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1. LECTURE 1: MODULES OVER A PID, AND APPLICATIONS

(The first 1.5 lectures were probably misguided; I recommend skipping them, and doing
this material later in the light of Baer’s criterion and the Krull-Schmidt theorem for a more
efficient approach.)

1.1. Background. For now we will consider only commutative associative rings with 1
unless mentioned otherwise (as we will for occasional digressions).

We will assume basic facts about Euclidean domains, principal ideal domains (PIDs),
Unique factorization domains (UFDs) and integral domains. Recall:

Euclidean domains < PIDs < UFDs < Integral domains.

These inclusions are all proper: Z[*,=] is a PID that is not a Euclidean domain, Z[x]
or C[z,y] is a UFD that is not a PID, and Z[+/—5] is an integral domain that is not a

UFD. If a,b belong to a PID R, gcd(a,b) will denote a choice of a generator for the ideal
(a,b).

1.2. Some theorems associated to PIDs. The main topic for today’s lecture concerns
the following theorem:

Theorem 1.1 (Structure theorem for f.g. modules over a PID). Let M be a f.g. (= finitely
generated) module over a PID R. Then there exists a unique (non-strictly) decreasing
sequence of proper ideals (dy) = --- D (d,) such that:

(1) M = 6_9 R/(d,).

For an R-module M, where R is any (commutative by convention) ring, let
Miors = {m e M | a-m = 0 for some non-zero-divisor a € R},

a submodule of M, called the torsion submodule of M. Note that in an integral domain,
‘non-zero-divisor’ is just nonzero. M is said to be a torsion module if M = M,,.s, and
torsion-free if M, = 0. It is easy to see that M, is always a torsion module, and that
M /M5 is torsion-free.

Remark 1.2. Before going ahead, some remarks and easy consequences of Theorem 1.1.
Assume the setting of the theorem, so in particular M is a f.g. module over the PID R,
and we have dy|dy| . .. |d,:

e While the d; themselves are canonical (as stated in the theorem), the decomposition
(1) is highly noncanonical. e.g., M = Z @ Z can be identified with Z @ Z either via
the identity map or via the self-isomorphism sending (1,0) to (1,0) and (0,1) to
(1,1).
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e The theorem gives:

Mis = P R/(d), M/Myws= @ R/(d;)) = P R.
i:d; #0 i:d; =0 i:d; =0
In particular, M is torsion-free if and only if d; = 0 for all ¢, and is torsion if and
only if d; # 0 for all 7.

e The theorem thus implies that any finitely generated torsion-free module over a
PID is free.

e The theorem fails for any integral domain that has a finitely generated non-principal
ideal I (in other words, when R is not a Bézout domain), such as Z[v/—5]: for any
such I, and it is easy to see that [ is free if and only if it is principal.

e The theorem doesn’t generalize in obvious ways to infinitely generated modules
over PIDs. For instance, the Z-module Q is torsion-free, and any two elements in
it are linearly dependent, yet it is not isomorphic to Z. A similar comment applies

to Q/Z.

1.3. Related results. The crucial input in the proof of the structure theorem for modules
over a PID (Theorem 1.1) will be the Smith normal form:

Theorem 1.3. Let R be a PID, and A € M,,x,(R). Then3S € GL,,(R) and T € GL,(R)
such that:

dy

(2) S-A-T  has a form like ‘ ,

0

where d;|d;11 for all 1 < i < r. Here, the above matrix representation shows a situation
where n > m, and should be analogously modified if m < n: for some 0 < r < min(m,n),
we have the top left r x r diagonal block with entries dy, . ..,d,, and all remaining entries
are zero; by convention, an entry where nothing is written is taken to be 0.

Morever, r and the ideals (d;) = R are uniquely determined.

Remark 1.4. It can be proved without difficulty, but we will skip giving the details, that
for each i, d; = ;(A)/0;—1(A), where ;(A) stands for the ged of all the j x j minors
of A. This property is immediate for a matrix as in (2), so the point is to show that
the 6;(A) is unchanged when A is right or left multiplied by an invertible matrix. While
one can see this using exterior algebra, one can also see this more elementarily, using
that right-multiplication (resp., left-multiplication) replaces columns (resp., rows) by their
linear combinations, and hence replaces ideals generated by minors with subideals; then use
invertibility. For more details, see Lemmas 1 and 2 of the post “Fitting ideals of modules”
in Matt Baker’s blog: https://mattbaker.blog/2022/11/21/fitting-ideals-of-modules/
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Theorem 1.5 (Restatement of the Smith normal form theorem). Let R be a PID, and
let M, N be finitely generated free R-modules. Let A : N — M be an R-module homo-

morphism. Then there exist bases eq,...,e, of N and fi,...,fn of M, and elements
di|ds|...|d, of R for some 0 < r < min(m,n), such that for 1 <i < n:
dzfz, Zf1<2<7", and
Ae; = .
0, otherwise.

Proof. This is a straightforward translation of Theorem 1.3 using (the free module version
of) the dictionary between linear transformations and matrices: S and T play the role of
change of basis matrices. U

1.4. The structure theorem from the Smith normal form — I.

Remark 1.6. To deduce the existence assertion of structure theorem for modules over a
PID (Theorem 1.1) from the Smith normal form (Theorem 1.3), it suffices to prove the
following two statements:

(i) The existence assertion of Theorem 1.1 holds for finitely presented modules over a
PID (see Definition 1.7 below for ‘finitely presented’).
(ii) Over a PID, every finitely generated module is finitely presented.

Definition 1.7. An R-module M is said to be finitely presented if there exists a surjection
j : R™ — M from a finitely generated free module R™ to M, such that ker j is finitely
generated.

Let us rephrase Definition 1.7 to cultivate familiarity with standard mathematical notation.
Recall that a chain of maps of R-modules

AL BSOS

is said to be exact at B if kerg = image f. An exact sequence of R-modules is a chain
of maps of R-modules that is exact at each module that is a source of some map in the
sequence and a target of another.

Remark 1.8. It follows that an R-module M is finitely presented if and only if there exists
an exact sequence

R"—> R"™ - M — 0.
Such a sequence is called a finite presentation of M. Here, note that the exactness at M is
equivalent to the surjectivity of R™ — M, and the exactness at R™ implies that the kernel
of R™ — M is generated by n elements.

Another way of saying this is that M is finitely presented if and only if it is isomorphic to
the cokernel of a homomorphism of finitely generated free R-modules.

Lemma 1.9. Assume the ezistence of the Smith normal form. Then the existence assertion
of the structure theorem, Theorem 1.1, is satisifed whenever M is finitely presented.
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Proof. Let R" 4 R™ — M — 0 be a finite presentation of M. Theorem 1.5 allows us to
assume without loss of generality that A has the form of the right-hand side of (2). It is
then immediate that

M = coker(A) = R/(d1)®---®R/(d,) DR™ "= R/(d1)®---® R/(dp),
where d,y 1 = -+ =d,, = 0. Ul

1.5. The structure theorem from the Smith normal form — II. To conclude the
existence assertion in the structure theorem from the Smith normal form, it suffices to
show that finitely generated modules over a PID are also finitely presented: we will see
that this is true more generally over Noetherian rings:

Definition 1.10. A (commutative by convention) ring R is said to be Noetherian if any
increasing chain of ideals

]1C[2C...

stabilizes, i.e., I, = I,,1 = ... for some large enough r. This is also phrased as saying that
R satisfies the ascending chain condition on ideals. More generally, for noncommutative
R, we can talk of left-Noetherian rings (resp., right-Noetherian rings) as those that satisfy
the ascending chain condition on left-ideals (resp., right-ideals).

Definition 1.11. An R-module M is Noetherian if the collection of its submodules satisfies
the ascending chain condition.

Exercise 1.12. (i) R is a Noetherian ring if and only if every ideal I < R is finitely
generated. The R-module M is Noetherian if and only if every submodule of M is
finitely generated.

(ii) R is Noetherian as a ring if and only if it is Noetherian as a module over itself.
(iii) Any PID is a Noetherian ring.

Lemma 1.13. Let R be a Noetherian ring. Then every f.g. R-module M is Noetherian
(as an R-module).

Proof. If M is generated by a single element, then M =~ R/I (as an R-module) for some
ideal I < R, and we are done because there is an inclusion-preserving bijection between the
submodules of M, and the set of ideals of R containing I: these latter satisfy the ascending
chain condition.

The general case is by induction on the number of generators. Let M have n generators
x1,...,%,, and assume the lemma to be true for modules with at most n — 1 generators.
Set M' := Rxy < M, and let M" = M/M'. Write j : M — M" for the obvious map. Then
M’ and M" are respectively generated by 1 and n — 1 elements, and are hence Noetherian.

Now let M; < --- < M,, — ... be a chain of submodules of M. Then
MinMcMynM c... and j(M)cj(M)c...
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are respectively ascending chains of submodules of M’ and M”. Since M’ and M” are
Noetherian, there exists r » 0 such that

M, AM =M, nM=... and jM)=7Msi)=...

It is enough to show that the inclusion M, c M, is an equality: the same argument will
imply that M, = M, o = .... Thus, let m € M, .1\ M,; it suffices to show that m € M,.

Since j(m) € j(M,y1) = j(M,), there exists n € M, such that j(m) = j(n). Thus,
m —n € kerj = M’, so that

m—né€ M1 n M =M nM,
so that men+ (M, n M') < M, + (M, n M') = M, as desired. O

Corollary 1.14. Let R be a Noetherian ring. Then every finitely generated R-module M
18 finitely presented.

Proof. If M has m generators, giving us a surjection A : R™ — M, then since R™ is
Noetherian by Lemma 1.13, ker A ¢ R™ is finitely generated (see Exercise 1.12). Therefore,
M is finitely presented. O

Lemma 1.15. Assume the existence assertion of the Smith normal form (Theorem 1.3).
Then the existence assertion of the structure theorem (Theorem 1.1) holds.

Proof. Given Corollary 1.14 and the observation that any is Noetherian (Exercise 1.12),
this follows from Lemma 1.9. O

1.6. The theorem of elementary divisors.

Corollary 1.16 (The theorem of elementary divisors). Let R be a PID. If M is a finitely
generated free R-module and N < M a submodule, then there exists bases f1,..., fm for
M and eq,... e, for N, where n < m, and nonzero elements dy|...|d, of R, such that
61:d1f2f07’1<2<n

Proof, assuming Theorem 1.3. By Lemma 1.13, N is finitely generated, in addition to being
torsion-free.

Since we are assuming Theorem 1.3, Lemma 1.15 implies that the existence assertion of
the structure theorem (Theorem 1.1) holds, so as in Remark 1.2 it follows that N is free
as well. This allows us to apply Theorem 1.5 (which is a corollary of Theorem 1.3) to the
inclusion morphism A : M < N. We are then done, on observing that the ‘r’ given by
that theorem equals n by the injectivity of A. O

Remark 1.17. In particular, Corollary 1.16 tells us that for a PID R, each submodule of
a free R-module of rank m is free of some rank n < m. Thus, for instance, taking R = Z,
each subgroup of Z? is trivial, or an infinite cyclic group Z - a for some a € Z?2, or a free
rank two group Za @ Zb = Z? for some linearly independent (nonzero) elements a,b € Z>2.
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1.7. The existence of Smith normal form. The main argument we give will follow a
proof given in Matt Baker’s blog. But before that, we give an idea of a proof in the 2 x 2
case, this time following the wikipedia.

Slogan: The idea of the proof is that, as in Remark 1.4, ‘d;’” should be a gecd of all the
entries of A. Because we are working with a PID, we will be able to make manipulations
replacing an entry with the ged of that entry and another. Then somehow induct.

Consider (CCL 2) € My(R), where R is a PID. We will sucessively multiply this matrix on

the left and the right by elements of G Ly(R), so that we finally get a matrix ‘in the Smith
normal form’. If this matrix is the zero matrix there is nothing to do, so assume it isn’t.

Case 1: a = ¢ = 0. We have 0,7 € R such that bo +dr = [ := ged(b,d). Let by = b/,d; =

d/f € R. Then
o T\ (a b\ _ (0 15}
—dl bl c d B 0 —dlb + bld ’

where we note that has determinant ob; + 7d; = 1 and hence belongs to

o T
—dy by
SLy(R) < GLy(R). By adding (dib — byd)/ times the first row to the second — an
operation that is implemented by left-multiplication by

((dlb—lbld)/g 1) € My(R)

— we get (g g) Interchanging the columns — which is right-multiplication by (1 1) =

we get to the desired Smith normal form (g 8) This finishes Case 1, where a = ¢ = 0.

Case 2. a # 0 or ¢ # 0. For this general case, we will implicitly use the following ideas
illustrated in Case 1: the ‘row operations’ of interchanging rows and adding a multiple of
a row to another can be implemented by left-multiplication by an element of G Ly(R), and
analogous column operations by right-multiplication by elements of G Ly(R).

Thus, we exchange rows if necessary to assume that a # 0. First, let us see how to
perform operations to ensure a|b. If not, let 5 = gcd(a,c), ac + ¢t = (3 for some 0,7 € R,
a; =a/f € R and ¢; = ¢/f € R. Then we have

o T a b\ 15} #
—c1 a) \ec d) \—cia+ac =,

where as before the left-most matrix lies in SLy(R) < GLy(R), and ‘+” refers to an entry
from R whose precise value we are unconcerned about.

Thus, we can add the product of the first row with (cia — a1¢)/8 € R to the second (a

8

G Ly (R)-left-multiplication), to get to the form 0

A similar argument involving
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right-multiplication reduces us to a diagonal matrix. Now let us re-use the letters a and d,
to write the resulting matrix as
a
nE

The problem is that a may not divide d, so the above method may not be in smith normal
form. However, we may add the second column to the first, to get <Z d and repeat the

argument to ‘eliminate the lower left entry’ seen above, to replace a with gcd(a,d) and
then the now-possibly-nonzero lower left and top right entries back to 0. We again get a
diagonal matrix. This messes with the value of d, which however can be obtained up to
associates because the determinant is preserved up to an element of R* (because we are
only multiplying by elements of GLy(R)) ': a is replaced by (a,d), so d has to be replaced
by ad/(a,d), which clearly is a multiple of (a,d). Thus, now the matrix is in the desired
Smith normal form. (This step is more complicated for larger matrices since we have lesser
control on the other diagonal entries, but one inducts on the number of prime factors of
the top-left entry).

Now we give a proof of existence in the general case, shifting to following Matt Baker’s
blog.

Proof of existence of Smith normal form, general case. For r € R, let I(r) equal the num-
ber of prime factors of r, with [(0) being 0.

Say that A, A" € M,,«,(R) are equivalent if A = BA'C for some B € GL,,(R),C € GL,(R).
We wish to choose an element of the equivalence class of a given matrix A € M,,x,(R) so
as to be as in the right-hand side of (2).

Without loss of generality, we assume A = [a;;] to be chosen so that l(aj) < [(af;)
whenever A" = [aj;] is equivalent to A. Since, for all 1 <i < m and 1 < j <n A’ can be
replaced by an equivalent A” = [aj;] with af; = aj; (by permuting the i-th and the 1-st
rows, and the j-th and the 1-st columns), we conclude that I(a11) < I(aj;) for all i,j; in

particular, [(a11) < [(a;;) for all 4, j.
Idea. One hopes that this will force a;; to be the ged of the matrix entries.

Claim. ay|ay; for all j.

Suppose this is not true for some j. To get a contradiction, we may replace A by the
matrix obtained by swapping the 2-nd and the j-th columns of A, which satisifes the same
condition on aj; and is equivalent to A; thus, we may assume that a;; 1 a2 We let
B = gcd(ar, ar2), choose 0,7 € R such that aj10 + ajp7 = (3, and let a;q = a11/5,a12 =

n fact, up to +1: we have only multiplied by elements in either SLs(R) or have determinant —1, such
as antidiag(1,1)
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a2/ € R. Then consider the following matrix, which is equivalent to A:

o —a2
A/ =A- T a1 S Mn(R)
]n—2

Then A’ is equivalent to A (the right-most matrix above has determinant 1 and hence
belongs to SL,(R) € GL,(R)), but has top-left entry ai10 + a;o7 = . Since ay; 1 aio,
[(B) < l(ayy), and since A’ is equivalent to A, this contradicts the choice of aq;. This proves
the claim that a1]aq; for all j.

Similarly, aj;]a;; for all 1 < i < m. Now we may do row and column operations involving
subtracting a multiple of the first row or column from another row or column, and assume

that A takes the form
_ a1 O1xn—1
A= (omm B, )

where B is an (m— 1) x (n—1)-matrix Here, if m = 1 or n = 1, the form of the matrix will
be slightly different, in that it will have only a;; and 0;x,_1 or a;; and 0,,_1x1, in which
cases we are already in the Smith normal form. Set d; := a;;. By the induction hypothesis
(if m or n is greater than 1), we may replace B by an element of GL,, 1(R)BGL,_1(R),
to assume that A is in the Smith normal form, with a top-left diagonal (r — 1) x (r — 1)
block diag(dy, . ..,d,) for some r, and all other entries 0.

Now it suffices to show that d;|dy. To see this, note A is similar to a matrix of the following
form (for simplicity, I am showing only the case where n > m):

dy dy
da

But this matrix is similar to A and satisfies the same property of minimizing l(a11) = (d;):
thus, the ‘Claim’ in the proof above shows that d;|ds, as desired. Thus, A is now in the
Smith normal form O

Remark 1.18. The approach above, taken from Matt Baker’s blog, is more efficient than
the one given in the wikipedia page on the Smith normal form, but it does not seem ‘con-
structive’ (since one starts with minimizing [(a11)). At least with the wikipedia approach,
if one works with a Euclidean domain, one can work with just elementary row and column

operations without involving matrices like ( Ud bT )
—di b
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2. LECTURE 2 — MORE ON THE STRUCTURE THEOREM, APPLICATIONS, AND
CATEGORIES AND FUNCTORS

2.1. Uniqueness in the structure theorem. Now we will discuss a proof of the unique-
ness in the structure theorem for modules over a PID [Warning: this is very inefficient].
In other words, R is a PID, we have

M= @ R/(d) - D R/,

with (dy) © (d2) o ... and (d})) o (d}) > ....

We need to show that n = n’, and that (d;) = (d}) for all 4.
Reduction to the case where M = M.

Note that

R0} — ) R/(d;) = M/Myors = @ R/(d}) = R0
=0 57:10

Let us show that the above equality implies #{i | d; = 0} = #{i | d, = 0}. Since R is an

integral domain, which by definition requires 1 # 0, this follows from the lemma below:

Lemma 2.1. For this lemma allow R to be an arbitrary commutative ring that is not the
zero ring. If R™ =~ R™ as R-modules for some nonnegative integers ni,ng, then ny = ns.

Proof. Since R is not the zero ring, it has a maximal ideal m, and the quotient k := R/m
is a field. Since R™ =~ R™ we have
R™ R™

~

mR™ — mR"’

Note that
R"/mR" = (R®---®R)/(mR® ---®mR) = (R/mR)D---® (R/mR) = k™,

so we have k™ =~ k" as R-modules, and hence as vector spaces over R/m = k. Comparing
dimensions, we get n; = ns. O

Since this proves that #{i | d; = 0} = #{i | d; = 0}, it is now enough to match up the
nonzero (d;) with the nonzero (d}). For this, noting that

Mtors = @ R/(dl) = @ R/(d;>7
420 40
we may now replace M with M;,,s, to assume that

,r,/

M= M,,, = @R/(di) = P R/(d),

=1
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where we now write r and ' for n and n’, just to be consistent with the previous lecture’s
notation. We have d;]...|d, and di]...|d..

Claim. (d,) = (d.,).

Proof. Note that the annihilator of M, namely Anng(M) := {a € R | aM = 0}, equals
(d,) as well as (d],). This proves the claim.

Case 1. (d.) = (d.,) = (p)* for a prime p € R (and k > 0, since M = M,,,.).

In this case, for each 4, since d;|d,, we can write (d;) = (p¥), and similarly d; = (p*) (so
ki <hks<---<k.=kand k] <kl <---<kl, =k). Thus, we are given

~

T

®) M =@ R/H) = B R/GH)

i=1
We need to show that » = 7" and that k; = k] for each 1.
For a € R, let M[a] = {m € M | am = 0}, an R-submodule of M. For nonnegative

integers ¢, we have M[p¢] € M[p“™], and we will extract information from (3) through its
consequence of the form:

MU B B

(4)

Mlpe] ) R/@*)p] = R/()[p]

Note that for any nonnegative integer ¢, (R/(p*))[p¢] equals the R-module (p*i—¢)/(p*i) if
ki = ¢, and R/(p") if k; < c. Thus, (R/(p*))[p°T]/(R/p*)[p°] is the 0-module if k; < c,
and is isomorphic to (pF—¢71)/(p*~¢), which is a one-dimensional vector space over R/(p)
generated by the image of p*~¢~! otherwise (i.e., if k; > ¢). Thus, the second and third
expressions in (6) are vector spaces over R/(p), and equating their dimensions gives:

#{i | k; > c} = #{i | ki > c}.
Since this is true for all nonnegative ¢, we get for all ¢ > 1:

#{i [ ki = ¢} = #{i | ki = ¢},

so that, the d; being precisely the p*i and similarly with the d}, we get r = ' and d; = d;
for all 7.

. K,
Case 2. d, = d,, is general, so up to taking associates, d, = d, = H;le?” = H;Zl p;"’
Thus, for 1 < i < r, since d;|d,, we can write d; = H;leg” (up to taking associates).

K

Similarly, for 1 < i <1/, we write d; = ]_[;:1 p;”. But this time, we need to allow some of
the k;; and the ki; to be 0.

Thus, by the Chinese remainder theorem (reviewed in Remark 2.2 below), we have

5 O@RG) =D R = M = DRI = DD R/

i=1 j=1 i=1 j=1
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It turns out that we can separate the contributions from the different primes p;: for this,
if p and ¢ are different primes in R, we claim that for any [ > 0, multiplication by p is an
automorphism of R/(q¢'). Indeed, this is because ap + 3¢' = 1 for some a, 3 € R, so that
multiplication by « serves as an inverse to multiplication by p in R/(¢'). Therefore, for

j#Il, R/ (pf“) does not have any nonzero p;-power torsion, and similarly with the R/ (pf;l),
so the argument from Case 1 gives, for each fixed 1 < 7 < t:

Ml BT 2 R/
(6) M D— D
Pl = R = R/ (p) g

The argument from Case 1 then gives that for each j, the set of nonzero k;;’s is the same
as the set of nonzero ki;’s. A little bit more of care is still needed, since some k;;’s and
ki;’s may be zero. But since d; is not a unit and is hence divisible by p; for some j, r is
the largest possible number of the nonzero k;;’s as j varies from 1 to ¢. A similar assertion
applies to r’. Thus, we conclude that r = 7’. From this, it follows that for each j, k;; = ki
for 1 < i < r: this is because the multisets {k;; | 1 <7 <r} and {kj; | 1 <1i <7’} have the
same number of elements r =, and the same collections of nonzero elements as observed
above, and they both (non-strictly) increase with ¢. This implies that

t

t /
di=[]p" = []p" =
j=1

7j=1

(recall that we had changed them up to associates to get particular prime factorizations;
if we hadn’t, we could only say (d;) = (d})). This finishes the proof of the uniqueness
assertion.

Remark 2.2. We review the Chinese reminder theorem used in the above proof : if
Ii,...,I, © R are ideals that are pairwise comaximal, i.e., I; +I; = R whenever ¢ # j, the
map R — [[,_, R/I; is surjective and quotients to an isomorphism of rings,

R/(Iin---nl)— ﬁR/[i.

We have a similar result involving R-modules, except that in the case of modules it is more
natural to write @,_, in place of [ ,_,.

Remark 2.3. Now we make comments on the above proof of uniqueness.
(i) Primary decomposition. For a € R, write M|a] for {m € M | am = 0}, and M|[a*]
for {m € M | /M = 0 for some j}; these are submodules of M. As above, we

write (d,) = Anng(M), and let py,...,p; be the primes that divide d,..
As an easy exercise (e.g., follow the ‘ged’ argument above) see that we have

(7) M=@Mpfl= D Mp”]

j=1 p prime in R
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(i)

(namely, M[p™] is zero unless p = p; for some j).
Moreover, the argument of Case 2 gives:

M1 = @ B/

This was essentially what allowed us to reduce to ‘Case 1’, by separating out the
primes pi, . . ., ps: namely, each M[p°] is canonically determined, the decomposition
of M in terms of the R/(d;) and the R/(d}) gave us analogous decompositions of

M{[p7’] involving the largest powers p?” and pf“ of p; that divide the d; and the d,
and these could be matched up using Case 1.

There is a generalization of (7) to finitely generated modules over arbitrary Noe-
therian rings, called the primary decomposition. However, the precise formulation
of this general decomposition is a bit subtler, and not as nice as in (7): getting such
a nice decomposition as in (7) does need R to be a PID. You might learn this in
your second semester algebra course.

Indecomposable modules and the Krull-Schmidt theorem. Here is what is probably

a ‘philosophical reason” why we had to work with the R/ (pf“), and not directly
with the R/(d;). An indecomposable module over a ring R is a module that cannot
be written as a direct sum of two proper submodules. ? According to the Krull-
Schmidt theorem, any “finite length” R-module is a direct sum of indecomposable
modules, and the isomorphism classes of these indecomposable constituent modules
are uniquely determined up to a permutation. Over a PID R, it is an easy exercise
to show that the only finitely generated indecomposable R-modules are R and
the R/(p*), p a nonzero prime and k a positive integer. Thus, the Krull-schmidt
theorem can be used to replace part of the proof of the uniqueness assertion in the
structure theorem. On the other hand, the R/(d;) are not indecomposable, so there
does not seem to be a naive direct way to extract a uniqueness assertion without
factorizing the (d;).

Fitting ideals. Nevertheless, there is another, less naive, approach to show the
uniqueness assertion, which does not involve factoring into primes. This involves
the notion of Fitting ideals, studied by Hans Fitting. We will give a crude outline
here following a blog post of Matt Baker. For each k > 0, define the k-th fitting

ideal Fit,(M) as follows: choose a presentation R" A R™ — 0 of M, and let
Fiti (M) be the ideal generated by the (m — k) x (m — k)-minors of A. Fitting’s
lemma says that this is independent of the presentation R" 4 pmo 0, i.e., is
intrinsic to M, justifying the notation F'it,(M) (without needing to keep track of
the presentation in the notation). Since the minors of A determine the d;, one can
use Fitting’s lemma to give a proof of the uniqueness assertion in the structure

2Note that a simple (or “irreducible”) module, namely one that does not have a proper nonzero sub-

module, is indecomposable, but an indecomposable module may not be simple.
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theorem, without using primary decomposition. For more details including a proof
of Fitting’s lemma, see Matt Baker’s post on fitting ideals.

(iv) Another proof of existence. For another proof of the existence assertion in the
structure theorem, see Serge Lang’s ‘Algebra’.

(v) Only the (d;) are canonical. ‘The copies’ of the R/(d;) in M are not canonical. For
instance, when R = Z, M :=7Z/(2) ®7Z/(4) can be decomposed into Z/(2) ® Z/(4)
in two ways: first in the obvious way, as well as in a second, less obvious, way, in
which one sends (1,0) to (1,0) and (0,1) to (1,1). In the former decomposition
of M, the copy of Z/(4) is generated by (0,1), and in the latter by (1,1), showing
that it is not canonically determined.

2.2. Application to linear algebra. Let V' be a vector space over a field &k, and let
T € Endy(V), where Endg (V) is the ring of k-linear endomorphisms of V. We will discuss
some ‘canonical forms’ given by the structure theorem for modules over a PID, which are
nice matrix forms of 7. We will change notation a bit: now, we will write f; for what we
wrote a d; before.

Since T' : V' — V commutes with scalar multiplication (i.e., T" € Endg(V)), V can be
thought of as a k[z]-module where x acts by T": concretely, to define a k[x]-module struc-
ture on T, it is enough to define a homomorphism k[z] — Endz(V'), which we can define
to be given by the scalar multiplication on k, and so as to send x to T (this is okay, since
x is a free variable and T commutes with scalar multiplication). This realizes V as a
k[z]-module. Since V' is finite dimensional while k[z] is infinite dimensional over k, it is
immediate that V' is torsion as a k[z]-module.

Thus, if fi|fs|...|f. are associated by the structure theorem for modules over a PID to
the k[x]-module V', we get an isomorphism of k[z]-modules:

®) V= /),

Moreover, this time the f; can be specified uniquely, by requiring them to be monic.

Remark 2.4. Concretely, (8) means: there exists a k-vector space isomorphism from V'
to @;_, k[x]/(fi), such that the transport of T': V — V under this isomorphism is the
k-vector space map @;_, k[z]/(f;) — @._, k[z]/(f;) given by multiplication by z. Thus,
to compute the matrix of T" with respect to some basis, it suffices to compute the matrix
of multiplication by x with respect to the corresponding basis of @;_, k[z]/(f;).

Example 2.5. (i) Let 0 # f(z) = 2" + a12™ ' + - + a,, € k[x], and consider the
k-vector space k[x]/(f). A basis of this vector space is given by 1,z,..., 2"}, and
with respect to this basis, the matrix of the linear map k[z]/(f) — k[z]/(f) given
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by multiplication by z is:

0 —an,
1 0 —Qp—1
(9) '
0 —a9
1 —Qaq

(ii) Let k[x]/(f) be as above, but assume that f(x) = (x — «)™. This time, a basis for
E[z]/(f(x)) can be given as 1,7 — «,...,(z — )" !. With respect to this basis,
multiplication by x has matrix

«
1 «

(10)
1 a

Corollary 2.6 (Rational canonical form). Let k be a field and n a natural number. Then
any matriz in M, (k) can be GL,(k)-conjguated to a matrixz in block diagonal form, where
each block is as in (9).

Proof. Follows from Remark 2.4 and the discussion preceding it, together with Example
2.5((1)). O

Corollary 2.7 (Jordan canonical form). Let k be an algebraically closed field, and n a
natural number. Then any matriz in M, (k) can be G L, (k)-conjguated to a matriz in block
diagonal form, where each block is as in (10).

Proof. Follows from Remark 2.4 and the discussion preceding it, together with the fact
that each f; can be factored as a product | [(z — ay;)™ since k is algebraically closed, the
Chinese remainder theorem to separate the oy; for a given ¢, and Example 2.5((ii)). O

Remark 2.8. Consider an isomorphism V — @)_, k[z]/(f;) as in Remark 2.4, transport-
ing T' € Endy (V) to multiplication by z. It is immediate then that the minimal polynomial
of T'is f,. Further, it is easy to see that the characteristic polynomial of multplication by x
on k[z]/(f;) is f; (expand the relevant determinant from the top and proceed inductively),
so the characteristic polynomial of T"is fifs... f,.

2.3. The Cayley-Hamilton theorem.

Theorem 2.9 (Cayley-Hamilton). Let R be a (commutative by convention) ring, and A €
M, (R). If p(x) = det(xl, — A) is the characteristic polynomial of A, then p(A) € M,(R)
equals 0.

Proof. We can view R" as a module over R[z], with x acting via A.
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Given an S-module M, there is an obvious structure of an M, (S)-module on M" :=
@, M, written for convenience as column vectors, according to the usual matrix multi-
plication: [a;;] - “(ma,...,my,) = (D ajmj, ..., > anym;). Thus, we get the structure of
an S := M, (R[z])-module on M™ = (R™)", where M := R".

It is now easy to check that for this action:

X el X - ey Z?:l a;16; e1
= . — o oe e — tA . . ,
T €n T - e, 2?21 Ain€i €n
or equivalently:
(I, — "A) - (e ...e,) = 1(0...0).
Multiplying by the adjugate matrix of xI, — ‘A, and using that A and 'A have the same
characteristic polynomials py = pt4, we get

pa(x) e 0

pa(z) €n 0
Thus, pa(z)-e; = 0 for each i, i.e., pa(A) - e; = 0 for each 4, so that ps(A) annihilates each
e;, and hence the whole of R™. In other words, pa(A) = 0. O

Here are steps for an alternate proof, from Arvind’s notes:

(i) The assertion is immediate when 7" is a diagonal matrix, and hence when 7" is a

diagonalizable matrix.

(ii) When k£ = C, diagonalizable matrices are dense in the space M, (k) of all matrices,
say in the usual topology on M, (C) =~ C™. Thus, the result holds when k = C.

(ili) Z[z;j|1 < i,j < n] embeds into C (use that C has infinite transcendence degree
over Q), using which it is easy to see that the result holds for Z[z;;|1 < i,j < n].

(iv) Any element of M, (R) is the image of an element of M, (Z[x;;]|1 < i,j < n), so we
are done.

2.4. Categories.

Not quite a definition 2.10. A category C consists of:

e A ‘collection” ObC whose members are called the objects of C; and
e For each X,Y in ObC, a collection Mor¢(X,Y) = Mor(X,Y) whose members are
called morphisms in C from X to Y, which we might in some cases denote by
Hom(X,Y); and
e For each X,Y,Z in Ob(C, a map
Mor (Y, Z) x Mor(X,Y) — Mor(X, Z),

referred to as a ‘law of composition’, denoted (g, f) — go f,

subject to the following properties:
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e Mor(X,Y) and Mor(X’,Y”) are disjoint unless X = X’ and Y = Y’ in which case
they are equal;

e [dentity morphisms: For all X € ObC, 3 idy € Mor(X, X) such that for all Y €
ObC, f e Mor(X,Y) and g € Mor(Y, X), we have foidy = f and idy og = g.

o Associativity of composition. 1If f € Mor(X,Y),g € Mor(Y, Z) and h € Mor(Z, W)
we have

(hog)of=ho(gof)

inside Mor(X, W).

Remark 2.11. (i) This is not quite a definition because we have not defined what a
‘collection’” means. It may not be a set: for instance, we will consider categories
whose objects are sets, so its ‘collection’ of objects is the collection of sets, which
cannot be a set by Russell’s paradox. In this course, we will not worry about such
set-theoretic issues, though occasionally we might make remarks about such. In-
stead, we will just use our usual set-theoretic intuition to think of these ‘collections’.

(ii) There are categories C where ObC forms a set, as does the collection of all its
morphisms (between varying objects): those are called small categories.

(iii) It is much more common to find categories C where, for each X, Y € ObC, Mor(X,Y)
is a set. These are called ‘locally small’. We will almost always only consider locally
small categories in this course.

(iv) We just said ‘3 idx’, not ‘we are given idx’: this is because idx is uniquely deter-
mined: if id’y is another candidate, idy = idx oid’y = idx.

While talking about morphisms, we will adapt various terminology related to functions
without further comment: e.g., We might talk of a morphism f from X to Y and write
f X — Y instead of saying f € Mor(X,Y), idx will be referred to as the identity
morphism from X to X, and for any f € Mor(X,Y’) we will refer to X as the source or the
domain of f and Y as the codomain or the target of f. We might even refer to f : X - Y
as a ‘map’ from X to Y. The elements of Mor(X, X) will be referred to as endomorphisms

of X.

Example 2.12. (i) The category Set: Ob Sets is the collection of sets, Mor(X,Y)
is the set of functions X — Y, and where composition is the usual composition
of functions. We will refer to this category as the ‘category of sets and functions
(between sets)’, since the composition is understood, or even as just ‘the category
of sets’, when both morphisms and their composition rules are understood. In
what follows, we will usually omit describing the composition, and sometimes the
morphisms too, but in each case what we omit will be understood from the context.

(ii) Grp, the category of groups and group homomorphisms.

(iii) The category whose objects are the groups, and where Mor(G, H) is the set of
equivalence classes of maps G — H, where f; ~ f, if there exists h € H such that
fi = Inth o f5, where Int h = conjugation by h. Composition is induced by the
obvious one: check that it is well-defined.

(iv) AbGrp, abelian groups and group homomorphisms.



25

(v) Top, topological spaces and continuous maps.

(vi) HTop, Topological spaces and homotopy classes of continuous maps between them:
the well-definedness of composition involves checking, e.g., that if fi,fo: X - Y
are homotopic to each other and g1, 9, : Y — Z are homotopic to each other, then
g10 fi1,92 0 fo : X — Z are homotopic to each other.

(vii) Man, manifolds and smooth maps.

(viii) Ring, rings and ring homomorphisms.

(ix) For a commutative ring R, recall that a commutative R-algebra is a commutative
ring S together with a ring homomorphism ¢ : R — S. Then we have the category
of commutative R-algebras: its objects are commutative R-algebras, and the mor-
phisms between two objects (S, ¢1) and (Ss, t2) are ring homomorpisms f : S; — Sy
fitting into a commutative diagram

! Sy |
R

(x) R-Mod (resp., Mod-R) for a not necessarily commutative ring R, the category of
left R-modules (resp., right R-modules) and R-module homomorphisms. Note that
Z-Mod can be identified with AbGrp.

(xi) Vec, := k-Mod, when k is a field, so this is the category of vector spaces over k
and k-linear transformations.

(xii) Bang (resp., Banc), Banach spaces over R (resp., C) and bounded linear maps.

(xiii) Given a group G, the category of G-sets, i.e., sets X together with an action of G,
where Mor(X,Y) is the set of maps X — Y respecting the G-actions.

(xiv) The category of pairs (G, X)) where G is a group acting on a set X; Mor((G, X), (H,Y))
consists of all pairs consisting of a homomorphism G — H and a function X — Y
with the obvious compatibility: if the former maps g to h and the latter x to y, the
latter also maps g - x to h - y.

(xv) Pairs (V,T) consisting of a vector space V' over a given field k, and a k-linear
transformation 7" : V — V| with

Mor((V,T), (W,U)) = {f:V > W | foT =Uo f}.

(xvi) Open subsets of C" and holomorphic maps between them.

(xvii) Given a ring R and a group G, the category whose objects are R-modules equipped
with a G-action by R-module automorphisms, and whose morphisms are morphisms
of R-modules that respect the G-action. If R = k is a field, this is by definition the
category Rep,G of representations of G on k-vector spaces.

S

Example 2.13. If G is a group, define = to be the category such that Ob g = {+} is a
singleton set, Mor(x, ) = GG, and composition of morphisms is multiplication in G.

Definition 2.14. (i) In a category C, f € Mor(X,Y) is said to be an isomorphism
from X to Y if there exists g € Mor(Y, X) such that go f =idx and fog =idy. If
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such an f exists we say that X and Y are isomorphic. Isomorphisms X — X will
be referred to as automorphisms of X, and the collection of these will be denoted
by Aut(X).

(ii) A subcategory C’ of C is a category C’ such that ObC’ < Ob(C, such that for all
X,Y € ObC’' < ObC, we have More (X,Y) < More(X,Y), and such that the
identity morphisms idy as well as the compositions in C’ are compatible with those
in C.

(iii) If C is a category, then C is the category such that ObC% = Ob(C, and such that
for all X,Y € ObC, Morcer(X,Y) = More(Y, X), where go f : X Ly 4% 7incor
isZ%y L Xic

(iv) C is said to be a groupoid if every morphism in C is an isomorphism.

Example 2.15. In Grp an isomorphism is an isomorphism of groups, in Ring an isomor-
phism of rings, in R-Mod an R-module isomorphism, in T'op a homeomorphism, in HT op
a homotopy equivalence, and in Man a diffeomorphism.

Example 2.16. (i) =¢ is clearly a groupoid.

(ii) The category whose objects are all the vector spaces over a field k, but where
Mor(V, W) is simply the set of isomorphisms V' — W is also a category, and is a
groupoid. Similarly with groups, rings or any other category.

(iii) If X is a topological space, we can define the category C with ObC = X, and where
for z,y € X = Ob(C, Mor(z,y) = the homotopy classes of paths from z to y, i.e.,
continuous maps f : [0,1] — X with f(0) = z and f(1) = y. Define g o f by

f(2z), if x €[0,1/2], and

@ofﬂx)={g@$_1% if z e [1/2,1]

(check that it is well-defined and continuous). This is a groupoid (check), called
the fundamental groupoid of X: the inverse of f : [0,1] — X is the reverse path,
g :10,1] - X such that g(t) = f(1 —¢) for 0 <t < 1.

2.5. Functors. If [ understand it right, categories were originally designed to understand
(what turned out to be) functors:

Definition 2.17. Let C, D be categories. A functor F': C v D consists of the following
data:

(i) For each A € ObC, an object F/(A) € ObD; and very importantly also
(ii) For all f : X — Y in C, a morphism F(f) : F(X) — F(Y) in D, subject to the
properties F'(idx) = idp(x) and F(f o g) = F(f) o F(g).
Let us emphasize that a functor should be defined both at the level of objects and at the

level of morphisms, though sometimes one may specify it just at the level of objects when
its definition at the level of morphisms is understood.

A functor C% v~ D is also referred to sometimes as a contravariant functor from C to D.
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Note that functors between categories can be composed.

Example 2.18. (i) We have ‘forgetful functors’ Forget : Grp v~ Set, Forget : R-

(i)

(i)

(iv)

(v)

(vi)

Mod ~~» AbGrp, Forget : R-Mod ~~ Set, Forget : Rep,G ~~ Vect,. For
instance, Forget : Grp v~ Set assigns to each group its underlying set, and assigns
to each group homomorphism G — H the same map viewed as a map of sets.

mo : Top v~~~ Set, assigns to each topological space its set of connected components
7o(X), and to each continuous map f : X — Y of topological spaces the induced
map mo(f) : mo(X) — mo(Y) of connected components: it is well-defined since the
image of a connected component of X under the continuous map f is connected
and hence contained in a connected component of Y.

However, we don’t have a functor m; : Top v~ Grp: 7 is not assigned to a topolog-
ical space X, but to a pointed topological space or a based topological space (X, x),
where X is a topological space and x € X is a point. There is a category of pointed
topological spaces, say m, where Mor((X, x), (Y,y)) is the set of continuous maps
f X — Y such that f(x) = y. Such a map f uniquely determines a group ho-
momorphism 7 (f) : m(X,2) — m(Y,y). This respects composition and identity
morphisms, so assigning to 71 (X, z) to (X, z) and 71 (f) : m(X,z) —» m(Y,y) to
f:(X,z) = (Y,y), defines a functor 7 : T?);B — Grp.

One way to describe this is the following: if X is a topological space, then without
the choice of a base-point we can define m; up to an isomorphism but not up to a
unique isomorphism. This issue makes it non-functorial at the level of the category
Top, because a functor is defined at the level of morphisms as well, not just objects.
A functor F : g v Set is simply a set with an action of G: X := F(«) is a set,
for all g € G = Mor(x,x), F gives F(g) € Morge (F(*), F(x)) = {Maps X — X},
and the rules F'(g) o F'(h) = F(goh) and F(id,) = idp() translate to F'(gh) =
F(g)F(h) and that F(id,) is the identity map X — X. Thus, g — F(g) is a group
homomorphism G — Bij(X, X), which is the same as giving an action of G on X:
g-x = Flg)(x).

By the same reasoning, a functor F' : =g v~ Vecy is simply a representation of G
on a k-vector space. More generally, a functor F': g — C can be thought of as an
object of C with an action of G.

Any group homomorphism G — H induces a functor =g v s#p.

Lemma 2.19. Let F : C > D be a functor. If X,Y € ObC are isomorphic, then so are

F(X),

F(Y) e ObD.

Proof. If f: X - Y and g : Y — X are such that go f = idx and f o g = idy, then
F(f): F(X) — F(Y)and F(g) : F(Y) — F(X) are such that F(g)oF(f) : F(X) — F(X)
equals F'(go f) = F(idx) = idp(x), and similarly F(f) o F'(g) = idp(y). This shows that
F(f): F(X) — F(Y) is an isomorphism with inverse F'(¢g) : FI(Y) — F(X). O

A consequence of the above lemma: Let X and Y be homeomorphic path connected topo-
logical spaces, with f : X — Y a homeomorphism. Then for any z € X, letting y := f(x),
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(X, z) and (Y, y) are isomorphic in the category % of pointed topological spaces. Thus,
by the above lemma, 71 (X, z) = m1(Y,y). In other words, we can show two path connected
topological spaces to be non-homeomorphic, if we show that their fundamental groups are
not isomorphic: e.g.: R*\{0} and R?.

In your topology course, you will see functors:
H; : Top v~~~ AbGrp, H': Top® w~~ AbGrp,

for each integer ¢« = 0. This can be sometimes be used to show that two given topological
spaces are not homeomorphic. For instance, for each n > 1, we have:

{Z, if 1 =0 or n, and

lIe

H;(S"
(57) 0, otherwise.

Thus, if m # n and m,n > 1, then by Lemma 2.19 we have that S™ and S™ are not
homeomorphic to each other, since H,(S™) =0 % Z =~ H,(S™).

2.6. Full, faithful and essentially surjective functors.

Definition 2.20. A functor F': C v~ D is said to be

(i) faithful (resp., full; resp., fully faithful), if for all X, Y € ObC, the map Mor(X,Y) —
Mor(F(X), F(Y)) given by f — F(f) is injective (resp., surjective; resp., bijective).
(ii) essentially surjective, if for all A € ObD, there exists X € ObC such that F(X) is
isomorphic to A in the category D (we are not requiring that A itself is of the form
F(X), it just needs to be isomorphic to something of that form).
(iii) an equivalence of categories, if it is fully faithful and essentially surjective.

Example 2.21. (i) Forget : Grp ~ Sets and Forget : R-Mod ~~> AbGrp v~ Set
and Forget : Top v~ Set are all faithful, but none of them is full. The obvious
‘inclusion functor’” AbGrp v~ Grp is fully faithful.

(ii) If G — H is a group homomorphism, the functor g v =y discussed in Example
2.18(vi) is faithful (resp., full; resp., fully faithful) if and only if G — H is injective
(resp., surjective; resp., bijective).

(iii) Consider the category Vecgd of finite dimensional k-vector spaces and k-linear trans-
formations, and its full subcategory C consisting of vector spaces of the form £™ for

some n € Z=o: this means that the members of Ob C are simply the k-vector spaces
of the form %", and that More(X,Y) = Mory,,.fa (X,Y) for all X,Y € ObC. Then,

by definition, the inclusion functor C v~ Vecgd is fully faithful. Since every finite
dimensional k-vector space is isomorphic to some k7", it is also essentially surjective,
and hence is an equivalence of categories. Note that C is small, while Vecgd is not.
(iv) Vecl is equivalent to (Vec,)?, by the functor that takes V in Ob Vecl? to its dual
V'V := Homg(V, k), and each linear map 7" : V' — W to the transpose (or “pull-back
under 77) map T : WY — V'V, thought of as an element of Mor(vecgd)op(Vv7Wv).
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(v) Later, we will hopefully see that for any natural number n > 1, Vecgd is equivalent
to “M,,(k)-Mod/9” by a functor that, at the level of objects, takes V to “V ®; k™.

Fully faithful functors satisfy the following stronger (“if and only if”) version of Lemma
2.19:

Lemma 2.22. Let F : C v D be a fully faithful functor. Then two objects X,Y € ObC
are isomorphic if and only if F(X), F(Y) e ObD are.

Proof. Easy exercise. This property of F' is referred to as F' being conservative. U

2.7. Natural transformations.

Definition 2.23. (i) Let F,G : C v~ D be functors. A natural transformation ¢ from
F to G is a collection of morphisms in D indexed by ObC(,

¢ = (¢x : F(X) = G(X))xeonc

(i.e., each ¢x lies in Morp(F(X),G(X))), respecting morphisms in the sense that
for all f: X — Y in C, the following diagram commutes:

F(X) -2 G(X)

Py
—_—

ii) We say that ¢ as above is a natural isomorphism if it has an inverse natural trans-
y
formation, i.e., a natural transformation ¢ from G to F such that for all X € ObC,

Uxody F(X) B GX) B F(X)  and ¢x oy : G(X) B F(X) S G(X)

are identity morphisms, namely idp(x) and idg(x). In other words, the composite
natural transformations ¢ o ¢ and v o ¢ are the identity functor D — D.

(iii) Given categories C and D, we have a category Fun(C, D), whose objects are the
functors from C to D, and where the morphisms between two functors F' and G are
the natural transformations ¢ from F' to G (composition is understood to be the
composition of natural transformations).

Example 2.24. Recall Examples 2.18 (iv) and (v): expanding on the reasoning there, it
follows that the category Fun(xq, Set) is the category of sets with a G-action (Example
2.12(xiii)), and the category Fun(xq, Vecy) is RepiG.

Remark 2.25. One can show that the functor F': C v~ D is an equivalence of categories
if and only if there exists a functor G : D v~ C such that G o F' is naturally isomorphic (in
the category Fun(C,C)) to the identity functor C v~ C, and such that F' o G is naturally
isomorphic to the identity functor of D v~ D. For more details, see Arvind’s notes; this
result uses a form of axiom of choice that applies to classes which may not be sets.
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Note that Go F' and F oG are not required to be identity functors at all: that would make
the definition too restrictive to be useful; there is a notion of ‘isomorphism of categories’,
which is not nearly as useful as equivalence of categories.
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3. LECTURE 3 — YONEDA LEMMA, MORE ON CATEGORIES AND FUNCTORS

3.1. Preliminary comments. Remember that we ignore set-theoretic difficulties.

Correction: For C to be a small category, not only do we require that ObC is a set, but
also that for all X, Y € ObC, Morc(X,Y) is a set. Varying this over X, Y belonging to the
set ObC x ObC, the collection of all morphisms in C also forms a set. (Last time, I carelessly
copied the definition from a source which was already assuming that its categories were
locally small, so for that source the condition that the objects formed a set was enough.)

Today: by ‘category’, we will mean a ‘locally small category’: each Mor¢(X,Y) is a set.

Recall that given two categories C and D, we have a category Fun(C, D) whose objects are
functors F': C — D, and whose morphisms are natural transformations. Isomorphisms in
this category are called ‘natural isomorphisms’, and are what we refer to when we say ‘is
naturally isomorphic to’.

Notation 3.1. Henceforth, if ;G : C v D are functors, we will write Nat(F, G) for the
collection of natural transformation from F to G.

Warning: For ease of communication, I may occasionally refer to certain objects ‘universal
objects’; that is not standard terminology and should not be used in formal mathematical
writing.

3.2. The Yoneda embeddings. Very informal motivation. From a category theoretic
perspective, rather than looking into structures that constitute an object (e.g., addition
and scalar multiplication in a vector space), one tries to glean information about objects
on the basis of their morphisms to or from other objects. An analogy I remember hearing
from Professor Nitin Nitsure is: we can’t look inside anyone’s head, but we can get some
information about what they are thinking based on what they talk with other people!

Thus, to get information about X € ObC we might use:
Definition 3.2. Let X € ObC, where C is a (locally small by convention) category.

(i) By hx := More(X, —), we denote the functor C v~ Set defined as follows:
o At the level of objects: For Y € ObC, hx(Y) = More(X,Y) (a set since C is
locally small).
o At the level of morphisms: If f:Y — Z is a morphism in C, then

(¥—2)o

hx(f) + hx(Y) = More(X,Y) "~ =" More(X, Z) = hx(Z)
is given by post-composition in C with Y — Z.
(ii) Analogously, we have the functor h* := Mor¢(—, X), a functor C? v~ Set: for
YeObCand f:Y - ZinC% ie, Z—Y inC,
X (Y') = More (Y, X),

R () hX(Y) = More(Y, X) %) More(Z, X) = 15 (2).
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Definition 3.3. Let C be a category. The category of presheaves on C is the category
Presh(C) := Fun(C?, Set), i.e., the category of contravariant functors from C to the cate-
gory Set of sets. We will also be interested in Presh(C) = Fun(C, Set).

As we will see, these categories contain a copy of C or C° via the h* or the hx: they are
larger categories (e.g., if C has just one object and one morphism, Presh(C) identifies with
the category Set of sets, which is not a small category), closed under certain operations

that C or C°? may not be, as we hope the discussion on products and coproducts below
will show (see Remarks 3.21 and 3.25).

Example 3.4. If X is a topological space, one can consider the category C of open subsets
of X, where the morphisms are inclusions. In this case, the objects of Presh(C) are simply
the presheaves of sets on C in the usual sense.

More examples will be found in the following definitions of Yoneda embeddings.

Definition 3.5. (i) We upgrade X ~ hy, defined so far at the level of objects, to a
functor he : C? — Fun(C, Set): if X — Y is a morphism in C, corresponding to
f:Y - X in CP?, then

he(f) : hy = More(Y, —) XY More(X, —) = hy

is the natural transformation given by pre-composition with X — Y.

(ii) Similarly, X ~» h¥ can also be upgraded to a functor h® : C — Presh(C) =
Fun(C, Set): if f: X — Y is a morphism in C, its image h*(f) € Nat(h™,hY) is
the natural transformation More(—, X) — More(—,Y") given by post-composition
with X - Y.

(iii) The functor he : C®? — Fun(C, Set) given by X n~ hx, and the functor h* : C —
Presh(C) = Fun(C®, Set) given by X ~» h* 3 are called Yoneda embeddings. e.g.,
the latter may be called the Yoneda embedding of C in its presheaf category.

Remark 3.6. Why ‘embedding’? A functor F' : C v D is an embedding if it is both
injective on objects and faithful (e.g., a quasi-inverse to the inclusion of vector spaces of
the form £™ in all finite dimensional k-vector spaces is faithful but not injective on objects).
It is easy to check that the Yoneda embeddings are embeddings; the injectivity on objects
comes from the definitional fact that More(X,Y) and More(X',Y’) are disjoint unless
X =X"and Y =Y’. Below, we will see the Yoneda lemma, which says that these are not
just embeddings, but also fully faithful.

Example 3.7. This is an important special case of the h*X of Definition 3.2(ii) above. Let
C = (k-alg’9)°" be the opposite category of the category of finitely generated k-algebras
(and k-algebra homomorphisms between them): here in in the rest of this lecture, a k-
algebra will be understood to be commutative. Then C is referred to as the category of
affine algebraic schemes over k. Let X € ObC = Ob(C be the finitely generated k-algebra
klzy,...,xa]/(f1,- .., fm) (with k understood to map to it in the obvious way). Then:

3Recall, this is abuse of notation: strictly speaking, the functors include their definition at the level of
morphisms too, which are suppressed here for brevity.
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e What is hX(Y)? Since Y is a f.g. k-algebra, let us write k — R for it.
RX(Y) = More(Y, X) = Mory_ay(k[z1, .- s 20]/(f1s- - -5 fim), R)
={(a1,...,a,) e R"|V1<j<m,fi(a,...,a,) = 0}.

Thus, for each Y = (k — R), hX(Y) is simply the set of solutions in R™ to the
system f; = --- = f,, = 0 of equations in n variables over k, viewed via k — R as
a system of equations over R.

e Similarly, if Z — Y is a morphism in C, corresponding to a morphism R — S of k-
algebras (i.e., in C°?, so Y corresponds to R and Z to S), then then h*(Y) — h*(Z)
is the obvious map

{Solutions of f; =--- = f,, = 0in R"} — {Solutions of f; =+ = f,, = 0in S"},

given by applying R — S: note that this makes sense since R — S is a k-algebra
homomorphism (e.g., if it takes r to s then it takes 2r? + 3r to 2s® + 3s), and

fl)"'afmek[mla---axn]'

Definition 3.8. A presheaf F' € Fun(C, Set) is said to be representable if it is natu-
rally isomorphic to h¥, for some X € ObC. Similarly, F' € Fun(C, Set) is said to be
corepresentable if it is naturally isomorphic to hy, for some X € ObC.

Example 3.9. As in Example 3.7, let C = (k-alg/9)°. Then an element of Presh(C) can
be thought of as a functor F : k-alg/9 — Set, say R ~ F(R) (at the level of objects). To
say that this functor is representable, means:

e Informally, it means that F(R), as R-varies over finitely generated k-algebras, is
(bijective, functorially in R with) the set of solutions in R" to some fixed set of
equations f; = --- = f,, = 0 over k.

e Formally, of course, it means that there is some finitely generated k-algebra A with
the property that for each finitely generated k-algebra R, we have an identification
¢r : F(R) Rl Homy, 14(A, R) for each f.g. k-algebra R, which is furthermore
functorial in R — i.e., for any k-algebra homomorphism f : R — S, the diagram
below commutes:

F(R) —*% Homyay(A, R)
- |-
F(S) —25 Homyay (A, S).
How to translate from the informal to the formal perspective? If the equations are f; =
o+ = fo = 01in n variables z1,...,x,, then A = k[zy,...,2,]/(f1,- -, fm). *

Example 3.10. The forgetful functor AbGrp v~ Set is corepresented by 7Z, since for any
abelian group A, Morapcrp(Z, A) identifies with A via ¢ — ¢(1). Similarly the forgetful
functor R-Mod ~~ Set is corepresented by R.

In fact any finitely generated k-algebra A accepts a surjection from k[z1,...,x,], by whose Noetheri-
anness (because of the Hilbert basis theorem) A is isomorphic to some k[z1,...,z,]/(f1,- - fm)-
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3.3. Yoneda lemma.

Lemma 3.11 (Yoneda). The Yoneda embeddings he and h* are fully faithful.
In other words, letting C be a category:

(i))V X, Y € ObC, u — he(u) defines a bijection More(Y,X) = Morcer(X,Y) —
Nat(hx, hy); and
(ii) V X,Y € ObC, u > h*(u) defines a bijection More(X,Y) — Nat(hX, hY).

This lemma turns out to be a special case of the following version of it — you might
possibly prefer to defer reading the precise description of the bijections in the statement
of the lemma until you read the ‘Idea of the proof’ below:

Lemma 3.12 (Yoneda). (i) For any X € ObC and any functor F' : C v~~~ Set, the

map
Nat(hx, F') — F(X),
given by
— id ,
n Nx ( x )

Mor(X,X)—F(X) eMor(X,X)

1s a bijection, with inverse

u— 1y = (Muy)veobe, wheren,y :hx(Y)— F(Y) sends f: X —-Y to F(f) (_u ).

——
F(X)—F(y) €F(X)
(i1) For any X € ObC and any functor G : C°? ~~~ Set, the map
Nat(h™,G) — G(X)
gien by
Ui Nx ( idx )
Mor(X,X)—G(X) eMor(X,X)

15 a bijection, with inverse

u— 1y = (Muy)veobe,  where n,y : hX(Y) - GY)sends f:Y > X to G(f) (. u ).

——
G(X)—G(Y) €G(X)

Moreover, the bijection of (i) is “natural” in X and F', while that of (ii) is “natural”
m X and G.

Proof. Both the map and its claimed inverse have been given, so you can verify that they
are indeed two-sided inverses of each other. The naturality is also easy to verify. So you
can do this as an exercise. But we explain the idea below.

Idea of the proof, for (ii). Somehow the point of the proof is the following feature of
hX. There is a ‘universal object’ in h*(X) = Mor¢ (X, X ), namely, the identity morphism
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ug := idx. Here, the ‘universality’ means the following: any f € h*(Y) = Morc(Y, X), is
also the composition of idx : X — X with f: Y — X, so

h¥(f) ( idx )=

More (X, X)—Morc (Y, X) €More(X,X)

This means that every natural transformation 1 : hX — G is entirely determined by where
nx : hX(X) — G(X) sends idy:

idy e (X)) 2> G(X) su=ny(idy) .

Sl e

fe WX(Y) = G(Y) 5 G(f)(u)
Make sure you can read both the ‘forward” and ‘backward’ directions of the bijection from
the above diagram. O

Proof of Lemma 3.11. We will prove (ii); the proof of (i) will be suitably analogous. Ap-
plying Lemma 3.12 with G := hY, we get a bijection

More(X,Y) = hY(X) = G(X) — Nat(hX,G) = Nat(h*,hY),
given by
More(X,Y) 3 u v (h*X(Z) = More(Z, X) > f — hY(f)(u) € More(Z,Y) = h¥ (Z)) zeove-

But hY (f)(u) is simply the composite of u : X — Y with f : Z — X, namely u o f.
Thus, the above bijection More(X,Y) — Nat(hX, hY) simply sends u to post-composition
with w, which is by definition h*(u) (see Definition 3.5(ii)). Thus, u — h*(u) is a bijection
More(X,Y) — Nat(hX,hY), as desired. O

Remark 3.13. Here is a rephrasing of the ‘naturality assertion’ of Lemma 3.12: one has
an obvious notion C x D of a product of two categories C and D, where the objects of C x D
are ObC x ObD, and where

M0r0xD((X1,Y1), (X27Y2)) = MOTC(XMXQ) X MOTD(Ysz)-

Then the naturality assertion (say, for the latter bijection) in Lemma 3.12 says that the
collection of bijections F'(X) — Nat(h™,F) there form a natural isomorphism between
the following functors C x Fun(C, Set) v~ Set: the evaluation functor sending (X, F') to
F(X), and the functor sending (X, F') to Nat(h*, F).

Example 3.14. Check that the functor GL,/k : k-alg’9 ~ Set that sends (k — R) to
GL,(R) is representable on (k-alg’®)%, by k[y,zi; | 1 < i,j < n]/(y - det(xs;) — 1). So is
the functor A"/k that sends R to R", by k[z1,...,x,]. We would like to intuitively think
of GL,/k, which is a functor, as a group: in fact it can be viewed as a functor GL,,/k : k-
alg’¥ > Grp, and we would like to think of it as acting on A"/k, thought of as column
vectors, by matrix multiplication. In particular, we would like to consider the orbit map
GL, — A"/k sending g — ¢ - *(1,0,...,0). One way to do this is to define a suitable
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map k[x1,...,z,] = kly,zij | 1 <i,7 <n]/(y-det(z;;) — 1). This is not exactly pleasant.
But the Yoneda lemma, 3.11, implies that this specification can also be done by specifying
the resulting map GL,(R) — R" for each k-algebra R: namely, it sends (a;j)1<ij<n tO
“ayy - .. an1]; it is functorial in R.

Similarly, we can think of the “action” map GL,/k x A"/k — A™/k by giving, for each
f.g. k-algebra R, the matrix multiplication formulation of GL,(R) x R" — R™, observing
that this is both a group action and functorial in R (and hence a natural transformation).
Again by the Yoneda lemma, this gives us a complicated map of rings.

Upshot: Thus, in many contexts, giving an element of Nat(hX,hY) is simpler and more
intuitive than giving an element of Mor¢(X,Y).

Remark 3.15. (Some sort of “universal objects”; warning: this terminology is informal,
don’t use it in formal writing) Now assume that a presheaf F' € Fun(C, Set) is repre-
sentable, say it is represented by X. In other words, there exists a natural isomorphism
from n : X — F. By Lemma 3.11, this natural isomorphism is described by an element
uwe F(X): in terms of u, ny : A*(Y) = More(Y, X) — F(Y) is given by ny (f) = F(f)(u):
in other words, the set F'(Y) consists of various possible images of the ‘universal object’
u € F(X) under the various F(f), as f varies over Mor¢(Y, X).

This sort of a ‘universal object’ is quite common in mathematics. An example can be
seen in Remark 3.21 below, shortly below (13). Here is an example of the analogous
phenomenon in the context of h, and corepresentable functors, especially for those of you
who have some familiarity with tensor products. Later we will construct a tensor product
M ®g N of R-modules M and N using the representability of the functor that sends an
R-module L to the set of R-bilinear maps from M x N — L, and then the ‘u’ as above
will be a bilinear map M x N — M ®g N. That every element of F(Y') consists of the
various F'(f)(u) will then correspond to the fact that every bilinear map M x N — L will
be the composite of some M ®zg N — L (the “f”) and M x N - M ®gr N (the “u”).

3.4. Products.

Definition 3.16. (i) Let X1, X5 € ObC. A product of X; and X5 is a triple (X, 7y, mo)
consisting of an object X € C, typically denoted X; x X5, and morphisms m; : X —
X, and 7y 1 X — Xo, satisfying the following universal property: For all Y € Ob(C
and every pair of morphisms f; : Y — X and f; : Y — Xs, there exists a unique

morphism f:Y — X = X; x X; such that f; =m0 f and fo =m0 f:

Y
|

/ |3N\
Y

X1<—ﬂ_1X1 XXQ?‘XQ

In other words, the following map is a bijection:

(

(11) More (Y, X) T2 More (Y, X1) x More(Y, Xa).
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(ii)) We can similarly define (X = []
(X})ier indexed by some set I:

Y
RNEETT
le AN

N
Xi<—1LXi

Xi, (m + X — X,)ier), a product of a family

el

In other words, the following map is a bijection:

(12) More(Y, X) ™5 1., More(Y, X5).

(i) is a special case of this, and will be referred to as a ‘binary product’.

(iii) We can interpret or extend the definition in (ii) to apply to the case where I = (:
An ‘empty product’ in a category C is by definition a terminal object or a final
object in the category, by which one means an object * € Ob(C such that for all
Y € ObC, Mor¢(Y, =) is a singleton.

(iv) We say that a category C has small products if every collection (X;);e; of objects
of C has a product (since I can be empty, this includes the requirement that C has
a terminal object). These are called small products (‘small’ because [ is a set)

A product in a category need not exist, but if it does, it is suitably unique:

Exercise 3.17. Show that in a category C, a product of (X;);c; need not exist, but if it
exists, it is ‘uniquely unique’: if (X, (7;)ier) and (X', (7});er) are both products of the X,
then there exists a unique isomorphism 7 : X — X’ such that m; = 7} o 7 for each i € I.
(For I = ¢, this is saying that a terminal object of the category, if it exists, is uniquely
unique).

The ‘uniquely’” in the assertion of Exercise 3.17 refers to the fact that the product is
not just unique up to an isomorphism, but unique up to a wunique isomorphism. The
uniqueness assertion in the exercise justifies writing [ [, X; for the (object underlying the
tuple constituting) the product of the X; (and similarly X; x X, for a binary product).

Example 3.18. The following categories have arbitrary small products, which coincide
with what you already have seen called the products of their objects: Set, Grp, Top, AbGrp, R-
Mod, Vecg, Ring. For instance, if (X;)es is a family of topological spaces, we take [ [,.; X;
to be the set-theoretic product of the X;, given the product topology, and 7; : [[,.; X; —
X, to be the projection onto the j-th factor. Except, we also need to worry about the
empty product, namely a terminal object, which exists in each of these cases: a singleton
set {x} for Set, a trivial group for Grp and AbGrp, a singleton topological space for Top,
the zero module 0 for R-Mod (and similarly with Vecy), and the zero ring for Ring.

Thus, e.g., for any topological space Y, giving a continuous map f; : ¥ — X; for each ¢
is equivalent to giving a single continuous map f : Y — [[. X;, such that for each ¢, f
projects along the ¢-th factor to f;. This is why the product topology was defined the way
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it was: all those basic open sets etc. By the uniqueness of products (Exercise 3.17), this
was the only way the product topological space could have been defined.

For those of you who are familiar with algebraic varieties, the category of algebraic varieties
over k has binary products, which is the ‘usual’ binary product of algebraic varieties.

Exercise 3.19. In the category of fields, products do not exist, nor does the category have
a terminal object.

Exercise 3.20. Prove the following enhancement of the fact that products exist in Set:
For any category C, the category Presh(C) = Fun(C, Set) has arbitrary small products.

More precisely, given functors (F; : C v Set);er, take [ [._; Fi to be the functor F': C v
Set such that for each X € Ob(_,

F(X) = H F;(X), this product being taken in Set.
el
It is clear how to complete the definition of F' by defining it for morphisms, and it is clear
how to define the m; : FF — Fj.

Remark 3.21. (i) Recall the Yoneda embedding C v~ Presh(C). What Definition
3.22 (specifically, (12)) tells us is that (X, (m; : X — X})) is a product of (X; )y if
and only if (— o m;);e; induces, for all Y € ObC:

) = [r* ).
i€l
Upshot: (X, (m; : X — X;)icr) is a product of (X;);er if and only if (A%, (= o m)icr)
is a product of (h"*);c; in Presh(C).
(ii) This gives us a slightly different way to define a product of (X;),s, as follows.
Consider the functor F' := [[,h* in Presh(C), defined using the explicit set-
theoretic description of Exercise 3.20, so it is given (at the level of objects) by

Yo [ [5(Y).
el
If this functor is representable by some object X, then we say that a product of
(Xi)ier exists, and define a product of (X;),s to be X together with a choice of a
natural isomorphism

(13) n -
iel
Why is this equivalent to the definition in Definition 3.227 Here is the rough idea.
As mentioned in Remark 3.15, giving an equivalence of the form (13) is equivalent to
giving the image u of idy € KX (X) in F(X) = [[;c; 2 (X) = [[,; More(X, X;). If
this image is u = (7m;)er € [ [,o; More(X, X;), then you can verify that the condition
of Definition 3.22 is satisfied with (X, (m;)ics). Thus, to repeat, (m;)s is exactly
the ‘universal object’ u of Remark 3.15.
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Rough summary of this discussion: C may not be closed under small products, but C is
contained in a category which is closed under small products, namely Presh(C). Thus,
[1ic; P* always exists, and its representability is equivalent to the existence of [],.; X:.
Another way to look at this is that in Presh(C), you can define products set-theoretically,
and define products in C by ‘restriction’ from Presh(C) using the Yoneda embedding.

3.5. Coproducts. Here things are as in Subsection 3.4, but with all arrows reversed, so
we will be relatively brief.

Definition 3.22. (i) A coproduct, or a categorical sum, of a family (X;);c; in a cat-
egory C is a pair (X = [[..; Xi, (ti)ier), where X € ObC and ¢; : X; — X in C
for each 7, such that given Y € ObC and morphisms f; : X; — Y for each ¢ € I,
there exists a unique morphism f : X — Y such that for each ¢ € I, the following
diagram commutes:

Y

v

N~ 3lf
fi N

X —=1[; X
In other words, for each Y € ObC we have a bijection
(14) More(T1, X, Y) S [, More(X;,Y).

When I = {1,2}, we get the special case of a ‘binary coproduct’.

(ii) We can interpret or extend the definition in (ii) to apply in the case where I = (:
An ‘empty coproduct’ in a category C is by definition an initial object or a coterminal
object in the category, by which one means an object X € Ob(C such that for all
Y € ObC, Mor¢(X,Y) is a singleton.

(iii) We say that a category C has small coproducts if every collection (X;);c; of objects
of C has a coproduct (since the set I is allowed to be the empty set, this includes
the requirement that C has an initial object).

A coproduct in a category need not exist, but if it does, it is suitably unique:

Exercise 3.23. Formulate and prove an analogue of Exercise 3.17 for coproducts.

Again, it is the uniqueness of the coproduct (Exercise 3.23), that justifies writing [ [, X;
for the (object underlying the tuple constituting) the coproduct of the X; (and similarly
Xj [ ] X; for a binary coproduct).

Example 3.24. The following categories have arbitrary small coproducts:

e In Set, coproduct is given by the disjoint union: [[, X; can be taken to be the
disjoint union X of the X;, and ¢; : X; — X to be obvious inclusion. Of course,
one also needs to remark that Set does have an initial object, which is (.
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e In Grp, coproduct is given by the free product: the free product G« H of G and H
is the sequence of words s; - - - s, with each s; belonging to G or H, with obvious
redundancies removed: e.g., “identity elements can be removed” and two successive
terms belonging to the same group can be multiplied together. In other words,
each of its elements can be identified with either the empty word, or an alternating
sequence of elements of G and H. The maps G — G« H and H — G = H are
obvious. Grp does have an initial object, the trivial group.

e For Ring, a coproduct exists, and is analogous to a free product sort of construction,
but we will not bother with it (not least because I haven’t looked it up myself).
Z is an initial object in Ring (the 0 ring cannot be an initial object, because by
definition, ring homomorphisms are required to send 1 to 1).

e In AbGrp, R-Mod and Vecy, coproduct is given by direct sum (and the trivial group
or the 0 group or module or vector space is the initial object). Thus, in all these
categories, finite coproducts and finite products can be identified with each other,
though not infinite ones.

e In Top, again, coproduct is given by the disjoint union, though make sure you
know how to define the ‘correct’ topology on | |, X;: the X; < X are all open
and disjoint, and the topology of each X; coincides with the one it gets from the
inclusion X; ¢ X. Again, (J serves as an initial object.

Thus, e.g., for any topological space Y, giving a continuous map f; : X; — Y for each ¢
is equivalent to giving a single continuous map f : [[, X; — Y, such that for each i, f
restricts to X; as f;.

Remark 3.25. A coproduct in C is essentially a product in C?; so we can use the Yoneda
embedding h, for C%, h, : C? v~ Presh(C®) = Fun(C, Set), to get a description of
coproduct in C. Namely, Definition 3.22 (specifically, (14)) tells us that (X, (¢; : X; — X))
is a coproduct of (X;)e; if and only if (— o ¢;);e; induces, for all Y € ObC:

hx(Y) = | [ hx,(Y).

iel

Upshot: (X, (1; : X; — X)) is a coproduct of (X;),s if and only if (hx, (— © t;)ir) is
a product of (hy,)ics in Fun(C, Set) = Presh(C). Appropriate analogues of the rest of
Remark 3.21 also apply here, e.g., the existence of | [, X; is equivalent to the representability

of Hl th"

However, note some asymmetry between the two situations, which basically arises from
covariance vs contravariance, and is also reflected in the difference between (12) and (14):
there is a ‘[ [” on both sides of the former, but the latter has a ‘[ [’ on the left-hand side
and a ‘[ [ on the right-hand side.
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4. LECTURE 4 — LIMITS AND COLIMITS

We continue with the convention that, unless otherwise stated, any category that we will
encounter is locally small, though we will make an exception for presheaf categories of
categories we work with.

4.1. Monomorphisms and epimorphisms.

Definition 4.1. (i) A morphism f: X — Y in a category C is said to be a monomor-
phism if it has “left-cancellation”, i.e., if g;,92 : Z — X are such that fo g, =
fogs:Z—Y, then g, = gp. (Equivalently: h*¥ — hY is objectwise injective).

(ii)) A morphism f: X — Y is said to be an epimorphism if it has “right-cancellation”,
ie. if g1,92: Y — Z are such that gyo f = g0 f: X — Z, then g; = ¢o.

Thus, f: X — Y in C is a monomorphism if and only if, viewed as a morphism in C, it
is an epimorphism.

Example 4.2. (i) In Set, a morphism f : X — Y is a monomorphism (resp., epimor-
phism) if and only if it is an injective (resp., surjective) function.

(ii) The “if” part of the analogous assertion is true in Grp, AbGrp, Ring, R-Mod, V ecy,
and Top, and also in the full subcategory HausTop of Top consisting of the
Hausdorff topological spaces. This can be viewed more category-theoretically: if
F : C v~ Set is a faithful functor, then f : X — Y is a monomorphism (resp., epi-
morphism) whenever the map F(f): F(X) — F(Y) of sets is (for these categories,
this is true with F' the forgetful functor to Set).

(iii) However, the “only if” part, while true for Grp, Top, AbGrp, R-Mod and Vecy (a
bit of work is needed to show this for Grp and Top), is not true for Ring or
HausTop: it is an easy exercise to check that every monomorphism is injective in
these categories (as also in Grp, Top), but epimorphisms may not be surjective in
Ring or HausTop: In Ring, Z — Q is an epimorphism, ® while in HausTop, any
morphism with a dense image is an epimorphism (easy but good exercise).

4.2. Equalizers and coequalizers. An ‘equalizer’ of fi, fo : X — Y tries to capture the
notion of the ‘subset of X where f; and f; agree’. Formally:

Definition 4.3. Let fi, fo : X — Y be morphisms in C.

(i) An equalizer of f; and f; is a morphism eq : E — X in C, satisfying fjoeq = fyoeq,
and satisfying the following universal property: for any morphism h : Z — X such

SWhile dealing with the category of rings, please keep in mind that ring homomorphisms are required
to send 1 to 1.
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(i)

that fioh = fy0h, there exists a unique morphism ¢ : Z — FE such that h = eqog:

e f1
E—q>X?§Y
2

/I\
g,
| h

Z

A coequalizer of fi and f5 is a morphism coeq : Y — @, satisfying coeqo f; = coeqo
f2, and satisfying the following universal property: for any morphism A : Y — Z
such that h o f; = h o f5, there exists a unique morphism ¢ : ) — Z such that
h = g o coeq:

f1 coe
X F; y =24 Q
2 |
x izl!g
A

Exercise 4.4. Formulate a statement that captures “Equalizers and coequalizers are
uniquely unique”, and prove it.

Please note that the equalizer and the coequalizer refer to the morphisms eq : £ — X and
coeq : Y — (@), and not just to the objects E and ). However, by abuse of notation, we
might often write just £ and ) when the maps eq: E — X and coeq : Y — () are clear.

Example 4.5. (i) In Set, an equalizer E of fi, fo : X — Y is simply the (largest)

subset of X where f; and f; agree, while their coequalizer () is the quotient of Y
by the equivalence relation generated by the relation “f;(z) ~ fo(z) for all x € X”.
In Top, the prescriptions for the equalizer E' and the coequalizer () are the same
as for Set, except that E should be given the induced topology from X and that
@ should be given the quotient topology dictated by Y — Q.

In Grp, the equalizer is as in Set (but it forms a subgroup of X and one remembers
it as a subgroup, not a subset), and the coequalizer of fi, fo : X — Y is the quotient
of Y by the smallest normal subgroup of Y containing f;(z)fo(x)~! for each z € X.
In AbGrp, R-Mod and Vecy, the equalizer of f; and f5 is the kernel of f; — fs,
and their coequalizer is the cokernel of f; — fy (thus, for AbGrp, the equalizer
and the coequalizer are the same as in Grp, only the description simplifies due to
abelianness).

In Presh(C), the equalizer is the “object-wise set-theoretic equalizer” (make this
precise and prove it).

Exercise 4.6. (i) Show that every equalizer is a monomorphism, and that every co-

(i)

equalizer is an epimorphism. The converse does not hold, but let us not bother
about that now.

Describe equalizers using the Yoneda embedding and the obvious description of
equalizers in Presh(C) = Fun(C, Set), in the style of Remark 3.21. Similarly,
describe coequalizers as in Remark 3.25: note that this involves an equalizer rather
than a coequalizer in the presheaf category.
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(iii) Example from wikipedia: Show that in T'op, the coequalizer of the two maps fi, fo :
{+} — [~1,1], where fi(x) = 0 and fo(+) = 1, is S™.

4.3. Limits and colimits. Notice that there were some parallels between products and
equalizers; limits are a simultaneous generalization of these concepts. Similarly, colimits
simultaneously generalize coproducts and coequalizers.

Notation 4.7. Note that given any functor F' : J v~ C, it can be also viewed as a functor
FoP: JP wns COP: this defines FP.

Definition 4.8. (i) (Cones) Let F' : J v~ C be a functor. A cone to F' is a pair
(C, (¢;)jeons) consisting of an object C'€ ObC, together with morphisms ¢, : C' —
F(j), for all j € J, such that for all f:i — j in J, we have F(f) o ¢; = ¢;; see the
outer triangle of the following diagram.

(ii) (Limits) A limit F' is then a ‘universal cone to F’, i.e., it is a cone (X, () eon )
to F', such that given any cone (C, (¢;) eon.s) to F, there exists a unique morphism
u: C'— X such that for all j € J, we have m; = w0 ¢; (see the above diagram).

(iii) (Cocones) Let F : J v~ C be a functor. A cocone to F' is a cone to F'P : JP v~ CP.
In other words, it is a pair (C, (¢j)eon.s) consisting of an object C' € ObC, together
with morphisms ; : F(j) — C, for all j € J, such that for all f:i — jin J, we
have 1; o F(f) = 1;; see the outer triangle of the following diagram.

(iv) (Colimits) A colimit of F' is a limit of F°P : J? — C°P.
In other words, it is a ‘universal cocone to F”, i.e., a cocone (X, (¢;);eons), such
that given any cocone (C, (v;);eon.s), there exists a unique morphism v : X — C
such that for all j € J, we have w o ¢; = 1; (see the above diagram).

(v) By a small limit we refer to a limit of a functor F': J v C, where J is a small
category. Similarly, we define small colimits.
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(vi) A category C is said to be complete if it is “closed under small limits” —i.e., if every
functor F': J v~ C, with J a small category, has a limit. Similarly, we call C and
cocomplete if it is closed under small colimits.

Remark 4.9. If J is the empty category (no object, no morphism), then there is a unique
functor F' : J v~~~ C. In this case, a cone to F'is just an object of C, so that a limit of F'
is just a final object of C (this sentence means: neither a limit of F' nor a final object of C
may exist, but one exists if and only if the other does, and when they do they are uniquely
isomorphic). Similarly, a colimit of F' is just an initial object of C.

Exercise 4.10. (i) Let F : J v C be a functor. Organize the cones to F' into a
category by defining morphisms between them (this is vaguely formulated, but I
expect you to formulate the most natural notion of morphisms between these).
Show that a limit of I’ is the same as a final object of this category. This gives
another way to phrase the definition of a limit of F.

(ii) Do (i) with cones and limit replaced by cocones and colimit.

(iii) Using (i) and (ii) or otherwise, rigorously formulate and prove the following asser-
tion: a limit of F'is uniquely unique if it exists, as is a colimit of F.

(iv) (Limits generalize products) Let (X;);es be a set of objects of C indexed by J. We
view J as a discrete category, which means: its collection of objects is the set J,
and its only morphisms are the identity morphisms (the “discreteness”), so that
there is a unique functor F' : J v~ C sending each j to X;. Show that a limit of
F' is the same as a product of (X;);econs. This applies even when J is empty (see
Remark 4.9 above, which is therefore a special case of this exercise).

(v) (Limits generalize equalizers) Consider the situation of Definition 4.3, so we have
fi,Jo: X =Y in C. Let J be a category consisting of two objects a, b, and which
has exactly two non-identity morphisms, denoted fy, f» : @ — b. Define F : J — C
so that F(a) = X,F(b) = Y,F(f) = fi and F(fs) = f, (and it takes identity
morphisms to the appropriate identity morphisms) (see the diagram below). Show
that a limit of F' is the same as an equalizer of f; and f.

fi f1
a—=b A X —=Y
fg f2
(vi) (Colimits generalize coproducts and coequalizers) Do the colimit analogue of (iv)
and (v).
Example 4.11. (i) In Set, all small limits exist. Namely, if F' : J v~ C is a func-

tor with J a small category, show as an exercise that a limit of F' is given by
(X, (7})jeons), where

(15) X ={(@)ie [T FOIYFi—jin JF()@) =},
jeOb J

and 7; : X — F(j) is given by projection to the j-th factor in Hj€ObJ F(j). Thus,
Set is complete. As this example illustrates, a limit is formed by products and
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equalizers — as we now formalize in the following form that will be useful later: a
limit of F'is given by the equalizer of the following diagram:

(16) [Teovs F0) == Mjeatorts) FED),

where:
e Mor(J) is the set of all morphisms in J;
e for f:i— jin J, we have written s(f) = ¢ and t(f) = j (s for “source” and ¢
for “target”);
 g1((z5)jeons) = (Typ) remor(sy and ga((z;)jeons) = (F(f)(@s())) remor(sy (thus,
in the condition F(f)(x;) = x; in (15), x4y captures x;, and F(f)(zsy))
captures F'(f)(z;)).

(ii) A similar prescription works for Grp, AbGrp, R-Mod,Vec, Ring and Top, with
the difference that one has to keep the extra structures in mind; e.g., for ev-
erything other than Top one uses component-wise operations, and for Top gives
X the induced topology from the product topology: in other words, the weakest
topology on X such that each m; : X — X is continuous. Thus, Grp, AbGrp, R-
Mod, Vecy, Ring and Top are complete.

(iii) In Set, all small colimits exist as well. Namely, if F': J — Set is a functor, with J
a small category, one shows that a colimit of F is given by (X, (¢;)jes), where:

X:<|_| F<j>>/~,

jeOb J

where the equivalence relation ~ is generated by the requirement that x; ~ x; when-
ever z; € F'(i),xz; € F(j), and there exists f : i — j such that z; = F(f)(x;). As
with limits above, this colimit is seen to be built out of coproducts and coequalizers.
Thus, Set is both complete and cocomplete.

(iv) A similar prescription gives small colimits in T'op (involving the use of quotient
topology), so that T'op is both complete and cocomplete.

(v) It turns out that Grp and Ring are complete and cocomplete too, but the con-
structions for Set and Top do not work for these. I have never bothered looking up
or working it out.

(vi) However, in AbGrp, R-Mod and Vecy, small colimits are easy to define, by ap-
propriately adapting colimits for Set: replace | | by @), and ‘equivalence relation
generated by’ by ‘subgroup/submodule/subvector space generated by’ (in other
words, “Span of”). So these categories are complete and cocomplete as well.

(vii) For any category C, Presh(C) is both complete and cocomplete: one constructs
limits and colimits “object-wise”, using the limits and colimits for Set. In partic-
ular, one can construct a limit exactly as in (16), using products and an equalizer,
namely:

(17) [eovs F0O) == Tjeatorc) FECD),
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with notation as in (16).

Exercise 4.12. Show that Remarks 3.21 and 3.25, and Exercise 4.6(ii), generalize to
describe limits and colimits. Namely:

(i) The Yoneda embedding h* : C v~ Presh(C) preserves limits. In fact, a functor
F : J v C has a limit in C if and only if the limit of h* o F' : J v~ Presh(C)
(which exists since Presh(C) has been observed above in Example 4.11(vii) to be
complete) is representable. Thus, as in Remark 3.21, this can give another definition
of a limit.

(ii) Since the Yoneda embedding h, : C%? v~ Presh(C?) = Fun(C, Set) preserves limits,
it takes colimits of C (which are limits in C°) to limits in Fun(C, Set).

A special case of the above exercise, which is much more simple and immediate, and yet
an important result, is:

Theorem 4.13. If X € ObC, then the functor More(X,—) : C v~ Set as well as the
functor More(—, X)) : CP? v~ Set preserve small limits.

Proof. Easy exercise; this is pretty much the definition of a limit and a colimit. Here, we
say that a functor G : C v~ D ‘preserves small limits’ if for any functor F': J v~ C with
J a small category, if (X, (7;);) is a limit of F, then (G(X),(G(7;));) is a limit of the
composite functor Go F : J v D. O

Remark 4.14. Later we will hopefully see that Theorem 4.13 contains the left-exactness
of the ‘Hom-functors’ in the context of R-modules.

4.4. Direct and inverse limits. We now discuss how “direct limits” and “inverse limits”
are special cases of the above constructions. Let (J, <) be a directed set: J is a nonempty
set, and “<” is a reflexive and transitive relation on it such that any two elements of J
have an upper bound. Antisymmetry is not always imposed, but let us impose it because
I don’t want to worry about the nuances. One makes (J, <) into a category: its objects
are just the elements of J, and for ¢ # j in J, there is a single morphism ¢ — 7 if i < 7,
and none otherwise. Call this category J as well. Then we can consider limits of functors
G : J? — C and colimits of functors F': J v C.

Limits of such functors G : J% ww~ C are called inverse limits, denoted lim G(j), and

J

colimits of such functors F': J v C are called direct limits or directed colimits, denoted

lim F'(j). We will prefer saying ‘directed colimits’ for the latter, since those are colimits in
J

the sense defined above.

Let us be slightly more explicit; show as an easy exercise the following remark:

Remark 4.15. (i) Giving such a functor F': J v~ C as above is equivalent to giving
a family (X;);jes of objects of C together with a family of morphisms {p;; : X; —
Xj}i,je],igj such that Pi; = id Vj € J, and Pki = Pkj © Pji whenever ¢ éj < kin J.
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(ii) Giving a functor G : J% «~~ C as above is equivalent to giving a family (X;);es
of objects of C together with a family of morphisms {v;; : X; — X;}i jesi<;} such
that ¢;; =id Vj € J, and 1 0 ¥, = i, whenever ¢ < j < kin J.

This motivates:

Definition 4.16. (i) A direct system over (J,<) is a pair ((Xj)jes, {©;i + Xi —
X;}ijesi<s) asin Remark 4.15(1) above. Given such a direct system ((X});, (¢ji)i<j),
the colimit of the functor F': J v~ C associated to it as above is called a directed
colimit of this directed system, and typically written

lim X;
J
(by convention we have suppressed the maps ¢j; from the notation, though this
limit depends on which ¢;; we are using).

(ii) An inverse system over (J,<) is a pair ((Xj)jes, {¢i; 1 X; — Xi}ijesic;) a8 in
Remark 4.15(ii) above. Given such an inverse system ((X;);, (¢4;)i<;), the colimit
of the functor G : J «~ C associated to it as above is called an inverse limit of
this inverse system, and typically written

lim Xj;.
J

In the context of direct and inverse systems, we can translate the descriptions of limits and
colimits from Example 4.11 to the language above:

o Let ((Xj);, (pji)icj) be a direct system over (J, <). If additionally C is AbGrp, R-
Mod or Vecy, we can write (the object underlying) lim X; as:
J

(18) (@X ) /Span({z; — pji(x;) | i,j € J,i < j}).
jedJ
For Set or Top, replace the direct sum @ by the disjoint union | |, and Span by
“the equivalence relation generated by”. Something like this can be done for Grp
and Ring, but we will not get into it.
o Let ((X;)j, (i))i<j) be an inverse system over (J, <). If additionally C is Set, Top,
Grp, Ring, AbGrp, R-Mod or Vec,, we can write (the object underlying) lim X
as: !
(19) {x] EHX]:UZ Yij(x;) Vi,je J i < }
jedJ
Example 4.17. (i) Let ((Xj);, (¢ji)i<;) be a direct system over (J,<). Assume that
C is Set, Top, Grp, AbGrp, R-Mod, V ecy, Ring, or the category of fields. In these
settings, we can make sense of containments such as X < Y. Assume that there
is some object X in C such that for all ¢ < j in J, we have X; < X; < X, and
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@;i + X; — X is the inclusion. Then it follows from (18) that the object underlying
lim X; identifies with
J
X
jedJ
this union taken inside X (and the morphisms ¢; : X; — X are the obvious con-
tainments too). Thus, a directed colimit is a generalization of union.

(i) Let ((Xj);, (¢4))i<j) be an inverse system over (J, <). Assume that C is C is Set,
Top, Grp, AbGrp, R-Mod, Vecy, Ring, or the category of fields. Assume that there
is some object X in C such that for all ¢ < j in J, we have X; < X; < X, and
Y;j + X; — X, is the inclusion. Then it follows from (19) that the object underlying
lim X; identifies with

J
ke
jedJ
so an inverse limit can be thought of as a generalization of intersection.

Example 4.18. We now discuss some examples of directed colimits.

(i) The category of fields is bad in so many ways (e.g., it does not have binary products
or coproducts), but it does have directed colimits. If L/K is an infinite algebraic
extension, one can take J to be the set of finite extensions of K contained in L,
ordered under inclusion, and X; := j for all j € J, and ¢;; : X; — X to be the
inclusion ¢ < j (which makes sense as ¢ < j). This is a special case of Example
4.17(i), and gives the directed colimit of the X; as L. Thus, L is a directed colimit
of finite extensions of K.

(ii)) We take (J, <) to be N5; with the partial order where m < n if and only if m|n.
Set X, = (1/n)Z for each n, and for m < n, let @, : X,, = X,, be the inclusion.
Then it follows from Example 4.17(i) that lim X, = Q (by abuse of notation: to

complete it one should say the X,, map to this by inclusion).
(iii) We take (J, <) to be as in (ii), set Y,, = Z for each n, and for m < n, we set ¢/, :
Y., = Z — Z =Y, to be multiplication by n/m € Z. To compute lim Y}, letting the

X,, and the ¢, be as in (ii), one considers the isomorphisms f, : Y,, — X,, given
by x +— x/n, and then notice that ¢, © frn = fu o ¢l,.. This allows us to identify
the directed system ((Yn)n, (¥hm)m<n) With the directed system ((X,)n, (@nm)m<n)
in (ii) above, and we get

limY, =~ lim X,, >~ Q.

n n

(iv) We also have the following variants of the examples in (ii) and (iii): take the same
(J,<), set X,, = (2Z/Z) and Y,, = Z/nZ for each n. One can define the ¢,,, and
the ¢/ exactly as in (ii) and (iii). Then the same arguments as in these examples
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give:

limZ/nZ = lim(>2)/Z = Q/Z.

n

n n

Please note that this is nothing peculiar: this is just expressing Q/Z as a directed
colimit /union of cyclic groups in a straightforward way.

Example 4.19. We now discuss some examples of inverse limits.

(i) (p-adic integers) Take (J, <) to be N5; together with the usual order, and C to be
Ring (one could also view this example with AbGrp instead). Fix a prime number
p. Take X,, = Z/p"Z, and for m < n, let ¢y, : Z/p"Z — Z/p™Z be the obvious
map. Then, by (19), the inverse limit of this system is the ring

Ly :=lmZ/p"7 = {(an)n € HZ/p”Z | a,, € Z/p"Z reduces to a,, € Z/p"7Z whenever m < n}

(with component-wise addition and multiplication). It is an easy exercise to see
that this ring Z, is an integral domain. It is called the ring of p-adic integers, and
its quotient field Q, is called the field of p-adic numbers.

(ii) (Completion of a ring with respect to an ideal) Things are as in (i), but one replaces
Z by a ring R and (p) by an ideal I, so sets X,, = R/I", and for m < n defines
U = R/I™ — R/I™ to be the obvious map R/I"™ — R/I™. Then, by (19), the

inverse limit of this system is the ring

R= lim R/1" = {(an)n € HR/I” | a, € R/I" reduces to a,, € R/I™ whenever m < n},

called the completion of R with respect to I (R depends on I, but one abuses
notation by suppressing I from it).

(iii) (Formal power series ring) This is a special case of (ii) above. Check as an easy
exericse that, taking R[x] and (z) in place of R and (1), the completion we get is

lim Rli]/(a") = Rle] = {i ant™ | an € Rvn},

the formal power series ring in one variable over R, with an obvious ‘formal’ ad-
dition and multiplication. Indeed, to see the above identification, note that an
element of this inverse limit looks like (up to taking representatives in R[xz] for the
R[z]/(x™)) (ag,ap + a1, ap + ayx + asx?,...), so this sequence can be mapped to
>lax™ € R]x].

(iv) (The profinite completion of Z) One again takes J = Ns;, but defines m < n if
m|n. One takes X,, = Z/nZ, and for m < n one defines ¢, : Z/nZ — Z/mZ to
be the obvious map. Then we get the ring

limZ/nZ = {(an)n € HZ/nZ | a,, € Z/nZ reduces to a,, € Z/mZ whenever m|n},
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usually denoted by Z, called in a group theoretic context the profinite completion
of Z.

(v) (Profinite completion) In a group theoretic context, one can similarly consider the

profinite completion of other groups: J is to be taken as the directed set of finite
index normal subgroups of the given group, ordered under reverse inclusion, and the
inverse limit is usually given an appropriate topology, called the profinite topology,
and viewed for practical reasons as a topological group.

The following exercise may be given as part of HW 2, though I am not sure yet.

Exercise 4.20. Use the Chinese remainder theorem to give an isomorphism

y/

lle

1%
p

4.5. Pullbacks and pushouts.

Definition 4.21. (i) (Pullback/fiber product/cartesian square) Given two morphisms

f: Xy > Sand fy: Xo = SinC, apullback or a fiber product (or fibered product)

of fi and f» is the limit of the diagram X; 25 S & Xo, by which we mean the limit
of a functor F' : J — C, where J has three objects x1,s and x5, and exactly two
nonidentity morphisms fl 1y — s and fg : 9 — S, and F sends xl,s,xg,fl,fg
respectively to X1, S, X, fi1, fo:

le)3<f_2x2 AN X1L>S<LX2.

The pullback and its universal property are illustrated in the following diagram,
where the triple (X, ms) is the pullback:

A diagram of the form of the square in the above diagram, where the morphisms
from the top left object to the top right and the bottom left objects form a fiber
product of the remaining two morphisms, is called a cartesian diagram.

(ii) (Pushout/fibered coproduct/cocartesian square) Given two morphisms f; : S — X,

and fy : S — X, in C, a pushout or a fibered coproduct of f; and f5 is the

colimit of the diagram X, Lghy X, by which we mean the colimit of a functor
F : J — C, where J has three objects x1,s and x5, and exactly two nonidentity
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morphisms fl i 8 — 11 and fz : 5 — X9, and I sends x4, s, 2o, fl, fg respectively to
X17S7X27f17f2:
1 f1 s f2 - \AI::,) X, fi s P X, .

The pushout and its universal property are illustrated in the following diagram,
where the triple (X 1, 9) is the pushout:

XlTS

A diagram of the form of the square in the above diagram, where the morphisms
to the top left object from the top right and the bottom left objects form a push
out of the remaining two morphisms, is called a cocartesian diagram.

Remark 4.22. You see fibered coproducts in the Seifert-van Kampen theorem in topology.
Fiber products are quite commonly seen in algebraic geometry. Some examples are special

cases of what you have already seen for limits and colimits. For instance, in Set as in Top,
given f1 : X1 — Sand fy: X9 — 5,

X1 Xg XQ = {(‘Tl,l‘g) | T € Xl,{L‘g € XQ, and fl(wl) = fg(l‘g) € S},

except that in the case of T'op one should also give it the induced topology from the product
topology.

4.6. Criteria for existence of limits and colimits. By a finite limit (resp., colimit),
we mean the limit (resp., colimit) of a functor F' : J v C, where J is a finite category
— i.e., the collection of objects of J is a finite set, and the collection of morphisms of J is
also a finite set. A category which has all finite limits (resp., all finite colimits) is called
finitely complete (resp., finitely cocomplete).

Theorem 4.23. (1) A category is complete if and only if it has small products and
equalizers.
(i) A category is cocomplete if and only if it has small coproducts and coequalizers.

Moreover, the above assertions are true with ‘complete’, ‘small products’, ‘cocomplete’ and
‘small coproducts’ replaced respectively by ‘finitely complete’, ‘finite products’, ‘finitely co-
complete’ and ‘finite coproducts’.

Proof. We will prove (i) — then (ii) will follow from applying (i) to C°, and the proof of
the ‘finite’ versions will be analogous.
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« 2

=" is immediate since small products and equalizers are special cases of small limits.
Thus, let us prove “<”, so assume that C has small products and equalizers. Let F' :
J v~ C be a functor, with J a small category. It is enough to show that F' has a limit.

Motivated by (16), using analogous notation, we consider the equalizer of the following:

(20) [Teovs F0O) == Tjeatorcs) FED),

where ¢; is the unique map from the left-hand side to the right-hand side whose composition
with the projection onto the f-th component, for f € Mor(J), is the projection 7y from
the left-hand side to its ¢( f)-factor (recall that these projections m; come with the definition
of a product), and g, is the map whose projection is F'(f) o mys).

To show that this equalizer is a limit of F, it is enough to show that its image under
the Yoneda embedding h°® is the limit of h* o F' (Exercise 4.12). But since the Yoneda
embedding preserves products and equalizers, it is enough to show that the analogue of
(20) with C replaced by Presh(C) and F' replaced by h® o F', has equalizer equal to the limit
of h* o F'. But this has been already observed in (17). U

Remark 4.24. It is easy to check that if a category has binary products X; x X, then
it has all finite products X; x --- x X,,, except possibly for the empty product (i.e., the
terminal object). Thus, by the above theorem, to check that a category is finitely complete,
it is enough to check that it has equalizers, binary products, and a final object. A similar
remark applies to check when a category is finitely cocomplete.

Exercise 4.25. Show that monomorphisms, epimorphisms, limits, colimits etc. all respect
an equivalence of categories (with ‘if and only if’ statements).
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5. LECTURE 5 — ADJOINT FUNCTORS, TENSOR PRODUCTS

So far, we were ambiguous about whether Ring stood for the category of rings or that
of commutative rings. We now disambiguate it, and reserve Ring for the category of not
necessarily commutative rings (but associative, and with 1), and C'Ring for the category
of commutative rings henceforth.

5.1. Adjoint functors. We continue with the convention that, unless otherwise stated,
any category that we will encounter is locally small, though we will make an exception for
presheaf categories of categories we work with.

Definition 5.1. (i) A functor F' : C v D is said to be left adjoint to a functor
G : D «~~ C, or equivalently G is said to be right adjoint to F, if we have bijections

(21) adj = adjy y : Morp(F(X),Y) — More(X,G(Y))
for all X € ObC and Y € ObD, that are natural (i.e., functorial) in X and Y, as
captured by the following self-explanatory diagram for all f : X’ — X in C and
g:Y —>Y ' inD:
adjx y
(22) Morp(F(X),Y) —— More(X,G(Y)) .
gO—OF(f)l lG(g)O—Of
ade/,Y’
Morp(F(X'),Y") —= Mor¢(X', G(Y"))
In other words, if we have a natural isomorphism ¢ of functors C% x D v~ Set,
(23) adj : Morp(F(—),—) — More(—, G(—)).
(ii) Such a natural isomorphism is called an adjunction between F' and G.

Lemma 5.2. (Uniqueness of adjoint functors) Any two functors F, F' : C ~~ D that are
left adjoint to a given functor G : D v~ C are naturally isomorphic to each other. A
similar assertion holds, with ‘left’ replaced by ‘right’.

Proof. If F, F' : C v~ D are both left adjoint to G : D v~ C, then we have identifications

Morp(F(X), —) = More(X,G(—)) = Morp(F'(X), —)

for all X € ObC, that are furthermore natural in X. By the Yoneda lemma (the h, version),
we have isomorphisms F’'(X) — F(X) that are natural in X € ObC, or in other words, a
natural isomorphism F' — F’. This proves the assertion for left adjoint functors, and the
assertion for right adjoint functors is proved similarly. O

6Remember that ‘natural isomorphism’ is a technical term defined precisely in Lecture 2.
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Example 5.3. (i) Consider the functor Forget : AbGrp v~ Set, and the functor
FreeAb : Set ~» AbGrp that sends S to the free abelian group on S, denoted
FreeAb(S), which is a free abelian group containing S as a basis. ” ®

Since S < FreeAb(S) is a basis, restriction to S gives, for each abelian group B,
a bijection

Hom apcrp (FreeAb(S), B) — Homg: (S, B) = Homge (S, Forget(B)).

It is easy to see that these bijections are natural in the sets S and the groups B,
giving an adjunction realizing S ~~ FreeAb(S) as left adjoint to Forget.

(ii) Similarly, the functor Forget : R-Mod ~~ Set has a left adjoint that sends S to
the free R-module on S, and in particular the functor Forget : Vec, v~ Set has a
left adjoint that sends S to the free k-vector space on S.

(iii) The functor Forget : Grp v~ Set has a left adjoint, sending a set S to the free
group Free(S) on S, reviewed in Subsection 5.3 below.

(iv) The functor Forget : CRing ~~ Set has a left adjoint, sending a set S to the
polynomial ring Z[z, | s € S| (if you don’t know what Z[z, | s € S| means, make
the obvious guess; also, fill in the morphisms).

Indeed, any ring homomorphism Z[z, | s € S| — R is completely determined by
where the “free variables” x, map to, so for any commutative ring R, we have a
bijection:

(24) Morcping(Z[zs | s € S], R) — Morge(S, R) = Morg.:(S, Forget(R)),

that sends ¢ to (s — ¢(x5)), whose inverse sends f to the unique ¢ € Morcging (Z[zs |
s € S|, R) such that p(zs) = f(s) for each s € S. Show that (24) is indeed functorial
in S and R, and hence gives the desired adjunction.

If we use R-algebras instead of C' Ring, something similar works, with R[z, | s €
S| instead of Z[xs | s € S].
The examples (i), (ii), (iii) and (iv) are examples of an informal principle called the
‘free-forgetful adjunction’: often a “forgetful functor” has a left adjoint provided
by a “free construction”. Similarly, e.g., we have a notion of “free monoids on 57,
a left adjoint to the forgetful functor from the category of monoids to Set (see
Subsection 5.3 below).

(v) Consider Forget : Top v~ Set. Consider two functors F, G : Set v~ Top, where
F(S) is S with the discrete topology, and G(S) is S with the indiscrete topology
(as usual, fill in the morphisms). Then show that F is left adjoint to Forget, while
G is right adjoint to Forget.

"More precisely, FreeAb(S) is the group of formal sums ), ¢ a,s, with a, € Z for each s € S and a;, = 0
for all but finitely many s, where the ‘s’ of ass is a formal symbol corresponding to s € S. The inclusion
ts + S — FreeAb(S) that realizes S as a subset of FreeAb(S) is defined by viewing each s € S as the
element >0, o8 € FreeAb(S), where 6, o equals 1 if s = s’ and zero otherwise. Thus, S < FreeAb(S)
forms a basis.

8Recall, since this only defines the functor at the level of objects, you should mentally fill in how it
‘should’ be defined at the level of morphisms.
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A left adjoint to the inclusion functor AbGrp v~ Grp is the abelianization functor
Grp v AbGrp that sends G to its abelianization G* := G/[G,G] (as usual,
define the abelianization functor for morphisms; this will mostly not be repeated in
future): if G is a group and H is an abelian group, then any homomorphism G — H
factors as the composite of the abelianization map G — G with a homomorphism
G — H, and this induces a bijection

MOIGT},(G, H) — MOI‘AbGTp(Gab, H)

Show that a left adjoint to the inclusion functor from the category of fields to
that of integral domains, is given by the functor that takes any integral domain to
its quotient field. See this by proving the following: any homomorphism from an
integral domain R to a field factors uniquely through the obvious inclusion R — K,
where K is the quotient field of R.

A left adjoint to the inclusion functor from the category of Hausdorff topological
spaces to Top, is given by the “Hausdorffization” functor, sending each topological
space X to its “maximal Hausdorff quotient”. The point is that any continuous
map from X to a Hausdorff topological space factors uniquely through this quotient
(show that this gives the desired adjunction).

A left adjoint to the inclusion functor from the category of compact Hausdorff
spaces to that of all topological spaces, is given by the Stone-Cech compactification:
any continuous map from X to a compact Hausdorff space factors uniquely through
the Stone-Cech compactification (show that this gives the desired adjunction).
Let Ring be the category of rings with 1, and Rng the category of rings with-
out 1. The forgetful functor Ring ~» Rng has a left adjoint given by “adjoining
the identity”: if R € Ob Rng, adjoining identity involves considering a ring whose
underlying abelian group is R" := Z ® R, where 1 € Z < R”" acts as a multi-
plicative identity, and where the multiplication on R < Z @ R coincides with the
multiplication coming from the Rng-structure on R. Again, the point is that any
homomorphism in Rng from R to a ring R’ with 1 factors uniquely through the
inclusion R < R" (show that this gives the desired adjunction).

Z and R are directed sets, and hence can be viewed as categories as in Lecture
4: there is exactly one morphism a — b if a < b, and none otherwise. Then the
inclusion functor Z v~ R has:

e a left adjoint given has the ceiling function x — [z] := the smallest integer

> x: indeed, for a € R and b € Z, a < b if and only if [a] < b; and

e a right adjoint given by the floor function = — |x| := the largest integer < x:

indeed, for a € Z and be R, a < b if and only if a < |b].
We will see more examples, such as:
e Hom-tensor adjointness, — ®g N is left adjoint to Hompg (N, —).
e Sending V' € Ob Vecy, to its tensor algebra T'(V), is a left adjoint to:

Forget : Not necessarily commutative k-algebras v Vecy.
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5.2. Adjointness and commutativity with colimits/limits. When we discuss tensor
products, we will need to prove that tensor products commute with taking direct sums as
well as with taking cokernels: (M; ® M,) ®g N = M; ®r N @ My ®gr N, and coker(M; —
Ms)®r N =~ coker(M; ®g N — M;®pr N). Both of these are special cases of the assertion
that — ®zg N commutes with colimits: note that a direct sum is a coproduct and hence
a colimit, while a cokernel of f, being the coequalizer of f and the 0 map, is a colimit as
well. This motivates the following definition:

Definition 5.4. A functor F : C v~ D is said to be continuous if it commutes with small
limits, and cocontinuous if it commutes with small colimits.

That —®r N commutes with small colimits, will be a consequence of its being left adjoint
to some functor (Homg(V, —) in this case), so that the following proposition will apply:
Proposition 5.5. Let F' : C v~~~ D be a left adjoint to a functor G : D v~ C. Then F' is
cocontinuous, and G is continuous.

Proof. We will prove the result for F'; the result for GG is analogous.

Suppose (X, (¢5);) is a colimit of H : J v~ C: this is the same as saying that for all
Y € Ob(C, Setting X; := H(yj) for j € Ob J, we have a bijection:

More(X,Y) 7% {f] e [] Mor(X;,Y)| ¥h:i— jinJ, we have fizfjoH(h)}.
j€Ob J

Let adj be the adjunction between F' and G, as in (23). Then for Z € ObD, we have
bijections:

Morp(F(X), Z) ™I More(X, G(2))

OLJ {f] c 1_[ MOI‘C (Z))|Vhz—>]1nJ7wehavef1=ijH(h)}
jeOb J
= {(gj)j € H Morp(F(X;),Z) | Vh:i— jin J, we have g; = g; o F(H(h))}’
jeObJ

where the last map is justified by the commutativity of the following diagram, for h : 7 — j
in J:
—oH(h)

fi€ More(X;, G(2))

adj T

g; € Morp (F(Xj}), Z)

MOI‘c(Xi,G(Z)) > fz )

Tadj

TEO) More(F(X), Z) 50

which in turn follows from the naturality of adj (see (22), rotated 90 degrees anticlockwise).

To conclude from here that (F'(X), F'(¢;);) is a colimit of F' o H : J v~ D, it is enough to
show that the composite of the above chain of bijections is given by (— o F'(¢;));. This is
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equivalent to showing that the following diagram commutes for each j € Ob J:

Morp(F(X), Z) =2+ More(X, G(Z)) |

—OF(Lj)l/ l/—m]-

adj

Morp(F(X;), Z) — Mor¢(X;,G(2))

which again follows from the naturality of adj (see (22)). O

We end this discussion with an exercise which might as well belong to an earlier subsection.

Exercise 5.6. This exercise introduces the units/counits of an adjunction, and explains
how to describe the adjunction maps adjy y in terms of these. Let F' be left adjoint to G,
and let an adjunction as in (23) between them be given, so we have the bijections adjy y

(see (21)). For all X € ObC and Y € Ob D, define
nx: X > GF (X)) and e :FGY)) Y
as follows:

o nx = adjx p(x)(idrx)) € More(X, G(F(X))) (see (21), apply it with Y = F(X)).
° cy = adj(_;%y)y(idg(y)) € Morp(F(G(Y)),Y) (see (21), apply it with X = G(Y)).

Show that = (1x)xeobc is a natural transformation ide — G o F', where idc is the identity
functor C v~ C; one calls i the unit of the adjunction (23). Similarly € = (eéy)yeonp is a
natural transformation F' o G — idp, called the counit of the adjunction.

Show that 1 and € give ways to describe adj: namely, adjx y : Morp(F(X),Y) — Morp(X, G(Y))
is given by g — G(g)onx, and the inverse bijection adj)_(yly : Morp (X, G(Y)) — Morp(F(X),Y)
is given by f — €y o F(f).

Example 5.7. The forgetful functors AbGrp v~ Set and R-Mod ~~ Set do not respect
coproducts: they take a direct sum to a set-theoretic product rather than to a disjoint
union. One can show that the forgetful functors Grp v~ Set and CRing v~ Set do
not respect coproducts either (the former can be shown using material later in this chap-
ter). Therefore, these functors do not have a right adjoint, unlike the forgetful functor
Top v~ Set (Example 5.3(v)). Recall, though, that these functors all had a left adjoint
(see Example 5.3).

Similarly, the inclusion functor AbGrp v~ Grp does not respect coproducts: the material
later in this lecture will show that given two abelian groups A and B, their coproduct in
the category Grp (which is called a free product of A and B and denoted A+ B) is typically
nonabelian and hence different from their coproduct A® B in AbGrp. For instance, this is
the case when A = B = Z. Thus, this functor does not have a right adjoint either, though
we saw that it has a left adjoint given by abelianization.
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5.3. Free groups. Let us now discuss the free group on a set S, denoted Free(S). Some
of this subsection will be informal (e.g., the definition of the equivalence relation ~ in
Construction 5.10 below), and at least two of the proofs will be skipped (Proposition 5.11
and Lemma 5.15). If you want a more detailed treatment, please look up a reference,
such as the book of Dummit and Foote, or Section 2.2.2 of “Geometric Group Theory:
An Introduction” by Clara Loh, about which I learnt from Radhika Gupta. A different
treatment can be seen in Serge Lang’s “Algebra”, where he defines Free(S) to be a group
that satisfies the universal property we expect from it (see Lemma 5.13 below), first showing
the existence of such a group using an argument due to Tits, and then giving an approach
(or two) showing that this group can be described as in more conventional treatments (as
followed in the discussion below).

Definition 5.8. Let S be a set. The free monoid on S is the set FreeMon(S) of all
sequences of elements of S, made into a monoid via concatenation: a typical sequence
(S1,...,8,) € FreeMon(S) is called a word and written s;$3...s,, and the product of
5189 ...8, and tyty...t,, is written s159 ... sS,t1ts...1,,. This includes the empty sequence,
which is written 1 and is the identity of FreeMon(S).

There is an obvious inclusion S < FreeMon(S), sending s € S to the singleton sequence
with just s in it.

Exercise 5.9. (i) Show that restriction with respect to the obvious inclusion S <
FreeMon(S) induces, for any monoid M, a bijection
(25) Mor pronoia(Free Mon(S), M) — Morge (S, M).

(ii) Use (i) to extend S — FreeMon(S) to a functor FreeMon : Set v~ Monoid, and
show that the maps of (25), as the set S and the monoid M vary, realize FreeMon
as a left adjoint to the forgetful functor Forget : Monoid ~~ Set.

Construction 5.10. Let S be a set. Introduce a symbol s7! for all s € S, and let
T =S50S where S7' = {s71 | s € S}. Given wy,ws € FreeMon(T), declare w; ~ ws
if they can be obtained from each other by a finite sequence of insertions or deletions of
words of the form za~! or 27!z, where x € S = T. This is clearly an equivalence relation,
so we may form FreeMon(T)/ ~.

The following proposition is not difficult at all, but I don’t want to write out the details:

Proposition 5.11. In the setting of Construction 5.10, the multiplication on FreeMon(T')
descends to a well-defined multiplication on FreeMon(T)/ ~, making it into a group.

Proof. Omitted. Please look it up somewhere, say Section 2.2.2 of Clara Loh’s book. [J

Definition 5.12. Let S be a set. Then we define F'ree(.S) to be the group whose underlying
set is FreeMon(T)/ ~ as in Construction 5.10, with multiplication induced from that in
FreeMon(T) (as justified by Proposition 5.11). Let tg : S — Free(S) be the obvious map.



59

Recall that a group G is generated by S’ < G if the smallest subgroup of G containing S’
equals G. Equivalently, if every element of G can be written as a product s7* ... s%, where
s; € S" and a; € Z. Clearly, the image of S in Free(S) generates Free(S).

To construct S ~ Free(S) as a functor, i.e., to define it at the level of morphisms, we will
use the following lemma.

Lemma 5.13. Restriction to S (i.e., — o 1g) defines, given any group G, a bijection

(26) Morg,,(Free(S), G) — Morge: (S, G) = Morge (S, Forget(G)).

Proof. The injectivity follows from the fact that ts(S) generates Free(S). For surjectivity,
given ¢ € Morge (.S, Forget(G)), note that the universal property of FreeMon(T') gives us
a unique monoid homomorphism FreeMon(T) — G that, for each s € S, sends s to ¢(s)
and s~ to ¢(s)7!. Tt is clear that this homomorphism respects the equivalence relation ~,
and hence descends to a monoid homomorphism FreeMon(T)/ ~— G, which is the same
as a group homomorphism Free(S) — G, whose composite with tg is ¢ : S — G. O

Corollary 5.14. The map s : S — Free(S) is injective.

Proof. Given si, sy € S with 51 # $9, there exists ¢ € Morge (.S, Z) with ¢(s1) # ¢(s2), and
hence, by Lemma 5.13, a homomorphism ¢ : Free(S) — Z with 1 o 1g(s1) # 1 o 15(s2),
forcing tg(s1) # ts(s2). O

Lemma 5.13 lets us define S ~» Free(S) as a functor: given f : S — S’, define Free(f) :
Free(S) — Free(S’) by taking G = Free(S’) in (26), and letting Free(f) be the inverse
image under that bijection of

tsro f: S — Free(S") =G.
It is easy to check that Frree(fyo fi) = Free(fs)o Free(fi) and that Free(idg) = idpyee(s)-

We will probably not use the lemma below, but it tells us what elements in Free(S) look
like, justifying the use of the word ‘free’.

Lemma 5.15. Every equivalence class in Free(S) = FreeMon(T)/ ~ contains a unique
reduced word, by which we mean a word that does not contain any subsequence of the form
xx~! or o7 tw, with x € S. Thus, every element of Free(S) can be uniquely written in the

form

sit.Lsem
where s; € S and a; € Z\{0} for each i, and s; # s;+1 for all1 <i <n—1 (note that n is
allowed to be 0, in which case the above element is the identity element of Free(S)).

Proof. The proof of the first assertion is omitted, please look up some source such as
Dummitt and Foote. The second assertion is a restatement of the first. Il
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5.4. Presentation of groups by generators and relations. A presentation of a group
G, or a description of G using generators and relations, is a triple (S, R, h) consisting of a
set S, a subset R < Free(S), and a surjective homomorphism h : Free(S) — G such that
ker(h) < Free(S) is the normal subgroup of Free(S) generated by R, i.e., the smallest
normal subgroup of Free(S) that contains R.

Note that given such a presentation, h(S) < G generates G, since h : Free(S) — G is
surjective, and S generates Free(S). One might often suppress h from the notation and
say that G has a presentation (S|R) or that G =~ (S|R).

Lemma 5.16. Any group G has a presentation.

Proof. Let G be any group and let S < G be a set of generators. Consider F'ree(S); one
has inclusion morphisms tg : S < Free(S) and f : S < G, but this should not cause
confusion (between, e.g., sisy viewed as an element of Free(S), and s3s, viewed as an
element of G; the latter may be trivial but the former is never so). Corresponding to the
latter map, f : S < G, (26) gives us a homomorphism h : Free(S) — G sending tg(s) to
f(s). Since S was chosen as a set of generators for G, it follows that h : Free(S) — G is
surjective, i.e., every group is a quotient of a free group. One can then take R to be any

set of generators for ker(h), for instance ker(h) itself. O

Example 5.17. It is easy to see that for any group G, G =~ (Glryz"' | z = 2y € G):
if Gy = Free(G) is the normal subgroup generated by the xyz~! with z = zy € G, then
restriction via G < Free(G) gives bijections:

Morg,,(Free(G)/Go, H) — {f € Morgt (G, H) | f(2)f(y) = f(2)Vz = 2y € G} = Morg,,(G, H).

Example 5.18. (i) For G = Z/nZ, one can take S = {a} to be a singleton, and
R = {a"}, so G = {(a]a™) = {a,a®*|a", a®").
(ii) A dihedral group D,, of order 2n has a presentation

D, = <T7 f | Tn? f27 (Tf)2>7
which we may also write as {r, f | v = f2 = (rf)? = Doras{r,f|r = f? =
L frf~" = r=% (note that there are multiple irredundant ways to present any
group).

