Proof of the Hodge decomposition, after
Deligne and Illusie*

V. Srinivas

1 Hypercohomology

Given a topological space X and a complex A* of sheaves of abelian groups
on X which is bounded below (i.e., A7 = 0 for j << 0), define the hypercoho-
mology groups H" (X, A*) as follows:
we can find a complex Z° of injective sheaves of abelian groups, together
with a map of complexes of sheaves f : A* — Z°, such that A7 = 0 for j <
jo=I’ = 0 for j < jy (so that Z* is bounded below), and f induces iso-
morphisms on cohomology sheaves (we express this by saying that f is a
quasi-isomorphism). Define H"(X, A*) = H"(['(X,Z%)), where I'(X, —) is
the complex of global sections (this is a complex of abelian groups).

One checks that the groups H"(X,.A*) are independent of the choice of
the complex Z° of injectives chosen, and have the following properties.

1. If A® consists of a single non-zero sheaf A in degree j (we then write

A* = A[—j]), then
Hn(Xv A.) = Hn(Xv A[_j]) = Hnij(Xv A)a
the standard sheaf cohomology group.

2. If f: A® — B® is a quasi-isomorphism of complexes of sheaves (which
are bounded below), then f induces isomorphisms on hypercohomology.
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3. Let
0— Al — A5 — A3 — 0

be an exact sequence of complexes of sheaves, i.e., the sequence
0— Al = A - AL =0

is exact for each 7. Then there is a long exact sequence of hypercoho-
mology groups, functorial for maps between exact sequences,

s HTHX, A = HY(X, AT — HA(X,AS) — HY(X, Ay — HH(X, AL — -

4. There is a spectral sequence (the first spectral sequence for hypercoho-
mology)
EPY = HYX, AP)=H(X, A").

The filtration on H"(X,.A%) associated to this spectral sequence is
FPH™(X, A%) = im (H"(X, FPA*) — H"(X, A%));
here FP A® is the truncated subcomplex of A°*

con = 0 AP AP APTE

where AP, the first ‘nontrivial’ term of the complex F?.A°*, is in degree
p. The filtration {FPA"} of A° is called the filtration bété (‘stupid
filtration’).

In particular, we see that if the A7 are all acyclic (i.e., for each j,

Hi(X, A) =0 ¥ i>0), then H'(X, A") = H*T(X, A*)).

5. There is a spectral sequence (the second spectral sequence of hyperco-
homology)
By? = H' (X, HI(A")=H (X, A%),

where H?(A®) is the ¢ cohomology sheaf of A°. The associated filtra-
tion on H" is

FPHY(X, A%) = im (H"(X, F,,_,A") — H"(X, A"))
where F,A° is the truncated subcomplex of A*
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where 2% = ker(A? — A1) is in degree ¢.
If f: A* — B®is a quasi-isomorphism, it induces an isomorphism of

second hypercohomology spectral sequences.

. Let U = {U;}icr be a Leray cover of X for each term A’ of a (bounded
below) complex A°* (i.e., H{(U;, N---NU;,, A7) = 0 for all ¢ > 0, for all
n, j). Then the Cech complexes C”(U,.A%),>0 yield a double complex
in a natural way. There are natural isomorphisms

H"(X, A% — H"(Tot(CU, A?)))

(where Tot denotes the total complex of a double complex), which are
compatible with an isomorphism of the first hypercohomology spectral
sequence (see 4. above) with one of the spectral sequences for the
double complex (obtained by first forming the cohomology “in the p-
direction”).

[Idea of proof: Let A* — Z°® be a quasi-isomorphism, where Z* is a
complex of injective sheaves on X. Then for each g,

by C'U,A) = CTU,T")
is a quasi-isomorphism, since both sides compute the groups

I[1 mw,n--nu, A,

1<t < <iq

as U is a Leray cover for each A7 as well as for 77 (since Z7 |;; is an
injective sheaf for each open set U C X). The maps v, thus induce a
quasi-isomorphism

Y Tot(C (U, A")) = Tot(C(*(U,T*)).

The natural maps I'( X, ZP) — CO(Z/{ ,I?) define a map of complexes

0 :T(X,I°) = Tot(C' (U, T")),
which is a quasi-isomorphism, since the complexes

0— (X, 77) — U, 17) — C (U, 17) — - --
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are exact for all p. Thus, ¢ induces an isomorphism
H'(X, A") — H"(Tot(C (U, I%))),
and hence using 1, an isomorphism
H"(X, A" — H"(Tot(C (U AM)).

