a nonzero multiple of . This,
together with the fact that ® spans X*(T) ® R, implies that ® spans X, (T) ® R. Therefore, X,(T)/(Z®")
is of finite index.

Now let us prove (iv) = (v). Since the U, together with T generate G (Theorem 18.11), it suffices to show
that T is contained in the subgroup generated by the U,. The proof of the perfectness of SLy or PGLy
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from Lecture 16, applied to G, dger = SL2, shows that the subgroup of G generated by the U, contains each
aV(G,,). Thus, it suffices to show that the subgroup of G generated by the oV (G,,) equals T. This subgroup
S of T is of multiplicative type, so it suffices to show that S and T have the same rank, or equivalently,
that the finitely generated abelian groups X, (S) and X, (T) have the same rank. But since X, (S) C X.(T)
contains Z®V, this follows from (iv).

(v) = (vi) is trivial, since Uy C Gg, ger for each a.
(vi) = (vii) follows from the fact that each Gg der, being isomorphic to SLy or PGLg, is perfect.

Finally, assuming (vii), (i) follows from the fact that Zg = Zg NG = Zg N Gger, which we saw in Lecture 16
to be finite. 0

Corollary 18.30. Let G be a connected reductive group over k. Then Gaer C G is semisimple, the central
subgroup (Z%)red C G is a torus, and the multiplication map (Z%)red X Gger — G is a surjective homomor-
phism with finite central kernel. In particular, a connected reductive group is an ‘almost direct product’ of a
torus and a semisimple group.

Proof. Base-changing to k without loss of generality, we may assume that G is split. We saw in Lecture
17 that Gger is semisimple, and in Lecture 16 that Zg N Gger is finite. We also know that (Z%)red =RG
(see Proposition 18.28 above) is a central torus in G. Moreover, we saw in Lecture 17 that, if G/RG is
perfect, then G = RG - Gger = (Z%)red - Gger (we recall that this is because these assumptions imply that
Gder = (G /RG)aer = G /RG is surjective).

Now we are done, since G /R G has trivial radical (Lecture 16) and is hence semisimple as we are over k =
and hence perfect by Proposition 18.29 above.

o

19. LECTURE 19 — PROOF THAT THE CENTRALIZER OF A TORUS IS REDUCTIVE

19.1. The two theorems to be proved for today. The main aim of today’s lecture is to prove the
following two theorems, which we had assumed to get part of the structure theory:

Theorem 19.1. Let G be a connected reductive group over k and T C G a mazimal torus. Then Cg(T) =T.

Theorem 19.2. If G is a connected reductive group over k and S C G is any torus, then Cg(S) C G is
connected reductive (and in particular smooth).

Note that it suffices to prove these theorems over k (we had defined a maximal torus as one that is maximal
over k). Therefore, most of the theorems in this lecture will typically assume that G is a smooth connected
linear algebraic group over k = k.

A word of warning: Most treatments seem to prove the ‘normalizer theorem’, that the normalizer of a Borel
subgroup is itself, at least at the level of k-points, before proving Theorem 19.2. Here, I have tried to
avoid using the normalizer theorem, since my present impression is that it is not needed until Lecture 21.
Hopefully, this will illustrate which parts of structure theory need the normalizer theorem, and which do not.
But this depends on the assumption that I haven’t made any ‘subconscious’ use of the normalizer theorem
anywhere; e.g., when one works with the variety G/ B.

19.2. Smoothness and connectedness of torus centralizers.

Proposition 19.3. Let G be a smooth connected linear algebraic group over k, and let S C G be a torus.
Then Cg(S) is smooth and connected.
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Proof. Without loss of generality, assume that k = k.

First, consider the case where S = G,,. In this case, let A : S = G,, < G be the inclusion. But then Cg(S)
is simply the M()) of Lecture 12, and is hence smooth and connected.

Now we consider the general case where (since k = k) we may and do write S = G,, x --- x G,,, = G’ for
some r. Let S; denote the i-th copy of G,,, in S. We can set Go = G and iteratively set G; = Cq,_,(S;) for
each 1 < ¢ < r. Then inductively, each G; is smooth and connected by the earlier case, and it is easy to
check that Cg(S) = G,. Therefore, Cg(S) is smooth and connected. O

Corollary 19.4. Let S be a torus acting (by homomorphisms) on a smooth connected linear algebraic group
G over k. Then the subgroup G C G of points fized by S is smooth and connected.

Proof. Form the semidirect product G x'S. Then Cg »s(S), which is smooth and connected by the above
proposition, clearly equals G5 x S, forcing G® to be smooth and connected. O

19.3. Cartan subgroups; the proof that Theorem 19.2 implies Theorem 19.1.

Definition 19.5. Let G be a smooth connected linear algebraic group over k. A Cartan subgroup of G is a
subgroup of the form Cg(T), where T C G is a maximal torus. Note that, by Proposition 19.3, any Cartan
subgroup of G is smooth and connected.

Thus, Theorem 19.1 is equivalent to saying that any Cartan subgroup of a connected reductive group is a
torus. The idea of proving it will be to show that it is both reductive (by Theorem 19.2) and solvable (even
nilpotent); and it is easy to see that any group that is both solvable and connected reductive is a torus.

Thus, let us show that Cartan subgroups are nilpotent.

Proposition 19.6. Any Cartan subgroup of a smooth connected linear algebraic group G is (smooth, con-
nected and) nilpotent. In fact, if T C G is a mazimal torus, then Cg(T) is of the form T x U for some
smooth connected unipotent subgroup U C G.

Proof. 1t is enough to prove the latter statement. Again, we may assume without loss of generality that
k = k. We already saw (Proposition 19.3) that C = C¢(T) is smooth and connected; clearly it has T in its
center.

Let B C C be a Borel subgroup of C (not of G). Since T C B is a maximal torus, by the material of Lecture
14 we can write B = T x U, where U C B equals its unipotent radical R, B. Moreover, since B C C = Cg(T),
it follows that B = T x U. It is therefore enough to show that B = C.

Note C /B is complete, but it can also be written as (C/T)/(B/T), where C /T is a linear algebraic group
(as T C C is normal) and B/ T = U is unipotent. Therefore, Hom(U, G,,) is trivial, so that as we saw
in Lecture 8, (G/T)/(B/T) is also quasi-affine. Being both projective and quasi-affine, and smooth and
connected, C /B is a single point, so that C = B, as desired. O

Now we can prove that Theorem 19.2 implies Theorem 19.1:

Proof that Theorem 19.2 implies Theorem 19.1. Cg(T) is both connected reductive (by Theorem 19.2) and
solvable (by Proposition 19.6), and is hence a torus containing T (in a bit more of detail: we saw in Lecture
16 that, if C is connected reductive, R C is a central torus in C; but solvability, together with C being smooth
and connected, forces C = R C). For a slightly different detailing, Proposition 19.6 exhibits C(T) as T x U
for a smooth connected unipotent group U, and the reductivity of Cg(T) (given by Theorem 19.2) forces
that U is trivial, so that Cq(T) = T. O
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Thus, it remains to prove Theorem 19.2, which is the main goal of this lecture.

19.4. Proof of Theorem 19.2, modulo two technical inputs. The aim of this subsection is to prove
the following theorem, which obviously generalizes Theorem 19.2, modulo two technical inputs:

Theorem 19.7. Assume that k = k, and let G be a smooth connected linear algebraic group over k. Let
S C G be a torus. Then R, Cg(S) = R,GNCqa(S).

It is clear that Theorem 19.7 implies Theorem 19.2; use that we can base-change to k to prove the latter.
Now let us state two technical inputs and deduce Theorem 19.7 from them. The second of these technical
inputs is Chevalley’s formula for the unipotent radical, Theorem 19.9 below, a very remarkable formula that
allows us to express the unipotent radical R, G of a smooth connected linear algebraic group G in terms of
just those Borel subgroups of G that contain a given maximal torus T C G. This creates a context for the
application of the first of the two technical inputs, Theorems 19.8 below, which says that intersecting with
Ci(S) gives a surjective map from the set of Borel subgroups of G that contain a given torus S C G, to the
set of Borel subgroups of Cg(S).

Theorem 19.8. Assume that k = k, and that G is a smooth connected linear algebraic group over k. For
any Borel subgroup B C G that contains S, BNCqg(S) = Cg(S) is a Borel subgroup of Ca(S). Moreover,
sending B to Cp(S) gives us a surjection:

{Borel subgroups of G containing S} — {Borel subgroups of Cq(S)}.

Theorem 19.9 (Chevalley’s formula for the unipotent radical). Let G be a smooth connected linear algebraic
group over k =k, and let T C G be a mazimal torus. Then:

(59) R,G = ( N R, B) ’

BOT red
B Borel subgroup of G

Remark 19.10. Before deducing Theorem 19.7 from these two theorems, let us understand the statement
of Theorem 19.9 a bit better. First, the following equality is easy to see:

(60) R,G = < N Ry, B) i

B Borel subgroup of G

Indeed, we have already noted that R, G or even RG is contained in every Borel subgroup, from which it
is easy to see that the left-hand side is contained in the right-hand side, while the right-hand side, being
clearly smooth, connected and unipotent, and normal in G by the conjugacy of Borel subgroups of G, is
contained in the left-hand side. What is so remarkable about Theorem 19.9 is that it lets us replace the
right-hand side of (60) with that of (59), i.e., it lets us restrict to those Borel subgroups of G that contain a
fixed maximal torus T C G. It is not at all clear that the right-hand side of (59) is normal in G, though it
is clearly smooth, connected and unipotent. Equivalently, it is not clear that the right-hand side of (59) is
contained in any Borel subgroup of G that does not contain T. Later in this lecture, we will sketch Luna’s
proof of Theorem 19.9, that can be said to involve a study of the action of T on G /B, which as we will later
see can be thought of as the variety of Borel subgroups of G.

Proof of Theorems 19.7, assuming Theorems 19.8 and 19.9. First, the inclusion R, GNCq(S) C R, Ca(S)
is easy: R, GNCg(S) is clearly unipotent and normal in Cg(S), and it is smooth and connected by Corollary
19.4. Therefore, R, GNCg(S) C R, Ca(S).
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Now let us prove that R, GNCg(S) D Ry, Ca(S). We fix a maximal torus T O G containing S, and apply
Chevalley’s formula for the unipotent radical, to get:

0
RuGﬂCG(S):< N RuB> N Ca(S)

BOT red
B Borel subgroup of G

3( N (RuBﬂCG(S))>

BOT
B Borel subgroup of G

0

red

(the latter inclusion is immediate).

By Theorem 19.8, 7 for any Borel subgroup B C G containing T O S, B’ := BN Cg(S) is a Borel subgroup
of Cg(S) that clearly contains T, and it is immediate that R, BN Cg(S) = R, B'. Therefore, we get:

0
R,GNCg(S) D ( N R, B’>
B'OT red
B’ Borel subgroup of Cg(S)
It is immediate (and more precisely, amounts to the trivial implication of Theorem 19.9 as follows from
Remark 19.10 above) that the right-hand side contains R,, Cg(S). O

19.5. Borel subgroups of G and Cg(S). In this subsection, we prove the first technical input, namely
Theorem 19.8.

Proof of Theorem 19.8. The main assertion to prove is not the surjectivity, but the fact that Cg(S) =
BNCg(S) € Cg(S) is a Borel subgroup whenever B C G is a Borel subgroup that contains S: in fact,
the latter assertion implies the former, since Borel subgroups of Cg(S) are all Cg(S)(k)-conjugate (recall
that k = k and that Cg(S) is smooth connected by Proposition 19.3), and since conjugation by Cq(S)(k)
preserves the set of Borel subgroups of G that contain S.

Thus, let us consider a Borel subgroup B C G containing S, and prove that Cg(S) = BN Cg(S) C Cg(S) is
a Borel subgroup, or equivalently, that the inclusion Cg(S)/ Cg(S) < G /B, which defines a locally closed
subvariety (by orbit-stabilizer considerations), in fact defines a closed subvariety.

Now the map G — G /B is, topologically, a quotient map, since it is faithfully flat and hence open. Therefore,
it suffices to show that Cg(S)B C G is closed, or equivalently, that B Cg(S) C G is closed.

Let T C B be a maximal torus, which we may assume without loss of generality to contain S. We have
B = TU, where U = R,B. Forall b = tu € Bwitht € T and v € U, and g € Cg(S), we have
that (bg) S(bg)™* = uSu~! C SU, since S C B normalizes U. Thus, BCq(S) C Transps(S,SU). Here,
Transpg (S, SU) is the transporter as in Lecture 2, which also tells us that Transpg(S,SU) C G is a closed
subscheme.

On the other hand, BCqg(S) C Transps(S,SU) is irreducible, so there exists an irreducible component
C C Transpg(S,SU) that contains B Cg(S), viewed as a closed subscheme of G with the reduced induced
structure. Since C C G is closed and reduced, it now suffices to prove that C(k) C (BCqg(9))(k) =
B(k) Ca(S)(k) (for the latter equality, use that k = k).

(The ‘proof” in the lecture had a mistake: T wrongly claimed that C is left-invariant under B, which is not
clear; these are irreducible components and not connected components. Therefore I am modifying the proof
to the following one, which is less motivating but hopefully more correct).

37app1ied as such; not with S replaced by T as I wrongly mentioned in the lecture.
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Let us first show that C(k) C U(k) Ng(S)(k). Giveny € C(k), ySy~! C SU is clearly a maximal torus of SU,
so that, by the conjugacy of maximal tori of SU (Lecture 14), there exists u € U(k) such that uy Syu~—! =S,
i.e., uy € Ng(S)(k), so that y € U(k) Ng(S)(k), giving C(k) C U(k) Na(S)(k).

Note also that BNg(S) C Transp(S,SU). We also have a well-defined map of functors:
(61) C — Transpg (S, SU) — Hom(S,SU),

the right-hand side being the functor R — Hom(Sg, (SU)r). To be able to combine the irreducibility of C
with rigidity, we now compose (61) with the obvious projection SU — U to get a composite:

(62) C < Transp (S, SU) — Hom(S, S U) GU2F)e- Hom(S, S),
whose image lies in Aut(S). Since C is irreducible, rigidity applies, and shows that for all y € C(k), (SU —
S)oInty: S — S is independent of y € C(k), and hence equals Inte = Id (since e € (B Cq(S))(k) C C(k)).

Thus, as above, choose y € C(k) and u € U(k) such that uy normalizes S. What the observation at the end of
the above paragraph tells us is that (SU — S)olInt y|s is the identity. It is then clear that (SU — S)olInt(uy)|s
is also the identity. But since Int uy(S) € S C SU, and since SU — S is injective on S C SU, it follows that
Int uy fixes S pointwise, i.e., y € U(k) Ca(S)(k) = B(k) Cq(S)(k), as desired. O

Now that we have proved the first technical input, Theorem 19.8, the next is Chevalley’s formula for the
unipotent radical, Theorem 19.9. But for that we will need some preparations.

19.6. Orbits of unipotent groups (a theorem of Kostant and Rosenlicht).

Theorem 19.11 (Kostant, Rosenlicht). Assume that k = k. Let U be a smooth connected unipotent (linear
algebraic) group acting on a reduced affine algebraic scheme X over k. Then for all x € X(k), the orbit
O =U-z C X (with its reduced induced structure), which we know to be a locally closed subvariety of X, is
closed in X.

Remark 19.12. Obviously, the above theorem would not be true if X were allowed to be projective; consider
the obvious action of G, on P!, which has A' C P! as an orbit. Alternatively, note that, if O is an orbit of
U on a projective variety X, and if O has dimension greater than one, then O cannot be closed in X, since U
is smooth connected and solvable, and hence its own unique Borel subgroup, and hence also its own unique
parabolic subgroup.

Proof of Theorem 19.11. Without loss of generality, we may replace X by the scheme-theoretic image of the
orbit map u +— wu - x, which is reduced since U is. Thus, we assume that O C X is dense. Again, since U
is smooth, the complement Z of O in X, given the reduced induced structure, is stable under U. Therefore,
writing X = Spec A and Z = Spec(A4/I) for some ideal I C A, we have that I C A is stable under U.

Now the fact that U is unipotent implies that IV # 0. Let 0 # f € IV. Note that f, being fixed by U, is
constant on O, and hence on X. But since f # 0 and X is reduced (and k = k), f does not vanish on X(k).
Thus, I contains a nonzero scalar (namely, f), so that Z is empty, i.e., O = X is closed in X. ]

19.7. Comments on and preparation for Luna’s proof of Chevalley’s formula for the unipotent
radical. In the next subsection, we will prove Chevalley’s formula for the unipotent radical (Theorem 19.9),
completing the proof of Theorem 19.7 and hence that of Theorem 19.2. Recall that this involves saying
something about all Borel subgroups of G based on just those that contain T (see Remark 19.10). We will
see later that for a Borel subgroup B C G, X := G /B can be thought of as the variety of Borel subgroups
of G, and that the subscheme XT C X fixed by T is then the set of Borel subgroups fixed by T. Thus, we
seek to study X in terms of XT.

This will involve knowing that X" is finite, with a transitive action of the finite group Ng(T)/ Cq(T) (which
we will later see to be simply transitive):
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Lemma 19.13. Assume that k = k. Let G be a smooth connected linear algebraic group over k, and let
B C G be a Borel subgroup, containing a mazimal torus T C G. Let X = G /B. Then the set X' (k) of
T-fized points in X(k) form a single orbit under Ng(T)(k), and are fized by the Cartan subgroup Cq(T)(k).
Thus, X* (k), having a transitive action by Ng(T)(k)/ Cq(T)(k), is finite.

Proof. Note that Ng(T)/ Cq(T) is finite, since Ng(T)° centralizes T by rigidity. Therefore, the last sentence
follows the rest of the lemma.

Recall that X(k) = G(k)/B(k), since k = k. It remains to show the following: if g € G(k) is such that
gB € X" (k), then g belongs to Ng(T)(k)B(k), and g B € X(k) is fixed by Cq(T)(k).

Since the stabilizer of ¢B in G is gBg~!, the assertion that ¢B € XT(k) is equivalent to the inclusion
T C gBg~!. Thus, we get that T,g~*Tg C B are maximal tori, so that there exists b € B(k) such that
g tTg=0bTb71 ie., gb e Ng(T)(k). Thus, g € Ng(T)(k) B(k).

Now, continuing with ¢ B € X* (k), let us show that g B is fixed by Cq(T)(k), i.e., that B’ := gBg~', which
we know already to contain T, also contains Cg(T)(k). Since Cg(T) is smooth, connected and nilpotent
(Proposition 19.6), it is contained in some Borel subgroup B” of G. Thus, B” and B’ are Borel subgroups
of G that both contain T, so that, by the above paragraph, B’ = nB” n=! for some n € Ng(T)(k). Now we
are done since Ng(T)(k) normalizes Cgq(T) C B”. O

In the next subsection, we will give (modulo some small details) Luna’s proof of Chevalley’s formula for
the unipotent radical (Theorem 19.9). This proof was published in L’Enseignement Mathématique in 1999.
I translate (slightly loosely) from Luna’s introduction to the paper: “The proofs of this theorem that one
finds in the literature (Borel’s book, Section 13, page 174, or Springer’s book, Chapter 7, page 130) are close
to the original proof of Chevalley (Expose 12 of Chevalley’s Seminare of the ENS, 1956-58). These already
use certain properties of roots, and thus they are intertwined with the following step of the theory: in fact,
Chevalley’s theorem is used in turn to show that the roots of G form a “root system” (see Section 14 of
Borel’s book or Chapter 8 of Springer’s book). In this note, we propose a proof that is more basic, closer to
the geometric spirit with which the theory begins”.

While reading it, it may help to keep in mind that, in the spirit of knowing something about the intersection
of all Borel subgroups based on just ones that contain a given torus, Luna’s proof studies maps X = (G /B) —
XT that are sections to the inclusion X* < X,

19.8. Luna’s proof (modulo some small details). This proof is given only to have a sort of illusion of
completeness; I have probably not been careful enough in writing it. I encourage you to read Luna’s original
article in L’Enseignement Mathématique instead.

Luna’s proof, modulo some small details, of Theorem 19.9. Fix a Borel subgroup B C G containing T, let
X = G/B, and let XT ¢ X be the subscheme fixed by T; it is finite by Lemma 19.13 above. Since T is
smooth, it is easy to see that X' (k) C X(k) is simply the subset fixed by T(k).

We will be slightly careless during parts of the proof (mainly because I am right now tired and don’t feel I
have a lot of leisure): we will sometimes confuse varieties with their k-points (recall that k = k).

We first translate (the nontrivial implication of) the theorem in terms of stabilizers of points on the variety X
(it will help to keep in mind that we plan to identify X, in a later lecture, with the variety of Borel subgroups
of G). Write R, (G, T) for the right-hand side of (59), i.e.,

R,(G,T) = < N R, B>O

BOT red
B Borel subgroup of G
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Recall that the inclusion R, G C R, (G, T) is immediate: see Remark 19.10, especially (60). We need the
reverse inclusion, that R, (G, T) C R, G. By the equality (60), this inclusion R, (G,T) C R, G follows if we
prove that R/ (G, T) lies in every Borel subgroup B’ of G. If B’ = g B g~! with g € G(k), this containment
R!(G,T) C B’ is equivalent to the assertion that R., (G, T) stabilizes g B € X(k). Thus, here is the assertion
that we need to prove:

(63) R.,(G,T) fixes every point of X(k).

Claim. X, which is projective (being quasi-projective and proper), has an open cover {U;}; by open affine
subvarieties, each of which is invariant under R, (G, T).

Let us first see that the theorem follows from the claim. Let x € X(k), and let us show that x is fixed by
R, (G, T). The closure R/, (G, T) - x of the orbit R, (G, T) -« inside X, with its reduced induced structure,
is complete and reduced. Since R. (G, T) is smooth, connected and unipotent (and therefore solvable), it
follows from the Borel fixed point theorem that there exists some zo € R, (G,T) - z(k) that is fixed by
R/, (G, T). By the claim (which we are assuming), there exists some member U; of our affine open cover such
that xo € U;. Since the intersection of R/ (G, T) -2 with U; is open in R/ (G,T) -z, and hence intersects
R (G, T) - z, it follows from the R/ (G, T)-invariance of U; that R/ (G,T) -z C U;. But since the orbit
R/, (G,T) -z is closed inside U; by the theorem of Kostant and Rosenlicht (Theorem 19.11), it follows that
xog € U;(k) is contained in R, (G, T) - . But since zq is fixed by R, (G,T), it follows that = is fixed by
R, (G, T), giving the assertion (63), and hence the theorem.

Thus, it now suffices to prove the claim, i.e., exhibit X as a union of R/ (G, T)-invariant affine open sub-
schemes.

The candidate for the required open cover is as follows: for each p € XT, let
X(p) = {z € X| T -z contains p},
naively, at the level of k-points. But there is some work needed to prove that this works.

Intuitive idea through an example. Suppose that G = GL,, and that T C G is the diagonal maximal
torus. If B is the Borel subgroup of upper triangular matrices and one takes p = B, then one can compute
that X(p) C X is the image, under G — G /B, of the subgroup B~ C G of lower triangular matrices. If
U™ := R, B7, then the multiplication map U~ x B — G is an open immersion, so that U ¢ G/B =X
is open. Clearly, it is affine. Moreover, it is R.,(G, T)-invariant, since R. (G, T) is contained in every Borel
subgroup of G that contains T, and in particular in B™.

Another take on the example. Perhaps it may be more instructive to add an example as follows. Let G be
a connected reductive group over k. Once one knows the structure theory, one can show that any Borel
subgroup B’ of G containing T can be taken to be P()\) for some cocharacter A valued in T. In this case,
one can take an open affine to be the image of N(—\) under the orbit map at the base-point in G /B’. It
might be nice to expand on this, but let me skip it for now.

By Chevalley’s theorem, there exists a faithful representation p : G — GL(V), and a line L C V, such that
B = Stabg(L). Then g — g-[L] gives us an embedding X = G /B — P(V), which realizes X as a closed and
hence projective subvariety of P(V') (since X is complete). In what follows, we will make very little reference
to L or B; we will different choose lines in V' and elements in X(k).

Replacing V' with a smaller subspace if necessary, we may assume that X is not contained in P(W) C P(V),
for any proper subspace W C V.

The definition of the X(p) above does not seem to be too easy to work with. To work with just an action of
Gy, instead of with the action of T, we choose A € X, (T) = Hom(T,G,,) ‘in general position’ this means
that the eigenvectors for A(G,,) C T on V are eigenvectors for all of T, and can be ensured as follows. Write
V =@, V,, for the decomposition of V into simultaneous eigenspaces for T, where each x; € X*(T) is an
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eigencharacter. The claim is then that one can choose A € X, (T) with (x;, A\) # (x;, A) for all ¢ # j. Since
the pairing betwen X*(T) and X, (T) is valued in Z, it is enough to find such a A in X, (T) ® Q. Now simply
observe that the vanishing of the x; — x; define finitely many hyperplanes in X, (T) ® Q, and these cannot
exhaust X, (T)®Q. This lets us choose our A in general position. This choice has the following consequence:
if v € V is such that its image [v] € P(V) is fixed by A(G,,), then [v] € X (k).

For p € XT(k;) C X(k), we now define subschemes X(\, p) C X(p), or rather just at the level of k-points, as
follows:

X(A,p)(k) = {z € X(k) | i A(t) - = = p}.
Here is a nontrivial detail that we will skip:

Each X(\, p)(k) € X(k) is a locally closed subvariety.

However, an idea as to why this is true is embedded in the rest of this proof. 38

It is clear that the X(\,p) are disjoint. Moreover, each X(\,p) is is T(k)-stable, since p € X* (k). Further,
by the completeness of X, it follows that for all 2 € X(k), lim;_,o A(£) - & exists and belongs to X*(©m)(k),
which is easily verified to equal XT(k), using that A was in the general position. We conclude that:

(64) X(k)= || XO\p)(k).

peXT (k)

Since it is clear that X(\, p)(k) C X(p)(k), this already gives us that the X(p)(k) cover X(k). It remains to
show that each X(p)(k) is open, affine, and invariant under R (G, T)(k).

Since each X(\,p)(k) C X(k) is locally closed, and since X" (k) is finite (see Lemma 19.13), we conclude
that there exists a unique p’ € X' (k) such that X(\,p’) C X is open. We write XT (k) = {p1,...,pn}, with
p1 = p'. Thus, X(A,p1)(k) C X(p1)(k) is affine. We claim that the inclusion X(X,p1)(k) C X(p1)(k) is
an equality. Indeed, X(A, p1)(k) contains pq, is T(k)-stable, and open, so no x € X(k) \ X(A, p1)(k) could
possibly satisfy that p; € T(k) - . Thus, X(X,p1)(k) = X(p1)(k), so that X(p1)(k) € X(k) is open.

Henceforth, let us write X(p;) instead of X(p1)(k), etc. Since each p; can be written as n; - p; for some
n; € Ng(T)(k) (by Lemma 19.13), it follows that X(p;) = n; X(p1) is open in X.

It remains to show that each X(p;) is affine and R (G, T)-invariant. Again using the equality X(p;) =
n; X(p1), and that R, (G, T) is clearly normalized by Ng(T)(k), we are reduced to showing this just for
i =1, i.e., that X(p1) = X(\, p1) is affine and invariant under R (G,T)(k).

Now let us describe X(p;)(k) more concretely in terms of A\. Let v,...,u5 € V be a basis consisting of
eigenvectors for A. Let vY,...,vY be the dual basis for V¥ := Homy(V, k). Since p; € X' (k), we may and
do assume without loss of generality that p; = [v1]. For i = 1,...,d, choose n; € Z such that A(t)v; = t"v;

for all t € G,,,.

Since X is not contained in P(W) C P(V) for any proper subspace W C V, and since X(A, p1) is open in X,
there exists v € V with [v] € X(A,p1) such that, writing v = ajv1 + -+ + aqvq with each a; € k, we have
a; # 0 for all 3.

38An example is as follows. Suppose we have P*~! = P(k™) instead of X, and that A(t) acts by t% on the standard basis
vector e; € k™, where each a; is an integer and a1 < az < --- < an. Then it is easy to see that X(\, e1) is the A?~1 c pn—1
defined by the nonvanishing of the coefficient of e1, whose complement is P(kea+- - -+ken ), and that X(A2) C P(kea+- - -+key) is
the A”~2 defined by the nonvanishing of the coefficient of e, and so on. For more on such cell decompositions, and in particular
for the Bialynicki-Birula decomposition (sorry for lazily omitting the accent on the first 1), see Section f of Chapter 13 of Milne’s
book.
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Now note that for all t € T, we have:
d
At) v = Zt”iaivi.
i=1

Since a; # 0 for all ¢, and since lim;_,o A(t)v = p1 = [v1], it follows that n1 < na,...,ng. Thus, we also get:

(65) X\, p1) =X(k)N{[v] |v=aivy +---+aqug €V, and a1 # 0} = X(k) N {v € V| {v,v)) # 0}.

Thus, X(\,p1) C X is the complement of a hyperplane section, and is hence affine.

It now remains to show that X(\,p;) is invariant under R),(G,T). We make the following reductions:

e Since R! (G, T) is contained in every Borel subgroup that contains T, it suffices to show that X(A, p1)
is invariant under some Borel subgroup B’ C G that contains T.

e This in turn follows if we show that X(\,p1) is invariant under some parabolic subgroup P C G that
contains T (for, then any Borel subgroup B” C P may be P(k)-conjugated into a Borel subgroup
B’ C P that contains T, and B’ is clearly a Borel subgroup of G as well, since Borel subgroups are
just minimal parabolic subgroups).

e Since X(\, p1) is the complement of the hyperplane section defined by vy, it is now enough to show
that the stabilizer of [v)] in G, which automatically contains T, contains a parabolic subgroup of G.

e For this, it is enough to show that G -vY C V'V is closed: this will show that G /P is complete, where
P = Stabg([vy]), and setting P = (P)%,, G /P — G /P — Speck is the composite of two proper
morphisms and is hence proper, so that P C G is a parabolic subgroup that contains T.

e In turn, by the closed orbit lemma of Borel, it is enough to show that every G(k)-orbit in V'V contains
[vY] in its closure.

e Since ny < ng,...,ng, and since it is easy to see that A(t) - vy = t7"v) for all t € Gy, it is also
easy to see that

lim [a1v) + -+ + aqv)] = [v)]

t—oo

whenever a; # 0; this last condition is equivalent to ayv; + - -+ + aqvg lying in V'V \ v, where
v C V'V is the hyperplane defined by v;. Therefore, it is now enough to show that every G (k)-orbit
in V+ intersects V'V \ vi.

However, if there existed a G(k)-orbit G(k) - [w] C P(vi) C P(VV), it would follow that w is orthogonal to
G(k)v1, which would force X(k) = G(k)[v1] C P(w*) C P(V) (where w' C V is the subspace annihilated by
w), a contradiction. This completes the proof that X(\, py) is invariant under R (G, T). O

20. LECTURE 20 — SPLIT SEMISIMPLE GROUPS OF RANK ONE

20.1. The material for today. Today we will sketch a proof of the following theorem, which was the third
of the three theorems assumed in Lectures 17 and 18 to deduce some of the structure theory for split reductive
groups. The first two were proved (up to a few details) in Lecture 19, so this finishes the justification (again,
up to a few details) of the structure theory so far.

Theorem 20.1. If G is any connected split semisimple group of rank one, then G is isomorphic to either

SLsy or PGLs.

The strategy of proof will be roughly as follows:

e Show that G has a Borel subgroup B, and that any such B satisfies G / B = P*.
e Therefore, we get a morphism G — Aut(P') of group-valued functors, where Aut(P!) is the functor
{k — alg} — Groups given by R — Autp(PL).
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e Aut(P!) is simply PGLy, so we now have a homomorphism G — PGLy of algebraic groups. Show
that this homomorphism G — PGLs is surjective with finite central kernel of multiplicative type.

e Make sense of SLo — PGLy being called a ‘universal cover’ of PGLso, and use this to lift SLy — PGLy
to a map SLy — G. Now we have a chain of surjective maps SLy =+ G — PGLs, the kernel of whose
composite is po. Use this to show that G is either SLy or PGLs.

We will have a few blackboxes here and there. One of them is the isomorphism Aut(P!) = PGLs:

Remark 20.2. Recall that
P!(R) = {P C R?| P is a direct summand of R? of rank one}.

Therefore, the action of GLa(R) on R? induces an action on P!(R), functorially in R. Thus, we get a
homomorphism GLy — Aut(P') of group valued functors. One shows that this factors through GLy — PGLo,
and that the resulting map PGLy — Aut(P!) is an isomorphism.

Remark 20.3. There can be connected semisimple groups of rank one over k that are isomorphic to neither
SLs nor PGLy; these just are not split. e.g., one can take a central division algebra D over k with dimy D = 4,
let G; be such that G;(R) = (D ®; R)* — it is clearly representable by an algebraic group — and let G be
either Gi ger Or G1 / Zg,. Hopefully we will discuss such examples in greater generality and detail later in
this course.

20.2. (G /B); = PL.

Lemma 20.4. Let (G, T) be a split semisimple group of rank one over k = k (recall that G being split
semisimple is automatically connected by our nonstandard convention). Let B C G be a Borel subgroup
(such a B ezists as k = k). Then dim G /B = 1; in other words, G /B is a smooth projective curve.

Proof. First, dimG /B > 0: else G is solvable in addition to being smooth and connected, so G = RG,
which is trivial since G is semisimple, a contradiction.

Now it is enough to see that G /B has dimension at most one. For this, it is enough to prove the following
two assertions:

(i) T has at most two fixed points on (G /B)(k).
(ii) T has at least (dim G /B) + 1 fixed points on (G /B)(k).

For the first assertion, recall from Lecture 19 that Ng(T)(k)/ Ca(T)(k) acts transitively on (G /B)T (k). 3°
Thus, the first claim follows if we show that Ng(T)(k)/ Co(T)(k) has cardinality at most two, which follows
from the fact that conjugation gives an injection from it into Aut(T) = Aut(G,,) = Z/2Z.

The second assertion follows from the lemma below, applied in the context of an embedding G /B < P(V)
obtained from a representation p : G — GL(V') and a line L C V with stabilizer B (the existence of such a
pair (p, L) being Chevalley’s theorem from Lecture 8), using the orbit map at [L]. |

Lemma 20.5. Assume that k = k. Let G,,/k act linearly on a vector space V over k, and thereby on P(V).
LetY C P(V) be a G,-stable subvariety of dimension d. Then

#Y (k) >d+1.

Proof. Without loss of generality, we assume that Y ¢ P(W) for any proper subspace W C V. We choose
an ordered basis ey, ..., e, of V' that diagonalizes the action of T := G,,,. Thus, for 0 < i < n, there exists
m; € 7Z such that te; = t"ie; for all t € G,,. Reordering the e; if necessary, we may and do assume that

39This was proved in a lemma that prepared for Luna’s proof of Chevalley’s formula for the unipotent radical. We already
saw, in Lecture 19, that Cg(T) equals T, but we are not yet identifying G /B with the variety of Borel subgroups of G, since
we have not proved the ‘normalizer theorem’ yet).
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mo < mq < --- < m,. Further, we may tensor the T-action with (¢ — ¢t~™°) and assume that mo = 1. Also,
without loss of generality, we may assume Y to be irreducible: this is because T being irreducible preserves
the irreducible components of Y, so we might as well work with one of these components of the maximum
possible dimension.

We can write P(V) = P = P"~1LUA", where P"~! = P(key+- - -+ke,,) C P(V), and A" is defined by “eq = 17.
This decomposition is clearly G,,-stable. Since Y ¢ P"~! by hypothesis, the irreducibility of Y gives us
that dim(Y NP"~!) = d — 1 (this is essentially Krull’s principal ideal theorem). Thus, #(Y NP"~1)¢m (k) >
d—141 = d by the induction hypothesis, and it suffices to show that Y (k) NA™(k) has at least one G,,-fixed
point. This is easy: if x € Y(k) N A"(k) (which is nonempty since Y ¢ P"~! by hypothesis), then

limt¢-z

t—0
exists in Y (k) N A™(k) by the hypothesis that mq,...,m, > 0 = myp, and this point is clearly fixed by G,
(concretely, if x = (z1,...,2,) € A"(k), then this point can be written as (1, ...,z),), where z} equals z; if
m; =0, and o} = 0 if m; > 0). O

Remark 20.6. This treatment is based on Section d of Chapter 20 of Milne’s book. Aside 20.14 of the
book gives us an explanation for this lemma using the Lefschetz trace formula. d 4 1 is the number of even
numbers between 0 and 2d. Roughly speaking: one can show that each even degree in cohomology between
0 and 2d contributes at least one to #YG’" (k), and the odd degrees do not contribute anything.

Lemma 20.7. Continue with the hypotheses of Lemma 20.4: G is split semisimple of rank one over k =k,
and B C G is a Borel subgroup. Then G /B is isomorphic to PL.

Proof. By Lemma 20.4, G /B is a smooth projective curve. Since k = k, it now suffices to show that G /B
is a rational curve. Since T fixes at most two points in (G /B)(k) (as we saw in the proof of Lemma 20.4),
T has a nontrivial orbit on G /B, giving us a nonconstant map G,, = T — G /B, forcing G/B to be a
rational curve. U

Lemma 20.8. Continue with the hypotheses of Lemma 20.4: (G,T) is split semisimple of rank one over
k =k, and B C G is a Borel subgroup. Then the map
¢ : G — Aut(G /B) = Aut(P') = PGL,

given by the action of G on G /B, where the first equality follows from Lemma 20.7 and the second follows
from Remark 20.2, is surjective and has finite kernel.

Proof. By the conjugacy of Borel subgroups of G (recall that k& = k), we have

kerp = ﬂ gBg !
9€G(k)

But this means that (ker p)? ; C R(G) = {1}, so that ker ¢ is finite.

The proof that ¢ is surjective (which I failed to think of in the lecture) is implicit in the proof of Lemma
20.10 below. Alternatively, note that if ¢ is not surjective, then dim G < dim PGLs = 3, and we are done
by the following lemma. O

Lemma 20.9. Any smooth connected linear algebraic group G of dimension at most two over k is solvable.

Proof. Without loss of generality, let &k = k. If dim G = 1, then G is isomorphic to G, or G,, (Lecture 13),
and is hence solvable. If dim G = 2, it is enough to see that for any Borel subgroup B C G, dim B cannot
equal 0 or 1. We have dimB # 0 since otherwise G = G /B would be projective. On the other hand, if
dim B = 1, we may assume that there exists b € B(k) \ Zg(k): else Zg would have dimension at least one,
so that G /Z¢ has dimension one and is hence abelian, making G solvable. Thus, g — gbg~! gives us a
nonconstant map from the projective variety G /B to G, a contradiction. O
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20.3. G /B = P! even when k # k. The next two steps are as follows. First, we wish to see that the results
of the previous subsection (mainly, the isomorphism G /B =2 P!) holds even when k # k. Secondly, we need
to further narrow the possibility-space for the kernel of .

Note that we are yet to prove even that G has a Borel subgroup: in general split reductive groups have Borel
subgroups, but we haven’t proved that yet. Let us exhibit a Borel subgroup in this case:

Lemma 20.10. Let (G, T) be a split semisimple group of rank one over k. Then the inclusion A\(G,,) C M(X)
is an equality, and P(X) C G is a Borel subgroup (and hence so is P(—\) as well).

Remark 20.11. Conrad remarks in his notes that the dynamic proof of Chevalley’s theorem on unipotent
radicals also yields that for regular enough A\, P(A) C G is a Borel subgroup; this needs no more than the
assumption that G is reductive. Therefore, the following proof is probably an inefficient way of going about
things.

Proof of Lemma 20.10. We recall that P(X), M(A) and N(X) are as in Lecture 12; in particular, M(A) is the
centralizer of A(Gy,), and P(X) is the set of g € G such that lim_,o A(£)gA(t) " exists. To prove the lemma
we may and do assume that k = k, so that we have a map ¢ : G — PGLsy as in Lemma 20.9.

Let A = o \; it is not trivial since ker ¢ is finite (Lemma 20.9). Since nontrivial split tori of PGLy are all
conjugate, we may and do assume that A is valued in the diagonal maximal torus of PGLs, and thus takes

t € G, to the image in PGLa(k) of (t 1), where n is some positive integer. Then we have the subgroup
P()\) C PGLy, which may be explicitly computed to be the upper triangular Borel subgroup of PGLs.

Thus, P(A\) maps under ¢ into a subgroup of P()\), which is solvable. We claim that this, together with the
finiteness of ker ¢, forces P(\) to be solvable.

In other words, to see the claim it suffices to prove the following statement: if a map G; — Gg of smooth
connected linear algebraic groups has finite kernel, and if G4 is solvable, then so is G;. This is because the
members G1 ,, of the derived series ° of G; consist of smooth connected linear algebraic groups, which map
to corresponding members Gg ,, of the derived series of Gy. Since Gg,, is trivial for large n, the Gy, are
contained in ker ¢ for large n, so that, each G, being smooth and connected, Gi , is trivial for large n.

This proves the claim that P(\) is solvable. If the inclusion M(A\) C P(\) were an equality, then, since the
multiplication map N(—=X) x M(A) x M(A) — G is an open immersion (see Lecture 12), we would have that
P(—=X) = G, contradicting the semisimplicity of G, since P(—M\) is solvable too (as we are just replacing
A1 G, — T by the isomorphism —A). Thus, P(A) 2 M(XA) D A(G,,), and similarly P(—A) 2 M(A) D A(Gy,).