Here, the use of the letters ‘r” and ‘f’ is motivated by the usual realization of D,
as a group of symmetries of the Euclidean space R?, where ‘the Euclidean space
R?’ means ‘the vector space R? together with its standard inner product’: r stands
for an anticlockwise rotation of 27/n about the origin, and f stands for a flip, or a
reflection, across the line through the origin that makes an angle of 7/n with the
z-axis. 7 and f in this picture could be more general (exercise: try to describe the
other possible r and f in the picture).

(iii) The symmetric group S,, on n letters can be shown to have a presentation

(St Sno1]s; = 1V1I<i<n—1,85; =s;5V] #it]l, 88415 = Sit15:i8i+1 V1 < i < n—2).

Let us sketch how to show this. Writing W, for the group with the above pre-
sentation, first, it is easy to see that sending s; to the transposition (i,7 + 1) gives
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a homomorphism W,, — S,,: this is because it is easy to compute that the above
relations are satisfied when each s; replaced by (i, + 1). This homomorphism
W, — S, is surjective, since the (i,7 + 1) generate S,. Therefore, it is enough to
show that #W,, = nl.

We will do this by induction. The analogous map W,y — 5,1 is an isomor-
phism by induction, so #W,,_; = (n — 1)!. Therefore, it is enough to show that
#(W,/W,_1) = n, which follows if we show that any right coset of W,,_; in W,
contains a representative from {1,s, 1,8, 284_1,...,51-..8,-1} (we assume this
inductively, with n replaced by n — 1). For this, given w € W, \W,,_; expressed as
a product of the s;, one first manipulates this product using the relations so as to
have exactly one copy of s,_;. This implies that W, = W,,_1 u W,,_18,_1W,_1.
Therefore:

Wn = Wn—l U Wn—lsn—an—l
=Whaau ({1 u{sj...sna|1<j<n—2}) Wy_os,_1 W,
= Wp1td Snflwnfl L {Sj <+ Sp—2 ‘ I< ] SN — 2}SnflVanlv

where in the second step we used the induction hypothesis to get coset represen-
tatives for W,,_1 /W, _», and in the third step we used the fact that W, _o can be
commuted past s,,_;. This gives the desired set of coset representatives.

(iv) PSLy(Z) has a presentation {a,b | a? b*), where a maps to <(1) _01> and b to

0 —1
1 1
a challenge at this point.
(v) The free abelian group on S has a presentation (S|{aba='b"! | a,b € S}) (exercise).

. This is not obvious; you can look up if you are interested but don’t like

5.5. Colimits in the category of groups.
o If G; = (S;|R;) for all i € I, let
G:=(S:= |_|Si | R:= |_|RZ>

1€l el
Then it is immediate that for each i, we get a map ¢; : G; — G (sending the
image of s; in G; to the image of s; in ), such that the images of the ¢; generate
G. The map

Hom(G, H) ™9 T | Hom(G,, H)

is bijective: the injectivity follows since every element of S (or rather, its image
in GG) belongs to the image of some G;, while for surjectivity, use that given ¢; €
Hom(G;, H) for each i, sending s; € S; < S to p;(s;) for each i satisfies each relation
in R and hence gives a well-defined homomorphism ¢ : G — H with ¢|g, = ¢; for
cach i. Therefore, (G, (1;);) is a coproduct of the G;. Note that each ¢; is injective,
so we may think of the GG; as subgroups of GG, that together generate GG. The binary
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coproduct G L G5 is also denoted Gy = G5, and called the free product of G; and
Gs.

More generally, let F' : J v~ Grp be a functor, with J a small category. Write
Gj = F(j), and form the coproduct (G := | ;.o ;G ¢j : Gj — G). Each ¢; is a
monomorphism, and can hence be viewed as an inclusion, so we regard the G; as
subgroups of G. Then a colimit of F' is given as the quotient of G by the normal
subgroup generated by

{9;(F(f)(g)" | fri—jin J g;€ Gy g€ Gi}.
A special case is when we have {G; | i € I} indexed by a set I, and a group
A mapping to each G;. This realizes an obvious functor F' : J v~ (G, where
ObJ = I u {x}, whose colimit G is called the amalgamated product of the G;.
Explicitly, check that this colimit G is the quotient of |_|; G; by the normal subgroup
generated by
{pi(a)p;(a)~" | i,je,ae A}.

Note that when I = {1,2} has two elements, the above is nothing but a pushout of
A — G and A — G5: we will denote this by Gy =4 Gs.

Example 5.19. The presentation of PSLs(Z) given in Example 5.18(iv) implies that
PSLy(Z) = (Z/27) = (Z/3Z). Note that, while Z/2Z and 7Z/3Z are finite, their free product
is the infinite “large looking” group PSLs(Z).

In topology, you will learn the Seifert-Van Kampen theorem:

Theorem 5.20 (Seifert-Van Kampen theorem). Suppose a topological space X is the union
of two path connected subspaces Uy and Us, such that Uy n Us is nonempty and path con-
nected. Let x € Uy n Uy, so applying the functor m to the inclusions (Uy n Uy, x) —
(Ui, ) — (X, x) of pointed topological spaces give a commutative diagram.:

7T1(U1 N U2,93) 7T1(U1,117) *11(UrnUs,z) 7T1(U275U)

7T1(U17ZE)

/

/

T (X, x)

T~

7T1(U2, .T)

|

(see the explanation below the theorem). Then the map g : 71 (U, ) #x, (v, Atz,2) T1 (Us, ) —
m1 (X, x) in the above diagram is an isomorphism, realizing m (X, x) as the amalgamated
product of w1 (Uy, x) and m (Us, x) over m(Uy n Uy, ).

To explain the diagram in the above theorem, we used that the composite map m1(U; n
Uy, x) — m(U;, x) — m(X,x) is independent of i € {1,2}, being obtained by applying m
to the inclusion (U; n Us, z) — (X, x); this is why, by the universal property of pushouts,
we get the map g : 7 (Uy, @) *1, (0, aUs0) T2(Us, ) — T (X, ).
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Thus, since 7 (S, {z}) =~ Z, we get that the fundamental group of the “figure 8” space, a
union of two circles intersecting at exactly one point, is Z * Z, which is just a free group
on two generators.
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6. LECTURE 6 — TENSOR PRODUCTS OVER COMMUTATIVE RINGS

Correction: In Lecture 5, I defined a continuous functor as one that preserves all limits.
This is wrong: a continuous functor is one that preserves all small limits. Similarly, a
cocontinuous functor is one that preserves all small colimits.

6.1. The definition of tensor products.

Notation 6.1. Throughout today’s lecture, R will denote a commutative ring. When
C = R-Mod, Mor¢ will be denoted by Homp.

Definition 6.2. (i) For modules M, ..., M, and L over a commutative ring R, write
Multg(My, ..., M. L) ={f : My x --- x M, — L | f is R-multilinear},

where we recall that ‘ R-multilinear’ means ‘ R-linear in each variable’. Multg(My, . ..
has an obvious structure of an R-module, using the R-module structure on L.

(i) Mult(My, ..., M,; —) = Multg(Mi, ..., M,;—) ? can be thought of either as a func-
tor R-Mod ~~ R-Mod, or as a functor R-Mod ~~ Set. When r = 2, we write
Bily for Multpg.

(iii) A tensor product of My, ..., M, over R can be defined in one of the following two
equivalent ways:

e [t is an R-module M, together with an R-multilinear map u : My x --- x M, —
M, such that for each R-module L, the map

Homp(M, L) = Multz(M, . .., M,; L)

is a bijection (and hence an isomorphism of R-modules). In other words, —owu

is a natural isomorphism of functors Homg (M, -) — Multg(My, ..., M,; —).

e It is an R-module M € Ob R-Mod that corepresents the functor Multr (M, .. .,
together with a natural isomorphism hy; — Multg(My, ..., M,; —) of functors
R-Mod v~~~ Set.

As you should be able to immediately see by now, a tensor product (M,u) of My, ..., M,
is uniquely unique if it exists, so I am not even listing that as an exercise.

Exercise 6.3. (i) Convince yourself of the equivalence between the two ways of defin-

ing a tensor product of Mj,..., M, (hint: see Remark 3.15 from Lecture 3: u €

Multg (M, ..., M,; M) is what was informally referred to as the ‘universal object’).

(ii) (Easy) If (M,u) is a tensor product of M, ..., M,, show that u(M; x --- x M,)
spans M.

Notation 6.4. Instead of denoting a tensor product of My,..., M, by (M,u), we will
typically write M| ®g - -+ ®r M, in place of M, or even M; ® --- ® M, or ®::1 M; when
R is understood from the context, and write m; ® - - - ® m,. for u(my,...,m,) € M.

90ne uses the former when R is understood.

,M,; L)

MT‘; _)a
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Note that this notation does encode information about u, since w is then given by (mq, ..., m,) —
m1 ® - - ®m,, and under it the defining property of the tensor product can be rephrased

as follows: given a multilinear map h : M; x --- x M, — L, there exists a unique linear
map f: M1 ®g - ®r M, — L with the property that f(m; ® ---®m,) = h(my,...,m,)
whenever m; € M; for all 1 < i < r. This notation is well-defined, since the tensor product

is uniquely unique. This is how we will mostly write the tensor product from now on.

Remark 6.5. Assume that M; ®g - - - ®g M, exists (which we will prove soon).

(i) By Exercise 6.3(ii), while not every element of M; ®g - - - ®r M, is of the form the
my ® - ®m,, every element of My Qg -+ ®r M, can be written as a finite linear
combination (or equivalently, as a finite sum) of terms of the form m; ® - - - ® m,,
which may be referred to as ‘pure tensors’.

(ii) This has the consequence that every R-module homomorphism M; ®g - - - ®r M, —
L, for any R-module L, is uniquely determined by where it sends the m; ®- - -®@m,.:
this fact will be implicitly used in what follows, to automatically consider various
uniqueness assertions as having been proved.

(iii) The multilinearity of the above map M; x -+ x M, — M; ®g -+ ®g M, means
that the expression m; ® - - - ® m, is multilinear in mq, ..., m,, and that it vanishes
when some m; equals 0.

Here are some examples of tensor products we can already calculate.

Proposition 6.6. (i) For any R-module N, a tensor product of R and N is given by
the (obviously bilinear) multiplication map R x N — N, i.e., (a,n) — an, and a
tensor product of N and R by the map N x R — R, (n,a) — an. In other words,
using Notation 6.4, we have isomorphisms RQr N = N = N Qg R, under which,
forallae R andne N,a®n — an —nQa.

(ii) For any R-module N and ideal I = N, we have unique isomorphisms R/I Qg N =
N/IN =~ N®g R/I, such that for alla € R andn € N, a®n — an < n®a, where
a and an are the images of a and an in R/I and N/IN (Ezxercise: translate this
into the “(M,u)” notation).

Remark 6.7. Recall that IN is not {an | a € I,n € N}, but Spang({an |a € I,n e N}).

Proof of Proposition 6.6. We have an R-module homomorphism Bilg(R, N; L) — Hompg(N, L),
sending B to n — B(1,n). This map is an isomorphism, since a two-sided inverse is readily
checked to be the map sending ¢ € Homg(N, L) to (a,n) — ap(n) = ¢(an). This isomor-
phism being clearly functorial in L, the multiplication map R x N — N is a tensor product

for R and N. A similar argument applies to bilinear maps on N x R, and (i) follows.

Now we come to (ii). Note that (a,n) — an is a well-defined map R/I x N — N/IN,
which is bilinear. Therefore, for any R-module L, — o ((a,n) — an) is an R-module
map Homg(N/IN,L) — Bilg(R/I, N; L), and it is enough to prove that this map is an
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isomorphism. It is the left vertical arrow of the following diagram:

—o(N—N/IN)

Homp(N/IN, L)< Hompg(N, L)
—o((a,n)—an) l l —o((a,n)—an)
. —o((a,n)—(a@n)) .
Bilp(R/I, N; L)< Bilp(R, N; L)

It is clear that this diagram is commutative. The top rows are clearly injections, and
hence will be viewed as inclusions. By (i), the right vertical arrow in the diagram is an
isomorphism, so it is enough to show that it maps the submodule Homg(N/IN,L) <
Hompg (N, L) onto the submodule Bilg(R/I, N; L) < Bilg(R, N;L); or equivalently, that
its inverse maps Bilg(R/I, N; L) to Homgz(N/IN, L).

Bilg(R/I, N; L) < Bilg(R, N; L) is precisely the submodule consisting of the bilinear maps
that vanish on I x N. The inverse image of this submodule under the right vertical arrow
is the submodule of Homg(N, L) that vanishes on {an | a € I,n € N}, or equivalently, on
its span. But this span is precisely IN. In other words, the isomorphism Bilg(R, N; L) —
Hompg(N, L) sends Bilgr(R/I,N;L) to the submodule of Hompg (N, L) that vanishes on
IN < N, which identifies with Homg(N/IN, L) € Hompg(N, L), via the top horizontal
arrow, which was what we wanted to prove. O

Example 6.8. In particular:

e R/II®r R/J=(R/J)/I(R/J) =~ R/(I+J).

e As an even more special case, it follows that (Z/mZ)®y(Z/nZ) = Z/(m,n)Z, which
is 0 if (m,n) = 1. Thus, for instance, (Z/27) ®; (Z/3Z) = 0, showing that, unlike
what we will see in Example 6.12 below, there can be a lot of ‘collapsing’ when one
takes tensor products of non-free modules.

Lemma 6.9. If f; : M; — N; is an R-module homomorphism for 1 < ¢ < r, and both
X)i_, M; and Q);_, N; exist, then there exists a unique R-module homomorphism

T T '
®1: @M~ @N
i=1 i=1 i=1
with the property that whenever m; € M; for all 1 <1 < r, we have

(@fi>(7711®-~®mr) = film)®- - ® fr-(m,).

Moreover, this construction is functorial: stated informally, if M, LY N; % L, and X, 7
exists for 7 € {M, N, L}, then

r

®(gi o fi) = <<£§1gl> © <<£§1 fi), X idy, = idgr_, a, -

i=1 =1
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Proof. The first assertion follows from the fact that (mq,...,m,) — fi(m)® - ® f.(m,)
is R-multilinear, together with the defining property of the tensor product X);_, M;. One
can also obtain this by applying the Yoneda lemma to the natural transformation

MultR<N1, PN 7Nr7 —) - MultR(Ml, ce 7Mr7 —)
obtained by pulling back with respect to
(fi,o oy fr) s My x -+ x M. — Ny x -+ x N,.

The functoriality is immediate from the uniqueness (which should be understood to follow
as explained in Remark 6.5(ii)). O

Proposition 6.10. (i) Suppose M ®gr N; and M; ®r N exist for each i € I. Then
M ®gr (B, N;) and (B, M;) ®r N ezist, and there exists a unique isomorphism

M ®g ((—DNZ) —~ P Mg N, (resp., (@Mi) ®r N > P M, @ N),
i€l i€l el 1€l
defined by the requirement that it send each m ® (n;); to (m ® n;);, (resp., each
(m;); ®n to (m; ®n);).

(11) Suppose a sequence of homomorphisms
My My S M -0

of R-modules is exact, and that M1 ®zr N and My ®r N exists. Then M Qr N
exists, and the sequence

(27) M, ®@r N &N My @ NS M@z N — 0

(where f ®idy and g ® idy are as in Lemma 06.9) is exact as well. A similar
assertion applies to tensoring with N on the left.

Remark 6.11. (i) Please don’t read Proposition 6.10(i) as just saying that (P, M;)®g
N is isomorphic to @), M; ®x N: it is making the stronger statement that there is a
very particular isomorphism @, M; ®z N — (P, M;) ®r N, sending each (m; ®n);
to (m;); ®n.

(ii) Here is another way to express the condition that @, M; ®g N — (P, M;) ®r N
takes (m; ® n); to (m;); ® n. Namely, applying the functoriality of — ®z N to
the inclusion ¢; : M; — @, M, gives us a homomorphism ¢; ® idy : M; ®g N —
(@, M;) ®r N, and the condition (m; ® n); — (m;); ® n above is equivalent to
saying that the (1; ® idy); together sum up to an isomorphism @, M; ®z N —
(@, M;) ®z N. Thus, Proposition 6.10(i) is essentially saying “— ®g N respects
coproducts”.

(iii) If it is not already obvious to you, please make sure you understand that (ii) of the
proposition can be rephrased as follows. Suppose f : M; — M, is a homomorphism
of R-modules, and let M := coker(f). If M} ®g N and M, ®z N exist, then
M®pgN exists as well, and can be described as follows: if g : My — M is the obvious
surjection, then (ii) of the proposition is telling us that g®idy : Mo®rN — MRz N
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has kernel equal to the image of f®id : M1®r N — M>y®gr N, and that the resulting
map

coker(f ®idy : M1 ®r N — My ®r N) — coker(f : My — M) ®p N = M ®r N

is an isomorphism. In other words, “tensoring respects cokernels”.

(iv) The property in (ii) of the proposition will be referred to as saying that the “oper-
ations” 1 — @z N and N ®p — are “right exact”.

(v) If M is the cokernel of an injection M; < My, then (ii) of the proposition does not
let us write (My/M;) ®r N as (My®g N)/(M; ®g N), since M1 ®gr N — My ®g N
may not be injective. We just have an (explicit) isomorphism

(28) (MQ/Ml) ®RN = coker(M1 ®RN—> My ®r N)

For an explicit example as to why, see Remark 6.13.

(vi) From the proof below, you can see that that both (i) and (ii) of the proposition can
be immediately generalized to tensor products of r > 2 factors (but where all the
variation happens at only one factor). For brevity, we will not state it formally.

(vii) For another (perhaps more usual, possibly more succinct /simpler to describe) proof
of (ii) of the proposition, see Remark 6.19.

Proof of Proposition 6.10. For j € J, let v; : M; — @, M; be the obvious inclusion. For
(i), we use the following diagram, which is functorial in L:

Homp (@, M; ®r N, L) - - = = 222200 S Bilg(, My, N; L)
(Obz@idN)z‘lZ :l(O(LiXidN))i
(—o((mi,n)—>m;@n)); .
Hi Hompg(M; ®&r N, L) Hl Bilg(M;, N; L)

The vertical arrows are readily seen to be isomorphisms, and the bottom horizontal arrow
is an isomorphism by the defining property of the M; ®z N. Therefore, the top horizontal
arrow exists and is an isomorphism as well, and hence, by definition, gives a tensor product
of @, M, and N. This implies that (P, M;)®gr N exists and is isomorphic to @,(M;@rN).
Moreover, check that the top horizontal arrow is given by — o (((m;);,n) — (m; ® n);) as
marked, so that the resulting isomorphism (P, M;) g N — @,(M; ®r N) indeed satisfies
the requirement that (m;); ® n be sent by it to (m; ® n);, as claimed.

The proof of (ii) is a straightforward adaptation of that of Proposition 6.6(ii), so we will
be brief. Setting M := coker(f ® id : M; ®g N — M, ®g N), check that we have the

following diagram which commutes, whose left square is analogous to the square in the

10860n to be established as functors.
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proof of Proposition 6.6(ii):

0 — Bilg(M, N; L) — Bilg(M,, N; L)
A
3

Bil(M,, N: L)
x>~ 2]—O(M2><N—>M2®RN) ZT_O(MIXN_)M1®RN)

|
|
0 — Homp(M, L) — Homp(M, ® N, L) — Hom(M; ®g N; L)

Check that the rows of the above diagram are exact: the exactness of the bottom row is
a simple fact seen in Lemma 6.18 below, while the exactness of the top row asserts that a
bilinear map My x N — L restricts via f x idy to the zero bilinear map M; x N — L if
and only if it is a pullback, under ¢ x idy, of a bilinear form on M x N.

But this means that the middle vertical map restricts to give an isomorphism Hom R(M ,L) —
Bilg(M, N; L), the dotted arrow of the above diagram. Hence, a tensor product M ®g N
of M and N over R is given by the map M x N — M = coker(f ® idy) that, for
m = g(my) € M and n € N, sends (m,n) to the image of my ® n € My ®g N in
coker(f ®idy) = M. 1!

Thus, we have an exact sequence
My ®r NS My @5 N 5 M = M @k N — 0

(the exactness following from the definition of M as coker(f ®id)), where the map M, ®x
N — M ®g N sends ms ® n to m ® n whenever m = g(ms) (this follows from the last
sentence of the previous paragraph). In other words, the map My ®r N — M ®g N above
is exactly g ® id, finishing the proof. O

Example 6.12. If M, is a free R-module with basis {e;}; and M, is a free R-module with
basis {f;};, then by Proposition 6.10(i), it is easy to see that that M; ®g M, is free with
a basis given by {e; ® f; | 1,7 € J}.

Let us discuss an example:

Remark 6.13. Rishiraj asked the timely question as to whether the tensor product is
“exact” rather than just “right exact”: i.e., if a sequence

0— M b My 5 M —0
of R-modules is exact, then (assuming all tensor products exist) is the sequence
0— M, ®p N5 My ®@p N 5 M@z N — 0

exact? The answer is no. By Proposition 6.10(ii), this question is equivalent to the
following: if f : My < M, is injective, is f ® idy : M1 g N — My ®g N also injective?
A counterexample is given by taking f : M; — M; to be the map x2 : Z — Z given by
multiplication by 2, and N to be Z/2Z. Then use Proposition 6.6 to see that the map

1Gee this by chasing the left square of the diagram.
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f®idy : M1 ®r N — My ®p N is the map x2 : Z/2Z — 7Z/27, which is the zero map,
and hence not injective.

Later, we will study about flat R-modules M: those for which — ®g M is exact.

As remarked, the proof of Proposition 6.10(ii) is a generalization of that of Proposition
6.6(ii), so the latter can be seen from the former. Let I < R be an ideal. Then by (28),
for any R-module M, we have

M ®gr (R/I) = coker(M ®g I - M ®r R) = coker(M ®r I — M) = M/IM,

since, although M ®pg I — M may not be injective, it takes Y m,;®i; to Y m,;®i; € MR,
that is to say, to Y i;m; € IM, and therefore the image of M ®g I — M is exactly IM.

Proposition 6.14. For all R-modules My, ..., M,, a tensor product (M, u) of My, ..., M,
exists. Thus, sending (M, ..., M,) to Q._, M; and fi,..., f. to Q._, fi defines a functor

® : R-Mod x R-Mod x --- x R-Mod v~ R-Mod.
=1 r fa\c,tors

Proof. Proof 1, when r = 2. Let us prove the first assertion (when r = 2). By Proposition
6.6, it is true when M; = R or My = R. Thus, by Proposition 6.10(i), it is true when
M; or My is free. Since any R-module is a cokernel of a map of free modules, Proposition
6.10(ii) implies that it, i.e., the first assertion, is true for general M; and M,. The second
assertion follows from the first, using Lemma 6.9. However, this involves the “strong axiom
of choice”: for each My, My, we are making a choice of My x My — M; ®g Ms, which is a
priori only well-defined up to a unique isomorphism.

This proof is easily generalized to the case of all r > 2 (see Remark 6.11(vi)), but (even
for r = 2) it involves the strong axiom of choice. As Professor Nitsure alerted me to, the
usual proof, given below, has the advantage of not using the strong axiom of choice.

Proof 2. Let M = Freer(M; x --- x M,), the free R-module on the set My x -+ x M,.
Thus, pullback with respect to be obvious map M; x --- x M, — M, sending (mq, ..., m,)
to (mq,...,m,), induces an identification, for each set (and in particular R-module) L,

(29) Homp(M, L) = Morge(My x --- x M,, L).*

Thus, our answer is going to be a quotient of M, since that is what it takes to cut down
the collection of morphisms from M.

Let N © M be the submodule generated by the elements of the following type:

7,7"'7mT>7

(may.o,mg+ml oo omy) — (ma, .o ,my, .o my) — (my, ..., m
(ma,...,am;,...,m.) —a(m,...,m.),

12Because we saw in Lecture 5 that S +— Freeg(S) is a left adjoint to the forgetful functor R-Mod v~
Set.
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as the 1 <4 < r, the various m; € M; for 1 < j <r, m;, € M, and a € R vary. Set M :=
M/N. Composing My x -+ - x M, — M with M — M, we get amap w : My x---x M, — M.
It is immediate that u is linear in each variable, that is, it is multilinear.

Moreover, under the bijection (29), the subspace of Homp(M, L) that vanishes on N,
namely Hompg(M, L), maps to the collection of elements f € Morge,(M; x - -+ x M,, L) such
that

f(mla"'ami_‘_m;'?"'amr):f(m1>"'am'i>"'7mr)+f(m17'~'7m27“'7mr)7

f(my,...;ami,....m.) =af(my,...,m,.),
as the 1 <4 < r, the various m; € M; for 1 < j <r, m) € M,; and a € R vary. But this is,
by definition, simply Multg (M, ..., M,; L). In other words, (29) restricts to a bijection

Multg(Mj, ..., M,; L) — Homg(M, L).

It is clear that this bijection is induced by pullback with respect to u. The functoriality
has already been taken care of, in Lemma 6.9. Here, no axiom of choice was involved, since
the tensor product was explicitly constructed. ]

Henceforth, we will not use the construction in Proof 2 of Proposition 6.14 at all.

6.2. Hom-tensor adjointness. Let M, N, L be R-modules. By the definition of bilinear-
ity, we get bijections (in fact R-module isomorphisms)

(30) Hompg(N,Hompg(M, L)) — Bilg(M,N;L) -  Hompg(M,Homg(N, L)),
n+— B(—,n) «~ B (m — B(m,—))
that are functorial in M, N and L.

Thus, fixing M, we consider two functors R-Mod v~~~ R-Mod, given by F' = M ®p — and
G = Hompg(M, —). We get a bijection:

Homp(F(N), L) = Homp(M®gN, L) = Bilp(M, N; L) ®Y Homp(N, Homp(M, L)) = Homp(N, G(L)),

functorial in N and L, and hence realizing M ®g— as left adjoint to Homg (M, —). Similarly,
using the other equality of (30), — ®g M is also left adjoint to Homg(M, —).

In other words, we have proved:

Proposition 6.15. M ®g — and —®g M are both left adjoint to Homg(M, —) (and hence
in particular, by Lemma 5.2, naturally isomorphic to each other).

We will redo the parenthetical natural isomorphism of M ®r — and —®gr M in Proposition

6.20 later below. Note that it agrees with earlier results such as Proposition 6.6.

Corollary 6.16. M ®g — (or equivalently, — ®gr M ) is cocontinuous, i.e., it commutes
with small colimits.
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Proof. Since M @ — and — ®z M are left adjoint to some functor by Proposition 6.15,
they both preserve small colimits (Proposition 5.5). O

Remark 6.17. (1) Since coproducts are colimits, and so are cokernels (coker(f) is the
coequalizer of f and 0), Corollary 6.16 gives a simultaneous proof of the parts (i)
and (ii) of Proposition 6.10.

(ii) Conversely, Proposition 6.10 can yield a proof of Corollary 6.16 as well. Namely,
one can show that, for categories having all small colimits (like R-Mod), a func-
tor that preserves small coproducts and coequalizers also preserves small colimits
(and a functor that preserves small products and equalizers preserves small lim-
its, if the categories involved have all small limits). This shouldn’t be surprising,
given that we have seen how the existence of small products and equalizers (resp.,
small coproducts and coequalizers) implies the existence of small limits (resp., small
colimits).

Now we note the analogue of Proposition 6.10(ii) for the functors Hompg (N, —) and Homg(—, V):
these are much easier than Proposition 6.10(ii).

Lemma 6.18. (i) For an exact sequence 0 — M % M, 4, M, of R-modules,

0 — Homp(N, M) < Hompg(N, My) = Hompg(N, M,)
is exact. In other words, Homg(N, —) : R-Mod ~~> R-Mod is “left exact”.
(i1) For an exact sequence M, 4, My % M — 0 of R-modules,

0 — Homp(M, N) =¥ Homp(Ms,, N) =¥ Homp(M,, N)
is exact. In other words, Homg(—, N) : R-Mod’ v~ R-Mod is “left exact”.

Proof. Proof 1. Both parts of the proposition are easy to verify directly. Namely, the first
says that homomorphisms into M; which vanish on applying f land in ker f = image g,
which means they factor through M & M. The second says that homomorphisms from M,
to N whose “restriction” (via f) to M; vanish, factor through M,/image(f) = Ms/ker g ~
M.

Proof 2. The first part is a special case of the assertion that Hompg(NV, —) preserves limits
in R-Mod, or equivalently, Set: but that is how limits in general categories C were defined,
namely, to ensure that any More (X, —) preserves limit. The second part is a special case of
the assertion that Homg(—, V) takes colimits in R-Mod, or equivalently limits in R-Mod®?,
to limits in R-Mod or equivalently, in Set: again, this is how colimits were defined.

Proof 3. (this is a bit too artificial though) Homg(N, —), being a left-adjoint (to N ®g —),
preserves small limits (Proposition 5.5). As for Hompg(—, N): since
Hompg (L, Homg(M, N)) = Bilg(LxM, N) = Homg(M,Homg(L, N)) = Hompg proqor (Hompg(L, N), M),

it follows that Hompg(—, V), viewed as a functor R-Mod’ «~ R-Mod, is right adjoint to
Hompg(—, N), but this time viewed as a functor R-Mod v~ R-Mod°, and is hence left
exact. O
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Remark 6.19. (i) A moral of some of the discussion above is that “left adjoint is right
exact and right adjoint is left exact” (convince yourself of this; but this is informal
since we will only formally define “right exact” and “left exact” later, when we
(hopefully) do abelian categories).

(ii) While Lemma 6.18 tells us that Homp(V, —) and Hompg(—, N) are left exact when
appropriately interpreted, neither is exact: applying Homy(Z/27, —) destroys the
exactness of Z — 7Z/27 — 0, while applying Homy(—,Z) destroys the exactness of
0 — Z X3 7 (Exercise: work out the details).

(iii) Later we will hopefully study about projective modules P (Hompg (P, —) is exact),
and injective modules I (Hompg(—, ) is exact).

(iv) One way to articulate the part of the proof of Proposition 6.10(ii) that describes
M ®g N, is to use Lemma 6.18(ii), which gives (in the notation of Proposition
6.10(ii)) the exactness of

0 — Homp (M, Homp(N, L)) =¥ Homp(Ms, Homp(N, L)) =¥ Homp(M;, Homg(N, L)),
or equivalently that of
0 — Homp(M ®x N, L) "B Homp(M; ®x N, L) ~8 Homp(M, ®& N, L).

This means precisely that Ms ®g L 99N N ®gr N is the coequalizer of f ® idy
and 0, or in other words, a cokernel of f ® idy, proving the exactness assertion in
Proposition 6.10(ii).

(v) Much of what we have done today looks like a form of Proposition 5.5 (left adjoint
functors preserve small colimits and right adjoint functors preserve small limits).

6.3. Some other properties of tensor products. You can check that the natural iso-
morphism in the proposition below coincides with that in Proposition 6.15.

Proposition 6.20. For R-modules M and N, there is a unique isomorphism of R-modules
M®&rN — N®gr M that maps each m®n to n@m. The collection of these isomorphisms
is natural in M and N, i.e., forms a natural isomorphism between functors R-Mod x R-

Mod v~ R-Mod (given by (M,N) > M ®&g N and (M,N) v~»> N ®g M ).
Proof. We have an isomorphism of functors Bilgr(M, N; —) — Bilg(N, M; —) obtained by
“swapping M and N”. This implies that

NxM™SMxN-—->MzN

is a tensor product for N x M, taking (n, m) to m®n. By the uniqueness of tensor products,
there is a unique isomorphism from N®gr M — M®pgr N, that transports N x M — NQr M
to N x M — M ®pgr N, or in other words, takes n®m to m®mn for each me M,ne N. [

Proposition 6.21. If L, M, N are modules over R, there is are isomorphisms

(L®RM)®RN3L®RM®RNLL®R (M ®r N),
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where either arrow is the unique isomorphism between its source and its target satisfying
the property that for alll € L,m e M and n € N, the corresponding relation below holds:

(l®m)®n»il®m®n<il®(m®n).

Sketch of the proof of Proposition 6.21. We will prove the assertions involving a. For any
R-module P, we have

(31)
HomR((L ®R M) ®R N, P) = BIIR((L ®R M),N, P) HOHIR(L ®R M, HOHIR(N, P))
~ Bilg(L, M; Homp(N, P)) = Multz(L, M, N; P) =~ Homp(L ®x M ®g N, P),

(30)

where the second-to-last isomorphism uses an argument analogous to that for (30): it
sends B : L x M — Hompg(N, P) to A : (I,m,n) — B(l,m)(n). This being functorial in
P, (31) gives a natural isomorphism between functors corepresented by (L ®r M) ®r N
and L ® g M ®g N, and hence also an isomorphism (L ®r M) ®r N - L®r M ®r N. It
remains to prove that this isomorphism sends (I ® m) ® n to [ ® m ® n.

Chase through the isomorphisms in (31) and verify that, under that chain, if ¢ € Homg((L&r
M) ®g N, P) corresponds to A € Multg(L, M, N; P) and ¢ € Homg(L ®r M ®r N, P),
then (I ®@ m)®n) = A(l,m,n) = (I ® m ®n). This forces the above isomorphism
(L®r M)®r N - L®r M ®g N to send (I®m)®@n to l®@mn. O

Of course, the above lemma immediately generalizes to a sort of “associativity for arbi-
trarily bracketed tensor products”, which we may use in what follows.
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7. LECTURE 7 — TENSOR PRODUCTS, THE CASE OF NONCOMMUTATIVE RINGS

7.1. Definition of tensor products over noncommutative rings. If M, L are left
modules over a noncommutative ring R, then Hompg(M, L) is only an abelian group, and
not an R-module: for ¢ € Homg(M, L) and r € R, m — rp(m) is no longer an R-module
homomorphism, since 7 - p(sm) = rsp(m) # s - rp(m) in general.

Similarly, for left modules M, N over a noncommutative ring R, defining tensor products
using R-bilinear maps M x N — L would not work well, since that would cause a lot of
collapsing: if B: M x N — L is bilinear in the sense defined in Lecture 6, then

rsB(m,n) = rB(m,sn) = B(rm,sn) = sB(rm,n) = srB(m,n),
forcing each rs — sr to annihilate the image of B.

Instead, the “correct” definition turns out to involve a right R-module with a left R-module:

Definition 7.1. Let M € Ob Mod-R be a right R-module, and N € Ob R-Mod a left
R-module.

(i) For an abelian group L, a map B : M x N — L is said to be R-middle linear
(sometimes the word “balanced” is used instead) if it is biadditive (i.e., Z-bilinear),
and if for all r € R,m € M and n € N we have:

B(mr,n) = B(m,rn).

(ii) Write Midling(M, N; L) for the abelian group (under addition in L) of R-middle
linear maps M x N — L, and Midling (M, N; —) : AbGrp v~ AbGrp for the functor
L ~~ Midling(M, N; L).

(iii) A tensor product of M and N over R is an abelian group M ®g N, together with
an R-middle linear map v : M x N — M ®g N, such that for all abelian groups L,
the following map is a bijection:

Hom aprp(M ®pg N, L) = Midling(M, N; L).

Thus, by the Yoneda lemma, a tensor product M ®g N is of M and N over R an
object of AbGrp corepresenting the functor Midling(M, N; —) : AbGrp v~ AbGrp,
together with an associated corepresentation.

Clearly, a tensor product of M and N is uniquely unique if it exists.

Proposition 7.2. Let R be a commutative ring. Then M ®r N, as defined above, exists
and coincides with the abelian group underlying the Lecture 6 version of M ®gr N.

You can try to prove this as an exercise; in any case, we will give a proof later in this
lecture.

As in Lecture 6, if a tensor product of M and N over R exists, we will denote it and its
underlying abelian group by M ®z N, and the map u : M x N — M ®r N will be denoted
by (m,n) — m®n. As in Lecture 6 again, it is easy to see that every element of M ®r N
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is (highly non-uniquely) a Z-linear combination of the m; ®n;, with each m; € M and each
n; € N.

Proposition 7.3. Let R be a (not necessarily commutative, as usual) ring. Then for any
right R-module M and a left R-module N, a tensor product M ®r N of M and N exists,
and is functorial in M and N, i.e., this defines a functor

Mod-R x R-Mod ~~> AbGrp.

Proof. One can adapt to this situation ‘Proof 2’ of the analogous assertion from Lecture 6.
Namely, one considers the free abelian group (rather than the free R-module) on M x N, and
quotients it by relations of the form (m+m’, n)—(m,n)—(m’, n), (m, n+n")—(m,n)—(m,n’)
and (mr,n) — (m,rn) as m,m' € M,n,n’ € N and r € R vary. O

7.2. R-S-bimodules.

Definition 7.4. (i) An R-S-bimodule is an abelian group M given the structure of a
left R-module and a right S-module such that the actions of R of S on M commute:
r-(m-s)=(r-m)-sforallme M, re R and s € S. In other words, we are given
homomorphisms R — Endz(M) and S’ — Endz(M) with commuting images.

(ii) Write R-Mod-S for the category of R-S-bimodules (as usual, it is clear what R-S-
bimodule homomorphisms should mean), and Homp ¢(—, —) for morphisms in this
category.

(iii) If M is an S-R-bimodule and N is an R-S’-bimodule, then M ®pg N has a structure
of an S-S’-bimodule, satisfying s(m ® n)s’ = sm ® ns’ — prove this as an easy
exercise using the universal property of the tensor product multiple times — and
will be regarded as one.

(iv) For any S-R-bimodule L, we will denote by Midling (g .¢y(M, N; L) the set of those
B e Midling(M, N; L) that satisfy B(sm,ns’) = sB(m,n)s’ for all s € S,s €
S''me M and ne N.

(v) If N is an R-S-bimodule, and L is an R-S’-module, Homg(N, L) is an (S,5’)-
bimodule under (s - f - s')(n) = f(ns)s’. * If L is simply a left R-module instead,
then N and L can be regarded as (R, Z)-bimodules, so Homg(N, L) is then just a
(Z,Z)-bimodule, which in fact comes from just an abelian group.

Similarly, if NV is an R-S’-bimodule and L is an S-S’-bimodule, then Homg: (N, L)
is an S-R-bimodule via (s- f -r)(n) = s- f(rn).

Proposition 7.5. If M is an S-R-bimodule and N is an R-S’'-bimodule, the map u :
M x N — M ®gr N satisfies the following universal property: for any L € ObS-Mod-S’,
the following is a well-defined bijection:

Homg g/(M ®g N, L) = Midling, (s.5/(M, N; L).

3Note that, since S acts on N on the right, its action on maps f from N into any space by (s- f)(n) =
f(ns) is a left action: when you take an action into an argument of a function, a left action becomes a
right action and vice versa.
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Proof. We already have the bijection between abelian groups that contain either side:
Homgz(M ®g N, L) = Midling(M, N; L).

w is clearly (S, S’)-bilinear, so if ¢ € Homz(M ®g N, L) and B = pou € Midling(M, N; L),

then

B e Midling s.5y(M,N; L) < B(sm,ns’) = sB(m,n)s',VseS,;me M,ne N,s' €5,
— p(sm®ns') =sp(m®n)s',Vse S meMneN,s €S,
«— ¢ e Homgg (M ®gN,L),

since the m ® n span M Qg N. O

Proof of Proposition 7.2. First we claim that M ®z N, defined as above, has an obvious
R-module structure.

For any commutative ring R, an R-module can be thought of as an R-R-bimodule, via
r-m-s = (r-s)-m. In the converse direction, note that an R-R-bimodule L arises
in this way from an R-module if and only if a-m = m -a for all a € R and m € M.
Thus, the R-R-bimodule M ®r N arises this way from an R-module structure on M ®pr N:
am®n) =am®@n=ma®n=m@an =mna = (mn)a.

Then for any R-module L, viewing both M ®z N and L as R-R-bimodules, inside the
sets Homyz (M ®g N, L) and Midling(M x N; L), the subsets Hompg p(M ®g N, L) and
Midling, g r) (M x N; L) coincide with Homgz(M ®g N, L) and Bilg(M, N; L) respectively
(check this). Therefore, by Proposition 7.5 (for the arrow involving “—ou” in the following
sequence), we get bijections

HOHIR(M ®R N, L) = HOHIR,R(M ®R N, L) = MidlinR’(R,R)(M X N, L) = BllR(M, N, L),

showing that M ®g N, with its R-module structure as defined above, is a tensor product
of M and N as defined in Lecture 6. O

Moral. Thus, unlike what Definition 7.1 might naively suggest, tensor product for non-
commutative rings does satisfactorily generalize the tensor product for commutative rings:
only, for a commutative ring R, an R-module M should be viewed as an (R, R)-bimodule
when we look at it as per the theory for noncommutative rings.

Lemma 7.6. If M; is an R;_1-R;-bimodule for i = 1,2,3, then we have a unique isomor-
phism of Ry-Rs3-bimodules:

(M; ®p, M) ®r, Mz = M) ®g, (My ®r, Ms),
taking each (mq ® my) @ ms to m; ® (my ® ms).

Sketch of proof. Check that both sides corepresent, in the category of Ry-R3-bimodules, the
functor that sends L to the abelian group of maps ¢ : My x My x M3 — L that are Z-trilinear
and satisfy ¥(myri, me, ms) = Y(my, rimg, ms), P (my, mara, m3) = ¥(my, my,roms), and
W(romy, ma, mars) = rotb(my, ma, mg)rs whenever m; € M; and r; € R; for € {0,1,2,3}. O
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One way to view the lemma is as follows. Just like the binary tensor products above,
we can define M; ®Qr, QMo ® --- Qg,_, M,, where M; is a right R;-module, M, is a
left R,,_1-module, and for 2 < i < n — 1, each M; is an (R;_1, R;)-bimodule. If further
M, extends to an (Rp, Ry)-bimodule and M,, extends to an (R,_1, R,)-bimodule, then
M, ®g, ®M3 ®g, -+ Qr,_, M, is an (R, R,)-bimodule. All of these are proved as in the
binary case. Then the above lemma can be justified by arguing that both modules agree
with the unbracketed tensor product M; ®g, Ms ®g, M3, as an (Ry, R3)-bimodule.

However, we will not deal much with nonbinary tensor products for noncommutative rings
in the rest of this course.

7.3. Hom-tensor adjointness, noncommutative case. Now check as an exercise that
for any (5, R)-bimodule M, (R, S’)-bimodule N, and an (5, 5’)-bimodule L, we have bi-
jections (in fact isomorphisms of abelian groups):

HOHI(R“S'/)(N, HOHIS(M, L)) <« MidlinR7(S751)(M, ]\/v7 L) —> HOIH(&R)(M, HOHIS/(N, L)),

(n— B(=,n)) < B (m— B(m,—)).
Check also that the inverses are given by ¢ — ((m,n) — ¢(n)(m)) and ¢ — ((m,n) —

¢(m)(n)).

We have seen maps of this form earlier, from when we proved Hom-tensor adjointness in
the commutative case. Therefore, we know that these work when R = S = 5 = Z, so
what you need to check to do this exercise is that the conditions imposed by R, S and S” on
either side are compatible: for example, if B is R-middle linear, then under n — B(—,n),
we have rn — B(— - r,n), which is r - B(—,n) by the definition of how Homg(M, L) is
viewed as a left R-module.

Using the identification Midling (s (M,N; L) — Hom sy (M ®r N, L) of Proposition
7.5, whose inverse is ¢ — ((m,n) — p(m®mn)), we get both the assertions of the following
proposition:

Proposition 7.7. (i) Let M be an S-R-bimodule. Then the functor M Qr — : R-
Mod-S" v~ S-Mod-S" is left-adjoint to Homg(M, —) : S-Mod-S" ~~» R-Mod-S":
we have functorial bijections in N € Ob R-Mod-S" and L € Ob.S-Mod-S’:

HOHlS’S/(M ®R N, L) d HOIIlR’S/(N, HOIIlS(M, L)),

given by ¢ — (n — (m — p(m®n))), with inverse taking ¢ € Hompg ¢/(N, Homg (M, L))
to an element of Homg /(M ®g N, L) that maps each m @ n to (n)(m).

(i1) Similarly, if N is is an R-S’-bimodule, then — ®g N : S-Mod-R ~~ S-Mod-S" is
left-adjoint to Homg/ (N, —) : S-Mod-S’ v~ S-Mod-R. **

MHere is one way to remember this: for an R-S’-bimodule, the adjoint of tensoring with respect to
R should be homming with respect to the other ring, namely S’: the two functors should go in opposite
direction, so should use up actions of different rings.
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Corollary 7.8. Let M be an S-R-bimodule. Then the functor M ®gr — : R-Mod v~ S-
Mod and —®g M : Mod-S v~~~ Mod-R are right exact, while the functor Homg(M, —) : S-
Mod ~~> R-Mod 1is left exact.

Proof. This follows from the fact that M ®r — and — ®g M, being left adjoints, preserve
small colimits and hence cokernels, and Homg(M, —), being a right adjoint, preserves small
limits and hence kernels. ' However, one can also prove this directly (especially, the latter
is easy), using arguments from Lecture 6. U

Exercise 7.9. Recall the notion of units and counits of an adjunction, either from the
notes for Lecture 4 or from HW 3. Show that, the adjunction of Proposition 7.7 between
M ®p — and Homg(M, —) has unit and counit equal to the natural transformations

id - Homg(M, M ®r —) and M ®g (Homg(M, —)) — id,

given by the maps N — Homg(M, M®grN) and M®grHomg(M, L) — L, given respectively
by n — (m — m ®n) and the evaluation map m ® w — w(m). Mentally relate these
formulas to the prescriptions in Proposition 7.7 by staring long enough (the point being
that the adjunctions are described explicitly using the unit and counit).

7.4. Extension, restriction and coextension of scalars. Let R — S be a homomor-
phism of not necessarily commutative rings. We would like to look at the special cases of
Proposition 7.7 where M = S. Then M can be viewed either as an S-R-bimodule or as an
R-S-bimodule, giving us two functors R-Mod v~ S-Mod, and two functors S-Mod ~~ R-
Mod:

Definition 7.10. (i) Viewing M = S as an (S, R)-bimodule:

e M ®pr — becomes the functor S ®p — : R-Mod v~~~ S-Mod. This functor is
called the extension of scalars along R — S, arguably the most ‘obvious’ way
of producing an S-module from an R-module.

e Homg(M,—) = Homg(S, —) : S-Mod v~~~ R-Mod. We have a functorial iso-
morphism Homg(S, L) — L, given by ¢ — ©(1). Under this isomorphism,
the left R-module structure on Homg(S, L) obtained from the S-R-bimodule
structure on S transfers to the left R-module structure on L obtained as fol-
lows: L is already a left S-module, so R acts on it via R — S. Thus, this
functor is described more simply as: “given N € ObS-Mod, take it to NV it-
self, but viewed as in Ob R-Mod, through R — S”. This functor is called the
restriction of scalars along R — S.”

(ii) Viewing M as an (R, S)-bimodule:

e This time, we have an isomorphism M ®s N = S®g N = N for each S-module
N, and under this isomorphism, the R-module structure on S ®g N, which
comes from the left-multiplication by R on S, clearly transfers to the action of
R on the S-module N via R — S. Thus, S ®s — : S-Mod v~ R-Mod is the

same as the restriction of scalars along R — S seen above.

1511 general (for “additive functors”), left adjoint functors are right exact, and right adjoint functors
are left exact.
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e On the other hand, Hompg(S, —) : R-Mod v~ S-Mod is called the coextension
of scalars along R v~~~ S.

Thus, Proposition 7.7 immediately gives, on specializing to the above two situations:

Proposition 7.11. Let R — S be a homomorphism of not necessarily commutative rings
(but with 1, as always):

(i) The extension of scalars functor S ®g — : R-Mod ~~ S-Mod is left adjoint to
the restriction of scalars functor S-Mod v~~~ R-Mod. More precisely, for any left
R-module N, and left S-module L, we have a functorial isomorphism of abelian
groups:

—o(n—1®n)
HOIIls(S (9] N, L) - HOIIlR(N, L),
given by precomposition with the map « € Homgr(N,S ®r N) given by n — 1®n
(on the right-hand side, L stands for L viewed as an R-module via R — S ).

(ii) The coextension of scalars functor Homg(S, —) : R-Mod ~~~ S-Mod is right adjoint
to the restriction of scalars functor S-Mod ~~» R-Mod. More precisely, for any
left S-module N and left R-module L, we have a functorial isomorphism

Hompg (N, L) — Homg (N, Hompg(S, L)),

whose inverse given by post-composition with the map Hompg(S, L) — L defined by
@ — (1) (the map itself takes v € Homg(N, L) to n+— (s — ¢ (sn))).

Proof. The above discussion tells us how to apply Proposition 7.7. More precisely:

e The prescription for the former isomorphism maps Homg(S®g N, L) — Homg(N, Homg(S, L))
by ¢ — (n — (s — @(s ®n))), which, upon identifying Homg(S, L) with L via
¥ — (1), becomes ¢ — (n — p(1 ®n)), which is as claimed.
e The prescription for the inverse of latter isomorphism maps (recalling that R and
S are now interchanged) Homg (N, Hompg(S, L)) to Hompg(S ®¢ N, L) by sending
Y € Homg(N,Hompg(S, L)) to the element of Homg(S ®s N = N, L) that sends
1®n =mn to ¥(n)(1): in other words, this inverse is given by composing ¢ with
the map Hompg(S, L) — L taking ¢ to ((1).

g

Example 7.12. (i) Let R = R <> C = S. Then Proposition 7.11(i) tells us that R-
linear maps from a real vector space V' to a complex vector space W are in bijection
with C-linear maps from the complexification Ve := V ®g C of V to W. Prove this
elementarily: V < Vi has Ve = V@iV as its C-span, and any R-linear map V' — W
extends uniquely to a C-linear map Ve — W, and any C-linear map Vi — W arises
this way. You might have seen this in many contexts.

(ii) Again, let R = R < C = S. Proposition 7.11(ii) tells us that R-linear maps from
a complex vector space V to a real vector space W are in bijection with C-linear
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maps from V to the complex vector space Homg(C, W) (which gets the C-vector
space structure from viewing the C in Homg(C, W) as a right C-module).

One ‘popular’ situation where this is applied is the deduction of the Hahn-Banach
theorem in the complex case from the real case. Consider the particular case where
W = R, so we get a bijection Homg(V,R) — Hom¢(V, Homg(C,R)). But we
can identify Homg(C,R) with C as a C-vector space, using the unique C-linear
isomorphism Homg(C,R) — C whose inverse takes 1 € C to the element “read off
the real part” € Homg(C,R). Now you can check that the inverse of the bijection
Homg(V,R) — Home¢(V, Homg(C, R)) = Home(V, C) takes a linear functional F €
Hom¢(V,C) to Re F € Homg(V,R), which is what is used in the Hahn-Banach
theorem for complex Banach spaces.

(iii) If R is a commutative ring and I < R is an ideal, we have an “inclusion functor”
from the category of R/I-modules to the category of R-modules, which is an equiv-
alence onto the full subcategory of R-modules annihilated by I. Note that this
functor is just the restriction of scalars functor along R — S := R/I. In this case,
you already know that a left-adjoint to this functor is given by M ~» M /I M, which
is just saying that any morphism from M to a module N annihilated by I factors
uniquely through M — M /IM. This is a manifestation of Proposition 7.11(i),
since according to it a left-adjoint is given by R/I ®p M, and we have already seen
that R/I ®zr M =~ M /IM. Thus, this basic fact about annihilators is included in
the adjunction between the extension of scalars and the restriction of scalars.

(iv) Let R be an integral domain, and let K be its quotient field. The ‘inclusion functor’
from K-vector spaces to R-modules is restriction of scalars along R — K, and
has left-adjoint given by — ®g K, from R-modules into K-vector spaces: any R-
module map from an R-module M into a K-vector space uniquely factors through
M — MQ®rK = (M/Mtors> ®r K.

If R is a principal ideal domain and a module M over R is isomorphic to R" ®
(@, R/(d;)) with each d; a nonunit, then M®pK =~ K". Thus, the uniqueness of the
rank n of the “free” part of M can also be read off by tensoring with K. Similarly,
if we write M as R" @ (P, R/(p;")), with p ranging over primes, the uniqueness
of the contribution of the parts corresponding to a single p can be obtained by
tensoring M with R/(p") for a large enough n. The language of tensoring allows us
to make the proof of the uniqueness assertion in the structure theorem for modules
over a PID slightly simpler to write down, as a convenient linguistic tool, but in
many other situations is tremendously simplifying and useful in arguably much
more fundamental ways.

7.5. Application to representation theory. In this subsection, we will let k be any
commutative ring (not necessarily a field). Given a group G, we will perhaps abusively
refer to k-modules on which G acts as representations of G on k-modules: these are actions
G x M — M of G on k-modules M by k-module automorphisms, which can also be written
G — Auty(M). Denote their category by Repy(G). However, despite this terminology, the
results that follow work for general commutative rings £k, and in the case where k = Z, the
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induced and coinduced representations that we talk of below coincide with induced and
coinduced modules that one sees in group cohomology (where one studies groups acting
on abelian groups, i.e., on Z-modules).

As we now briefly recall, this category is isomorphic to the category of k[G]-modules, where
k[G] is the so called group algebra of G, a ring whose underlying set is the set ) e Qg9
of formal k-linear combinations of elements of G, where a, = 0 for all but finitely many
elements of (G, and multiplication is given by convolution:

(S0 (Sr) = £ o)

g hkeG
hk=g

The multiplicative identity is > a,g, where a, = 0 unless g = e, the identity element of G,
and where a, = 1.

Specifically, we have an inclusion G < k[G], sending ¢ to >4, ,¢’, where d, , equals 1 or
0 depending on whether or not g = ¢’. Clearly, G < k[G] is a basis, so any representation
p: G — Auti(M) extends k-linearly to a k-module homomorphism k[G] — End, (M),
with >} a,g acting by > agp(g). Using the above definition of multiplication, it is easy
to check this extension k|G| — Endg(M) is a k-algebra homomorphism, and thus realizes
M as a k[G]-module. Conversely, given a k[G]-module M given by k[G] — Endy (M), we
obtain a representation G — Autg(M) by restricting to G < k[G]* < k[G] (invertible
elements in R* act as automorphisms on any R-module).

Check that this allows us to identify Repy(G) with k[G]-Mod.

Remark 7.13. Part of what we showed up above is that G v~ k[G] is a left-adjoint to
the functor from k-algebras to groups that sends R to R*. Note also that G v~ k[G] is
analogous to S ~ Freeg(S), except that we have a group G here, and correspondingly a
ring structure on Free(S).

In what follows, we will use the identification between Repy(G) and k[G]-Mod above the
remark, to identify representations of any group G with k[G]-modules. If 7 : G — Autg (M)

is a representation of GG, we will refer to M as the ‘space of 7', and refer to the representation
also as (m, M).

Now let G be a group, and H < G a subgroup. The inclusion H < G extends k-linearly
to an inclusion R := k[H]| < k[G] =: S, which is a homomorphism of rings.

Our first task is to just translate Proposition 7.11 in this situation, from the language of
R-modules and S-modules to the language of representations of H and G.

Definition 7.14. (i) The extension of scalars functor
k[G) @i — : Repi(H) = k[H]-Mod v~ k[G]-Mod v~ Repy,(G)

will also be referred to as induction of representations from H to (G, and written
7~ Ind$ 7. Ind$ 7 is called the representation obtained by inducing 7 from H to

G.
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(ii) Similarly, the coextension of scalars functor Repy(H) — Repy(G), given by Homy ) (k[G], —),
is called coinduction of representations from H to G, and written 7 ~~ colnd$ .

(iii) Similarly, the functor of restriction of representations from G to H — which amounts
to viewing a k[G]-module as a k[H] module via k[H] — k[G], denoted ¢ ~~ oy
or m~s Res%o.

Remark 7.15. (i) Thus, by Proposition 7.11, Ind% 7 comes with a map 7 < Ind% r,
composition with which induces a bijection, for any representation o of G,

Homg (Ind% 7, 0) — Homy (7, o|g).

Moreover, it is immediate to check that for any representation (w, M) of H in
Repy(H), the description of p := Ind% 7 as k[G] ®k) M, agrees with the following
description from Serre’s book on linear representations of finite groups: p is ob-
tained by inducing 7 from H to G if p|y contains a copy of 7, whose translates by
representatives for G/H direct sum to 7 (see Definition 3.3 of the book).

(ii) Similarly, coInd 7 comes with a map colnd§ m — =, composition with which
induces a bijection, for any representation o of G,

Homg (0, colnd$, 7) — Hompy (0, 7| g).

Moreover, we can describe coinduction at the level of representations as follows.
Since H < k[H] and G < k[G] are free k-module bases, any element of (the
underlying space of) Homyq(k[G], (7, M)) is determined by its restriction to G
k[G], which is a function f : G — M, satisfying f(hg) = w(h)f(g) for all h € G.
Thus, the elements of coInd$ 7 can be described as

(32) {f:G—> M| f(hg) =n(h)f(g)VheH,qge G},

on which the action of G is given by right-multiplication: (g - f)(¢') = f(d'9)
(since the left k[G]-module structure on Homyg)(k[G], (7, M)) is given by right-
multiplication by k[G] on the argument).

(iii) On the other hand, the restriction of scalars functor Repy(G) v~ Repy(H) is much
easier: it is just viewing a representation o of G on M as a representation of H on
M by restricting the action of G to H.

(iv) All the three functors, Ind%, coInd% and Res$, are exact, as we now explain. For
general rings R — S, restriction of scalars along it is obviously exact, but extension
and coextension of scalars may not be, though note that they are if S is free as an
R-module. This is clearly the case when R = k[H| — k[G] = S, with H < G.

Proposition 7.16. If H < G is of finite index, then the functors Indg and coIndg of
iduction and coinduction are naturally isomorphic to each other.

Proof. Proof 1. Let (m, M) be a representation of H. Define coInd$(w, M) — Ind%(x, M)
by sending (f : G — M) € colnd$(m, M) (realized as in (32)) to Dge[H\G] g'® flg) €
k[G] @y M = Ind$(mr, M), where [H\G] is a set of representatives for H\G in G:
this sum is independent of the choice of representatives [H\G], since (hg)™' ® f(hg) =
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ght®h- f(g) = ' ® f(g) (as the tensor product is taken over k[H]). This map is
readily verified to be an isomorphism of k-modules, with a two-sided inverse sending g ®m
to the map G — M that sends any hg~* with h € H to hm, and every element of G\(Hg ™)
to 0. It also respects the G-action, since it takes (gof) : ¢ — f(ggo) to

D, g ®fgg) =g0- D, (990" D (99 @ flgge) =g Y, 9 ®flg

ge[H\G] ge[H\G] ge[H\G] ge[H\G]

since {ggo | g € [H\G]} is also a set of representatives for H\G. Since this isomorphism is
functorial in (7, M), it gives a natural isomorphism from colnd% to Ind%.

Proof 2. 1f S is a free left R-module of finite rank, then for any left R-module M, applying
—®pg M gives an isomorphism Hompg(S, R)®r M — Hompg(S, M) of abelian groups (where
Hompg(S, R) is viewed as a right-R-module using the right R-module structure on R):
indeed, this is clear if S = R, and the general case follows by taking direct sums (here
the finite rank condition is necessary since Homg(—, R) converts a direct sum into a direct
product).

If further S — Hompg(S, R) is an isomorphism of (S, R)-bimodules, then S ®zr M —
Hompg(S, R) ®z M is an isomorphism of left S-modules. Thus, if R — S is a ring ho-
momorphism that makes S into a finite rank free right R-module, then to get a natural
isomorphism S ®z — — Hompg(S, —) of functors valued in S-modules, it is enough to get
an isomorphism S — Hompg(S, R) of S-R-bimodules.

We will show this for R = k[H] — k[G] = S. It is immediate that S is a free left R-
module with basis given by a set [H\G] of representatives for H\G, and similarly a free
right R-module as well.

To get an isomorphism S — Hompg(S, R) of S-R-bimodules, it is enough to get a perfect
pairing
(,):SxS—>R

such that (ssi, s2) = (s1, s25) and (s17, $2) = (81, s2)r, for all s,$1,59 € S and r € R: given
such a pairing, s — (s, —) € Hompg(S, R) will give the desired isomorphism. Here, “perfect
pairing” means a pairing such that s — (s,—) defines an isomorphism S — Homg(S, R)
(so the previous sentence is a tautology, except you should check that the various actions
match).

Define a “trace” tr: k[G] — k[H] by sending >, _. a,g to >, anH. Now define

geG
(s1,892) = tr(sgsy).

The property (ssq,s2) = (81,528) is immediate, while the property (si7,s2) = (s1,892)r

follows from the fact that ¢r is a right- R-module homomorphism (even an (R, R)-bimodule

homomorphism).

It remains to show that this pairing is perfect. For this, it is enough to show that there
is a basis for (the first copy of) S as a free left R-module, that is dual for the pairing to
some basis for (the second copy of) S as a free right R-module. Indeed, {g | g € [H\G]}
and {g~! | g € [H\G]} are such bases. O
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8. LECTURE 8 — TENSOR PRODUCTS OF ALGEBRAS, AND TENSOR ALGEBRAS
(INCOMPLETE/EXTRA CRUDE)

8.1. Tensor product of algebras. Throughout today’s lecture, R will denote a commu-
tative ring. But other rings, like .S, will not be assumed to be commutative. Recall that
an R-algebra is a homomorphism of rings ¢ : R — S, such that ¢(R) is contained in the
center of S. Note that it is both unnecessary and “lossy” to require ¢ to be injective.

Let j; : R — S; and j, : R — S5 be R-algebras. In this subsection, we would like to realize
S1 ®gr Sy as an R-algebra.

Consider
Sl X SQ X Sl X SQ—>51®RSQ,
: / / ! /
given by (s1, S9, 8|, 55) — $15] ® S255.

This map is clearly R-multilinear, and hence factors through a map

(51 ®r S2) ®r (51 ®r S2) = S1 ®r Se ®r S1 ®r S2 — 51 ®r S,

/ / / /
(Z $1,; ® 52,1') (Z 51;® 82,j> = Z 51,51, & 52,i89 ;.-
i J

%,J

satisfying:

It is easy to check that this map, or ‘operation’, is associative, has multiplicative identity
1 ® 1, and that it distributes over addition, making S; ®z Sy into a ring. Moreover,
r— j1(r) ®1 = 1 ® jo(r) defines a ring homomorphism R — S} ®g S, with image in the
center of S; ®pr 59, so that S; ®r Sy is an R-algebra. If S; and Sy are commutative, so is

S1 Qg Sa.

It is clear that there are ring homomorphisms (in fact, R-algebra homomorphisms) ¢; :
S1 — S1®r S and 15 1 Sy — S1 ®r Ss, given by ¢1(s1) = $1 ® 1 and 13(s2) = 1 ® ss.

Remark 8.1. If S; is commutative, then ¢; : S; — S ®r Sz makes S; ®r Sy into an
Si-algebra, upgrading the R-algebra structure on it. Similarly with ¢,.

Proposition 8.2. The tensor product is a coproduct in the category of commutative R-
algebras: if R — Sy and R — Sy are commutative R-algebras, a coproduct of theirs is given
by (S1 ®r Sz, t1,t2), where 11 1 S; — S; ®r So and 1y : Sy — S1 ®r Sz are as above.

Remark 8.3. S ®zr Ss is not a coproduct of S; and S, in the category of not-necessarily-
commutative R-algebras, even if S; and S, are themselves commutative: coproducts in
the category of not-necessarily-commutative R-algebras, like coproducts in the category of
nonabelian groups, are more complicated.

Proof of Proposition 8.2. For a commutative R-algebra S, what we need to prove is that
the following map is a bijection:

Homp o15(S1 ®r S2, 5) (o o) Homp a1¢(S1, ) x Homp ag(S2, ).
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It is an injection because ¢1(S7) and t9(S2) generate S; ®g Sz as a ring, so let us see its
surjectivity. Given ¢; € Homp ,1,(S1,S) and s € Hompg a4(S2, S), the map Sy x Sy — S
given by (s1,82) — ©1(81)p2(s2) is R-bilinear, and hence gives us an R-linear map ¢ :
S1 ®r S — S satisfying ¢(s; ® s2) = @1(s1)p2(s2). ¢ respects multiplication at the level
of ‘pure tensors’ sy ® sy and s ® s5:

©((51®52)(51®55)) = p(5151®s255) = @1(5157)P2(5255) = @1(51)@a(s2)pP1(5])Pa(sy) = P(51@52)(51®s5),

where the second step from the last uses that S is commutative. Therefore, by distribu-
tivity, ¢ respects multiplication in general. ¢(1 ® 1) = p1(1)p2(1) = 1, so ¢ is a ring
homomorphism. It is clear that ¢ : S; ®g So — S respects the R-algebra structures on
the two sides, so it is an R-algebra homomorphism. Clearly, ¢ 011 = @1 and @ o 15 = o,
proving the surjectivity. U

Remark 8.4. Recall that, purely terminologically, we defined the category of affine alge-
braic schemes over k to be the category opposite to that of commutative finitely generated
k-algebras. Therefore, the product in this category is given by the coproduct in the cat-
egory of finitely generated commutative k-algebras, which by Proposition 8.2 is given by
the tensor product of k-algebras. For those of you who have seen some basic algebraic
geometry, this (plus some “reducedness/irreducibility considerations”) is why a product
of affine varieties is described by taking the tensor product of the coordinate rings. Here
is how this ‘productness’ is realized at the level of ‘k-points’ of these varieties: if affine
varieties X; and X5 over an algebraically closed field k£ have coordinate rings R; and R,
respectively, and X is the variety with coordinate ring R ®; R, then we get bijections

X(k’) — HOHlk_Alg(Rl ®k R2, k’) Prﬁ&g HOmk_Alg<R1, k) X Homk_Alg(RQ, k’) — Xl(/{i) X XQ(/{Z)

We similarly get bijections X (S) — X;(5) x X5(5), functorially in commutative k-algebras
S.

8.2. Some examples of tensor products of algebras.
Example 8.5. In this example, all rings are commutative.

(i) For any R-algebra S, we claim that we have an isomorphism S®pg R[x] = S|[z] of R-
algebras (it is implicitly understood that S[x] is an R-algebra via R — S < S[x]).
For this, since R[z] is a free R-module with basis the x’, the commutativity of the
tensor product with direct sum gives us an R-module isomorphism ¢ : S®g R[z] —
S[z]. Since this transports (s®z°)(s'®z7) = (s8'@z"7) to ss'z'™ = sx'-s'z7, this is
muliplicative at the level of pure tensors, and hence by distributivity multiplicative
in general. Hence it is a ring homomorphism (it takes 1 to 1 as well), and clearly
is also an R-algebra homomorphism. This example did not even need S to be
commutative.

Another way to see this when S is commutative, is to note that in a homomor-
phism from R[z] or S[x], the “x can go anywhere”, so we get identifications

HOHlR_alg(S[ZE], S/) = HOIIlR_alg(S, S/> x S~ I‘IOIIlR_alg(S7 S/) X HOIHR_alg(R[ZE], S/),
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realizing S[z] as a coproduct of S and R[z] in the category of commutative R-
algebras. When S is commutative, S ®g R[x] — S[x] is clearly in fact an isomor-
phism of S-algebras.

(ii) More generally, we similarly have S ®g R[z; | j € J] = S[z; | 7 € J] as both
R-algebras and as S-modules (or as S-algebras if S is commutative), and hence
Sle; |ie|®r Rz | jeJ] = S[x;|ieluJ].

(iii) As a special case, R[x] ®g R[z] = R|z,y]|, where the ‘z’ on the right-hand side
corresponds to the ‘z® 1’ on the left, ° and the ‘y’ on the right corresponds to the
‘1 ®x” on the left. For those of you who have seen some basic algebraic geometry,
this corresponds to the fact that the product of the affine line A! over k with itself
is the affine plane A2 over k.

(iv) Let S1,S2 be R-algebras, and let I; < S; be an ideal. Then by the right-exactness
of tensor products for modules,

(Sl/]l) ®R SQ = (Sl X SQ)/image(Il ®R Sg — Sl ®R SQ),

as R-modules. Check that it is also an isomorphism of R-algebras. It is immediate
that the image of Iy ®g Sy — 51 ®g S is simply the ideal I;(S; ®g S2), where I
is understood to act by mapping to S; Qg Sy via I} < S1 — S1 ®g Ss.

(v) As an even more special case, let us compute C ®g C. We have, using (iv),

CRrC = (R[z]/(2*+1))®rC (i;V) Clz]/(z*+1) = C[z]/((x—i)(z+i)) = C[z]/(z—i) xC[x]/(x+i) = CxC,

where the second step from the last used the Sunzi’s theorem, i.e., the Chinese
remainder theorem.

Check that the above isomorphism maps a®b to (ab, ab): an informal explanation
is that the ¢ that occurs in the expansion of a using its real and imaginary parts
is the “x” of the C[z]/(z* + 1), and this z was sent to ¢ in the C[z]/(z —i) = C
factor, and to —i in the C[z]/(z + 7) factor.

Example 8.6. This example generalizes Example 8.5(v). Please go through this carefully,
it will be considered an important example for this course.

Let E/F be a finitely generated separable extension of fields. The primitive element theo-
rem says that £ = F[a] for some a € E. Let f be the minimal polynomial of a. If K is
another field containing F', we have

Example 8.5(iv)

(33) E@p K = (Flz]/(f)®r K) = Klz]/(f) = H K[z]/(f2),

where f = fi... f. is the factorization of f in K[z] into irreducible polynomials, and we
have used the Chinese remainder theorem, as justified by the fact that these factors are
pairwise coprime (since E/K is separable). Since each f; is irreducible, each K|[z]/(f;) is
a field extension of K, so we might like to express the K[z]/(f;) in terms of fields that are
some how ‘composed of E and K’.

60bviously I am talking informally when I say ‘corresponds’ but what I mean is clear: 2®1 — z, and
1 ® x — gy, under this isomorphism.
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This can be done as follows. Let K*®?/K be a separable closure of K: thus, K*%?/K is
a separable algebraic extension, and every separable polynomial over K splits into linear
factors over K*°?. In particular, f has deg f = [E : F']-many distinct roots in K*?. There
is a bijection

(34) Homp q4(E, K*°%) > {B| B is aroot of fin K*P},

sending o : B < K*® " to 8 := o(a), which is a root of f since a is. The inverse sends 3
to the unique embedding o : E =~ F[z]/(f) — K*®*® that sends « to 5.

But recall from (33) that we are interested in describing the K[z]/(f;), which are obtained
by adjoining roots of f;. This means that we need to group the roots of f (on the right-hand
side of (34)) into those that are roots for a common f;. For this, note that:

o If 5 € K*%P is a root of some f;, then the roots of f; are precisely the o(f), as o
ranges over Gal(K*?/K).

o Gal(K*?/K) acts on the left-hand side of (34), i.e., on Homp 4,(E, K*%P), by
composition. This makes (34) equivariant for Gal(K*?/K): if 0 : E < K*® maps
to 8, so o(a) = B, then for all 7 € Gal(K**?/K), T o o(«) = 7(f3), so 7 0 0 maps to
().

Thus, we get a bijection:

(35) Gal(K*/K)\ Homp_u,(E, K°P) — {f; | 1 <i <7},

sending the Gal(K*?/K)-orbit of o € Homp 45,(E, K*%) to the unique f; such that 5 :=
o(a) is a root of f;. For such ¢ and § = o(«), we have:

K[z]/(f;) = K[B] = K[o(«)] = the subfield of K*?* generated by K and o(E),

since F = F[a]. In other words, we have described K[z]/(f;) in terms of 0 : E < K*% a
representative of the Gal(K*®/K)-orbit in Gal(K*?®/K)\ Homp_a,(E, K*?) corresponding
to f; under the bijection (35).

Conclusion. By (33), we get an isomorphism of F-algebras (even of K-algebras)

(36) E®pr K — I K,,
o€[Gal(K*eP/K)\Homp_ 414 (E,K5¢P)]

where [Gal(K*?/K)\ Homp_a,(E, K*%?)] is a set of representatives in Homp_q,(E, K*P)

for Gal(K*?/K)\ Homp_4,(E, K*P), and for ¢ in this set K, < K*® denotes the subfield

generated by K and o(F) inside K*  which contains both K and o(F). Explicitly, this

isomorphism satisfies:

a®b— (U(a)b)o—e[Gal(Ksep/K)\HomFiAlg(E’Ksep)]'

Notice how this generalizes Example 8.5(v). If we change the choice of the representa-
tives Gal(K*?/K)\ Homp.a,4(E, K*%), we get isomorphic but possibly different right-hand
sides, but in any case different isomorphisms.

17 Any ring homomorphism between fields is injective.
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Exercise 8.7. Show — first using direct computation, and then separately using the de-
scription around (36) — that

Q[V2] ®¢ Q[V2] = Q[V2] x Q[V2,u],
where w is a cube root of unity.

When I taught the second semester algebra earlier, one of the questions in the first midterm
was to describe Q[v/2] ®g Q[+/2] without proof.

Example 8.8. Separability was really crucial to the description in Example 8.6. For in-
stance, suppose that F' has characteristic p, and that E/F is a purely inseparable extension
of degree p obtained by adjoining a p-th root « of some a € F'. Then

E®r E =~ Flz]/(2? —a) ®r E = E[x]/(2? — a) = E[z]/(z — a)? =~ E[z]/(2?),

the last step using the “change of variables” mapping x to « + «. Thus, unlike in (36), this
time E®p E =~ E[z]/(2?) has nilpotents, and hence cannot be a product of field extensions
of F.

Hopefully, we will discuss field and Galois theory in a later lecture, and see that, among
finite field extensions F//F. the separable ones can be characterized as those for which EQg
K is a product of fields, while purely inseparable ones acquire “nilpotents” on tensoring
with suitable K (e.g., with an algebraic closure of F).

Exercise 8.9. Let H be the Hamilton quaternions: as a vector space it is a noncommu-
tative R-algebra with an R-basis written as {1, 4, j, k}, and its multiplication is defined by
requiring that 1 is the multiplicative identity and > = j2 = k? = —1,ij = k, jk = i and
ki = j. Then show that H®g C (which is clearly a C-algebra) is isomorphic to My(C) as
a C-algebra.

8.3. Tensor algebras. Henceforth, till the end of this lecture, R will denote an arbitrary
commutative ring, unless otherwise specified. Let "¢R-Alg denote the category of non-
commutative (i.e., not necessarily commutative) R-algebras, and R-Alg the category of
commutative R-algebras.

A motivating question is: does
Forget : "R-Alg v~~~ R-Mod

have a left adjoint? Namely, does it make sense to talk of a “free R-algebra on a given
R-module M?”

To motivate, let us look for an R-algebra T' together with functorial bijections
Hom ne pay (T, S) 23 Homp(M, S)

for all noncommutative R-algebras S and R-modules M. Let S be an R-algebra, say
o : R — 5, together with an R-module homomorphism ¢, : M — S.

We then have, for all » > 1, an r-multilinear map

Mx---xM—S  (mg,...,m)— pi(m)...o1(m,),
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which therefore quotients to a map ¢, : M® — S, where T (M) = M®" stands for the
n-fold tensor product M ® ---® M of M with itself. We set M®® = T°(M) = R.

Therefore, we get a map

(37) T(M):=@P e : PM® - 8S.

r=0 r=0

It is immediate how to turn the left-hand side into a ring: for r,s > 1, we have an
isomorphism

M@r ®r M@s N M@(?”rs)’

by an easy argument generalizing the isomorphism (M ®r N) ®r L =~ M ®r N ®r L
from Lecture 6. This defines a bilinear map M®" x M®s — M®C+s) and extending by
distributivity we get a map

T(M) x T(M) — T(M).

Definition 8.10. (i) T(M), which will be seen in Exercise 8.11 below to be an R-
algebra, is called the tensor algebra associated to the R-algebra M.

(ii) By the functoriality of the tensor product discussed in Lecture 6, 7" = ®", for
each r > 0, is a functor R-Mod v~ R-Mod, where for f € Homg(M,N), T"(f) =
Qf : @M — QN. For r = 0, we view T° as a functor by defining, for each
homomorphism f : M — N of R-modules, T°(f) : T°(M) = R — R = T°(N) to
be the identity. Thus, now we have a functor T"(—) : R-Mod ~~ R-Mod, for each
r=0.

(iii) T(—) : R-Mod v~ " R-Alg will stand for the functor that assigns to an R-module
M its tensor algebra T'(M), and to an R-module homomorphism f : M — N the
map T(f) = @, 2, T"(f) : T(M) — T(N), which is an algebra homomorphism by
Exercise 8.11(ii) below.

Exercise 8.11. (i) Show that the above map T'(M ) x T (M) — T'(M) satisfies associa-

tivity, and that for the multiplication it defines, T'(M) has an identity given by with

le R=T°M — T(M): thus, T(M) is a ring. In fact, since R = @M — T(M)

has image in the center of T'(M), it follows that R < T'(M) is in fact an R-algebra.

(ii) Prove the claim in Definition 8.10(iii): if M — N is an R-module homomorphism,
then @._,T7(f) : T(M) — T(N) is a homomorphism of R-algebras.

Proposition 8.12. For an R-module M, consider the R-module homomorphism vy - M =
TY (M) — T(M). Then for any M € Ob R-Mod and S € Ob "R-Alg, precomposition with
Ly induces a bijection:

Hom neg_aiy(T(M), S) =" Homp(M, S),
realizing T'(—) as left-adjoint to the forgetful functor " R-Alg v~~~ R-Mod.

Proof. An exercise, using the above discussion. O
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Exercise 8.13. (i) Define what a ‘noncommutative polynomial algebra in n variables’
should mean. If M = R", show that T'(M) is a noncommutative polynomial algebra
in n variables over R.
(ii) When M = R/I for an ideal I, show that we have an identification

T(M) ={ap+ a1z + - +a,2" | neNage Rya; € R/IV1 <i<n},

with addition and multiplication defined just as for polynomials.

T(M) is not just an R-algebra, but an R-algebra graded by the additive monoid N := Z-,
(recall that for us, 0 is a natural number):

Definition 8.14. (i) A ring T is said to be graded by a monoid G, or G-graded, if we
have a decomposition of abelian groups:
(38) T = C—D 1y,
geG
such that Tj, - Ty, < Ty, for all g,h € G. The various T} are called the graded
or homogeneous components of T'; T, is said to be the graded or homogeneous
component of degree g.

(ii) We say that T is a G-graded R-algebra if T' is both a G-graded ring and an R-
algebra, such that the image of R — T lies in the graded component 7T, correspond-
ing to the identity element e € G. Thus, if T is a G-graded R-algebra, then we have
a decomposition as in (38), but involving R-modules in place of abelian groups. '8

(ili) By homogeneous elements of T, we refer to elements that belong to 7, for some
ge G. If x € T,, we say that x is homogeneous of degree d.

(iv) By just graded, without specifying a G, we will mean N-graded.

Remark 8.15. In the lecture, I gave a different and incorrect definition of a graded R-
algebra, as opposed to the standard one given above. One of you called out my definition: I
had simply required (38) to be a decomposition of R-modules. This requirement is satisfied
if T"is a graded R-algebra in the ‘standard’ sense given above: if R — T lands in 7., then
(38) is indeed a decomposition of R-modules. However, the converse may not be true.
Nevertheless, the converse does seem clear if the monoid G satisfies that h # gh # g for all
e # g,h € G: indeed, in this case the projection of 1 € T' to T, under (38) also functions as
a multiplicative identity, forcing 1 € T,, and therefore also that R < T.. So for N-graded
rings, the definition I gave should also work. But the standard definition is a better one,
as it certainly seems to work better for general monoids.

To see that T'(M) is an N-graded R-algebra, use that 7" (M )-T%(M) < T"**(M), and note
that R = T°(M). This lets us view T(—) as a functor
R-Mod v~~~ "Gr-R-Alg,

where "“Gr-R-Alg stands for the category of N-graded not necessarily commutative R-
algebras.

18Where, as usual, the R-module structure on 7' comes from the R-algebra structure on 7.
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Exercise 8.16. Show that T', viewed as a functor R-Mod v~~~ "°Gr-R-Alg, is left adjoint
to Forget : "*Gr-R-Alg > R-Mod (the proof of Proposition 8.12 is respectful of grading,
and hence goes through for this case).

The following simple exercises are kind of boring, but they will be needed for their analogues
for the symmetric and exterior algebras.

Exercise 8.17. (i) If B: M x N — R is an R-bilinear pairing of R-modules M and
N, show that there exists a unique pairing
B®": M®" x N®" — R,

such that for all z,...,2, € M and y1,...,y, € N, we have
B¥(11®  ®@p 1 @ ®Yn) = HB(%%)‘
i=1

(il) If M = M; @ M,, show, using the maps T'(M;) — T (M) and T(My) — T(M), an
isomorphism, for all n € N:

™M)=~ P My® @My = P (M@ MENE).
FA1,...,n}—{1,2} P,qeN
ptqg=n
8.4. The definition of symmetric and exterior algebras. Symmetric and exterior
algebras are quotients of tensor algebras: the former are ‘the commutative variant’ of
tensor algebras, and the latter are a ‘graded commutative’ or ‘super’ version of the tensor
algebra, a notion which is important but which we will not discuss much.

Recall that for a noncommutative ring 7" and a two-sided ideal I < T, the quotient T'/T is
a ring (this wouldn’t be true if I were only a left-ideal or a right-ideal). If T"is a graded
ring, when does T'/I get a grading from 77

Definition 8.18. (i) Let T' = @, Ty be a noncommutative ring graded by a monoid
G. A left, right or two-sided ideal I < T is said to be a homogeneous ideal if it
is generated by homogeneous elements. Equivalently (prove this equivalence as an
easy exercise), if the inclusion

PUNT,) =1
geG
is an equality. A similar result applies to graded R-algebras.
(i) T = P, Ty is a noncommutative ring graded by a monoid G, and I = @ ., I,
is a homogeneous two-sided ideal of T', where I, = I nT,, then T'/I has an obvious

grading:
T/I = @Tg/lg

geG

(note that (T,/1,) - (Th/In) < Tyn/Iyn), and hence will be viewed as a graded ring.

Now we can define symmetric and exterior algebras:
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Definition 8.19. (i) (a) For any R-module M, the symmetric algebra S(M) of M

is the quotient of T'(M) by the two-sided ideal Is(M) < T (M) generated by
{ry—-—yRzx | z,ye M} = TY (M) < T(M). Since each 1@y — y @ x is
homogeneous of degree 2, Is(M) is a homogeneous ideal, so that S(M) is an
N-graded R-algebra:

S(M) =P S"(M).
nz=0
The n-th graded piece S™(M) of S(M) with its obvious structure of an R-
module, will be called the n-th symmetric power of M.
For any R-module M, the exterior algebra A(M) of M is the quotient of T'(M)
by the two-sided ideal Iy(M) < T(M) generated by {r @ z | z € T'(M) <
T(M)}. Since each x ® = is homogeneous of degree 2, A(M) is an N-graded
R-algebra:
AM) = P A (M).
nz=0
The n-th graded piece A"(M) of A(M), with its obvious structure of an R-
module, will be called the n-th exterior power of M.

(ii) Given any homomorphism f : M — N of R-modules, note that T'(f) : T(M) —
T(N) sends Is(M) to Ig(N) and Ix(M) to In(N), and hence descends to R-algebra
homomorpisms S(f) : S(M) — S(N) and A(f) : A(M) — A(N). This defines
functors S(—), A(=) : R-Mod v~~~ "Gr-R-Alg.

(ili) Since Is(M) and Iy(M) consist of elements of degree at least two, the maps

R — TO(M) — S°(M) L[ Tran - st
R—TOM) - A(M) 0 )M T (M) — A (M)

are isomorphisms, giving in particular injections tgp : M — S(M) and 15 :
M — A(M).

(iv) Given m;®---®@m,, € T"(M) < T(M), we denote its image in S™(M) by m; ...m,,
and its image in A"(M) by my A -+ A My,

8.5. Some

basic properties of symmetric powers. We will usually write M*"™ for

the n-fold product X7, M = M x --- x M (we usually write this instead of M™ when we
wish to discuss multilinear maps from it; although this is probably non-standard notation).
Recall that R-Alg is the category of commutative R-algebras.

For each n

> 0, note that the symmetric group &,, on n letters ' acts by permutation on

X i, M, pulling multilinear forms back to multilinear forms. Hence this gives an action of
&, on T"(M) = M®™ by R-module automorphisms, which satisfies: o - (m;®---®@m,,) =

(mo'(l) ® e

& mcr(n))~

The following long exercise studies the symmetric algebra and the symmetric powers:

BUsing &, instead of S, for the symmetric group, to avoid confusion with the S of S (M).
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Exercise 8.20. (i) Is(M) " T™(M) = T"(M) = M®" is the span of all the
(M@ @m@ - @m;®@ @my) = (M @M@ - @M ® - @my),

as the (mq,...,m,) € M*" and the 1 <,j < n vary.
To put it another way, show that Is(M) < T™(M) is the span of all o - x — z,
where o varies over &,, and x over T"(M). %°
(ii) Deduce as a consequence that the map u : M*™ — S™(M) has the following
universal property: u is multilinear and symmetric, in the sense that it takes the
same value on (my,...,my,) and (Mg, ..., Mem)) for each (mq,...,m,) € M*"
and each o € G,,, and for any R-module L, — o u induces a bijection

Homp(S™(M),L) = {Symmetric multilinear maps M ™" — L}.

(iii) Show that S(M) is a commutative R-algebra.
Hint: The image of tg 5 : M < S(M) generates S(M ), and the definition imposes
commutativity on these generators.

(iv) Show that for all commutative R-algebras A and R-modules M, composition with
tsa 2 M — S(M) gives a bijection,

Homp 41,(S(M), A) ~ 5 Hompg (M, A).

This realizes S(—) as a left-adjoint to the forgetful functor R-Alg v~ R-Mod.

(v) S(—) can also be viewed as a functor from R-Mod into the category Gr-R-Alg
of graded commutative R-algebras. Show that — o g, also realizes S(—) as a
left-adjoint to the forgetful functor Gr-R-Alg v~~~ R-Mod.

(vi) Let M be a free R-module with basis {es | s € S}. Then, viewing vg s : M — S(M)
as an inclusion, show that we have an isomorphism S(M) = R[z; | s € S], sending
each e to the variable xs. In particular, S™(M) consists of the various monomials
es, - - - €5, of degree n, with each s, € S.

Thus, if M is a R-free module of rank r, then S™(M) is a free R-module of rank
r+n—1

(vii) éezs f)md convince yourself of the following. The above important exercise tells
you that the symmetric algebra on a free module is a coordinate-free version of a

polynomial algebra. It also tells you how to think of polynomials in a coordinate-
free fashion: if V is a free R-module, and V¥ := Hompg(V, R), then:

S(V'Y) is the space of polynomial functions on V.

More precisely elements of S°(VY) = R are the constant functions on V, the
elements of V¥ = Hompg(V, R) are the linear functions on V' without a constant
term, the elements of S?(V'V) are the homogeneous quadratic functions on V' — they
are the linear combinations of products of elements of V¥ — and so on.

There is a caveat here: if R is ‘small’, different elements of S(V'¥) may give the
same function on V; but if you interpret the meaning of a ‘polynomial function’

20This way of quotienting a module N on which &,, acts, by the span of all the o(xz) — x as x varies
over N, is called the process of taking coinvariants.
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suitably — giving a map V ®z S — S for each commutative R-algebra .S, and
functorially so — the above can still be viewed as making sense. In fact, this is how
polynomial maps are viewed in a lot of algebraic geometry.

This exercise describes an isomorphism

S(Ml) ®R S(MQ) = S(M1 @ Mg)

of R-algebras. Suppose M = M@ Ms is the direct sum of two R-modules. Applying
S(—) to My — M and My — M, we get homomorphisms S(M;) — S(M) and
S(Msy) — S(M) of graded R-algebras, and hence — using that the tensor product
is a coproduct in the category of commutative R-algebras (which these rings are,
by (iii) above) — a homomorphism of R-algebras,

S(My) ®r S(My) — S(M).

Show that this homomorphism is an isomorphism.

Hint: This is just because left-adjoints commute with coproducts.

Conclude from the previous exercise that, when M = M; @ M as in that exercise,
we have for each n € N, an isomorphism:

Sn(M) = @ Sp(Ml) R®r Sq(MQ),

p,qeN

p+qg=n
whose inverse is obtained using S?(M; — M) and S9(My — M) together with the
map SP(M) ®g SY(M) — SPT4(M) given by multiplication in S(M).
Hint: Define the notation of a ‘graded tensor product’, so that S(M') ®g S(M")
naturally has a grading, and show that S(M') ®g S(M") — S(M) respects the
grading.
Symmetric tensors. By symmetric tensors in M®" we mean (M®")®»: While
S™(M) is only a quotient module of T"(M ), the symmetric tensors form a submodule
of T"(M).

We can define the symmetrization map from M®" to (M®")®» by :

namely, summing over the group action. If n! is invertible in R, show that this
map, or equivalently the ‘averaging map’

x> (n!)~? Z o-x,

oeG,,

defines an isomorphism from (M®")®» to S"(M). Thus, in this case (i.e., when n!
is invertible in R), we can use this map to think of S™(M) as the space of symmetric
tensors.

Hint: Prove this in greater generality, which makes it easier to see what is going
on: if G is a finite group with a map G — Autgr(M), where M is an R-module,
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and if #G is invertible in R, then show that
m— (#G) Y g-m,

geG
induces an isomorphism Mg — M®, where
Mg := M /Spany({g-m —m | ge G,me M})

is the quotient module of G-coinvariants for M, and MY < G is the submodule
consisting of G-fixed elements.

(xi) (This exercise doesn’t seem that important, but its exterior power analogue will be
important).
If B: M x N — Ris an R-bilinear pairing of R-modules M and N, show that
there exists a unique pairing

S™(B):S"(M) x S"(N) — R,
such that for all zq,...,2, € M and yy,...,y, € N, we have

S"B)(@1 .+ o 1Y) = . BE(11®@ @, 0(n® @) = . B(@1,Uor) - - B, Yon),
o€Sh o€Sy
with B®" as in Exercise 8.17(i).

If further M and N are free with bases eq,...,e,. and fi,..., f., respectively,
with B(e;, f;) = d;; (thus, N is dual to M), show that this pairing between S™(M)
and S™(N) can be given as follows: given basis elements e; = ¢;, ...e; of S™(M)
and f; = f;, ... fj, of S"(N), where I and J are multisets over {1,...,7}, *! then
S™(B)(er,es) = 0if I # J, and equals [ [;_, n(j, I)! otherwise, where n(j, I) is the
number of elements in I that equal J.

Thus, this pairing is somewhat ugly, and even when M are N are free modules
of finite rank in duality with each other it is only perfect if n! € R*.

8.6. Some basic properties of exterior powers.

Remark 8.21. In this subsection, we will need the notion of the sign sgn(c) € {£1} of a
permutation o € &,,. The following are equivalent ways to define sgn(o):

o If 0 = s1...5, with each s, € &, a transposition, then sgn(c) = (—1)™. The
reason this is well-defined is that, if 0 = s} .../ , is another such decomposition,
then one can show that m — m’ is even. One way to prove this is to use the other
descriptions in the next point.

e Represent o as a matrix: say eq,...,e, is the standard basis of R", and ¢ can be
represented by the permutation matrix that sends each e; to e(;). The determi-
nant of this matrix is sgn(o) as discussed in the previous point: this follows from
the fact that the permutation matrix associated to each transposition clearly has
determinant —1.

2Lémultisets” are like sets but with repetition allowed; so here I and J contain elements from 1,...,r,

but they are not sequences, in that we don’t keep track of the order
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e sgn(o) equals (—1)V, where N = #{(x,y) | z < y and o(x) > o(y)}. You can try
to prove this or look up somewhere; we will not use this today.

The following exercise studies the exterior algebra and the exterior powers:

Exercise 8.22. (i) Show the following facts about Iy (M):

(a) Ix(M) contains x®y +y®x for all x,y € M. Thus, the ‘alternating condition’
of annihilating every x®x implies the ‘skewsymmetry condition’ of annihilating
every t @y +y Q.

Hint: Consider (z +y)® (z + ), t®x and y ® y.

(b) If 2 is invertible in R, then the two-sided ideal generated by the 1 ® y + y ® x
contains all the x ® z, and hence contains Iy(M). Thus, when 2 is invertible,
the skewsymmetry condition implies the alternating condition.

(i) (a) IA(M) T (M) < T"(M) = M®" can be described as the span of all the the
elements of the form m; ® - - - ® m,,, such that m; = m;,; for some 1 < i < n.
(b) In(M) nT™(M) contains all elements of the form

M @M@ @M @My + M@ @M@ @M@+ @My

Hint: First consider the case where 7 = ¢ + 1. Then iterate what you get an
odd number of times for more general j. If this looks too complicated, first
consider n = 3.

(c) IN(M)nT™(M) < T*(M) = M®" can also be described as the span of all the
the elements of the form m; ® - -- ® m,, with m; = m; for some 1 <i,j7 <n
with 7 # j.

Hint: Use the above part.

(d) If 2 is invertible in R, then Iy(M) N T"(M) < M®" can also be described as

the span of all the elements of the form

M @M@ @M @M+ M@ Om® - @M@ @My,

To put it another way, show that if 2 is invertible in R, then Iy (M) < T™(M)
is the span of all o - x —sgn(o) - x, where o varies over &,, and z over T"(M).
22
(iii) Deduce from (c) of the previous problem that the map u : M*" — A"(M) has the
following universal property: w is multilinear and alternating, where ‘alternating’
means that it vanishes on (my, ..., m,) whenever m; = m; for some i # j, and for
any R-module L, — o u induces a bijection

Hompg(A™(M), L) = {Alternating multilinear maps M ™" — L}.

22This is again a process of taking coinvariants, but this time “(&p, x)-coinvariants”: if a group G acts
on an R-module N and x : G — R* is a character, then the R-module N, of (G, x)-coinvariants of N is
the quotient of N by the span of all the g -n — x(g)n such that g € G and n € N. Then N, is a quotient
R-module of IV, and gets an induced action of G: the induced action of each g € G on N, is then simply by
multiplication by x(g). Moreover, any G-equivariant R-module homomorphism from N to another module
on which G acts through x factors through N — N, . Thus, this generalizes the discussion of coinvariants
we had in the context of S™(M).
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(iv)

(viii)

Show that A(M) is a graded commutative R-algebra, where ‘graded commutative’
means that for all z € A"(M) and y € A*(M),

rAy=(—1)"y Az

Hint: The image of ¢ty pr : M < A(M) generates A(M), and the definition imposes
graded commutativity on these generators.

Show that for all not necessarily commutative R-algebras A and R-modules M,
composition with tp s : M < A(M) gives a bijection,

{0 € Homnepa1g(A(M), A) | p(x)? = 0¥z e M} 5" Homp(M, A).

One can interpret this as implying that A(—) is left-adjoint to the forgetful functor
R-superAlg v~~~ R-Mod, where R-superAlg is the category of super R-algebras,
but let us not worry about this.

If M is generated as an R-module by e, ..., e,, show that A" M is generated by the
various e;, A --- A e;,, Where the 41, ... ,4, ranges over strictly increasing sequences
of numbers between 1 and r. Deduce that A"M =0 if n > r.

This is not trivial, but is somewhat important; please make sure to look at this.
Suppose M is a free R-module with basis eq,...,e,.. Show that A"M is a free
R-module with basis consisting of the various e;; A --- A e; , where the sequence
i1, - ..,1, Tuns over strictly increasing sequences of numbers between 1 and n. Thus,
it is a free R-module of rank (;)

Hint: By the previous problem, it suffices to show that the e;, A---Ae; are linearly
independent. Define M®" — M®" by an ‘antisymmetrization map’:

T — Z sgn(o)(o - x).
oe&,y,

This map vanishes on Iy (M) n T™(M), and hence factors through A(M). This
factored map sends e;; A --- A€, to Y] sgn(0)es,) @ ... €y, Now for two dis-
tinct such sequences iy < -+ <1, and j; < -+ < jp, and 0,7 € Gy, Iy(1), - - - lo(n)
and jr(1), ..., Jr(n) are distinct, since we started with distinct increasing sequences.
Thus, the various )} sgn(o)e,,) ® ... eq3,) as above involve coefficients from dis-
joint sets of basis elements of M®". This forces them to be linearly independent.
Suppose M = M; @ M, is the direct sum of two R-modules. Applying A(—) to
M, — M and M, — M, we get homomorphisms A(M;) — A(M) and A(M;) —
A(M) of R-algebras. Show that this induces an isomorphism

A" (M) ~ (—D AP (M) ®g AY(Ms).
p,qeN
pt+q=n
Like with symmetric algebras, we can interpret this as an equality as saying that
A(M) is an appropriate graded tensor product of A(M;) and A(Ms). There is a
way to adapt the proof from the case of symmetric algebras. But let us not worry
about this; one can do this directly.
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Hint: The inverse of the isomorphism asked for has been constructed in the prob-
lem. Construct an explicit candidate for the isomorphism itself: given an element
of A™(M) which is a wedge of a particular sequence of elements from M; and M,
use a permutation o to have all the M;-terms first, and then all the Ms-terms
(somewhat in the spirit of Exercise 8.17(ii)), but compensate for this by throwing
in a sgn(o).

(ix) Application to the structure theorem for modules over a PID. Use the above exercise
to show that if

M= R/(d) @ & R/(d,),

with d,|...|d; (for convenience we have inverted the usual order), then for j > 1
we have:

®1<i1<~--<ij<r R/(d%)? 1f] <7, and
07 lfj > r.

N (M) = {

the annihilator Anng(A7M) of AM in R is d;. Deduce from this another proof of
the uniqueness assertion in the structure theorem for modules over a PID.
Hint: The above problem gives

NM@--oM)= @ A(M)®- - QA (M)

I
Further, by (vi) above, A“(R/I) = 01ifi > 2 and I < R is any ideal. This gives
NM)= @D  R/(dy)®r - ®r R/(dy).
{51,085 {1,
Finally, if s; < -+ < s;, then d,,[...|ds,, and it is easy to see from the right-

exactness of the tensor product that R/(d,,) ®r - ®r R/(ds;) = R/(ds;), which
is a quotient of R/(d;). Put all these together (this is not all of the solution, but
quite close to it. If you are not able to do this, please make sure to ask me).
(x) This will be useful later when we discuss quadratic forms, probably in Lecture 9.
(a) If B: M x N — R is an R-bilinear pairing of R-modules M and N, show that
there exists a unique pairing

A"B:A"M x A"N — R,

such that for all z1,...,z, € M and y1,...,y, € N, we have

A"B(y Ao ATy y1 Ao A ) = det([Bai, yj)hisijen) = ), sen(o) | | Blai, vo
oeG,, 7=1
by means of the abovge pairing.

(b) Let ey, ..., e, be a basis for a free R-module M, and let ey, ..., ey be the dual
basis for M. Apply (a) above to the natural pairing M x M — R, and
conclude that the resulting pairing A"MY x A"M — R realizes A"(M)" as
isomorphic to A"(M"Y). More precisely, recalling from (vii) above that A™M
and A"MY have bases consisting of the e;; A --- A ¢;, and the e/ A -+ A e},
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where i1, ...,%, run over strictly increasing sequences of elements of 1,...,r,
show that these bases are dual to each other for the pairing between A™M Y
and A" M described above.

(xi) Let M be a free module of finite rank r. This problem introduces some basic linear
algebra applications, such as a coordinate-free treatment of the determinant and
minors of a matrix.

(a) By (vii) above, A"M is a free rank one module. Given any 7" € Endg(M),
therefore, A"T" : A"M — A"M (as made sense of using the functoriality of
A") is an endomorphism of a free rank one module, and is hence given by
multiplication by a scalar, called det7. 23 Show that, given any basis of M,
the matrix A of T" with respect to that basis satisfies det A = det T

(b) Deduce the multiplicativity of determinants from the above: det(7'S) = (det T")(det S).
Many of the properties of determinants can be similarly obtained from the al-
ternating property and multilinearity.

(¢) Now suppose 1 < n < r. Consider AT : A"M — A™M. If T has matrix A

with respect to a basis e1,...,e, of M, and €;, A - Ae;, and e Ao A€
are basis elements of A"M and (A"M)Y =~ A" MY as in (x) above, show that
the matrix entry of A"T" corresponding to e;; A -+ A€;, and e} A - Ae],
namely

equals the n x n-minor of A corresponding to (ji, ..., Jn; 41, .- .,4,). Thus, the
n x n minors of a linear transformation 7" have coordinate-free interpretation
in terms of A"T', as the various (v¥, A"T(v)), where v¥ varies along M" and
v along M.

(d) Now the the characteristic polynomial of an R-linear endomorphism 7T €
Endg(M) of a free R-module M of finite rank has been defined independently
of coordinates, since the determinant has been. Show that the characteristic
polynomial of 7" can also be described as:

D=1 (AT,

i=0
In other words, the coefficients of the characteristic polynomial of T" are, up to
signs, traces of various exterior powers of T
Hint: One approach is to prove this for diagonalizable matrices over C, extend
by density to M,,(C), deduce for Z[x;;|1 < i,j < n], and then use this to extend
to general R: this strategy has been discussed in Lecture 2 while discussing
one of the proof of the Cayley-Hamilton theorem.

23This lets us define det T without using coordinates. Without this, one can choose a basis of M, let
A be the matrix of T" with respect to that basis, and define detT to be det A: since it would still be
independent of the choice of the basis, as det(BAB™!) = det A, and hence well-defined. But it is still more
elegant, and often practically useful, to have its direct definition without recourse to bases.
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8.7. Some applications of tensor, symmetric and exterior powers. Let
P*(C) denote the set of lines in C™ through the origin. More generally, given a
vector space V over C, let P(V') denote the set of one-dimensional subspaces of V.
In algebraic geometry, P(V') is realized as an algebraic variety.

Example 8.23.
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9. LECTURE 9 — VARIOUS KINDS OF BILINEAR FORMS, AND QUADRATIC FORMS

Throughout today’s lecture, R is a commutative ring, where we assume 1 # 0 to be safe.
For any R-module M, we set MY = Hompg(M, R). Unless otherwise stated, M will be an
R-module. We say “M is finite free over R” to mean M is a free R-module of finite rank.
Later, we will specialize to the case where R = I is a field.

9.1. Symmetric, skewsymmetric and alternating bilinear forms.

Definition 9.1. (i) A bilinear form (with respect to R) on an R-module M is a bilinear
map B: M x M — R, i.e., an element of Bilg(M) := Bilg(M, M; R) =~ (T*M)".
(ii) We denote by B +— !B the “swapping” map Bilg(M) — Bilgr(M), ie., given
by action of the nontrivial element of &y on Bilg(M, M;R) = (T?M)¥. Thus,
tB(m,n) = B(n,m) for all m,n e M.
(iii) A bilinear form B : M x M — R is called
e symmetric, if ‘B = B, i.e., if it factors through T?M — S?*(M);
e alternating, if B(m,m) = 0 for all m € M, i.e., if B factors through T?(M) —
A*(M);
e skew-symmetric, if ‘B = —B, i.e., if B(m,n) = —B(n,m) for all m,n € M.
This gives subsets SymBil, (M), AltBilg(M), SkewsymBil, (M) < Bilg(M). The
subscript R may be dropped if it is understood.

Remark 9.2. (i) As a special case of our discussion on Hom-tensor adjointness, we
have:
B—B(m,— . B—B(—m
Hom (M, MY) <=2 Bitg () S Homp(M, M) .

T—o(MxM—»TQM)
Homp(T?M, R) = (T?>M)¥

Thus, when M is free of finite rank, Bilg(M) =~ (T?M)" can also be described as
MY ®gr MY =T?(M"), using the pairing between M®" and (M")®" from Lecture
8. This also lets us view a bilinear form on M as a “noncommutative degree two
homogeneous polynomial on M”.

(ii) Like with tensors, any alternating form is skew-symmetric, and the converse is
true when 2 € R* but not in general. When 2 € R*, we will also see later that
symmetric bilinear forms are essentially the same as quadratic forms (to be defined
later today). The objects of primary interest seem to be quadratic and alternating
forms, rather than symmetric and skewsymmetric forms (except that the latter are
essentially the former when 2 € R*).

(iii) We will mostly only be interested in bilinear forms on M when M is a free R-
module of finite rank, but this notion is typically interesting at least when M is a
projective R-module of finite rank, a notion that we have not defined.

(iv) When 2 = 0 in R, skewsymmetric is the same as symmetric, but as mentioned
above, these notions are of secondary interest in this case.
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(v) It follows from the definition that SymBil(M), AltBil(M ), SkewsymBil(M) < Bil(M)
identify with

(S2M)” = ((T*M)*) < (T*M)”, (N*M)* < (T*M)" and ((T*M)")S*="
respectively. 2% For some more descriptions, see the following exercise.

Exercise 9.3. Hopefully understanding the following can clarify the context.

(i) Let a group G act on an R-module M, and let x : G — R* be a character.
Recall, from HW 4, the submodule M(“X) < M of (G, x)-invariants of M, and the
quotient module M) of (G, x)-coinvariants of M. G acts on M := Hompg(M, R)
by (g- f)(m) = f(g~"-m).

(a) The quotient map M — M, induces an injection (Mg, )" < M". Show
that this injection defines an isomorphism (Mg, )Y — (M¥)&X ",

(b) In contrast, we also have a map (M")g,—1 — (M%X)¥, because the restriction
map MY — (M%X)¥ factors through MY — (M")q,-1, but this may not be
an isomorphism.

(c) Conclude from (a) that when M is free of finite rank, (S™M)" identifies with
the space of symmetric tensors in 7" M " and (A" M)" identifies with the space
of antisymmetric tensors in T"M".

Hint: By an exercise from Lecture 8, since M is free of finite rank, (7" M)
identifies with T" MY &,-equivariantly (i.e., the pairing of 7™M with T"M"
from Lecture 8 satisfies (g - A\, g - ) = (A, u) for all g € &,, — verify this). Be
warned that S”M doesn’t always identify with the space of symmetric tensors
in M.

(ii) Assume that M is a finite free R-module. Define a sequence of “obvious maps”

SymBil(M) = (S?M)¥ = ((T*M)¥)®* = (T?M)®? = {Symmetric tensors in T°M"} — S*(M"),

where the last arrow is an isomorphism when 2 € R* but not in general (more
about this in the discussion on quadratic forms).

(iii) (To be double-checked) Assume that M is a finite free R-module. Define a sequence
of “obvious maps”

ARBil(M) = (A2M)Y = ((T*M))%2%" =~ (T?2M )28 = {Antisymmetric tensors in T?M "} — A*(MV),
where these maps are all isomorphisms, even when 2 ¢ R*.
Hint /note: The last map in the above line is not
{ Antisymmetric tensors in T?°M "} < T2MY — A*M Y,

since this is not an isomorphism in general. Rather, the proof that A2M was free
(for free finite rank M) gave us an injection A*M — T?(M), whose image was the
space of alternating tensors in M. The last map is inverse to this, with M replaced
by M. This also gives the isomorphism (A*M)Y ~ A?(M") from HW 4.

24This is true regardless of R, because care has been applied in deciding the order of the decorations:
e.g., S2M is a quotient module of T>M, so (S>M)Y is a submodule of (T*M)".
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Lemma 9.4. Assume that 2 € R*. Then the inclusions of (S*M)Y,(A*M)Y in (T*M)"
induce an isomorphism (T*M)Y = (S?M)" @ (A*M)V . In other words, when 2 € R*, every
bilinear form is uniquely a sum of a symmetric bilinear form and a skew-symmetric (or
equivalently since 2 € R*, an alternating) bilinear form.

Proof. Easy; use B = (B + 'B)/2+ (B — 'B)/2. O

9.2. Matrices associated to bilinear forms, and determinant.

Exercise 9.5. Let M = R". Write eq,...,e, for the standard basis of R". Show that
there is an R-module isomorphism

Bilg(M) — M, (R),
sending B € Bilg(M) to [B(ei, €;)]1<ij<n € Myn(R), and whose inverse sends A € M, (R) to
(X,Y)— 'XAY,
with X,Y € R" thought of as column vectors in the obvious way.

Definition 9.6. Let M be a free finite rank R-module. If B € Bilg(M), then for any basis
e1,...,e, of M, the matrix of B with respect to that basis is defined to be

A = [B(es, e5)]1<ij<n-

Remark 9.7. (i) In the context of Definition 9.6, note that the basis e, ..., e, iden-
tifies M with R™. Either by transporting B to R" via this isomorphism and using
Exercise 9.5, or (better) directly, note that we can describe B € Bilg(M) in terms
of its image A € M,,(R) as:

(39) B(i zies, i yie;) = 'XAY,
i=1 j=1

where XY are the column vectors defined by (zy,...,2,) € R" and (y1,...,yn) €

R". Tt easily follows that sending B to its matrix with respect to ey, ..., e, defines
an R-module isomorphism (depending on the choice of ey, ... e,)
(40) Bilg(M) — M, (R).

(ii)) Let M = R". If A € M,(R) is the matrix of B € Bilg(M) with respect to some
basis, then regardless of this choice of basis, B € SymBil,(M) if and only if A
is a symmetric matrix, B € AltBilg(M) if and only if A = [a;;] is an alternating
matrix in the sense that a;; = —aj; and a; = 0 for all 1 < 7,5 < n, and B €
SkewsymBil, (M) if and only if A = [a;;] is a skewsymmetric matrix.

(iii) While the isomorphism Bilg(M) — M, (R) of (40) depends on the choice of the
basis ey, . .., e,, this dependence is easy to describe. Namely, if €], ..., €/ is another
basis of M, say e; = >, pirex for each 1 < i < n for some matrix P = [p;;]i<ij<n €
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(R), then automatically P € GL,(R), and the matrix of B with respect to
€y, .-, e, is given by A" = [aj;], where

= P(e}, €]) (szk«@k,Zpgz@l) = > piBlex,e)pj = ) piarpy = (PA'P); ,
ol ol

so that A" = P-A-'P. Thus, the matrix of B with respect to e}, ... e, is P-A-'P,
with P € GL,(R) relating the e; to the e} as above.

Exercise 9.8. Let M be a finite free R-module. If the matrix of B € Bilgz(M) with respect
to e1,...,e, is A, then with respect to the choices of eq,...,e, as a basis for M and the
dual basis ey, ..., e as a basis for M"Y, show that the matrix of the linear transformations

m +— B(m,—) and m — B(—,m) are A and A.

Definition 9.9. (i) Let M be a finite free R-module. The determinant det B of B €
Bilg(M) is an element of R/R*?, the quotient of the set R under the multiplicative
action of the group R*? (i.e., the set ?° of R**-orbits on R), defined in either of the
following equivalent ways:

(a) Definition using coordinates/matrices. det B is defined to be the image of det A
in R/ R*?, where A is the matrix of B with respect to any basis of M: this is
well-defined, because replacing the basis will replace A by some P-A-'P, with
P € GL,(R) (see Remark 9.7(iii) above), and det(P-A-'P) = (det A)(det P)* €
(R*)? - det A (recall/note that elements of GL,(R) have determinant in R*).

(b) Coordinate-free definition.

e If M is free of rank one, then B(z,x), where z is any generator of M, has
a well-defined image in R/ R**, which we call det B: any other generator
is of the form az with a € R*, and B(azx, ax) = a*B(z, z) € B(z, z)-R**.
e For general M that is free of finite rank n, a problem from HW4 associates
to B a bilinear form A"B € Bilg(A"M). Since A"M is of rank one,
the rank one case gives a definition of det(A"B), and we set det B =
det(A"B).
To see that these definitions agree, look back at the definitions, and make sense
(in R/R*?) of:

det B Secondrotion A"B(er A -+ Anep,e1 Ao Aey) = det([Blei, €5)]i<ij<n) first 2OtOn et B.

(ii) Recall that associated to B are two maps M — MY, namely m — B(m,—) and
m— B(—,m).
e B is said to be nondegenerate if these maps are both injective: i.e., given
m € M, there exist m',m” € M such that B(m,m’') # 0 # B(m”",m).
e B is said to be perfect if one of these maps is an isomorphism. Easy exercise:
this is equivalent to both of these maps being isomorphisms (e.g., use Remark
9.10(i) below).

25it is just a set and not a group or anything.
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(iii) Let M and M’ be R-modules, B € Bilg(M) and B’ € Bilg(M’). The direct sum of
the pairs (M, B) and (M’, B’), denoted (M, B)@® (M',B’) or (M,B) L (M', B'), is
defined to be (M @ M', B® B’), where B@® B’ is the bilinear form on M @ M’ such
that for all my, my € M and mj, m,, € M’ we have:

(B@)B/)((ml?mi)? <m2am/2)) = B(mlva) + B/(m/DmIQ)

Remark 9.10. (i) Tt is immediate that either of m — B(m—) or m — B(—,m) is an
isomorphism if and only if det B € R/R** belongs to R* /R**: use Exercise 9.8.

(ii) If B is perfect, then it is nondegenerate, but not conversely (e.g., B : Z x Z — 7Z
given by B(m,n) = 2mn is nondegenerate, but not perfect). However, note that
if R is a field, then since M and MY are vector spaces of the same dimension,
nondegenerate B are perfect as well. Thus, once we specialize to fields, we will
simply write nondegenerate, but “perfect” will also be understood.

(iii) Henceforth, we will be interested in pairs (M, B) consisting of a finite free R-module
M, and B € Bilg(F). It is clear how to define isomorphisms between such pairs
(M, B) and (M’, B'): they should be R-module isomorphisms 7" : M — M’ that pull
B’ back to B (i.e., B'(T'my,Tms) = B(my, msg) for all m;, my € M). Isomorphisms
between such pairs will also be referred to as ‘isometries’. In contrast, I haven’t
noticed much interest in the notion of just morphisms (as opposed to isomorphisms)
between such pairs.

Exercise 9.11. (i) Verify any claim in Remark 9.10 that you don’t see immediately.
(ii) Show that isometries preserve the various notions you have seen above, such as

determinant, nondegenerate and perfect.
(iii) Let M, M’ be finite free R-modules. If bilinear forms B € Bilg(M) and B’ €

Bilg(M') have matrices A and A’ with respect to choices of bases ey, ..., e, of M
and ¢/,... e, of M’', then the bilinear form B @ B’ € Bilg(M @ M’) has matrix,
with respect to the basis ey, ..., e,, €], ..., e, matrix of the form

(* 4)
Al
(where the entries in the ‘blank’ blocks are understood to be all 0).

9.3. Quadratic forms.
Definition 9.12. Let M be a finite free R-module.

(i) A quadratic form on M is a function ¢ : M — R that satisfies any of the following
four equivalent conditions, their equivalence following from Exercise 9.13(i) below:
(a) It is given by a homogeneous polynomial of degree 2: i.e., 3f = Y [l €
S%(MY), with each [;,I; € MY, such that for all m € M we have f(m) =
2 li(m)li(m).
(b) We have g(am) = a*q(m) for alla € R and m € M, and the map B, : M x M —
R given by B,(m,n) := g(m + n) — q(m) — ¢(n) is an R-bilinear form on M.
We will call B, the bilinear form associated to q.
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(¢) There exists B € Bilg(M) such that for all m € M, we have g(m) = B(m, m).
In this case, we might write ¢ = ¢p, and call ¢ the quadratic form associated

to B.

(d) Using some ?° basis of M to identify it with R™, there exist a; € Rfor 1 <i <n
and a;; € R for 1 < i < j < n, such that for all (zy,...,2,) € R" = M, we
have q(1, .., &n) = D01 icp GTF + D0 <ioiap il

In short, just “a homogeneous polynomial of degree 2”.

(ii) Let Quad(M) = Quadg(M) denote the R-module of quadratic forms on M. The
fact that each element of Quad(M) is defined by an element of S?(MY) gives us
a surjective R-module homomorphism S?(MY) — Quad(M), which is an isomor-
phism by Exercise 9.13(ii) below.

(iii) By a quadratic space over R we will refer to a pair (M, q), where M is a free R-
module of finite rank, and ¢ € Quadg(M) is a quadratic form. It is clear how to
define isomorphisms of quadratic spaces, and those will be referred to as isometries.

Exercise 9.13. (i) Show the equivalence of the four definitions of quadratic forms.
Hint: It could be easier to relate the condition (d) to the remaining three condi-
tions. Anyway, please do make sure you can do this exercise.

(i) Show that the R-module homomorphism S?(M") — Quad(M) is an isomorphism.
Hint: Without loss of generality, let M = R™. By the previous exercise, assume
q(z1,...,x,) = ZKKK” a;;jx;x;. If some a;; # 0, take m = e;. If each a;; = 0 and
some a;; # 0, take m = ¢; + ¢;.

(ili) Let M be a free R-module of finite rank. Show that we have a commutative diagram
with exact rows, each of whose columns are isomorphisms:

incl. B—gqp

0 — AltBilz(M) 2%+ Bilp(M) —£Quad (M) —= 0 .

T

0~ A2(MY) T*(MY) —= S2(M¥) —0

Again, A*2(MY) — T?(M") is the not-so-obvious inclusion, since A?(M ") is a priori
a quotient of T?(M"): one is using the exercise from Lecture 8 proving that A?(M")
is a free R-module (when M is finite free).

(iv) Recall B, and gp from (b) and (c) of Definition 9.12(i). Show that the composite
of ¢ — B, and B + ¢, in either direction, is not the identity, but multiplication
by 2. Thus, if 2 € R*, these maps are not “lossy” at all, 2" and in this case, it may
be more convenient to replace B, by

By = (1/2)By : (z,y) — 27" (q(z + y) — q(z) — q(y)),

which ensures ¢p; = q and By, = B.

2661 as is easily seen to be equivalent, any.

2Twhich they are if, say 2 = 0 in R.
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(v) Verify that one way to transcribe the above exercise is as follows: When 2 €
R*, so that Bilg(M) = SymBil,(M) @ AltBilg(M), the surjection Bilg(M) —
Quady(M) given by B — ¢p vanishes on AltBilg(M), and restricts to an iso-
morphism SymBilp(M) — Quadg(M). This isomorphism also respects various
constructs we will define in what follows, such as the radical etc.

(vi) On the other hand, when 2 ¢ R*, SymBil,(M) — Bilg(M) — Quady(M) fails
quite spectacularly to be an isomorphism; say when 2 = 0 in R (e.g., if R = Fy):

e Any element of AltBilg(M) < Bilg(M) is contained in SymBilz (M), but maps
to 0 in Quadg(M): thus, these give B such that ¢gg = 0. Specifically, consider
M = R?%, B((z1,y1), (22,%2)) = x1y2 + T2y1: B is nondegenerate, but ¢g = 0.
e While every element of Quad (M) is still of the form ¢p for some B € Bilg(M),
there may not exist such B € SymBil,(M); e.g., M = R% Q(x,y) = zy.
We may see these more explicitly in examples later.

9.4. Sesquilinear forms. Recall that complex inner products, being only conjugate-linear
in one of the variables, are not bilinear. So what generalizes complex inner products are
not bilinear forms, but sesquilinear forms (“1.5-linear forms”), to define which we need a
‘conjugation’; so that we can talk of conjugate-linearity.

In this subsection, we will take R = F to be a field, and let E/F be a separable quadratic
extension. We will probably not use the following facts from field theory, but it is probably
good to keep them in mind/make sure you can prove them:

(i) If char F' # 2, then E = F[a] = F[+/a], for some nonsquare a € F, with o? = a.

