Some lectures on Algebraic Geometry*

V. Srinivas

1 Affine varieties

Let k be an algebraically closed field. We define the affine n-space over k
to be just the set k™ of ordered n-tuples in k, and we denote it by A} (by
convention we define Ag to be a point). If z1,...,x, are the n coordinate
functions on A}, any polynomial f(z1,...,x,)in x1,...,x, with coefficients
in k yields a k-valued function A}l — k, which we also denote by f. Let
A(AZ) denote the ring of such functions; we call it the coordinate ring of
A7J. Since k is algebraically closed, and in particular is infinite, we easily see
that x1,...,z, are algebraically independent over k, and A(A}) is hence a
polynomial ring over k in n variables. The coordinate ring of AY is just k.

Let S C A(A}) be a collection of polynomials. We can associate to it
an algebraic set (or affine variety) in A} defined by

V(S):={z €A} | f(x)=0V f e S}.
This is called the variety defined by the collection S. If
I =< 8§ >:=ideal in k[z1,...,x,] generated by elements of S,

then we clearly have V(S) = V(I). Also, if f is a polynomial such that some
power f™ vanishes at a point P, then so does f itself; hence if

VI:={feklxy,...,zn)| f™ eI for some m > 0}

is the radical of I, then V(I) = V(\/I).
Conversely, let X C A} be an algebraic set. Then we can associate to it

(i) the ideal I(X) of polynomials vanishing on X, and
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(ii) thering A(X) = k[z1,...,2,]/I(X) of polynomial functions on X, the
coordinate ring of X.

Clearly I(X) = +/I(X), and A(X) is a reduced ring (has no non-zero nilpo-
tents).

Theorem 1 (Hilbert’s Nullstellensatz) Let I = VT be a radical ideal in the
polynomial ring k[z1,...,x,]. Then I(V(I)) = 1I.

Corollary 1 There is a one-one correspondence between three sets of ob-
jects:

(i) algebraic sets in A}
(ii) radical ideals in k[x1,. .., zy]

(iii) pairs (A, (t1,...,t,)) where A is a reduced k-algebra, and ty, ...ty
are n elements of A which generate A as a k-algebra.

In particular, if m C k[zy,...,x,] is a maximal ideal, it is a non-trivial
radical ideal, so that V(m) # ¢; if P = (ai,...,a,) € A} lies in V(m),
then m C I(P) =< z1 — ai,...,&p — Gy >. Since m is maximal, we
must have equality. Thus all maximal ideals in k[x1, ..., z,] are of the form
< X1—a1,...,Ty—ay > for suitable ay,...,a, € k. If m is a maximal ideal,
the natural map k£ — S(X)/m is an isomorphism; identifying S(X)/m with
k, if X; € S has image a; in S(X)/m, the corresponding point P is clearly
(a1y...,ap).

Another conclusion is that any radical ideal I C k[z1,...,x,] is the
intersection of all maximal ideals containing it; this just restates that a
variety in A} is determined by its points. The points on an affine variety
X are naturally in bijection with the maximal ideals of A(X), i.e., with
the maximal ideals of k[z1,...,z,] containing I(X). We can the associate
to a point P € X the local ring of X at P, as follows: if m C A(X) is
the corresponding maximal ideal, then the local ring is Op x = A(X)m is
defined to be the localization of A(X) at m.

The set of varieties in a given affine space A} is closed under finite unions
and arbitrary intersections, with the following properties:

(i) if I C J are ideals, then V(J) C V(I),
(i) V(I)uV(J)=V{IJ)=V(InNJ) for any pair of ideals I, .J, and



(iii) NV (Iy) = V(Z I,,) for any family of ideals {I,} of k[x1,...,zy].
«

The proofs are easy. To prove the second property, for example, note that
V(IHHuV(J) c V(INnJ) C V(IJ), since (use the first property) we have
IJcInJandINJ C I, INJ C J. If x € A} =V (I)UV(J), then there exist
fel,ge Jwith f(x) # 0and g(z) # 0; now fg € IJ with fg(z) # 0. Thus
the varieties in AJ satisfy the axioms for the closed subsets in a topology;
the resulting topology on A} (and the induced subspace topology on any
affine variety in A7) is called its Zariski topology. A closed subset of a variety
is referred to as a subvariety; subvarieties of X are clearly in bijection with
radical ideals in A(X) (i.e., with radical ideals in k[x1, . .., z,] which contain
I(X)).

We can define a suitable notion of morphisms between affine varieties.
First consider the case of morphisms f = (f1,...,fm) : A} — Al we
define these to be mappings whose component functions f; are polynomial
functions. Let x1,...,2, and y1, ..., ym be the coordinates on A} and A}"
respectively. For any polynomial function g(yi,...,ym), the function

[ g)=golf

is then a polynomial function on A}. If y; o f = fi(z1,...,2,) are the
component functions of the mapping f, then clearly

I (9) =g(fi(zr, ... xn), fo(xr, .oy @n), ooy fin(T1, - ).

Thus f* : k[y1,...,ym] — k[z1,...,2,] is a homomorphism of k-algebras.
Conversely, given a k-algebra homomorphism ¢ : k[y1, ..., ym] = k[z1, ..., 2],
let p(yi) = fi(x1,...,@y); then f = (f1,..., fm) : A} — A} is a morphism,
and f* = . Note that a morphism is clearly continuous for the Zariski
topology.

If X C A, Y C Ay’ are affine varieties, a mapping f : X — Y is
called a morphism if it is the restriction of a morphism f : A} — A}" (the
morphism f need not be unique). Since f extends f, we have f(X )Y,
and so f*I(Y) C I(X), and we have an induced k-algebra homomorphism
f* 1 AY) = A(X). Conversely, let ¢ : A(Y) — A(X) be a k-algebra homo-
morphism. Let ai,...,a, € A(X), b1,...,bn, € A(Y) be (the restrictions to
X and Y) of the coordinate functions. Then ¢(b;) = fi(a1,...,a,) for some
polynomials f; in n variables over k. If

f:(fl)"'7fm):AZ_>Am7



and f is its restriction to X, then one checks that f(X) C Y, and f* = ¢.
Thus morphisms between affine varieties correspond precisely to k-algebra
homomorphisms (in the opposite direction) between their coordinate rings.
Since we have defined a notion of morphisms, in particular, we have the
notion of an isomorphism.

Morphisms f : X — A,1C are also called regular functions on X. These
correspond to k-algebra homomorphisms k[z1] — A(X), i.e., to elements of
A(X) (a homomorphism k[z;] — A(X) is determined by the image of z1).

Some of the subtleties in the definition of a morphism become apparent
from the following examples.

Example 1.1: Let x,y be coordinates on A%. Let X = A,f;, Y =V(y?—
23) c A2, and let f : X — Y, f(a) = (a%,a®) for all @ € A}. If tis
the coordinate on A}, then f*(2) = 2, f*(y) = t>. Hence the component
functions of f are polynomials, and so f is a morphism. One sees easily
that f is bijective, which amounts to the statement that Y = {(a?,a?®) | a €
k} C AZ. Now A(X) = k[t] is the polynomial ring, and f*A(Y) is the k-
subalgebra generated by t2,t3. In particular the subalgebra does not contain
t, so that f is not an isomorphism, though it induces an isomorphism of the
quotient fields of A(Y') and A(X). This situation occurs because the variety
Y has a singularity at the origin.

Example 1.2: Let f: A7 — A? be given by f(a,b) = (a,ab). If ,y are
the coordinates on the target space, then (i) the fibres of f over the Zariski
open set {2 # 0} consist of exactly 1 point (i) the map f* : A(A2) — A(A3)
induces an isomorphism on quotient fields (iii) the only point of the y-axis
{z = 0} in the image of f is the origin (0,0), whose preimage is the y-axis.
This is called an affine blow up of the origin, since we have ‘replaced’ the
origin of the target A? by its preimage, a line, while (more or less) leaving
the rest of A? unchanged.

Note that the image of f contains a non-empty (dense) open subset of
A%, but is neither open nor closed. Thus the open mapping theorem is not
valid here.