Since the dim G < 3 (as ker ¢ is finite and PGL5 has dimension three), and recalling that P(A) = N(\) xM())
and P(—=\) = N(=X) x M(}), it follows that each of N(—X), M(A) and N(\) has dimension exactly one. This
forces that A(G,,) = M(X). Since this also forces that dim P(A\) = 2 = dim G —1, P(\) is of maximal possible
dimension among the smooth connected solvable subgroups of G, so that P(\) C G is a Borel subgroup. O

Lemma 20.12. Let (G,T) be split semisimple of rank one over k, and let B C G be a Borel subgroup
containing T: such a B exists by Lemma 20.10. Then G /B is isomorphic to P! (without assuming k = k).

Proof modulo a blackbozed fact. We already know from Lemma 20.7 that (G / B)j is isomorphic to P1. More-
over, G / B has at least one k-rational point, namely the base-point e B. Therefore, the lemma follows from
the following fact:

Blackbozed fact: 1f C is a smooth projective curve over k such that C; = P!/k, and if C has a k-rational
point, then C is isomorphic to P!.

401 the lecture, I erroneously said ‘descending central series’, which is the nilpotent thing and not the solvable thing.
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See Sections 20.2-20.4 of Milne’s book for an explanation of why this fact is true. The idea is that one can
embed C into a projective space, and successively project to hyperplanes, to eventually get a birational map
from C to P!, giving an embedding of the function field k(C) into k(P') = k(t), so that k(C) = k(P!) by
Liiroth’s theorem. |

Corollary 20.13. Consider the setting of Lemma 20.12: (G, T) is split semisimple over k, and B C G is a
Borel subgroup containing T. Then the obvious map ¢ : G — Aut(G /B) = Aut(P!), where the last equality
holds by Remark 20.2, is surjective with kernel that is finite, central and of multiplicative type.

Proof. We may base-change to k, and assume that k = k. Then the surjectivity of ¢ and the fact that ker ¢
is finite follow from Lemma 20.8, since to check these assertions one may base-change to k. To prove that
the kernel is of multiplicative type, we may assume without loss of generality that k = k. Then, since ker ¢ is
contained in the intersection of all Borel subgroups of G, and in particular in P(A)NP(=X) = M(\) = A\(G,,)
(use Lemma 20.10), it follows that ker ¢ is of multiplicative type.

The fact that ker ¢ is central in G follows from its being of multiplicative type: since G is smooth and
connected, and since G normalizes ker ¢, it follows from rigidity (Lecture 12) that G centralizes it. ]

The significance of ker ¢ being of multiplicative type is that it makes ideas related to covering space theory
relevant, as we will discuss in the coming section.

20.4. Isogenies and simple connectedness. Now we have a surjective homomorphism ¢ : G — PGL,
which is surjective, and whose kernel is finite, central and of multiplicative type. The next steps will be as
follows:

e Lift SLy — PGLs along G — PGLy to get a map SLs — G, such that the composite SLy — G —
PGL; is the usual map SLy — PGLs.

e Use that SLy — PGLs is of ‘degree 2’, in a sense yet to be defined, and use this (with the ‘degree’
being multiplicative) to show that one of the two maps in SLy — G — PGLs is an isomorphism.

The rough idea of accomplishing the first is to show that SLs is ‘simply connected’ as an algebraic group, so
that getting the map SLy — G is analogous to what covering space theory might tell us.

To define simple connectedness, we begin with some motivation where I follow Poonen’s notes.

Remark 20.14. (i) Let k = kP, and let X be a connected variety over k such that X(k) # (). One
defines X to be simply connected if the connected finite étale cover of X is itself.
(ii) Let G be a Lie group, and let G’ — G be a covering space, with G’ connected. Then (using a choice
of a base-point) one can give a structure of a Lie group to G’, in such a way that G’ — G becomes
a homomorphism of Lie groups.

Thus, we might consider defining a smooth connected linear algebraic group G to be simply connected if
there exists no surjective finite étale homomorphism G’ — G of algebraic groups. However, such a definition
excludes covers like SLy — PGLo, which is not étale in characteristic two. Nevertheless, it is of multiplicative
type, and it turns out that one should instead use surjective homomorphisms G’ — G whose kernel is of
multiplicative type, or equivalently, multiplicative isogenies in the sense of Definition 20.15 below:

Definition 20.15. Let Gq, Go be smooth connected algebraic groups over k (thus, we only define isogenies
between smooth connected groups):

(i) An isogeny from G; to Gg is a surjective homomorphism ¢ : G; — Gg such that ker ¢ is finite.
(ii) A central isogeny from Gi to Gs is an isogeny ¢ : G; — Gz such that the finite group ker o C Gy is
central in G1.
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(iii) A multiplicative isogeny from G; to Gy is an isogeny ¢ : Gi — Gg such that the finite group
ker o C Gy is of multiplicative type.

(iv) If ¢ : G; — Gq is an isogeny, we define its degree, deg(¢), to be the order of the finite group scheme
ker . Recall that this does not refer to the cardinality of (ker ¢)(k), but to dimy, k[ker ¢] (thus, e.g.,
the degree of SL,, — PGL,, equals dimy, k[u,] = dimy, k[z]/(z™ — 1) = n in any characteristic).
Warning: This terminology may be nonstandard, though I see this sort of a definition in other
contexts.

Remark 20.16. (i) The above definitions of various types central and multiplicative isogenies follow
Milne’s book as well as Poonen’s notes by Achenjang, but may be a bit nonstandard: what are called
multiplicative isogenies here seem to be called central isogenies elsewhere.

(ii) A multiplicative isogeny ¢ : G; — Go is also central, since G; = GY = Ng, (ker »)? = Cg, (ker ¢) by
rigidity. However, clearly a central isogeny need not be multiplicative.

(iii) However, if Gy is reductive, then any central isogeny ¢ : G; — Gg is also multiplicative, since (say
k = k without loss of generality) for any maximal torus T C Gi, we have Za, C Cq,(T) = T.

Example 20.17. (i) Assume that chark = p > 0, and let G be a smooth connected linear algebraic
group over k. Then we always have the nontrivial Frobenius isogeny Frob : G — G 41 which
is typically not central. For instance, we could have G = SLy, in which case, it is easy to see
that ker(Frob) is not contained in the center us C SLo. Clearly such coverings exist always in
characteristic p, so we wish to exclude them from considerations involving simple connectedness.

(ii) Corollary 20.13 shows that any ¢ : G — PGLy as in that corollary is of multiplicative type, and
hence central.

Now let us define simply connected groups:

Definition 20.18. Let G be a connected semisimple group.

(i) We say that G is simply connected if any multiplicative isogeny G’ — G is an isomorphism.
(ii) We say that G is adjoint if Z¢ is trivial.

Remark 20.19.

We don’t define this notion for reductive groups, since this notion doesn’t seem to work well for those. For
instance, if G = G,,, there are too many multiplicative isogenies G — G: for each n € Z, one of the form
T =z

We haven’t motivated the definition of adjoint groups. But it is easy to prove that for any semsimple group
G over k, G/Z¢ is an adjoint group, which accepts from G the isogeny G — G /Zg that is obviously
of multiplicative type. Moreover, clearly adjoint groups are not a source of any central isogeny. Therefore,
adjoint groups are kind of the ‘opposite’ of simply conneced groups: they typically accept many multiplicative
isogenies, but are not sources for such; simply connected groups are sort of the opposite. Later, we will see
that when k = k, semisimple groups G with a given root system are all sandwiched between two extremes:
there exist a simply connected G; and an adjoint G, with the same root system as G, such that we have
a composite multiplicative isogeny G; — G — Gso. In fact, this turns out to be sort of what is happening
here: we are sandwiching our original split semisimple group G of rank one, between the simply connected
group SLs and the adjoint group PGLs.

Lemma 20.20. If ¢ : G = G’ and ¥ : G' — G” are isogenies of smooth connected linear algebraic groups
over k, then deg( o ) = deg(v)) deg(y).

Sketch of the proof. 1t is easy to show that we have an exact sequence:

0 — ker(y) — ker(y o p) % ker(¢) — 1.

4piq 1 carelessly write Frob : G — G in the lecture?
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One can also see, though we omit the proof, that the order of a finite group scheme is multiplicative with
respect to exact sequences. O

We will blackbox the following fact:

Lemma 20.21. If ¢ : G — G’ and ¢ : G' = G” are multiplicative isogenies of smooth connected linear
algebraic grouops over k, then 1 o ¢ is multiplicative.

Apology for skipping the proof. See Proposition 18.2 of Milne’s book for a proof, which we will skip. We know
that ker(i o) is an extension of ker(¢) by ker(z)), but then one has to prove that ker(« o) is commutative,
and then that being a commutative extension of groups of multiplicative type it is of multiplicate type; these
assertions are from respectively (12.41) and (12.22) of Milne’s book. O

20.5. SLs — PGLs is a universal covering.

Definition 20.22. Let G be a smooth connected linear algebraic group over k. A universal covering of G
is a multiplicative isogeny 7 : G — G, where G is a simply connected (and hence by definition connected
semisimple) linear algebraic group over k.

We recall that proofs are always modulo facts we have been blackboxing. We will in particular use Lemma
20.21 in what follows.

Lemma 20.23. SL, is simply connected over k, so that SLo — PGLy is a universal covering.

Proof. Suppose G — SLs is a multiplicative isogeny. Then we get a composite isogeny G — SLs — PGLo,
which is multiplicative by Lemma 20.21. By Lemma 20.20, and the fact that the degree of SLy — PGLo
equals dimy, k[ps] = 2, it now suffices to show that any multiplicative isogeny ¢ : G — PGLy has degree at
most two.

Without loss of generality, we may and do assume that k& = k. Note that G is semisimple, since ¢(RG) C
PGL; is a smooth connected normal solvable subgroup of PGLs, and is hence trivial as PGLy is semisimple,
so that the smooth connected group R G, being contained in the finite group ker ¢, is trivial. Since G is
semisimple and k = k, we can now choose a split maximal torus T C G. Since ker ¢ is finite, it follows that
dimT = dimp(T) < 1, so dimT = 1 (we have seen before that dim T cannot be zero: if so, then any Borel
subgroup B C G would be unipotent, and G /B would be both quasi-affine and projective).

Let N = ker ¢, which is contained in Zg C T since ¢ is multiplicative. Thus, it now suffices to show that
#7Zc < 2 (where # Zg means dimy, k[Zg]). Thus, it suffices to show that there exists some n € G(k) that
normalizes T, such that Int n|p = (¢ — ¢t~1): for, this would force Zg C {t € T |t =t} 2 {t € G, |t =
t_l} = 2.

But we saw in the proof of Lemma 20.4 above that there are exactly two Borel subgroups, say B and B™,
containing T. Therefore, there exists n € G(k) such that n transports (B, T) to (B, T). Intn|r is either
trivial or given by t — t~1; if it were trivial then n € Cg(T) = T C B, so that B~ = Intn(B) = B, a
contradiction. ]

Thus, in the main setting for today’s lecture, the idea is to lift SLy — PGLs to SLy — G, using that SLs is
simply connected. For this, we will use the following technical lemma.

Proposition 20.24. Suppose G is a simply connected (and in particular connected semisimple) linear alge-
braic group over k, and ¢ : G’ — Gisa surjective homomorphism with a finite kernel of multiplicative type;
it may not be an isogeny, since we are not assuming that G’ is smooth or connected. If further k is perfect
or G = Gder, then v has a section.
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Remark 20.25. Ultimately, the condition that G is perfect is automatic, since we saw in Lecture 18 that
semisimple groups are perfect. However, the proof of that result from Lecture 18 used the main theorem
being proved today (Theorem 20.1), so we cannot use that theorem at this point. A similar remark applies
in the context of Prooposition 20.26 below.

Before proving Proposition 20.24, let us use it to get the proposition that is more readily applied towards
getting the lift SL, — G:

Proposition 20.26. Let G be a semisimple linear algebraic group over k, and let 7 : G — G be a universal
covering. Assume that G is perfect. If ¢ : G = G is a multiplicative isogeny, then there exists a unique
homomorphism a : G — G of linear algebraic groups such that ™ = ¢ o a:

/
a /

Q|<Tg‘)r

7/
}
a2

Proof, assuming Proposition 20.24. Since G — G is surjective and G is perfect, so is Gder = Gaer = G, so
that by dimension considerations, we easily get that Gge, is perfect as well.

Now that G is perfect, Proposition 20.24 applies, giving us a section s to the map pry: G xgG — G, and it
is easy to see that o = pr; o s works. This is represented in:

To see the uniqueness, suppose that o : G — G is another such lift. Then g — a(g)a’(g)~" is valued in the
finite central group ker ¢. In particular, the images of a and o/ commute with each other, so that a(a’)~! is
a homomorphism (I missed to mention this in the lecture). To show that a = ¢/, it is now enough to show
that any homomorphism G — ker a is trivial. But this is because ker « is finite of multiplicative type, while
G is smooth and connected. |

Now let us prove Proposition 20.24:

Proof of Proposition 20.24. First, a step I missed in the lecture. We may assume without loss of generality
that G’ is connected, which forces by rigidity that ker(G" — G) is central.

First consider the case where k is perfect. Then (G")? is a smooth subgroup of G’ (and not just a subscheme),
and it is immediate that 1/J|(G/)9cd : (G"Y, — G is a multiplicative isogeny. Since G is simply connected,
Ylano . is an isomorphism, and hence has a section, which is obviously a section to ¥ as well.

Now consider the case where G = Gger. The case where k is perfect tells us that for some finitely purely
mbeparable extension K/k, ¥y : GK — GK has a section, say sk : GK — GK If we can descent si to
amap s: G — @, then it would be immediate that s is a homomorphism and is a section to 1. Thus, it
suffices to show that fi=sk:Gxg — G'x, viewed after the composition with the base-change morphism
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G — G’ of schemes, descends to a morphism g := s : G — G’ of schemes:

pry
~ P ~
GrewK _Gg——=G

pry ‘
| g=s7
f=sK %

G/

By faithfully flat descent, it suffices to show that sx opr; = sx opr,. But sx o pr; and sx o pr, define two
sections to the map Gy x — Gie, K obtained by base-changing G — G along the map k < K PP

K ® K. Thus, it is now enough to show that any two sections to G/K®kK — Grae,Kk agree.

Since ker 1) is central by the assumption that G’ is connected, made at the beginning of the proof, any two
such sections, say s; and sg, differ by a map valued in ker(¢) kg, k- Thus, it now suffices to show that any
homomorphism GK®kK — ker(¢) kg, x 1s trivial. This corresponds to the intuition that a homomorphism
valued in an abelian group is trivial on the perfect group G, but the difficulty is that G = Gge refers to the
derived group of the algebraic group G, so for a K ®; K-algebra R, C}der(R) may not be the commutator
group of G(R) However, we now use the following fact, which we again blackbox (this may have been stated
without proof in the notes for Lecture 15):

Blackboxed fact. Gder(R) C G(R) is the subgroup consisting of precisely those elements that belong to
[G(R"), G(R")] for some faithfully flat R-algebra R'.

For some explanation as to why this fact is true, see Corollary 6.19 of Milne’s book (with the confession that
I haven’t read this part of the book carefully).

This fact, and the fact that G = Gder, forces every homomorphism GK®kK — (kerY) ke, x C Zg' to be
trivial, finishing the proof of the proposition. O

20.6. Putting it together.

Proof of Theorem 20.1. By Corollary 20.13, we got a multiplicative isogeny ¢ : G — PGLy. Combining
Lemma 20.23 and Proposition 20.26, and using that PGLs is perfect, we conclude that the obvious map
m : SLy — PGLy lifts to a map a : SLy — G such that 7 = ¢ o a. Since 2 = deg(m) = deg(y) deg(a)
(use Lemma 20.20 for this last equality), it follows that either deg(¢) = 1 or deg(a) = 1. In the first case
¢ : G — PGLy is an isomorphism, and in the second case o : SLy — G is an isomorphism. Thus, G is
isomorphic to SLy or PGLs, as desired. |

21. LECTURE 21 — THE P()\) ARE PARABOLIC SUBGROUPS, AND THE NORMALIZER THEOREM

21.1. The subgroups P(\), M()\),N()\) C G. Let G be a smooth connected linear algebraic group over k.
Recall that for a cocharacter A : G,, — G, we had smooth connected subgroups P(\), M(\),N(XA) C G, with
P(A) := N(A) x M()\), given by:

P(\) = {g € G| lm A()gA(£) " exists}, M(A) = Ca(A(Gn)), and  N(\) = {g € G | lim A(H)gA() ™" = e}.

At the level of Lie algebras, if g(A\,n) C g, for n € Z, denotes the subspace where G,, acts via Ad o\ with
weight n, we have:

(66) P =9(X>0):=Pos(\in), mA) =g(}0), and n(\)=EPa\in).

n>0 n>0
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Recall from Lectures 17 and 18 that for a split reductive group (G, T), we had thesubsets ®(G,T) C X*(T)
and ®Y(G, T) of coroots, so that:
g = t EB @ uCt;

aed(G,T)
and that for each a € ®(G, T), we had exponentiated the root subspaces u, into root subgroups U, C G,
etc.

Remark 21.1. The following fact will be very helpful to us in this lecture:
Fact: If H C G is a smooth connected subgroup normalized by T, then H D U, if and only if D u,.

Lemma 21.2. Suppose (G, T) is connected reductive, and that A\ € X,(T) = Hom(G,,,T) C Hom(G,,,G).
Then:

(67) p(A) =td @ Uy, mA)=td @ Uy, and  n(A) = @ Uy,

a€D(G,T) a€®(G,T) a€®(G,T)
{a,\)>0 (a,A\)=0 (a,A\)>0

while

(68) PA) =(T,U, |a € ®(G,T),{a,A) >0), M(N\ =(T,U, |aec®G,T), (A =0),

N = (U, | a € &(G,T), (e, A} > 0)
(here, (A, B, ...} is also used to denote the subgroup generated by A, B, ... ).

Proof. (67) is an immediate consequence of (66).

To see 68, we first note that for each of the three equalities in it, the containment “O” follows immediately
from (67) and the fact that P(X\), M(XA) and N(X) are smooth and connected (see the fact from Lecture 18,
recalled in Remark 21.1).

To see that the containment P(A) D (T, U, | @ € ®(G,T), (o, A) > 0) is an equality, note that both groups
are smooth connected subgroups of G: the former by Lecture 12, and the latter because each T and U,
are smooth connected (implying, by a general fact from Lecture 15, that these generate a smooth connected
subgroup of G). Therefore, the equality of these groups follows from the equality of their Lie algebras, which
follows from (67). This shows that the first equality of (68) holds. Similarly, the latter two hold too. O

Corollary 21.3. Let (G, T) be a split reductive group over k, and let A\, € X.(T) C X.(G). Then:

(i) P(A) =P(N) if and only if for all « € ®(G,T) we have:
{a, Ay >0 = {a, \) >0

(or equivalently with >’ replaced by ‘< 0’).
(i) More generally, P(X) D P(XN) if and only if for all o € ®(G,T) we have:

(a,\) > 0= {(a,\) >0
(or equivalently with > 0’ replaced by ‘< 0’).

Proof. Tt is immediate that (ii) implies (i), so it suffices to prove (ii).

The assertion with ‘< 0’ follows from that with ‘> 0’ by replacing « with —a. Thus, the given condition is
equivalent to saying “(c, \') > 0 = {(a, A) > 07, or equivalently by (67), to p(A) D p()\). Combining with
(68), this in turn is equivalent to P(A\) D P()\), giving (ii). O

The result of Corollary 21.3 can be interpreted in terms of a hyperplane arrangement in X, (T) ® R. Namely,
notation as in the corollary, for a € ®(G,T), define a hyperplane H, C X,(T)g := X.(T) ® R by:

Hy = {\€ X.(T)z | (&, \) = 0}.
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The hyperplanes H, C X.(T)g, each passing through 0, divide X, (T)g into many regions. More explicitly:

Definition 21.4. Let (G, T) be split reductive over k.

(i) Define an equivalence relation ~ on X, (T)g as follows: A ~ X\ if and only if for each a € ®(G, T)
we have:

(@, \) >0 <= (a,\) >0, (,A\)=0 < (a,N)0, and (a,\) <0 <= (a,\) <.

In other words: A ~ ) if for each of the hyperplanes H,, A and )\ are either both on H,, or both
on the same side of H,.
(ii) Call each equivalence class in X, (T) @ R a ‘facet’. Note that each facet in X.(T) ® R is convex, and
hence path connected, and hence connected. Note also that for A\, N € X, (T):
e Corollary 21.3(i) can be interpreted as saying that P(\) = P(\) if and only A\, \’ belong to the
same facet.
e While we won’t get into the details, Corollary 21.3(ii) can be interpreted as saying that P(\) D
P()) if and only if the facet containing A lies in the closure of the facet containing A’. One can
make analogous assertions involving the M(\) and the N(\).
(iii) Using this observation, we can now define P(\), M(A) and N(A) for all A € X,(T) ® R, and not
just for A € X, (T): using that the H, are ‘defined over X,(T) ® Q, one can see that there exist
X € X.(T) that belongs to the same facet as A, and then set P(\) = P(\),M(A) = M(X), and
N(M\) = N(X). Thus, the formulas of (67) and (68) hold with A € X.(T) @ R as well:

pA) =ta @ Uy, mA)=tD @ Uy, and n(A\) = @ Ue,
a€®d(C,T) @€d(C,T) a€®(C,T)
(a,A\)>0 (a,\)=0 (a,\)>0

P(\) = (T, U, | & € B(G, T), (@, ) > 0), M(\) = (T, Uq | a € B(G,T), {a, \) = 0),
N(A) = (Uq | @ € &(G,T), (a, ) > 0).

Further, one still has P(A) = N(A) x M()), ete. If A € X.(T) @ Q, so that nA € X, (T) for n > 0, it
would be equivalent to define P(A) = P(n\), M(A\) = M(n\), andn N(A) = N(nA).

(iv) A Weyl chamber in X, (T) ® R is a facet of maximal possible dimension, 42 i.e., dimension equal to
X.(T) ® R. Equivalently, it is a facet that is open in X, (T) ® R.

(v) We say that A € X,(T), or A € X, (T) ® R, is said to be regular if A belongs to a Weyl chamber.
It follows from (iii) above that A is regular if and only if M(A) = T. Thus, in case A € X, (T), A is
regular if and only if the inclusion T C Cg(A(Gy,)) is an equality.

21.2. Remarks on the facet decomposition. One can show, but we will skip the verification, that the
terminology ‘facet’ above is appropriate, and that various compatibilities are satisfied by the above picture.
For instance, one can show that:

e The closure of a facet is a union of that facet together with facets of the smaller dimension;
o If Iy, F3 are two facets and Py, Py C G are the associated parabolic subgroups, then Py C Py if and
only if Fy C F5.

42e.g., this facet can be shown to be open inside its linear span, so that the notion of dimension makes sense
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*
*
*

The picture to the left in the above diagram is the facet decomposition of X, (T) ® R, where:

(

*
* * %

*
S~——

*

e T is the diagonal maximal torus of G = SL3, as a plane R? such that a W (G, T)-invariant inner
product on X,(T) ® R identifies with the standard Euclidean inner product on R2.

e The ‘inner’ circle of parabolic subgroups correspond to the Weyl chambers, i.e., facets of maximal
dimension (in this case 2), which correspond to Borel subgroups. In the picture, each Borel subgroup
is written in the corresponding Weyl chamber. in which they are visibly situated: these are all Borel
subgroups.

e The ‘outer’ circle of parabolic subgroups correspond to the half-rays, which are facets of the sub-
maximal dimension 1. At the end of the depiction of each such half-ray is marked the corresponding
non-minimal parabolic subgroup.

e That leaves the facet of dimension 0, which is the origin. The corresponding parabolic subgroup is
the whole of G, and is not marked.

e Note that in the picture, you can ‘see’ the relation: “P; C P5” if and only if the facets F} and Fj
corresponding to Py and P, satisfy F;, C F;. Note also that the parabolic subgroup corresponding to
a given facet F' is generated by the parabolic subgroups corresponding to those facets that contain
F' in its closure.

e The picture to the right doesn’t capture facets, but only the linear spaces spanned by them; let us
call them facet-spans; this is temporary and highly non-standard terminology. Each such facet-span
is the closure of an equivalence class for the relation: “\ ~ X if and only if M(A) = M(X).” Thus,
A — M(]) is constant on an open dense subset of a facet-span W. For those of the W that have
dimension 1, the corresponding M(A) is marked in the picture. However, the M()) corresponding
to the span of the dimension 0 facet, i.e., the origin, which is the whole of G, and is not marked.
Neither is marked the M(A) corresponding to the span of the Weyl chambers, which is just T.

e We also have various inclusions that one might expect: a facet-span W corresponding to a subgroup M
(i.e., M(A) = M for all X in an open dense subset of W) is contained in a facet-span W’ corresponding
to the group M’ if and only if M’ C M.

e We will see below that M(\) is what is called a Levi subgroup of P()\), as defined in Definition 21.9.
Though we will not discuss in this lecture, each parabolic subgroup of G containing T has many Levi
subgroups, but a a unique one that contains T; sending a facet to its span is what captures assigning
to a parabolic subgroup that contains T its unique Levi subgroup that contains T.

e These constructions are of course made for a fixed T, but one can patch these constructions as
T varies, to get a ‘vectorial building’ of G. But a more popular object is the so called spherical
building of G, a polysimplicial complex on which G(k) acts, where one patches the ‘unit spheres’
of such X, (T) ® R. From this perspective, at least for those A that correspond to a point = on the
spherical building, P(\)(k) is simply the stabilizer of « for the action of G(k). Facts such as the
Bruhat decomposition can be read off from the action of G(k) on this building.
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Proposition 21.5. Let (G,T) be split reductive. Sending A € X,.(T) @ R to P(\) defines a W(G,T) =
W (G, T)(k)-equivariant bijection:

bijection
—

{Weyl chambers in X, (T) ® R} {Borel subgroups of G containing T}.

Moreover, the action of W(G, T) on either side is transitive.

Proof. First, let us see that P(\) is a Borel subgroup for each regular A € X, (T) ®g R. For this assertion
alone, we may and do assume that k = k. It is immediate that P()) is solvable: N(\) being unipotent
is solvable, while M()) is solvable by the regularity of A (see Definition 21.4(v)). Suppose there existed a
smooth connected solvable subgroup H D P()). Then by dimension considerations and the fact that T C H
normalizes H, we get that LieH D u_,, for some « such that {a, A) > 0, in addition of course to U, C P(\).
Therefore, H D U,, U_,, (the fact from Lecture 18 recalled in Remark 21.1). Thus, H contains the subgroup
of G generated by U, and U_,, which we have seen to be isomorphic to Gq der = SL2 or PGLy. Thus, H
cannot be solvable. Thus, P(\) is a maximal solvable smooth connected solvable subgroup of G over k. The
same argument applies after base-changing to k, and shows that P(\) C G is a Borel subgroup.

Now, for the map to be well-defined (resp., injective), we need that P(\) = P(X') if (resp., only if) A, N
belong to the same Weyl chamber. This is given by Corollary 21.3(i).

The W (G, T)-equivariance is clear since we have seen in Lecture 18 that the map N(G, T)(k) — W (G, T)(k)
is surjective.

For the surjectivity, recall from Lecture 19 that the action of W(G, T)(k) on the set of Borel subgroups of
Gy, containing Ty, is transitive. This is actually enough to yield the surjectivity, since we had seen that the
map W(G,T)(k) - W(G, T)(k) is an injection. O

Note that the argument at the end of the proof of Proposition 21.5 shows:

Corollary 21.6. IfB C Gy, is a Borel subgroup containing Ty, then B is defined over k, i.e., there exists a
Borel subgroup B C G, necessarily unigue and containing T, such that B, = B.

Corollary 21.7. For any (not necessarily reqular) A € X, (T) @ R, P(\) C G is a parabolic subgroup.

Proof. There exist A € X, (T)®R that are arbitrarily close to A, and regular: a finite union of hyperplanes in
a real vector space is nowhere dense. If A’ is close enough to A, we can ensure that (o, A) > 0= (o, \) > 0.
Thus, P(\) contains P(\') (by Corollary 21.3(ii)), which is a Borel subgroup by Proposition 21.5, so that
P(A) C G is a parabolic subgroup. O

Remark 21.8. Note that:

e N(A) C P()) is a smooth connected unipotent subgroup; and

e M(}) is reductive: assuming A € X, (T)® Q without loss of generality (the facets all have Q-points),
we have M(\) = M(nA) = M((nA\)(G,)) = Ca((nA)(G,y,)) for all positive integers n that are divisible
enough to ensure that nA € X, (T), and Cg((nA)(Gy,)) is reductive since we had seen in Lecture 18
that the centralizer of a torus in a connected reductive group is reductive.

Thus, the parabolic subgroup P(\) is never reductive unless P(\) = G. In fact, P(A) = N(\) x M()).

Remark 21.8 puts us in the situation of the following definition (I hope this is not inconsistent with the one
given in Conrad’s notes, where he refers to a subgroup H C G such that Hy — G /R, Gy, is an isomorphism):

Definition 21.9. Let G be a linear algebraic group over k.
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(i) (Non-standard terminology; misguidedly given just as ‘Levi subgroup’ in the lecture.) A ‘strong’ Levi
subgroup of G is a reductive subgroup H C G such that the map H — G /R,, G is an isomorphism.
Note that this automatically forces that (R, G); = Ry, Gj, and also gives a decomposition G =
R, G x H, realizing G as a semidirect product of a unipotent group and a reductive group.

(ii) (From Conrad’s notes) A Levi subgroup of G is a subgroup H C G such that H — Gz /R, Gg is an
isomorphism.

Remark 21.10. (i) It is a result of Mostow that any algebraic group over a field of characteristic zero
has a Levi subgroup. However, this is not true over characteristic p. See Appendix H of Conrad’s
notes for a discussion of an algebraic group “SLo(Ws(k))” over characteristic p, using the truncated
Witt vectors, that does not have a Levi subgroup, and the book ‘pseudo-reductive groups’ for more
details.

(i) If K/k is a purely inseparable quadratic extension, then G,, C Resg/; Gy, is a Levi subgroup as
per the second definition, but Resg /i G, does not have a Levi subgroup as per the first definition.
Hence the second definition is stronger than the first.

Given the general absence of Levi subgroups in characteristic p (Remark 21.10(i)), and the fact that the
geometric unipotent radical does not always descend to k, the following corollary is not at all unremarkable:

Corollary 21.11. If A € X, (T) ® R, then R, P(\) = N(X\), and M()) is a Levi subgroup of P(\).
Proof. This was observed in Remark 21.8. (]

21.3. The normalizer theorem and some consequences. In this subsection, we finally prove the nor-
malizer theorem and draw some consequences. This theorem is the famous and important theorem of
Chevalley, according to which Ng(B) = B if B is a Borel subgroup of a smooth connected linear algebraic
group G. We had postponed this discussion until we really needed it (to the best of our knowledge).

There are two steps in the proof:

e Show that Ng(B) is smooth; here we will follow the proof given in Milne’s book/Poonen’s notes.
e Assuming that k = k, show that Ng()(B) = B; here we will follow Springer’s proof.

A word about Springer’s proof. A distinguished mathematician told me that Springer once told him that
the normalizer theorem was not a difficult theorem any more, but modestly refraining from mentioning that
it was he who had simplified the proof, that used to be much harder. It is Springer’s proof that has been
followed in other sources such as Milne’s book, Conrad’s notes, Poonen’s notes by Achenjang, etc.

Let us do the first step:

Proposition 21.12. Let G be a smooth linear algebraic group over k, let T C G be a mazimal torus (recall
that this means that Ty, C Gg is a mazimal torus). Let H C G be a smooth subgroup that contains the Cartan
subgroup Ca(T) € G. Then Ng(H)? = H°, so that in particular H is smooth.

Proof. Suppose we can show that the inclusion Lie H < Lie Ng(H) is an equality. Then we will get:
dimH = dim LieH = dim Lie Ng(H) > dim Ng(H) = dim H

(where the first equality is because H is smooth). This would then give that dim LieNg(H) = Ng(H), so
that Ng(H) is smooth, and then also that Ng(H)? = H.

Thus, let us show that LieNg(H) = LieH. Since Lie Ng(H)/ Lie H injects into Lie(Ng(H)/H) (tautologi-
cally), it is enough to show that Lie(Ng(H)/H) is trivial. But Ng(H)/H < G /H is contained in (G /H)H
(the fixed points for the left-multiplication action of H on G /H), so now we are reduced to showing that
Lie((G /H)®) = 0, which will follow if we show that (g/h)" = (Lie(G /H))! = 0, and hence also if we
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show that (g/h)T = 0. Since (g/h)T = gT/hT by the linear reductivity of T, this will follow if we show
that g7 = hT. This in turn follows from the fact that, using again the linear reductivity of T, we have
g = LieCg(T) C b. O

Now we state and prove the normalizer theorem:

Theorem 21.13. Let G be a smooth connected linear algebraic group over k, and let B C G be a Borel
subgroup. Then Ng(B) = B.

Springer. Without loss of generality, we may and do assume that k = k. We know from Proposition 21.12
that Ng(B) is smooth, so it suffices to show that Ng(B)(k) = Ng)(B) equals B(k).

Thus, let n € Ng(B)(k), and let us show that n € B(k). We will use induction; thus, assume that the
result is known if G is replaced by a smooth connected linear algebraic group of smaller dimension. Fixing a
maximal torus T C B (which is automatically also a maximal torus of G), we have T,nTn~! C B, so that
T =bnTn b for some b € B(k). Replacing n by bn, we may and do assume that n normalizes T.

Let ¢ : T — T be given by ¢(t) = ntn=! - t~1. Clearly, ¢ is a homomorphism. Let S = (ker )%, C T, a
subtorus. There are the following cases:

Case 1. S is nontrivial, and contained in Zg. In this case, we can consider the Borel subgroup B/S C G/ S.
The image 7i of n in (G/S)(k) normalizes B /S, so that n € (B/S)(k), which forces n € B(k) (since
ScTcB).

Case 2. S is nontrivial, but not contained in Zg. In this case, n € Cg(S)(k), and normalizes Cg(S) N B,
which we saw in Lecture 19 to be a Borel subgroup of Cg(S). Thus, by induction, n € Cp(S)(k) C B(k), as
needed.

Case 3. S = {1}. This is the main case. Thus, ker ¢ is finite, and hence by dimension considerations
»(T) = T. Choose, using Chevalley’s theorem from Chapter 8, a representation p : G — GL(V') and a line
L C V such that Ng(B) = Stabg(L). Thus, n and T act by scalars on L, so that ¢(T) = T acts trivially
on L. Moreover, U := R, B, being unipotent, acts trivially on L too. Thus, B = T U fixes any nonzero
vector v € L, so that the orbit map G — V given by g — gv factors through the map G/B — V from
the complete variety G /B to the affine space V', and is hence constant. This means that G = Ng(B), i.e.,
B C G is normal, which makes G /B is affine. Thus, G /B is both affine and projective, so that G=B. O

Now we derive several corollaries; the first is Chevalley’s theorem that parabolic subgroups are self-normalizing.

Corollary 21.14. Let G be a smooth connected linear algebraic group over k, and let P C G be a parabolic
subgroup. Then P is connected, and Ng(P) =P.

Proof. Recall that by definition, a parabolic subgroup is assumed to be smooth (but not a priori connected).
Without loss of generality, we assume that k = k. It follows easily from Proposition 21.12 that Ng(P) and
N¢(P?) are smooth. Note that P° ¢ P € Ng(P) C Ng(P"), since these containments hold at the level of
k-points. Therefore, it suffices to show that P’ = Ng (PO): in other words, we may assume that P = P is
connected.

By the smoothness of N (P), it suffices to fix n € Ng)(P) and show that n € P(k). Let B C P be a Borel
subgroup; note that Borel subgroups of P are precisely the Borel subgroups of G that are contained in P.
Since B,nBn~! C P, there exists p € P(k) such that B = pnBn~!p~!. This means that pn normalizes
B, so by the normalizer theorem (Theorem 21.13) we have pn € B(k), forcing n € P(k)B(k) = P(k), as
desired. ]
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Corollary 21.15. Let (G, T) be a split reductive group over k. Then the action of W (G, T)(k) = Ng(T)(k)/ T(k)
on the set of Borel subgroups of G containing T is simply transitive (thus, by Proposition 21.5, the action of
W (G, T)(k) on the set Weyl chambers in X,.(T) @ R is well-defined too).

Proof. We have already seen the transitivity, so it is enough to see that this action is simple. In other words,
it is enough to show that Ng(T)(k) N Ng(B)(k) C T(k). By the normalizer theorem (Theorem 21.13), this
intersection equals Ng(T)(k), so it is enough to see that Ng(T) = T. This is so because, if n € Ng(T), then
for all t € T we have ntn~'t=* € R, BNT = {1}, so that n € Cg(T) = T. O

Remark 21.16. Now we can regard the Weyl group W (G, T) = W(G, T)(k) of a split reductive group (G, T)
over k as a subgroup of Aut(X*(T)). Another subgroup of Aut(X™*(T)) that we have already considered
is the Weyl group W(R) of the root datum R := (X*(T),®(G,T), X.(T),®Y(G,T)) of G. We have seen
that W(R) C W(G,T): this was because W (R) is generated by the reflections s, as a varies over ®(G, T),
and we had exhibited a particular ‘antidiagonal’ representative for s, in Gg, der(k) = SLa(k) or PGLy(k)
(choosing a suitably torus-compatible isomorphism). Since the action of W(G,T) on the Weyl chambers is
simply transitive, so is the action of W(R) C W(G, T). In Lecture 22, we will see:

The action of W(R) on the Weyl chambers in X, (T) ® R is simply transitive,
so the inclusion W(R) C W (G, T) is an equality.

Corollary 21.17. Let G be a smooth connected linear algebraic group over k =k, and let B C G be a Borel
subgroup. Then the obvious map

{Parabolic subgrups of G containing B} — {Parabolic subgroups of G}/G(k)-conjugacy.

is a bijection. In other words, any parabolic subgroup of G has a unique conjugate that contains B.

Proof. Since the Borel subgroups of G are precisely the minimal parabolic subgroups, and are all conjugate to
each other under G(k) = G(k), any parabolic subgroup of G has a conjugate that contains B. It now suffices
to show that if P, Q C G are parabolic subgroups that both contain B, and if there exists g € G(k) = G(k)
with gPg~! = Q, then P = Q. Now B, gB g~ are Borel subgroups of Q, so there exists ¢ € Q(k) such that
q9B g~ tq~! = B. Therefore, by the normalizer theorem, we have qg € B(k) C Q(k), so that g € Q(k), so

that P=¢"1Qg=Q. |

21.4. The variety of Borel subgroups (and varieties of parabolic subgroups). The normalizer
theorem essentially tells us that g B — gBg~! is ‘bijective’, and hence lets us view G /B as the variety
of Borel subgroups of G. More generally, given Corollary 21.14, we can view G /P as the variety of those
parabolic subgroups of G that are G(k)-conjugate to P (later view will see that two G(k)-conjugate parabolic
subgroups are actually G(k)-conjugate).

The original form in which the following proposition was given in the lecture was quite clumsy; thanks to
Mohit’s comment, we have the following improved statement as well as proof.

Proposition 21.18. Let G be a connected reductive group over k, and let P C G be a parabolic subgroup.
There exists a unique (up to unique isomorphism) variety X over k, together with a transitive action of G,
such that for any field K containing k, sending x € X(K) to its stabilizer in G gives a bijection from X(K)
to the set of parabolic subgroups Q C Gx such that Pg and Qg are G(K)-conjugate.

Proof. (G /P,eP) is the unique pair consisting of a variety over k with a transitive G-action, and a point
whose stabilizer is P. This gives the uniqueness of X up to a unique isomorphism (there is a unique G-
equivariant isomorphism from G /P to X that takes eP to the unique point in X(k) whose stabilizer is
P).
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Note also that X is independent of P, in the sense that replacing P with another parabolic subgroup @Q such
that Pj; and Qg are conjugate gives rise to a canonically isomorphic variety, because either variety has a
unique k-rational point whose stabilizer is P.

For the existence, let us show that G /P satisfies the given conditions. For this, since (G /P)x = G / Pk,
we may assume without loss of generality that K = k. If z € (G /P)(k), then Q := Stabg(z) is a parabolic
subgroup such that Qy, is G(k)-conjugate to Py: use that (G / P); = G / Py. Ifz,y € (G /P)(k) C (G /P)(k)
and x # y, then Stabg(Z) # Stabg (9) (if we write g-x = y with g & Stabg(z)(k), then g does not normalize
the parabolic subgroup (Stabg(z)); C Gy either).