(ii) If char F' = 2, then E = F[«a], for some root a of a quadratic polynomial of the
form 22 — x — a = 0 (if « satisfies x(z — b) + ¢ = 0, then b # 0 by separability, so
replace « by ab, which gives the same extension).

It is easy to see that Gal(E/F) := Autp.a,,(E) = {1,0}, where o swaps the roots a and
—a of 22 —a = 0 (if char F # 2) or the roots @ and 1 — « of > —x —a = 0 (if char F = 2).

Notation 9.14. (i) Given E/F and 1 # o € Gal(E/F) as above, we will typically
denote o by a — a.

(ii) We will write trg/p : £ — F and Ng/p : £ — F* for the trace and norm maps
associated to E/F, which we recall are defined by: trg/p(a) = a +a € F and
Ng/p(a) = aa € F. Alternatively, a — (b — ab) defines a ring homomorphism
E — Endp(FE), whose composite with tr : Endp(E) — F and det : Endp(E) — F
define trg/p and Ng/p, respectively (see Exercise 9.18 below).

Definition 9.15. Fix a separable quadratic extension E/F as above.

(i) Let V' be a vector space over E. An E/F-sesquilinear form on V is a Z-bilinear
map
B:VxV-—>E,
such that for all v,w € V and a € F, we have:

B(av,w) = aB(v,w), and B(v,aw) = aB(v,w).
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Thus, a sesquilinear form is linear in the second variable and “conjugate-linear” in
the first variable. “Sesqui” means 1.5.

(ii) Sesquilinear forms on V form an E-vector space of dimension equal to (dim V)
which will be denoted by SesLing/p(V') = SesLin(V').

(iii) It is immediately checked that we have a linear involution = : SesLin(V') — SesLin(V)
denoted B — B*, such that B*(v,w) = B(w,v) for each v,w € V: note that B* is
indeed sesquilinear, unlike (v, w) — B(w,v).

(iv) A sesquilinear form B is called Hermitian if B* = B, and skew-Hermitian if
B* = —B. This gives us subsets Hermp (V) = Herm(V'), SkewHermpgp(V) =
SkewHerm(V') < SesLin(V'), which are not E-subspaces (if B is Hermitian or skew-
Hermitian, then for a € F\F, aB will usually not be Hermitian or skew-Hermitian):
they are F-subspaces of SesLin(V').

Notation 9.16. To study F/F-sesquilinear forms on an E-vector space V, it is helpful to
consider the E-vector space V whose underlying abelian group is V, on which F operates
through o followed by the usual scalar multiplication: its elements can be denoted {v | v €
V'}, where each 0 is a formal symbol, and its vector space structure defined by av + w =
av + w.

Remark 9.17. Let E? be the E-algebra o : E — E, thought of as an (E, E)-bimodule.
It is an easy exercise to see that that V' has an obvious identification with the E-vector
space E? ®g V. We will probably not use this today, but this sort of consideration is quite
common in mathematics.

Exercise 9.18. Use your knowledge of tensor products to show that the two definitions
of trg/p and Ng/p coincide.

Hint: Tt is enough to show that the eigenvalues of b — ab are a and o(a), respectively.
To see this, it is natural to consider ¥ Qg FE, the extension of scalars of the F-vector
space F to an E-vector space. Show that, as an E-vector space, we have an isomorphism
E®rFE =~ EQFE of E-vector spaces, which transports “multiplication by a” to the E-linear
transformation of E@® F that is “multiplication by a” on the first factor and “multiplication
by a” on the second.

Exercise 9.19. In these questions, unless otherwise stated, E/F is a separable quadratic
extension, and V' is an E-vector space.

(i) Show that B — (v — B(v,—)) and B — (v — B(—,v)) define E-linear isomor-
phisms SesLin(V) — Hompg(V,V") and SesLin(V) — Homg(V,V"). Here we
identify the underlying sets of V and V via v +— 7.

(ii) For any E-basis ey, ..., e, of V' define the matrix of B with respect to this basis to
be A = [B(e;, €;)]1<ij<n. Give an “X*AX” description for B, where X* = o('X),
o being applied entry-wise to X . Similarly, give a “PAP*” change of basis formula
for this matrix.

(iii) For any choice of basis of E, show that B € SesLin(V") is Hermitian if and only if
its matrix A is Hermitian (i.e., A* = A), and that B is skew-Hermitian if and only
if its matrix A is skew-Hermitian (i.e., A* = —A).
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(iv) For B € SesLin(V'), define what det B should be, as an element of E/Ng/p(E*).
Define both coordinates-based and coordinate-free variants of this notion, and prove
their equivalence.

(v) Define the notion of nondegeneracy for B € SesLin(V'), which also agrees with what
perfectness should be, and show that B is nondegenerate (i.e., perfect) if and only
if det B is not 0 inside E/Ng/r(E™).

(vi) Let B € SesLin(V'). Show that if B is Hermitian, then det B € F'. Show also that if
B is skew-Hermitian and dim V' is odd (resp., even), then det B € ker(trg/r) = {z €
E | trg/r(x) = 0} (resp., det B € F)). Note that ker(trg/r) is a one-dimensional
F-subspace of E just like F' is.

Hint: Use that det A* = det A.

(vii) Define direct sums and isometries for pairs (V, B) consisting of an E-vector space
V and an E/F-sesquilinear form B : V x V — E.

(viii) Unlike the difference between symmetric and skew-symmetric forms, the difference
between Hermitian and skew-Hermitian forms is not serious: if 0 # § € E is such
that trg/p(3) = 0 (if char ' # 2, one can take 8 € E\F such that $? € F, and
otherwise one can take § = 1), multiplication by 3 gives an F-linear isomorphism

Herm(V') — SkewHerm(V).

Remark 9.20. In the theory of algebraic groups, orthogonal groups are defined as groups
of isometries of (nondegenerate) quadratic forms, symplectic groups as groups of isome-
tries of (nondegenerate) alternating forms, and unitary groups as groups of isometries of
(nondegenerate) Hermitian (sesquilinear) forms. By Exercise 9.19(viii), unitary groups are
also groups of isometries of skew-Hermitian (sesquilinear) forms.

9.5. Radicals, orthogonals etc. Henceforth, we will only consider the case when R = F
is a field, or when we have a quadratic separable extension E/F of fields.

Definition 9.21. Consider one of the following scenarios:

(a) V is a vector space over a field F', and B is a symmetric or alternating bilinear
form on V. We will only use the ‘symmetric’ case when char F' # 2.

(b) E/F is a quadratic separable field extension, V' is a vector space over F, and
B e Herm(V') or B € SkewHerm(V').

Then:

(i) For S < V, we define the orthogonal of S with respect to B to be:
Sti={veV|B(v,8) = {0}} = {ve V| B(S,v) = {0}

(the two descriptions agree since we are in the symmetric/alternating/Hermitian /skew-
Hermitian situation). Note that S+ < V is a subspace (i.e., an F-subspace in the
bilinear case, and an E-subspace in the sesquilinear case).
(ii) The radical of B, denoted rad(B), is defined to be V1, so rad(B) = {v € V |
B(v,V) = {0}} = {ve V[ B(V,v) = {0}}.
V' is nondegenerate (or equivalently, perfect) if and only if rad(B) = 0 (easy).
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Definition 9.22. Let (V,q) be a quadratic space over a field F. If char F' # 2, we define
the radical rad(q) of ¢ to be rad(B,), and say that ¢ is nondegenerate/perfect if B, is.
However, a definition that works independently of its characteristic is given as follows:

(i) Radical. The radical of (V, q) is defined to be
rad(q) := {v e rad(B,) | ¢(v) = 0},

which is readily checked to be a vector subspace of V' (If ¢(v) = ¢(w) = 0 with
v,w € rad(By), then ¢(v + w) = q¢(v) + q(w) + B,y(v,w) = 0).
(ii) Nondegeneracy.

(a) (V,q) is regular if rad(q) = 0.

(b) (V,q) is nondegenerate if one of the following three conditions, which can be
shown to be equivalent, are satisfied, where gy is obtained from ¢ by extending
scalars along F' < K (exercise: make this precise):

e rad(qx) = 0 for every field K containing F}
e rad(gx) = 0 for some algebraically closed field K containing F'; and
e (V,q) is regular and dimp rad(B,) < 1.

Exercise 9.23. If char I # 2, show that rad(q) = rad(B,), since q|raa(s,) can be recovered
from Bj|raa(s,) (easy/immediate). Note that when char F' = 2, taking M = F' and ¢(x) =
z?, rad(B,) = F but rad(q) = 0. Hopefully this gives at least a very partial explanation of
why we defined ‘radical’ and ‘nondegenerate’ for quadratic forms the way we did.

Remark 9.24. The point of giving uniform characteristic-independent definitions as above
(which we did not discuss in the lecture) is that, with these uniform definitions, a lot of
the nontrivial properties of quadratic forms and orthogonal groups outside characteristic
two also work over characteristic two. I haven’t justified this, and am appealing to your
faith here: the appeal-to-faith point is that often when one identifies the ‘correct’ general
definitions, a lot of things extend to the general case, but identifying the ‘correct’ general
definitions, or even realizing that such exist, might involve work.

Exercise 9.25. (i) Let (V,B) be as in Definition 9.21. Show that B descends to a
bilinear form B on V/rad(B), and that rad(B) = 0.

(ii) We do not have a canonical maximal nondegenerate subspace of (V, B), rather we
have several noncanonical ones: show that any subspace W < V that is comple-
mentary to rad(B) satisfies that (W, B|y/) is nondegenerate. (Easy). Moreover,
V — V/rad(B) restricts to an isometry from (W, B|w) to (V/rad(B), B).

(iii) Formulate and prove the analogue of the above questions for quadratic spaces (V, q).

Example 9.26. (i) The case where dimpV =1 or dimg V =1, as appropriate:
e Bilinear cases: For V' = F, Bilp(F) = SymBilx(F) = {(B, : (z,y) — azy) |
a € F}, and AltBilp(F) = 0. Note that det B, = aF*”. It is easy to see that
B, and B, are isometric if and only if a € bF*?, i.e., det B, = det B,.
It easily follows that sending (V, B) to det B gives a bijection

{Isometry classes of (V, B) with dimp V = 1 and B € Bilp(V)} — F/F*?,
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and we can replace Bilp(V') with SymBilz(V) in the above assertion. All the
(V, B) are symmetric in this case, none alternating. (F, B,) is a representative
with determinant aF*>.

e Sesquilinear cases: For E/F quadratic separable and V' = E, SesLing/p(E) =
{(By: (z,y) = azy | a € B}, Hermp/p(E) = {B, | a € F'}, SkewHermp,/p(E) =
{B, | a € ker(trg/r)}. We have det(B,) = aNg/p(£*), and B, is isometric to
By if and only if det B, = det By,.

It easily follows that sending (V, B) to det B gives a bijection

{Isometry classes of (V, B) with dimg V' = 1 and B € SesLing/r(V)} — E/Ng/p(E™).

We have a similar assertion involving Hermp, (V) and F//Ng/p(£*), and one
involving SkewHermpg,/p(V') and ker(trg/p)/Ng/p(E™).

e Quadratic cases: Sending V' to ¢(v)F XZ, where 0 # v € V' is any basis vector,
gives a bijection

{Isometry classes of (V,q) with dimpV =1} — F/Ng/p(E™).

A representative with determinant (the image of) a is given by (F,ax?).
(ii) Hyperbolic planes.
(i) In the context of symmetric or Hermitian (resp., alternating or skew-Hermitian)
forms, a hyperbolic plane over F' or E is a pair (V, B) that has, with respect
to some basis, matrix

() e 7))

(ii) In the context of quadratic spaces, a hyperbolic plane over F' is a quadratic
space that is isomorphic to (F?, (z,y) — zy).

Note that every hyperbolic plane is nondegenerate. A hyperbolic space is defined
to be a direct sum of hyperbolic planes.

(iii) In all the five contexts, a vector 0 # v € V' is called isotropic if B(v,v) = 0 or
q(v) = 0 as appropriate, and anisotropic otherwise.

(iv) A subspace W < V is called anisotropic if every 0 # w € W is anisotropic, isotropic
if it is not anisotropic, and totally isotropic if B|y = 0 or ¢g|w = 0, as appropriate.
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10. LECTURE 10 — VARIOUS KINDS OF BILINEAR FORMS, AND QUADRATIC FORMS
(CONTD.)

Notation 10.1. In this lecture, (V, B) will denote a finite dimensional vector space to-
gether with a symmetric, alternating, Hermitian or skew-Hermitian form as above, asso-
ciated to a field F' or a separable quadratic extension E/F as appropriate. A subspace
W < V will refer to an F-subspace in the former two cases, and to an E-subspace in the
latter two cases. We will often omit to mention the finite dimensionality of various pairs
(V, B) as above, but it should be considered as understood.

Further, in the symmetric case, we will assume char ' # 2. In the bilinear cases (i.e., in
the symmetric and the alternating cases), if we say E we will mean F', if we say V', we will
mean V', etc.

We recall that when char F' = 2, symmetric is the same as skew-symmetric, but neither
of these notions works well. However, quadratic and alternating forms do work well in
characteristic 2.

If you don’t like this level of generality, at least on a first reading just think of the symmetric
bilinear case. Recall the notion of direct sums of bilinear forms, nondegenerate, orthogonal,
radical etc.

10.1. Building (V, B) from smaller subspaces. In many situations we can get direct
sum decompositions, thanks to the following simple lemma:

Lemma 10.2. (1) Suppose (V,B) is as in Notation 10.1. If a subspace W < V is
nondegenerate, then V=W @ W+ (i.e., (V,B) = (W, Blw) ® (W, Bly.).
(ii) If instead V is nondegenerate, we still have dim W + dim W+ = dim V.

Remark 10.3. In (ii) of the lemma, we may not have V. = W@®W, since W n W+ may be
nonzero: e.g., W can be a totally isotropic subspace of V, in which case W < W+. For an
even more particular example, suppose (V, B) is a hyperbolic plane, where V' = Fe; + Fey
with B(ej,e;) = B(eg,ez) = 0 and B(ey,ez) = 1. Then if W equals Fe; or Fes, we have
W =W+,

Proof of Lemma 10.2. For ease of reading, we will discuss only the symmetric bilinear case:
for the Hermitian and the skew-Hermitian cases, simply put a “” at the appropriate places.
For both assertions, by the rank-nullity theorem, it is enough to show that the following
sequence is exact, where we recall that WY : Hompg (W, F):

v—B(v,

0o Wty B ywy Lo

(this would give dim W + dim W+ = dim WY + dim W+ = dim V; in the situation of (i),
since W n W+ = 0, this would also give V=Wo® WL).

The exactness at W+ and V are immediate, while for the surjectivity of V — WV:
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e In the situation of (i), use that B|y is perfect (nondegenerate), so already the
restriction W — WY of V.— WV given by v — B(v,—), is surjective.

e In the situation of (ii), V" — W is the composite of the surjective map V'V — W
(given by restriction to W) and the isomorphism V' — V' given by v — B(v, —).

g

Exercise 10.4. This exercise is trivial, but is helpful to keep in mind; it will be used
without further comment in what follows: if (V, B) is one of the four kinds of pairs above,
and is nondegenerate, and we have a decomposition (V, B) =~ (Wy, By) @ (W5, Bs), then
(W1, By) and (W3, By) are nondegenerate.

By Lemma 10.2, to decompose (V| B), it is enough to construct smaller nondegenerate
subspaces within (V, B). Here are two ways to do this:

e Any anisotropic vector spans such a subspace.
e Any isotropic vector in V is contained in a hyperbolic plane in V', by the following
lemma.

Lemma 10.5. Let (V,B) be as in Notation 10.1 (thus, char F' # 2 in the symmetric
bilinear case), and assume that (V, B) is nondegenerate. If 0 # v € V is an isotropic
vector, then (V, B) contains a hyperbolic plane (for its type) containing v.

Proof. We have B(v,v) = 0. It is enough to find w € V such that B(w,w) = 0 # B(v,w):
for, then we can scale w to ensure B(v,w) = 1, and then Span(v,w) will be a hyperbolic
plane.

Since (V, B) is nondegenerate, there exists w’ € V' such that B(v,w’) # 0. It is enough to
find a scalar a such that B(w' — av,w’ — av) = 0: then w := w’' — av satisfies B(v,w) =
B(v,w'") # 0 = B(w,w). Thus, we need B(w',w’) = B(w',av) + B(av,w’), which can be
ensured case-by-case:

e In the alternating case, this is automatic.

e In the symmetric case (where char F' # 2 by assumption), choose a = ( w') /2.
e In the Hermitian case, choose a € E such that trg/p(aB(w',v)) = B(w',w') € F
(such an a exists since trg/p : E — F is surjective, because E/F is separable)

e In the skew-Hermitian case, choose a € E such that aB(w',v) — aB(w',v) =
B(w,w) (choose c such that trg/pc = 0, and then a such that trg/p(caB(w',v)) =
cB(w',w') € F (explanation for why ¢B(w',w') € F: ¢ = —¢, B(w',w') = —B(w', '),
so eB(w',w') = ¢B(w',w'"), so ¢eB(w',w') € F): this is the same trick we used in
Lecture 9 to say that skew-Hermitian is not essentially different from Hermitian.

g

Corollary 10.6. In the alternating cases, we have (of course noncanonically)

m- (du)omo
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where H stands for an alternating hyperbolic plane, and (W,0) is the radical of B.

Proof. Choosing any complement W’ of rad(B) to write V as a direct sum of (W, 0) and a
nondegenerate subspace (W', V|y~) (this was an exercise, Exercise 9.25((ii)), from Lecture
9), we reduce to the nondegenerate case. Now, any nonzero vector in V' is isotropic, so we
can inductively apply Lemma 10.5 together with Lemma 10.2(i) (H is nondegenerate; we
also use the easy Exercise 10.4, which will typically not even be cited henceforth). Il

Remark 10.7. Thus, the classification of alternating forms is uniform over all fields (ap-
parently, also over local rings and Dedekind domains; see Professor Nair’s notes).

Corollary 10.8. Let (V, B) belong to the symmetric, Hermitian or skew-Hermitian cases.
Then there is a basis of V' for which the matrix of B is diagonal: there exists a basis
€1,.--,en of V and nonzero ay, ..., a, belonging to E or F, where r = n—dimrad(B) < n,
such that
Bles,e;) 0, zfz #j 07"? =J>r, and
a;, ifl1<i=75<r.
Proof. As in Corollary 10.6, we choose a complement of rad(B) to reduce to the case

where (V, B) is nondegenerate. We can induct using Lemma 10.2(i), if show that any
nondegenerate (V, B) has an anisotropic vector. This is Lemma 10.9 below. U

Lemma 10.9. Any nondegenerate symmetric bilinear, Hermitian or skew-Hermaitian space
(V, B) has an anisotropic vector.

Proof. Let v,w € V with B(v,w) # 0. If B(v,v) # 0 or B(w,w) # 0, we are done.
Otherwise:

e In the symmetric case, if v and w are isotropic, then B(v+w,v+w) = 2B(v,w) # 0.

e In the Hermitian case, choose a € E so that trg/p(aB(v,w)) # 0; then if v and w
are anisotropic, B(v + aw, v + aw) = trg/p(aB(v,w)) # 0.

e The skew-Hermitian case is similar, with trg/p(aB(v, w)) replaced by aB(v,w) —
aB(v,w) (see the proof of Lemma 10.5).

g

Henceforth, we will mostly ignore the skew-Hermitian case: as seen in Lecture 9 and above,
we can reduce the proofs in the skew-Hermitian case to those in the Hermitian case, using
a trace zero element in E.

Corollary 10.10. Let (V, B) belong to the symmetric or Hermitian cases. Let € be a

set of representatives for F/FX2 in the symmetric case, and a set of representatives for
F/Ngp(E*) in the Hermitian case.

(i) V' has a basis relative to which B has a matriz of the form diag(ay,...,a,), where
each a; belongs to £.
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(i) Assume that we are in the symmetric case (so char F' # 2) and that F is alge-
braically closed. Sending (V, B) to (dim V,dimrad(B)) gives a bijection

{Isometry classes of pairs (V, B) over F with B symmetric bilinear} — {(n,m) e N* | m < n}.

(111) (Sylvester’s law of inertia) Assume that we are either in the symmetric case with
F =R, orin the sesquilinear case with E/F = C/R. Then there is a bijection

{Isometry classes of pairs (V, B) in this setting}y — {(p,q,r) € N*},

sending (V, B) to (p,q,r) where r = dimrad(B), and p (resp., q) is the maximal
possible dimension of a B-positive definite (resp., B-negative definite) subspace of
V.

Proof. Let us see (i). Corollary 10.8 gives us a basis ey, ..., e, of V, relative to which
B has matrix of the form diag(ay,...,a,). Choose nonzero ¢; such that a;c? € £ (in the
symmetric case) or a;Ng/r(c;) € € (in the Hermitian case). Then, relative to the basis
c1€1, ..., Ccpe, of V' the matrix of B is diagonal, with entries in £.

If F is algebraically closed, and (V, B) is symmetric bilinear, we can take & = {0, 1}, and
(ii) follows.

Now we come to (iii). In both the symmetric and the Hermitian cases, we can take
E = {0,1,—1}. Thus, every (V,B) in this setting has a basis with respect to which its
matrix is of the form diag(1?, —1%,0"), where we have written 17 for a sequence of p 1’s,

etc. It is clear that if e;, ..., e, is such a basis, then r = dimrad(B), B is positive definite
on the p-dimensional subspace spanned by e,...,e,, and it is negative definite on the
g-dimensional subspace spanned by e,i1, ..., €p4q.

To check that p is the maximal dimension of a positive definite subspace of V' — and
hence uniquely determined — note that no positive definite subspace of V' can intersect
Span(epi1,...,€,), and hence has dimension at most p. Similarly, ¢ is the maximal dimen-
sion of a negative definite subspace of V', and is hence uniquely determined. O

Definition 10.11. If (V, B) is a symmetric bilinear, Hermitian or skew-Hermitian form,
then a basis eq,...,e, of V is said to be an orthogonal basis (with respect to B) if its
elements are pairwise B-orthogonal, i.e., if B(e;,e;) = 0 for i # j, i.e., if B has a diagonal
matrix with respect to this basis.

Remark 10.12. By Corollary 10.10, every quadratic form ¢ on a vector space V over
a field F' with char F' # 2 can be diagonalized, i.e., there exists a basis e1,...,e, of V
and ai,...,a, € F such that ¢(3;" , zie;) = >, az?, for all zy,...,2, € F. However,
this is not true when F' has characteristic two: note that when char I’ = 2, if ¢ can be
diagonalized, then B, = 0, but we have several g such that B, # 0, e.g., a hyperbolic plane
q given by q(x1e1 + x9es) = 19,

Exercise 10.13. Above, we saw the classification of symmetric nondegenerate bilinear
forms over the real numbers. Read up about the classification of symmetric nondegenerate
bilinear forms/quadratic forms over finite fields, at least outside characteristic two. The
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main result in this context is: if (V,B) and (V’, B’) are nondegenerate, then they are
isometric if and only if dimV = dim V' and det B = det B’. Since #(F;/Ff) =2, it
follows that there are exactly two isometry classes of nondegenerate quadratic forms over
[F, of a given dimension, when ¢ is odd.

Example 10.14. A special case of Sylvester’s law of inertia helps us understand why there
are three cases of nondegenerate conics: ellipses, parabolas and hyperbolas. Recall that a
conic in R? is the subset given by a degree two polynomial f(z,y) = fa(z,y) + fi(z,y) +
fo(z,y), where fo(z,y) = ax® + bry + cy? is a homogeneous quadratic polynomial, f; is a
linear polynomial, and fp is a constant. Denote this conic by C.

Thus, f5 is a quadratic form. If this quadratic form is positive definite or negative definite
(i.e., has signature (2,0,0) or (0,2,0), then Cf is an ellipse. If it has signature (1, —1,0) or
(—1,1,0), then Cf is a hyperbola. Otherwise f, is degenerate, and C} is either a parabola
or ‘degenerate’ in the sense of being a line or a product of two lines, etc. Thus, finding the
shape of Cy basically amounts to diagonalizing the quadratic form fs.

In higher dimensions, i.e., in R", too, one considers solutions of quadratic equations in
n variables. Such solutions are called quadrics (as opposed to conics, which are in R?).
It is clear that Sylvester’s law of inertia helps us study and classify quadrics in R™ too:
e.g., in R3, one gets objects such as elliptic hyperboloids, parabolic hyperboloids etc.,
distinguished from each other by the signature of the associated quadratic form (namely,
the “homogeneous of degree two part” of the given equation).

Corollary 10.15. Let (V, B) belong to the symmetric, Hermitian or skew-Hermitian cases.
Then we have a decomposition

(V.B) = (Vi, Bp) @ (V,, B,) @ (rad B, 0),

where (Vi,, Bp) is a direct sum of hyperbolic planes, and (V,, B,) is anisotropic.

Proof. As before, reduce to the case where (V) B) is nondegenerate. If (V, B) is anisotropic,
we are done. If not, we have a hyperbolic plane in (V, B) by Lemma 10.5, so we can use
Lemma 10.2 and induct. U

Remark 10.16. In the above corollary, the subspaces (V3, By,) and (V,, B,) of (V,B)
are not uniquely determined. It so turns out, nevertheless, that their isometry classes
are uniquely determined: this is not obvious, and will be proved in Corollary 10.22 as a
consequence of Witt’s theorem.

The following slight strengthening of Lemma 10.5 will help us reduce the proof of Witt’s
theorem to the nondegenerate case.

Lemma 10.17. Let (V, B) belong to the symmetric, Hermitian or skew-Hermitian cases.
Assume that (V, B) is nondegenerate.

(i) Given any totally isotropic subspace Wo < V', with basis ey, ..., es, there exists a
totally isotropic subspace Uy < V', and a basis f1, ..., fs of Uy, such that B(e;, f;) =
0;; for 1 <1,j < s (then automatically, Wy + Uy = Wy @ Uy inside V).
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(i) Let W < V' be an arbitrary subspace. Write W = Wy @ W;, where Wy = rad(B|w),
and Wy is any complement to Wy in W (thus, Blw, is nondegenerate). Letey, ..., es
be a basis for Wy. Then there exists a totally isotropic subspace Uy =« Wit < V,
and a basis fi,...,fs of Uy, such that B(e;, f;) = 0;; for 1 < i,j < s (thus,
Wo + W1 + Uo = Wo@Wl @Ug mside V)

Proof. (ii) follows from applying (i) to Wi- > W, (which is nondegenerate as V and W,
are), so it is enough to prove (i). By nondegeneracy, which implies that v — B(v, —) defines
a bijection V' — V'V, we can choose f] € V such that B(e;, f]) = §;1 forall 1 <i < s. As
in the proof of Lemma 10.5, there exists a scalar a such that B(f] — aey, f| — ae;) = 0.
Setting f1 = f{ — aey, it is still true that B(e;, fi) = 6;1 for all 1 < i < s (use that W)
is totally isotropic). Vj := Span(ey, f1) is a hyperbolic plane, and is hence nondegenerate,
and es, ..., e, belong to Vi'. Now we can induct. ]

(i) of the lemma above can be summarized as follows: given a totally isotropic subspace
Wy < V, there exists a totally isotropic subspace Uy < V such that B restricts to a perfect
pairing between W, and U,. Automatically, Wy + Uy = Wy @ Uy < V is a direct sum of
hyperbolic planes. The configuration of (ii) of the lemma, with Wy, @ W; @ Uy < V, and
with B restricting to a nondegenerate form on W; and to a perfect pairing between the
totally isotropic subspaces Wy and Uy of V, is also something very commonly seen. Writing
Wy in between W, and Uy is for reasons to do with group theory (algebraic groups).

10.2. Witt’s theorem: statement and consequences. Recall that whenever we talk
of a symmetric bilinear form, we assume that char F' # 2.

Theorem 10.18 (Witt’s theorem/Witt’s extension theorem). Let (V, B) be a nondegen-
erate symmetric bilinear, alternating bilinear, Hermitian or skew-Hermitian form, and let
h : (W,Blw) — (W', Blw:) be an isometry between subspaces W, W' < V. Then there
exists g € Aut(V, B) such that glw = h. In other words, h can be extended to an isometry
V-V.

Here is another way to state the same theorem:

Theorem 10.19 (Witt’s theorem, slight restatement). Let (V, B) and (V', B") be isometric
nondegenerate symmetric, alternating, Hermitian or skew-Hermitian spaces, and let h :
(W, Blw) — (W', Blw) be an isometry between subspaces W < V,W' < V'. Then there
exists an isometry g : (V, B) — (V', B') such that g|w = h.

Theorem 10.19 is a formal consequence of Theorem 10.18 (please make sure you understand
that this is trivial), so only the former will be proved. Before proving Theorem 10.18, let
us derive some corollaries.

Corollary 10.20 (Witt cancellation theorem). Let (V, B) and (V', B") be nondegenerate
symmetric, alternating, Hermitian or skew-Hermitian spaces. Assume that

(Vva B) = (Wh Bl) S (W27 B2)7 and (Vla B,) = (W{7Bi) S (W2/7 Bé)
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If (V,B) = (V',B’) and (W1, By) = (W{, By), then (Wa, By) = (W}, BS) (where “~” means

“is isometric to”).

Proof, assuming Witt’s theorem. Let h : Wi — W] be any isometry, and use Theorem
10.19 to extend it to an isometry g : V — V’. Then automatically, g takes Wj- to I/Vl’L
(every isometry behaves well with respect to taking ‘L’).

It follows from the nondegeneracy of V' that that Wy, Wy, W], W5 are nondegenerate (by
now, it shouldn’t be necessary to quote Exercise 10.4 here), and (using Lemma 10.2) that
the inclusions Wy « Wit and WJ Wi are equalities, so g takes (Wa, Blw,) = (Wa, B)
to (W3, B'lwy) = (W3, By). O

Corollary 10.21. Let (V, B) be as above, nondegenerate. All mazimal totally isotropic
subspaces of (V,B) are Aut(V, B)-translates of each other, and hence have the same di-
MEeNSLon.

Proof, assuming Witt’s theorem. If W, W' < V are maximal totally isotropic and dim W <
dim W’ then any injection h : W < W' is an isometry, and hence extends to an isometry
g:V — V. Then g~ 1(W’) is a totally isotropic subspace containing 7, and hence equals
W by maximality. O

Corollary 10.22. Let (V, B) be as above, nondegenerate.

(i) All mazimal hyperbolic subspaces of (V, B) are Aut(V, B)-translates of each other,
and hence have the same dimension.
(i1) Write, using Corollary 10.15:

(Va B) ~ H° @ (V:nn Ban)>

where H* is an s-fold sum of hyperbolic planes H, and (V,,, Bay) is anisotropic.
Then s and the isometry class of (Van, Ban) are uniquely determined by (V, B).

Proof, assuming Witt’s theorem. (i) follows exactly as in Corollary 10.21.

Let us prove (ii). Given a decomposition (V,B) = (Wy, By) @ (Wa, By), we claim that
Wy < V is a maximal hyperbolic subspace if and only if (W5, By) is anisotropic: to see
“=”" use Lemma 10.5; to see “<", if W] 2 Wj is a hyperbolic subspace, and hence a
direct sum of its own totally isotropic subspaces, then the image of W] under the projection
V' — W5 has a nonzero isotropic vector, a contradiction. Thus, any H® < V as in (ii) is a
maximal hyperbolic subspace of V', and s is half its dimension, so that the uniqueness of s
follows from (i). The uniqueness of the isometry class of (V,,,, Bay,) then follows from the
Witt cancellation theorem (Corollary 10.20). Note that in the alternating case, of course,

s =dimV /2, and V,, = 0. O

Definition 10.23. In the context of the above corollary, (the isometry class of) (Vap, Bay)
is called the anisotropic kernel of (V, B).
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10.3. The proof of Witt’s theorem in the symmetric bilinear case. We will only
prove Theorem 10.18 in the symmetric bilinear case.

Step 1. Reduction to the case where W < V is nondegenerate. Let Wy = rad(B|w) ¢ W

have basis ey, ...,es. Consider the basis €] := h(e1),...,€e. := h(es) of W := h(W) =

rad(B|w). Let W be any complement to Wy in W, so that W] := h(W)) is a complement

to W in W”.

Associate to W, Wy, W7 and eq, ..., e,, the subspace Uy and its basis f1, ..., fs asin Lemma

10.17(ii). Associate, similarly, U} and fi,..., fl to W/, W§, W{ and €/, ..., €..

We extend h to a map W + Uy — Wi + Uy, still denoted h, as follows:
h:W+Uy=WodW,@Uy > W;@W, U, =W+ Uy,

that agrees with h on W = W, @ W, (and in particular takes each e; to €}), and such that

h(f;) = f! for each i. It is immediately verified (please do verify) that this new h is an

isometry on Wy + Uy = Wy @ Uy as well as on Wy, and hence on Wy + W7 + Uy = W + U.
It is enough to extend this new h to g.

Since B is nondegenerate on each of Wy and Wy + Uy, it is nondegenerate on W + Uy (it is
an easy exercise to prove that a direct sum of nondegenerate subspaces is nondegenerate).
Similarly, it is nondegenerate on W'+ Uj. Thus, if we know how to extend isometries from
nondegenerate W < V| the general case follows.

Remark 10.24. To go ahead, the following very obvious principles will be helpful, and we
will use them repeatedly (so please make sure you are very clear with their justifications):

o If (V,B) = (W, Blw) ® (W, Bly1), then any isometry go : W — W has a unique
extension to an isometry g : V — V that acts as the identity on W+,

o If (V,B) = (W, Blw)® (W, Bly1) is nondegenerate, then any isometry g : V — V
that maps W into itself also maps W+ into itself.

Step 2. Reduction to smaller subspaces. The induction will sort of be on dim W, rather
than on dim V. The induction is carried out by the following lemma.

Lemma 10.25. Assume that Wy, W1 < V' are nondegenerate, and orthogonal to each other.
Suppose:

o Any isometry hg : Wy — V' extends to an isometry go: V — V; and

o Any isometry hy : Wy — Wi o W, extends to an isometry g, : Wg- — Wy, and
hence to an isometry g1 : V. — V that acts as the identity on Wy (see Remark
10.24; we won’t repeat this henceforth,).

Then any isometry h : Wo @ Wy — V' extends to an isometry g : V — V.

Proof. Write W = Wy @ W;. Extend hy := hly, to an isometry go : V. — V. Note
that gy 'h : W < V is an isometry, and we have (g5 'h)|w, = hy'ho = identity, so that
go'h maps W, < Wy into Wg-. Therefore, we can extend hy := gy 'h|w, to an isometry
g1V — V that acts as the identity on W.
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Consider g = gpg;: this is clearly an isometry of V', and it restricts to h on W because:

e On Wy, it equals gy = hyp.
e On W1, it equals goh1 = go - g5 "hlw, = hlw,.

0

One proof of Witt’s extension theorem that we will describe in the symmetric bilinear case,
will use the notion of reflections, that are interesting and important in their own right.

Definition 10.26. Let V be a vector space over F', and B a symmetric nondegenerate
bilinear form on it. Let v € V be an anisotropic vector, so that V = Fv @ vt (vt < Vis
the hyperplane orthogonal to v). Then the reflection r, associated to v, or the reflection
about the hyperplane orthogonal to v, is the unique isomorphism V' — V that sends v to

—v, and fixes v'.

Clearly, any reflection r, : V' — V is an isometry. Check that, concretely, it can be given
by the following formula (it is enough to check it separately on v and on v'):

2B(v,w)
ry(w) = w— ———=v
= TR )
Let us emphasize that we have defined reflections only in the symmetric bilinear case.
There are somewhat related notions in the other cases, but those behave differently, and
seem to be less useful. Note also that we associate reflections only to anisotropic vectors.

Proof of Witt’s theorem. The symplectic case is much easier, and is left as an exercise.
The skew-Hermitian case follows from the Hermitian case, since these two cases are not
“essentially different”, by an observation from Lecture 9. Thus, we consider the symmetric
and the Hermitian cases.

Since V' is nondegenerate, we know that there is an anisotropic vector v € W (Lemma
10.9). By the previous lemma and induction, we are reduced to proving the following
(after possibly replacing V' with a smaller subspace):

Step 3. The lemma is true when W = F'v for some anisotropic vector v € V. Thus, assume
that W = F.

Let h(v) = w, so B(v,v) = B(w,w). It is enough to show that there exists an isometry
g:V — V with g(v) = w. For this we give two arguments.

An argument that applies only in the symmetric case. This argument follows Professor
Nair’s notes, which follows Scharlau’s book.

If v and w are parallel, then w = +v, so we can take g to be either the reflection r, or
multiplication by +1, both of which are isometries. Thus, assume that v and w span a
two-dimensional subspace of v.

Case 1. v—w 1is anisotropic. In this case, there exists a reflection r,_,, about the hyperplane
orthogonal to v — w. Since B(v,v) = B(w,w), v + w is orthogonal to v — w, and hence
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Ty—w(V + w) = v + w, while r,_,(v —w) = —(v — w). This forces r,_,(v) = w, as desired
(note that we have used the invertibility of 2 here).

Case 2. v—w is isotropic. Since B(v—w,v—w)+ Bv+w,v+w) = 2B(v,v)+2B(w,w) =
4B(v,v) # 0 (recall that 2 # 0 in F' by assumption), we get that —v — w is anisotropic.
Thus, the argument of Case 1 applies with v replaced by —v, and gives that r_,_, = 7y
sends —v to w. Thus, r,,,7, sends v to w, as desired.

This finishes the symmetric case, now we consider a more general one.

An argument that applies in the symmteric and the Hermitian cases (not discussed in the
lecture). This argument follows Serge Lang’s book.

If v is parallel to w, say v = aw with a a scalar, then since B(v,v) = B(w,w), we
have a = +1 (in the symmetric bilinear case) or Ng/p(a) = 1 (in the Hermitian case).
Therefore, we can take g to be multiplication by a, which is in either case an isometry.
Assume therefore that v, w span a two-dimensional subspace of V.

Case 1. Span(v,w) < V is a nondegenerate subspace. If B(v,w) # 0, then the unique
scalar a such that B(v, w) = aB(w, v) satisfies the following property: a = 1 in the symmet-
ric case, and Ng/p(a) = 1 in the Hermitian case (where B(v, w) = B(w,v)). If B(v,w) = 0,
choose any a with this property, and we automatically have B(v,w) = aB(w,v). Since
Span(v, w) is nondegenerate, we get a self-isometry of Span(v,w), extending h : Fv — V,
by sending v to w and w to av (that it is an isometry needs to be checked only on pairs
involving the basis elements v and w, which is easy in this case). This can be extended to
a self-isometry g : V' — V that acts as the identity on (Span(v,w))* (see Remark 10.24).
Clearly, g extends h, as desired.

Case 2. Span(v,w) is a degenerate subspace. Let vy span rad(Span(v,w)) (which cannot
be the whole of Span(v,w), since v is anisotropic). Let w = av + bvy, with a,b scalars.
Since B(v,v) = B(w,w), we get a = +1 or Ng/p(a) = 1. We can replace v by av (since
multiplication by a is an isometry), so we may now assume that w = v + byy. Scaling
vg if necessary, we have w = v + vo. By Lemma 10.17(ii), there exists uy € v* such that
B(vg, up) = 1, so B(ug,v9) = 1 as well. Span(ug, v, vg) = Span(ug, w, vg) is nondegenerate.

Set a = —B(v,v)"" (we are reusing the letter a: the earlier a was different and serves
no purpose now). We claim that there exists a scalar b such that b + b = —aaB(v,v) =

—B(v,v) : here, we write b for b itself in the symmetric case, and for its Gal(E/F)-
conjugate in the Hermitian case. In the symmetric case, this follows from the hypothesis
that 2 € I, while in the Hermitian case, this is the case because trg/p is surjective. One
then checks that the following defines an isometry of Span(ug, v, vp):

Vg — Vg,V — U+ Uy = W, Uy — Uy + av + buy
(check on each pair of basis elements). This isometry sends v to w. Since Span(ug, v, vg)

is nondegenerate, this isometry can be extended to V' (Remark 10.24). g

The above proof has the following corollary:
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Corollary 10.27. Let (V, B) be a nondegenerate symmetric bilinear form over F' (as usual,
char F' # 2), and let o : W — W' be an isometry between two subspaces of V.. Then there
1s a product of at most 2-dim V' reflections in B that restricts to o. In particular, every ele-
ment of the orthogonal group O(V, B) := Aut(V, B) is a product of at most 2(dim V')-many
reflections. If further (V, B) is anisotropic, then we need at most dim V -many reflections.

Proof of Corollary 10.27. Easy exercise going through the proof of Theorem 10.18. Con-
sider the crucial step where W = Fv and we had to find an isometry V' — V taking v to w.

If v = w nothing needed to be done; if v = —w one can use r,; when v —w was anisotropic,
this was accomplished with one reflection r,_,,; and otherwise it was accomplished with 2
reflections r, and r,, . O

Remark 10.28. (i) Something stronger than Corollary 10.27 holds: in its setting,
every element of O(V, B) is a product of dim V-many reflections, just like in the
anisotropic case. This is a theorem of Cartan and Dieudonne, but doesn’t follow
from the proofs given above.

(ii) One can, somewhat analogously, prove that any self-isometry of a (V, B) with B an
alternating nondegenerate bilinear form, is a product of what are called symplectic
transvections: each of these, say 7, by definition fixes a hyperplane W < V', and
satisfies 7(v) —v e W for all v e V. We will not get into the details.

(iii) These theorems do not work as such for quadratic forms in characteristic two, but
some variants of theirs do hold: e.g., there is a form of Witt cancellation for nonde-
generate quadratic forms ¢ whose associated bilinear forms B, are nondegenerate.

Corollary 10.29. Consider the classical group SO, (R) = {g € GL,(R) | g- fg = 1,det g =
1}. Give it the topology induced from the embedding SO,(R) — GL,(R) — R™, obtained
by reading the matriz entries. Then SO, (R) is path connected.

Proof. SO,,(R) is the special orthogonal group associated to the symmetric nondegenerate
bilinear form on R", thought of as the space of column vectors, given by the Euclidean inner
product (X,Y) — X Y. Thus, by Corollary 10.27, any element of O,,(R) is a product of
reflections (with respect to the Euclidean inner product). By determinant considerations,
therefore, every element of SO,,(R) is a product of an even number of reflections (a reflection
has determinant —1, while by definition, any element of SO,,(R) has determinant 1). Thus,
it now suffices to show that any product of two reflections with respect to the Euclidean
inner product, say r, - ry, can be connected by a path to the identity. But Span(v,w) is
equal to or contained in some two-dimensional subspace W < R", and r,, - r,, then belongs
to SO(W) < SO(R™), where we are viewing SO(W) as the subgroup of SO(R™) acting as
the identity on W+ (use Remark 10.24). Since SO(W) =~ SO(2) is homeomorphic to S*
and hence path connected, 7,7, lies in the path connected component of 1 € SO, (R). O

10.4. Clifford algebras (Optional, not discussed in the lecture).
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Definition 10.30. Let (V, g) be a quadratic space over F'. Then the Clifford algebra C'(V')
of V' is defined to be the following quotient of the tensor algebra T'(V') of V' (over F):

CV)=T(V)/Ic(V), where Io(V) = the two-sided ideal generated by {v®@v—q(v) | v e V}.
Denote the image of v ® -+ - ® v, € T"V in C(V') by vy ... v,.

Ic(V) < C(V) is not a homogeneous ideal, so C'(V) is not Z-graded. However, its gener-
ators are linear combinations of elements v ® v of degree 2 and elements ¢(v) of degree 0,
so C(V) gets a Z/2Z-grading instead:

C(V)=C(V)@C'(V), where C'(V) = the imageof P T'(V).

n=i mod 2

One motivation for considering Clifford algebras is that they can be used to define a two-
fold cover of special orthogonal groups, called spin groups: in appropriate settings and
appropriately interpreted, these are the universal covers of special orthogonal groups. Let
us assume that char F' # 2, so there exists a symmetric nondegenerate bilinear form B on
V such that ¢(v) = B(v,v) for all v e V.

Here are some basic properties of Clifford algebras — see Professor Nair’s notes or some
other reference for proofs:

(i) One can show that C(V) is finite dimensional over F', with dimension 24V

(i) In fact, the “24mV” can be realized as follows: if v, ...,v, is an orthogonal basis
for V' (which exists since char F' # 2), then a basis for C'(V) is given by {z;, ... x;, |
r<mn,l<i <iy <- <i. <n}. This is not surprising: if ¢ = 0, then by
definition, the Clifford algebra C(V q) is just the exterior algebra A(V').

(iii) The main computation in proving this is: one notes that the Clifford algebra of
each Fv; is F[x]/(z* — q(v;)) (easy), and shows that C((V,q) ® (V',¢')) is, for a
suitable notion of tensor product, C(V,q) @ C(V',¢').

(iv) From the above description for a basis of C(V), it follows that the map V =
THV) — C(V) is an injection.

Here is some idea about why it is plausible that Clifford algebras can used to define covers
of special orthogonal groups.

e If v € V is anisotropic, then in C'(V) we have v-v = ¢(v) € F* < C°(V)*, so as an
element of C'(V), v is invertible.

e Now let z,v € V with x anisotropic. Then in C(V), zv+ vz = (z +v)? — 2% —v? =
q(z +v) —q(x) — q(v) = 2B(x,v). It follows that:

- _ B(z,v) B(z,v)

1 1 ) )

vz = (—vx +2B(z,v)z” = —v+2 xr = —<v—2 x) = —r.(v).
q(x) B(z,x)

Thus, v — —r,(v) can be realized on V' < C(V) as conjugation by x. This suggests that

anisotropic vectors in C'(V'), which we have seen to be invertible in C'(V'), may generate

something that maps to the orthogonal group.
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One considers:

e Let ¢ : C(V) — C(V) be the automorphism that is the identity on C°(V') and acts
as multiplication by —1 on C''(V): it accounts for the “—” in the —r,(v) above.

e One defines the Clifford group and the special Clifford group, also known as the
G Pin group and the G'Spin group, to be:

[(V)=GPin(V)={reC(V)* |e(x)vz e VVve V}.
ST(V) = GSpin(V) = GPin(V) n CO(V)* = {x e CO(V)* | zvz™t e VVv e V}.

V= —qpvzt=r,(v) eV,

Motivation. If x € V < C(V) is anisotropic, then e(x)vz™
sox e (V). It acts as r, € O(V,q) on V < C(V).
This generalizes: one shows that sending z € T'(V) to (v — e(z)va™!) e GL(V)

has image in O(V) = O(V, q), *® and gives us an exact sequence
1 - F* S T(V) > 0(V) > 1

(these are nonabelian groups, so we haven’t defined exactness: but we mean that
F* — T'(V) is injective, with image the kernel of I'(V) — O(V'), which is surjec-
tive). The presence of F* < I'(V) is not surprising: if x € V is anisotropic, then
for any aw € F*, x and ax are different elements in T'(V'), but map to r, = r,, in
o(V).

This then restricts to

1 - F* - GSpin(V) - SO(V) — 1.

We thus get an “F*”-cover of SO(V'). To cut it down to a double cover, we need
to remove roughly F*-worth of material from GSpin(V).

e On C(V), one has x — z*, the unique anti-involution that is the identity on F' and
on V:so (vy...v)* =v,...01ifvy,...,v, € V =C(V). Define N(z) = xz* for
xz € C(V). One shows that N : C(V) — C(V) restricts to N : I'(V) — F* (easy).

o Spin(V') is defined to be ker(N|gspin(v)) © GSpin(V'). Unsurprisingly, it maps to
SO(V) by z — (V 3 v+~ zvz~!). Alternatively,

Spin(V) = {te C°(V) |t*t =1, and tVt ' = V}.

Exercise 10.31. Read up about Witt rings, and more about Clifford algebras, from Pro-
fessor Nair’s notes.

11. A SUMMARY OF VERY BASIC FACTS ABOUT CLASSIFYING QUADRATIC SPACES

Let F' be a field. We will assume that 2 1 char F', though it is not necessary for some of
the following. We will also restrict to nondegenerate (V,¢q). In what follows, a lot of the
results will be stated without proof. Many of the proofs can be found in notes of Professor
William Casselman (Bill Casselman), whom I generally enjoy reading;:

BThis is easy if z € ST(V): q(zvz—') = (zvz—')? = 202z~ = zq(v)z~! = ¢(v). And not much harder

if 2 € D(V)\ST(V).
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https://personal.math.ubc.ca/ cass/research/pdf/QForms.pdf

https://personal.math.ubc.ca/ cass/siegel/FiniteFields.pdf

e (V,q) with dimV = 1 (and nondegenerate by the current convention): these are

classified by FX/FXQ, as we saw in Lecture 9.

(V,q) with dimV = 2: A homework problem asked you to prove that these are
either hyperbolic planes, or of the form aNg/p with a € F*, and K/F a separable
quadratic extension. Here K/F can be described as F[y/—detq], and is hence
uniquely determined up to isomorphism by ¢ (and (V,q) is a hyperbolic plane if
and only if — det ¢ is already a square in F'). It is easy to see that a Nk, r and @’ Nk p
are isometric if and only if K /F is isomorphic to K'/F and a' € a- Ng/p(K*). This
continues to be true in characteristic two.

When F is algebraically closed: then the isometry class of (V,q) is determined by
dimp V; see Corollary 10.10(ii).

When F' = R: This is handled by Sylvester’s law of inertia, see Corollary 10.10(iii).
This implies that there are only finitely many (d + 1) nondegenerate quadratic
spaces of dimension d over R, up to isomorphism.

When F' is a finite field: In this case, one can show that (V,q) = (V’,¢') if and
only if dim V' = dim V"’ and det ¢ = det ¢’. In other words, nondegenerate quadratic
forms over finite fields of odd characteristic are classified by their dimension and
determinant. When char ' = 2, the determinant no longer seems to be a reasonable
thing, but here is a characteristic-free description of the set of isometry classes of
(V,q) with dim V' equal to a given d:

— If d is even, there are two: H%? and HY?~' @ Ny, for the unique-up
to-isomorphism quadratic extension K/F (Ng/p is surjective, so considering
aNg,r does note give us a different form).

— If d is odd, the various H¥? @ cz?, where ¢ ranges over representatives for
F*/F 2. note that there is only one of these in characteristic two, but two in
odd characteristic.

When F is a p-adic field Q,: the isometry class of (V,¢q) is completely determined
by dim V, det ¢ and what is known as a Hasse-invariant; if ¢ =~ > a;2?, the Hasse-
invariant is given by [ [;_;(a;, a;), where (z,y) stands for what is called the Hilbert
symbol. Not all combinations of (dimension, discriminant, Hasse-invariant) arise,
but most do. Thus, like with R and with finite fields, there are only finitely many
isometry classes of nondegenerate quadratic forms of a given dimension.

When F' = Q. The take home message here is that Q is far more complicated, for
the purposes of this theory, than C, R, finite fields and p-adic fields. For instance,
over Q, even with dim V' = 1, there are infinitely many isomorphism classes (V] q):
this is because Q* /QX2 is infinite (it is the product of +1 and the free abelian
group generated by the prime numbers). Hopefully this also gives some idea that
the classification of quadratic forms over QQ is number theoretic in nature.
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One important result in the classification of quadratic forms over Q is the Hasse-
Minkowski theorem, which says that (V,q) and (V’,¢’) are isometric if and only if
they become isomorphic when considered over R as well as over each Q, (this helps
because the theory is simpler over R and over each Q,). A proof of this result is
given in Serre’s “A course in arithmetic”.
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11. LECTURE 11 — ADDITIVE AND ABELIAN CATEGORIES (INCOMPLETE/EXTRA
CRUDE)

Today: all categories except possibly the presheaf categories that we encounter will be
locally small.

Very informal motivation. The categories AbGrp, R-Mod, RepiG etc. share many common
properties: each Hom set is actually a Hom group, they all have a ‘0’ object, the injectivity
of a morphism can be checked by simply seeing if the kernel is trivial, etc.

We will define
Pre-additive categories v~ additive categories v~ preabelian categories > abelian categories,
each more restrictive than the other.

Notation 11.1. Today, for any category C, we will denote More by Home: this feels more
natural when each Home(X,Y) is a group.

11.1. Additive categories.

Definition 11.2. (i) A category C is called preadditive if we are given the structure
of an abelian group on Hom¢(X,Y) = Hom(X,Y') for each X,Y € Ob(, such that
for all X,Y,Z € Ob(C, the map

o:Hom(Y,Z) x Hom(X,Y) — Hom(X, Z)

given by composition is Z-bilinear. 2

(ii) (a) A zero object in a category is an object which is both an initial object and
a terminal object; it may not exist, but if it does it is unique up to a unique
isomorphism. A (choice of a) zero object in a category C will be denoted by
0 = 0c.

(b) If C has a zero object, then for all X,Y € ObC, the set Hom(X,Y') has a
canonical element obtained as the composite X — 0 — Y. It will be called
the zero morphism, and be denoted 0 : X — Y or 0 € Hom(X,Y'). Note that,
in this case each Hom(X,Y') is a pointed set (with 0 being the distinguished
element), in an appropriately functorial way, and the composite of any chain of
morphisms that contains a zero object or a zero morphism, is a zero morphism.

(iii) A preadditive category C is called an additive category if it has a zero object and

binary products. See Lemma 11.4 below for other equivalent ways to define an
additive category.

We will regularly use the following from now on, mostly without further mention.

Exercise 11.3. If a preadditive category has a zero object, then the identity element of
each of the groups Hom(X,Y) is the zero morphism.

Hint: Use the bilinearity, and the fact that each Hom(X,0) and Hom(0,Y") are the trivial
group.

2950 not a group homomorphism or anything.



129

Lemma 11.4. Let C be a preadditive category with a zero object. The following are equiv-
alent (and hence imposing any of them makes C into an additive category):

(i) C has binary products.
(i1) C has binary coproducts.
(iii) For each X,Y € ObC, there exist an object X ®Y € ObC and morphisms

X &= XY — vV,
Lx Ly
such that
(41) px oty =idx,py oty =idy,px oty = 0€ Hom(Y, X),py o tx = 0 € Hom(X,Y),
and such that
(42) Lx o px + Lty opy = idxgy -

When these equivalent conditions hold, (X @Y, tx,ty) is a coproduct of X and Y, while
(X @Y, px,py) is a product of X and Y.

Proof. If (X®Y = X xY,px,py) is a product of X and Y, then by definition, 3¢x : X —
X @Y such that py o tx =idy, and py o tx = 0. Similarly define 1y : Y - X @Y. (41)
is automatically satisfied. To see (42), since (X @Y, px,py) is a product of X and Y, it
is enough to check that py o (tx o px + ty o py) = px, and py o (tx o px + ty © py) = py.
The former follows since

) bilinearity ( Exercise 11.3

pxo(txopx +iyopy pxotx)opx +(pxoty)opy = idx opx +0opy Px,
and the latter is similar.
This gives (i) = (iii), and an appropriate variant of this argument gives (ii) = (iii).
Now suppose (iii) holds. Let us prove that (X @Y, tx,ty) is a coproduct of X and Y, or
equivalently, that for all Z € Ob(C:

Hom(X @Y, Z) 5 Hom(X, Z) x Hom(Y, Z)
is a bijection. For this, let us check that a two-sided inverse is given by

(f,9) = fopx +gopy.™
Indeed, in one direction, use the computation

bilinearity

. Exercise 11.3 .
(fopx+gopy)orx = " fo(pxoix)+go(pyorx) = foidy +go0 "= " foidy = f,

30How is this motivated? It can be helpful to think of how all this works in AbGrp. There, px and py
are the projections from X @Y onto X and Y, and the equation being quoted is saying that a morphism
hon X @Y is the sum of hopx and h o py, which is obvious for AbGrp. Thus, one often can guess such
arguments by working out the abelian group case, and then try to make the arguments ‘arrow-theoretic’
without involving the individual elements.
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(where ‘bilinearity’ refers to the bilinearity of composition) and a similar computation with

ty. For the other direction, since for all h € Hom(X @Y, Z), it follows from (42) that:
h=howxopx +howyopy e Hom(X @Y, 7).

This shows that ((iii)) implies (ii). A similar argument gives us that (X @Y, px,py) is a

product of X and Y, so (iii) implies (i).

The proof that (iii) implies the other two conditions also gives the final assertion of the
theorem. 0

Corollary 11.5. In an additive category, finite coproducts and products exist coincide,
i.e., if {X; | i € I} in ObC with I finite, then | [..; X; and [],.; Xi exist, and have the
same underlying object.

el

Proof of Corollary 11.5. The case of the empty product is taken care of by the zero object.
The case of nonempty products follows from an easy induction using Lemma 11.4. O

Definition 11.6. Given {X; | i € I} in ObC with I finite, we will denote the objects
[Lic; Xi = [Lic; Xi by @,; Xi, and call it the direct sum of the X;. Since @, ; X; is
both a product and a coproduct of the Xj;, it will be referred to as a biproduct of the
X;. Check (exercise!) that a biproduct of {X; | i € I}, with [ finite, can also be defined
as a triple (B;c; Xi, (t3)ier, (Di)ier), where @, ; X; € ObC, and ¢; : X; — @,; X; and
p; : @,.; Xi — X; are morphisms in C for each j € I, subject to the conditions

piot; = 0 € Hom(X;, X;),Vi # j, pjot; =idy, foreachie I, and Zbiopz =idg,_, x, -
el
Example 11.7. (i) AbGrp, R-Mod, Mod-R, Vec, Vec,’;d, R-Mod’9 (finitely generated
R-modules), Repy(G) = k[G]-Mod the category TorsAbGrp of torsion abelian
groups, the category of free R-modules, that of finitely presented R-modules etc.
are all additive categories.

(ii) The category of divisible abelian groups — those abelian groups A with the property
that the map a — na is a surjection A — A for all n € Z-; — is additive.

(iii) The categories Bang and Banc of Banach spaces over R and C, and bounded
linear homomorphisms between them, are additive categories. Note that in these
categories, isomorphisms are not required to be norm-preserving; they just transfer
the norm on the source to a norm equivalent to the one on the target. Or, one can
think of Banach spaces not as complete normed linear spaces, but as topological
vector spaces whose topology can be given by a complete norm.

(iv) The category Z-Fil AbGrp of abelian groups with an increasing filtration indexed
by Z. Its objects are (A, {A,},), where A is an abelian group and {A,},ez is an
increasing filtration of A index by Z, i.e., a doubly infinite sequence

OC"'A,1CAOCA1C'~'CA

of increasing subgroups of A (as usual, define the morphisms in this category). The
morphisms between (A, {A,},) and (B,{B,},) are homomorphisms f : A — B
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such that f(A,) < B, for all n. Similarly, one can also consider filtered vector
spaces.

(v) The categories Set, T'op, the category of manifolds etc. are not additive categories:
they don’t have a zero object, since in these categories an initial object is not
isomorphic to a final object.

Exercise 11.8. Supply the details justifying the claims in Example 11.7.

11.2. Group objects. This subsection will be slightly terse, and perhaps slightly informal.
I will not ask questions in homework or examinations based on it, but I recommend your
reading it, since it is a basic notion that is helpful in other topics you might learn, such
as the theory of algebraic groups. Its relevance here is that it addresses the question: why
not define an additive category as a category where every object has some structure that
imitates the structure of abelian groups? And indeed, that is sort of possible.

Definition 11.9. A group object in a category C is an object Y € ObC, together with
31 the structure of an abelian group on hY(X) = Hom(X,Y) for each X € ObC, which
is functorial in X. In other words, it consists of the object Y together with a functor
F : C? v~ Grp, lifting hY : C°? — Set in the sense that hY = Forgeto F.

We might often refer to Y itself as the group object when the functor F' is understood: this
is an abuse of notation. When each hY (X) = F(X) is an abelian group, we will informally
and non-standardly refer to Y as an abelian group object.

Remark 11.10. Some people define group objects only for categories that have finite
products and a final object 1. In this case, an alternate definition for a group object is as
follows: it is an object Y € ObC together with morphisms

e m:Y xY — Y (playing the role of group multiplication),
e ¢:1— Y (playing the role of the inclusion of the identity element in Y'), and
e inv:Y — Y (playing the role of inversion in the group),

such that:

e m is associative: mo (m xidy) =mo (idy xm): Y xY xY - Y

e ¢ is a two-sided unit of m: mo (idy xe) =pr; : Y x 1 - Y and mo (e x idy) =
pry: 1 xY —Y;

e inv is a two-sided inverse with respect to m: m o (idy xinv) and m o (inv x idy)
are both the composite Y — 1 5 Y.

Exercise 11.11. (i) Write out in greater detail the definition for a group object in
Remark 11.10, and verify the equivalence of that definition with the one in Defini-
tion 11.9.

Hint: The verification is just an application of the Yoneda lemma.

31The ‘“together with’ signifies that a group object is not just an object in the category satisfying some
conditions/properties, but an object plus some extra structure. This is like how a group is not a set with
some properties, but a set plus some operations.
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(ii) How do you express the condition of a group object being an abelian group object,
using the approach of Remark 11.107

Example 11.12. A group object in Set is a group, a group object in Top is a topological
group (where we do not require topological groups to be Hausdorff; otherwise use the
category of Hausdorff topological spaces), a group object in the category of manifolds is a
Lie group, a group object in the category of algebraic varieties (resp., algebraic schemes)
over a field k is an algebraic group (resp., algebraic group scheme) over k. Prove as many
of these as you can, as an exercise.

Conclusion: Thus, given an additive category C, every Y € ObC can be thought of
as (or rather, naturally enhanced into) an abelian group object, and the resulting map
m:Y xY =Y®Y — Y gives the group structure on Hom(X,Y):
(43)
Hom(X,Y) x Hom(X,Y)

df. of prod.

Hom(X,Y x Y) = Hom(X,Y ®Y) ™ Hom(X,Y).

11.3. Additiveness is a property, not an extra structure. We would like to describe
the map Y @Y — Y above; it turns out to be the codiagonal morphism defined below.

Definition 11.13. For this definition, allow C to be an arbitrary category.

e If Y e ObC and (Y x Y, py,po) is a product of Y with itself, the associated diagonal
morphism is the unique morphism A : Y — Y x Y defined by the requirement that
proA =pyoA =idy.

e Similarly, if (Y []Y,t1,t2) is a coproduct of Y with itself, the associated codiagonal
morphism is the unique morphism V : Y [[Y — Y is defined by the requirement
that VOLl ZVOLQ =1dy

Example 11.14. (i) In Set or Top, each diagonal A : Y — Y x Y is given by y —
(y,y) (hence the term ‘diagonal’), while each codiagonal V : Y[[Y — Y sends
each (y,i) e Y x {0} uY x {1} =Y []Y to .

(ii) In AbGrp, each diagonal A : Y — Y x Y is again given by y — (y,y), but each
codiagonal V: Y [[Y =Y @Y — Y is given by (y1,y2) — y1 + y2. This suggests
that the codiagonal could give the group structures in a general additive category.
This is indeed, what we are going to see below.

Lemma 11.15. Let C be an additive category, and let Y € ObC. The ‘multiplication” map
m:Y®Y =Y xY - Y (see around (43) for what this means) is the codiagonal morphism
Y®aY Y.

For those who are not reading the subsection on group objects (Subsection 11.2) in detail,
we will prove another version of Lemma 11.15 below, namely Lemma 11.16, which doesn’t
refer to that subsection. Lemma 11.15 is similar and simpler, though it also follows from
Lemma 11.16.
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Lemma 11.16. Let C be an additive category, and let X, Y € ObC. Let (Y, p1,p2) be the
product of Y with itself. Then the group multiplication in Hom(X,Y') coincides with the

following composite:
(44)

Hom(X,Y) x Hom(X,Y) "5 Hom(X,Y x Y) = Hom(X,Y @Y) %% Hom(X,Y),
where V: Y @Y — Y is the codiagonal.

Proof. Write the coproduct of Y with itself as (Y, ¢1, ta).

By the Z-bilinearity of the group structures under composition, the given composite is a
group homomorphism. Therefore, to show that it coincides with the group multiplication
on Hom(X,Y), it is enough to show that it takes each (f,0) and (0, f) to f.

This in turn follows if we show that, under the identification
Hom(X,Y) x Hom(X,Y) """ 5" Hom(X,Y x Y) = Hom(X,Y ®Y),
(f,0) and (0, f) correspond respectively to ¢; o f and tp o f. But this is because

piovuof=fippouof=0powof=0, and ppowof=f.
U

Exercise 11.17. Make sense of and justify the following assertion. Another way to write
the description of the group multiplication on Hom(X,Y') in (44) is as follows: if f, g €
Hom(X,Y), then f + g € Hom(X,Y) is given by:

(45) X2 xox®¥veov S x

Remark 11.18. Thus, if a category C can be made into an additive category by putting
group structures on all those Hom(X,Y'), then there is only one way of putting those group
structures, namely, given by (44), which depends only on the underlying category, and not
the extra information which supposedly constituted the additive category. In other words,
every additive category is uniquely determined by its underlying category.

Slogan. The additiveness of a category is a property of the category, and not extra structure.
11.4. Additive functors.

Definition 11.19. An additive functor is a functor F : C v~~~ D between additive cate-
gories C and D, such that for all X, Y € Ob(C:

Home(X,Y) — Homp(F(X), F(Y)), given by f— F(f),
is a group homomorphism.

Lemma 11.20. If F': C v~ D 1is a functor, the following are equivalent:
(i) F is additive.
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(ii) F takes a zero object in C to a zero object in D, and a binary coproduct in C to one in
D: F(0c) = 0p using obvious notation, and given a binary coproduct (X ®Y,tx,ty)
of X and Y, (F(X®Y),F(ix),F(ty)) is a coproduct of F(X) and F(Y') (or in
short, the ‘obvious map’ F(X)@® F(Y) - F(X ®Y) is an isomorphism);

(i1i) F' takes a zero object in C to a zero object in D, and a binary product in C to
one in D: F(0c) = Op, and given a binary product (X @Y, px,py) of X and Y,
(F(X®Y), F(px), F(py)) is a product of F(X) and F(Y') (or in short, the ‘obvious
map’ F(X®Y) - F(X)® F(Y) is an isomorphism,).

Remark 11.21. The argument that (ii) and (iii) imply (i) was not discussed in Lec-
ture 11; the result itself was stated at the beginning of Lecture 12. On the other hand,
we will not use it in any crucial way: in fact, only to discuss some characterizations
of left exactness in Lecture 12. What is given here is not a very good exposition. If
you wish to follow it but find it difficult, you can ask me, or look up Lemma 12.7.1 in
https://stacks.math.columbia.edu/tag/010M .

Proof of Lemma 11.20. First let us assume (i), and prove (ii) and (iii). We have
idp(o,) = F(idg.) = F'(0 € Home(0,0)) = (0 € Homp(F(0), F(0)),

where the first step used that any functor preserves identity morphisms, while the last step
used that an additive functor takes a zero morphism to a zero morphism (as follows using
Exercise 11.3). Thus, the identity morphism of F'(0) is also a zero morphism of F'(0), so
the claim that F(O¢) is a zero object of D follows from the observation that any object Y
whose zero morphism is also an identity morphism is a zero object: indeed, in addition to
0 — Y — 0 being the identity, Y - 0 — Y equals 0 : Y — Y and hence idy : Y — Y.

Now, for the statements about coproducts and products, it is enough to prove that if
(X DY, 1x,ty,px,py) are as in (iii) of Lemma 11.4, i.e., if these satisfy (41) and (42),
then so do (F(X @Y, F(tx), F(ty), F(px), F(py)). Since our proof so far shows that F
sends a zero morphism to a zero morphism (and since it respects identity morphisms and
compositions, being a functor), the condition imposed by (41) follows. The same for (42)
follows from the fact that F' being additive respects the ‘+’ in it as well.

This gives both (ii) and (iii).

Now note that (ii) and (iii) are equivalent, since F(X)®F(Y) —» F(X®Y) —» F(X)®F(Y)
is the identity (to see this, apply F' to (41)). Therefore, it is now enough to assume both
(ii) and (iii), and show (i).

We already know that F' sends O¢ to Op, so it remains to show that it induces a group
homomorphism Hom¢(X,Y) — Homp(F(X), F(Y)), i.e., that F(f +¢g) = F(f) + F(g) €
Homp(F(X), F(Y)), for all f,g € Home(X,Y). Let (f,g) € Home(X,Y @Y') be such that
pro(f,g) = fand pso(f,g) = g. Then by Lemma 11.16, f + g = Vy o (f,g), where
Vy : Y @Y — Y is the codiagonal. Similarly, we have an expression F(f) + F(g) =

Vrw) o (F'(f), F(g))-
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Thus, it is enough to show that Vpyyo(F(f), F(g)) equals F(Vyo(f,g)) = F(Vy)oF(f,g).
It follows from (iii) that the isomorphism F(Y ®@Y) — F(Y)® F(Y) transports F(f,g) to
(F(f), F(g)). Therefore, it is enough to show that the inverse isomorphism F(Y)® (Y) —
F(Y®@Y) transports Veyy : FY)@ F(Y) - F(Y) to F(Vy) : FY®Y) — F(Y).

The observation “F(X)® F(Y) > F(X®Y) - F(X)® F(Y) is the identity” gives that
this inverse isomorphism is the obvious map F(Y)® F(Y) — F(Y @Y) (built out of
(F(t1), F(t2)), and hence the claim that it transports Vgyy) : F(Y)® F(Y) — F(Y) to
F(Vy): F(Y®Y) — F(Y) follows from (ii).

4

Example 11.22. Most of the functors we saw in the setting of R-modules, such as
Hompg(M, —),Homg(—, M), — ®r M etc. are all additive functors (including when R is
noncommutative, in which case the target should be taken as AbGrp).

11.5. Kernels and cokernels.

Definition 11.23. Let f: X — Y be a morphism in an additive category C.

(i) A kernel of f may be defined in any of the following equivalent ways (some of these
are obtained by rephrasing some others):

(a) It is an equalizer of f and 0 : X — Y.

(b) It is a pair (ker f,¢) consisting of an object ker f € ObC, together with a
morphism ¢ : ker f — X, such that for all h : Z — X in C with the property
that foh =0:Z — Y, there exists a unique map g : Z — ker(f) with the
property that h = 10 g:

ker f —— X —L v

N ooh
Jlg!
g: %

7
(c) It is an object ker f representing the functor C — Set given by
7w ker(f o — : Hom(Z, X) — Hom(Z,Y)), 3

together with a natural isomorphism between h**/ and this functor.
(d) It is a limit of the diagram
0.
Ty

X ——

3275 usual, define it at the level of morphisms.
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(ii) One similarly defines the cokernel of f, which is a coequalizer of f and 0, and is
also a colimit of the diagram:

Xty

|

0

If it exists, it corepresents the functor C — AbGrp given by Z — coker(— o f :
Hom(Y, Z) — Hom(X, 2)).

(iii) A subobject of X is a monomorphism Z — X, and a quotient object of X is an
epimorphism X — Z. Given a subobject Z — X, we might often write X /Z for
coker(Z < X)) (in analogy with what happens for AbGrp).

As usual, kernels and cokernels are unique when they exist.

Exercise 11.24. Let C be an additive category.

(i) Given f,g : X — Y in C, show that their equalizer is ker(f — g), and that their
coequalizer if coker(f — g). Conclude that all equalizers exist in C if and only if all
kernels exist in C, and similarly with cokernels and coequalizers.

(ii) Show that f : X — Y in C is a monomorphism if and only if ker f = 0: 0 — X,
where Oc € ObC is a zero object. Prove the analogous result for epimorphisms and
cokernels.

(iii) Show that every kernel is a monomorphism, and that every cokernel is an epimor-
phism.

Note: It may not be the case that every monomorphism is a kernel, or that every

epimorphism is a cokernel. This being so is one of the characterizations of an ad-

ditive category with kernels and cokernels being an abelian category, a notion we
will see in the next section.

(iv) (a) In an additive category C, if a composite X — Y — Z is a monomorphism,

show that X — Y is a monomorphism. More generally, show that ker(X —
Y) — X factors through ker(X — Y — Z) — X (and why is this “More
generally” 7).

(b) If this composite X — Y — Z is an epimorphism, show that ¥ — Z is an
epimorphism. More generally, show that Z — coker(X — Y — Z) factors
through Z — coker(Y — 7).

Note: Please do this; it is very easy.

11.6. Preabelian categories.

Definition 11.25. An additive category C is called preabelian if it satisfies:

(AB1) Kernels and cokernels exist in C.
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Example 11.26. (i) AbGrp, R-Mod, Mod-R,V ecy, Vecgd and Repy(G) are preabelian,
where each kernel and cokernel is ‘the usual ones’ (or rather, the inclusion morphism
of the usual kernel in the source, and the surjection to the usual cokernel from the
target; in some cases we abuse notation by identifying kernels and cokernels with
their underlying objects, but remember that these are really morphisms).

(ii) The full category DivAbGrp of AbGrp consisting of all the divisible abelian groups
is preabelian: if f : A — B is a homomorphism of divisible abelian groups, the
cokernel of f as computed in AbGrp, is divisible, and is hence also a cokernel in
DivAbGrp. On the other hand, the kernel of f as computed in AbGrp may not be
divisible, but it has a ‘maximal divisible subgroup’, consisting of all its ‘infinitely
divisible’ elements, which functions as a kernel in Div AbGrp.

(iii) The categories Bang and Banc of Banach spaces over R and C, and bounded
linear maps, is preabelian: given f : X — Y, its kernel is the ‘usual one’, while its
cokernel is Y/ f(X), the quotient of Y by the closure of f(X) in Y.

(iv) The category Z-FilAbGrp of filtered abelian groups is preabelian (as is, simi-
larly, the category of filtered vector spaces over k, etc.): given f : (A, {A,},) —
(B,{Bnu}n), a kernel for f is (ker f,{ker f n A,},), and a cokernel for f is given by
(coker f,{B,}n), where B, is the image of B,, in coker f.

(v) The category HT AG of Hausdorff topological abelian groups is preabelian: the
kernels and the cokernels are as in Bang or Banc.

(vi) Let R be a commutative ring (for simplicity, I guess). The category R-Mod’9 of
finitely generated R is preabelian if and only if R is Noetherian.

Preabelian categories are not enough, because often monomorphisms/epimorphisms/kernels/cokernels
can behave badly:

Example 11.27. (i) In DivAbGrp, Q — Q/Z is both a monomorphism and an epi-
morphism (and thus have trivial kernel and cokernel), but it is not an isomorphism
since there is no nonzero homomorphism Q/Z — Q.

(ii) In Bang or Bang, if f : X — Y is injective with dense image (e.g., C[0,1] —
L*([0,1])), then f is both a monomorphism and an epimorphism, but not an iso-
morphism. Similar comments apply to the category HT AG of Hausdorff topological
abelian groups. Alternatively, for HT AG, if GG is a Hausdorff topological abelian
group and Gy is G with discrete topology, then G; — G is both a monomorphism
and an epimorphism, but not an isomorphism.

(iii) In the category Z-Fil AbGrp of abelian groups with an increazing Z-filtration, con-
sider objects (A, {A,}.) and (B,{B,}.), where A = B = Z,

A, = 27, ?fn>0,7 and B, — 7, ?fn>0,.
0, ifn<0 0, ifn<0

There is an obvious morphism (A, {A,},) — (B,{Bu}.), defined by the identity
map Z — 7, which has trivial kernel and cokernel, but is not an isomorphism.

Exercise 11.28. Justify the claims in Example 11.26 and Example 11.27.



138

11.7. Abelian categories. To define abelian categories, let us first try to define the image
of a morphism f: X — Y in a preabelian category C, using kernels and cokernels. There
seem to be two obvious candidates:

Definition 11.29. Let f: X — Y be a morphism in a preabelian category C. Then:

(i) An image of f is defined to be ker(coker f): if g : Y — Z is a cokernel of f, then
an image of f is, by definition, a kernel im(f) — Y of g.

(ii)) A coimage of f is defined to be coker(ker f): if g : Z — X is a kernel of f, then a
coimage of f is, by definition, a cokernel X — coim(f) of g.

Note that the image and coimage of f are unique up to a unique isomorphism.

Let K — X be a kernel of f, and Y — C a cokernel of f. Write f* : X — coim(f) and
f*: X —im(f) for a coimage and an image of f, respectively.

(46) K X Y C .

coim( f L

Note that f°, being a cokernel, is an epimorphism, while f?, being a kernel, is a monomor-
phism (see Exercise 11.24(iii)).

We claim that we have a unique map f :coim(f) — im(f) fitting into the above commu-
tative diagram, i.e., such that f = f%o f o f*. The follows because:

e Since fo (K — X) =0, we get f°: coim(f) — Y such that f°o f> = f (as shown
in the diagram).

e Since (Y — C)o f =0 and since f° : X — coim(f) is an epimorphism, , it follows
that (Y — C)o f° = 0. Since f? is a kernel of Y — C, we get a factorization
fo = ffo f. Clearly it is unique, proving the claim.

Example 11.30. Compute the following examples for images and coimages:

(i) For AbGrp, R-Mod, Mod-R,Vec, and Repy(G), given a morphism f : M — N,
coim f is M /ker f, while an image of f is given by the inclusion im(f) := f(M) —
N, with f(M) thought of as a module in the obvious way. Further, the map
f :coim f — im f is given by m+ker f ~— f(m). To say that this is an isomorphism
is the first isomorphism theorem.

(ii) In Bang or Bang, given f : X — Y, coim f — im f identifies with the inclusion

f(X) — f(X), where f(X) is made into a Banach space as the quotient of X by

ker f, while f(X) gets the induced Banach space structure from Y. Thus, coim f —
im f is not always an isomorphism (e.g., C[0,1] — L*([0,1])). Something similar
applies to the category HT AG of Hausdorff topological abelian groups.
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(iii) In DivAbGrp, given f : X — Y, coim f — im f identifies with the map X/A —
f(X), where A is the kernel of f in Div AbGrp. Thus, for Q — Q/Z, coim f — im f
identifies with Q — Q/Z, and is hence not an isomorphism.

(iv) In Z-FilAbGrp, given f : (A, {An}n) — (B, {Bn}n), im f — coim f identifies with
the obvious map (A/ker f,{A, + ker f},) — (f(A),{f(A) n B,},). In general, the
containment f(A) n B, o f(A, + ker f) is not an equality, so coim f — im f is
not always an isomorphism.

Hopefully the above examples tell us that the following definition of an abelian category
sort of amounts to imposing the first isomorphism theorem:

Definition 11.31. A category C is called abelian if it is preabelian, and satisfies:
(AB2) For every f: X — Y in C, the map f : coimf — imf as in (46) is an isomorphism.

Example 11.32. It follows that AbGrp, R-Mod, Mod-R, Vecy, Rep,(G) are abelian cate-
gories, while Bang, Banc, HT'AG, Div AbGrp and Z-Fil AbGrp are not abelian categories.

This can also be seen from Example 11.27; see Lemma 11.33 below.

Abelian categories avoid some of the problems in Example 11.27:

Lemma 11.33. Any morphism f : X — Y in an abelian category that is both a monomor-
phism and an epimorphism, is an isomorphism.

Proof. Since f is a monomorphism, X — coim f identifies with idx : X — X, and since f
is an epimorphism, im f — Y identifies with idy : Y — Y. Therefore, f : coim f — im f
identifies with f : X — Y, forcing f to be an isomorphism by (AB2). O

Exercise 11.34. (i) In the situation of (46), show that ker(f o f’) = ker f, and
coker(f% o f) = coker f.

(ii) (To be checked, I haven’t done this myself). In the situation of (46), show that
the morphism f is both a monomorphism and an epimorphism. As we have noted
before, this is not enough to ensure that f is an isomorphism.

(iii) (To be checked, I haven’t done this myself). In some sources, one sees the following
notions of image and coimage for a general category:

e An image of f is a monomorphism ¢ : I < Y through which f : X — Y
factors, and such that given any other monomorphism i’ : I’ — Y through
which f factors, there exists a unique v : I — I’ such that i = i’ ov. (Think
of I’ as being “bigger” than I”, e.g., it could be Y itself; so the image is the
“smallest” monomorphism through which f factors).

e Similarly, a coimage of f is an epimorphism ¢ : X — C' through which f factors,
where C' is “the smallest possible”, i.e., such that any other epimorphism
¢ : X — (' through which f factors is the composite ¢ = u o ¢ for a unique
map u : C' — C.
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Show that for an abelian (note that I am not saying additive) category, these notions
of image and coimage agree with the notions we have defined.

Note: Thus, if I understand it right, the point seems to as follows. For a general
additive category, there seems to be no way to describe image and coimage using
universal properties — because kernel and cokernel have sufficiently ‘differently ori-
ented’ universal properties that a kernel of a cokernel or a cokernel of a kernel seems
to have neither. But for an abelian category, where the coimage and the image are
forced to agree, these compensate for each other’s awkwardness.

Exercise 11.35. Prove, or look up a proof, that (AB2) can be described in the following
equivalent ways. The following conditions on a preabelian category C are equivalent:

(i) It satisfies (AB2), i.e., it is an abelian category;
(ii) (Okay, this is just a rephrasing of the (AB2) given above) Given any morphism
f X =Y in C, there exists a sequence

K>X—>I->Y >0,

where:
e The composite X — I — Y equals f;
e K — X is a kernel of f and Y — (' is a cokernel of f;
e X — [ is a coimage of f, and I — Y is an image of f;
(iii) Any monomorphism in C is a kernel, and any epimorphism in C is a cokernel;
(iv) Any monomorphism in C is the kernel of its cokernel, and any epimorphism in C is
the cokernel of its kernel.
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12. LECTURE 12 — ABELIAN CATEGORIES (CONTD.; INCOMPLETE/EXTRA CRUDE)

Today again, all categories except possibly presheaf categories will be locally small. Today
we will mostly work with abelian categories, which we will denote by A, B etc. rather than
C,D etc. Since many arguments are ‘routine’ but take time to write down, they will be
skipped.

12.1. Constructing abelian categories from existing ones.
Proposition 12.1. Let B be a full subcategory of an abelian category A. Assume:

(i) Ob B contains a zero object of A.
(1) ¥ X, Y € Ob B, some direct sum X ®Y of X,Y € Ob A lies in B.
(i11)) ¥ f : X — Y in B, B contains some kernel of f in A, and some cokernel of f in
A.

Proof. This is easy, but let us list the steps:

e B is preadditive: Since B is a full subcategory of A, Hompg(X,Y) = Homu(X,Y)
is a group for all X, Y € Ob B, and clearly bilinearity of composition is satisfied.

e 3 is additive: show that the zero objects and biproducts are inherited by B from
A.

e BB is pre-abelian: show that for all f: X — Y in B, any kernel or cokernel of f in
A that lies in B (as is assumed to exist) also functions as a kernel or cokernel for f
in B.

e B is abelian: show, using the above observation on kernels and cokernels, that for
all f: X — Y in B, some coimage X — coim(f) and some image im(f) < Y of f
can be taken to lie in B, and that for these choices, the map f : coim(f) — im(f)
from the condition (AB2) also functions as such a map for A4, and is hence an
isomorphism.

g

The following was Rishiraj’s question from Lecture 11.

Proposition 12.2. The product of two abelian categories is abelian, and in an ‘obvious’
way.

Proof. Exercise. O

Proposition 12.3. Let I be a small category and A an abelian category. The category
Fun(I, A) of functors from I to A, whose morphisms are given by natural transformations
(it was introduced in Lecture 2) is an abelian category with the group laws, zero objects,
biproducts, kernels and cokernels defined in an appropriately ‘pointwise’ sense.

Proof. Exercise. U
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Example 12.4. Here are two examples copied from Arvind’s notes (for a third example
of quivers, you can look up his notes):

(i) Recall the category *g which has only one object, , and where More(x, =) is given by
G. Then Repi(G) = Fun(*q, Vecy), recovering that Repy(G) is an abelian category
(we can also recover this by identifying Repy(G) with k[G]-Mod).

(ii) If X is a topological space, let Open(X) be the category of open subsets of X,
where morphisms are given by inclusions. Then the category of presheaves on X
with values in A is, by definition, the category Presh(X) := Fun(Open(X), A),
and is hence abelian. Concretely, a presheaf on X assigns to each open subset
U c X an element Fyy € A, and whenever U ¢ V < X are open subsets, we are
given restriction maps Fy — JFy, compatible with chains of inclusions U ¢ V < W
(e.g., A could be Vece, Fyy could be the the vector space of continuous complex
valued functions on U, and Fy, — Fy could be the restriction of functions).

12.2. Exactness and “ker f/im f”. Let A be an abelian category.

Definition 12.5. A chain X Y % Z of maps in A is exact if im f — Y is a kernel of
g.

Here is another way to put it, to help us understand it better. If gof = 0, in AbGrp we have
im f < ker g, which for abelian categories should be read as an obvious monomorphism,
im f — kerg:

To see this, note that:

e Since go f = 0 and since X — coim(f) is an epimorphism, we have g o (coim(f) —
Y') = 0 (use the definition of an epimorphism). By the universal property of ker g,
this naturally gives a map coim(f) — ker g.

e But because f : coim(f) — im(f) is an isomorphism — we are in an abelian category
and not just a preabelian one — this can be promoted to a map im(f) — kerg.

e This map im(f) — ker g is a monomorphism, since im(f) — Y is (use one of the
questions from Exercise 11.24).

Exercise 12.6. The motivation for this exercise is that in AbGrp, assuming g o f = 0,
(ker g)/(im f) can be described in many ways:

e coker(X — kerg); o (kerg)/(im f); e im(ker g — coker f); and e ker(coker f — im g).
Show that these descriptions adapt to a general abelian category A.

Hint: We will probably not need these descriptions, but perhaps this amounts to some
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practice in thinking without elements. All this is described in the book of Kashiwara and
Schapira, to which you can refer if the following hint is not enough. Consider diagrams:

coim(f)——= ker g

T

X Y

coker f 2 e im g
Let u denote the composite ker g <— Y — coker f. Show that ¢ is a kernel for u, and that
1 is a cokernel for u. Therefore, we get:
: (AB2)
(47) coker ¢ = coim(u) = im(u) = ker .
Definition 12.7. Given a chain of maps X Ly 4 7 such that go f =0, define
H(X Ly 4 Z) = coker(im(f) — ker(g)).

Thus, H(X Ly %z ) also has several descriptions, as in Exercise 12.6.

We will use the following exercise, often without further comment, from now on.

Exercise 12.8. Let A be an abelian category. Consider chains of maps X Ly % Zin
A such that g o f = 0. Make these into (the objects of) a category, whose morphisms can
be described by diagrams:

xJt.yv_4.7,

A

X' Loy 9 7/
both whose squares commute. Extend H(—), which is currently defined only on the objects
of this category, to a functor from this category to A.

Remark 12.9. (i) Note that doing the above exercise involves the global axiom of

choice: H(X Ly %7 ) is only well-defined up to a unique isomorphism, since
ker g and im(f) themselves are. Thus, defining H(—) as a functor involves choosing,

for each object X Ly % Z in this category, a choice of H(X Ly s Z).

(ii) This also illustrates the importance of having things defined up to a unique iso-
morphism, rather than just up to an isomorphism: without things defined up to a
unique isomorphism, defining H(—) at the level of morphisms would involve choices,
which would interfere with enuring that H(—) respects compositions and the iden-
tity. Thus, things being “unique up to a unique isomorphism” is crucial to even
having various functors defined.
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Now, as in Lecture 1, we define:
Definition 12.10. Let A be an abelian category.

(i) A chain or a sequence of morphisms in A is said to be exact if it is exact at each
object in the chain that is a source of some map in the chain and a target of another.
Thus, X - Y - Z > W — U is exact if it is exact at Y, Z and W.

(ii) A short exact sequence in A is a chain of morphisms in A of the form

(48) 05X —>Y —>Z—0

that is exact. Short exact sequences in A form an abelian category, which we may
often denote by SES(A).

We will use the following exercise, too, often:

Exercise 12.11. Show that (48) is exact if and only if X — Y is a monomorphism, ¥ — Z
is an epimorphism, and the map im(f) — ker g is an isomorphism.

Remark 12.12. Any morphism f : X — Y in an abelian category ‘breaks up’ into two
short exact sequences, as follows:

0 — ker f - X — coim(f) = im(f) — 0,

and
0 — coim(f) = im(f) — Y — coker f — 0.

12.3. Left and right exactness for functors. First, we define left and right exactness
for categories that may not be abelian (but are subject to some restrictions):

Definition 12.13. (i) Let F' : C v D be a functor, and assume that C has finite
limits. We say that F'is left exact if it preserves finite limits.
(ii) Let F': C v~ D be a functor, and assume that C has finite colimits. We say that
F is right exact if it preserves finite colimits.

We will mainly only be interested in this definition for abelian categories (and additive
functors between them), in which case we would like to make a more relatable interpretation
of these notions, for which we will use the following exercise:

Exercise 12.14. (i) Assume that C has finite limits. Let ' : C v~ D be a functor.
Show that the following are equivalent:
(a) F preserves finite limits.
(b) F preserves finite products and equalizers.
(c) F preserves a terminal object, binary products, and equalizers.
(d) F preserves a terminal object, and pullbacks.
(ii) Do the same for colimits. Also, do a version of all these problems without finite.

Now we give an equivalent definition for left and right exactness in the special case of
abelian categories.
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Definition 12.15. Let F : A — B be a functor.

(i) We say that F is left exact, if it is additive and preserves kernels. Note that the
latter condition can be written as follows: whenever
0-ALB%C
is exact in A, so is

FL{) F_(g)

0— F(A) F(B) F(O).
(ii) We say that F' is right exact, if it is additive and preserves cokernels. Note that
the latter condition can be written as follow: whenever
AL BSCOoS0
is exact in A, so is

FA)™ rBy ™Y re) - o.

(i) We say that ' is exact, if it is both left exact and right exact.
Exercise 12.16. Show that Definition 12.15 is a special case of Definition 12.13.
Exercise 12.17. (Recommended)

(i) Show that a sequence
0>A—->B—->C (resp, A—>B—C—0)
in an abelian category A is exact if and only if for all £ € Ob A,
0 — Hom(F, A) —» Hom(F, B) - Hom(E,C) (resp., 0 - Hom(C, E) — Hom(B, F) — Hom(A, F))

Is exact.

(ii) Let F': A — B be a functor between abelian categories A and B, not assumed to
be additive. Show that F' is left-exact if and only if it preserves pull-backs, and
that it is right-exact if and only if it preserves push-outs.

(iii) Let F': A — B be an additive functor between abelian categories A and B. Show

that F' is exact if and only if whenever 0 — A L B 4% C - 0is exact in A,
0— F(A) ) F(B) g F(C) — 0 is exact in B.
(iv) Let A and B be abelian categories, and let F': A — B be a functor left adjoint to

a functor G : B — A. Show that F is right exact and G is left exact (in particular,
F and G are automatically additive).

12.4. Isomorphism theorems. We said that the condition AB2 in the definition of an
abelian category was basically the first isomorphism theorem. We will now state forms of
the second and the third isomorphism theorems.

In the following exercise and in what follows, whenever Z — X is a subobject of X, we
may write X /Z for coker(Z — X).
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Proposition 12.18. This is the second isomorphism theorem in an abelian category: Given
a subobjects M', M" — M, define
M AM" =M x M"
(please make sure you understand that this is indeed an intersection in the context of
AbGrp), and
M +M"=im(M & M" — M).
Then M" — M'@® M" — M’ + M" is a monomorphism, and
M/l;) M,+M//—> (M/+M”)/M/
factors through an isomorphism
M")(M' A M") - (M +M")/M".
Proposition 12.19. Let
0->M —>M-—>M"—0
be a short exact sequence in an abelian category A. If L" — M" is a subobject, consider

L:= M xyn L" - M. Then L — L" is an epimorphism. Moreover, M' — M factors
through M' — L, and induces an isomorphism L/M' =~ L".

To prove these results, we will need to understand pullbacks and pushouts in an abelian
category better. This will use a few lemmas, which we will mostly not prove; but they are
easy, and yet if you don’t want to bother to prove them yourselves a reference for them is
stacks.math.columbia.edu/tag/00ZX

Lemma 12.20. Consider the following diagram in an abelian category C:
(49) D-t-a
hl Lf
B—2-C
(i) The diagram is cartesian (i.e., realizes D as the fiber product of f : A — C and
f: B — C)if and only if:
O_)D(k_,/g)AGBB(f:)g)C

is exact. Here, (f,—g) : A® B — C is the unique map that is f when composed
with A — A® B, and is —g when composed with B — A@® B, and (k,h) has an
analogous interpretation, but with ‘products’ instead of ‘coproducts’.

(i) The diagram is cocartesian (i.e., realizes C as the pushout of k : D — A and
h: D — B) if and only if:

p* M aeBYY o
1$ exact.

33the pullback M’ x ; M” exists as a special case of the fact that finite limits and colimits exist in an
abelian category, something we have already seen.
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A terse expression of a proof. We will prove both (i) and (ii) simultaneously. If A =
AbGrp, the lemma is easy to check, and this case is left as an exercise. We will reduce the
general case to this case.

By the definition of limits, the diagram is cartesian (resp., cocartesian) if and only if
for all E € Ob A, the diagram obtained by applying Hom(E, —) (resp., Hom(—, £)) to
it is cartesian 3 The cartesianness of the latter diagrams, in Set, is equivalent to its
cartesianness in AbGrp (because fiber products work the same way for AbGrp and Set).
Since we know the lemma when A = AbGrp, the cartesianness (resp., the cocartesianness)
of the given diagram is therefore equivalent to the exactness, for all E € Ob A, of
0 — Hom(E, D) " 27 Hom(E, A) @ Hom(E, B) " 4°7 Hom(E, 0)
(resp., 0 — Hom(C, B) 57 Hom(A, B) @ Hom(B, E) ©°*>°" Hom(D, E).)

By Exercise 12.17, this is equivalent to the exactness of the given sequence. O

Lemma 12.21. (1) If (49) is cartesian, then the morphism ker k — ker g induced by
h s an isomorphism.
(i1) If (49) is cocartesian, then the morphism coker h — coker f induced by g is an
1somorphism.

Remark 12.22. (i) What does h inducing ker k& — ker g mean? For AbGrp this mean-
ing is clear, and for a general abelian category A, we can interpret it as follows.
We have ker k — D and kerg — B, and h runs from D to B. The meaning of h
inducing ker £ — ker g is that

ho(kerk — D):kerk — B

factors as a composite of some map ker k& — ker g and the monomorphism ker g <
B. The fact that ker g < B is a monomorphism implies, by the definition of a
monomorphism, that this factored map ker k — ker ¢ is unique, allowing us to refer
to it as the map induced by h.

(ii) Please make sure you work this lemma out in AbGrp before reading the proof, and
get an intuitive feel of why the statement of the lemma is reasonable.

Slightly terse proof of Lemma 12.21. If A = AbGrp, the corollary is easy to check. We will
reduce the general case to this case.

Let us prove the assertion about ker & — ker g. For each E € Ob A, we have a commutative
diagram:

0—— Hom(F, ker k) — Hom(FE, D) oo, Hom(E, A) ,

T

0 Hom(E, ker g) — Hom(E, B) “— Hom(E, C)

3there is no ‘(resp., cocartesian)’ here; limits are defined by requiring Mor(E, —) in Set to give a limit
in Set, while colimits are defined by requiring Mor(—, E) to give a limit — not a colimit — in Set.
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where the left vertical arrow is induced by the middle vertical one, since Hom(F, ker k)

identifies with ker(Hom(E, D) oy Hom(F, A)), and similarly with Hom(F, ker g). The
rows of this diagram are exact, and the right square is cartesian. Since we know the case
where A = AbGrp, it follows that the left vertical arrow is an isomorphism. The Yoneda
for h, then gives ker k — ker g; note that the description in the Yoneda lemma implies that
ker k — ker h is indeed induced by A in the sense described in Remark 12.22.

The assertion about coker h — coker f is analogous, where one uses Hom(—, F) and reverses
some directions instead. U
Here is a corollary to the above two lemmas:

Corollary 12.23. (i) If (49) is cartesian and g is an epimorphism, then it is cocarte-
sian and k is an epimorphism.
(i1) If (49) is cocartesian and h is a monomorphism, then it is cartesian and f is a
monomorphism.

Sketch of proof. If (49) is cartesian, then Lemma 12.20(i) together with the fact that g is

an epimorphism implies that

0-D" 4eB"3" 0 -0

is exact, so Lemma 12.20(ii) shows that (49) is cocartesian. That k is an epimorphism is
then easy to see using Lemma 12.21.

This gives (i), and (ii) is analogous. O
Lemma 12.24. Let A be an abelian category.

(i) If M — N is an epimorphism, then for all L — N, the map M xy L — L is an

epimorphism.
(1t) If M — N is a monomorphism, then for all M — L, the map L — L]],; N is a
monomorphism.
Proof. This is immediate from Corollary 12.23. O

Sketch of the proof of Proposition 12.18. First, M' < M and M"” — M both factor through
M + M" — M, and since M’ + M"” — M is a monomorphism (being an image of a
morphism to M), it is easy to see that M’ " M = M' xy M" = M’ xppypw M".
Moreover, since M’ < M and M"” < M are monomorphisms, so are M’ < M’ + M" and
M" — M’ + M" (use one of the questions from Exercise 11.24).

3%In other words, if A — C' and B — C factor through a monomorphism ¢’ < C, then we can write
AxcB=Ax¢ B.
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Thus, the following diagram is cartesian:

M/ A M// M//

| |

M/ M/ _|_ M//

If we show that this diagram is also cocartesian, it will follow from Lemma 12.21(ii) that
M" — M'+ M" induces an isomorphism M”/(M' n M") — (M'+ M")/M’, and we would
be done.

To see that this diagram is cocartesian, we combine its cartesianness with Lemma 12.20(i)
to get that the following sequence is exact except possibly at M’ + M”:

O->M~ M ->MeM — M+ M"—D0.

However, M' ® M" — M’ + M" is the ‘obvious map’ M'® M” — M’ + M”", and hence
surjective, so the above sequence is exact. Now Lemma 12.20(ii) implies that the diagram
is cocartesian, as required. U

Proof of Proposition 12.19. Since M' — M — M" equals 0, we get a unique map M’ — L
whose composite with L — M is the inclusion M’ < M, and whose composition with
L — L" is zero. Thus, M’ — M factors through M’ — L, which is a monomorphism since
M’ — M is.

By Lemma 12.21(i), applied to the cartesian diagram

L S L//
L — L" has M’ — L as a kernel. Thus, it remains to see that L — L’ is an epimorphism,
which follows from Lemma 12.24. O

12.5. Chain complexes and cochain complexes.
Definition 12.25. Let A be an abelian category.

(i) A chain complex in A is a sequence:
A.l "‘—>Ai+1ai>lAiﬁ>Ai_1az>l...
of morphisms in A4, indexed by Z, such that 0; o 0;;1 = 0 for all ¢ € Z. The 0; are
called boundary operators, or differentials. 3¢
Standard abuses of notation. In what follows, if a chain complex is given as A,, B,
etc., we assume A;, B; etc. to be as above, so we have 0; : A;;1 — A;,0; : Biy1 — B;

36Those of you who have seen homology know why the word ‘boundary’ is used. This is likely part
of why the symbol ‘0’ is used, and the other probably relates to the terminology ‘differentials’ perhaps
coming from de Rham complexes.
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etc.: note that the same d; be a morphism on A;, B; etc., so its identity will need
to be figured out from the context.

(ii) A morphism f, : A, — B, of chain complexes in A is a collection f; : A; — B; of
morphisms, that are compatible with the boundary operators, i.e., such that for all
1 € 7, we have

0;
Ai —_— Ai—l

"

Bi—> Bi 4

(We have made some standard abuses of notation, such as implicitly taking A; to
be as in (i) and B; to be analogous, and writing ¢; for the boundary operators of
both A, and B,).

(iii) With these morphisms, the chain complexes for A form a category, which we denote
by Ch(A) (and which we will soon see to be abelian).

(iv) A cochain complex is a sequence
. i—1 . . 1+1
A s AT A G g

of morphisms in A, indexed by Z, such that d*' od’ = 0 for all i € Z. 37

(v) In obvious analogy with (ii), we define morphisms of cochain complexes in A.

(vi) With these morphisms, cochain complexes in A form a category, which we will
denote by CoCh(A).

Proposition 12.26. Let A be an abelian category. Ch(A) and CoCh(A) are abelian
categories, where zero objects, biproducts, kernels and cokernels defined in an appropriately
‘pointwise’ sense.

Proof. Let I be the small category with Ob I = 7Z, and where there exists a unique mor-
phism i — j if ¢ < j, and none otherwise. By Proposition 12.3, Fun(I°, A) is abelian.
This category has a description analogous to that of Ch(A), except that the conditions
0; © 0;41 are not imposed. Ch(.A) is the full subcategory of Fun(/, A) consisting of objects
with these additional conditions imposed. Note that this subcategory, in addition to being
full, is closed under zero objects, direct sums, kernels and cokernels, and is hence abelian
by Proposition 12.1. O

Definition 12.27. Let A be an abelian category.

(i) For each n € Z and each A, € Ob Ch(A), define:

On+1 n ukera”l- ”
Hy(A) = H(Apyy ™5 A, B A, )) = ) im (1)

(see Definition 12.7). Define also the (I guess ‘object of’) n-cycles of A., by
Zn(A,) = ker 0, € Ob A, and the n-boundaries of A,, by B, (A.) = im(0,); these are

37Thus, notice two difference with chain complexes: maps go from the object indexed with ¢ to that
indexed with ¢ 4+ 1 rather than ¢ — 1, and secondly the index is superscripted rather than subscripted.
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implicitly meant to be considered along with the obvious monomorphisms Z,, — A,
and B,, — A,,.

(ii) For each n € Z and each A* € Ob CCh(A), define the degree n chain homology of
A by

Hn(Ao) _ H(An—l dl_)l A" ﬁ An-i—l)'

Define also the n-cocycles of A®, defined by Z"(A*®) = ker d", and the n-coboundaries
of A®, defined by B"(A®) = im(d"™). Again, these are implicitly meant to be con-
sidered with Z™ < A™ and B" — A".

(i) Z,, By, Hp, Z™, B™ and H™, defined so far at the level of objects of C'h(A) and
Coch(A), extend to functors Ch(A) v~ A and Coch(A) ~ A, respectively.

Exercise 12.28. (i) Justify the claim in Definition 12.27(iii).
(ii) Make sure you are clear about interpreting H, = Z,/B, and H" = Z"/B,: the
assertion for H,, e.g., is that B,, = im(0,+1) — A, factors through Z,, = ker d,, —
A,, (this crucially uses the condition @, 0 0,11 = 0), and that the resulting unique
map B, — Z, has cokernel which is, by definition, H,,:

an+1 a’ﬂ

Apq..o.

- Ani im of
an+1

Ay
ker of 0
from Op+1
B,~---- -7,

H,
Example 12.29. Let R be a commutative ring.

(i) In your algebraic topology course, you will see functors
H, :Top v~ AbGrp and  H,(—,R):Top > R-Mod,

defined as composite functors

H, : Top 5 Ch(AbGrp) T AbGrp
(note that we are using the notation H,, stand for at least three different things,
please don’t get confused here), and

H,(—, R) : Top 5 Ch(R-Mod) L R-Mod.

I will not describe Co(—) and C,(—, R), but simply say that the degree n pieces
Cn(X) and C, (X, R) of Co(X) and C.(X, R) are given as follows:
Cn(X) = FreeAbGrp({Continuous maps A" — X}),

Cn(X, R) = the free R-module on continuous maps A" — X,

where A" is the ‘standard n-simplex’, consisting of the convex hull of the standard
basis vectors ey, . .., e, in R**!

C, is called the singular chain complex functor, C.(X) the singular chain complex
associated to X, X ~» H,(X) the singular homology functor, and H, (X, R) the
singular homology of X with coefficients in the ring R.
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(ii) For a topological space X, dualizing the chain complexes C,(X) and C.(X, R) give
us cochain complexes C*(X) and C*(X, R). This gives us the singular cohomology
functor

H" : Top™ 5 CoCh(AbGrp) B3 AbGrp,
and the functor of singular cohomology with coefficients in R:

H"(—,R) : Top® “ 5% CoCh(R-Mod) &5 R-Mod.

12.6. Homological and cohomological j-functors. Motivation. Consider R-Mod, where
R is a commutative ring. If 0 - M' — M — M"” — 0 is exact, and a € R is a nonzero
divisor, we know that, on taking — ®g R/(a), we get a right-exact sequence

(50) M'faM’ — M JaM — M"JaM" — 0.

This would not be exact if we put a ‘0 —’ before M'/aM’. Therefore, we would like a
means to measure a failure of exactness. For this, one uses the following exercise, which
also follows from Lemma 12.32 discussed further below:

Exercise 12.30. The exact sequence (50) continues to an exact sequence
(51) 0— M — M— M 5 MjaM — MjaM — M"jaM" — 0,

where M = {me M | am = 0}, ,M" and ,M" are defined similarly, and the only non-
obvious map ¢ : ,M” — M'/aM' is a map such that 6(m”) equals the image of m’ € M’ in
M'/aM', whenever m’ is chosen as follows. Since m” € ,M”, so that am” = 0, there exists
m € M with image m”. Note that am € ker(M — M"), so that am has some preimage in
M’ which we take to be m/. (In particular, you should show that given m”, though m’ as
above depends on the choice of m lifting m”, the image of m’ in M’/aM’ is independent
of this choice).

Discussion on this exercise. Thus, we are not quite computing exactly the kernel of
M'/aM' — M JaM, which would have been ideal, but rather the best we can do in general
seems to be to give an exact sequence as above; in specific situations, we would be able
to manipulate such exact sequences and get whatever information we need about their
kernels.

For more general left or right exact functors, we will not be able to get a six term exact
sequence as above, but rather an ‘infinite’ exact sequence, called a long exact sequence.
This is formalized in the following definition.

Definition 12.31. Let A, B be abelian categories.

(i) A homological d-functor from A to B is a collection of additive functors {7}, : A —
B},>0, and a family of morphisms

5+ Tu(A") — Tp_y(A)

for all n > 1, satisfying the following two conditions:
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(i) For all short exact sequences 0 — A’ R A LN 0, we have a long exact
sequence

(52)
o T (A7) 8 1A Y 1) Y Ay O Ay B A ™Y 1 a) Y 14 S o,
(ii) Each §, is functorial in short exact sequences, i.e., whenever we have a map of
short exact sequences:

0 A’ A A" 0,

N

0 B’ B B” 0

the following diagram commutes for each n > 1:

on /
Tn(A”) - n—l(A )

Tn(d/l)l lTn—l(d’)

T,(B") =T, ,(B)

In other words, this condition of ‘functoriality in short exact sequences’ means
the following: given the functors 7 and T/ ; on SES(A) sending a short
exact sequence 0 > A" > A — A” — 0 to T,,(A”) and T,,_1(A"), respectively,
the condition is that §,, should define a natural transformation 7} — 77 _,.

We set T,, = 0 for n < 0.
(ii) We similarly define a cohomological d-functor from A to B as a collection of additive
functors {T™ : A — B},>0, and a family of morphisms

6" T™(A") — T, 1 (A)
for all n > 0, satisfying the following two conditions:

(i) For all short exact sequences 0 — A’ RN A LN 0, we have a long exact
sequence
(53)
0 0 1 n— n n n
0 — TO(A/) T_(j) TO(A) T_(;‘J) TO(A”) 5_0> Tl(A/) T_(J) (5_)1 Tn(A/) T_()f) Tn(A) T_()g) Tn(A”) 5_) Tn+1(A/) —

(ii) There is an analogous condition of functoriality of 6" in short exact sequences
for each n > 0, taking the form of a commutative diagram:

Tn(A//) o Tn+1(A/)
Tn(d//)l lT'rH—l(d/)
T(B") T (B')

Again, we set T" = 0 for n < 0.
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Please understand the long exact sequence (52) of the above definition in analogy with
Exercise 12.3051: the idea is that if a right exact functor Tj is realized as part of a
homological § functor ((7,,),, (0,)n), then given an exact sequence 0 - A’ - A — A” — 0,
the exact sequence

To(A/) i To(A) - To(A”) -0
is continued by (52)
Similarly, if a left exact functor TV is realized as a part of a cohomological J-functor
((T™)n, (6™)n), then given an exact sequence 0 - A"’ - A — A” — 0, the exact sequence

0— TA) — T°(A) — T°(A")
is continued by (53).
12.7. Snake lemma (proof mostly omitted). The key tool in constructing long exact
sequences as in (52) and (53) is the snake lemma:

Lemma 12.32. Let A be an abelian category. Suppose we are given a diagram

f g

(54) M M M" 0,
e
0 N e N N

whose both rows are assumed to be exact. Then there is an exact sequence

(55) kerd 5 kerd % kerd” % cokerd’ > cokerd 2> coker d’,

where f,q,i,7 also stand for maps induced by f,q,i,5, and 0 is, informally, given by the
prescription “5(m”") =it odo g~ (m")”, which will be explicated in the proof. Moreover,
this exact sequence (55) is functorial in the diagram (54) (see Remark 12.34 below).

Before proving the above lemma, let us observe that some obvious very minor variants that
follow from it:

Lemma 12.33. In (54), if f is a monomorphism (resp., j is an epimorphism), then so is

the map ker d' 2, kerd (resp., the map cokerd 9, coker d") of (55). Thus, e.g., if f is a
monomorphism and j is an epimorphism, then Lemma 12.32 implies the exactness of:

0 — kerd > kerd % kerd” > coker d’ - coker d 2> coker d” — 0.
Proof. Easy exercise. O

Some comments on the construction of 6. 1 will skip the proof of the snake lemma, since
I don’t have time. For modules it is completely straightforward, and you can do it as
an easy, though tedious, exercise. For abelian categories, one needs some number of
not so obvious manipulations to make the proof “element-free” and thus to work for
an abelian category. Proving some of the prerequisites was the purpose of Subsection
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12.4. Thus, we are not really covering this proof in the course. You can see a proof in
https://stacks.math.columbia.edu/tag/00ZX or you can search for category theory notes
by Julia Godecke. For a crude pointer to another approach, see Theorem 12.35 and the
discussion just before it.

Nevertheless, below, I will first describe how to construct 6 when A = R-Mod, and then I
will describe how to translate that into a description that works for an arbitrary abelian
category.

Description of 6, when A = R-Mod. Please compare this description to the construction
of ;M" — M'/aM' in Exercise 12.30.

Let m” € ker g, and let us define §(m”) € coker d":

e Since M — M" is surjective, m” = g(m) for some m € M (now we have “g~'(m”)”,

namely m).

e Since d"(m") = d’g(m) = jd(m) = 0, we have d(m) € kerj (now we have
“dg=Y(m”)”, namely, d(m)).

e Since ker j = im(i), it follows that d(m) = i(m’) for some m’ € M’ (now we have
i~tdg=(m”), namely m’).

Then §(m”) is defined to be the image of m’ in coker d’ = N'/d(M’). Of course, one needs
to check that this definition is independent of the choice of m, but instead of testing the
effect of replacing m, let us rewrite the above description without these choices. Namely,
we have a commutative diagram

g Ykerd")/f(M) == g~ (kerd")/(ker g) i—> ker d” .

Ja

coker(d') = N'/d'(M") —i(N')/(i o d')(M") == (ker j)/d(f(M))

Since all maps except the vertical arrow above is an isomorphism, it gives the required
map ¢ : ker d” — coker d’, which agrees with the “i~'dg=!(m”)”-prescription given above.

How do we describe this in term that apply to an abelian category? For instance, g~ (ker d”)
can be captured as M x yker d”. As an exercise, check that the above prescription amounts
to the following: ¢ is the unique (as needs to be proved) dotted arrow in the following the
diagram that makes it commute:

M <~— M xynkerd” ——kerd” .
|

d I's
Y

N —— cokerd' | [ N <— coker d’

This diagram is taken from stacks project (tag 00ZX, Section 12.5 as of typing this). You
can see that page for a general proof of the snake lemma in an abelian category.
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But that such a 0 exists needs to be proved. I will describe how to prove that M x
kerd” — N from the above diagram factors through ker d”: this is about one-half the proof.
Its kernel takes the form of an obvious map M’ — M Xy kerd” for a kernel, by Lemma
12.21(i). On the other hand, it is an epimorphism by Lemma 12.24(i). Thus, to show that
M x pm kerd” — N factors through ker d”, it suffices to show that

M — M xpm kerd” 4 N—>cokerd’HN
N/

is zero. But this chain equals, by the commutativity of the left square in the diagram:

(M’ LN LN S cokerd’HN) = (M’ 4 N' - cokerd — cokerd’]_[N) =0,
N’ N’

where the first equality only uses the commutativity of the pushout diagram, and the
d/

second equality the fact that M’ — N’'— cokerd = 0. O

Remark 12.34. Now let us describe the functoriality of the snake lemma as mentioned

in , e.g., (with the version of the snake lemma that does not require f : A — B to be a

monomorphism) this assertion of functoriality becomes the assertion that if:

M M M" 0,

S .

d"’
L//

‘ 0

0 P’ P P’

with exact rows, then there is the following commutative diagram, where both the rows
are given by the snake lemma and the vertical arrows are induced by corresponding slanted
arrows in the above diagram:

ker d’' kerd ker d" —— coker d —— coker d —— coker d” .
ker e’ kere ker e/ —— coker ¢ —— coker e —— coker e”

12.8. The Freyd-Mitchell embedding theorem (statement only). One way to prove
the snake lemma for an arbitrary abelian category is to give the easy proof for R-Mod,
and then appeal to the following Freyd-Mitchell embedding theorem:

Theorem 12.35 (Freyd-Mitchell embedding theorem). Let A be a small abelian category.
Then there exists a (not necessarily commutative) ring R (with identity), and a fully faithful
exact functor

A~ R-Mod.
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If A is small, then the above theorem immediately reduces the proof of the snake lemma
for A to that for R-Mod, which is easy to verify by hand. But even if A is not small, we
can restrict to a suitable small abelian subcategory of A that contains the given diagram,
and thus reduce the snake lemma for A to that for R-Mod.

However, this does not mean we have proved the snake lemma in general, since we have
not proved the Freyd-Mitchell embedding theorem. If you are interested, a sketch of the
proof is given in wikipedia.
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13. LECTURE 13 — PREPARATION FOR DERIVED FUNCTORS

Typically, we will denote an object of Ch(A) by (A, d. ) if A, is given by

Ay A A s

A morphism in Ch(A) may be denoted by f, : A, — A,, whose the individual maps will
be assumed to be denoted by f; : A, — A;, as i varies over Z. Similarly, we will write

(A*,d*) for an object in Coch(A).

Throughout, given a map f in an abelian category, f will implicitly stand for a map induced
by f on a subobject or a quotient object.

Remark 13.1. We will typically work with an arbitrary abelian category A today. Oc-
casionally, we might explain proofs using notation that applies to R-Mod instead of to A,
but those proofs can all be adapted to the case of an arbitrary abelian category A. If you
do not feel comfortable with general abelian categories, you may, at select occasions while
dealing with the proofs, just consider R-Mod instead.

13.1. The long exact sequence associated to a short exact sequence of complexes.

Remark 13.2. Since kernels and cokernels in Ch(.A) are defined “point-wise”, a sequence

0— (AL, 2) 55 (A, 0,) 25 (AY,8)) — 0

o) L]

in Ch(A) is exact if and only if for each i € Z,
0— A5 A, % A7 0
is exact. An analogous assertion applies with Coch(A) in place of Ch(A).
Proposition 13.3. Let A be an abelian category.
(i) For each exact sequence
(56) 0= (AL,20) 55 (Au,0) %5 (AL,2)) > 0

in Ch(A), there exist morphisms &; : H;(AY) — H;_1(A,) for each i € Z, functorial
in the short exact sequence (56), such that the following sequence is exact:

(57) LA Y H (A T B Ay S H ) T
(ii) For each exact sequence
(58) = (A d) D (A, dn) S (A dz) -0

in Coch(A), there exist morphisms 6° : H'(A2,)) — H'™(A?) for each i € Z, func-
torial in the short exact sequence (58), such that the following sequence is exact:

S A T Ean) T ) S T
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Exercise 13.4. (i) The §; and the ¢° above are called connecting homomorphisms.
We haven’t spelled out what their functoriality in short exact sequences means. If
you are uncomfortable with this, please spell it out explicitly as an exercise. It
is very similar to the functoriality of the 4, (resp., ") that what we saw in the
definition of a homological (resp., cohomological) d-functor.

(ii) Consider the full (abelian) subcategory Ch="(A) of Ch(A) consisting of complexes
A, such that A; = 0 for all i < 0. Convince yourself that (i) of the proposition
is furnishing a homological -functor ({7}, {6,}) from ChZ°(A) to A, where T =
Hy : Ch?°(A) ~~ A. Similarly, (ii) is furnishing an appropriate cohomological
o-functor.

Proof of Proposition 13.3. We will prove (i); (ii) is analogous.

Applying the snake lemma to the top two rows (resp., the bottom two rows) of the diagram

fi+1 Gi+1
!/ "
0 Aip A —= Ay, — 0,
%1 Oit1 %4
fi i
0 Al > A; — A” 0
2 o o
A fi—1 A gi—1 A7
0 i—1 i1 —= A, —=0
%1 i1 01
fi72 9i—2

00— A4, A 22 A7, —0

we get the top row (resp., the bottom row) of the following commutative diagram:

i gi
coker 0/, ; — coker ;41 — coker ¢/ — 0

fi- i~
0 ——=kerd,_; — s ker 6y ——> ker i1

Here, the reason the vertical arrow ¢; in the above diagram is well-defined is that d;00;,1 =

0: this ensures that ¢; vanishes on im(d;41) — A;, and hence factors as A; — coker 0;,; —
A;_1. *® Similarly with ¢ and 0/.

Applying the snake lemma to this latter diagram, we get an exact sequence
(59) ker 0 % ker &; & ker o! % coker 0, TS coker 8; %5 coker !
(this defines what is going to be our connecting homomorphism, d;).

All that remains to do now is to interpret (59). For this:

38This means that ¢; o (im(d;41) < A;) = 0, so by the universal property of the cokernel, ¢; induces

(92- : coker(@iﬂ) - Aifl.
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(a) Since A; — coker ;11 is an epimorphism, it is immediate that

coker(0; : coker 0;,1 — ker d;_1) = coker(0; : A; — kerd;_1) = H;_1(A.).

(b) Using an exercise that followed the definition of exactness in Lecture 12, we get

ker(d; : coker 0,1 — ker 0;_1) = H;(A,)
(or, think of R-Mod, where this is straightforward: writing Z; < A; for ker(d;) and
B; < A, for im(0;41), we are looking at

ker(a : Al/lm(ﬁzﬂ) - Bi*l — Aifl) = ker(éi : Al/Bz - Aifl) = Z,L/BZ = HI(A.)
).

Similar assertions apply with A, replaced by A, and A]. With these identifications, it is
easy to see that the f;, g;, fi_1 and g;_1 from (59) become, respectively, H;(f.), Hi(ge), Hi—1(f)
and H; 1(g.). Thus, (59) becomes:

(60)  Hy(A) " Hy(A) T By An) S H (AL T (A T = (A7),

Now that the various §; are defined, so is (57). The exactness of (57) follows from the fact
that (60) is exact for each 1.