Example 1.3:  Let k£ have characteristic p > 0. Then F': A} — A} given
by F(a1,as,...,a,) = (a},dh,...,aP) is a morphism which is bijective, but
not an isomorphism (the map F* identifies A(A}) with its subring consisting
of p*™ powers). This is called the (k-linear) Frobenius morphism on A}.

Now k[z1,...,zy] is a Noetherian ring. Hence any affine variety is the



zero set of a finite collection of polynomials. Next, any radical ideal I C
klx1,...,zy] is uniquely expressible as an irredundant intersection I = P N
P,n---N P, of a finite collection of prime ideals (‘irredundant’ means no
P; is contained in any Pj, or even in the union of the remaining P;). This
is a particular case of the notion of primary decomposition for ideals in
Noetherian rings.

Define an affine variety X to be irreducible if it is impossible to write
X = X1 U X, for subvarieties X1, Xo with X # X; and X # Xs. If such
a decomposition exists, we say X is reducible. We claim X is irreducible
precisely when its ideal I(X) is prime, or equivalently, when A(X) is an
integral domain. Indeed, if I(X) is not prime, let f,g ¢ I(X) with fg €
I(X). Let I = I+ < f >, Iy = I+ < g >, and set X; = V(I;). By the
Nullstellensatz, X;CX, since ICI; and I is radical. Then X = X; U Xy,
since I(X)? € I1Is C I(X). Hence X is reducible. Conversely, suppose
X = XjUX5 is a non-trivial decomposition. Let z; € Xo— X1, z9 € X1 —Xo.
By the Nullstellensatz, there exist f € I(X1), g € I(X2) with f(x1) # 0 and
g(z2) # 0. In particular neither f nor g is in I(X). But clearly fg vanishes
on X.

We deduce also that the irreducible subvarieties of X correspond to the
prime ideals in A(X) (i.e., to the prime ideals in k[x1,...,z,] containing
I(X)). Another useful property of irreducible varieties is the following: if
X is irreducible, then any non-empty Zariski open subset of X is dense; in
particular the intersection of any finite number of non-empty Zariski open
subsets of X is non-empty. Thus if X is irreducible, and Y is a proper
subvariety, then X — Y has infinitely many points.

Now consider a general affine variety X. If I(X) = PiN---N P, is its
primary decomposition, and X; = V(P;), then X = Xj U---U X,., such
that (i) each X is irreducible, and (ii) the decomposition is irredundant. It
is easy to see that the decomposition is characterized by these properties.
The X; are called the irreducible components of X. The coordinate rings
of the irreducible components A(X;) are just the quotients of A(X) by its
minimal primes. For many purposes in algebraic geometry, one reduces the
study of general affine varieties to that of irreducible ones; on the level of
algebra, this corresponds to reducing the study of finitely generated reduced
k-algebras to that of such integral domains.

We may now define the dimension of an affine variety. This can be
done in several equivalent ways. First, we define the (Krull) dimension of
a variety X to be the largest d such that there exists a chain Xg C X; C
.-+ C X4 of subvarieties of X with X, irreducible, where all the inclusions



are strict. Since irreducible subvarieties in X correspond to prime ideals in
the coordinate ring A(X), the dimension of X is just the Krull dimension
of A(X), in the sense of commutative algebra. With this definition, it is a
standard algebraic fact that A} has dimension n, i.e., the Krull dimension
of the polynomial algebra k[z1,...,z,] is n.

From the definition, one sees at once that dim X = sup dim X; where X;
are the irreducible components of X. If X is irreducible, so that A(X) is a
finitely generated k-algebra which is an integral domain, then the quotient
field k(X)) of A(X) has finite transcendence degree over k; from dimension
theory in commutative algebra, this equals the Krull dimension of A(X), i.e.,
equals the dimension of X. We define a variety X to be equidimensional if
all its irreducible components have the same dimension.

If X is a variety, Y a subvariety, we define the codimension of Y in X to
be codim (Y, X) = dim X — dimY. If Y is irreducible, this also equals the
largest n such that there is a strictly increasing chain of subvarieties of X

YCXiC--CXy;
This translates into an algebraic fact: for any prime ideal P C A, we have
height P + dim A/P = dim A,

for any finitely generated! k-algebra A.

In this context, we have the following corollary of Krull’s Principal Ideal
theorem: if A is a Noetherian ring, and I =< fi,...,f, >C A a proper
ideal, then every minimal prime of I has height < r. Hence if X is an
irreducible variety and A = A(X), and Y = V(I) # ¢, then every irreducible
component of Y has codimension < r. In particular, if X C A} is a non-
empty subvariety which is the zero set of a collection of  polynomials, then
every irreducible component of X has dimension > n — r.

We say X C A} is a complete intersection if I(X) is generated by n —
dim X elements. We say X is a set theoretc complete intersection if there
exists a set of n — dim X polynomials whose zero set is precisely X, i.e.,
there is an ideal I generated by n —dim X elements with /I = I(X). From
Krull’s theorem, a set theoretic complete intersection is equidimensional,
i.e., all its irreducible components have the same dimension. As we see
in the example below, there are equidimensional varieties which are not
complete intersections. It is in general very hard to decide if an affine variety

1This does not hold for arbitrary Noetherian rings A, however.



is a set theoretic complete intersection. For example, a famous conjecture
asserts that every curve (purely 1-dimensional variety) in A3 is s set theoretic
complete intersection; the celebrated theorem of Cowsik and Nori asserts
that this is true if k£ has characteristic p > 0.

Example 1.4: Let X C A% be the image of the morphism f : A,%/, — A3,
f(t) = (3,4, °). If 2, y, z are the coordinates on A3, the ideal I(X) = (y*—
rz, 2% —yz, 22 —2%y), and I(X) cannot be generated by 2 elements. However
(exercise for the reader!) there exist f,g € I(X) such that /< f,g > =
I(X), i.e., X is a set theoretic complete intersection.

There is another way in which we may understand the dimension of an
affine variety. This is through the Noether normalization theorem.

Theorem 2 (Noether normalization) Let A be a finitely generated k-algebra
of dimension d. Then there exist d elements y1,...,yq € A such that

(i) y1,...,Yyq are homogeneous linear polynomials in the x;, and are
algebraically independent over k

(i1) if B is the k-subalgebra of A generated by the y;, then A is a finite
B-module; in particular, A is integral over B

(iii) if A is an integral domain, then its quotient field K is a fintie
separable extension of L, the quotient field of B; if [K : L] = r, then
there is a non-zero element b € B such that A[1/b] is a free B[1/b]-
module of rank r, and for any mazimal ideal m C B[1/b], the ideal
mA[1/b] is an intersection of r distinct mazimal ideals.

Proof: (Sketch) We first show that B can be chosen so that A is a finite
B-module, and if A is an integral domain, then the extension of quotient
fields is separable.

Let x1,...,x, be generators for A as a k-algebra. If they are algebraically
independent, then A is a polynomial ring, and so (as noted earlier) d = n and
we are done. If not, there is a non-trivial polynomial relation f(x1,...,z,) =

0 with coefficients in k. If A is an integral domain, we may assume that the
polynomial f is irreducible; in particular, since k is algebraically closed, we
may assume f is separable in at least 1 of the variables.

One shows that there is a non-empty, Zariski open subset U C M, (k),
the n x n matrices, such that

(i) U cC GLn(k);



(ii) for o € U, if we set t; = o~ 1(x;), so that 2; = o(¢;), then the poly-
nomial f(x1,...,zn) = f(o(t1),...,0(tn)) = g(t1,...,t,) is monic in
tn

(iii) in (ii), if A is a domain, then ¢, is also separable over the quotient
field of the subalgebra k[t1,...,t,—1].

To prove that such an open set U exists, one takes o to be a matrix of
indeterminates, and if deg f = m, one computes the coeflicient of ¢I* of g.
This is shown to be a non-zero polynomial i in the entries of o, so that
the condition that the product hdet(o) is non-zero defines a non-empty
Zariski open set Up in M, (k). In a similar way, the separability condition
also determines a non-empty Zariski open subset U; C M, (k) — if k£ has
characteristic p > 0, and f has a non-zero coefficient of the monomial z] M,
where M’ involves only the other n — 1 variables, and p does not divide 7,
then the open set U; can be defined by the condition that in

gztnm—|—a1(t1,...,tn,1)t;’f_1+...’

the polynomial a,(t1,...,tn—1) (the coefficient of ¢]) is not identically 0.
Now take U = Uy N Uj.