It remains to see that if Q C G is a parabolic subgroup such that Q; = gPj g~! for some g € G(k), then
Q = Stabg(z) for some x € (G /P)(k). For this, it is enough to show that g P € (G /P)(k) actually belongs
to (G/P)(k). For this, consider Transps(P,Q) C G, where we consider the conjugation action of G on
itself. This is a torsor under Ng(P) = P, and hence smooth, so that it has a k**P-rational point. Thus, we
may assume without loss of generality that g € G(k*P). Now it suffices to see that for all o € Gal(k*P/k),
0(gPrser) = gPrser € (G /P)(k*P). In other words, it is enough to see that g~'o(g) € P(kP), which follows

from the fact that g Pgser g7! = Qpeen, and both Pyser and Qysep arise by base-change from P, Q. O
Remark 21.19. (i) In the lecture, I described the variety of Proposition 21.18 as:
1%11((} / Q)

where for two such parabolic subgroups Q, Q" with Qg, Q;; conjugate to Pg, there is a unique tran-
sition map between G /Q and G /Q’, obtained by descenting from k the unique Gg-equivariant
morphism G /Q; — G /Qf given by right-multiplication by g, for any g € G(k) such that
g7 1 Qg = Qf: it is immediate that such a transition morphism is independent of g € G(k), and
easy to see that it descends to a morphism G /Q — G /Q'. The inverse limit construction does not
physically do things to the variety; it is just to make it independent of the choice of P.

(i) When G = GL(V) for a finite dimensional vector space V' over k, note that the variety of Borel
subgroups of G identifies with the flag variety of V. Note also how the description of the flag variety
does not make any reference to a particular choice of a Borel subgroup.

22. LECTURE 22 — BASIC RESULTS CONCERNING ROOT SYSTEMS, WEYL CHAMBERS ETC.
22.1. Today’s aim, general remarks and review of the current situation.

22.1.1. The aim of today’s lecture. One of the main aims for today’s lecture will be to study root data and
root systems, and conclude the following:

The Weyl group of a root datum/root system acts simply transitively on its Weyl chambers.
This will let us see that, if (G, T) is split reductive, then W (G, T) is also the Weyl group of the associated
root datum (X*(T),®(G, T), X.(T),®(G,T)).

Our main reference here will be Humphreys’ book “Introduction to Lie Algebras and Representation Theory”.

In the above, Weyl chambers for root data or for root systems are defined exactly as for groups:

Definition 22.1. For aroot datum (X, ®, XV, ®V), or a root system (V, ®), a Weyl chamber is an equivalence
class in XV ®@ R or in V, for the equivalence relation according to which A\ ~ X if and only if for every root
a € P, (o, \) and (o, \') are either both zero or both positive or both negative.

Notation 22.2. (i) Convention: Today, and until further notice in future lectures, all root data and
root systems will be assumed to be reduced.
(ii) If « is a root in a root datum or a root system, s, will denote the associated reflection, so that
sa(r) =2 — (z,0")an.
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22.1.2. Some general remarks. When we pass along
{Reductive groups} ~» {Root data} ~» {Root systems} ~~ {Weyl groups},
we lose information in each step. Or, say assuming that we are in characteristic zero, as we pass along:

{Reductive groups} ~» {Lie algebras} ~» {Root systems} ~» {Weyl groups}.

For instance, consider the last step above. A root system has roots, which are points in a vector space or a
Euclidean space, as well as hyperplanes about which one considers reflections. These reflections are required
to preserve the roots. But one can forget about roots and simply study finite reflection groups: e.g., the root
systems of Sp,,, and SOg,11 have the same ‘hyperplane arrangment’, and hence the same finite reflection
groups: to distinguish them, the position of the roots (more precisely the e; of the SO, 11 vs the 2¢; of the
Sp,,,) needs to be remembered. On the other hand, just thinking of finite reflection groups also leads to a
larger set of groups than simply Weyl groups of root systems; e.g., arbitrarily large finite dihedral groups are
finite reflection groups, but those are not associated to root systems except for certain small cardinalities.

Some of the results we will today could also be proved in the context of finite reflection groups/Coxeter
groups, but we will certainly not attempt maximum possible generality on this count.

Each of these objects can be studied in their own right. In this lecture we will study a bit about root
data/root systems.

22.1.3. The current situation. In Lecture 21, we defined an equivalence relation on X,(T), according to
which A ~ X if and only if for each root o € (G, T), (o, A) and (&, \') had the same sign or were both zero,
which gave us a ‘facet decomposition’ of X, (T) ® R. This also meant: A\ ~ A if and only if P(A\) = P()\).
We also saw that A — P()\), on restricting to ‘regular’ A, gives a bijection:

{Weyl chambers in X.(T) @ R} bijection

and that more generally P()\) is a parabolic subgroup for each A € X, (T).

{Borel subgroups of G containing T},

22.1.4. Root data vs root systems. Today we will mostly study a given root datum (X,®, XV, ®V), and
abbreviate X ® R to V. However, it will be implicitly understood that simultaneously, our discussions will
also apply to any root system (V, @), though we will keep talking of root data instead; the translation involves
thinking of V as X ® R etc.

22.2. Definition of bases.

22.2.1. The definition of bases. In Lecture 21, when we showed a picture of a facet decomposition of X, (T)®
R, we did not show the roots, partly because the roots live in X*(T) ® R, and partly because that would
clutter the diagram: the facets are not naturally spanned by roots, but by hyperplanes on which sets of roots
vanish. Now we would like to study roots in

Suppose G = SL(V), where V is a n-dimensional vector space over k, and identify G with SL,, using an
ordered basis for V.

Now note:
o As in earlier lectures, with standard choices, we can identify ®(G,T) = {e; —e; | i # j}, which is
complicated. However, there is a particularly simple subset:
a1 = €1 —€2,...,0p = €p_1 — €n,

and every e; — e; has a particularly simple expression in terms of these.
e If B C G is the subgroup of upper triangular matrices, U, C B if and only if « is a positive linear
combination of e; — eg,...,€,_1 — €.
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X*(T)eR X.(T)®R
H) 1+ H,, (ie, a3 =0)

—ay ay +az

—(a1 +az) a) =“e; —ep”

FIGURE 1. The ‘standard base’ {a1, as} for SLs, and its corresponding Weyl chamber

We would like to study subsets of ®(G,T) that generalize these observations:
Definition 22.3. Let R = (X, P, XV, ®V) be a root datum. A base for R is a subset A C ® such that:

(a) A is a basis for Spang(®) C V; and
(b) Each root 3 € ® can be written as ) . A naq, where either all the n,, are positive, or all the n, are
negative.

Equivalently, every o € ® can be uniquely written as » ;N with the « distinct elements of A, and where
either all the n; are positive, or all the n; are negative.

It is not at all obvious that bases exist. We would like to show that they do, and that they are in one-one
correspondence with Weyl chambers, and hence with Borel subgroups containing T in case our root datum
arises from a split (G, T). For instance, the basis e; — es,...,e,-1 — €, in the SL,-case should correspond
to .

22.2.2. The example of SLs. We saw above that for SL,,, we have a basis {e; —ea,...,ep—1 —e,} C ®. Let
us study this basis in the case of SL3, namely {a1, a2} C ®.

Let us explain the above picture:

e It shows X*(T)®R and X, (T)®R; while we haven’t identified these spaces, we have secretly aligned
them as dictated by an identification between these involving a Weyl-group-invariant inner product.
This is why the a; (= “e; — e2”) in the left picture is perpendicular to the line marked H,, in the
second picture, and the as (= “e3 —e3”) in the first picture is perpendicular to the line marked H,,
in the second picture.

e The lines H,, and H,, in the right-picture enclose an ‘acute angled’ region; this is a choice of a
Weyl chamber. A is a choice of a point in this Weyl chamber.

e In the left-picture, the dashed line H) is the vanishing hyperplane of A\. The fact that X is in the
Weyl chamber corresponds, in a sense we will see later b elow, to the fact that the obtused angled
cone spanned by a1, as is entirely on one side of H).

e The angle between o and as is 120 degrees, because we have:

(a1, 9)
(a2, az)
where 6 is the angle between oy and aso, because oy and «so have the same length (since they are

in the orbit of (123) € S3 = Weyl group). Here, we recall that (-,-) stands for the pairing between
X*(T)®R and X, (T) ® R, while (-,-) stands for the Weyl group invariant inner product chosen.

-1 ={aj,ay) =2 = cos b,
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22.2.3. Strategy for constructing and understanding the bases. Some important observations, which as we
will soon see have generalizations of fundamental importance to root systems, are:

(i) The angle between o and «s is 120°, which is obtuse. This holds more generally in the SL,-example:
for all i # 7, (e; — ei+1,€; — e;j41) equals —1 (if ¢ = j) or 0 (if ¢ # j).

(ii) In the right-picture, the angle between the vanishing hyperplanes H,, and H,, is acute

(iii) In the SL,-example, though the e; — e;41 are staggered being pairwise at obtuse angles from each
other, they also lie on the same side of some hyperplane; in our case, for any A € X,(T) ® R that
belongs to the Weyl chamber {(ai,...,a,) | a1 > ...a,} that corresponds to the standard upper
triangular Borel subgroup, they are on the same side of the hyperplane in X*(T) ® R defined by
Ae X (T)®R.

(iv) The set of all bases of SL3 can be obtained by symmetries from the base {a1, as}; cheating just for the
sake of getting the bases, we may replace this symmetries by successive anti-clockwise rotations by an
angle of 60°: %3 apart from {a, s}, they are: {a)+as, —a1}, {as, —(a1+a2)}, {—a1, —as}, {— (a1 +
as), a1} and {—ag, a1 + as}.

(v) The picture shows one way to describe the ‘standard base’ {1, as}: choose a A in the ‘standard Weyl
chamber’ as in the picture on the right, let H) be the vanishing hyperplane as in the left picture,
consider the set ®*(\) of roots that belong to the ‘positive half-plane’ (in this case containing
aq,a,01 + a3), and, in the cone spanned by ®*()\), choose the ones that belong to the ‘extremal
rays’. Or equivalently, those in ®*()\) which cannot be expressed as a sum of others in ®*(\).

Remark 22.4. Thus, today, in X*(T) ® R, we will be full of obtuse angled cones (corresponding to bases),
and X, (T) ® R will be full of acute angled cones (corresponding to Weyl chambers). However, there are
also contexts where X, (T) ® R is full of acute angled cones and X*(T) ® R: this is the context where one
considers coroots a¥ € X, (T) in place of roots a € X*(T), and weights x € X*(T) in place of cocharacters
A € X, (T). In this different context, which we will not consider today, a ‘Weyl chamber’ will instead be in
X*(T) ® R, and the elements of X*(T) belonging to a Weyl chamber will be the ‘dominant weights’ that
parameterize representations of G.

22.3. The bijection between Weyl chambers and bases — statement. Let (X, ®, XV, ®V) be a root
datum. In this subsection, we would like to use the ideas in Subsubsection 22.2.3(v) to prove the existence of
bases, and realize them as in bijection with the Weyl chambers. This motivates the following construction.

Construction 22.5. Let (X, ®, XV ®V) be a root datum, and let A € XV ® R be regular; thus, A € C for
some Weyl chamber C C XV ® R. Then we define:

[}
TN =0T (C)={aec®|(x,\) >0} ={a€®|alc >0},
and
O N=2 (C)={ae®|(a,\) >0} ={ae®]|a|c <0}
e A(N\) = A(C) ={a € &T()\) | a is indecomposable in ®T ()}, where the condition on « translates

to saying that we cannot write & = oy + g for any ay,az € ®T()\). This is the way of capturing
‘extremal rays’ in the cone spanned by ®*(\) = @ (C).

Definition 22.6. (i) If C as in Construction 22.5 is understood, we will write @, ®~ and A instead of
Pt (C),® (C) and A(C). The elements of @, ®~ and A will respectively be called ‘positive roots’,
‘negative roots’ and ‘simple roots’. In this case, instead of saying that o € ®* or that a € ®~, we
will simply say > 0 or a < 0.

(ii) We will refer to ®+(C), for any Weyl chamber C, as a positive system of roots in ®. Note that
® = &+ U ®~ for any positive system ®+ C ®, where &~ := —d+.

430 say ‘cheating’ because the Weyl group is not cyclic.
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Theorem 22.7. Let R = (X, ®, XV, ®V) be any root datum. ** Construction 22.5 gives us bijections
{Weyl chambers for R} <»<> {Bases for R}.

We will prove this theorem in a later subsection. For now, let us note a consequence for split reductive
groups:
Corollary 22.8. Let (G, T) be a split reductive group over k, and set R := (X*(T), ®(G, T), X.(T),®V(G, T)).
Then we have a bijection:

{Bases for R} <> {Positive systems for R} <> {Borel subgroups of G containing T},

where the first bijection is as in Theorem 22.7, and under the second, B D T corresponds to
T (G, T) :={a € ®(G,T) | Uy, C B} ={a € ®G,T) | u, C b}

Proof (assuming Theorem 22.7). Easy from the definitions and observations we have made several times
before. g

22.4. Basic properties of roots, root strings etc. We now start making preparations for the proof of
Theorem 22.7. We have not yet seen results that highlight how restrictive the notion of a root system is: for
instance, we haven’t noticed what all values (a, 3" can take, conditions under which a + 3 is a root etc.

Lemma 22.9. If «, 8 are roots in a root datum R, and assume that they are not proportional, i.e., a # £0.
Then the various possibilities for {a, 3V as well as the ‘angle’ between o and 3 according to any choice of
W (R)-invariant inner product (-,-) on XV @ R are contained in the following table, up to permuting o and

p:

(a, B) | (B,") | Angle Comments
0 0 | 72
1 1 /3 | a and B have the same length: (o, a)'/? = (3,5)/?
-1 -1 27/3 Same length: (o, a)l/? = (B,5)/2.
1 2 7/4 | B has twice the length of a: (B3, 8)Y? = 2(a, a)'/2.
-1 -2 3r/4 | B has twice the length of a: (3,8)'? = 2(a, a)/2.
1 3 7/6 | B has thrice the length of a: (B, 8)Y? = 3(a, a)'/2.
-1 -3 5m/6 | [ has thrice the length of a: (B, 8)Y? = 3(a, ) /2.
Proof. Note that: ,
% v 4(av, B)
R A I

by the Cauchy-Schwarz inequality, since o and 3 are non-proportional. Noting that (o, V) and (3, a") have
the same sign, i.e., that of (a, ), it is easy to check that the list of possibilities in the table are the only
ones. .

Lemma 22.10. Let o, 8 be nonproportional roots in a root datum (X, ®, XV, ®V). Then:

(1) If (a,BY) > 0 then o — § € P.
(2) If (o, BY) < O then a+ B is a root.
Proof. 1, applied with —f in place of 3, gives 2; thus, it is enough to prove 1.

If (o, BY) = 1, then a — 8 = sg(a) € ®. If (o, V) > 1, then (B,a") =1 by the table in Lemma 22.9, so that
B—a=s.(8)€® sothat a— B =—(8—a)c . O

44Reminder: All this applies to root systems (V, ®) as mentioned earlier.
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Lemma 22.11. Let «, 8 be nonproportional roots in a root datum R = (X, ®, XV, ®V). Then
{neZ|a+npec d}
is of the form {n | —r < n < q}, where q,r are nonnegative integers with the property that r — q¢ = {a, BV).

Proof. For some heuristics which is a more ‘motivational’ way of looking at the lemma, see Remark 22.14
below. Since that heuristic does not apply immediately to a root datum, let us give the boring proof.

Let us first show that {n € Z | o + nfS € ®} is an ‘interval’ [—r,g]. If not, there exist p,s € Z such that
p<s, a+pB and a+ s are roots, but a4+ (p+ 1) and a + (s — 1) are not roots:

at+pled at(p+1)B¢ga at(s—1)Fgo atsfed

By Lemma 22.10, we get (a+p83, 8Y) > 0 and {(a+s83, 8Y) < 0, which contradicts p < s, since (3, 8Y) =2 > 0.
This proves the ‘interval claim’, giving the existence of r and s; it remains to prove that r — ¢ = (a, 8Y).

Now note that sg, since it takes the form z — z + (x, "), preserves o + Zf as well as ®, and hence
(a+ZB)N® ={a—1p,...,a+qB}. Since it takes a + ¢f8 to some a + sf with s < g, linearity forces that
sgla+¢B) = a — rf, or equivalently

o+ Q/B - ((avﬂv> + q</85ﬂv>)ﬂ = o — Tﬂ'
Since (8, 8Y) = 2, this gives r — s = (o, 8Y), as desired. O

Definition 22.12. If a, 8 are roots belonging to a root datum (X, ®, XV, ®V), we define the S-root string
through « to be {a+nf |n€Z}N® C X, i.e., the set of roots of the form a + np.

Corollary 22.13. Any root string has length less than four.

Proof. Although Lemma 22.11 does not give us r or s, rather only r — s, the length of the S-string through
« is the same as the length of the S-string through o — r3, for which the ‘¢’ and the ‘r’ are respectively the
length of the string and 0. Thus, the length of this root string equals —{«, (e — r3)V) < 3. (]

Remark 22.14. Some remarks about the various lemmas above.

(i) That all the possibilities in Lemma 22.9 are realized needs to be checked explicitly: the pairs (e; —
€9,€3 —€4), (€1 — e9,e1 —e3) and (e; — ea, e5 — e3) for SLy and standard realizations are as in the
first three rows; (e2 — e1,2e2) and (e; — eq, 2e2) for Sp, are as in the next two rows; {ay, s}, where
a1 and as are the standard simple roots for a root datum of type G, which we haven’t discussed
yet, are as in the next two rows.

(ii) When (o, BY) = 0, it turns out that one of (a, @)'/? and (8, 8)*/? can be equal to, twice, thrice, half
or one-third of the other.

(iii) A heuristic for looking at Lemma 22.11 above is as follows. Suppose the setting arises from a split
reductive group (G, T), and assume that we are in characteristic zero. Then it is not hard to see

that:
Duoss= B w
nez neZ
a+nBed

is preserved by the action of Gg ger, Which is isomorphic to SLy or PGLg, and hence is a representation
of SLy (possibly via an SLy — PGL2). Now the weights for any representation of SLy are of the form
—m,—(m —2),...,m — 2, m for some integer m. This forces the action of SLy on the above space
to be irreducible, so {{« +ngB,8Y) | @ +nB € ®} to be of the form {—m,—(m —2),...,m —2,m}.
Since (8, 8Y) = 2, the claim that {n € Z | na+ nf € ®} is an ‘interval’ follows. This also gives:

<O{—»Tﬂ7ﬂv>3:'—<O£+>qﬂ,ﬁv>,
which gives r — ¢ = (o, V).
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(iv) Given Lemma 22.11, it is natural to ask if (o, V) gives r and s separately, say by giving r + s. This
is not the case. For instance, under standard realizations, the set of roots for split SOg,, and Sps,
can be written as respectively:

{eite;|1<i,j<n,i#j} and {e;xe;|1<¢,j<n,i#j}U{2,]|1<i<n}.
Consider o« = e; — e and S = e1 + €5 in either of these root data. In both root data, we have
(a, BY) = (B,a") = 0, but @+ B is not a root in the first root datum, while it is a root in the second
root datum.
(v) In the setting of Corollary 22.13, a root string of length 4 can be realized. Example, if ay and aq

are simple roots in a standard realization of a root datum of type Ga, with 7 short and sy long,
then ag, a1 + a9, 2a1 + ag, 3a; + ap is a root string of length 4.

22.5. The proof of the bijection between Weyl chambers and bases.

Proof of Theorem 22.7. [Only part of the details given] For now, the main steps are as follows, for the proof
that each A()\) is a base.

e ®T(\) = Spany_ (A(X))N®. This is easy: if o € ®*(X) does not belong to A, write it as & = a1+
with oy, ag € ®F (M) (as can be done by the definition of A), and repeat this. The process terminates,
e.g., does not get into loops, because there are only finitely many roots and we are on one side of a
hyperplane, so the ‘y-coordinate’ decreases: (o, \) = (a1 + o, y) > (aq1,y), (a2, y).

o If o, 8 € AT()\) we have (o, 3Y) < 0; i.e., the elements of A*(\) are pairwise at obtuse (allowing
‘right” to be ‘obtuse’) angles with each other. For, otherwise we will have a« — 8 € ® by Lemma
22.10, so that either o — 8 or 8 — a belongs to ®T()\), letting us decompose either o as 8+ (a — 3),
or B as a+ (8 — ) in ®T()\), a contradiction.

e AT()) is linearly independent. Basically, this is saying that if in a Euclidean space, a finite set A
of vectors is given, the elements of A are pairwise at (right or) obtuse angles with each other, and
if A is contained in a hyperplane, then A is linearly independent. This is because otherwise we can

write:
Z C;V; = Z Cj’Uj
i J
with the v; and the v; running over disjoint subsets of A, and each ¢;,c; > 0. Now we have:
0 S (Z CiU;, Z 011’01') = (Z C;U;, Z Cj’Uj) = Z CZ‘Cj(U,', Uj) S O,
i i i j i,
which forces each ¢; to be 0, and similarly each ¢; to be 0.
e We conclude: A*()) is a base of .

Note that the bijection between bases and positive systems ®T C ® is easy [perhaps I should fill in more
details later].

‘Injectivity’:  different Weyl chambers give different bases This is because different Weyl chambers give
different positive systems, and a positive system can be recovered from the base.

Every basis is of this form. Suppose we are given a base A. Consider the associated system of positive roots

ot = Spang,_ (A)N® C P, note that A is part of a basis for V| and use a dual basis to choose A so that

{a,\) > 0 for all & € A. This forces @+ C ®*()), so that d+ = &T(\) by cardinality considerations, and it
is immediate that A = AT ()\) consists of the indecomposable elements of ®+ = ®T(\). O

22.6. Simple transitivity of the Weyl group action on Weyl chambers: statement, a conse-
quence, and preparatory lemmas.

Theorem 22.15. Let R = (X, ®, XY, ®V) be a root datum.
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(i) Given any base A C ®, W is generated by {s, | o € A}.
(i1) The Weyl group W (R) acts simply transitively on the Weyl chambers in XV @ R, and hence also on
the bases in X ® R.
(iti) Every root a € ® is contained in a base.

Corollary 22.16. Let (G,T) be a split reductive group over k, and let R = (X*(T), (G, T), X.(T),®V(G, T))
be its root datum. Then the subgroups W(R), W (G, T) C Aut(X™*(T)) are equal.

Proof (assuming Theorem 22.15). We have already seen that W (R) C W(G,T): this was because, using
an identification of G ger With SLy or PGLg, we has obtained a specific representative in W(G, T) for the
reflection s,. Given w € W(G,T) and a Weyl chamber C, use Theorem 22.15 to choose w’ € W(R) such
that wC = w'C. Thus, w™lw’ € W(G, T) preserves C, and hence normalizes the Borel subgroup associated
to C (i.e., P(\) for any A € C). This, as we saw in Lecture 21, forces w~lw’ to be trivial, i.e., w = w’. O

Now let us start with some preparatory lemmas for the proof of Theorem 22.15. In the proof of the prepara-
tory lemmas, we will often assume the following setting:

Notation 22.17. R = (X,®,X"Y,®V) is a root datum, A is a base for R, and ®* = Span;_ (A) N P is
the positive system associated to A. We will also make use of the subgroup W’ C W(R) generated by
{sa | @ € A}. Let C C XV ® R be the Weyl chamber corresponding to A.

Lemma 22.18. Assume the setting of Notation 22.17, and let « € A. Then although so(a) = —a, Sq
permutes the elements of @\ {a}.

Proof. If o/ € ®T \ {a}, then since R is reduced (by the convention we are following right now), we can
write o = ZﬁeA caf3, where for some Sy # o we have cg, # 0. Given the formula s,(x) = x — (x, ")«
the expansion of sg(a’) € ® as 35 dsf3 satisfies dg, = cg, > 0. This forces sg(a’) € ®¥. O

Corollary 22.19. Assume the setting of Notation 22.17, and let « € A. Then for all « € A C &7,
$q(0) =9 — a.
Proof. Tt is easy to see from Lemma 22.18 that s,(6 — (1/2)a) = § — (1/2)a. Now use that s, (a) = —a. O

The 6 of the above corollary is something important. It is easy to check that (6,«a") = 1 for each a € A.
Thus, it is also “the sum of the fundamental weights” (a notion we might define later in this course). It shows
up in many places, in harmonic analysis as part of the modulus character of Borel subgroups in harmonic
analysis and hence used to normalize parabolic induction, etc.

0 is well inside the Weyl chamber associated to J, and in the ‘SLs-situation’ can be pictured roughly as in
the following figure:

X.(T)®R

H,, (ie., a1 =0)
5

60° H,, (ie., az =0)

h 4
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Lemma 22.20. Assume the setting of Notation 22.17. Then the obvious action of W' on the set of Weyl
chambers is transitive.

Proof. Let A € XV @ R be regular. It suffices to choose w € W’ such that w\ € C. Choose w such that
(6, war) is maximum (among the w € W’). Then it is easy to see from Corollary 22.19 that wa € C: indeed,
otherwise there exists & € ®*, and hence also a € A, such that (J,«) < 0, so that (s4(d), ) > (4, ).
[Should improve this]. O

Lemma 22.21. Given « € A, there exists w € W’ such that wa € A. Thus, every o € ® belongs to some
base wLA.

Proof. To be filled in. |

Lemma 22.22. Assume the setting of Notation 22.17. Then W' = W.
Proof. To be filled in. O

22.7. The proof that the action of W(R) on chambers is free. This part of the proof of Theorem
22.15 needs yet another input:

Lemma 22.23. Assume the setting of Notation 22.17. Suppose o € ®T. Then there exist ay,...,a, € A,
not necessarily distinct, such that @« = oy +-- -+, and such that for each 1 <1i <r, a;+---+ay is a Toot.

To be filled in. . 0

The proof will also need an important notion:
Notation 22.24. Let R = (X, ®, XV, ®Y), A C ®F C ® be as in Notation 22.17.
(i) Define:
T (w) ={acd® |wlaec -7}
(ii) For w € W, let
l(w) =min{n | w = sq, ... Sq, for some ay,...,a, € A}

Remark 22.25. Thus, if C C XV @ R is the Weyl chamber associated to A, then note that o € ®*(w)
if and only if a|c > 0 and (w™ta)|c < 0, i.e., a is positive on C' and negative on wC, i.e., the hyperplane
H, Cc XV @R separates the Weyl chambers C and wC. Thus:

®* (w) +> {Root hyperplanes separating C' and wC'}.

The following proposition is really important:

Proposition 22.26. #®*(w) = I(w).
Proof. To be filled in. This proof is important as well. O

Proof of Theorem 22.15. We fix A, T, C, W' as in Notation 22.17. Since W’ = W, all assertions except
that W acts freely on the Weyl chambers have been proved in the preparatory lemmas. But if w preserves
the Weyl chamber C, then w preserves A, so ®T(w) is empty, so I(w) = 0 by Proposition 22.26. This forces
w to be trivial. O
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23. LECTURE 23 — DYNAMIC DESCRIPTION OF PARABOLIC SUBGROUPS — I
23.1. Today’s results and initial observations.

23.1.1. Today’s results. The main result we would like to prove today is:

Proposition 23.1. Let (G, T) be a split reductive group over k. Then any parabolic subgroup P C G, such
that P O T, is of the form P(\) for some A € X,.(T) (or equivalently, for some A € X.(T) @ R).

We will then state — but not have time to prove in this lecture — the ‘direct spanning theorem’ on the
structure of unipotent groups with a torus action subject to some conditions that are applicable to the N(\)
that arise as above, and deduce consequences such as the following:

e The Borel subgroups of a split reductive group (G, T) are all G(k)-conjugate to each other; and
e A split reductive group G over k is rational as a variety (i.e., G is birational to a projective space).

23.1.2. Review of what we know about smooth connected subgroups of G that contain T.

Notation 23.2. Let (G, T) be a split reductive group over k. If H D T is any smooth connected subgroup
of G, we will denote by ®(H, T) C ® := &(G,T) the subset such that:

h=1tod @ Uy
a€®(H,T)

Warning. This should not be interpreted to mean that ®(P,T) is the set of roots in any root system; for
instance if H =P C G is a parabolic subgroup, then ®(P, T) is not closed under o — —a, unless P = G.

We will constantly use the following fact that we have seen in earlier lectures: given any smooth connected
subgroup H of a split reductive group (G, T), such that H D T, we have:

(69) H=(T,U, | a € ®(H,T)).

23.1.3. Initial observations. The content of Proposition 23.1 turns out to be: if P D T is a parabolic
subgroup, then ®(P,T) is of a particular kind. Our first task at hand is to figure out what that ‘particular
kind’ refers to.

The following example explains why Proposition 23.1 above has content that is not present in (69).

Example 23.3. Let G = GL3, T C G the diagonal maximal torus, and B C G the upper triangular Borel
subgroup. Then any A € X, (T) can be written in the form ¢ — diag(¢**,t*2,¢*3), and it is easy to see that
P(A) D B if and only if a1 > as > as. Thus, one can check that the subgroups of G that are of the form
P(A), and contain B, are precisely the following;:

* % * * ok % ¥ %
x x|, = x|, x x|, l*x x x| =G.
* * * % x %

* ok X
* X
* *

Clearly, this is a statement about what sort of a subset ®(P,T) can be of ®(G,T), if P C G is a parabolic
subgroup that contains a given Borel subgroup of G that contains T.

Lemma 23.4. Let (G,T) be a split reductive group over k. Then any parabolic subgroup P C G contains
some Borel subgroup B C G that contains T.
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Proof. We have seen this over k: any Borel subgroup of Pz containing T is also a Borel subgroup of Gy.
Thus, there exists a Borel subgroup B C Gy such that Tz € B € Pj. Since B D T; and T C G is a split
maximal torus, we had seen as a corollary in Lecture 21 that B = By for some Borel subgroup B C G.
Clearly, T ¢ B C P. ]

Unless otherwise specified, we will typically let (G, T) be a split reductive group over k, and & = &(G,T).
23.2. Rephrasing Proposition 23.1 in terms of subsets © C A.

23.2.1. Review of the correspondence C <+ A <+ ®T <+ B. Now recall from Lecture 22 that we had bijections:
{Weyl chambers C in X,(T) ® R} «+ {Bases A C ® := ®(G, T)} +> {Positive systems & C &}
+» {Borel subgroups B C G containing T}.

Here, we recall that the relation between these objects is as follows, say C <+ A <> &+ » B:

e From C to ®* and back. Basically ‘duality of cones’. Given C, for any A € C, ®T equals ®F(\) :=
{a € ® | {a,\) > 0}. Given ®T, C is the set of A € X,(T) @R such that (a, \) > 0 for each o« € d+.

e From ® to A and back. A is the set of indecomposable elements of ®*. Recall that every element
of @ is of the form ZQGA coo with either all ¢, > 0 or all ¢, < 0; ® is simply those for which all
cq > 0.

e From ®* to B and back. ®(B,T) is simply ®*. Thus, A is also the set of indecomposable elements
in ®(B,T), and may be referred to as the set of B-simple roots of T in G.

e From C to B. B=P(\) for any A € C.

Notation 23.5. In what follows, if we say ‘Fix C <+ A <> ®T «+» B’, some split reductive group (G, T) will
be obvious from the context, and we will fix a Weyl chamber C, a base A, a positive system ®*, and a Borel
subgroup B C G that contains T, related to each other in the manner reviewed above. A similar comment
will apply if there is a root datum or a root system that is understood, and we just say ‘Fix C < A « &,
We will often abbreviate ®(G, T) to ®, and —®* to ®~, without further remark.

The following definition was not given in the lecture, but perhaps should have been.

Definition 23.6. Let (G, T) be a split reductive group over k, and fix C <+ A <> ®T «» B as in Notation
23.5 above. Then the parabolic subgroups of G that contain B are called standard parabolic subgroups (i.e.,
standard for this choice of B).

The relevance of this definition will be clear soon: standard parabolic subgroups of G are representatives of
conjugacy classes of all parabolic subgroups, and also are in a transparent bijection with “subsets © C A”.

23.2.2. The shape of ®(P(A\),T) = {a € ® = ®(G,T) | (o, A) > 0}.

Notation 23.7. If A is a base for a root datum (X, ®, XV, ®V), then for any subset © C A, we define
®g := Span,(©)Nd C P.

Lemma 23.8. Let (G, T) be a split reductive group over k, and fix C <> A + ®+ < B as in Notation 23.5
above. If X € X.(T) ® R has been chosen so that ®(P((\),T)) = {a € ® | (a,\) > 0} contains ®T, then
there exists (a necessarily unique) © C A such that

B(P(N),T) = do UdT = dg LI (B \ Bp).

First, an explanation for the lemma from the perspective of the facet decomposition of X, (T)®R, which can
be made into a proof (it is not yet a proof, only because we haven’t proved the standard ‘facet decomposition’
properties). The condition ®(P,T) D &% is equivalent to A € C, where C C X,.(T) ® R is the closure of
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C. So we need to understand C. For simplicity, let us pretend that Spang(A) C X ® R equals R (this is
equivalent to G being semisimple).

Note that the boundary facets of the “open first octant” in R? simply correspond to subsets of the set
of coordinate axes, or to subsets of dual coordinates {z},zy,zy}: to © C {zY,zy,zy} corresponds a
unique facet of the “closed first octant” that is open in/spanning ﬂij@ H,v, where H,v is the hyperplane
determined by the vanishing of x}. The computation of the facet decomposition of C is exactly similar: we
can as well pretend that elements of A are at right-angles to each other, since facet decompositions depend
only on the underlying vector space structure and not any inner product.

Thus, facets of C' C X.(T) ® R correspond to subsets of A C X*(T) ® R, where to ©® C A corresponds a
unique facet open in/spanning (,cq Ha- If X belongs to the facet corresponding to ©, it is easy to see that
P(P()N), T) = Po UPT. This can be made into a formal proof, but let us give an algebraic one.

Proof of Lemma 23.8. Let © = {a € A | (a,A) = 0} C A. Tt is immediate that ®(P(A),T) D Pg,

so ®(P(\),T) D & U &g. For the other inclusion, it suffices to consider o € &~ \ g, and show that

a ¢ ®(P(N), ie, (a,A) < 0. Write v = — 3 5. cgf3, where cg > 0 for all 3 € A and cg, > 0 for some

Bo € A \ o.

Therefore, since (8, A) > 0 for each 8 € A, and since therefore {8y, \) > 0 (as Gy &€ ©) as well, we have:
<Oé7)‘> S —CpB, <ﬂ07>\> < Oa

as desired. Note that the uniqueness of © is automatic. ]

Now we rephrase the main result for today, Proposition 23.1:

Proposition 23.9. Let (G, T) be a split reductive group over k, let P C G be a parabolic subgroup containing
T, and use Lemma 23.4 to choose a Borel subgroup B of G with T C B C P. Then, letting A C X*(T) be
the associated base, i.e., the set of B-simple roots, there exists a (necessarily unique) subset © C A such that
OP,T) =0T Udg = Pg U (DT \ Pg).

Let us see why Proposition 23.9 implies Proposition 23.1:

Proof of Proposition 23.1, assuming Proposition 23.9. Choose B and © as in Proposition 23.9. Since A C
X*(T) @R is linearly independent, there exists A € X,(T) ® R such that

=0, if ©, and
(70) (A " 0 e and
>0, faeA\O
Check that ®(P(\), T) = ®F U ®g = ®(P, T). Therefore, by (69), P = P()), as desired. O

23.3. Description of parabolic subgroups and their Levi subgroups. Thus, we need to prove Propo-
sition 23.9, before which we assume it and use the above propositions and observations to comment on the
set of parabolic subgroups of G and on the structure of parabolic subgroups.

Convention. All the results in this section will assume Proposition 23.9 and hence also its consequence
Propostion 23.1, which we will only prove later.

Corollary 23.10. If (G,T) is a split reductive group over k, then any parabolic subgroup P C Gz that
contains Ty, descends to k, i.e., P =Py for a (necessarily unique) parabolic subgroup P C G.

Proof. By Proposition 23.1, we have P = P()) for some A\ € X,(T). If A is the image of A under the
identification X, (T;) = X.(T) (that is inverse to base-change), one can take P = P(\). O



181

Corollary 23.11. Let (G, T) be a split reductive group over k, and let B D T be a Borel subgroup, with the
associated A and ®* (see Notation 23.5). We have bijections:

{Parabolic subgroups of Gy, }/Gy-conjugacy <+ { Parabolic subgroups of G containing B} +> {subsets © C A},

where a parabolic subgroup P C G containing B in the middle set maps to the Gy-conjugacy of Py in the
first set, and to the unique © such that ®(P,T) = &+ Udg = ®g L (PT \ ®g), in the third.

Proof. We saw in Lecture 21, as a consequence of the normalizer theorem, that each parabolic subgroup
P c Gz has a unique conjugate that contains Bg, say P. Thus, the first bijection now follows from
Corollary 23.10. The map from the second set to the third set is is well-defined by Proposition 23.9, and
it is surjective since, given © C A, choosing any A € X,(T) ® R as in (70) above, we have noticed that
D(P(N\),T) = ot U Pg. |

Notation 23.12. Let (G, T) be a split reductive group over k, and fix C <> A <> ®* > B as in Notation
23.5. Then for any © C A, we choose A € X, (T) @ R as in (70) above, and set:

(i) Po = P(\) C G; thus, Pg is the unique parabolic subgroup of G containing B, such that ®(Pg,T) =
&t U &g; thus, Pg = (T, U, | a € d+ U D) is independent of the choice of .
(ii) Mo = M()\), and Ng = N(A).
(iii) Set:

0
Se = (ﬂ kera) c T,

ac® red
a subtorus of T. This is useful because we will see in Proposition 23.13(iv) below that Mg = Cg(Se).

Proposition 23.13. Let G, T,C <+ A <> ®1 <+ B be as above, and let © C A. Then

(i) (Mo, T) = g, and (N, T) = &+ \ de.
(i) Mg is the unique Levi subgroup of Pg containing T, and No = R, Po.
(iii) The root datum of the split reductive group (Me,T) is (X*(T), Pe, X.(T), g), where &4 = {a" |
a€Pg} CPV(G,T).
(iv) Mg = Ca(Se).

Proof. For this proof, fix any A € X, (T) ® R as in (70) above, so that Mg = M()A) and Ng = N(X).
It is easy to check that:
®(Mp,T) =2(M),T) ={aec®=3(G,T) | (a,\) =0} = Dg,

and
B(No, T) = B(N(A), T) = {a € @ | (@, ) > 0} = & \ o).

This gives (i); let us now prove (ii). The equality Ng = R, Po and the fact that Mg is a Levi subgroup
of Pg follow from the corresponding assertions for M(A) and N(A), that we saw in Lecture 21. Since
N(A) = R, Po, that Mg is the unique Levi subgroup of Pg containing T, follows from the fact that any
smooth connected subgroup M’ C G containing T can be written (T, U, | a € ®(M’,T)) (see (69)), and if
P=R,PoxM =Ng xM, then ®(M’, T) has to equal ®g, forcing M’ = Mg.

Now (postponing (iii),) let us prove (iv). Since A\(G,,) C Se by (70), we get Mg = M(\) = Cqg(A(G,,)) D
Ci(Se). On the other hand, since each a € ®g is trivial on Sg, we get:

Cc(Se) D (T, Ua | a € o) =Me .

Coming to (iii), the only assertion that remains to be proved is that if & € ®g C @, then o is the same
whether interpreted as for G or in Mg. Recalling S, = (ker a)? ;, we have G, = Cg(S,) =C Ca(S) = Me
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by (iv), since S, D S. Thus, G, = (Mg)a- Since a¥ was computed in this group, it is the same whether
computed in M or in G (it was the unique cocharacter valued in TN Gg,der = TN(Mo)a.der that pairs to 2
with «). O

Example 23.14. Let G = GL,,, and let T C G be the diagonal split maximal torus, and B C G the Borel
subgroup of upper triangular matrices. Recall that we can then identify ®(G,T) = {e; —ea,...,en—1 — €y},
and that, if A is the set of B-simple roots, then:

A={e;—ea,...,en_1—€pn}.
Let us compute Mg for a given © C A. Write
AN\NO ={en, — €n1+1,€ns — €ngtls---s€n, — €nytlty
where 1 <ny <ng<---<my<n.

Then we have

Se = {diag(t1,...,t1, to,....ta ,..oy .oty Ltiga,..,tign) [t g € G} C GL, =G
——— N — —— ————
ni-times ng — ni-times n; —nj_i-times n — n;-times

Then it is immediate that Mg = GL,, X GLyp,—p, -+ X GLp,—n,_, X GL,_,,, embedded in GL, in the

obvious manner.

23.4. The proof of Proposition 23.9. In this subsection we prove Proposition 23.9, finishing the proof of
today’s main result, Proposition 23.1. We will need the following lemma, that is interesting in its own right:

Lemma 23.15. Let R = (X, ®, XV, ®Y) be a root datum, and choose A <> ®F C &. Let oo € ®*. Then we
can write a« = aq + -+ + o with each «; € A, and such that each ay + -+ a;, 1 < i < t, also belongs to
®. (The aq,...,a; will not be distinct in general).

Remark 23.16. For instance, in GL,,, with the setting of Example 23.14, we can write e; —ey = (e1 —eg) +
(e2 —e3) + (e3 — e4); note that e; — e, (61 —ea) + (e2 —e3) = e1 —e3, (e1 — e2) + (e2 —e3) + (e3 — e4) are all
roots. But if we arrange these terms differently, say e; —eq = (e1 — e2) + (es — e4) + (e2 — e3), this would
not be true: (e; — ea) + (e3 — e4) is not a root.