The filtration {F?A"} on A* induces a filtration

FP(Tot(C' (U, A))) = Tot(C" (U, FPA"))

which is the filtration used to define one of the spectral sequences of the
double complex, viewed as a particular case of the spectral sequence of
a filtered complex.]

. (Base change) Let m: X — Spec R be a proper morphism of schemes,
where R is a Noetherian ring, and A* is a bounded complex of sheaves
such that

(a) each A7 is a coherent Ox-module which is R-flat, and

(b) the differentials A7 — A7+ are R-linear for all j.

Then H"(X, A%) is a finite R-module for each n, and the two hyperco-
homology spectral sequences are spectral sequences of finite R-modules.
The function on Spec R given by

fn T dimk(l,) Hn<7ril(l’),./4. ‘ﬂ—1(x))

is upper semi-continuous, for each n. The function
T Z " dimy gy H™ (77 (2), A |r-102))

is locally constant. Further, if R is an integral domain, and all the
hypercohomology modules H"(X, A*%) are projective R-modules, then
the above dimension functions f, are all constant; in fact, if S is any
R-algebra, Xg = X Xgpec g Spec.S, AL = A7 @g S, then

H"(Xs, Ay) = H'(X, A") ®



(the constancy of the functions f, follows from the special cases S =
Spec k(x)).

[Idea of proof: Let U = {U;} be an affine open cover of X. Then it is
a Leray cover for each of the A7, as is Us = {(U;)g} for each A%, for
any R-algebra S. Further, we have

C (Us, AY) = C (U, A") @5 S.

Now C”(U, A%) is a flat R-module for each p, ¢ so that Tot(C (U, A"))
is a finite complex of flat R-modules, whose cohomology groups are
finite R-modules. By lemma 1, pg. 47 of Ch. 2 in Mumford’s Abelian
Varieties, we can find an R-linear quasi-isomorphism

K® = Tot(C (U, A"))

where K° is a finite complex of finitely generated projective R-modules.
As in Mumford (loc. cit.) pg. 49, lemma 2, the natural map of com-
plexes

K*®@pS — Tot(C (U, A%)) @r S = Tot(C (Us, A))

is a quasi-isomorphism for any R-algebra S. But semicontinuity, etc.
are all easy to prove for the dimension functions of K*°.]

The Hodge spectral sequence and algebraic
de Rham cohomology

If X/C is a compact Ké&hler manifold, the singular cohomology groups with
complex coefficients H*(X, C) have a Hodge decomposition, obtained using
the theory of harmonic forms,

H"(X,C)= © HP(X,Q%);

ptg=n

further dim H?(X, Q%) = dim H9(X, Q% ), a fact often referred to as Hodge
symmetry. Here, Q% is the sheaf of holomorphic p-forms on X.

This can be given another formulation as follows. There is a decreasing

filtration

{FPH™(X,C)}px0
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on H"(X,C), called the Hodge filtration, which satisfies the following prop-
erties:

(i)

(i)

(iii)

FPH™(X,C) C H"(X,C) is a C-subspace, and FPH"(X,C) = 0 for
p>n.

FPH"(X,C)n Fr—rH1H"(X,C) = 0 for all p; here the overbar denotes
the complex conjugate, where conjugation is defined using the isomor-

phism H"(X,C) = H"(X,R) ®g C.
there are isomorphisms

FPH™(X,C)NF*H"(X,C) = FPH"(X,C)/FPT H™(X,C) = H" P(X,0%,).

The Hodge filtration can be interpreted as the filtration associated to a
spectral sequence. From the holomorphic Poincaré lemma, the holomorphic
de Rham complex gives a resolution of the constant sheaf C (on any complex
manifold X)

05C—o0x 50k 5025 ... 50Y o,

where d denotes the exterior derivative, and N = dim X. Thus we may
identify H™(X,C) with the n'® hypercohomology group of the holomorphic
de Rham complex, H"(X, Q% ), where Q% is the complex

050x 50L 53025 ... 5a0Y 0.