Now replace A by the k-subalgebra A’ generated by ti,...,t,_1; by
induction on n, the result holds for A’. By construction, A = A’[t,,] where
t, is integral over A’, so A is a finite A’-module. Further, if A is a domain,
then t,, is separable over the quotient field of A’. If B C A’ is a polynomial
subalgebra over which A’ is a finite module, then clearly A is also a finite
B-module; if also the quotient field of A’ is separable over that of B, then
so is the quotient field of A.

Now assume A is a domain, and fix B C A such that A is a finite B-
module, and the quotient field K of A is separable over L, the quotient field
of B. By the primitive element theorem, K = L(t) for some element ¢t € A.
Since A is a finite B-module, we can find a non-zero element b; € B such that
A[1/b1] = B[1/b1]]t]. Now t is a root of a monic polynomial with coefficients
in Bj; since B is a unique factorization domain (it is a polynomial ring over a
field), the Gauss lemma implies that the monic irreducible polynomial p(T")
of degree r = [K : L] for t over L satisfies p(T)) € B[T]. In particular,
A[1/by] is a free B[1/bj]-module with basis 1,t,...,¢""1. Since K = L(t)
is separable over L, p(T) is a separable polynomial, and so Ny (p/(t)) is
a non-zero element by € B. Now take b = bjba. Then A[1/b] = B[1/b][t]
where t is a root of the monic irreducible separable polynomial p(T") over



BJ[1/b] (separability means the norm of p/(t) is a unit in B[1/b]). Hence for
any maximal ideal m of B[1/b], the algebra C = A[1/b]/mA[1/b] over the
field B[1/b]/m = k has a presentation C' = k[T|/(p(T)), where p(T) € k[T
is a separable monic polynomial of degree r. Since k is algebraically closed,
this means p(7T") is a product of r distinct monic linear factors, i.e., mA[1/b]
is the intersection of r distinct maximal ideals. O

The category of affine varieties has a direct product. First, we identify
A} x AJ" with A7 in the obvious way (both are identified with £™*").
Let z1,...,x, be the coordinates on A}, and y1,. .., ym those on A]". Then
the m + n functions x1,...,Zn, Y1, - -, Ym are the coordinates on AZ‘”’L. If
X C A} and Y C A" are subvarietes, with ideals I(X) C k[z1,...,2,| and
I(Y) C k[y1,...,ym), then X x Y is the subset V(I(X)UI(Y)) C A}H™,
where I(X), I(Y) are both regarded as subsets of k[x1,...,Zn, Y1y, Ym]
With this identification, one can show that in fact < I(X),I(Y) > is a
radical ideal in k[z1,...,2n, Y1, ..., Ym], and so A(X)®; A(Y) = A(X xY)
as k-algebras (the isomorphism is induced by z; ® 1 — z;, 1 ® y; — ;).
Now X x Y is indeed the direct product in the category of affine varieties,
i.e., to give a morphism from an affine variety Z to X X Y is precisely to
give a pair of morphisms Z — X and Z — Y.

There is one subtlety in the definition of the product: the Zariski topol-
ogy on X x Y is in general not the product topology; it is usually finer (i.e.,
open sets in the product topology are also Zariski open, but there are usu-
ally more Zariski open sets in X x Y'). A simple example to illustrate this is
the variety A% = A,lC X A,lg; the basic open sets in the product topology are
complements of finite unions of vertical and horizontal lines, and the Zariski
open set A2 — V(zy — 1) (the complement of the hyperbola with equation
xy = 1) is not a union of such sets, i.e., is not open in the product topology.
Since the product variety is indeed the direct product in the category of
affine varieties, this ‘strange’ topology on the product does not cause any
difficulties, and is in fact forced on us.

We next discuss the important notion of non-singularity. We do this
using the Zariski tangent space. This is defined as follows. If X C A} is an
affine variety, and P a point of X, let m C k[z1, ..., x,] be its maximal ideal
in the polynomial ring, and m C A(X) its image in A(X). There is then
a surjective k-linear map m/m? — m/m?2. If W C m is the vector space
of linear polynomials in k[x1,...,z,] vanishing at P, then the natural map
W — m/m? is an isomorphism. Let Wy = ker(W — m/m?). Thus W,
consists of the linear polynomials vanishing at P ‘to order at least 2 along



X’; geometrically, we should then expect that for any non-zero f € Wy, the
hyperplane {f = 0} in A} should be tangent to X along P.

With this as motivation, we define the Zariski tangent space Tpx to X
at P to be the linear subvariety of A}’ defined by

TP,X = V(Wo) = {33 S AZ | f(SL‘) = OVf S Wo}.

This is clearly an affine linear subspace (a coset of a vector subspace) of A}
which passes through P.

We may regard k[zi,...,x,] as the symmetric algebra over k of W,
i.e., a basis y1,...,y, for W gives a new set of variables in the polynomial
ring, related to the old ones by an affine linear transformation (i.e., we
have y; = Y a;jz; + ¢j with [a;;] € GL, (k) and ¢; € k). Now Tpx has
coordinate ring isomorphic to the symmetric algebra of W /Wy, i.e., to the
symmetric algebra of m/m?2. Thus points of Tp x are naturally in bijection
with elements of the dual vector space

(m/m?)* = Hom (m/m?>, k).

Hence this dual space is also known as the Zariski tangent space (this is
an intrinsic definition which depends only on the coordinate ring and the
maximal ideal, and not the chosen set of n generators of A(X), i.e., the
given ‘embedding’ of X in A}).

From the discussion above, we see that

dim TP,X = dimy ﬁ/ﬁ2.
From commutative algebra,
dimy, m/m? > (Krull) dim A(X ) = dim Op x.

We define a point P in X to be non-singularif equality holds, or equivalently,
if the local ring Op x is a regular local ring in the sense of commutative alg
bra. A third equivalent characterization is that the completion

Opx =lim Op x /m?®
. s
S

of Op x is isomorphic to the ring k[[z1,. .., z4]] of formal power series over
k in d = dim Op x variables. In particular, since a regular local ring is an
integral domain, P must lie on a unique irreducible component of X.

10



Now
m/m? = m/(m? 4 I(X)) = coker (I(X) — m/m?).

Let P = (a1,...,ay), so that m =< z; — ay,...,z, — a, >. Identifying
m/m? with V, which has a basis 21 —ay, . . ., ¥, —ay, the map I(X) — m/m?
is identified with the map (given by Taylor expansion to order 1)

of of
fe <8xl(a1,...,an),...,axn(al,...,an)).
Hence if f1,..., fin are generators for I, then

. of;
dim7Tp x = n —rank [8?1 (P)} .

This leads to the Jacobian criterion for non-singularity: if X is irreducible
and dim X = d, then P € X is a non-singular point if and only if there exist
n — d elements fi,..., fn_q in I(X) such that

£

has maximal rank (equal to n—d). One immediate consequence of the above
analysis is that the set of nonsingular points in X is Zariski open (it is a
finite union of sets defined by the non-vanishing of determinants of matrices
of polynomials).

Now affine space of any dimension is non-singular. From Noether nor-
malization as proved above, applied to A = A(X), the points of an irre-
ducible affine variety X corresponding to maximal ideals of A[1/b] are non-
singular points of X. This is because for any maximal ideal m of B[1/b], if
mA[l/b] = m; N---Nm,, then (with d = dim A = dim X))

rd = dimy m/m? = dim, mA[1/b]/m?A[1/b] = Zdimk m;/m?

where each term on the right is at least d; hence all the terms in the sum
equal d. In particular Ay, is a regular local ring of dimension d for each
i. Thus the set of non-singular points of an irreducible affine variety is a
non-empty Zariski open set.

Non-singular affine varieties have several good properties which distin-
guish them in the class of all varieties. For example, if X is connected and
non-singular, then it is irreducible. Further, if f : X — Y is a bijective

11



morphism between irreducible affine varieties, such that Y is non-singular,
and f* induces an isomorphism of the quotient fields of A(Y') and A(X),
then it is in fact an isomorphism. This result is, however, not so easy to
prove; it is a (relatively simple) form of ‘Zariski’s Main Theorem’.