Proof of Lemma 23.15. Since each element of ®* is a nonnegative linear combination of elements of A, the
nontrivial condition to be ensured is that each oy 4 - - - + «; belongs to ®. For the same reason, it is enough
to show that either @ € A, or that there exists 8 € A such that a — 8 € ®*. Suppose not; in particular
a ¢ A. For each B € A we have {a, 3Y) < 0, for otherwise we would have o — 3 € ® by a lemma from
Lecture 22. But then the elements of {a} UA = {a} U A are at pairwise obtuse (possibly right) angles
with each other, and are all contained in ®*, which is contained in one side of some hyperplane, making it
linearly independent. This is a contradiction, since o € ® C Spang(A). O

We didn’t define the following notion in the lecture, but it is in general useful to keep in mind.
Definition 23.17. Given ® D ®* < A, given a € ®T, the height of « is the positive integer ¢ such that

a=qa;+ -+ a with ag,...,a; € A.

The main steps in the proof of Proposition 23.9 are as follows, where we assume the setting of that proposition:

(a) Step 1: Prove the following properties of ®(P, T):
(i) ®(P,T) D @*;
(ii) fa,5 € ®(P,T) and a+ S € @, then a + g € &(P, T).

4571 goofed this example in the lecture and again in the first version of these notes, the former because I wrote © as
{n1,...,n;}: for things to work well, it is A \ © that needs to be named.
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(b) Step 2: Any subset ¥ C ® satisfying the conditions (i) and (ii) above is of the form ®* U ®¢ for a
(necessarily unique) © C A.

Step 2 is proved by an easy induction based on height (Definition 23.17) from Lemma 23.15:

Proof of Step 2. Define ©® := —A N . First we show that ¥ D &t U ®g. It is given that ¥ O &+,
Moreover, applying Lemma 23.15 to the root datum (X*(T), Pe, X.(T), @Y%), we can write any a € $g \
as a = —qq — -+ — oy, where each «o; € O, and each —a; — -+ — ; € g C ®. Thus, the condition (ii)
shows inductively that each —a; — - - - — a4, and hence —a too, belongs to ¥. This shows that ¥ O &+ U &g.

Now let us show that ¥ C &1 U ®g. It is enough to consider —a € ¥ with o € &1, and show that a € $g.
If @« € A, then « belongs to © by definition, so —a € ®g, and we are done.

Thus, assume that « is of height greater than one. Use Lemma 23.15 to write a = 8 + o with 8 € A and
o' € ®T so the height of o’ is one less than that of a. Since —a € ¥ and 8 = T C ¥ (resp., o’ € &+ C D),
and since —a+ 8 = —a’ € @ (resp.,, —a+ o = —f € @), we have —a’ € U (resp., —3 € ®). Therefore,
o' € ®g (resp., B € PgNA = O) by induction. Therefore, « = o'+ € Span,(O)N® = Pg, as desired. O

Heuristic for Step 1. The condition (i), that ®(P,T) D ®*, is immediate from the fact that P > B, so it
is enough to prove the condition (ii). When k has characteristic zero, this follows because one can show
that the obvious inclusion [uq,ug] C uq+p (which holds because Ad respects the Lie bracket) is actually an
equality. Since we need to prove this in all characteristics, we will essentially follow the approach given in
Conrad’s notes.

Proof of Step 1. (Note: I had indeed missed the case of @ < 0,8 < 0 and («, 8Y) € {—0,1} when I tried
to combine the cases of the original proof, which had separately considered the cases a < 0 and a > 0.
Ashutosh’s suggestion to exploit the symmetry was spot on, and is what is used below.)

As in the heuristic, it suffices to prove (ii). The strategy is to start with « or 3, and apply reflections s,
represented by P(k), hoping to reach a+ 8. How do we get hold of such 7 If ®(P,T) contains v and —~,
then we know that P O (U,,U_,) = G der, which we know to contain a representative for s, namely, an

element that maps to (the image of) 1) under a suitable G ger = SLo or PGLo.

-1

Note that we may assume o + 3 < 0 (since @+ C ®(P, T)), and then without loss of generality that 8 < 0.
Therefore, 3 as well as —3 € ®* belong to ®(P, T), so that P contains a representative for sz. The rest of
the analysis will be case by case:

Case 2. (a,8Y) = —1. This is the easy case, since in this case ®(P,T) 3 sg(a) = a — (o, BY)8 = a+ (.
Case 0. {a,3Y) > 2. In this case, (a + §,8Y) > 4, a contradiction.

Case 3. {a,8Y) =n € {—2,—3}. Note that in this case, « —n8 = (a+ ) + (-1 —n)3 < 0, since 8 < 0.
Therefore, —a + nf € ®(P,T), so that:

sg(—a+nB)=—a+ (o, V)8 —nB=—-ac ®P,T).
Since (P, T) contains both a and —a;, it is closed under s,,.

Now note from the table of Lecture 21 that, since (o, 8V) € {—2, -3}, we have (8,a") = —1. Therefore,
(P, T) 3 sa(8) =B~ (-a=a+p.

Case 1. (o, 8V) = n € {0,1}. Let the S-root string through a be a —rg, ..., a+¢p, so that r—q = {a, V) =
n. Since a + § € @, we have ¢ > 1, so that > 1+ n, so that « — (1 +n)5 € ®.
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First suppose that « — (1 +n)8 € ®*, which is automatic when a > 0. Then a — (1+n)8 € ®T C (P, T),
so that:

P, T)>sgla—(1+n)B)=a—nf+(1+n)s=a+ 0,

as desired.

Now assume that o < 0. This makes the problem symmetric in « and 3, so that by the cases above we are
done whenever (8,a") & {0,1}. Thus, we may and do assume that n = («, 8Y) = (8,a") € {0,1}. By the
earlier computation within this case, we are also done when one of & — (14 n)g or 5 — (1 + n)a is positive.
But these add to —n(« + ), which is positive, so one of them is necessarily positive. O

23.5. Statement of the direct spanning theorem, and consequences. Next, we would like to study
the structure of the N()), since that would let us show that the N(A) are split unipotent, and derive several
consequences. For this, we will state the direct spanning theorem, whose proof needs to be postponed to the
the next lecture.

In fact, we will only state a very weak form of the theorem, under assumptions that just allow us to get
away; for stronger results involving the ‘correct’ way of looking at it, see Section 3.3 of the book on “Pseudo-
reductive groups” by Conrad, Gabber and Prasad; it is also summarized in Conrad’s notes.

Theorem 23.18 (Direct spanning theorem; will be proved only in Lecture 24). Let U be a smooth connected
nilpotent group over k, and let T be a split torus over k acting on U. Assume that Uy, ..., U, C U are smooth
connected subgroups each isomorphic to G, and normalized by T. Assume that:

e u H---Du, =u, and
e For each 1 < i < n, the character o; with which T acts on u; is nontrivial, and moreover the
(ker ai)fed, as © ranges between 1 and n, are pairwise distinct.

Then:

(i) The multiplication map Uy X -+ x U,, = U is an isomorphism of varieties (though not of groups).
(i) U is split unipotent.

The statement of the above theorem is independent of the order in which Uy, ..., U, are taken, so it follows
that Uq,..., U, directly span U in the sense of the following definition:

Definition 23.19. An algebraic group U over k is said to be directly spanned by smooth subgroups
Uy,...,U, C U if for any o € S,,, the multiplication map U; x --- x U, — U is an isomorphism of va-
rieties.

Before deriving consequences, let us discuss a very simple application that serves to show how the theorem,
despite its simple proof, has applications that are not immediate. For a fixed n, and 1 < i < j < n, we have
the subgroup Uy; ;) of unipotent n X n matrices over k whose entries above the diagonal are zero except in
the (i, j)-entry. It is easy to show from the theorem that if we arrange {(i,j) | 1 <i < j < n} in any order,
then the multiplication map
H U(i,j) — Un
1<i<j<n

is an isomorphism of varieties, where U,, C GL,, is the subgroup of upper triangular unipotent matrices and
the above product is taken in any order. In fact, this is a special case of Corollary 23.20 below. 46

46T hat Uy, is isomorphic to the affine space is actually immediate, considering the map = +— = — 1; one doesn’t need to take
the exponential map assuming that we are in characteristic 0.
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Corollary 23.20. Let G be a split reductive group over k, and P C G a parabolic subgroup containing some
split mazimal torus T. Then R, P is split unipotent, *7 and is isomorphic as a variety to an affine space.

Proof. By Proposition 23.1, we can choose A € X, (T) such that P = P(\), so that R, P = N(A). Recall
that n(A) is the direct sum of the u, such that («a, A\) > 0. If Theorem 23.18 applies, then the corollary will
follow. For the theorem to apply, given that 0 ¢ ®(G, T), it suffices to ensure that for distinct «, 8 with
{a, \), (B,\) > 0, we have S, := (kera)® ; # (ker3)% ; =: Sz. But we already know this: the only root

red

subgroups contained in G, := Cg(S,) are U, and U_,,, and similarly with Gg := Cq(Sg); but a # £5. O

Corollary 23.21. Any split reductive group over k is a rational variety, i.e., is birational to a projective
space.

Proof. Let (G, T) be a split reductive group over k, and choose a regular cocharacter A € X,(T). We saw in
Lecture 12 that the multiplication map

N(=A) x M(A) x N(A) = G

is an open immersion, and hence birational. By Corollary 23.20, N(—)\) and N(\) are isomorphic to affine
spaces over k. On the other hand, M () is birational to an affine space too, being isomorphic to Cg(A(G,,)) =
T = GA™T by the regularity of . O

Corollary 23.22. The Borel subgroups of a split reductive group (G, T) over k are all G(k)-conjugate to
each other. In particular, each of them contains a split mazximal torus, is split solvable, and has a unipotent
radical that is split unipotent.

Proof. We fix a Borel subgroup B C G of the form P(\) with A € X,(T) regular, so that B D T, and we
know that R, B = N()) is split unipotent by Corollary 23.20. Since B = R, B x T and T is split, it follows
that B is split solvable. Now it is clear that the former assertion of the corollary implies the latter.

In Lecture 21 we saw that (G /B)(k) is in a G(k)-equivariant bijection with the set of Borel subgroups of G.
Therefore, we now only need to prove that G(k) — (G /B)(k) is surjective. In other words, writing ¢ for the
obvious map G — G /B, and letting g € (G /B)(k), it is enough to show that ¢~!(g) has a k-rational point.

Since ¢~1(g) is smooth, it contains some g € G(k*P). It now suffices to show that there exists b € B(k*°P)
with gb~! € G(k) C G(k°P), i.e., such that for each o € Gal(k*P/k), a, := g~ 'o(g) equals b~to(b).

Let us see that this follows from the ‘split solvability’ of B by a Galois cohomology argument. ¢ +— a, has
the following property: it is valued in B(k%P), and satisfies a,, = a,0(a,) for all o,7 € Gal(k*P /k).

Aside. If you are familiar with non-abelian Galois cohomology, this means that ¢ +— a, is a cocycle for
H'(Gal(k*P /k), B(k*°P)), which is only a pointed set and not an abelian group, since B is nonabelian. The
remaining assertion, that there exists b € B(k*°P) with a, = b~'o(b), is clearly equivalent to saying that
this cocycle is trivial. The idea is that this is so because the fact that B is split solvable implies that
H'(Gal(k*°? /k), B(k*P)) is just a single point. This is what is elaborated in the following argument.

Abbreviate R, B to U. Let b +— b be the obvious map B — B /U = T. Then the condition a,, = a,0(a,)
shows that o + @, is a 1-cocycle for the action of Gal(k*P/k) on T(kP) =2 (kseP*)dimT " and hence by
Hilbert’s theorem 90 can be written as o +— t~lo(t) for some t € T(k%P). Thus, replacing each a, by
t~ta,o(t), as we may, we may assume that a, = 1 for all o, i.e., a, € U(k5P) for each o € Gal(k*P /k).

Now we use that U is split unipotent, so that we have a filtration Uy = {1} c U; C --- C U,, = U by smooth
connected subgroups, such that each U;_; is normal in U; and each U; /U;_; is isomorphic to G,. Each

4TRecall that this means that we have smooth connected subgroups 0 = Ho C H; C --- C Hp, = Ry P such that each H;_;
is normal in H;, and each H; /H;_1 is isomorphic to Gq.
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a, belongs to U(k%P) = U, (kP). It is enough (by ‘reverse induction’) to show that for each 1 < i < n, if
o+ a, is valued in U;(k*P), then there exists u € U;(k5°P) such that u=ta,o(u) € U;_1(kP) for each o.

Thus, since U; /U;_1 = G,, we are reduced to showing the following: H!(Gal(k*P/k), k*°P) is trivial.
Since H'(Gal(k*P/k), k*°P) is the direct limit of the H'(Gal(K/k), K), with K running over finite Galois
extensions of k, it is enough to show that each such H'(Gal(K/k), K) is trivial. This triviality is because
K = k[Gal(K/k)] as a Gal(K/k)-module by the normal basis theorem, so that K is induced as a Gal(K/k)-
module, so that it is also co-induced as a Gal(K/k)-module, and H'(Gal(K/k), K) is trivial by Shapiro’s
lemma. 0

24. LECTURE 24 — DYNAMIC DESCRIPTION OF PARABOLIC SUBGROUPS II, AND GROTHENDIECK’S
THEOREM ON TORI

Today, we will prove the direct spanning theorem stated in Lecture 23 (after some preliminary observations).
We will then prove the dynamic description of parabolic subgroups assuming Grothendieck’s theorem on
the existence of maximal tori. We will then prove the finite field case of Grothendieck’s theorem by stating
and proving Lang’s theorem, after which we will discuss some ideas involved in the proof of Grothendieck’s
theorem in the case of infinite fields.

24.1. Root data. Before proving the direct spanning theorem, let us make few more comments on root
data. I am saying a bit more than what I said in the lecture.

The following is meant to be added to the list of corollaries to the direct spanning theorem.

Corollary 24.1. If G is a split reductive group over k, then any two mazimal tori T,T' C G are G(k)-
conjugate.

Proof. Let B D T,B’ D T’ be Borel subgroups of G (say B = P(\) and B’ = P()\'), with A\ € X,(T) and
N € X, (T') regular). We saw towards the end of Lecture 23, as a corollary of the direct spanning theorem,
that B and B are G(k)-conjugate. So without loss of generality, we may assume that B = B’. We had seen
in Lecture 14 that any two split maximal tori in a smooth connected linear algebraic group B” over k (if
they exist) are B” (k)-conjugate. Using this with B” = B = B/, the lemma follows.

We sketch an alternate proof that avoids the use of Borel subgroups. Consider the closed subscheme
Transpg (T, T') C G. It is nonempty, since it has a k-point, say n (because maximal tori in Gy are G(k)-
conjugate). Since T, T’ are split tori, Intn : T — T;—C is a base-change to k of a homomorphism « : T — T’.
Let Y C Transpg (T, T') be the connected component containing the image of n : Spec k — G.

By rigidity, the map Y < Transpg (T, T") — Hom(T, T') of functors is constant on Y(R) for each k-algebra
R, with value a. *® Since T is irreducible, Y is stable under the obvious action of T on Transpg (T, T').
Using that Zg(T) = T, it now follows that Y is a T-torsor.

Thus, Y is smooth, so Y (k*P) # (). Since T is a split torus, H*(Gal(kP/k), T(kP) is trivial, using which
it is easy to see that Y (k) # 0. O

So far we assigned a reduced root datum R(G,T) := (X*(T), ®(G, T), X.(T),®Y(G, T)) to a split reductive
group (G, T). If we wish to change the choice of T to, say T’, there is no canonical way to identify R(G,T) =
(X*(T),®(G,T), X.(T),®V(G,T)) with R(G', T') = (X*(T'), ®(G, T'), X,.(T'), ®V(G, T")): while T and T’

481 think we saw this argument when we proved rigidity. Let us recall it. This map Y < Transpg (T, T') — Hom(T,T’)
takes an R-point R — Y to its composite with the locally constant map Y — Hom(T,T’) that describes the element of
Hom(T, T')(Y) corresponding by the Yoneda lemma to the map of functors Y < Transpg (T, T’) — Hom(T, T’). Here we used
that Hom(T,T’) is the constant group scheme associated to Hom(T,T’). Now use that Y is connected.
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are conjugate to each other by Corollary 24.1, different choices of the conjugating element induce different
isomorphisms, including when T = T’.

However, it is easy to see that if (B, T) and (B’,T’) are two pairs with T,T' C G split maximal tori and
B D T,B’ O T Borel subgroups, then any g € G(k) with Int g(B) = B’ and Int g(T) = T’ is uniquely
determined up to right-multiplication by an element of T(k): this is because Ng(T) = T. Thus, it makes
sense to associate root datum to a triple (G, B, T), and define the root datum of G itself as:

lim R(G,T)
<~
(B,T)
— the map R(G,T) — R(G, T') from the term indexed by (B, T) to the term indexed by (B’, T) is induced
by the isomorphism Int g, for any g € G(k) such that Int g(B) = B" and Int g(T) = T’. This kind of a more
canonical approach is crucial in dealing with things like the Langlands dual group.

Note that a choice of B determines a base A of ®(G,T) as well, so in fact we get a based root datum: a
based root datum is a six-tuple (X, ®, A, XV, ®V AV), where (X,®, XV, ®") is a root datum, A C @ is a
base, and AY = {a" | a € A}.

24.2. A proof of the direct spanning theorem. Recall the direct spanning theorem:

Theorem 24.2. Let U be a smooth connected nilpotent group over k, and let T be a split torus acting on
U. Let Uq,..., U, C U be subgroups, each isomorphic to G, and normalized by T. Assume:

(a) up ®--- Du,.
(b) If a; is the character with which T acts on u; (this makes sense since u; = LieU; 2 G, ), then each
a; s nontrivial, and, setting S,, = (ker ozi)?ed for1<i<mn, S4,,-..,5, are all distinct. 49

Then the multiplication map Uy X --- x U, = U is an isomorphism of varieties, and U is split unipotent.

Remark 24.3. Recall that we remarked in Lecture 23 that a much better form of the theorem, with far
weaker assumptions, can be found in Section 3.3 of the book on Pseudoreductive Groups by Conrad, Gabber
and Prasad. In this context, it seems pertinent to remark the following: if T acts on a smooth connected
linear algebraic group H, and « is an eigencharacter for the action of T on H, then one could ask if the
corresponding eigenspace h, C b is the Lie algebra of a subgroup H, C H. Unfortunately, this is not
necessarily the case, since trying to construct such an H, will bring ho4, b3, etc. into its Lie algebra. For
instance, this is the case when H = GL3 and T = {diag(¢,1,t71)}, and is essentially the reason why the
root systems of odd unitary groups are non-reduced. Thus, the right thing is to instead ask for suitable
subgroups with @,,~; bna as the Lie algebra. Such subgroups, and their functorial properties, are studied
in the book of Conrad, Prasad and Gabber on pseudoreductive groups.

Proof of Theorem 24.2. One uses the descending central series (according to Conrad’s notes, the use for the
descending central series is relatively rare), to get a subgroup Z C U that is central, smooth, and connected,
and importantly, normalized by T. 3 C u is normalized by T, and hence can be written as @, ; u; for some
I c{1,...,n}, using that ay,...,a, are distinct by the assumption that the S, are.

iel

Claim 1. For each i € I, we have U; C Z.

It is to prove this claim that we will crucially use the hypothesis that the S, are distinct. This means that
jls,,, is nontrivial for i # j, with the consequence that (w)S« = u;. We fix i € I. Since U is smooth and
connected, and has Lie algebra uSes | it follows that the inclusion U; C USa (which exists since U; 2 G, 2 u;
as groups with T acting via «) is an equality. Thus, Z5« c US* = U, is a smooth connected subgroup
whose Lie algebra equals 3% = u;. It follows that 752 = U, as well, proving the claim.

4914 ig easy to see that this is equivalent to requiring that no «; is a positive rational multiple of the other.
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Since Z C U is central and each U; is normalized by T, we may now make I smaller by throwing out an
element if necessary, to assume that I C {1,...,n} is proper. Thus, the induction hypothesis applies to Z,
and the multiplication map [],.; U; — Z is an isomorphism, for any ordering of I.

Let J={1,...,n}\ I. Let U=U/Z, and for each j € J, let Uj be the image of U; under U — U.
Claim 2. The map U; — Uj is an isomorphism. In other words, U; NZ = {1}.

Lie(U; NZ) = Lie U; NLie Z — this is an immediate consequence of the definition of the Lie algebra in terms
of k[e]/(e?)-points. °° Thus, Lie(U;NZ) = 0, since I NJ = (), so that U;NZ is a finite étale group scheme
normalized by T. Since T is irreducible, it follows that T fixes U; NZ pointwise (e.g., base-change to k,
so that U;NZ becomes constant, i.e., just a bunch of points). Thus, Claim 2 follows from the fact that
U;r = {1}, since «; is a nontrivial character, and the only element of G, = U; fixed by multiplication by
G,, is 0.

Now U satisfies conditions analogous to those imposed on U: the action of T on Z descends to U, and T
acts on Uj by the character «;, the latter because U; — Uj was an isomorphism. ®! Since J C {1,...,n} is
proper as well, it follows that for any ordering of J, the multiplication map || jesUj = Ulsan isomorphism.
It follows then from Claim 2 that U — U has a scheme-theoretic section s : U — U, which when composed
with J];c; U; = U restricts to the isomorphism U; — U; inverse to U; — Uj, for each j € J.

Thus, we have an isomorphism Z xU — U of varieties, given by (z,%) + zs(@), with inverse given by
u > (s(@) " u, @), u denoting the image of v € U in U. Writing this out, we get that the multiplication map:

H Ul X H Uj — U

il jeJ
is an isomorphism, where we put any ordering on I and any ordering on J. However the same is then true of
the multiplication map Uy x --- x U,, — U, since Z is central, so the U; with ¢« € I can be moved around. [

24.3. The dynamic description of parabolic subgroups (statement) and consequences. In this
section, we prove the following theorem, assuming Grothendieck’s theorem for tori stated further below.

Theorem 24.4. Let G be a (not necessarily split) connected reductive group over k, and P C G a subgroup.
Then the following are equivalent:

(i) P is a parabolic subgroup of G.
(ii) There exists a homomorphism X : G,, — G such that P = P()).

Before starting with its proof, let us note the following consequence, which was not a priori obvious: if G
has a proper parabolic subgroup P, then G is ‘isotropic’, i.e., G contains a split torus, or equivalently there
exists a nontrivial homomorphism A : G,, — G. More precisely:

Corollary 24.5. Let G be a connected reductive group over k. Then the following are equivalent:

(a) There ezists a nontrivial homomorphism G, — G that is not valued in the center of G (and hence
also a nontrivial such injection G,, — G, since each nontrivial quotient of G,, is isomorphic to
Gm)-

(b) G has a proper parabolic subgroup.

50The equality Lie(U; NZ) = LieU; NLieZ is only true because one is referring to the scheme-theoretic intersection, and
wouldn’t be true in the language of Borel’s or Springer’s books. If we wish to conclude that U? =79 from Lie U, = LieZ etc.,
then the question of whether U; NZ is smooth becomes relevant.

511f it took the form of the homomorphism z + xP from G, to itself, in characteristic p, we would have pa; instead.
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Having a nontrivial homomorphism G,,, — G, having a proper parabolic subgroup, having nontrivial unipo-
tent elements in G(k) — these are related notions.

The burden of the proof is partitioned into Proposition 24.6 and Theorem 24.7 below

Proposition 24.6. Let G be a connected reductive group over k, P C G a parabolic subgroup, and T C P a
mazimal torus (recall that this means that T, C Py is a mazimal torus). Then there exists a homomorphism
A: Gy — T such that P = P()).

Theorem 24.7. If G is a smooth connected linear algebraic group over k, then G has a mazimal torus.

Proof of Theorem 2/4.4, assuming Proposition 24.6 and Theorem 24.7. To see the easy implication (ii) =
(i), we may assume that k = k. In this case, even without Grothendieck’s theorem we can choose a maximal
torus T of G containing A\(G,,). Then (G, T) is necessarily split and A € X, (T), so that P=P(\) C G is a
parabolic subgroup: this was a corollary that we saw in Lecture 21.

For the hard implication (i) = (ii), one uses Theorem 24.7 to choose a maximal torus T C P, which is
automatically a maximal torus of G (since Pg contains a maximal torus of Gz), and applies Proposition
24.6. |

We note that Proposition 24.6 also gives the following variant of Corollary 24.5:

Corollary 24.8. Let G be a connected reductive group over k, P C G a parabolic subgroup, and T C P
any mazimal torus. Then T is isotropic, i.e., there exists a nontrivial homomorphism (and hence also a
nontrivial injection) G,, — T.

Proof of Proposition 24.6. The proof is of a perhaps surprisingly formal nature. I will write the proof in
a seemingly artificial way to highlight the potential utility of the facet decomposition, which has a feel of
‘buildings descending’, and then explain why one doesn’t need to refer to the facet decomposition at all.
One line summary: T becomes split over a finite Galois K/k, the facet of X,.(Txk)® R corresponding to Px
is Gal(K/k)-invariant, and Gal(K/k)-averaging a rational point in it, and multiplying by a positive integer
to make it integral, gives the required A.

Let us expand on the summary above. Please keep in mind that, now that T is not necessarily split,
X.«(T) = Hom(G,, /k, T) may not equal Hom(G,,, T).

There exists a finite Galois extension K/k such that Tg is split, so Tx C G is a split maximal torus.
Thus, we have a facet decomposition of X,(Tg) ® R = X, (T) ® R, together with a bijection F +— Pg(F)
from these facets to the set of parabolic subgroups of G containing Tk. In other words, Px (F) = PK(X)
if \e F.

Let Fy be the facet corresponding to Px. We claim tht Fy is Gal(K/k)-invariant. Since Px = o(Pg), this
follows if we show that Px(a()\)) = o(Px(N)) for all A € X, (Tk) and o € Gal(K/k). It is easy to check
that:

(71)

o(Px(N) =0 ((T.Ua [ @) 2 0)) = (T,0(Ua) | {0, 8) 2 0) = (T, Us(a) | (o(a).c(N)) 2 0) = Pic(o(N)),

justifying the claim that Fy is Gal(K/k)-invariant, where in each expression « is understood to run over the
elements of ®(Gg, Tk ) subject to the given condition. Conrad’s notes describe (71) as the crucial condition.

Since the facet decomposition is defined over Q, and since each facet is convex, we can now Gal(K /k)-average,
and get that there exists A € Fy N X, (T)g. Therefore, for positive integers n such that n\ € X, (T), we
have n)\ € X, (T)G(E/k) = Hom(G,,, T), making A a cocharacter. Since Fy is closed under multiplication

by n, we have:
PK = PK(F0> = PK()\/) = PK(TL)\/) = P(’Il}\/)K,



190

where the last equality follows from the definition of the P(\), in Lecture 12, as the set of g € G such that
lim; 0 A(#)g\(¢) "t exists. Setting A = n) for such an n, we have Px = P(\) g, so that P = P()), as desired.

Of course, one did not need to talk about facets in the above computations at all: one could have started
with any A\ € X, (Tg) such that Px = Pg(\), and taken \ € X, (T)G(K/k) = Hom(G,,, T) to be just the
sum Y o(\), where o runs over Gal(K/k). O

24.4. Some consequences of Grothendieck’s theorem. Before proving Grothendieck’s theorem on max-
imal tori (Theorem 24.7), let us list a few consequences.

Theorem 24.9. Let G be a smooth connected linear algebraic group over k, and T C G a torus. The
following are equivalent:

(i) T is mazimal among the tori in G.
(i) T is a mazimal torus of G (i.e., T is maximal among the tori in Gg).

Proof. Clearly, (ii) = (i), so it is enough to prove (i) = (ii), i.e., let T C G be maximal among the tori
in G and show that T; C Gy is a maximal torus. We know that Cg(T) is a smooth connected linear
algebraic group. Let T’ C Cg(T) be a maximal torus, as given by Grothendieck’s theorem on maximal
tori. Since T C Cg(T) is central, we have T C T’ (namely, the multiplication map T' x T — Cg(T) is a
homomorphism, so its image is a torus in G that contains T). Thus, T = T’ by the maximality of T, making
T a maximal torus in Cg(T). Now T is maximal in G as well: if S € Gz is a torus that contains T, then
clearly S ¢ Cq(T);, forcing S = T as T is a maximal torus of Cq(T). O

Even when k # k, a Cartan subgroup of a smooth connected linear algebraic group G is defined to be the
centralizer of a maximal torus. Thus, any Cartan subgroup of G is nilpotent, as this assertion is true when
k=k.

Here are a few assertions that we would have liked to prove in this course, but may not have time to, though
we may comment on some of these later:

Theorem 24.10. Let G be a smooth connected linear algebraic group over k. Then:

(i) G is generated by its Cartan subgroups (thus, if G is reductive, then it is generated by its mazimal
tori).
(i1) Every semisimple element g € G(k) lies in a mazimal torus of G.
(iti) Every semisimple element X € g(k) lies in the Lie algebra of a mazimal torus of G.

However, let us remark the following about (ii) and (iii) of the theorem: if we prove the analogues of these
assertions over k, which we unfortunately have not had the time to, then these assertions (over k) follow
almost immediately from applying Grothendieck’s theorem on maximal tori to the identity component of
the centralizer of g or X (the centralizer Cg(X) of X refers to the scheme-theoretic stabilizer of X in G,
operating via Ad; one can show that it is smooth and connected if X is semisimple).

Remark 24.11. According to Conrad’s notes, the “right” proof of Grothendieck’s theorem on tori, which
is unsurprisingly the one due to Grothendieck, is to construct a moduli scheme Torg /,, whose set of rational
points over any field extension K/k can be naturally identified with the set of maximal tori of Gx. One can
in fact define a closed subscheme 7" C Torg /, that “represents this functor in a relative setting”. Similar
constructs apply with Borel subgroups as well. But we will follow Borel’s proof and Conrad’s take on it (and
perhaps with some influence from Springer’s take on it). This may be [SGA3, XII, Corollary 5.4], but I will
need to double-check (I just copied this from somewhere).
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24.5. The finite field case of Grothendieck’s theorem on maximal tori, via Lang’s theorem. In
this section, we will prove Grothendieck’s theorem on maximal tori (Theorem 24.7), in the special case where
k is finite. The case where k is infinite will be sketched in the next section (and not proved in detail).

In this section, £ will typically be a finite field, and Frj will denote the associated Frobenius automorphism
x + 29 of k, where k = F,. Moreover, for any algebraic scheme X over k, Frj, will also stand for the relative
Frobenius Fry, : Z — Z® = Z. The equality Z®) = 7, the fact that Gal(k/k) is topologically generated
by Fry, and the fact that Fry is implemented at the level of k-points by an algebraic automorphism with
derivative zero, are the major reasons why the arguments in this subsection work.

Theorem 24.12. Let G be a connected (not necessarily linear) algebraic group over a finite field k. Then
the map G(k) — G(k) given by g — g 'Fri(g) of G is surjective. In particular, if G is also smooth, then
the map G — G given by g — g~ *Fri(g) is surjective.

Before proving this theorem, let us deduce consequences.

Lemma 24.13. Let G be a connected (not necessarily linear) algebraic group over a finite field k. Let X
be a set on which there is a transitive action of G(k) as well as a continuous action of Gal(k/k), such that
we have o(g - x) = o(g)o(x) for all g € G(k),z € X and o € Gal(k/k). Then X contains a point fired
by Gal(k/k). In particular, if Y is an algebraic scheme over k equipped with an action of G, such that the
action of G(k) on Y (k) is transitive, then Y (k) # 0.

Proof (assuming Theorem 24.12). Clearly the latter assertion (about Y) follows from the former assertion
(about X), so let us prove the former. Since the action of Gal(k/k) on X is continuous, it suffices to show
that there exists y € X fixed by Fry.

Fix any = € X. Since the action of G(k) on X is transitive, we can write Fry(z) = h - z. Choose g € G(k)
such that g~ 'Fri(g) = h~!. Then, setting y = g - =, we have:

Fri(y) = Fri(g) - Fri(a) = Fri(g)h - © = Fri(g) - Fri(g) 'g-2 =g -z =y,
as desired. 0

Corollary 24.14. Let G be a connected linear algebraic group scheme over k. Then there exists a mazximal
torus T C G as well as a Borel subgroup B C G. In particular, Grothendieck’s theorem on mazimal tori
(Theorem 24.7) is valid over finite fields.

Proof (assuming Theorem 24.12). If X is either of the set of Borel subgroups of G, (resp., the set of maximal
tori of Gz), then conjugation defines a transitive action of G(k) on X, and Gal(k/k) acts continuously on X
in a manner compatible with the action of Gal(k/k) on X. Therefore, by Lemma 24.13, X has a point fixed
by Gal(k/k). In other words, G has a Borel subgroup (resp., maximal torus) defined over k. O

Remark 24.15. Let k£ be a finite field.

(i) The latter assertion of Lemma 24.13 shows that every G-torsor, where G is a smooth connected
(not necessarily linear) algebraic group over k, has a k-point and is hence trivial. In terms of Galois
cohomology, it is equivalent to say that the pointed set H' (Gal(k/k), G(k)) consists of just one point;
in fact, if one thinks in terms of continuous cocycles, which are determined by their value on the
topological generator Fry of Gal(k/k), this is an immediate conseequence of Theorem 24.12.

(ii) In Corollary 24.14, we saw that every smooth connected linear algebraic group G over k is quasi-split,
i.e., has a Borel subgroup. One way to construct non-quasi-split groups over fields k, when applicable,
involves using a nontrivial central division algebra D over k, and considering R — (D ®; R)*. So
Corollary 24.14 says in particular that there is no central division algebra over a finite field other
than the field itself. Thus, Lang’s theorem contains the well-known and elementary assertion that
every finite division algebra is a field.



(iii) In the situation of Theorem 24.12, when G is smooth, one can view the theorem as saying that the
orbit of e € G under the action g - h = g~ 'hFri(g) is the whole of G. The stabilizer of e is the
subgroup scheme of G fixed by Fri. We claim that this subgroup scheme of G is the constant group
G(k) associated to the abstract finite group G(k). To see this, note that this subgroup scheme is

étale (as Fry has derivative zero), and its set of k-points equals G(k), which also equals its set of
k-points. Thus, Lang’s theorem exhibits G as an G(k)-torsor over itself.

(iv) Lang’s theorem crucially depends on G being connected. There are many situations where one
encounters disconnected groups (which arise as centralizers, etc.), and the failure of Lang’s theorem
causes a lot of additional difficulties.

Now let us prove Lang’s theorem:

Proof of Theorem 24.12. Since k is perfect, we may replace G by Gyeq if necessary, to assume that G is
smooth. As in Remark 24.15(iii), we consider the right action of G(k) on itself given by g-h = g LhFri(g).
We view G(k) as having the Zariski topology.

It is enough to show that each orbit for this action is open in G(k), which will also show that each orbit is

closed, and hence, being open and closed in the connected topological space G(k;)j equals the whole of G(k).
Thus, consider the orbit O of h € G(k): recall that O is viewed as a variety over k, by noting that O is open
in its closure in Gz, and giving O the reduced induced structure. Thus, it suffices to show that for some

x € O(k), the tangent space T, O has the same dimension as G.

It suffices to show the same about the left h~!-translate

Y := {h7 g hFri(g) | g € G(k)} C G(k)
of O. Since e = h~te~'hFri(e) € Y(k), it is enough to show that the derivative, at e, of the map G — Y — G,
given by g — h= g~ 1hFri(g), is an isomorphism. We can factorize this as a composite:

g—(h g7 h,Fri(g
( N k(9))

(72) G GxG™" @,

which takes e — (e, e) — e.

The derivative of the first map at e is (— Ad h, 0), since the derivative of g — g~! at e is X — — X, while the
derivative of Fry is zero: this latter observation easily follows, e.g., from the fact that Fry : G(R) — G(R) is
induced by the ring homomorphism R + R given by z + zP, which takes k[e]/(¢?) to k C k[e]/(€?).

Since the derivative of the multiplication map at e is (X,Y) — X + Y, the derivative of the composite map
(72) equals — Adh : g — g, which is an isomorphism, as desired. a

24.6. The infinite field case of Grothendieck’s theorem on maximal tori (list of main steps). In
this subsection, we will venture barely further than list some of the main steps in Borel’s proof of Theorem
24.7, also following Conrad’s take on it. I warn you that I haven’t gone through all the details myself, and
am typing what I think is an informal summary, to get a feel of the whole thing.

First, we note that it can be reduced to the following proposition:
Proposition 24.16. Any smooth connected non-unipotent linear algebraic group G over k contains a non-
trivial torus S.

Now let us show that the above proposition implies Grothendieck’s theorem on maximal tori:

Proof that Proposition 24.16 implies Theorem 24.7. Let G be a smooth connected linear algebraic group
over k. If G is unipotent, then the trivial group is a maximal torus of G, so there is nothing to prove. Thus,
assume that G is not unipotent. Let S C G be a nontrivial torus, as exists by the given hypothesis. It
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is immediate that a maximal torus of Cg(S) is also a maximal torus of G (we also saw this in the proof
of Theorem 24.9). Thus, we may replace G by Cg(S), and assume that S C G is central. By induction,
we can assume that G := G /S has a maximal torus, say T. Let T C G be the inverse image of T under
G—-G=G/S.

It is easy to see that T is smooth (G — G is) and connected (T — 7o(T) factors through 7o(T) = {1}).
We saw these arguments in Lecture 16 while studying the behaviour of the unipotent radical. Clearly, T is
solvable. Therefore, the structure theory of solvable groups applies to Tz, and shows that T is a torus. If
T is not a maximal torus, then Tj C T for some torus S C G, and looking at the image in Gz, (and using
that T D S), we find that T is not a maximal torus of G, a contradiction. g

So we now need to give an idea of the proof of Proposition 24.16. For this, we will use the following facts:

A trivial fact. 1f V is a finite dimesional vector space over our infinite field k, then V' is Zariski dense in
V ® k. This will be applied to g = Lie G, where G is the smooth connected linear algebraic group of interest.

Jordan decomposition in g(k). Let G be a linear algebraic group over k. If K/k is a field extension, an
element X € g(K) is said to be semisimple (resp., nilpotent) if for every representation p : Gx — GL(V),
dp(X) € gl(V) is semisimple (resp., nilpotent). Using arguments analogous to those in Lecture 9, one can
show that semisimplicity/nilpotence can be tested using a single faithful representation p (and is hence, e.g.,

compatible with respect to base-change of fields), and that any X € g(k) has a unique Jordan decomposition

X =X, + X, with X, € g(k) semisimple and X,, € g(k) nilpotent, and such that X, X,, commute.
Note that if X € g(k), unless k is perfect, X, X,, need not belong to g(k).

Warning: this notion of the Jordan decomposition is not intrinsic to the Lie algebra g, and is dependent
on remembering g as the Lie algebra of the algebraic group G. For instance, G, and G,, have isomorphic
Lie algebras, but the elements of Lie G, are nilpotent in the above sense, while the elements of Lie G,, are
semisimple in the above sense. In the special case of a semisimple Lie algebra over a field of characteristic
zero, though, the above definition is equivalent to an intrinsic one that uses the adjoint representation.

Centralizers of semisimple Lie algebra elements. If Let G be a linear algebraic group over k. If X € g(k),
we let C(X) be the scheme-theoretic stabilizer of X (viewed as an element of the adjoint representation of
G). If further X is semisimple, and G is smooth and connected, one can show the following:

e Cg(X) is smooth and connected; and
e Lie Cg(X) is the centralizer of X in g, i.e.,, {Y € g|[X,Y]=0}.

We will not prove this, but we will assume this. Nevertheless, note that if we know that Cg(X) is smooth
and connected, and also that X is contained in the Lie algebra of a maximal torus of G (thus, we are
assuming that Theorem 24.10(iii) holds over k), then the latter assertion is easy to show from what we know
already about the smooth connected subgroups of Gz that contain a given maximal torus TcC Gg.

In particular, we will refer to a semisimple X € g as central if either of the equivalent conditions Cg(X) = G
or [X,Y] =0 for all Y € g hold.

The main steps in the proof of Proposition 24.16 are as follows:

(i) Take care of the easy case where Gy is nilpotent. Once this step is done, we may and do assume
that G contains a noncentral torus S.

(ii) If X € g(k) is semisimple and noncentral, so that Cg(X) C G, then Cg(X) is of smaller dimension
and not unipotent, since X € LieCg(X), and can hence, by induction, be assumed to contain a
nontrivial torus.
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(iii) Using the Zariski density of g(k) in g, one can make some argument involving characteristic polyno-
mials to show that if g(k) has noncentral semisimple elements, then so does g(k) (see Section 18.1
of Borel’s book).

(iv) This actually lets us finish the proof in characteristic zero, because in this case one can show that
5§ C g, consists of semisimple elements — some explanation is given below this summary of steps.

(v) Now assume that chark = p > 0. The above argument may not always apply in characteristic p,
i.e., it can happen that Gz has a noncentral torus g, but every semisimple element of g(k) is central
(see below for a discussion of the example of SLy in characteristic 2). In this case, letting t(k) C g(k)
be the set of (central) semisimple elements, one passes from G to a quotient G; := G /u of G by a
certain finite central multiplicative type group scheme p with Lie o = t; of course, one has to show the
existence of such a p. Here, I am following Conrad’s scheme-theoretic take on Borel’s proof, available
in one of his handouts for his course on linear algebraic groups. Though the theorem for G reduces
to that for Gi, one can again land in a similar situation with all the semisimple elements of g, (k)
central; one then has to repeat this procedure, getting a sequence of quotients G — G; — ..., and
show that this process terminates (alternatively, Conrad doesn’t show that this process terminates,
rather shows that if it doesn’t, then one gets a central torus in G, and one is done).