The functoriality of the ¢; in the short exact sequences (56) follows from the functoriality
the ‘0’ in the snake lemma, which is also called the connecting homomorphism. U

Remark 13.5. The above proposition doesn’t tell us what the d,, or the 6™ are, except
that they can be somehow computed using the snake lemma. Yet, the above proposition
is helpful, e.g.:

e Often one may know that H;(AY) = 0 for some purely formal reasons (e.g., it
may be an abelian group annihilated by two coprime integers), in which case
the proposition implies that H; 1(f,) : H;_1(A,) — H;_1(A.) is an injection. If
H;(AY) = H;_1(AY) = 0, the proposition implies that this map is an isomorphism.

e The fact that the §,, and the ¢" are functorial in short exact sequences can give a
handle on them.

13.2. A brief description of the strategy for constructing some J)-functors. Recall
that if ' : A — B is a right-exact functor between abelian categories, we wanted to
construct a homological é-functor ({7}, {d,}) with Ty = F. The following is a naive
strategy towards this suggested by the above proposition: it doesn’t work as such, but will
be modified appropriately. Try to associate to each A € Ob A a complex

A B34, % 4,0,
with the following properties:

e A, should be functorial in A.
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e We should have Hy(A.) = A, i.e., A = coker(A; — Ap). By the right exactness of

F, we would then have F'(A) = Hy(F(A.)), where we have written F'(A,) somewhat

abusively for the complex ... &) F(A) g F(Ap) — 0.

e Given a short exact sequence 0 > A" - A — A” — 0, the sequence 0 — A, —
A, — AL — 0 (resulting from the supposed functoriality of A ~~ A,) should be
exact in Ch(A), i.e., exact in each degree. Moreover, so should be

0— F(A,) - F(A,) - F(A)) - 0

(this is not obvious, and will depend on the A}, A;, A? being special sorts of objects
— injective or projective objects that we will see later).

In the hypothetical scenario where these conditions are satisfied, Proposition 13.3 gives
a homological d-functor ({H,(F(A.)),d,}) with Ho(F(A,)) = F(A), as desired (e.g., use
Exercise 13.4(i)).

It doesn’t seem easy, if at all possible, to attach a single complex A, to each A which
satisifies all these properties. Instead, what is done is to attach to A an equivalence class
of complexes A, with Hy(A.) = A; one should then show that the choice of A, in its
equivalence class does not matter. The equivalence relation that is useful here turns out
to be chain homotopy, which we now proceed to discuss.

13.3. Chain and cochain homotopies. Throughout this subsection, let A be an abelian
category.

Definition 13.6. (i) Define a morphism u, : (A4,,0,) — (A.,d.) in Ch(A) to be null
homotopic if there exists a sequence of morphisms (s; : A, — A, 1)z such that for
all 7 € Z, we have

/
U = 0410 8; + 510 0;.

/ .
ui+1l si/ uzl S%i// luil
}az’ + 61-
ﬁAH_l;l-AzﬁA;flﬁ
If u, is null homotopic, we write u, ~ 0.
(ii) Given ue,ve : (A,,0,) — (A.,0d.), we say that u, ~ v,, or that u, and v, are
(chain) homotopy equivalent, if u, — v, ~ 0, namely, if there exists a collection
(s; + AL — A;y1)iez of morphisms such that

(61) U; —V; = Oj41908; + S;-10 é’;

for all i € Z.
In this case, (s;); is said to be a (chain) homotopy equivalence between u, and
Vs.
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(iii) Similarly, given u®,v* : (A2,d?) — (A®,d*) in Coch(A), we define what it means
for u® to be null homotopic, as denoted by u®* ~ 0, and what it means for u*® to be
(cochain) homotopy equivalent to v*, as denoted by u® ~ v*. Namely, the latter
condition is equivalent to there existing a a collection of morphisms (s* : AL —
A1)z, called a (cochain) homotopy equivalence between u® and v*®, such that

w—vt=dlos + st od for all i € Z.

The definition can be motivated by the following lemma which says that often, we can pass
to a homotopy class of maps.

Lemma 13.7. (i) Chain homotopic maps induce the same maps on homology: given
homotopy equivalent u., v, : A, — A, in Ch(A), we have
Hi(ul) = Hi(va) : Hi(A,) — Hi(A.), VieZ.
(ii) Cochain homotopic maps induce the same maps on cohomology: given homotopy
equivalent u®,v* : A2 — A* in Coch(A), we have
H'(u*) = H'(v*) : H'(A?) — H'(A®), VieZ.

Proof. We prove (i); (ii) is analogous. Since H;(ue —ve) = H;(us) — H;(v.) (this is entirely
straightforward, but please make sure you understand this clearly), we may replace u, and
ve by u, — v, and 0, respectively. Thus, it is enough to start with some u, ~ 0, and show
that

(62) H;(u.) : Hi(A,) — H;(A.)

is the 0 morphism, for all ¢ € Z. Recall the notation Z; = ker(0;), B; = im(d;) < A;;
similarly we set Z; = ker(d}), B = im(7;) < Aj. Recall that (62) is induced by |z : Z; —
Z;, so it is enough to show that ;] ! factors through B; < Z;. 3°

On Z!, we have 0} = 0, so u; = 0;410; + 5;—1 00, restricts to u;|z, = 0;41 osi|Z£, and clearly
0;+1 © s; has image in B;, as desired. O

Remark 13.8. Here is a motivation for the definition of homotopy equivalence, from
algebraic topology, which is where it originated. A basic theorem one studies about singular
homology says that homotopic maps induce the same maps on homology: if f,g: X - Y
are homotopy equivalent continuous maps between topological spaces, then for all 7 € Z,

(63) Hi(f) = Hy(g) : Hi(X) — H;(Y).

Recall that H;(X) = H;(C.(X)), where we write C, for the singular chain complex functor.
Thus, by Lemma 13.7, (63) follows if one shows that
Ca(f), Calg) - Co(X) — Cu(Y)

are homotopy equivalent to each other. While the proof is involved, I will make some
vague remarks about it, that hopefully help motivate the above notion of chain homotopy

390f course, u;] z; really stands for u; o (Z; — Aj).
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equivalence for complexes. Consider an i-simplex A in X (namely, a continuous map
A" — X)), and its images f(A) and g(A) under f and g in Y, which are simplices in Y.
The homotopy itself is a map [0, 1] x X — Y, so what that gives on applying to the simplex
A is not a simplex in Y, but a prism in Y, with the simplices f(A) and g(A) as faces (see
the figure below). The point is that while the difference between f(A) and g(A) is not
the boundary of the prism, (as you can see in the figure below) their difference can be
described (up to putting in appropriate signs) as:

(the boundary of the prism) — (the prism over the boundary)

— namely, the top and the bottom faces of the prism in the following figure are obtained
by subtracting, from the collection of all faces (the boundary of the prism), just the “side
faces” (the prism over the boundary, which is a prism over a triangle in the picture).

f(4)

9(A)

This is what is reflected in (61): s; stands for ‘taking the prism on a given simplex’ (which
is why it goes from A} to A,;1, one dimension higher), 0;;; o s; stands for the ‘boundary
of the prism’ (‘0” is boundary), and s;_; o ¢; stands for the ‘prism over the boundary’.

Definition 13.9. The above definition motivates associating to each additive category A
the following categories.

(i) The homotopy category of chain complexes in A, denoted by Kch(A), is defined
as follows:
(a) Ob Kch(A) = Ob Ch(A).
(b) Homgen(a) (AL, Ae) = Homepa) (AL, Ad)/ ~, where ~ stands for homotopy
equivalence.
To really complete this definition, we must have a well-defined composition of mor-
phisms, which is described in Exercise 13.10 below.
(ii) The homotopy category of cochain complexes in A, denoted by Kcoch(.A), is defined
as follows:
(a) Ob Kcoch(A) = Ob Coch(A).
(b) Homgcocn(ay(A2, A*) = Homegen(a) (A2, A*)/ ~, where ~ stands for homotopy
equivalence.
Again, the composition of morphisms is left to Exercise 13.10 below.

Exercise 13.10. (i) Show that if u,, v, : A, — A, are chain homotopic, as are ws,, t, :
A, — A’ then so are w, o u, and t, o v,. Conclude that the composition in
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Ch(A) induces a well-defined composition in Kch(A) (once we see that it is well-
defined, the associativity of multiplication and the existence of identity morphisms
are immediate).

(ii) Similarly, show that the composition in C'och(.A) induces a well-defined composition
in Kcoch(A).

(iii) Show that Kch(A) and Kcoch(A) are additive categories.
Note: It is a fact that they are not abelian categories, but we will not even discuss
an example to illustrate this, for now. But if we discuss triangulated categories
later, we may do so then.

We have an obvious functor Ch(A) — Kch(A), taking each A, € Ob Ch(A) to itself, and
each morphism u, in Ch(A) to its chain homotopy class. Similarly, we have an obvious
functor Coch(A) — Kcoch(A). Now Lemma 13.7 implies:

Proposition 13.11. For alli € Z, H; : Ch(A) — A factors as a composite
Ch(A) — Kch(A) 5 A

(note that we are using H; to also denoted the factored functor Kch(A) — A). Similarly,
H': Coch(A) — A factors as a composite

Coch(A) — Kcoch(A) 5 A
Proof. This is just a restatement of Lemma 13.7. O

Now, to carry out (the appropriate modification of) the strategy in Subsection 13.2, we
will construct — under some assumptions — functors

A Keh(A) B A, A— Keoch(A) 5 A

Constructing the functors A — Kch(A) and A — Kcoch(A) will need the notion of
injective and projective objects.

13.4. Projective and injective objects. In this subsection, let A denote an arbitrary
abelian category.

Definition 13.12. (i) An object P in the abelian category A is called projective if
Hom(P, —) : A v AbGrp is exact.
(ii) An object I in A is called injective if Hom(—, I) : A% v~ AbGrp is exact.

Exercise 13.13. It was an exercise from Lecture 12 that if A is abelian, then so is A%, in
a compatible way: this is why the above definition of an injective object makes sense (i.e.,
we can talk of exactness for a functor on A°?). Show that an object P is projective in A
if and only if, when viewed as an element of A, it is injective.

Proposition 13.14. (i) For P € Ob A, the following are equivalent:
(a) P is a projective object.
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(b) If A — B is an epimorphism in A, then Hom(P, A) — Hom(P, B) is surjective:
in other words, given an epimorphism A — B in A, any morphism P — B
can be lifted to a morphism P — A:

A—B——0.

(c) Any epimorphism p : A — P has a section, i.e., there exists a morphism
s: P — A such that po s = idp.

(ii) For I € Ob A, the following are equivalent:

(a) I is an injective object.

(b) If A — B is a monomorphism in A, then Hom(B,I) — Hom(A,I) (the re-
striction, or rather composition with A — B) is surjective: in other words,
giwen a monomorphism A — B in A, any morphism A — I can be extended
to a morphism B — I:

0—A——D.

L /

7/
, 3
1

(¢c) Any monomorphism v : I — A has a section, i.e., there exists a morphism
s: A — I such that s o = id;.

Before proving the proposition, let us make sure we understand the conditions (i)(c¢) and
(ii)(c); for the following exercise, P need not be projective, and I need not be injective.

Exercise 13.15. (i) An epimorphism p : A — P in A is said to be a split epimorphism
if it has a section, i.e., amap s : P — A such that pos = idp. Show that p is a split
epimorphism if and only if there exists an isomorphism a : Q @ P = A such that
QOP % AL Pis the identity on P and 0 on @ (thus, Q = kerp). In other words
(slightly informally), a split epimorphism p : A — P is one that lets us realize the
quotient P of A as a direct summand of A.

Hint: For “=7 let Q = kerp, let a be (incl., s), and show that an inverse to a is
given by (ida —s o p,p).

(ii) Similarly, a monomorphism ¢ : I < A is said to be a split monomorphism if it has
a section s : A — I. Show that ¢ is a split monomorphism if and only if there exists
an isomorphism A =~ Q @ I, such that I — A = QQ @ I is just the inclusion onto
the second factor. Thus, a monomorphism I — A is a split monomorphism if and
only if it realizes the subobject I of A as a direct summand of A.

Proof of Proposition 13.14. We will prove (i); (ii) is similar.

Hom(P, —) is anyway left exact, so Hom(P, —) is exact if and only if it satisfies the addi-
tional property of preserving epimorphisms. This gives the equivalence of (a) and (b).
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If (b) is satisfied, then applying it with B = P and considering the identity morphism
P — B = P, we get (c¢). It is now enough to assume (c) and prove (b). Thus, assume
given an epimorphism A — B, and a morphism P — B. Tautologically, this morphism can
be lifted to P — A if and only if P xg A — P has a section: this is simply the definition
of the fiber product P x g A.

Thus, by the condition (c) being assumed, it is now enough to show that P xp A — P =
P xp B is an epimorphism. This is a consequence of a lemma discussed in the notes to
Lecture 12: 40 basically, the lemma characterizing pull-backs in an abelian category gave
us the exactness of 0 > Pxg A — P®A — B, and the map P®A — B is an epimorphism
because A — B is. Now the lemma characterizing push-outs in an abelian category showed
us that this realizes B as a push-out of P and A over P x g A; now use the lemma which
said that pushout preserves cokernels). O

Exercise 13.16. If you are not comfortable with the implication proof of the implication
(¢) = (b) of Proposition 13.14, prove this implication when A = R-Mod.

Lemma 13.17. If P = @,_; P, in A, then P is projective if and only if each P; is projec-
tive. If I = [[,.; L in A, then I is injective if and only if each I; is injective.

Proof. For the assertion about projective objects, use the criterion in (i)(b) of Proposition
13.14, as follows. Given an epimorphism A — B in A, Hom(P, A) — Hom(P, B) identifies
with

[ ] Hom(P,, A) = Hom (@ P, A) — Hom(P, A) — Hom(P, B) = Hom(@ P, B) > [ [ Hom(P, B)

(use that Hom from a direct sum (colimit) is the direct product of the Hom’s (limit)).
Thus, Hom(P, A) — Hom(P, B) is surjective if and only if each Hom(P;, A) — Hom(F;, B)
is. The proof of the assertion about injective objects is similar, using the criterion (ii)(b)
of Proposition 13.14. O

The conditions under which we will define homological or cohomological d-functors are as
follows.

Definition 13.18. (i) We say that A has enough projectives if for each A € Ob A,
there exists an epimorphism P — A in A with P € Ob A projective.
(ii) We say that A has enough injectives if for each A € Ob A, there exists a monomor-
phism A < [ in A with I € Ob A injective.

13.5. Projective and injective modules. By a projective (resp., injective) left or right
R-module, we mean a projective or an injective object in R-Mod or Mod-R. In this
subsection, let R be a ring (not necessarily commutative, with identity). For brevity, in
this subsection, we may, unless otherwise stated, write ‘R-module’ or even just ‘module’

401 am not sure you can trust that part of those notes of mine, but this is tag 05PK/Lemma 12.5.14 of
Homological Algebra in the stacks project.
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to mean ‘left R-module’. Further, it will be clear, and understood to be understood, that
analogous results apply to right R-modules.

Proposition 13.19. Let P be a left R-module. Then P is projective if and only if P is a
direct summand of a free left R-module, i.e., F = P @® P’ for some free left R-module F
and some left R-module P'.

Proof. “=": If P is projective, choose any surjection F' — P, where F' is a free left R-
module. That this epimorphism splits implies that F' =~ P @ P’, where P’ = ker(F — P)
(use Exercise 13.15).

“<": Assume that P is a direct summand of a free left R-module. Let us show that P is
projective.

Case 1. P = R. Then P is projective, since Homg(R,—) is the forgetful functor R-
Mod v~ AbGrp, and is hence exact.

Case 2. P is free. Case 1 and Lemma 13.17 together implies this case.

Case 3. General case. Let '~ P@® P’, with F a free left R-module. F' is projective by
Case 2, so Lemma 13.17 implies that P is projective. O

Corollary 13.20. R-Mod has enough projectives.

Proof. Given M, take any surjection ' ' — M with F a free left R-module. F is projective
by Proposition 13.19, and we are done. U

Proposition 13.21. Any projective left R-module is flat, i.e., if P is a projective left
R-module, then — ®gr P : Mod-R ~~ AbGrp is exact.

Proof. By the right exactness of — ®pg P, it is enough to show that it preserves monomor-
phisms. Since tensor products commute with direct sums, it is easy to see that @, M;
is flat if and only if each M; is flat (i.e., the flat analogue of Lemma 13.17 holds). By
Proposition 13.19, we are therefore reduced to showing that free left R-modules are flat.
This might have been a homework problem, but in any case: another application of the
just-mentioned flat analogue of Lemma 13.17 reduces this to showing that R is a flat left
R-module, which follows from the fact that —®gr R : Mod-R ~~» AbGrp is just the forgetful
functor, which is exact. U

Exercise 13.22. Thus, we have already seen that
Free = projective = flat = torsion free,

where to make sense of the last implication we assume that R is commutative. Show that
the converse doesn’t hold for any of these implications.

Hint: Among Z/6Z-modules, we have a direct sum decomposition Z/6Z = 7,/27. @ 7.,/3Z.,
so the Z/6Z-module Z /27 is projective, but clearly not free. Q is a flat Z-module but not
projective. An example of a non-flat torsion-free module was a recommended problem in
an earlier homework.

41of course, we mean surjective homomorphism
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Exercise 13.23. Recall that for finitely generated modules over a PID, torsion-free was
equivalent to free. Using this or otherwise, show that a module over a PID is flat if and
only if it is torsion-free.

Hint: Write a general module M as a direct limit of its finitely generated submodules
M;, and show that if each M; is flat then M is flat. It turns out that free and projective
are the same over a PID, and flat and torsion-free are the same over a PID (but free and
projective is not the same as flat and torsion-free).

13.6. Injective modules. The following definition will probably only be used when R is
a PID; otherwise I don’t know if it is standard.

Definition 13.24. Let R be a commutative ring. An R-module M is said to be divisible
if for all nonzerodivisors a € R, the map xa : M — M given by m — am is surjective.

The strategy to show that R-Mod has enough injectives (R not necessarily commutative)
will have the following two steps:

e When R is a (commutative) PID, an R-module is injective if and only if it is
divisible. Moreover, in this case, any R-module can be embedded into an R-module
that is divisible and hence injective.

o If every abelian group can be embedded in an injective abelian group (i.e., an
injective Z-module), then for more general (noncommutative, but associative and
with 1) R, every R-module can be embedded in an injective R-module.

Today, we will carry out the second step; the first step will be discussed in Lecture 14.

Lemma 13.25. Let R — S be a homomorphism of (not necessarily commutative) rings.
Then Hompg(S,—) : R-Mod ~~ S-Mod (namely, the functor of “coextension of scalars
from R to S” from Lecture 7) takes injective R-modules to injective S-modules (in other
words, injectivity is preserved under coextension of scalars).

Proof. In Lecture 7, we saw that coextension of scalars is right adjoint to restriction of
scalars:

Homg(—, Homg(S, 1)) = Hompg(Resy(—), I).

If T is an injective left R-module, then since Resp(—) is exact and Homp(—, ) is exact,
it follows that Hompg(Ress(—), I) is exact, and hence so is Homg(—, Homg(S, I)). Thus,
Hompg(S, I) is an injective S-module. O

Remark 13.26. The above lemma might seem a bit “unintuitive”, since coextension of
scalars feels less intuitive than extension of scalars. It may help psychologically to notice
that projectivity is preserved under extension of scalars.

The above lemma lets us finish step 2, since every ring R admits a ring homomorphism
7Z — R:
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Lemma 13.27. Let R be a (not necessarily commutative) ring, and M a left R-module.
Suppose there exists an injective abelian group I containing the additive abelian group
underlying M. Then there exists an injective R-module J containing the R-module M.

Proof. We have injective homomorphisms of R-modules

M — Homg(R, M) — Homgz(R, I),

where the latter morphism is composition with M < [ and the former is given by m —
(r — rm). ** We are done, since by Lemma 13.25, J := Homg(R, I) is an injective
R-module. O

This completes step 2. We will start Lecture 14 with step 1.

42Check that this is indeed a homomorphism of R-modules, recalling the left R-module structure on
Homgz (R, M))
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14. LECTURE 14 — DERIVED FUNCTORS

Today, unless otherwise stated (and we usually won'’t state otherwise), A and B will denote
abelian categories, and any functor F': A v~ B will be assumed to be additive.

Blah blah. We will usually work with a left exact functor F' : A v B and a right exact
functor G : A v~ B. In Lecture 5, F' was left adjoint and hence (under mild assumptions)
right exact, and G was right adjoint and hence (under mild assumptions) left exact; so
now the roles have switched. Further, we will switch another aspect of the notation: unlike
the previous lecture, we will now mostly give proofs in the ‘cochain complex/cohomology’
situation and say that the ‘chain complex/homology’ situation is analogous. To avoid

clumsiness of notation, rather than writing A2 — A®* — A2 etc., we will start writing
A} — A5 — AS etc.

14.1. Continuation of the proof that R-)Mod has enough injectives. To prove that
R-Mod has enough injectives, we reduced to the case where R was a PID. For this case,
the key input is the following:

Proposition 14.1. If R is a (commutative) PID, then an R-module M is injective if and
only if it is divisible.

Before proving Proposition 14.1, let us deduce from it that R-Mod has enough injectives.

Proposition 14.2. For any (not necessarily commutative) ring R, R-Mod has enough
mjectives.

Proof, assuming Proposition 14.1. In Lecture 13, we reduced this to the case where R = 7Z
(see Lemma 13.27). Thus, we may now assume that R is a PID.

Suppose we can show the following: if M is an R-module and m € M, then there exists a
map ¢, : M — I,,, with I a divisible (and hence, by Proposition 14.2, injective) module,
and with ¢,,,(m) # 0. If this claim is granted, i.e., given such ¢, : M — I,,, for all m € M,
I1,,em : M — 11, In is a monomorphism, and [[, I, is injective (since a product of
injective modules is injective); therefore we will be done.

Thus, it remains to show the existence of such a ¢, : M — I,,, for each m € M. For this,
it is enough to define an R-module injection Rm < I,,, for some divisible R-module I,,:
then, by the injectivity of [,,, and the fact that Rm — M is a monomorphism, Rm — I,
extends to a map ¢,, : M — I,,,, which does not vanish at m.

Note that R/m =~ R/(d), for some d € R. Let K be the quotient field of R: it is divisble
as an R-module. If d = 0, we may take ¢,, : Rm — I,,, to be Rm 5 R — K, and we are
done. If d # 0, we consider:

Rm > R/(d) 5 % > K/R,

and note that K /R too is divisible, and hence injective. U
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Proof of Proposition 14.1. “=": If M is injective and a € R is a nonzerodivisor, apply
Hom(—, M) to the monomorphism xa : R — R, to get that xa : M — M is surjective.

“<": Suppose M is divisible. It is enough to show that any given injective homomorphism
M < N of R-modules splits. Consider pairs (N’,s’), where N’ < N is an R-module
containing M, and s’ : N’ — M is a section to M — N’. Given two such pairs (N’,s’)
and (N”,s"), declare (N’,s") < (N”,s") if N « N”, and s"|x» = s’. The collection of such
pairs is nonempty, since (M,id,;) belongs to this collection. Given a chain {(Nj, s;);} of
such pairs, it is clear that (N’ = |, NV;,s’) is an upper bound for this collection, where
s’ N' — M takes n’ € N’ to s;(n;), for any i such that n; € N;: this is independent of the
choice of i, by the way we defined “<”.

Thus, by Zorn’s lemma, this collection has a maximal element, say (N’,s’). Suppose
N’ # N, and let us get a contradiction. Choose x € N\N’, and set N” := N' + Rx < N.
We claim that we can extend the above section s’ from N’ to N”. Doing so is equivalent to
extending §'|y/nre : N'nRx — M to an R-module homomorphism Rx — M. Equivalently,
consider the preimage I of N’ n Rx under R — Rz (given by r — rz). Then I < R is an
ideal, say I = (a), and we have a composite homomorphism ¢ : I — N’ n Rx — M. It is
enough to extend ¢ : I — M to a homomorphism ¢ : R — M, for such a homomorphism
will factor through Rz — M (since I contains Anng(z), as a consequence of the fact that
0e N' n Rz), extending N n Rz — M.

This can be done since M is divisible, as follows: if p(a) = y € M, we have p(za) = zy
for all z € R. Choose any z € M such that y = az, so ¢(za) = zaz for all x € R. Define
Y(x) = xz for all z € R. O

Exercise 14.3. (i) For the implication “<" in the above proof, only towards the end
was it used that R is a PID. Use this to see that part of the above proof generalizes
to the following important criterion:

Baer’s criterion: Let R be a (not necessarily commutative) ring. Then a left
R-module M is injective if and only if for all left ideals I < R, the restriction
homomorphism Hompg(R, M) — Hompg(I, M) is surjective.

Note: Thus, instead of checking the defining criterion for the injectivity of M on
all monomorphisms N’ < N, it is enough to consider the special cases consisting
of injections I < R, where I c R is a left ideal.

(ii) Let R be a PID, p € R a prime element, and n € N5;. Show, using Baer’s criterion
or otherwise, that R/p" is injective as an R/p"-module.

(iii) Use the above exercise to prove the existence assertion in the structure theorem for
finitely generated modules over a PID in the special case of torsion modules.
Note: Thus, to prove the existence assertion in the structure theorem, here is a
sketch of a strategy, though we haven’t given details for many of these steps:

e Show that finitely generated torsion-free modules over a PID R are free. Use
this to reduce to the torsion case.

e Use the Chinese remainder theorem to show that M = @, M[p™], and thence
reduce to the case where Anng(M) = (p") for some n.
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e Use the above exercise to take care of this case (this will also involve ‘reverse
induction’ on n).

14.2. Injective and projective resolutions. Recall that we wanted to define functors
A v Kcoch(A), and A v Kch(A).

Definition 14.4. (i) A right resolution of A € Ob A, or a resolution of A in Coch(A),
is an ezact sequence:

0>A—-K' - K'— ...

We will also abbreviate such a resolution to A — K*. Sometimes, we will adopt a
related but harmlessly conflicting terminology: we will say that K* is a resolution
of A, with the map A — K° understood. Thus, a resolution of A can also be
described as a sequence

K :0->K > K'— . ..

that vanishes in degrees < 0 and is exact everywhere except at the 0-th place, but
also given together with an identification H°(K*®) =~ A.
(ii) An injective resolution of A in A is a right resolution of A by injective objects.
(iii) A left resolution of A € Ob A, or a resolution of A in Ch(A), is an exact sequence

-—> L —>Ly—>A—0,

also written as L, — A, or simply taken to be a sequence L, € Ch(.A) vanishing
in degrees < 0, exact everywhere except in degree 0, and considered along with an
identification Hy(L,.) = A.

(iv) A projective resolution of A is a left resolution of A by projective objects.

Lemma 14.5. (1) If A has enough injectives, then every object of A has an injective
resolution.
(i) If A has enough projectives, then every object of A has a projective resolution.

Proof. We will prove (i); the proof of (ii) is analogous. Given A € Ob A, by the existence of
enough injectives, we have a monomorphism A < I° in A, with I° injective. One similarly
has a monomorphism coker(A — I°) < I, with I'! injective. Note that

0—>A—>TI"—>T!

is exact. Now repeat this with coker(/° — I') < I?, and continue. *3 O

Clearly, the injective or projective resolutions constructed in Lemma 14.5 are far from
unique. As alluded to in Lecture 13, the best we can hope for is uniqueness up to homotopy
equivalence, i.e., uniqueness up to a unique isomorphism in Kcoch(A) or Kch(A).

431f T understand Professor Nitin Nitsure right, induction doesn’t give us infinite sequences, but only
arbitrarily long sequences; one needs to combine this with a Zorn’s lemma kind of argument to say that a
sequence of infinite length exists.
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Proposition 14.6. (i) Suppose A, B € Ob A, A — K* is a (not necessarily injective)
resolution of A, and B — I°® is an injective resolution of B. Then:
(a) Any morphism « : A — B lifts to a morphism a® : K* — I°: this means that
a® is a morphism of cochain complezes, and H’(a®) = o : HY(K*) = A —
B = HO(I*).
(b) Any two lifts a*,B* of a : A — B as above are homotopy equivalent, i.e., «
as in (a) is a unique morphism in Kcoch(A).
(i1) Suppose A, B € Ob A, P, — A is a projective resolution of A, and L, — B is a
(not necessarily projective) resolution of B. Then:
(a) Any homomorphism o : A — B lifts to a homomorphism «. : P, — L,: this
means that ae is a morphism of chain complexes, and Ho(o,) = a.
(b) Any two lifts o, Be of a1 A — B as above are homotopy equivalent, i.e., o
as in (a) is a unique morphism in Kch(A).

Proof. We will prove (i); (ii) is analogous.

0 A K° K! K?
| | |

al] I o0 I aq | ao
N Y

¥
0 B I° It I?

By the injectivity of I°, A — B — Y extends to some o’ : K® — [° (this uses that
A — K° is a monomorphism). Note that K° — [° — I' vanishes on im(A — K")
(because A - K - ' - [' = A - B — " —» I' = 0), and hence factors through
a morphism coker(A — K°) — I'. Since coker(A — K°) — K! is a monomorphism,
the morphism coker(A — K°) — I' extends by the injectivity of I' to a morphism o' :
K' — I'. Now induct: in the next step one notes that K' — I' — I? factors through
coker(K® — K1) — I? which extends to o® : K* — I?, and so on. This proves (a).

Let us prove (b). Suppose we are given two liftings a*,5* of & : A — B. Then a* — 3°
lifts 0 : A — B. Thus, we may replace a® by a® — 3°, assume that o* lifts 0 : A — B, and
show that a* is null homotopic. Consider

d9 dl

coker(A — K%)= K! K?

- v
0 st 7 1 s* 7 2
«a - «a 7 «a
- Ve
-~ 2

£
° T L&
d] d]

Since o = 0, a® factors through coker(A — KY), explaining the left vertical arrow. There-
fore, since coker(4A — K°) < K! is a monomorphism and since I° is injective, we get
st . K1 — I° such that a® = s' o dY.

Now consider a' —d% o s': since (o' —dos')od) = dloa’ —dostod) =0, so a' —dfost
factors thorough K'/im(d%). Since K'/im(d}%) — K? is a monomorphism and since I' is
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injective, this gives us s? : K? — I' such that s?od}, = a'—d% s, i.e., a! = s?odk +d%os!.
And so on. O

Corollary 14.7. (i) Assume that A has enough injectives. Then there is a functor
injres : A v Coch(A),

sending each A € Ob A to some choice of injective resolution I* of A, and any
morphism « : Ay — As in A to the unique homotopy class of the liftings a® : I} —
I3 lifting o (as given by Proposition 14.6(i)), where I and I3 are the ‘chosen’
ijective resolutions of Ay and A,.

(i1) Assume that A has enough injectives. Then there is a functor

projres : A v Ch(A),

sending each A € ObA to some choice of projective resolution P, of A, and any
morphism o : AL — A% in A to the unique homotopy class of the liftings a, : P} —
P? lifting o (as given by Proposition 14.6(ii)), where P} and P? are the ‘chosen’
projective resolutions of A' and A?.

Proof. This is immediate from Proposition 14.6.

Here is a bit more of commentary. Given injective resolutions I* and J* for the same object
A € A, (i) proposition gives us homotopy classes of morphisms I* — J* and J* — I*. The
compositions I* — J* and J* — I* are, by (i)(b), the homotopy classes of the identity
morphisms [* — I* and J* — J*. Similarly with projective resolutions. In other words,
injective/projective resolutions, while not physically unique, are by Proposition 14.6 unique
up to a unique isomorphism in Kcoch(A)/Kch(A). One of course still needs the strong
axiom of choice.

As explained in the statement of the corollary, the same proposition also allows us to
define the functor at the level of morphisms. Compatibility with composition and identity
morphisms is obvious. U

14.3. The definition of derived functors.

Notation 14.8. The following is probably non-standard notation, but I find it very no-
tationally convenient. Please use this notation for understanding this lecture, but be
circumspect in using it outside.

(i) Any (additive by the convention for this lecture) functor F' : A v~ B determines an
obvious functor Coch(A) v~ Coch(B), which will sometimes be abusively denoted
by F' itself. Thus, given

K LS RS g 2 ObCoch(A),
we have
F(EY): TS pey D iy PO 2 Ob Coch(B).
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Note that F(K*) is indeed a complex, since F'(d"™)oF(d") = F(d"od') = F(0) = 0
for each i (F' is additive by convention). It is immediate how this functor is defined
at the level of morphisms.

If a*,5* : K} — K3 in Coch(A) are homotopy equivalent, so that we have relations
of the form o' — 3¢ = sl od +d" "1 os', then the relations F(a')— F(f") = F(s""!)o
F(d") + F(d"=1) o F(s'), a consequence of the additivity of I being assumed, imply
that F'(a®) and F(5°*) (as made sense of by (i) above) are homotopy equivalent.
Thus, the functor F' : Coch(A) v~ Coch(B) of (i) also desends to a functor F :
Kcoch(A) v~ Kcoch(B) — note that we are denoting this also by F.

Similarly, any additive functor G : A v~ B determines functors G : Ch(A) v~
Ch(B) and G : Kch(A) v~ Kch(B).

Now we can define derived functors:
Definition 14.9. (i) Suppose F' : A > B is left exact, and assume that A has

(i)

enough injectives. Then for all ¢ € Z, the i-th right derived functor of F' is the
functor R'F : A v B defined as the composite

injres

R'F : A5 Keoch(A) A Kcoch(B) A, B

(Thus, for i < 0, R'F = 0; note that we have used Notation 14.8).
Suppose G : A v~ B is right exact, and assume that A has enough projectives.
Then for all i € Z, the i-th left derived functor of G is the functor L;G : A v~ B
defined as the composite

H,

LG AP Keh(A) o Kch(B) 2 B
(Thus, for ¢ <0, L;F" = 0).

Remark 14.10. (i) Suppose F': A v~ B is left exact, and assume that A has enough

injectives. Explicitly, the definition of R‘F(A) above translates to the following: if
A — (I°,d*) is an injective resolution of A € Ob A, then

. F(dY) ,
, ker(F(IY) "’ F(I'*!
pra) » B " P
(£ (1) = 7 F(I7)
at the level of objects (its definition at the level of morphisms involves maps of
complexes as justified using Proposition 14.6).
Further, we claim that R°F = F. At the level of objects, we have
ker(F(I°) — F(IY))
im(F(I-1) =0 "% p(ry)
since 0 — F(A) — F(I°) — F(I') is exact by the left exactness of F. It is an easy
exercise to see this holds at the level of morphisms as well (because of the ‘lifting’
of morphisms being in Proposition 14.6).
Note that this agrees with our plans: we wanted to extend F' to a cohomological
§-functor, which will take the form ({R'F'};,{0}).

R'F(A) = = ker(F(I°) — F(I')) = F(A),
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(iii) Similarly, suppose G : A v B is right exact, and that .4 has enough projectives.
If (P,,0.) — A is a projective resolution of A € Ob A, then

_ ker(G(P) — G(Pi_1))
L&) =GPy = )

at the level of objects (its definition at the level of morphisms involves maps of

complexes as justified using Proposition 14.6).
(iv) As with the identity RF = F, it is easy to see that LyG = G.

14.4. The horseshoe lemma. We need one more proposition to extend { R*F'}; to a coho-
mological d-functor ({R'F'};, {6'};), and {L;G}; to a homological §-functor ({L; G}, {d;}:):
the following, which is sometimes called the horseshoe lemma (due to the shape of the
diagram in equation (64) below, with I9 removed: or rather, one can view the lemma as
choosing injective resolutions of A; and Az, and filling in a compatible injective resolution

of Ag)

Proposition 14.11. (i) Suppose A has enough injectives. If0 — A; — Ay — A3 — 0
is a short exact sequence in A, then there exist injective resolutions I, Iy and I3
of A1, Ay and As, respectively, and a short exact sequence

01 —>I > 10 —0

in Coch(A) lifting 0 — A} — Ay — Az — 0.
(11) Suppose A has enough projectives. If 0 — Al — A? — A3 — 0 is a short exact
sequence in A, then there exist projective resolutions Pl, P? and P2 of A', A% and

A3, respectively, and a short exact sequence
0— P! - P2 P>0

in Ch(A) lifting 0 — A" - A? — A3 — 0.

Proof. We will prove (i); (ii) is analogous. Though the proof is simple, or rather because
the proof is simple, we will write it out in detail.

First we claim that it is enough to obtain a commutative diagram of the form:

(64) 0 Af T Af 0,
0— 10 i L ——0

where the top row is the given exact sequence, the bottom row is a short exact sequence
with 19, I and I injective, and where the vertical arrows are all monomorphisms.

Hie., I3 — I3 lifts A; — As in the sense mentioned in Proposition 14.6(i), and similarly I3 — I3 lifts
A2 - A3.
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Indeed, if we construct such a diagram, then by the snake lemma and the fact that the
vertical arrow Az < I is a monomorphism, we would get an exact sequence at the level
of cokernels:

0 — coker(A; — I7) — coker(Ay < 1) — coker(Az — 1) — 0.
Recalling that injective resolutions of each A; are constructed by the inductive procedure

described in Lemma 14.5(i), it is easy to iterate this procedure and get 0 — I} — I3 —
I3 — 0 as desired.

Thus, let us construct (64). Choose monomorphisms u : Ay < I{ and w : A3 — I3, and
set IY := IV @ IY, giving us all of the following diagram except its middle vertical arrow:

(65) 0 A, A, Aj 0.

uj\ [v:—(u’,w’) [w

Note that I3 is injective, and the bottom row (whose maps are the obvious ones) is exact.
We wish to define a monomorphism v : Ay — I3 such that the entire diagram commutes.

Defining v : Ay — I3 = I? @ I? is equivalent to defining v’ : Ay — I¥ and w’ : Ay — I9: #
e Define v/ : Ay — I? to be an extension of A; — I} to a map Ay — I¥: such an

extension exists since I{ is injective, and since A; < Ay is a monomorphism.
e Define w' to be Ay — Az — IY.

Thus, we get v := (v/,w') : Ay — I3, as shown in (65). We now handle the remaining
assertions to complete the proof of the proposition:

e Ay — I¥ is a monomorphism: indeed, kerv = ker(u/,w’) — A, factors through
ker(w’), is just A; < As. Thus, ker v < A, identifies with the kernel of u' o (A; —
Ay) = u, which is 0.

e The left square commutes: this is because w’ o (A; < Ay) is 0.

e The right square commutes: this is because Ay — I = IV @ IS — IJ is w’, which
by definition equals Ay — A3z — I7.

g

Let us also record a comment that Rajesh made during the lecture:
Lemma 14.12. Let F : A v~ B be left exact and G : A~ B right ezact.
(i) If A has enough injectives, then for any injective object I € Ob A,
, F(I f1 = d
RZF(]): ( )7 ZfZ 07 an
0, if 1> 0.

4SWe are using notation and language used for R-Mod, but note that this makes sense for an abelian
category: I9 is a product of I? and I3, etc.
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(i1) If A has enough projectives, then for any projective object P € Ob A,

P fi =20, and
LG(P) G(P), #i=0,an
0, if 1> 0.
Proof. This is because an injective resolution of I can be takentobe )0 -1 -0 —-0— ...,
and a projective resolution of P can be taken tobe -+ >0 —--- >0—> P — 0. O

14.5. Derived functors are delta functors. Now we can prove that left/right derived
functors indeed give homological /cohomological §-functors; but for that, one of the smaller
steps is a general enough fact to be separately given as an exercise:

Exercise 14.13. (i) Given an exact sequence 0 - A" - A — A” — 0, show that the
following are equivalent:
(a) The sequence is split exact, i.e., we can identify A with A’@® A” in such a way
that A > A=A"@A” and A @ A" = A — A” become the obvious maps.
(b) The map A" — A is a split monomorphism, i.e., there exists s : A — A’ such
that A/ — A —S> Al = idA/.
(¢c) The map A — A” is a split epimorphism, i.e., there exists s’ : A” — A such
that A” i/> A—- A" = idA//.
(ii) Show that any additive functor A v~ B takes a split exact sequence to a split
exact sequence.

Theorem 14.14. (1) Assume that F': A~~~ B is left exact, and that A has enough in-
jectives. Then the R'F,i = 0, are part of a cohomological §-functor, ({R'F};, {6'};)
(which automatically extends F in the obvious sense, i.e., ROF = F).

(ii) Assume that G : A v~~~ B is right exact, and that A has enough projectives. Then
the L;F,i > 0, are part of a homological §-functor ({L;F'};,{d;}:) (which automati-
cally extends G in the obvious sense, i.e., LG = G).

Proof. We will prove (i); (ii) is analogous.
Given a short exact sequence 0 - A; — Ay — A3 — 0, we choose a short exact sequence
0— Iy TN I3 %5 I3 — 0 of injective resolutions as in Proposition 14.11.
We claim that
o F(f*) o F(9%) .

0—F(I7) = F(3) = F(3) -0
is exact, where the notation F'(I3) is as in Notation 14.8. For this, it is enough to show
that each 0 — F(I}) — F(I3) — F(I}) — 0 is exact.
To see this, note that 0 — I} — i — Ii — 0 is split exact, as a consequence of I} being
injective and 0 — I — I being a monomorphism (giving an s : I{ — Ii as in Exercise
14.13(i) above). Thus, by Exercise 14.13(ii), 0 — F(Ii) — F(I}) — F(I) — 0 is split
exact, and hence exact. This proves the claim.
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By the first proposition of Lecture 13, namely Proposition 13.3, we get a long exact se-
quence:
oy HOES*) oy H0(F(9%) oy 5 oy HHES®)
0— H(F(I})) © = " H(F(I3)) © =" " HY(F(I3) > HY(F(I}) 7 = ..
5i_1 ) ° HL(F(f.)) ) ° HZ(F( .)) 7 ° 5i 7 ° . °
LS HUF(I) S U HAF(L) ST HAF(L) S HYNE(LR)) T S

This defines the § (one for each short exact sequence 0 — A; — Ay — Az — 0) that will
be part of the cohomological d-functor ({R'F'};, {6'};).

By the definition of derived functors (see Definition 14.9), this is the same as:

0 ROF(A) D ROp(Ay) TED ROP(Ay) 5 RUF(A) — ..
O REA) T RE(A) TEO RIE(4) B REA) T

(the §’s are just borrowed from the previous equation).

We actually haven’t yet proved that the §°’s are functorial, which is needed to complete
the proof that ({R'F'};,{0'};) is a cohomological §-functor. I haven’t carefully checked the
following, so be especially careful with what follows.

By the functoriality assertion for the 6™ of the first proposition of Lecture 13, namely
Proposition 13.3, this follows if we prove that given a morphism between short exact
sequences 0 —> Ay —> Ay —> A3 —> 0 and 0 - By — By — B3 — 0, we have a morphism of
short exact sequences of complexes

0 It I3 I3 0,

R

0 Jr J3 I3 0

where the top row is associated to 0 - A; — Ay — A3 — 0 as in Proposition 14.11, the
bottom row is associated similarly to 0 — By — By — Bs — 0, and each 7 — J lifts
A; — B; in the sense mentioned in Proposition 14.6.

We try to ensure this by modifying the construction of Proposition 14.11, associated to
the two given short exact sequences. As in that proposition, it is enough to do the first
step. We first construct 19, 19, J?, J9, but we additionally impose the following, as we may:
Ay — 1Y is actually a composite A; — Ay < I? of monomorphisms.

We can clearly ensure that I{ — JY and I — JJ lift A; — B; and Ay — By (see the
proof of Proposition 14.6(i)(a)). Examining the construction of Ay — IY = I} @ I and
By — JY = J)@® JY found in Proposition 14.6, the only thing needed to ensure that we can
choose a lifting I — J9 of Ay — Bs that both restricts to I{ — J? and induces I3 — J2,
is to ensure that the maps Ay — I and By — J? as in that construction can be chosen to
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fit into a commutative diagram:
AQ —— BQ .

.

B—J

By the injectivity of J7, this can be ensured if we can ensure that Ay — IY is a monomor-
phism: but this is okay since we have chosen A; < I? to be a composite A; — Ay —
. O

Remark 14.15. The R‘F and the L‘G are not merely cohomological and homological
o-functors, but also ‘universal’ cohomological and homological J-functors, in a sense that I
hope to discuss in Lecture 15.

14.6. The Ext and the Tor functors.

Definition 14.16. Let R be a (not necessarily commutative) ring.

(i) Let A € Ob Mod-R be aright R-module, and let B € Ob R-Mod be a left R-module.
We define, for ¢ > 0:
(a) Torf (A, —) := Li(A®g —) : R-Mod v~ AbGrp.
(b) torfy(—, B) := Li(— ®g B) : Mod-R ~~ AbGrp.
These definitions make sense since we have shown that R-Mod and (similarly)
Mod-R have enough projectives.
When R is commutative, these functors may and shall be viewed as valued in
R-Mod instead of in AbGrp.
(ii) Let A, B € Ob R-Mod be left R-modules. We define, for ¢ > 0:
(a) Ext(A, —) := R{(Homp(A, —)) : R-Mod v~ AbGrp.
(b) exty(—, B) := R'(Homg(—, B)) : R-Mod® ~~> AbGrp.
These definitions make sense since we have shown that R-Mod has enough injec-
tives, and so does R-Mod, because injective objects of R-Mod are simply the
projective objects of R-Mod.
Again, when R is commutative, these functors may and shall be viewed as valued
in R-Mod instead of in AbGrp.

Remark 14.17. (i) The above is nonstandard notation: one knows that tor = Tor
and ext = Ext in a suitable sense, so we will soon be writing only Tor and Ext.
(ii) Note that, in keeping with our conventions, the i’ of tor?* and Tor’ are subscripts,
while the ‘4’ of Exté% and ext’, are superscripts. When ¢ is subscripted R is super-
scripted, and the other way round.
(iii) Thus, if P, is a projective resolution of A in Mod-R and ), one of B in R-Mod,
then we have
Tor®(A4, B) = 1'@1"(14 Qr Qi —> A®r Qi—l)7 torf(A, B) = 1.<el"(Pz' ®r B — P;_1 ®r B)
im(A®r Qiv1 — A®r Qi) im(P41 ®r B — P, ®r B)
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(iv) On the other hand, if P, is a projective resolution of A in R-Mod, or in other words
an injective resolution of A in R-Mod°, and if I*® is an injective resolution of B in
R-Mod, we have:

ker(Hom(A, I') — Hom(A, I'*1))

Ext’ (A, B) = ext’y (A, B) =

ker(Hom(P;, B) — Hom(P;;1, B))

im(Hom(A, I'"~') — Hom(A, I?))’

These formulas can sometimes help calculate these objects. We will see some ex-
amples below.

(v) If0 - N' - N — N” — 0 is an exact sequence of left R-modules, then by Theorem
14.14 we get, for any right R-module M, an exact sequence of abelian groups:

. = Tor® (M, N') = Tor®(M, N) — Tor®(M, N") & Torf (M, N') — ...
- TorRF(M,N") 2 M@z N' > M @z N — M ®z N" — 0.

A similar comment applies with tor, with M’, M, M” of an exact sequence occuring
in the first argument (and hence, by Theorem 14.18 quoted below, with Tor too).
Often, this sequence too can be used to compute values of Tor.

(vi) If0 > N - N — N” — 0 is an exact sequence of left R-modules, then by Theorem
14.14 we get, for any left R-module M, an exact sequence of abelian groups:

0 — Homp(M, N') — Hompg(M, N) — Hompg(M, N") — Extp(M,N') — ...
- — Extiy(M, N”) & Exti¥!(M, N') — Ext (M, N) — Exti (M, N") — ...

A similar comment applies with ext, and with M’ M, M" occuring in the second
argument (and hence, by Theorem 14.18 quoted below, with Ext too). Often, this
sequence too can be used to compute values of Ext.

In the next lecture, I hope to sketch a proof of the following:

Theorem 14.18. Let R be a (not necessarily commutative) ring.

(i) For all A € ObMod-R and B € Ob R-Mod, and for all i = 0, we have an iso-
morphism Tor(A, B) = torf*(A, B), functorial in A and B, and specializing when
i =0 to the identity map AQr B —> A®gr B.

(i3) For all A, B € Ob R-Mod, and for alli = 0, we have an isomorphism Ext' (A, B) =
ext’z (A, B), functorial in A and B, and specializing when i = 0 to the identity map
Hompg(A, B) — Hompg(A, B).

When R is commutative, these are identifications of R-modules.

Some of the examples below will use the following exercise:

Exercise 14.19. Work out or look up a proof of the following: If R is a (commutative)
PID, show that any submodule of a free R-module is free.

im(Hom(P,_;, B) — Hom(P;, B))
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In the following examples, we are distinguishing between Tor and tor, and between Ext
and ext; note however that they are eventually the same by Theorem 14.18 above, so these
examples give more information than what is literally written below.

Example 14.20. (i) Let R be a commutative ring, and let a € R be a nonzero divisor.
We claim that:
M /aM, it i =0,
(66) Torf (M, R/(a)) = { M[a] := {me M | am =0}, ifi=1, and
0, otherwise.

Indeed, this is because a projective resolution of R/(a) can be taken to be 0 —
R %% R — 0, which on tensoring with M becomes

0> M3 M0,

whose homology is as claimed. Now applying the long exact sequence for Tor (see
Remark 14.17(v)), we get an exact sequence:

0— M'[a] - M[a] > M"[a] - M'/aM' — M /aM — M"/aM" — 0,

which was also the topic of Exercise 12.30 from Lecture 12.
Tor; (M, R/a) being the a-torsion of M gives some idea of why the notation ‘Tor’
is used.
(ii)) A similar computation shows that if R is a commutative ring and a € R is a
nonzerodivisor, then:

Mla], ifi=0,
Extis(R/a, M) = { M/aM, ifi=1, and
0, if 1 > 1.

(iii) If R is a PID, then for all i > 2, we have Tor®(M, N) = tor*(M,N) = 0. This
follows from the fact that, by Exercise 14.19 above, any module over a PID has a
free resolution P,, with P, = 0 for ¢ > 1.

(iv) A similar reasoning gives that if R is a PID, then for all i > 2, ext’,(M, N) = 0.
Without appealing to Theorem 14.18 quoted above, we can also see directly that
for all i > 2, Ext%(M, N) = 0 (with R a PID): this is because if N < I with I°
injective and hence divisible, then I' := [Y/N is automatically divisible and hence
injective; therefore 0 — I — I' — 0 — 0 — ... is an injective resolution of N.

(v) Let R = k[z]/(«™). Think of k as an R-module, where z acts as 0. We claim that
exts(k, k) = k for all i = 0. For this, note that we have the following projective
resolution for the R-module k:

S RAERS RE .S RER—k—0.
Now apply Hom(—k), to get:

0=k Sl
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Exercise 14.21. Let R be a commutative ring, and I, J < R ideals. Show that:

InJ
1J

Tor®(R/I,R/J) =

Thus, to belabour a painfully obvious point, Torf(R/I, R/.J) measures how far I n J fails
to be 1J.
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15. LECTURE 15 — ACYCLIC OBJECTS, UNIVERSAL J-FUNCTORS, MORE ON Ext AND
Tor

Unless otherwise stated, A and B will be abelian categories. Any functors F,G : A v~ B
will automatically be assumed to be additive; F' will often be left exact, while G will often
be right exact.

15.1. A long exact sequence in terms of short exact sequences. Before proceeding,
let us recall/make an observation frequently seen:

Remark 15.1. (i) Any long exact sequence can be broken up into a chain of short
exact sequences: if 0 - K! — K? — ... is a long exact sequence, then setting
C" = coker(K~' — K") for each i, we get short exact sequences

0-C"=K'>K'-C'"-0,0-0C'->K*-C*—-0,....

(ii) Conversely, if we are given short exact sequences 0 — C? := K% — K' — C!' — 0,
0 — C' - K? - (0% — 0,..., then we get by splicing together a long exact
sequence

0 K- K'— ..

where each K% — K'*! is defined to be K* —» C* — K'+1,

There are ‘chain analogues’ of the above, of exact sequences - -- — K1 — K° — 0.

15.2. Dimension shifting. The following definition will be ad hoc now; it is partially
motivated by Proposition 15.6 below, and further motivated later into this lecture.

Definition 15.2. (i) An additive functor F' : A v~ B between abelian categories is

said to be effaceable or erasable, if for all A € Ob A there exists a monomorphism
A — K, for some K € Ob.A such that F(K) = 0. The condition F(K) = 0 may
be expressed by saying that K erases F. We may also say that A < K effaces or
erases A.

(ii) Let T" = ({T™},,{6"}n) be a cohomological d-functor between A and B. We say
that T is effaceable, if T* is effaceable for each 7 > 1 (but not necessarily for i = 0).

(iii) An additive functor G : A v~ B between abelian categories is said to be coefface-
able or coerasable, if for all A € Ob.A there exists an epimorphism L — A, for
some L € Ob A such that G(L) = 0. The condition G(L) = 0 may be expressed by
saying that L erases G. We may also say that L — A effaces or erases A.

(iv) A homological d-functor ({T},},, {0, }») is said to be coeffaceable or coerasable if T,
is coeffaceable for each i > 1 (but not necessarily for ¢ = 0).

Notation 15.3. In Lecture 14, associated to a left exact functor F : A v~ B such that
all the right derived functors R"F' exist (as per our definition from Lecture 14, that is —
thus, this existence is equivalent to A having enough injectives), we saw a construction of
a cohomological o-functor ({R"F'},,, {0"},). We will refer to this é-functor ({R"F'},, {0"},)
as the cohomological §-functor obtained by right deriving F' (warning: this terminology
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may be nonstandard). Similarly, we will talk of homological d-functors ({L,G}n,{0n}n)
obtained by left deriving G.

Example 15.4. (i) Any o-functor ({R"F'},,{d"},) obtained by right deriving F' :
A v~ B is effaceable: ¢ this is because given each A € Ob.A we have a monomor-
phism A < [ with [ injective, and we noticed in Lecture 14 that R"F vanishes on
injective objects for each n > 1.

(ii) Similarly, d-functors ({L,,G}n,{d,}n) obtained by left deriving right exact functors
G : A~~~ B are coeffaceable.

Remark 15.5. To illustrate dimension shifting, consider a cohomological d-functor ({T"},,, {0"},),
together with an exact sequence:

0>A—>K—>C—0,

If K effaces F™ for all n = 1, then we have for all n = 1 (though not necessarily for n = 0),
an exact sequence:

0=T"K)—T"C) - T A) - T""(K) =0,

yielding, for each n > 1:

(67) T"(C) = T"(A).

Thus, we will often be able to reduce the proofs of results about 7"1(A) to those about
T"(C), provided n > 1.

Thus, one might expect to similarly reduce results about 7"*"(A) to those about T"(C)
for a different (', and that is what the following proposition says:

Proposition 15.6. (i) Let ({T"},,{0"},) be a cohomological §-functor from A to B.
Let

(68) 0> A->K -K' - K-> ... > K15 (C—-0

be an exact sequence in A, where T"(K*) = 0 for each i and each n = 1. Then for
alln =1 we have

T"(C) =~ T (A).
(i1) Let ({T,}n, {On}n) be a homological §-functor from A to B. Let
(69) 0—>O—>L7«_1—>"‘—>L1—>L0—>A—>O

be an exact sequence in A, where T,,(L;) = 0 for each i, and for each n = 1. Then
for allm =1 we have

T0(C) = Thir(A).

46T hus, we are implicitly assuming here that F' is left exact and that A has enough injectives.
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Proof. We will prove (i); (ii) is analogous.

The proof is just an iterated application of the above discussion (see around (67)) together
with breaking up the given exact sequence into short exact sequences as in Remark 15.1(i),
and as represented by the following diagram:

R
NN

Applying the discussion of Remark 15.5 to the exact sequences 0 — C*"! — K — () as
1 ranges between 0 and r, we get for each n > 1:

Tn(g) _ Tn(or—l) _ Tn+1(0r—2) _ Tn+2(0r—3) - .= Tn-i—'r’(cv—l) _ Tn+T(A>,
as desired. O

We close this subsection with some definitions that the above considerations lead to; we
may not use them much in this course but they seem useful even to just understand this
kind of mathematics:

Definition 15.7. (i) Given an exact sequence
0—)14—>_[1—>I2—>---—>]"1_1—>C'—>07

with each I’ injective, we call C' an r-th cosyzygy of A. Thus, by Proposition
15.6(i), whenever A has enough injectives and F' : A v~ B is left exact, then for
any 7-th cosyzygy C of A we have R"™"F(A) = R"F(C) for all n > 1 (each I'
being injective automatically satisfies R"F'(I) = 0 for all n > 1).

(ii) Given an exact sequence

O—>C—>Pr71—>"'—>P1—>PO—>A—>0,

with each P, projective, we call C' an r-th syzygy of A. Thus, by Proposition
15.6(ii), whenever A has enough projectives and G : A v~ B is right exact, then
for any r-th syzygy C of A we have L, ,G(A) = L,G(C) for all n = 1 (each P;
being projective is automatically satisfies L,G(F;) = 0 for all n > 1).

(iii) Let T = ({T™}n,{0™},) be a cohomological é-functor from A to B. We say that
A € Ob A has T-dimension < d, if T"(A) = 0 for all n > d + 1. If the right
derived functors of a left exact functor F': A v~ B exist, by F-dimension we mean
({R"F},, {0"},)-dimension.

(iv) Let T = ({Tn}n, {0n}n) be a homological d-functor from A to B. We say that
A € Ob A has T-dimension < d, if T,,(A) = 0 for all n = d + 1. If the left derived
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functors of a right exact functor G : A v~ B exist, by G-dimension we mean

({L.G}n, {0n}n)-dimension.

15.3. Acyclic objects. The following definitions are closely related to those of the previ-
ous subsection:

Definition 15.8. (i) Let F' : A v~ B be a left exact functor between abelian cate-
gories, and assume that A has enough injectives. An object A € Ob A is said to be
F-acyclic, if R'F(A) =0 for all i > 1 (i.e., if A has F-dimension < 0).

(ii) Relatedly, if T' = ({T™},, {0™},) is a cohomological é-functor from an abelian cat-
egory A to an abelian category B, an object A € Ob A is said to be T-acyclic, if
T'(A)=0for all : > 1 (i.e., if A has T-dimension < 0).

Thus, in the situation of (i), A is F-acyclic if and only if it is ({R"F'},, {0"}.)-
acyclic, where ({R"F},,{0"},) is the cohomological é-functor obtained by right
deriving F'.

(iii) Similarly, let G : A v~ B be a right exact functor between abelian categories, and
assume that A has enough projectives. An object A € Ob A is said to be G-acyclic,
if L;G(A) =0 foralli>1 (i.e., if A has G-dimension < 0).

(iv) Relatedly, if T' = ({T},}n, {0n}n) is a homological d-functor from an abelian category
A to an abelian category B, an object A € Ob A is said to be T-acyclic, if T;(A) = 0
for all i > 1 (i.e., if A has T-dimension < 0).

Thus, in the situation of (iii), A is G-acyclic if and only if it is ({L,G}n, {0n}n)-
acyclic, where ({L,,G},., {0, }n) is the homological §-functor obtained by left deriving
G.

(v) If F: A~ Bis left exact and A has enough injectives, a right resolution A — K*
of A e Ob A is said to be F-acyclic, if each K* is F-acyclic.

(vi) Similarly, if G : A v~ B is right exact and A has enough projectives, a left
resolution L, — A is said to be G-acyclic, if each L; is G-acyclic.

(vii) There is a related notion of ‘acyclic’, without any ‘F-acyclic’, which seems to be a
distinct notion. Namely:

We will often also refer to a cochain complex K*®, where K* = 0 for all i < 0, as
acyclic if HY(K*) = 0 for all ¢ > 0. Thus, it is exact everywhere except at 0, but it
may not be exact, because H°(K*) is allowed to be nonzero. Thus, if A — K*® is a
right resolution of A, then K* is not exact (unless A = 0), but it is acyclic.

(viii) Similarly we define an acyclic chain complex. If L, — A is a left resolution of A,
then L, is not exact (unless A = 0), but it is acyclic.

Remark 15.9. Thus, F-dimension measures how far 7" is from being F-acyclic, etc.
For various definitions we will encounter along the above lines, there will be three special
cases involving functors that we have studied so far: an ‘injective version’, a ‘projective

version’ and a ‘flat version’: the first two refer to Hom(A, —) and Hom(—, B), while the
third will be restricted to module categories, and will involve tensor products.

Example 15.10. Let A be an abelian category.
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(i) Assume that A has enough injectives. If I € Ob A is injective, then we have seen in
Lecture 14 that for any left-exact functor F': A~ B, we have R'F(I) = 0 for all
i = 1. i.e., I is F-acyclic for any left exact functor F' : A ~~ B. Conversely, we will
see in Exercise 15.25 below that any I € Ob A that is acyclic for each Hom(A, —),
as A varies over Ob A, is injective.

(ii) Assume that A has enough projectives. Projective objects of A are the same as
injective objects of A°?. Thus, (i) translates to the following: any projective object
P € Ob A is F-acyclic for any left exact functor F' : A” — B, and conversely,
(we will see in Exercise 15.25 below that) any P € Ob A that is acyclic for each
Hom 4ep (A, —) = Hom 4(—, A), as A varies over Ob A, is projective.

(iii) If N € Ob R-Mod is flat, then we will (essentially) see that N is (M ®pg —)-acyclic
for any M € Ob Mod-R (similarly with N € Ob Mod-R and the — ®g M with
M e Ob R-Mod). Rather, the details in the commutative case are left to Exercise
15.25 below, and the general case is similar.

15.4. Derived functors can be computed using acyclic resolutions. Now let us see
that derived functors of F' can be computed using F-acyclic resolutions, which can be more
convenient in some situations than injective resolutions:

Theorem 15.11. (1) Suppose F : A > B is left exact, and that A has enough injec-
tives. If A — K* is an F-acyclic resolution of A, then R'F(A) can be computed as
HY(F(K*)) for each i. More precisely, if K* — I* is any lift of idy : A — A (see
Proposition 14.6 from Lecture 14), then the induced map

HI(F(K*)) — H'(F(I*)) "= R'F(A)

18 an isomorphism.

(ii) Suppose G : A~~~ B is right exact, and that A has enough projectives . If Ly — A
is a G-acyclic resolution of A, then L;G(A) can be computed as H;(G(L,)) for each
i. More precisely, if P* — L* is any lift of idy : A — A (see Proposition 14.6 from
Lecture 14), then the induced map

L,G(A) "2 Hy(G(P.)) — Hy(G(L.))

18 an isomorphism.

The proof will use:

Lemma 15.12. If ' : A v~ B is left evact and Y* : 0 — Y° — Y — ... is an ezact
cochain complex with each Y F-acyclic, then 0 — F(Y°) — F(Y') — --- is eract. A
similar assertion applies to right exact G : A v~~~ B, and chain complezes ---Y; — Yy — 0.

This lemma will in turn be a simple consequence of two simple observations, the first of
which is breaking up a long exact sequence into short exact sequences (Remark 15.1 above).
The second simple observation is the following lemma.

Lemma 15.13. Let 0 > A - B — C' — 0 be an exact sequence in A.
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(i) If F : A v~ B is left exact, A has enough injectives, and A and B are F-cyclic,
then C' is F'-acyclic as well.

(i1) If G : A~~~ B is right exact, A has enough projectives, and B and C are G-acyclic,
then A is G-acyclic as well.

Proof. We will prove the first assertion; the second assertion is analogous. For each i > 1,
the long exact sequence obtained by applying F to 0 - A - B — (' — 0 gives that for
all 7 > 1:

0=RF(B) - R'F(C) > R*'F(A) =0
is exact, so R'F(C) = 0. O

Proof of Lemma 15.12. We will prove the assertion concerning F'; the assertion concerning
G is analogous. By Remark 15.1(i), we get short exact sequences 0 — C* — Y1 —
C™*1 — 0 for each i > 0, where C" = coker(Y""! — Y?) (thus, C° = Y"). By part (ii) of
the same remark, it is enough to show that each 0 — F(C?) — F(Y**!) —» F(C") — 0
is exact.

By the long exact sequence obtained by applying F to 0 — C* — Y1 — O™ — (), this
follows if we show that R'F(C*1) = 0 for each 7 > 0. This is because, by Lemma 15.13,
C™1 = coker(Y* — Y1) is F-acyclic for each i > 0. O

Proof of Theorem 15.11. We will prove (i); (ii) is analogous.

Step 1. Choosing I*. We have the freedom to choose I*. We claim that we can ensure
that K* — I’ is a monomorphism for each i > 0. These is a standard ‘pushout + enough
injectives’ argument, which we now recall. For this, first choose the monomorphism A < I°
to be of the form A — K° — [°. Letting C° = coker(A — K°) = im(K° — K') — K!
and D° = coker(A — IY), form the pushout, the rightmost square in the following diagram:

0 A K° CY K!
0 A I° DY El¢ It

We choose I° — I' to be I’ - D° — E' < I' where E' < I' is a monomorphism of
E' into an injective object I' of A. Now since pushouts preserve monomorphisms (see
Corollary 12.23(ii) from Lecture 12), D° — E' is a monomorphism, which implies that
A — I° — ' is exact. Now induct: in the next step, one considers coker(K° — K') and
coker(I° — I') in place of C° and D°. Clearly, K* — I* then lifts idy : A — A, and
consists of monomorphisms K* — I

Step 2. The complex Y* of acyclics. Let Y = coker(K" — I'), for each 7 > 0. By Lemma
15.13, we get that each Y* is F-acyclic (use that each K is F-acyclic, and so is each I%;
each injective object has been observed to be acyclic for each left exact functor). Moreover,
each I' — I'*! induces Y — Y+,
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Now we have a commutative diagram with exact rows and columns:

0 0 0

0 A I° It I’
0 Yo y! Y?
0 0 0

Applying F', we get a sequence of chain complexes
0— F(K®) - F(I*)—> F(Y*)—0

(here K* is the complex 0 — K° — K!' — ..., and similarly with /* and Y*). This
complex is exact by Lemma 15.12, since each Y is F-acyclic.

The long exact sequence for cohomology associated to this sequence contains, for ¢ > 1, an
exact subsequence

HYF(Y*)) — H(F(K*)) — H(F(I*)) - H'(F(Y*)),
where the map H'(F(K*)) — H'(F(I*)) is indeed as in the statement of the theorem.
Since HY(F(Y*)) = H{(F(Y"*)) = 0 by Lemma 15.12, this forces the map H'(F(K*)) —
H'(F(I*)) = R(F*) to be an isomorphism, as desired. O

15.5. Universal -functors. We now study the notion of universality for homological and
cohomological d-functors, which (as we will see below) are very useful in relating various
derived functors to each other.

Definition 15.14. (i) A morphism between cohomological d-functors ({T"},,{0"},)
and ({S"},,{0"},) is a unique sequence of natural transformations {7 — S™},>;
such that for each exact sequence 0 — A; - Ay — A3 — 0 in A, and each n € N,
the square involving the 0™’s in the following diagram commutes:

= T(Ay) — T"(Ag) — T™(Ag) —o= T (Ay) — ...

A |

n n n o n
Note that this condition in fact gives the commutativity of the the entire diagram
above, because the T™ — S™ are natural transformations.
(ii) Similarly, we define a morphism of homological §-functors.
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(iii) A cohomological o-functor ({T™},,{0™},) is said to be universal if, given any co-
homological d-functor ({S"},,{0"},) and a natural transformation 7° — S there
exists a unique morphism of §-functors ({7"},,{0"},) — ({S™}n, {0"},) extending,
in an obvious sense, the given natural transformation 70 — S°.

(iv) A homological o-functor ({T},}n, {0n}n) is said to be universal if, given any homo-
logical d-functor ({S,}n, {0n}n) and a natural transformation Sy — Tp, there exists
a unique morphism of §-functors ({S,}n, {0n}n) = ({Tntn, {0n}n) extending, in an
obvious sense, the given natural transformation Sy — Tj.

Theorem 15.15. (1) Any cohomological 6-functor ({R"F'},,{0"},) obtained by right
deriving a left exact functor F : A v~ B is universal.
(i) Any homological §-functor ({L,G},, {0n}n) obtained by left deriving a right exact
functor G : A v~ B is universal.

Corollary 15.16. (i) If a : Fy — F5 is a natural transformation between left exact
functors A ~~> B, where A and B are abelian categories and A has enough in-
jectives, then it extends to a unique morphism of cohomological §-functors f¢ :
({R"F1}n,{0"}n) = ({R"Fo}n, {0™}n). Moreover, this respects composition: faop =
fa© fs (when applicable).

(i1) Similarly, if o : Gy — Gy is a natural transformation between right exact functors
A v~ B, where A and B are abelian categories and A has enough projectives, then it
extends uniquely to a morphism of homological 0-functors fo : ({LnG1}tn, {0n}n) —
({LnG2}n, {0n}n). Moreover, this respects composition: foos = fo© f.

Proof. The existence and the uniqueness of the f, are immediate from Theorem 15.15.
The uniqueness gives that the f, respect composition. [l

Remark 15.17. It is easy to see to describe the morphisms R"F} — R"F; given by the
above corollary more concretely: for any A € Ob A, say with an injective resolution I°,
the natural transformation F; — F; gives rise to a morphism of complexes n = “a(I°)”
c Fy(I°) — Fy(I°), and R"F\(A) — R"Fy(A) is given by:

H™ () : R*Fy(A) = HY(F(I")) — H"(Fy(I')) = R"Fy(A).

Indeed, these morphisms commute with the “0” (use the functoriality of the long exact
sequence associated to a short exact sequence of complexes), and hence give morphisms of
d-functors, which by the above corollary is unique.

Similarly with the morphisms L,G; — L, Gs.

Since the ({R"F'},, {0"},) are effaceable and the ({L,G},, {0,}.) are coeffaceable (see Ex-
ample 15.4), Theorem 15.15 follows from the following theorem:

Theorem 15.18 (Grothendieck, published in Tohoku). (i) Any effaceable cohomolog-
ical §-functor ({T"},,{0"},) is universal.
(i1) Any coeffaceable homological §-functor ({Tp}n, {0n}n) is universal.
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Proof. The following is much more detailed than what was discussed in the lecture. We
will prove (i); the proof of(ii) is analogous. Assume that these functors are from an abelian
category A to an abelian category B.

We are given a natural transformation f° : T° — S° we need to define natural trans-
formations f" : T™ — S™ for each n = 1, such that (f™"),>o is a morphism of J-functors

{T"}n, {0™ ) = ({5™}n, {07 }n).
Step 1: A construction of T*(A) — S*(A). The natural transformation f!: 7' — Sl is a

collection of maps f!: T'(A) — S'(A), as A varies over Ob A. The first step is to give a
construction for f1: TH(A) — S*(A), for a fixed A € Ob A.

We are assuming the effaceability of T™ for each n > 1. Use the effaceability of T to erase
A with a monomorphism u : A < K; thus, T'(K) = 0. Let C' = coker(A — K), so we
have an exact sequence 0 - A > K — C — 0.

Thus, we get a commutative diagram with exact rows:

1

TO(K) —— TO(C) o T (A) —= TY(K) = 0 .

f“t lfo i?
( 1

SO(K) —— S9(C) — §1(A)

To prove the existence of the dotted arrow, which will be our f!:T'(A) — S'(A), thanks
to T°(C) — T*(A) being an epimorphism, it is enough to show that ker(d7.) < ker(d& o f°).
17 By the exactness of the top row, this follows if we show that the composite T°(K) —
T(C) — 8%(C) — S1(A) is zero, which is the case since it is also the composite T°(K) —
SYK) — S%C) — S'(A). This defines, depending on u : A — K, fl: T'(A) — S1(A)
uniquely (uniquely because T°(C') — T'(A) is an epimorphism).

Step 2: Well-definedness of f': T*(A) — S'(A). Now we show that f!:T1(A) — S'(A)
is independent of the choice of u : A — K. Suppose u : A — K and v’ : A — K’ are
monomorphisms, with 7*(K) = T'(K’) = 0.

First assume that v’ factors as A > K < K’: though this is a special case, but we
will reduce the general case to this case. K — K’ induces a map w : C — C’, where
C = cokeru and C" = cokeru’. We then get a diagram

D’ll)
T oy 2 ria) —o0,

7°(C)
fo L L fo L fi
SO (w) )
SO(C) —= S0(C") —== S'(A)
4Tmore explanation: in our abelian category context, this should of course be interpreted as saying that

ker 61, — T9(C) factors through ker(d} o f%) — T°(C), i.e., ker 6+ — T°(C) has trivial composite with
6% o f9; this will give that 6% o fO factors through the cokernel 7°(C') — T*(A) of ker 67. — T°(C).
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where the right vertical arrow is defined using u: this gives the commutativity of the right
square, while the commutativity of the left square follows from 70 — S° being a natural
transformation. Therefore, the outer square commutes. The horizontal arrows of the outer
square are dp : T°(C) — T'(A) and dg : S°(C) — S*(A), simply because ({T"},,{6"}»)
and ({S"},, {0"},) are o-functors. It follows that the right vertical arrow is also the map
T'(A) — S(A) defined by u. Thus, v and u’' define the same map T (A) — S'(A), as
needed.

Now consider the general case, where u' does not factor as A > K <> K’. To reduce this
case to the case treated earlier, it is enough to show that there exists a monomorphism
u” 1 A — K", through which both u and v’ factor, and where T (K”) = 0: by the already
treated special case, this will give that the maps T'(A) — S'(A) defined using u and v’
each coincide with the map T'(A) — S'(A) defined using u”, and hence agree with each
other (again, this is quite a standard mode of reduction in mathematics: to show that two
choices give the same result, one reduces to the case where there is an inclusion or some
such relation between the choices). To do this, we will use the following standard push-out
argument (this is similar to an argument we saw in the proof of Lemma 15.12; we present
it separately to invoke it for other parts of this proof later).

A push-out argument: Consider

A" LK ,

|

K/ o K]_[A K’(—> K//

where we have, using the effaceability of 7", chosen an object K” € Ob.A and a monomor-
phism K [], K’ — K" such that T'(K”) = 0. To finish the proof that u and ' both
factor through a common monomorphism A <— K” and hence yield the same morphism
T'(A) — S'(A), it is enough to prove that K — K][][, K’ and K’ — K][], K’ are
monomorphisms.

But since the top horizontal arrow and the left vertical arrow are monomorphisms, this
follows from (applying once to each of these arrows) the fact that pushouts preserve
monomorphisms (see Corollary 12.23(ii) from Lecture 12). This completes the proof that
1T (A) — S1(A) is well-defined.

Step 8. The functoriality of T*(A) — S'(A) in A. So far, we have only defined f! :
T'(A) — S*(A) for each A € Ob.A. We need to show that f! is a natural transformation,
i.e., that for each w: A — B in A, the following diagram commutes:

71(4) 2 71 (B)
1

s1(a) 2
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We will choose compatible erasing monomorphisms u : A — K and v : B — L, for which
we form a pushout diagram, the first diagram below:

B——=B[[,K~——~L B——1L

where we have, using the effaceability of T, chosen an object L € Ob A and a monomor-
phism B[], K < L such that T*(L) = 0. Then v : B — L is a monomorphism, as
shown in the second square above, since u : A — K is a monomorphism, and because
pushouts preserve monomorphisms as quoted earlier. Let C' = coker(u : A — K), and
D = coker(v: B— L), so K — L induces amap s : C' — D.

Now consider the diagram:

7°(s)

7°(C)

f0 fll f! f°

8%(s)

To finish the proof of the functoriality of f': 7! — S in the above diagram, it is enough
to prove the commutativity of the inner square. The outer square commutes, since 7°
is already given as a natural transformation. The top and the bottom trapezia commute
since ({T"},,{0"}.}) and ({S™"},,{0"}.) are d-functors. f! was defined so as to make the
side trapezia commute. In other words, everything other than the inner square is known
to commute.

This much is not enough to force that the inner square commutes, but (as we will see
below) it turns out to be forced by the additional constraint that 7 : T°(C') — T1(A) in
the diagram is epimorphism (recall that this epimorphism-ness was seen while constructing
f1:TY(A) — S1(A), and followed from T(K) = T*(L) = 0).

Since 67 : T°(C') — T*(A) is an epimorphism, it is enough to show that 7°(C') — T (A) —
TY(B) — S*(B) equals T°(C') — T*(A) — S'(A) — S*(B). We proceed using the known
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commutativity of the quadrilaterals other than the inner square, as follows:
(T°(C) - TH(A) — S'(A) - S(B)) = (T"(C) — 8°(C) — S'(A) — 8Y(B))
= (T°(C) - 8°(C) — 8°(D) — S(B)) = (T°(C) - T°(D) — $*(D) — S'(B)).
= (I°(C) - T°(D) — T'(B) — S(B)) = (T°(C) - T'(A) —» T"(B) — S'(B))
This finishes the proof that f! is indeed a natural transformation 7% — S*.
Step 4. The commutativity with §. To get a morphism of d-functors, for each exact sequence
0> A — Ay > A3 —>0

in A, we need to establish the commutativity of

(71) TO(A3) —>T'(Ay) |

|l

S (A) == 5'(4)
The proof of this will be similar to part of the proof that f! : T'(A) — S'(A) is well-defined.

We choose a monomorphism v : Ay — K such that F(K) = 0. Then A; — Ay 5> K
is a monomorphism, and can be used to compute T(A;) — S'(A4;). We have a map
w : Az = coker(A; — Ay) — coker(A; — K) =: C, so we have a commutative diagram
with exact rows,

0 Ay A As 0.
0 A K C 0

We now consider the diagram

T0(Ag) L 70(C) 2 71 (4y) .

T L

50(As) L 50(0) - 51(Ay)

The right square is commutative because f' : T'(A!) — S'(A!) was defined so as to
ensure it. The left square is commutative because f° : T — S is a natural transformation.
Therefore, the outer rectangle is commutative, and it suffices to see that the outer rectangle
is the same as the square (71).

The vertical arrows of both the outer rectangle and the square are already the same. That
the horizontal arrows match follows from the fact that ({77}, {0"},) and ({S™}, {0"}.) are
o-functors.

Thus, we have defined f! : T' — St using f° : T° — S° and shown that it has all the
required properties. Once we have defined f™ :7T" — S™ as a natural transformation and
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verified its commutativity with §, a similar argument lets us define fm*! . 7m*! — gn+l
and verify its commutativity with ¢ (we did not use the left exactness of 7Y or S° anywhere
in the proof). This concludes the proof. O

Exercise 15.19. Formulate and prove an assertion to the effect that the morphism {f"},, :
({T"} s {0n}n) = ({S"}n, {0"}) defined above depends functorially on f°.
Note: If it is painful or not worth the investment of your time that it demands, you could

consider looking at the remark between Theorem 7.1 and Corollary 7.2 in Serge Lang’s
book.

15.6. The two ways of computing Ext /Tor agree. We go back to a not necessarily
commutative ring R. Recall from Lecture 14 that

Torf (M, —) = Li(M®g—) : R-Mod ~~ AbGrp, tori(— N) = Li{(—®gN) : Mod-R ~~ AbGrp.

We similarly defined Ext’ (M, N) and ext’, (M, N), but we might as well define these for a
general abelian category A with enough injectives and projectives:

Notation 15.20. Given any abelian category A with enough injectives and projectives,
the following definitions make sense (and generalize the Ext} and the ext’, from Lecture
14):

Extly (M, —) = R'(Homy (M, —)) : A v AbGrp, exty(—, N) = R'(Homy(—, N)) : A% v AbGrp.

Remark 15.21. This is the notation that is assumed in the following theorems and proofs.
However, when R is commutative, the functors Ext»(M, —), extl,(—, N), Tor?(M, —) and
tor?(—, N) can be viewed as functors R-Mod ~~> R-Mod; it will be implicitly left to the
reader to check that the proofs all adapt to this convention.

As an application of Grothendieck’s theorem that effaceable/coeffaceable J-functors are
universal, we can formally state and prove the theorem from Lecture 14 (see Theorem 14.18)
which said that we have identifications Ext% (M, N) = exty(M,N) and Torf(M,N) =
torf(M, N),functorially in M and N. For this, we need to first clarify the functoriality:

Notation 15.22. (1) While Ext’ (M, N) is by design functorial in N, we realize it
as functorial in M as well: given a morphism M — M’ in A%, ie., M' — M
in A, we have a natural transformation Hom 4(M, —) — Hom4(M’, —) defined by
pullback along M’ — M, and hence by Corollary 15.16, a natural transformation
Extly (M, —) — Ext’(M’, —) for each i. Now it is easy to see that each Ext’y is a
functor

A% x A v AbGTp.

(ii) Similarly, we extend our definitions of ext’,, Tor?* and tor* to be functors:
AP x A v~ AbGrp, Mod-R x R-Mod ~~» AbGrp, and Mod-R x R-Mod > AbGryp.

Theorem 15.23. (1) Let A be an abelian category with enough injectives and projec-
tives. Then the functors AP x A v~ AbGrp given by Ext'y and extly are naturally
1somorphic.
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(i) The functors Mod-R x R-Mod ~~ AbGrp given by TorZR and tor® are naturally
1somorphic.

Further, when R is commutative, the resulting natural isomorphisms Ex’c’}'2 — exth and
Tor® — tor® get enhanced to natural isomorphisms of R-Mod-valued functors.

Notation 15.24. Once we prove the theorem, we will denote both Ext and ext by Ext,
and we will denote both Tor and tor by Tor.

Exercise 15.25. Before we prove the theorem, here is an application.

(i) Show that the following are equivalent for each left R-module Nj:
(a) N3 is M ®g —-acyclic, for each right R-module M.
(b) Whenever 0 — N; — Ny — N3 — 0 is an exact sequence of left R-modules
(thus N7 and N, are varying though Nj is fixed) and M is a right R-module,

0> M@rN — MQrNy — Mr N3 — 0

is exact.
(c) Nj is flat.
Hint:
e By definition, (a) is equivalent to Tor?(M, N3) vanishing for each right R-
module M and each ¢ > 1.
e Using the long exact sequence for Tor/*(M, —), show that (b) is equivalent to
Torf (M, N3) vanishing for each right R-module M.
e Using the long exact sequence for tor?(—, N3), show that the condition (c) is
equivalent to torf(M, N3) vanishing for each right R-module M.
Now use the theorem: since tor = Tor, (b) and (c) are equivalent. To see the equiv-
alence of (a) and (b), use dimension shifting (which works because we have a “for
all R-modules M” within these conditions). Namely, what you need to show is that
if Torf (M, N3) vanishes for each right R-module M, then Tor®(M, N3) vanishes for
each right R-module M and each ¢ > 1. Choose a surjection F — M with F' a
free right R-module, and let L be its kernel, so that we have an exact sequence
0 - L — F — M — 0. Then the exactness of 0 = Tory(F, N3) = Tor¥(M, N3) —
Torf (L, N3) — Torf(F, N3) = 0 gives Tory (M, N3) = Torf(L, N3) = 0.
(ii) Similarly, we have an ‘injective version’: show that in any abelian category A, an
object I is injective if and only if it is Hom 4(A, —)-acyclic, for each A € Ob A.
(iii) Similarly, we have a ‘projective version’: show that in any abelian category A, an
object P is projective if and only if it is Hom 4(—, A)-acyclic, for each A € Ob A.

The first of these exercises shows how Tor lets one deduce the exactness of certain sequences
with just ‘pure thought’, avoiding what might have been more complicated diagram chases.

Proof of Theorem 15.23. We will prove (i); the proof of (ii) is analogous. We will only
prove the AbGrp-valued version dealing with a general abelian category A; the proof of
the R-Mod-valued version dealing with R-Mod for commutative R is analogous. The
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following proof is ultimately unsatisfactory, and also non-standard, but it is kind of ‘soft’
and non-irritating (I think), despite its seeming length.

For fixed M € Ob A = Ob A% and varying i, we consider ext’ (M, —) : N ~~ ext’y (M, N).
Let us prove that these extend to an effaceable §-functor ({ext (M, —)}:, {6°};).

We have identifications

, : ker(Homy(P;, N) — Homy (P41, N))
2 “Y(M,N) = H'(H P, N)) = - )
(7 ) eXtA( > ) ( Om.A( )) 11’I1(HOH’1_A<PZ‘,1, N) N HOH’l_A(Pi, N))

where P, — M is a projective resolution of M.

Moreover, this identification is functorial in N, by Remark 15.17. Let us write out
concretely what this means: given N — N’, the identifications of (72) for N and N’
transport the map exty(M,N) — ext,(M,N’) given by Corollary 15.16, to the map
H'(Homy(P,, N)) — H'(Homy(P,, N')) obtained by applying H* to the ‘compose with
N — N’ morphism’ of complexes Hom 4(P,, N) — Hom4(P., N').

Given an exact sequence 0 — N; — Ny — N3 — 0 in A, we get a sequence of complexes
(73) 0 — Homy(P,, N1) — Hom4(P,, Ny) — Hom4(FP., N3) — 0.

In fact, this sequence is exact: it is termwise exact because each Hom4(P;, —) is exact, P;
being projective.

The long exact sequence for cohomology associated to this short exact sequence then gives
a long exact sequence:

0 — Homua(M, Ni) — ..o — extiy (M, Ny) — extiy (M, Na) — extiy (M, N3) & ext'{ (M, Ny) — ...

Moreover, this long exact sequence is functorial in the short exact sequence 0 — N; —
Ny — N3 — 0, because the sequence of complexes (73) is.

Thus, we have proved that for fixed M, the ext’y (M, —) extend to a é-functor ({ext’y (M, —)}i, {6'}:).
Moreover, this §-functor is effaceable, because if N = I € Ob A is injective, then, Hom 4(—, I)
being exact, Hom 4(P;_1,I) — Homy(P;, I) — Hom4(Piy1,1) is exact for ¢ > 1. There-
fore, by Theorem 15.18, this d-functor is universal. Thus, we now have two universal
S-functors ({Ext’y(M, =)}, {6°}:) and ({ext, (M, —)};, {0'};). Moreover, they both define
the same functor for ¢ = 0, namely, Hom4(M, —). Thus, by their universality, there ex-
ists an isomorphism between these J-functors, and in particular, natural isomorphisms

Ext’y (M, —) — extl (M, —) for each i. All this holds for each fixed M € Ob A.

We now need to show that these isomorphisms are functorial in M. So let M’ — M be a
morphism in 4. Consider the following diagram of -functors A — AbGrp:

({Extiy (M, —)}i, {07}) —— ({extiy (M, —)}i, {07}) |

| |

({Extiy (M, =)}, {0'}) — ({exty(M", —)}i, {0'})
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where each arrow is obtained from the universality of its source, corresponding to either
Hom (M, —) — Homu (M, —) or Homy (M, —) — Hom 4(M’, —) in degree 0. The horizon-
tal arrows are then formed of the natural isomorphisms Ext’y(M, —) — exty (M, —) and
Ext’y(M’, —) — ext’(A, —) described above. Note that the left vertical arrow is obtained
by applying Corollary 15.16 to the natural transformation Hom4 (M, —) — Hom4(M’, —).
The right vertical arrow is readily verified to be given by taking the cohomology of a
morphism P, — P, of projective resolutions lifting M’ — M: in other words, the isomor-

phisms ext (M, N) — ext/{(M’, N) given by it are the same as the ones obtained from the
functoriality of ext(—, N).

Therefore, it is now enough to prove the commutativity of the above diagram. But this fol-

lows from the fact that the compositions ({Ext’y (M, —)}i, {0'}:) — ({ext’y (M, —)}i, {6'}:) —

({extly (M, =)}i, {6'}:) and ({Extly (M, =)}, {6"}i) — ({Exti (M, =)}, {0"}i) — ({extly (M7, =)}, {6'}:)
are both morphisms of d-functors, with the source ({Ext'y (M, —)};, {0*};) universal, and the
composites are the same in degree 0, namely, Hom 4(M, —) — Homy4(M’, —). O

Remark 15.26. (i) For ¢ = 0, the isomorphisms yielded by the above proof are just
the identity maps Hom 4(M, N) — Hom4(M, N).

(ii) The above proof yields something more precise than the statement of the theo-
rem: it extends the ext’ (M, N), i varying over Z, into a cohomological d-functor
in a particular way, and then gives a unique collection of functorial isomorphisms
Ext’y (M, N) — exty (M, N) subject to two constraints: the requirement of com-
patibility with the -maps, and the requirement of being, in degree 0, the identity
maps Hom4 (M, N) — Hom4(M, N).

15.7. Applications to Ext and Tor. The following can be proved as an application, but
it is also easy to see it directly (as described below):

Proposition 15.27. (i) Let A be an abelian category. For all collections {M;}; of
objects of A, and all N € Ob A, we have isomorphisms functorial in the M; and N :

Ext’, (@ M, N) ~ H Ext’, (M N) ,
Ext (N, I Mi) > [ Bxtl (M N) .

(ii) For all collections {M;}; of right R-modules and all left R-modules N, we have
isomorphisms functorial in the M; and N :

TorR (@ M, N) ~ P Tor” <M, N),
and an analogous assertion holds with respect to direct sums in the second factor.

Proof. Easy: Use that the homology/cohomology of a direct sum/product of complexes
is the direct sum/product of homologies/cohomologies. Note the source of the appar-
ent asymmetry here: Homus(@P, M;, N) = [[,Homa(M;, N) and Homu(N,[[, M;) =
[ [, Hom4 (N, M;). O
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Proposition 15.28. Assume that R — S is a homomorphism of commutative rings, such

that S/R is flat. Then:

(i) For allie N, we have, functorially in R-modules M and N :
Torf (M ®g S, N ®g S) = Tor®(M, N) ®z S.

(i1) Assume that R is Noetherian. Then we have, for all i € N, functorially in R-
modules N and finitely generated R-modules M :

Ext% (M, N)®r S = Exts(M ®r S, N ®z S).

The hard work done earlier regarding the universality of effaceable and coeffaceable o-
functors reduces (modulo some standard checking) the proofs of various propositions (such
as the above one) to checking them in degree 0. In particular, when one sees a proposition
such as the above, it would be natural to start out by trying out the case where i = 0,
which involves functors that we are familiar with. For Tor, this is one of the easy properties
of the tensor product, while for Ext, this is the following lemma.

Lemma 15.29. Let R — S be a homomorphism of commutative rings, such that S/R
1s flat. Then we have isomorphisms, funtorially in R-modules N and finitely presented
R-modules M :

HOHIR(M, N) ®r S~ HOms(M ®r S, N ®r S)

Proof. The assertion is easy for finitely generated free R-modules M: if M =~ R", then both
sides have an obvious isomorphism with (N ®g S)", and the functoriality in morphisms
of finitely generated free R-modules is easy to check. In general, to say that M is finitely
presented means that M = coker(F; — Fj), for some finitely generated free R-modules Fy
and Fy. The free case that was just discussed gives the non-dotted vertical arrows in the
following commutative diagram:

0 HOH]R<M,N) ®RS HOmR(Fo,N) ®RS HOHIR(Fl,N) ®RS
|

; |- |-

O—>Hom5(M ®R S,N@R S) ﬁ-HOHls(FQ ®R S,N@R S) ﬁ-HOHlR(Fl ®R S,N@R S)

The above diagram has exact rows, since Hompg(—, N) and Homg(—, N®g.S) are left exact
functors, while — ®pz S is exact (because S is assumed to be flat over R). Thus, since the
second and the third vertical arrows are isomorphisms, an isomorphism is induced between

Hompg (M, N)®g S and Homg(M ®g S, N ®g S), as desired. O

Proof of Proposition 15.28. Let us prove the assertion about Ext; the proof of the assertion
about Tor is similar, but easier. Fixing N, we view both sides as functors from the
category ((R-Mod)/9)°P | which is opposite to the category of finitely generated R-modules,
to the category of S-modules. Since R is Noetherian, ((R-Mod)?9)° is an abelian category
((R-Mod)’9 being a full additive subcategory of R-Mod closed under kernels and cokernels).
Clearly, this category has enough projectives.



201

Each side represents a collection of functors ((R-Mod)/9)% w~s S-Mod, indexed by varying
1, that fits into a J-functor: for the left-hand side, this uses that tensoring with the flat
R-algebra S sends long exact sequences of R-modules to those of S-modules, while for
the right-hand side, this uses that tensoring with the flat R-algebra S sends short exact
sequences of R-modules to those of S-modules. Moreover, each of these J-functors, in
degrees > 1, vanishes on injective objects of ((R-Mod)/9)°, i.e., on projective R-modules
(for the functors on the right-hand side, note and use that — ®g S sends projective R-
modules to projective S-modules), so they are effaceable. Hence they are universal by
Grothendieck’s theorem (Theorem 15.18), so to show that they are naturally isomorphic,
it is enough to show that the two sides are naturally isomorphic in degree 0. This is taken
care of by Lemma 15.29.

In the Tor case, the proof is similar, but easier: one does not resrict to finitely generated
R-modules, and in degree 0 one uses

(M®rN)®rS=(M&®rN)®s (S®sS) = (M®rS)®s (N®rS).
U

Proposition 15.30. For all © = 0, we have isomorphisms functorial in right R-modules
M and left R-modules N :
Torf (M, N) = Tor®(N, M).

Sketch of proof. We will show this for fixed M and varying N; the general case where M
is allowed to vary can be handled by an argument similar to that seen towards the end of
the proof of Theorem 15.23.

For fixed M and varying N and i, both sides are part of homological §-functors that are
coeffaceable and hence universal. Thus, we are reduced to showing that they are naturally
isomorphic in degree 0, where we have the isomorphism M @z N =~ N Qg M. O

Remark 15.31. Unlike the tensor product, Tor does not commute with arbitrary colimits.
Indeed, a cokernel is a colimit, but if Tor{(M;, N) = Torf(M,, N) = 0 (which is true if M,
and M, are flat), it does not follow that Tor?(coker(M; — Ms), N) = 0 (coker(M; — M)
may not be flat). However, we saw in Proposition 15.27 that Tor does commute with direct
sums, and we will see in Proposition 15.32 below that Tor commutes with directed colimits.

Proposition 15.32. Tor commutes with directed colimits. In other words, let R be a ring,
J a directed set viewed as a category as in Lecture 4 (thus, there is exactly one morphism
i — jifi < j, and none otherwise), and consider a directed system J ~~» R-Mod,
written more informally as j ~ M;. Note that the maps TorZR(]\/[j, N) — Torf (h_rp M;, N)
!
(obtained by applying the functoriality of Tor’ in the first variable to M; — lim M;) give

1
by the definition of directed colimits a map

lim Tor®(Mj, N) — Tor” (1@ M, N) .
l l
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This map is an isomorphism.

The proof of Proposition 15.32 will use:

Lemma 15.33. Let J be a directed set viewed as a category. Consider J-indezxed directed
systems in R-Mod, namely Fun(J, R-Mod), which is an abelian category. Then ‘taking
directed colimits’ is a functor

Fun(J, R-Mod) v~~~ R-Mod
(recall that small colimits exist in R-Mod). This functor is exact.

Remark 15.34. The above result would not be true with R-Mod replaced by some other
category where directed colimits exist. For instance, it is not true for (R-Mod)°, because
you can check that inverse limits in R-Mod are not exact.

Proof of Lemma 15.33. In the lecture I gave it as an exercise, here too you can see it
directly, but I will give a proof parts of which are less direct.

If you have difficulty seeing that ‘taking the directed colimit’ is a functor, recall that if a
directed system is given in the more usual notation by ({M;};, (v;i : M; — M;)), then a
directed colimit can be described as

(@ Mj)/SpanR({mz- — pji(ms) | i < j,mg € My}).

From this, the functoriality is especially easy to see (though one can do this by diagram
chasing, which works in an arbitrary abelian category where directed colimits exist).

Of this, the right exactness is a consequence of some generalities (and holds in a more
general setting than our R-Mod one, one where just the colimits are required to exist):
Let
0= (Lj); = (M;); = (N;); = 0

be an exact sequence of directed systems indexed by J; we have suppressed the transition
maps from notation for brevity. Since exactness in Fun(J; R-Mod) is determined pointwise,
0— L; - M; — N; — 0 is exact for each j. For the right exactness, it is enough to show
that for each R-module K,

Hom (th N;, K> — Homyp, (1@ M, K)
J J
is injective. But by the definition of a colimit (Hom(—, K') converts it into a limit), this
identifies with a map
lim Hompg(N;, K) — lim Hompg (M}, K),
J J
which, by the explicit description of inverse limit in Set, is manifestly injective.

For the left exactness, which is what is special to R-Mod, suppose [ in lim L; maps to 0 in

lim M;. Then [ is the image of some [; € L;, which maps to say m; € M;. By assumption,

—
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m; maps to 0 in some My, k > [. But this means that {; maps to 0 in Ly, since L, — M;
is injective. Thus, [ = 0, showing that lim L; — lim M; is injective. O

Proof of Proposition 15.32. For a fixed directed system j ~» M; with directed colimit M,
both sides are functors in N. The right-hand side, as 7 varies, clearly forms a universal
d-functor. So does the left-hand side: this follows from Lemma 15.33, which implies that
the directed colimit of the directed system, in [ € J, of long exact sequences obtained by
applying the Tor(M;, —) to a short exact sequence 0 — N; — Ny — N3 — 0 is indeed
long exact. Moreover, both sides are coeffaceable functors, since both sides vanish when
N is projective (or even flat).

Therefore, it suffices to show that the two sides are naturally isomorphic in degree 0, which
follows from the commutativity of tensor product with colimits. O

Corollary 15.35. Qver a (commutative) PID R, every torsion-free module M is flat.

Proof. The flatness of M is equivalent to the assertion that Torf(M, N) = 0 for all R-
modules N (that this is so is an easy consequence of the long exact sequence for Tor, and
is anyway recalled in Proposition 15.36 below). If M is finitely generated, the corollary
follows from the fact that finitely generated torsion-free modules over a PID are free. The
same then follows for any torsion-free M, since any M is a directed colimit of its finitely
generated submodules (take J to be the directed set of finitely generated submodules of
M, partially ordered under inclusion, and set M; = j for each j € J), and Tor commutes

with directed colimits. U
Proposition 15.36. If M is a module over a commutative ring R, the following are
equivalent:

(i) M is flat.

(ii) Tor®(M,N) =0 for all i = 1 and R-modules N.
(i4i) Torf (M, N) = 0 for all R-modules N.
(iv) Torf(M, R/I) = 0 for all ideals I = R.
(v) Tor® (M, R/I) = 0 for all finitely generated ideals I = R.

Proof. If M is flat, then by the long exact sequence for Tor associated to some exact
sequence of the form 0 — N’ — F — N — 0, where F is free, so that Torf (M, F) = 0,
we get Tor® (M, N) = ker(M ®z N’ — M @z F) = 0. Thus, Tor? (M, N) = 0 for all N.
Inductively, if TorlR (M, —) vanishes, then given any R-module NV, the same exact sequence
as above gives Tor/'(M, N) = Tor® (M, N’) = 0. Thus, (i) implies (ii). It is trivial that
(ii) implies (iii).

Suppose (iii) holds. Applying the long exact sequence for Tor to 0 — N; — Ny — N3 — 0,
and using that Torf (M, N3) = 0, we get that 0 — M @z N; — M ®g Ny — M ®g N3 — 0
is exact. Thus, (iii) implies (i). Thus, we conclude that (i), (ii) and (iii) are equivalent.
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It is trivial that (iii) implies (iv). Conversely, suppose (iv) holds. To show that Tor (M, N) =
0 for all R-modules N, the commutativity of Tor with directed colimits (Proposition 15.32)
reduces us to the case where N is finitely generated (as in the proof of Corollary 15.35).

We wish to reduce N further. Now if 0 - N/ — N — N” — 0 is exact, the long exact
sequence for Tor gives the exactness of Tor? (M, N') — Torf(M,N) — Tor®(M, N"), so
the vanishing of Tor*(M, N) follows from that for Tor?(M, N) and Tor(M, N”). Since an
R-module N generated by n elements fits into an exact sequence 0 > N’ - N — N” — 0
where each of N’ and N” is generated by fewer than n elements, an iterated application of
the preceding statement implies that (iii) is equivalent to the vanishing of Torf(M, N) for
all cyclic (i.e., singly generated) R-modules N, which are precisely those of the form R/I.
Thus, (iv) is equivalent to the conditions that precede it.

Now by the long exact sequence for Tor, this time applied to 0 - [ - R — R/I — 0,
we have the formula Tor (M, R/I) = ker(I ®z M — M). By the commutativity of tensor
products with colimits, I ®g M is simply the directed colimit of the Iy ®g M as [ ranges
over the finitely generated ideals contained in I. By the exactness of the “take the directed
colimit” functor (in the context of R-Mod; see Lemma 15.33), if each of these [y®@gr M — M
is injective, so is I ®g M — M. Therefore, we conclude that (v) is equivalent to (iv). O

Exercise 15.37. Rephrase Baer’s criterion for the injectivity of an R-module M as follows:
M is injective if and only if Extp(R/I, M) = 0 for all ideals I < R.
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16. LECTURE 16 — COMPOSITION SERIES, SEMISIMPLICITY, JACOBSON RADICAL

16.1. Composition series and the Jordan-Holder theorem. Today, unless otherwise
stated, R will denote a ring that is not assumed to be commutative. We will discuss various
results for left R-modules, where R is a ring. It will be implicitly assumed that analogous
results apply to right R-modules.

Many of the following notions (semisimple, Artinian, Noetherian, composition series etc.)
will also apply in the context of an abelian category. For simplicity we will only state them
for modules; when needed you can work out/look up other abelian category versions.

Definition 16.1. A left R-module M is called simple, or in some situations irreducible, if
it is nonzero and has no proper nonzero submodules.

Exercise 16.2. (i) Show that each simple left R-module is of the form R/m for some
maximal left ideal m < R, and conversely, that for each maximal left ideal m c R,
the left R-module R/m is simple.

(ii) However, it is not the case that isomorphism classes of simple left R-modules are
in bijection with maximal left ideals m < R: this is because for distinct maximal
left ideals my, my — R, the left R-modules R/m; and R/my can be isomorphic, for
instance if m; = moa for some left and right invertible a € R. *®
Show, nevertheless: there is a bijection between maximal left ideals m < R and
isomorphism classes of pairs (M, m), where M is a simple left R-module, and 0 #
m € M (it is your task to make precise what these isomorphism classes mean).
Hint: Send (M, m) to Anng(m) < R, a left ideal. This is motivated by Lemma
16.29 below.

Please keep in mind that if R is not commutative, R/m will not be a ring, and hence not
a field or anything. For instance, see the first example below.

Example 16.3. (i) If R = M, (k) with k a field, show as an easy exercise that k",

viewed as 1 x n column vectors with the standard (matrix multiplication) action of
R = M, (k), is a simple left R-module. We will hopefully see later that this is only
only simple left R-module up to isomorphism.

(ii) A left ideal I < R is a simple R-module if and only if it is a minimal left ideal of
R (by which, we mean minimal among the nonzero left ideals of R).

(iii) If k is a field and G is a finite group, then a representation V' of G is irreducible if
and only if, viewed as a k[G]-module, V' is simple.

Remark 16.4. For those who know the Nullstellensatz: the set of isomorphism classes of
simple modules is thus a noncommutative version of the ‘spectrum’ of a variety.

48This problem does not arise when R is commutative: when R is commutative, R/m determines
Anng(R/m) = m, but for more general R, Anng(R/m), being a two-sided ideal, is typically smaller than
m. We will use this later in this lecture.
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Definition 16.5. (i) A composition series for a left R-module M is a sequence of
submodules (M; )<<, of M, for which there are inclusions
O=Myc My MyS---< M, =M,

such that each M;/M;_; (1 < i <) is a simple left R-module. We call r the length
of this series.
(ii) Two composition series (M;)1<i<r and (M])1<i<s for M are said to be equivalent if
we have an equality of multisets *°
{[M1/Mo), ..., [My/My1]} = {[My/M], ..., [Mo/M; 4]},

where for each R-module N, we write [IV] for the isomorphism class of V.
Equivalently, if » = s, and there exists a permutation ¢ € S, such that for each
1 < 7 < r, Mi/Mifl = Mé’(z)/Mc,r(z)—l
(iii) A left R-module is said to have finite length if it has a composition series.

Example 16.6. The two composition series of the Z-module Z/6Z, given by
0c3-Z/6Z cZ/6Z, and 0c2-7Z/6Z c Z/6Z,

are equivalent: the successive quotients for the first series are Z/2Z and Z/37Z (in that
order), while those for the second series are Z/3Z and Z/27.

Theorem 16.7 (Jordan-Hoélder). If a left R-module M has finite length, then all compo-
sition series for M are equivalent, and in particular have the same length.

Proof. Since this is standard, T am being slightly sloppy. Suppose (M;)!_; and (M])s_; are
two composition series for M. We will use induction on r. If » = 0 (resp., r = 1), then M
is zero (resp., M is simple), and the theorem is trivial/easy.

Let 1 < j <7 be the smallest such that M] < M;. Then M/M] has a composition series
0c (Mi+My)/M; & -+ & (Mo + My)/My & (M1 +M{) /My = M;/M; < - & M, /M|
(if 7 = 1, the series begins at 0 = (My + M{)/M| = M;/M;), which has length r — 1, as
well as

0< My/My & - < My/Mj,
which has length s — 1. It is clear that the multisets of successive quotients of each of the

given composition series for M are obtained by taking the union of [M]] = [M;/M,;_]
and the corresponding composition series for M /Mj. Thus, by induction the theorem

follows. O
Remark 16.8. (i) The proof shows that if (M;)!_; is a composition series for M,
then given any sequence 0 = M) < M{ < M) < --- & M. = M of submodules

of M, such that M//M]_, is simple for all 1 < i < s, we have s < r, and that
{IM//M!_, | 1 <i < s} is a sub-multiset of {[M;/M;_1] | 1 < ¢ < r}. In other

9N\ ultisets are “sets where multiplicity is allowed”; since we will only be bothered with finite multisets,
a formal way to describe a multiset of the kind we will care about is as a set X together with a ‘multiplicity
function’ X — Zxy.
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words, one M has a composition series, it has no “infinite length analogue” of a
composition series.

(ii) There is no naive generalization of Theorem 16.7 to infinite length M: The Z-
module Z, which is not of finite length, has “infinite analogues of composition
series”

S CLSILE L, ...PLEpLS T,
for any two primes p and ¢; the simple subquotients associated to these series are
all isomorphic to Z/qZ for the first series and Z/pZ for the second, and thus the
series are not equivalent in any reasonable sense if p # q.
Rishiraj was not happy with the above example since it did not ‘begin anywhere’,
despite ‘decreasing to 0’. This is a valid point, and from quick thought I don’t seem
to have counterexamples that begin at something simple and proceed exhaustingly.

Definition 16.9. If a left R-module M has finite length, we choose a composition series
0=Myc My<---< M, =M for M, and define:

(i) JH(M), the multiset of composition factors or Jordan-Hélder factors or Jordan-
Holder constituents of M, to be the multiset {[M;/M; 1] |1 <i<r}
(ii) I(M), the length of M, to be r.

Then JH (M) and [(M) are independent of the choices of the composition series 0 = My &

M, < --- < M, = M, by Theorem 16.7. If M does not have a composition series, we set
(M) = .

The following lemma is immediate from the isomorphism theorems:

Lemma 16.10. If M is an R-module and N < M is a submodule, then [(M) < o if and
only if the two conditions [((N) < o0 and [(M/N) < « are satisfied. Morever, when these
conditions are satisfied, we have JH(M) = JH(N)u JH(M/N) (union as multisets), and
(M) =1(N)+1(M/N).

Proof. Easy. O

Example 16.11. (i) 1(0) = 0, and the left R-modules of length 1 are precisely the

simple left R-modules.

(ii) If R = k is a field, and V' is a vector space over k, then I(V) < o if and only if
dimy, V' < o0, in which case (V) = dim V.

(i) If R = Z, show as an easy exercise that [(M) < o if and only if M is a finite
abelian group. In particular [(Z) = oo, which is anyway forced by Remark 16.8(ii).

(iv) Even when M has finite length, JH(M) does not determine M: with R = Z, we
have JH(Z/AZ) = JH(Z/2Z®Z/27). A related observation is that M may not be
a direct sum of its Jordan-Hélder factors, but it is made up from its Jordan-Holder
factors by extensions that may be nontrivial.

(v) In case M is known to be a finite direct sum of simple modules, then it is immediate
that JH(M) determines M. This condition on M is that of semisimplicity, which
we will study later.



208

(vi)

The proof of the Jordan-Holder theorem, Theorem 16.7, can be adapted to the
setting of finite not necessarily abelian groups GG, where a composition series refers
to a chain 0 = Go < G; < --- € G, = G such that each G;_; < G; is normal,
and G;/G,_ is simple (a group is said to be simple if it has no nontrivial proper
normal subgroup). The version of the Jordan-Holder theorem for this setting says
that, while G might have many composition series 0 = Go < G1; & --- < G, = G,
they are all equivalent in the sense that {[G;/G;—1] | 1 < i < r} is independent of
the chosen series.

Remark 16.12. Here are two applications of the notion of length:

(i)

A finite dimensional representation V' of a finite group G over a field k, viewed as
a k[G]-module, clearly has finite length. It may not be a direct sum of irreducible
representations, but it is built from the irreducible representations that are its
Jordan-Hélder factors, as observed above. In this case, {(V') is the number of
irreducible representations of which G is formed of.

Intersection multiplicities (this discussion is highly informal). In C?, consider the
intersection of #2 + 4> = 1 and = = 0 — there are two points of intersection, (0,1)
and (0, —1). On the other hand, 2 + * = 1 and x = 1 have only one intersection,
(1,0). We want a degree 2 curve to intersect a degree 1 curve in two points, and
it does seem appropriate to count (1,0) as having multiplicity 2 in the intersection
between = 1 and 22 + 3% = 1: after all, when we draw the picture in R?, x = 1
is a tangent to 22 + y* = 1 at (1,0). One way to formalize this is to think of the
intersection of f = 0 and g = 0 as defined by the ideal (f, g) generated by f and g¢:
% in this case, taking R = C[x,y], we have

Ir(Clz,yl/(=* +y* — 1,2)) = 2 = [a(Clz,y]/(2" + y* — Lz — 1))

(exercise), where lp stands for ‘length as an R-module’. This modification is not
enough when there are ‘intersections at co’, but that can be solved by projectiviza-
tion, and generalizes to higher degree curves in the form of Bezout’s theorem.

In short, the notion of length is important in describing intersection multiplicities.

More blah blah: By the right exactness of tensor product, we have Clx, y|/(f,g) =
Clz, y]/(f)®cley Clz, y]/(g9). This corresponds to the fact, in the opposite category
of affine varieties, that the variety {f = g = 0} is the fiber product, which in this
case is the intersection, of {f = 0} and {g = 0} over C2.

Please keep in mind that the above discussion is crude, and I have not gotten
into the precise definitions of intersection multiplicities, which involve appropriate
localizations. In higher dimensions, there is another problem associated to the
tensor product behaving badly, something which Serre addressed by adding in ‘Tor’
terms that correct for the bad behavior of the tensor product.

We conclude with a definition that one encounters quite often:

50Thus, we are keeping track of the equatiohns themselves, and not just the solutions.
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Definition 16.13. A subquotient of a left R-module M is a quotient module of a sub-
module of M.

Exercise 16.14. If M has finite length, then the simple subquotients of M are precisely
the Jordan-Holder constituents of M (up to isomorphism).

16.2. Noetherian and Artinian rings and modules.

Definition 16.15. (i) A left R-module M is called Artinian if it satisfies the following
equivalent conditions, whose equivalence is left as an exercise:

e Every descending chain of submodules M; © M, 2 ... of M stabilizes, i.e.,
there exists r € N such that M, = M,,; = ...; this is often referred to as the
descending chain condition (dcc).

e Any collection of submodules of M has a minimal element.

(To show that the first condition implies the second, given a collection =, choose
Mj in it, if it is not minimal, then M, < M, in it, and so on: to justify the ‘so on’,
as per the comment of Professor Nitin Nitsure I told you about a few lectures ago,
one needs the axiom of choice).

(ii) R is called left Artinian if R is Artinian as a left module over itself (by our conven-
tion, we similarly have right Artinian rings etc.).

(iii) Similarly, we define what it means for a left R-module M to be Noetherian, by
imposing an ascending chain condition (acc).

(iv) Similarly, we define what it means for a ring R to be left Noetherian.

When R is commutative, there is no difference between ‘left’ and ‘right’, and hence the
‘left” or ‘right” will be dropped. In this case, the Noetherian notions were already defined
in Lecture 1.

Example 16.16. Show the following as easy exercises.

(i) Z as a Z-module is Noetherian, but not Artinian (Z 2 pZ 2 p?Z 2 ...).

(i) If V is a vector space over a field R = k, then V' is Noetherian if and only if it is
Artinian if and only if it is finite dimensional.

(iii) Z[t] is Noetherian as a ring (this is a consequence of what is known as the Hilbert
basis theorem, something we will hopefully see later), but it is neither Artinian nor
Noetherian as a Z-module. Similarly, Q/Z is neither Artinian nor Noetherian as a
Z-module.

(iv) Show that (Q/Z)[p™*] = {a/p" | a,n € Z}/Z is Artinian as a Z-module, but not
Noetherian.

(v) Show that the ring

R = {(g b) |a,beR,ceQ}cMg(R)

c

is left Artinian and left Noetherian, but neither right Artinian or right Noetherian.
Note: For this, you can use Lemma 16.17 below. Apply it to the exact sequence
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of R-modules:

0 =
O—>(0 0)0R—>R—>Rx@—>0,

a
0

Now R x Q is both Noetherian and Artinian as an R x Q-module, so use Lemma
16.17 to reduce to verifying that R is finite dimensional as an R-vector space but
infinite dimensional as a Q-vector space.

Lemma 16.17. Let 0 - M’ — M — M" — 0 be an exact sequence of left R-modules.
Then:

(i) M is Artinian if and only if M' and M" are (everything as left R-modules).
(i) M is Noetherian if and only if M' and M" are.

where the map with target R x Q sends ( to (a,c).

Proof. Easy exercise. For the implications “<”, given a chain in M, consider the chain in
M’ obtained by intersecting with AM’, and the chain in M” obtained by projecting to M":
once both chains stabilize, show that the original stabilizes. O

As in the commutative Noetherian case we can use this to prove:

Lemma 16.18. If R is left-Noetherian, then a left R-module M is Noetherian if and only
if it is finitely generated.

Proof. The ascending chain condition easily gives that any Noetherian left R-module is

finitely generated. The converse is easy using Lemma 16.17. U
Lemma 16.19. A left R-module M is of finite length if and only if it is both Artinian and
Noetherian.

Proof. “=": It is immediate that any simple left R-module is both Artinian and Noether-
ian. Inductive applications of Lemma 16.17 then show that any finite length left R-module
is both Artinian and Noetherian.

13 2

<”: Suppose M is both Artinian and Noetherian. Set My = 0 < M. Since M is
Artinian, there exists M; < M that is minimal among the nonzero submodules of M.
Clearly , M;/My is simple. If M; = M, then we are done, so assume this is not the
case. Again using that M is Artinian, it has a submodule M, that is minimal among the
nonzero submodules of M properly containing M;. Then M,/M; is simple: it is nonzero
because My properly contains Mj, and if it had a proper nonzero submodule, the inverse
image of this submodule in M, would properly contain M; and be properly contained
in M, contradicting the minimality of M,. If My = M, then we are done, since then
0= My< M; & My =M is the desired composition series, else define M3 similarly.

Continuing in this way, we get M, = M for some r: for otherwise, we would get an infinite
strictly ascending chain 0 = My < My < M, < ..., contradicting the assumption that M
is Noetherian. Thus, we get a composition series 0 = My < M; < --- < M, = M, so that
(M) =r. O
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16.3. Semisimplicity.
Lemma 16.20. For a left R-module M, the following are equivalent.

(SS1) M is a sum of (a family of) simple left R-modules.

(SS2) M is a direct sum of simple left R-modules.

(SS3) For every (left R-)submodule N' = M, there ezists a submodule N < M such that
N @®N =M.

Before we prove the lemma, let us assume it to make the following definition:

Definition 16.21. A left R-module M that satisfies the equivalent conditions of Lemma
16.20 will be called semisimple, or completely reducible.

The proof of Lemma 16.20 will use:

Lemma 16.22. If an R-module M satisfies (SS3), then every nonzero submodule of M
contains a simple submodule.

Proof. 1t is clear that any nonzero submodule M" < M of M satisfies (SS3): for all N’ < M’
R-submodule, if N’ @® N” = M, then it is easy to see that N’ @® (N” n M') = M’. Thus,
replacing M by any nonzero cyclic (i.e., singly generated) submodule of M’, it is enough to
start with a nonzero cyclic R-module M = Rm satisfying (SS3), and show that M contains
a nonzero simple submodule.

Now that M = Rm is cyclic and nonzero, it is easy to see using a Zorn’s lemma argument
that it has a maximal proper left R-submodule N: given a chain of proper submodules
{N;} of M ordered under inclusion, no N; contains z, so N := | J; N; does not contain
either, and is hence proper.

Now let N' = M be such that M = N @ N’. Then N’ # 0, and it is enough to show that
N’ is simple. If not, N’ contains a proper nonzero R-submodule N”, and N @& N” would
be a proper submodule of M bigger than IV, a contradiction (to put it another, perhaps
better, way, N’ =~ M /N is simple by the maximality of N). O

Remark 16.23. The end of the argument of the above lemma in fact shows that any
finitely generated left R-module M has a maximal proper submodule, and hence a simple
quotient. It is (SS3) that allowed us to realize this simple quotient as a simple submodule.

Proof of Lemma 16.20 (some arguments only sketched). (SS1) = (SS3): Let M = >,._; M;,
with each M; a simple left R-module. Let N < M, and let us find N’ ¢ M such that
M = N@N'. Consider the collection of subsets J < I such that the sum N+, M; ¢ M
is direct: explicitly, those J < I such that, whenever n € N and (m; € M,);c; satisfy
n+Y,.m; =0, we have n = 0, and m; = 0 for all i € J. A Zorn’s lemma argument, applied
to this collection, partially ordered under inclusion, shows that there is a maximal J < M
such that N + Y., M; = N ® (D,.; M;) inside M (this collection is nonempty, because
the empty set belongs to it). It is enough to show that the inclusion N + )., M; < M is
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an equality. If not, there exists iy € I such that M;, &€ (N +,._; M;). Since M,, is simple,
it follows that M;, n (N + > ,.; M;) = 0. But this implies that the sum N + Zieju{io} M;

is direct. Since clearly iy ¢ J, this contradicts the maximality of .J, giving (SS2).

(SS1) < (SS2): It is immediate that (SS2) implies (SS1), and the implication (SS1) =
(SS2) follows from the exact same argument that was used to prove (SS1) = (SS3), but
applied with N = 0.

(SS3) = (SS1): Let N < M be the sum of all the simple (left R-)submodules of M. Tt
is enough to show that N = M. If not, use (SS3) to get M = N @ N’ for some left
R-submodule N/ < M. By Lemma 16.22, there exists a simple submodule N” < N’. But
by the construction of NV, we have N” < N, so that N <« Nn N’ =0, a contradiction. [

Corollary 16.24. The collection of semisimple left R-modules is closed under taking ar-
bitrary direct sums, quotients and submodules. In particular, if R is semisimple as a left
R-module, then every R-module is semisimple.