Another subtle propert of non-singular varieties is that their local rings
Opx are all unique factorization domains (UFDs). This follows from the
theorem of Auslander-Buchsbaum in commutative algebra, that a regular
local ring is a unique factorization domain. In particular, one can deduce
that the local rings Op x, and hence (if X is irreducible) the coordinate
ring A(X), is integrally closed in its quotient field. Finally, if k¥ = C, the
field of complex numbers, then a non-singular subvariety X C A¢ can also
be regarded as a complex submanifold of C™, so that techniques from the
theories of differential and complex manifolds can be applied to the study
of X:; sometimes analogous algebraic notions can be defined, which would
then make sense for arbitrary non-singular affine varieties. One such notion
we will encounter later is that of an algebraic differential form.

We can also associate to X its tangent variety

Tx :={(z,y) e AL x A} |y e T, x}.

If x1,...,2, ands y1, ..., y, are the coordinates on the two factors A}, then
Ty is the subvariety of A} x A = A" defined by V(I(X)U S), where

§ = (3 —a L) e px,

Hence T is an affine variety in A?" = AP x A}, such that the first projection
gives a surjective morphism 7x : Tx — X. The fibre 73} (P) is identified
with Tp x, and the diagonal embedding of X in A} x A gives an algebraic
section of the morphism 7x. If X is non-singular, then 7x is an example of
an algebraic vector bundle, the tangent bundle of X.

We end this section with the notions of rational functions and rational
maps. First note that there is a basis of open sets for the Zariski topology
on A} consisting of the open sets

D(f) = Ag = V(f) ={z € Ay | f(2) # 0} (1)

Consider the variety Xy C AZH defined by f(z1,...,2n)xnr1 —1 =0 (i.e.,
Xy =V(f(x1,...,2p)2n41 — 1)). The coordinate ring of Xy is isomorphic
to the localization of A(X) with respect to powers of f. Then projection
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onto the first n coordinates yields a morphism ¢ : Xy — A}, which is gives
a homeomorphism of X; with D(f), such that

(i) ¢*: A(A}) = A(Xy) is identified with the localisation map k[z1, ..., z,] —
k[xla sy Iy f_l}

(ii) forany P € X with image @ € D(f), the local rings Op x, and Op ar
are isomorphic, via ¢*.

Thus we may regard D(f) as an affine variety in its own right, by identifying
it with X . Hence it also makes sense to consider regular functions on D(f);
now restrictions of regular functions from D(f) to D(fg) are regular on
D(fg).

Now let X be an irreducible affine variety. A rational map from X to
an affine variety Y is a morphism f : U — Y, for some non-empty affine
open subset U C X, such that (U, f) and (V, g) determine the same rational
map if f — g vanishes on a non-empty open set in U NV (more formally, a
rational map is an equivalence class of pairs (U, f) as above). In particular,
a rational function on X is a rational map X — AJ. One sees easily that
rational functions are identified with elements of the quotient field of A(X).

A rational map (or rational function) is said to be reqular at a point P if
there is a morphism (U, f) representing it, with P € U. The local ring Op x
acquires the following more function theoretic interpretation: it is the ring of
germs of rational functions on X which are regular at P (recall that a germ
of a function at P is a pair (U, f) consisting of an open set U containing P,
and a function f on U; again (U, f) is equivalent to (V,g) if f and g agree
on a neighbourhood of P in U NV).

The interpretation of local rings in terms of germs of regular func-
tions allows us to reexamine the notion of a morphism between affine vari-
eties. Clearly if f : X — Y is a morphism between affine varieties, then
f* (i.e., composition with f) induces homomorphisms f* : Oyp)y —
Opx for all P € X. Conversely, suppose given a continuous map (for
the Zariski topology) f : X — Y, such that for each P € X, the associa-
tion (g,V) > (go f, f~1(V)) on germs of functions yields a homomorphism
f*:Opp)y — Opx. Then one can prove that f is in fact a morphism (see
[H], Theorem 3.2). This boils down to the following statement in commuta-
tive algebra: let A be a finitely generated reduced k-algebra; then A is the
intersection (in its total quotient ring) of its localizations at all its maximal
ideals.
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2 Projective and quasi-projective varieties

We begin by defining projective n-space over the (algebraically closed) field
k to be a quotient of k"1 — {0} by an equivalence relation,

Pi= (K" —{0})/ ~,

where (ag,...,an) ~ (Aag,Aai,...,Aa,) for all A € k* = k — {0}. We
denote the equivalence class of (ag,a1,...,a,) by (ap : a1 : -+ : ap). If
P=(ap:ai:---:ay)is a point of P}, then the a; are called homogeneous
coordinates for P.

Let S = k[Xy,...,Xy] be the polynomial ring in n + 1 variables. We
consider this as a graded k-algebra such that each variable X; is homoge-
neous of degree 1. Thus S = @©4>0S54, where S; denotes the k-vector space
of homogeneous polynomials of degree d. If f € S is homogeneous of de-
gree d, then for any P = (ag : a1 : -+ : ap) € P, the condition that
f(ap,a1,...,a,) = 0 depends only on the point P, and not on the specific
set of homogenous coordinates chosen to represent P. We express this by
writing ‘ f(P) = 0’. With this convention, if T" is a set of homogeneous poly-
nomials in k[Xy,..., X,], we define the associated projective variety X in
P} to be

X=V(T)={PePy| f(P)=0VPecT}.

The same set T' also defines a subvariety C(X) of AZH, which is conical
(i.e., if z lies in the subvariety, so does Az, for all A € k). We call C'(X) the
affine cone over X C P}.

Recall that an ideal I C k[Xy,..., X,] is called a homogeneous ideal if
I is generated by homogeneous elements; equivalently, I C S is a graded
submodule of S. The Hilbert basis theorem then implies that I is gener-
ated by a finite set of homogeneous elements. For any set T of homoge-
neous polynomials, the ideal < 71" > generated by them is homogeneous,
and V(T) = V(< T >) C P}. Also, the radical of a homogeneous ideal is
homogeneous, so that we again have V(I) = V(v/I) for any homogeneous
ideal 1.

Note that the ideal S1 = ®4~0.54 generated by all homogeneous elements
of positive degree defines the empty setin P}, even though S, is a non-trivial
maximal ideal; we call it the irrelevant mazimal ideal of S. Further, for any
homogeneous ideal I, we have either I/ =S or I C S, and

V(I)=¢ < either VI =S or VI =85, = ®g-05,.
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As in the case of affine varieties in A}, the projective varieties in P}, are
closed under finite unions and arbitrary intersections, and so form the closed
subsets for a topology on P} (giving rise to a topology on any projective
variety in P}). We call this the Zariski topology on Pj. We also define the
notion of a quasi-projective variety in P}; this is a subset of the form X —Y
where X,Y C P} are projective varieties. From now on ‘variety’ will mean
‘quasi-projective variety’, unless specified otherwise.

If X C P} is a projective variety, then its ideal I(X) C S is the homoge-
neous ideal generated by all homogeneous polynomials vanishing on X. The
homogeneous coordinate ring S(X) of X is defined to be the quotient graded
ring S/I(X). The Nullstellensatz takes on the following form: for any ho-
mogeneous ideal I, if f € Sy with d > 0 and f € I(V(I)), then f € V/T.
This can be deduced from the usual Nullstellensatz applied to the affine
cone C(X). The homogeneous Nullstellensatz implies that if I = VI is a
graded radical ideal in S with V(1) # ¢, then I(V(I)) = I. We obtain a 1-1
correspondence between non-empty projective varieties in P} and radical
homogeneous ideals I C Sy with I # S.. Further, for any set Y C PZ, its
Zariski closure (i.e., closure in the Zariski topology) is V(I(Y")), where I(Y)
is the ideal generated by homogeneous polynomials vanishing on Y. Finally,
there is a 1-1 correspondence between closed subsets of a projective variety
X and radical homogeneous ideals 1CS(X), where S(X)y = ©g>05(X)q
is the ideal generated by homogeneous elements of positive degree in S(X).