The first hypercohomology spectral sequence

EP = HI(X, Q%)=H"(X, Q%)

is associated to the filtration bété { FPQ%} of Q% by the truncated subcom-
plexes

FPQ% = (0> -0 0% S0rt 4. LN ),

The associated filtration on H"(X,C) &2 H"(X, Q%) is called the Hodge fil-
tration; further, if X is compact, so that the cohomology groups H?(X, Q%)
are finite dimensional C-vector spaces, we have inequalities

> dime HY(X, Q%) = Y dime B> ) dimg EZ? = dime H*(X, C).

p+q=n

p+q=n p+q=n



If X is a compact Kdhler manifold, so that H"(X,C) has a Hodge decom-
position, then the above inequality must be an equality. Hence

dime EV? = dime E2? V p, q

i.e., the spectral sequence must degenerate at F;. Conversely, if the spectral
sequence degenerates at £, then we have isomorphisms

FPH™(X,C)/FPT H"(X,C) = EPP = EP9 > [ P(X, OF).

Let X be a smooth, proper variety over a field k. Let Q5% Ik be the complex
of algebraic differential forms on X i.e., % ), 18 the module of Kahler differen-

tials of X /k, QI)’(//,C :X(’)X Qﬁ(/k , and the exterior derivative d : Q% , — Q@;ﬁ
is defined by the same formula as in the analytic case. We define the algebraic

de Rham cohomology groups of X/k to be
HBR(X/IC) = Hn(Xa Q;(/k)

These groups are finite dimensional k-vector spaces, and have a Hodge filtra-
tion {FPH}L(X/k)} by k-subspaces, together with a spectral sequence (of
finite dimensional k-vector spaces)
EP? = HY(X, Q% )= HP (X/k).
If £ = C, let X, denote the complex manifold corresponding to the
algebraic variety X. Then there is a natural map

Pn HgR(X/C) — Hn(Xan’ Q;(an)

which is compatible with the respective Hodge filtrations, and a morphism of
hypercohomology spectral sequences, which on FE; terms is the natural map
EPI(X) = HIX, Q’)’(/(C) — HY( Xon, 5 ) = EP(Xan).

By GAGA, this is an isomorphism for each p and ¢, and hence yields an
isomorphism of spectral sequences. Hence p, is an isomorphism of filtered
C-vector spaces.

If X is projective, then X, is a compact Kahler manifold. From Hodge
theory, the spectral sequence for X,, degenerates at F;; hence so does the
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spectral sequence for the algebraic de Rham cohomology. By a standard
argument using Chow’s lemma, we deduce that both spectral sequences de-
generate for any smooth complete variety X (an analogous argument shows
that the Hodge decomposition is valid for any birationally Kdhler compact
complex manifold X, by reduction to the Kéhler case).

If £ C Cis any subfield, and X is a smooth complete k-variety, then

Hpp(X/k) @ C = Hpp(Xc/C),

and there is an isomorphism of spectral sequences (of finite dimensional C-
vector spaces)
EP(X) ®), C = EPY(Xc).

Hence the spectral sequence for algebraic de Rham cohomology degenerates
for any smooth proper variety X over a subfield & of C. From this, we
immediately deduce the result in the case when k is an arbitrary field of
characteristic 0.

For any holomorphic map f : Y — X between complex manifolds,
there is an induced morphism of Hodge spectral sequences, since there is
a map between their holomorphic de Rham complexes. Hence the map
f*: H*(X,C) — H*(Y,C) on cohomology respects the Hodge filtrations.
The map on F; terms HY(X,Q%) — HI(Y,Q)) is the natural one. If
f Y — X is a morphism between smooth proper varieties over k, then
a similar statement holds for the map

f*: Hpp(X/k) = Hpp(Y/k).

In particular, suppose X is a smooth projective variety over C, and
f Y — X is a smooth hyperplane section; then the Lefschetz hyper-
plane theorem states that f*: H"(X,C) — H"(Y,C) is an isomorphism for
n < dimY and an injection for n = dim Y. Thus

Hpr(X/C) = Hpp(Y/C)
is an isomorphism for n < dimY and an injection for n = dim Y. Hence
frHYX, Qﬁ(/(c) — HU(Y, Qf,/c)

is an isomorphism for p + ¢ < dimY, and an injection for p + ¢ = dimY.
From the cohomology sequences of the exact sheaf sequences

0— Q?(/C(—Y) — Q’)’(/(C — Q’)’(/(C ® Oy — 0,
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0—= Qe (=Y) = 0% 0 © Oy = O 0 =0,
we deduce (by induction on dim X') that
HI(X, Yy o(=Y)) =0 for p+g < dimX.

More generally, if £ is any ample line bundle on X, the vanishing theorem
of Kodaira-Akizuki-Nakano states that

HIX, Q% e ® L) =0 for p+g < dimX;

as C. P. Ramanujam observed (c.f. the C. P. Ramanujam Memorial volume),
this follows from the special case considered above using the “branched cov-
ering trick”.