Now we supply some additional explanation for two of the steps above.

Ezplanation for (iv) above. S has a nontrivial weight, say «, on g7, so that § = LieS C g7 acts on the weight
space U, by multiplication by da; in characteristic zero, it is immediate that da # 0 for all « € X*(T) (as
this immediately follows from the case where S = G,,,, which is easy). Thus, the nonzero elements of 5 C g(k)
are noncentral semisimple, which by (iii) above implies that g(k) has noncentral semisimple elements, so that
we are done by (ii) above.

Some ramble about (v) above. Recall that here we are assuming that chark = p > 0. This sort of a weird
situation can arise, as in the case of SLs in characteristic two. Let us discuss how the resolution works out
in this special case. In this case, it is easy to check that, if T C SLg is the diagonal maximal torus, then
t C g is central. By the conjugacy of maximal tori over k, this also means that t is the Lie algebra of every
maximal torus of SLy; thus, we have the strange situation of infinitely many maximal tori, all having the
same Lie algebra. The idea is that this problem does not occur with SLy replaced by PGLs, and one would
like to go from SLy to PGLs. How does one do this only with the knowledge that t C sly is central?

For this, Borel introduces the notion of “quotienting a group by a p-Lie subalgebra of its p-Lie algebra”,
where a p-Lie algebra refers to the presence of the additional operation X — X! arising from the observation
that in characteristic p, DP is a derivation if D is. Namely, he makes sense of saying that SLy /t = PGLs.
What should this mean? First of all, SLy — PGLs is surjective, and for homomorphisms SL, — H, H a
linear algebraic group, such that sly — § vanishes on t, SLy — PGLy is universal. In general, when Gz has a
noncentral torus S, but all semisimple elements of g(k) form a (necessarily nonzero!) central Lie subalgebra
t C g, Borel passes to G/t via G — G /t. Unlike with SLo, this may not solve the problem, but one can
show that repeated applications of this procedure get us to a group G,, such that g, (k) has a noncentral
semisimple element, so that induction applies.

A very crude idea as to why the process of repeatedly applying quotienting by a Lie algebra terminates. In
the case of SLs, the culprit behind t being central is that the action of < t_1> on root spaces is via t2

and t~2. In other words, the problem is that the characters with which a maximal torus acts on the root
spaces can be divisible by powers of p, in which case their derivative vanishes. Thus, one can hope that
quotienting by a multiplicative type group contained in the center will decrease some of these powers by 1, so
that the process has to stop eventually. One elementary way to see the existence of nontrivial multiplicative
type central subgroup schemes when Gy has a noncentral maximal torus T and yet all the elements of t are
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central, is that, since dow = 0 for each root o of T in Gy, we have:

(73) t= ﬂ ker dow = ﬂ Lie(ker o) = Lie( ﬂ ker a),

a€d=(Gz,T) acd acd

while
ﬂ kera C Zg, -
acd
Thus, we have central multiplicative type group scheme in G with Lie algebra t.

Thus, the equality SLs /t = PGLy above is simply a reflection of SLy /s = PGL3: the t above is just Lie po.
But the main question seems to be: how do we lay our hands on such central group schemes in general?

To have a crude feel for this, let us informally discuss a bit more of the ideas in Conrad’s proof. The idea seems
to be to ‘exponentiate’ a central p-Lie subalgebra t C g, consisting of semisimple elements, to the ‘smallest
possible’ finite subgroup scheme of G with Lie algebra t, which lies inside the kernel of Frg /5, : G — G,
More precisely, a p-Lie algebra over k can be written as h = Lie H for some finite group scheme H over k,
such that Lie, by which we mean the functor taking the p-Lie algebra, defines a bijection

Homy,(H, G) = Homy,(H, ker(Fr : G — G®))) = Hom(Lie H, Lie(ker(Fr : G — G))) = Hom(Lie H, Lie G).

For this, Conrad quotes a theorem from SGA3 according to which, for any commutative Fy-algebra B, ‘Lie’
is an equivalence of categories between finite locally free B-group schemes whose augmentation ideal is killed
by a power of p, and the category of finite locally free p-Lie algebras over B.

On Mohit’s comment. One difficulty with the above approaches is that one has to repeat the process of
quotienting several times; it would be more natural if we could quotient just once. Mohit’s question seeks
to address the issue at hand by doing something like ‘going to the adjoint group’. My feeling is that this
will lead to a proof of Grothendieck’s theorem on maximal tori when G is reductive; I might discuss this in
Lecture 25, though I am not sure yet. Nevertheless, even if one is only interested in the structure theory
of reductive groups, one needs to apply Grothendieck’s theorem on tori to parabolic subgroups, as we did
above to deduce the dynamic description for parabolic subgroups. I suspect that we may not be able to
reduce the proof of Grothendieck’s theorem to the case where G is reductive. If such an idea can be carried
on for non-reductive groups, the correct object to quotient with may be the maximal subgroup of Zg of
multiplicative type, whose existence is given by Theorem 16.13(a) of Milne’s book.

25. LECTURE 25 — STRUCTURE THEORY FOR NONSPLIT REDUCTIVE GROUPS I

Today, we would like to start discussing structure theory for non-split reductive groups; unless otherwise
stated (though I will typically state), G is a connected reductive group. Many of the intermediate results that
we discuss will also have versions that are valid for smooth connected linear algebraic groups over perfect
fields k, but unlike in Springer’s book we will go into that level of generality.

The structure theory as developed in Borel’s book seems to frequently use base-change to k, making use of
Borel subgroups over k, the notion of opposite parabolic subgroups etc. It seems a bit tricky to me (as per
my limited reading/understanding). In contrast, the approach below follows Conrad’s notes, which seems
to be along the lines of Springer’s book, and for which a crucial input is the following observation: if P is a
parabolic subgroup of a connected reductive group G over k, then the unipotent radical R, P of P is split
unipotent (Theorem 25.23 below). Unfortunately, we will not have time in this course to go through a proof
of this observation, so we will assume it and just give references.

The advantage of this observation is that it lets one make good use of the version of Borel’s fixed point
theorem involving split solvable groups over non-algebraically closed fields, and this lets one develop the
structure theory in a manner that is considerably (though not entirely) parallel to the development in the
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case of split reductive groups. Thus, it will be good for the members of the possibly empty set of readers
of the the notes for this lecture, to keep in mind how in the latter part of these notes a good chunk of the
arguments are close to being repetitions of the corresponding arguments in the split case. This is also meant
to be an excuse for only sketching many of the details in the lecture.

25.1. The surjectivity of G(k) — (G/P)(k), up to a density assertion.

Theorem 25.1. Let G be a connected reductive group over k, and let P C G be a parabolic subgroup. Then
G — G /P has Zariski-local sections, and G(k) — (G /P)(k) is surjective.

Corollary 25.2. Let P,Q be parabolic subgroups of a connected reductive group G over k. If Px and Qy
are G(K)-conjugate for some field extension K/k, then P and Q are G(k)-conjugate.

Proof. Since Pk, Q are G(K)-conjugate, Transpg (P, Q) is nonempty, so we may assume without loss of
generality that K = k. Now the corollary follows from combining Theorem 25.1 with the identification,
from Lecture 21, of each (G /P)(K) with the set of parabolic subgroups Q C Gk such Qi and P are

G(K)-conjugate. O

The proof will of Theorem 25.1 will use:
Theorem 25.3. Let G be a connected reductive group over an infinite field k. Then G(k) C G is dense.

Proof of Theorem 25.1, assuming Theorem 25.3. If k is finite, then the result follows from Lang’s theorem:
the fiber of G — (G /P) over any = € (G /P)(k) is a P-torsor, and hence has a k-rational point by Lang’s
theorem and the fact that P is connected (something we saw as a corollary of the normalizer theorem in
Lecture 21).

Therefore, we assume that & is infinite. In this case, we will show that G — G /P has Zariski-local sections,
which would yield the desired surjectivity of G(k) — (G /P)(k). Idea: show the existence of a particular
Zariski-local section, translate around using G(k), which is dense in G.

Since we ‘proved’ the dynamic description of parabolic subgroups in Lecture 24, we can write P = P(X) for
some homomorphism A : G,, — G. An assertion related to the dynamic description was that the top row of
the following commutative diagram was an open immersion:

N(=A) x P(\) 2~ G

| |

N(-\) ——>G/P

We claim that N(—X) — G /P is an open immersion. Since the top row is an open immersion, it is almost
tautological that the above diagram is cartesian, so that the top row is a base-change of the bottom row
along the faithfully flat map G — G /P. This gives the claim, and shows that G — G /P has at least one
Zariski local section s : V' — G, namely, the inverse to the isomorphism between N(—M) and its image in
G/P.

Now it suffices to show the equality UgeG(k) g-V =G /P. If U C G is the open set obtained as the preimage
of V under the surjective map G — G /P, it suffices to show that UgeG(k) g-U=0G.
[For this I will take a less conceptual approach than in the lecture, since I am confused about rigorously

justifying a particular point.]

It is easy to see that G(k) C Gy is also dense: use that every element of k[Gy] can be uniquely written
in the form )", a;f;, with the a; running over a basis for k over k, and f; € k[G]. Uy C Gy is open, so it
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suffices to show that for each open subset U € Gz, G(k)U C Gz is dense. For this, it is enough to show that
G(k)U contains G(k) (since its complement is constructible and hence, if nonempty, contains a k-rational

point). But this is immediate: if g € G(k), then Ug~' is an open subset of Gj, and hence meets the dense
set G(k). O

Remark 25.4. When we proved that Borel subgroups of a split reductive group G over k are conjugate (Lec-
ture 23), the main fact we used was that the pointed set H'(Gal(k5P/k), B(k*°P)) was trivial, i.e., singleton.
This was a consequence of B being split solvable in this case, something that requires both B to be a Borel sub-
group of G, and G to be split. In the situation of Theorem 25.1, it is not true that H'(Gal(kP/k), P(k"P))
is trivial; what is true rather is that H'(Gal(k%°P/k), P(k%°P)) — H'(Gal(k*°P /k), G(kP)) is injective. In
fact, the latter fact gives an easy proof of Theorem 25.1, but as far as I know, one uses Theorem 25.1 to
prove the latter fact. But this implication is not obvious, since we are dealing with pointed sets here, and
some care needs to be taken to interpret and deal with “long exact sequences” involving pointed sets.

25.2. Density of G(k) in G; unirationality. In this subsection, we reduce the proof of Theorem 25.3 to
another result, that G is generated by its maximal tori (Theorem 25.10 below), which in turn we will (try
to) prove in the next subsection. We will make key use of the notion of unirationality:

Definition 25.5. A variety X /k is called unirational if there exists a dominant map U — X, where U is an
open subset of some affine space A”.

Lemma 25.6. If X is a unirational variety over k and k is infinite, then X (k) C X is dense.

Proof. Choose U C A™ and U — X as in Definition 25.5. Suppose V C X is open. Then the inverse image
U’ C U of V is nonempty and open in U and hence in A™. Therefore, U' NA™ (k) # (). Since U' NA™ (k) C U(k),
we apply U — X to get that X(k) NV # 0, as desired. O

Proof of Theorem 25.3. The theorem follows from Proposition 25.7 below. ]
Proposition 25.7. Any connected reductive group over k is unirational.

Remark 25.8. If G is a split reductive group over k, we saw as a corollary to the direct spanning theo-
rem in Lecture 23 that G is a rational variety. Clearly, any rational variety is unirational, so we already
know Proposition 25.7 for split groups. We also know it for orthogonal groups that may not be split, as-
suming char k # 2, thanks to the Cayley transform (this idea will also work for unitary groups, which we
probably have not discussed yet). But in general, we will need an approach that is more closely related to
Grothendieck’s theorem on maximal tori, and seems to be kind of equivalent to it. Perhaps I should have
added some examples of tori and semisimple groups that are unirational but not rational, but I am running
out of time and these notes are getting long.

Proof of Proposition 25.7, assuming Theorem 25.10 below. Let G be a connected reductive group over k. If
k is a finite field, then we know from Lang’s theorem that G has a Borel subgroup. One can show that the
unipotent radical of any parabolic subgroup of a connected reductive group is isomorphic to an affine space
(this is along the lines of Theorem 25.23 below), and one can combine this with the unirationality of tori,
proved below, to show that any connected reductive group over a finite field is unirational.

Thus, let us assume that k is infinite. It suffices to justify the following two steps:

(a) G is generated by the tori contained in it.
(b) Every torus over k is unirational.

Clearly it is enough to prove (a) and (b). The proof of (a) is postponed to Theorem 25.10 below, so let us
prove (b). Let T be a torus over k.
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Case when T = Resk/, G,,, where K/k is a finite separable extension. We have T = Resg /i, G, C
Resg /i Al; the latter represents R — K ®;, R, and is hence the affine space underlying the k-vector space
K. Thus, (b) follows in this case if we show that Resg /i, G,, C Resgy, Al is open, making it a rational (and
hence unirational) variety. As Ashutosh said, this can be done by base-changing to the Galois closure of k,
and noting that on doing so Resg /i Gy, C Resg iy, A becomes a product of copies of G,,, in A'. Alternatively,
one considers an ‘N : Resg Al — AY map just like the ‘Ngji : Resg/r Gm — Gy,” map in Lecture 11:

left mult. det

A'K®,R) =K®,R — Endg(K®pR) S R=AYR),
and notices that Resk /p Gy, is simply the preimage of G,, C A! under this map.

Thus, (b) now follows for those tori T of the form []; Resg, /i Gy, with each K;/k finite separable. Recall
from Lecture 11 that such tori are called induced, and that these are precisely the tori T /k with the property
that the finitely generated free abelian group X*(T) has a basis that is permuted by Gal(k%P/k).

Now, to finish the proof of (b), it is enough to show that any torus T /k admits a surjection S — T, where
S is an induced torus (this is the part where rationality might fail, and one has to make do with the weaker
property of unirationality). Recalling the anti-equivalence M — X*(M) between multiplicative type groups
and finitely generated abelian groups with Gal(kP/k)-action, and that the action of Gal(k*P/k) on X*(T)
factors through some quotient I' := Gal(K/k) with K/k a finite Galois extension, we are now reduced to
proving the following statement:

If A is a finitely generated free abelian group with a I'-action, then there exists an injection A < A’, where
A’ is a finitely generated free abelian group with a I'¢-action, that moreover has a basis permuted by I'k.

It is enough to get such an embedding A — A” ® Z[I'], on which T" acts through its left-regular action on
Z[r).

But Z[I'] is isomorphic to Hom(Z[I'], Z) = {Maps I' — Z}, with the right-regular action, as a I'-module (use
the pairing Z[I'] x Z[I'] — C given by multiplying and evaluating at e), so it is enough to get an embedding
of T-modules A < {Maps I' — A} for some finitely generated free abelian group A”’.

One can then take A”" = A, and note that the map A — {Maps I' — A} given by a — (0 — o(a)) works. O

Remark 25.9. (i) In the above proof, the A” ® Z[I'| and Hom(Z[T'], A”") are respectively examples of
induced and coinduced modules as one sees in group cohomology.

(ii) The passage from the former to the latter is (a special case of) the assertion that every induced
module is coinduced (in the context of finite groups like I', or more generally in the context of
inducing from finite index subgroups), and the embedding of A in Hom(Z[I'], A) follows how every
I'-module is naturally embedded into a coinduced module.

(iii) What necessitated the passage from induced to coinduced modules is that induction is what is
naturally left-adjoint to restriction, while coinduction is naturally right-adjoint to restriction.

(iv) Note that T being an induced torus is weaker than X*(T) being an induced or a co-induced module
with respect to a I" as above. But of course, it suffices to prove something stronger.

25.3. Reductive groups are generated by tori. To finish the proof of Proposition 25.7 and hence of
Theorem 25.1, it now suffices to prove the following theorem:

Theorem 25.10. Assume that k is infinite. Then any connected reductive group G over k is generated by
the tori contained in it.

The following proof is inspired by Mohit’s suggestion that going to the adjoint group may help deal with
the problems encountered in the proof of Grothendieck’s theorem. I am writing ‘attempted proof’ since
I am a bit puzzled by some of the harder seeming proofs in literature. In fact, note that the following
proof (assuming that it is correct) in particular proves Grothendieck’s theorem in the reductive case, though
ultimately, we also needed Grothendieck’s theorem for parabolic subgroups of G (which we used in Lecture
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24 to prove the dynamic description for parabolic subgroups), for which the following proof doesn’t seem to
apply.

An attempted proof of Theorem 25.10.

Claim 1. The proof reduces to the case where G = Ga.q. °2 We will repeatedly use that Zq is contained in
every maximal torus of G (something we saw is true over k, so it is true over k as well). Using this, the
theorem reduces to the case where G = G,q, once we show that the inverse image T of any maximal torus
T C Ga.q is a maximal torus of G. For justifying this claim alone, assume that k¥ = k. If S € G is any
maximal torus, its image S C Ga.q is a torus, so we may choose an S so that S C T, so S € T. Since Zg C S,
it is enough to show that S = T if not, we have dim T > dim S, though the fact that T centralizes S and the
fact that Zg C S together imply that T normalizes S, contradicting the fact that Ng(S)? = S.

For the rest of the proof, we assume that G = G.q.

Now suppose we can prove the following claim, which heavily depends on the assumption that G = Gaq:

Claim 2. There exists a Zariski-open subset U C g(k) with the following property: for every X € U,
Cq, (X) C Gy is a maximal torus.

Let us finish the proof of the theorem, assuming Claim 2. Since k is infinite, it follows that g(k)NU C g(k) is

dense in g, because for any open subset V' C g(k), unv c g(k) is open and hence intersects the Zariski dense
subset g(k) C g(k). Therefore, g(k) N U spans g(k) over k. Choose X1,...,X,, € g(k) N U spanning g(k).
Letting T; := Cg(X;), so that T; C G is a maximal torus, we claim that the subgroup H C G generated by

Ty,..., T, equals G.

To prove this equality H = G, we assume without loss of generality that k = k. Since each T; is reduced, H
is reduced and hence smooth (recall results from Lecture 15). Therefore, the equality will follow if we show
that h = g, which follows from the fact that the multiplication map

Tyx--x---xT, =G
factors through H, and t; +---+t, = g. 53

Now it remains to prove Claim 2, for which we may and do assume that & = k. Fix a maximal torus T C G.
We will use:

Claim 3. da # 0 for each a € @ := (G, T).

Claim 3 also depends on G being adjoint (it would not be true with SLs in place of G, as the derivative of
t — t? is zero). Since we saw in Lecture 22 that each o € ® is contained in some base, we may assume that
« belongs to some base A C ®. A very useful fact about adjoint groups is that the map:

T—)G”Am, t— (B(t))BeAa

is an isomorphism: indeed, its surjectivity follows from the fact that A ¢ X*(T) C X*(T)q is linearly
independent, while its injectivity follows from the fact that (5. (ker 8) = [\zcq(ker 8) C Zg = {1}. Since
a € A, this realizes « as a coordinate projection on a power of G,,, so that da # 0, proving Claim 3.

Claim 3 implies that the open subset t'(k) C t(k) defined as the set on which each do is nonvanishing, is
nonempty. Now consider the map:

(74) (G/T)xt =G,

descended from (g, X) — Adg(X). Why does this descended map exist? G xt' — G is equivariant for
the right-action of T(k) on the first factor of the source, so the dual map k[G] — k[G] ® k[t'] lands inside

52\We did not detail this argument in the lecture. An alternative argument might be contained in an earlier lecture, but I
don’t remember.

53The ‘proof’ I gave in the lecture was nonsense: I said that T; X --- X Tj, — G contains an open subset of its closure, and
computed the tangent-level image at the identity to be the whole of g; but this is not enough, since it is not clear that e is a
smooth point of the closure of the image of the multiplication map.
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(E[G] @ E[¢])T® c E[G]T) @ k[] = k[G /T] ® k[T’]: since T is smooth, an element of the right-regular
representation of G that contains T(k) in its isotropy also contains T. I think I am not using the affineness
of G/ T here.

If we show that Cg(X) C G is a maximal torus for each X € t/(k) (and hence also for each X €
AdG(k)(¥(k)), and that the map (74) is étale and hence open, then U := {Adg(X) | g € G(k),X €
t'(k)} C g(k) would satisfy Claim 2.

Let X € t/(k), and let us show that the inclusion T C Cg(X) is an equality, making Cg(X) C G a maximal
torus. Since X is semisimple, we ‘know’ that Lie Cq(X) = ker(ad X), and that Cg(X) is smooth and
connected: these facts were stated without proof in Lecture 24. Therefore, the claim that T = Cg(X) will
follow if we show that ker(ad X) = t. But since ad X acts on u,, for each o € ®(G, T), as multiplication by
da(X), which is nonzero by Claim 3, this is immediate.

It remains to show that (74) is étale, which needs to be only shown at k-rational points (g, X). Since
G /T xt and g are smooth varieties of the same dimension, this will follow if we show that the derivative to
this map at each (g, X) is surjective. Using the left-action of G(k) on G / T, we may also assume that g = 1.
Identifying Taq ¢(x+)(9) = g, the derivative to the map G xt' — g given by (g, X) — Adg(X) identifies
with a linear map g @ t — g, which we separately compute on g and on t. This amounts to computing the
derivative of g — Adg(X), and of X’ — X'’. The former derivative equals Z — [Z, X], while the latter
equals Y — Y. This reduces us to showing that:

[0, X]+t=g.
Since da(X) # 0 for each o € ® by Claim 3, it is easy to see that [g, X] = € ua, so it follows that
9, X]+t=E, u. ®t=1t, as desired. O
Remark 25.11. (i) Let us now discuss another possible approach to part of the proof of Claim 2 of the

above proof, which is also illuminating. Instead of U C g(k), we can consider the open subscheme
U C G defined as:
{X eg|e(X)#0},

where r = dim T, and ¢, (X) is the coefficient of the degree r term in the characteristic polynomial
of ad X. What Claim 3 of the above proof shows is that, in the setting of that claim, tN Uz = t'.
Therefore, t is nonempty. It remains to show that Cg,(X) C Gy is a maximal torus for each
X € U(k), i.e., for all X € g(k) such that c.(X) # 0. For this again, assume that k = k. If
X = X, + X,, is the Jordan decomposition of X, then ad X and ad X, (which is the semisimple part
of ad X) have the same characteristic polynomial, so we have ¢, (X;) # 0. Since we ‘know’ that X
belongs to the Lie algebra of some maximal torus of Gy, we can assume without loss of generality
that X, € t(k) (conjugation preserves U), so that X, € t(k). It follows that X,, € ker(ad X,) = t, so
that X = X, € ¢, so that Cg(X) = C¢(Xs) =T C G is a maximal torus.

(ii) This alternate ‘proof’ in (i) is sort of compatible with the main ‘proof’ involving U C g(k): using the
arguments of (i), it is easy to see that the U in the main ‘proof’ is the U(k) of the ‘proof’ according
to (i).

(iii) Note that we are actually proving something stronger: continuing with notation from the above
‘proofs’, most elements of g(k) belong to U or to U(k), and these elements are all semisimple and
belong to the Lie algebra a maximal torus. Thus, having struggled last time to prove that G had
some nontrivial torus, we now know that ‘most’ elements of g(k) are contained in the Lie algebra of
some maximal torus.

(iv) If we somehow knew a priori that G(k) was dense in G, we could apply the argument of (i) above,
with U C g replaced by the subscheme V C G consisting of g such that the coefficient of the degree r
term in the characteristic polynomial of Ad g — 1 does not vanish, except that Cg(X) would have to
be replaced by Cg(g)° (since each semisimple g € G(k) lies in some maximal torus, we would have
g € Ca(g)?). This would show that an open subset of G, which is nonempty by the assumed Zariski
density of G(k), would consist of elements in maximal tori, forcing these to generate G. Thus, one
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would also get a strong form of Grothendieck’s theorem for reductive groups. What is more, such an
argument would not require one to pass to adjoint groups — this reflects the principle that reductive
groups behave much better than their Lie algebras. The reason for using the Lie algebra is thus
ultimately that the Zariski density at the Lie algebra level was all that was available for free, since
the Lie algebra is a vector space, but once that was available, one could use that to prove the Zariski
density at the group level as well.

Again, just like (G /T) x ' — g, we would also have (G / T) x T — G after base-changing to k, and
this would tell us that ‘most’ elements of G(k) lie in some maximal torus as well. As before, this
depends on our knowing the Zariski density of G(k) in G. To repeat, this Zariski density therefore
seems to be kind of equivalent to Grothendieck’s theorem on maximal tori.

Note the similarity between part of the arguments in the ‘proof’ of Theorem 25.10, featuring the
map (G /T) x t — g, and the proof of the Weyl integration formula for compact Lie groups. If I am
not mistaken, the analogue of this map (G /T) x T — G is also used to show that every element of
a compact Lie group is contained in a maximal torus, which is in the same spirit as the comment
above that ‘most’ elements of G(k) are contained in some maximal torus.

As mentioned earlier, Springer’s book, as well as the book ‘Pseudoreductive groups’, proves versions
of this theorem for arbitrary smooth connected linear algebraic groups over perfect fields; such
groups are of course not generated by their maximal tori, but they have maximal ‘generated by tori’
subgroups that are normal, quotienting by which gives one unipotent groups.

Motivation for an idea in this proof, which also showed up in the proof of Grothendieck’s theorem on
mazximal tori. How does one show that most elements of End(V') are semisimple? Any matrix A with
distinct eigenvalues is semisimple, and the distinctness of eigenvalues translates to the characteristic
polynomial f4 of A being relatively prime to its derivative f/,. This in turn is equivalent to the
discriminant of the characteristic polynomial of A not vanishing; thus, the open dense subset of
End(V) consisting of elements where this discriminant doesn’t vanish consists entirely of semisimple
elements. This is what generalizes the U of the alternate approach in (i) above: in the special case
where G = GL(V), the ¢, (X) of (i) is easily calculated to be simply [[; ;(A; — A;), where A1,..., A,
are the eigenvalues of X € gl(V) = g. For the group analogue discussed in (iv), if A1,..., A, are the
eigenvalues of g € G = GL(V), then the coefficient ¢,.(g) of the characteristic polynomial of Adg—1,
of degree r where r = rk G, reads off Hi,j(/\i/\j_l — 1); thus, the nonvanishing of ¢,.(g) again detects
the distinctness of the eigenvalues of g.

25.4. Structure theory — a summary of results to be discussed.

Definition 25.12. (i) If G is a linear algebraic group over k, a maximal split torus of G is a split torus

(iii)

S C G, with the property that no torus in G containing S properly is split. A maximal split torus is
not to be confused with a split maximal torus: the latter does not exist in general (unless G is split
reductive etc.), while the former always exists.

Let S C G be a maximal split torus. Let ;& = ®(G,S) C X*(S) be the set of nontrivial characters
occurring in the eigendecomposition for the action of S on g via Ad:

g=0"® P w=LeCc®)® P u.
a€X*(8) acX*(8S)

Define the Weyl group of G with respect to S as W(G,S) = Ng(S)/ Cg(S). By the rigidity of tori,
it is a finite étale group scheme.

We would like to sketch arguments for the following (notice the parallels with the split reductive case):

(i)
(i)

Define a facet decomposition of X, (S)®R, and show that the ‘dynamic description’ puts these facets
in bijection with the set of parabolic subgroups of G containing S.
Show that:
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e The maximal split tori of G are conjugate; this will show that the above constructions are
somewhat canonical.

e Moreover, the maximal split tori of any parabolic subgroup P C G are also maximal split tori
of G, and are P(k)-conjugate to each other.

e Moreover, the minimal parabolic subgroups of G are G(k)-conjugate to each other.

(iii) Show that ,® C X.(S) forms a root system in Span(,®) ® R C X*(S) @ R.

(iv) Define a suitable subset ,®Y C X.(S) \ {0}, and show that (X*(S), x®, X.(S), x®") is a (not
necessarily reduced) root datum.

(v) Show that minimal parabolic subgroups of G that contain S are in bijection with positive systems
for this root datum, and thus also with bases for these root datum (we defined positive systems and
bases only for reduced root data, but the definitions for non-reduced root data are similar).

(vi) Fixing a minimal parabolic subgroup Py C G and the corresponding base A, give a bijection between
parabolic subgroups of G that contain Py, and the subsets of A. Relatedly, show that ‘parabolic
subsets of ;®’ are in bijection with the set of parabolic subgroups of G that contain S.

(vii) Prove basic properties of W(G,S), and show that the obvious injection W(G,S) < Aut(S) =
Aut(X*(S)) identifies W (G, S) with the Weyl group of the root datum (X*(S), x®, X.(S), x®").

We will soon see the conjugacy of maximal split tori stated above; note in contrast that maximal tori of G
are usually not G(k)-conjugate to each other. This is one reason why the former are more natural objects
to consider for the structure theory of non-split groups.

25.5. Preliminary consequences of the dynamic description; the facet decomposition of X, (S)®R.
We recall that we are mainly following Conrad’s notes. Last time, we perhaps could have recorded the
following corollary of the dynamic description of parabolic subgroups:

Proposition 25.13. Let G be a connected reductive group over k, and P C G a parabolic subgroup. Then
P has a Levi subgroup, say M. We also have that (R, P); = R, Py, so that P = R, P x M.

Proof. If P = P()), the unipotent group N(A) is defined over k and base-changes to N(\z) = R, Pz, so
N(A) = R, P and (R, P); = R, Pj;. Moreover, M(\) C P is a Levi subgroup, since we have seen that it
is one over k (e.g., choose a maximal torus Tz C Gj containing A\(G,,)z, to put us in the setting of a split
reductive group). The equality P = R, P x M holds for any Levi subgroup M C G, because it holds over k
by the definition of a Levi subgroup (see Lecture 21). O

Lemma 25.14. Let G be a connected reductive group over k. Let P C G be a parabolic subgroup, and let
S C P be a mazimal split torus. Then:

(i) There exists a cocharacter A : G, — S such that P = P()\).
(i) There exists a unique Levi subgroup M of P containing S: it equals M(A) = Cg(\), which contains
Ca(S).
(i1i) P D Cq(8S).

Proof. Let T O S be a maximal torus of P (and hence of G). We know that P = P () for some homomorphism
A: Gy, — T (Lecture 24). If S 5 A(Gy,), then SA(G,,) would be a bigger split subtorus of T and hence of
P, a contradiction. Thus, A : G, — S satisfies P = P()\), giving (i).

The existence assertion (ii) is immediate (see the proof of Proposition 25.13 above) so let us prove the
uniqueness assertion. If M’ C P is another Levi subgroup containing S, then choose any maximal torus
T C M’ containing S. Thus, T C Cg(S) C M, so that M and M’ share a common maximal torus. To see
that M = M’, we note that each of My and M;—C is generated by Tz and those root subgroups U, C Gy,
a € O(Gy, Tj), with the property that both @ and —a belong to “®(P,T)”.

(iil) follows from (ii). O



203

Lemma 25.14 above gives us a facet decomposition of X, (S) ® R that describes the set of parabolic subgroups
containing S. Let us define the decomposition first:

Definition 25.15. (i) Let G be a connected reductive group over k, and S C G be a maximal split
torus. We define an equivalence relation on X, (S) ® R as follows: A ~ X if for each a € ®(G,S),
(o, \) and {a, A’) are either both zero, or both positive, or both negative. We will call the equivalence
classes facets, but we will not give the standard arguments that justify calling them facets.
(ii) A € X.(S) @R is said to be regular or in the general position if (a, A) # 0 for all a € ;@ = ®(G, S).
Tt is easy to see that the subset of X, (S) ® R consisting of the regular A is precisely the union of the
open equivalence classes.

Proposition 25.16. Let G be a connected reductive group over k, and S C G a maximal split torus.

(i) Every facet of X.(S) ® R is convex, closed under multiplication by Rsq, and contains an element of
X.(S).

(i) Sending a facet F C X, (S)®R to P(X), for any A € FNX,.(S) (such A exist by (i)), is a well-defined
bijection from the set of facets in X, (S) @ R to the set of parabolic subgroups of G containing S.

Proof. (i) is easy; use that the roots belong to X*(S), their vanishing hyperplanes are defined over Q, and
that any element of X, (S) ® Q has a positive integral multiple inside X, (S).

If A\, N € X.(S) belong to the same facet, it is immediate that p(A) = p(A’'). Let us now explain how to
conclude the equality P(A) = P(X') from p(A\) = p(N\'). By Lemma 25.14(iii), P(\), P(\') both contain Cg(S),
and hence contain a common maximal torus, say T. Thus, the equality P(A) = P()’) is the assertion that
any two parabolic subgroups of G that contain T, and have the same Lie algebra, are equal. To see this
concretely, we base-change to k and note that each of P(\) and P()\’) is generated by T and those root
groups U, such that u, is contained in p(A\) = p(\).

Conversely, if A, \' C X.(S) are such that P(\) = P()\'), we claim that A, A" belong to the same facet. This
follows if we show that, in the definition of the equivalence in Definition 25.15, we have A ~ X\’ if and only
if for all @ € @, we have (a,A\) < 0 < {(a,\) < 0. This is easy to see once we show that ,® is closed
under a — —a. This in turn follows by choosing a maximal torus T; C G containing Sj, and realizing ,®
as the set of those nontrivial a|g as « runs through ®(Gg, T).

Now the bijection asserted in (ii) follows from the existence of the dynamic description for parabolic subgroups
(Lemma 25.14(i)). O

Definition 25.17. Thanks to Proposition 25.16, in its setting, we will talk of P(\) and M()\) for A €
X.(S)®R: it equals P(\'), where X is any element of X, (S) that belongs to the same facet as A. Further, it
is clearly the unique parabolic subgroup of G whose Lie algebra is spanned by Lie Cg(S) and those u, such
that (a, A) > 0.

You guessed it right — we would like to say that P()) is generated by Cq(S) and the U, such that (a, ) > 0,
for suitable ‘root subgroups’ U,, but the definition of such subgroups will need to wait till Lecture 25.

Remark 25.18. (i) If A, ) belong to the same facet, it is easy to see that M(\) = M()). In particular,
We will use this without further mention in what follows. However, the converse is not true: what
one can show instead is that, M(A) = M(X) if and only if the facets corresponding to A have the
same span in X, (S) ® R.

(i) It is easy to see from (i) that M(A) = Cg(S) if and only if A is in a general position.

(iii) Omne of the arguments from the proof of Proposition 25.16 showed that if p(\') = p(A), then P(\) =
P(A\). It is easy to see that the same argument generalizes to show the following: if p(\') C p(A),
then P(X\) C P(A).
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Proposition 25.19. Let Py be a minimal parabolic subgroup of a connected reductive group G over k, let
S C G be a mazimal split torus, and A € X, (S) ® R be such that Po = P(X\). Then the following are
equivalent:

(i) Po C G is a minimal parabolic subgroup.
(ii) X is regular, i.e., in a general position: see Definition 25.15(ii).
(i) Ca(S) is a Levi subgroup of Py.

Remark 25.20. The ‘proof’ I gave in the lecture, that (ii) or (iii) implies (i), was horribly incomplete:
dimension arguments don’t make sense unless we know that minimal parabolic subgroups are of the same
dimension. So we will right now prove only (i) = (ii) = (iii), and prove (iii) = (i) later, after proving the
conjugacy of minimal parabolic subgroups and maximal split tori.

Proof of the implications (i) = (ii) = (i) in Proposition 25.19. Recall that M(A\) C Py is a Levi subgroup.
Suppose A is not in a general position. Then we can choose X' € X, (S) ®R that is close to A and in a general
position. This implies that for all a € ®, if {a,A) < 0, then (a,\) < 0; thus, if {(a, \') > 0, we have
(a, Ay > 0. This implies that p(\') C p(A). By Remark 25.18(iii), we have P(\') C P()). By the minimality
of Po = P(\) and Proposition 25.16, we conclude that P(\) = P()\), so that A, X’ belong to the same facet,
a contradiction since A’ is in a general position and A is not.

This gives (i) = (ii). On the other hand, (ii) implies (iii), since Cg(S) = M()) if A is in the general position
(Remark 25.18(ii)). O

25.6. Conjugacy of maximal split tori and of minimal parabolic subgroups. There will be two
crucial inputs into proving the conjugacy of maximal split tori and of minimal parabolic subgroups. The first
is the ‘split solvable’ version of the Borel fixed point theorem, and the second is the assertion that unipotent
radicals of parabolic subgroups of split reductive groups are split unipotent (Theorem 25.23 below, which
unfortunately we will not prove).

The following proposition is the result through which ‘split solvable’ version of the Borel fixed point theorem
will be applied.

Proposition 25.21. Let G be a connected reductive group over k. Suppose H C G is a split solvable
subgroup, and P C G a parabolic subgroup. Then there exists g € G(k) such that gHg=! C P.

Proof. Since H is split solvable (which is more than just smooth connected solvable), the ‘split solvable’
version of the Borel fixed point theorem says that H has a fixed point « € (G / P)(k), so that H C Stabg(z).
It follows from Theorem 25.1 that z = g P for some g € G(k). Therefore, H C Stabg(gP) = gP g~ 1, so that
g 'Hg C P, as desired. O

Corollary 25.22. Let G be a connected reductive group over k, and P C G a parabolic subgroup. Then a
mazimal split torus of P is also a mazimal split torus of G.

Proof. By Proposition 25.21, any maximal split torus of G can be conjugated into P. O

Now we move to the second crucial input::

Theorem 25.23. Let G be a connected reductive group over k, and let P C G be a parabolic subgroup. Then
R, P is split unipotent.

Some noises in liew of proof. We can write P = P()) for a cocharacter A : G,,, = G, and then R, P = N(\).
What causes the splitness is supposed to be that Ad o) acts only with positive weights on n(\); apparently
every unipotent group has a maximal ‘split unipotent’ subgroup, with the quotient ‘wound’, i.e., having no
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subgroup isomorphic to G,, and a wound group cannot have a nontrivial torus action (Appendix B of the
book on pseudoreductive groups).

Another approach is given in Milne’s book (see Theorems 13.41 and 16.58 of that book). The fact that
the action Ado\ of G,, has only positive weights somehow allows one to show that a ‘Luna map’ from
R, P = N(A) to n(\) is an isomorphism of varieties, so that N()) is isomorphic as a variety to an affine
space, and then some result of Rosenlicht allows us to conclude that N(A) is split unipotent. O

Remark 25.24. It is a general fact that smooth connected unipotent groups over perfect fields are split.
Hence the above proposition belongs to the class of results which say that the theory of reductive groups
works just the same over imperfect fields as well.

With the two inputs, we can now prove the conjugacy of minimal parabolic subgroups:

Theorem 25.25. The minimal parabolic subgroups of a connected reductive group over k are all conjugate
(i.e., k-rationally so) to each other.

Proof. Let P, P’ be minimal parabolic subgroups of a connected reductive group G over k. Choose maximal
split tori S € P,S" C P’. Since SR, P is split solvable (by Theorem 25.23), there exists g € G(k) such
that g(SR,P)g~' C P’. Thus, without loss of generality, we may assume that SR, P C P’. Since S is a
maximal split torus of G as well (Corollary 25.22), it follows from Lemma 25.14(iii) that Cg(S)R, P C P'.
But by the proved implication (i) = (iii) of Proposition 25.19, Cg(S) is a Levi subgroup of P, so this gives
P = Cq(S)R,P C P/, so that P = P, O

Remark 25.26. Here is a consequence of the conjugacy of minimal parabolic subgroups (Theorem 25.25),
which I don’t think is that immediate. The theorem rules out a lot of possibilities for how the minimal
parabolic subgroups can look like after base-change to k. This is an important phenomenon related to the
notion of associate parabolic subgroups, but let us just explain this in the context of GL3.

Say G is a form of GL3, i.e., we may and do fix an identification Gg = GL3 /E Let Po = P(—)\) C G be
a minimal parabolic subgroup. Then one can ask what all possibilities exist for (Pg); € GL3 /k. We claim
that it cannot be the subgroup of (2, 1)-block upper triangular (resp., (1,2)-block upper triangular) matrices.
Indeed, if these were minimal parabolic subgroups, we could also arrange that P(—\); were the group of
(2,1)-block lower triangular matrices (resp., (1,2)-block lower triangular matrices). But the group of (2,1)-
block lower triangular matrices is not conjugate to the block of (2, 1)-block upper triangular matrices, since
it is conjugate to the block of (1,2)-block upper triangular matrices (recall that two conjugate parabolic
subgroups that contain the same Borel subgroup are conjugate). Thus, (Pg)z can only be either a Borel
subgroup of GL3 /k or the whole of GLs3 /k. This will not be surprising to those of you who have seen forms
of GL,, associated to division algebras, and/or unitary groups.

In the lecture, I casually made a similar comment involving groups of type G2, but that was wrong.

Corollary 25.27. Let G be a connected reductive group over k, and let Py C G be a minimal parabolic
subgroup. The obvious map

{Parabolic subgroups of G containing Py} — {Parabolic subgroups of G}/G(k)-conjugacy

s a bijection.