Projective space P}, and hence any quasi-projective variety, is a Noethe-
rian topological space, i.e., any strictly descending chain of closed subsets
stops after a finite number of steps. This follows from the ascending chain
condition for graded ideals. A Noetherian space may also be characterized
by the property that any collection of closed subsets has a minimal ele-
ment. In a formal way, this implies that any Noetherian topological space
X can be uniquely written as an irredundant union X = XU XoU---UX,
where X; C X are irreducible, closed subsets, as follows. The collection
of all closed subsets of X which do not have a finite decomposition into
irreducible closed subsets has a minimal element X, which must clearly
be reducible; if Xg = X’ U X", where X', X" are proper closed subsets of
Xy, then minimality of X implies that X and X’ are each finite unions of
irreducible closed subsets; but then so is Xo = X’ UX"”. So X does admit a
finite decomposition into irreducible closed subsets, hence also an irredun-
dant one. Uniqueness is easily proved by induction on the number of sets in
a given decomposition.

In particular, any quasi-projective variety X is uniquely expressed as a
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finite, irredundant unions X = X; U Xy U --- U X, of irreducible varietes of
the same type, which we call the irreducible components of X.

In algebraic terms, if I(X) is the homogeneous ideal of a projective vari-
ety, then in its primary decomposition I(X) = PiNPN- - -NP,, the primes P;
are also homogeneous, and determine projective subvarieties Xy, ..., X, of
X; then X = X;UX,U--- X, is the decomposition of X into irreducible com-
ponents; in particular, X is irreducible < I(X) is a (homogeneous) prime
ideal. Thus points in X correspond to homogeneous prime ideals mC.S (X)4,
which are maximal among such prime ideals. Note that S(X)/m must then
be a graded integral domain of Krull dimension 1, generated as a k-algebra
by its homogeneous elements of degree 1; this forces S(X)/m = k[t], a poly-
nomial ring, where t is any non-zero homogeneous element of degree 1. Now
under the composite

S—3S/I(X) = §(X)—=+S(X)/m,

if X; maps to a;t, then one verifies easily that P = (ag : a1 : -+ : ap).
Conversely, if ¢ : S(X)—>k[t] is a graded surjection of k-algebras, then
»(X;) = a;t, so that ker ¢ is the graded ideal corresponding to the point
P =(agp:---:a,). Hence there is a 1-1 correspondence between points of X
and equivalence classes of graded surrjective homomorphisms S(X) — k[t],
where the equivalence is upto composition with an automorphism ¢ — ct
with ¢ € k*.

For X = P}, such graded homomorphisms are of course equivalent to
linear functionals on S7, vector space of homogeneous elements of degree 1 in
S; the homomorphism corresponding to a functional is the induced map on
symmetric algebras. This gives a ‘coordinate free’ description of the points
of P} as non-zero linear functionals on S; upto scalar multiples.

The dimension of a quasi-projective variety X is now defined as for affine
varieties: it is the largest d such that there is a strictly increasing chain of
irreducible closed subsets XoCGX1G--- C_;Xd of X. One can show using a
little commutative algebra that for any quasi-projective variety Y, we have
dimY = dimY, where Y is the projective closure of Y (see [H], Prop. 1.10
and Exercise 2.10).

Krull’s principal ideal theorem has the following consequence for sub-
varieties of P} — if Fj,..., F, are homogeneous polynomials of positive
degree, then each irreducible component of V(< Fy, ..., F, >) has dimen-
sion > n — r. Unlike in the case of affine varieties, this variety X is always
non-empty, provided r < n, since we may apply the affine Krull theorem
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to the cone C(X) in A7 (note that C(X) is always non-empty, since it
contains the origin 0 € k"1 = AT,
If

Ui={(ap: - :ap) | a; #0},

then there is a natural bijection ¢; : k™ — U; given by
(b1, ..., bpw) = (by i b Libipy et by).

In fact this is easily seen to be a homeomorphism with respect to the re-
spective Zariski topologies ([H], Prop. 2.2). This amounts to the assertion

that if Y C A, then Y = ¢ 1(p(Y)), where p(Y) is the Zariski closure in

L of p(Y). This is true because if f(z1,...,xy,) is a polynomial of degree
d, so that
f= Z Ay T T -+ T
vi+-+vp <d
and if

F(Xo0, X1, .., Xn) = XEf(Xo/ X0, X1/ Xy o Xic1 ) Xy Xii1 ) Xy -, X ) X)) =

v 2 V4 d—v1—va—...—V. Vi1 V.
Z vy Ko X170 X1 X "X X
vi4-4vn<d

is the (unique) homogeneous polynomial of degree d with
F(xi,xe,...,xi—1, L xiy ... xy) = f(21, ..., 20),
then
(i) V(F) = p(V(f)) is the Zariski closure of ¢(V(f))

(i) o' (V(F) =V(f).

We may thus identify U; with the affine space A}. Hence P}, and hence
also any quasi-projective variety, has a basis of Zariski open sets consisting
of affine varieties. This is because (as seen in §1) any affine variety has a
basis of Zariski open sets which are each affine varieties in a natural way.

This local structure of quasi-projective varieties allows us to transfer
‘locally defined’ notions for affine varieties to quasi-projective varieties. The
first important one is that of morphisms. A continuous map f : X — Y
between quasi-projective varieties is called a morphism if for any affine open
subsets U C X and V' C Y such that f(U) C V, the restriction f : U — V is
a morphism of affine varieties. Morphisms to A,lC are called regular functions
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on X, and form a k-algebra in a natural way under pointwise addition
and multiplication. We denote this k-algebra by O(X). If f € O(X), let
D(f) = X — V().

Similarly, a rational map X — Y from an irreducible quasi-projective
variety X is an equivalence class of pairs (U, f) where U is a non-empty
open set in X, and f: U — Y is a regular function on U; here (U, f) and
(V,g) are equivalent if f =gon UNV.

A rational map f : X — A} is called a rationa function on X. The
rational functions on X form a field, denoted K (X), which we refer to as
the (rational) function field of X. Examples of rational functions are given
by (the restriction to X of) ratios F'//G of homogeneous polynomials of the
same degree, where G ¢ I(X). If U C X is a non-empty open subset, clearly
K(U) = K(X); since K(A}) is just the quotient field of the polynomial
ring in n variables, we deduce that K (P}) is also isomorphic to the field of
rational functions over k in n variables.

In general, for any irreducible variety X, the dimension of X equals
the transcendence degree over k of its rational function field K(X). To
prove this, we may replace X by an affine open subset, without changing
the function field; for an irreducible affine variety X, the function field is
the quotient field of its coordinate ring A(X). Now dimension theory in
commutative algebra implies that the transcendence degree of the quotient
field of A(X) equals its Krull dimension.

We mention one good property of morphisms between quasi-projective
varieties. Let f : X — Y be a morphism between irreducible varieties with
Zariski dense image (for example, f may be onto); we say f is a dominant
morphism. Then there is a non-empty Zariski open set U C Y such that for
any P € U, we have dim f~}(P) = dim X —dim Y. A proof is sketched in [H],
II, Ex. 3.22. The idea is to first reduce to the case when X and Y are affine,
and then consider a factorization f = go h, where (i) g : X — Y x Aj,
with 7 = dim X — dim Y, (ii) the morphism g¢ is dominant, and (iii) A is
the projection to Y; further, (iv) K(X) is a finite algebraic extension of
K(Y x A}).

We do this on the level of algebra — if A(X) = A, A(Y) = B, then
f*: B — A is injective, since f is dominant. The quotient fields K (X)
of A and K(Y) of B respectively have transcendence degrees dim X and
dimY over k; hence K(X) has transcendence degree r over K(Y'), and
we can find a polynomial subalgebra B[T1,...,T,] of A such that [K(X) :
K(Y)(Ty,...,T,)] < cc.