Proof. Use the criterion (SS1) to prove the assertions about direct sums and quotients. To
prove the assertion about submodules, use (SS3): it was observed in the proof of Lemma
16.22 that the condition (SS3) passes to each submodule. For the last assertion, use that
every left R-module is a quotient of a free left R-module. U

Theorem 16.25. Given a ring R, the following are equivalent:

(i) Every short exact sequence of left R-modules splits.

(ii) Every left R-module is semisimple.

(i1i) Every finitely generated left R-module is semisimple.

(iv) Every cyclic (i.e., singly generated) left R-module is semisimple.
(v) R as a left R-module is semisimple.

Proof. (i) is just the assertion that every left R-module M satisfies the condition (SS3)
from Lemma 16.20. Therefore, that lemma gives (i) < (ii). The implications (ii) = (iii)
= (iv) = (v) are trivial (each is a special case of the previous), while (v) = (ii) follows
from Corollary 16.24. O

Definition 16.26. A left semisimple ring is a ring R that satisfies the equivalent conditions
of Theorem 16.25. As per our conventions, a right semisimple ring is defined analogously.
Later we will hopefully show that, at least in Artinian contexts which will be the ones that
we care about, a left semisimple ring is also right semisimple, keeping which in mind we
will abbreviate left semisimple to semisimple from now on.

Example 16.27. (i) A field is a semisimple ring.

(ii) We claim that so is a division ring D, i.e., a ring R = D such that each 0 # r € R
is (both left and right) invertible. In this case, a left or right module over D is also
called a left or right D-vector space. D has no proper nonzero left (or right) ideal,
and each cyclic left D-vector space is isomorphic to D as a left module over D (use
Exercise 16.2). This also implies that this D-vector space is simple, and that every
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left vector space over D is a sum of copies of the left D-vector space D, and hence
satisfies (SS1). Since (SS1) is equivalent to (SS2) (Lemma 16.20), we have shown
that every left D-vector space has a basis (is free). Of course, similarly with right
D-vector spaces.

I haven’t addressed the question that was asked about the cardinality of the bases,
but we will only be interested in finite dimensional D-vector spaces, in which case
this cardinality is just the length and hence depends only on the vector space.

(iii) We will hopefully show that if D is a division ring, the matrix algebra M, (D) is
semisimple for each n € N5;.

Lemma 16.28. (i) A ring R is semisimple if and only if, as a left R-module, R is a
direct sum of finitely many of its minimal left ideals.
(i) A product of finitely many semisimple rings is semisimple.

Proof. Since minimal left ideals of R are simple modules, and in fact precisely the simple
left R-submodules of R, it follows that R is semisimple if and only if, as a left R-module,
it is a direct sum of its left ideals. It now suffices to show that, given any decomposition
R = @,.; I; of the left R-module R as a direct sum of nonzero left ideals I; of R, J is
finite. Indeed, write 1 = > ._; x;, with x; € I; for each 7. This is supported on a finite set
Jo = J, by the definition of a direct sum. Thus, R = R-1 =%, ; R-x; < >, ; I, so
J = Jy is finite (since each I; was nonzero by assumption).

This gives (i), of which (ii) is an easy corollary: If Ry = @, [1; and Ry = P, Iz, with

each I1; € Ry and I,; < Ry a minimal left ideal, then note that as a left module over
itself,

RixRy=R x0®0x Ry = <€i_>IM X 0) ) (EPO X I2,j>7

and note that if [y € R; and I < R, are minimal left ideals, then I; x 0 and 0 x I, are
minimal left ideals of Ry x Ry (in fact these give all the minimal left ideals of Ry x Ry, but
we do not need that). d

16.4. Jacobson radical. The Jacobson radical measures one obstruction to R being
semisimple; in fact, in the special case where R is Artinian, we will hopefully see that
this is the only obstruction.

Its definition can be motivated by the following observation: if R is semisimple, then
every z € R that annihilates every simple (and hence every semisimple) left R-module,
annihilates every R-module, and in particular R, and hence vanishes.

On the other hand, we have:

Lemma 16.29. For x € R, the following are equivalent:

(i) x annihilates every simple left R-module.
(i1) x is contained in every mazimal left-ideal of R.
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Proof. By Exercise 16.2, though the annihilator of a simple left R-module may be strictly
contained in a maximal left ideal, maximal left ideals are precisely the annihilators of the
various nonzero m € M, as M varies over simple left R-modules and m varies over nonzero
elements of M. Therefore:

ﬂ Anng(M) = ﬂ Anng(m) = ﬂ m = rad(R).

M simple M simple m maximal left ideal
0#meM

0

Definition 16.30. The Jacobson radical of R, denoted rad(R), is the collection of all z € R
satisfying the equivalent conditions of Lemma 16.29. Note that rad(R) is a two-sided ideal
of R, since Anng(M) < R is a two-sided ideal for each R-module M (easy exercise).

Example 16.31. rad(Z) = 0, rad(Z,) = (p), rad(R/p") = (p) whenever R is a (commuta-
tive) PID, p € R is prime, and n € N5 ;. This is generalized by the observation that if R is
a commutative ring, and is local, i.e., (in the commutative context) has a unique maximal

ideal m, then m is the Jacobson radical of R. More examples can be found in Exercise
16.38 below.

Exercise 16.32. Show that arbitrary ring homomorphisms R — S do not induce homo-
morphisms rad(R) — rad(S), but surjective ones do.

Here is another description of rad R:
Lemma 16.33. rad R = {x € R | 1 — yx is left invertible for all y € R}.

Remark 16.34. Given the statement of the above lemma, and for later use, let us review
left and right invertibility in a ring.

(i) Note that for a general noncommutative ring R, left and right invertibility are
different: consider the left and right shift operators in the endomorphism ring of
the vector space of all real N-indexed sequences: the left shift operator, which sends
(ag,a,...) to (ay,asg,...), is a left inverse to the right shift operator, which sends
(ag,ai,...) to (0,ap,ai,...). But the left shift operator does not have a left inverse.

(ii) If x € R has a left inverse u and a right inverse w, then u = w, so u = w is a
two-sided inverse of z: w = (uz)w = u(zw) = wu.

(iii) Further, if x € R has a left inverse u, to show that x also has a right inverse, it is
enough to show that u has a left inverse w. Indeed, this follows from:

w = w(ur) = (wu)r =z,
so that x = w is also a left inverse of w.
Proof of Lemma 16.33. For x € R and a maximal left ideal m < R, note that

rem < Rr+m#R < 1¢Rr+m «— (l1-Rr)nm= < 1—Rrc Rm

(for the first and the second steps, use that Rz + m is a left ideal containing m).
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Therefore, varying m over the maximal left ideals of R, we get

radRz{xeR\l—Rach\(Um)}.

Now note that R\ (J,, m is simply the set of left invertible elements: z € R is left invertible
if and only if it does not belong to any maximal left ideal. O

Lemma 16.35. rad R = {z € R | 1 — yxz is both left and right invertible for all y, z € R}.

43 29

Proof. The inclusion “>” is immediate from Lemma 16.33. Thus, given x € rad R, it is
enough to show that 1 —yxz is both left and right invertible for all y € R. Since rad(R) is a
two-sided ideal, we may replace = by yzz: thus, it now suffices to show that for x € rad(R),
1 — x is both left and right invertible.

By Lemma 16.33, we know that 1 — x has a left inverse, say u. To show that 1 — z has
a right inverse, it suffices, by Remark 16.34(iii), to show that u has a left inverse w. By
Lemma 16.33 again, this in turn follows if we show that u € 1 —rad(R). For this, note that
u(l—2x)=1,801—u= —uzx e rad(R). O

Recall that the ring R° opposite to R has (R, +) for its underlying additive abelian group,
but has the multiplication rule switched: the product of z and y in R is the product of
y and = in R (in that order).

Corollary 16.36. rad(R) = rad(R), and rad(R) is the intersection of all the mazimal
right ideals of R, and

rad(R) = {x € R | 1 — xy is right invertible for all y € R}.

Proof. Use that the condition in Lemma 16.35 is the same for R and R°?, and that maximal
left ideals of R identify with maximal right ideals for R. U

Exercise 16.37. Lemma 16.35 might motivate the question: if x,y € R are such that
1 4 xy is invertible, then is 1 + yx invertible? Prove that this is so.

Hint: First find a fake proof using binomial expansion, and use the fake proof to guess a
recipe for an inverse to 1 + yx in terms of an inverse to 1 + xy.

Exercise 16.38. .

(i) If R is the ring of upper triangular matrices in My(D), where D is a division
ring, then show as an exercise that rad(R) is the ideal of strictly upper triangular
matrices in R.

Hint: Sending 3 g) to a or ¢ defines surjective homomorphisms R — D. Thus,

by Exercise 16.32, rad(R) is contained in the subgroup of strictly upper triangular
matrices. Now use Lemma 16.35.
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(ii) Show that for any ring R, rad(M,(R)) = M, (rad(R)).

Hint: °' Given A = [a;;] € rad(M,,(R)) and y € R, left and right multiply it with
various matrices to get a matrix with ya;; in a diagonal entry and no other nonzero
entry. Thus 1 — ya;; is left invertible for all y € rad(R) and for all 4, j. For the
other direction, it is enough to show that if a € rad R and 1 < 7,5 < n, then the
matrix B that is a in the (4, j)-th entry, and 0 elsewhere, belongs to rad(M,,(R)).
Moreover, we may assume that i = j = 1 (use permutation matrices). Now by
Lemma 16.33, we are reduced to proving that a matrix whose entries differ from
the identity only in the first column, and by elements of rad(R), is left invertible.
Use row operations. (Note that you cannot use determinants for this problem since
R is noncommutative).

SlWarning: I haven’t spent time checking the following approach I am proposing, use it at your own
risk.
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17. LECTURE 17 — ARTINIAN RINGS

17.1. Artinian rings. In Lecture 16, we saw that if R is semisimple, then rad(R) = 0
(see the discussion before Definition 16.30 in Lecture 16). Moreover, if R is semisimple, we
saw that we have a decomposition

i=1
of R as a left R-module, where each I, ¢ R is a minimal left ideal. Thus, R is of finite
length as a left R-module, and hence both Artinian and Noetherian as a left R-module.
Theorem 17.1. A ring R is semisimple if and only it is left Artinian and rad(R) = 0.
Proof. As recalled above, we have already seen that if R is semisimple, then rad(R) = 0
and R is left Artinian.
Now assume that R is left Artinian and that rad(R) = 0. Since R is left Artinian, is easy

to see that 0 = rad(R) = ();_, m; for some maximal ideals my,..., m, € R: if not, we can
get an infinite descending chain my 2 m; Nnmy 2 m; N my N mgz 2 .... Then the obvious
map

=1

of left R-modules (the factors on the right-hand side are not rings) is an inclusion of left
R-modules. Since the target of this inclusion is semisimple (being a direct sum of simple
left R-modules), so is R. O

Thus, if R is left Artinian, then R/rad(R) is semisimple with the same collection of simple
left R-modules as R.

Remark 17.2. One motivation for the following series of exercises comes from representa-
tion theory in bad characteristic: the representations of a finite group G over a finite field
k will not in general be completely reducible if char k|#G. Thus, k[G]-modules will not
be semisimple in general. But then we can consider the maximal semisimple submodule
of a given left k[G]-module (i.e., the maximal completely reducible subrepresentation of
a representation of G' over k), and develop from there into a filtration of the given rep-
resentation, or go the other way round starting from a maximal completely reducible (or
semisimple) quotient. See the following exercise for more details.

Exercise 17.3. For a left R-module M, the radical rad(M) of M is defined to be the
intersection of all the maximal proper submodules of M (if M has no maximal proper
submodule, then rad(M) = M).

(i) Suppose M is Artinian. Take ideas from the proof of Theorem 17.1 above to
show that M/rad(M) is the maximal semisimple quotient of M — this means
that M/rad(M) is semisimple, and moreover any quotient map M — N, with N
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semisimple, factors as M — M /rad(M) — N (in particular, a maximal semisimple
quotient of M exists when M is Artinian, which is not a priori obvious).

In general, the maximal semisimple quotient of M is called the cosocle of M —
it is unique if it exists, but it need not exist outside the case where M is Artinian:
show that the Z-module Z does not have a cosocle.

Imitate the proof of Theorem 17.1 above to show that the following are equivalent:
(a) M is semisimple and finitely generated.

(b) M is Artinian and rad(M) = 0.

Thus, rad(M) measures an obstruction to M being semisimple.

If the ring R and the left R-module M are Artinian, show that rad(M) = rad(R)-M.
Hint: By (i) above, it is enough to show that M /(rad(R) - M) is the maximal
semisimple quotient of M. M /(rad(R)- M) is semisimple because its left R-module
structure is inflated from a left (R/rad(R))-module structure, and R/rad(R) is a
semisimple ring by Theorem 17.1 above. On the other hand, if M /N is semisimple,
then rad(R) annihilates it, so that N > rad(R) - M.

The socle of M, soc(M), is the maximal semisimple submodule of M: it is well-
defined since it is equivalently defined as the sum of all the simple submodules
of M (see the equivalent characterizations of semisimple modules, Lemma 16.20
from Lecture 16). Show that Z as a Z-module has socle 0. Show also that if M is
Artinian, then M has a nonzero socle.

The socle filtration of M is the largest chain of the form 0 ¢ M; < M, < ...
(possibly ending at some M, ), where M;/M; 1 is the socle of M /M;_; for each
i = 1, provided M/M;_; has a nonzero socle (if soc(M/M;_1) = 0, the chain
terminates at M; 1 < M).

Show that the socle filtration of Z has only one term, {0}. On the other hand, if
M has finite length, then show that M has a socle filtration 0 ¢ My ¢ My < -+ &
M, = M, with n < I[(M).

Note: According to some online dictionary, a socle is “a plain low block or plinth
serving as a support for a column, urn, statue, etc. or as the foundation of a wall”.
The idea seems to be that a general R-module is built somehow from its maximal
semisimple submodule, with nontrivial extensions involved.

As defined earlier, the cosocle of M is the maximal semisimple quotient of M, if
such a thing exists.

Show that the cosocle of the Artinian Z-module (Q/Z)[p*] is 0, and that the
radical of this module is itself.

Define what a cosocle filtration M = My, 2 M; 2 ... should mean, and show that
if M has finite length, M has a cosocle filtration M = My 2 My 2 My 2 -+ 2
M, = 0.

17.2. The Hopkins-Levitzki theorem. In this subsection, we will prove:

Theorem 17.4 (Hopkins-Levitzki). If R is left Artinian, and M is a finitely generated
left R-module, then M 1is left Noetherian.
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Before getting to the proof, we will make some preparations, before which, we record the
following obvious corollary.

Corollary 17.5. Any left Artinian ring is left Noetherian.

Example 17.6. The example of the Z-module (Q/Z)[p®], which is Artinian but not
Noetherian, shows that Theorem 17.4 fails without assuming M to be finitely generated.

Remark 17.7. There is a special case where Theorem 17.4 is trivial. If R is semisimple,
then it is immediate (easy exercise) that a left R-module M is Artinian if and only if it is
of finite length, and that this is so if and only if M is Noetherian. In a sense, the general
case will be reduced to the semisimple case below.

The proof of Theorem 17.4 will use Nakayama’s lemma, Proposition 17.8 below:

Proposition 17.8 (Nakayama’s lemma). Let M be a left R-module, and let I < rad(R) be
a left ideal, such that IM = M. Then, under any of the following additional hypotheses,
we have M = 0:

(i) M is finitely generated.
(i) I is a nilpotent ideal, in the sense that some finite product I -1-----1 =0.
(iii) I =2 I? 2 ... stabilizes, and M 1is Artinian.

Before we prove the above lemma, let us note the following corollary:

Corollary 17.9. Assume that we are given a left R-module M, and a left ideal I — rad(R
such that the condition (i), (ii) or (iii) of Proposition 17.8 is satisfied. Let N < M be a
submodule such that M = N + IM. Then N = M.

Proof. Note that Proposition 17.8 can be applied to M/N. O

Proof of Proposition 17.8. The proof under the assumption (ii) is trivial: M = IM =
I’M=....

Let us prove it under the assumption (i). Suppose M is nonzero. Then M has a maximal
proper submodule Mj (this follows from an easy Zorn’s lemma argument, using that M is
finitely generated). Therefore M /M, is simple, and is hence annihilated by rad(R). Thus,
rad(R)M < My, so that M = IM < My, a contradiction.

Here is a proof of the same assertion when M is cyclic: in this case, for a generator m € M,
rad(R)m = rad(R)Rm = rad(R)M = M (use that rad(R) is a two-sided ideal), so we can
write m = im with ¢ € rad(R) and m € M; then (1 —4)m = 0, and since 1 — i is invertible,
we get m = 0. In the commutative case, this can be made into a proof using a finite set of
generators and determinants, avoiding Zorn’s lemma. But determinants don’t work well
over noncommutative rings.

Now let us prove that M = 0 if (iii) is satisfied. Suppose not. Replacing I by some
power I" such that I" = I = ... we may assume without loss of generality that
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I = 1% = .... Since M is Artinian and nonzero, there exists My < M minimal such
that IMy # 0. Choosing my € My such that I'mg # 0, we have I - Img = Img # 0,
and Imyg is a submodule of M, so the minimality of M, implies that Imy = M,. This
implies that imy = myg for some ¢ € I. Since 1 — i is invertible, it follows that mqg = 0, a
contradiction. O

The following lemma is a very helpful consequence, and is a priori quite nonobvious.

Lemma 17.10. If R is left Artinian, then rad(R) is nilpotent.

Proof. Since R is left Artinian, we have rad(R)" = rad(R)"** = ... for some n. Let
M = rad(R)", and let I = rad(R). Then I < rad(R),IM = M, and the condition (iii) of
Proposition 17.8 is satisfied. Therefore M = 0, i.e., rad(R)" = 0. O

Now we can prove the theorem of Hopkins and Levitzki:

Proof of Theorem 17.4. Let J = rad(R), and use Lemma 17.10 to choose n large enough
such that J™ = 0. Thus, it is enough to show that each (J'M)/(J**'M) is Noetherian as
a left R-module, or equivalently, as a left R/J-module (J < R is a two-sided ideal, so R/.J
is indeed a ring, and J < R clearly annihilates (J*M)/(J*"'M)). In what follows, we will
use that R/J is a semisimple ring by Theorem 17.1: to see that this theorem applies, note
that:

e R/J is left-Artinian as R is, and that
e rad(R/J) is trivial (use that the maximal left ideals of R all contain J and are
hence in bijection with those of R/.J).

Now M, being finitely generated as a left module over the Artinian ring R, is easily seen to
be Artinian: use Lemma 16.17 from Lecture 16. Hence, by the same lemma, J*M /(J*t1 M)
is an Artinian left module over R, and hence over R/J. Therefore, using that R/J is
semisimple, by the already observed semisimple case of the theorem (see Remark 17.7),
we have that J'M/(J*'M) is a Noetherian left module over R/J, and hence over R, as
desired. U

Note that the proof of the above theorem was far from immediate: several distinct ideas
went into it, such as Lemma 17.10 which used Proposition 17.8.

17.3. Locally nilpotent ideals and the Jacobson radical. When R is commutative,
it is easy to see that the set Nil(R) of nilpotent elements of R is an ideal. It is called the
nilradical of R.

Lemma 17.11. When R is commutative, Nil(R) is the intersection of all prime ideals of
R, and hence is contained in rad(R).
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Proof. If 2™ = 0 for some n € N, then for each prime ideal p = R, we have 2" € p, so x € p.
Thus, Nil(R) is contained in the intersection of the prime ideals of R.

To show that the intersection of the prime ideals of R is contained in the nilradical, given
a € R nonnilpotent, it is enough to show that there exists a prime ideal p of R that does
not contain any power of a. Use Zorn’s lemma to show that there exists an ideal p € R
that does not contain any power of a (their collection is nonempty since 0 belongs to this
collection — since a is nonnilpotent), and is maximal with respect to this property. If p is
prime we are done, so suppose not, so 3z,y € R\p such that xy € p. Then p + (z) and
p + (y) each contains some power of a, so p > (p + (z))(p + (y)) itself contains some power
of a, a contradiction. [l

Remark 17.12. Those of you who have seen localization will recognize what is happening
here: if a is nonnilpotent, then the localization R, of R at the multiplicatively closed
subset {1,a,a?, ...} is nonzero, and all that we have done is to take the inverse image,
under R — R,, of a maximal ideal of R,: a maximal ideal of R, does not pullback to a
maximal ideal of R, but a prime (and in particular maximal) ideal of R, does pull back to
a prime ideal of R; it is elementary that that is how ring homomorphisms work.

Definition 17.13. An ideal I < R is called locally nilpotent if each element of I is
nilpotent, i.e., for all a € I, 3n € N such that o™ = 0.

Lemma 17.14. If I ¢ R is a locally nilpotent left ideal, then I < rad(R).
Proof. If I is locally nilpotent, then for all z € I and y € R, yx belongs to I and is hence

nilpotent. Therefore 1 — yx is left-invertible (in fact left and right invertible). Since this is
true for all y € R, we get that = € rad(R) by Lemma 16.33 from Lecture 16. O

17.4. Artin local rings, modulo lifting of idempotents.

Definition 17.15. A ring is called local if the noninvertible elements in it form a two-sided
ideal.

Exercise 17.16. (This exercise will often be implicitly assumed in what follows, including
in the subsequent lectures). Show that a commutative ring is local if and only if it has a
unique maximal ideal.

Thus, local rings are much simpler than usual rings.
We would like to prove:
Theorem 17.17. A commutative Artin ring is a finite direct product of Artin local rings.

Example 17.18. (i) If n is a natural number, then Z/nZ is an Artinian ring (being
finite), and is local if and only if n is a prime power (very easy exercise). Thus, if
n =[], p" is the prime factorization of n (so the p; are distinct), then the product
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decomposition given by Theorem 17.17 can be realized using Sunzi’s theorem, i.e.,
the Chinese remainder theorem:

Z/nZ = | | Z/p{'Z.

(ii) For any commutative Noetherian ring R, given a maximal ideal m — R and an ideal
g < R with m"*! « g € m™, R/q is Artin local: prove this as an exercise.
Hint: Any commutative ring with a nilpotent maximal ideal is local, by Lemma
17.11. Secondly, use that if R is Noetherian and m™*' = 0, then R as an R-module
has a filtration R > m > m? > --- > m"*! = 0, with each successive quotient being
of the form m?/m*!, which is a finitely generated R/m-module by Noetherianness,

and hence of finite length (R/m is a field).

One technical input into the proof of Theorem 17.17 is:

Lemma 17.19. Let R be a (not necessarily commutative) ring, and I = R a nilpotent >
two-sided ideal, so that R/I is a ring.

(i) The reduction map R — R/I induces a surjection
{Idempotents in R} — {Idempotents in R/I}.

(ii) If R is commutative, then the surjection of (i) is a bijection.

Before proving either of Lemma 17.19 or Theorem 17.17, let us discuss the relevance of the
former to the latter.

Definition 17.20. (1) Two central idempotents e,e’ € R are said to be orthogonal
to each other if ee’ = 0. Note that if e,e’ € R are orthogonal, then e + €’ is an
idempotent as well.

(2) A collection of mutually orthogonal central idempotents ey, ..., e, € R is said to be
complete if e; +--- + ¢, = 1.

Exercise 17.21. Show that for a not necessarily commutative ring R, and a positive
integer n, we have bijections between the following collections of objects:

(i) Decompositions R = [} @ --- @ I,, of R as a direct sum of some of its nonzero
two-sided ideals;
(ii) Decompositions R = Ry x --- x R, of R as a product of nonzero rings, up to a
suitable notion of equivalence; and
(iii) Decompositions 1 =e; + -+ + ¢, of 1 € R as a sum of a complete set of mutually
orthogonal central nonzero idempotents eq, ..., e,,

given as follows:

92this lemma is actually true with ‘nilpotent’ replaced by ‘locally nilpotent’; see Professor Nair’s notes,
or Remark 17.26 below for a discussion.
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e Given R=1,®---® I, as in (i), each I; ¢ R, with its induced multiplication, is a
ring with multiplicative identity the image of 1 € R under the projection R — I;;
writing R; = I; for this ring, this gives homomorphisms R — R; for 1 <i < n, and
an isomorphism R — Ry x --- x R, of rings as in (ii).

e Given R = Ry x---x R, asin (i), for 1 <i < nlet e; € R be the unique idempotent
whose image in R; is 0 if ¢ # j, and 1 if 4 = j; then (eq, ..., e,) is as in (iii).

e Given (ej,...,€e,) as in (iii), set I; = e;R = Re; < R, which can also be viewed
as a ring R;; then the projection R — [; is a ring homomorphism R — R;, and
we get a decomposition R = [y @ --- @ I, as in (i) as well as a decomposition
R =Ry x---x R, asin (ii). Note that we can thus also write R = Re; X - - - X Re,,.

The above exercise is implicitly used often in representation theory: the set of simple left
modules over R = Ry x --- x R, is a disjoint union of the sets of simple left modules over
the R; (a more detailed formulation will be given in an exercise in Lecture 18). Thus,
finding central idempotents in R lets us break down the representation theory of R into
that of ‘smaller’ and hopefully easier rings.

Now let us use Lemma 17.19 to prove Theorem 17.17.

Proof of Theorem 17.17. Since R is Artinian, there are finitely many maximal ideals mq, ..., m,
R such that

n

rad(R) = ﬂ m;.

=1

Since R/rad(R) is Artinian and semisimple (and commutative), we get by Sunzi’s theorem

a product decomposition
n

R/rad(R) = | [(R/m,).

i=1

This decomposition corresponds to a complete set €1, .. ., €, € R/rad(R) of pairwise orthog-
onal nonzero idempotents, which by Lemma 17.19(ii) can be lifted to unique idempotents
e1,...,ey € R: note that Lemma 17.19 applies since rad(R) is nilpotent by Lemma 17.10.

We claim that eq, ..., e, is a complete set of pairwise orthogonal idempotents in R. Since
e;e;j is an idempotent lifting e;,6; = 0, by Lemma 17.19(ii) we get e;e; = 0 for ¢ # j. This
gives the pairwise orthogonality and also implies that e; + - - - + e, is an idempotent; since
this idempotent lifts 1 € R/rad(R), we get that e; +--- + e, = 1.

Again by Exercise 17.21, this gives us a decomposition R =~ [}, Re;. Clearly each Re; is
Artinian (being a quotient of R), and it remains to show that each Re; is local.

R — R/rad(R) induces a ring homomorphism, Re; — (R/rad(R))e; =~ R/m;, which,
viewed as an R-module homomorphism, is also a restriction of R — R/rad(R). Thus, the
kernel of Re; — (R/rad(R))e; = R/m; is contained in rad R, which is nilpotent (Lemma
17.10). But the image of this ring homomorphism is a field, R/m;. Thus, this kernel is both
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nilpotent and a maximal ideal. But by Lemma 17.14, this kernel is contained in rad(Re;),
and hence by maximality also the unique maximal ideal of Re;. Therefore Re; is local. [

Exercise 17.22. (i) In the setting of the above proof, show that each maximal ideal
of R is of the form m; for some 1 < ¢ < n. Thus, a commutative Artinian ring has
only finitely many maximal ideals (though a semisimple module that is Artinian
and hence of finite length can have infinitely many maximal proper submodules).

(ii) The above proof simplifies in the case where R is semisimple, since in this case
R = R/rad(R) — note that, in this case, there is no need for Lemma 17.19. Using
this, show that a commutative ring R is semisimple if and only if it is a direct
product of fields (recall that a semisimple ring is automatically Artinian). Can you
show directly that a product of fields is semisimple?

17.5. Hensel’s lemma and lifting idempotents. To complete the proof of Theorem
17.17, we need to prove the lemma on lifting idempotents, Lemma 17.19. For this, we will
use a very important result called Hensel’s lemma, which is quite widely used in algebraic
number theory and algebraic geometry.

Theorem 17.23 (A variant of Hensel’s lemma). Let R be a commutative ring with a
nilpotent ideal I. Let a — a denote reduction modulo I, at the level of polynomials as well.
Let f be a polynomial in R[x] such that f € R[x]/(IR[z]) = R[x] has a root & € R, and
suppose f'(a) e R*. Then & can be lifted to a unique root a € R of f.

The proof of Theorem 17.23 will in turn use the following easy observation:
Lemma 17.24. If R is a commutative ring and I < R is a nilpotent ideal, then R* is the

full preimage of (R/I)* under R — R/I.

Proof. 1t is immediate that R* maps to (R/I)*. On the other hand, if a € R is invertible
modulo [, so that ab e 1 + I for some b € R, then since 1 + I consists of units, it follows
that a € R, as desired. Il

Proof of Theorem 17.23. The proof is by Hensel/Newton/... depending on how you inter-
pret it. First we prove the existence. Let a; € R be any lift of a. Since f(&) = 0, we have

f(aq) € I. Inductively, we will construct as, as, . .., all reducing to @ = a; modulo 1, such
that f(c,) € I"™ for each n: this will suffice for the existence assertion, since I is nilpotent.
We already have constructed aq; assume that we have constructed aq, ..., a,.

Note that f/(a,) = f'(a) € (R/I)*. By Lemma 17.24, we have f'(a,) € R*.

Thus, given § € R such that f(5) € I™ and f'(5) € R*, it is enough for the existence
assertion to show that there exists v € R such that f(v) € I"*1. In fact, take v = 3 — }c,((%))
(see the “Newton” angle here: Newton’s method of locating roots of a polynomial etc.).

Since f is a polynomial, we have
f(x+h) = f(xz)+ f'(x)h + (higher degree terms in h),
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by the binomial theorem (e.g., see it degree by degree). Apply this with x = S and
h =~ — 3 € I". Each higher degree term in h belongs to I?" < I"*!. Therefore, we get

FO) = f(B) = f(B) + 1" = 1",

as desired.

Now we come to the uniqueness. If distinct «, § both lift & and satisfy f(«) = f(5) = 0,
then let n be the unique positive integer such that 3 — «a € I"\I"*!. Applying the same
Taylor expansion for f(z + h) as above, this time with z = a and h = § — «, we get

0=f(8)— f(a)e f'(a)(B—a)+ "™ 20 mod I"*,

a contradiction. O

Exercise 17.25. (i) Extend Theorem 17.23 to the case where R is complete with
respect to I, i.e., where the obvious map
R — lim R/I",
i.e., the map obtained from the projections R — R/I", is an isomorphism (But of
course without assuming that I is nilpotent).
Hint: This is pretty much all done in the proof of Theorem 17.23: defining «,

for each n exactly as in that proof, we have (a,,), € lim R/I" is a root of f in the
n

R-algebra lim R/I".

ii) Let p be a prime number. Show that Z, is a local ring, and that it contains p — 1
p
(p — 1) roots of unity.
Hint: F contains p — 1 (p — 1)™ roots of unity.

Now we use Theorem 17.23 to prove Lemma 17.19, completing the proof of Theorem 17.17.

Proof of Lemma 17.19. To prove (i), we may replace R with the subring Ry c R generated
by the image of Z — R together with any chosen lift of a given idempotent € in R/I,
and [ with I n Ry, to assume that R is commutative. Thus, we may assume that R is
commutative, and prove just (ii) of the lemma.

We wish to apply Theorem 17.23 with f(z) = 2? — 2. To show that € has a unique
idempotent lift in R, it is enough to show that f’(¢) € (R/I)*. In other words, it is
enough to show that 2¢ — 1 is a unit in R := R/I. But this follows from the fact that
(26 —1)*=4e—4e+1=0.

If squaring 2¢ — 1 seems unmotivated, note that e gives a decomposition R = Ry x Ry,
under which 2é — 1 corresponds to (1,—1) € R} x Ry =~ R*, which has square 1. O

Remark 17.26. To apply Theorem 17.23, we need [ to be nilpotent, and not just locally
nilpotent. However, at least if we allow ourselves to use the Hilbert basis theorem, one
can show that after replacing R with Ry and I with I n Ry as above, I becomes finitely
generated; a finitely generated ideal that is locally nilpotent is nilpotent. For the proof of
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uniqueness too, with a bit of work one can pass to the case of I being nilpotent. For a
direct argument which doesn’t need such reductions, see Professor Nair’s notes; I avoided
that argument since I wanted to take this opportunity to introduce Hensel’s lemma.

In any case, for our purposes here, which was for the application of Lemma 17.19 to
Theorem 17.17, it sufficed to work with I nilpotent, since rad(R) is nilpotent.
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18. LECTURE 18 — INDECOMPOSABLE MODULES, THE KRULL-SCHMIDT-REMAK
THEOREM, ARTIN-WEDDERBURN THEOREM

18.1. Indecomposable modules and the Krull-Schmidt-Remak theorem.

Definition 18.1. A left R-module M is called indecomposable if it is nonzero and cannot
be written as the direct sum of two of its nonzero submodules.

Remark 18.2. If R is semisimple, then indecomposable modules over R are the same as
the simple modules over R, but not in general.

Exercise 18.3. Let G be a cyclic group of order n, and k an algebraically closed field
of characteristic p. Recall Repy(G) is identified with k[G]-Mod. Note that choosing a
generator of G gives an isomorphism k|G| = k[T]/(T" — 1).

(i) In good characteristic, i.e., when (n,p) = 1, show that k[G] is semisimple. Give a
bijection
{ the set of isomorphism classes

of simple (eqiv., indecomposable)} — ’u,n<k)’
k[G]-modules of G

where p, (k) is the set of n-th roots of unity in &, which are n in number.

(ii) Consider the opposite case, i.e., when n is a p-power. Show that there is only one
simple module of k[G] up to isomorphism, given by the trivial representation of
G over k, but that there are still exactly n indecomposable k[G]-modules up to
isomorphism, namely the k[T]/(T™) with 1 < m < n.
Hint: One way to do this is to use the Jordan canonical form, another is to appeal
to HW 1, where you classified indecomposable modules over a PID (which k[T] is).

(iii) Combine the two extreme cases to show that, no matter what n is, there are exactly
n indecomposable representations of G up to isomorphism.

Exercise 18.4. Read up about uniserial modules — those for which the successive quotients
of the socle filtration (or, equivalently as it turns out, the cosocle filtration) are actually
simple (and not just semisimple). Using your work for Exercise 18.3 above, show that
that indecomposable representations of finite cyclic groups (in arbitrary characteristic) are
uniserial, something that is not true for more general modules.

The main result we would like to prove regarding indecomposable modules is the Krull-
Schmidt-Remak decomposition:

Theorem 18.5 (Krull-Schmidt-Remak decomposition). (i) If M is a left R-module
of finite length, then it has a direct sum decomposition M = @;_, U;, with each
submodule U; € M an indecomposable left R-module.

(ii) If M = @;_, U; and M = @;_,V; are decompositions of M into indecomposable
modules, then r = s, and after permuting the {V;} if necessary we have U; = V; for
each 1.
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Example 18.6. Over a (commutative) PID R, you proved in HW 1 that the only in-
decomposable modules are R and those of the form R/(p'), where p € R is prime and
1 € N5;. This used the existence assertion of the structure theorem for modules over a
PID, but not the uniqueness assertion. Combining this with the uniqueness assertion in
the Krull-Schmidt-Remak decomposition (Theorem 18.5(ii)), one can deduce the unique-
ness assertion in the structure theorem for modules over a PID: see the remarks made in
the notes for Lecture 2. Moreover, we can eliminate the dependence on the proof of the
existence assertion given in Lecture 2: one way to prove that every indecomposable torsion
module over the PID R is of the form R/(p') to use Baer’s criterion, as we saw in Lecture
14.

Remark 18.7. The Krull-Schmidt-Remak theorem seems to be of a very different nature
from observations regarding the socle and the cosocle filtrations. According to an analogy
I saw in the book ‘Local Representation Theory’ by Alperin (assuming I understand it
correctly), if a module is thought of as a cake, the socle/cosocle filtrations can be thought
of as slicing the cake horizontally, while the Krull-Schmidt-Remak theorem is then like
slicing it vertically.

The main input we will use for the proof of Theorem 18.5 is:
Lemma 18.8. For a left R-module M of finite length, the following are equivalent:

(i) M is indecomposable.
(ii) The ring Endgr(M) is local (recall that this means that the set of noninvertible
elements in it form a two-sided ideal). *3

Compare the above lemma with the following lemma, Schur’s lemma, which is immediate
(and yet very important):

Lemma 18.9. For a left R-module M, the first of the following two conditions implies the
second:

(i) M is simple.
(ii) The ring Endg(M) is a division ring (which automatically makes it local).

The following lemma is actually much simpler than Lemma 18.8, and yet seems to have
vague parallels with; our awkward statement intends to highlight this parallel.

Lemma 18.10. Let M, N be left modules over R, with M nonzero and N indecomposable.
Then given any a € Homg(M, N), there are only the following two possibilities:

e a an isomorphism, or
e For all s € Homg(N, M), soa e Endg(M) is not an isomorphism.
(This is just a convoluted way of saying that if s o a is an isomorphism, then so is a).

93Recall that invertible means ‘both left and right invertible’, and that if an element of R has both a
left inverse and a right inverse, these inverses coincide.
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Proof. Suppose that a € Homg(M, N) and s € Hompg(N, M) are such that soa € Endg(M)
is an isomorphism. It is enough to show that a is an isomorphism. Changing s if necessary,
we may and do assume that s oa = idy,.

It is easy to see that N =~ a(M) @ kers: the obvious map a(M) @ kers — N, given by
addition in N, has a two-sided inverse given by n — (a(s(n)),n — a(s(n))).

Since N is indecomposable, and since a(M) is nonzero (as it has the left inverse s, and
since M # 0), this forces ker s = 0, so that a : M — N is an isomorphism as desired.

O
Let us now use Lemma 18.8 to prove Theorem 18.5:

Proof of Theorem 18.5, assuming Lemma 18.8. The existence is immediate from induction
and the finite length assumption. So let us prove the uniqueness, which is the nontrivial
part.

We will show that, after permuting the V; if necessary, we can ensure that
(74) al:Ulg’M:@‘/i—)‘/l
i=1

is an isomorphism. If this is granted, then U, — M — M/(@;_, Vi) is an isomorphism,
so M =U; @ (P;_, Vi), and it then suffices to apply the induction hypothesis to

T S
M/U =~=@PU =PV
i=2 i=2
Thus, let us prove that after some permutation (if necessary) of the V;’s, a; becomes an
isomorphism.
Consider, for each 1 < i < s,
S T
¢iiU1‘—>M=<—DV%—’V§‘—>M=@Ui—>U1,
i=1 i=1
where each map is an obvious inclusion or a projection.

Clearly, >.7_, ¢; = idy, € Endg(U;). Since Endg(Uy) is local by Lemma 18.8, it follows that
not all the ¢; can be noninvertible (else so would be their sum, idy, ), so some ¢; : Uy — Uy
is an isomorphism. After permuting the V;, we may and do assume that ¢, Uy — V; — Uy,
is an isomorphism.

Therefore, by Lemma 18.10 (using that V; is indecomposable), U; — Vj is an isomorphism.
O

The proof of Lemma 18.8 will in turn be based on the following two results:
Lemma 18.11. If all the noninvertible elements of R are nilpotent, then R is local.

Lemma 18.12 (Fitting’s lemma). Let M be a left R-module.
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(1) If M is Artinian, there exists ng € N such that ker(u") +im(u™) = M for alln > ny.
(ii) If M is Noetherian, there exists ng € N such that ker(u™) n im(u™) = 0 for all
n>ng.
(iii) If M is of finite length (and hence Artinian and Noetherian), there exists ng € N
such that M = ker(u™) @ im(u™) for all n > ny.

Let us prove Lemma 18.8 assuming Lemmas 18.11 and 18.12.

Proof of Lemma 18.8. If M is not indecomposable, then Endz(M) has idempotents e, e5
with e; + es = 1, so the noninvertible elements e;, e € R cannot both belong to a proper
ideal of R. Thus, it suffices to assume that M is indecomposable, and show Endg (M) to
be local.

Since M is of finite length, Lemma 18.12 implies that given any u € Endg(M), for large n
we have that M = ker(u™) @ im(u"). By indecomposability, for large n either ker(u"™) = 0
and im(u") = M, or ker(u") = M and im(u") = 0. In the former case u" is invertible and
hence so is u, while in the latter case u is nilpotent. Thus, by Lemma 18.11, Endg(M) is
a local ring, as desired. U

To complete the proof of Lemma 18.8 and hence of Theorem 18.5, it remains to prove
Lemmas 18.11 and Lemma 18.12.

Proof of Lemma 18.11. We claim that the set of noninvertible elements in R is closed under
left and right multiplication. If z € R is noninvertible and hence nilpotent, and y € R,
then for some n we have 2”71 # 0 but 2" ! - 2y = 0 and yz - 2" = 0, so that neither xy
nor yz is invertible.

It now suffices to assume that z,y € R are nilpotent and show that x + y is nilpotent as
well. Indeed, otherwise there exists r € R with r(z + y) = 1, so that ry = 1 — rx is a unit
(since rx is nilpotent by the above paragraph), which contradicts the above paragraph. O

Proof of Lemma 18.12. (iii) follows from (i) and (ii).

For (i), if M is Artinian, then the chain im(u) 2 im(u?) = ... stabilizes, say at im(u™).
Thus, for m € M and n > ng, we have u"(m) = u?*(m’) for some m’, so that m —u™(m’) €
ker(u™). Thus, M = ker(u") + im(u") for all n > ny, as desired.

For (ii), if M is Noetherian, then the chain ker(u) < ker(u?) < ... stabilizes, say at
ker(u™). Thus, if n > ng and m € ker(u™) N im(u"), say m = u™(m'), then u™(m) =
u?(m') = 0, so m’ € ker(u*") = ker(u"), so m = u"(m’) = 0, as desired. O

Remark 18.13. (Optional) In a previous lecture, I remarked that a good chunk of what
we are studying currently adapts immediately to a general abelian category. But the Krull-
Schmidt-Remak theorem does not, since the arguments in the proof of Lemma 18.12 are
specific to the category R-Mod (we worked with specific elements of modules), and Lemma
18.12 was in turn crucially used in the proof of the main technical input into the proof of
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Theorem 18.5, namely, the assertion that a finite length object of R-Mod is indecomposable
if and only if its endomorphism ring is local (i.e., Lemma 18.11).

However, there are abelian categories with additional properties where this can be made to
work, as I now summarize mostly from Professor Nair’s notes, to which I refer for a more
detailed discussion.

e One can consider those abelian categories where objects A in an abelian category A
satisfy a certain ‘bi-chain condition’, which ensures that an object is indecomposable
if and only if its endomorphism ring is local (i.e., the analogue of the key Lemma
18.11 holds).

e One way to ensure that each object satisfies this bi-chain condition is to consider
what are known as Hom-finite abelian categories: here one considers not just abelian
categories, but k-linear abelian categories A, namely one where the Hom’s are not
just abelian groups, but modules over a commutative ring k; the condition is then
that Hom4(X,Y) is of finite length as a k-module for each X,Y (in a manner
respecting composition).

e One can show that the bi-chain condition is satisfied by any object in the category
of coherent sheaves on a complete variety over an algebraically closed field, and
by any object in the category of coherent analytic sheaves on a compact complex
manifold.

e In general, there is also such a thing as a Krull-Schmidt category, a category
where an appropriate analogue of the Krull-Schmidt-Remak theorem holds (e.g.,
see wikipedia). The previous point says that the category of coherent sheaves on a
complete variety over an algebraically closed field is a Krull-Schmidt category, as
is the category of coherent analytic sheaves on a compact complex manifold.

18.2. Another proof of the structure theorem for commutative Artin rings. We
can now get another proof of the assertion that any commutative Artin ring is a product
of Artin local rings:

Another proof of Theorem 17.17 from Lecture 17. R as an R-module is Artinian and Noe-
therian, the latter because of the Hopkins-Levitzki theorem, and is hence of finite length.

Thus, by the Krull-Schmidt-Remak theorem, we can write R = I; @ --- ® [,,, with each
I; © R an indecomposable module, i.e., an indecomposable ideal. Recall that each R; := I;
then is a ring with multiplication obtained by restriction from R (and multiplicative identity

equal to the projection to I; = R; of 1 € R). Moreover, we have R =~ Ry x .-+ x R,, (since
R,-R;=1;-1; c I; nI; =0). Each R; is Artinian, since each I; is.

Thus, it is enough to show that each R; is local: this follows since R; =~ R;” ~ Endg,(R;) =
Endg(R;) (for the equality Endg, (R;) =~ R, see Exercise 18.14 below), which is a local

7 7

ring by Lemma 18.8. U

Exercise 18.14. (Very important) Let R be a (not necessarily commutative) ring.
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(i) Show that Endg(R) = R°. More precisely (make sure you notice that what follows
is a better description, as it gives more information), note that the set-theoretic
map R — Endg(R), sending a to right multiplication by a, is a ring homomorphism
R — Endgr(R); show that this ring homomorphism is an isomorphism.

(ii) If M is a left R-module and n € N, describe a ring isomorphism Endz(M®") ~
M, (Endg(M)).

More generally, describe isomorphisms Homp(M®" M®™) ~ M,,.,(Endg(M))

of abelian groups as m,n € N vary, in a manner respecting composition.
i-th copy

Hint: Send T to [a;;], where a;; : M — M is M 7S prén —, prom 725

(iii) Put the above two exercises together to give, for any n € N, an explicit isomorphism
Endg(R™) — M, (R).
Note: Thus, this works exactly as for linear transformations of vector spaces over
fields — we haven’t changed the description of the isomorphism — the only difference
is that we now have to distinguish between R and R, which are the same only
when R is commutative.

18.3. The theorem of Artin and Wedderburn — I. Recall that we have been writing
‘semisimple’ for ‘left semisimple’. We will show below, as a consequence of the theorem
of Artin-Wedderburn, as to why ‘left semisimple’ is the same as ‘right semisimple’, so we
temporarily start distinguishing between the two again.

The aim of this subsection is to prove the following theorem:

Theorem 18.15 (Artin-Wedderburn). Let R be a ring.

(i) R is left semisimple if and only if there exists a direct product decomposition (as
Tings)

R = M,,(Dq) x -+ x M, (D,).

(i1) Given an identification R =~ M, (Dy) x --- x M,, (D,), there are exactly r pairwise
nonisomorphic simple left modules over R, namely the D}, each D] viewed as an
R-module via left-multiplication by the quotient M,,(D;) of R.

(iii) Given two decompositions

=1 i=1

as rings, we have r = s, and after a permutation of the Mn;(D;) if necessary we
can ensure that D; = D! and n; = n), for all i.

Corollary 18.16. R is left semisimple if and only if it is right semisimple.
Proof, assuming Theorem 18.15. By Theorem 18.15(i) and its obvious analogue for right

R-modules, both the left semisimplicty and the right semisimplicity of R are equivalent to
R being isomorphic to a product [ [;_; M,,(D;) with each D; a division ring. O
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Now we prove one implication of Theorem 18.15(i) — a proof of one of the two what may
hopefully be called ‘Artin-Wedderburn realizations’ of R:

Proposition 18.17. We can write the left R-module R as

R=-@M",
i=1

where {M;}:_, is a set of representatives for the isomorphism classes of simple submodules
of the left R-module R, so in particular M; % M; if © # j, and where each n; is a pos-
itive integer: note that such a decomposition exists, since R is of semisimple and (being
Artinian) of finite length as a left R-module. For any such decomposition we have

=1

with each D; the division ring Endg(M;)°.

Remark 18.18. Though the proof is easy, it seems an important enough theme to sepa-
rately write down the philosophy.

e To study an object, study whatever that object acts on: study representations to
study groups, study modules with R-action to study a ring R. Specifically, if R
acts on an S-module M, we get a homomorphism R — Endg(M).

e If M is a simple S-module, then Endg(M) is a division ring, so R maps to a division
ring.

e But this cannot usually be arranged; nevertheless, we can make semisimple R act
on M®" where M is a simple S-module for a suitable S. This will give us a
homomorphism R — Endg(M®") =~ M, (Endgs(M)) (use Exercise 18.14 for this
latter isomorphism).

e How do we get such M and S? R itself is an (R, R)-bimodule, from which, using
semisimplicity, we can extract M and S as above (S = R or R’ depending on the
conventions).

In fact, the proof of Proposition 18.17 will go through the introduction of a series of
standard themes which are any way important. One of these is:

Notation 18.19. (i) Let M be a semisimple left module over a ring R, and let M, be
a simple left R-module. The My-isotypic component of M is the sum N < M of
all submodules of M isomorphic to My. If M = N we say that M is My-isotypic.

(ii) Thus, any semisimple left R-module M can be written as

M = @Lm
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where each L; < M is an isotypic component of M, i.e., is M;-isotypic for some
simple left R-module M;. 3 This decomposition is called the isotypic decomposition
of M.

Note that this definition can apply in the setting of a more general abelian category.

Exercise 18.20. Let M = @, L; be the isotypic decomposition of a semisimple left R-
module M.

(i) Show that each endomorphism of M preserves L; for each i.
(ii) Therefore, restriction to the L; gives us a homomorphism

Endp(M) — [ [ Endg(L:

Show that this homomorphism is an isomorphism.

Exercise 18.21. Given an identification M ~ @, M®™ as left R-modules (a finite sum),
where the M; are simple and pairwise nonisomorphic, then show that any endomorphism

of M restricts to one of each M®" | giving an isomorphism

Endp(M) = | [ Endp(MP") = | [ My, (Endg(M;)).
Hint: Just combine Schur’s lemma, Exercise 18.20, and Exercise 18.14(ii).

Proof of Proposition 18.17. Since R is semisimple as a left module over itself, we have the
isotypic decomposition of this module

R=@® M.

Since R is semisimple and hence of finite length as a left R-module, this decomposition is
finite. Since Endg(R) = R, we have

R~ EndR(R>op ~ EndR (@ M(—Bnl> op Exerase 18.21 (1—[ Mn EndR(M >>> oP D) := EndR H Mm

(we have commuted op with the product). D} is a division ring since M; is simple. To finish
getting a product decomposition of R, note that M, (D})°? = M,(D;) where D; = (D;})°:
use A — TA. O

Remark 18.22. In the context of the above proof, note that {M;}/_; is also a set of
representatives for the isomorphism classes of all simple left R-modules: this follows from
the fact that every R-module is a quotient of a free R-module.

41t is bad notation to write M; for a simple module whose isomorphism class appears in M rather than
for an isotypic component of M. But we continue with this bad notation, because we still prefer to use
M; for the simple modules in the proofs of the results involving Artin-Wedderburn theorem.
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Exercise 18.23. One disadvantage of the above proof of Proposition 18.17 is that it ‘uses
coordinates’: while the decomposition R =~ @), L; of the left R-module R into isotypic
components is canonical, realizing each L; as MZ@” is far from canonical. So how do we
describe L; =~ MZ@”Z' using M; and some coordinate free objects? This is what we will look
at in this exercise. So for the first few sub-exercises among the following, go to the more
general setting of M = @, L;, where each 0 # L, is M;-isotypic for a simple left R-module
M;. Let D; := Endg(M;); it is a division ring, and M, is also a left module over D;. Please
be especially careful with the following: I didn’t get enough time to do this properly.

(i)

(i)

(i)

Note that the left D;-action on M; makes Hompg(M;, M) into a right D;-vector
space. If L; = M. show that this makes L; into an n;-dimensional right D;-vector
space.

Consider the evaluation map

ev; : Hompg(M;, M) x M; — M,

given by (¢,z) — ¢(x). Show that ev; is D;-middle linear, and thus gives a left
R-module homomorphism

€v; HomR(Mi,M) ®Di Mz — M,

where the left R-module structure on the left-hand side comes from the left R-action
on second factor M;.

Show that ev; is an isomorphism from its source onto the M;-isotypic subspace L; <
M, so that the isotypic decomposition of M can be given the following ‘coordinate-
free description’: it is an isomorphism

> evi : @ Homp(M;, M) ®p, M — M

of left R-modules, where {M;}; is a set of representatives for the isomorphism classes
of simple left R-modules appearing in M.

Note: Thus, the ‘n;” in MZ(B" is more invariantly captured in terms of the n;-
dimensional right D;-vector space Hompg(M;, M).

How does Endg(M®") =~ M, (Endgr(M;)) get captured in this setting? Note that
Endg(L;), via its action on L;, acts on Hompg(M;, L;) = Hompg(M;, M) by endomor-
phisms which are tautologically D;-linear. Show that this gives us an isomorphism
of rings

Endg(L;) = Endp,(Homg(M;, M)).

Use this to make the proof of Proposition 18.17 coordinate-free: show that in the
above setting we have:

Endp(M) = | [ Endg(L;) = H Endp, (Hompg(M;, M)),

=1
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and specializing to the situation where M = R, we get

R =~ [ [ Endg(L;) = | [ Endp, (Homp(M;, R)),
i=1 i=1

each factor of which is the algebra of endomorphisms of the n;-dimensional right
D;-vector space Hompg(M;, N).

Notation 18.24. As motivated by Exercise 18.23, Hompg(M;, M) is called the multiplicity
space of M; in M.

Remark 18.25. Thus, to summarize in English, the above proof of Proposition 18.17
realizes R°P as the product of factors that are in bijection with the simple left R-modules,

where the factor corresponding to the simple left R-module M; is the endomorphism algebra
Endp,(Hompg(M;, M)) = M,,(D;?) of the multiplicity space Hompg(M;, R) of M; in R.

Exercise 18.26. Here is another take on Proposition 18.17. Let {M;}!_; be the simple left
R-modules up to isomorphism: these are finite in number because these are precisely the
simple left R-modules that appear in R, up to isomorphism (see Remark 18.22). Again,
please be especially careful about this exercise, which I did not get enough time to work
out.

(i) For any ring R, consider the forgetful functor Forget : R-Mod ~~ AbGrp. Con-
sider the ring End(Forget) of endomorphisms of Forget, i.e., the ring of natural
transformations from Forget to itself. Every element of R defines such a natural
transformation: r € R defines the endomorphism of Forget(M) given by multipli-
cation by r. Show that this defines a ring isomorphism

R — End(Forget).

Note/Hint: One can do this as in Problem 4, HW 1, but for an alternative
approach note that Forget(M) = Homg(R, M), so Forget “=" hg, and therefore
by the Yoneda lemma, at least set-theoretically:

End(Forget) = Nat(hg, hg) Yozeda hr(R) = R

(but this doesn’t respect any ring structure). I should add that here I am using
an abelian group valued version of the Yoneda lemma. But then you will have to
go through the proof of the Yoneda lemma and show that this isomorphism is as
described above.

(ii) On the other hand, giving an element 7' € End(Forget) is the same as giving a
self-isomorphism of each abelian group Forget(M), respecting morphisms M — N
of R-modules. By semisimplicity, this element T' € End(Forget) is completely
determined by the values it takes on each M;, which is an endomorphism 7; : M; —
M; of the abelian group underlying M;.

(iii) Show that any T; as above commutes with D; := Endg(};), and that, conversely,
given (T; : M; — M;)}_; commuting with each Dj, ie., given (T; € Endp,(M;))i_;,
there exists a unique element of End(Forget) that on M; equals T;.
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(iv) Thus, we get an isomorphism of rings:

i=1

(v) Show that each M; is a finite-dimensional D;-vector space.
Hint: If not, choosing an infinite strictly increasing chain of left D;-vector sub-
spaces 0 = Wy < Wy < Wy < ... of M;, we get a strictly decreasing chain of left
ideals EndDZ(MZ) =lhh2L20L2>.. . where Ij = {T € EDdDZ(MZ) | T(W]) = 0}
This contradicts the fact that Endp,(M;), being a quotient of the left semisimple
ring R, is left-Artinian.

Remark 18.27. Thus, we have obtained two different proof of part of the Artin-Wedderburn
theorem, giving two different what I would like to call ‘Artin-Wedderburn isomorphisms’

R — ﬁEnle(VZ),

i=1

where each Vj; is a finite dimensional vector space over a division ring D;, as follows:

e In the “first/main” and probably more standard proof of Proposition 18.17, *® we
really replace R by R, and the V; are not simple left R-modules M;, but are
the multiplicity spaces of the simple left R-modules M; in the left R-module R.
The isomorphism involves the obvious action of R’ on the multiplicity spaces (see
Exercise 18.23(iv)). D; is Endg(M;), and V; is a right D;-vector space.

e In the second (attempted) proof, given in Exercise 18.26, the V; are the simple left
R-modules M;, and the map R — Endp,(M;) is much simpler: it is just the obvious
map with which R acts on the left R-module M;, namely, the ‘action map’. D; is
again just Endg(M;), but V; = M; is now a left D;-vector space.

e Thus, we seem to have essentially proved an additional result: the dimension of
M; as a left D;-vector space is the same as the dimension of its multiplicity space
Hompg(M;, M) as a right D;-vector space. Is there a more direct/conceptual proof
of this result, without appealing to the Artin-Wedderburn theorem? I feel there
should be, but for now I don’t see it.

18.4. The theorem of Artin and Wedderburn — II. To go ahead, let us prove that
M, (D) is a left semisimple ring for each natural number n and each division ring D.

Exercise 18.28. Let R = M, (D), and let V' = D", viewed as a left R-module via left
multiplication.

(i) Show that V' is a simple left R-module.

551 fact, I don’t remember seeing the second ‘proof’ anywhere, so be skeptical of my claim here that
it is indeed a proof.
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(ii) (Easy) Let R = M, (D). As a left R-module, show that
R=P M,

where V' =~ M; < R is the submodule consisting of matrices vanishing outside
column 7. Deduce using (i) above that R = M, (D) is left semisimple. Thus, these
M, are minimal left ideals of M, (D). Similarly, M, (D) is right semisimple.

(iii) Conclude that every simple left R-module is isomorphic to V.

(iv) Show that Endg(V') is isomorphic to D.
Hint:

e D acts on V = D™ by right multiplication (the ‘op’ ensures that this way,
V' becomes a left module over D). Clearly, this action commutes with the
R-action on V', so we get D? — Endg (V).

e To prove that this is surjective, let eq,..., e, be the standard basis of D", as
a right D-vector space. Show that e; D < V' is the subspace annihilated by all
the diag(0,as, ..., a,) in M, (D). This implies that any element of Endg(V)
stabilizes De;. Conclude from here that any element of Endg(V') acts on
e1D = D by right multiplication by an element of D.

e Since V is a simple left R-module, we have V' = Re;. Using this or otherwise,
show that if '€ Endg(V') sends e; to e;x with x € D, then T is given by right
multiplication by x. From this conclude that D < Endg(V') is surjective.

(v) Show that Endz(V®*) ~ M, (D).
Combine (iv) with Exercise 18.14(ii) above.

Before generalizing the above exercise to its coordinate-free version, let us define a simple
ring:

Definition 18.29. A ring R is said to be simple if it has no nonzero proper two-sided
ideals.

In this definition I follow Professor Nair’s notes, and he seems to follow Lam and Morel;
not everyone follows it: in Serge Lang’s book, a simple ring is one which is semisimple, and
has only one isomorphism class of simple left modules (or equivalently, one isomorphism
class of simple left ideals — there can be multiple simple left ideals but they all need to be
isomorphic).

These definitions are inequivalent: in the definition that we are following, a simple ring
need not be semisimple (see the example from HW 9, copied from Professor Nair’s notes,
of the ring k|z, d] of polynomial differential operators in one variable), but for Serge Lang,
a simple ring is semisimple by definition.

Exercise 18.30. This exercise contains a coordinate-free version of much of the above
exercise (and slightly more). In place of M,,(D), we consider Endp(V'), where V is a finite
dimensional left vector space (we replace left with right/D with D). Endp (V) acts on V
by definition, and this V' takes the place of D".
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(i) Show that V is an irreducible Endp(V)-module.
(ii) Show that every left ideal in Endp(V') is of the form Iy, where

Iy = {T € Endp(V) | T(W) = 0}.

Hint:

o If 'S € Endp(V) and ker S < kerT, show that T = AS for some A €
Endp(V): for this, if vq, ..., v, € V are such that Svy, ..., Sv, is a left D-basis
for S(V), try to define A(Sv;) = T'v; for each i; why can such an A be extended
to an element of Endp (V)7

o If S,T € Endp(V), show that there exist A, B € Endp (V') such that ker(AS +
BT) = ker S nker T. Decompose V into four pieces, one of which is ker S n
ker T', and use the above point to dictate what AS and BT have to be on those
pieces.

(iii) Similarly, show that the right ideals in Endp (V') are precisely those of the form Jyy,
where W < V is a sub-D-vector space, and Jy = {T' € Endp(V) | T(V) <« W}.

(iv) Conclude that Endp (V') has no proper nonzero two-sided ideal, so that it is simple.

(v) Using (ii), show that Endp(V) is a direct sum of finitely many of its simple left
ideals, so that it is left semisimple.

(vi) If R = Endp(V), show that Endg (V') = D (this makes Exercise 18.28(iv) coordinate-
free).

For proving Theorem 18.15, we will use one more exercise:

Exercise 18.31. If R = Ry x -+ x R, is a product of rings, then show the following.

(i) For each simple left R;-module V;, viewing V; as a left R-module via R — R; realizes
V; as a simple left R-module. Moreover, any simple left R-module arises this way
for a uniquely determined 1.

(ii) Generalize this to giving an equivalence of categories R-Mod v~ [, R;-Mod.
Thus, giving central idempotents in R gives a product decomposition of R-Mod
into (typically simpler) categories of the same type.

Now that we have studied the algebras M, (D), we can prove Theorem 18.15:

Proof of Theorem 18.15. The “=" assertion in (i) of the theorem has been proved in
Proposition 18.17. For “<”, we have seen in Exercise 18.28 above that each M, (D) is
left semisimple, and we saw in Lecture 16 that a product of left semisimple rings is left
semisimple. This proves (i).

Exercise 18.31 reduces (ii) to the case where R = M, (D), which is handled by Exercise
18.28(ii).

Now suppose R = [[i_ M, (D;) = [[;_; My (D;). By (ii), r = s is the number of simple
left R-modules of R up to isomorphism, say My, ..., M,. We may assume after a permuta-
tion of the M, (D;) and the M, (D;) that M; is isomorphic to the simple left R-module D;"
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(resp., (D})") on which R acts via the composition of R — M, (D;) (resp., R — M, (D))
and left multiplication. Thus, by Exercise 18.28(iii),

[

(D;)Op = EndMn,(D;)(Mz) = EHdR<MZ> = EndMnl(Dl)(MZ) = D»Op

so that D; =~ D..
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19. LECTURE 19 — THE JACOBSON DENSITY THEOREM AND CONSEQUENCES
19.1. Some comments on representations of R and those of M, (R).

19.1.1. Modules over R vs modules over M,(R). Recall that if M is a left R-module, then
M®" is a left M, (R)-module: M,(R) acts on M®" by ‘matrix multiplication’.

The following exercise is a copy of tag 074D of the stacks project:
https://stacks.math.columbia.edu/tag/074D | where you will see a couple of more details
regarding how to prove it.

Exercise 19.1. Let R be a ring and n > 1. Then:

(i) M ~ M®" defines an equivalence of categories R-Mod v~ M, (R)-Mod, with a
quasi-inverse given by N r~ €11 N (see the explanation in Remark 19.2 below).
(ii) Any two-sided ideal of M, (R) is of the form M, (I) = IM,(R) = M,(R)I, where
I c R is a two-sided ideal.
(iii) The center Z(M,(R)) of M,(R) is the center Z(R) of R < M,(R), where R is
viewed as the subring of M,,(R) consisting of the scalar matrices.

Remark 19.2. Here is an explanation for what “N ~» e;; N” means in the statement of
the above theorem. ej; € M, (R) stands for the matrix whose (1,1)-th entry is 1 and all
other entries are 0. ;3N < N is then not stable under M, (R), but it is stable under R,
which sits inside M,,(R), as scalar matrices. Thus, e;; N is indeed a left R-module.

19.1.2. Realizing abelian categories as module categories, Morita equivalence. (Optional,
but recommended).

In this subsection, my main reference will be the book Categories and Functors by Pareigis.
Except, I might miss some condition written somewhere inside the book, and also I don’t
know if the terminology in the book is what is universally used these days.

We would like to discuss a more general framework that specializes to the equivalence of
categories R-Mod v~ M, (R)-Mod. For this, let us state a general theorem that allows
us to realize certain abelian categories as module categories: unlike the Freyd-Mitchell
embedding theorem, this one doesn’t cover all small categories, but it seems to be simpler,
gives an equivalence of categories instead of just an embedding, and is perhaps more often
concretely realizable. We will assume our categories to be locally small.

Let A be an abelian category, and let P € Ob.A. We make the following observations:

e Hom (P, —) is a functor A v~ AbGTp.

e Further, there is an obvious ring that acts on each Hom 4( P, A), namely, Hom 4( P, P)
acts on the right of Hom4(P, A) by precomposition, so that Homy4 (P, A) is a left
module over R := Homy(P, P)°.

e Thus, for any P € Ob A, we get a functor A v R-Mod, where R = Hom 4(P, P)°P.
Thus, the question is: what properties of A can ensure that this is an equivalence
of categories A v R-Mod?
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Example: If we take A = R-Mod and P = R, then Hom4(P, —) is the identity
functor R-Mod ~~ R-Mod.

e An object P € Ob A is called a generator, if for all objects A, B € Ob A and all
morphisms f,g : A — B in A with f # g, we have a morphism h : P — A with
foh # goh: in other words, if Hom 4(P, —) is a faithful functor.

e We will be interested in projective objects P € Ob.A: this is to ensure that
Hom 4 (P, —) is exact.

e A projective object P € Ob A is called finite if Homy (P, —) preserves small co-
products (which are not necessarily finite): this means that the compositions
Homy (P, A;) — Homu(P, @, A;) (as j vary over the relevant indexing set) in-
duce an isomorphism @, Hom 4(P, A;) — Hom4(P, P, A;): in other words, if P is
‘small enough’ that every morphism from P to @, A; factors through the sum of a
finite subcollection of the A;.

After all, note that Hompg ps0q(R, —) certainly commutes with small coproducts,
so this is indeed something we might like to impose.

e A finite generator in A is called a progenerator.

Let us study the above properties.

Exercise 19.3. (i) If A has small coproducts, show that an object P € ObA is a
generator if and only if for all A € Ob A, there is an epimorphism [ [ P — A, from
some small coproduct of copies of P to A. This is almost an ‘if and only if’, if we
understand what to replace ‘small” with.

Hint: Take a coproduct of copies of P indexed by Hom 4(P, A).
(ii) Show that a projective left R-module is a generator for R-Mod if and only if there
exists a surjection P®" — R for some positive integer n, or equivalently, if and only
if R is a direct summand of P®" for some n.
Thus, for instance, a lot of projective modules one can think of, including nonzero
free left R-modules, are projective generators for R-Mod. However, Z/2Z, despite
being a projective Z/6Z-module, is clearly not a projective generator for Z/67Z-M od.
(iii) If A = R-Mod, show that a projective left R-module is a finite object of A if and
only if it is finitely generated.
Hint: To show that a finite projective left R-module P is finitely generated, let
R’ — P, and split it as P — R’. Apply the coproduct condition with the compo-
nents R of R’.

Recall that the question is: when is Hom4(P, —) : A v~ R-Mod, where R : — Hom4 (P, P)?,
an equivalence of abelian categories?

We state the following theorem without proof: I have copied it from Theorem 1 in Section
4.11 of the book ‘Categories and functors’ by Bodo Pareigis, but I could have made some
careless error in not paying attention to some condition imposed somewhere in the book:

Theorem 19.4. Let A be a locally small abelian category. Then:
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(i) There exists an equivalence of categories E : A v~~~ R-Mod, for some ring R, if and
only if A contains a progenerator P € Ob A such that arbitrary small coproducts of
copies of P exist in A.

(ii) Given any equivalence E : A v~ R-Mod, we may choose the progenerator P such
that R = Homy (P, P)°, and such that E is naturally isomorphic to Homy (P, —) :
A > R-Mod.

Here are some very brief and impressionistic comments on the proof of the bit that is
of interest to us, that if P € Ob.A is a progenerator and arbitrary small coproducts of
P exist in A, then Homy (P, —) defines an equivalence of categories A — R-Mod, where
R = Homy(P, P)°?. In particular, we want to show that for X, Y € Ob.A, Hom,(P, —)
induces a bijection

Hom4(X,Y) — Homg(Hom4(P, X ), Hom4(P,Y)).

The injectivity is anyway clear from P being a generator (faithfulness). For X =Y = P,
we do get an isomorphism

Hom 4 (P, P) — Hompg(Hom4(P, P), Homy (P, P))

— this is just a consequence of the identification Endg(R) = R°?. From this, we can make
this work in the case where X and Y are small coproducts of copies of P. For the general
case, write X,Y € ObA as cokernels of objects of the form @, P and @ ; P, and apply
the given conditions on P. Note that by what we have seen about projective resolutions,
morphisms X — Y can be lifted to morphisms between coproducts of copies of P that
surject to them. This ends the informal sketch of some of the ideas used in the proof of
the above theorem. For a more detailed but succinct proof, you may also see the following
notes: https://math.huji.ac.il/~ayomdin/Notes/Mal20c.pdf

In any case, notice a corollary (use Exercise 19.3 as well):

Corollary 19.5 (Morita). The categories R-Mod and S-Mod are equivalent if and only if
there exists a finitely generated projective generator P for R-Mod such that S =~ Endg(P)°P.

Definition 19.6. Rings R and S are said to be Morita equivalent if R-Mod and S-Mod
are equivalent.

Example 19.7. It is immediate that P := R" is a finitely generated projective generator
for R-Mod, so M ~ Hompg(R", M) =~ M®" with each M®" viewed as a left module over
(Endg_proa(R™))P =~ M, (R), gives us an equivalence of categories R-Mod v~ M, (R)-Mod.

The equivalence of categories R-Mod v~ S-Mod given by Corollary 19.5 can be made
more explicit. For this, note the following:

e In Corollary 19.5, the fact that S =~ Endg(P)? also makes P into a right S-
module, and hence in fact an (R, S)-bimodule (the R-action and the S-action clearly
commute).
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e Thus, the S-module structure on Hompg(P, A) is just the S-module structure it gets
from the R-S-bimodule structure on P.

These considerations with some work let us deduce from Theorem 19.4 the following, which
will also be stated without proof (and is copied from Pareigis’ book as well):

Theorem 19.8 (Morita). Let R, S be rings, and let P be an (R, S)-bimodule. Then the
following are equivalent:

(i) P®g — : S-Mod v~~~ R-Mod is an equivalence of categories.
(ii)) — ®gr P : Mod-R v~ Mod-S is an equivalence of categories.
(11i1) Hompg (P, —) : R-Mod v~ S-Mod is an equivalence of categories.
(iv) Homg(P, —) : Mod-S v~ Mod-R is an equivalence of categories.
(v) As a left R-module, P is a progenerator for R-Mod, and the right action of S on
P defines an isomorphism S = Endg(P).
(vi) As a right S-module, P is a progenerator for Mod-S, and the left action of R on
P defines an isomorphism R =~ Endg(P).

Moreover, such (R, S)-bimodules exist when R and S are Morita equivalent.

19.2. The setting for the density theorems. Recall that giving a left R-module struc-
ture on M is the same as giving a ring homomorphism R — Endz(M). Then Endg(M) <
Endy (M) is precisely the centralizer of R (i.e., of the image of R in Endz(M)).

Let R := Endgr(M) < Endz(M). Since R < Endz(M), M has a left R-module structure
as well: thus, M has the structure of a left R-module and a left R’-module, and these
module structures commute: - (r'-m) =" (r-m) for all r € R and r’ € R'. Indeed, this
commutativity follows from the fact that the images of R and R’ in Endz(M) commute.

Remark 19.9. (i) Instead, since a left R'-module is equivalent to a right (R')%P-
module, we could also view M as an (R, (R’')°?)-bimodule: this is the notation
used in Professor Nair’s notes, and in various other sources such as Morel’s notes.
However, we will follow the convention of Serge Lang, to just treat M as having
two commuting left R-module structures.

(ii) Notice that we have seen this consideration already in the material of the previous
subsection on Morita equivalence: there the left R-module P was viewed as an
(R, S)-bimodule, where S = Endg(P)%. We also made a similar consideration in
Lecture 18, in an exercise that attempted to give an alternate take on the proof of
the Artin-Wedderburn theorem.

Coming back to the left R-module M and R’ = Endg(M) < Endz(M), we claim that M
has an obvious structure of an R ®z R'-module (we will not need this, but it seems to me
to help conceptual clarity).

Exercise 19.10. Let S;,S; be R-algebras, where R is a commutative ring. Define ¢ :
S1 — S1®r Sz and 13 : Sy — S1 ®r Sz by 11(s1) = 51 ® 1 and 15(s2) = 1 ® s5. Then, for
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any R-algebra S, (— o1, — oty) induces a bijection:

Hompg 414(S1 ®r S2,5) (Forgee)
{(f1, f2) € Homp 414(51, S) x Homp_14(S2, ) | f1(S1), f2(S2) S commute}.

Hint: This exercise generalizes the assertion in Lecture 8 that tensor product over R is
a coproduct in the category of commutative R-algebras. The same proof goes through
to prove this more general assertion, with only the requirement that f;(S;) and f5(S2)
commute.

Thus, by Exercise 19.10, one in fact has a left R ®z R'-module structure on M.

Since any left R-module M gives rise to a left R'-module structure, we can repeat this,
and form

R" := Endr/ (M) = the centralizer of R’ in Endz(M) < Endy(M).

Just as the left R-module M can be viewed as a left R'-module, the left R’-module M can
also be viewed as a left R”-module. Moreover, since Image(R — Endz(M)) commutes with
R', Image(R — Endz(M)) is contained in R” < Endz(M), giving us a ring homomorphism

‘action map’ : R — R" < Endz(M).

We call this the action map since it is just R mapping to Endz(M) by its obvious action
on M.

In density theorems, we are interested in the following question: Let M be a left R-
module, form the centralizer R’ of (the image of) R in Endz(M), and then the centralizer
R" = Endgr/(M). When is R — R” an isomorphism, or at least a surjection? Theorems
that give conditions under which R — R’ is an isomorphism or a surjection are called
double centralizer theorems.

19.3. Jacobson density theorem.

Theorem 19.11 (Jacobson density theorem: Jacobson, Chevalley). Let M be a semisim-
ple left R-module, and let R = Endgr(M) and R" = Endgr (M) as above. Consider the
morphism R — R".

(i) The image of R — R’ is dense in the following sense: for all zy,...,x, € M,
dae R such thata -z; =u-z;, V1 <i<n."

(1) If M s finitely generated over R', then R — R" is surjective (and hence also
injective if M was a faithful left R-module).

56Thus, ‘density’ in the sense that the action of an element of R” on any finite collection of elements
can be captured by an element of R on those elements. I am unaware of/haven’t looked up topological
formalizations of this notation of density.
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Remark 19.12. Before proving the theorem, let me ramble about my attempts to make
sense of the theorem, 57 in the special case where we put the following additional assump-
tions on M: M is of finite length over R, and writing M =~ @, M;" with each M; simple,
each M; is finite dimensional over D; := Endg(M;). Be especially skeptical of the following.

(i) Since M is semisimple, we have an isotypic decomposition:

M =~ @ M =~ P Hompg(M;, M) ®p, M;

from an exercise in the notes for Lecture 18, where D; = Endg(M;) is a division
ring, and the n;-dimensional right D;-vector space Hompg(M;, M) is the multiplicity
space for M; in M. Here, Hompg(M;, M) ®p, M; maps to M via the evaluation map
that sends each ¢; ® z; to p;(x;).

(ii) By an exercise from Lecture 18, then

R = Endp(M) = | [ Endg(ME™) = [ [ Endp, (Homp(M;, M)).

Now when we view M =~ @, Hompg(M;, M) ®p, M; as a left R'-module, each
Hompg(M;, M) is a simple left module over Endp, (Hompg(M;, M)), and now the
M; take on the role of the multiplicity spaces. We have assumed dimp, M; < co.

(ili) Therefore, by the same exercise, we should have R” = [, Endp,(M;). Thus, it
seems that the Jacobson density theorem is basically giving the surjectivity of the
action map R — [ [, Endp,(;), whenever there are only finitely many M, involved
and each occurs with finite multiplicity. Anyway, we will see this theme in some of
the corollaries to the Jacobson density theorem below.

Note that this is also what our other tentative second take on the Artin-Wedderburn
theorem, from an exercise in Lecture 18, sought to prove, correctly or otherwise.

(iv) Anyway, what I wish to emphasize is the following relationship between how R’ and
R" act on M (and R — after all, R itself acts through R”): R’ = [ [, Endp,(Hompg(M;, M))
and R” = [ [, Endp,(M;) are products of simple rings indexed by the same set and
involving the same division algebras D;, and the set up gives us a natural bijection

{Simple left submodules of R" in M} — {Simple left submodules of R” in M},
say o; — T;, such that as a representation of R’ ®z R” we have a decomposition
M=Po®m,
where 0; ® 7; is viewed as a left module over R’ ®7 R” using the universal property
of the tensor product of algebras discussed in Exercise 19.10 above. This seems
reminiscent of many ‘duality’ type theories in the literature, such as the Schur-

Weyl duality and the Howe duality. So there could be a better way to state this
theorem, but I could be making mistakes here.

Now we move onto the usual proof of the theorem.

5TThis was not discussed in the lecture, and is very optional.
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Remark 19.13. (i) Notice the difference in emphasis from the approach to the Artin-
Wedderburn theorem: in proving it we made a fixed semisimple ring R act on
various modules, whereas here only the module M is semisimple (and not R), and
we are making different rings act on M.

(ii) To repeat, this is a theorem of the ‘double centralizer’ genre.

Let us rephrase the assertion of (i) of the theorem:

e Rephrasing: It says that for all u € R” and (z1,...,x,) € M®" there exists a € R
such that w - (z1,...,2,) = a- (z1,...,x,), where

(75)  w-(xq,...,2p) = (W -21,...,u-Ty), and a - (x1,...,2,) = (a-21,...,a0Ty).

e Another rephrasing: Make R and R” act diagonally on M®" (i.e., as in (75)). Then
every cyclic R-submodule of M®" is stable under R”.

Thus, the n = 1 case of (i) of the theorem is a special case of the following lemma:

Lemma 19.14. Let M be a semisimple left R-module, and let R' = Endg(M) and R" =
Endgr (M) as above. Then

{R-submodules of M} = {R"-submodules of M}.
In other words, any R-submodule N < M is stabilized by R’ .

Proof. Since M is semisimple, we can write M = N @ N’ as left R-modules. We need to
show that any u € R” stabilizes N. Write pry : M — N for the unique projection onto N
with N’ as its kernel. Then clearly pry € R’, so u commutes with pry: w o pry = pry o u,
so that u(N) = wo pry(M) = pryou(M) < N, as desired. O

Remark 19.15. Thus, the point of the proof seems to be as follows: we want to say that
R is not too large, for which we want R’ to be large enough. Since M is semisimple, we
had lots of projections pry, which gave us enough elements in R’ for it to be large enough,
and thus cut R” down.

Now we can prove the general case of Theorem 19.11:

Proof of Theorem 19.11. First assume (i), and let us show (ii). If M = R'zy + --- + R'x,,
then any u € R” = Endg (M) is completely determined by u-x1,...,u-x,. Thus, if we get
a € R such that u - x; = a - ; for each i, then u and the image of ¢ under R — R” would
agree on each x;, and hence be equal as elements of R”, giving (ii).

Now it suffices to prove (i). As in (75), we make R and R” act ‘diagonally’ on M®". All
we need to show is that R - (z1,...,x,) € M®" is stable under R”. Since we have treated
the n = 1 case, this will follow if we show that the action of R” on M®", or rather the
image of R” — Endz(M®"), is contained in the analogue of R” with M replaced by M®":
in other words, it is enough to show that the image of R” — Endz(M®") commutes with
Endg(M®") inside the big ring Endz(M®").



248

We have, by an exercise from Lecture 18, an identification Endz(M®") = M, (Endz(M)).
Under this identification:

e Endgr(M®") identifies with M, (Endg(M)) = M, (R') € M, (Endz(M)); and
e The action of u € R” < Endy(M) identifies with diag(u,--- ,u) € M, (Endz(M))
(because R” acts ‘diagonally’” on M®").

Thus, it is enough to show that M, (R’) commutes with diag(u,---,u) in the big ring
M, (Endz(M)), which follows from the fact that v € R” < Endz(M) commutes with
R' < Endz(M). O

19.4. Some examples related to the Jacobson density theorem.

Example 19.16. Only the first of the following examples is an application of the Jacobson
density theorem (that too, only to recover something we already know). The rest are just
illustrations of it being satisfied in relatively more ‘real world’ situations; they are meant
to give an idea of why you should expect to see some double centralizers.

(i) If V' is a finite dimensional vector space over a division ring R = D, then by defi-
nition, R’ = Endp(V) is the centralizer of D < Endz(V'). V is a simple and hence
finitely generated left Endp(V)-module (this simplicity was an exercise in Lecture
18, and is easy to see). Thus, by the Jacobson density theorem, the centralizer R”
of R'in V is D, something we had seen in an exercise in Lecture 18.

(ii) Let V, W be finite dimensional vector spaces over a field k. A problem from HW 3
asked you to prove that the obvious map Endg (V) ®; Endi (W) — Endg(V ® W),
defined simply by the functoriality of the tensor product (i.e., it sends T'® S, where
T:VoVandS: W->W toT®S: VW — V&, W), is an isomorphism
of vector spaces. Clearly, it respects composition and is hence an isomorphism of
k-algebras. One way to see that it is an isomorphism of vector spaces is by showing
that the following diagram is commutative:

:j :T

VY@ V)@ (WY QW) —= (VY W)@ (VR W) —= (V& W)¥ & (VR W)

This commutativity can be checked, e.g., using basis elements.

In any case, since Endy (V) ®; Endy (W) — End,(V ® W) is an isomorphism of
k-algebras, we can consider Endy (V) < Endy(V ®; W) and Endg (W) < Endg(V ®
W): the former inclusion is given by 7' +— T ® idy, and the latter by S — idy ®S.
58

Show as an exercise that inside End,(V ®; W), Endi (V') and End, (V) are cen-
tralizers of each other. I don’t see that this is proved by the Jacobson density

In contrast, note that End,(V @ W) does not have such a nice description in terms of Endy (V) or
Endg (W).
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theorem, but it is certainly consistent with it: the module V ®; W, being finite
dimensional over k, is finitely generated over either of Endy (V) and End, (W), and
is also semsimple over these, because Endy (V) and Endy (W) are semisimple rings.

(iii) Let R be a semisimple ring. Think of R as a left R-module, via left multiplication.
Via right multiplication, R is also a right R°’-module. It is clear that in Endz(R),
R and R are the centralizers of each other. Thus, the Jacobson density theorem
is satisfied in this situation.

Here is a slightly more concrete example where one sees this in action. Let D
be a finite dimensional division algebra over k: thus, D is a k-algebra which is a
division ring, and dimy D < c0. Let A = M,,(D): then A is also a finite dimensional
k-algebra; it is a simple ring (as we saw in Lecture 18), but not a division ring. We
have a ring homomorphism

A — Endg(A) and A% — Endg(A),

the former sending a € A to the left multiplication [, : A — A, and the latter
sending a € A? = A to the right multiplication r, : A — A.

The images of A and A% in Endg(A) clearly commute with each other (as left and
right multiplications commute), so by the universal property for tensor products of
algebras, we get a homomorphism

A ®k AP — Endk(A)

We will quote later (see Lemma 19.37 below) that A®y A% is a simple k-algebra, so
the above map is injective. Thus, by dimension considerations, it is surjective (both
sides have dimension (dimy A)?). Thus, not only are A, A°? = End,(A) centralizers
of each other, they together complementarily constitute Endg(A) in some sense.

19.5. Some corollaries of the Jacobson density theorem. The following corollary is
immediate from the Jacobson density theorem, and describes the images of rings/group
rings under irreducible representations:

Corollary 19.17. (i) Let M be a simple left R-module, so that D := R’ = Endgr(M)
18 a division ring. Assume that M is of finite dimension n as a left vector space
over D. Then

R — R" = Endg/(M) = Endp(M) =~ M, (D)

18 surjective.
(i1) Suppose R is a (possibly infinite dimensional) algebra over a field k, and let M be

a simple left R-module such that dimy M < oo; * note that D := R’ = Endg(M)
15 a division ring. Then

R — R" = Endp (M) = Endp(M) = M,(D”)

is surjective, where n = dimp M is (being asserted to be) finite.

% This is automatic if dimy R < 00, since in this case, for any # € M, r — ra defines a surjection
R— M).
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(i1i) If G is a (possibly infinite) group and (p,V') is an irreducible finite dimensional
representation of G over a field k, then the map p : k[G] — Endg (V') (extended
k-linearly from p : G — GL(V)) has image equal to Endp (V) < Endg(V), where
D s the finite dimensional division k-algebra Endgc(V) =: Endg (V).

(iv) (Burnside’s theorem) In the situation of (ii), assume that k = k is algebraically
closed. Then D equals k, so that the obvious map R — Endg(M) is surjective, i.e.,
we have R — R" = Endg(M) = M, (k°?) = M, (k).

(v) In the situation of (iii), assume further that k = k is algebraically closed. Then
p : k[G] — Endg(V) is surjective, giving a surjection k|G| — Endg(V') = M, (k)
for some n.

Proof. (i) is an immediate consequence of the Jacobson density theorem, Theorem 19.11(ii).
(ii) follows from (i), since dimp M < dimy M < o0.

(ili) is a special case of (ii), where R = k[G]: note that R — R” < Endz(V'), being the
‘action map’, is just p : k[G] — End (V).

To conclude (iv) from (ii), since the D of (iii) is a finite dimensional k-algebra, it suffices
to show the following: if D is a division algebra over a field k such that dimy D < oo, and
if k is algebraically closed, then k = D. This follows from Lemma 19.18 below.

Finally, (v) is a special case of (iv), where R = k[G]. O

Lemma 19.18. If k is an algebraically closed field and D is a finite dimensional division
algebra over k, then D = k.

Proof. Let a € D\k, and we will get a contradiction. Since k is in the center of D, k[«a] < D
is a commutative integral domain that is finite dimensional as a k-vector space, and hence
isomorphic to k[z]/(f), where f € k[z] is an irreducible polynomial. But this forces k[«a]
to be a finite field extension of k, which is nontrivial since o ¢ k, contradicting the fact
that k is algebraically closed. U

Remark 19.19. (i) In Corollary 19.17(i), the hypothesis that M is of finite dimension
as a left vector space over D is not automatic. Indeed, let M = V be an infinite
dimensional vector space over a field k, viewed as a module over R = Endy (V). It
is easy to see that R acts transitively on V\{0}, so that V is a simple R-module,
and that D := R’ := Endg(V) equals k. But V' is not finite dimensional as a left
vector space over k.

(ii) At the risk of repetition, the hypothesis of (i) of Corollary 19.17, namely, that
n = dimp M < o, might seem difficult to ensure, but (iii) gives an important and
commonly seen situation where that hypothesis is automatic.

Corollary 19.17 deals with simple modules; it has an easy generalization that applies to
semisimple modules which satisfy a ‘multiplicity one condition’ for its simple submodules.
To not make our zoo too big, we avoid stating the generalizations of (iv) and (v) of the
corollary.
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Corollary 19.20. (i) Let M = @._, M; be a semisimple left R-module, where each
M; is a simple left R-module and M; % M; for all i # j, so that D; := Endg(M;)
s a division ring for each i. Assume that each M; is of finite dimension n; as a
vector space over D;. Then the ‘action map’

R — R" = Endp (M ]_[ Endp, (M H M,, (D)

1S surjective.

(71) Suppose R is a (possibly infinite dimensional) algebra over a field k. Let My, ..., M,
be simple left R-modules, such that M; % M; for all it # j, and such that dimy M; <
o for each i. Note that D; := Endgr(M;) is a division k-algebra for each i. Then
dimy D; < oo for each i, and the ‘action map’

R — [ | Endp, (M;)
i=1
1S surjective.
(111) If G is a (possibly infinite) group and (p1, V1), ..., (pr, Vi) are pairwise non-isomorphic
wrreducible finite dimensional representations of G over k, then the map

p=1]pi: kGl — ] [Endp,(V;
i=1 i=1

is surjective, where D; is the finite dimensional division k-algebra Endyie(V;).
(i) In the situation of (ii), for each 1 < i < r there exists e; € R which acts as the
identity on M;, and which annihilates M; for i # j.

Proof. Let us prove (i), by appropriately generalizing the proof of (i) of Corollary 19.17.
Let M = @;_, M;. By an exercise from Lecture 18, each element of Endg(M) preserves
M; for each 7, and gives an isomorphism

R := Endg(M ]_[ End g (M, ]_[ D;

(this uses that M; % M; for i # j). Since each M, is assumed to be a finite dimensional
D;-vector space, it is easy to see that M is a finitely generated R’-module. Therefore,
Jacobson’s density theorem applies, gives us the surjectivity of the action map

R— R’ =Endp(M) = | [Endp, (M

giving (i).
The proofs of (ii) and (iii) are analogous generalizations of the corresponding assertions

in Corollary 19.17: one again considers M := @;_, M; for the former, and (p,V) :=
P;_,(pi, Vi) for the latter.

(iv) is an immediate consequence of (ii). O
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We get the consequence that the isomorphism class of an irreducible or even semisimple
finite dimensional representation of an arbitrary group, in characteristic zero, is determined
by its character:

Corollary 19.21. Let R be a (possibly infinite dimensional) k-algebra, where k is a field of
characteristic zero. Let M and N be semisimple left R-modules that are finite dimensional
as vector spaces over k. Suppose that for all a € R,

tr(aly) = tr(aly),

where the left-hand side denotes the trace of (m — am) € Endg(M), and the right-hand
side is similar. Then M and N are isomorphic as left R-modules.

Proof. There exists a finite set Lq,..., L, of simple left R-modules, and nonnegative inte-
gers py,...,pr and qq, ..., q., such that

M=@L¥, andN=@LP

i=1 i=1
(note that we allow some of the p; and the ¢; to be 0, so we are not assuming that M and
N contain isomorphic simple submodules). Note that dimy L; < oo for each i.

It is enough to show that for each 1 < i < r, we have p; = ¢;. Use Corollary 19.20(iv) to
choose e; € R such that e; acts as the identity on M, (and hence on L;), and as 0 on M;
(and hence on L;) for j # i. Then, in k we have

pi - (dimy, L;) = tr(ei|ar) = tr(ein) = ¢i - (dimy Ly).
Since dimy, L; # 0 in k ® we have p; = ¢, as required. Il

Remark 19.22. In particular, Corollary 19.21, applied to the group algebra R = k[G]
of a possibly infinite group G, where k is a field of characteristic zero, shows that any
semisimple finite dimensional representation p of GG is determined by its character, namely
the function G 3 g — trp(g) € k.

Corollary 19.23. Let G be a finite group, and k a field, such that k[G] is semisimple. ®*
Then there are only finitely many irreducible representations (p1,V1),...,(pr, Vi) of G up

to isomorphism, and these representations p; : G — GL(V;), extended by k-linearity to
k[G] — Endg(V;), define an isomorphism

RG] 5 Endp,, (Vi) = [ [ M, (D),
=1

where D; is the division algebra Endyiq(V;), and n; = dimp, V; (< dim; V; < 00).

60This is because k has characteristic 0.
61 Lecture 20, hopefully we will show that k[G] is semisimple if and only if (char k, #G) = 1.



253

Proof. We already know that a semisimple ring has only finitely many simple left modules
up to isomorphism, so we let them be (p1,V1),..., (pr, Vi-). By Corollary 19.20(iii), the
map k[G]| — Endp,(V;) = [[;_, M,,,(D{") is surjective.

Since the (p;, Vi) exhaust all the simple left modules of k[G], the kernel of this homomor-
phism equals rad k[G], which equals 0 as k[G] is assumed to be semisimple. Thus, the
map k[G] — Endp,(V;) = [ [_; M,,,(D{*) is an isomorphism, as required. O

Remark 19.24. (i) Thus, to every irreducible finite dimensional representation (p, V')
of a group G over a field k, a division algebra D is attached:

D := Endg(V) := Endyjy(V) ={T': V - V k linear |T(g-v) =g -T(v)Vge G}

This division algebra has the property that p(k[G]) < Endg(V) equals Endp(V),
and p: G — GLi(V) itself can be factored as a representation

p:G— GLp(V) < GLE(V).

This division algebra, being canonically defined, is determined up to isomorphism.

(ii) In Burnside’s theorem — either of (iv) or (v) of Corollary 19.17 — the assumption
that k is algebraically closed is necessary. Indeed, if (p, V') is an irreducible repre-
sentation of G over a field k, the image of p : k[G] — Endi (V) is Endp(V'), where
D is the division algebra attached to p as above. When £ is not algebraically closed,
D can strictly contain k: see Example 19.25(i) below.

Example 19.25. (i) Here is an example of a representation p : G — GLs(R), where
p(R[G]) is not surjective. Set V = R2. Let

cosf sin6
G:SOQ(R):{QEGLQ(R)|Q‘tg:]_,detg:]_}:{(_sine cos@>|06R}’

and let p: G < GLy(R) be the inclusion. Then it is easy to see that

cosf sind a b
P(RIG]) = {7“- (—sin& cosQ) Reld ER} T {(—b a) | a,be R} =G,
using the map that sends < “

b )
b a) to a + b.

Show as an easy exercise that the division algebra D = Endgs(V) is isomorphic
to C in this case.
Hint: p(R[G]) € Endg(V) is is isomorphic to C, so as a p(R[G])-module, V = R?
has dimension 1, so Endg[s1(V) is isomorphic to C.

(ii) Burnside’s theorem implies that Sps,(C) spans My, (C): this is because Spy,(C) —
GL,,(C) & C?" is an irreducible representation, which in turn follows from the
fact that Spo,(C) acts transitively on C*\{0} (any nonzero vector in C*" can be
extended into a symplectic basis). Slightly modifying this argument, one can see
that O,(C) — GL,(C) is an irreducible representation as well, so O,(C) spans
M, (C).
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(iii) In fact, Sp(V, B) spans Endg(V'), for any field k£ and any (finite dimensional) sym-
plectic space (V,B) over k: to see this, note that the image of k[Sp(V,B)] —
Endg (V) is Endp (V) for some division algebra D, and it is not hard to see that the
centralizer of Sp(V, B) in End (V) is just the subring & < End, (V) of scalar linear
transformations. This would not be true with SO(V, ¢), as we saw with SO(2,R)
above.

(iv) We have already found irreducible representations p : G — GLg(V'), such that the
associated division R-algebra Endgg)(V) is R or C. Thus, one might ask if we
can find an irreducible representation p : G — GLg(V') for which the associated
division algebra Endgjc)(V') is the Hamilton quaternions H. We think of H =
RARi®Rj @ RE as Cd Cj, and consider G := Qg := {£1, +i, +j, £k}, a subset
of H closed under multiplication. We consider the representation

G — GLg(H) = GL4(R),

sending g € G to left multiplication by ¢ on H. Then p(R[G]) is the R-span,
in Endg(H), of left-multiplications by +1, i, +j, £k, namely, the collection of all
left-multiplications by elements of H. Thus, Endg¢(H) is the collection of all right-
multiplications by elements of H, namely, H” =~ H (show that a + bi + ¢j + dk —
a — bi — ¢j — dk defines an isomorphism H — H). The irreducibility of this rep-
resentation follows from the isomorphism Endgje)(H) = H and the semisimplicity
of the representation; we will see in Lecture 20 that this semisimplicity follows in
turn from the fact that G is finite and char R = 0.

As an aside, we now state von Neumann'’s double centralizer /bicommutant theorem, though
this probably really belongs to the previous subsection:

Theorem 19.26 (von Neumann). Let B(H) be the ring of bounded linear operators on a
Hilbert space H, and R < B(H) a subalgebra that is closed under A — A*. Let R' < B(H)
be the centralizer of R, and R" < B(H) the centralizer of R', i.e., the double centralizer of
R. Then R is dense in R”, in the sense that R" is the closure of R under the weak operator
topology on B(H), and also under the strong operator topology on B(H).

19.6. Rieffel’s double centralizer theorem and simple rings. The results of this
subsection were only stated in the lecture.

Rieffel’s theorem gives a completely different situation, in comparison with the Jacobson
density theorem, under which R — R”, as in the set up for the density/double centralizer
theorems (see Subsection 19.2), is an isomorphism: it involves a simple ring rather than an
arbitrary ring, and it involves a nonzero (possibly non-semisimple) left ideal rather than
a semisimple module. Neither theorem implies the other, but if I understand Professor
Nair’s notes right, Section XVII.7 of Lang’s book seems to give a common generalization.

After discussing the theorem, we will give conditions under which a simple ring is semisim-
ple. Recall that a simple ring is one that is nonzero and has no proper nonzero two-sided
ideals: it need not be semisimple (Professor Nair’s notes give a simple ring that is not
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semisimple, which is copied into HW 9). Recall also that this notation is different from
that in Lang’s book. The following proof is copied from Professor Nair’s notes.

Theorem 19.27 (Rieffel’s theorem). Let R be a simple ring and I < R a nonzero left
ideal. Form R' = Endg(I) and R" = Endg/(I). Then R — R is an isomorphism.

Proof. The kernel of A : R — R” is a proper two-sided ideal, and is hence zero. Therefore,it
is enough to show that R — R” is surjective.

We claim that A(/) € R is a left ideal. If this is granted, then we have, using that /R = R
(since IR — R is a nonzero two-sided ideal):

R" = R"\(R) = R'"A\(IR) = R"X(I)A\(R) = A(I)A(R) = A(R),
as desired.

To show that A(I) = R" is a left ideal, it is enough to show that for all i € [ and " € R”|
we have " A(i) = A(r” - i), where r” - i is made sense of by using that [ is a left R”-module
by the definition of R” < Endy(]).

For all j € I, viewing right multiplication by j as an endomorphism p; of I that belongs
to R', we have

r"A(@) () = r"(ig) = "(p; (D)) = pi(r"(0)) = r"(i)j = A(r" - §)(5),
so that 7" A(i) = A(r" - i) € A\(I), as desired. O
Theorem 19.28 (Wedderburn). If R is a simple ring, the following are equivalent:

(i) R has a minimal nonzero left ideal.
(ii) R is left Artinian.
(i1i) R is semisimple.
(iwv) R =~ M, (D) for some division ring D and a positive integer n.

Proof. (iii) <= (iv) follows from the structure theorem for semisimple rings by Artin
and Wedderburn. (iii) = (ii) = (i) is immediate/seen before. It is now enough to show
that (i) implies (iv), which is what requires Rieffel’s theorem.

Let I < R be a minimal nonzero left ideal. By Rieffel’s theorem we have R =~ Endg (1) =
Endp (1), where D = R’ = Endg([) is a division algebra, because I being minimal nonzero
is a simple R-module.

To finish the proof, it is enough to show that [ is finite dimensional as a left D-vector
space. But if not, the subset of R = Endp(I) consisting of finite rank operators would be a
proper nonzero two-sided ideal, contradicting that R is simple. Therefore, dimp [ = n < o
for some n, and R = M, (D). O
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19.7. Central simple algebras and Brauer groups — impressionistic introduction.
On this topic, mostly only definitions were given in the lecture. So the proofs in this section
are optional reads.

Lemma 19.29. Let A be a finite dimensional simple k-algebra. Then

(i) A= M,(D) as a k-algebra, where D is a finite dimensional division k-algebra (i.e.,
dimy, D < oo; it is automatic that k sits inside M, (D) as scalar matrices).
(ii) The center of A is a finite field extension of k contained in D.

Proof. Since dimy A < o0, A is Artinian in addition to being simple, so by Theorem 19.28,
A is semisimple as well.

Hence by the theorem of Artin and Wedderburn, A = M, (D) for a division ring D. k
lies in the center of A = M, (D), which identifies with the center Z(D) of D (Exercise
19.1(iii)). Since D is a finite dimensional k-algebra, so is Z(D) < D. Since it is easy to see
that Z(D)\{0} is closed under z + x~!, we have that Z(D) is a finite extension of k. [

Definition 19.30. Let k be a field. A central simple algebra over k£ is a finite dimensional
k-algebra which is simple, and whose center is k (rather than a proper finite extension of
k; this condition is the ‘central” of a ‘central simple algebra’).

Remark 19.31. Thus, by Lemma 19.29, we can also define a central simple algebra over
k as a k-algebra isomorphic to M, (D), where D is a central division algebra over k.

Lemma 19.32. (1) Let A, A’ be two simple k-algebras such that A is finite and central
over k. Then A®y A’ is simple.
(i1) If A, A" are central simple algebras over k, then A®y A’ is a central simple algebra
over k.

Proof. Omitted: see https://stacks.math.columbia.edu/tag/074F for a proof of the first
assertion, and https://stacks.math.columbia.edu/tag/074G for a proof of the second. The

proofs do not need the introduction of new tools, but there is some argument that is to be
made. O

Remark 19.33. Lemma 19.32 shows how important the condition of being ‘central’ is:
for example, C is a finite simple algebra over R, but not central, and C ®g C =~ C x C is
not simple.

We define a ‘multiplication’ on the set of isomorphism classes of central simple algebras
over a field k, by defining the product of A and A’ to be A®j; A’, which is a central simple
algebra over k£ by Lemma 19.32 above.

It is clear that this multiplication is associative, and has a multiplicative identity, namely
the isomorphism class of the k-algebra k. Thus, the isomorphism classes of central simple
algebras over k form a monoid.

However, this is too large and we would also like a group structure rather than a monoid
structure. So we define:
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Notation 19.34. Given central simple algebras A, A" over k, define A ~ A’ if M,,(A) =
M, (A") for some positive integers m and n. Write [A] for the equivalence class of A.

Exercise 19.35. (i) Show that ~ is an equivalence relation, and each equivalence class
contains exactly one division algebra.
Hint: We saw in Lecture 18 that D can be recovered from R = M, (D) as the
opposite ring of Endg(M), where M is the unique simple R-module.
(ii) Show that M,,(A) ®; M,(A") = M;,,(A @ A’), and hence show that the multi-
plication defined above descends to one on the set of equivalence classes of central
simple algebras over k.

Notation 19.36. For any field k, the Brauer group Br (k) of k is the monoid of equivalence
classes for ~, under the operation [A] - [A'] = [A ®x A’] (see Exercise 19.35(ii) above). It
follows from Lemma 19.37 below (as explained in Remark 19.38 below) that Br(k) is a
group, and not just a monoid.

Lemma 19.37. If A is a central simple algebra over a field k of dimension n, we have

A@k A% ~ Endk(A) = Mn(k’)

Remark 19.38. It follows from Lemma 19.37 that in Br(k), [A] has an inverse given by
[A°P], so that Br(k) is a group and not just a monoid.

Proof of Lemma 19.37. We have morphisms A — End(A) and A% — Endg(A) defined by
left and right multiplications (see Example 19.16(iii)). The images of these maps commute,
so by the universal property of tensor product (see Exercise 19.10), we get a k-algebra

homomorphism A ®; A? — End(A).

We know that A®y A% is a central simple algebra, by Lemma 19.32 (this was the argument
missing/postponed in Example 19.16(iii)). Therefore, A ®; A% — Endg(A) is injective.
Since both sides have dimension equal to (dimy A)?, this map is also surjective. O

Theorem 19.39 (Skolem-Noether). Let A be a central simple algebra over k, let B be a
simple k-algebra, and let f,g : B — A be two nonzero k-algebra homomorphisms. Then
there exists an invertible x € A such that for all be B, we have f(b) = xg(b)x" .

Before proving this result, let us observe a corollary which is not at all obvious, even when
A = M, (k).

Corollary 19.40. Any automorphism of a central simple algebra A is inner, i.e., given by
y — ayz~ L, for some invertible x € A.

Proof. Take B = A in Theorem 19.39. O

Proof of Theorem 19.39. Since A is simple and semisimple, it has a unique isomorphism
class of simple left modules. Let M be a simple left A-module, so that D = Ends(M) is a
division algebra over k. It is easy to see that dimy M < oo, and then that dimy D < co.
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Note that M is a left A ®, D-module, and hence a left B ®; D-module in two different
ways: one via f®idp : B, D — A®y D, and another via ¢gQidp : B, D —> AQ D.

Since B is a simple nonzero algebra over k, we have by Lemma 19.32 that B®y D is a simple
k-algebra. Since B is simple and f,g : B — A are nonzero, we have dimy B ®;, D < o
as well, so that B ®; D is semisimple. Being simple and semisimple B ®; D has only one
isomorphism class of simple modules. Thus, the two left B ®, D-module structures on M
are isomorphic: B ®; D is semisimple, and for either of the two left module structures, M
has length equal to dimy, M/dimy N, where N is any simple left B ®; D-module.

Therefore, there exists an automorphism ¢ : M — M intertwining the two left B ®; D-
module structures on M, so that in particular we have:

p(f(b)-d-m)=g(b) d- p(m),
forallbe B,de D and m e M.

In particular, ¢ : M — M commutes with the action of D, so by the Jacobson density
theorem and the fact that dim, M < oo, ¢ is given by left multiplication by some x € A.
Thus, we have, for all be B and m € M:

x- f(b)-m=g() x-m.
Thus, left multiplication by x - f(b) € A and ¢(b) - € A define the same endomorphism of
M.

Since A is simple, A — Endy (M) is injective, and therefore we get = - f(b) = g(b) - x € A.

To conclude, it suffices to show that z is invertible in A. This is because A — Endy (M)
has image Endp (M) by the Jacobson density theorem, and ¢ : M — M, which is induced
by left-multiplication by x, is an isomorphism of D-vector spaces. O

There are many more lemmas related to central simple algebras of interest, which unfor-
tunately we don’t have time/space to discuss. We will conclude by giving some examples
without proof. For this we will need the following fact too:

Remark 19.41. If K /k is a field extension, and A is a central simple algebra over k, one can
show that A®y K is a central simple algebra over K (see https://stacks.math.columbia.edu/tag/074H).
It is now easy to see that A — A ®j K induces a group homomorphism Br(k) — Br(K).

Example 19.42. (i) If k is algebraically closed, Br(k) is trivial: this is because each
equivalence class in Br(k) contains exactly one division algebra, and over an alge-
braically closed field, there is no finite dimensional division algebra of dimension
greater than 1 (Lemma 19.18).

(i) If k is finite, Br(k) is trivial: this follows from a theorem of Wedderburn, that any
finite division algebra is commutative, and hence a field.

(iii) If £ = R, one can show that Br(k) =~ Z/27Z: the nontrivial division algebras in
Br(k) = Br(R) are k = R itself, and the Hamilton quaternions H.

(iv) If k£ = Qp, with p a finite prime, one can show that Br(k) =~ Q/Z: this involves
local class field theory.



259

(v) If £ = Q, then Br(k) = Br(Q) is more complicated: Applying Remark 19.41 to
Q — R and the inclusions Q — @Q,, one can show that the sequence below is

well-defined:

0— Br(Q — (@ Br(@) ®Br®) = (BQZ)&(1/22)/Z5 QL0

(the obvious map is from Br(Q) to [, Br(Q,) x Br(R), and the well-definedness
involves checking that this actually lands inside the direct sum). Using class field
theory, one can see that the above sequence is exact, so that Br(Q) is a kernel of
a surjective map (P Q/Z) ® ((1/2)2/Z) — Q/Z, where P Q/Z is an infinite sum.

Again, as with quadratic forms, we see that Q is much more complicated in many
ways than R or the QQ,, and that objects associated to Q are often number theoretic
in nature.

There is much more very basic stuff to discuss concerning Brauer groups, for which we don’t
have the space or time. The 10 page pdf at https://stacks.math.columbia.edu/download /brauer.pdf
is a good summary, with proofs, of various basic properties that we haven’t discussed.

Or you can refer to Professor Nair’s notes, which also have lots of lemmas and theorems
about Brauer groups that we haven’t discussed, and also some proofs that we have skipped:
it all takes only four pages in his notes.
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20. LECTURE 20 — REPRESENTATION THEORY OF FINITE GROUPS — I

In this lecture, unless otherwise mentioned, R denotes a commutative ring. Recall that
R|G] denotes the group ring of G, and that the category Repr(G) of R-modules with a
G-action identifies with the category R[G]-Mod of left R[G]-modules. A representation
of G over R will often simply be referred to as a G-module, and we may write Hom¢ for
HOIIIR[G].

20.1. Semisimplicity of Repy(G).

Notation 20.1. (i) Henceforth, we will sometimes also work with a different but
equivalent description of R[G]: identifying }; _ agg with the map G — R given by
g — a4, we may think of R[G] as the free R-module of finitely supported functions
G — R. Under this description, the ring multiplication we have already defined on
R|G] (using the ‘group algebra’ description of R[G]) translates to convolution:

(fref2)l9) = D) filg)fa(g2):

91,92€G
9192=9

(ii) The regular representation associated to G over R is the representation of G x G
on R[G] defined by (g1,92)(X ag9) = X, ag(g1995 '), or equivalently by ((g1,go) -
f)(9) = f(gi'gg2). The left regular representation of G is the restriction of the
regular representation along G = G x {1} — G x G (thus, defined by g1 (X, az9) =
2., 09(q19) or g1 f = f(grt-—)), and the right regular representation the restriction
z}l(ong G)); {1} x G — G x G (thus, defined by (3., ag9)g2 = X, a4(9g2) or g2 - f =

— . 92 .

Remark 20.2. Pretend for a moment that R = R or C, so that we can talk of (signed) real
or complex measures on the discrete group GG. The group algebra should ‘really’” be viewed
as the space of finitely supported such measures on G, made into a ring via convolution:
the convolution of two measures p; and pp on (the discrete space) G is the push-forward,
along G x G — G, of the product measure p; X pp on G x G. This is more natural because
while functions naturally pull back, measures naturally push forward. When we identify
R[G] with the space of finitely supported functions G — R, as in Notation 20.1(i), we are
really taking the Radon-Nikodym derivative with respect to the counting measure.

A similar comment applies even to more general R: you can imitate measures by thinking
of X ,cc agg as the map

{Functions G — k} — k,
sending f to dec ayf(g) — this is viewed as integrating f against Zg ay0,4, where d, is the
Dirac delta measure at g.

Definition 20.3. For any group G, the map ¢ : R[G] — R given by

2,09 = ), 0,

geG geG
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is easily verified to be a homomorphism, and is called the augmentation map. The two-
sided ideal kere c R[G] is called the augmentation ideal.

When we talk of the augmentation map, the >, ., a,9 description of R[G] will be more
convenient. Note that the augmentation map intertwines the regular representation of
G x G on R[G] with the trivial representation of G x G on R: €((g1,¢92) - f) = e(f) for all
g1, g2 € G. Similarly, it intertwines the left and the right regular representations of G with
the trivial representation of G on R.

Proposition 20.4. Given a nonzero commutative ring R and a group G, the following are
equivalent:

(1) R[G] is semisimple.
(ii) R is semisimple, and the ideal kere  R[G] has a complementary left ideal, i.e.,
there exists a left ideal J < R[G] such that R = (kere) @ J.
(7ii) R is semisimple, G is finite, and #G € R* (i.e., the image of #G € Z under Z — R
belongs to R*).

Remark 20.5. Note that the condition (iii) of the proposition translates to the following:
R is a finite product ky x - -+ x k, of fields, and (char k;, #G) =1 for all 1 <i < r.

Corollary 20.6 (Maschke). If G is a finite group and k is a field with (char k, #G) = 1,
then k[G] is semisimple.

Proof of Proposition 20.4. 1t is easy to see that if 57 — S5 is a surjective ring homomor-
phism and S is semisimple, then S; is semisimple as well (if a left Sy-module is completely
reducible as a left Si;-module, then it is completely reducible as a left Se-module as well).
Applying this to € : R[G] — R, we conclude that if R[G] is semisimple then so is R. Now it
is immediate that (i) implies (ii): the existence of J is a very special case of semisimplicity
of R|G].

Now we prove (ii) = (iii). Giving R[G] the left regular action of G, ¢ restricts to a left
R|G]-module isomorphism J — R. It follows that G fixes J < R[G] pointwise. But the
only elements }, ; ay9 € R[G] that can be fixed under left multiplication by G are those
for which a, = a;, for all g, h. Since deG ayg is a finite sum, and since J is nonzero (as €
is surjective and R # 0), it follows that G is finite. This also gives that J < R - (deG 9),
50 R(D e 9) + (kere) = R[G]. Applying e, we get that (#G) - R = R, so that #G € R*.

Now let us prove (iii) = (i). It is enough to show that any R[G]-submodule ¢ : V' — V of a
left R[G]-module V has a complementary left R[G]-module, or equivalently a G-equivariant
section p : V' — V’. Since R is semisimple, ¢ has an R-linear section b : V' — V', and we
wish to replace it with an R[G]-linear section p : V' — V' one that is R-linear and satisfies
g-p-g ' =pforall ge G. We may then take

p(v) = # (Z(g : b-g‘l)(v)) :

geG
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It is immediate that p is an R[G]-linear section to ¢, as desired. U

Before making several remarks on the proof of Proposition 20.4, let us define some con-
structs:

Notation 20.7. (i) Often, for V' € Ob Repr(G) = R|G]-Mod, we will denote by

V% < V the R-submodule of G-fixed elements of V.

(i) If V4, Vo € Ob Repr(G) = R[G]-Mod, then Hompg(V1,V3) is a priori an R-module,
but can also be viewed as a left R[G]-module, where for g € G and ¢ € Hompg(V3, V3),

g - € Hompg(Vi, V,) is defined by:

(9-9)(v) =g (g™ - v).
Thus, Homp(Vi, V)Y = Hompg)(V4, Va) © Homp(Vi, Va). Note the relevance of
this construction to the proof of (iii) = (i) of Proposition 20.4: it helped reduce
the construction of a G-invariant homomorphism to that of a G-invariant element
in a module.

The observartion that Hompg(V;, V3) is a G-module can be formalized by saying
that R[G]-Mod has an ‘internal hom’: one can associate to objects X,Y in this
abelian category another object of the same category (rather than a set or an
abelian group) called Hom(X,Y'), which behaves in some ways like Hom between
X and Y. Please note that Hompg)(Vi, V2) is still only an abelian group, and is
much smaller than the left R[G]-module Hompg(V7, V3).

(iii) If V5 = R is the trivial representation of G, then we denote Hompg(V3, Va) — viewed
as a representation of G — by V}¥, and call it the contragredient representation of
V1.

(iv) As with Hom, so with ®: if Vi, V5 € Ob Repr(G) = R[G]-Mod, the R-module
Vi®gr V5, can be upgraded to a left R[G]-module by defining g-(v1,ve) = (g-v1, g-v2).

This is essentially what makes Repr(G) = R[G]-Mod what is called a tensor
category or a monoidal category, something that is related to realizing the ‘internal
hom’s mentioned above (by imposing an ‘internal’ Hom-tensor adjointness).

Remark 20.8. (i) Here is an easy exercise related to the theme of semisimplicity:
show that a ring S is semisimple if and only if every left S-module is projective
(similarly, S is semisimple if and only if every left S-module is injective).

(ii) If R equals R or C, the proposition tells us that for any finite group G, R[G] is
semisimple. In this case, an alternate justification for this fact can be given, as
follows. Choose any inner product (real or complex, as applicable) (-,-) on V, and
replace it with the inner product (-, -) given by

<‘7 > = (#G>_1 Z g- ('7 ‘)7

where of course ¢g- (-,-) = (g —,9 - —), to get a G-invariant inner product on V.
Since V' < V is nondegenerate (for an inner product, by positive definiteness all
subspaces are nondegenerate), the orthogonal (V')* < V is really an orthogonal
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complement, i.e., satisfies V' @ (V')* = V. It is easy to see from the G-invariance
of the inner product that (V') is stable under G, and thus gives an R[G]-module
complement to V.

This proof is particular to R or C, but shows, for instance, that any finite sub-

group of GL,(R) can be conjugated into O,, € GL,(R), and that any finite sub-
group of GL,(C) can be conjugated into the unitary group U,. Further, this idea
seems to be of importance to functional analysis, where ‘semisimplicity’ seems to
often be ensured using self-adjointness assumptions.
The idea of Maschke’s proof (namely the proof of (iii) = (i) of the proposition)
also adapts to representations of compact topological groups GG, where rather than
arbitrary representations one considers appropriately continuous representations.
In this situation, the averaging operation (#G)™'>. gec can be replaced by the
operation SG( -)dg of integrating against the normalized Haar measure on G.

This also applies to the argument of the above point, where one produces G-

invariant inner products, and shows that any compact subgroup of GL,(R) can
be conjugated to one contained in O, and any compact subgroup of GL,(C) can
be conjugated to one contained in U,. Thus, O, is the unique conjugacy class of
maximal compact subgroups of GL,(R), while U, is the unique conjugacy class of
maximal compact subgroups of GL,(C). In the theory of real reductive groups, one
generalizes this to other ‘reductive’ groups such as symplectic and special orthogonal
groups over R and C.
We now outline another way of describing Maschke’s proof, assuming for simplicity
that & is a field: (char k, #G) = 1, and we want to show that k[G] is semisimple. I
learnt about this sort of a proof from Professor Nair, and while this articulation is
more tedious, here are somethings I like about it:

e It seems to give some insight into why (ii) of Proposition 20.4, though a special
case of (i), implies the whole of (i), and as to why the technique of averaging
in (iii), which one might a priori expect to only give sections to V¢ — V|
also gives sections to more general V' — V. While it seems trivial to read
and formally verify Maschke’s proof, it seems to have some mystery as to why,
philosophically, a special case implies the general case.

e [t seems to much better parallel the proof of semisimplicity of representations
of semisimple Lie algebras in characteristic zero — if you don’t appreciate this
now, you can skip this, and come back to it say in a later semester when you
read semisimple Lie algebras.

Here are the steps, written partly as exercises, where we now assume that

(char k, #G) = 1.

(a) It is also enough to a show that any epimorphism V' — V" in Rep(G) has a
section (to find a complement to the image of + : V' < V' apply this to the
epimorphism V — V/V7).

(b) Consider the obvious surjection Homy(V”, V) — Homy(V”, V"), look at the
preimage of k - idy» < Homyg(V”, V"), which is a G-stable subspace of
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Homy(V”, V'), and use this to reduce the semisimplicity of k[G] to the fol-
lowing assertion: any exact sequence

0-W->V->k->0

in k[G]-Mod, where k is viewed as the trivial representation of G, splits.
Reduce further, using induction, to the case where W is an irreducible repre-
sentation of G.

Hint: If Wy < W is a proper nonzero GG-submodule, we get an exact sequence
0— W/ Wy — V /Wy — k — 0 of G-modules, which splits by induction, giving
an exact sequence 0 — Wy, — V' — k for some G-stable subspace V' of V.
There are now two cases: one where W is the trivial representation of G, and
one where W is nontrivial.

o First suppose W is nontrivial. Then ¢ := (#G)™' - (3,0 9) € R[G]
maps W to WY = 0, while it acts as the identity on V/W = k. Thus,
c— 1, which is a central element of R[G], annihilates k£ but not W, and it
satisfies (¢ — 1)V < W and ¢ — 1|y = —1. Then ker(c — 1) is the desired
complement.

o If W is trivial, then for all ¢ € G, (g — 1) takes W to 0 and V to
W, so (g — 1)? annihilates V. But g#“ — 1 also annihilates V. Since
%91 and (z — 1)? are relatively prime in k[z], by the assumption that
(char k, #G) = 1, it follows that g — 1 annihilates V for all g € G, i.e., V
is the trivial representation. Then, any k-linear splitting will do.