Proof. It is a surjection by Theorem 25.25. It is an injection because any two parabolic subgroups P,Q C G

containing Py, such that P; and Qg are G(k)-conjugate, are equal: we had seen this as a corollary of the
normalizer theorem in Lecture 21. (Il

We now come to the conjugacy of maximal split tori.
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Theorem 25.28. The maximal split tori of a connected reductive group over k are all conjugate to each
other. More generally, if G is a connected reductive group over k and P C G is a parabolic subgroup, then
the mazimal split tori of P are all P(k)-conjugate to each other.

Proof. By induction, we assume the theorem to be true if G is replaced by a connected reductive group of
smaller dimension (the following proof will essentially work without induction if P = G or P is a minimal
parabolic subgroup, and with some extra work the general case can be reduced to the case where P is
minimal; but we will take the easy way out and use induction).

Let S,S’ ¢ P be maximal split tori.

Reduction to the case where P is a proper parabolic subgroup. Suppose P = G. If G does not have a
proper parabolic subgroup, then P(A\) = M(A) = G for all A : G,, — S — this is because we know that
dim N()\) = dim N(—\) — so that S is central, so that SS" C G is a split torus, forcing S’ = S. Therefore, we
may assume that G has a any proper parabolic subgroup Q C P C G, and use Proposition 25.21 to assume
that S,S’ € Q. Thus, we are reduced to the case where P C G is proper.

Replacing G with a Levi subgroup of P. Choose X : G,, — S such that P = P(\), and set M = M()). S,S’
map isomorphically to their images S,S’ ¢ M := P /R, P, which is reductive since (R, P); = R, P; (see

Proposition 25.13 above_l). Moreover, the map M = M()\) — M is an isomorphism, making the image S a
maximal split torus of M.

Thus, since dimM < dim G and M is a connected reductive group over k, we may and do use the induction
hypothesis and conclude that S'cMis M(k)-conjugate to a subtorus of S. Thus, without loss of generality,
we may and do assume that S’ C S, so that S’ € SR, P = N()\) x S C P. Thus, letting H = N(\) x S, it
suffices now to show that any maximal split torus (in particular S") of H is H(k)-conjugate to S; there is no
harm to use S’ to denote this maximal split torus as well.

The key point is our unproved Proposition, Theorem 25.23, which makes H := N(\) x S split solvable. It
is a standard fact, which we might have seen in Lecture 14, that maximal tori of split solvable groups are
conjugate to each other. In any case, let us recall the argument for the situation relevant to us.

Since H is split solvable, maximal split tori of H are the same as its maximal tori (look at the image under
H — S). This implies that Transpy(S,S’) is nonempty, since it has a k-point by the theory of smooth
connected solvable groups over algebraically closed fields.

Clearly, Transpy (S, S’) is a torsor for Ny (S). Since S is a split torus, so that torsors over S are trivial, it now
suffices to see that Ny (S) = S. Now if n € Ny(S) and s € S, then nsn~ts™ € Hyger NS C R, HNS = {1}, so
that Ny (S) = Zu(S). Moreover, Zu(S) = Cq(S)NH C M(A)NSN(A) = S, so that Ny (S) =S, as desired. O

Corollary 25.29. Let G be a connected reductive group over k. The conjugation action of G(k) is transitive
on pairs (Po,S) such that Py C G and S C Py is a maximal split torus.

Proof. Given two such pairs (Pg,S) and (Pg,S’), use the conjugacy of minimal parabolic subgroups to
assume that Po = Py, and then the slightly finer form of conjugacy of maximal split tori in Theorem 25.28
to Po(k)-conjugate S to S'. O

Definition 25.30. Let G be a connected reductive group over k.

(i) The relative rank of G, or the k-rank of G, is the common dimension of the maximal split tori of G.

(ii) Suppose we are in a situation where we have fixed a minimal parabolic subgroup Py of a connected
reductive group G over k. Then parabolic subgroups of G that contain Py are called standard
parabolic subgroups.
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(iii) Suppose we have fixed a pair (Pg,S) consisting of a minimal parabolic subgroup Py of G and a
maximal split torus S C Py. Then a standard Levi subgroup of G refers to a subgroup M C G such
that M contains S, and such that M is a Levi subgroup of a standard parabolic subgroup P C G.
Note that, by Lemma 25.14(ii), M is the unique Levi subgroup of P that contains S.

Thus, when we have fixed a minimal parabolic subgroup, Corollary 25.27 says that every parabolic subgroup
of G is G(k)-conjugate to a unique standard parabolic subgroup.

To complete the proof of Proposition 25.19, we will use the following corollary of the above results:

Corollary 25.31. If G is a connected reductive group over k, S C G s any maximal split torus, and
Py C G is any minimal parabolic subgroup, then Py is a minimal parabolic subgroup if and only if dim Py =
(dim G +dim Cg(S))/2.

Proof. The ‘if” implication follows from the ‘only if’ implication, so it is enough to assume that Po C G is a
minimal parabolic subgroup, and prove the equality dim Py = (dim G 4+ dim C¢(S))/2.

By Theorems 25.25 and 25.28, all maximal split tori have the same dimension, as do all minimal parabolic
subgroups. Therefore, we may and do assume that Py O S, and hence that Py = P()) for some A : G,,, — G.
By the proved implication (i) = (iii) of Proposition 25.19, Cg(S) = M(A) =C Py is a Levi subgroup. Now
the corollary follows from Lemma 25.32 below. O

Lemma 25.32. If P is a parabolic subgroup of a connected reductive group G over k, and M C G is a Levi
subgroup, then dimP = (dimM + dim G)/2.

Proof. Tt follows immediately from the definition of Levi subgroups that every Levi subgroup of P has the
same dimension. Therefore, we may assume that P = P(A) and M = M(A). Now the lemma follows from
the observation that dim N(\) = dim N(—2), which may be easily checked by base-changing to k and using
that roots of a root datum are stable under a — —a. ([

Now we can complete the proof of Proposition 25.19:

Proof of the remaining implication, (iii) = (i), of Proposition 25.19. This is an easy consequence of Corol-
lary 25.31 and Lemma 25.32. (|

Corollary 25.33. Under the facet decomposition of Proposition 25.16, the facets that correspond to minimal
parabolic subgroups are precisely those that are open (these will turn out to be ‘Weyl chambers’).

Proof. We are just restating the equivalence of (i) and (ii) in Proposition 25.19. O

Remark 25.34. A particular case of Theorem 25.28 is that a torus T over k£ has a unique maximal split
subtorus. A proof is contained in an easy part of the proof of the theorem: if S,S’ C T are maximal split
subtori, then SS’ is a split torus, so S =SS = S’. One way to describe S C T is that X, (S) C X, (T) is the
subgroup fixed by Gal(k®P/k). Alternatively, X*(S) is the maximal free abelian group quotient of X*(T)
on which Gal(k*?/k) acts trivially; in other words, consider the group X*(T)gai(kser k) of Gal(k*P/k)-
coinvariants of X*(T), and go modulo the torsion subgroup of the resulting group.

25.7. Basic properties of W (G, S). Again, please note the contrast between these results and the analogous
results in the split reductive case.

Proposition 25.35. Let G be a connected reductive group over k, and let S C G be a mazximal split torus.
Then:

(i) W(G,S) is a constant (and not just étale) group scheme.
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(i) The map Ng(S)(k) — W (G, S)(k) is surjective.

Proof, some ‘“intuitive’ details only sketched, and assuming Lemma 25.36 below. For (i), it suffices to show
that the action of Gal(k*®P/k) on W (G, S)(k*°P) is trivial; this follows from the inclusion W (G, S) — Aut(S)
of functors, together with the fact that Aut(S) is the constant group scheme associated to the abstract
abelian group X*(S). Of course, this can be translated to a more explicit proof that doesn’t talk about
morphisms of functors.

For (ii), it will suffice to do the following:

(a) Define a free action of W (G, S)(k) on the set of minimal parabolic subgroups of G containing S.
(b) Show that the restriction of this action to the image of Ng(S)(k) is transitive.

Let us prove (a): this is the part that is only sketched. The action of W(G,S)(k) on Aut(S) = Aut(X*(S))
preserves ® C X*(S), and hence its action on X,(S) ® R preserves the facet decomposition of X, (S) @ R.
It is immediate that this action preserves cocharacters in general position, so by Corollary 25.33 we get an
action of W(G, S)(k) on the set of minimal parabolic subgroups of G. Under this action, w € W(G, S)(k)
clearly takes P(\) to P(wA).

At a base-changed level, this action is realized by conjugation by Ng(S)(k). Since Ng(P) = P for any
parabolic subgroup P of G containing S, the freeness of the action follows if we show that for any minimal
parabolic subgroup Py of G containing S, Ng(S) NPy = Cg(S). This is postponed to Lemma 25.36 below.

Now let us prove (b). The induced action of Ng(S)(k) is just conjugation, so it is enough to show that the
conjugation action of Ng(S)(k) is transitive on the set of minimal parabolic subgroups of G containing S.
This follows from Corollary 25.29. O

Lemma 25.36. Let Py be a minimal parabolic subgroup of a connected reductive group G over k, and let
S C Py be a mazximal split torus. Then Ng(S) NPy = Ca(S).

Proof. Since Cg(S) C Py is a Levi subgroup, so that Py = R, Py x Cg(S), it is enough to show that
Ng(S) N R, Py = {1}. Since Cg(S) N R, Py = {1}, Ng(S) N R, Py — Ng(S)/ Za(S) = W(G,S) is injective.
Therefore, Ng(S)N R, Py is a constant scheme as well. Since Ng(S)N R, Py is a constant scheme normalized
by S, and since S is irreducible, it follows that Ng(S)N R, Py is fixed by S. Thus, Ng(S) N R, Py is contained
in Cg(S) N R, Py, which is trivial. ]

Remark 25.37. In the split case, the way we proved that Ng(T)(k) — W(G, T)(k) was surjective, was to
observe that any fiber over a k-rational point was a torsor for T, and hence trivial since T is split. This time,
fibers of Ng(S) — W(G, S) over k-rational points are Cg(S)-torsors. It is not true that all Cg(S)-torsors are
trivial. But at least part of the point is that these Cg(S)-torsors seem to be somehow trivial as G-torsors,
hence, by Theorem 25.1, trivial as Py-torsors for any fixed minimal parabolic subgroup Py D Cg(S), and
hence trivial as Cg(S)-torsors since R, Py is split unipotent. Perhaps this can lead to an alternate proof (or
maybe an alternate detailing of the same proof), but I am not sure yet.

25.8. Some general facts about Levi subgroups. We will probably not need the results of this subsec-
tion, but they are useful.

Notation 25.38. We will often abuse notation to refer to a subgroup M C G as a Levi subgroup of G, if M
is a Levi subgroup of a parabolic subgroup P of G.

Here are some general facts about Levi subgroups that we will probably not need, but are very useful:

Proposition 25.39. (i) If P is a parabolic subgroup of a connected reductive group G over k, then the
set of Levi subgroups of P is a torsor for the conjugation action of R, P(k).
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(i) If M C G is a Levi subgroup, there exists a cocharacter A : G, — G such that P = P(\) and
M = M(M).

(11i) Given a Levi subgroup M of G, we have M = Cq (A ), where Ay is the mazimal split torus contained
in Zyy (which exists since Zy is commutative, so one can take ‘compositums’).

Proof, except for a uniqueness assertion. Let us prove (i). Let P = P()), and let S C P be a maximal split
torus that contains the image of A. We know that M := M(\) is one Levi subgroup, so it is enough to
show that any other Levi subgroup M’ C P is conjugate to M()\) by a unique element of (R, P)(k) = N(\).
Since (R, P); = R, Pj, we know that M’ — P /R, P becomes an isomorphism over k, and is hence an
isomorphism. Therefore M’ = M, so that any maximal split torus S’ C M’ has the same rank as S, and is
hence a maximal split torus of G by Theorem 25.28. Now by Theorem 25.28, there exists p € P(k) such
that 8" = pSp~!. Since M = M(A) D Cg(S), and since P = N(A) x M(\), we may assume without loss
of generality that p € N(A\)(k) = R, P(k); write u = p. Since M and M’ are respectively the unique Levi
subgroups containing S and S’ (Lemma 25.14(ii)), it follows that M’ = «w Mu~!. This proves the existence
assertion in (i).

We have not proved the uniqueness assertion in (i), but (ii) is an immediate consequence of the existence
assertion in (i), while (iii) follows from (ii).

It remains to prove the uniqueness assertion in (i), which follows if we prove that Ng(M) N R, P is trivial.
We will follow the proof of Lemma 25.36. Ng(M) N R, P injects into Ng(M)/ M, which can be identified
with Ng(Anm)/ Ca(Am) by (iii) (which we have already proved), which is finite étale by the rigidity of tori.
Moreover, it is normalized by Ay, so by its finite étaleness is centralized by Ay. Thus, Ng(M)N R, P C
R, PNCg(Am) = R, PNM = {1}, as desired. O

Remark 25.40. Let us describe the relevance of the Ay to the facet decomposition of X, (S) ® R. Just as
facets in X, (S) ® R correspond to parabolic subgroups of G containing S, one can show that their spans in
X.(S) ®R, let us use the nonstandard terminology ‘facet-spans’ for these, correspond to Levi subgroups of
G containing S: the ‘span’ map from facets to facet-spans corresponds to the map that sends a parabolic
subgroup P C G to its unique Levi subgroup that contains S (Lemma 25.14(ii)). It is not hard to show that,
for any Levi subgroup M C G containing S, the corresponding facet-span is simply X, (Ay) @R C X, (S)®@R.

Remark 25.41. Warning. As part of the proof of Proposition 25.35, we showed that the minimal parabolic
subgroups of G containing given Levi subgroup, say M = Cq(S), are all Ng(S) (k)-conjugate, and in particular
G(k)-conjugate. However, for a ‘non-minimal’ Levi subgroup M, the set of parabolic subgroups of G with
M as a Levi subgroup need not be conjugate; in fact, their base-changes to k need not be G(k)-conjugate.
We saw an example in Remark 25.26, which essentially discussed this notion, which is closely related to the
notion of associativity for parabolic subgroups.

26. LECTURE 26 — STRUCTURE THEORY FOR NONSPLIT REDUCTIVE GROUPS — II

We continue our sketch of structure theory from Lecture 25.

Y

26.1. The reflection s, and the coroot «V associated to a root o« € ,®.

Notation 26.1. (i) In this lecture, when we say “Consider a pair (G, S)”, or “Let (G, S) be as above”,
we will mean that G is a connected reductive group over k, and S C G is a maximal split torus.

(ii) Consider a pair (G,S). Recall from Lecture 25 that W(G,S) is a constant group scheme with

W(G,S)(k) = Ng(S)(k)/ Ca(S)(k), so we will henceforth often write W (G, S) to mean W(G, S) (k).

Definition 26.2. Consider a pair (G, S). For each o € @ = ®(G, S), set:
Sa = (kera)?y, and G, = Cg(Sa).

Since S, is a torus, G, is connected reductive (Lecture 19).
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Just as in the split case, in the setting of the above definition we have:

=02 P w=ds H w=ds D g,
BE 1 ® BE LPNX*(S/Sa) BE(Qan ;®)CX*(S)@Q
alg,, trivial
where we used that Z = X*(S/S,) C X*(S) is generated by a rational multiple of «, and more precisely,
coincides with the set of rational multiples of o in X*(S).

While G, 4er turns out to be a group of relative rank one, this does not make it in general a simple group like
SLy or PGLy. %* Therefore, s, will instead be obtained using the conjugacy of minimal parabolic subgroups
of Gg,.

Lemma 26.3. Let (G,S) be as above, and let o € & = ®(G,S). Then G, has only two proper parabolic
subgroups that contain S, and these are minimal parabolic subgroups of G,.

Proof. Recall from Lecture 25 the bijection between the set of facets of X.(S) ® R and the set of parabolic
subgroups of G containing S. Apply this with (G, S) replaced by (G, S). Since ®(Gg, S) is the set of rational
multiples of « in ;®(G,S), and hence contained in a single line in X*(S) ® Q, the facet decomposition of
X.(S) ® R with respect to G, has only one hyperplane, and hence only two nonzero facets, each of which is
open. [l

Definition 26.4. Let (G,S) be as above, and let a € @ = ®(G,S).

(i) We let n, € G, (k) be a choice of an element that conjugates the two proper parabolic subgroups
of G, containing S to each other (see Lemma 26.3), and normalizes S: its existence follows from a
corollary in Lecture 25, according to which G, (k) acts transitively on pairs consisting of a minimal
parabolic subgroup P; C G, and a maximal split torus contained in P;. n, is determined up to
multiplication by an element of Cq(S)(k), because W(Gq,S) = Ng,, (S)(k)/ Cq,, (S)(k) acts simply
transitively on the set of minimal parabolic subgroups of G, containing S (Lecture 25).

(ii) Let s € Aut(S) = Aut(X*(S)) = Aut(X.(S)) denote the automorphism induced by Intn,; it is
independent of the choice of n,. It is easy to see that we have an obvious inclusion W(G,,S) <
W(G,S), that W(G,,S) is a group of order two (use Lemma 26.3), and that W (G,,S) C Aut(S)
equals {1,s4}.

Now we can construct the coroots a" in X,(S) ® Q:

Lemma 26.5. Let (G,S) be as above and let o € 1. Then there exists a unique o¥ € X.(S) @ Q such that
for all x € X*(8), sa(x) = x — (v, 0V)a.

Proof. s.(x)— ¥ is the character ¢t — y(natn;t~1) of S. Since n, € G4 = Cg(Sa), it follows that s, (x) — x
is trivial on S,, and hence belongs to X*(S/S,) = Qa N X*(S) € X*(S) ® Q. Therefore, there exists
¢ € Hom(X*(S), Q) such that s, (x) = x—c(x)a for all x € X*(S). We have ¢ € Hom(X*(S),Q) = X, (S)®Q;
in other words, we can write c¢(x) = (x, ") for a unique a¥ € X.(S) ® Q, so that so(x) = x — (x,a¥)a. O

[At this point or perhaps even earlier in the lecture, I erroneously claimed that we had a root system, since
W (G, S) was finite, but this needs more work, because there was the extra condition that each (o, 8Y) is an
integer, which was only proved later.]

Remark 26.6. It is immediate that s,(a) = —a: this follows from the fact that s, preserves Z =
X*(S/Sa) C X*(S). It follows that (a,aV) =

2
Lemma 26.7. In the situation of Lemma 26.5, the element o¥ of X.(S) ® Q in fact belongs to X.(S).

541t is what is called a k-simple group, but these can be more complicated, like SO(n,1) when k = R.
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Proof. We will follow the proof from Conrad’s notes, which is really a more natural version of the argument
of Lemma 26.5.

In the proof of Lemma 26.5, it suffices to show that we in fact have s,(x) — x € Za C Qa N X.(S) for all x.
One considers the subgroup G, = Cg(kera)? € G, C G. Since kera C S is of multiplicative type (though
not necessarily smooth or connected), one can show that G, is reductive — this was blackboxed in the lecture,
but let us sketch an argument here. The smoothness of G, follows from the fact that ker « is diagonalizable
and hence linearly reductive (an implication we stated without proof in Lecture 12). Cg(kera) D Cg(S)
contains some maximal torus T C G, and if R, ((G,)5) is nontrivial, then there exists 8 € ®(R,((Ga)7), T7);
but note that —5 € ®((Ga)z, T5), so that (Ga)j contains ((Ga)z)s,der = SLa or PGLg, which clearly cannot
normalize ((Ga)z)8,der N Ru((Ga)z) = Ug, as SLy and PGLg are reductive. For more details, see Appendix
R of Conrad’s notes.

Note that G, D Ca(S), and that
(75) LieG, = g° @ @ ug,

BEZaN P

because X*(S /ker o) C X*(S) equals Za.

Now G, has only two proper parabolic subgroups containing S, by the same argument as in Lemma 26.3
(here we use that G, is reductive). Exactly as in the arguments above justifying the computation that
W(Ga,S) = {1, 84}, one sees that W(G,,S) = {1,5,} for some nontrivial 3,, represented by some 7, €
Ng.. (S)(k) C Go(k). Since we have an obvious inclusion W (G, S) < W(G,, S), we conclude that s, = §, €
Aut(S).

Now for all x € X*(S), sa(X) — X = 3a(x) — X is given by t — x(ftn! - t71), which is trivial on ker
(since Ny € Go), and hence represents an element of X*(S /ker o) = Za C X*(S), finishing the proof of the
lemma. (]

Remark 26.8. The example of the root “2e;” in the case of a quasi-split unitary group in three variables
(see Subsection 26.9 below) shows that the inclusion G, C G, may be strict.

Definition 26.9. Let (G, S) be as above. For each o € ;,®, let a¥ € X,(S) be as in Lemma 26.7; it is called
the coroot associated to the root . Further, let

@Y ={a" | a € P}

Corollary 26.10. Let (G,S) be as above. Then R(G,S) := (X*(S), x®, X«(S), x®") is a (not necessarily
reduced) root datum; call it the root datum associated to (G,S). In particular, (Spang(®), r®) is a root
system.

Proof. The condition {a, aV) = 2 is Remark 26.6. The condition that each reflection s, preserves @ follows
from the fact that s, € W(G,S) is represented by n, € Ng(S)(k), which clearly preserves ,® (as it ‘acts’
on the decomposition of g with respect to Ad(S)). That the reflections s, generate a finite subgroup of
Aut(X*(S)) follows from the fact that they are contained in W(G,S) C Aut(S) = Aut(X*(S)), which is
finite.

(Recall that we are using the definition of root data given in Milne’s book, where the finiteness of the Weyl
group is required instead of requiring the dual reflections to preserve the coroots; but if we want the latter,
we can prove it the same way we proved that reflections preserved the roots, namely they all arose from
ne € Na(S)(k)). O

Unlike in the split case, the root data R(G,S) may not be reduced; e.g., in the odd unitary case one has
roots “e; and 2¢;”; see Subsection 26.9 below.
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26.2. Why non-reduced root data are not that bad. While the root data we are interested in are not
necessarily reduced, this doesn’t cause a lot of difficulty:

Lemma 26.11. Let R stand for a root datum (X, ®, XV, ®V) be a root datum, or a root system (V,®). If
re€R and a € ® are such that ra € ®, then:

(i) (ra)V =r—taV.

(ii) r € {£2,+1,41/2}.

Proof. Choose any W(R)-invariant inner product on X ® R or V. Then both s, and s, are reflections
about the hyperplane orthogonal to « or equivalently to ra. This means that oV and (ra)Y are parallel to
each other. Now (i) follows from the equality (o, a¥) = (ra, (ra)¥) = 2.

Alternate argument for (i): If one does not want to use inner product, then one can use the standard
arguments as to why the root determines the reflection: s, (s.o)~! being identity on both Ra and V/Ra
(where V.= X ® R in the root datum case) is unipotent, while it being of finite order is semissimple, so
Sa = Sra, Which easily gives (ra)Y =r~taV.

(i) gives that (ra,a") = 2r,(«a, (ra)¥) = 2/r € Z, which forces r € {£(1/2),+1, £2}, giving (ii). O
Definition 26.12. A root « in a root system or a root datum is said to be multipliable (resp., divisible) if
2« (resp., (1/2)a) is a root.

26.3. Root subgroups. The construction of G, = Cq(ker a)? above, taken from Conrad’s notes, is useful
to construct root subgroups U, corresponding to roots o € ®(G, S):

Proposition 26.13. Let (G,S) be as above, and let a € . Then there exists a unique smooth connected
subgroup U(qy C G, normalized by S, such that:

_ _Jua, if a is not multipliable, and
Hey = @ tna = Uy G U otherwise '
nez « 200y .
nacd

Moreover, Uy is normalized by Cg(S).

Remark 26.14. (i) A simple computation with a quasi-split special unitary group in three variables
shows that, when « is multipliable, we cannot expect to find algebraic subgroup of G whose Lie
algebra is just u,. This is why we used the notation U,), since the Lie algebra of this group is
different from what we have already been denoting by u,,.

(ii) The above proposition is a slight modification of Proposition 21.9(i) of Borel’s book. Borel’s book
only proves the uniqueness of U,y under the assumption that it is normalized by Cg(S). Moreover,
the proof in Borel’s book is by Galois descent from k%P, over which all maximal tori of G split. In
contrast, the use of the group G, from Conrad’s notes allows one to construct U, without Galois
descent, and get the slightly sharper uniqueness statement.

(iii) It is easy to see that U(zq) C U, whenever a and 2« are roots.

Proof of Proposition 26.13. We choose A € X, (S) such that {(«, A) > 0, and consider the associated parabolic
subgroup Pg,_ (\) C G, where G, = Cg(kera)? is as in the proof of Lemma 26.7. It is then easy to see,
using (75) above, that the unipotent radical Nig_j(A) of this parabolic subgroup — here Njg_j()) refers to the
group constructed just like N(\), but with G replaced by G, — has the correct Lie algebra u, or u, @ ug,.
Thus, we can take U,y = Ng,j(A), which is clearly normalized by the minimal Levi subgroup Cq(S) C G,
to get the existence assertion.

For the uniqueness assertion, let U’ C G be any smooth connected subgroup that is normalized by S and
has Lie algebra u,, or 1, U, according to the case. It remains to show that U’ equals U’ = Nig,j(A). Since
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ker o centralizes Lie U, it centralizes U’ (this is because (Lie U’)kr @ = Lie(Cy (ker «)) on the one hand, and
because Cyr (ker @) is smooth on the other hand since ker « is of multiplicative type, by a general fact from
Lecture 12). Since U’ is assumed to be connected, we get U’ C G,,.

Since U’ is smooth and connected, and since v’ = U(q), it is enough to show that U c Nig.j(A). If not,
then it follows from the dynamic formalism (Lecture 12) that not all weights of Ad o) on Lie U’ are strictly
positive, a contradiction, finishing the proof of the proposition. O

26.4. Weyl chambers, etc. Given a root datum, we always have an associated reduced root datum, con-
sisting of the non-divisible roots: these form a root datum because clearly reflection by any Weyl group
element preserves the set of non-divisible roots. Thus, e.g., if the set of roots is {«,2a} (as happens in the
case of a quasi-split special unitary group SUs), the associated reduced datum of non-divisible roots has just
« as a root.

The notions of bases, Weyl chambers, positive systems of roots etc. for general (non-reduced) root data
or root systems, are defined exactly as for reduced ones. It follows that a base or a Weyl chamber or a
positive system for a non-reduced root datum or root system R is the same as a corresponding object of its
associated reduced root datum or root system consisting of non-divsible roots. Thus, all the basic results
about reduced root data and root systems proved in Lecture 22 apply to the non-reduced case, and hence
will be assumed without further mention.

Proposition 26.15. Let R = R(G,S), where S is a mazimal split torus of the connected reductive group G
over k. We have bijections
{Bases for R} < {Positive systems for R} <> { Weyl chambers for R}
< { Minimal parabolic subgroups of G containing S},

where the bijections between the first three objects are exactly as in the case of reduced root data, and the last
bijection is induced by A — P(A).

Proof. The bijections between the first three objects have already been explained. For the one between the
third and the fourth, note that Weyl chambers for R are precisely the open facets of our facet decomposition
(just by definition), and these have been observed in Lecture 25 to correspond, via A — P(A), to minimal
parabolic subgroups of G containing S. a

Corollary 26.16. Let R = R(G,S) be the root datum associated to a connected reductive group G and a
maximal split torus S C G. Inside Aut(S) = Aut(X*(S)), we have W(R) = W(G,S).

Proof. Since each reflection s, is represented by some n, € Ng(S)(k) C G(k), it is clear that W(R) C
W(G,S). On the other hand, W (G, S) acts freely on the set of minimal parabolic subgroups of G containing
S (Lecture 25), and hence on the set of Weyl chambers in X, (S) ® R (use Proposition 26.15), while W (R)
acts transitively on these Weyl chambers (by the properties of root data discussed in Lecture 22). This forces
that W(R) = W(G,S). O

26.5. Description of standard parabolic subgroups and their Levi subgroups.

Proposition 26.17. Let (G,S) be as above. Fix a minimal parabolic subgroup Py C G containing S, and
consider the associated base 1A C p® and the positive system ,®T C 1, ®.

(i) Sending P to {a € A |u_y Cp} defines a bijection

{parabolic subgroups of G containing Py} <> {subsets © C pA}.
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(i) If we denote the inverse of this bijection by © — Pg = Mg X R, (Pg), where Mg C Pg is the unique
Levi subgroup containing S (see Lecture 25 for this uniqueness), then we have:

Mg = Cg(S@) = <Cg(S),U(Q) | o€ k(I)@>7 and RU(P@) = <U(a) | aedt \ (I)@>,
where Po := Spany(0©) N & C X*(S), and

Se = (ﬂ kera)

acO

0

red

Proof, perhaps slightly terse. We do not have to replicate much of the work in the split case, since we now
already know that parabolic subgroups P C G containing S are those of the form P(\) with A € X, (S), and
are hence in a sense proceeding in the opposite direction, from “X\ to ©” instead of the other way round.

The bijection between the set of facets in X.(S) ® R and the set of parabolic subgroups of G containing S,
induced by A — P()), puts the set of parabolic subgroups of G containing Py in bijection with those facets
F C X.(S) ® R consisting of A such that {a € @ | (@, \) > 0} D rA. Further, since ;A is a base for P,
such facets are in bijections with subsets © C jA: associate to F' the subset

O={ac Al{a,\)=0}={ae€ Al {u_o, Cp(N)}.

It is immediate that this gives a bijection as in (i).

Thus, given © C A, its preimage under the above bijection is exactly Pg := P(A), for any A € X, (S) ® R
such that for all a € A,

= .f
(76) (o ) { 0, if ap € ©, and

>0, ifae A\O.

Since Se D A(G,,), and since Sg acts trivially on each u, (and ug, if it exists) with a € ,®Pg, so that it
centralizes U(,) for each a € 1 Pg, it is easy to see that
(77) Me =M(A) = Ca(A) D Ca(Se) 2 (Ca(S), U | @ € pPo).

Since (Cq(S),U(n) | @ € 1Pe) is a smooth connected subgroup of G by generalities from Lecture 15, and
since its Lie algebra equals

LieCG(S) D @ Uy = Ling(S) &) @ Uy = My,
a€ o ac
(a,A\)=0

we have equality in (77).
Now let us prove the assertion about R, (Pg). Choose A as in (76). For a € &\ g, since (o, \) > 0, the
same A could be used in the construction of the U, in the proof of Proposition 26.13. Thus, each such U,

is contained in N(A\) = R, (Pg), so that R,(Pe) D (U | @ € @1\ Pe). Comparing the Lie algebras
and using that (U, | @ € @7\ Pe) is smooth, we conclude that R,(Pg) = (U | € @1\ 1®e). O

Remark 26.18. In the description of R,(Pg) in the above proposition, it is easy to see that it suffices to
take the U(,) with nondivisible o in ,®* \ ;®g.

26.6. Root systems of G and Gge,. Recall that Z% X Gger — G is a multiplicative isogeny. In the split
case, it is easy to see from this that the root system associated to G can be identified with that for Gge,.
The same is true in the non-split case:

Lemma 26.19. Let (G,S) be as above. Let So = (Zg NS)%y, and S" = (Gaer NS)%4-

(i) S" is a maximal split torus of Gaer, and So X S — S is an isogeny, inducing isomorphisms:
(78) X*(SQ>Q D X*(S/)@ — X*(S)Q, and (dually) X*(SO)Q D X*(S/)Q — X*(S)Q
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(ii) X*(S")r = Spang (®(Gger,S")). Moreover, under the inclusion X*(S")g < X*(S)r (see (i), ®(Gger, ')
identifies with ®(G,S) = ,®, so that the root system of (G, S) can be identified with (X*(S")r, ®(Gger,S'))-

Remark 26.20. If S were split maximal and not just maximal split — i.e., if we were in the split case —
then S’ = (Gder N S)?ed in fact equals Gger NS, since the latter centralizes S, which is now a maximal torus
of the connected reductive group Gqer, and hence equals S’. When G is not split, I don’t know if S’ equals
Gger NS or not.

Sketch of proof of Lemma 26.19. For a maximal torus T C G containing S, T := TOZ% equals Z%, and
T := Gaer N T = (Gaer NT)% 4 is & maximal torus of Gger. It is easy to check (and we have likely already
done so) that the multiplication map To x T — T is an isogeny, giving an isomorphism:

X.(T)g = X" (To)g & X (T')q.

Now note that taking Gal(k®®P/k)-invariants yields the first equality of (78). From this, (ii) is easy to see;
®(Ger, ') spans X*(S') because otherwise (Naca(Gy..s Ker «)?_, would be a nontrivial torus in Gger, which
is not possible as Gqe; is semisimple. O

In particular, in the situation of the above lemma, we get an identification W (Gger, S') = W (G, S).

26.7. The example of GL, (D). In this subsection we will work with the following notation:

Notation 26.21. (i) In this subsection, we fix a central simple algebra A over k. We will work with
one of the following two descriptions for A:

e The “GL,(D) description” or the “matrix description”: bythe theorem of Artin-Wedderburn,
we can write A = M,.(D), where D is a central division algebra over k, of index, say, d: thus,
dimy D = d? and dimy A = n?, where n = rd.

e The “coordinate free description”. We will sometimes also write A as Endp(V'), where V is an
r-dimensional right vector space over D: If we had considered a left vector space instead, A
would have been Endpor (V') or M,.(D°P).

(ii) The group of interest, “GL,(D)”. For the rest of this subsection, we consider the functor G (which
turns out to be a form of the general linear group associated to .A) from k-algebras to groups, given
by:

R— G(R) :=Ga(R) :=(R®r A)* =GL,.(R®; D) = GLgg,p(R®k V).
This functor G is representable by an open subscheme of the affine space A associated to A (i.e.,
R~ R®y A), since it is the inverse image of G,,, with respect to the map A — Al given by:

left mult. det

(79) R&p A" 3" Endp(R o A) %S R.

Therefore, we may and shall view G = A as a linear algebraic group over k, which is smooth and
connected as A is.

(iii) G is a form of GL,. Let K/k be a finite separable extension such that K ®; D = My(K) or
Endg (W) for some d-dimensional vector space V over K (recall that such K exist, and we can take
[K : k] =d). Then K ®; A= M, (K) (with n = rd), and G = GL,, /K.

(iv) The reduced norm. If K1 /K is a Galois closure, we get a map

Nid : Ky @5 A — M, (K1) % K7,

which is Gal(K;/k)-invariant by the Skolem-Noether theorem, according to which any two isomor-
phisms K7 ®x A — M, (K1) are GL,,(K1)-conjugate to each other. Therefore, Nrd descends to an
algebra homomorphism A — k, hence R®y A — R for each k-algebra R, giving us homomorphisms:

Nrd: A — Gy, and its restriction Nrd: G — G,
(where G, is thought of as a ring scheme). Nrd may be checked to be an n-th root of (79).
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Thus, R +— R ®y A is a ring scheme, and G 4 is its group scheme of units, defined by {Nrd # 0}.

Remark 26.22. Gq, is immediately verified to be the kernel of Nrd : G — G,,; this is the algebraic group
“SL,.(D)”. Gaa = G/ Zg is called PD*; it becomes isomorphic to PGL,, over K. In what follows, we will
focus on G, but our computations will have obvious variants for Ggqer and G,q, that we will not write out
explicitly.

Since we observed above that Gx = GL,, /K, we get:

Lemma 26.23. G is connected reductive over k, and Zg C G 1is the copy of G,, embedded as a
diag(a,...,a) € G (in the matriz description), or a — (multiplication by a) (in the coordinate-free de-
scription). °°

Proof. The reductivity of G follows from the fact that Gx = GL,, /K. The given copy of G,, is clearly
central, and since G = GL,, /K, it is all of the center. O

We will first describe a maximal split torus of G under the matrix realization:
Proposition 26.24. The torus S C G such that, for every k-algebra R,
S(R) = {diag(a,...,a,) € GL,(R® D) | a; € R* C (R®y D)™ for all1 <i<r}C GL.(R® D) = G(R)

is a mazimal split torus in G.

Proof. Let My = Ci(S). Since My contains every maximal torus containing S, it suffices to show that M
does not contain any split torus that is not contained in S.

It is immediate that
My(R) = {diag(my,...,m;) | m; € (R®y D)* for all 1 <i <r} C GL.(R®; D) = G(R)

(this does not need any assumption that & is infinite; recall that any element of G(R) that centralizes S is
required to centralize S(R') for every R-algebra R').

Thus, sending (aq,...,a,) — diag(ay, ..., a,) defines compatible isomorphisms S = ST and My = G}, where
Si1(R) = R* (thus, S; = G,,) and G1(R) = (R ®; D)". This reduces us to showing that S; C Gy is a
maximal split torus; in other words, it we may and do assume without loss of generality that » = 1, so we
are in the ‘division algebra case’ where G(R) = (R ®y D)*.

Suppose A : G,, — G is a cocharacter. By Lemma 26.23 it suffices to show that A\ centralizes G. If not, the
action Ado\ of G,, on g is nontrivial, so that n(A) # 0. Since n(A) C g is a vector space defined over k,
there exists X € n(\) \ {0}.

To get a contradiction, since G(R) = (R ®x D)*, note that g can be identified with R — R ®y, D, i.e., with
the k-vector space D. Thus, we have an algebraic map Nrd : g = D — Al ie., Nrd: g(R) = R®x D — R.
Since X € g(k) \ {0} = D(k)*, we have Nrd(X) # 0, so t — Nrd(AdA(t)(X)) = Nrd(A\(£) XA(t)™1) (see
footnote °%) is a nonzero constant. On the other hand, we have

lim Nrd(Ad(A(t)(X))) = Nrd(0) = 0,

since X € n()\), a contradiction (use the definition of lim;_,o involving a unique extension of an algebraic

map from G,, to one on Al). O
55Right now I am confused whether a ‘morally better’ description is to write V =e1 D& ---®e, D for a basis ey, ..., e, send
>~ eim; to Y e;(am;), and then observe that this is independent of the choice of eq,...,er; this is because what is ‘morally’

going on is not right-multiplication, though both approaches are technically correct.
56¢he latter A()XA(t)~! computed in the ring scheme D = g, considering X € g and A(t) € G as elements of the algebra D.
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Remark 26.25. The idea of the above proof can be summarized as the following: the presence of either a
noncentral split torus, or a proper parabolic subgroup (recall that both are equivalent) forces g(k) to have
nontrivial nilpotent elements (in some n(\)), while the presence of Nrd, which is conjugation invariant and
does not vanish on nonzero elements of g(k), forces every nonzero element of g(k) to be semisimple. Roughly,
orbits of semisimple elements are closed, while nilpotent orbits have 0 in their closure.

A coordinate free version of Proposition 26.24 is given in a list of various facts later below. To see it, the
following lemma, which was probably better suited to Lecture 26, and follows from the discussion in it, is
helpful.

Lemma 26.26. Let H be any connected reductive group over k. Then sending a torus S C H to its centralizer
Cu(S) restricts to a bijection between the set of mazimal split tori of H and the set of minimal Levi subgroups
of H. Its inverse sends My to the unique mazimal split torus of the possibly non-split torus Zyy, .

Proposition 26.24 seems to me to suggest that it seems best to first describe minimal Levi subgroups of G
using linear algebra data, and then describe maximal split tori of G in terms of the centers of these Levi
subgroups. This is what is done in of the list of descriptions below.

(i) Parabolic subgroups. Taking a (not necessarily complete) flag
(80) 0=V CWVC - CVu=V

of right D-vector subspaces of V to its stabilizer defines a map from flags in V' to parabolic subgroups
of V., which can be shown to be a bijection. The existence and surjectivity of this map follows from
the dynamic description in terms of P()), upon noting that the A-eigenspace decomposition of V' as
a k-vector space, is also a decomposition of V" as a right D-vector space. It is easy to see that there is
a two-sided inverse map taking P to the set of P-fixed subspaces of V, arranged in increasing order.

(ii) Minimal parabolic subgroups. The above bijection restricts to one between complete flags and minimal
parabolic subgroups of G.

(iil) Mazimal split tori and minimal Levi subgroups. Using Proposition 26.24 (and Lemma 26.26), it is
easy to see that the maximal split tori, or equivalently the minimal Levi subgroups, of G = GLp (V)
are in bijection with the set of decompositions V = € jesLj of V into one dimensional right D-
vector spaces. To a decomposition V = I L; corresponds the minimal Levi subgroup My such
that Mo (R) is the subgroup of G(R) = Endgg, p(R®; V) consisting of endomorphisms that preserve
each R ®j L;; and hence also the maximal split torus S = Zy, (for our G, Zy, is automatically
split), consisting of elements that act by “scalars” (in R* C (R®j D)) on each L;. Thus, S = G},
where (a;)jes € G, =S acts by a; on Lj.

(iv) Roots and coroots. Fixing S and V = @, ; L; and an identification S & Gy, as in (iii), let e; : S —
G,,, be the projection onto the j-th coordinate. Then it is easy to see that:

k(b:d)(G,S):{ei—ej|i,j€J,i7éj}.