Hence it suffices to prove that if f : X — Y is dominant, and dim X =
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dim Y, then for a non-empty Zariski open set U C Y, and any P € U, the
fibre f~1(P) is finite. Since K (X) is finite algebraic over K (Y'), and A(X) is
a finitely generated A(Y")-algebra, we can find a non-zero b € A(Y') such that
A(X)[1/b] is integral and finitely generated over A(Y')[1/b], i.e., A(X)[1/b] is
a finite A(Y)[1/b]-module. Then for any maximal ideal m C A(Y")[1/b], the
A(Y)[1/b]/m = k vector space A(X)[1/b]/mA(X)[1/b] is finite dimensional,
so that there are only finitely many maximal ideals of A(X)[1/b] lying over
m. Thus if P € D(b) C Y, the fibre f~1(P) is finite.

We can define the local ring Op x at a point P of a quasi-projective
variety X as the ring of germs of regular functions at P (such a germ is,
as before, an equivalence class (U, f) where U is an open neighbourhood of
P, and f is a regular function on U). Since this is true for affine varieties,
we see that the notion of a morphism f : X — Y is local on X: in fact f
is a morphism < f is continuous, and composition of germs with f yields
homomorphisms [*Ofp)y — Opx for all P € X.

We can read off some invariants of a projective variety directly from
its homogeneous coordinate ring, as follows. We make use of the following
notations. Let A be a graded ring, and T' C A a multiplicative set consisting
only of homogeneous elements. The localized ring T~'A has a natural Z-
grading, whose homogeneous elements are of the form f/g, where f € A,
g € T are homogeneous elements; we define deg f/g = deg f —deg g. Now let
Aty denote the elements of degree 0 in the Z-graded localized ring T' 1A,
If I is a homogeneous prime ideal of A, let A;) = A7) where T'is the set of
homogeneous elements of A — I (this is indeed a multiplicatively closed set
of homogeneeous elements in A). If T' is the multiplicative set of powers of
a homogeneous element f, we write Ay for A(7y. Note that if T' contains a
homogeneous element of degree 1, or even a power of such an element, then

T71A = A(T) [t, t_l]

is a Laurent polynomial ring in 1 variable, as a graded ring. Here ¢ is the
image of any homogeneous element of degree 1 of A such that a power of ¢
lies in T'.

Theorem 3 Let X C P} be a projective variety, with homogeneous coordi-
nate ring S(X).

(i) For any point P € X, let m C S(X)y be the homogeneous prime
ideal corresponding to P. Then Op x is naturally isomorphic to S(X)m)-
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(ii) Let f € S(X) be homogeneous of degree > 0, and let Y =V (f) C
X be the closed subvariety defined by the vanishing of f (i.e., Y cor-
responds to the graded radical ideal \/fS(X)). Then X —Y is affine,

with coordinate ring naturally isomorphic to S(X) ).

(i) dim S(X) = dim X +1; if X # ¢, then the irreducible components
of X are in bijection with the minimal primes of S(X) (which are
homogeneous).

Suppose further that X is irreducible. Then
(iv) O(X) =k, i.e., any reqular function on X is constant, and

(v) K(X) = S(X)0)), the elements of degree 0 in the localization of
S(X) with respect to the multiplicative set of homogeneous elements of

S(X) — (0).

This is contained in [H] (I, Theorem 3.4 and Ex. 2.10), except for (ii), which
is proved in the special case when f is one of the variables. The general case
of (ii) is proved (in a more general form, in the context of schemes) in [H],
IT, Prop. 2.5. The idea is as follows. If f has degree d, then S(X) ) consists
of all elements g/f" where g € S(X);q, for some r > 0. Let P = (ao :
ai:---:a,) € X —Y. Since degg = deg f", the ratio g/f%(ao,ai,...,an)
depends only on P, and yields a well defined function g/f% : X —Y —
k. One checks that this is a regular function, and that the resulting map
S(X)(s) = O(X —Y) is an isomorphism. This can be done by covering X
by the opens sets X N U;, which are affine (by the special case of (ii) for
linear f); now one appeals to the analogous result for affine varieties (seen
in §1, (1)).

In particular, we see that for any homogeneous polynomial f € S, the
Zariski open set in P}’ defined by

Dy(f) =Py = V() ={P e PL [ f(P) # 0} (2)

is affine, with coordinate ring Sy, the subring of homogeneous elements of
degree 0 in the localization Sy = k[Xo, ..., X,,1/f].

The set P} x P} has a natural structure as a projective subvariety in
P oiven by the image of the mapping

((ap:ayg:---:ap),(bg:by:---:by)) —
(aobo : apby : -+t aibj -+t apby,) € PPHEM
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(the dimension of the target projective space is (n + 1)(m + 1) — 1). This
is called the Segre embedding of Py x Pj*. Its image is indeed a projective
subvariety; if we let Z;;, 0 < ¢ < n,0 < j < m be the variables correspond-
ing to homogeneous coordinates on P} ™" then the image of the Segre
embedding is the variety defined by the homogeneous polynomial equations

XijXpr — XaXg; =0, VO < i,k <n,0< 5,0 <m.

These are equivalent to the assertion that the matrix [X;;] has rank < 1.
Clearly, the homogeneous coordinates of any point P in the image of the
Segre embedding do satisfy these quadratic equations. Conversely, given any
non-zero solution [¢;;] of these equations, the assertion that the rank of [c;;]

equals 1 implies that there exist (unique upto scalars) (ag, ..., a,) € k",
(boy - --,bm) € k™1 in k such that ¢;; = a;b;. Then P is the image of the
(unique) point ((ag : ++- : an),(bo : -+ : by)) under the Segre embedding.

If S = @4>054 and S’ = B4>05) are the (graded) homogeneous coordinate
rings of P} and P} respectively, then there is a natural identification of the
homogeneous coordinate ring

S( LL X P?) = k[Zz‘j}i,j/ < Xinkl — Xilej ‘ Vi,j, k.l >
with the graded k-algebra
Ba>05d Ok Sg.

Here the image of the variable Z;; is X; ® XJ’-, where X; € 57 and Xj'- S}
give the homogeneous coordinates on P}, P} respectively.

Note that though we call this the Segre embedding, in our treatment, it
is only a bijection, which we then use to put the structure of a variety on

L x P In the theories of ‘abstract varieties’ (which we do not discuss in
this course) or schemes (which are discussed later, and in principle include
‘abstract varieties’), there is a direct product, so that P} x P} has a struc-
ture as a variety; in either of these contexts, one has to show that the Segre
embedding is in fact an isomorphism, in the appropriate category. This is
true, and will be discussed later for schemes.

One very important property which characterizes projective varieties
among arbitrary ones is that they are complete. This is an algebraic ana-
logue of the compactness (with respect to the Euclidean topology) of projec-
tive varieties over the complex number field. A variety X is called complete
if for any variety Y, the projection X x Y — Y is a closed map (i.e., the
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image of a closed subset of X XY is closed in V). If X is complete, the image
of any morphism f : X — Z is closed, since it is the image of the graph of
f under the projection X x Z — Z. This imples that any regular function
on a connected complete variety X is constant: if f: X — A,{; is a regular
function, and 7 : All€ — P,lC is the inclusion, then f and i o f each must have
closed image, which is possible only if this image is a single point. Next, if
X is a complete quasi-projective variety in P}, the inclusion X — P} has
closed image, so X is in fact projective. Clearly a closed subvariety of a
complete variety is complete. So it remains to prove P} is complete. To do
this, it suffices to show that for any m, the projection P} x P} — P" is
closed. This can be proved via elimination theory; see [H], Theorem 5.7 A
for the statement needed. Another proof will be given later in this course
via valuation theory, in the context of schemes.

Example 2.1:  The simplest non-trivial example of a Segre embedding
is that of Pi x Pt. The matrix [Z;;] reduces to a 2 x 2 matrix, and the
system of quadratic equations reduces to a single equation. Renaming the
coordinates on P% as x,¥, z, w, the map may be described by the formulas

xr = X()X(l), Yy = X()X{, Z = XlX(l), w = XlX{

The quadratic relation becomes xw = yz, i.e., P,lC X P,i. is identified with the
quadric surface in P% defined by zw — yz = 0.

As in the case of affine varieties, the Segre embedding now allows us to
define a product for arbitrary quasi-projective varieties. Again, the Zariski
topology on the product is finer than the product topology, but the prod-
uct variety is indeed the direct product in the category of quasi-projective
varieties (and morphisms between these). If X and Y are affine, then the
product defined earlier agrees with the present one.