3 The main theorems

If X/A is a smooth and proper scheme over a Noetherian ring A, we define
the algebraic de Rham cohomology groups

Hpp(X/A) = H'(X, Q%))
where Q5 /4 18 the de Rham complex of relative algebraic differentials of X /A
(i.e., Q% /A is the sheaf of relative Kahler differentials, and
(i) Hpg(X/A) is a finite A-module for each n
(ii) if A=C, then Hp,(X/C) = H" (X4, C)
(iii) there is a spectral sequence (of finite A-modules)
EY = HY(X, 0% )= Hpg (X/A)

(iv) if HI(X, Q’)’(/A) and Hp,(X/A) are projective A-modules for all p, ¢,
n, then for any ¢t € Spec A, if X; denotes the scheme theoretic fibre of

X — Spec A over t, and k(t) is the residue field at ¢, then
Hq(Xta Qﬁt/k(t)) = Hq(Xa Q?(/A) ®a /{;(t), vV p,q

and

Hpp(Xe/k(t)) = Hpp(X/A) ©4 k(t) ¥ n.



The main results in the paper of Deligne and Illusie are:

Theorem 1 Let X be a smooth proper variety of dimension d over a perfect
field k of characteristic p > d. Suppose that X lifts to a scheme X which
is smooth and proper over Wy(k) (the ring of Witt vectors of length 2 over
k; if W (k) is the ring of Witt vectors over k, then Wy(k) = W (k)/p*W (k)).
Then the spectral sequence

By = H(X, Q)= Hpg (X/k)
degenerates at Fy.

Theorem 2 Let X/k be as in Theorem 1, and let L € Pic X be an ample
line bundle. Then H'(X, %, ® L7') =0 for alli+j <d=dimX.

Corollary 3 Let X/C be a smooth and proper variety. Then
(i) EP?'= HYX, Qg(/c)ﬁH%Eq(X/C) degenerates at Fj.
(ii) if L € Pic X is ample, then

HY X, Q%@ L7) =0V ptg<dimX.

Proof: X and L defined over a finitely generated Z-subalgebra A C C.
Let X4 be an A-scheme with X = (X4) Xgpec 4 Spec C, and let L4 € Pic X4
with (La)c = L. If k is the quotient field of A, it suffices to prove the
degeneration of the first spectral sequence for Hj, 5 (X /k), and to prove the
Kodaira-Akizuki-Nakano vanishing theorem for £, on Xj.

By replacing A by a localisation A[l/s|, we may assume that X, —
Spec A is smooth and proper, Spec A — SpecZ is smooth, and

Hpp(Xa/A), H'(Xa, QJXA/A)7 H'(Xa, Q?XA/A ® 521)

are projective A-modules. Then by base change (see 7. of §1), it suffices to
prove the results for the variety Xy, and £4 ® k(x), for a point x € X4
(since the various dimension functions are constant on Spec A). Next, we can
find a closed point = € Spec A, such that if (R, M) is the local ring of Spec A
at x, then R is regular, and the residue characteristic p & M2, If p,x1,..., z,
is a regular system of parameters, then S = R/(x1,...,x,) is a regular local
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ring of dimension 1 (i.e., a discrete valuation ring) whose maximal ideal is
generated by the prime number p, and whose residue field is a finite field F.
Hence the completion S is the ring of p-adic integers in the corresponding
unramified extension of Q,, which is the ring of Witt vectors W (IF). Hence,
by Theorems 1 and 2, we see that the claimed results hold for Xy and the
line bundle £ |x;. O

4 The Cartier operator

Let k be a perfect field of characteristic p, X/k a smooth variety, F' : X — X
the absolute Frobenius morphism (identity on points, and the p*® power
homomorphism on functions). If G is a coherent O x-module, its direct image
F.G is the coherent Ox-module with the same underlying sheaf of abelian
groups, and new Ox-module structure given by

f-s=fPs, ¥V fel(Ox), sel(G).

Then the direct image F.Q5 Ik of the de Rham complex is a complex of
coherent Ox-modules and Ox-linear maps, so that if

24 =ker(F.Q 5 RO,

By =im (F.O%,, 5 F.Q ),

H = 25 /B,
then ‘ A ‘
By C Zx C F.y,

are Ox-submodules, and ’Hﬂ( is a coherent Ox-module. We then have the
two hypercohomology spectral sequences

Ey) = HI(X, Q)= Hpg(X/k),

Ey = H'(X, Hx)=Hpg(X/k).