Moreover, letting e;-/ : G,, — G;}, = S be the inclusion of the j-th factor G,,, °7 it is easy to see that
(ei —ej) = e/ — e}, so that:

@Y =@Y(G,8) = {e) fejv |i,5 € J,i #j}.
Thus, the root datum (X*(S), 1 ®, X.(S), r®") is isomorphic to the root datum of the split reductive
but smaller group GL, /k. Note that the set of roots is empty, or equivalently G is anisotropic, if
and only if r = 1.
(v) In the setting of (iv), if & = e; — e;, it is easy to see that U,y is the subgroup of G consisting
of elements that restrict to the identity on L; for I # j, and by « — x + ¢(x) on L; for some
homomorphism ¢ : L; — L; of right D-vector spaces. Sending such an element to ¢ defines an

57warning: eJV is only a cocharacter, not a coroot.
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isomorphism of algebraic groups U,y — Homp(L;, L;), so that U, is the algebraic group associated
to the k-vector space Homp(L;, L;), which can be identified with the k-vector space D upon choosing
bases for L; and L;. Similarly, u, also identifies with Homp(Lj, L;). Thus, in this case, dimy u, = d?,
which is greater than 1 in general, unlike in the case of split groups.

(vi) Weyl groups. Fixing S and V' = P, ; L; as in (iii), Na(S) is the set of elements of G that permute
the components of the decomposition V' = P, ; L;, %8 letting us identify W (G,S) with the group
S of bijections J — J.

(vii) Fix a maximal split torus S corresponding to a decomposition V' = € jed L;, and a minimal parabolic
subgroup Pg corresponding to a complete flag, as in (80), with ' = r satisfied additionally. Then it
is easy to see that Py D S if and only if there exists a bijection o : {1,...,n} — J such that for each
ic€{l,...,r}, Vi = Vi_1 @ L,(;). This puts the set of minimal parabolic subgroups of G containing
S, and hence also the set of Weyl chambers in X,(S) ® R, in bijection with the set of bijections
{1,...,r} — J, which manifestly has a transitive action by the Weyl group W(G,S) = S;. Since
each choice of a minimal parabolic subgroup or equivalently a pA gives a bijection {1,...,7} — J,
making such a choice gives an identification of W (G, S) with S,..

(viii) Separately, since the root datum of G identifies with that of GL, (see (iv) above), computations
analogous to those of GL, let us put the Weyl chambers directly in bijection with the set of orderings
of J, i.e., with the set of bijections o : {1,...,7} — J. Given such a o, the corresponding set ;A
of simple roots is {€,(1) = €5(2), -+ €a(r=1) — €o(r)}: OF Tather {e; —ea,...,€,_1 — €.}, thinking of
o as an identification. The corresponding minimal parabolic subgroup is associated to the complete
flag consisting of the V; = Loy @+ ® Loy = L1 ® -+ @ L;.

(ix) In the situation of (viii), given a subset © C A, letting 1A\ O = {e;, —€ry4+1,---;€r, — €r, 41} With
1<r <---<r; <r,itis easy to see that

M@ = GLD(Wl) X X GLD(WH_l) = GLD(Tl) X GLD(T2 — 7"1) X X GLD(’I’l — Tl—l) X GLD(T — ’I”l),

where W; = L., ;41 ® -+ ® L,, with the convention that ro =0 and r;; = 7.

26.8. Example: special orthogonal groups SO(V, q) (char k # 2).

Notation 26.27. In this subsection, G = SO(V, ¢), where (V, ¢) is an ‘absolutely nondegenerate’ quadratic
space over k, and char k # 2 (so that ‘absolutely nondegenerate’ is just ‘nondegenerate’).

G is connected reductive, since it becomes so over k.

Lemma 26.28. G is isotropic (i.e., contains a nontrivial split torus) if and only if q is isotropic (i.e.,
q(v) =0 for some 0 #£veV).

Proof. “=". Assume that G is isotropic, so G contains a split torus A : G,, < G. Then V has a basis
consisting of eigenvectors for A. Let v be a vector of this eigenbasis on which A acts nontrivially: there exists
such a v since A is an injection. Thus, we can write A(t)-v = t"v for some 0 # n € Z. A\(G,,) C G =SO(V,q)
acts on V, preserving q. Therefore

t2"q(v) = q(t"v) = ¢(\(t) - v) = q(v)
for all t € Gy, so that since n # 0, we have ¢(v) = 0, as desired.

“<”. Suppose 0 # v € V and ¢g(v) = 0. Then there exists v/ € V such that By(v,v) = By(v/,v") =0
and By(v,v") = 1; 5% in other words, (kv + kv', q|kv+ ko) is a hyperbolic plane. Thus, we get an orthogonal
decomposition (V,q) = (V',q) ® (V",q), where V' is the nondegenerate subspace kv + kv’ C V, and V" is
its orthogonal complement (and we write g also for g|y+ and g|y+~). Therefore, G D SO(V’,q) x SO(V", q).

58Appropriately interpreted: if we take R-points where Spec R is disconnected, different components can induce different
permutations.
5970 see this, start with any v’ such that By(v,v’) = 1, and replace v’ with v/ — (1/2)By(v’,v")v.
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It now suffices to observe that SO(V’, q) is a split SO4, and hence a split torus: it has an isomorphism with
Gy, with a € G,, acting by a on kv and by a~! on kv'. O

Remark 26.29. Recall the notion of a Witt decomposition of (V,¢q). One can write:
(81) (Vva Q) = (‘/s; QS) S (Va; Qa),

where (V4 ¢q) is anisotropic, and (V, gs) is a direct sum of hyperbolic planes Hj, i.e., there exists a decom-

position
V. = PH,
jeJ
of V; into a direct sum of two dimensional spaces H;, with each H; being a nondegenerate subspace containing
exactly two isotropic lines L;, L C V: in other words, By(L;, L;) = By(L}, L) = 0, and L; and L} are in a
perfect pairing with each other under B,.

Here, the decomposition (81) is not unique, but (Vj, ¢s) and (V,, q,) are uniquely determined up to isomor-
phism. (V,,q,) is called an anisotropic kernel of (V,q), and (dimy V5)/2 = #J is called the Witt index of

(V. q).

Example 26.30. Suppose k = R, and that the signature of ¢ is (a,b). Let V = W, ®W_ be a decomposition
such that ¢ is positive definite on W, and negative definite on W_, so that a = dim W, and b = dim W_.
Then if a > b, then writing W4 = Uy @ U, with dimU; = b and dim U/, = a — b, it is easy to see that one
can take V, = Ujr and V; = Up @ W,. An obvious similar construction can be made if b > a. Thus, the
Witt index of (V, q) equals min(a, b).

This allows us to describe the maximal split tori of SO(V q); we will follow the convention of describing a
Witt decomposition as simply V' = V; & V,, where it will be understood that Vs, V, C V are subspaces, given
the quadratic forms obtained by restricting q.

Lemma 26.31. Maximal split tori of G are in bijection with orthogonal decompositions
(82) V= (Pm)ev.,
jeJ
where each H;, equipped with the restriction of q, is a hyperbolic plane, and V, = (V,,qlv,) is anisotropic.
More precisely, such a bijection can be taken to send the decomposition (82) to [[;c,SO(H;) = G,; the

corresponding minimal Levi subgroup of G is .. ; SO(H;) x SO(V,). Thus, the relative rank of G, which is
#J, is the same as the Witt index of (V,q).

jeJ

Proof. The existence of the Witt decomposition asserts that decompositions as in (82) exist. Fix such a
decomposition. Letting S := G/, = ;e SO(H;) — G (the isomorphisms G, = SO(H;) existing since each
Hj is a hyperbolic plane), it is easy to see that My := Cc(S) equals [];. ; SO(H;) x SO(V,). Therefore, the
maximality of S C G as a split torus follows from the fact that SO(V,) does not contain any nontrivial split
torus, by Lemma 26.28. The H; can be recovered from S as the set of nontrivial eigenspaces of S, and V, as
its trivial eigenspace (i.e., the subspace of V fixed by S).

That every maximal split torus S corresponds to such a Witt decomposition follows from the conjugacy of
maximal tori, but can also be seen by looking at how B, pairs the nontrivial eigenspaces V, C V of S;
the trivial eigenspace is anisotropic, because otherwise Lemma 26.28 lets one get a nontrivial torus that
commutes with S but is not contained in it, a contradiction. O

Unfortunately I don’t have time to write more about parabolic subgroups and flags, Weyl chambers, etc.,
but let me mention that if we fix S and a decomposition V' = @j H; & V, as in (82), then making, for
convenience, a noncanonical choice of a decomposition H; = L; & L;- with Lj,L; C Hj; isotropic lines in
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duality with each other under B, (this choice is unique up to permuting L; and L;), and letting e; : S — G,
be the character with which S acts on L;, we can write

B, — {ei—ejlt,jedi#jtU{ei+e;|i,jedi#j}, if V, =0, and
{ei—ej |Z',jEJ,Z'7éj}U{€i+€j |i,j€J,i§éj}U{€i|iEJ}, if V, #0.
The description of the oV is also similar to the split SO-case discussed earlier. Thus, letting r denote the

rank of G, the root datum of G is the same as that of SO, if V, = 0, and the same as that of SOq,11
otherwise.

Proposition 26.32. Let V, C V be an anisotropic kernel for (V,q). G is split if and only if dimV, <1,
and G is quasi-split if and only if dimV, < 2.

Proof. G is split if and only if Cg(S) = S, which is the case if and only if SO(V,, q) is trivial, which is the
case if and only if dimV, < 1.

It is easy to see that G is quasi-split if and only if the minimal Levi subgroup Cg(S) is abelian, which is the
case if and only if its factor SO(V, ¢) is abelian. This happens exactly when dim V, < 2. O

Thus, when k = R, the special orthogonal group SO(a,b) associated to a quadratic space of signature (a, )
is split if and only if |a — b| < 1, and quasi-split if and only if |a — b] < 2. At the opposite extreme, since
SO(a, b) has rank equal to min(a, b), it is anisotropic if and only if a = 0 or b = 0; note that these correspond
to precisely the compact forms of SO,, /R. This is a special case of a general fact when k is R or a p-adic
field: anisotropy is equivalent to compactness at the level of k-rational points, given the ‘usual’ ‘Hausdorff
topology’.

26.9. Unitary groups.
Notation 26.33. In this subsection:

(i) K/k is a separable quadratic extension or a separable quadratic étale algebra; thus, either K is a
field ‘containing’ k, or K = k X k, with k embedded diagonally. ¢ € Gal(K/k) will denote the
nontrivial element; thus, if K = k x k, then o(z,y) = (y,x), so that k¥ C K is the fixed subalgebra.
We will also write a for o(a).

(ii) V is a finite dimensional K-vector space or a finite rank free module over K, and h: V x V — K is
a nondegenerate Hermitian form; thus, it is biadditive and satisfies:

(83) h(av,bw) = ab- h(v,w), and  h(v,w) = h(w,v),
in addition to the obvious nondegeneracy condition.

(iii) G = U(V,h) is the unitary group associated to (V,h), in the sense that for any k-algebra R (note
that R is not a K-algebra):

G(R) = {g € GLr(R®; V) | h(gv, gw) = h(v,w)¥v,w € R@ V} C GLr(R & V) = (Res; GL(V))(R).

Thus, G is naturally realized as a subgroup of Resg,, GL(V). G is representable because it can
be expressed in terms of matrix equations: if vy,...,v, is a K-basis for V', using which we identify
Resg /i GL(V) with Resg/, GL,, and J = [B(vi,v;)]i; C My (Resg)i Ga), we can write:

G(R) = {A € (Resg/, GL,)(R) = GLo(R@, K) | A1 = J1 - tA. ]},

with A — A denoting the algebraic automorphism of Res Kk GLy, corresponding to the nontrivial
element o € Gal(K/k).

Similar considerations as in this subsection can be made using related groups such as the special unitary
group SU(V, h), the general unitary group GU(V, h), the projective unitary group P(V,h) etc., but we will
not go into all those.
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Example 26.34. Let us work out how G = U(V,h) looks like when K = k x k. Then we can write
V = Wi @ Wy, where W; is a k-vector space thought of as a K-module via the projection from K =k x k
to its i-th factor. In this case, it is easy to check from (83) and the nondegeneracy that h induces a perfect
pairing hg : W1 x Wy — k, such that

h((u1,uz), (w1, w2)) = (ho(w1, u2), ho(u1, wz)).

Since K = k x k, Resg,, GL(V) = GL(V) x GL(V), and it follows that for any k-algebra R, G(R) C
GLR(V @k R) x GLr(V ®j R) is the subgroup of all (g1, g2) such that for all uy,w; € Wi and ug, wy € Wh
we have:

(ho(grw1, g2uz), ho(grur, gows)) = (ho(wi, uz), ho(u1, wa)).

This is the same as requiring that go is the transpose inverse of g; with respect to the pairing hg : W3 x Wy —
k. Thus, (g1,92) — g1 defines an isomorphism U(V, h) = GL(W;); it follows that, when K = k x k with &k
embedded diagonally in it, our group U(V, h) is a general linear group, and in particular connected reductive.

Proposition 26.35. Gg is a general linear group, so G = U(V, h) is connected reductive (and in particular
smooth,).

Proof. When K = k x k with k embedded diagonally, then G is already a general linear group by Example
26.34, and hence connected reductive. Now suppose that K/k is a field. Then we will show that Gg is a
general linear group.

It is easy to see that Gx = U(Vk, hi ), where (Vi ,hg) is the base-change of (Vh) to K: Vg =V @, K
is a K ®j K-module, and hg is defined by requiring that hg (v1 ® by, va ® by) = h(v1,v2) ® biba. Here, the
base-change o of ¢ is deteremined by a @ b— a ® b.

We have an identification K ®j K = K x K by requiring that a ® b is identified with (@b, ab). Then ok gets
identified with (z,y) — (y, ). This reduces us to the situation of Example 26.34, so that G is a general
linear group, as required. O

To explain what is happening in the above proof, let us observe that, if we follow through the construction of
Example 26.34, the analogue of the decomposition V' = W;®Ws is the decomposition Vi = VR i (K K) =
Vg (K xK)=V @V, where V is a copy of V consisting of vectors formally written o with v € V, where
the addition is v + @ = v + w, but where the scalar multiplication is given by a - v = a-v. The pairing
W1 x Wy — K, in the present situation, is the pairing V x V — K obtained from the fact that every
sesquilinear form on V gives a homomorphism V — V'V, just as every bilinear form gives a homomorphism
V= VY.

In the context of K/k-Hermitian forms, a hyperbolic plane is a K-vector space of the form Kvé Kw, together
with a Hermitian form A’ such that A'(v,v) = h'(w,w) = 0 and A/ (v,w) = 1. If (V' h’) is a K/k-Hermitian
form, it is called anisotropic if A'(v,v) # 0 for all v # 0.

Example 26.36. Consider the case where (V,h) is a hyperbolic plane (we will apply the following to
hyperbolic planes contained in our (V, h)). Unlike in the SO-case, isotropic lines L1, Lo such that V = L1 ® Loy
are not unique up to permutation, but they are G(k)-conjugate to each other by Witt’s theorem. Given such
an unordered pair {L1, Lo}, we claim that:

(i) A maximal split torus S C U(V, h) is given by the set of elements of U(V, h) that act by some x € G,
on Ly, and by 27! on Ls.

(ii) The centralizer of S in U(V,h) is the maximal torus T C U(V,h) consisting of elements that act
by some x € Resg /i Gy, on Ly, and by Z~' on Ly, where x — Z is the algebraic automorphism of
Resk /i Gy, corresponding to K/k. Thus, this maximal torus is isomorphic to Resg/, G-
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To prove these assertions, note that (in our situation when (V,h) is a hyperbolic plane) Cg(S) = T
Resg /i Gy, whose unique maximal split torus is G, = S.

We get back to general (V,h). Exactly as in Lemma 26.31 one can show:

Lemma 26.37. Maximal split tori of G are in bijection with orthogonal decompositions

(84) V= (@ Hj) ®Va,  together with  {Lj, L} C Hj,
jed

where each H;, equipped with the restriction of h, is a hyperbolic plane, V, = (V,,h) is anisotropic, and
{L;, L;} C Hj is a (unordered) subset consisting of two complementary isotropic lines. More precisely, such
a bijection can be taken to send the decomposition (84) to [[;c;S; = Gy, where S; C U(H;, h) = Resg/i, Gm
is the maximal split torus of UM, h) associated to L;, L;» (see Example 26.36). The corresponding minimal
Levi subgroup of G is [[;c; Tj x U(Va) = [ Resg/r, G X U(Va, h), where T; = Cyqm,)(S;) = Resge/r, Grm.
Thus, the relative rank of G, which is #J, is the same as the Witt index of the Hermitian form (V, h).

Now let S € G be a maximal split torus and My = Cg(S) the corresponding minimal Levi subgroup,
associated as in Lemma 26.37 to a decomposition V' = (®jEJ Hj) @V, as in (84). Making a choice of
writing each H; as H; = L; & L;- (this is artificial, but for convenience), i.e., labelling the unique isotropic
lines H;, we can describe ,® = ®(G,S) as the following:

B, — {ei—ejlt,jedi#jtU{e;+ej|i,jedi#51U{2e i€ J}, if V, =0, and
{61'—6]'|Z.7j€J7i7éj}U{€i+€j|7;,j€J,7;7éj}U{€7;,262’|i€J}7 1fVa7é0

Thus, note that in the second case, both e; and 2e; are roots, so we have a non-reduced root system, whose
associated reduced root system consisting of nondivisible roots is the same as that for an appropriate split
odd special orthogonal group. On the other hand, in the first case, the root system is reduced and the same
as that for an appropriate symplectic group.

Proposition 26.38. Assume that K/k is a field extension (and not k x k). Let V, CV be an anisotropic
kernel for (V,h). Then G is not split unless V = 0. G is quasi-split if and only if dimV,, < 1.

Proof. This is similar to the proof of Proposition 26.32. For G to be split, we need to have Cg(S) = 5, so
in the setting of Lemma 26.37, we need to have S; = T, for all j and that U(V,,h) is trivial. This forces
V, =0and S; = T; for each j, which forces J = (). Thus, V = 0.

G is quasi-split if and only if Cg(S) is commutative, which by Lemma 26.37 is equivalent to U(V,, h) being
commutative. Since U(V,, h)k is a general linear group of dimension equal to dim V,, (Proposition 26.35),
U(Vy, h) is commutative if and only if dim V, < 1. O

Again, we can consider the example where k = R; it follows that the unitary group U(a,b) or the special
unitary group SU(a,b) associated to a nondegenerate Hermtian form of signature (a,b) is quasi-split if and
only if |a — b| < 1. At the opposite extreme, it is anisotropic if and only if a = 0 or b = 0, which is also the
condition for U(a,b) = U(a,b)(R) or SU(a,b) = SU(a,b)(R) to be compact.

I encourage you to work all this out for Uz with Witt index 1; this group is quasi-split. Thus, V =
Key ® Keyg @ Ke_1, eg is orthogonal to Ke; ® Kes, h(e,e1) = h(ez,ea) = 0 and h(ey,es) = 1. In this case,
one can realize a maximal split torus S and its centralizer T as:

a a
S=<s(a) = 1 la€ Gy, p, T=(tab)= b |a€ResK/ka7b€Res}(/ka ,

a1 a1
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where @ € Resg/, Gy, denotes the image of a under the unique algebraic automorphism of Resg /i G,
corresponding to the nontrivial automorphism in Gal(K/k).

Check that the upper triangular matrices in U(V, h) = Us as above, realized using the basis {e_1,ep, €1},
form a Borel subroup, and the corresponding positive system of roots is {«, 2a}, where a(s(a)) = a.
One can check that:

1 a
Uiy (R) = 1

1 b
| a,b € Resg/i, Gg,aa =b+b ¢, Uze)(R) = 1 | b€ Resg/p G, b+b=0,

— Q o

which shows manifestly how U ,) C Uy).

Sorry that I don’t have time to write about Weyl chambers etc.

26.10. An example we will not discuss. In this subsection, we assume again that chark # 2. The
following example covers a large chunk of the forms of classical groups.

Choose a division algebra D over k with an involution (i.e., an involutive antiautomorphism) o : a — @, and
assume that one of the following two conditions hold:

(i) D has center k, and o is the identity on k.
(ii) The center of D is a quadratic separable extension K/k, and o restricts to the nontrivial element of

Gal(K/k).
For ¢ € {£1}, and a finite dimensional right D-vector space V, we can consider e-Hermitian forms B :
V x V — D — by definition, these are bi-additive, and satisfy (compare with (83)):
(85) Bw-a,w-b) =aB(v,w)b, and B(v,w)=eB(w,v).

One then considers the associated ‘unitary group’ G that fixes this Hermitian form B:

G(R) ={g9 € GLp(V)(R) = GL(R ® D) | B(gv, gw) = B(v,w)Vv,w € R® D}.

Though we call it a ‘unitary group’, it could be a form of a symplectic, special orthogonal or unitary group.
Very roughly, the idea is that the involution on D together with the Hermitian form combine to give an
involution on Endp(V), so G essentially looks like a group of fixed points under some (possibly conjugate)
transpose inverse.

One can again define the index in terms of isotropic subspaces, and realize it as the dimension of maximal
split tori, etc.

These groups generalize the SO(V, ¢) and U(V, h) examples discussed above, cover symplectic groups as well,
and also a large number of their forms that we have not discussed yet. For instance, these examples cover
the compact symplectic groups that one sees in the theory of compact Lie groups.

We have also not discussed spin groups or exceptional groups.

28. LECTURE 28 — REPRESENTATIONS OF SPLIT REDUCTIVE GROUPS

28.1. Parameterizing irreducible representations by highest weights — statement.

Notation 28.1. In this lecture, unless otherwise stated, G will be a split reductive group over k. We will fix
a pair (B, T) consisting of a Borel subgroup B of G and a split maximal torus T C B. Let ®* C ® := ®(G,T)
be the associated set of positive roots, and A C ®T the set of (B-)simple roots. We also let B~ C G be the
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Borel subgroup that contains T and is opposite to B, in the sense that ®(B~,T) = —®(B,T). Let U= R, B
and U~ = R, B™, so that we have exact sequences:

1-U—=>B—->T—=>1, and 12U —B —=T-—1.
We will denote the associated Weyl group by W = W(G,T).

Notation 28.2. (i) For this lecture, typically, A will denote an element of X*(T), and not an element
of X,(T). Just like X, (T) ® R, X*(T) ® R too has a facet decomposition, defined this time by the
signs of the various (\, "), as a" varies over coroots of T in G (recall that we used roots to define
the facet decomposition for X, (T) ® R). Each open facet of this decomposition will also be referred
to as a Weyl chamber.

(ii) In particular, we will be interested in the submonoid:

X*(T)dom = {) € X*(T) | (A\,a") > 0¥a € A}.

Like in the case of X, (T) ® R, one can show that A € X*(T)qon if and only if X lies in the closure
of the ‘dominant Weyl chamber’ in X*(T) ® R associated to B, by which we mean the unique Weyl
chamber in X*(T) ® R consisting of the A’ such that (X', a") > 0 for all « € A. One can prove this
result either exactly as in the case of X, (T)®R, or deduce from that case, the latter either by using
a W-invariant inner product or by passing to the dual root datum.

Definition 28.3. On X*(T), we will consider the following partial order <, ideally written <p: pu < A if
and only if A — p € 37 A Z>o.

Remark 28.4. The partial order <g, which we are abbreviating to <, depends on the choice of B, which
specifies what A is. We mostly write only <, since B is fixed.

, (e, 0y =0) w (e, ap =0)
A
Sart+asSar (A) = Say 80, () 97 g
Ha, (ie., az =0) : Ho, (ic., ay =0)
r I \ r
ar b () = Sz 5s (V) I
I
_ Asa,(N)
\., -
(A—Rsgaz) SazSar(A)
FIGURE 2. Illustration of the region Figure 3. Ilustration of highest
“ul <N weight being A

In Figure 2:

e The dotted (not dashed) arrows (nearly invisible) represent the rays starting at 0 and going in the
directions of a; and aw;

e The dashed arrows represent the rays starting from A and going in the directions of —a; and —awp;
these are marked A — R>paq and A — R>gas.

e Thus, the gray region, i.e., the part of the plane to the “left and below” of these dashed arrows,
represents the set of all y satisfying u < A; one such p has been shown in the figure.

Definition 28.5. Let p : G — GL(V) be a representation of G.
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(i) The weights of p are the weights of T on V| i.e., irreducible constituents of p|t. Thus:
Vip= € @mV,)p,

© weight
of (p,V)

where for the rest of this lecture, V,, will denote the subspace of V' on which T acts by p. A nonzero
element of V,, will sometimes be referred to as a vector in (p, V') of weight p.

(ii) (p,V) is said to have highest weight A, if we have p < A for each weight & of V. In this case, nonzero
elements of V), will be referred to as the highest weight vectors of p.

Remark 28.6. If (p, V) has highest weight A\, what constraints does this impose on a weight p of (p, V)?

(i) Naively, what ‘highest weight’ means. Just the condition “u < A\” in Definition 28.5(ii) is simply
asking for p to lie in the shaded region {y/ < A} in Figure 2.

(ii) However, there is more. If p is a weight for (p, V), so is each element of W -, since Ng(T)(k) — W
is surjective. This means that W - C {g/ < M}, or equivalently, 4 belongs to (), ey {wu” < A},
which is the shaded region in Figure 3; each w € W contributes an edge of the polygon. This latter
region, as one can show but we will not prove, is simply the convex hull of the W-orbit of X’. Thus:
Condition. (p, V') has highest weight X if and only if every weight of (p, V) lies in the convex hull of
WA

(iii) Here is another way to look at the argument of (ii): If we replace our choice of the Borel subgroup B
with wBw™?!, then w\ would be the choice of the higest weight. Thus, we not only have “u <g \”,
but also “u <,,p wA for each w € W”. This imposes constraints on p in each Weyl chamber.

Theorem 28.7 (Parametereizing irreducible representations by highest weights). (i) Foreach A € X*(T)dom,
there exists a unique (up to isomorphism) irreducible representation p = p(\) : G = GL(V/(\)) of G
that has highest weight A. Moreover, A — p(\) is a bijection

X*(T)dom — Irt(G),

where Irr(G) denotes the set of isomorphism classes of irreducible representations of G.
(i) The multiplicity of A € X*(T) in V(\) equuals 1 — i.e., dim V' (A\)y =1 — and V(A\), is the unique
B-stable line in V.

Before beginning the proof of Theorem 28.7, let us see some examples:

Example 28.8. (i) Let G = SLy = SL(V) over k with V = k? the standard two dimensional vector
space, and let B and T respectively be the standard upper triangular Borel subgroup and the
standard diagonal maximal torus, the latter identified with G,,, via t — diag(¢,t=1). This identifies
X*(T) =Z, and X*(T)gom = Z>o. Let A=n € Z>¢9 = X*(T)dom. Then:

e If chark = 0, then V(A) = Sym", the n-th symmetric power of the standard representation of
G, whose weights are n,n—2,...,—(n—2), —n — note that the weights lie in the convex hull of
{n, —n}, which is the W-orbit of the highest weight n. One can also realize this representation on
the space of degree n homogeneous polynomials in two variables, with g- f(z,y) = f([z,y]- tg) =

flax + cy,bx + dy), where g = (Z . To relate the two perspectives, use that the space of

b

d
polynomials functions on V' is the symmetric algebra of V*, and that the standard representation
of SL(V') on V is its own contragredient when dim V' = 2: (v, w) — v Aw is a symplectic pairing
on V preserved by SL(V') (which is responsible for the exceptional isomorphism SLo 2 Sp,).

e When char k = p > 0, the above representation Sym” may not be irreducible, °° but has a unique
irreducible subquotient containing the ‘weight n part’, which is the desired V(\). For instance,
from the ‘homogeneous polynomials’ perspective, taking A = n = p, V(\) is not the p + 1-
dimensional space of homogeneous polynomials of degree p in z and y, but its two-dimensional
subspace kxP + kyP: note that (ax + cy)? = aPa? + bPyP, and (bx + dy)P = bPaP + dPyP.

601t is irreducible when p > n, but small values of p create problems.
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(ii) Let G = GL,, over k, and assume that chark = 0. Let B and T respectively be the ‘standard’ Borel
subgroup of upper triangular matrices and the diagonal maximal torus. Then we have X*(T) = Z"
with (a1,...,a,) — (diag(ts, ..., t,) — t1* ... t%), and the dominance condition translates to a; >
-+ > ay. Let us give two examples of the corresponding representations:

e Let A\ =(m,0,...,0) € X*(T)gom. Then V() = Sym™, which can be shown to be irreducible
since chark = 0: its weights identify with those ordered tuples (b1,...,b,) of nonnegative
integers satisfying b1 + - -+ 4+ b, = m. Clearly, every such tuple is in the convex hull of A =
(m,0,...,0),(0,m,0,...,0),...,(0,0,...,m), which is simply the orbit of A under S,, = W.

e Let A\=(1,1,...,1,0,...,0). Then one can check that V(A) = A" — which is again irreducible

%,—/
r times
since chark = 0. Its weights identify with the set of subsets of n of cardinality r, which are
acted on simply transitively by S, so that all weights of V(A) = A" belong to the orbit W - p.
This is a property that shows up due to A™ being a representation of a particularly simple kind,
called a minuscule representation.
e The above examples can be simultaneously generalized using what is called Schur-Weyl duality.

28.2. The proof of the theorem on highest weights. We will prove Theorem 28.7 in three steps:

e Step 1: Every irreducible representation (p,V) of G has a unique highest weight A; moreover, it
satisfies that A is dominant, that dim V), = 1, and that V), is stable under B.

e Step 2. Two irreducible representations of G, each having the same highest weight A, are isomorphic
to each other.

e Step 3: Every A € X*(T)gom occurs as the highest weight of some irreducible representation of G.

Proof of Step 1. V has a nonzero B-stable line. Either apply the Borel fixed point theorem to the action
of B on P(V) (recalling that B is split solvable), or note that V'V, which is nonzero as U is unipotent, is
stabilized by the split torus T.

Henceforth in this proof, we will not use the full strength of the hypothesis that V is irreducible, but only
assume that V is generated as a representation by v, in the sense that no proper subrepresentation of V/
contains v.

Let A € Hom(B, G,,) = Hom(T, G,,) = X*(T) be the character with which B acts on this line.

Claim 1. Span(G(k)v) C Vi equals the whole of V.

Suppose W = Span(G(k)v) C Vi. If k is perfect, we can Galois-descend W to W C V containing v, and
note that Transpg (W, W) C G contains G(k) and hence equals G, so that W is a subrepresentation of V'
containing v, forcing I/V~ = V;. If k is not perfect, then k is infinite, so that G(k) is dense in G, and setting
W := Span(G(k)v) C W we have that Transpg (W, W) contains G(k) and hence equals W, so that W is a

subrepresentation of V' containing v, forcing W = V and hence also W = V3. This proves Claim 1.

Since U™ TU C G is dense and since kv C V is stable under T U, we conclude:

(86) Span(U~ (k) - v) = V4.

Claim 2. V is spanned by {v} and the various Vy_s~,, 4, Where each (mq)aca € (Z0)® is some nonzero
tuple.

To prove Claim 2, the following notation will be useful to us: given a € ®, compose the root homomorphism
Ugq : Uy — Uy with any isomorphism G, — u,, and denote the resulting isomorphism G, — U, also by u,.

Since the multiplication map [[,cn U-o — U™ is an isomorphism (under any ordering of A), Claim 2 follows
from (86) and inductive applications of Claim 3 below:
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Claim 3. If v € V,, for some p € X*(T), and o € @, then there exist vectors v; € V},_;o for each ¢ € Z,
such that for each ¢ € G, we have:
u_g(c) v =0 + Z .

1€Z>0

Indeed, on the one hand, since k[G,] = k[z], any regular morphism G, — V' is of the form ¢ — Yo, c'w;
with fixed w; € V for each i. Applying this to the morphism ¢ — u_q(c) - v/, we get wg = u_q(0) - v’ = ',
On the other hand, acting by an arbitrary ¢t € T, and noting that any isomorphism G, — u, of groups
commutes with multiplying either side by elements of G,,, we get:

w(t) (v + sz) =u_o(1) - ()W) =u_q(1)-t-v' =t -u_o(a(t)) v =t-v' + Za(t)i - tw;.
i>1 i>1
By the linear independence of characters of G,,, this gives tw; = (u — i) (t)w; for each i, proving Claim 3
and hence Claim 2.

Claim 2 not only gives that v is a highest weight vector for V', but also that kv, together with weight vectors
of strictly lower weight, span Vj: in other words, dim V) = dimkv = 1. It is automatic that V) = kv is
stable under B. )\ is dominant because for each a € A, 5,(\) = A — (), a")a is also a weight for (p, V),
forcing (A, V) > 0 because of the fact that A is a highest weight for V. |

Proof of Step 2. Suppose Vq, V5 are irreducible representations of G with highest weight A\. By generalities
about representations of affine algebraic groups, we have dim V3, dim V2 < co. Let v1 € (V1), and vy € (Va)a,
be nonzero. Let W = V; @ Va, and let V' C W be the subrepresentation generated by v := (v1,v2), i.e., the
intersection of all the subrepresentations of W containing v. By the proof of Step 1 — in whose context we
took care to not use the assumption that V is irreducible but only that V' has no proper subrepresentation
containing v (see shortly before Claim 1 of that proof) — we conclude that vy,vo € V. This means that
the kernel of pry : V.—= W = V; & Vo — V; is not the whole of V5, and hence this kernel is zero. Hence,
pr; : V — Vi is an isomorphism, since it is injective and nonzero (having v; in its image), and since V; is
irreducible.

Thus, V is isomorphic to V4. Similarly, V is isomorphic to V5, so that V3 = V5. |

28.3. Every dominant character is the highest weight of some irreducible representation. For
the proof of the theorem on highest weight (Theorem 28.7), it remains to implement Step 3, i.e.,. to show
that if A € X*(T) is dominant, there exists an irreducible representation of G of highest weight A. Such a
representation will be produced as the socle of the representation I(\) defined below, i.e., the sum of the
irreducible subrepresentations of I(\).

Notation 28.9. For A € X*(T) (not necessarily dominant), let
(87) I(\) = {f € K[G] | f(gb™) = A(b7) " f(9) Vb~ € B”,g € G} C k[G].
It is immediate that I(X) C k[G] is stable under the left-regular action of G, and can hence be viewed as a

representation of G.

Remark 28.10. Motivation. Of course it is natural to look for representations inside the regular represen-
tation, but why do we consider B~ instead of B, and why do we have A\(b=)~! in the description of I(\)
above? This can be motivated as follows. In characteristic zero one could expect (see Theorem 28.18 below)
that the regular representation of G x G on k[G] (say by ((91,92)- f)(x) = f(g; *xg2)) decomposes as follows,
in a manner reminiscent of the Peter-Weyl theorem for compact groups:

(88) KGl= @ rop'= P sN)@pN)Y,
p€lrr(G) AeX*(T)dom

where the superscript of ‘V’ stands for ‘contragredient’.
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Thus, the isotypic subspace of p()) in (k[G], left-regular) is not a single copy of p()), but dim p()\)Y-many
copies. One way, then, to isolate a copy of p(\) is then to look at p(A\) ® vV inside k[G], where v is a
highest weight-vector for p(A)Y. What is p(A\)V? It is easy to see that if V has highest weight A, then V'
should have ‘lowest weight’ A~!, since the pairing V @ V'V — k should be G-equivariant — thus, V'V should
be generated by a vector on which B~ acts by (the composite of B~ — T and) A71.

Now (given Step 1), (88) implies that p(\) ® v¥ is precisely the subspace of k[G] on which B~ acts by
A~1, and this space is precisely I()\). In characteristic zero, this space describes exactly the irreducible
representation of G with highest weight A, as you can check for SLs etc. (see Theorem 28.17(ii) below),
while in characteristic p it turns out that one should consider the socle of same I(\).

The following lemma reduces Step 3 to the computation that I(A) # 0 for A € X*(T)qom-

Lemma 28.11. For each A\ € X*(T), the subspace I(\)V C I(\) consisting of U-fived vectors is of dimension
at most one. In particular, if I(\) # 0, it has exactly one irreducible subrepresentation.

Proof. The former assertion follows immediately from the definition of I()\) (see (87)) and the fact that
UTU™ C G is dense. The latter assertion follows from the former, because every nonzero representation
of G has at least one irreducible subrepresentation, and because each irreducible representation contains a
nonzero subspace of U-fixed vectors (because U is unipotent, as we saw in Step 1). ]

An interpretation for I(\) can be given in terms of the following vector bundle £(\) on G /B™:

Definition 28.12. Let /) be a one dimensional vector space over k, on which B™ acts through multiplication

by B - T A G, — denote this composite also by A. Since G — G /B is a B™-torsor (even a Zariski-
locally trivial one), applying the ‘associated bundle construction’ to this torsor and A : B~ — G,,, = GL(£))
gives us a vector bundle:
LA):Gxg-lyx—G/B7,

where G xp- £ is the quotient of G x/, by the action of B~ given by (g,v) - b~ = (gb~—, A(b-)"v). Here,
the map G xg-£€y — G /B is the well-defined map induced by (g,v) — g. Moreover, through its left-
action on G, the line bundle £()) is G-equivariant, so that its space H°(G /B™, L())) of global sections is
a representation of G.

We have a map I(\) — H°(G/B™,L()\)), sending f to the map gB ~ (g, f(g)), where (g, f(g)) denotes
the image of (g, f(g)) € G x¥€y in G xg-£(\) = L(N). Clearly, it is G-equviariant. It is standard (and
obvious?), but we will not bother verifying, that this gives us an isomorphism of vector spaces and hence of
representations:

(89) I(\) S HY%G /B~ I(\).

This gives another realization of the representation I(\).

Thus, to finish Step 3, it is enough to show that I(\) # 0, or equivalently that £(\) has a nonzero global
section, if and only if A € X*(T)qom- The following example works this out when G = SLs.

Example 28.13. Let G = SLg, and let B, T C G respectively be the Borel subgroup of upper triangular
matrices and the diagonal maximal torus, respectively, so that B~ is the subgroup of lower triangular
matrices. There exists a unique n € Z such that:

’\(<t t1>) =1

I(\) # 0 if and only if I(A\)Y # 0, and I(\)V is spanned by the map UT U~ — A! given by:

() )
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t+ayt™t at!

The left-hand side multiplies out to , so the above map is just — d", which clearly

b
d

-1 -1
yt t

extends to a regular function on SLs if and only if n > 0, i.e., if and only if A is dominant. Alternatively,

one could work out that, upon identifying G /B~ = P! via the orbit map at some oo € P! with stabilizer

B™, £(A) identifies with the line bundle O(n), which has a nonzero global section if and only if n > 0.

Now let us finish Step 3:
Theorem 28.14. If A € X*(T), then I(X\) # 0 if and only if X € X*(T)dom-

Proof. The case where G = SLy has been worked out in Example 28.13. The case where G = PGLy can be
checked similarly; alternatively, it can be deduced from the SLo-case.

Let us also make the observation that the assertion of the theorem for G and a particular \ is equivalent to
the assertion for Gger and X := M1/, where we recall that T" := TN Gg,, is in fact a split maximal torus
of Gger: to see this equivalence, check that A € X*(T)gom if and only if X := A7 € X*(T')qom, and that
restricting to Gger in fact gives us a bijection I(A) — I(\) (use that Z& x Gger — G is an isogeny, and that
7% C B7).

Coming back to proving the theorem for general G, consider f € kK[UTU™] C k(G), given by f(utu™) =
A(t)71, a regular function on UTU™ 2 U x T x U™. Since G is a normal variety, f belongs to k[G] if and
only if it belongs to k[2] C k[G], where Q@ C G is some open subset of our choice of codimension at least two.

Recall the Bruhat decomposition G = (J,, oy BwB. If wy € W is the long Weyl element, then we have
wo B wo_1 = B7, from which it is easy to see that G = | J,,c;yy BwB™. In this decomposition, the dimension
of BwB™ equals that of B(wow) B, which we have seen to be the length I[(wow) of wow. From this, or using
similar computations, it is easy to see that the codimension of Bw B~ equals the length I(w) of w.

Therefore, it now suffices to show that f € k[Q] C k(G) if and only if (A\,a") > 0, where Q C G is the open
subset
Q=UTU U|JUTs, U™,
aEA
Equivalently, it suffices to fix & € A and show that f € k[Q,] C k(G) if and only if (A, ") > 0, where

Q0 =UTU"UUTs, U™ = ( [] Us) - (Ve T-U 00U Tso-U-a) - (J] U-s)

ged™ ged™
B#a B#a

= Ru(Pa) : Ga 'Ru(P;) = Ru(Pa) X Ga XRu(P;)v

where G, = Cg((kera)? ;) C G is minimal among the non-minimal Levi subgroups of G, P, D B is the
parabolic subgroup associated to the subset {a} C A, and P is the opposite parabolic subgroup containing
T (so that ®(P_,T) = —®(P,,T)). Here, we used the Bruhat decomposition for the reductive group G,
which reads U, - T-U_,UU,-Tso-U_y = Gg.

Note that f is left-invariant under R,(P,) C U and right-invariant under R,(P,) € U~. Thus, it now
suffices to show that flu, tu_, € k[Ua TU_,] C k(G,) extends to a regular function on k[G,], if and only
if (A, av) > 0.

By an observation towards the beginning of this proof, this reduces to an analogous assertion for Gg der,
which is isomorphic to SLy or PGLg, in which case we already know the theorem. O

Remark 28.15. The approach given in Milne’s book or Poonen’s notes by Achenjang, to prove that I(A) # 0
for A dominant, is to first note that it suffices to prove it for a set of A that generates X*(T)g (use tensor
products and also the normality of f; f € k(G) belongs to k[G] if and only if some power of f does), and
then prove the result for a set of ‘sufficiently divisible’ A satisfying one of the two conditions below:
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(X, a¥)y =0 for all @ € A; and
(A, V) #0 for some a € A, but (A, 8Y) =0 for all € A\ {a}.