In the Lie algebra case, the role of ¢ — 1 seems to be played by the Casimir
element: it is to bring this out that the above was made harder than it should
be, without using that c is an idempotent. Note that c is a central element of
R[G], and the above proof is a “central character argument”, along the lines of
“eigenspaces corresponding to distinct eigenvalues are linearly independent”.
The argument in the case where W is nontrivial can be articulated in one
sentence if one understands Ext well enough, which formalizes the idea of the
preceding sentence. See Professor Nair’s comments in the proof he gives of the
Lie algebra case.

20.2. The group algebra and matrix algebras of irreducible representations.

Notation 20.9. Whenever p : G — GLg(V) is a representation of a group G, with V'
finite dimensional over a field k, we will let p also stand for the k-algebra homomorphism
p : k|G] — Endg (V) obtained by k-linearly extending the group homomorphism p : G —

GL,(V).
Theorem 20.10. Let k be a field and G a finite group. Then G has only finitely many
irreducible representations up to isomorphism, say (p1, V1), ..., (pr, V;). Moreover:

(i) The map

p=11]pi:klG] — | [ Endi(V})
=1 =1
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mduces an isomorphism of k-algebras
k[G]/(rad k[G]) — ]_[ Endp, (V;

where for 1 < i <r, D; = Endg(V;) := Endyg(Vi) (it is a division algebra over

k).

(ii) There is also an isomorphism
k[G]/(rad k[G]) = ]_[ Endp, (W,

where W; = Homyq(V;, k[G]) is the multiplicity space of V; in k[G], on which
D; = Endy¢)(V;) operates on the right via its action on V; (so W; is a right D;-
vector space).

(iii) > (dimp, V;)? dimg D; = Y7 (dimp, W;)? dimy D; = dim(k[G]/rad k[G]) < #G,
wzth equality if and only if k[G] is semisimple, i.e., if and only if (#G, chark) = 1.

Proof. Recall that for any left Artinian ring R, rad(R/rad(R)) = 0, and that hence
R/rad(R) is a semisimple ring with the same collection of simple left modules as R.
Thus, simple left modules for k[G]/(rad k[G]) identify with those for k[G]. The finite-
ness of the number of isomorphism classes of these modules was (an easy) part of the
Artin-Wedderburn theorem (Lecture 18).

Now (i) is one of the consequences of Jacobson density theorem, that we studied in Lecture
19 — see Corollary 19.23 from Lecture 19 (it might also follow from the exercise in Lecture
18 that attempted an alternate take on the Artin-Wedderburn theorem).

(ii) follows from the isomorphism given by the Artin-Wedderburn structure theorem, pro-
vided we replace k[G]/rad(k[G]) with (k[G]/rad(k[G]))°. Thus, to prove (ii), it is enough
to show that k[G]/rad(k[G]) is isomorphic to its own opposite. Since the identification
R — R has been seen to preserve the Jacobson radical, it is enough to show that k[G] is
isomorphic to k[G]?P. Indeed, g — ¢! defines an isomorphism k[G] — k[G]°?

(iii) follows from (i). O

Corollary 20.11. Let k = k be an algebraically closed field and G a finite group. Let
(p1,V1), ..., (pr, Vi) be the finitely many irreducible representations of G up to isomorphism.
Then [ 1;_, pi : k[G] — [ ;- Endi (Vi) quotients to an isomorphism

k[G]/(rad k[G ]_[ End,(V;

so that

T

D (dimy V;)? = dimy (k[G]/(rad k[G])) < #G,

i=1
with equality if and only if k|G| is semisimple, i.e., if and only if (#G,chark) = 1.
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Proof. Combine Theorem 20.10 with the fact that finite dimensional division k-algebras
are all equal to k£ when k is algebraically closed — see Lemma 19.18 from Lecture 19. [

Remark 20.12. Note that a one-dimensional representation of GG over a field k is a ho-
momorphism p : G — GL,(V) = GLy(k) = k*, where V is a one-dimensional vector space
over k: here the isomorphism GLg (V) — GLy(k) is defined using the choice of a basis for
V', but is easily seen to be independent of the choice of the basis since dim; V' = 1.

20.3. The abelian case.

Corollary 20.13. Let k be a field and G a finite abelian group. Assume notation from
Theorem 20.10.

(i) For each irreducible representation V- of G over k, Endg(V') is a finite field exten-
sion of k. In other words, each division k-algebra D; as in Theorem 20.10 is a finite
field extension K;/k, and each V; is a one-dimensional K;-vector space. Note that
while we know that k[G]/rad(k[G]) being commutative and semisimple is a finite
product of fields, this gives an explicit such realization:

k[G]/rad(k[G]) = HK

(ii) Suppose further that k = k (and G is still abelian). Then each irreducible repre-
sentation (p, V') of G over k is one-dimensional, and can hence be thought of as
a homomorphism p : G — k™ (see Remark 20.12). Hence using the notation of
Theorem 20.10 we get an isomorphism

(76) K[G)/rad(k[G]) =[] k.

x€Hom(G,k*)

induced by sending g € G < k[G] to (x(9))y (see Ezercise 20.14(ii) below to spell
this map out better).

Proof. Since G is abelian, it is easy to see that k[G] is a commutative ring. Hence each
Endp, (Vi) = M, (D{") is abelian, so that D; = K, is a field extension of k and n; =

2

From this (i) follows, and (ii) is an immediate consequence. d

Exercise 20.14. (i) It follows from Corollary 20.13(ii) that if G is finite abelian and
k = k is an algebraically closed field with (#G, chark) = 1, then any irreducible
representation of G is one-dimensional. Show this directly using just Schur’s lemma.

(ii) For any finite group G and field k, show that restriction along G — k[G] gives an
isomorphism

HOHlk_AlgU{[G], ]f) - HOIH(G, k?x>
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(iii) (Important for understanding) Make sure you understand the following: the follow-
ing is how you representation-theoretically interpret the simultaneous diagonaliza-
tion of commuting diagonalizable matrices, in the case where they generate a finite
group. Let k = k be algebraically closed, and let G be a finite abelian group such
that (#G, chark) = 1.

(77)

(a)

()

If (G,V) is any (possibly infinite dimensional) representation of G, since the
irreducible representations of G are one-dimensional and hence (their isomor-
phism classes are) indexed by Hom(G, k*), the decomposition of the (neces-
sarily semisimple) representation V' of G into isotypic components takes the
form:

V= (—B Vi,

x€Hom(G,k*)

where V), < V is the subspace on which G acts by y~! (make sure you know
what ‘acts by x 7!’ means).

Recall that a module V' over the product ring k[G] = [ |
sum

xeHom(G.E¥) k is a direct

V= B V,

x€Hom(G,k*)

where each V,, is a module over Hx k on which Hx k acts through the pro-
jection [T %k — k onto the xo-th component. Then (78) is the same as (77)
(that the latter had x~! rather than y is something we will revisit in Lectures
21 and 22).

What is the decomposition (77) or equivalently (78) when k = k[G] (for sim-
plicity, T will exchange y with xy~!)? Show that the y € Hom(G, k*) < k[G]
give direct sum decomposition:

Gl = P kex

xeHom(G,k*)

Thus, Hom(G, k*) < k[G] is a k-vector space basis, different from G < k[G]:
it is basis that diagonalizes the action of G on k[G]. Moreover, (79) is the
isotypic decomposition of k[G] for the left regular action of G (resp., the right-
regular action of G; resp., the regular action of G x G), with the k-span
k-x < k|G] of x € Hom(G, k*) < k[G] the isotypic component corresponding
to the representation y~' of G (resp., the representation y of G resp., the
representation ! ® x of G x G given by (g1, 92) — x (97 g2)).

In other words, an irreducible representation of a not necessarily abelian group
G is the generalization, from the finite abelian algebraically closed case, of ‘simul-
taneous diagonalization’: an irreducible representation generalizes ‘simultaneous
eigenvalues’, and hence sometimes the word ‘spectrum’ gets used to describe the
set of isomorphism classes of irreducible representations.
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Remark 20.15. Here is some comment on how we will continue on this theme in Lecture
21. Assume that (chark,G) = 1. The y € Hom(G,k*) when G is abelian should also
remind you of the functions z + 2™ on S! or # +— €™ on R that you see in Fourier
expansion: more on that in Lecture 21. In fact, the ‘action map’ G — [[;_, Endp,(V;) can
be thought of as a Fourier transform (and note that it takes convolution to multiplication,
like a classical Fourier transform does), and the above exercise raises the question of how
to ‘Fourier invert’ the isomorphism k[G] — [[;_, Endp,(V;) from Theorem 20.10. At least
when k is algebraically closed, we will hopefully discuss this in Lectures 21 and 22.

20.4. Irreducible representations and conjugacy classes.

Lemma 20.16. Let k be a field. The center Z(k[G]) of k|G] equals

{Zagg | ag = apgn-1Vh,ge G},
g

so that dimy, Z(k[G]) is the number of conjugacy classes of G.

Proof. Since k[G] is generated as a ring by k and G < k[G]*, the center of k[G] is precisely
the subspace fixed by the Int A, as h varies over G. O

Proposition 20.17. Assume that k is algebraically closed and that (chark, #G) = 1.
Then the number of irreducible representations of G up to isomorphism is the number of
conjugacy classes in G.

Proof. Since each Endy (V') has center k, this follows from Lemma 20.16 and the isomor-
phism

6] = ] [End(v)

— we have k instead of D; since k is algebraically closed. U

Remark 20.18. (i) The proof shows that if k is algebraically closed of characteristic
p, and (char k, #G) > 1, then the number of irreducible representations is at most
the number of conjugacy classes of G. A theorem of R. Brauer says that the number
of irreducible representations of G' up to isomorphism is the number of p-regular
conjugacy classes of G, i.e., the number of conjugacy classes of G consisting of
elements whose order is relatively prime to p.

(ii) On the other hand, in good characteristic, i.e., when (char k, #G) = 1, but where
we do not assume that k is algebraically closed, the above proof shows that the
number of irreducible representations of G is at most the number of conjugacy
classes of G.

Exercise 20.19. Prove the aforementioned result of Brauer (mentioned in Remark 20.18(i))
in the case where G is abelian.
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20.5. Some examples. First we show that irreducible representations of p-groups are
trivial in characteristic p.

Proposition 20.20. Suppose k is a field of characteristic p > 0, and that G is a p-group.
Then every irreducible representation of G on a k-vector space is trivial.

Proof. In the case where GG is abelian and k is algebraically closed, we know that each
irreducible representation of G is given by a character y : G — k*, which is trivial as k
has only one p-th root of unity. When £k is algebraically closed, the general case is easy to
deduce inductively from this, using that a p-group being nilpotent has a nontrivial center.

We now sketch an argument that does not need k to be algebraically closed, and directly
takes care of a general (not necessarily abelian) p-group G. It is enough to show that each
irreducible representation (p, V') of G contains a nonzero G-fixed vector. This immediately
lets us reduce to the case where k = F, (k contains a copy of F,, so consider the span
over IF,[G] < k[G] of any nonzero vector in the representation). The G-orbits of non-fixed
vectors all have cardinalities that are multiples of p. The cardinality of the vector space is
also a multiple of p. So the set of G-fixed vectors should also have cardinality that is also
a multiple of p, and cannot consist only of 0. U

Example 20.21. Let us study the irreducible representations of G = S3 over any field £k,
which is not necessarily algebraically closed. Consider the representations (p1, V1), (p2, V2)
and (ps, V3) of G, where:

e (p1, V) is the trivial representation of G,

e (p2,V5) is the ‘sign character’ sgn : S5 — {£1} that sends a permutation to its sign
(i.e., the determinant of the permutation matrix that represents this permutation
and has only 0’s and 1’s as entries), and

o V3= {(a1,as,a3) € k® | ay + as + az = 0} and the action of Ss, via ps, on Vi < k3 is
by the obvious permutation of the coordinates.

Thus, dimy V; = dimy V5 = 1 and dimy, V3 = 2. Note the following:

e p1, p2 and ps are distinct if char k # 2, while p; = ps if char k = 2; and
e p; and ps are clearly irreducible, while it is easy (exercise) to see that ps is irreducible
if and only if char k # 3.

From this, we conclude the following:

(i) Suppose (char k, #S3) = 1, i.e., chark # 2,3. Then py, p; and p3 are irreducible and
pairwise distinct. Since S3 has exactly three conjugacy classes, it follows from Re-
mark 20.18(ii) (or Proposition 20.17 if k is algebraically closed) that (p1, V1), (p2, V2)
and (ps, V3) are exactly the irreducible representations of G up to isomorphism.

(ii) Suppose char k = 2. Then (p;,V}) and (ps, V3) are distinct irreducible representa-
tions of G (though p; = ps), so we have a surjection

p1 % p3 1 k[G]/(rad k[G]) — Endg (V1) x Endg(V3).
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(i)

Since the right-hand side has dimension 5 and the left-hand side has dimension
strictly less than 6, we conclude that the above map is an isomorphism, so (py, V)
and (ps, V3) are exactly the irreducible representations of G over k up to isomor-
phism.

Suppose char k = 3. In this case, the normal subgroup As < S5 of order 3 fixes a
nonzero vector in every irreducible representation of G by Proposition 20.20, and
hence by normality acts trivially on every irreducible representation of G' (please
make sure you understand this deduction). Thus, the irreducible representations of
S over k identify with those of S3/As =~ Z/2Z, and hence are just the representa-
tions (py, V1) and (p2, V) (which are distinct since char k # 2).

Exercise 20.22. Prove that the irreducible representations of Z/nZ over an arbitrary field
k are obtained as follows.

(i)

(i)

If m is the largest factor of n such that the chark t m, then show that pull-back
under Z/nZ — 7Z/mZ defines a bijection from the set of isomorphism classes of
irreducible representations of Z/mZ over k to the set of isomorphism classes of
irreducible representations of Z/nZ over k.

Thus, assume that (n,chark) = 1. Let fi,...,f, be the irreducible factors of
z" — 1. For 1 <i <, let K; = k[z]/(f;), and let oy € K; be the image of z; it
is an n-th root of 1 in the field K;. Define a [K; : k;]-dimensional representation
(pi, Vi) of G = Z/nZ as follows: V; = K, viewed as a vector space over k, and
pi : G — GLy(V;) = GLi(K;) is the unique map that sends the generator 1 € Z/nZ
to multiplication by «a; (which is a K;-linear, and hence k-linear, automorphism of

K;). Show that
(o1, V1), (pr, Vi)

are the irreducible representations of GG over k, up to isomorphism.

Possible hint: See Exercise 18.3 from Lecture 18.

Note: This again illustrates that irreducible representations of an abelian group
over a non-algebraically closed field need not be 1-dimensional.

20.6. The definition of the representation ring.

Definition 20.23. (i) Suppose A is an abelian category such that the isomorphism

classes of finite length objects of A form a set. Then the Grothendieck group of
A is the quotient of the free abelian group F'(A) of the set of isomorphism classes
of finite length objects of A, by the submodule generated by the [V] — [V'] — [V"]
whenever we have an exact sequence 0 - V' — V — V” — 0 in A. Denote it by
K(A).

The representation ring of a finite group G over a field £ is the Grothendieck group
of Repr(G), but made into a ring under the tensor product of representations
(Notation 20.7(iv)). Note that the class of the trivial representation of G is the
multiplicative identity of this ring. Denote the representation ring of G by Ry(G).
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Ri(G) is generated as an abelian group by the [V] as V' runs over the irreducible repre-
sentations of G (even in bad characteristic), and a typical element of it may be written as

Y. n;V; instead of as Y, n;[Vj].

20.7. Induced and coinduced representations. In this subsection, k£ can be any com-
mutative ring, and will often be implicitly assumed to be fixed. We have already defined
induced and coinduced representations in the context of subgroups, but the same definition
applies to any homomorphism H — G of groups (though we will mostly only be interested
in the subgroup case):

Definition 20.24. Let H — G be a homomorphism of groups.

(i) Ind is the extension of scalars along k[H] — k[G], i.e., k[G]®— : Repr(H) ~
Repy,(G).
(i) colnd$ is the coextension of scalars along k[H| — k[G], i.e., Homypw (k[G], —) :
Repy,(H) v~ Repy(G).
(iii) Res$ : Repi(G) v~ Repy(H) is the restriction of scalars along k[H] — k[G].

The following proposition is an immediate application of Hom-tensor adjointness, exactly
as in Lecture 8, though one of the assertions in (ii) of the proposition uses Proposition 20.4
— I leave it to you to review/work out the details:

Proposition 20.25. (i) (Frobenius reciprocity) (Ind$;, Res$, coIlnd$) is an adjoint triple
of functors between Repy(H) and Repp(G): Ind$ is left-adjoint to Res%, and
colnd$, is right-adjoint to Res,.

In fact, there are ‘obvious maps’ o — Res% Ind$ o =: Ind$ oy and colnd$, o]y —
o, compositions with which realize the adjunction isomorphisms
Homg(Ind$ 0, 7) — Homp (o, 7|z)  and  Homg(o,colnd$ 7) — Homy(o|g, 7).

(ii) Ind$ is right evact and colnd$, is left exact. Both are exact when k[G] is projective
over k[H]|, which is the case when H < G, as well as when k is semisimple, H is
finite, and #H € k*.

Remark 20.26. When H <— (G, the description of coinduction from Lecture 8 can be
combined with Problem 1 from HW 4 to describe induction as well, giving the following
descriptions of these functors:

(i) coInd%(p, W) is the right-regular action of G' on the space
{f:G—>W| f(hx) =hf(z)Vhe H,ge G}.
(ii) Ind%(p, W) is the right-regular action of G' on the space
{f:G—->W/| f(hx)=hf(x)Vhe H,ge G, fis finitely supported on finitely many H-cosets}.%

62the way induction and coinduction are defined, it only makes sense to impose the support condition
on the set of H-cosets.
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From the perspective of this description, the map Indfl W — coInde W has the obvious
description, and is immediately seen to be functorial in W. This also makes obvious the
natural isomorphism, when H < G and [G : H] is finite, of the functors Ind$ and colnd$.

Exercise 20.27. From the perspective of the above description, show that the map W —
Ind% W (used in describing the adjunction between Ind$ and Res%) sends w € W to the
map f : G — W that is supported on H and sends h € H to h - w. Further, the map
colnd$ W — W simply sends f to f(1).

Exercise 20.28. Let H — G. Prove the following alternative description for Ind%(p, W)
stated in Lecture 8. Namely, Ind%(p, W) is also a representation (m, V) of G, uniquely
characterized up to isomorphism by the following properties:

(i) (m,V)|m contains a subspace isomorphic to (p, W); and
(ii) V is the direct sum of the translates g;1V of W, as {g;}; ranges over any set of
representatives for G/H.

More precisely, given such a (m, V), (p, W) < (7, V)|n gives via Frobenius reciprocity a
unique isomorphism Ind% (p, W) — (7, V), whose composite with (p, W) — Ind%(p, W) |y
equals (p, W) — (7,V)|n.

Exercise 20.29. Show that whenever H ¢ G and [G : H] is finite, Ind, coInd$, define
group homomorphisms:

Ind% : Rp(H) — Ri(G), colnd$ : Ri(H) — Ri(G).

The point is that in these cases, finite length representations are taken to finite length rep-
resentations. But these are not ring homomorphisms, as they don’t send the multiplicativce
identity to the multiplicative identity, much less do they respect the tensor product.

Proposition 20.30. Let H < G be a subgroup of finite index. For all representations
W of H and V of G over k, we have an isomorphism, in fact a functorial one, of G-
representations

Ind% (W ®;, Res% V) = IndG (W) ®; V-

Proof. From W < Ind$ (W), we get an injection W ®;, V < Ind% (W) @ V of k[H]-
modules: although £ is not a field, the injection W < Ind$ (W) of k-modules is split, and
hence tensoring over k preserves injectivity.

Thus, by Exercise 20.28, it is enough to show that Ind$ (W) ®; V is the direct sum of
{g;}i-translates of W ®; V', as {g;}; ranges over a set of representatives for G/H. This

immediately follows from the fact that Ind% (W) is the direct sum of {g;}; translates of
w. O

Corollary 20.31. For H < G of finite index, and k a field (so that we have defined Ry (H)
and Ry(G) as rings) the image of the map Ry(H) — Ry(G) induced by Ind, (see Exercise
20.29) is an ideal of Ri(G).
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Proof. This is immediate from Proposition 20.30. U

According to Professor Nair’s notes, Proposition 20.30 is an additional property of the
adjunction between Ind% and Res$.

Exercise 20.32. Make the isomorphism Ind$ (W ®; Res, V) = Ind$ (W) ®y, V' of Proposi-
tion 20.30 explicit, in terms of the description of induced representations given in Remark
20.26.
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21. LECTURE 21 — REPRESENTATION THEORY OF FINITE GROUPS — II

21.1. Mackey’s formula. Assume that G is finite, and that & is a field with char k 1 #G.
63 Write Int g for h — ghg™!, and 9p for the representation p o Int g=! of gHg™'. Note
that g ‘acts on the left’ of the pair (H,p) to give the pair (¢Hg™!, 9p), which is why we
write g on the top left of p.

Theorem 21.1 (Mackey’s formula). Let H, K < G be subgroups, and (p, V') a representa-
tion of H. Then

Resf Ind§jp=~ P Indgmg Ho1 Res*}’igg;g,l Ip,
9e[K\G/H]

where |[K\G/H] is a set of representatives for K\G/H .

Proof. Recall a description of the induced representation from Lecture 20 (Exercise 20.28):
Indg V' is the unique (up to an appropriately unique isomorphism) representation W of
G such that W|g contains (a copy of) the representation V' of H, and whose underlying
vector space W is the sum of the g-translates of V as ¢ ranges over any set [G/H] of
representatives for G/H: as vector spaces,

IndjV=w= P sV
se[G/H]

To compute its restriction to K, one breaks up the sum on the right-hand side above into
K-orbits, getting
hdfVigk= P Kg-V
9e[K\G/H]

as representations of K. Therefore, it suffices to show that, as a representation of K,

Ind§ Vg o Kg-V = Indf_y, 1 Resi0 1 9p.

Now consider g - V. As a representation of gHg™!, it is clearly isomorphic to 9p. Thus,
ResﬁﬁgHg_l(Kg - V') contains a copy of 9p|gngm,~1. Moreover, it is clear that, as vector
spaces, letting [K /(K n gHg™1)] be a set of representatives for K/(K n gHg™'), we have

Kg-V = @ a-gV
ag[K/(KngHg1)]
(since gHg™" is the stabilizer of g -V in G, K n gHg ! is the stabilizer of g - V in K).
Therefore, by the description of induced representations described above, we have K¢g-V =~

Ind% Res?™9" 9 as desired O
KngHg—1 KngHg—1 P, .

631 don’t see that these conditions are used anywhere, and hence they may not be needed.
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21.2. Mackey’s theorem via equivariant sheaves. We will now describe a proof of
Mackey’s theorem, Theorem 21.1, by means of ‘equivariant sheaves’. For us, this will be
an inefficient route to it, but this seems to make the proof more natural, and the equivariant
sheaves we will see are a toy model for some of the objects one sees in more sophisticated
mathematics. You can consider this subsection optional. For this proof I will follow some
lecture notes of Dmitry Gourevitch, sometimes closely. In what follows, a ‘sheaf’ will refer
to a ‘sheaf of vector spaces over k’, where k is the field that we have fixed.

Remark 21.2. For the proof that we are going to see, it will help to know that coIndg
can also be realized as

{f:G—>V|flgh)=h""f(g)VheHge G},

with the left-regular action of G: (g- f)(h) = f(g~'h). Indeed, this description is obtained
from the description given in Lecture 20, Remark 20.26, by applying the change of variables
g — g~', which switches the left and right actions. A similar comment applies to Indg vV,
where one considers those f that are finitely supported modulo H.

Motivation for sheaves: One source for representations of GG is as follows: let X be a set on
which G acts, let k[ X] be the space of functions X — k, and let G act on k[X] according
to the left-regular action, (g - f)(z) = f(g 'x).

One can think of k[X] as follows: k[X] identifies with the set of sections to the obvious
map | |,k — X. If one takes instead disjoint union over vector spaces that are allowed
to depend on x € X, we get a sheaf:

Definition 21.3. (i) A sheaf V (of k-vector spaces) on a set X is the datum of a k-
vector space V, for each x € X. It is clear how to define morphisms between sheaves
on X, so we now have a category Sh(X) of sheaves on X. It is an abelian category,
being the category Fun(Xy;s., Vecy) of functors from Xy to Vecy, where Xy, is
the discrete category built from X (with Ob X4 = X, and the only morphisms
being the identity morphisms).

(ii)) For U < X and V € Ob Sh(X), define the space of sections of V over U to be

VU):={s:U— |_| Ve | s(x) eV, Vo eU}.
zeU
Clearly, V(U) is a vector space that identifies with @, _; V.

The space V(X)) of sections of V over X is called the space of global sections
of X, and is denoted by I'(V). Similarly, we may define the spaces V.(U) and
V.(X) = T'.(V) of finitely supported sections (¢ for ‘compact’).

(iii) For ¥V € Ob Sh(X), define the total space T'(V) of V to be | | .y Vs, so we have a
map T'(V) — X whose fibers are the various V,.

(iv) Now assume that X is a G-set for a group G, and let ¥V € ObSh(X). A G-
equivariant structure on V is an action of G on T'(V) compatible with the action
of G on X, and respecting the vector space structures: in other words, G acts on
T(V) in such a way that for all g € G and x € X, the action of g restricts to an
isomorphism of vector spaces V, — V.
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(v) Let X be a G-set. A G-equivariant sheaf on X is a sheaf V € Ob Sh(X), together
with a G-equivariant structure on it. It is clear how to define morphisms of G-
equivariant sheaves, so we now have a category Shg(X) of G-equivariant sheaves
on X.

Example 21.4. If {+} is a singleton set with the only possible G-action on it, then Shq(*)
is equivalent to Repi(G).

Remark 21.5. (i) Let X be a G-set, let V € Ob Shg(X), and let U < X. The action
of g € G then defines an isomorphism V(U) — V(gU), mapping s € V(U) to the
element of V(gU) defined by

U S US| Ve S Ve = | W
zeU zeU yegU

In other words, if s : U — T(V) is a section, then g -s : gU — T(V) takes
y=g-xe€gUtog-s(x)eg -V, ="V

If U is invariant under G, this action defines a representation of G on V(gU). In
particular:

e For each z € X, V, is a representation of the isotropy group G, := {g € G |

g-x=zx}of zin G.
e I'(X) =V(X) and I'.(X) = V.(X) are representations of G.

Exercise 21.6. Let K be a group. If X = | |, X; as K-sets, then show that Shx(X) has
an obvious equivalence with the product category [ [, Shx(X;) (if we haven’t seen what
this product category means, make sense of it). Moreover, if V € Ob Shx(X) corresponds
to (Vi)i € Ob] [, Shk(X;) under this equivalence, show that we have identifications

FV)=[[re),  and  L(V) = @rav)

in Repy(K).

Exercise 21.7. (i) If v : X — Y is a map of sets, define what the functor v, :
Sh(X) v Sh(Y) of pushforward with respect to v, and the functor v* : Sh(Y) v~
Sh(X) of pullback with respect to v, should mean. These should satisfy, for all
VY € Ob Sh(X) and W € Ob Sh(Y'), and all subsets U < Y and elements x € X,

nW)U) =V ), and (W), = W),

(ii) Now assume that X — Y is a map of G-sets. Show that v, and v* extend to
functors v, : Shg(X) v Sha(Y) and v* : Shg(Y) v Sha(X).
(iii) (Taken from Gourevitch’s notes) Show that each of the following is an equivalent
way to give a G-equivariant structure on a V € Ob Sh(X):
(a) The datum, for any z € X and g € G, of a k-linear map t,, : V, — V,, such
that for all x € X and g1, g2 € G, we have t;,4, 2 = tg, g0z © tgoa-
(b) An isomorphism of sheaves « : a*(V) — p*(V), where a : G x X — X is the
action map (g,x) — g-x and p: G x X — X is the projection, satisfying the
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following condition:
Writing ¢,b : G x Gx X — X for the morphisms defined by ¢(g1, g2, ) = x and
b(g1, g2, ) = (9192 - ), the morphisms 3,7 : ¢*(V) — b*(V) in Sh(G x G x X)
induced by « (applied twice) are equal to each other.
Hint: Given a G-equivariant sheaf V), define t,, : V, — Vg, to be simply given by
the action of G on V. On the other hand, define « : a*(V) — p*(V) to be such that

(@* V) ga) = Vo = Vo = (0*(V)) -

The ‘cocycle condition’ S = v is just saying that (g1g2)™" : Vygor — Vi is the
composite (Vg = Vi) © Vgrgow = Vior)-

Note: The point is that on more sophisticated mathematical objects, where sheaves
are parameterized by more ‘continuous’ objects like topological spaces or algebraic
varieties rather than ‘discrete sets’, the naive definition of a G-equivariant sheaf
given in Definition 21.3 above will not work since we cannot work ‘point by point’,
but this particular “a*(V) = p*(V)” definition adapts to such more general situa-
tions.

The following lemma describes induction and coinduction of representations in terms of
equivariant sheaves:

Lemma 21.8. (i) Let H < G be a subgroup, and view G/H as a G-set. Then the
functor Shq(G/H) v~ Repy(H) defined by V ~ V.y, where eH is the identity
coset in G/H and Vey gets the obvious action of the isotropy group G.y = H of
eH e G/H in G (see Remark 21.5) ®* is an equivalence of categories.

(i) If the above functor is denoted by V ~~V, then coIndg identifies with the functor

Repy(H) v~ Shg(G/H) v Repp(G),  given by V ~> Vs T(V),

and Indg identifies with the analogously defined functor where one uses T'.(V) in
place of T'(V). Again, we refer to Remark 21.5 for how to view I'(V) and T'.(V) as
representations of G.

Sketch of the proof. Let us consider (i) first. I will only partly define a functor in the other
direction, and leave it as an exercise to check that it works and is indeed a quasi-inverse.

If V is a representation of H (on a k-vector space), define T'(V) (the total space of the
sheaf V that we will assign to V') to be the set of H-orbits (G x V')/H, where H is made to
act on G x V by h-(g,v) = (gh™!, hv). Note that the projection map G x V' — G induces
a map T(V) — G/H, and that each fiber of this map canonically has the structure of a
vector space: the fiber over gH € G/H is the image of {g} x V — G xV — (G x V)/H;
this vector space structure is independent of the choice of ¢ in its H-coset gH, since for
each h € H we have a bijection {g} x V' — {gh} x V given by (g,v) — (gh,h™'v), and
since v — h~'v is a vector space isomorphism. Now check that this defines a G-equivariant

64 A5 usual, we are leaving it implicit as to how to define this functor at the level of morphisms.
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sheaf V), that this assignment V' ~~ V is functorial, and that this functor is a quasi-inverse
to the one given in the statement of the lemma.

For (ii), the point is to observe that sections to (G x V))/H — G/H identify with maps
G — V such that f(gh) = h™!f(v): associate to each s € I'(V) the unique map f,: G — V
such that for all g € G, s(gH) € (G x V))/H is the image of (g, fs(g)):

Cf 3 T% (g,ff(g)) € GxV
G/H 5 gH —— s(gH) € (G xV)/H

Check that s — f, defines isomorphisms of representations of G, I'(V) — coInd% (V) and
I'.(V) - Ind%(V). O

Remark 21.9. (i) Suppose G acts on X transitively, and that ¥V € Ob Shg(X). Then
it follows from Lemma 21.8 that for any x € X, I'(V) € Ob Repy(G) identifies with
coIndgr V., and I'.(V) € Ob Repi(G) identifies with Indgw V,.

(ii)) If V € ObShg(X), where X is a G-set, g € G and = € X, then g defines an
isomorphism V, — V,,. V, is a representation of G, (as in Remark 21.5), say pq,,
and V, is a representation of Gy, = 9G,g™ ", say pg,,. Show as an exercise that
g : Vi — Vy, relates the representations (pgz, V) of Gge = 9Gog~" and (py, V) of
Gr as pge = proInt g™, e, pg = 9p,.

More precisely, Gy, acts on V,, by pg, and on V, via 9p,, and the vector space
isomorphism ¢ : V, — V,, is also an isomorphism of representations (9p,,V,) —
(pgzs Vyz) of the group G,.

Proof of Theorem 21.1. By Lemma 21.8, p corresponds to a G-equivariant sheaf 1, on
X := G/H, and we have Ind$, p = T.(V,) as a representation of G.

For Res$. Ind p, view the G-equivariant sheaf V, as a K-equivariant sheaf (tautologically),
and compute the K-action on I'.(V,): the resulting representation is clearly Res% Ind$ p.

Let X = | |, K-z; be the decomposition of X into K-orbits. Thus, we can write x; = g;-(eH)
for each 4, and then {g;}; is a set of representatives for K\G/H. Accordingly, we can write
V, = (V,,)i as in Exercise 21.6 (the V,; are K-equivariant sheaves, though of course not
G-equivariant). Thus, in Shx(X), we have by Exercise 21.6,

FC(Vp) = @ Fc(Vp,i)7

as representations of K. By Remark 21.9(i), the K-representation I'.(V,;) identifies with

Indﬁm V, iz Since z; = gy, we have K,, = K n g;Hg;'. Moreover, by Remark 21.9(ii),

Vyizi = Vogs(em identifies with 9V, .5 as a representation of g;Hg;'. Thus, T'.(V,;)
-1 -1

identifies with Indﬁmgi Ho! Resiész Hgo! IV, em = Indgmgi Ho! Resiész Ho! 9ip, as desired.

O

7
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21.3. Mackey’s criterion for irreducibility. This is a criterion for answering: when is
Ind% V irreducible?

Theorem 21.10 (Mackey’s criterion). Let k = k be an algebraically closed field, and
let G be a finite group such that chark 4 #G. Let H < G be a subgroup, and (p,V) a
representation of H. For all g € G/H, let YH = gHg™' n H (strange notation alert).
Then Indg p= Indg V' is irreducible if and only if both the following hold:

(i) V is irreducible; and
(ii) For all g € G/H, 9plag = Res%lf{gfl(p oIntg~') and Res?, p have no irreducible
9H -summand in common (up to isomorphism,).

Proof. It is immediate that V needs to be irreducible for Ind% V' to be irreducible, so we
assume without loss of generality that V' is irreducible.

Since k is algebraically closed and chark  #G (so that k[G] is semisimple), Ind% V' is
irreducible if and only if dimy Endge(Ind$ p) = k.

We have, using Mackey’s formula once (in the second step below) and Frobenius reciprocity
twice (for induction in the first step and for coinduction in the third):

Endg(Ind$ p, Ind% p) =~ Hompy (p, Res$ Ind% p)

;HomH<p, @ Indyy gp\gH>
ge[H\G/H]

@  Homog(plon, Ip|an),
ge[H\G/H]

lle

where the last isomorphism uses that Ind% and coInd$ identify with each other as functors,
since [G : H] is finite.

Of the above sum, the term corresponding to the identity coset HeH = H is Hompg(p, p),
which is one-dimensional by the irreducibility of p. Therefore, Indg p is irreducible if and
only if for all g € G\H, Homsy(p|opg, 9p|sx) = 0, which (by semisimplicity) is to say, p|sy
and 9p|sy have no factors in common. U

Remark 21.11. Since this proof computes the dimension over k of the endomorphism
algebra of the induced representation, it also gives us more information about the number
of irreducible components (though we might not be able to calculate the exact number).
There is a variant formula that helps us calculate the exact number: there is a formula for
the endomorphism algebra rather than just for its dimension as a vector space over k:

Ende(IndG(p, V) = {f : G — Endi(V) | Vhi,hy € H and g € G, f(highs) = p(h1)f(g)p(h2)},

where the right-hand side is viewed as an algebra under convolution (with respect to a
suitable multiple of the counting measure).
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If 71 = Ind$, (p1, V1) and o = IndY; (ps, V2), one can get a vector space isomorphism

Homg(Indg1 P1, Indfl2 p2) =
{f G — Homk(Vl, ‘/2) | f(hgghl) = pg(hg)f(g)pl(hl) Vg € G, h1 S Hl, and hg € HQ}

We have stated these formulas without proof, though the proof is not difficult. If you would
like to see a proof but don’t want to work it out, see, e.g., Amritanshu Prasad’s notes at
http://www.imsc.res.in/~amri/html notes/notesch1.html#x4-70001.4 .

Example 21.12. Assume that G is finite and that (char k, #G) = 1.

(i) It follows from Theorem 21.10 that if H is a normal subgroup of G, then Ind% p is
irreducible if and only if p is irreducible and poInt g % p for all g € G\H. Thus, if
Dy, = C,, x Z/2Z is a dihedral group of order 2n, with C,, a cyclic group of order n,
and y : C,, — C* is a character, i.e., a homomorphism viewed as a one-dimensional
representation, then it follows that the two-dimensional representation Inng" X is
irreducible if x? is nontrivial, and reducible if y? is trivial.

(ii) If H is a proper subgroup of G, it follows from Theorem 21.10 that Indg 1 is never
irreducible, where 1 is the trivial representation of H over k.

(iii) If G = H x A for subgroups H and A of G, with A — G an abelian normal subgroup,
the Mackey criterion allows us to describe all the irreducible complex representa-
tions of G using irreducible representations of A and irreducible representations of
various subgroups of H; see HW 10 for more details.

21.4. Representations of a product of groups. Here I will follow Professor Nair’s
notes. All representations in this subsection will be over a fixed field k.

If Vi, V5 are representations of groups G, Gy over k, V; ®; Vo can be viewed as a repre-
sentation of G; x G9: using the universal property of the tensor product, show that there
exists a unique representation of G; x Gy on V; ®; V5 which satisfies the property that
(91, 92) - (1 ®v2) = gu1 ® gva.

How does this generalize to the level of algebras? If Ry and R, are k-algebras, and p; :
Ry — Endy(V}) and py : Ry — Endy(V3) are homomorphisms, the universal property of
the tensor product of algebras (Exercise 19.10 from Lecture 19) gives us a homomorphism:

p = p1®y p2: Ry ® Ry — Endy (V1) ® Endy (V) — Endg (Vi ®; V2)
(the latter map is just from the functoriality of the tensor product, as observed in HW 3).
To relate this to the tensor product of representations of groups, note that k[Gi] —
k|G1x Gs] and k[Gy] — k|G x G3], obtained from the inclusions G; = G x {1} — G xG3
and Gy =~ {1} x Gy — G x G, give us by the universal property of tensor products of

algebras a homomorphism k|G| ®x k[G2] — k[G1 x G2], which is readily checked to be an
isomorphism: both sides have k-bases indexed by G x G5, which the above map respects.

It is then easy to see that the identification of Repy(G) with k[|G|-Mod for G = G4, G, G x
G, ‘transport the definition of tensor product for representations of groups to the definition
of tensor product for representations of algebras’.
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Remark 21.13. Earlier, we defined a slightly different notion of tensor product for repre-
sentations: if (p1, V1) and (pa, V2) are representations of G, we defined the representation
(p1®y p2, V1 ®y Va) of G (see Lecture 20, Notation 20.7?7). This ‘internal’ tensor product is
related to the above ‘external’ tensor product as follows: if you form the ‘external’ tensor
product p; ®g p2 : G x G — GL(V; ®; V3) of G x G as defined in the above discussion,
then composing it with the diagonal map A : G — G x G given by g — (g, ¢g) gives the
‘internal’ tensor product G — GL(V] ®; V).

Proposition 21.14. Let G1, Gy be finite groups, and k = k an algebraically closed field.

(i) If V; is an irreducible representation of G; fori = 1,2, then Vi®y Vs is an irreducible
representation of G x Gbs.

(i1) Any irreducible representation of Gy x Gy is isomorphic to Vi ® Vo, where Vi and
Vo are respectively irreducible representations of G1 and G.

Proof. We will identify k[G1 x Ga] with k[G1] ® k[G2] as explained in the discussion
preceding the proposition.

Let us prove (i). By Burnside’s theorem (which uses that k is algebraically closed),
k[G1] — Endg (V1) and k[G3] — Endg(V3) are surjective, and hence so is k|G| ® k[G2] —
Endg(V}) ®; Endg(V3), by the right-exactness of the tensor product. Our identifications
k[G1] ®k k[G2] — k[G1 x Go] and Endi(V}) ®x Endg(V2) — Endi (Vi ® Vo) now give a
surjective morphism k[G x G| — Endg(V; ®y V2), and this morphism is clearly associated
to Vi ®g Va. Since Vi ®j Vs is a simple module over Endy (V] ®j V3), this gives (i).

We now come to (ii). Let Ry, Ry be finite dimensional k-algebras. Assume that we are
given an irreducible left R-module V', where R = Ry ®; Ry. For ¢ = 1,2, we will view a
left R; ®; Ro-module also as a left Ri-module, via R; < R; ®; Ry. % It is enough to show
that there exist an irreducible left R;-module V; and an irreducible left Ro-module V5 such
that V = V] ®; V5 as Ry ®i Re-modules.

First assume that R; and R, are semisimple. Let 1V, be an irreducible left R;-module
contained in V|g,. Since V' is an irreducible left Ry ®; Ro-module, V' is the sum of Ro-
translates of V. Each such Rs-translate is a left R;-module that is a homomorphic image of
the simple Ryj-module V;, and is hence isomorphic to either 0 or V. Therefore, V' |g, breaks
up as a direct sum of copies of V] (this uses the semisimplicity of R;). Similarly, V|, breaks
up as a direct sum of copies of a simple left Ry-module V5. This implies that 1 — Endy (V')
and Ry — Endg (V) factor through Ry — Endg (V) and Ry — Endg (V) (the two ‘—’s are
by Burnside’s theorem, because V; is a simple left R;-module for i = 1,2). Therefore,
Ry ®, Ry — Endg(V) is trivial on the kernel of Ry ®; Ry — Endg(V)) ®x Endy(V3) =
Endy,(Vi @ Va). % Because R; ® Ry — Endi (V) ® Endg(Va) = Endy(V; @ V5) is a
surjection, Ry ® Ry — Endg (V) factors through it. Thus, the left R-module structure
on V is obtained by pulling back a left Endy(V; ®; V2)-module structure on V' under

65This is injective since anything over a field is flat.
66Check using vector space bases that this kernel is just ker(R; — Endg (V1)) ® Re + R; ® ker(Ry —
End(V2))).
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R @ Ry — Endy (V) ® Endg(Va) = Endg (V) ®; V2). Since Endg (V) ®; V2) has a unique
simple left module up to isomorphism, namely V; ®; V5, it follows that V =~ V) ®; V5 as a
module over Endy (V] ®; V5), and hence as a module over R = Ry ®j. R».

Now we come to the general case, where R; and R, are not semisimple. Let R; =
Ri/rad(R;) and Ry = Ry/rad(Ry). Since k = k, it is easy to see that R ®j Ry is a
semisimple k-algebra: by the Artin-Wedderburn theorem, and the fact that there is no
finite dimensional division algebra over k (since k is algebraically closed), this reduces to
showing that each M,,, (k)®x M, (k) is a semisimple k-algebra, which it is, being isomorphic
to My n, (k).

We claim that R; ® Ry — Ry ® Ry is the maximal semisimple quotient of R1 ® Ro, i.e.,
Ry ®; Ry = (R; ® Ry)/rad(Ry ® Rs). Since Ry ®j Ry is semisimple, this follows if we
show that

ker(R1 R Ry — Rl R RQ) = rad(Rl) R Ro + Ry Qg l"ad(Rg)

is contained in rad(R; ®j Ry). This in turn follows from the fact that rad(R;) and rad(Rz)
are nilpotent (which they are, Ry and Ry being Artin rings — see Lemma 17.10 from Lecture
17), so that rad(R;) ® Ry + R1 ®k rad(R2) is nilpotent as well, and the fact that nilpotent
left ideals in an Artin ring are contained in its Jacobson radical (see Lemma 17.14 from
Lecture 17).

This proves the claim that Ry ®; Ry — R; ®; R, is a maximal semisimple quotient.
Hence irreducible representations of Ry ®; Rs, R and R, identify respectively with those
of Ri ® Ro, Ry and R, and we are reduced to the case where Ry and R, are semisimple,
which has already been taken care of. U

Remark 21.15. (i) In the above proposition, the condition that k is algebraically
closed cannot be dropped: show that the ‘rotation by 90°” action of Z/4Z on V = R?
satisfies that V' is an irreducible representation of Z/47Z, but that V ®; V is a
reducible representation of Z/47Z.

Hint: Make use of the fact that C®r C =~ C x C.

(ii) Here is a more ‘abstract’ reason why k being algebraically closed cannot be dropped.
If V' is an irreducible representation of G over k, then it is easy to check (from
semisimplicity) that sois V'V, so it suffices to explain why End, (V) = VY ®,V is not
in general semisimple for the action of G x G on Endy (V') transferred from Vv ®; V
(work this action out as an easy exercise). But this is because if D = Endg(V)
is the associated division algebra, then Endp (V) < Endg (V) is a G x G-invariant
subspace that is proper whenever D # k.

21.5. The Schur orthogonality relations — the abelian case. In this subsection, we
will deal with a finite group G, and a field k. Eventually we will impose two conditions: the
good characteristic condition that (#G,chark) = 1, and also that k = k is algebraically
closed.

Recall that k[G] can be thought of as the ring of formal linear combinations >} . asg
with each a, € k, and also as the space of functions G — £ under convolution. Today,
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we will take the latter perspective on k[G], and view it as also a representation of G x G:
(91,92) - f(g) = f(97 9g2): the first copy of G acts by the left-regular representation, and
the second copy of GG acts by the right-regular representation. This representation of G x G
on k[G] is called the regular representation.

Let (p1,V4),- .-, (pr, Vi) be the irreducible representations of G over k up to isomorphism.
Recall that the action map

(80) k[G] = | [ Endi(Vi)
i=1
quotients to an isomorphism of rings
(81) k[G/(rad(k[G])) — | [ Endp, (Vi)
i=1

where D; = Endg(V;) is the division algebra associated to the representation p;.

(81) is a form of the Fourier transform, in good characteristic (see the discussion on L*(S*)
below). It can be written as

(52) 16—k e (3 f0eto), = (| s0nto) do)

geG

The fact that (81) converts convolution in k[G] to multiplication in [[;_, Endp,(V;) is a
general property of Fourier transforms, which we see in the classical situations as well.

Note that in good characteristic and when k is algebraically closed, (80) itself is an iso-
morphism of rings. Therefore, we would like to invert it explicitly.

In the rest of this lecture, we will work out a formula for this ‘Fourier inversion’ in the
special case where G is abelian as well, through a series of exercises.

Before the series of exercises, let us describe its setting. Assume that G is finite abelian,
(#G,chark) = 1, and that k = k is algebraically closed. Recall that in this case, the set of
irreducible representations of G on k-vector spaces, up to isomorphism, can be identified
with Homy 45, (k[G], k), which further by restriction along G < k[G]* identifies with
Hom(G, k™).

Let us write (81) as:

(53) ro (N ren) = ([ s

Remark 21.16. When G is abelian, k is algebraically closed and (#G,k*) = 1, it is an

easy exercise to see that G := Hom(G, k™) has the same cardinality as G (e.g., use the
structure theorem for abelian groups). Thus, this abelian (good characteristic algebraically
closed) case has the particular property that the set Irr(G) of irreducible representations

of G up to isomorphism, itself has the structure of a group, namely G = Hom(G, k*). Note
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that we then have an obvious map G — @, which is readily verified to be an isomorphism.
This is one of the most basic variants of Pontrjagin duality.

Exercise 21.17. (Simple once you do and absorb it, and very important). Assume that
G is abelian, k is algebraically closed, and (char k, #G) = 1.

(i) Prove the following ‘Schur orthogonality relations’:
(a) Schur orthogonality for characters: If xq, x2 € G = Hom(G, k™) then

1, if x1 = X2, and

(84) # 2 X197 xa(9) = {07

otherwise.
geG

In other words, we have found an inverse image to the Dirac delta at each
X € Hom(G, k*) under (83): it is the map G — k given by:

# > xlg Mg

geG

(b) Schur orthogonality for conjugacy classes: if a,b € G, then

(85) Loy Xl(b)x(a):{l, if a = b, and

#G ZeHom(Gk¥) 0, otherwise.

This gives an explicit description of the Dirac delta function at b € G in k[G]
as a linear combination of the x € Hom(G, k*) < k[G]: namely,

LY ekl

#G xeHom(G,kX)
(ii) Using these relations or otherwise, prove that the isomorphism
kG- [
xeHom(G,k)
from (83) has the following inverse:

(86)

¢ = (x = c(X)xetom@r) = H#G) D> ) xT = f c(x) - x " dx
x€Hom(G,k>) x€Hom(G,k*)
(note that ™! € Hom(G, k*) = k[G] for each x), where dx is (#G)~! times the
counting measure on the ‘Pontrjagin dual’ group G = Hom(G, k). This measure

can be thought of as dual to the counting measure on G.
(iii) Show that the isomorphism

kG- @Dk

x€Hom(G,k*)
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where we now write @ instead of [] as we wish to ignore the ring structures,
transports the symmetric nondegenerate bilinear form

ooty = # S fulg ) al)

geG
on the left-hand side to the symmetric nondegenerate bilinear form
{c1,c9) = Z c1(x)e2(x)-
x€Hom(G,CX)

(iv) When k = C in addition, state the Schur orthogonality relations for characters can

be stated in terms of an inner product, and prove them.
(v) Read and make sense of the following statements. k- x < k[G] is the (x7', x)-

isotypic component of the regular representation of G x G on k[G], and thus

kG @ k-x

x€Hom(G,k>)

lle

is the decomposition of k[G] into isotypic subspaces for the regular representation.
Note that this takes the form

(k[G], regular representation) =~ (—D VY&V,

(p,V)
where (p, V') ranges over the set of irreducible representations of G’ up to isomor-
phism. Relatedly, the above decomposition is the simultaneous diagonalization of
the regular action of G x G on k[G]. Similar assertions apply with the regular
representation replaced by the left regular and the right regular representations.
Thus, decomposition into isotypic components is (in some ways) a generalization
of simultaneous diagonalization, and irreducible representations are like ‘families of
eigenvalues’.

(vi) (Fourier expansion) Make sense of the following related point as well: since Hom(G, k) <
k[G] is a particularly nice ‘eigen’ basis, we might like to express a function f € k[G]
in terms of this ‘eigen’ basis Hom(G, k). Together, (83) and (86) let us expand
each f € k[G] as

f = Z Ay X,

x€Hom(G,k*)
where (cy), is the image of f under (83), and (by (86)) a, = (#G) '¢,-1. Thus,
Fourier expansion is analogous to expressing a vector in terms of an eigenbasis for
a family of operators.

Example 21.18. (i) The considerations of Exercise 21.17 can be adapted to compact
abelian Lie groups, as we outline in special cases without any formal justifications.
Consider the compact but infinite group G = S'. In this case, one analogue of
k|G] is L*(S"), whose elements can be thought of as periodic functions on R with
period 1. In this case, the analogue of G = Hom(G,k*) is Hom,(S',C*) =
Homg(S*, S1), which can be identified with Z (thought of as a discrete topological
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group): n € Z identifies with y,, : z = 2™ on S, which corresponds to the periodic
function z — e?™*. The analogue of (83) is:

Fo(Fine [ a@naera) = [ (o @)enar.

0
The analogue of (86) is:

g (2 Y g(=n)2")
nez
(interpret it at the level of periodic functions for a more classical formulation).
(i) Suppose G = R,k = C. In this case, again we consider L?(G) in place of k[G]. The
analogue of G that is relevant to us here turns out to be not H omes(R, C*) but:
Homes(R, ') = {exp(iy—) | y € R}.

The analogue of (83) is:
f— <f DX J f(x)emydy),
R
and the analogue of (86) is:

g— % (x — JR gly)e ™ dy)-

Now we discuss two examples of applications of Fourier inversion:

Example 21.19. (i) Let k = C,G = Z/aZ. Let us recall why >} (1/p), where p ranges
over the prime numbers, diverges. In this example, any sum or product over ‘n’
will be over the positive integers, and any sum or product over ‘p’ will be over the
prime numbers. Using the product expansion

S 1yt
=2 -110-5)
n= P
for Re(s) > 1, and the expansion for log(1 + z), it is easy to see that as s — 1+,

1
log((s) = Z p + (something bounded as s — 1+).

p

This gives that lim,14 >,,p~* = o0, so > (1/p) diverges. If one refines this argu-
ment, one can get the prime number theorem.

Now, we crudely outline how Dirichlet proved his famous theorem on primes
in arithmetic progressions — that szb (mod ay P~ Where (a,b) = 1, diverges at 1.

Problem: considering >, _, ( yn~* does not help: it does not have a product

mod a
. —S
expansion, and does not seem related to szb (mod a) P~ °-

67As one of you pointed out, many if not all classical definitions have e~ 2" instead of e>™*"*: this
difference is not essential for our purposes.
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Dirichlet had the idea of Fourier-inverting the situation. He noticed that:

TS S YD SN R

s
p=b (mod a) P x€Hom(Z/NZ,Cx) p

(formally, this follows from (86)). Here, each y : (Z/aZ)* — C* is viewed as a
function y : Z — C that vanishes at integers that are not relatively prime to a.

The point is that, >, x(p)p~* is a good thing: because x : Z — C* is multiplica-
tive, it is easy to see that on setting L(s,x) = >, -, x(n)n™* as the ‘x-analogue of
¢(s)’, we have that as s — 1+,

log L(s, x) Z x(p + (something bounded as s — 1+).

One can show that L(s,x) stays away from 0 and o near s = 1 as long as
X : (Z/aZ)* — C* is not trivial (justification for this is one of the important
technical inputs into the proof), and hence log L(s, x) makes sense and remains
bounded near s = 1 for nontrivial x. This implies that as s — 1+,

2,

p=b (mod a)

has the same asymptotics as (#(Z/aZ)*)~" - >} p~°. This gives the infiniteness of
such p, and also shows that as b varies over numbers relatively prime to a, they all
occur with similar asymptotics to each other.

Polya’s inequality; I will be extra crude here. If x is a primitive Dirichlet character
modulo k (i.e., x : (Z/kZ)* — C* does not factor through (Z/kZ)* — (Z/IZ)* for
any proper factor [ of k), then for all x > 1 we have:

‘Z ‘<\flogk

n<T

The proof involves taking the Fourier expansion of y, viewed as a function Z/kZ —
C (note that on Z/k7Z, as opposed to on (Z/kZ)*, x is not a homomorphism or
anything). Why Z/kZ? Because, crudely speaking, x is being summed and not
multiplied; we are almost integrating it against the trivial character of Z/kZ. By
Schur orthogonality, only the trivial ‘Fourier coefficient’ of x contributes, and this
(it turns out) reduces us to estimating the

Z e 2mimn/k 1 < p < k- 1.
m<zT
Let me repeat the above explanation. We are adding the x(n), but x is a char-

acter of (Z/kZ)* and not of Z/k7Z. Characters ¢ of Z/kZ are the ones for which
estimating sums like >} _ 1(x) is easy, since addition is the operation in Z/kZ
unlike in (Z/kZ)*, and hence Schur orthogonality relations for (Z/kZ) help. Thus,
one expresses x in terms of additive characters of Z/kZ, which one can by Fourier-
expanding y, viewed as a function on Z/kZ.
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22. LECTURE 22 — SCHUR ORTHOGONALITY RELATIONS AND FOURIER INVERSION

We begin by setting some conventions and stating the informal goal for today’s lec-
ture. Throughout this lecture, G will be a finite group, and k& will be a field such that
(char k,#G) = 1, and any representation will be finite dimensional and over k — sometimes
we will mention this hypothesis explicitly, but even if we do not do so, it will be assumed
to hold. We will occasionally, but not always, assume that k is algebraically closed. If we
talk of (p1,V1),..., (pr, V;-) without defining these, then they will be understood to be the
irreducible representations of G up to isomorphism.

Recall that we have an isomorphism of rings:
(87) [ ]ri: kIG] — [ [ Endp, (Vi),
i=1 i=1

where D; := Endg(V;) := Endyjg) (Vi) is the division algebra associated to p;.
Thus, one would like to invert this map.

What we will do today: When k = k, we will construct an inverse explicitly, but without us-
ing the theorems of Artin-Wedderburn, Jacobson, Burnside etc. In particular, we will avoid
making use of any prior knowledge that [ [i_, p; is an isomorphism, but instead rederive
it by constructing an inverse. To do this, we will prove and use the Schur orthogonality
relations (whose abelian version was given as Exercise 21.17 in Lecture 21).

Notation 22.1. Throughout this lecture, we will view k[G] as a representation of G x G
via the regular representation: (g1, ¢2) - f(g9) = f(g; ' 992).

22.1. The matrix coefficient map. We will think of the two sides of (87) as represen-
tations of G x G rather than as rings, for which we need to define how G x G acts on
Endg(V;). Unfortunately, there are two such actions of relevance to us, slightly different
from each other:

Notation 22.2. Let (p, V) be a representation of G.

(i) The first action of G x G on Endg (V') that we will consider is given by:

(88) (91,92) - A = p(g1)Ap(g2) ™"

Note the relevance of this action: with this action, the map (87) is a homomorphism
of representations of G x G.
(ii) The second action of G x G on Endg (V') that we will consider is given by:

(89) (g1.92) - A = p(g2)Ap(gr) "

The relevance of this is that it will make the ‘matrix coefficient map’ that we will
define below, in the ‘opposite direction’, a map of representations of G x G.
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Note that the usual structure of a representation of G on Endg (V) = Hom(V, V) is the
restriction of either of the actions along the diagonal map A : G — G x G. We will refer
to these actions as the ‘first action’ and the ‘second action’ of G x G on End,(V'), but to
avoid confusion, each time we do so we will link to the appropriate equation, (88) or (89).

Since we are thinking of (87) as a map of G x G-representations rather than of rings, we
replace the ‘[ in it with ‘@’, to write it as a map of representations of G x G,

T

(90) HG] — D Endy (V) — DV 01 V),

=1

where we give each Endy(V;) the first action (88) of G x GG, and where the isomorphism
V.Y @k Vi — Endg(V;) was described in HW 3 (it is partially reviewed in Notation 22.3
below). The resulting action on V¥ ®;, V; is not the usual one, so for now we ignore it.

For now, we only assume that (char k, #G) = 1, so (90) may not be an isomorphism.

22.2. Matrix coefficients and the matrix coefficient map. In this section, we define
a map in the opposite direction of (90) (but not quite inverse to it).

Notation 22.3. Let V be a finite dimensional vector space over k. The image of u®@ v €
VY ®; V under the isomorphism V¥ ®; V' — End, (V) (of HW 3) will be denoted by A,,.
Thus, for all ue V¥ and ve V, A, , € Endi (V) is the rank one operator defined by:

(91) Ay (V') = {u, v’y v,

Remark 22.4. Later, we will use that tr(A,,) = (u,v): this has been seen in HW 3 as
the commutativity of the following diagram:

VYRV = End, (V) ,

A

k

where ev : V'V ®; V' — k is the evaluation map, induced by the universal property of tensor
product from the tautological bilinear pairing V'V x V — k.

Remark 22.5. Recall from Lecture 21 that if (p, V') is a representation of G, then VvV @V
is a representation of G x G: for all (¢1,92) € G x G,u €V and v e V', we have
(92) (91,92) - (W®v) = (91w, 92-v) = (o (gi" - =), 92+ v).

Via the isomorphism VY ®; V' — Endy(V'), this makes Endg(V') into a representation of
G x G as well; since A, ;=1 5(gp)00 = p(g2) o Aupop(gr)™!, this action of G x G on Endy (V)

is the second action from Notation 22.2, i.e., given by (89), which we repeat as:

(91, 92) - A = p(g2) o Ao p(gih).
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We will now define maps in the opposite direction to (90): these will not be inverses to
(90) even when k is algebraically closed, but composites each way will be simple enough
that we will be able to define the inverses easily.

If (p, V) is a representation of G, how can we define elements of k[G] using it? One way is
to think of p: G — GLg(V) as p: G — GL, (k) using a basis ey, ..., e, of V, and for any
1 <i,j < n define:

si5(9) = (i, j)-th matrix entry of p(g) = <}, plg)e;).

While this depends on the basis, the latter expression above tells us how to get a coordinate-
free version:

Definition 22.6. (i) Let p : G — GLg(V) be a finite dimensional representation. If
ue VY and v eV | the element the matrix coefficient of p associated to v and v is
defined to be:

Cup : (9= Cu, p(g)v)) € K[G].
(i) Since (u,v) — ¢y, € k[G] is bilinear, we get a map

End,(V) = V¥ @, V — k[G]

characterized by the property that u®v — ¢, ,. This is called the matrix coefficient
map associated to (p, V). In Exercise 22.7(i) below, you will verify that, as a map
End, (V) — k[G], it is given by A — (g — tr(p(g)A)).

(iii) This gives us our ‘map in the other direction’, the matrix coefficient map for G,
obtained by adding up the matrix coefficient maps associated to the irreducible
representations (p1, V1), ..., (pr, Vi) of G up to isomorphism. Explicitly, it is given
by:

(93) DEd(V) ~ G, (4~ (9 Y r(pi()40).

Exercise 22.7. Let (p, V') be a finite dimensional representation of G.

(i) Show that in terms of End (V') as opposed to V¥ ®; V', the matrix coefficient map
End, (V) — k[G] is given by A — (g — tr(p(g)A)).

(ii) Verify that the matrix coefficient map Vv ®; V. — k[G] is a map of G x G-
representations, where G x G acts on V¥ ®; V' as in Remark 22.5, and on k[G] of
course by the regular representation.

(iii) Conclude (e.g., possibly using Remark 22.5) that the map Endg (V') — k[G] is also
G x G-equivariant, provided we use the second action of G x G on Endg(V), (89)
(i.e., (g1,92) - A = p(g2)Ap(g1)~"). But verify this directly as well.

(iv) In contrast, verify (a previous claim from this lecture) that the ‘action map’ k[G] —
@;_, Endg(V;) is only G x G-equivariant if we give the first action of of G x G on
Endi(V) (ie., (g1,92) - A = p(g1)Ap(g2)~'). Deduce that for ‘most’ G (find what
the ‘most’ here is) the ‘matrix coefficient’ map (93) cannot possibly be in general
an inverse to (90).
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(v) Note that Endg (V) — k[G] sends the identity matrix to some f € k[G] such that
f(1) = dim V. Use this to give a different deduction, for nonabelian groups G, that
the ‘matrix coefficient” map (93) is not a ring homomorphism and hence cannot
possibly be in general an inverse to (90).

Example 22.8. Suppose (p,V) is a one-dimensional representation of G. Then we can
think of p as a character x : G — k*, such that p(g) - v = x(g)v for each v € V. In this
case, each matrix coefficient ¢, , is a multiple of x:

Cuw = (U, V) - X.

Thus, the matrix coefficients play a role that elements of Hom(G, £*) played in the abelian
case, and are particularly nice elements in k[G]. We will develop on this theme further in
this lecture.

22.3. The surjectivity of the matrix coefficient map. The surjectivity does not need
k to be algebraically closed, but of course needs that (char k, #G) = 1:

Lemma 22.9. Assume that (chark, #G) = 1. Let (p1,V1),...,(p, Vi) be the irreducible
representations of G up to isomorphism. Then the matriz coefficient map of (93),

[ [Endi(Vi) — K[G],
i=1
18 surjective.

Proof. Note that if (o, W) and (¢/,W') are two representations of G, then we have an
identification (W @ W’)¥ = WY @ (W’)", and it is easy to verify that the image of the
matrix coefficient map associated to c@o’ is the sum of the images of the matrix coefficient
maps associated to ¢ and ¢’ (if you like matrices, then the matrix of (¢ @ ¢’)(g) can be
chosen to be ‘block’ diagonal with respect to a suitable basis, and tr((c ® ¢’)(g) - A) =
tr(o(g) - A1) + tr(o’(g) - Az), where A; is the top left (dim W x dim W)-block of A and A,
is the bottom right (dim W’ x dim W’)-block of A).

Therefore, it is enough to find a single finite dimensional representation (p, V') of G such
that the matrix coefficient map V¥ ®;V = Endy (V) — k[G] is surjective. Let (p,V = k[G])
be the right regular representation of G on k[G]: (g1-f)(9) = f(gg1). To show that f € k[G]
lies in the image of the matrix coefficient map associated to p, take v = f € V = k[G] and
u = (evaluation at e) € VV. Then the image of u ® v under the matrix coefficient map is:

g {u,g-v)=(p(g)f)e) = f(g),

or in other words, f. U

Now we give another proof for Lemma 22.9, because it gives some motivation for the
definition of the matrix coefficient map:
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Alternate proof for Lemma 22.9. Since the matrix coefficient map is equivariant under G x
G o {1} x G, it is enough to show that, giving k[G] the right regular action, the isotypic
component of each irreducible (p, V) in it, call it k[G],, is contained in the image of the
matrix coefficient map. Recall that by semisimplicity (which holds as (char k, #G) = 1)
we have a surjective evaluation map

ev, : Homg(V, k[G]) @ V — k[G],,
sending each p ® v to ¢(v); Homg(V, k[G]) is the ‘multiplicity space’ for V in k[G]. %

Note that we have an identification (k[G],right regular) = coInd{Ge} k, so by Frobenius
reciprocity for coinduction, we have an identification Homg (V, k[G]) = Homyy (V. k) = V'V,
so that ev, identifies with a map (still called ev,)

ev, : VY ®, V — k[G],.

Check that ev, is just the matrix coeflicient map for (V, p), which is surjective as ev, is.
This also gives us a conceptual reason for why we should expect the multiplicity space’
Home (V, k[G]) for V to be V'V, motivating the “V ®; V" in the aimed-for decomposition
of k[G] in its own terms without involving Endy (V). O

In contrast, when k is not algebraically closed, the matrix coefficient map is usually not
injective. Even in the algebraically closed case, we saw in (iv) and (v) of Exercise 22.7
that the matrix coefficient map (93) is not an inverse to (87). Thus, we need to modify
the latter map appropriately to get an inverse.

22.4. The averaging map.

Notation 22.10. If V is a representation of G (over k, as usual), and (#G, char k) = 1, we
will denote by Avg : V — V¢ the linear map v — (#G)™! 2igec 9 v (recall that V&V

is the subspace of elements of V fixed by G). Note that it is a projection from V onto V.

Recall the key property of irreducible representations over algebraically closed fields: if k
is algebraically closed and (p, V') is irreducible, then Endg (V) = k. Rather than k being
algebraically closed, this is the only property that we will mostly need:

Definition 22.11. A representation (p, V') of G over k is said to be absolutely irreducible
if its endomorphism algebra consists of just the scalars, i.e., k < Endy(V) is an isomor-
phism.

Exercise 22.12. Show that a representation (p, V) of G over k is absolutely irreducible
if and only if for some, or equivalently any, algebraically closed field L containing k, “p
remains irreducible after base-change to L”, i.e., the composite

G5 GL(V) ™Y L (V& L)

68This is slightly different from the earlier ev,, though: this one factors through the earlier one, which
was an isomorphism Homeg (V, k[G]) ®p V' — k[G],, where D is the division algebra End¢ (V).
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is an irreducible representation of G over L.
Hint: Tensoring with L over k preserves the endomorphism algebra, since we are looking
at the solution space to some linear equations over k.

Example 22.13. (i) Clearly, an absolutely irreducible representation is irreducible,
but the converse is not true (see (ii) below).

(ii) Clearly, a representation of a finite abelian group is absolutely irreducible if and
only if it is one dimensional. Thus, for instance, the ‘rotation’ representations of
Z/37 and Z/AZ on R? are not absolutely irreducible.

(iii) On the other hand, in Example 20.21 from Lecture 20, we studied the irreducible
representations of S3 over an arbitrary field. It is immediate from the classifica-
tion there that any irreducible representation of S3 over any field k& is absolutely
irreducible.

While the proof of Fourier inversion can at first glance seem like unpleasant book-keeping,
the key innovation involved is Schur’s lemma packaged into the following simpler result.

Proposition 22.14. (i) If V' is an absolutely irreducible representation of G, then
dimV # 0 in k (i.e., dimV is not divisible by char k).
(i1) For two irreducible representations V,W of G, and A € Homg(V, W), we have:

0, if V£ W, and
Avg(A) = { trA Id

dimV

if V.= W is an absolutely irreducible representation

Here, Avg is being applied to the representation Homy(V, W) of G, and no asser-
tion is made about the case where V. = W is not absolutely irreducible (for more
information on that case see Proposition 22.41).

Proof. We will prove both parts of the proposition simultaneously. If V' % W, then
Avg(A) € Homy,(V, W)¢ = Homg(V, W) = 0, so there is nothing to prove.

So assume that V' = W and that V is an absolutely irreducible representation. Then
Avg(A) € Endy, (V)¢ = k-Idy, this last equality holding because V is absolutely irreducible.
Hence Avg(A) = a - 1d for some scalar a € k. But since the averaging process respects
trace, we get:

trA=tr(a-1d) =a-dimV.
Choosing some A so that tr A # 0, we get dim V' # 0, and now both (i) and (ii) follow for
general A. 0

22.5. Fourier inversion. Now we state and prove Fourier inversion for finite nonabelian
groups:

Proposition 22.15. Assume that each irreducible representation of G is absolutely irre-
ducible (which is automatic if k is algebraically closed), and that (char k, #G) = 1. Then



294

the map @,_, Endi(V;) — k[G], that sends each A; € Endy(V;) € @._, Endy(V;) to

dim V; B
g— #GJ tr(p;(g7")A,),

is a two-sided inverse to k|G| — @,_, Endy(V;). This recovers that (87) is an isomor-
phism of rings k|G| — [ [;_, Endy(V;), and also proves it to be an isomorphism of G x G-
representations k[G] — @,_, Endg(V}).

Notation 22.16. By the Fourier inversion map for G, we mean the map @;_, Endg(V;) —
k[G] described in the proposition. Explicitly, it is:

(01) Az = (9 X T g ™)4)).

The assertion of Proposition 22.15 is that the Fourier inversion map, (94), is a two-sided
inverse to (90).

Remark 22.17. Note that above map corrects for the failure of the ‘matrix coefficient’
map (93) to be an inverse to the Fourier transform map (90) in the following two ways:

(i) By replacing the tr(p(g)A) of the matrix coefficient map with tr(p(g=1)A), it fixes
the problem mentioned in Exercise 22.7(iv), since g — ¢! replaces the (g1, go)-
action on k[G] with the (g2, g1)-action. Note that such an ‘inverse’ was also seen in
the abelian case of Fourier inversion: see Exercise 7?7 of Lecture 20, especially (86)
there.

(i) By adding in the factor (dimV;)™!, it fixes the problem mentioned in Exercise
22.7(v). Note that this factor did not show up in the abelian (algebraically closed)
case, as there each dim V; was equal to 1.

(iii) We have, as vector space maps @;_, End;,(V;) — k[G],

(95) (The Fourier inversion map) = ¢ o (the matrix coefficient map) o T,
where ¢ : k[G] — k[G] is composition with g — ¢7!, and T : @, Endi(V;) —

@, Endy,(V;) sends (4;); to <di;;nGV; : Ai> . Since ¢ and T are clearly isomorphisms

(use that each dim V; # 0 by Proposition122.14 and the assumption of absolute irre-
ducibility), it follows that the Fourier inversion map (94) is injective/surjective/bijective
if and only if the matrix coefficient map (93) is.

(iv) Using (iii) and the fact that the matrix coefficient map is surjective (Lemma 22.9),
it follows that the Fourier inversion map is surjective as well.

Proof of Proposition 22.15. 1t is enough to show that the composite Endy(V;) — k[G] —
Endy (V) (where the first map is as given in the proposition, and the second map is
py) is 0 if j # j', and the identity if j = j": while this much only gives a left-inverse
to @,_, Endy(V;) — E[G], this suffices by the surjectivity of the Fourier inversion map
(Remark 22.17(iv)).
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This translates to proving that for each 1 < j,j' <, and each A € End(V}), we have an
equality in Endk(\/;-’ ):

0, if 7 # 7/, and
# = 2. trloilg” pg(g)—{ L4

9eG dimV; ifj=j'

((dim V;)~! makes sense by Proposition 22.14, since p; is absolutely irreducible). This is
proved in the following lemma. O

Lemma 22.18. Assume that (char k, #G) = 1. Then for irreducible representations (p, V')
and (p’, V') of G, we have:

Ztr ( )_ 07 prgépli and
geG g dinllvA, if (p, V) = (p/, V') is absolutely irreducible.

Proof. Again, in the second case, (dim V)~! makes sense in k by Proposition 22.14 and
absolute irreducibility. It is enough to prove the claimed equality when A = A, , with
uwe VY and v € V arbitrary, since such A, span End,(V'). Since p(g")Auy = Aupig-1)o;
this is equivalent to showing that for all w € V¥V, v e V and v' € V' we have:

Z<up Yoyl (g) {0’1 ifp 2 p', and

ge 2 T, v, if (p, V) = (p', V') is absolutely irreducible.

For fixed u, v’ and varying v € V', view both sides as a map V' — V’. The left-hand side is
Avg (A, ), while the right-hand side is 0 or (dim V) ™'(u, v’ - Id = (dim V)~ tr(A, /) - Id
(use Remark 22.4), so we are done by Proposition 22.14(ii). O

Corollary 22.19. The matriz coefficient map (93) defines an isomorphism of G x G-
representations

@Endk = PV @, Vi — kG,

i=1
where Endy (V;) is given the second action of G x G, (89).

Proof. We are given a G x G-map from the left-hand side to the right-hand side, and it
is enough to prove that it is a vector space isomorphism. Since we know the analogous
result for the Fourier inversion map (Proposition 22.15), the same follows for the matrix
coefficient map, by Remark 22.17(iii). O

As we said, the above proof doesn’t use Burnside’s theorem, so we get an alternate proof
for it.

Corollary 22.20. (i) If p: G — GLi(V) is an absolutely irreducible representation
of G, then p : k[G] — Endg (V') is surjective.
(i) If (p1, V1) and (pa, Va) are irreducible representations of Gy and Gs, then (p; ®k
p2, Vi ® V2) is irreducible.
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Proof. The map k[G] — End,(V) is surjective, since Proposition 22.15 gives an explicit
section to it. We saw in Lecture 21 that the second assertion follows from the first (see
the proof of Proposition 21.14). Note that this deduction does use ring theory, but not the
results of Artin-Wedderburn, Jacobson or Burnside. U

Corollary 22.21. Assume that each irreducible representation of GG is absolutely irreducible
(which is automatic if k is algebraically closed), and that (chark,#G) = 1. Then either
of the Fourier inversion map or the matriz coefficient map gives a decomposition of the
reqular representation of G x G into irreducible representations, as:

(97) K[G] = D Endy(V;) = PV, & Vi
i=1 i=1

In particular, each of these irreducible components appears with multiplicity 1.

Moreover, the left reqular representation of k|G| and the right-reqular representation of
k[G] each have the following decomposition in terms of irreducible representations:

KGT =V
i=1
We also recover the formula #G = Y ;_ (dim V;)2.

Proof. By Proposition 22.15 and Corollary 22.19, all we need to show is that each End(V;) =~
V.Y &4 V; is irreducible as a representation of G x GG, which follows from Corollary 22.20. [

22.6. Digesting Fourier inversion a bit more. The Fourier transform is an isomor-
phism of rings, and (appropriately interpreted) of G x G-representations. We will now show
the algebraic Plancherel formula for finite nonabelian groups, that the Fourier transform
respects certain natural bilinear forms on either side. When k = C, this bilinear form will
turn out to have a sesquilinear variant, an inner product, more reminiscent of the usual
Plancherel formula.

Notation 22.22. (i) For fi, f2 € k[G], define
(s oy = (#G) - Y Ailg ™) falg).

geG
Note that (-, -) is a symmetric nondegenerate bilinear form on k[G].

(ii) If (p, V') is any absolutely irreducible representation of GG, define (A, B) = (dim V') -
tr(AB). Thus, under the assumption that each (p;, V) is absolutely irreducible,
this also defines a symmetric nondegenerate bilinear form on @;_, Endy(V;):

(A, (Bi)i) = D (dim V) - tr(A; By).

i=1

We write down some formulas that the proof of Proposition 22.15 gives, for (p, V), (o', V")
irreducible representations of G with V' absolutely irreducible:
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Corollary 22.23. Assume that (chark,#G) = 1. Let (p,V) and (p', V') be irreducible
representations of G over k.

(i) For all A, B € Endg(V'), we have:

: ' and

geG (dim V)~ tr(AB), if (p,V) = (p/, V') is absolutely irreducible.
(i1) (Schur orthogonality for matriz coefficients) For all u € V¥ v e Viu' € V'V and

eV,
Z c C g) o {07 pr 7’\é p/; and
U'U u’ U - . -1 . o . . .

# = (dim V)= - Gy v)u, v, if (p, V) = (p/, V') is absolutely irreducible.

(1ii) If (p1,V4), ..., (pr, Vi) are all absolutely irreducible, the Fourier inversion isomor-

phism, @;_, End,(V;) — k[G],
(g _ Z dlmV ol 1>Ai)>

transports the form (-,-) on @,_, Endg(V;) to the form {-,-) on k[G].

(iv) (Plancherel formula) Equivalently (looking in the opposite direction), if
(p1, V1), ..., (pr, Vi) are absolutely irreducible, the action map k[G] — @;_, Endy,(V;)
transports the form (-,-y on k[G] to the form (-,-) on @;_,Endy(V;): for all
f1, f2 € k|G] we have:

T

(#G) - Z filg™) falg) = Z(dim Vi) - tx(pi(fr)pi(f2))-

geG i=1

(Note also that p;(f1)pi(f2) = pi(f1* f2)).

Proof. For (i), multiply the formula of Lemma 22.18 (see (96)) by B, and apply tr.

For (ii), since ¢, (g9) = tr(p(g9)Au,») and similarly with ¢, ,, we can simply apply (i) with
A=A,,and B = Ay, and note that when (p, V) = (p/, V'),

tr(AB) = tr(Ay,Aww) = W o) tr(Ayy) = @ o)lu, '),
where we used the equality A, , o Ay = (u',v)A, ., which is justified as follows:
Ay oAy (w)) = {uy Ay pwyv = (u, (i s win o = 'y w)du, v = (u, v ) Ay (w).

For (iii), note that (-,-) applied to the images of (A;); and (B;); equals:

5 dim V;  dim V;
“tr(pi(g) A “tr(pi(g~")B;
#6) 3 (X g trleilo)4) (Z g o )BY),

geG i=1
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which by the first case of (i) equals

(#6) 2(2 dlmv i) B) x(pi(9)A)).

geG =1

which in turn, by the second case of (i), equals

T s

D (dim Vi) tr(BiA;) = Y \(dim Vi) tr(A;B;) = ((Ay)s, (Bi):).

i=1 i=1
This gives (iii).
Finally, (iv) is an immediate consequence of (iii): if an isomorphism of vector spaces
transports a bilinear form B; to a bilinear form Bs, its inverse transports By to Bj. O

Remark 22.24. Schur orthogonality for matrix coefficients, namely Corollary 22.23(ii),
gives us a nice basis of functions for k[G] that behaves well with respect to the form (-, -):
forl<i<r,ifep,...,€pn isabasisof V; and e/y,... ¢/, is the dual basis of V¥, then

(Cipg = Cei‘p@iyq)]_gigrylgp’qgnz is a basis for k[G], which by Corollary 22.23(ii) satlsﬁes

( [0 i orifi= i and (p.g) # (¢ 1), and
Ci s Ci’ /o) = : ‘
4> “1',p' g %7 otherwise

Thus, these don’t form an orthogonal basis, but almost, in that ¢; , , pairs only with ¢; 4.
Recall that when G was abelian and k was algebraically closed (with (chark, #G) = 1),
we got an extremely nice basis for k[G], namely Hom(G, k*) < k[G]. The above ¢;,, is
pretty much the best substitute we can have in the nonabelian case. Note that for a fixed
i, Span({c;pq | 1 < p,q < n;}) < k[G] is an irreducible (G x G)-subrepresentation, and also
the p ® p;-isotypic component. It is also the p,’-isotypic component for the left regular
representation, which is the p;-isotypic component for the right regular representation.

22.7. Inner product versions over the complex numbers. This is optional, but I
recommend that you at least quickly glance through it.

Proposition 22.25. Let k = C. Give G measure dg equal to (#G)~1 times the counting
measure, and consider L*(G).

(i) (Orthonormal basis for C|G]) For each of the irreducible representations (p1, V1), . ..
of G, choose a G-invariant inner product on V' by averaging, and let v; 1, ..., v;,, be
an orthonormal basis of V; for this inner product. For 1 <i <7 and 1 <p,q < ny,
set Cipq(g) = VAM Vv, p, p(g)vig). Then {cipq | 1 < i < 1,1 < p,g < ng}isan
orthonormal basis for L*(G,dyg).

(ii) (Plancherel formula) Make each Endc(V;) into a Hilbert space by giving it dim'V;

,(pr, Vi)

times the Hilbert-Schmidt norm ||| ns, where [Ai|ns = tr(Af Ai) = X1 ) gen, (AiCip, Ai€ig)
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for any orthonormal basis {e; 1, ..., €;n} of Vi. Then the normalized Fourier trans-
form map
L2(G) = C[6] > @Ende(V), (o (#6) 0Dt = (55 X Fladnle)) )
i=1 7 - #G 9eG =1

(i.e., we multiplied the usual Fourier transform by (#G)~! to account for our change
of measure on G), is a Hilbert space isomorphism.

Proof. First we prove (i). Note that {v;,, —) € V;¥ for each i and p, so each ¢; ,, is a matrix
coefficient for (p;, V;). Now we have, by Corollary 22.23(iii),

B . 0, if i # 7, and
—Z Vdim Vieip o (g7)) (v/dim Viei g (9)) = { S

= (Ui py Vi Vi s Vi), Otherwise.

Now (i) follows on noting that, since the action of g=* on V; is unitary, we have

Ci,p,q(g_l) = 4/dim Vi<vi,p=g_l’vi,q> = 4/dim Vi<g'vi,p’vz}q> v/ dim Vidv;, 9" U2p> Cqu( )-

For (ii), we apply Corollary 22.23(iv), replacing fi(g) with fi(¢g~!). Then (#G)p(f1) =
deg fi(g)p(g) gets replaced with

Y Alg Dele) = ) Algela™) = ) Ailg)ele)* = (#E)(pr(H)*,

geG geG geG

and then the equality given by Corollary 22.23(iv) becomes simply the one given by (ii)
(up to a factor of (#G)? on both sides). O

Exercise 22.26. Work out how the constructs defined in Proposition 22.25 change when
we change the choice of the inner products on the V; (exercise: they are well-defined up to
positive scalars), and explicate how the validity of the proposition remains unaffected by
these changes.

Remark 22.27. Proposition 22.25 generalizes to compact (Hausdorff) topological groups,
with some obvious modifications. The following will skip most details and likely mess
up the rest, especially the constants, but for a mistake-free version with more details
you can see https://terrytao.wordpress.com/2011/01/23/the-peter-weyl-theorem-and-non-
abelian-fourier-analysis-on-compact-groups/ .

One gets, with pg the normalized Haar measure on G:
LG 1) = By Ends(V). (@m V) - is) = Dy oy oy (VY @ V. (dim V) - -],

where one identifies VY @V with “V®@c V", V = C®c V where C is viewed as a C-algebra
via complex conjugation, and uses on VY ®¢ V' the product of dimV and an ‘obvious’
inner product. Moreover, Irr(G) denotes the set of continuous (topologically) irreducible
representations of G on Hilbert spaces up to isomorphism, though they can all be shown
to be finite dimensional and hence abstractly irreducible. Note the use of the “completed
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Hilbert space direct sum” é—), since the direct sum of infinitely many Hilbert spaces is not a
Hilbert space, and only becomes one on completion (this matters since Irr(G) is typically
infinite even when G is compact). In contrast, we don’t need to put a Vv®cV, since each
V' that occurs above can be shown to be finite dimensional.

In the proof of this result, the analogue of the proof of Proposition 22.15 works out pretty
much analogously, but more care is needed for the analogue of Lemma 22.9. The proof
of Lemma 22.9 does adapt to show that if a function f : G — C belongs to a finite
subrepresentation of the right-regular representation, then f is a span of matrix coefficients,
but the problem is to show that such f are actually dense in L?*(G). The idea is then to
use the left reqular action of some ¢ : G — C to construct a compact self-adjoint operator
on L*(G@) that commutes with the right regular action, and use the fact that such an
operator has finite dimensional nonzero eigenspaces (the spectral theorem for compact
self-adjoint operators), giving a good supply of finite dimensional subspaces of the right
regular representation. This could be considered one form of the Peter-Weyl theorem.

One can also show that the span of the matrix coefficients (each of which can be shown
to be continuous — even smooth if G is a Lie group — without much difficulty) is dense in
the Banach space C(G) of continuous functions on G with respect to the supremum norm:
this seems to be what is more commonly referred to as the Peter-Weyl theorem.

Remark 22.28. In Remark 22.24, T did not do a good job of justifying that the matrix
coefficients ¢; , , are a very nice basis for k[G], other than that in the abelian case they are
multiplicative functions on GG. But the complex case can give some hints as to why. I will
give some vague explanations in this remark. While I haven’t read /worked out the details,
I would like to quote and partially make the case that, when G is a compact Lie group,
the matrix coefficients are solutions of suitable differential equations. As I said above, the
matrix coefficients are smooth, so differential operators can be applied to them. The point
is that while G itself may not have much of a center, there are always numerous differential
operators that commute with the action of GG, and hence by Schur’s lemma act by scalar
multiplication on irreducible representations and hence on matrix coefficients! Here, one
uses that due to finite dimensionality, irreducible representations consist of ‘smooth vectors’
that can be differentiated.

As examples, look at the Fourier series and the Fourier transform. The x +— €™* and the
xr — €% are eigenfunctions for d/dz, with eigenvalues in and iy, respectively. This is
precisely because in each case the differential operator id/dz or d/dx was an ‘infinitesimal
version’ of the group action, and commuted with the action of G because (in this case)
G itself was abelian. Thus, in a sense, Schur’s lemma is sort of responsible for why the
classical Fourier transform involves eigenfunctions for d/dz. Apparently many ‘special
functions’ can be explained this way. Another example consists of ‘spherical harmonics’,
which are matrix coefficients for the compact group SOj5 associated to its left regular action

on LZ(SQ) = LQ(SOg/SOg)

22.8. Schur orthogonality relations for characters and for conjugacy classes.
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Definition 22.29. Henceforth, if (p, V) is a (finite dimensional) representation of G, x, =
xv € k[G] will denote the map G — k such that for all g € G,

Xo(9) = xv(g) = trp(g).

X, will be called the character of (p, V). When we write (p1,V4),..., (p;, V) for the irre-
ducible representations of G up to isomorphism, we may write y; for x,,.

Corollary 22.30 (Schur orthogonality for characters). (1) If V,W are irreducible rep-
resentations of k, then

0, if VW, and

1, if V =W is an absolutely irreducible representation

<XV,XW> = {

(ii) Suppose that k = k. Then for any two representations V,W of G, {xv,xw) =
dim Homg(V, W) in k (note that this may involve loss of information when char k #

0).

Proof. The first assertion follows from Corollary 22.23(i) by taking A = Idy and B = Idy .

The second assertion follows from the first: use that both sides are additive by semisim-
plicity, and that irreducible is the same as absolutely irreducible when £ is algebraically
closed.

However, these special cases of Fourier inversion are also easy to handle without going
through all that went into Corollary 22.23 (and hence in many sources they directly go to
characters without involving the matrix coefficients), so let us see them directly. Show as
an easy exercise that xy(g) = xv(¢g7!) for each g € G. We get:

G 20l o) = 25 X xe (9hurle) = 25 3 wren(s)

geG geG geG

1 :
= % Z XHom(V,IW) (g) = tr(AUG’Homk(V,W)) = dimg HomG(V, W),
geG
since Avg on Homy(V, W) is a projection onto Homg(V, W) < Homy(V, W).

The above computation used the implicit assumption that either V' is absolutely irreducible
or k is algebraically closed, depending on which assertion one wants to prove. U

Notation 22.31. Given g € G, Z5(g) will denote the centralizer of g and C(g) its conju-
gacy class.

Theorem 22.32 (Schur orthogonality relations for conjugacy classes). Assume that each
wrreducible representation of G is absolutely irreducible. If g, h € G, then

1 0, if g, h are not G-conjugate, and
> x(gx(h) = .
#Zc(g), otherwise.

xelrr(G)
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The proof of this theorem will use the following observation, which will be useful elsewhere
as well:

Lemma 22.33. Let f = 1¢ < Z(k|[G]), where C < G is a conjugacy class. Then for any
absolutely irreducible representation (p, V') of G, p(f) € Endg (V') is multiplication by the

scalar
dimV

'Xp(g)'

Proof. Since f is conjugation invariant, p(f)op(g) = p(g)op(f) for all g € G, and hence we
indeed have f € Z(k[G]). By Schur’s lemma, f acts on V' by a scalar A (this uses absolute
irreducibility). If x = x,, by taking traces, we get:

(dimg V) - A = Y e, (M) trp(h) = > xp(h) = #Cy - Xol9),

heG heCy

using the conjugation invariance of trace, from which the lemma follows. [l

Proof of Theorem 22.32. The idea is to use Corollary 22.23(iv), taking f; to be the charac-
teristic function 1¢ _, of the conjugacy class of g1, and f, to be the characteristic function

1¢, of the conjugacy class of h.

By Lemma 22.33, for each i, p(f1) and p(fs) are scalar multiplications on V; respectively
by #C (g~ (dim Vi) x;(g71) = #C(g)(dim V;) " 'xi(¢g~") and #C(h)(dim V;)x;(h). Hence
the right-hand side of the equality given by Corollary 22.23(iv) is:

r

D (dim Vi) tr(pi(f1)pi(f2)) = #C(g)#C ()Y tr( dmllv,. vilg™xa(h)1d) = # sz

i=1

Thus, we conclude that

if C, # C}, and

-1y 0, g
sz Xi(h) = (#G) (Z Jilg ) J29) = {(#G) - (#C(g)), otherwise.

geG

From this, the lemma follows, since #Z¢(g) = (#G)/(#C(g)).
]

Recall from Lecture 21 that Z(k[G]) < k[G] is the subspace — indeed, subalgebra — of class
functions. Under the isomorphism k[G] — [[;_, Endp,(V;), it maps to [ [;_, K;, where K;
is the center of D;.

Proposition 22.34. (i) If either chark = 0 or k is algebraically closed, xv,, ..., Xxv.
are linearly independent.
(ii) Assume that k = k is algebraically closed. Then xv,,. .., Xv, is a basis for Z(k[G]).
(iii) Assume that k = k is algebraically closed. Then the number of irreducible characters
equals the number of conjugacy classes.

Z
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Proof. In the case where k is algebraically closed, it is easy to see (i) from Corollary 22.30.
If chark = 0, then base-changing to an algebraic closure k of k& (we can base-change to
compute the trace), Corollary 22.30(ii) gives:

1 0, if ! and
% Z Xp(Lqil)Xp(g/) _ { I p ?Aé P, an

geG

dimy Homeg(Vg, V) # 0, if (p, V) = (0, V).
From this, (i) is easy to see for this case (characteristic zero) as well.

Now assume that k is algebraically closed. Though (ii) follows from (i), let us prove it
directly. Taking A = Idy, in Lemma 22.18, we see that under the action map, g —
(#G) 'x;(g7") annihilates all the V; with j # i, and acts as (dimy V;)™* on V;. Thus,
using that the action map is an isomorphism k[G] — [[;_, Endy(V;), which restricts to an
isomorphism from the centre Z(k[G]) < k[G] consisting of the class functions to [ [;_, k
[ 1;_, Endy(V;), it follows that the g — (#G) 'xi(¢~") form a basis for the class functions,
and hence so do the g — x;(g).

Finally, (iii) follows from the observation, proved in Lecture 21, that Z(k[G]) has a basis
consisting of the characteristic functions of the conjugacy classes. O

22.9. Dimensions of irreducible representations divide the order of the group.

Notation 22.35. Henceforth, we will also write Irr(G) in place of (p1,V1),..., (p,, V) for
a set of representatives for the isomorphism classes of irreducible representations of G.

Definition 22.36. Let k& be a field of characteristic zero. An element a € k is said to be
an algebraic integer if it satisfies the following equivalent conditions:

(i) « satisfies a monic polynomial 2™ + 3" | a;2™ ", where a; € Z for all i.
(ii) Z|«a] < k is a finitely generated module over Z.
(iii) Z|[a] < k is contained in a finitely generated module over Z.

The equivalence of the three conditions is easy, and is given in Lemma 22.37 below.

Lemma 22.37. The three conditions in Definition 22.36 are equivalent.

Proof. 1t (i) is satisfied, then {1,q,...,a" '} Z-spans Z[a], and (ii) follows. If (ii) is
satisfied, then any given finite set of generators for Z[a] is contained in the span of some
{1,a,...,a™ 1}, so that ™ can be written as a Z-linear combination of 1,c,...,a" !

giving (i). Thus, (i) and (ii) are equivalent.

(ii) trivially implies (iii), and the converse follows from the fact that Z is Noetherian. [J
Now assume char k = 0. We have a natural basis for Z(k[G]), namely, the 1o as C varies
over the conjugacy class of G.

Lemma 22.38. Z(k|G])o := Spanz({Llc}e) is closed under multiplication (i.e., convolu-
tion), and is hence a subring of Z(k|G]) which is finitely generated as a Z-module.
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Proof. On choosing ¢(C") € C” for each conjugacy class C” < G, this follows from the
easily verified formula:

lo-lo =) (#{geC.g e C' | gg = g(C")}) - 1ow
C//

(because this expression is independent of the choice of the g(C”)). O

Corollary 22.39. If f = > | o1, where each o; € k is an algebraic integer and each
C; < G is a conjugacy class, then f acts on each absolutely irreducible representation (p, V')
of G by an algebraic integer.

Proof. For 1 < i < n, since «; satisfies a monic polynomial with coefficients in Z <
Z|aa, ..., a;_1], we conclude that Z[ay, . . ., ;] is a finitely generated module over Z[a, . . ., a;_1].
Applying this inductively, each Z[ay, ..., ;] is a finitely generated module over Z, and in
particular so is A := Z[ay,...,ay]. It follows from Lemma 22.38 that Z(k[G])oa :=
Span,({Lc}c) is a subring of Z(k[G]), and clearly it is a finitely generated Z-module.

If (p, V') is an absolutely irreducible representation of G, then each element f' € Z(k[G])o.a
acts on V as a scalar A(f’). f" +— A(f’) is a homomorphism A : Z(k[G])o,a — k, whose
image is a subring of k£ which is a finitely generated Z-module, and hence consists of
algebraic integers. Thus, each f' € Z(k[G]o.a) acts on V by an algebraic integer A(f’), and
in particular the same applies to f. U

Proposition 22.40 (Frobenius). Suppose k = k is algebraically closed, and k has charac-
teristic zero. Then for each irreducible representation (p,V) of G, dimV divides #G.

Proof. The trick is to construct an element of R = ), o;1¢, € k[G], where each «; is an
algebraic integer, that acts on V; by (#G)(dim V;)™! for each 1 < i < r.

Let C4, ..., C, be the conjugacy classes of G (there are r of them, by Proposition 22.34(iii)),
and let g; € C; for each i. Set R = Z;=1 XV, (gj_l)]lcj. Then by Lemma 22.33, R acts on Vj
by the scalar
1
dim V;

_#G
dim V;’

Z#C xvi(g; )i (95) Dxvilg) =

where we also used the Schur orthogonality for characters. It follows from Lemma 22.39
that (#G)/(dim V;) is an algebraic integer, and it is easy to see that any rational number
which is an algebraic integer is an integer (here, we are implicitly using that Q embeds
into k, which is true because k has characteristic zero). Therefore, (#G)/(dimV;) is an
integer, as desired. O

22.10. Appendix: orthogonality relations in the non-algebraically closed case.
This subsection is optional, and was not discussed in the lecture. These results (or rather
their corrected versions) are certainly there somewhere in the literature, but I don’t re-
member seeing them anywhere. So be careful believing anything here.
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We continue to assume that (char k, #G) = 1, but do not assume that k is algebraically
closed, or that the representations of interest are absolutely irreducible.

First we generalize Proposition 22.14 to the present case.

Proposition 22.41. Let V' be an irreducible representation of G over k. Let D = Endg (V)
be the associated division algebra, and K > k the center of D.

(ii) For all A € Endp(V), we have Avg(A) = -E4 . 1d.

dimg V

Proof, modulo a nontrivial fact. We will assume the following nontrivial fact from the the-
ory of central simple algebras: D, being a central simple algebra over the bigger field K,
has a maximal subfield L, with the property that [D : K| = [L : K|*.

Note that V' is naturally a vector space over D = Endg(V'), and hence has compatible
vector space structures over L, K and k. Thus, dimg V = (dimy V)-[L : K], but dim, V =
[L: K]dimp V, so to prove (i) it suffices to show that dim; V' # 0. Since the action of G
commutes with D > L, p can be thought of as a representation G — GL (V) € GLp(V).

Since the commutant of k[G] in Endg (V') is D, the commutant of L[G] in End. (V) is
contained in the centralizer of L in D, which is L itself (since L < D is a maximal
subfield). Thus, G — GL(V) is an absolutely irreducible representation of G over L, and
therefore dimy V' # 0 by Proposition 22.14(i), giving (i).

Now suppose A € Endp(V). Then Avg(A) € Endp(V), since each p(g) commutes with
D. Moreover, Avg(A) commutes with each p(g), and hence with p(k[G]) = Endp(V).
Therefore, there exists a € K such that Avg(A) = a-1d. Now take trg (i.e., trace of both
sides as K-vector space maps):

trg(A) = a-dimg V,
so a = (dimg V) ! try(A). O
Proposition 22.42. Let (p,V) and (p', V') be irreducible representations of G over k.

Associate to V' the division algebra D = Endg(V'), and the finite extension K = Z(D) of
k. Thus, D is a central division algebra over K. We have for all A € Endp(V') < Endg(V):

{o, ifp#p, and

Ztr(p(g_lA))pl(g) = ﬁ"q? if (P, V) _ (p/,V/).

geG

1
#G
Proof, modulo two standard facts from field theory. If p 2 p', the proof is the same as be-
fore, so we assume that (p, V') = (p/,V’). Consider Endp(V'). Since each p(g) € GLp(V),

A #geZGtr(p(g_lA))Pl(g) = #g;tr(p(g‘lfl))p(g)

is an endomorphism of Endp(V'), which is further verified to be G x G-equivariant. Now
we use the Jacobson density theorem (which we managed to not use in the absolutely
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irreducible case), that p(k[G]) = Endp(V). Therefore, the above morphism is Endp(V') x
Endp(V)-equivariant, and since Endp(V') is a simple ring, it is immediately seen to be
given by A — aA, where a € Z(Endp(V)) = K, i.e., it is given by multiplication by some
a € K in V, which is a vector space over D and hence over K.

Let k be an algebraic closure of k. Since K®ik < Z(Endp(V)®rk) < k[G] = H:lzl M, (k;)
for some of 7/, n; etc., it follows that that K ®y k is reduced. This implies, by a general fact
from field theory, that K /k is separable. Another fact that we will assume is that, in this
case, the k-bilinear form trg . : K x K — k, given by (z,y) — trg,(zy), is nondegenerate.

For all b € K, consider the map Endp(G) — Endp(G), given by
Ar—»—Ztr “HpA)p(g),

gEG

so that T,(A) = abA.
Take A = Id to be the identity, so tr(Tb(A)) = try(v — abv) = (dimg V) - trg i (ab). Then

(dimg V)-trg/e(ab) = tr(T,(1d)) #G QEZGtr tr(p(g)) = #1G tr i <trK( (g~')) trK(p(g))>.
Hence
(dimg V') - trg i (ab) = trK/k< Z try(p (g)))

= tri s (b trK< Z (A — p(g)Ap(gfl)> ’EndK(V)>> = tri /(b - trx (Ave|Endg (v)))-

#G !
On Endg (V), Avg is a projection to Endgg(V) = D, so we get
(dimg V)-trgp(ab) = trgp(b-trg (Avg(Endg (V)))) = trgp(bdimg D) = (dimg D)-trg (D).

Therefore, using that dimg V' # 0 in K (Proposition 22.41), and that trg/ is a nondegen-
erate bilinear form K x K — k, we get that a = (dimg V) 'dimg D = (dimp V)~t. O

Now we give a strategy for a possible alternate proof that (hopefully) works at least in
characteristic zero; I haven’t tried to simplify the exposition, so it is likely extra painful to
read, but this proof follows an approach that tells us how representations reduce when we
base-change to an algebraic closure.

Strategy for an alternate proof for Proposition 22.42, chark = 0 for simplicity. 1t is given
that Endg(V) = D. Base-changing to an algebraic closure k of k, we get a (usually
reducible) representation (p ®y k,V ® k). To see how this representation reduces, let
D ® k = My(k), so that dimj, D = d?. Note that

aeHomk_Alg (K,];’) o‘EHomk,Alg(K,lfc)
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This implies, applying semisimplicity over k, that

p®k];:; @ B p?da

O'EHOInk_Alg (K,k)

where the p, are pairwise nonisomorphic.

Therefore, on each copy of p, inside p we have:

1
dimg p-

e D te(plg™ A))plg) = #—1G >, (dirppe(gTA))pa(g) = d A,

#G ]
gEG UEHomk_Alg(K,k)

using Schur orthogonality for p, and the fact that consequently the above sum vanishes
unless 0 = 7. We also used that A induces a well-defined automorphism of each p,, since
A e Endp(V) (rather than just A € Endg(V)).

On the other hand, p,’s all have the same dimension independent of o, and [K : k] -
d - dimg p, = dimg(V @ k) = dimp V = [K : k]d*dimp V. Therefore d/(dimyp,) =
(dimp V)™ (here we used that chark = 0, to ensure that [K : k] # 0), and the lemma
follows. 0

Remark 22.43. (i) Now following the proof of Corollary 22.23, etc., one can get a full-
fledged ‘Fourier inversion package’ in the non-algebraically closed case; the main
point seems to be to replace each dimy V; with dimp, V;.

(ii) The latter sketch of proof shows that there are two factors contributing to (p ®j
k,V ® k) reducing: the nontriviality of [K : k], and the nontriviality of the d
such that dim, D = d?. The former is responsible for there being exactly [K : k]-
many pairwise nonisomorphic irreducible representations in p ®; k, whereas the
latter ‘contributes multiplicities of d’ to each of these. Only the former occurs
for Z/37Z acting by rotation on R? (which becomes two distinct representations on
base-changing to C), and only the latter occurs for the finite quaternion group Qs
acting on H (which becomes a sum of two copies of the same representation on
base-changing to C).
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23. LECTURE 23 — BURNSIDE’S THEOREM AND BRAUER’S THEOREM

23.1. Burnside’s theorem. In this subsection, we will only consider representations of
groups over k = C. All representations will be finite dimensional unless otherwise stated.

Theorem 23.1 (Burnside, 1904). Any group of order p®q®, where p and q are prime
numbers, is solvable.

Remark 23.2. While groups of order pgr with p,q and r distinct primes can be shown
to be solvable (exercise), As is a group of order 60 = 22 - 3 - 5 which is simple and hence
not solvable. As the example of S3 shows, one cannot replace ‘solvable’ with ‘nilpotent’ in
Burnside’s theorem.

While standard proofs of Sylow’s theorems are based on studying groups acting on sets,
the proof of Burnside’s theorem uses groups acting on vector spaces, i.e., representation
theory. Here is one way representations can give us normal subgroups:

Notation 23.3. If (p, V) is a representation of G over C, we set
Z(V) =p HZ(GLc(V))) = {ge G| p(g) = X-1dy for some ) € C}.
Clearly, Z(V) < G is a normal subgroup.

A key input into the proof of Burnside’s theorem is:

Proposition 23.4. Suppose a finite group G has a conjugacy class C # {1} of prime power
cardinality p©, p prime and ¢ = 0. Then there exists a nontrivial irreducible representation

V oof G with Z(V) o C # {1}.

Proof of Burnside’s theorem, assuming Proposition 23.4. By induction, we assume that any
group H of cardinality strictly dividing p®q® is solvable. Therefore, by induction, it is
enough to show that G has a nontrivial proper normal subgroup. In particular, we may
and do assume that Z(G) = 1 — otherwise, either Z(G) < G is proper and is the desired
normal subgroup, or G = Z(@G) is abelian and we are done.

Let Q < G be a ¢-Sylow subgroup. Since () is a g-group and hence nilpotent, there exists
1 # g € @ which centralizes ) (these two are standard facts about nilpotent groups: if you
are not comfortable with nilpotent groups, their definition and these two facts are recalled
in Remark 23.5 below).

Since g centralizes @, the cardinality of C(g) is a power of p, and we have g # 1. Hence
by Proposition 23.4, there exists a nontrivial irreducible representation (p, V) of G with
Z(V) # {1}. If (p, V) is not faithful, there is nothing to prove, since ker p is then a proper
(by the nontriviality of p) and nontrivial subgroup of G.

Thus, assume that p is faithful. Then Z(V') the desired nontrivial normal subgroup: note
that it is not all of G, since otherwise p would inject G into the center of GL(V'), forcing
G to be abelian, contradicting that Z(G) = {1}. O
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Remark 23.5. For those who are not comfortable with nilpotent groups:

(i) A group G is nilpotent if there exists a chain
I}=GicGic- <G, =G

of subgroups of G such that for each 1 < i < n, the commutator [G,G;] of G
and G; is contained in GG;_;. Note that such a group has a nontrivial center: since
|G, G1] € Gy = {1}, we have that Z(G) o G; 2 Gy = {1} is nontrivial.

(ii) In the above proof, we used that the group @, being a g-group, is nilpotent and
hence has a nontrivial center. Why is every ¢-group @ nilpotent? If we show that
the center Z(Q) of @ is nontrivial, then we can take 1 = Z(Q) 2 {1}, and induct
with Q/Q1, which is again a g-group. To show that Z(Q) # {1}, use the action of
() on itself by conjugation. All the orbits (i.e., the conjugacy classes) that are not
singleton have cardinality a mulitple of ¢, so, since ) is a g-group, the number of
singleton conjugacy classes is a multiple of q. Thus, #Z(Q) is a multiple of ¢. But
#Z(Q) = 1, since 1 € Z(Q), so Z(Q)) must have at least ¢ elements, and is hence
nontrivial.

Now we need to prove Proposition 23.4, for which, in turn, the crucial inputs are the
following two lemmas:

Lemma 23.6. Let G be a finite group. Let C < G be a conjugacy class, and (p,V') an
irreducible representation G, such that (#C,dim V') = 1. Then either x,(g) = 0 for g € C,
or C < Z(V).

Lemma 23.7. If G is a finite group with a conjugacy class C' # {1}, and p is a prime
number, then there exists a nontrivial irreducible representation (p,V') of G such that p 1
dim V', and such that x,(g) # 0 for ge C.

Proof of Proposition 25.4, assuming Lemmas 23.6 and 25.7. Lemma 23.7 gives us a non-
trivial irreducible representation (p, V') of G such that p t dim V', and such that x,(g) # 0
for g € C. Note that (#C,dimV) = (p¢,dimV) = 1, so Lemma 23.6 applies to this
representation (p, V') and, since x,(g) # 0 for g € C, forces C' to be contained in Z(V'). O

It remains to prove Lemmas 23.6 and 23.7. We prove the latter first:

Proof of Lemma 23.7. In this proof, when we write ), it will be understood that the
sum is over the set of irreducible representations of G up to isomorphism, and 7, _, ., will
denote the sub-sum consisting of nontrivial representations. By the Schur orthogonality
relations for conjugacy classes, using that C' # {1}, we have:

0= 2 xv(1 XV Z(dim V)xv(g).

v
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Therefore, transferring the contribution of the trivial representation to the other side and
dividing by p, we get:

xvi(g) = ——.
V#triv p p

Therefore, the left-hand side is not an integer, and hence not an algebraic integer. Since
each xy(g), being a sum of its eigenvalues which are (#G)-th roots of unity (since g#¢ = 1),

is an algebraic integer, it follows that there exists a nontrivial irreducible representation V'
of G such that ptdimV, and xy(g) # 0. O

To complete the proof of Burnside’s theorem (Theorem 23.1), it remains to prove Lemma
23.6. This will in turn need the following input:

Lemma 23.8. Suppose 1, ...,e, are roots of unity, such that
g1+ +ép
n
15 an algebraic integer. Then either e; +---+¢, =0, ore; = ---

I

En-
Let us prove Lemma 23.6 assuming Lemma 23.8:

Proof of Lemma 23.6, assuming Lemma 23.8. Recall from Lecture 22 that 1o acts on V
by an algebraic integer. We also did the following computation in Lecture 22: tr p(1¢) =
#C' - x,(g), where g is any element of C', so this algebraic integer is:

£ Xp(g)

dim V"’

But the following is also an algebraic integer:

Xolg) = (dim V) - 9

dim V"’
Since #C' and dim V' are relatively prime, we can take an integral linear combination of

the above two algebraic integers, to get that % is an algebraic integer.

But if n = dimV and €4,...,e, are the eigenvalues of p(g), then (g1 + -+ +¢&,)/n =
(X,(9))/(dim V') is an algebraic integer, so by Lemma 23.8, we have either &1 +---+¢, = 0
or €1 = -+ = &,. In the former case, x,(g) = 0 for all g € C, while in the latter case, p(g)
is a scalar matrix (explanation: since g#¢ = 1, and since ##“ — 1 has distinct roots in C,
the minimal polynomial of p(g) has distinct roots, so that p(g) is diagonalizable over C;
being diagonalizable with equal eigenvalues, p(g) is a scalar matrix) so that g € Z(V). O

Proof of Lemma 23.8. This needs some very basic Galois theory, which we will assume,
though we have not discussed it yet. Assume that e; + -+ + &, # 0, and that not all the
g; are equal (to get a contradiction). Then |(e; + - -+ + &,)/n| < 1 by the Cauchy-Schwarz
inequality. Let f be the minimal monic polynomial in Q[z] satisfied by a := (e1+- - -+¢,,)/n.
By Galois theory, f(z) = [[4;(x — ), where I is the set of all Gal(/K/Q)-conjugates of a,
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with K /Q being any Galois extension containing 1, ... ,&,. Each 8 € I, being a Gal(K /Q)-
conjugate of a, is an algebraic integer, so f(0) = + ]_[561 B, being both an algebraic integer
and a rational number, is an integer (the same in fact applies to each coefficient of f, so
that f € Z[x]).

Thus, f(0) € Z. Since « is nonzero, each 3 € I is nonzero, so that f(0) = [ ], 8 # 0.

Therefore, to get a contradiction, it suffices to show that |f(0)| < 1. In turn, this follows
if we show that |3] < 1 for each § € I. But this is because each such |f]| is of the form

lo(a)] = |o(e1) + -+ o(en)|/n < 1

for some o € Gal(K/Q); o(e1),...,0(en) are also roots of unity, not all equal. O

23.2. Artin’s theorem. In this subsection, we will again work with representations of a
finite group G over k = C (except in Theorem 23.13, where we will allow k to be arbitrary).

Recall that by the complete reducibility of representations of finite groups over C, any
element of the representation ring R¢(G) of G (made from Repc(G)) is uniquely a Z-linear
combination ), n;[m;], where [7;] is the image in Rc(G) of an irreducible representation ;
of G over C. We will abbreviate Rc(G) to R(G). Recall that for each subgroup H < G,
the induction functor Ind$ induces an additive map R(H) — R(G), whose image is an
ideal of R(G) (see Corollary 20.31 from Lecture 20).

The aim of this subsection is to prove

Theorem 23.9 (Artin). If w is a representation of G, then there exist ny,...,n, € Z and
irreducible representations i, ..., . of cyclic subgroups Hy,...,H, of G (over C) such

that, in R(G) we have:
(#G) - [x] = ) ni Indf [m].

In other words, we have

(#G)-R(G) = ), Indj(R(H)).

HcG
H cyclic

Let us prepare for the proof of this theorem by some general observations concerning the
representation ring.

Notation 23.10. Let C(G) denote the ring of class functions G — C (i.e., conjugation
invariant maps G — C), but with its multiplication given by pointwise multiplication
rather than convolution.

Consider the assignment, to each finite dimensional representation p of GG, of its character
X, € C(G). We have:

(i) x, depends only on the isomorphism class of p.
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(ii) For any exact sequence
0= (p,V') = (p,V) = (p", V") =0

of representations of G, we have x, = xy + X (if 0 = V' -V - V" - 0
is an exact sequence of vector spaces over k, and if A € Endg(V) restricts to
A" € Endg (V') and induces A” € Endy(V”), we have tr A = tr A" + tr A”).

(iii) If p is the trivial representation, x, is the identity element of C(G) (since the
multiplication on C(G) is given by pointwise multiplication).

(iv) We have x,e, = XpXp (if A € End,(V) and B € End, (W), then A® B € End,(V®
W) satisfies det(A ® B) = (det A)(det B)).

These properties imply that p — x, induces a ring homomorphism R(G) — C(G).

Lemma 23.11. This ring homomorphism R(G) — C(G) is an injection, and induces an
isomorphism R(G) ®z C — C(G).

Proof. Since we have seen that the irreducible characters x, € C(G) of G are linearly inde-
pendent, where ‘irreducible character’ means ‘character of an irreducible representation’,
it follows that R(G) — C(G) is injective. Since the x, are a C-basis for C(G), it follows
that R(G) ®z C — C(G) is a ring isomorphism. O

Notation 23.12. In what follows, we will often identify R(G) with its image in C(G)
under the map induced by p — x,, and thus also think of C(G) as R(G) ®z C.
One of the results we will need for the proof is Mackey’s formula for the induced character:

Theorem 23.13. For this theorem, let k be any field with (#G,chark) = 1, and (p, V') an
wrreducible representation, over k, of a subgroup H of a finite group GG. Then for all g € G:

1

_ -1
(98) Xinagv(9) = 777 ;; xv(sgs).
s"lgseH
Remark 23.14. (i) The formula shows that xy,q¢ \(g) vanishes unless g is conjugate

to an element of H.
(ii) Suppose G is in addition abelian, and that (p,V) is given by a homomorphism
X : H — C*. In this case the formula says:

X1nd$ vig) = {

Here is a sketch of another way to see it: not necessarily shorter, but probably
useful for the picture it conveys. Verify that in this case Indg x decomposes as
@ x1, where x; runs over the set X; of characters G — C* extending x. Fixing
one such character xi10, x1 — X1X1_,(1) is a bijection X; — Hom(G/H,C*). Now the
formula reduces to the fact that the sum of all the homomorphisms G/H — C* is
the function on G/H that equals (#G/#H) at the identity, and 0 elsewhere.

i—fl-x(g), if ge H, and

0, otherwise.
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Proof of Theorem 23.13. Recall a description of the induced representation from Lecture
20 (Exercise 20.28): Ind$ V is the unique representation of G that contains (a copy of) the
representation V' of H, and whose underlying vector space is the sum of the g-translates
of V' as g ranges over any set [G/H| of representatives for G/H: as vector spaces,

Indj V= P s-V.
s€[G/H]

Clearly, the action of g € G permutes the above summands. Hence, if we compute the
trace using a basis for Indg V formed of the bases for the s -V, we get:

1
Xmagv(9) = D, tr(gs-V) = > tr(g;s'V)=#—H 1 tr(gs- V).
{s|lg-sH=sH} {seG|s—1gseH}/H —§€GH
sT1lgse

Now it suffices to observe that tr(g; s-V) = tr(s~1gs; V), as one sees from the commutativity
of the following diagram, all whose arrows are vector space isomorphisms:

V—s5-V.
slgs] Tg
V—s5V
U
Notation 23.15. We have viewed Ind$ as a functor Ind% : Repe(H) v~ Repe(G) as well
as an additive map Ind% : R(H) — R(G).

In addition to these two uses of Ind%, we will now add a third: we will also view it as an
additive map

C(H) =~ R(H)®; C — R(G) ®; C = C(G).

This map then sends each x, to Xy,q¢ ,, and hence at the level of functions H — C and

p7
G — C is explicitly given by Mackey’s formula, (98) from the statement of Theorem 23.13.
It restricts to the map Ind$ : R(H) — R(G).

Proof of Artin’s theorem. We identify R(G) with a subspace of C(G) via [r] — X, as in
Notation 23.12. Similarly with each R(H).
In this proof, when we write ), the sum will be over the set of cyclic subgroups of G.

Since 3., Ind% R(H) is an ideal of R(G), it is enough to show that it contains #G times
the trivial representation, namely the constant function g — #G in C(G).

For each cyclic subgroup H < G, define yy : H — C by letting xy(h) equal #H if (h) = H
(i.e., if h generates H), and 0 otherwise.

This will follow if we prove the following two statements:

(i) Each xg belongs to R(H); and
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(i) Ypyee Ind% (xu) € R(G), viewed as an element of C(G), is the constant function
G — C with value #G.

Let us prove the first of these assertions. By induction, we may assume that xx € R(K)
for each proper subgroup K < H. Therefore, Ind yx € R(H). It follows from Mackey’s
formula for induced character (as we saw in Remark 23.14(ii)) that, if h € H and if K ¢ H
is a subgroup, then

0, if v ¢ K, and #H, if (hy= K, and
Indff xac(h) = { , _ h) -
Ik XK otherwise 0, otherwise.

From this, it is easy to see that

X = #H — Z Indf v,

KcH
subgroup

which belongs to R(H) as we have observed that each Ind# y x belongs to R(H) (note that
#H also belongs to R(H): it is #H times the class of the trivial representation of H).

Now let us prove the second of the two assertions above: that Y., ,Ind%(yg) is the
constant function with value GG. Using Mackey’s formula for the induced character, we get

> Indf xu(g) = ) #LH D oxulsTlgs) =D, >

HcG HcG seG HcG seG
s"lgseH (s71gs)=H
which equals
2 2 L= l=#G
seG HcG seG
(s7'gs)=H
as desired. U

23.3. Brauer’s theorem — statement and applications. Unless otherwise stated, all
representations in this subsection will be of finite groups on vector spaces over C.

Definition 23.16. A subgroup H < G is called p-elementary if it is a direct product
C x P, where C' < G is a cyclic group, and P < G is a p-group. Then H has a unique such
decomposition provided we impose the further condition that C' has order prime to p.

Theorem 23.17 (Brauer’s theorem). We have
R(G)= ), IndjR(H).
H p—elefnentary

In other words, the image of any finite dimensional representation of G in the representa-
tion ring of G is a Z-linear combination of (the images of ) representations induced from
representations of p-elementary subgroups of G.
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This theorem has an important corollary, whose importance we will indicate afterwards in
the last two subsections of this lecture.