We next define the notion of a non-singular point of a quasi-projective
variety X it is most convenient to define P to be non-singular if Op x is a
regular local ring. This is consistent with the definition for affine varieties
given earlier. If X is irreducible and projective of dimension d in P}, then
there is a ‘homogeneous’ Jacobian criterion for a point P to be non-singular:
there must exist homogeneous polynomials Fi,..., F,,_4 in I(X) such that
the Jacobian matrix
OF}
0X;

has (maximal) rank n — d, where P = (ag : a1 : a2 : - - : a,). This condition
does not depend on the particular homogeneous coordinates chosen for P.

J =

(ao,al, .. .,an)
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The homogeneous Jacobian criterion can be deduced from the one for affine
varieties (see [H], I, Ex. 5.8), using the Euler relation

oF

for a homogeneous polynomial F'.

One can define the projective tangent space T p x to a projective variety
X at a point P = (ag : aj : --- : ap) as the linear projective subvariety of
P} defined by

n aEy
iz 90X

(a07"'7an)Xi:07 V1S]ST7

where Fy,..., F, are homogeneous generators for the ideal I(X). This is
easily seen to be independent of the choice of generators, and if P € U; =
D, (X;) = A}, then Tp x is the closure in P} of the Zariski tangent space
Tp xnu; C U;. Thus the projective tangent space has the same dimension as
the Zariski tangent space; if X is irreducible and non-singular of dimension
d, then this also equals the dimension of either tangent space. Finally, we
can define the projective tangent variety Tx of X as a subvariety of P} x P},
just as in the affine case; it is the subvariety of P} x P} whose image under
the first projection is X, and whose fibre over P € X is the projective
tangent space to X at P. If X is non-singular of dimension d, this gives an
example of a projective bundle of fibre dimension d (i.e., a P4-bundle) over
X.

We now examine in some more detail the structure of morphisms. A
first simplifying remark is the following. Let X, Y be varieties, with X
irreducible, and ¢ : Z — Y the inclusion of an irreducible locally closed
subset (hence Z is an irreducible variety also, in a natural way). Let f :
X — Z be a mapping of sets. Then f is a morphism < the induced map
tof: X — Y is a morphism. Thus the important case to consider is of
morphisms f : X — P}, where X C P} is locally closed. One way to
describe such morphisms is via linear systems.

There are several ways of thinking about linear systems. We give here a
concrete description, though a fuller understanding of linear systems comes
from the formulation in terms of invertible sheaves. The idea is that if
Xo, ..., X, give homogeneous coordinates on P} and if Fy,..., F}, are ho-
mogeneous polynomials of a fixed degree d, then for any point P = (ag : aq :

-t ap) € P}, we have two possibilities:
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(i) either Fy(P) = Fi(P)=--- = F,(P) =0, or

(ii) the point (Fy(ag,...,an) : Fi(ag,...,an) : - : Fy(ag,...,ay)) € PP
depends only on P.

Hence there is a well defined map
p: Py —-V(< Fy,...,Fp>)— Pp

It is easy to see that this is a morphism, by restricting to the affine open sets
Dy (Fj) for 0 < j <m —if Yp,...,Y,, give the homogeneous coordinates
on P}, then ¢ : Dy (F})) — Dy(Y;) = A}’ is the map

Fy
F;j

Fj_4
) Fj

(P), i (P),...

P
— ( F,

(P), - (P));

"
the component functions Fj/F; are regular functions on D (F}). Now for
any subvariety X C P}, we may restrict ¢ to X =V (< Fy,..., F,, >), which
is a non-empty (=dense) open subset of X provided some Fj; ¢ I(X), i.e.,
X ¢ V(< Fo,...,Fp >). In this case, ¢ |x: X — P7' is a well-defined
rational map.

However, it may happen that the rational map may extend (uniquely)
to a morphism on a larger open subset of X than the ‘obvious’ one

X -V(< Fy,...,EFy >);

it may even extend to all of X. For instance, for any non-zero homogeneous
polynomial F', the rational maps P}} — PJ" given by (Fp : Fy : ---: Fp,) and
(FFy: FFy :---: FF,,) are clearly the same, though the latter is apparently
defined only on the open set

r—=(V(F)UV(< Fo,...,Fn>)).

In general, the same phenomenon can occur locally on X: one may cancel
common factors ‘defined locally on X’ (the ‘invariant’ way to view this is
in terms of invertible sheaves, as mentioned earlier; these will be dealt with
later in the course). Here we just give some examples of this phenomenon.

Example 2.2: Letn>1,andlet O=(0:0:---:0:1) € PZ. Then we
have a well defined morphism P} — O — PZ‘I, given by

(ap:ay: - :tap—1:an)—~(ag:ay:---:ap_1),
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called projection from the point O. More generally, the assignment
(ag:- - :ap)— (ag: -+ :ap_y)

is a morphism P}, —L — P~ "; it is called projection from the linear subspace
L =P, ! defined by Xg=--- = X,,_ = 0.

Projection from a linear subspace L has the following geometric descrip-
tion. Choose a linear subspace M C P} which is disjoint from L, such
that dim L + dim M = n — 1 (on the level of cones, C(L) and C(M) form
complementary linear subspaces of k"*1). Then the projection from L is
an isomorphism restricted to M, so we may consider projection form L as a
morphism P} — L — M. The image of a point P is determined geometrically
as follows: the smallest linear subspace containing P and L (the linear span
of P and L) intersects M in a unique point, which is defined to be the image
of P under the projection.

For any pair of linear subspaces L, M as above (LNM = ¢, and dim L+
dimM = n — 1)) we also call the resulting morphism P} — L — M a
projection. Note that the geometric description of a projection is ‘coordinate
free’, since we do not need to fix homogeneous coordinates on L, M to define
the projection.

Example 2.3:  Suppose X = V(22 — yz) C P2 is a conic, and O = (0 :
0:1); then O € X. The projection (a : b : ¢) — (a : b) gives a morphism
f: X — {0} — Pi. Now consider the projection (a : b : c) — (c: a). This
is defined on P% — {0}, where O’ = (0: 1: 0) # O. Thus we have a well
defined morphism g : X — {O'} — Pi. But both f and g agree with the
rational map h : X — P} given by (a:b: c) = (ac: bc), since along X, we
have a? = be. Hence f = g = h is a morphism on all of X.

Example 2.4: Let X C P} be the quadric surface X = V(2zy—zw), where
x,v, 2, w give homogeneous coordinates on P,?;. As seen earlier, X = P,1€ X P,lC
is the image of the Segre embedding. Consider the rational map f : X — P,lC
given by f(a:b:c:d) = (a:c). This is a morphism on the complement
of x =2z =0. Since ab=cd for P = (a: b: c:d) € X, we have equalities
between rational maps

(a:c)=(ab:bc) = (cd:bc)=(d:b).

Now (a:b:c:d)— (d:b) is obviously a morphism on the complement of
y = w = 0. Hence f is a morphism on the complement in X of z = y =
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z=w=0, ie, f: X — P} is a morphism. In fact, if we trace through
the definitons, we see that under the identification of X with P}, x P}, the
morphism f is just projection onto one of the factors of Pj.

Example 2.5:  (d-tuple embedding, or Veronese embedding)
Let My,..., My be a listing of the distinct monomials of degree d in
n + 1 variables Xj, ..., X,. Then

P (My(P): Mi(P):---: My(P))

is a well defined morphism P? — P2 called the d-tuple (or Veronese)
embedding. We will show that this is an isomorphism from P} onto a pro-
jective variety in P;CV , i.e., is indeed an embedding. In particular, if n = 2,
d = 2, then we compute that N = 5; the resulting surface in Pi is called
the Veronese surface.

The dimension of the k-vector space of homogeneous polynomials over

k of degree d in the variables Xy, ..., X, is the binomial coefficient ("erd).
Let Yy, ..., Yy give the homogeneous coordinates on P{CV , so that the d-tuple

embedding of ¢, 4 : P} — P (where N = ("gd) — 1) is given by

P=(ap:a1: - :ay)—

(Mo(ag,ai, ... an) : Mi(ag,a1,...,an) : -+ : Mn(ag,a1,...,ay)).