These are spectral sequences of finite dimensional k-vector spaces.
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Theorem 0 (Cartier) If X/k is a smooth variety, there are Ox-linear maps
C=0Cj: 2 — Qg'(/k,

inducing isomorphisms H& = ngk. These maps satisfy

(1) Ci(df)=0

(i) Ca(4h) = 4L

(iii) Cj(f*w) = fC;(w) for allw € 2%, f € Ox.

(iv) Ci(w) A Cj(w') = Ciyj(w) forw e Zi, ' € 2.
Proof: (Deligne) We will define instead a map C;' : Qﬁ(/k — HY, and

set ;1 = ¢ A C; . To define C]', we note that ¢ : Ox — H} given
by ¢(f) = fP~'d f (mod BY) is in fact a derivation (and hence induces the
desired map C;'). Indeed, we verify that

(i) @(fifo) = flo(f2) + fHo(f1) (mod BY)
(i) @(fi + f2) = (i + )P~ (d fi + d f) (mod By),

while
o(f1) +(fo) = f£7d fr + f27d fo (mod BY)

p—1
= (it R+ f2) —d() ;( : ) U (mod By)

i—1
= (f1+ fo)’'d(f1 + f2) (mod BY).

Now one verifies easily by a local computation that the maps C; ' are all
isomorphisms if X is smooth. O

5 Proofs of Theorems 1 and 2

Let X be a smooth variety over a perfect field k of characteristic p. Consider
the exact sequence of locally free Ox-modules

0— By = Zx = Qx/, = 0
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where BY is the sheaf of locally exact 1-forms on X, so that there is another
exact sequence

0— Ox = F.Ox % B, -0

(d is the exterior derivative; the exactness of the second sheaf sequence means,
in particular, that d f = 0=f = ¢? for f € I'(Ox)). The first extension
corresponds to a class

&1 € Bxt oy (U, Bx) = H'(X, Tx @ By).
Here Tx is the tangent sheaf of X. The surjection
d: F,Ox — By
induces a map
f: Ext 1(’))( (Qﬁ(/k, F.Ox) — Ext 1(’)X (Qﬁ(/k, BY).
Lemma 1 [f X lifts to a scheme flat over Wy(k), then

&1 = a(()

or some ¢ € Ext L (QL ,,, F.Ox). Hence we have a pushout diagram of exact
x\Sixyk
sequences
0= FOx —=V-— Qy, —0

d | ! I

0= By —Zx— Qyy —0

for some locally free Ox-module V.

We defer the proof of the lemma.

Proof of Theorem 1: In the diagram in the statement of lemma 1, the top
row may be regarded as a quasi-isomorphism (which we denote 1);) between
the 2-term complex (which we denote C;)

F*OX -V

and
Q i[—1].
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The pushout diagram induces a map of complexes
©Y1 - Cl — F*Q;(/k,

which induces an isomorphism on first cohomology sheaves. This is done
as follows: if 8 : V — ZL is the vertical map in the pushout diagram,
and v : V — F*Q&'/k is obtained from g by composing with the inclusion
Zy C BQ% I then we have a diagram whose vertical maps give a map of
complexes (d = dim X)

0— F.Ox -V — 0 0 — 0
I v \J } 4

The complex C" is clearly quasi-isomorphic to the complex (Q% /k)®i[—z’];

the multiplicative structure on the de Rham complex yields a map “p¢"" of

complexes A
CP = F.O%

which yields the exterior product map
A (Qﬁf/k)@ — Qg(/k

on " cohomology sheaves. If i < p, the characteristic, then as in [DI], we see
that the map A’ is a split surjection; hence we can find an injective Ox-linear
map

hi : Xy — (Qk/k)@

which splits the surjection A’. Let C; be the complex of locally free Ox-
modules obtained from the pullback diagram with exact rows

0= (€)° - ()" = (@) — Q% —0
I I Lo
0 (@ o @) 5 (EF) & ()% >0

Thus, there is a quasi-isomorphism

bi: C = Uy,
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and “pP"” induces a map of complexes

which yields an isomorphism on the i"® cohomology sheaves.
Hence, if d < p, the map

is a quasi-isomorphism (define Cy to be Ox in degree 0, and ¢y to be the
map induced by the inclusion Ox — F,Ox).