Corollary 23.18. For any finite dimensional representation © of G, the image [x] of =
in R(G) can be written as an integral linear combination Y, n;[Ind 1], where each K;
1s a subgroup of G and each ; : K; — C* is a homomorphism, i.e., a one-dimensional
representation.

Corollary 23.18 will be an immediate consequence of Theorem 23.17, once we prove that
each representation of a nilpotent group H is ‘monomial’; i.e., given such a representation
p, there exists a subgroup K < H and a one-dimensional representation ¢ : K — C*
such that p = Ind 4. Indeed, combine this fact with the transitivity of induction, i.e.,
the natural isomorphism between Ind% = C[G] ®c[x] — and Ind§ oInd} = C[G] ®cpay
(ClH] ®cxy —)-

Changing notation H v~ G, we will prove that this is true more generally for supersolvable
groups:

Definition 23.19. A finite group G is said to be supersolvable if there exists a chain
{B=GicGic-- <G,

of subgroups of G such that each G; is normal in G, and such that each G;/G;_; is cyclic
(exercise: if this is satisfied we may further assume that each G;/G;_; is cyclic of prime
order).

Note that

{p-elementary groups} c {nilpotent groups} < {supersolvable groups} < {solvable groups}.

Now given Theorem 23.17, Corollary 23.18 will follow from:

Proposition 23.20. If G is supersolvable, then any irreducible representation m of G over
C is monomial, i.e., there exists a subgroup H < G and a character 1 : H — C* such that

7 = Ind$ 4.

Sketch of proof. Any quotient of G is supersolvable, so by induction, it is easy to reduce
to the case where 7 is faithful. Again, the case where GG is abelian is immediate, so assume
that G is not abelian.

Since G' is supersolvable, it has a normal abelian subgroup A which is not contained in
Z(@): to see this note that G := G/Z(G) is supersolvable as well, and one can simply take
A to be the inverse image of a normal cyclic subgroup of G.

Since 7 is faithful, and A is not contained in the center of G, w(A) is not contained in
the center of 7(G), so that 7|4 is not x-isotypic for any character y : A — C*. Let
X : A — C* be a character that is contained in 7|4, and let V,, < V be the x-isotypic
subspace of (7|4, V). Since 7|4 is not x-isotypic, the stabilizer H of V, in G is a proper
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subgroup of G. Note that p(H) preserves V,, i.e., p restricts to a representation of V, on

H.

Moreover, it is clear that 7, being irreducible, is a sum of the g-translates of the V, as g
ranges over a set [G/H] of representatives of H in G. It is easy to see that this sum is
a direct sum (the translates land in spaces where A acts by distinct characters), so by a
description of induced representations given in Lecture 19 (Exercise 20.28), it follows that
Indg Vi = m. Although V, may not be one-dimensional, we are done because we can apply
induction to the irreducible representation V, of H — V, is an irreducible representation
of H Indg Vy = m is. Here, we used that H is supersolvable, and also that it is a proper
subgroup of GG, so that induction can indeed apply to H. O

23.4. Application of Brauer’s theorem to field of definition. Notice that if p: G —
GL(V) is a representation of G over a field k, then for any field extension K /k, we get a
representation

G5 GL(V) Y QL (V @ K)
of G on the K-vector space V ®; K. This representation will be denoted p ®;, K.

Definition 23.21. Let K be a field. We say that a representation p: G — GLk(V) of a
finite group G over K can be realized over a subfield k < K, if there exists a representation
(p, V) of G on a vector space V over k, such that the representation (p ®; K,V ®; K) of
G on the K-vector space V ®; K is isomorphic to (p, V).

Equivalently, p : G — GLk(V) can be realized over the subfield & < K if and only if
there exists a k-vector subspace V — V., which is G-stable (i.e., 5(G)-stable) and satisfies
that the obvious map V ®; K — V (obtained from the bilinear scalar multiplication map
V x K — V) is an isomorphism.

Corollary 23.22. Suppose that m is an exponent of the finite group G, i.e., g™ =1 for
all g € G. Then:

(i) The obvious homomorphism Ry, (G) — Rc(G), sending the image 7] of a rep-
resentation © over Q((y) to [T ®q,.) Cl, is an isomorphism.
(ii) Every representation of G over C can be realized over Q((y,).

To deduce (ii) of the corollary from (i) of the corollary, we will use:

Proposition 23.23. Suppose p; : G — GL(V}) and py : G — GL(V3) are nonisomorphic
irreducible representations of G over k. Then for any field extension K of k, no irreducible
subrepresentation of (p1 ®k K,V ®y K) is isomorphic to an irreducible subrepresentation

of (p2 ®k K, V2 ® K).

Proof. Extend (p1, V1), (pa, V2) to a sequence (p1,V41),...,(pr, Vi) of irreducible represen-
tations of G over k, up to isomorphism. Then we have a ring isomorphism given by the
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action map,
(99) [ [ i : kIG] — [ [ Endp, (Vi),
i=1 i=1

where D; = Endg(V;), and this is the decomposition of k[G] into simple rings. Note
that this is also G x G-equivariant, if we let the action of (h,g) send A € Endp,(V;) to
pi(h)Api(g)".

Tensoring over K, we get a ring isomorphism

K[G] - | [(Endp, (Vi) @4 K),
i=1
again given by an action map (but the rings on the right-hand side are no longer necessarily
simple). Therefore, viewing the isomorphism for K[G] analogous to (99) as an identifica-
tion, in terms of simple rings, we conclude that (Endp, (V1) ®x K) and (Endp, (V2) ®x K)
each identify with products of the form [, Endp, ,(Vi;) and [, Endp, ,(V2;), where the
Vi, and the V5, are irreducible representations of G' over K.

Clearly, no Vy,; is isomorphic to any V5 ;. It therefore suffices to observe that the Vi,
are precisely the irreducible components of V; ®; K, and that the V5 ; are precisely the
irreducible components of Vo ®j, K: this follows from the fact that each Endp,(V;) ®x K, as
a representation of G = G x {1} acting via g - A = g o A (which is what makes the action
map G x {l}-equivariant), is a sum of copies of V; ®; K. O

Proof of Corollary 23.22, assuming Theorem 23.17. By Corollary 23.18, (i) will follow if
we show that for each subgroup H < G and each homomorphism ¢ : H — C*, ¢ can
be defined over Q((,,). But this is the case because H has m as an exponent, so that

Y(H) = Q(Gn), proving (i).

Let us deduce (ii). We will use the following notation: for each representation p of G over
Q(¢m), we will abbreviate p ®g(c,.) C to pc, and given a € Ry,,)(G), we will write [a]c for
its image in R¢(G).

It suffices to show that any irreducible representation p of G over C such that [p] € Rc(G)
lies in the image of Rg,,)(G) — Rc(G), is of the form pc for some (necessarily irreducible)
representation p of G' over Q((y,).

Since [p] is in the image of Rq(,,)(G), we can write [p] = >}, n;[pi]c, where each n; is
an integer and each p; is an irreducible representation of G over Q((,,). It suffices to
show that each n; is nonnegative: that would imply that, setting p := P, pl@"", we have
[pc] = 22 nilpile = [p], so that x5 = x,., from which it follows that p =~ p¢, as desired.

Suppose for contradiction that some n;, is nonnegative. Write (p;)c = P, ﬁznjj , with each
pi,; irreducible. Then in Rc(G), we can write [p] = 35, s nim ;[ pi;]. By Proposition 23.23,
Pioj # Piry for any ', j" with @' # 4, so that in the expansion [p] = >, ;nimi;|[pi;l,
niyMiy; < 0 for all the (ip,7) that occur (which is a nonempty set), giving the desired
contradiction. U
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23.5. Motivation for Brauer’s theorem from number theory. This subsection is
optional, but recommended to skim over.

Now let us explain what is probably the main number-theoretic motivation for Brauer’s
theorem, very informally. Recall that the holomorphy at s = 1 of the Dirichlet L-functions
L(s, x), associated to Dirichlet characters x : (Z/NZ)* — C* = GL1(C) (with N varying)
was crucial in the proof of Dirichlet’s theorem on arithmetic progressions.

Now a Dirichlet character x : (Z/NZ)* — C* can be viewed as a special case of a
representation of Gal(Q/Q): if (x is a primitive N-th root of unity, then one can show
that Q((y)/Q is Galois, and that sending o € Gal(Q/Q) to the uniquely defined [ € Z/NZ

such that o(Cy) = ¢k, defines an isomorphism

(100) Gal(Q(¢n)/Q) — (Z/NZ)*,

giving a ‘Galois representation’ (by which we mean the composite)

Gal(Q/Q) — Gal(Q(¢w)/Q) — (Z/NZ)* 5 C*.
Note that the isomorphism (100) does not depend on the choice of (y, since any two choices
of (y are powers of each other. The main point of the proof of (100) is the irreducibility
of the cyclotomic polynomial associated to N over Q.

Artin’s L-function is defined in such a way that if p is a one-dimensional representation
associated to a Dirichlet character x as above, then L(s, p) = L(s, x).

The precise definition of L(s, p), for a representation Gal(Q/Q) — Gal(K/Q) — GLy(C)
with K /Q finite Galois, involves number theory, and is only given as an Euler product over
primes, that converges in some Re s » 0.

Question: How do we complete this definition by at least continuing L(s, p) meromorphi-
cally (in the complex variable s) to C?

This was perhaps Artin’s main motivation. We will explain more below.

In fact, to generalize the result that L(s,x) is holomorphic on C for nontrivial y, Artin
conjectured:

Conjecture 23.24. If p : Gal(Q/Q) — GL,,(C) is an irreducible Galois representation
factoring through Gal(K/Q) for some finite Galois extension K /Q, and if p is nontrivial,
then L(s, p) analytically continues to a holomorphic function on C.

But how does one either prove such a result or answer the question mentioned above (about
meromorphic continuation), especially when L(s, p) is only defined in some ‘sufficiently
right’ half plane as an Euler product?

We already know that the conjecture is true for those p associated to a Dirichlet character
X- This takes care of the case where p is one-dimensional. This can be pushed a bit
further, and one can show the following: if p : Gal(Q/Q) — GL,,(C) factors through

p: Gal(K/Q) — GL,,(C), and if p is of the form Inng}g;%)o) &, where € : Gal(K/Ky) — C*
is a homomorphism, then one can show that the conjecture is true for p, i.e., L(s, p) extends
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to an analytic function on C. Namely, this involves a slight generalization of the definition
of L(s, x) with Q replaced by the number field K, where in place of of a Dirichlet character
one considers its generalization called a Hecke character, associated to £ : Gal(K/Q) — C*
using class field theory ((100) is also part of class field theory, and is being generalized here).

Write G = Gal(K/Q), and consider L(s, p), where p varies over representations of Gal(K /Q),
attached to p (pulled back to Gal(Q/Q)). The above discussion says that we know the an-
alytic continuation for L(s, p) when p is of the form Ind$ ¢, where H G, and ¢ : H — C*
is a character.

Moreover, the definition of L(s, p) is such that L(s, p1 ® p2) = L(s, p1)L(s, p2). Thus, one
can get meromorphic continuation for L(s, p) if one knows that

p=Dn",

where each p; is of the form Indgi &, and each n; € Z (since the meromorphic continuation
is known for each L(s, p;)). This is precisely what Brauer’s theorem does. This completes
our description of the number theoretic motivation for Brauer’s theorem.

Note that this only gives meromorphic continuation, and does not imply that L(s, p) is
analytic for nontrivial irreducible p. In fact, this assertion is still open; many special
cases that have been proved are spectacular results, but these in a sense constitute a
tiny proportion of the total number of cases. It seems to be generally understood that
to prove such an analyticity, like in the dimension one case, one will need to attach to
p: Gal(K/Q) — GL,,(C) an object generalizing a Dirichlet character.

(Lots of caveats apply to all of the following). When m = 2 an object of this sort is a
modular form, for larger m such an object is what is known as an automorphic representa-
tion, etc. The point is: though a modular form might appear complicated, one can attach
an L-function to a modular form (just like to a Dirichlet character), and prove its analytic
continuation, which is very difficult to do for Artin’s L(s, p).

Thus, one wants to see if one can get a ‘correspondence’ between ‘Galois representations’
and ‘automorphic representations’. This is the subject of study of an important and influ-
ential area of mathematics called the Langlands program, named after Robert Langlands.
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24. LECTURE 24 — ALGEBRAIC CLOSURE, SEPARABLE EXTENSIONS

Today, unless otherwise specified, k, K, L etc. will denote fields.

24.1. Existence of algebraic closure. Recall that a field extension of a field k is a k-
algebra that is a field; e.g., k(t) — k(t), t — t* is a field extension. Recall that any
homomorphism of fields is injective. We will use the following facts from field theory, so
we leave them as exercises (similar but more basic facts may be implicitly assumed):

Exercise 24.1. (i) If K/k is an algebraic field extension, then any k-algebra homo-
morphism K — K is an isomorphism.
Hint/note: This is immediate if K is generated by a single element over k (i.e.,
as a k-algebra). The general case can be reduced easily to this. See Lemma 2.1,
Chapter V (Algebraic extensions) of Serge Lang’s book.
(ii) A splitting field of any finite family {f; | j € J} < k[z] of polynomials in k[z]
is unique up to a usually non-unique isomorphism, and embeds into any other

extension in which f splits into linear factors (the infinite case will be considered
below).

Remark 24.2. The zero ring is a k-algebra. It is the unique final object in the category
of k-algebras, k being the unique initial object.

We first prove Artin’s theorem that any field k£ has an algebraic closure:

Theorem 24.3. Any field k has an algebraic closure, i.e., there exists an extension k — L
such that L/k is algebraic, and such that L is algebraically closed.

Proposition 24.4. If k is a field and I < k[z] is an arbitrary family of polynomials in
k[x], then this family is split by some field: there exists a field extension L/k such that each
f € I splits into linear factors in L[x] (constant polynomials are assumed by convention to
be already split into linear factors).

Proof that Proposition 24.4 implies Theorem 24.3. Let I = k[z], and choose L as in Propo-
sition 24.4. The set of elements of L that are algebraic over k form a subfield Ly < L, and
all polynomials in k[z] clearly split completely in Lg, so we may replace L with Lg and
assume that L is algebraic over k. It is enough to prove that L is algebraically closed.

If not, it has a finite nontrivial algebraic extension L[a]. Then « is algebraic over L and
hence over k, and is therefore a root of an irreducible polynomial f € k[z]. However, since
L splits f, this forces a € L, a contradiction to L[a]/L being nontrivial. O

Proof of Proposition 24.4. The main ideas in the two proofs of this theorem that we will
outline/discuss seem to be:

(i) Any finite collection of polynomials in k[z] has a splitting field; and
(ii) Using Zorn’s lemma, this can be extended to infinite collections.
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A crude outline of one proof is as follows: any algebraic extension of k£ can be shown
to have cardinality at most max(Ro,|k|), where Ry is the cardinality of the set of nat-
ural numbers, so choose a set S of bigger cardinality, and consider the collection of
all algebraic extensions k < K such that the underlying set of K is a subset of S.
These form a set, and one can use a Zorn’s lemma argument. For more details, see
https://stacks.math.columbia.edu/tag/09GP

Now we discuss another proof, which I have taken from a post by Tom Leinster in n-
category cafe ( https://golem.ph.utexas.edu/category/2021/04/algebraic_closure.html ),
which is based on a proof expounded by Keith Conrad, in turn based on an argument
by Zorn in the paper where he first introduced Zorn’s lemma.

It is enough to show that there exists a nonzero k-algebra k < S, such that each polynomial
in I splits into linear factors in .S. Indeed, given such an S, let m < S be a maximal ideal,
and set L := S/m (note that the existence of such an m depends on Zorn’s lemma). Then
k — L is an algebraic extension in which each element of I splits into linear factors.

Now let us construct such an S. For each f € k[z] of degree at least 1, we can not only
construct a canonical field extension containing a root of f, but also a “splitting ring
extension” that splits f completely:

SRi(f) = kloga, ..., apde £/,

where k[ag1, ..., fdeg ] is @ polynomial ring in deg f-many variables, and J; < k[agq, ..., 0fdeg ]
is the ideal generated by the coefficients of:
deg f

fa)—a ][ az)

where a is the leading coefficient of f. If f is constant, set SRy(f) = k.
One can similarly define SRy (I") for each subset I’ < k[z]:
(101) SRe(I') = k[{ay; | feI',1<i<degf}]/Jr,

where Jp is the ideal generated by the Jy as f varies over I’ (note that when [’ is finite,
SRy (I') is the coproduct of the SRy (f) as f varies over I’, in the category of commutative
k-algebras). Here, for those f € I’ which are constant, by convention there are no ay;, and
no contribution to Jp .

We would be done if we could show that SR(I) is nonzero, but this does not seem easy.
However, it is easy to see that SRy (I") is nonzero for each finite subset I’ < k[z]: this is
because there is a finite extension K /k in which each f € I’ splits into linear factors, and
then the map k[{ay; | fe I',1 <i<degf}] - K sending, foreach f € I, ay1,...,0f deg s
to the roots of f in K arranged in some order, vanishes on Jp. Hence it factors through a
ring homomorphism SRy (I") — K that sends 1 to 1, and is hence nonzero (since 1 # 0 in
K), forcing SRy (I') # 0.

One now considers the collection of finite subsets I’ — k[z], and make them into a directed
set (Z, <) under inclusion. There is an obvious map SRy (I') — SRy(I") whenever I I,
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induced by sending each ay; to ay;, and this gives a directed system of rings indexed by
T. Set:

S = ll_I)nSRk(Il)

I

The point is that S is a directed colimit of nonzero rings, and is hence nonzero: this is
because otherwise we get 0 = 1 in S, which would force the same to be the case in SRx (1)
for some finite set I’, a contradiction. Clearly any nonconstant polynomial in k[z] factors
into linear polynomials in S, as desired. U

Proposition 24.5. Let K/k be an algebraic extension.

(i) If k — L is any field extension with L an algebraically closed field, there exists a
k-algebra embedding K — L.
(i1) In the situation of (i), if further K is algebraically closed and L is an algebraic
extension of K, then any embedding o : K — L as in (i) is an isomorphism.
(11i) An algebraic closure of k is unique up to an isomorphism (though usually not up to
a unique isomorphism).

Proof. First let us sketch a proof of (i). If K = k[a], where the minimal polynomial of « is
f, then we can map a € K to any root of f in L. The general case of (i) is an easy Zorn’s
lemma argument based on this; see Theorem 2.8 in Serge Lang’s book.

In the situation of (ii), note that o is automatically injective (being a homomorphism of
fields), but also surjective since o(K) is algebraically closed and L is algebraic over o(K).
(iii) follows from (ii). O

Now let us study the non-uniqueness of the isomorphism up to which an algebraic closure
is unique:

Lemma 24.6. Let Fld be the category of fields, AlgClosFld the full subcategory of alge-
braically closed fields, and G : AlgClosFld v~ Fld the obvious inclusion functor.

(i) Algebraic closure cannot be defined functorially, i.e., there is no functor F : Fld v~
AlgClosFld together with a natural transformation € : idgyq v~~~ G o F', with the
property that for all fields k, e(k) : k — G o F(k) is an algebraic closure of k.

(i1) The subcategory AlgClosFld of Fld is not a reflective subcategory, i.e., there is no
left adjoint F : Fld > AlgClosFld to G : AlgClosFld ~~ Fld.

Remark 24.7. The condition in (i) of the lemma is exactly the functoriality of the algebraic
closure: the datum of an algebraic closure of k is not just an algebraically closed field k, but
comes with the datum of a field extension k < k as well. The functoriality of the algebraic
closure refers to defining the algebraic closure at the level of morphisms as well, in such a
manner that k — k is functorial in k; in otherwords, it includes a natural transformation
from the identity functor idgyqg : k ~ k to the putative algebraic closure functor k ~ k.
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Proof of Lemma 24.6. Let us prove (i). The reason for the failure of the condition in (i)
will turn out to be the fact that an algebraic closure typically has nontrivial automorphisms
over the base field, so fix any pair (v : k < L, o) consisting of an algebraic closure ¢ : k < L
of a field k, and a nontrivial k-algebra automorphism o : L. — L. For instance ¢ : k — L
could be the inclusion R < C, and ¢ could be the complex conjugation.

If such a functor F existed, we would then get a commutative diagram as follows:

L F(L) =~ L.
\ F()

. F—Y P =1 F(o)

L &) F(L) =L

Here, the commutativity of the rectangle and the two trapezia is a consequence of the
naturality of €. Note that, by definition, each horizontal arrow in the above diagram is
an algebraic closure. The commutativity of the rectangle in the above diagram, together
with the fact that o is nontrivial, would force F'(¢) to not be the identity map F(L) —
F(L), while the commutativity of the right triangle would force F'(o) to be the identity, a
contradiction.

This proves (i), and we come to (ii). If such a left-adjoint F' existed, then since G is fully
faithful, problem 1 of HW 3 would imply that the counit of an adjunction between F' and
G would be a natural isomorphism € : F'o G v id. In particular, F(L) = F o G(L) would
be isomorphic to L if L is algebraically closed. Now consider, for a finite field F, and an
algebraic closure F, < F, of it, the chain of bijections:

) F59E Hom (R, G(F,)) — Hompia(F(F,), Fy).

The left-hand side is clearly finite, since any homomorphism F, — F, has image in the
copy of F, inside I, (since this copy is defined by z¢ = x), while it is easy to see that
F(F,), being an algebraically closed field contained in F(F,) =~ F,, is isomorphic to F,, so
the right-hand side is not finite. O

HOIIlFld (]Fq, I_Fq

Remark 24.8. The condition defining a reflective subcategory, that of its inclusion having
a left adjoint, is something we have seen often: AbGrp is a reflective subcategory of Grp,
since the inclusion functor AbGrp v~ Grp has abelianization as a left adjoint. Another
example is the inclusion of the category of compact Hausdorff topological spaces in the
category of all topological spaces, which has the Stone-Cech compactification as a left
adjoint.

24.2. Separable degree. The uniqueness of algebraic closure, even though up to a non-
unique isomorphism, allows us to define the notion of separable degree.
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Corollary 24.9. If K/k is an algebraic extension, then for any two algebraically closed
field extensions Ly, Ly of k, there is a bijection

Homk_Alg(K, Ll) — HOHlk_Alg(K, Lg)

Proof. Without loss of generality, we may and do assume that L; is an algebraic closure
of k. Then by Proposition 24.5(i), there exists a k-algebra embedding o : L; < Ls. Now
o(L1)  Ls is an algebraically closed field containing k, so any k-algebra homomorphism
K — L factors through o(L;), and hence through L;. Therefore, composing with o gives
the required bijection. O

We would like to study k-Alg/¢, the category of finite commutative k-algebras, where finite
means finite dimensional as a vector space over k (and in particular Artinian). Since we
are going to frequently encounter the following notation, we state it separately:

Notation 24.10. We will frequently use the following notation.

(i) If A e Obk-Alg/c, then by the structure theory for commutative Artinian rings, we
have a decomposition
A=]]4,
i=1

with each A; Artinian local.

(ii) Note that each A; as above has an obvious structure of a k-algebra: k — A — A;,
something that will be used without mention from now on.

(iii) For 1 < i < r, if m; = rad(4;) is the radical — or in other words the unique
maximal ideal — of the Artin local ring A;, then m; < A; is nilpotent (the radical
of an Artinian ring being nilpotent), and the residue field K; := A;/m; is a finite
extension of k, via

Exercise 24.11. Show that, in the setting of Notation 24.10, the map A — [[_, A; —

[ [;_, K; induces isomorphisms

A/rad(A) — H(Ai/rad(Ai)) = [ J(Ai/m;) — HK

i=1

In what follows, we will use this frequently as well.

Remark 24.12. If k is algebraically closed, each inclusion & — K; is an isomorphism
(since dimy, K; < o), and hence

(102) A/rad(A) = ﬁ K; ~ ﬁ k

is a product of copies of k. This will be used often in what follows as well.
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Corollary 24.13. If A is a finite commutative k-algebra, then there exists a unique natural
number [A : k]s such that for any k-algebra k — L with L an algebraically closed field,

[A : k]s = #Homk_Alg(A, L)

Proof. For any two algebraically closed field extensions L;, Ly of k, the proof of Corollary
24.9 goes through to give a bijection Homy a14(A, L1) — Homy 454(A, L2) — use that the
image of any k-algebra homomorphism A — L, is an integral domain (being contained in
Ls) which is finite dimensional over k (since dimy A < o), and is hence a field. Therefore,
the right-hand side is independent of the choice of L.

It remains to see that it is finite; let us do it in a manner that will also give us a picture
of how elements of Homy,_4;,4(A, L) look like. Associate to A the A; and the K;, 1 <i <,
as in the above discussion. Then each k-algebra homomorphism A — L factors through
A — A; for a unique 1 < i < r (use that A4;A; = 0in A for ¢ # j), and then through
A — K; (since m; = rad(4;) is nilpotent), giving us a bijection

Homyag(A, L) — | |Homyay(K;, L).

i=1

Now note that for each 1 < i < r, Homy 4,(/K;, L) is finite as dimy K; < dimy 4; <

Definition 24.14. (i) For a finite commutative k-algebra A, the number [A : k], as
in Corollary 24.13 will be called the separable degree of A over k.

(ii) For each algebraic (possibly infinite) field extension K of k, we similarly have [K :
ks := # Homy 4;,(K, L) € N5y U {00} independent of the choice of an algebraically
closed field L containing k. Since K /k may be finite, we are allowing the possibility
[K : k]s = o0.

Remark 24.15. It is possible that a more correct approach would be to unify the above
two definitions by defining [A : k], for a class of A that includes both finite commutative k-
algebras and possibly infinite algebraic field extensions. Possibly, the ‘correct category’ to
look at is that of k-algebras A that are directed colimits of finite commutative k-algebras.
However, right now I don’t have the time to figure out the correct thing.

Notation 24.16. For a finite commutative k-algebra A, we will write [A : k] for dim,, A.
Thus, [A : k] generalizes the notion of the degree of a field extension. (Like with fields, we
will see that we have [A : k]s < [A : k], with equality defining the notion of separability.)
Similarly, we have [K : k] = dim, K € N5; u {0} for an algebraic field extension K /k.

Example 24.17. If k is algebraically closed, and A = [];_, A; is a finite commutative
k-algebra, with each A; local, then we claim:

[A: k], =dim A/(rad A) = r < dim A = [A: k].
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This follows from the fact that, by Remark 24.12, we have for any algebraically closed field
L containing k (please work out all the steps below as an exercise):

[A : k]s = #Homk_Alg(A, L) = #Homk_Alg(A/ rad(A), L) = #Homk_Alg <1L[ ]{?, L) =7r < dlmk A= [A . ]{?]
i=1

Proposition 24.18. If K/E/k is a chain of field extensions, then (with the understanding
that n- 0 = 00 -n = o for alln € Ny; U {00} ):

[K : k| =[K:FE]s-[E:k]s.

Proof. Let k — L be a k-algebra with L an algebraically closed field. By Proposition
24.5(1), restriction from K to E induces a surjection

Homk_Alg(K, L) — Homk_Alg(E, L)

Since these sets have cardinalities [K : k|s; and [E : k], it is enough to show that the fiber
of the above map over each ¢ € Homy.a4(E, L) has cardinality [K : E],. But this is so
by the definition of [K : E],, because this fiber is precisely Hompg 4;,(K, L), where L is
thought of as an E-algebra via ¢ : F < L (thus, the point is that this fiber has cardinality
[K : E|s independently of ¢ : E < L, by Corollary 24.9). O

Exercise 24.19. Formulate an analogue of Proposition 24.18 that applies with K and
E replaced by finite commutative k-algebras A and A;. Note that the formulation will
necessarily be less simple than in the proposition.

One motivation for studying separable degree is the following easy lemma:

Lemma 24.20. If K = k[a] is a finite algebraic field extension of k generated by a single
element o with minimal polynomial, say f € k[x|, then for any algebraically closed field L
containing k, [ K : k|s is the number of distinct roots of f in L.

Proof. Immediate from basic field theory. O

The assertion in the following exercise, or equivalently (103), will be used often in what
follows.

Exercise 24.21. If R — S is a morphism of rings, recall the Hom-tensor adjointness
isomorphism

Homg(S ®g M, N) — Hompg(M, N),
for all left R-modules M and left S-modules N, given by composition with the map M —
S®g M sending each m to 1®m. When R and S are commutative, M is an R-algebra and
N is an S-algebra, verify that the above adjunction isomorphism restricts to a bijection:

(103) HOHIS_Alg(S®R ]\17 N) - HOHIR_Alg<M, N)

In particular, the extension of scalars functor S ®z — : R-Alg v~ S-Alg is left adjoint to
the restriction of scalars functor S-Alg v~ R-Alg.
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Proposition 24.22. (i) If A/k is a finite commutative k-algebra, and F/k is a (not
necessarily algebraic) field extension, then [A : k]|s = [F ® A : Fl, (sanity check:
F ® A is a finite commutative F-algebra).
(i) If k is algebraically closed, then [A : k)]s = [A/rad(A) : k] < [A: k].
(i1i) We have [A : ks < [A @ k] = dimy A. Similarly, [K : k]s < [K : k] for any
algebraic field extension K /k.

Remark 24.23. An assertion like (i) seems difficult to formulate if we work with only
field extensions and not finite commutative k-algebras; this is because fields are not closed
under tensor product. Thus, working with finite commutative k-algebras seems to give us
better flexibility.

Proof of Proposition 24.22. For (i), let L/F be an extension with L algebraically closed,
so we have k < F < L, which we use to compute [A : k];. Then by (103), with k, F, A
and L in place of R, S, M and N, we have a bijection

Homk—Alg (Ay L) - HomF—Alg(A ®k Fv L)v
which gives [A: k], = [A®y F : Fls. Thus, (i) holds.

(ii) has already been worked out in Example 24.17. To see (iii) for finite commutative k-
algebras — we leave it as an exercise to deduce the field extension case from there — letting
L be an algebraic closure of k, we have

i (i)
Ak, Q[A® L L], < [A®:L: L] =[A:k].

24.3. Separable algebras.

Definition 24.24. (i) A finite commutative k-algebra A is said to be separable or
étale over k if the inequality [A : k]s < [A : k] from Proposition 24.22(iii) is an
equality.

(ii) If K /k is a field extension and « € K is algebraic over k, we say that « is separable
over k if k[a]/k is a separable field extension.

(iii) If K/k is an infinite algebraic field extension, we say that K /k is separable if each
finite subextension of K /k is. Note that, a priori, this definition applies only to
infinite extensions. Though this is unsatisfactory in that the definitions for finite
and infinite extensions seem very different from each other, it will follow from
Corollary 24.33 below (see Remark 24.34) that an equivalent finiteness-agnostic
definition for separability of field extensions can be given.

(iv) A finite extension K /k of fields is called purely inseparable if [K : k], = 1. An infi-
nite extension K /k of fields is called purely inseparable if every finite subextension
of K /k is purely inseparable.

(v) If R — S is a homomorphism of commutative rings, such that S is a finite free
R-module, we will write trg/g : S — R (resp., Ng/r : S — R) for the map that
sends each a € S to the trace (resp., the determinant) of the ‘multiplication by a’
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map (a — sa) € Endg(S). (Exercise: make sense of trg/z when S is only finite
projective over R). Note that trg/z : S — R is a homomorphism of additive groups,
while Ng/g : S — R is a homomorphism of multiplicative monoids.

(vi) Further, if R and S are as above, we use the same notation trg/g to also denote the
(clearly symmetric) bilinear form:

trS/RZSXSHS,

that sends (a,b) € S x S to trg/r(ab).
The definition of trg g will be of interest to us mainly when R is a field k£ and A
is a finite commutative algebra over it.

The following lemma gives us a feel for separability of elements:

Lemma 24.25. If K/k is a field extension and o € K\{0} is algebraic over k, then the
following are equivalent:

(i) « is separable over k.
(i1) The minimal polynomial f € k[x]| of o is separable, i.e., f has distinct roots in L
for some or equivalently any algebraically closed field L containing k.
(iii) [+ 0.
These conditions are violated if and only if the following hold: chark is some p > 0, and
we can write f(z) = g(aP) for some g € k[z].

Proof. The equivalence of (i) and (ii) is an immediate consequence of the definition and
Lemma 24.20. Let us show that (ii) is equivalent to (iii). f has a repeated root if and
only if « itself is a repeated root of f, which is the case if and only if f'(a) = 0: use
Leibniz’ product rule, which gives that if f(z) = (x — a1) ... (x — a;.) with @ = a4, then
f'(a) =]](e¢—ag)...(—a,). Since f is a minimal polynomial for o and deg f’ < deg f,
this is the case if and only if f' = 0; in other words, we have (ii) <= (iii).

For the last assertion, note that f’ never vanishes in characteristic zero (the minimal
polynomial of a € K'\{0} is nonconstant), and that when char k = p > 0, f’ vanishes if and
only if f is a polynomial in 2P, i.e., if and only if f(z) = g(aP) for some g € k[x]. O

Example 24.26. Thus, it follows that if £ is of characteristic zero, any algebraic field
extension of k is separable. On the other hand, if & is a field of characteristic p and if there
exists a € k*\(k*)P, then f(z) = 2P — a is irreducible, and adjoining a root « of f gives an
extension k[«a]/k which is purely inseparable, since f is a polynomial in xP.

In particular, when chark = p > 0, the extension k(t) — k(t) given by t — t* is not
separable (this example recalls that field extensions are really homomorphisms and not
necessarily “physical inclusions”).

Example 24.27. Assume that k is algebraically closed, and that A/k is a finite commu-
tative k-algebra. We claim that the following are equivalent:

(i) A is separable over k.
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(ii) A is reduced, i.e., rad(A) = 0.
(iii) A is a product of copies of k.

Indeed, the equivalence of the first two conditions follows from Proposition 24.22(ii), and
the equivalence of the second and the third conditions follows from (102).

Proposition 24.28. Given any finite commutative algebra A over a field F', and any field
extension F'/k (not necessarily algebraic), A is separable over k if and only if A®y F is
separable over F.

Proof. This is immediate from the equality [A : k]s = [F® A : Fs (Proposition 24.22(i)).
O

Proposition 24.29. For a finite commutative k-algebra A and an algebraically closed field
L containing k, the following are equivalent and independent of L:

(1) A is separable over k, i.e., # Homy_a4(A, L) = [A: k].

(ii) For some or equivalently any algebraically closed field L containing k, A ® L is
reduced, i.e., semisimple; equivalently, A is ‘absolutely semisimple’ or ‘geometrically
semisimple’, or ‘geometrically reduced.

(i1i) A®y L is a product of copies of L.

(iv) Ay K is reduced for any field extension K /k.

(v) The symmetric bilinear form tr = tras, : A x A — k is nondegenerate.

(vi) Homy_a14(A, L) < Homy (A, L) is an L-vector space basis for Homy (A, L).

Slogan: Separable = ‘absolutely semisimple’ = ‘geometrically semisimple’ = ‘geometrically
reduced’.

Exercise 24.30. Example/exercise: Assuming Proposition 24.29, show that if V is a
finite dimensional vector space over k, and T' € Endg(V), then T is semisimple over V' —
i.e., diagonalizable over some algebraic closure of k — if and only if the k-algebra k[T'] <
Endg (V') is separable.

Remark 24.31. It seems instructive to note that each of the conditions in Proposition
24.29 is invariant under replacing A and k by A®;, L and L. % This claim is enough to see
for the conditions (i), (iv), (v) and (vi). In the case of (i), this follows from Proposition
24.28. In the case of (iv), this follows from the fact that any field is contained in an
algebraically closed field, and tensoring with a field extension does not kill any element,
and in particular preserves nilpotents. In the case of (v), this follows from the fact that
the nondegeneracy of a bilinear form can be detected by its determinant, which may be
computed after a base-change. For the condition (vi), this follows from the identities
Homy, a14(A, L) = Homy, 410(A ®p L, L) and Homy, (A, L) = Hom (A ®y L, L), which follow
from Hom-tensor adjointness.

69And indeed, the proof will show how things simplify when we can base-change to an algebraically

closed field. Again, this illustrates the flexibility involved in considering algebras, where we can take tensor
products.
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Proof of Proposition 24.29. Once we prove the equivalence of the conditions, it will follow
that they are independent of L, since (i) is. Further, by Remark 24.31, we may replace
A with A ®;, L and assume without loss of generality that k& = L is algebraically closed
(though this assumption will not be used when we deal with (vi)).

The equivalence of the first three conditions follows from Example 24.27. Since (i) is
independent of L, it follows that so is (ii). Since every field is contained in an algebraically
closed field, it is now easy to see that (ii) is equivalent to (iv). I am tempted to call this
as “separable = universally reduced”, but that is probably bad terminology.

Now let us prove the equivalence of these conditions with (v). If A = [];_; 4; with each A,
local, it is immediate that the bilinear form tr,/; is the orthogonal sum of the try, s, and
that A/k is separable if and only if each A;/k is (because both [A : k] and [A : k], respect

product decompositions in A). So we may and do assume that A is Artin local over k = L.

In this case, if A is separable, then A = L (the equivalence of (i) and (iii)), and trs/;, = tra
simply takes (a,b) to ab, which is clearly nondegenerate. On the other hand, if A is not
separable, we know from the equivalence of (i) and (ii) that A contains a nonzero nilpotent
element a € A, which is clearly in the radical of try: for all b€ B, ab € A is nilpotent, so
map, - A — A, being a nilpotent linear operator, has trace zero.

The equivalence between (i) and (vi) follows because Homy (A, L) is an L-vector space
of dimension [A : k], and the elements of Homy 4;(A, L) are linearly independent by
Dedekind’s linear independence of characters, Theorem 24.32 below, and hence span a
subspace of dimension [A : k. O

Theorem 24.32. Let G be a monoid, and K a field. Let x1,...,x, be distinct characters
(i.e., monoid homomorphisms, which by definition are required to take 1 to 1) ° G — K.
Then X1, ..., X are linearly independent elements of the K-vector space Maps(G, K) of
maps G — K.

Proof. If r = 1, there is nothing to prove, since x; # 0 (since it sends 1 € G to 1 € K).

Now suppose » > 1 and that xi,...,X, is a minimal collection of linearly dependent
characters, and say
T
(104) Dlaixi =0
i=1
for some aq,...,a, € K, not all zero — in fact, each nonzero by minimality. Since x; # xo,

let z € G be such that x;(z) # x2(z). Then, since the above equation remains true after
replacing each x; by (g — xi(29)) = xi(2)x, we get

"OIn fact, it seems that we can do with much weaker assumptions: G just needs to have some binary
operation, and the y; just need to each intertwine the operation on G with multiplication in K, each be
nonzero, and be pairwise distinct.
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Multiplying (104) by x1(z) and subtracting (105), we get

S a(il) — xa(2)xi = 0,

i=2
which is a nontrivial relation as x2(z) # x1(z) and as is nonzero. This contradicts the
minimality of r. O

Corollary 24.33. (i) Subalgebras, quotients (i.e., by an ideal), products and tensor
products of finite separable algebras over k are separable (thus, being a quotient,
the image of any finite separable k-algebra under a k-algebra homomorphism is
separable too).

(1) If {A;}; is a collection of separable algebras contained in a finite commutative k-
algebra A, then the subalgebra of A generated by the A;’s is separable.

(i1i) If A is a finite commutative algebra over k, then there is a k-subalgebra Ag of A
such that A, is separable over k, and such that any other separable k-subalgebra B
of A is contained in As.

(1v) An algebraic field extension K /k is separable if and only if K is generated over k
generated by a family of elements that are separable over k, and equivalently if and
only if it is generated by a family of subextensions that are separable over k.

(v) If K/k is an algebraic field extension, E, F < K are subextensions of K/k, and
E/k is separable, then so is EF/F.

(vi) If K/E/k is a chain of field extensions with K /k algebraic, then K /k is separable

if and only if K/E and E/k are.

Remark 24.34. Once we prove (i) of the proposition, it follows that a commutative finite
k-algebra is separable if and only if each finite k-subalgebra of it is, so that the definition
of separability for infinite field extensions given in Definition 24.24 can also be applied to
finite field extensions. Please keep this in mind while reading the following proof.

Proof of Corollary 24.33. In (i), the assertion about subalgebras and products follows from
the characterization of separable algebras (among commutative finite k-algebras) as the
ones that remain reduced on tensoring with an algebraically closed field (the condition in
(ii) of Proposition 24.29). The assertion about quotients and tensor products is easy to
see from the condition (iii) of the same proposition (use that a quotient of a product of
copies of L is a product of copies of L, and that taking products of algebras commutes
with taking their tensor product with a fixed algebra). This proves (i).

For (ii), the subalgebra of A generated by the A;’s is, by finite dimensionality, generated
by some finite subcollection A;,,..., A; of them, and is hence the image of the obvious
homomorphism A;, ®; ® - ® A;, — A. Therefore, its separability follows from (i).

For (iii), consider the subalgebra of A generated by all its separable subalgebras, and apply
(ii).

Now we come to (iv). Suppose K /k is an algebraic field extension that is generated by
a family {K;/k}; of separable subextensions. Without loss of generality, each K;/k is a
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finite separable extension. We need to see that each finite subextension K'/k of K/k is
separable, which follows because K’ is contained in the subfield of K generated by finitely
many of finite subextensions of the K;’s (and then (ii) applies). On the other hand, if K
is generated over k by elements o that are separable over k, then K is generated by the
various k[a]/k, each of which is separable. This completes the proof of (iv).

Now let us prove (v). When E/k is finite, £ ®; F' is separable over F' by Proposition
24.22(i), and then the separability of E'F/F follows from applying the assertion about
images in (i) to the multiplication map F ®; F' — EF of F-algebras. The general case
then easily follows using (iv).

When K /k is finite, (vi) follows from the multiplicativity of the separable degree (Propo-
sition 24.18). We leave the general case as an exercise — there is a little bit of work to do
(or see Theorem 4.5 of Chapter V of Serge Lang’s book). O

Exercise 24.35. Let A = [[;_; 4; be a finite commutative algebra over k, with each A,
local. Let K; = A;/rad(A;) for each i, so we have an isomorphism A/rad(A4) — [[,_, K;.
Show that A is separable over k if and only if for each i, A; equals K; and is a separable
field extension of k. Thus, finite separable algebras are the same as finite products of
separable extensions of k.

24.4. Some more characterizations of separable algebras. The following proposition
is pilfered from Qiaochu Yuan’s blog (link given below), except that we have added in our
restrictive assumptions regarding commutativity and finiteness.

Proposition 24.36. If A/k is a finite commutative k-algebra, then the following are equiv-
alent:

(i) A is separable.
(i) A®y A is reduced.
(iii) A is projective as an (A, A)-bimodule (i.e., as a module over A®y A? = A®; A).
(iv) There is a decomposition A®y A =~ A x A’ of rings, under which (viewed as an
identification) m : A ®, A — A becomes the projection A x A" — A’ (the idem-
potent implicated in this decomposition, associated to A, is called the separability
idempotent).

Remark 24.37. (ii) of the proposition implies that, to check if a finite extension K/k
is separable, one does not need to compute K ®; L for an algebraically closed field L
containing k; just computing K ®; K is enough.

Proof of Proposition 24.36. If A is separable, then A ®;, A is separable by Corollary 24.33,
and in particular reduced. Thus, (i) implies (ii).

If (ii) is satisfied, then A®j A, being Artinian and reduced, is a product of fields and hence
semisimple. Since every module over a semisimple ring is projective, A is projective as an
(A, A)-bimodule, giving (iii). Thus, we have proved (ii) = (iii).
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Now assume (iii). Since m : A ®; A — A is surjective, the projectivity of A lets us write
A®y A as I @I, where m restricts to an isomorphism I — A, and I’ is a complement.
But then I and I’ are rings in their own right with multiplication inherited from A ® A,
so calling these rings A and A’, we get the decomposition A®; A = A x A’. Thus, (iii) =

(iv).

Note that this argument can be reversed, so the projectivity of A is equivalent to m having
a section; so in fact we have (iii)) < (iv).

Finally, let us prove (iv) = (i). If A is projective as an (A, A)-bimodule, or equivalently as
an A®jy A-module (recall that A = A° by commutativity), then Ay := A®y L is projective
as an A; ®p Ay, bimodule. Thus, to prove that A is separable we reduce to the case where
k = L is algebraically closed. It is easy to further reduce this to the case where A is Artin
local. But since k = L is algebraically closed, it is easy to check that if A is Artin local,
then so is A®y A, soif m: A®; A — A induces a decomposition A ®; A =~ A x A’, then
m: A®,r A — A is an isomorphism. Comparing dimensions, we conclude that A = k, and
hence A is reduced over the algebraically closed field I = k, and hence separable. This
proves (iv) = (i), as desired. O

Remark 24.38. Later, if we get time, we might in a future lecture relate the conditions
above involving m : A®y A — A to a different criterion for separability, in terms of Kéahler
differentials vanishing. But it looks like we may not get time for that.

The above proposition applies even when k is a commutative ring and A is a possibly non-
commutative k-algebra. See https://qchu.wordpress.com/2016/03/27/separable-algebras/
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25. LECTURE 25 — FINITE (GALOIS THEORY, CLASSICAL PROOF

In this lecture, we will define Galois extensions, and prove a classical form of the Galois
correspondence (for finite Galois groups), (proving and) using the primitive element the-
orem. This is different from Artin’s proof in his Notredame lectures, which will be taken
up in Lecture 26 — I find that proof more enlightening, but I hadn’t absorbed and framed
it to my taste when I actually gave Lecture 25.

25.1. Separable closure, the category of finite separable k-algebras.

Definition 25.1. (i) A field k is called separably closed if it has no finite separable
field extension K /k.
(ii) A field extension k < K is said to be a separable closure of k if K /k is algebraic
and K is separably closed.

Remark 25.2. It is clear that every algebraically closed field is separably closed, but the
converse is not true. Indeed, if & = F(t), where F' is any field of charcteristic p, then
aP —t € k[x] does not have a root in a separable closure of k, so a separable closure of k
cannot be algebraically closed.

Lemma 25.3. (i) Every field k has a separable closure. In fact, if k — L is an
algebraic closure, and K = {« € L | « is separable over k}, then K is a separable
closure of k.

(i1) If k — K is a separable closure, every separable polynomial in k|x| splits completely
in K. Moreover, K is a splitting field of the family of all irreducible separable
polynomials in k[z].

(i1i) If k — K is a separable closure, K — L any field extension, and E/k is a separable
algebraic field extension, then every k-algebra homomorphism E — L has image in
K. We have [E : k]s = # Homy,_a1,(E, k°).

(iv) Conversely to (i), given a separable closure K /k, and any algebraic closure K «— L
of K, the composite k — K — L is also an algebraic closure, and we have K =
{a € L | « is separable over k}.

(v) If k — K is a separable closure and E/k is a separable algebraic extension, then
there exists a k-algebra embedding F — K.

(vi) A separable closure of k is unique up to a nonunique isomorphism.

Proof. Let us prove (i) (so assume its setting). Clearly K /k is algebraic. If K were not
separably closed, it would have a nontrivial separable (algebraic) extension K «— K;, and
then since L is algebraically closed we would get a K-algebra homomorphism o : K} < L,
with o(K7) 2 K. Then, given any a € o(K;)\K, since K[a]/K and K /k are separable, we
would get that K[«]/k is separable (the tower property, Corollary 24.33(vi) from Lecture
24), so that o € L would be separable over k, so « € K, a contradiction. This proves (i).

(ii) is an easy consequence of (i) and (iii) is an easy consequence of (ii), so we come
to (iv). Clearly L/k is algebraic, and hence k < L is an algebraic closure. By (i),
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K' := {a € L | « is separable over k} is a separable closure of k, which contains K. But
this implies that K'/K is separable. Since K is separably closed, we conclude that K = K’.

Let us prove (v). Choosing an algebraic closure K < L as in (iv), we know that there is a
k-algebra embedding F < L, which has image in K by (iii). This proves (v), and (vi) is
immediate from (v). O

Notation 25.4. (i) In what follows, given a field k, when we write k*, it will be un-
derstood that a separable closure k <— k*® has been chosen, with k* as its underlying
field.

(ii) We will write Gal(k®/k) for the group Auty a;,(k®) of k-algebra automorphisms of
k.

(iii) Let féty denote the category of finite commutative k-algebras which are separable
over k (of course, with morphisms being k-algebra homomorphisms). To explain
the notation, a finite separable k-algebra is the same as what is called a finite étale
k-algebra.

Already we can see an advantage that the separable closure has, which the algebraic closure
does not:

Corollary 25.5. The inclusion k < (k*)S2* /%) s an isomorphism.

Proof. If on the contrary [(k*)G2**/k) . k] = [(k*)G2*°/k) . k], > 1, then by the equality
[(k*)CalE*/R) 2 k], = # Homyag, (k) 921¢/0) k) (Lemma 25.3(iii)), there exists a k-algebra
embedding (k®)Ga(#*/k) < ks that is different from the inclusion. Therefore, by Lemma
25.3(v), it extends to a k-algebra embedding k* — k°, which is automatically an isomor-
phism (see the first exercise of Lecture 24), and is non-identity. In other words, we get an
element of Gal(k*/k) that is not the identity on (k*)G2**/k) "4 contradiction. O

25.2. The category of finite split k-algebras.

Definition 25.6. By a finite split k-algebra, we mean a finite product of copies of k,
each such product k x --- x k being viewed as a k-algebra by the ‘diagonal’ embedding.
Let (spl(k))s denote the category of finite split k-algebras (and k-algebra homomorphisms
between them).

Lemma 25.7. If k is separably closed, then a finite commutative k-algebra A is separable
over k if and only if A is finite split. Thus, when k is separably closed, the inclusion of the
full subcategory (spl(k))y into féty is an equivalence (even an isomorphism).

Proof. We saw in Lecture 24 (Exercise 24.35) that a finite commutative k-algebra A is sep-
arable over k if and only if A is a finite product [ [;_, K; of finite separable field extensions
K; of k. When £ is separably closed, this is by definition equivalent to A being a finite
product of copies of k. O
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Remark 25.8. Lemma 25.7 gives a different, and perhaps better, proof of Lemma 25.3(v)
when FE/k is finite. Namely, if E/k is finitely generated, then £ ®; K, being separable
over K (see Proposition 24.28 from Lecture 24), is a product of copies of K by Lemma
25.7. This implies that there exists a ring homomorphism £ ®; K — K, and hence a ring
homomorphism F — F ®; K — K, which is the desired embedding. The general case
can be deduced using a colimit argument, but we skip the details. Probably some other
assertions of Lemma 25.3 can also be proved in analogous ways, but I have not thought
about it.

Exercise 25.9. (i) (Simple, but important). Show that spl(k)? is equivalent to the
category FinSet of finite sets: in fact, we have a functor FinSet v~ spl(k)°P
given by X +— Maps(X, k), and a functor spl(k)" v FinSet given by A —
X4 1= Homy a14(A, k); show that these are mutually quasi-inverse equivalences of
categories.

(ii) Conclude from your proof of (i) that “any finite split k-algebra is canonically split”:
if A€ Obspl(k)}", then we have an isomorphism of k-algebras

(106) Gelf := H og:A— H k = Maps(X4, k),
UEHomk_Alg(A,k) UEHomk_Alg(A,k)
where X4 := Homy_454(A4, k).
Here, the notation ‘Gelf’ is used because we may think of (106) as a Gelfand
transform: it is obtained from the tautological evaluation pairing:
A x HOIIlk_Alg(A, kﬁ) i k,

and is a very trivial analogue of the Gelfand transform for commutative C*-algebras,
where the analogue of X, = Homy. a4(A, k) is the compact Hausdorff space of
nonzero *-homomorphisms from A to C.

Note that for more general finite commutative k-algebras A, the map of (106)
will not be called Gelfand transform, and we will not denote it by Gelf.

25.3. Another property of finite split k-algebras.
Proposition 25.10. Let A be a finite commutative k-algebra. Then
(i) A/k is separable (or equivalently A € Ob féty) if and only if A®y k® is a product
of copies of k*.
(11) When the equivalent conditions of (i) hold, AQy k® is canonically a product of finite
copies of k%, via the isomorphism:
(107) Gelf - AQpk* S 11 ke,
O‘EHomk_Alg(A,k‘s)

whose o-component is the map A Qi k* — k* that sends a ® b to o(a)b, for each
aeAandbeks. ™

"1One can’t of course, technically, define it this way: rather, one either uses the universal property
of the tensor product to define it from the k-bilinear pairing A x k% — k*® given by (a,b) — o(a)b, and
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Proof. For (i), use that A is separable over k if and only if A®y k® is separable over k* (use
Proposition 24.28 from Lecture 24), and apply Lemma 25.7. Given this, (ii) follows from
Exercise 25.9(ii), and the identification Homy, 4;4(A, k*) — Homys_ 1, (A ®y, k%, k*) given by
Hom-tensor adjointness (see Exercise 24.21 from Lecture 24). U

Notation 25.11. (i) We make Gal(k®/k) act on A ®y k® and X4 := Homy_a14(A, k%)
in the obvious fashion (i.e., using its action on £*).

(ii) Further, we will view Maps(X4, k®) as a k-algebra under pointwise addition and
multiplication, and make Gal(k®/k) act on it by o - f(z) = o(f(c7(x))) — this
is the obvious way, given a group G acting on sets X and Y, to make G act on
Maps(X,Y). Note that (107) can be written:

(108) Gelf : AQy k* S Maps(Xy4, k*),
and verify that (108) is Gal(k®/k)-equivariant — we will use this in what follows.

Proposition 25.12. Let A/k be a finite separable k-algebra. Consider X 4 = Homy,_a14(A, k°)
with its obvious Gal(k®/k)-action. Let Maps(X 4, k*)CGal(k*/k) = Maps (e k) (Xa, k) be the
algebra of Gal(k®/k)-equivariant maps X4 — k*, with pointwise addition and multiplica-
tion. Then we have the following isomorphism of k-algebras generalizing (106):
(109) Gelf : A — Mapsgas/p (Xa, k),
given by

Asar (f— f(a))

Note how this isomorphism is obtained from the evaluation pairing

Ax Xy = A x Homy_g4(A, k%) — k°.

Proof. Proposition 25.10 gave us an isomorphism of k*-algebras

A®y k* — Maps(Xa, k°).
We have noticed that this map respects the actions of Gal(k®/k) defined in Notation 25.11.
Therefore, it restricts to an isomorphism

A= (A®y k,s)Gal(kS/k:) N MapSGal(ks/k) (X4, k%),

where the first equality is an immediate consequence of Corollary 25.5. U

25.4. Galois correspondence — informal motivation. In Exercise 25.9, we saw that
finite split k-algebras have a nice description, as equivalent to the category of finite sets.
In Galois theory, one sort of extends that to k-algebras that are finite separable, but not
necessarily split (rather, they are just “k®-split”). Please compare the constructions below
to their analogues in Exercise 25.9.

checks that it is a morphism of algebras, or uses that the tensor product is a coproduct in the category of
commutative k-algebras, to define it from the k-algebra homomorphisms o : A — k° and id : k° — k®.
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Notation 25.13. (i) We will write FinSet for the category of finite sets (and set-
theoretic maps between them). If G is a group, G-FinSet will denote the category
of finite sets with a G-action (and G-equivariant morphisms between them).

(ii) We have a functor

(110) F : (féty)? v~ Gal(k®/k)-FinSet, A wr> X, = Homy a14(A4, k°)

(where X 4 is viewed together with the Gal(k®/k)-action on it from Notation 25.11).
Note that the ‘op’ is necessary to get the arrows in the correct direction.
(iii) In the opposite direction, we have a functor

(111) G : Gal(k°/k)-FinSet — (féty)”, X ~ Ax := Mapsg,s/m (X, k).

Note that since Ay is contained in a finite product of copies of k* (namely, in
(k*)#X), it is separable over k. There is in fact some work to be done to show
that Ay is indeed finite over k, but we will omit it since this subsection is informal
motivation. 2.
(iv) There are obvious natural transformations 7 : id e, )er — GoF and € : idgai(ks /k)-FinSet —
Go F: if A is a finitely generated k-algebra, then:
o Na: A— G(F(A)) = Mapsgas ) (Xa, k) is given by a — (f — f(a)), and is
hence exactly the isomorphism of Proposition 25.12.
o cx 1 X — F(G(X)) = Homy_ay(Ax, k) = Homy_azg(Mapscys w) (X, k), k°)
is given by = — (a — a(x)).
Thus, n4 and e4 are both obtained from the obvious evaluation pairings.

However, unfortunately, unlike with Exercise 25.9, the functor F of Notation 25.4(ii) is not
an equivalence of categories, since it (can be shown that it) is not essentially surjective.
While 7 is a natural isomorphism by Proposition 25.12, € is not. F can be shown to be fully
faithful, and this together with the fact that 7 : id; 4,y v~ G o F is a natural isomorphism
is arguably the “easy half” of Galois theory. To prove the other half, or even to motivate
its formulation, we will (probably) need to work with finite Galois extensions, a notion we
will soon define.

The following is an informal statement of the Galois correspondence in this setting.

Theorem 25.14. There is a topology on Gal(k®/k) such that the functors F and G from
(110) and (111) of Notation 25.13 define mutually quasi-inverse equivalences of categories

(féty)P > (Gal(k®/k)-FinSet) s,
where the right hand side is the category of finite sets with a continuous Gal(k®/k)-action.

"2Here is a sketch of how you can show it using material we will see later in this lecture. We immediately
reduce to the case where X = Gal(k®/k)/H for some finite index subgroup H < Gal(k®/k). It is enough
to show that (k*)* is finite over k. Replacing H by a finite index subgroup that is normal in Gal(k®/k),
we may and do assume that H c Gal(k®/k) is normal. Then ((k*))G2l(:*/0)/H — | by Corollary 25.5,
and Lemma 25.30 below shows that (k%) is a finite extension of k
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We will come discuss the topology alluded to in the above theorem, Krull topology, only
in Lecture 26. Meanwhile, let us informally discuss some of the motivation for it.

Remark 25.15. (i) One ‘analogy-based’ motivation-of-sorts for considering the func-

(i)

(iii)

tor F of (110) can be given as follows. Recall that if A is an abelian category, and
if A satisfies certain conditions including the existence of a projective generator
P, we had asserted without proof that A can be realized as a module category
(see the discussion on Morita equivalence in Lecture 19): sending A € ObA to
Homy (P, A), viewed as a module over R := End4(P)°, defines an equivalence of
categories A v R-Mod. Clearly, (110) is an analogue, where we have a G-set
instead of an R-module because the category involved is not abelian. Thus, just as
one might wish to study various abelian categories as module categories, it could
be simplifying to study the seemingly lawless category féty as a category of G-sets.
However, there are some differences even excluding abelianness: e.g., k® is not an
object of féty, since k*/k is not finite (rather, it is an ‘Ind-object’ of the category,
for those who are interested).

Another way to motivate this is that on spl(k)(}p , the functor F of (110) restricts
to the equivalence of categories spl(f)7” v~ FinSet in Exercise 25.9(i), and on
the subcategory of finite Gal(k®/k)-sets consisting of sets with trivial action, the
functor G of (111) restricts to the quasi-inverse equivalence of categories FinSet v~
spl(f) from Exercise 25.9(1).

Let us expand on the above point. Recall that if A = k[z1,...,2,]/(91,--.,9m) is
a finitely generated k-algebra, then A can be thought of as a system of equations,
whose solutions with entries in a k-algebra R are given by:

X(R) :={(a1,...,a,) € R" | gi(a1,...,a,) =0V 1 <i<m}.

Here, we may think of R ~~ X (R), viewed as a functor X : k-Alg v~ Set, as the
‘variety of solutions to the system of equations A’. Thus, the ‘solutions’ functor
associated to a k-algebra A is just Homy_4;,(A, —). Therefore, Exercise 25.9 says
that a split k-algebra is completely determined by the value of the solutions functor
at the k-algebra k. This is not true if A properly contains k: e.g., Homy_4;4(4, k) =
@ if A is a finite separable field extension of k. In Proposition 25.10, we observe
that when A/k is finite separable, A ®; k° is entirely captured by Homy_a;,(A4, k*),
which is the solution functor evaluated at the k-algebra k*. If we want to capture A
itself, and not just A®y k*, the point is that we need to take care of the Gal(k®/k)-
action on A®y, k®, and recover A as the set of Gal(k®/k)-fixed points in A ®y k*: in
other words, we are still looking at the solution functor X (k*) := Homy_4;4(A, k%)
evaluated at k°, but in the process also keeping track of the action on X (k*) by
Autk_Alg(ks) = Gal(ks/k)

Then, of course, there is the mandatory analogy with covering spaces. Since we
are considering (fét);”, a k-algebra A would be viewed as a map Spec A — Speck,
where Spec A and Speck are just A and k, viewed as objects in the opposite cate-
gory. The isomorphism A®,k* — [ [, k® from Proposition 25.10 could be thought of
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as saying that Spec A — Speck is a ‘covering map’, that becomes a trivial covering
when pulled back to the ‘universal cover Spec k* — Speck’.

Thus, the equivalence of categories in Theorem 25.14 is analogous to how the
category of coverings of a topological space X is equivalent to the category of finite
sets with a (X, x)-action, where 7 (X, x) is the fundamental group of X at some
base point z.

In fact, there is a common description that can capture both these theories,
involving the notion of ‘Galois categories’ of Grothendieck. I planned to discuss it
in Lecture 26, but could not. If T get time I might write something about it in the
notes for Lecture 26.

25.5. Normal extensions.

Theorem 25.16. Let K/k be an algebraic (but not necessarily finite) extension of k,
contained in an algebraic closure L of k. The following are equivalent:

(NOR 1) o(K) = K for all o € Homy_a1,(K, L).

(NOR 2) K is a splitting field of a family of polynomials in k|x].

(NOR 3) Every irreducible polynomial in k[x] which has a root in K, splits into linear factors
in K[z].

Proof. (NOR3) = (NOR 2) is immediate, since one can take a family of polynomials as in
(NOR 2) to be the family of all irreducible polynomials in k[z] with a root in K. (NOR2)
= (NORI) follows from the fact that a family of polynomials in k[x] has a unique splitting
field within a given algebraically closed field L, and that any o € Homy 4;,(K, L) clearly
necessarily takes a splitting field of a family of polynomials to a splitting field of the same
family:.

Now let us prove (NOR1) = (NOR3). If f € k[z] is irreducible and has a root « in K,
but does not split into linear factors in K, then f has a root o/ € L\K. We have an
isomorphism of k-algebras k[a] — k[¢/] — L sending «a to o, extending which to K we

get a k-algebra embedding ¢ : K < L that sends a to o', and hence does not satisfy
o(K) =K. O

Definition 25.17. (i) An algebraic field extension K/k that satisfies the equivalent

conditions of Theorem 25.16 is said to be a normal extension.

(ii) An algebraic extension K /k is said to be Galois if it is both normal and separable. If
K /k is Galois, we will write Gal(K/k) for Auty.a;,(K) (this agrees with the notation
Gal(k®/k) defined earlier in Notation 25.4, as xample 25.18(ii) below shows).

(iii) If f € k[x] is a separable polynomial, so that any splitting field k; of f is Galois
over k, we define the Galois group of f over k to be Gal(ks/k). Note that it is
unique up to isomorphism.

Example 25.18. .

(i) Any quadratic extension K /k is normal, but it may or may not be separable. When
chark # 2, any quadratic extension K /k is immediately seen to be of the form
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K = Kk[\/4] for some § € k, and since irreducible polynomials of the form z? — §
are clearly separable when char k # 2, it follows that any quadratic extension is
separable and hence also Galois in this case.

Now assume that char k = 2. Then a quadratic extension K /k may or may not
be separable: if K = k[v/§] for some d € k, K /k is not separable (as is the case for
the extension Fo(t) < Fy(t) given by t — ¢2), but if the quadratic extension K /k
is obtained by adjoining a root of an irreducible polynomial 22 + ax + b, then it is
clearly separable and hence Galois as long as a # 0 (i.e., as long as the derivative
of 22 4+ az + b does not vanish).

(ii) If kK — k* is a separable closure and k < L is an algebraic closure, then k*/k and
L/k are normal. k*/k is Galois, while L/k is Galois if and only if L/k is a separable
closure. Thus, Gal(k®/k) agrees with what we defined it to be in Notation 25.4.

Proposition 25.19. (i) If K/E/k are field extensions and K /k is normal, then K/E
s mormal.
(i) If E, F are fields containing a field k and contained in a field K, and E/k is a nor-
mal extension, then EF/F is a normal extension (here EF < K is the compositum
of E and F in K, i.e., the subfield of K generated by E and F).
(i1i) If E, F are fields containing a field k and contained in a field K, and if E/k and
F/k are normal extensions, so are EF/k and (E n F)/k.

Proof. Easy exercise. O

Lemma 25.20. If K /k is a normal extension, k ¢ E c K is an intermediate subextension,
and L is an algebraically closed field containing K, then we have maps (with the marked
descriptions and properties):

triction
Aut K = Hom E K
k:—Alg( ) surjection k-Alg( ’ )
(K—L)o— j bijection bijectionl (K—L)o—
triction
Hom K, L = Hom E. L).
k—Alg( ’ ) surjection k—Alg( ’ )

Proof. The vertical arrows are clearly injections. That the left vertical arrow is a bijection
follows from “(NOR 1)” in the definition of a normal extension. The bottom horizontal
arrow is a surjection since L is algebraically closed.

Thus, Autga,y(K) — Homy a5 (K, L) — Homy,_a4(E, L) is surjective, forcing the right ver-
tical arrow to be surjective as well, and hence (being injective) bijective. Since the vertical
arrows are bijective and the bottom horizontal arrow is surjective, the top horizontal arrow
is surjective. U

Corollary 25.21. In the setting of Lemma 25.20, if E/k is a normal extension as well,
then Auty_ag(K) — Auty.ay(E) is surjective, with kernel Autg.a4(K).

Proof. Immediate. U
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Example 25.22. However, unlike with separable extensions, normal extensions do not
have the ‘tower property’: if E/F/k are field extensions, and if £/F and F'/k are normal,
E/k may not be normal. For instance, Q[v/2]/Q[v/2] and Q[v/2]/Q are normal (being
quadratic), but Q[+v/2]/Q is not normal.

Proposition 25.23. . Let K/k be a Galois extension. For any subextension E/k of K/k,
K/E s is Galois (so we can talk about Gal(K/E), as we will do below).

Proof. K/E is separable since K /k is (the tower property for separable extensions), and
K /FE is normal by Proposition 25.19. U

Lemma 25.24. For any finite field extension K/k, setting G = Auty_a,(K/k), the fol-
lowing are equivalent:

(i) K/k is Galois.
(i) #G = [K : k].

Proof. Let L be an algebraically closed field containing K. We have
#G = #Autk_Alg(K) < #Homk_Alg(K, L) = [K . k?]s < [K . k?]

The first inequality is an equality if and only if K /k is normal, and the second inequality
is an equality if and only if K /k is separable. Thus, the two conditions are equivalent. [J

25.6. Easy(?) half of finite Galois theory, classical version. Here is the classical
version of one (easier?) half of Galois theory:

Theorem 25.25. (1) Let K/k be an arbitrary (not necessarily finite) Galois extension,
and let G = Gal(K /k). Consider the map
(112)

{Subextensions E/k of K/k} — {Subgroups of Gal(K/k)}, E — Hg := Fizg(E) = Gal(K/E)

(where Fizg(E) is the subgroup of G that fizes the elements of E pointwise), and
i the inverse direction,

(113) Hw— K.

Then (112) is injective (and in particular a bijection onto its image), and (113) is a
left-inverse to it, i.e., for any subextension E/k of K /k, K'e = E (more precisely,
the obvious inclusion E — KHE s an isomorphism,).

(i1) Given a subextension E/k of K/k, E/k is Galois if and only if Gal(K/E) c
Gal(K /k) is a normal subgroup, in which case restriction induces a well-defined map
Gal(K /k) — Gal(E/k), which quotients to an isomorphism Gal(K /k)/ Gal(K/E) —
Gal(E/k).

Remark 25.26. If K/k is finite, then (112) is in fact bijective with (113) as a two-sided
inverse: this is the other half of Galois theory for finite extensions, proved in Theorem
25.29 below.
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The following lemma is a special case of the theorem, but also summarizes the non-
formal /non-book-keeping ‘Galois theory’ input into the proof of the theorem:

Lemma 25.27. If K /k is a Galois extension, then k = K% K/k),

Proof. Let K < k* be a separable closure. Since K /k is separable algebraic, k — K is a
separable closure as well.

Since the restriction of any element of Gal(k®/k) to K is an element of Gal(K/k) by the
normality of K /k, we have

k> KGal(K/k) SN (ks>Gal(k5/k) =k

by Corollary 25.5 (and the fact that the Gal(k®/k) in it has been observed to agree with
the definition in Definition 25.17). Thus, the lemma follows. U

Proof of Theorem 25.25. For (i), it is enough to prove that the obvious inclusion £ — K=
is an equality. But since Hy = Gal(K/E), this follows from Lemma 25.27.

Now we come to (ii). E/k is automatically separable by the tower property for separable
extensions, and hence it is Galois if and only if it is normal.

Given o € Gal(K /k), since (112) is injective by (i), it follows that o(E) = E if and only
if, inside Gal(K/k), the subgroups Gal(K/FE) and Gal(K/o(FE)), the latter of which is
immediately verified to be o Gal(K/E)o™!, are equal. Varying o over Gal(K /k), we see
that Gal(K/FE) < Gal(K/k) is a normal subgroup if and only if £ < K is stabilized by
Gal(K/k). It is an easy exercise to see using Lemma 25.20 that the latter condition is
equivalent to E/k being normal.

Assuming that this condition holds, i.e., E/k is normal, the rest of (ii) follows from Corol-
lary 25.21. U

25.7. Primitive element theorem and the other half. Right now, for the other half
of finite Galois theory, we will use the primitive element theorem (and seems to be vaguely
sort of equivalent to it). In Lecture 26 another (hopefully better) approach, involving
Galois descent, will be discussed.

Theorem 25.28. If K/k is a finite separable field extension, there exists o € K such that
K = E|a].

Proof. If k is finite, so that K is finite as well, any generator « of the multiplicative group
K> will do: it is well-known that any finite subgroup of the multiplicative group of units
of a field is cyclic. Thus, let us assume that k is infinite.

By induction, it suffices to show that if a, 8 € K, then k(«a, ) < K is generated by a
single element. Fix an algebraically closed field L containing K, and write o4, ..., 0, for
the collection of k-algebra embeddings k(«, 8) — L. Since k(«, B)/k is separable, we have
n = [k(a, B) : k]. It suffices to find y € k(o §) such that o;(7) # o;(y) forall 1 <i < j < n:
that will give [k(vy) : k] = [k(7)s : k] = n = [k(a, B) : k], so that k(y) = k(«, 5).
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Consider the polynomial
P(x):= [ (0ia)+20i(B) - o;(a) — w0, (8)).
I<i<j<n

For all 1 < i < j < n, we have either 0;(a) # 0;(a) or 0;(8) # 0;(5). From this, it is
easy to see that P is not the zero polynomial. Since k is not finite, there exists ¢ € k such
that P(c) # 0, which translates to [ [, ;_;,(ci(a + ¢B) — o;(a + ¢B)) # 0. Hence, we can
simply take v = a + ¢f. O

Now we can prove the (remaining half of the) main theorem of Galois theory, in the case
of finite extensions:

Theorem 25.29. Let K/k be a finite Galois extension, and let G = Gal(K /k).
(i) We have a bijection
(114)
{Subeztensions E/k of K/k‘} — {Subgmups of Gal(K/kJ)}, E — Hg := Fizg(FE) = Gal(K/E),
with a two-sided inverse
(115) Hw— K.

Thus, the obvious inclusions E — K"E and H — Hygn = Fizg(K™) are equalities,
for any finite extension E/k of k in K and any finite subgroup H < G.
(i1) [This is just meant to be a copy of Theorem 25.25(ii)].

The following special case of Theorem 25.29 will constitute the non-formal input into its
proof, just as Lemma 25.27 did for Theorem 25.25.

Lemma 25.30. Let G be a finite group of automorphisms of a field K, and let k =
K% c K be the subfield of K fized by G. Then K /k is Galois, and the obvious inclusion
G — Auty ay(K) = Gal(K /k) is an isomorphism.

Proof. We first consider the case where K /k is finite. Then by the primitive element
theorem, there exists o € K such that K = k[a]. If H < G is the stabilizer of «, set

fx)= ] (&—o(a) e K[z],
oe[G/H]
where [G/H| < G is a set of representatives for G/H. It is easy to see that {o(a) | o €
[G/H]} is stable under G, so we have f(z) € (K[z])¢ = k[z]. K is clearly the splitting
field of f over k, and is hence normal over k. Since f is clearly separable (the o(a) being
pairwise distinct), K /k is separable as well, and hence Galois.
Since deg f = #(G/H), we have
#G < Autyay(K) = # Gal(K/k) < [K : k] < [K : k] < #(G/H),

forcing #G = # Gal(K/k), so that the obviously injective map G — Autya,(K) =
Gal(K /k) is surjective as well.
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This proves the theorem when K /k is finite. To finish the proof, it suffices to show that
this is the only case that arises, which will follow if we show that any finite subextension
k c E c K satisfies [E : k] < #G. Replacing E by the compositum in K of the o(F) as
o varies over G (these are finitely many finite extensions, and hence their compositum in
K is finite over k), we may and do assume that the action of G on K restricts to one on
E. We then have k = EY where G is the image of G in Auty a,(E). Therefore, by the
case already handled, we have [E : k] = #G < #G, as desired. O

Proof of Theorem 25.29. (ii) is just a repeat of Theorem 25.25(ii), so it is enough to prove
().

Given Theorem 25.25, this follows if we show that (114) is a left-inverse to (115) as well, i.e.,
that given any subgroup H < G, the inclusion H — Fixg(KH) is an equality. However,
this is immediate from Lemma 25.30. U

25.8. Some examples. Our examples will mostly be taken from Serge Lang’s book. For
more examples, look for Keith Conrad’s notes. Before we start, some generalities:

Lemma 25.31. Let k be a field. Let f € k[x] be a separable polynomial of degree n, with
a (necessarily Galois) splitting field kg, say with (distinct) roots ay, . .., oy, € ky.

1) If f is irreducible, then |k; : k| = # Gal(k¢/k) is a multiple of n.
f !
(11) For each o € Gal(ks/k), there is a unique permutation a, € S, such that o(a;) =
O, (i) for 1 <i < n. Moreover, sending o to a, defines an injective homomorphism

Gal(ks/k) < Sy, so that [ky : k| divides nl.

Proof. Since [ky : k| = [kf : k[oa]][k[ou] : k] = nlks : k[oa]], # Gal(ks/k) = [kf : k] is a

multiple of n, giving the first assertion. The second assertion is immediate. O

25.8.1. A trivial situation. What are the field extensions between k = Q and K = Q[v/3,1/7]?
To compute this directly with elements of K may not be very pleasant, but Galois the-
ory gives us an easy way out: it is easy to see that K/k is Galois with Gal(K/k) =
(Z,)27) x (Z,/27.), say generated by o and 7 with o(v/3) = v/3,0(v/7) = —v/7,7(v/3) = —V/3
and 7(v/7) = V7.

The main theorem of Galois theory (Theorem 25.29) tells us that the intermediate fields
are in bijection with subgroups of Gal(K /k) =~ (Z/27Z) x (Z/27Z). There are three nontrivial
proper subgroups among these, namely those generated by o, 7 and o7. It is easy to see
that K% = Q[v/3], K™ = Q[v/7] and K7 = Q[+/21], so it follows that the only intermediate
fields between Q and Q[+/3, /7] that are neither Q nor Q[v/3,+/7] are Q[v/3], Q[+/7] and
Q[v21].

In fact, the ‘easy’ half, Theorem 25.25, sufficed for the above computation.
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25.8.2. The case of finite fields. Recall that any finite field has characteristic p > 0 for
some prime p, and then, being a vector space over [F,, has cardinality p" for some n. Such
a field is then a splitting field of 27" ' — 1 = 0 over F,, and hence its isomorphism class
depends only on its cardinality. Therefore, we may and do denote it by Fyn.

Lemma 25.32. There exists a homomorphism Fym — Fpn (tautologically a homomorphism
of Fy-algebras) if and only if m|n.

[13 2

Proof. For “=", use that such a homomorphism would make F,» an F,n-vector space. “<
follows from the fact that if m divides n, then p™ — 1 divides p” — 1, and hence zP" 1 — 1
divides 2P" ! — 1. O

Lemma 25.33. FEach extension of finite fields is Galois.

Proof. Easy exercise using that F,. is a splitting field for 27"~! — 1 over any subfield.
Alternatively, this is a special case of Lemma 25.34 below. O

Lemma 25.34. Any extension K/k of finite fields is cyclic, with Galois group cyclic of
k

order [K : k], generated by Froby, : x — a#*.
Proof. It is easy to see that Froby belongs to Auty.a;,(//k) and has finite order. Further,
the subfield of K fixed by (Froby) consists of solutions to #¥ — 2 = 0, and can hence
be no larger than k. Therefore, it follows from Lemma 25.30 that K /k is Galois, with
Gal(K /k) = (Froby) (we leave a more ‘elementary’ proof avoiding the use of Lemma 25.30
as an easy exercise). O

Exercise 25.35. If k is a finite field and k — k is an algebraic closure, show that there
exists an isomorphism Gal(k/k) — Z, whose inverse sends 1 € Z < Z to Froby, : z — x#*.

25.8.3. The Galois group of cubic polynomials (over characteristic # 2,3). Let us compute
Gal(ky/k), where k is a field of characteristic different from 2 and 3, and ky is the splitting
field of an irreducible cubic polynomial f € k[z]. Since chark # 3, it is easy to see that f
is automatically separable.

Since char k # 3, we can, up to a linear change of coordinates (which does not change the
Galois group), write any cubic polybomial f € k[z] as f(x) = 23 + az + b. By Lemma
25.31, [ky : k] equals 3 or 6; more precisely, the same lemma tells us that Gal(k/k) equals
either the alternating group Asz or the symmetric group S3 on 3 letters.

Lemma 25.36. Let A = —4a® — 27b%. Then
Cal(k; /k) = {

Example 25.37. Let k¥ = Q and f(x) = 2® — 2 — 1. Tt is easy to check that f is
irreducible over Q (else by Gauss’s lemma, it would have a root over Z, which by prime

factor considerations would be +1), and that A = —23, so by the above lemma, we have
Gal(ks/k) = Ss.

As, if A is a square in k, and
Ss3, if A is not a square in k
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On the other hand, suppose k¥ = Q and f(z) = 23 — 3z + 1. Again using Gauss’s lemma,
one sees that f is irreducible. We have A = 81, so by the above lemma, so Gal(k¢/k) = As.

Proof of Lemma 25.36. We will use (exercise!) the computation that, if oy, as, a3 € ky are
the roots of f, then setting § = (a; — ) (an — az)(as — ay), we have §% = A.

Use the injection G := Gal(ks/k) < S3 from the proof of Lemma 25.31, to view Gal(ky/k)
as a subgroup of Ss;. Since 3 is prime, the lemma shows that the image of Gal(ky/k)
contains As. The description of the injection Gal(kf/k) < S5 makes it clear that o € G
maps to an element of S3\Ajz if and only if o(d) = —4d. Since k?al(kf ) — &, it follows that
G =~ S; if and only if § ¢ k, i.e., if and only if A is not a square in k. O

25.8.4. The Galois group of the polynomial f(x) = z* — 2 over Q. We let k = Q and
f(z) = 2*—2. By Eisenstein’s criterion for irreducibility, f is irreducible. Since char Q = 0,
f is automatically separable, and hence k¢/k is Galois. We can write ky = Q[+ V2, i], where
v/2 is some choice of 4-th root of 2, ™ and i is some choice of square-root of —1.

Now we have the following diagram of field extensions, where each line between fields is
marked with the degree of that extension:

kf = Q[\Al/i’ Z]

To compute G := Gal(k;/Q), one studies the two obvious subgroups that the above diagram
shows us, namely, Gal(k;/Q[i]) and Gal(k;/Q[v/2]).

It is easy to compute that Gal(k;/Q[i]) < Gal(k;/Q) is cyclic of order 4, generated
by a unique element o with a({‘/ﬁ) = +/2i. On the other hand, it is easy to see that
Gal(ks/Q[v/2]) is cyclic of order 2, generated by a unique element 7 with 7(i) = —i. Note
that To7~! maps v/2 to —+/2i, and i to i. Therefore, To7~' = 0% = ¢~ 1,

Since it is easy to see that (o) n (r) = {1} inside G, we have #({o,7)) = 8 = [ks : Q],
forcing (o, 7) = G as well as that G = (o, 7) is the dihedral group with eight elements
(since 0* = 72 = 1 and o7~ = 071). (We will typically denote this group by Dg, though
some sources also write Dy for it).

Exercise 25.38. Write down all the subgroups H < Dg = Gal(Q[+v/2,i]/Q), and compute
the corresponding intermediate field extensions.

731t is not natural to consider the ‘positive’ fourth root of 2 here; this computation has nothing to do
with R.
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25.8.5. ‘Elementary symmetric rational functions’. Let F' be afield, and let K = F(t1,...,t,),
the field of rational functions in n variables ¢y, ...,t, over F' (which is the quotient field
of the polynomial ring F[ty,...,t,]). Let s1,...,s, € Fl[t1,...,t,] = K be the elementary
symmetric polynomials, so that

S; = Z tj1tj2 e t]l

1<j1<jo<--<ji<n
Set k = F(s1,...,8,) © K.

Note that G = 5, acts on K, fixing I pointwise and with o sending ¢; to t,(; for each i.
Lemma 25.39. k = K9, so0 that K/k is Galois with Galois group isomorphic to S,.

Proof. Clearly k = K. By Lemma 25.30, we have
n! =#G = [K: K% < [K : k].

Therefore, it suffices to show that [K : k] < n!. Note that ti,...,t, are roots of the
polynomial f € k[x], where f(z) = 2" + > (—1)'s;z""". Since f is separable, K/k is
Galois. By Lemma 25.31, [K : k] = # Gal(K /k) divides n!, as desired. O

From this, it follows that any f € k[ti,...,t,] that is invariant under the action of G
belongs to k(si,...,sn) N k[t1,...,t,]. In fact, it follows from some standard facts that
k(si,...,8n) N k[t1,...,t,] = k[s1,...,8,]- Thus, one can show that any polynomial in
k[t1,...,t,] invariant under the action of S, is a polynomial in the elementary symmetric
polynomials, sq,...,s,.

Exercise 25.40. Use the above lemma to show that given any finite group G, there is a
Galois extension K /k of fields such that Gal(K /k) =~ G. However, it is an open problem
as to whether there exists such an extension with k£ = Q.

25.8.6. A Galois-theoretic proof of the fundamental theorem of algebra.
Theorem 25.41. C is algebraically closed.

Proof. Suppose C is not algebraically closed. Then R has a Galois extension K properly
containing C. Let G = Gal(K/R). Let H < G be a 2-Sylow subgroup. By the main
theorem of Galois theory (Theorem 25.29), there exists an intermediate field extension
R ¢ F < K such that Gal(K/F') = H. But this implies that [F': R] = #(G/H) is odd.

We claim that F' = R. Suppose not. Then there exists a € F\R such that the minimal
polynomial of a over R has odd degree. Since such a minimal polynomial being irreducible
over R has no root in R, this contradicts the fact that any odd degree polynomial f € R[z]
has a root in R (proof without using fundamental theorem of algebra: w.l.o.g. f is monic,
so f(r) > —owo as x > —oo and f(zr) — o0 as * — o, so f has a real root by the
intermediate value theorem). This contradiction proves that F' = R.

Therefore, [K : R] is a power of two, and hence so is [K : C]. Since K/R is Galois, so is
K/C. Tt is enough to show that K = C. Suppose not.
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Since any 2-group is nilpotent, it is easy to see that there is a surjection Gal(K /C) — Z/27Z,
which gives a nontrivial quadratic extension of C (again, use the main theorem of Galois
theory, Theorem 25.29). However, any quadratic extension of C is obtained by adjoining
a root of an irreducible quadratic polynomial to C. This is a contradiction, since by the
quadratic formula, any quadratic polynomial over C is reducible. ]

Remark 25.42. According to Serge Lang’s book, the ideas in the proof above were already
there in the work of Gauss, but Artin made it efficient using Sylow subgroups etc.

25.8.7. Finding a polynomial in Q[x] with Galois group Ss.

Lemma 25.43. Let p be a prime number, and let f € Q[x] be irreducible of degree p.
Assume that f has precisely two non-real roots in C. Then Gal(Q;/Q) = S,, where Qy is

a splitting field of Q.

Proof. Fix a Q-algebra embedding Q¢ < C, and think of it as an inclusion. Lemma 25.31
gives an embedding G — §,, with G acting by permuting the roots of f in Q; < C.
Complex conjugation preserves Q; < C (since Qy is a splitting field of f in C), and gives
an element of G' whose image in S, permutes the two non-real roots of f in C and fixes
the rest. Thus, the image of G' in S, contains a p-cycle and a transposition, and is hence
the whole of S, (since any p-cycle and any transposition together generate S,). [l

Example 25.44. Consider f € Q[z] given by f(x) = 2° —4x + 2. By Eisenstein’s criterion
for irreducibility, f is irreducible. We claim that the Galois group of f is isomorphic to
Ss. By Lemma 25.43 above, this follows if we show that f has exactly two non-real roots,
which we claim to be the case.

Since f'(x) = 4(z* — 1), f is increasing in (—o0,—1] U [1,0) and decreasing in [—1,1].
Since f(—1) > 0 and f(1) < 0, it follows that f has exactly one root each in each of
(—o0,—1),(—1,1) and (1,90). Thus, f has exactly two non-real roots, as desired.
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26. LECTURE 26 — GALOIS THEORY

Note: This lecture was the most experimental of the lecture series, and hence the notes
for this lecture are much more likely to have serious errors than the notes for other lecture.

In Lecture 25 we saw a classical proof of the main theorem of Galois theory for finite
Galois extensions — in its the classical ‘bijection’ version rather than the ‘equivalence of
categories’ version. Today, we will, among other things, discuss what I believe Artin
was getting at in the proof he gave in his Notredame lectures on Galois theory, namely,
Galois theory via Galois descent. Thus, rather than proving Galois theory and using it to
prove Galois descent, we will prove Galois descent and use it to prove an ‘equivalence of
categories’ version of the Galois correspondence. For this, though, will assume the ‘easy
half” of Galois theory, which says that if K /k is a (possibly infinite) Galois extension, then
KGalK/k) — I — see Lemma 25.27 from Lecture 25. This half only used basic facts about
separability and about extending homomorphisms into an algebraically closed field, and
did not use the primitive element theorem. We will also discuss another take on the main
theorem of Galois theory, this time for finite extensions, which again avoids the use of
primitive element theorem, and then the infinite Galois correspondence.

26.1. Galois descent. First, some very informal motivation. Given a vector space Vg
over R, we have a vector space Vg := C ®g Vg over C: this is base-change/extension of
scalars. We have an inclusion Vg < V¢ that sends each w to 1 ® w, letting us view Vg as
an R-subspace of V.

How does one go in the opposite direction, to recover Vg fromVg (plus extra data)? Note
that there is an R-linear operator v — v on V¢, sending a ® w to a ® w for each w € Vg
and a € C, where a is the complex conjugate of a. It is clear that Vg < V¢ is simply the
subspace fixed by v — ©. In other words, Gal(C/R) acts on C ®g Vg = V¢ through its
action on C, and Vg = V(CG (/B is the fixed subspace. Note that this action is not C-linear,
but is R-linear, and is in fact what one calls C-semilinear: @-v = a - v for all a € C and
v E V(c.

To summarize, Vg determines both Vi and a semilinear Gal(C/R)-action v — v on V¢, and
these two data together get us Vg back. Something similar can be done with C/R replaced
by any Galois extension (with extra care in the case of infinite Galois extensions), and this
is what Galois descent is.

Definition 26.1. Let K /k be an arbitrary Galois extension, and let G = Gal(K/k). A
k-linear action of G on a K-vector space V' is said to be:

(i) (K-)semilinear, if o(a-v) = o(a)-o(v) for all a € K and v € V (thus, such an action
is not K-linear); and

(ii) continuous, if for all v € V| there exists a finite subextension F'/k of K /k such that
Gal(K/F) c Gal(K/k) fixes v; in other words,

(116) V= Jv",
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where H runs over the Gal(K/F') as F runs over the finite extensions of k& contained
in K.

Remark 26.2. In Exercise 26.27 below, we will see that this notion of continuity is equiv-
alent to the continuity of the action map Gal(K /k) x V' — V', where V is given the discrete
topology, and Gal(K /k) is given the Krull topology defined in Definition 26.25 below.

Example 26.3. If V} is a vector space over K, then G = Gal(K /k) acts on V := K ® Vi
such that o(a®v) = o(a)®v for all 0 € G,a € K and v € V}. This action is easily checked
to be both semilinear and continuous — continuous because each a € K\k, being algebraic
over k, is contained in a finite subextension F'/k of K /k, and is hence fixed by Gal(K/F).

Theorem 26.4. Let K/k be Galois, and let G := Gal(K/k). Sending Vi € ObVecy to
V= K ®y, Vi, viewed with the obvious semilinear G-action on it (Example 26.3), induces
an equivalence of categories: ™

(117) Vecy, v~ { Vector spaces over K + continuous semilinear G-action}.

It has a quasi-inverse that sends V to the k-vector space V@ (and restriction to V¢ at the
level of morphisms).

Exercise 26.5. Check that the functor described in Theorem 26.4 is fully faithful. (We
will not need this exercise, but it is still good to see this directly).

Hint: This is very easy: it just says (the infinite dimensional version of): if a matrix with
entries in K is fixed by G, then it has entries in k.

Proof of Theorem 26.4. Note that the G-action on K ®;, V}, is indeed continuous and semi-
linear as discussed in Example 26.3.

Using a k-basis for Vj, and the fact that the inclusion k& < KSUK/®) i an equality
(Lemma 25.27 from Lecture 25), it is easy to see that (K ®y V;)%5/%) is simply the k-
subspace Vi = {1} ® Vi © K ®; Vi. ™ From this, it is immediate that the composite
(V o V) o (V) mo K @y, V) is naturally isomorphic to the identity functor on Vecy, via
the natural isomorphism ((Vx — {1} ® Vi), given on each Vi by w — 1 ® w.

In the other direction, there is a natural transformation from (Vi ~ K ®j, Vi) o (V ~e V&)
to the identity functor, namely the obvious map

(118) K@, VY-V

(i.e., with the property that a ® w — aw, namely, induced from the bilinear map (a,w) —
aw; also, please make sure to check that these maps constitute a natural transformation).
Thus, it remains to show that (118) is an isomorphism for every vector space V' over K with
a continuous semi-linear action of G. This is outsourced to Proposition 26.6 below. U

T As usual, fill it in at the level of morphisms.

"5In more detail: if wy, ..., w, € V are linearly independent, a1, ...,a, € K and Sla; ®@w;) € (K ®
Vi) G2 E/R) then for each o € Gal(K /k), we have Y o(a;) @w; = Y, a; ®w;, so o(a;) = a; for each i, using
the fact that 1 ® wy,...,1 ® w, are linearly independent in K ®j V.
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Proposition 26.6. Let K/k be Galois, and let G := Gal(K /k). If V/K is a vector space
equipped with a continuous semilinear action of Gal(K /k), then the map

K, VG >V

s an isomorphism of vector spaces.

The injectivity assertion in the proposition will be an easy consequence of the following
lemma; it follows Theorem 14 of Artin’s Notredame lecture notes on Galois theory, and is
used in standard references on Galois descent. ™

Lemma 26.7. Let G be a (not necessarily finite) group acting by automorphisms on a
field k, and let k = K€ be the fived field. Let Vi, be a vector space over k. Consider the
K-vector space V = K ® Vi, on which G acts via its action on K. Suppose W <V is a
nonzero G-invariant subspace. Then the k-vector space W& < W is nonzero.

Proof. Suppose W& # 0. Write a nonzero element of W& asw = >\ a;v;, with vy, ..., v, €
Vi linearly independent and a4, . .., a, € K, where we may and do assume that r is minimal
possible as w and its expansions as above are allowed to vary.

Without loss of generality, we may assume that a; = 1. We claim that » = 1 and that
hence w = vy is the required vector. Suppose not. If all the a; belong to k, then w € Vj
and hence r = 1. So assume without loss of generality that as ¢ k. There exists o0 € G
such that o(as) # ag. Since W is G-invariant, it also contains o(w) = >, o(a;)v;. Then
0 # o(w) —w € W is a K-linear combination of vs, ..., v,, contradicting the minimality of
T U

Proof of Proposition 26.6. Injectivity. Let W = ker(K ®, V¢ — V). If W # 0, Lemma
26.7 shows that W& # 0. However, W& = W n (K ®;, V)¢ is contained in V¢, on which
K®;, V¢ — V simply restricts to the inclusion V¢ < V| forcing W& < ker(V® < V) = 0,
a contradiction.

Surjectivity, when K /k is finite. This argument seems similar to that in Theorem 13 of
Artin’s Notredame notes. Suppose K ®; V¢ — V is not surjective, i.e., the inclusion
Span (V%) < V is proper. Then there exists a K-linear functional A : V' — K such that
AMVY) = 0. Fix v e V such that \(v) # 0.

Since K /k is finite, #G < [K : k]s < 0. Consider the map K — K given by
Ksa— A(Z 0(@1})) = Y o) = Y Mo(@)o(v) = Y Ao (v) - ola) € K.

oeG oeG oeG oeG

"Two key theorems in Artin’s notes are Theorems 13 and 14 — Theorem 13 is where he uses the linear
independence of characters, while in Theorem 14 he crucially uses that the collection of automorphisms
being considered in that theorem form a group, something that is therefore nontrivially used in the proof of
Lemma 26.7 as well. Theorem 14 looks like an injectivity assertion and Theorem 13 looks like a surjectivity
assertion.
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This map is a K-linear combination of the various ¢ € G. This linear combination is
nontrivial, because A(v) # 0. Therefore, by the linear independence of characters, this
map is nonzero. Hence, for some a € K, A does not vanish on Y, . o(av) € VC, a
contradiction.

Surjectivity, general case. This time the continuity becomes relevant. By the definition of
continuity (specifically, use (116)), it is enough to show that the image of K ®;, V¢ — V
contains V# whenever H = Gal(K/F) for some finite extension F/k inside K. Without
loss of generality, we may assume that F'/k is normal and hence Galois (replace F' with
the splitting field of the collection of minimal polynomials of the elements from some set
of generators of F' over k). Note that V' is a vector space over F' (by the semilinearity
assumption), and gets a semilinear action of Gal(K /k)/ Gal(K/F) = Gal(F'/k).

Moreover, (VH)Gal(F/R) — V& and the map K ®; V¢ — V restricts to the analogous
map F @, (VH)GIE/R)  VH - Therefore, the image of K ®; V¢ contains that of F @y
(VH)GalF/R) swhich is VT by the finite case that has already been handled. O

Corollary 26.8. (Galois descent for algebras). Let K /k be Galois, and let G := Gal(K /k).
Sending A, € Obk-Alg to A := K ®y A, viewed with the obvious semilinear G-action on
it, induces an equivalence of categories:

(119) k-Alg v~ {K-algebras + continuous semilinear G-action}.

It has a quasi-inverse that sends A to the k-algebra space A® (and restriction to A® at
the level of morphisms). All this holds upon adding the adjectives ‘commutative’, ‘finite’
and/or ‘finite commutative’.

Proof. Just as in the proof of Theorem 26.4, we have the obvious map A, — (K ®j Ag)®
of k-algebras and the obvious map K ®; A — A of K-algebras. It is enough to show
that these maps are isomorphisms, which follows if we show that they are isomorphisms of
vector spaces over k or K. This has been done in Proposition 26.6. U

Remark 26.9. Perhaps some might find it more natural, and others more pretentious,
to deduce the descent for algebras from that for vector spaces by observing that the pre-
scription for vector spaces respects the additional structure involved in the definition of an
algebra A, namely, the multiplication map A® A — A, together with the associativity and
the existence of an identity element. Of course, one needs to carefully make sense of such
structures in the presence of semilinear actions, but all that is ultimately easy.

26.2. An equivalence of categories version of the Galois correspondence.

Definition 26.10. (i) Let K/k be a field extension. A finite commutative k-algebra
A/E is said to split over K, or K-split, if A®y K is a product of copies of K. Let
spli (k) denote the category of finite commutative k-algebras that split over K,
and k-algebra homomorphisms between them. 7* If we say ‘finite split’, we will
mean ‘finite split commutative’.

77T understand that the notation spl K (k) sits in less than desirable level of harmony with the notation
spl(k)s from Lecture 25, and regret that.
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(ii) Let K /k be a Galois extension. The action of G = Gal(K /k) on a finite set (or more
generally a discrete topological space) X is said to be continuous if the stabilizer
of each z € X contains Gal(K/F) < Gal(K/k) for a finite subextension F/k of
K /k. In this case, we will write (G-FinSet)., for the category of finite sets with a
continuous G-action.

(iii) For each A € Obsplk (k) s, Xa := Homy414(A, K) will be viewed as a G-set, where G
acts (on the left) via its action on K. It is immediate that this action is continuous,
and we get a functor spl (k) v (G-FinSet)s, which we will denote by A ~~ X 4.

(iv) For a finite set X with a continuous G-action, we will, like in Lecture 25, view the
K-algebra Maps(X, K) as having the action of G given by 0 - ¢ = 0o oo™l
We get a functor (G-FinSet)qs v~ k-Alg, given by X ~> Ax := Mapsq(X, K) :=
Maps(X, K)Y. Tt is an easy exercise to see that each Ay is finite commutative. It
will be a consequence of Theorem 26.12 below that this functor is actually valued

in spli(k)y.

Lemma 26.11. If A € Ob(k-Alg)’¢ splits over some field extension K /k, then A is sepa-
rable over k, i.e., A€ Ob fét,. It follows that spli (k)¢ is a (full by definition) subcategory

of fét,.

Proof. We saw in Lecture 24 that A is separable over k if and only if K ®; A is separable
over K. Now use that finite split K-algebras are separable over K. O

The ‘equivalence of categories’ version of the main theorem of Galois theory for finite
extensions is:

Theorem 26.12. Let K /k be a Galois extension, and set G = Gal(K /k). There ezists an
equivalence of categories

splic (k) ;> (G-FinSet)ys, A X4 = Homy a,(A, K),™
with a quasi-inverse given by
X v Ax = Maps(X, K)% = Mapsg (X, K).

More precisely, the composites in either direction have natural isomorphisms with the iden-
tity functors idgy, k), and id(G-rinset).,., given by

(120) Gelf : A — Maps(X4, K)¢,  aw— (¢ — ¢(a)),

and

(121) X — Homy_a1y(Ax, K), ¢~ (a— ¢(a)).

Remark 26.13. (i) Thus, again the functors in either direction are obtained from the

G-equivariant evaluation pairing

ev : A x Homy_»4(A, K) — K,

We are changing notation here: now A denotes a k-algebra, and K ®j A will denote the associated
K-algebra.
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where A has the trivial action of G.
(ii) Taking k — K to be a separable closure k < k°, this theorem specializes to (or
rather, makes precise) Theorem 25.14 from Lecture 25.

Proof of Theorem 26.12. By the definition of splx(k)¢, the equivalence of categories (119)
induces an equivalence of categories:

(122) splg (k) v~ {finite split K-algebras + continuous semilinear G-action}.
Recall that this sends A to K ®; A, and has a quasi-inverse that sends B to BGal(K/k)

On the other hand, recall from Exercise 25.9 of Lecture 25, that the category spl(K); =
spli (K) ¢ of finite split K-algebras is equivalent to the category of finite sets, by the functor
B~ Xp = Hompg 454(B, K), which has a quasi-inverse given by X ~» Bx := Maps(X, K).
More precisely, the obvious map B — Bx, is a K-algebra isomorphism, and the obvious
map X — Xp, is a bijection.

If B additionally has a continuous semilinear G-action, then Xp = Hompg 4,(B, K) gets
a continuous G-action, provided for o € G and ¢ € Xp we define 0+ ¢ = copoo~! (check
that copoo™!is a K-algebra homomorphism). Similarly, if X has a continuous G-action,
then Bx gets a G-action, by o+ (b: X — K) = (coboo™!: X — K); this action is readily
verified to be continuous and semilinear.

It is immediately verified that the maps B — Bx, and X — Xp, respect G-actions,
and are hence isomorphisms respectively in the category of finite split K-algebras with
a continuous semilinear G-action, and the category (G-FinSet).s (since they respect G-
actions, we can ignore the G-action in checking that they are isomorphisms). Therefore,
we get an equivalence of categories:

(123)  {Finite split K-algebras + continuous semilinear G-action} v (G-FinSet) .
Combining (122) and (123), we get an equivalence of categories
spli (k) § v (G-FinSet) s,
given by
A~ Hompg_14(K ® A, K) = Homy,_44(A, K)
(use Hom-tensor adjointness), and with a quasi-inverse given by
X — Maps(X, K)¥ = Maps (X, K),
as desired. U

To relate the above ‘equivalence of categories’ version of the Galois correspondence with
the ‘classical version’, we will also need:

Proposition 26.14. Let K/k be a Galois extension, and let G = Gal(K /k). Let F be a fi-
nite K -algebra admitting a k-algebra homomorphism F' — K, and let Xp = Homy,_ 4, (F, K).
Then
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(i) We have an isomorphism of K-algebras K ®; F — Maps(Xp, K), which satisfies
b®a— (o0 bo(a)).
(11) F € Obsplg (k).

Proof, some verifications only sketched. If we knew (ii), (i) would follow from the equiv-
alence of categories between finite split K-algebras and finite sets (Exercise 25.9 from
Lecture 25). The point is that we are instead using Galois descent to prove (i), and then
deducing (ii).

For (i), we fix a k-algebra homomorphism F' — K and view it as an inclusion. It is easy
to see from the defining properties of the tensor product that there exists a well-defined
K-algebra homomorphism K ®; F — Maps(Xp, K) satisfying b ® a — (0 — o(a)d).
This homomorphism respects the obvious continuous semilinear actions of G := Gal(K /k)
on either side (this needs a little bit of straightforward checking; for more details, follow
Remark 26.16 below). Therefore, by Galois descent (Theorem 26.4), (i) follows if we show
that this map becomes an isomorphism on taking G-invariants. This is easy, once one
notes that, since G acts transitively on Homy, 44 (F, K), evaluating at the inclusion F' — K
(whose stabilizer in G is Gal(K/F)) identifies Mapsg(Xp, K) with KGI(K/F) = [,

(i) follows from (i). O

26.3. Another take on the main theorem.

Note: The material of this section seems to give a proof of the main theorem of Galois
theory, in the case of finite extensions, without any primitive element theorem or Galois
descent, linear independence of characters etc. So it might be erroneous, be cautious.

In this subsection, we will give yet another proof of the classical form of the Galois corre-
spondence for finite Galois extensions K /k. This will crucially use Exercise 25.9 of Lecture
25 (which was already used above), so we restate it as a proposition:

Proposition 26.15. Let G be a (not necessarily finite) group acting by automorphisms on
a field K, and let k = K€ < K be the fized field. Assume that K is algebraic over k. Let
A e Obspli(k)s. Then the map

(124) K®pA— [] K =Maps(Xy4,K),

oeHomy_ai4(a,K)

sending each b ® a to (bo(a)), = (0 — ba(a)), ™ is an isomorphism of k-algebras (thus,
explicitly splitting the k-algebra K ), respecting the obvious action of G on either side.

Remark 26.16. For later use, since (124) is important, we study its equivariance proper-
ties: 80

79Ag3dn, it implicitly has been left to you to check that this definition makes sense. e.g., the o-th factor
is obtained using the universal property of tensor products of commutative k-algebras, from idg : K — K
ando: A— K.

80 Apologies again for the bad notation: this involves the switching of some orders in maps, necessitating
more care on the part of the reader than should have been demanded.
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(i) First, consider the case where K is finite and A = K: taking A = K is justified,
since the k-algebra K is K-split, by Lemma 26.17 below.
In this case, we are studying K ®; K — [[,.o K, where G = Gal(K /k) is finite
since A/k is assumed to be. Since the image of b ® a in Maps(G, K) is given by
0 — ¢, :=bo(a), and since

i(b)o(ra(a)) = mi(b- (1 oma(a)) = Ti(e,1,,,),

it follows that the action of 7, € G = {1} x G on K ®; K gets transported to the
right-regular action of 7 € G on Maps(G, K), while the action of 7 € G = G x {1}
gets transported to the action of 77 on Maps(G, K) that results from viewing G
and K as having their usual left G-actions.

(i) If we drop the assumption that A = K, then we still have an action of G =~ G x {1}
on K ®; A, which by the same computation is obtained by viewing G and K as
having their usual left G-actions, and giving Maps(G, K) the resulting G-action.

Proposition 26.17. If K/k is Galois, then finite K-split k-algebras are precisely those
isomorphic to products of the form [, Fi, with each F;/k a finite subextension of K /k.

Proof. Suppose A is a finite K-split k-algebra. Then A is automatically separable over k
(Lemma 26.11), so we can write A = [["_, F;, with each F;/k a finite separable extension.
Since K ®; A is a product of copies of K, for each i, we have a nonzero homomorphism
K®y F; — K, so that we have a k-algebra embedding F; — K. This shows that each finite
K-split k-algebra is a product [ [, F; as given.

We now need to prove the converse, i.e., that each finite subextension F'/k of K /k is K-
split (compare with Proposition 26.14). If we can assume the primitive element theorem,
so that F' = k[«], then the minimal monic polynomial f of o over k has a factorization of
the form (x — ) ... (x — ay,), with the «a; distinct, so Sunzi’s theorem gives:

(:E—ozi)> ~ ﬁK,

—

K@, F = K[x]/(

i=1
as a K-algebra, which is split.

But we wish to prove the proposition without using the primitive element theorem, since
we wish to have a proof of the main theorem of Galois theory without using the primitive
element theorem. The above argument does show that for any a € F, K®; kla] ¢ K® F
is a split K-algebra. It follows that K ®; F' is generated as a K-subalgebra by split K-
subalgebras. Thus, using finiteness of F/k, it is enough to show that split subalgebras
of K ® F are closed under taking compositums. This is because the compositum of K-
subalgebras Ay, ..., A, of a K-algebra A is a homomorphic image of A1 ®x - - ®x A, and
it is easy to see that finite split K-algebras are closed under taking tensor products as well
as (ring-theoretic) quotients. O

Another take on the “Fix(K™) = H” half of Galois theory, when K /k is finite. For H <
G = Gal(K/k), we need to show that the inclusion H < H’ is an equality, where H' =
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Fizg(K") is the fixer of K# in G. From the ‘easy half’ of Galois theory, we know that
#H' = # Gal(K/K") = [K : K¥], so it is enough to show that #H = [K : KH].

We apply Proposition 26.15 with A = K — we can indeed take A = K, by Proposition
26.17. Note that Homy_a;4(A, K) = Homy4y(K, K) = G. For H < G, taking H-fixed
points and using Remark 26.16(ii), we get an isomorphism K# ®, K — Mapsy (G, K) of
k-algebras (even of K -algebras). The dimension of K¥ ®; K over kis [KT : k] [K : k],
while, since H acts on G without fixed points, the dimension of Mapsy (G, K) over k is
#(G/H) - [K : k|. This gives #(G/H) = [K" : k], and since #G = [K : k], we get
[K : K] = #H, as desired. O

Remark 26.18. Perhaps it would be good to give a proof of the ‘equivalence of categories’

version using these ideas, but I have not thought about how to do that.

26.4. The relation between the classical version and the ‘equivalence of cate-
gories’ version. Let us state a classical form of the main assertion of the main theorem
of Galois theory, describing finite subextensions of a possibly infinite Galois extension K /k
(the case where K /k is finite was covered in Lecture 25): 5!

Theorem 26.19. Let K/k be a (not necessarily finite) Galois extension. Then we have a
bijection

. , Sub Gal(K/k) containi
{ Finite subestensions F/k of K[k} — { g i oo sonenins b

F — Hp := Fiag(F) = Gal(K/F),

(125)

with a two-sided inverse

(126) Hw— K.

Proof. As an exercise, prove this using the classical form of the main theorem of Galois
theory that we saw in Lecture 25. Let us instead prove it using the ‘equivalence of cat-
egories’ version, thereby explicating the relation between the ‘equivalence of categories’
version and the classical version.

The ‘equivalence of categories’ version of the main theorem of Galois theory (Theorem
26.12) says that the following two obvious maps are isomorphisms in the appropriate
category (see (120) and (121)):

(127) A — Maps(X 4, K)9,
(128) X — HOInk_Alg(Ax, K)

By Proposition 26.17, the condition that the maps (127) are all isomorphisms needs to be
checked only on finite subextensions F'/k of K/k. For such an F, X4 = Homy 4, (F, K)
identifies with Gal(K /k)/Gal(K /F), so the map A — Maps(X 4, K)¢ identifies with F' —

81The right-hand side will be described in terms of a topology in Theorem 26.26 below.
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KHtr = KGAK/F) - Thus, the condition that (127) are isomorphisms is equivalent to the
composite F > K%E/F) of (125) followed by (126) being identity.

On the other hand, the condition that the maps (128) are isomorphisms needs to be checked
only on transitive continuous Gal(K /k)-sets X, i.e., those of the form Gal(K/k)/H, for
subets H that contain Gal(K/Fy) for some finite subextension Fy/k of K /k. For these H,
(128) can be verified to be just the map G/H — G/H', where H' = Fizg(K"). Thus,
the assertion that the maps (128) are all isomorphisms is equivalent to the assertion that
the composite H — Fizg(KH") of (126) followed by (125) is the identity. Thus, we have
shown that the ‘equivalence of categories’ version is equivalent to the classical version of
the theorem, which therefore follows. ]

26.5. Infinite Galois correspondence. By infinite Galois correspondence, we mean a
description of infinite subextensions E/k of an infinite Galois extension K /k. We have not
discussed this yet.

When K/k is infinite Galois, it is usually no longer true that arbitrary subgroups H <
G = Gal(K/k) are fixers Hg of intermediate subfields &k < E < F. Galois theory, in
this abstract general setting, doesn’t give an explicit answer for which H arise as Hg,
but says that a topology determined by finite subextensions F/k of E/k can be used to
package the answer. Before going ahead, let us also remark that while the infinite Galois
correspondence also has an ‘equivalence of categories’ version, right now we will study the
classical version for concreteness.

In this subsection, we will typically write E for a possibly infinite intermediate field ex-
tension k € £ < K, and F for an intermediate field extension k ¢ F' < K with [F : k]
finite.

Note that if £ < Fy < F, < K are intermediate extensions, so that Gal(K/Fy) <
Gal(K/F1), we have canonical maps

Gal(K/k) — Homy,a14(F, K) = Gal(K /k)/ Gal(K /F,) — Gal(K /k)/ Gal(K/Fy) = Homy_a14(F1, K).
Therefore, the following map of sets makes sense:

(129) Gal(K/k‘) - lgn Homk_Alg(F, K)

kcFcK
F/k finite

Here, to make sense of the above limit, we used that finite subextensions F/k of K/k,
ordered under inclusion, form a directed system (use composita).

If we restrict F' to Galois extensions, then any element of Homy_4,,(F, K) has image in
F < K, and hence Homy,_ 44 (F, K) identifies with Gal(F'/k). Therefore, we also get a map,
this time a group homomorphism:

(130) Gal(K/k) —  lim  Gal(F/k).

kcFcK
F/k finite Galois
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Lemma 26.20. Sending E to Hr = Fizg(E) = Gal(K/E), and H to K¥, determines a
bijection
(131)

: : Arbitrary intersections (), H;
{Intermediate extensions k ¢ E < K} — { rbitrary interscetions (1) H:, }

each H; = Gal(K/F;) for some k ¢ F; ¢ K, [F; : k] < o0.

Proof. For an intermediate extension k ¢ F' < K with [F' : k] finite, we saw in Lecture 25
(the “easy half”, Lemma 25.27) that the inclusion F' = KHF is an equality. This gives an
analogue of (131),

(132)

: : : . subgroups of the form H = Gal(K/F)
{Intermediate extensions k ¢ F' < K, with [F : k| < w0} — {for fome b & F o K. with [F+ k] < o0} -

(131) is a formal consequence of this, using the following observations:

e Composita correspond to intersections: If k ¢ F < K is the compositum of {k <
F; © K}ier, then inside Gal(K /k) we have an equality Gal(K/E) = (), Gal(K/F;).

e The intermediate extensions k € E < K are precisely the composita of collections
of finite intermediate extensions k < F < K.

i

In the above setting, if E/k is Galois if and only if Hg < Gal(K/k) is normal, in which
case restriction defines an isomorphism Gal(K /k)/ Gal(K/E) — Gal(E/k) — this was part
of the “easy half”, Theorem 25.25 from Lecture 25, which covered infinite extensions.

The point of the infinite Galois correspondence seems to be to just systematize the right-
hand side of (131): is there a package to describe the intersections (), H; that arise in
it?

To this end, we will need to define a topology on Gal(K /k), for which we will use:

Lemma 26.21. Let K/k be an arbitrary Galois extension. Then the map (129) is a
bijection of sets, and the map (130) is an isomorphism of groups.

Proof. Every element of K, being algebraic over k, is contained in a finite subextension
Fy/k, which has a finite Galois closure F/k inside K. ® Thus, giving an element of
Gal(K /k) is equivalent to giving elements o € Gal(F'/k), for each intermediate extension
k c F ¢ K with F'/k finite Galois, such that the ‘inverse limit compatibility’ is satisfied: if
k c Fy ¢ F, c K finite Galois, then og,|p, = op,. This gives that (130) is an isomorphism
of groups. Analogous considerations give that (129) is a bijection of sets, finishing the
proof of the lemma. O

82If Fy is obtained by adjoining to k roots of polynomials fi,..., f, in k[x], then the subfield of K
generated by all the roots of the f; in K is Galois, and independent of the choice of fi,..., f, in K.
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Recall inverse limits associated to inverse systems in Set and T'op. For Set, if f;; : X; — X;
are the transition morphisms in an inverse system with {X;}; as the underlying sets, we
have an identification of sets that we already used above:

Moreover, the same description is valid in the category Top, where the right hand side
acquires the subspace topology from the product topology on [ [, X;. It is also the weak-
est topology with respect to which each of the projection morphisms pr;, : X — X, is
continuous.

We will not prove the following theorem. We will not use it in an essential way either, but
it is good to keep it in mind.

Theorem 26.22. (1) Given a topological space X, the following are equivalent:

(a) X is an inverse limit of finite discrete topological spaces: we have a homeo-
morphism
where the right-hand side is an inverse limit in the category Top, and each X;
is a finite set given the discrete topology.

(b) X is compact, Hausdorff and totally disconnected.

(11) Given a topological group G, the following are equivalent:

(a) G is an inverse limit of finite discrete topological groups: we have a homeo-

morphic isomorphism of groups

where the right-hand side is an inverse limit in the category TopGrp, and each
G is a finite group given the discrete topology.
(b) G is compact, Hausdorff and totally disconnected.

Definition 26.23. (i) An inverse limit lim X; as above, with each X; a finite set, is

called a profinite set. Note that each profinite set X, equipped with the bijection
X — lim Xj, has a topology acquired from and depending on the bijection.

(2

(ii) Similarly, we define a profinite group, and give profinite groups a topology depend-
ing on a realization G' = lim G;.

7
Here is a series of exercises to study profinite topologies:
Exercise 26.24. Suppose X = lim X, with each X; finite, and give X the inverse limit

(2
topology. Write (I, <) for the directed set used in the above inverse limits; thus, if I is
made into a category the obvious way, the inverse system is a functor 1 — Top.
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(1)

(i)

A sub-directed-set I of I is defined in the obvious way (restrict the order relations).
We say that Iy < I is cofinal if for all ¢ € I, there exists ig € Iy such that ¢ < ig.
Show that the projection map
el €lp

is an isomorphism of topological spaces. Note that this does not require the X; to
be finite.

For the remaining problems below, fix a cofinal I, as above, and make sure to
note that those assertions are independent of Ij.
Note that a subbasis for the topology on X is given by the various pr;*(z;), with
1 € I and x; € X;. However, show that this subbasis is in fact a basis, and that we
again get a basis if we consider only the pr;*(z;) with i € Iy and z; € X;.

For this reason, when we talk of a profinite set X, we will not carry around a
presentation of X as lim X;, but only remember the topology on X. A similar

comment will apply to profinite groups.
Now assume that each X; is a group G;, and that G — lim G; is an inverse limit

of the groups G;. For each i, show that H; := ker(G — G;) is an open normal
subgroup of G. Further, show that the {H;} form a basis of neighborhoods of the
identity. Conclude that a topological group G is profinite if and only if 1 € G has a
basis of open neighborhoods {H;};, with each H; € G an open normal subgroup.
Note: If GG is any topological group and H < G is an open subgroup, then H is
automatically closed; this is because H is the complement of the non-identity cosets
of H in G, each of which is open. In contrast, a closed subgroup H of a topological
group G need not be open, unless H is of finite index in G.

Conclude that if G is a compact, Hausdorff and totally disconnected group, then
1 € G has a basis of neighborhoods consisting of finite index normal subgroups,
which are open and closed in G.

Note: You may use Theorem 26.22 to prove this, but note that the profinite group
Gal(K /k) that is of concern to us is explicitly given such a basis (as you can see
from the above exercises), so we will not really use this exercise.

If G = lim G; is a profinite group, H < G is a subgroup, and Z = {H'} g is a basis

of neighborhoods of the identity in G consisting of open normal subgroups, show
that the closure H of H is given by

H=()H H,
H'e=
where we note that each H - H' < G is an open normal subgroup. Conclude that
the following are equivalent:
(a) H is closed in G.
(b) H can be written as (), H;, where each H; c G is a finite index open normal
subgroup of G.
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Definition 26.25. Let K /k be an infinite (i.e., possibly infinite) Galois extension. Either
of (129) and (130) defines the same topology on G := Gal(K/k) by Exercise 26.24(i). We
equip G = Gal(K /k) with, making it into a profinite topological group. This topology on
Gal(K /k) is called the Krull topology.

Theorem 26.26. Let K/k be an arbitrary Galois extension, and set G = Gal(K/k).
Sending F to Hp = Fixg(F), and H to K, induces the following bijections:
(i)
(133)
{Intermediate extensions k ¢ F < K with [F : k| finite} — {Open subgroups of Gal(K /k)}.
(i)
(134)
{Intermediate extensions k < F < K with [F : k] finite Galois} — { Open normal subgroups of Gal(K /k)}

(iii)
(135) {Intermediate extensions k < E < K} — {Closed subgroups of Gal(K /k)}.
(iv)
(136)
{Intermediate extensions k < E < K with E/k Galois} — {Closed normal subgroups of Gal(K /k)}.

For each intermediate extension k < E ¢ K with E/k Galois, restriction from K
to E induces an isomorphism Gal(K /k)/Gal(K/E) — Gal(E/k).

Proof. Recall that the ‘easy half’ of Galois theory was proved for extensions that were
possibly infinite: thus, we have K2 = E for any subextension E/k of K /k. This half also
covered the assertion in (iv) regarding Gal(F/k). Therefore, in each assertion, it suffices
to show that the image of £ — Hp is as described.