In the former case, it is easy to see that we automatically have A € X*(G) € X*(T) (this inclusion induced by
pull-back under T < G), in which case A=! € I()). In the latter case, one considers the maximal parabolic
subgroup P\ fq} of G corresponding to A\ {a}, and observes that any representation of G containing a line
whose stabilizer is P (as given by Chevalley’s theorem) has a highest weight satisfying the latter condition
above; while this gives only one such representation, the resulting A, together with those of the first kind,
generate X*(T)g.

Remark 28.16. Yet another approach to the proof of the above theorem involves showing that the divisor
L(A) on G /B is effective if and only if A is dominant: this is enough as effective divisors have a nonzero
global section — effective Cartier divisors on X are precisely isomorphism classes of pairs consisting of an
invertible Ox-module together with a fixed regular global section; see Lemma 31.14.10 of the stacks project.

For this, one can follow Iversen’s 1976 paper in Advances in Mathematics, titled ‘The geometry of algebraic
groups’. One computes (see Section 5 of Iversen’s paper) Pic(G /B™) to be @, o ZDo where D,, is the
divisor Us, B~ € G/B™. The map A — L(\) defines a map X*(T) — Pic(G/B™), which, we remark in
passing for ‘culture’, though we don’t need it, fits into an exact sequence

0— X*(G) - X*(T) — Pic(G/B™) — Pic(G) — 0.

Thus, the asssertion that £(\) is effective for A dominant, follows immediately if we prove the following

stronger assertion:

The map X*(T) — Pic(G/B™) = P, A ZD, defined by X — L(A) is given by
A Y (A @)D,

a€A

aEA

What Iversen seems to be doing is to consider curves Cg C G /B, given by Bruhat cells UwysgB™,
where wy € W is the long Weyl element, and to deduce the equalities (div(f),Cg) = (A, 3Y) whenever
f € k(G /B7) is descended from utu~ — A(¢)"! on UT U™, and (D,,Cg) = dap (i.e., 1 if « = 3, and 0
otherwise).

Now let us describe what more we can say in characteristic zero. We will not prove the following theorem:

Theorem 28.17. (i) If chark = 0, then every finite dimensional representation of G is a direct sum
of irreducible representations of G.
(i) If chark =0, and if I(\) # 0, then I(X) is irreducible.

Comments on the proof. (ii) follows from (i) and the fact that I(\) has a unique irreducible representation
if it is nonzero (see Lemma 28.11), so it suffices to prove (i). (i) is proved by reducing to a version for
semisimple Lie algebras and using the Casimir element. O

Theorem 28.18 (A kind of Peter-Weyl theorem). If chark = 0, the regular representation of G x G on
k[G] decomposes as in (88), i.e.:

KGl= @ s epN)Y.

AEX*(T)dom

Sketch of proof, assuming Theorem 28.17. We work with B x B~ and T x T as the chosen Borel subgroup
and maximal torus, respectively, of G x G. We trivially have an identification X*(T X T)gom = X*(T)dom X
X (Mg~ —dom = { p™H) | A\ 0 € X*(T)aom}- Given A\, 1 € X*(T)dom, so that A®@ p=1 € X*(T x T)dom,
one can check that the corresponding irreducible representation of G x G is p(A) ® p(u)V.
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Given Theorem 28.17, it now suffices to identify those f € k[G] that are left-invariant under U and right-
invariant under U~. From Theorem 28.14, it is easy to see that these the ones whose restriction to T x T
equal a scalar multiple of some A ® A™! € X*(T xT) with A\ € X*(T)gom- As observed in the above
paragraph, the corresponding representations are the p(\) ® p(A\)Y, with X varying over X*(T)qom- O

28.4. The Weyl character formula for V()\). Now that we have proved Theorem 28.7, we denote by
V(A) the irreducible representation of G with highest weight A (as is well-defined up to isomorphism). One
would like to study the dimension, character etc. of V(\). Since this seems to be hard given the reducibility
of I(A), let us instead make the corresponding study of I(A).

Notation 28.19. Write Z[X*(T)] for the group algebra of X*(T) with coefficients in Z. However, given
X € X*(T), the corresponding element in Z[X*(T)] will be denoted eX rather than x, so as to not confuse
the addition in the group algebra with the addition in Z[X*(T)].

Definition 28.20. (i) Let K(G) denote the Grothendieck ring of the category Rep G of finite dimen-
sional representations of G, which is easily seen to be abelian: as a group, it is the quotient of the
free abelian group generated by the isomorphism classes [p] of simple objects p of Rep G, by the
subgroup generated by all the [p] — [p'] — [p"] as 0 = p' — p — p” — 0 varies over all the exact
sequences in Rep, (G). The multiplication in this ring is given by tensor products of representations.
Ezample: it is easy to see that sending x to eX induces an isomorphism K(T) — Z[X*(T)].

(ii) By ‘formal character’, we refer to the ring homomorphism ch : K(G) — Z[X*(T)] defined as the
composite:

K(G) "85 g(T) — Z[X*(T)),

where the latter map is the isomorphism K(T) — Z[X*(T)] in the example above. The formal
character of a representation p of G is defined to be ch(p) := ch([p]).

Note that the formal character of a representation (p, V') captures its actual character: it completely deter-
mines the restriction of (p, V) on T, and we know that ‘most elements’ of G(k) are conjugate to T(k). The
formal character is somewhat better than character, since it avoids losses of information faced by characters

in characteristic p.

Lemma 28.21. The above map ch : K(G) — Z[X*(T)] is an isomorphism K(G) — Z[X*(T)]V.

Proof. That ch(K(G)) C X*(T)" is immediate from the fact that if p is a weight of a representation p of
G, then wy is also a weight of p for each w € W.

To prove that ch(K(G)) = X*(T)", we now define a partial order on the set X*(T)/W of W-orbits in
X*(T), as follows: W-pu < W - Xif and only pidom < Adom, Where figom and Agom are respectively the unique

dominant characters in W - u and W - \, respectively.

Z[X*(T)]" is spanned by the various Y, oy, €“*, as A varies over representatives for the orbits W - X of
W in X*(T). Now it is easy to see that the assertion ch(K(G)) = X*(T)" follows if we show that for each
A € X*(T), ch(K(G)) contains an element of the form

’ ’
MY D).
NEW A C w eC

where C runs over orbits W -y € X*(T)/W with W - < W - ), and each ¢¢ € Z. But since V() has
highest weight A, and we know that dim V' (\)y = 1, ch(V (X)) € Z[X*(T)]"W satisfies this prescription. [

To state the Weyl character formula, the following construction will be of use:
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Notation 28.22. (i) Consider the group algebra Z[X*(T)g] of X*(T)q over Z (just like Z[X*(T))),
using the notation e* € Z[X*(T)q] for the element corresponding to A € X*(T)g D X*(T). For
z € X*(T)q, write
J(e®) = Z (det w)e™ ™,
weW
where det w = (—1)l(w) is the ‘sign’ of w. ® Thus, J is an ‘antisymmetry’ operator.

(i) Let p = (1/2) - (Speqr @) € (1/2)X7(T) € X*(T)e.

Some more explanation on det w = [(w): if we write w = s4, ... 84, With each a; € A, then though n is not

uniquely determined, its parity is; and detw = (—1)™. It also equals the determinant of the action of w on

X*(T)®R.

Theorem 28.23 (Weyl character formula). For all A € X*(T)dom,

J(eMP)
J(eP)

Remark 28.24. In Theorem 28.23, part of the assertion is that J(e’?)/.J(e?), which a priori belongs to
the quotient field of Z[X*(T)g], in fact belongs to Z[X™*(T)].

ch(I(N) = ch(H*(G /B~, L(N))) = € ZIX*(T)].

We will not prove Theorem 28.23, but let us list two ingredients that go into it:

Ap

o« S (ieha(HIG /B, L) = L)
= J(p)
Riemann-Roch theorem’. Very roughly, the alternating sum of the dimensions of the H*(G /B, L()))
is the kind of thing that is computed by a Riemann-Roch theorem, while the T-equivariant version
keeps track of the action of T.

e For A € X*(T)dom, H'(G/B7,L(\)) = 0 for all i > 0. In characteristic 0, this follows from the
Kodaira vanishing theorem (a little bit more of explanation is given below), while in characteristic
p, this is a result of Kempf, which seems to be called the ‘Kempf vanishing theorem’.

€ Z[X*(T)]. This is a ‘T-equivariant Grothendieck-

Let us explain the second ingredient a bit more, assuming that char k = 0. Recalling that 2p € X*(T), write:
L(A) =LA+ 2p) @ L(—2p).

Now the point is that, it turns out that L£(X + 2p) is ample, while £(—2p) is the canonical bundle of

G /B™. Thus, the Kodaira vanishing theorem applies (under the assumption that chark = 0) and shows

that H(G /B, L(\)) = H(G/B™, (ample) ® (canonical bundle)) = 0 for all i > 0. Let us now briefly
comment on the amplessness of L(A + 2p), and the fact that £(—2p) is the canonical bundle of G /B™.

The ampleness of L(A+2p). We saw earlier that £L(\) € Pic(G /B7) is effective if and only if X is dominant,
ie., (\,a¥) >0 for all « € A. If X is ‘strictly dominant’, in the sense that (\,a") > 0 for all @ € A, then
one can also show that £(\) is ample, and in fact very ample: we will not prove this; a crude idea could be
that the inequality (A, @) > 0 for all a € A is kind of like the stabilizer of a highest weight vector being
B and no larger (though this is not true schematically in characteristic p), and might be hoped to give us
some embedding G /B~ — P(V(X)).

Thus, the claim is that (A 4+ 2p, ") > 0 for each o € A. Since (\,a¥) > 0 for each a € A, this follows
if we show that (p,aV) = 1 for all @« € A. This in turn is because s, preserves p — (1/2), and because
(a, ") = 2. This ‘shows’ that L(\ + 2p) is ample.

About L(—2p). Let us give some explanation for why L£(—2p) is the canonical bundle K¢ ,5- of G/B™.
Note that the tangent bundle T'G of G can be identified with G xg by means of left translations by elements

611 seem to have forgotten to define det w in the lecture.
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of G. But given a smooth algebraic subgroup H C G, this does not mean that the tangent bundle 7'(G / H)
can be identified with (G /H) x (g/h) — G /H; rather, it is G xi(g/h), the quotient of G x(g/h) by the
action of H induced by (g, X) - h = (gh, Adh=!(X)). Therefore,

APT(G/B7) = G xp A"P(g/b7), sothat Kg,p = APT*(G/B7) =G xp AP(g/b7)".

By definition, this is isomorphic to £(u), where u is the character with which B™ operates on A*P(g/b™)*.

But since:
g/b_ = @ uOéa

acdt
we conclude that T and hence B™ acts on A™P(g/b~) by > .o+ @ = 2p, so that B™ acts on A™P(g/b™)*
by —2p, as desired.

28.5. The Borel-Weil-Bott theorem. Now what if ) is not dominant? The first step of the Weyl character
formula suggests that even if H°(G /B™, £())) vanishes, the other H*(G /B™,£())) may still be nonzero,
and might be something nice.

Let us look at the case where G = SLy, and B and T are ‘standard’. We identify G /B~ = P! as before.
One can check that £(A\) = O(n), where n = (\, ") for the unique a € A.

If n = —1, then HO(P!,0(-1)) = HY(P',O(—1)) = 0, so there is nothing interestting in this case.

But for n < —2, or rather for —n—2 with n > 0, there is something interesting: because the canonical bundle
K of P! equals O(—2), by Serre duality, H°(P',O(n)) and H'(P!,O(n) @ K®+1) = HY(P', O(—n — 2))
are dual to each other, and hence isomorphic as representations of G = SLy (representations of SLy are
self-dual). Note that —n — 2 is obtained by reflecting n about —1.

This suggests re-centering Z = X*(T) so that —1 is at its center. Note that —1 = —p. Thus, one wants to
renormalize the WW-action to be centered at p: define w * A = w(A + p) — p.

This proves the following theorem in the special case where G = SL:

Theorem 28.25. (Borel-Weil-Bott)
(i) If w* X\ = X for some nontrivial w € W, then H (G /B, L())) = 0 for all nonnegative integers i.
(ii) If w*x XA # X for each nontrivial w € W, then considering the unique w € W such that w * X\ is

dominant (it can be seen that there is indeed a unique such w € W), we have H'(G /B™,L()\)) # 0
if and only if i = l(w), and moreover:

H'™(G/B™,L(\) = H*(G/B™, L(w * \)).

Very crudely, according to the proof of the Borel-Weil-Bott theorem described in a file in Lurie’s homepage,
one can somehow derive the general case from the SLy-case, using that for each a € A, G/B™ — G /P is
a P!-torsor.

29. LECTURE 29 — STATEMENTS OF SOME FURTHER RESULTS

29.1. Irreducible root systems.
Definition 29.1. (i) The direct sum of root systems (Vi, ®1), (Va, @) is defined to be:
(V1 @ Vo, @1 U @g).
One can also define the direct sum of root data (X1, ®1, Xy, ®Y) and (Xa, P2, Xy, PY) to be
(X1 0 Xo, @ U, (X7 0 X0)Y =X @ Xy, 0/ UDY).
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(ii) A root system (V,®) is said to be reducible if it is a direct sum of two root systems (7, ®;) and
(Va, ®3), where neither V; nor V; is zero. If (V, ®) is not reducible, it is called irreducible. A root
datum satisfying an analogous condition is called ‘indecomposable’; however, for the obvious reasons.

Proposition 29.2. Any root system (V, ®) is uniquely a direct sum of irreducible root systems, i.e., (V,®) =
@D, (Vi, ®;), with each (Vi,®;) irreducible. %> Here, the ‘uniqueness’ means that the subsets V; C V and
P, C ® are uniquely determined.

We will not use the following proposition, but it is nice to know, so we state it:

Proposition 29.3. If R = (V, ®) is an irreducible root system, then the action of W(R) on'V is irreducible,
and it is transitive on the set of roots of a given length.

29.2. A semisimple group is an almost direct product of simple groups. Recall that, after discussing
the not so well-motivated definitions of reductive groups and semisimple groups in Lecture 16, we remarked
without proof that a reductive group was an almost direct product of a torus with a semisimple group, while
a semisimple group was an almost direct product of simple groups.

We have seen the former already: if G is a connected reductive group over k, then Z% is a torus and Gge, is
a semisimple group, and the multiplication map Z% X Gger = G induces an isomorphism with finite kernel
{(z,271) | z € Z4 N Cqer} that is of multiplicative type.

Now we would like to at least make a formal statement of the latter fact, that a connected semisimple
group is an almost direct product of almost simple groups, where we recall that G is ‘almost simple’ if
it has no proper nontrivial normal connected smooth subgroup. This does not imply, but is implied by,
Gy being almost simple (in which case we say that G is absolutely almost simple). % For instance,
SL,,PGL,,SO,(n > 2),Sp,y, etc. are absolutely almost simple, while for a finite separable extension
K/k, Resg i SLy, Res /i, PGLy, Resgc, SOn (n > 2), Resg i, Spy,, ete. are almost simple but not absolutely
almost simple unless K = k.

Theorem 29.4. Let G be a connected semisimple group over k, and let {G;}icr be its minimal nontrivial
smooth connected subgroups. Then:

(i) Fach G; is simple (that is to say, simple as an algebraic group over k.
(i) The G; commute with each other, and the multiplication map [[,.; Gi — G is a central (and hence
multiplicative) isogeny.
(11i) The smooth connected normal subgroups of G are precisely the

(G |ied)= Image(H G; multiplication G,)7
i€J

el

as J varies over subsets of I.

No proof, but some noises. The general case can be deduced from the split case by descent from kP so let
us make some superficial comments regarding the case where G is split, with a split maximal torus T C G.

In this case, choose a split maximal torus T C G, and write:
(V. ®) = PV, @),
i€l
with each ®; irreducible. This I, it turns out, is I as sought for in the theorem.
62Today we will not be interested in analogous results for root data.

63What we refer to as ‘almost simple’ is often referred to in literature as ‘k-almost simple’ or perhaps sometimes even simply
‘k-simple’.
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The idea is that G; should be generated by the roots in ®; (because G; is supposed to be semisimple and
not just reductive, it should be generated by its root subgroups). Thus, one constructs (the candidate for)
G; as follows: let A; C ®; be the set of simple roots for (V;, ®;), with the associated standard Levi subgroup
Ma, C G, and set G; = (M}, )der. For instance, in the case where G is a product of various special linear
groups SL,,, Ma, C G will be the Levi subgroup that is a product of the i-th factor SL,,, together with
maximal tori T; from the other copies SLy,;, so that its derived group is just the i-th factor SL,,. This
process survives quotienting by finite groups, and thus applies to cases where G is a quotient of product of
simple groups.

Here is another way of describing the G;, which is easily seen to be equivalent to the (Ma,)der description
above: let T; be the image of the homomorphism G4 — T given by (ta)aca, [Toca, @’ (ta), and let

Gi = CG(H]‘# Tj)der-

Why do the G; commute? It is not hard to see that this is equivalent to showing that U, and Ug commute
whenever o € ®; and § € ®; with i # j. Since (V,®) = ,(Vi, ®;), this follows if we show that for each
roots «,  with a # £, we have :

(90) Ua, Ug] C H U,

P:4€L>0
y=pa+qBeP

(because given a € ®; and 8 € ®; with ¢ # j, no pa + g belongs to any V;, and hence no pa + ¢ belongs
to ®). To show this, it is enough to show that:

(91) [ua (@), us(y)] = H Upatqp(Ca,B.p,47"Y?)-

P,q€ZL>0
pa+qpBed

Such a result should probably be a separate proposition, as it is interesting in its own right.

To see (91), we can assume without loss of generality that both o and /3 are positive: first assume without
loss of generality that a € A, as we can, and if 3 is negative, then so are s,(8) and s,(a) = —«, so that
applying s, to our positive system and then going to the ‘opposite’ gives us a system where both a and 3
are positive. Now everything is happening in U := R, B, and we can write:

e (@), upW)] = [ wy(fy(@,0)),

yeEPT

where f,(z,y) € klz,y] for each .

Conjugating by ¢t € T replaces x and y respectively with a(t)z and «(t)y, and f,(x,y) with v(t) f,(z,y),
giving us the identity f,(a(t)z, 8(t)y) = v(t) fy(z,y). Since a # £, it is easy to see that ¢ — (a(t), B(¢)) is
a surjective map G,, — G,,, and it is easy to see from here (and the fact that clearly f,(z,0) = f,(0,y) =0
for all z,y) that v = pa + ¢8 for some p, ¢ € Z, and that f,(z,y) is some cq gp 2Py

We remark that, when one proves this result for general (not necessarily split) connected semisimple G, the
i € I are in not in bijection with irreducible components of the root system of G, but Gal(k®P/k)-orbits of
such irreducible components, for a suitable action of the Galois group. O

29.3. Cartan matrices and Dynkin diagrams.

Definition 29.5. (i) The Cartan matrix of a root datum R = (X, ®, XV, ®V), or of a root system
(V. @), is the A x A-matrix ((a, 8Y))a,gen, for any choice of a base A C ®. If A’ is another base,
there is a bijection A — A’ such that respects the associated Cartan matrices, since any two bases
for a root datum or a root system R are W (R)-conjugate.

(ii) The Dynkin diagram of R = (X, ®, XV, ®V) or (V,®) is a graph which is made out of its Cartan
matrix ((«, 8Y))a,gea as follows:
e Its vertices are the elements of A.
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e Given o, € A with a # f:

— If (o, BY) = 0 (or equivalently (3,a¥) = 0), then there is no edge between o and 3.

— If the unordered multiset {{«, 8Y), (8, @")} equals {—1, —1} (resp., {—1, —2}; resp., {—1, —3}),
then « and 8 are connected by 1 (resp., 2; resp., 3) edges. Moreover, in the {—1, -2} and
{1, —3}-cases, there is an edge from the longer root to the shorter root: from « to g if
[(B,aY)| > |(a, BY)], and vice versa otherwise.
Note that these exhaust all the possible cases because we have seen that elements of A
are at obtuse angles from each other: therefore, clearly, the Dynkin diagram determines
the Cartan matrix.

Like with most propositions for today, we will not prove the following one either:

Proposition 29.6. Any reduced root system is completely determined (up to isomorphism) by its Cartan
matriz, or equivalently, by its Dynkin diagram. More precisely, if R = (V,®) and R’ = (V',®’') are root
systems with bases A and A, and A — A’ is any bijection, denoted o — o, such that {a, 8Y) = {o/, (8")V)
for all a, B € A, then the resulting map V = Spang(A) — V' = Spang (A’) takes @ to ’.

Proof. (Not given in the lecture; I should have) The condition (o, 8Y) = (o, ' v> shows that the map
V' — V' transports sg(a) to sg(a) for all o, 8 € A. Thus, it transports each simple reflection sg, S € A, to
the corresponding simple reflection sg/, and hence transports W(R) to W(R’). Therefore, the map V — V'
transports ® = W(R)(A) to ® = W(R')(A"). O

Proposition 29.7. Let (V,®) be a reduced root system. Then its Dynkin diagram is connected if and only
if (V,®) is irreducible.

Proof. The nontrivial implication is that if the Dynkin diagram is disconnected, then (V, ®) is reducible. In
other words, let A = Ay LI Ay is a partition such that {(a;,ay) = 0 whenever ay € Ay and oz € Ay. Then
we need to show that ® = & U &, where ®; = Spang(A;) N P. Clearly &; and ®, are disjoint, so we need
to show that ® = ®; U®P,. Suppose o € \ (P U Py) is of the smallest possible height, where we recall that
the height of « is )" ng, where a = ZﬂeA ngB. Recall that we can write & = o’ + o”, where o/ € A and
o’ € &F. We clearly have o’ € A; for some i € {1,2}, while by the assumption on «, we have o € ®; for
some j € {1,2}. Clearly, i # j, so without loss of generality let o’ € A; and o € ®4. It is easy to see that
(B,7V) =0 for all 8 € & and v € ®;. Therefore, (o, (a')V) = 0, so that

P 3 sy () =su(d @a’)=—a +a".

But —a’ is a nontrivial nonpositive linear combination of elements of A; C A, while o’ is a nontrivial
nonnegative linear combination of elements of the disjoint set As C A. This is a contradiction since A is
not only a basis for V, but also satisfies that every element of ® is either a nonnegative linear combination
of elements of A, or a nonpositive linear combination of elements of A. |

29.4. The absolute root datum R(G) of G, and some comments on classification.

29.4.1. The absolute root datum R(G) of G.

Definition 29.8. Let G be a connected reductive group over k.
(i) To define the absolute (based) root datum of G with a Galois action, we define:

R(G) = lim (X*(T), ®(Gpeer, T), A = A(Gpeer, B, T), X1 (T), &V (Gpeer, T), AV = {a" | ar € A}),
(BVT)

as (RT) varies over Borel pairs of Ggser (as opposed to in G, which may not even have a Borel
subgroup — I don’t remember if T accidentally wrote k instead of &P in the lecture; if so apologies);
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here by a Borel pair we mean a Borel subgroup and a maximal torus contained in it. Here, we note
that Ggser always has a Borel subgroup: any maximal torus T C G splits over k°°P.

Thus, R(G) can be written as (X, ®, A, XV, ®Y AV); it will be looked at as such a tuple together
with a Gal(k*°P/k)-action as in (ii) below: thus, for any choice of a Borel pair (B, T) for Gjeep,
(X, ®,A, XV, @V, AV) identifies with (X*(T), ®(Ggeer, T), A, X, (T), &V (Gpeer, T), AV).

(ii) Since (?B, °T) is a Borel pair in Gpeer for any Borel pair (B, T) in Gpeer and o € Gal(k*P/k), we
get a canonical action of Gal(k%P /k) on (X, ®, A, XV, ®Y AV). With this action, R(G) is called the
absolute root datum of G, to be contrasted with

Am, (X7(8), 2(G, 8), X.(8), ©"(G,S)

over pairs consisting of minimal parabolic subgroups and their maximal split tori.

Remark 29.9. Suppose G = GL,.(D), with D a central division algebra over k with dimj, D = d?, then
R(G) = R(GLyq /k); in particular, one can check that the action of Gal(k*P/k) on R(G) is trivial.

Note that R(G) also gives us a Gal(k*P/k)-action on the Dynkin diagram of Gpsep.

29.4.2. Some comments on Tits classification of reductive groups. According to the Tits classification, the
isomorphism classes of G is completely determined by the following:

(i) The isomorphism class of Ggser, which as we state without proof is determined by R(G) with its
Gal(k®°P /k)-action; and
(if) A minimal Levi subgroup My C G or even just its derived subgroup My ger-

However, I am not aware of a uniform algorithm to determine which pairs (R, M) consisting of a based
root datum with a Gal(k*®P /k)-action and an anisotropic modulo center subgroup My arise from a connected
reductive group G. The list of such possibilities for specific fields such as finite fields, local fields (real as
well as p-adic) and number fields are listed in Tits’ boulder article ‘Classification of Algebraic Semisimple
Groups’.

In practice, people also approach the study of connected reductive groups by relating them to a split group
or a quasi-split group using Galois cohomology. Since we do not have time to discuss these topics in any
greater detail, we will now mostly talk about split groups for the rest of this lecture.

29.4.3. The limited functoriality of R(G). One problem with R(G) is that it is not functorial in G: for
instance, if Ty < G is an inclusion of a split torus in a split reductive group G, whose image is a split
maximal torus, one cannot identify R(To) = (X*(Ty), 0, X.(To), ) with R(G) with (X, ®, XV, dY), unless
we choose a Borel subgroup of G containing the image of Ty, for which there is no canonical way.

In fact, we haven’t even defined what a morphism R(G) = (Xg, ®a, X4, &) = R(H) = (Xu, Pu, Xy, PY)
means. We will define this only in the case of an isogeny, in the next subsection. For the time being we will
avoid defining this rigorously, and instead think in terms of just maps Xy — X¢ and X% — Xf.

There is a special case in which this map can be defined canonically:

Proposition 29.10. If G — H is a homomorphism of connected reductive groups such that the image
of G in H is a normal subgroup of H, then there is a unique map R(G) — R(H) with the following
property: for any Borel pair (B,T) of Gy, and any Borel pair (BH,TH) of Hy, containing the image of
(B, T), this map from R(G) = (X*(T), ©(Gpser, ),A(Gksep,B T), X. (T), @Y (Gpser, T), AV(Gkaep,B T)) to
R(H) (X*(TH) @(Hksep,TH) A(Hksep,BH,TH) X (TH) (I)V(Hkbep,TH) Av(Hksep,BH,TH)) is induced by
the obvious maps X*(Tx) — X*(T) and X.(T) = X.(Tx).



238

Informal explanation. We can only informally discuss this, since we have not even defined what a map
R(G) — R(H) even means; for now, we know that such a map should involve a map like Xg — Xqg and
X — X}, so we will make some informal comments based on this understanding.

Rather than argue this officially, let us describe it in a ridiculously simple example that, thanks to Theorem
29.4 above, captures the key point.

If the map G — H is the inclusion of G into the G-factor in H := G x G’, then given a Borel subgroup
B C Gysep, its image in Hyser belongs to many Borel subgroups of Hyser = Ggser X Ggsep, but each of the

form B x B/, and because the first component is always B, the map R(G) — R(H) always identifies as the
inclusion R(G) — “R(G) ® R(G')” = R(H).

In other words, the point is that any two Borel subgroups of Hy, that contain the image of a given Borel
subgroup of Gy are conjugate by an element of H(k;) that commutes with the image of Gy, in Hy_. O

29.5. Isogenies. In this subsection, we would like to define the notion of an isogeny between two root data.

29.5.1. The example of SLy. It is easy to see that when G = SLy, (the root datum underlying the base-root

datum) R(G) can be written as (Z, {+2},7Z, {£1}), while if G = PGLy, it can be written as (Z, {£1}, Z, {£2}).
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By Proposition 29.10, any isogeny G — H of connected reductive groups induces a canonical map R(G) —
R(H). Let us see how it looks like for the Frobenius isogeny Fr : SLy — SLgp ). To compute this, it is almost
equivalent to compute R(G,T) — R(G®, T®). Identifying X*(T®)) = Z and X,(T?)) = Z such that
1€ Z = X*(T®W) maps to a positive multiple of 1 € Z = X*(T), R(G?) too identifies with (Z, {2}, 7, {1}).
Thus, the pull-back map X *(T(p)) — X*(T) identifies with the multiplication by p map Z — Z, given by
& — px. Of course, this maps 2 € ®(GP, T®) to 2p ¢ (G, T®); 2p € pd(GP, TW). Similarly, the
map Z = X, (T) = X, (T®?) = Z maps 1 € &V (G, T) to p € p®¥(GY, TY).

In contrast, if we considered the central (or equivalently multiplicative) isogeny SLo — PGL2, and made
analogous choices of maximal tori, a root would pull back to a root.

Definition 29.11. Fix p € {primes} U {0}. With respect to this choice:

(i) An isogeny of root data (X, ®, XV, ®") — (X', &', XV, ®"") is an injective homomorphism ¢ : X’ —

X with finite cokernel, such that there exists a bijection ® — &', given by a — o/, for which: %
(i) For all o/ € @, 1(«’) € pNa for some ¢, € p" and o € ®; and

(ii) For all a € @, ¥ (aV) € pNo/" for some ¢, € p" and o/ € ®.
Thus, for some o € ® and the associated o/, we have some ¢, € p" such that () = g, and
HaY) = qoo V.

(ii) An isogeny of root data as in (i) is said to be central (or equivalently, multiplicative) if ¢, = 1 for
each a € .

It is easy to see that, even if we fix Borel pairs (B, T) for G and (B’,T') for G’, we can have multi-
ple homomorphisms from (G, T) to (G’,T") that take B to B’ but induce the same isogeny of root data
R(G,T) — R(G', T"). Thus, we need to rigidify tuples (G, B, T) with extra data to lift isogenies uniquely
to homomorphisms at the level of groups.

641 wrote 2 instead of +2 in the lecture.
65The definition I gave in the lecture was wrong; I forgot the second condition below in the lecture.
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Example 29.12. Assume that k is perfect, and let r € k*. Consider f; = Fr, fo : G = SLy — G = SLgp)7

given by:
a b aP bP a b aP rbP
fl((c d>) - (cp dp) ’ and f1(<c d>) - (r‘lcp dp> ’

It is clear that both f; and fs induce the same map at the level of Lie algebras: multiplication by p at the
level of characters as well as of cocharacters.



	1. Lecture 1
	1.1. Considerations related to the Yoneda lemma
	1.2. Group schemes
	1.3. Some examples
	1.4. Group actions and some related notions

	2. Lecture 2
	2.1. The transporter and its representability
	2.2. Proofs for special cases of the representability of the transporter
	2.3. Galois descent
	2.4. If the transporter is not geometrically reduced (but `39`42`"613A``45`47`"603AY still is).

	3. Lecture 3
	3.1. A clarification
	3.2. The identity component `39`42`"613A``45`47`"603AG0 of `39`42`"613A``45`47`"603AG
	3.3. Symplectic and orthogonal groups are connected

	4. Lecture 4
	4.1. 0(`39`42`"613A``45`47`"603AX) and 0(`39`42`"613A``45`47`"603AG)
	4.2. Long rant to motivate
	4.3. The definition of 0(`39`42`"613A``45`47`"603AX)
	4.4. Review of smoothness

	5. Lecture 5 (very badly incomplete)
	5.1. Smoothness of algebraic groups

	6. Lecture 6 — Monomorphisms of algebraic groups
	6.1. The material for today
	6.2. Homomorphisms of algebraic groups have closed images
	6.3. Injective homomorphisms are closed immersions
	6.4. Affine algebraic groups are linear.

	7. Lecture 7 — Torsors, `39`42`"613A``45`47`"603AH`39`42`"613A``45`47`"603AG
	7.1. Motivation.
	7.2. The definition of torsors
	7.3. Torsors are quotients in all kinds of nice ways

	8. Lecture 8 — Quotients of affine algebraic groups
	8.1. An embarrassing correction.
	8.2. Statement of existence of quotients for linear algebraic groups
	8.3. Some examples of quotients
	8.4. `39`42`"613A``45`47`"603AH`39`42`"613A``45`47`"603AG when `39`42`"613A``45`47`"603AH is a normal subgroup of `39`42`"613A``45`47`"603AG
	8.5. `Group theory' and `the isomorphism theorems'
	8.6. Some considerations related to the above theorems, flat sheaves etc.

	9. Lecture 9 — Jordan decomposition and Tannakian reconstruction
	9.1. Review of Jordan decompostion for `39`42`"613A``45`47`"603AGL(V) and `39`42`"613A``45`47`"603AEndk(V)
	9.2. Jordan decomposition for a linear algebraic group
	9.3. Tannakian formalism I — Recovering a group from its representations.
	9.4. Tannakian formalism II - categories that look like `39`42`"613A``45`47`"603ARepk(`39`42`"613A``45`47`"603AG) (informal)
	9.5. Examples

	10. Lecture 10 — (split) diagonalizable groups
	10.1. Diagonalizable groups
	10.2. The abelian category of diagonalizable groups
	10.3. Representations of diagonalizable groups
	10.4. A better version of the anti-equivalence between diagonalizable groups and finitely generated abelian groups

	11. Lecture 11 — Groups of multiplicative type, and restriction of scalars
	11.1. Groups of multiplicative type
	11.2. Multiplicative type groups split over a separable closure
	11.3. Classification in terms of character groups and Galois action
	11.4. Representations of groups of multiplicative type
	11.5. Restriction of scalars

	12. Lecture 12 — Subgroups attached to cocharacters, centralizers of multiplicative subgroups (only scribblings)
	12.1. Motivation
	12.2. Representability and smoothness of fixed points — sketches of proofs
	12.3. Concentrator scheme (with proofs only sketched)

	13. Lecture 13 (only scribblings)
	13.1. One dimensional smooth connected algebraic groups
	13.2. Jordan decomposition at the level of subgroups of `39`42`"613A``45`47`"603AG
	13.3. Solvable groups and the Lie-Kolchin theorem
	13.4. Unipotent groups

	14. Lectures 14 and 15 — Solvable groups and extra material like derived subgroups
	14.1. Trigonalizable groups
	14.2. Relating solvable and trigonalizable groups when k = 
	14.3. The structure of solvable groups (in `good' situations)
	14.4. The definition of the derived group

	16. Lecture 16 — Borel subgroups, parabolic subgroups, semisimple and reductive groups
	16.1. Borel subgroups
	16.2. Parabolic subgroups and their relation to Borel subgroups
	16.3. Conjugacy of maximal tori
	16.4. Almost simple, semisimple and reductive groups

	17. Lecture 17 — Some structure theory modulo very nontrivial blackboxes (to be proved later) - I
	17.1. The main nontrivial results being assumed
	17.2. Root decomposition
	17.3. `39`42`"613A``45`47`"603AG, the minimal reductive subgroup of `39`42`"613A``45`47`"603AG containing the contribution of 
	17.4. `39`42`"613A``45`47`"603AG can be studied using `39`42`"613A``45`47`"603AG, der, which is split semisimple of rank one
	17.5. The root decomposition of (`39`42`"613A``45`47`"603AG, `39`42`"613A``45`47`"603AT)

	18. Lecture 18 — Some structure theory modulo very nontrivial blackboxes (to be proved later) — II
	18.1. Review of the nontrivial theorems that we are assuming
	18.2. Aside: Tangent spaces of quotients; different subgroups with the same Lie subalgebra
	18.3. Root decomposition and root subgroups
	18.4. The Weyl group, coroots and reflections.
	18.5. Root data and root systems
	18.6. Semisimple groups vs reductive groups; `39`42`"613A``45`47`"603AG= `39`42`"613A``45`47`"603AZ`39`42`"613A``45`47`"603AG0 `39`42`"613A``45`47`"603AGder

	19. Lecture 19 — Proof that the centralizer of a torus is reductive
	19.1. The two theorems to be proved for today
	19.2. Smoothness and connectedness of torus centralizers
	19.3. Cartan subgroups; the proof that Theorem 19.2 implies Theorem 19.1
	19.4. Proof of Theorem 19.2, modulo two technical inputs
	19.5. Borel subgroups of `39`42`"613A``45`47`"603AG and `39`42`"613A``45`47`"603AC`39`42`"613A``45`47`"603AG(`39`42`"613A``45`47`"603AS)
	19.6. Orbits of unipotent groups (a theorem of Kostant and Rosenlicht)
	19.7. Comments on and preparation for Luna's proof of Chevalley's formula for the unipotent radical
	19.8. Luna's proof (modulo some small details)

	20. Lecture 20 — Split semisimple groups of rank one
	20.1. The material for today
	20.2. (`39`42`"613A``45`47`"603AG/`39`42`"613A``45`47`"603AB) = P1
	20.3. `39`42`"613A``45`47`"603AG/`39`42`"613A``45`47`"603AB.5-.5.5-.5.5-.5.5-.5P1 even when k =
	20.4. Isogenies and simple connectedness
	20.5. `39`42`"613A``45`47`"603ASL2 `39`42`"613A``45`47`"603APGL2 is a universal covering
	20.6. Putting it together

	21. Lecture 21 — the ¶() are parabolic subgroups, and the normalizer theorem
	21.1. The subgroups ¶(), `39`42`"613A``45`47`"603AM(), `39`42`"613A``45`47`"603AN() `39`42`"613A``45`47`"603AG.
	21.2. Remarks on the facet decomposition
	21.3. The normalizer theorem and some consequences
	21.4. The variety of Borel subgroups (and varieties of parabolic subgroups)

	22. Lecture 22 — Basic results concerning root systems, Weyl chambers etc.
	22.1. Today's aim, general remarks and review of the current situation
	22.2. Definition of bases
	22.3. The bijection between Weyl chambers and bases — statement
	22.4. Basic properties of roots, root strings etc.
	22.5. The proof of the bijection between Weyl chambers and bases
	22.6. Simple transitivity of the Weyl group action on Weyl chambers: statement, a consequence, and preparatory lemmas
	22.7. The proof that the action of W(R) on chambers is free

	23. Lecture 23 — Dynamic description of parabolic subgroups — I
	23.1. Today's results and initial observations
	23.2. Rephrasing Proposition 23.1 in terms of subsets 
	23.3. Description of parabolic subgroups and their Levi subgroups
	23.4. The proof of Proposition 23.9
	23.5. Statement of the direct spanning theorem, and consequences

	24. Lecture 24 — Dynamic description of parabolic subgroups II, and Grothendieck's theorem on tori
	24.1. Root data
	24.2. A proof of the direct spanning theorem
	24.3. The dynamic description of parabolic subgroups (statement) and consequences
	24.4. Some consequences of Grothendieck's theorem
	24.5. The finite field case of Grothendieck's theorem on maximal tori, via Lang's theorem
	24.6. The infinite field case of Grothendieck's theorem on maximal tori (list of main steps)

	25. Lecture 25 — Structure theory for nonsplit reductive groups I
	25.1. The surjectivity of `39`42`"613A``45`47`"603AG(k) (`39`42`"613A``45`47`"603AG/¶)(k), up to a density assertion
	25.2. Density of `39`42`"613A``45`47`"603AG(k) in `39`42`"613A``45`47`"603AG; unirationality
	25.3. Reductive groups are generated by tori
	25.4. Structure theory — a summary of results to be discussed
	25.5. Preliminary consequences of the dynamic description; the facet decomposition of X*(`39`42`"613A``45`47`"603AS) R
	25.6. Conjugacy of maximal split tori and of minimal parabolic subgroups
	25.7. Basic properties of W(`39`42`"613A``45`47`"603AG, `39`42`"613A``45`47`"603AS)
	25.8. Some general facts about Levi subgroups

	26. Lecture 26 — Structure theory for nonsplit reductive groups — II
	26.1. The reflection s and the coroot  associated to a root k
	26.2. Why non-reduced root data are not that bad
	26.3. Root subgroups
	26.4. Weyl chambers, etc.
	26.5. Description of standard parabolic subgroups and their Levi subgroups
	26.6. Root systems of `39`42`"613A``45`47`"603AG and `39`42`"613A``45`47`"603AGder
	26.7. The example of `39`42`"613A``45`47`"603AGLr(D)
	26.8. Example: special orthogonal groups `39`42`"613A``45`47`"603ASO(V, q) (`39`42`"613A``45`47`"603Achark =2)
	26.9. Unitary groups
	26.10. An example we will not discuss

	28. Lecture 28 — Representations of split reductive groups
	28.1. Parameterizing irreducible representations by highest weights — statement
	28.2. The proof of the theorem on highest weights
	28.3. Every dominant character is the highest weight of some irreducible representation
	28.4. The Weyl character formula for V()
	28.5. The Borel-Weil-Bott theorem

	29. Lecture 29 — Statements of some further results
	29.1. Irreducible root systems
	29.2. A semisimple group is an almost direct product of simple groups
	29.3. Cartan matrices and Dynkin diagrams
	29.4. The absolute root datum R(`39`42`"613A``45`47`"603AG) of `39`42`"613A``45`47`"603AG, and some comments on classification
	29.5. Isogenies