The map ® induces isomorphisms (i) on hypercohomology, and (ii) on the
second hypercohomology spectral sequences. Further, the second spectral
sequence for

B Ci
is the direct sum of the spectral sequences for each of the C;, while the second
spectral sequence for C; degenerates at Ey (since C; has only one non-trivial
cohomology sheaf). Thus, the second spectral sequence for ®C; degenerates
at Fy; hence the second spectral sequence for F,{Q2*x/, also degenerates at
EQ.
We thus obtain an equality between dimensions

Z dimy, H(X, Q]X/k Z dimy, E. ’] = Z dimy E%J

i+j=n i+j=n i+j=n
= dim;, H"(X, F.Q% ;) = dimy Hp 5(X/k),

where the last equality holds because k is perfect (so that the dimensions
over k and ‘F,k’ are equal). But the equality of the two extreme terms is
equivalent to the degeneration of the first hypercohomology spectral sequence
at F, as observed earlier.

O

Proof of Theorem 2: Observe that H/(X, Q' ®@ L7P") = 0 for any ample
L € Pic X, for n >> 0, by Serre duality and the Serre vanishing theorem.
Hence by induction on n, it suffices to prove that

HI(X, Uy @LP) =0V i+j<d=>H (X, Q) @L ) =0V i+j<d
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But
P10l GRL QL]

is a quasi-isomorphism, and hence induces isomorphisms on second spectral
sequences. Thus, the second spectral sequence for F,Q 15 ® L~ degenerates
at Es.

However,

FQ% ) @ LT 2 F(Qy ), @ L) 2 F(Y @ L),

and

H(X,F(Q®LP)2H(X,Q, @LP)=0V i+j<d
by assumption. From the first spectral sequence, we then see that

H'(X,FQ®L)=0V n<d
Since the second spectral sequence degenerates at Es, we must have
H'(X, Q@ L) =E'=0V i+j<d
This is the inductive step.
O

Proof of lemma 1: Let U = Spec A be an affine open set in X, U =
Spec A C X the corresponding open subset. Then A is a smooth Wy(k)-
algebra. Since ker(g - A) = pA is nilpotent, the p'® power homomorphism
A — A lifts to a homomorphism ¢y : A Z, covering the “Frobenius”
map Wy(k) — Ws(k) (the ring automorphism of Wy(k) which induces the
Frobenius on the residue field). Then we may write ¢y (a) = a? + ply(a),
where 0y : A — F.A is an A-linear homomorphism, and @ is the image of
a € A in A; the function 0y satisfies

Oy (ab) = aPOy (b) + b0y (a) YV a,b e A,
O (a -+ b) = Oy (a) + 0 (b) — Z(( P >/p)aszz.

=1
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These formulae imply that

a— a”'da+dby(a)
defines a (k-linear) derivation A — Z} = I'(U, Z%), such that the induced
map Q%]/k — Z[; splits the Cartier operator C; : Z} — Qllj/k (since the
above derivation lifts the derivation Oy — Z}; (mod Bf;) used in defining the

Cartier operator).
Now if {U,} is an affine open cover of X, then & € Ext bX(Qﬁ(/k’ BY) is

represented by the Cech cocycle
hap € T(Us N Ug, Hom (1., By)) = ['(Ua N Us, Der(Ox, By)),
has(a) = dOy,(a) —dOy,(a),

where Der denotes the sheaf of derivations. But then

haﬁ € P(Ua N Uﬁ,D@T‘(Ox, F*Ox)),

has(a) = bu, (a) — Ou,(a),

is also a 1-cocycle, giving the desired preimage under f of &.

Exercise 5.1:

1. Show that the Cartier operator yields a map on differential forms on a
non-singular variety X over k with logarithmic poles along a divisor D
with normal crossings, yielding isomorphisms of cohomology sheaves

. . c
H(FAQ% u(log D)) -5 0, (log D),
for each 0 < j < dim X.

2. Show that if X is non-singular of dimension d < p = chark, and the
pair (X, D) has a flat lift to Spec W5 (k), then the logarithmic de Rham
complex decomposes in the derived category as

dim X

F*{Q;(/k(logD)} = @ Qé{/k(logD)[—j]-

J=0
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3. Deduce that if X is non-singular and proper over a field k of character-
istic 0, and D a divisor in X with normal crossings, then the spectral

sequence
E7” = H*(X, Qg(/k):HHIH_S(X, QX/k)

degenerates at Fj.

(Compare with the proofs in P. Deligne, Theorié de Hodge II, III, Publ.
Math. THES, (1971) 5-57 and (1974) 5-77.)
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