Moreover, (ii) and (iv) follow respectively from (i) and (iii), using the “easy half” of Galois
theory (Lemma 25.27 from Lecture 25), so it is enough to prove (i) and (iii).

For (i), by the bijection (132), which we observed in the proof of Lemma 26.20, it suffices
to show that open subgroups of Gal(K /k) are precisely the Gal(K/F), as F' varies over
intermediate extensions k ¢ F < K with F/k finite. It is immediate that each such
Gal(K /F) is an open subgroup of Gal( K /k), and it suffices to show that each open subgroup
U < Gal(K /k) is of the form Gal(K/F') for some such F. By Exercise 26.24(ii), U contains
a subgroup of the form Gal(K/F), with Fy/k finite. Replacing Fy with its Galois closure
in K, we may and do assume that Fy/k is finite Galois.

Let U be the image of U in Gal(K/k)/Gal(K/Fy) = Gal(Fy/k). By the finite Ga-
lois correspondence, we can write U = Gal(Fy/F), for some finite subextension F/k of
Fo/k. U < Gal(K/k) is the preimage of U = Gal(Fy/F) < Gal(Fp/k), and hence equals

Gal(K/F). This gives (i).

Given Lemma 26.20, specifically (131), together with Exercise 26.24(v), (iii) follows from
(i), finishing the proof of the theorem. O
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Exercise 26.27. Let K /k be a Galois extension.

(i) Recall from Definition 26.1 what it means for a action of Gal(K/k) on a K-
vector space V' (by k-vector space automorphisms) to be continuous. Show that
the continuity of this action is equivalent to the continuity of the action map
Gal(K/k) x V. — V| where Gal(K/k) is given the Krull topology defined above,
and V' is given the discrete topology.

(ii) Prove an analogous result about what it means for an action of Gal(K/k) on a
finite set to be continuous (see Definition 26.10(ii)).

Exercise 26.28. Read up about, or work out, an ‘equivalence of categories’ version of the
infinite Galois correspondence, involving profinite (instead of finite) sets with a continuous
Gal(K /k)-action. One source for this is the book of Janelidze and Borceux. I would
have liked to work it out here, but I don’t have time, at least any more than Fermat
had margin. It would be (modulo trade-offs/opportunity cost) helpful to then deduce the
‘infinite subextension’ case from the ‘equivalence of categories’ version.

26.6. Appendix — a bit on Galois categories, without proofs. The material of this
subsection is recommended but optional. But even more than reading the following, I
encourage you to work through (at least if you have enough time and interest) the material
on Galois categories in Lenstra’s notes at:
https://websites.math.leidenuniv.nl/algebra/GSchemes.pdf ,

and translate it back to the case of field extensions. Galois categories unify the formal
aspects of the Galois theory field extensions and covering spaces. 1 wanted to write in
some detail about them, but don’t have the time to do so. However, I will set up notation
and state the ‘main theorem of Galois theory’ in that setting. The reference is the article of
Lenstra mentioned above, which itself may have been taken from or inspired by analogous
material in SGAT.

The following notion of Galois category axiomatizes some conditions that turn out to be
sufficient for a category C to be equivalent to a category of the form (7-FinSet)s, for a
profinite group 7. As you read the conditions in the definition below, consider doing the
easy verification that these conditions are all satisfied by each (m-FinSet).s, and hence
necessary for C to be equivalent to some (7-FinSet) ;.

Definition 26.29. Let C be a category, % and F : C — FinSet a functor. We say that
C is a Galois category, with F' as a fundamental functor, if the following conditions of
Grothendieck are satisfied:

(G1) C is closed under finite limits (i.e., it has a final object and is closed under fiber
products).

(G2) C is closed under finite coproducts (and in particular has an initial object), and for
every finite group H of automorphisms of an object X of C, a ‘categorical’ quotient
X/H exists — the existence of this quotient means, by definition, that (noting that

831 will assume that all categories are “essentially small”.
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H acts on the set Home(X,Y) for any Y € Ob(), the functor (h*)# : C? — Set
given by Y — Hom¢(X,Y)# is representable. (Note that this latter ‘quotient’
condition is saying that C is closed under a particular kind of coequalizers).

(G3) Any morphism in C is a composite of an epimorphism followed by a monomorphism,
and any monomorphism X — Y in C factors in the form (Y < Y'0uY”)o(X — Y7),
where X — Y is an isomorphism.

(G4) F preserves finite limits (i.e., it takes a final object in C to one in 7-FinSet, and
commutes with fiber products).

(G5) F commutes with finite coproducts, sends epimorphisms to epimorphisms, and
commutes with passages X — X /H to quotients by the action of a finite group H
of automorphisms (i.e., the obvious map F(X)/H — F(X/H) is an isomorphism).

(G6) F is a conservative functor, i.e., F(u) is an isomorphism if and only if u is an
isomorphism.

Example 26.30. (i) One example is the category C of finite covering spaces of a topo-
logical space X with a chosen base-point x, with F'(Y — X) being the preimage
of z in Y, or equivalently the set of maps X — Y lifting the universal covering
X ->Y.

(ii) Another example is the category C = (fét)°P opposite to the category féty of finite
separable algebras over a field k, and where F'(K/k) equals Homy 45, (K, k*) for a
chosen separable closure k < k® of k. Note that in this case an initial object of
C, whose existence is required by the axiom (G2), corresponds to a final object of
féty, which is the O-ring viewed as a k-algebral

Remark 26.31. The axioms in Definition 26.29 are not trivial to verify in the cases men-
tioned in Example 26.30, and in the case of (fét;)° in fact include the substantial results
from classical Galois theory. For instance, the condition F/(X/H) = F(X)/H from (G5), in
the situation of C = (fét)}”, implies the following. If X € ObC corresponds to a finite Galois
field extension K /k in the opposite category féty, it is easy to see that X /H corresponds to
for the finite separable k-algebra K and the condition in (G5) that F(X)/H — F(X/H)
is an isomorphism implies that the restriction map Homy_a;, (K, k*)/H — Homy_4,( K, k*)
is an isomorphism, or equivalently, that Gal(K/K) = Gal(K /k)/H, where H = Gal(K /k)
is the image of H under the restriction map Gal(k®/k) — Gal(K /k). Thus, this says that
the inclusion H — F 1T Gal( K/k)(K H) is an equality, and is hence the ‘latter half’ of finite
Galois theory.

I think this means that Galois theory is not formal, but the formalism of Galois categories
is still useful for us since it helps us give a concrete shape to the analogy between the Galois
theories for field extensions and covering spaces, and probably also helps us understand
field extensions better.

To prepare for the statement of the main theorem, Lenstra actually considers a second
group, the group Aut(F') of automorphisms of the functor F' (this is somewhat analogous to
how one realizes suitable abelian categories A as modules over Aut 4(P)°, where P € Ob A
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is a projective generator: though F' itself is not representable in general, it is kind of ‘pro-
representable’). He then notices that Aut(F) has an obvious structure of a profinite group
(use that F'is valued in finite sets), and that F' can also be viewed as a functor

H : C v (Aut(F)-FinSet)qs.

In this setting, the main theorem of Galois theory can be stated as (I am basically copying
from Theorem 3.5 of Lenstra’s notes mentioned above):

Theorem 26.32. Let C be an essentially small Galois category with fundamental functor
F.

(i) The functor H : C v~ (Aut(F)-FinSet)us is an equivalence of categories.

(ii) For any profinite group m, and any equivalence C v~ (w-FinSet)qs of categories

such that the composition
C v (m-FinSet) s e T

is naturally isomorphic to F, 7 is canonically isomorphic to Aut(F).

(11i) Any two fundamental functors on C are naturally isomorphic.

(iv) For any profinite group © such that C and (w-FinSet)qs are equivalent, there is an
isomorphism m — Aut(F) that may not be unique, but is unique up to an inner
automorphism of Aut(F).

I would have liked to describe more of the proof, but as I said I don’t have time to do so (or
even to work through that proof myself in more detail). It seems to me that reading the
proof in Lenstra’s notes and comparing it with the usual Galois theory for fields, can help
us understand the latter better, and also give some general practice in category theory.
For instance, when C = (fét;)°", you can check that the definition of a connected object
in Lenstra’s notes corresponds to a finite separable k-algebra that is a field extension. He
defines a Galois object of C to be an object A such that A/ Aute(A) is the final object 1
of C; for C = (féty)P, this corresponds to the initial object of fét, namely, the k-algebra
k. Tt is interesting how the analogue of constructing a Galois extension containing a given
separable extension, is carried out in this setting, and then how it translates back to the
case of (fét;)?: one can no longer take splitting fields associated to polynomials, so one
takes a # Homy, (K, k*)-fold tensor product of K with itself over k, and looks at a ‘connected
component’ inside it; see Section 3.14 of Lenstra’s notes for more details. This is probably
a good exercise in field theory, one that could have been at least an optional problem in
one of the homework sets.

A different treatment of this material can be found in the stacks project:
https://stacks.math.columbia.edu/tag/0BMQ .

However, the stacks project treatment makes stronger assumptions: e.g., rather than just
require commutativity with passage to finite quotients, which was one of the inputs from
Galois theory, the stacks project page requires F' to be exact, and hence in particular to
commute with all finite colimits (which very nontrivially includes coequalizers associated
to the action of a finite group).
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27. LECTURE 27 — ADDITIONAL TOPICS RELATED TO FIELD AND GALOIS THEORY
(CRUDE)

27.1. Normal basis theorem. Let K /k be a finite Galois field extension. Then G :=
Gal(K /k) acts on K, and hence K is a left module over k[G].

Theorem 27.1 (Normal basis theorem). The left k[G]-module K (i.e., the k-linear repre-
sentation of G on the k-vector space K wvia the Galois action) is isomorphic to k|G| with
its right reqular action of G. In other words, there exists « € K such that the Galois orbit
{o(a) | o0 € Gal(K/k)} of a is a basis for K as a vector space over k.

First we recall a computation from Lecture 26: the base-change of K to K, i.e., K ®; K
as a K[G]-module, is isomorphic to K[G].

Lemma 27.2. K®y K, where G acts via the first copy of K, and thought of as a K-vector
space via the second copy of K, is isomorphic to K|G] with its right reqular representation.

Proof. This was proved in Lecture 26 (see Proposition 26.15 and Remark 26.16), but let
us briefly recall the computation. We have an isomorphism of K-vector spaces

K ®; K ~ Maps(G, K), suchthat a®0bw— (0d+— o(a)b).

Under this action, the action of 7 € G = Gal(K /k) on the first copy of K sends (¢ — o (a)b)
to (o0 +— (o7(a))b), which is the right regular action on Maps(G, K). But then Maps(G, K)
with its right regular action is precisely K[G] with its right regular action. U

Lemma 27.3. Let V,W be representations of a k-algebra A that are finite dimensional
as k-vector spaces, and let K/k be a field extension. Suppose V @ K = W @i K as
A Qi K-modules. Then V =W as A-modules.

Proof of Theorem 27.1, assuming Lemma 27.3 for finite K /k. Take A = k[G], V = K
and W = k[G], where we give W the right regular representation. Then by Lemma
272, VRr K = K@, K and W®, K = k|G]®r K = K|[G] are isomorphic as modules over
K[G] = k[G] ®; K. Therefore, by Lemma 27.3, and using that K /k is finite, we conclude
that K =~ k[G] as k[G]-modules. O

Proof of Lemma 27.3, only sketched when K /k is infinite. This may be due to Deuring.
First we assume [K : k] < co. Write

V%@Vfami? WZC—BV;@M

as a direct sum of indecomposable A-modules (some of the m; and the n; may be zero):
we have such a decomposition since V' and W are finite dimensional as k-vector spaces,
and hence of finite length as A-modules. It is enough to show that m; = n; for each 1.

Note that, as modules over A ~ A® {1} ¢ A®; K, we have
Ve, K= @‘/z@mZ[Kk]v W = (_B‘/l@m[Kk]
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Therefore, by the Krull-Schmidt-Remak decomposition, we have m; - [K : k] = n; - [K : k]
for all 7, so that m; = n; for all i, as desired.

Now consider the general case; we will sketch how to reduce this to the case where K/k
is finite. The isomorphism ¢ : V ®; K =~ W ®; K involves only finitely many elements of
K. Thus, it is easy (exercise!) to see that there exists a finitely generated k-subalgebra
B < K such that V®, B =~ W®; B as A®, B-modules. Let m < B be any maximal ideal.
Then, with F' := B/m, we have:

VrF S WeLF
as modules over A ®;, F'.

Thus, it is enough to prove that [F : k] is a finite extension. Since F is a field extension of
K which is finitely generated as a k-algebra, this follows from a result known as Hilbert’s

Nullstellensatz. g

Remark 27.4. (i) If K/k is Galois but not necessarily finite, one still has a normal
basis theorem, which says that with G = Gal(K /k), we have a G-equivariant iso-
morphism

K — Maps.,(G, k),

where the right-hand side is the space of continuous maps G — k with the left
or right regular action of G, k is given the discrete topology, and G is given the
Krull topology: see Theorem 1 of the paper “A normal basis theorem for infinite
Galois extensions” by H. W. Lenstra Jr., Indagationes Mathematicae (Proceedings),
Volume 88, Issue 2, 1985, Pages 221-228 (it is a short paper, you can easily read it).
Theorem 2 of the paper gives another generalization of the normal basis theorem
to infinite Galois extensions.

(ii) For a more standard proof of the normal basis theorem, using linear independence
of characters, see
https://kconrad.math.uconn.edu/blurbs/galoistheory /linearchar.pdf
I haven’t read the argument in Serge Lang’s book carefully, but at least one of the
editions was supposed to have an omission.

27.2. Inseparable extensions.

Notation 27.5. We will continue to write [E : k], for # Homy._a;4(E, L), where L is an
algebraically closed field containing k, even when E/k is only algebraic but not finite. But,
at least for now, we consider [E : k|; = [E : k|/[E : k] to be only defined when E/k is
finite.

Let us slightly generalize our definition of purely inseparable extensions — the following
terminology may be nonstandard (and a less than necessary detour).

Definition 27.6. (i) If A; is a finite commutative k-algebra and A is a finite com-
mutative Aj-algebra, then we say that A/A; is a purely inseparable extension, if
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for every algebraically closed field L containing k, the fibers of the restriction map
Homy, a14(A, L) — Homy,_a54(A;, L) are all singleton.

Note that, when A; is a field, this terminology agrees with our earlier definition,
namely, that A/A; is purely inseparable if and only if [A : 4] = 1.

(ii) An algebraic field extension K /k is said to be purely inseparable if [K : k], = 1 -
i.e., if there is at most one k-algebra homomorphism from K into any given (alge-
braically closed, or any other) field. Note that when K /k is finite, this definition
agrees with (i). For an algebraic field extension K /k, a € K is said to be purely
inseparable over k if k[«]/k is a purely inseparable extension.

Example 27.7. If k is algebraically closed, a finite commutative k-algebra A is purely
inseparable over k if and only if A is local.

Recall from Lecture 24 that any finite commutative k-algebra A has a maximal separable
k-subalgebra Ag. Let us study Ag better.

Proposition 27.8. (i) If A is a finite commutative k-algebra, and F/k is an arbitrary
(not necessarily algebraic) field extension, then A/k is purely inseparable if and only
(ii) Purely inseparable finite commutative algebras over k are closed under taking quo-
tients (by ideals) and tensor products. Moreover, if k < A < Ay < A with A/k
purely inseparable, then As/A; is purely inseparable.
(11i) If A is a finite commutative algebra over k which is local, and {A;}ic; is a family
of purely inseparable subalgebras of A, then the subalgebra of A generated by the A;
15 purely inseparable.
(iv) If a field extension K/k is a purely inseparable algebraic field extension, and k <
F c FE c K are intermediate extensions, then E/F is purely inseparable.
(v) If k ¢ E < K are field extensions with E/k and K/E purely inseparable, then so
is K/k.
(vi) If E,F are contained in an algebraic field extension K/k, and if E/k is purely
inseparable, so is EF/F. Note that this property, together with (v), implies that if
both E/k and F/k are purely inseparable, so is EF/k.

Proof. Unless otherwise stated, L will denote an algebraically closed field containing k.

(i) is immediate from the fact that separable degree is invariant under base-change (Propo-
sition 24.22(i) from Lecture 24).

If a k-algebra A’ is a quotient of a purely inseparable k-algebra A, then Homy, 4,(A’, L) <
Homy,a14(A, L) has cardinality 1. If A’, A” are purely inseparable k-algebras, then Homy, 4, (A'®y,
A" L) = Homy_a14(A’, L) x Homy,_454(A”, L) is singleton, giving closure under taking tensor
products. If £k € A; < Ay < A are finite commutative k-algebras, then for any k-algebra
homomorphism A; — L with L algebraically closed, we have

(137) HOHlk_Alg(A, L) o HOIIlAl_Alg(A, L) - HOIIlAl_Alg(AQ, L),
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where the latter map is surjective, as follows from the analogous result for fields. If A/k is
purely inseparable, then Homy 4;,(A, L) is singleton, and hence so is Hom,_4;,(A2, L) by
(137), so that Ay/A; is purely inseparable. This finishes the proof of (ii).

(iii) is proved as in the separable case (see Corollary 24.33(ii) from Lecture 24), using
closure under tensor products.

For (iv), follow the proof of the analogous assertion in (ii). (v) is asserting the following: if
there is only one k-algebra homomorphism E — L, and if that homomorphism £ — L ex-
tends to only one homomorphism K — L, then there is only one k-algebra homomorphism
K — L; this is clear. For (vi), note that for suitably large L, Homp_s;,(EF, L) injects into
Homk_Alg(E, L) O

Corollary 27.9. Let K/k be an algebraic field extension. The following are equivalent:

(i) K/k is purely inseparable, i.e., [K : k]s = 1.
(ii) Fach o € K is purely inseparable over k.
(i1i) K is generated over k by a family of elements each of which is purely inseparable
over k.

Proof. Easy exercise, using ideas that we have already seen. U

If K/k is a purely inseparable field extension, it is clear that it has no subextension Ky/k
which is separable (please do this as an exercise if this is not clear to you). However, the
converse doesn’t seem clear from what we have seen so far today, and will be proved below.

27.3. Field extensions and inseparability.
Lemma 27.10. Let K/k be a (not necessarily finite) field extension.

(i) There exists a subextension k — Ky < K such that Ky/k is separable, and K /K is
purely inseparable.
(i1) Any Ko as in (i) is the unique mazimal separable subextension of K.

Proof. If chark = 0, K/k is separable and there is nothing to prove, so let us assume
chark =p > 0.

First we prove the assertions assuming that K is a finite extension of k. Since chark = p >
0, z — 2P is a field homomorphism of K, and its image KP? is a subfield of K. Similarly,
we can talk of KP" for any n > 0, and of the compositum K?"k of K?" and k in K.

We claim that for each n, K/KP"k is purely inseparable. If 0,0’ : K — L are (K*"k)-
algebra homomorphisms into an algebraically closed field L containing K?"k, then for all
a € K we have that o(a?") = o/(a?"), so o(a) = o’(a), because p"-th roots are unique in
characteristic p (if 2" = y*", then (z —y)”" = 0, so @ —y = 0). Thus, Homgnj_4, (K, L)
is singleton, yielding our claim that K /KP"k is purely inseparable.

Since [K : k] is finite, we have for large enough n that K"k = KP" k = .... Choose such
an n, and set Ky = K?"k. To prove (i), it suffices to prove that Ky/k is separable.

n+1
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Let us first prove this in the special case where K = k[a] for some «. In this case,
Ky = k[a?"] for all large enough n. Since K}k = K, we get that if 3 = oP" for a suitably
large n, then 5 = g(8?) for some g € k[z]. In other words, 5 is a root of f € k[x], where
f(z) = x — g(aP) is separable, so that K, = k[] is separable over k, as desired.

To prove the lemma for general K = kf[ay,..., .| (still assuming that K/k is finite).
Ko = k[a?",... o |k for large n. By the case where K = k[a], we know that each of
k[a®'], ... k[a?"]is separable over k, for large n, so their compositum Ko = k[a®", ..., o#"]
is separable over k as well.

Now let us prove (ii) (still assuming that K/k is finite). Ky, being separable over k, is
contained in the maximal separable subextension of k in K, say K. If K is properly
contained in K, we have

1=[K:Kys=|K: KK} : Kols,
so [K{ : Kols = 1, so that
[K§: ks = [K) 2 Kols[Ko : k]s = [Ko : k]s < [Ko: k] < [K] : k],
contradicting that K| is separable over k. Thus, we are done when K /k is finite.

Now we consider the case where K /k is infinite. In this case, let Ky < K instead denote
the maximal separable subextension of K /k. If « € K\ Ky, it is easy to see that Ko k[a] is
the maximal separable subextension of k[a]/k, so k[«] is purely inseparable over Ky N k|«a]
by the already proved finite case, and it follows that Ky[«] is purely inseparable over K.
Thus, K/K, is purely inseparable by Corollary 27.9, giving (i).

Given our choice of Ky, (ii) is immediate in this case. O

Corollary 27.11. If K/k is a finite field extension and chark = p > 0, then K/k is
separable if and only if KPk = K.

Proof. It KPk < K, then we saw in the above proof that K/KPk is purely inseparable, so
K /k is not separable. On the other hand, if K?k = K, then K?"k = K for all n, so the
K constructed in the above proof equals K, so K /k = Ky/k is separable. O

Corollary 27.12. Assume that chark = p > 0. A singly generated finite algebraic exten-
sion kla] of k is purely inseparable if and only if the monic minimal polynomial of a over
k is of the form xP" — a, with a € k.

Proof. By the proof of Lemma 27.10, k[«]/k is purely inseparable if and only if (k[a])?"k =
k[a?"] equals k for all large enough n. This is equivalent to « satisfying a polynomial over
k of the form 27" — a = 0 for some a € k.

A polynomial f € k[z] is of the form zP" — a if and only if in some or equivalently any
algebraic closure L of k, f splits into the form (x — «)P" for some n. Thus, the condition
that a satisfies a polynomial of the form x?" — a = 0 is equivalent to the condition that
the minimal polynomial of « is of the form a?" — a, yielding the corollary. O
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Corollary 27.13. Let K/k be a finite purely inseparable extension, and assume that
chark = p > 0.

(i) [ K : k] is a power of p.
(ii) For each a € K, there exists n > 0 such that o?" € k.

Proof. Immediate from Corollary 27.9 and Corollary 27.12. U

Thus, purely inseparable field extensions are obtained by attaching p-power roots succes-
sively.

Exercise 27.14. Let K = k[«], and suppose char k = p > 0. Fix any algebraically closed
field L containing k[«a]. Let f € k[x] be the minimal polynomial of or. Choose n maximal
so that f(z) = g(z*") for some g € k[x]. Show that the roots of f in L all occur with
the same multiplicity equal to [k[«] : k];, and that the maximal separable subextension of
k[a]/k is obtained by adjoining to k& a root of g in K. Show also that the distinct roots a;
of fin L and the (necessarily distinct) roots f3; of g in L are in bijection, given by ; = a?".
Use this to give an alternate proof of Lemma 27.10.

Part of the corollary below has already been proved, e.g., in Corollary 27.11, but it seems
to be a convenient summary.

Corollary 27.15. Given an algebraic field extension K /k, the following are equivalent:

PI1. [K : k]s =1, i.e., K/k is purely inseparable.

PI2. The only separable subextension of K /k is k itself.

PI3. Each a € K is purely inseparable over k.

PI4. For all o € K, the minimal monic polynomial of o over k is of the form a?" —a = 0,
with some n = 0 and a € k.

PI5. K is generated by a family {;}icr, each of which is purely inseparable over k.

Proof. PI1, P13 and PI5 are equivalent by Corollary 27.11.

If [K : k]s = 1, then for all subextensions E/k of K/k, we have [E : k], = 1, so PI1
implies PI2. Lemma 27.10 implies that PI2 implies PI3.

Given PI3, Corollary 27.12 gives PI4. If « satisfies a polynomial of the form 27" — a,
then for each k-algebra embedding of o : k[a] — L with L algebraically closed, o(a)P" =
a = a”", so we get o(a) = a, so [k[a] : k] = 1. Thus, PI4 implies PI3 as well. All the
equivalences have been proved.

0
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27.4. Perfect fields.

Example 27.16. It is easy to see that any algebraic extension K /k of fields has a maximal
purely inseparable subextension K;/k, namely the compositum of all the purely inseparable
subextensions of K /k in K. However, in non-analogy with Lemma 27.10, K /K; may not
be separable. For instance, let k = Fy(y, 2), the field of rational functions in two variables
y and z over the finite field Fy, and let K /k be a degree 4 extension generated by a root of
f, where f(t) = t* + yt> + 2. It is immediately verified that f is irreducible over Fy(y, 2).
Since f(t) = g(t*), where g(t) = t*> + yt + z, and since g is irreducible and separable, it is
easy to see that [K : k], = [K : k]; = 2.

Suppose K;/k is nontrivial and purely inseparable. Then [K; : k] = 2, and K/k; is
separable. The prime factorization of f takes the form f(z) = (z — a)*(z — )%, so
the minimal polynomial of f over K; is (z — a)(x — ), which is a square-root of f.
But for an algebraic closure L of k = F,(y,z), f has a square-root in L[t] of the form
fi(t) = % + \/yt + /2. Since square-roots are unique in characteristic p, we conclude that
VY,+/% € K. But this forces [K : k] > 4, a contradiction.

[ saw this example in an article by Joseph Lipman called “Balanced field extensions” that I
recommend, but clearly examples of this kind must have been known well before his article.
In particular, he proves in the article that the following two properties are equivalent, and
each of them is in turn equivalent to a third property that we won’t concern ourselves with
here:

(i) K/k can be factored as K/K;/k, where K/K; is separable and K;/k is purely
inseparable.
(ii) Some separable algebraic extension of K is normal over k.

We will see in Proposition 27.17 below that normal algebraic extensions do have such a
factorization.

Proposition 27.17. Let K /k be a normal algebraic extension, and let G = Auty,_u4(K).

(i) The unique maximal purely inseparable subextension of K /k is given by K¢, the
subfield of K fixed by G.
(ii) K/KC is Galois.
(iii) If k = Ko < K is the mazimal separable subextension, then K = KY9K,, and
KO N KG = k.

Proof. Let L be an algebraically closed field containing K > k. The unique maximal purely
inseparable subextension of K /k consists of all the « € K that are purely inseparable over
k, i.e., such that

Eq = {o(a) | 0 € Homy ay4(kla], L)} = {o(a) | 0 € Homyp1y(K, L)} = G - «

is singleton (use the normality of K and the fact that L is algebraically closed, to get the
latter two equalities in the above line), i.e., of all the a € K fixed by G.
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This proves (i), but note that that does not imply (ii). Instead, we have seen from Galois
theory (Lemma 25.30 in Lecture 25) that K /K¢ is Galois and hence separable, at least in
the case of finite GG, but one reduces to the case of finite G’ by considering finite normal
subextensions K;/K¢ of K/K¢“. This proves (ii).

Since Kyn K¢ is both separable and purely inseparable over k, it follows that K°n K¢ = k.
Since K /K%K is both separable (since K /K¢ is separable) and purely inseparable (since
K /K" is purely inseparable), it follows that K = K K¢. O

Definition 27.18. A field k is called perfect if either char k = 0, or if chark = p > 0 and
k = kP.

Proposition 27.17 has the following corollary for perfect fields.
Corollary 27.19. The following are equivalent:

(i) k is perfect.

(ii) k has no nontrivial purely inseparable extension.
(iii) Every algebraic extension of k is separable.

(iv) Every algebraic extension of k is perfect.

Proof. Note that the given conditions all automatically hold when chark = 0, so let us
assume chark = p > 0.

The equivalence (i) < (ii) needs just the definition, as follows. & has no nontrivial purely
inseparable extension if and only if it has no singly generated nontrivial purely inseparable
extension. If k is perfect, then it has no singly generated nontrivial algebraic extension
k[a], since this would force a?” € k for some n, and hence « € k by perfectness and the fact
that p™-th roots of unity are unique in characteristic p. Conversely if k is not perfect, then
any a € k\kP gives a nontrivial purely inseparable extension k[a] where « is the unique
p-th root of a.

It is for (ii) = (iii) that one uses Proposition 27.17. Namely, K is contained in some normal
extension K'/k (e.g., K’ is contained in an algebraic closure), which Proposition 27.17 lets
us write as the composition of a purely inseparable extension and a separable extension.
Hence (ii) gives us that K’/k is separable, and hence so is K/k, giving (iii).

If every algebraic extension K /k is separable, then it also follows that such an extension
K /E has no nontrivial purely inseparable extension — otherwise, if K’'/K is purely insep-
arable and nontrivial, it follows that K’/k is an algebraic extension that is not separable,
a contradiction. This gives that every algebraic extension K /k satisfies (ii), and hence by
the equivalence of (i) and (ii), also (i), giving (iv). Finally, it is immediate that (iv) implies
(i). O

27.5. Maximal separable subalgebra.

Lemma 27.20. Let A = []i_, Ai be a finite commutative k-algebra, with each A; Artin
local. For1<i<r, letm; c A; be the unique mazximal ideal, and let K; = A;/m;.
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(i) The mazimal separable subalgebra Ay A takes the form Ay = [];_, Ao, where
foreach 1 <i<r, Ay; < A; is a maximal separable subalgebra.
(i1) For eachl <i<r, Ay; — A; — A;/m; = K; defines a k-algebra isomorphism from
Ao, to the mazimal separable subalgebra of the k-algebra K.
(7ii) Let (A/rad(A))y denote the mazimal separable subalgebra of A/rad(A). Then the
map Ag — A — A/rad(A) o (A/rad(A))o defines an isomorphism from Aq to
(A/rad(A))o.

In particular, Ay = H:Zl Koy, where for 1 < i <r, Ko; < K; is the mazimal separable
subextension of K;/k.

Proof. (iii) and the last assertion are a summary of the combination of (i) and (ii), so let
us prove the first two assertions.

We let Ay be the maximal separable k-subalgebra of A, but define, for 1 < i < r, Ay,
to be the image of Ay under A — A;. Since separable algebras are closed under taking
homomorphic images, each Ay ; is a separable k-algebra. We now have an inclusion Ay —
[ [;—; Ao, which is an equality since [ [;_; Ao, being a product of separable k-algebras, is
separable. This gives (i).

Let Ky,; c K; be the maximal separable k-subalgebra. Since separability of finite commu-
tative k-algebras is preserved under taking quotients, Ay; — K; has image contained in
Ky ;. Moreover, each A ;, being reduced and hence a product of fields, and contained in
the Artin local ring A;, is a field. Therefore, Ay; — Ko, is injective; view it as an inclusion.

Suppose it is not surjective. Let & € Ky;\Ap;. The minimal polynomial of & is some
separable polynomial f € k[z]. By Hensel’s lemma (Theorem 17.23 from Lecture 17),
applied to the homomorphism A; — K; of rings with nilpotent kernel m;, the root & € Ko ;
of f e klx] < Ko,[z] lifts to a root a € A; of f € k[x] < Ap;[z]. Since f is a separable
irreducible polynomial, the subring Ay ;[a] < A; generated by a over Ay; is a field, and
is separable over Ay; and hence over k. This contradicts that Ay, is a maximal separable
subalgebra of A;. This gives the surjectivity of Ay; — Ky,;, which is the assertion of
(ii). O
Example 27.21. Note that the algebra A = R[z]/(z* + 1)? over k = R is local, since the
ideal (22 + 1) < A is nilpotent and maximal (maximal since going modulo it gives us a
field K = C). It follows from Lemma 27.20 above that the maximal separable subalgebra
of A is isomorphic to C (of course, this follows from Hensel’s lemma, which was used in
the proof of Lemma 27.20). If you try to find a square-root of —1 in A directly, it can be
seen not to be all that simple a polynomial.

Exercise 27.22. (This problem gives a somewhat intrinsic version of the Jordan decom-
position of linear operators — in the context of finite k-algebras, ‘independently of a rep-
resentation of the algebra on a vector space realizing the algebra as an algebra of linear
operators’). Let V' be a finite dimensional vector space over a field k, and let 7' € End (V).
Recall that T is said to be semisimple if it is diagonalizable over an algebraic closure k < k

of k, i.e., viewed as an element of End;(V ® k), T is diagonalizable.
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(1)

(i)

(i)

Show that T is semisimple if and only if the finite commutative k-algebra k[T] <

Endg (V) is a separable k-algebra.

Hint: This is very easy: you can base-change to an algebraically closed field (why?),

and there you know how separable algebras look like.

Let T € Endy (V) be arbitrary (not necessarily semisimple). A Jordan decomposi-

tion of T is a decomposition T' = T + T,,, where Ty, T,, € Endg (V') are endomor-
phisms with 7§ semisimple, T}, nilpotent, and such that T, and T, commute with

each other (and hence with T as well). By/as in Problem 2 of HW 1, such T

and T, exist if k is algebraically closed, and for general k, T, and 7T,, are uniquely

determined if they exist (since uniqueness may be checked after base-changing to
an algebraic closure).
Show that the following are equivalent for 7" € End,(V):

(a) T has a Jordan decomposition T' = Ty + T,, in End (V).

(b) The image of T'e A := k[T] in A/(rad A) belongs to the maximal separable
k-subalgebra (A/(rad A))y of A/(rad A).

(This is sort of part of, and hence also a hint for, (ii), so it is possible that you may

want to prove this simultaneously while proving (ii)). Show that when a Jordan
decomposition T' = Ty + T,, of T' € End, (V) exists, T is simply the unique element
of the maximal separable k-subalgebra Aqg < A that has the same image as T in

(A/(rad A))o.

Hint for (ii) and (iii): By Lemma 27.20, Ay — (A4/(rad A))o is surjective, where

Ap is the maximal separable k-subalgebra of A.

Note:

(a) Recall from HW 1 Problem 2 that the Jordan decompositions there realized
T, and T,, as polynomials in 7. That is sort of baked in to our situation, since
T, and T,, are already in the algebra k[T].

(b) All the above go through to give a ‘multiplicative Jordan decomposition’
T = T,T, of any T' € GLi(V) under similar hypotheses (i.e., when the equiv-
alent conditions of (ii) hold), where T € k[T'] is semisimple and T}, € k[T]
End (V') is unipotent. Automatically, T, and 7, commute in k[T7].

(c) Make sense of the following in the light of your work on the above exercises:
thus, additive and multiplicative Jordan decompositions can be defined on
any finite commutative k-algebra A (without any other vector space in sight),
with the property that for any finite dimensional k-vector space V and any
k-algebra homomorphism ¢ : A — Endg(V), x € A (if we are interested
in an additive Jordan decomposition) or x € A* (if we are interested in a
multiplicative Jordan decomposition) has a Jordan decomposition if and only
if ¢(x) € Endg (V') has, in which case ¢ transports the Jordan decomposition
of x into that of p(z).

Here, note that ‘nilpotent’, ‘unipotent’ and ‘semisimple’ have intrinsic mean-
ings in a k-algebra A independently of any embedding A — Endi(V): a
nilpotent element of A is just one that is nilpotent as a ring element, and a
unipotent element of A is just an element u of A such that u — 1 is nilpotent.
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The above exercises give an intrinsic meaning to ‘semisimple’ too: namely, one
that belongs to the maximal separable k-subalgebra Ay < A, or equivalently
to some separable k-subalgebra of A.

(iv) Application: If g € GL,(k) is a semisimple element, show that its centralizer in
G L, (k) is isomorphic to a group of the form [[;_; GL,,,(K;), where each K;/k is a
finite separable extension.

Hint: This is easier than it seems. V' = k" is a module over k[z], where x acts via
g, or equivalently through k[z] — A := k[g] < End,(V), and the centralizer of ¢
is just Auty (V) < Enda(V). A itself is a product of fields since A/k is a separable
algebra.

Note: Note that such a result would be harder to see if one were working with
matrices.

(v) (ii) shows that if k is perfect, then every 7" € End(V') has a Jordan decomposi-
tion. Deduce it independently, from HW 1 problem 2 (including its optional /extra
assertions), using the existence and uniqueness of the Jordan decomposition over
the algebraic closure k, and taking Gal(k/k)-invariants — note that Gal(k/k) makes
sense, because since k is perfect, k is separable over k.

We state the following assertion with only an idea of proof; it is not hard, but we don’t
have time to prove it:

Proposition 27.23. If A is a finite commutative k-algebra and Ay < A is its maximal
separable k-subalgebra, then for any field F', Ag®y F is the mazimal separable F-subalgebra

Idea of the proof. Roughly, it is clear that Ag ®y F' < A®y F is a separable F-subalgebra;
the point is to show that there is no bigger separable subalgebra in A ®, F. For this,
we may assume I’ to be as large as we wish. The general case follows from three cases:
the first is when F' is a separable closure of k, the second is when k is separably closed
and F' is an algebraic closure of k, and the third is when both k and F' are algebraically
closed. The first case is taken care of by Galois descent. The second is proved by noting
that passing to a purely inseparable extension cannot introduce new idempotents (because
if the characteristic is p > 0 and F'/k is purely inseparable, then for any idempotent
e€ ARy F, e = ¢ € A for large enough n). The third is proved by noting that for
an algebraically closed field k, every finite commutative k-algebra is a product of local
k-algebras with residue field k, and this condition is preserved by base-change. U

Remark 27.24. The above lemma generalizes to the case where A is only commutative
and finitely generated, and not necessarily finite. The maximal separable subaglebra of A
then defines what is known as the ‘my’ of A from the perspective of scheme theory.

Lemma 27.25. Let A be a finite commutative k-algebra, and let Ay < A a maximal
separable k-subalgebra. Then A/Aq is purely inseparable in the sense of Definition 27.6.

Proof. We have A = []_, A; and Ay = [],_, Ao, with each A; Artin local, and each
Ap; < A; a maximal separable subalgebra.
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Let L be an algebraically closed field. Each homomorphism A — L factors through the
projection A — A; for a unique ¢, and it thus suffices to show that Homy_s;,(A;, L) —
Homy, a14(Ao i, L) is injective. Each such homomorphism factors through the rad(A4;) o
rad(Ap;) = 0 (recall that rad(A;) is just the nilradical of A;), so by Lemma 27.20, according
to which Ay, surjects onto the maximal separable k-subalgebra K, of K;, it remains to
show that Homy, a4 (K;, L) — Homy.a4( Ko, L) is injective.

Thus, we are reduced to the case where A/k is a field extension, which is treated in Lemma
27.10. 0

27.6. Norm and trace.

Definition 27.26. S/R ring extension, S finite free over R. Then Ng/p : S — R is the
multiplicative monoid homomorphism s — det(ms), where (ms : S — S) € Endg(S) is
multiplication by S. Recall that we had defined trg/r : S — R to be the additive group
homomorphism s — tr(my).

Since the following is nontrivial, and because it seems subtle enough not to have ‘canonical’
proofs, let us give it the status of a theorem.

Theorem 27.27. (i) Let R — S — T be ring homomorphisms such that T is finite
free over S and S is finite free over R. Then trp/gp = trg/grotrr/g, and Npp =
NS/R o NT/S-
(i1) Let R — S be a ring homomorphism such that S is finite free over R, and let V' be a
finite free S-module. If T' € Endg(V') < Endg(V'), then trg(T) = trg/r(T) o trs(T),
and detR(T) = NS/R(det5<T)).

An ugly proof, assuming that R is a field. First, some remarks regarding the general case.
The assertions involving the trace are easy, and will be skipped. We refer to John Sylvester’s
paper “Determinants of block matrices”:

https://hal.science/hal-01509379 /document ,

for a general proof of the assertions regarding the norm: it is an easy, elementary and
elegant proof, one that nevertheless uses matrices. I don’t reproduce it here because I
don’t want to write out those matrices. But the rough idea is as follows: the assertions
regarding the norm are easy to verify for matrices that are products of block upper or lower
triangular matrices, and general matrices can be obtained from these, if certain elements
can be guaranteed to be nonzerodivisors, which one ensures by adjoining variables.

I will write out a proof of the transitivity of norm assuming that R = k is a field. But
what I have written below has turned out to be ugly, so I am not sure if you will want to
read it, but I hope you read up a proof from elsewhere.

(i) implies (i), so it is enough to prove (ii). Replacing R = k and S by R®; k = k and
S ®y k, where k — k is an algebraic closure, we assume without loss of generality that k
is algebraically closed.
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We can write S = 57 x --- x S,,, where S1,...,S, are Artin local k-algebras. Accordingly,
we can write V =V, @--- @V, where each V; is a free S;-module on which S acts through
the projection S — S;. This allows us to write 7" = (11, ...,T,), where T; € Endg, (V;) for
each 7. It is easy to see that detg(7) = (detg, (71),...,detg, (T,)) € S1 x --- x S, =S, and
Ngp(dets(T)) = [1i, Ns,w(dets,(T;)) € k. Since dety(T) = []}, detg(T;) as well, this
reduces us to the case where S is Artin local.

We may write V' = V ®y.9, for some k-vector space V. Since S is Artin local, the composite
ke S — §:=5/(radS) is an isomorphism. Therefore, we may also identify V' with the

vector space V ®g (S/(radS)) = V ®g k. This lets us realize End(V') as a subring of
Endg(V) as well as a quotient ring.

To finish, it is enough to prove:

[S:k]

(138) detk(T) = dets(T) = Ng/k(detg(T)),

where we write a — a for S — S.

Note that the first equality of (138), applied to the case where V is replaced by S and T
by multiplication by dets(7"), implies the second. Therefore, it is enough to prove the first
equality of (138).

For this, we claim that, if 7} and T, have the same image in Endy(V), then dety(77) =
dety(T3). To see this claim, note that T} — T sends V' to rad(S) -V, so T} and Ty induce
the same k-linear maps on the successive quotients of the (finite) k-vector space filtration
V o (rad S)V o (rad S)?V o ... of V. Thus, the equality det; (7)) = dety(T3) follows
from the determinant being multiplicative in exact sequences.

Therefore, to finish the proof of the theorem by proving the first equality of (138), we only

need to consider the case where T' € Endy (V) < Endg(V) (this is because Endy (V) —

Ends(V) — Endg (V) is an isomorphism). In other words, with slightly different language,
we can write T = T ® id € Endy (V) ® Endg(S) = Endy(V ®;, S) = Endg(V) (though T
commutes with S and hence belongs to Endg(V'). In this case, T identifies with a direct
sum of [S : k]-many copies of T', so the first equality of (138) is clear.

g

Theorem 27.28. (i) Suppose A is a finite separable commutative k-algebra, and let
k — k be an algebraic closure. Then for all « € A we have:

trap(a) = > ola), Na(a)= 11 o(a).
O’EHomk_Alg(A,]_C) O'EHOInk,Alg(AJ_C)

(i1) Suppose K /k is a finite purely inseparable field extension. Then for all o € A we
have:

tra(a) = [K :kla (=0 if [K: k] > 1), Nicjp(a) = olFH,
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(iii) For a general field extension K /k,

trp(@) = [K: K, Y ola), NK/k(@):< I1 a(a))

O’GHOmk_Alg(K,E) O’GHOmk_Alg(K,E)

Proof. For (i), base-change to k*:

A@k k® E’ n ks)

UeHomk_Alg (A,ks)

via the map that sends a ® b to (o(a)b),. Thus, multiplication m, by a on the left-hand
side becomes diagonalized on the right-hand side, since in the o-th coordinate m, acts as
multiplication by o(a). Then just use that the trace and determinant of a diagonal matrix
are respectively the sum and the product of its diagonal entries.

Now we come to (ii). Without loss of generality, chark = p > 0. We have a = o?" € k
for some n. We will prove the result for Nk ; the result for trg, is analogous. Then
Ng(@)P" = Ngp(a) = a®*F = (alF*)P" - Now take p™-th roots. (For a different
approach, base-change to an algebraic closure of k, and use the latter equality of (138)).

(iii) follows from (i) and (ii), since every finite extension can be obtained as a finite sep-
arable extension followed by a finite purely inseparable extension (Lemma 27.10), using
the transitivity of norm (Theorem 27.27), which we have proved when the base is a field,
which in our case is. U

Remark 27.29. The separable case of the above proof tells us that the isomorphism
A®p K — HaeHomk_Alg( ) I for K-split (and hence separable) finite k-algebras A, which
we have seen many times by now (e.g., a special case was used in Lemma 27.2), is about
diagonalization: this isomorphism lets us diagonalize the multiplication by a € A on A, but
after base-change to K. Note how this ties in with our discussion of Jordan decomposition
and maximal separable subalgebras above (Exercise 27.22).

In contrast, when K /k is purely inseparable, (m, : * — ax) € Endy(K) cannot be diag-
onalized for o € K\k, because this endomorphism is not semisimple. If one base-changes
to an algebraic closure k, one can see that in End; (K ® l;;), My = Magn differs from
the scalar and hence commuting semisimple endomorphism m;g, by something nilpotent,
hence has msg, as the semisimple part of its Jordan decomposition, and hence has the
same determinant as mig,, namely ol*! (thus giving a proof of the ‘purely inseparable’
case of the above theorem). This is essentially the comment made in the above proof about
using (138).
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28. LECTURE 28 — GROUP COHOMOLOGY, ARTIN-SCHRIER THEOREM

28.1. Group homology and cohomology — basic definitions and examples.

Definition 28.1. Let G be a group, and consider G-Mod := Z[|G]-Mod, the category of
abelian groups with a G-action.

(i) The functor of G-invariants,
(=) : G-Mod ~~> AbGrp, M ~ MY :={me M | om = mV o € G} = Homg(Z, M),*

is left exact (e.g., since Hom is left exact), and one defines the group cohomolgy
functors { H*(G, —)}i=o to be its right derived functors:

H'(G,—) := R(M ~ M) = Extly(Z, —).
(ii) The functor of G-coinvariants,
(=)g : G-Mod ~~~> AbGrp, M w~ Mg := M/{om —m|oe€G,me M} =ZQzq M,>

is right exact (e.g., since tensor product is right exact), and one defines the group
homology functors {H;(G, —)};>¢ to be its left derived functors:

Hi(G, =) := Ly(M ~> Mg) = Tor’l(z, —).

Note that, in particular, H°(G, —) = ()¢ and Hy(G,—) = (—)¢-

We will later (in Subsection 28.5) introduce a standard projective resolution to compute
the H'(G,—) and H;(G,—), but first let us study it as far as possible without such a
systematic/standard resolution.

Notation 28.2. We recall notation from our discussion of representation theory: the
augmentation ideal in Z[G] is the kernel of the augmentation map (a ring homomorphism)
e : Z|G] — Z that sends each o € G to 1 € Z. Note that, temporarily writing R for Z[G]
and I < Z[G] for the augmentation ideal, we can also describe M“ and Mg (functorially)
as follows, and the following description may be used without further mention:

MC = {me M | Im =0} =~ Homg(R/I, M), Mg=M/(IM) = (R/I)®x M,

where Z =~ R/I is viewed as a left R-module in the first description, and as a right R-module
in the second.

Proposition 28.3. If the group G acts trivially on the abelian group M, then:

(i) HY(G, M) = Hom(G, M) = Hom(G*, M).
(ii) Hi (G, M) = G ®z M.

Remark 28.4. The proof will use the following standard facts we have seen before:

84where Z is thought of as a left Z[G]-module with the trivial G-action
85where Z is thought of as a right Z[G]-module with the trivial G-action
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(i) Recall from HW 7, Problem 3(iii), that for a left ideal I of a ring R, we have:
Tor™(R/I, M) = ker(I @z M ™5 IM < M).
Indeed, this follows from the long exact sequence for Tor associated to the short
exact sequence 0 > [ - R — R/l — 0:
0 = Torf(R, M) — Torf(R/I, M) - I®@zr M — RQr M = M — (R/I) @z M — 0.
(ii) We claim
ExthL(R/I, M) = coker(Hompg(R, M) """ Hompg (I, M))
~ Hompg(I, M)/{(i — im) | m € M}.
To see this, apply the long exact sequence for Ext to 0 - [ — R — R/l — 0, to
get
0 — Hompg(R/I, M) — Homg(R, M) — Homp(I, M) — Extp(R/I, M) — Exty(R, M) =0,

and the claim follows easily.

We will need one more preparatory observation for the proof of Proposition 28.3:

Lemma 28.5. Let [  Z|G] be the augmentation ideal. Then there is an isomorphism of
groups G =~ [/I?,

Proof. We have a map G — I/I? g — (g — 1) + I?. This is a group homomorphism,
because gh —1 = (g—1)+ (h—1)+ (g—1)(h—1) e (g — 1) + (h — 1) + I?. Since (it is
easy to see that) I = Spany({g — 1| g € G}), this shows that G — I/I? is surjective as
well, and hence factors through a surjective group homomorphism G% — [/I2.

In the other direction, note that {g — 1 | 1 # g € G} is actually a Z-module basis for I.
Hence we have an abelian group homomorphism I — G, sending each g —1, g # 1, to the
image of g in G%. This homomrphism sends (g — 1)(h —1) = (gh—1) — (g —1) — (h — 1)
to the image of gh - g7' - h™1, i.e., to 1 € G, so this gives a well-defined homomorphism
of abelian groups /12 — G. It is easy to see that the homomorphisms G% — I/I* and
I/I? — G that we have defined are two-sided inverses to each other.

Note that G was not assumed to be finite anywhere in the argument. O

Exercise 28.6. In contrast, show that if I is the augmentation ideal in k[G], with G finite
and k a field with (char k, #G) = 1, then I = I%.

Hint: Tensor with k& and use the right exactness of the tensor product. An alternate
approach is to note that I is the product of some Endp,(V;) (why?), and hence a ring with
the induced multiplication, and the square of the unit ideal is the unit ideal.

Proof of Proposition 28.3. Let R = Z|G], and let I < R denote the augmentation ideal,
so that R/I =~ Z. For (i), note that by Remark 28.4, we have:

HY(G, M) = Exth(R/I, M) =~ Homg (I, M)/{(i — im) | m € M} =~ Hompg(I/I*, M))0,
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where in the last equality we used that I annihilates M, both for the numerator and the
denominator.

Hence, using Lemma 28.6 and the fact that R/I = Z via the augmentation map,
H'(G, M) =~ Hompg/(I/I?, M) = Homz(G*", M) =~ Hom g, (G, M),

This gives (i), and we move to (ii). Again using that M = 0, we get
H,(G,M) = Tor®(R/I, M) = ker(I @z M — IM) = [ @ M.
Since [ annihilates M, we get:
I®r M = (I®r (R/1)@ry M = (I/I*) @z M = G ®z M,
again using Lemma 28.6. U

Remark 28.7. In the above proof, we approached H'(G, M) = ExtQ[G] (Z, M) by using the
long exact sequence associated to Ext in the first argument (we used 0 - I - R — R/I —
0), though technically Definition 28.1 involves computing using an injective Z[G]-resolution
of M, which gives long exactness in the second argument. Thus, we have already used that
the two ways of defining Ext — using a resolution of either argument — are equivalent.

Similarly with H;(G, M).

Example 28.8. Suppose G = (¢t | t" = 1) is a cyclic group of order n. Let us compute
HY(G, M) for any G-module M. We recall the following computation from the midterm
examination. If R is a commutative ring, and a,b € R are such that R[b] := Anng(b)
equals aR and R[a] := Anng(a) equals bR, then note that we have the following resolution
of R/a.

S RERXEBRXYS . ..SRXEURXS R Rla—0
Homming this into M and tensoring this into M respectively, but removing the contribution

from R/a (as that is not part of the complex that computes the homology/cohomology),
we get the following complexes:

0->MI3MI3MSMZ..., and ...53MI3MZM-o0.
Taking cohomology /homology, we get
(139)
M[a), ifi=0, M/aM,  ifi=0,
Exth(R/a, M) = { M[b]/aM, ifi>0isodd, and, Torf(R/a, M) =< M[a]/bM, ifi> 0 is odd, and
Mla]/bM, if i >0 is even M{[b]/aM, ifi>0is even

We will apply (139) with R = Z[G] (which is commutative in this case), noting that
a =t — 1 generates the augmentation ideal I, and with b = 1 +¢ 4 --- + "L It is easy to
check the conditions R[a] = bR and R[b] = aR. Write N : M — M for the action of b —
note that this looks like a ‘norm’, from what we saw at the end of Lecture 27.
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N clearly factors through M — Mg, and has image in M G and hence induces a map
N : Mg — M€, Applying (139), and noting that M¢ = M[a] and ker(N) = M[b]/aM, it
follows that for any (possibly nontrivial) G-module M:

M€, ifi =0, Mg, ifi =0,
H'(G, M) = < ker(N), if i > 0is odd, and H;(G, M) = { coker(N), ifi> 0 is odd,
coker(N), ifi > 0 is even ker(N),  ifi >0 is even

Exercise 28.9. If G = Z = (t) is instead an infinite cyclic group, show:
MC, ifi=0, Mg, ifi=0,
Mg, ifi=1, M ifi=1"
Note: It can help if you note that in this case Z[G]| = Z[Z] =~ Z[t, t71].

H(G,M) = { Hi(G,M) = {

28.2. Restriction and corestriction. In this subsection, we would like to prove the
following;:

Theorem 28.10. For any finite group G and an abelian group M, multiplication by #G
annihilates H;(G, M) and H (G, M) for all i > 0.

A partial motivation for this theorem is that it gives an alternate proof of Maschke’s
theorem — though seemingly more complicated, this proof throws light into the failure
of Maschke’s theorem in bad characteristic (and explains why group cohomology sort of
measures this failure):

Alternate proof of Maschke’s theorem. The proof of Maschke’s theorem boiled down to the
assertion that when G is a finite group and k is a field with (char k, #G) = 1, then V ~~ V¢
is exact on Repy(G). ® Via the forgetful functor Repy(G) = k[G]-Mod ~~ Z|G]-Mod,
and the long exact sequence for H*(G,—) = Extzg(Z, —), this will follow if we show
that for each V' € Ob Repy(G), viewing V as a Z[G]-module, we have (H'(G,V) = 0, or)
H'(G,V) = 0 for each i > 0. But by Theorem 28.10, we know that multiplication by
#G annihilates H(G, V). On the other hand, we also know that multiplication by #G
on H'(G,V) is induced by (multiplication by #G) :V — V (this is easy, and is the Ext
analogue of HW 7 Problem 3(i)), which is an isomorphism as (#G,chark) = 1. Thus,
(multiplication by #G) :H'(G,V) — H*(G,V) is an isomorphism as well as the 0 map, so
H(G,V)=0. O

To prove Theorem 28.10, it will help to introduce the functors of restriction and corestric-
tion for group homology and cohomology, which are anyway important. For our prepara-
tion, we will not assume that G is finite.

86T his allowed us to get a complement to any subrepresentation W < V', by getting a section for the
surjective map V — V /W =: W’ of representations of G over k: applying the exactness of V ~~ V&
to the clearly surjective map Homy (W', V) — Homy (W', W') of representations of G, we obtained that
Homg(W', V) — Homg(W',W’) was surjective, and any inverse image of id € Homg (W', W’) splits
V—-Ww.

and .
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Being left and right derived functors, the group homology and cohomology functors are
universal d-functors from Z[G]-Mod to AbGrp, ({H:(G, —)}i, {6;}:) and ({H'(G, —)}:, {6°}:).
Let H — G be a group homomorphism; viewing G-modules also as H-modules, we have
d-functors ({H;(H, —)}i, {0;}:) and ({H'(H, —)}s,{6'}s), again from Z[G]-Mod to AbGrp.
Thus, on the category Z[G]-Mod of G-modules, we have natural transformations

(D) = (=) and  (2)% - (),
consisting of the My — Mg and the M“ < M*# figuring in the obvious factorizations
(M — Mg) = (My — Mg)o(M — My), and (M%< M) = (M7 < M)o(MY% — M™).

Definition 28.11. Thus, with the above notation, by Grothendieck’s theorem on univer-
sal o-functors, we get morphisms of homological/cohomological §-functors on Z[G]-Mod:
corestriction in group homology from H to G,

Cores% : ({H;(H, —)}i, {0:}:) — ({Hi(G, —)}i, {6:}4),
and restriction in group cohomology from G to H:
Resfy : ({H'(G, =)}i, {0')) — ({H'(H, -)}i, {0'}:).

For us, these notions will only be of interest when H — G is the inclusion of a subgroup.

In particular we have restriction maps H'(G, M) — H'(H, M) for each 7, functorial in M.

The proof of the above theorem uses a corestriction for group cohomology as well, and a
restriction for group homology as well. These are defined when H < G is a subgroup of
finite index. Then we have natural transformations in the opposite direction, i.e., from
(—)a to (=) g and from (=) to (—)¢ as well: for all m € M, where M is an abelian group
with a G-action,

Ne/m : M¢ > (image of me M) — Z (image of s -m under M — My) € My
se[H\G]
(don’t be like me, check carefully that this is well-defined), and
Ne i M7 smi—s > sme MY,
se[G/H]
where [H\G] and [G/H] are sets of representatives for H\G and G/H, respectively.

But to get morphisms of d-functors from here, we need the following:

Lemma 28.12. When H is a subgroup of finite index in G, ({H;(H,—)};,{6:}:) and
({H'(H,—)}s,{6}:) are are effaceable/coeffaceable on Z|G]-Mod.

Proof. For any Z|G]-module M, we have morphisms P — M < I of Z[G]-modules, with
P projective and I injective. It is enough to show that for ¢ > 0, we have H;(H,P) = 0
and H'(H, M) = 0. The former is true because P is also projective as a Z[ H]-module. For
the latter, it is enough to show that I is injective as a Z[H]-module, i.e., Homggz(—, 1)
is exact. But this is because, by Frobenius reciprocity, Homgzgj(—, 1) is the composite
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of Ind}; = Z[G] ®zm) — and Homy g (—, I), both of which are exact (the former is exact
because Z[G] is projective as a Z[H |-module). O

Exercise 28.13. Give an alternate proof of the above lemmas by showing that H;(H, —) =
Tor\“NZ[H\G], -), and H(H, ) = Extly (Z[G/H], -).

Notation 28.14. Therefore, Grothendieck’s theorem still applies, and with the above
notation (in particular H < G is of finite index), gives us a morphism of homological
d-functors on Z[G|-M od:

Res$y : ({Hi(G, =)}, {6:}:) — ({Hi(H, —)}i, {6i}4),

called restriction for group homology from G to H, and a morphism of cohomological
d-functors on Z[G|-M od:

CoresS : ({H'(H, =)}, {6'}:) — ({H'(G, —)}i, {6}:),

called the corestriction for group cohomology from H to GG. Note that we have only defined
these when H < G and [G : H] is finite.

Proposition 28.15. Let H < G be a subgroup of finite index. Then for all i and all
M € ObG-Mod,

Cores o Res% : H(G, M) — H'(G, M)
s given by multiplication by #G. A similar statement applies to group homology.

Proof. We will prove the assertion involving group cohomology; the assertion involving
group homology is similar. For ¢ = 0, this is just saying that the map

MG N MH mHZSi?/H] sm MG
is multiplication by [G : H], which is clear. The general case follows because morphisms
from universal d-functors are completely determined at the ¢ = 0 level, and multiplication

by #(G/H) is trivially a morphism of d-functors.. O

Proof of Theorem 28.10. For the assertion involving group cohomology, apply Proposition
28.15 with H equal to the trivial subgroup of G, and use that in this case H'(H, M) = 0
for all i > 0 (e.g., taking fixed points under {1} is exact, and hence has vanishing derived
functors). The proof of the assertion involving group homology is similar. O

28.3. Induced modules and Shapiro’s lemma. If H < G is a subgroup, we have al-
ready introduced the functors Ind$, : Z[H]-Mod ~~ Z[G]-Mod and coInd$, : Z[H]-Mod «~~
Z|G]-Mod in Lecture 7. Since these are involved in some nice adjointness properties, we
can ask if these properties reflect in the world of group homology and cohomology, which
is indeed the case:
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Theorem 28.16 (Shapiro’s lemma). (i) (Shapiro’s lemma for group cohomology) For
all i € N, we have isomorphisms functorial in H-modules M :

HY (G, colnd$; M) — H'(H, M),

obtained as a composite H'(G, colnd$, M) — H'(H,colnd$; M) — H(H, M), the
latter induced by the morphism CoIndg M — M, and the former given by restriction
for group cohomology.

(i1) (Shapiro’s lemma for group homology) For all i € N, we have isomorphisms func-
torial in H-modules M :

Hi(H, M) — H;(G,Ind% M),

obtained as the composite H;(H, M) — Hy(H,Ind$ M) — H;(G,Ind% M), the for-
mer induced by M — Indg M, and the latter given by corestriction for group ho-
mology.

Remark 28.17. Recall also that coInd% and Ind$ are functorially isomorphic when [G :
H] is finite.

Partial proof of Theorem 28.16. Only the existence of such isomorphisms will be proved
(and that is all that we will need for Artin-Schreier theory below). It will be left to it to
the interested readers (if any) to fill in the justification for their descriptions, by making
the relevant HW 7 problems more precise.

Let R = Z[H] and S = Z[G]. Since S is projective as a left R-module, we know from HW
7, problem 5(ii)(b) that for all left R-modules N and left S-modules M, we have for all
1= 0:

(140) Ext’ (N, M) = Ext4(N, Homg(S, M)).

Letting N be Z as a left S-module, the above gives an isomorphism H*(H, M) — H'(G, colnd$, M).
Unfortunately the description of this map was not explicitly given in HW 7 probem 5(ii)(b),
but you can check that it agrees with the one given in the proposition.

This gives (i). (ii) is similar, using HW 7, problem 5(ii)(c), which says that whenever S is
projective as a right R-module (which is the case in our situation), for all right S-modules
N and left R-modules M, we have for all i > 0:

Tor? (N, S @z M) S Tor®(N, M).

28.4. The Artin-Schrier theorem.

Proposition 28.18 (Hilbert’s Theorem 90, additive form). Let K/k be a finite Galolis
extension of fields. Then H'(Gal(K /k), K) = H;(Gal(K /k), K) = 0 for all i > 0.
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Proof. Let G := Gal(K/k). Recall that by the normal basis theorem, K /k is, as a k[G]-
module, free (and even isomorphic to k[G]). Thus, as a G-module, we have identifications
K = k|G] = Maps(G, k) = coIndﬁ} k= Indﬁ} k, where k is given the trivial action of the
trivial group {1}. Therefore, for i > 0, we have by Shapiro’s lemma (Theorem 28.16),

HY(G,K)= H'(k,1)=0, and H(G,K)= H;({1},k) =0.
O

Definition 28.19. A field extension K /k is called cyclic (resp., abelian) if it is Galois and
satisifies that Gal(K /k) is cyclic (resp., abelian).

Corollary 28.20. Let K/k be a finite cyclic extension, with Gal(K /k) = (o). For f € K,
we have trix(B) = 0 if and only if there exists a € K such that 3 = o(a) — a.

Remark 28.21. If 3 is of the form o(a) — a, it is immediate that trg/(5) = 0. It is the
converse that is non-obvious.

Proof of Corollary 28.20. Recall the description H'(Gal(K/k), K) = ker(N) for i odd,
from and in the notation of Example 28.8, where we let G = Gal(K/k) and M = K.
Applying the additive form of Hilbert’s Theorem 90 (Proposition 28.18), we get that N is
injective. But in this case, N identifies with the map

Mg = K/Spang{o'(a) —a | o' € G,a € K} Rl
The injectivity of N means that
{Be K |trgp =0} =Spany({o'(a) —a | 0’ € G,a € K}) = Spany({c(a) —a | a e K}),

where the last step is an easy consequence of the fact that « is a generator of the cyclic
group G. O

Exercise 28.22. Prove Corollary 28.20 by instead considering

a = (trr0) " (Bo(0) + (B + a(B))o™(0) + -+ (B+a(B) + -+ 0" *(B))a"(9)),

for some 0 € K such that trg . (0) # 0 (such a 0 exists by the separability of K /k, since in
that case we have seen in Lecture 24 that the trace form is nondegenerate).

Theorem 28.23. Let k be a field of characteristic p > 0.

(i) Let K/k be a finite cyclic extension. Then there exists a € K such that K = k(a),
and such that a satisfies an equation of the form x? —x —a =0 for some a € k.
(i1) Conversely, given a polynomial f(x) = 2P — x — a with a € k, one of the following
holds:
(a) f has a root in k, in which case all roots of f are in k; or

(b) f is irreducible, and adjoining a root a of f to k defines a cyclic extension
kla]/k of degree p.



Proof. We first prove (i). Let Gal(K/k) = (o). Since trgx(1) = [K : k](1) = p(1) = 0,
Corollary 28.20 implies that there exists « € K such that o(a) — o = 1.

Note that

o) —a? =(a+1)! = (a+1) =0(a) —q,
so that a := o — a is fixed by ¢ and hence belongs to K GK/k) — k. Therefore « is a root
of 27 —x — a € k|z]. Since o € K\k, and [k[«] : k] divides p, we have [k[«] : k] = p. This
proves (i), though let us also note as an aside that the o-orbit of ais o, 41, ..., a+(p—1).

Now let us prove (ii), so let f(z) = 2P — z — a. If v is a root of f in any extension of k,
note that so are a,« + 1,...,a + p — 1, and all these are distinct. This already implies
that if f has a root in k, then all roots of f are in k. Hence, suppose f does not have a
root in k.

Let K/k be the extension obtained by adjoining a root « of f, so that K = k[«a], and
[K : k] = d < p. It is enough to show that K/k is Galois of degree exactly p, which
will also give the irreducibility of f. The argument of the previous paragraph shows that
f splits completely in K, so that K/k is normal. It is also separable — since the roots
of f are all distinct — and hence Galois. Any nontrivial o € Gal(K /k) sends «a to a + i
for some 0 < i < p. Since (p,i) = 1, for each 0 < j < p, Gal(K/k) also contains an
automorphism that sends « to o + j. This implies that # Gal(K /k) = p = deg f, so that
[K : k] = Gal(K/k) = p, forcing f to be irreducible. O

28.5. The bar resolution. There is an explicit free resolution of the Z[G]-module Z,
which helps us to describe the H*(G, M) more explicitly.

Definition 28.24. For all n € N, let B,, be the free Z-module (not the free Z[G]-module)
on the (n + 1)-tuples (ay, . ..,0,) € G"! (in particular B identifies with Z[G]), made into
a Z[G]-module by

o-(0g,...,00) = (000,...,00,),
On : By — By_1 by

(00, 0n) = D (=100, .., 61, ., ).

1=0

and define, forn > 1, ¢

For n =0, let
0=0y:By=2Z|G] > Z

be given by the augmentation map.

It is readily checked (exercise) that the B,, and the ¢, form a complex (B,,d.). It is also
immediate that each B, is free as a Z[G]-module.

Lemma 28.25. B, — Z is a resolution.
Proof. First we check the exactness at By. The map ¢; : By = Z[G x G] — Z|G] = By

sends (09, 01) to o1 — 0¢. Thus the image of 0; is the augmentation ideal of Z[G], so that
coker 0; identifies with Z via the augmentation map, as desired.
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Now let us prove exactness at n > 1. For n > 0, define H, : B, — B,.1, by
H,(oo,...,00) = (1,00,...,00).

Check that for n > 1 we have 0,1 0 H, + H,_1 0 0,, = idp,, which immediately gives that
for all v € ker 0,,, we have

V= Ony1(Hn(v) + Hyo1(00(v)) = Opi1 (Ha(V)) < im(ya ).
O

Exercise 28.26. The following may be a better way of writing out the above proof.
Throw in a Z = B_; into the resolution, define an H_;, and interpret the above result as
the identity map of the resulting complex being null homotopic.

A resolution involving an explicit Z[G]-basis, on the other hand, would replace B, by
something that has n explicit generators over Z[G].

Definition 28.27. Let, for n = 0, B!, be the free (left) Z[G]-module on the set of n-tuples
(01,...,0,) with each o; € G. Here, by convention, Bj is understood to be Z|G], a free
left Z[G]-module on the empty tuple. For n > 0, we have an isomorphism B!, — B,, of left
Z|G]-modules, given on the standard basis of B, by

(01,...,00) — (1,01,0109,...,0102...0,).

!/

We transport the maps 0, : B,, — B,—1 to maps ¢, : B/, — B/ _,, and the map By — Z
to a map B[, — Z, via these isomorphisms, and form the resolution (B, ?,) of the left
Z|G]-module Z. Note that B = Z|G]| — Z identifies with the augmentation map.

Let us explicitly compute the ¢/,. We have on B,;:

an(1,0'1,0'10'2,...,0'10'2...0‘n) = (0’1,0‘10‘2,...,0'10'2...0'n)
n—1 ‘
+<Z(—1)Z(1,01, ...,0109...04,...,0109. ..O'n)> + (=1)"(1,01,...,0109...0,_1).
i=1

This implies (please ask me if you don’t follow this) that
n—1

6;(01, e ,O'n) = 0'1(0'2, e ,O'n)—f‘Z(—].)i(O'l, ey 0i-1,0i0441,- .- 7O'n)+(—].)n(0'1, R ,0'”_1>.
i=1

Thus, H"(G, M) identifies with the quotient Z"(G, M)/B™(G, M), where inside the abelian

group C"(G, M) of all maps f: G x --- x G — M from a product of n copies of G to M,

we have

Z(G, M) = ker(C™(G, M) % C"(G, M) = { | Vo, onin € G,

n

Ulf(027 cee 70n) + Z(_l)if(ala ey 0305415+ - - 7071) + (_1)n+1f(01a s 7011) = 0}7

=1
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and

B"(G,M) =C" NG, M)o?d, ={(o1,...,00) > o1f(02,...,00_1)+
n—1

DD for, 0001, 00) + (1) f(on, .. on) | fe CHG, M)}

i=1

Remark 28.28. Let us explicitly write out what this means for n =7 = 0,1, 2:

(i) Fori = 0 (interpreting the terms involving i—1 appropriately), one gets BY(G, M) =
0, but Z°%(G,M) = {me M | Yo € G,o(m) —m = 0} = MY, recovering that
H°(G,M) = Z°(G,M)/B°(G, M) equals M¢.

(ii) For ¢ = 1, one gets

ZMGM)={(c—a,:G—>M)| Vo,7eG,o(a)— agr +a, =0} < C*(G, M),

and BY(G, M) = {oc — (c(m) —m) | m € M} <« CY(G,M). Thus, the cocycle
condition here is “a,, = a, + o(a,)”, and the coboundaries are the form o —
o(m) —m. (Exercise: verify explicitly that the coboundaries are cocycles).

Note that when the G-action on M is trivial, Z'(G, M) = Hom(G, M) and
BY(G, M) = 0, recovering the description H'(G, M) = Hom(G, M) from Proposi-
tion 28.3.

(iii) For i = 2, one gets

732G, M) = {(0,7) = 57 : GXG — M | Y 01,02,03 € G,01(Agy.05)—Uor09.05 + 0010905 — 0oy .09
inside C*(G, M), and
B*(G, M) = {(01,02) = 0105, — Ggyy + 0o, | (60— a,) : G — M)} = C*(G, M).

Notation 28.29. Elements of Z/(G, M) are called i-cocycles, and elements of B'(G, M)
are called i-coboundaries. Two i-cocycles in Z*(G, M) having the same image in H* (G, M)
are said to be cohomologous to each other. Similarly, we define i-cycles and i-boundaries
in the homological context.

Exercise 28.30. (i) When the G-action on M is trivial, use the explicit resolution

(B.,d.) to recover the identification H(G, M) = G* ®; M from Proposition 28.3.

(i) Assume that G is finite cyclic. Use the explicit description of H'(G, M) in Remark
28.28(i) to recover the formula for H'(G, M) given in Example 28.8.

Definition 28.31. The description of H'(G, —) in the abelian case from Remark 28.28(i)
can be adapted to give a definition of H'(G, M) even when M is a nonabelian group, as
follows. Namely, in this case:

(i) We first set
ZH G, M) ={(0—a,):G— M| a, =a,-ola,)Vo,7eG}

— it is a set and not a group — and call its elements 1-cocycles of G in M.
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(i)

(i)

Two elements (a,), and (a.), are said to be cohomologous, a relation we indicate
by (ay)s ~ (al)s, if there exists b € M such that a/, = b~ 'a,o(b) for all o € G.
Check that ~ is an equivalence relation, and that if (a,), € Z'(G, M) and b € G,
we do have (o — b~ a,0(b)) € ZY(G, M).

Since ~ is an equivalence relation, we may and do set H'(G, M) to be the set
ZYG, M)/ ~ of equivalence classes. Its elements are called the (1-)cohomology
classes of G'in M. Note that H'(G, M) is not a group in this case, but it is a pointed
set, the ‘distinguished point’ being the equivalence class (i.e., the cohomology class)
of (ay)s, where a, = 1 € M for all o € G. Note that we haven’t defined B'(G, M),
but rather replaced it with an equivalence relation.

Note that when M is nonabelian, we use multiplicative notation to describe operations in
it; in particular we write 1 instead of 0 for its identity element in such situations.

The definition of H'(G, M) when M is nonabelian will be relevant in Lecture 29, where
I hope to discuss the multiplicative Hilbert’s Theorem 90, which says that for all n > 1
and all finite Galois extensions L/K, H'(Gal(L/K),GL,(L)) is the trivial (i.e., singleton)
pointed set.

Exercise 28.32. (Easy and formal) Let G be a group acting on a (not necessarily abelian)
group M. Form the semidirect product M x G, and consider the projection map p :
MxG— M.

(i)

(i)

(i)

Show that Z'(G, M) is in bijection with the set of (group-theoretic) sections G' —
M xGtop: MxG — G, such that a section s : G — M x G and a 1-cocycle (a,),
correspond to each other under this bijection if for all 0 € G, we have s(o) = (a,, 7).
If sections s, : G — M x G correspond to cocycles (a, ), (al), under the above
bijection, show that (a,), and (a,), are cohomologous to each other if and only if
there exists b € M such that s’ = Intbo s, where Intb : M x G — M x G is given
by conjguation by b.

In other words, elements of H'(G, M) correspond to M-conjugacy classes of
sections to M x G — G.
When M is abelian, show that the above bijections respect the relevant group
structures: e.g., realize the set of sections to M x G — G as a group in this case
(i.e., when M is abelian), as Z*(G, M) is, and show that the bijection from the set
of sections to Z1(G, M) is a group homomorphism. Similarly, interpret the bijection
from H'(G, M) to the set of G-conjugacy classes of sections to M x G — G as a
group isomorphism.
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29. LECTURE 29 — H? AND GROUP EXTENSIONS, HILBERT’S THEOREM 90, BASIC
KUMMER THEORY

Since we are going to write cocycles as (¢, )y, (Co.r)o.r €te. today, rather than (aq )y, (aor)o.r
etc., let us recall the concrete descriptions of H*(G, M) and H?*(G, M) from Lecture 28.

(i) For ¢ = 1, we have
ZHG, M) ={(c—cs:G—M)| Yo,7€ G, o(c;) — cor + ¢, =0} = CHG, M),
and BY(G, M) = {c — (c(m) —m) | m € M} ¢ C'(G,M). Thus, the cocycle

condition here is “c,, = ¢, + o(c;)”, and the coboundaries are the form o —
o(m) —m. (Exercise: verify explicitly that the coboundaries are cocycles).

(ii) For ¢ = 2, one has
Z2(G, M) = {(0,7) = Cor : GXG — M | Y 01,09,03 € G, 01(Coy.05)—Coroa.05+Cor.000s—Cor.00 = 0}
inside C*(G, M), and
B*(G, M) = {(01,02) = 01(bg,) — bgyay + b, | (0 — bs) : G — M)} = C*(G, M).

29.1. Some comments on H'. Recall that if a group G acts on a not necessarily abelian
group M, we have the first group cohomology H' (G, M) = Z'(G, M)/ ~, where Z' (G, M) =
{(¢s)s : G — M| cor = ¢5-0(c;)}, and where (¢y), ~ (), if and only if there exists b e M
such that ¢, = b~'c,0(b) for each o € G. This is a pointed set, and if M is an abelian
group, this is in bijection the abelian group Z'(G, M)/BY(G, M) given earlier (with the
distinguished element mapping to 0). Our comments on H' will be through the following
exercise.

Exercise 29.1. (i) Let the group G act on groups N and M, and let N < M be
an injective homomorphism of groups respecting the action of G. Note that the
coset space X = M /N gets an induced action of G. Though M — X is surjective,
M€¢ — X% may not be surjective. However, if H(G, N) is trivial (or even if
HY(G,N) — HY(G, M) is injective), show that M — X is surjective.

Hint: If 2 € X, choose m € M mapping to . For all o € G, consider m~'o(m),
which is a coboundary for M but only a cocycle for N. If H*(G, N) is trivial, there
exists n € N such that n='o(n) = m~'o(m) for all o, so mn~! € M is fixed by G
and maps to x.

Note: One can make this better an say that there is an ‘exact sequence of pointed
sets’

1 — NY = HG,N) - M® = H(G, M) - X% = H'(G, X) > H'(G,N) — H'(G, M),

and one can further add in an H*(G, X) if N ¢ G is normal, so that X becomes
a group. Here, a sequence B’ — B — B” of pointed sets is said to be exact if
the preimage in B of the distinguished element of B” is the image of B — B (but
note that this sort of exact sequence is weaker in its implication than for groups;
nevertheless it is still useful).
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Note: Here is an application of sorts, though this can be proved more elementarily.
If N is a normal subgroup of M, multiplication by #G is invertible on N, so that
H'(G, N) vanishes by Theorem 28.10 from Lecture 28, and if G acts trivially on N
and (M/N), it follows that G acts trivially on M.

(ii) Let k < k be an algebraic closure. One knows that elements of GL, (k) that are
conjugate in G L, (k®) are also conjugate in GL,(k), but this is not true for other
groups like the special linear groups SL,,, or symplectic or orthogonal groups. Let
M be such a group, where we can talk of M (k) and M (k*) — for concreteness, we can
let M = SL,. The question is when 7,~" € M (k) may be M (k*)-conjugate but not
M (k)-conjugate. Using the aforementioned exact sequence, show that the M (k)-
conjugacy classes of elements 7/ that are M (k®)-conjugate to v are in bijection
with ker(H'(Gal(k® k), M7 (k®)) — HY(Gal(k*/k), M(k*)), where M7 (k*) is the
centralizer of v in M (k®*), and ‘kernel’ means ‘inverse image of the distinguished
element’.

Thus, if we know some Galois cohomology vanishing, we may be able to say that
certain elements of an algebraic group M that are ‘conjugate over k*’ are actually
‘conjugate over k’, or at least quantify the failure in this being the case.

29.2. H? and group extensions. One motivation for considering H? is that it allows us
to construct a generalization of the semidirect product. Let A be an abelian group, and G
a group acting on A, so that A x G is well-defined, with underlying set A x G. How can
we get other group structures on the same underlying set A x G?

Notation 29.2. Until Proposition 29.6 below, we fix a group G acting on an abelian group
A. Given a function ¢ : G x G — A denoted as (¢, )sr, We let £ = E. be equal to A x G
as a set, but given the binary operation:

(141) (a1,01) - (ag,02) = (a1 + 01(a2) + Coy 09, 0102).

Example 29.3. When ¢: G x G — A is identically 0, E = E, is clearly a group: it is the
semidirect product A x G, where the semidirect product is defined using the action already
fixed.

Of course, the question here is: what are the ¢ = (¢,; ), for which £ = E. is a group (i.e.,
with the multiplication defined as in (141)) above?

Exercise 29.4. Assume that £ = E. is a group. Show that we have an exact sequence of
groups

(142) 1>A—>E—G-1.

Note: Though Grp is not an abelian category, a sequence 1 - A - F — G — 1 of
homomorphisms of (not necessarily abelian) groups is defined to be exact if A — FE is
injective, ' — G is surjective, and the image of A — F is the kernel of £ — G.

Hint: It is clear that F — G is a group homomorphism, and the kernel is A x {1} with
the binary operation (aj,1)(az,1) = (a1 + a2 + ¢11,1). Then (a,1) — a + ¢1; defines a
group isomorphism from this group to A.
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What are the conditions on ¢ : (07, 02) — ¢4, 5, that turn E, in to a group?

Invertibility of actions: It is immediately checked that regardless of what (o1, 02) — Co, .0,
is, the map (a,0)-— : Ax G — A x G is always bijective for all (a,0) € E.: informally, it is
bijective on the ‘G’-coordinate, and the extra c,, ,, on the ‘A’-coordinate can be adjusted
by modifying the as. An analogous assertion applies to ‘multiplying from the right’.

Associativity: The associativity condition translates to requiring, for all (a1, 01), (az, 09), (as, 03) €
E., that:

ar + 01(a2) + Coy 00 + 0102(a3) + Corop,05 = @1 + 01(a2) + 0102(a3) + 01(Coyos) + Cor.0p0s-

It follows that the multiplication is associative if and only if ¢ = (¢y+)sr Is & 2-cocycle.

Identity element: An identity element, if any, is of the form (a,1); and it is immediately
verified that (a, 1) is a left identity (resp., right identity) if and only if ¢ = 1 and, for all
(a',0") we have ¢; »» = —a (resp., cor1 = —0'(a)).

So for a general ¢, such an a does not exist (e.g., why should ¢; ,» be independent of ¢'?).
However:

Exercise 29.5. (i) If ¢ = (¢or)or is a 2-cocycle of G in A, show that there exists a
unique a € A such that for all o € G we have ¢; , = —a and ¢,; = —o(a). In other
words, show that for all 0 € G we have ¢;, = ¢11, and that ¢,1 = o(c11).

(ii) Show that (any general) 2-cocycle ¢ = (¢yr)or of G in A is cohomologous to a
normalized 2-cocycle ¢’ = (c[, ,)or, Where ‘normalized” means having the property
that ¢, = ¢}, =0foralloeG.

Hint: Let ¢ and ¢ differ by the coboundary db of any b = (b,), € C*(G, A) such
that by = ¢ 1.

Note: One advantage of a normalized cocycle is that, if ¢ € Z%(G, A) is normalized,
checking the identity axiom for E, as in (141) becomes trivial: (0,1) e AxG = E'is
an identity under these assumptions. Thus, Exercise 29.4 is even more trivial when
¢ is normalized. Proposition 29.6(ii) below, together with the present exercise, tells
us that to study FE., we can always reduce to the case where ¢ is a normalized
2-cocycle.

Proposition 29.6. Let a group G act on an abelian group A. Fix a map ¢ = (Cor)or :
G x G — A, and form E. = A x G as in Notation 29.2, with the binary operation (141).

(i) E., given the binary operation (141), is
(11) Suppose 2-cocycles ¢ = (Cor)or, ¢ = (c
same image in H*(G, A); say,

roup if and only if ¢ is a 2-cocycle.

ag
br)or € ZYG, A) are 2-cocycles with the

(143) c(o1,09) — d(01,09) = 01(bey) — boyoy + boy,  Vo1,00€ G,
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where (b,)s € CH(G, A) is a 1-cochain. Then defining E. and E. as above, we have
a commutative diagram of homomorphisms of groups

(144) 1 A E. G 1.
H j(a,o’)—»(a+bg,o) H
1 A E, G 1

(i1i) Assume that ¢ is a 2-cocycle, so that E. is a group by (i). Then E. fits into an
exact sequence

1 >A-E—>G-1,

with the following further property. Since A is abelian, the conjugation action of E
on A quotients to an action of G on A; the property is that this action is the action
of G on A that we started with.

Proof. (i) follows from the above discussion: to summarize, we have shown that the asso-
ciativity of the binary operation on E, is equivalent to ¢ being a 2-cocycle, that ¢ being a
2-cocycle automatically implies the existence of an identity element (see Exercise 29.5(i)),
and that left or right ‘multiplication’ by any (a, o) is automatically bijective.

For (ii), what one needs to verify is the following, which follows from (144).

a1 + 01(a2) + Coy.op + boyoy = a1 + by, + 01(ag + by,) + Yo, 0,€G.

01,027
The existence of the exact sequence as in (iii) has been covered in Exercise 29.4. To show
the assertion about the action of G on A, by (ii) and Exercise 29.5(ii), we may and do
assume that c is normalized, i.e., that ¢,; = ¢;, = 0 for all 0. Now the claim about the
action of G on A follows from the computation

(0,0)(a,1) = (o(a),0) = (0(a),1)(0, ),
where the first equality used that ¢,; = 0, and the second that ¢; , = 0. U

Notation 29.7. (i) Let G be a group and A an abelian group. If no action of G on A
is specified, then an extension of G by A refers to a group F together with an exact
sequence of groups 1 - A — EF — G — 1. Any such extension/exact sequence
determines an action of G on A, the one obtained by quotienting the conjugation
action of E on A.

If an action of GG on A is specified, then in that context an extension of G by A
will again refer to an exact sequence 1 - A — E — G — 1 of groups, but with the
additional property that the action of G on A determined by this exact sequence
equals the given action of G on A.

(ii)) Two extensions 1 > A - F -G > land1 > A —->F — G —>1of Gby A
are isomorphic if these are the rows of a commutative diagram as in (144), whose
middle vertical arrow is some isomorphism of groups £ — E'.
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(iii) An extension F of G by A is said to be a central extension if the associated action
of G on A is trivial. This is easily seen to be equivalent to A ¢ E being a central
subgroup of E.

Theorem 29.8. Let a group G act on an abelian group A. Associating to a 2-cocycle ¢ of
G in A the set E. = A x G together with the binary operation (141), induces a bijection

2 Isomorphism classes of extensions of G by A,
(145) H (G? A) - { for the given action of G on A.

Under this bijection, the 0-element of H*(G, A) corresponds to Ax G (so the other elements
of H*(G, A) correspond to extensions 1 — A — E — G — 1 that are not semidirect
products, or equivalently, such that E — G does not have a section).

Proof. The existence of a well-defined map as given follows from Proposition 29.6. The
assertion about the image of 0 € H?*(G, A) follows from Example 29.3. It is therefore
enough to show that (145) is a bijection.

For this, one constructs a candidate two-sided inverse as follows. Given an extension of E by
A inducing the given action of G on A, we choose a set-theoretic section (o +— s,) : G — FE

_ -1
to B — G, and set o 0y = 56,50,55,0,-

Any other set-theoretic section is of the form bs : G — E, where b : G — A, replacing
s by which replaces ¢ by a cohomologous 2-cocycle, as one sees by verifying the following
computation:

—1 -1 —1
bUlso'l 'b02802 : (b010280102) = b0101 (b02>balo—2 *85150955,09"

This gives a candidate map in the other direction; denote it by E — cg (adopting some
informal notation: cg is really in H?(G, A) but we might confuse it with a representative
in Z?(G, A)). To finish the proof, we need to show that cg, is cohomologous to ¢, and that
E. . is isomorphic to E.

CE

Let us first prove the latter. Note that while constructing this map using the set-theoretic
section s, resulting in the 2-cocycle ¢ = cg, A x G identifies set-theoretically with F
via (a,0) — as(o). Under the inverse of this identification, the multiplication on F
is transported to the binary operation on A x G given by (141), as follows from the
computation:

a15(01)azs(02) = ar01(az)s(01)s(02) = aro1(az) - (s(o1)s(o2)s(o109) 1) - s(0109).

But this is giving exactly the equality £/ =~ E.,. To finish the proof, it is enough to show
that cp, is cohomologous to E. Start with a 2-cocycle ¢, which we assume without loss of
generality to be normalized, so that ¢, = ¢, = 0 for all 0 € G. Then the computation

(07 0'1)(0, 02) = (001,027 0-10-2) = (0017027 1) : <07 0102)7

where the latter equality uses the normalization of ¢, shows that cg_ is cohomologous to
c. O
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Exercise 29.9. Show that any two normalized 2-cocycles of G' in A (again, (¢, ;) is
‘normalized’ if ¢,1 = ¢1, = 0 for all 0 € G) differ from each other by a normalized 2-
coboundary, i.e., by a db, where b(1) = 0. Thus, H?*(G, A) can also be described as the
quotient of the group of normalized 2-cocycles by that of normalized 2-coboundaries.

A better, more systematic and general, treatment of group cohomology using normalized
cocycles is found in Professor Nair’s notes, where a normalized bar resolution is defined, us-
ing which one can also define the H (G, A), for all i, in terms of what are called normalized
i-cocycles and normalized i-coboundaries.

29.3. The Schur-Zassenhaus theorem.

Theorem 29.10 (Schur-Zassenhaus). Let G, H be finite groups with (#G,#H) = 1. Then
any exact sequence 1 - H — E — G — 1 of groups is split, i.e., we have an isomorphism

F>~Hxd.

Proof. The base case of the induction will be when H is abelian. In this case, by The-
orem 29.8, extensions for any given action of G on H are classified by H?(G, H). Since
(#G,#H) = 1, on one hand, multiplication by #G on (the abelian group) H is an iso-
morphism and hence induces one on H?(G, H). On the other hand, multiplication by #G
induces the 0 map on H?(G, H) by Theorem 28.10 from Lecture 28. Thus, multiplication
by #G is both an isomorphism and the 0 map on H?(G, H), so we have H*(G, H) = 0.

Now we will reduce the general case to the abelian case, by induction on #H. Assume the
result to be true whenever # H is smaller. Let P < H be a p-Sylow subgroup for some prime
p; it is a p-Sylow subgroup of E as well, since (#H, #G) = 1. First let us reduce to the case
where E normalizes P. Since H is normal in E, any p-Sylow subgroup of E, being conjugate
to P, is contained in H, from which it follows that the map £ — G remains surjective when
restricted to the normalizer Ng(P) < E of P in E (since any E-conjugate of P can be
H-conjugated to P). Now we have an exact sequence 1 — H nNg(P) - Ng(P) - G — 1,
and it is enough to find a section to Ng(P) — G (since Ng(P) — G is a restriction of
E — G). Thus, we have reduced to the case where £ = Ng(P), i.e., to the case where P
is normalized by F, which we assume now.

Let Z = Z(P) be the center of P. Since H and E normalize P, they normalize Z as well,
and we get an exact sequence

1> H/Z—>E/Z—>G—1.

By the induction hypothesis (which applies since Z is nontrivial), £/Z — G splits, so E/Z
has a subgroup G’ isomorphic to G. If E' c E is the inverse image of G’ under £ — E/Z,
then we have an exact sequence

l1-Z—>F ->G=>=G—1.

Since Z is abelian, this exact sequence splits, as desired. Il
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29.4. Application to projective representations. Here is one way 2-cocycles help.
Sometimes, we don’t have a representation G — GL(V), but only a homomorphism
G — PGLi(V): or equivalently, a noncanonical map g — A, € GLg(V) such that
G — GLi(V) — PGLE(V) is a homomorphism. Since a lot of representation the-
ory has been studied and found to be useful, we would like to ask: can the homomor-
phism G — PGLg(V) can be studied using a representation? This would be easy if
G — PGL(V) lifts to a homomorphism G — GLi(V'), but such a lift may not exist. We
might like to find the “next best approximation”.

Here is one way this sort of a situation can arise. Suppose that (p, V) is an irreducible
representation of H over an algebraically closed field k, and that G acts on H in such a
way that for each g € G, 9p:= polntg~': H — GLy(V) is isomorphic to p. This means
that for each g € G, we have a linear map A, : V' — V such that 9p(h) o A, = A, o p(h)
for all h € H —i.e., A, intertwines p with 9p. It is then easy to see that AjA, and Ay,
both intertwine p with 9"p. In other words, (Agn)~! o A,A; intertwines V with V, and is
hence, by Schur’s lemma, a scalar in k. But this is the same as saying that g — A, is a

homomorphism G — PGLy(V), where A, is the image of A, under GLy(V) — PGLy(V).

In general, we may not be able to ‘correct’ the A, by scalars so that g — A, becomes a
homomorphism G — GL(V). In such a situation, how can we still get a representation
out of G — PGLy(V)? One easily verifies that (g, h) — AgAhAg_hl is a 2-cocycle valued in
k* =~ Z(GL(V)), and thus gives rise to an element of H*(G, k™), where let G act trivially
on k*. If A=Fk*,orif Ac k> is a subgroup containing the image of this cocycle, then we
get, by Theorem 29.8, a group extension 1 — A — G — G — 1 correpsonding to the class
of this cocycle in H?(G, A), and it is easy to see that there is a unique homomorphism
G — GLi(V), call it § — Aj, such that the following diagram commutes:

G N GV

| |

G I pGLy(V)

Thus, the projective representation G — PGLy(V) may not lift to a representation G —
GLi(V), but it will lift to a representation G — GLy(V'), where G is a central extension
of G by some abelian group A.

A particularly important example is when we have a symplectic space (W, (-, -)) over, say R.
Then one can form the group H whose underlying set is R x W, and whose multiplication
is given by:

1
((1,1,11)1) . (CLQ,’UJQ) = (CLl + as + §<w1,w2>, w1y + UJ2> .

Then H is called the Heisenberg group associated to W and (-, -). By the famous Stone-
von Neumann theorem, given a nontrivial (continuous) character ¢ : R — C* there exists
a unique irreducible unitary representation (p = py,V = V,) of H on a Hilbert space
V' =V, with the property that Z(H) = R < H acts on V =V, through .
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Note that the symplectic group G = Sp(W, (-, -)) acts by automorphisms on H: g € G sends
(a,w) to (a,g - w), which is a group homomorphism since {wy, ws) = {gwy, gws). Since
G acts as the identity on Z(H), the uniqueness of (p = py, V = V) up to isomorphism
implies that 9p := polnt g~! is isomorphic to p for each g € G. One is now in the situation
described earlier, and we get A; € GLc(V) as above. One can show that in this case,
we don’t get a representation of G or H x G on V — the A, cannot be chosen so that
Ay gy = Ay Ay, for each g and h — but only one of H x G, where G — G is a certain central
extension of G. In fact, one can show that this G — G can be chosen to have kernel {+1}.
The resulting G is what is called the metaplectic group, which has a lot of importance in
the theory of modular forms.

29.5. (Multiplicative) Hilbert’s Theorem 90.
Theorem 29.11 (Hilbert’s Theorem 90). Let K /k be a finite Galois extension.

(i) We have H'(Gal(K /k), K*) = 0 (where Gal(K /k) has its obvious action on K*).
(ii) More generally, for any positive integer n, the pointed set H'(Gal(K /k), GL,(K))
is trivial (i.e., singleton).

Proof. Though (ii) is a generalization of (i), we will first give a stand-alone proof of (i),
which is more concrete though less obviously conceptual.

So let a 1-cocycle o — ¢, of Gal(K/k) in K* be given; it is enough to show that it is
a coboundary. By the linear independence of characters, there exists y € K such that

b= 2 cgarm crT(y) # 0.
Then for each o € Gal(K /k) we have
o(b) = O’(Z e1(y)) = Z o(c)or(y) = Z c;teor - 07(y) = ;b
Therefore, we have ¢, = o(b)~'b for each o € Gal(K /k), which is to say, (¢,), is a cobound-
ary, proving (i).
Now we come to the more general statement, (ii). Again, we start with a cocycle (¢4),,

with each ¢, € GL,(K). As before, it is enough to show that this cocycle is a coboundary,
i.e., that there exists A € GL,(K) such that ¢, = o(A)"'A for all o € Gal(K/k).

Consider V' := K" as a vector space over K with a new action of Gal(K/k), where the
new action of ¢ € Gal(K /k) on v € V will be denoted by 0,6 - v:

Onew * V= Co(0(v)) € GL,(K)(K") = K".

Of course, one needs to check that this is indeed an action: one checks that g, © Thew =
(0T )new using the cocycle condition (i.e., ¢,r = c,0(c;)), and that 1,., = 1 (since ¢; =
c1-1(e;) = 2 € GL,(K), we have ¢; = 1 € GL,(K)). ¥

8THere is another way of checking that this is an action. GL, (K) x Gal(K /k) acts on K™ (I will leave
it to you to make sense of the details for this), and recall from an Exercise in Lecture 28 that o — (¢,,0)
is a homomorphism Gal(K /k) — GL,(K) x Gal(K /k).
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It is immediate that this new action is Gal(K/k)-semilinear, i.e., 0pen(av) = 0(a)open(v)
for all @ € K and v € V. Thus, by Galois descent (Theorem 26.4 from Lecture 26), K™,
with this new Gal(K /k)-action, is isomorphic to k" ®; K = K™ with the usual Galois
action, i.e., there exists a basis vq,...,v, € K" = V that is fixed by the new action. Let
e1,...,e, be the standard basis of K™ (fixed by the usual action).

Let A € GL,(K) be such that A~te; = v; for 1 < i < n. Then for each 1 < i < n, since
Onew(Vi) = v;, for each o € Gal(K /k) we have ¢,(0(A7 e;)) = A7 e;, s0 c,00(A7) = A7,
i.e., ¢, = A7tg(A) for each o, which shows that (c,), is a coboundary, finishing the proof

of (ii). O

Remark 29.12. (i) The moral of the above proof of Theorem 29.11 is that Hilbert’s
Theorem 90 (in its multiplicative form) is basically Galois descent (and thus, in a
sense equivalent to Galois theory itself; see the notes for Lecture 26).

(ii) How are the arguments given for (i) and (ii) of Theorem 29.11 above related? In
Galois descent, one gets invariant vectors by summing over (rather than averaging
over) Gal(K /k)-orbits — see the proof of Proposition 26.6 in the notes for Lecture
26, which was used to prove Galois descent for vector spaces, Theorem 26.4 from
Lecture 26. This is exactly what was done in (i) — the ), ¢;7(y) is, in terms of
notation from the proof of (ii) of the theorem, simply the sum over the Gal(K /k)-
orbit of y for the ‘new’ action of Gal(K /k). The fact that the choice of y involved
linear independence of characters exactly mirrors the use of linear independence of
characters in the proof of Proposition 26.6 from Lecture 26.

(iii) I have not thought about whether the additive form of Hilbert’s Theorem 90 has
a similar interpretation. Perhaps something involving “affine spaces over the K-
vector space K7, but I am not sure. If you figure this out, please let me know.

(iv) A very vague remark follows, although one that is a very important point about
what H' does. Let X be a ‘mathematical object’ over a field k. What are the
mathematical objects Y over k with the property that X and Y become isomorphic
upon base-change to an extension K /k? Say we have ¢ : Xx — Y. Since X and
Y may not be isomorphic over k, it can happen that for each o € Gal(K/k),
7@ = copoo !is different from . Consider o' o “p : Xx — X, or rather
(co = ¢ 1o 7p e Aut(Xk))seca(k/m)- It is easy to see that (¢,), is a 1-cocycle of
Gal(K /k) in Aut(Xg) (after all, “po~! o 7¢” looks like a coboundary, except that
¢ does not belong to Aut(X); nevertheless, this is enough for getting a cocycle).
One then shows that assigning the isomorphism class of Y over k to (¢, ), induces
a bijection between H'(Gal(K /k), Aut(Xf)), and the ‘K /k-forms of X, i.e., the
isomorphism classes of mathematical objects Y over k£ such that X and Y become
isomorphic over K. This seems to be at least reminiscent of, if not the very basis
of, what happened with Hilbert’s Theorem 90 above: GL,(K) = Autg(K") =
Auty (k" @ K), so H'(Gal(K /k), GL,(K)) should classify something like vector
spaces over k that become isomorphic to K™ over K; but Galois descent implies
that there can only be one such object over k, namely the k-vector space k", so
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it follows that H'(Gal(K/k), GL,(K)) is trivial (but this is informal; T haven’t
thought about this well enough to make this vague heuristic precise).
For a more concrete example, Exercise 29.1(ii) exemplifies this philosophy of H'.

Remark 29.13. What about infinite Galois extensions K /k? In this case, Gal(K/k) is
to be considered with its Krull topology, so it turns out that group cohomology as defined
in Lecture 28 (and dealt with above) is not the correct object to consider while dealing
with it. However, there is a slight variant of the theory of group cohomology that does
satisfactorily apply to this situation, as we now outline.

(i) Rather than look at the category of abelian groups on which Gal(K/k) acts, one
should look at the category of abelian groups viewed as topological groups with the
discrete topology, on which Gal(K/k) acts continuously (thus, actions on abelian
groups A such that the stabilizer of each element of A in Gal(K/k) is an open
subgroup).

(ii) On this category, we can define the functor of Gal(K/k)-invariants, and derive
this functor to get functors that one denotes by H'(Gal(K /k),—) (which are thus
different from what is denoted by H'(Gal(K /k),—) as per the definition in Lecture
28).

(iii) One can show that this new H*(Gal(K /k), A) can also be described as Z'(G, A)/B'(G, A),
but where this time Z‘(G, A) and BY(G, A) are required to be continuous maps
G x -+ x G — A that satisfy the same cocycle or coboundary condition as consid-
ered in Lecture 28.

(iv) One can also show that H*(Gal(K /k), A) is in a suitable sense the directed colimit
of the H (Gal(K /k)/H, A™) as H varies over the open normal subgroups of A: the
groups Gal(K /k)/H are finite Galois groups, and hence the H*(Gal(K /k)/H, A7)
are the usual Galois cohomology groups from Lecture 28, without having to worry
about any continuity condition.

(v) It thus follows from Hilbert’s Theorem 90 for finite Galois extensions that the same
also applies to infinite Galois extensions, so that H'(Gal(K /k), K*) = 0 (as long
as we mean H! in the sense being discussed, taking the topology of Gal(K /k) into
account).

(vi) When ¢ = 1, one can analogously talk of pointed sets H'(Gal(K/k), M) for pos-
sibly nonabelian groups M on which the possibly infinite group Gal(K/k) acts
continuously. In this context, we still have Hilbert’s Theorem 90, saying that
H'(Gal(K /k),GL,(K)) is trivial for each n.

29.6. Transcendental extensions.

Definition 29.14. (i) A field extension K /k is said to be transcendental if it is not
algebraic. Note that K /k is transcendental if and only if there exists a € K such
that the k-algebra homomorphism k[z] — K sending x to « is injective, in which
case the subfield k() © K generated by k and « is isomorphic to the field k(x) of
rational functions in one variable over k. Such an « is said to be transcendental
over k.
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(ii) Let K/k be a field extension. A subset S < K is said to be algebraically in-
dependent over k if the elements of S do not satisfy any nontrivial polynomial
relation with coefficients in k; more precisely, if every k-algebra homomorphism
@ klxy, ..., x,] > K with p(z;) € S for all 1 < i < n is injective.

(iii) A subset S ¢ K which is algebraically independent over k, and is maximal with
respect to inclusion, is called a transcendence base or a transcendence basis for
K over k. Note that S < K is a transcendence basis if and only if the following
two conditions hold: S is algebraically independent over k, and K is algebraic over
k(S) (where k(S) stands for the subfied of K generated by k and S; note that it is
isomorphic to the quotient field k(z, | s € S) of a polynomial ring k[zs | s € S] in
variables indexed by 5).

Theorem 29.15. Let K /k be a field extension. Then any two transcendence bases for K
over k have the same cardinality.

Sketch of the proof in the special case where K has a finite transcendence basis. We follow
Serge Lang’s book. Suppose K has a finite transcendence basis {x1, ..., 2z, }. It is enough
to show that if wy,...,w, € K are algebraically independent over k, then n < m (this
suffices by symmetry, which will then give the inequality m < n whenever wy,...,w, is a
transcendence basis).

Since wy, x1, ..., T, are algebraically dependent, we may write fi(wq,z1,...,2,;,) = 0 for
some irreducible polynomial f; € k[Yy,...,Y,,] over k in m + 1 variables. Without loss of
generality, we may assume that “Y; occurs in f;”, i.e., that we can write

0= filwy,z1,...,2p) = Zgj(wl,xg, . ,xm)x{,
J

with gy # 0 for some N > 1 (as a polynomial in m variables).

Note that no irreducible factor of gy vanishes on (wq, s, ..., z,;,): otherwise w; is a root
of two distinct irreducible polynomials over k(zq,...,zy).

Therefore, x; is algebraic over wy, xa, . .., x,,, and wy, Ta, . .., x,, are algebraically indepen-
dent over k (otherwise x1,...,z, would be algebraically dependent over k).

Now one repeats this argument, assuming that wy,...,w,, T,y 1, ..., 2, are algebraically
independent and that zq, ..., x, are algebraic over wy, ..., w,, Try1, ..., Ty, and then shows
(after renumbering the x; if necessary) that wy, ..., w1, Tr10,. .., 2, is algebraically in-
dependent, and that K is algebraic over k(wy, ..., w11, Tpio,...,Ty). Therefore, one can
proceed by induction. O

Exercise 29.16. Let K/k be a field extension. Show that any set of elements in K that
are algebraically independent over k£ can be completed into a transcendence basis for K
over k. Moreover, given any set I' = K of generators for K /k (i.e., the minimal subfield
k(') ¢ K containing I" is K), show that the extra elements in this transcendence basis
can be chosen to be from I'.
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Definition 29.17. If K /k is a field extension, the transcendence degree of K /k, sometimes
denoted trdegg , is the cardinality of some, and hence by Theorem 29.15 any, transcen-
dence basis for K over k.

Exercise 29.18. Read up about the notion of separable extensions in the context of
transcendental extensions.

29.7. Kummer theory — the simplest case. We will follow Serge Lang’s book.

Notation 29.19. (i) In this subsection, let k be a field, and m a positive integer, such
that:
e (chark,m) =1 (considered automatically true if char k = 0); and
o tm(k) = pm(k) < k>, where we write p,,(k) and p,,(k) for the sets of m-th
roots of unity in k& and some algebraic closure k of k. In other words, given
that (chark,m) = 1, we are assuming that & contains m distinct m-th roots
of unity; call their set fi,,.
(ii) Fix an algebraic closure k < k; in this subsection, “an extension of k” will refer to
“an extension of k in k”.

Kummer theory answers the question: what are the finite abelian extensions of K /k (by
convention, inside k) % of exponent m?

To state the answer, we will use the following notation:

Notation 29.20. (i) We will write (k*)™ (resp., k™) for {a™ | a € k*} (resp., {a™ |
ack}).

(ii) For a € k\k™ = B*\(k*)™, k(a'/™/k) will denote the extension K /k in k obtained
by adjoining a choice of an m-th root a'/™ of @ in k: note that while a*/™ itself is
only well-defined up to multiplication by an element of pi,,, (k) = fim(k), k(a'/™) is
well-defined because of our hypothesis that p,,(k) = k. Thus, k(a'/™) is also the
extension of k in k obtained by adjoining all the m-th roots of @ in k.

(iii) Given B < k, k(BY™) will denote the extension K /k obtained by adjoining to &
all the m-th roots of the elements of B in k.

Then the answer give by Kummer theory in our easy situation is:

Theorem 29.21. Assume Notation 29.19, so (chark,m) =1 and p,(k) = pm(k). Then
there exists a bijection

{Subgroups of k™ containing (k*)™} — {Abelian extensions of k of exponent m},
sending B to Kp := k(BY™).
Note that the following lemma is an analogue of the Artin-Schreier theorem discussed
in Lecture 28 (Theorem 28.23). Just as the proof of the Artin-Schreier theorem used the

additive form of Hilbert’s theorem 90, the following lemma will use the multiplicative form.
This lemma will be a sort of induction step in the proof of Theorem 29.21.

88Note that multiple such extensions can be isomorphic in féty.
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Lemma 29.22. (i) Let K/k be a finite cyclic extension of degree n. Then there exists
a € K such that K = k(«), and such that « is an n-th root of some a € k.

(ii) Let a € k. Then k(a''™) is Galois, with Galois group isomorphic to Z/dZ for
some dlm: in fact sending o € Gal(k(a'/™)/k) to o(a*™)/a"/™ gives an injective
homomorphism of groups Gal(k(a'/™)/k) < pm, (and hence has cyclic image of
order some d|n).

Proof. The proof of (i), which uses Hilbert’s Theorem 90 analogously to how the proof
of the corresponding assertion of the Artin-Schreier theorem used the additive form of
Hilbert’s Theorem 90, is part of HW 14.

k(a'/™)/k is Galois, because it is separable and normal — the former because (m, char k) =
1), and the latter because it is clearly it contains the set a'/™ i, (k) = @™ i, (k) of all roots
of ™ — a, and is hence the splitting field of 2 — a. The rest of (ii) is immediate, but let
us remark that o(a'/™)/a'/™ is independent of the choice of a'/™ because pi,,(k) = k. O

Proposition 29.23. Assume Notation 29.19. Let (k*)™ < B < k* be a subgroup. Let
Kp = k(BY™).

(i) Kg = k(B"Y™) is a Galois extension of k.

(ii) Set G = Gal(Kp/k). Consider the bilinear map

U(al/m)

aql/m

The kernel of this map on the left is {1} = G, and the kernel of this map on the
right is (k*)™ < B.

(i1i) Kg/k is finite if and only if [B : (k*)™] is finite, in which case we have B/(k™)™ =
Hom(G, i) and [Kp : k] = [B: (k*)™].

G x B =y, (0,a)—

Proof. (i) is easy, just like in Lemma 29.22(ii).

Now we come to (ii). If ¢ € G belongs to the kernel on the left, then o(a'/™) = a'/™ for
all a € B, so o is the identity on Kp. Thus, the kernel on the left is {1}. If a € B is such
that (o,a) = 1 for all o € G, then (any choice of) a'/™ is fixed by all 0 € G = Gal(Kp/k),
so k(a*™) = k, so that a € (k*)™. This proves (ii).

(iii) is then an easy exercise using (ii) and basic properties of pairings between finite
groups. U

Proof of Theorem 29.21, somewhat tersely written. First we prove the injectivity of B —
Kp. It is easy to see that if By < By then K, < Kpg,.

Conversely, suppose Kp, < Kp,, but there exists b; € By\By. Then k(b}/m) c Kp, € Kp,

is contained in a finitely generated subextension of Kp,. This allows us to assume without
loss of generality that [Bsy : (k*)™] is finite (replace B; by the image of (b;) in k* /(k*)™,
and By by a suitable smaller group while ensuring that we still have k(b}/ ™ < Kp,). Let
Bs be the subgroup of k£* generated by By and b. Then Kp, = Kp,, so by Proposition
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29.23(iii), we have #(By/(k*)™) = #(B3/(k*)™), so By = Bs, a contradiction to by ¢ Bs.
This gives the injectivity of B — Kp.

Now we come to the surjectivity, so let K be an abelian extension of k£ of exponent m. It
is enough to see that K is a compositum of extensions of the form k(a'/™) (since then we
can let B be the subgroup of k* generated by (k*)™ and all those a). Equivalently, it is
enough to see that any finite (necessarily Galois, by the abelianness of K /k) subextension
of k is a compositum of extensions of the form k(a'/™).

Being abelian of exponent m, it is easy to see that any such finite extension is a compositum
of cyclic extensions of exponent m: this is an easy argument involving the structure theorem
for abelian groups. Thus, we are done since, by Lemma 29.22, any cyclic extension of k of
degree m is obtained by adjoining an m-th root of some a € k. U

29.8. Appendix — The Brauer group and Galois cohomology. This subsection was
not discussed in the lecture, probably not even alluded to, and hence is optional. Re-
call central simple algebras and Brauer groups from Lecture 19. In this subsection, we
wish to study how to relate Brauer groups to Galois cohomology. Specifically, given a
finite Galois extension K /k, we would like to get an isomorphism between a subgroup
Br(K/k) < Br(k), and H*(Gal(K/k), K*). We will only sketch a proof of a bijection
(with no indication that it is an isomorphism of groups), and that too modulo some black-
boxes.

Definition 29.24. Let Br(K /k) denote the subset of Br(K') represented by central simple
algebras A/k with the property that A splits over K, i.e., A®; K =~ M,(K) for some n.

Blackbox: We will with very little further mention assume the following as a blackbox:
A central simple algebra A over k represents an element of Br(K/k) if and only if there
exists an A’ in its equivalence class such that the k-algebra K embeds into A’ as a maximal
commutative subfield. For a proof, see Lemma 16.3 of

https://ocw.mit.edu/courses/18-706-noncommutative-algebra-spring-2023/
mitl8_706_s23_lecl16.pdf

for a proof. Note that A’ as above is unique by dimension considerations.

Recall from Theorem 29.8 that H?*(Gal(K /k), K*) is in a certain bijection with the set of
isomorphism classes of extensions

(146) 1 - K* — N — Gal(K/k) — 1.

Thus, we need in particular a bijection from isomorphism classes of extensions (146), and
Br(K/k). For this, we make:

Construction 29.25. Let K /k be a finite Galois extension. Given a central simple algebra
A over k into which the k-algebra K embeds as a maximal subfield, fix such an embedding
K — A, and let N be the normalizer of K* in A*. Therefore, N defines, by conjugation,
an action of N/K* on K, and hence a homomorphism N/K* — Gal(K/k). This map is
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injective since K < A is a maximal commutative subfield, and it is easy to see from the
Skolem-Noether theorem that this map is surjective (if 0 € Gal(K/k), then (K — A)oo
is another k-algebra embedding of K into A). Thus, we get an extension

(147) 1 — K* — N — Gal(K/k) — 1

of the abelian group K* by the group Gal(K/k). It is immediate that the action of
Gal(K /k) on K* associated to this extension is just the usual action of Gal(K /k) on K*.

Using the Skolem-Noether theorem, it is easy to check that the isomorphism class of the
extension (147) is independent of the choice of the embedding K < A (this is an important
point). Note also from the blackbox above that A is the unique central simple algebra in
the equivalence class associated to its image in Br(K /k) with K as a maximal commutative
subfield.

The theorem I wish to discuss is:

Theorem 29.26. Let K/k be a finite Galois extension. Then there is a unique isomor-
phism of groups Br(K/k) — H?*(Gal(K/k), K*), which sends the image of each central
simple algebra A over k having the k-algebra K as a mazximal commutative subfield (see
the blackbox above), to the element of H*(Gal(K /k), K*) that corresponds, by the bijection
of Theorem?29.8, to the isomorphism class of the extension of Gal(K/k) by K* associated
to A in Construction 29.25. It has a suitably functorial dependence on K.

Remark 29.27. Suppose K /k is infinite Galois. Letting H?(Gal(K/k), K*) be as in
Remark 29.13, i.e., Galois cohomology with continuous cocycles, and using some ba-
sic facts about group cohomology, it is easy to deduce that the assertion Br(K/k) =~
H?(Gal(K /k), K*) continues to hold in this case, so in particular we have Br(k) =
H?(Gal(k®/k), (k*)*), where k < k° is a separable closure.

Some ideas involved in a proof of Theorem 29.26. Please be careful of several potential in-
accuracies, even serious ones, in the following: I could have been careless; I think I did not
follow any standard reference except for the description of the construction of A..

Already, Construction 29.25 (including the observation at the end that it is well-defined),
together with Theorem 29.8, gives us a map Br(K/k) — H?*(Gal(K/k), K*) — here we
have used the blackbox above.

Let us describe how to attach a central simple algebra A. to a 2-cocycle ¢ := (¢or)or
of G := Gal(K/k) in K*. For simplicity we will assume ¢ to be normalized, so that
Clo = Co1 = 1€ K™ for all 0. To ¢ we attach:

A = {Z aslo] | a, € KVU},
oG

and define a multiplication on A, by imposing the relations [o] -z = o(x) - [o] and [o][7] =
CorloT], for all o, 7 € Gal(K/k) and = € K.
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Just as with group extensions, one deduces associativity from the 2-cocycle condition. It
is now easy to see that A, is a ring that is a k-vector space of dimension [K : k]*. Via the
inclusion a — a[1], A. is a k-algebra (this uses that the cocycle ¢ is normalized). a — a[1]
also gives us a k-algebra embedding K < A., which we will think of as an inclusion for
the rest of this proof.

Let us verify that A, is a central simple algebra. Since conjugation by a € K* sends Y’ a,|0]
to Y. ay - (o(a)at)-[o], it follows that the centralizer of K* in A, equals K = K-[1] < A,.
Therefore, the center of A. is contained the subset of K fixed by each [o], namely, k < K.
Thus, A, is central.

Let us show that A. is simple. Suppose I < A, is a two-sided ideal. Again, consider
conjugation by K*. On the basis element [o] of A. as a K-vector space (where K acts
on A, by left multiplication), conjugation by a € K* acts as multiplication by ao(a™?).
Thus, this conjugation action of K* on A, is simultaneously diagonalizable. Since this
action preserves I, it follows that [ is a direct sum of simultaneous eigenspaces for this
action (a submodule of a semisimple module is semisimple). Thus, I is a linear span of
some of the [o] (note that each K - [o] is the whole of a simultaneous eigenspace). If I is
nonzero, then it contains some [o], from which, multiplying by other [7] and some nonzero
scalars, it follows that I contains every [o] and hence equals A.. Thus, we have shown that
A, is simple as well, so it is central simple over k. Since we have a k-algebra embedding
K — A., A. represents an element of Br(K/k) (use the blackbox above).

Further, it is easy to see that if (¢ )s- is cohomologous to (csr)o,r, With cor — ¢, . =
01(bsy) — boyon + by, then mapping > ay[c] to Y] a,b,[c] defines an isomorphism of al-
gebras A. — Ay (we are being slightly vague here: this is true if ¢ and ¢ are nor-
malized; otherwise one can use this to realize A. and Al as k-algebras, and then the
same statement will hold). Thus, sending ¢ to A. induces a well-defined set-theoretic
map H?(Gal(K/k), K*) — Br(K/k). To show that this map is a bijection, it remains
to show that H?*(Gal(K/k),K*) — Br(K/k) — H?*(Gal(K/k), K*) and Br(K/k) —
H?*(Gal(K /k), K*) — Br(K/k) are the identity maps.

What do we get when we apply Construction 29.25 to A., or rather what is the element
of H*(G,K*) attached by Theorem 29.8 to the resulting extension? The normalizer of
K* < K ¢ A. in A contains each [o] € A., conjugation by which is readily verified to
send @ € K* to o(a). Thus, it is automatic from (147) that K* together with the [o]
generate N. Using o — [o] in place of the section s in the proof of Theorem 29.8, we
find that the element of H?(Gal(K /k), K*) associated to the extension given by applying
Construction 29.25 to A., is represented by the two-cocycle

(o,7) = [o][7][o7] ! = cor € K*.
This shows that H?(Gal(K/k), K*) — Br(K/k) — H?*(Gal(K/k), K*) is the identity
map.

Now let us show that Br(K/k) — H*(Gal(K/k), K*) — Br(K/k) is the identity map. We
use the blackbox above to start with a representative A for a given element of Br(K/k),
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that contains the k-algebra K as a maximal commutative subfield. We look at (147) in
Construction 29.25, and assume notation from there. We let [0] € N to be any preimage
of 0 € Gal(K /k), except that we require [1] = 1. Then it follows from Construction 29.25
that [o][7] = ¢or[o7] for some 2-cocycle (¢,.+),, representing the extension given by that
construction. Since [1] = 1, it is easy to see that the 2-cocycle (¢,)s- is normalized.
Given the construction of H?(Gal(K/k), K*) — Br(K/k) via ¢ — A., it now suffices to
show that as a K-vector space (K operating on A by left multiplication), A has the [o] as
a basis.

By dimension considerations, and the fact that [K : k| = Gal(K /k), this follows if we show
that the [o] are K-linearly independent. But this follows from the fact that conjugation by
a € K* acts on K -[o] by multiplication by ao(a™'), and the simultaneous eigencharacters
a+— a-o(a™l) are pairwise distinct.

g