Let R C S(P}) = k[Xo,X1,...,Xy] be the k-subalgebra generated by
all monomials of degree d. Thus R = ®4>05(P})sq, the subalgebra of poly-
nomials all of whose terms have degree divisible by d. We may redefine
the grading in the ring R by defining R; = S(P})sq; then R is generated
by its homogeneous elements of degree 1. The graded k-algebra R is natu-
rally expressed as a graded quotient of k[Yp, ..., Yy|, by mapping Y; to the
corresponding monomial M;. Let v : k[Yp,...,Yn]—=>R. The kernel of ¢ is
clearly a homogeneous prime ideal, defining an irreducible projective variety
Z C P{fv . We claim that the d-tuple embedding ¢, 4 gives an isomorphism

v Z.

First note that if P = (ap : a1 : -+ : ap) € P}, then the corresponding

homogeneous prime ideal in S(P}) is

I(P)=<a;Xj —a;X;[0<i<j<n>.

Consider the surjective, graded k-algebra homomorphism 6p : S(P}) —
k[t] given by X; +— a;t. We see at once that its kernel is I(P). Re-
striction to R, and composing with 1, yields a graded k-linear surjection
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k[Yy, ..., Yn]—>k[t], provided we redefine the grading in k[t?] so that t% now
has degree 1. The kernel is the homogeneous ideal of a point () € Z. Since
0p(Y;) = M;(ag,...,a,)t?, by construction, clearly we have Q = ¢, 4(P).
In particular ¢, 4 factors through Z.

Conversely, any point of Z determines a graded k-linear surjection 7 :
R — k[t?]. If we know that this is the restriction of a unique k-algebra
surjection 6 : S(P}) — k[t], then we would have shown ¢, 4 is bijective.
Now there is some monomial M of degree d (an element of degree 1 in R)
such that n(M) # 0 in k[t?]; then n(M?) # 0, so n(X¥) # 0 for some i.
After composing with an automorphism of k[t?] of the form t¢ — ct? for
some ¢ € k*, we may assume 7(X¢) = t¢. Now if n(X¢ ' X;) = a;t?, define
0 : k[Xo,..., X, — k[t] by 0(X;) = a;t? (set a; = 1). For any monomial
Xoo X+ X with Y- v = d, we have a relation in R

n
(Xgo Xy Xim)( H X;xih

so that

[T} 0(X; X1
0(X%)

[Tj—o n(X; Xd by
(X7

= (X" Xy" - X0n).

O(Xo" Xyt - Xpm) =

Hence 6 restricts to 7, as desired.

To complete the proof that ¢, 4 is an isomorphism onto Z, it suffices to
check that for a covering of Z by affine open sets Vj, the set 4,0;1[(‘/]) = Vj’ is
affine, and ¢y, 4 : Vj’ — Vj is an isomorphism of affine varieties. In fact, let
Moy, ..., M, be the monomials M; = X d, and Yy, ..., Y, the corresponding
Varlables Then Z is covered by the open sets V; = D+ (Y;)NZ = Dy (Mj),
since the radical in R of the ideal < My, ..., M, > is just Ry = @ss0Rs —
in fact for any monomial M of degree d in the X;, we have that

M e< My,..., M, >C R.

The sets V; are affine open subvarieties of Z, from Theorem 3, and the
coordinate ring of V; is A(V}) = R(y;). Now @;b(vj) =D (X;) =U;
is the standard affine open cover of P}, and its coordinate ring is A(U ) =
S(PZ)(XJ) = k[X(]/Xj, ey Xj_l/Xj,Xj+1/Xj, ce ,Xn/Xj], which is a pOly—
nomial ring. The inclusion R — S(P}) induces a homomorphism of local-
izations A(V;) = R,y — S(Py)x;) = A(Uj), since inverting X in the
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polynomial ring S(P}) = k[Xo, ..., X,] is equivalent to inverting M; = X]d.
The corresponding morphism U; — Vj is just ¢y, 4 (exercise for the reader!).
So it suffices to show that R,y — S(Pj)(x;) is an isomorphism. This
is clear, since it is an inclusion (both are subrings of the quotient field of
k[Xo,...,Xy]) and is surjective, since for F' homogeneous of degree r, if we
choose s with sd > r, then F//X] = FX;d_T/(X]‘-i)S, and FX]‘-Sd_’" € R.

One important property of the d-tuple embedding is the following: the
hyperplane sections (intersections with hyperplanes) of ¢, 4(P}) are pre-
cisely the hypersurfaces of degree d in P} (i.e., the subvarieties V(F') C P},
where F' is a homogeneous polynomial of degree d).

Example 2.6:  (d-tuple embedding of a projective variety)

Let X C P} be a projective variety, and d > 1. Then ¢, 4(X) is an
isomorphic copy of X in P{f , where N = (":l“d) — 1. The homogeneous
coordinate ring of X in this new projective embedding is @>05(X )sq, where
S(X) is the homogeneous coordinate ring for the original embedding.

Now suppose X C P%, and let Fy, ..., F,, be homogeneous polynomials
of degree d > 1 in k[Xo,..., X, = S(P}). U V(< Fo,...,Fpn >)NX = ¢,
then the F; certainly determine a morphism X — Pj}'. However this mor-
phism does not in general correspond to a homomorphism of graded rings
S(P}) — S(X), as seen for the d-tuple embedding. So unlike the case of
affine varieties, the homogeneous coordinate rings do not directly determine
the structure of morphisms between projective varieties. However, again as
in the case of the d-tuple embedding, the morphism f : X — P} defined by
the F; does correspond to a graded homomorphism S(P}') — @4>05(X)s4-
In geometric language, the morphisms which correspond to graded homo-
morphisms between homogeneous coordinate rings are those defined by lin-
ear functions, i.e., are essentially projections from linear subspaces composed
with linear embeddings; more general morphisms are composites of such ‘lin-
ear’ morphisms with a suitable d-tuple embedding. Again, this situation will
be more clearly understood later in terms of invertible sheaves.

As with the d-tuple embedding of P}, we see that the hyperplane sections
(intersections with hyperplanes) in the d-tuple embedding of X are precisely
the hypersurface sections of degree d of X in the original embedding (i.e.,
the subvarieties V (F), where F' € S(X )4 is homogeneous of degree d). Thus
any general result (for example, Bertini’s theorem, discussed in §3) which
is valid for hyperplane sections of any projective variety (or any projective
variety in some class, like irreducible, non-singular varieties) is automatically
valid also for hypersurface sections of arbitrary degree.
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Example 2.7:

If f: P; — P} is a non-constant morphism, then m > n and f has finite
fibres. See [H], II, Ex. 7.3; this is an easy consequence of the description of
linear systems in terms of invertible sheaves.

Instead of describing linear systems on an irreducible projective variety
as ordered m + 1-tuples of homogeneous polynomials of the same degree,

we can consider them as m + 1-tuples of rational functions (fo, ..., fm); if
U is a non-empty open set where all the f; are regular, and not all 0, then
P (fo(P): fi(P):---: fm(P)) is a morphism U — P}'. If Fy, ..., F,, are

homogeneous of the same degree, and Fj ¢ I(X), then let f; = F;/Fj; now
the rational maps determined by (fo, ..., fm) and (Fp,. .., F},) are the same.
Further, we may replace (fo,..., fm) by (ffo,---, ffm), where f € k(X)*
is a non-zero rational function on X, without changing the rational map
X — P}

To complete the discussion, one can prove that for any irreducible variety
X C P}, every morphism X — P}’ is obtained by extending to all of X
the rational map determined by m + 1 homogeneous polynomials of the
same degree; in particular, it is described by a linear system in either sense
mentioned above. This is an easy consequence of Theorem 3 above. Indeed,
let f: X — P} be a morphism, whose image intersects U; = D, (Y;) (where
Y0, ..., Yy give the homogeneous coordinates in P}'). Then f~1(U;) = U is
a non-empty open subset of X, and f: U — U; = A} is a morphism. Thus
fluo=(f1,-.., fm) where f; € O(U) C k(X). Clearly f is then equal to the
rational map X — PJ' given by P — (fi(P) : ---: fj—1(P) : 1 : f;(P) :
oot fm(P)). Since k(X) = S(X)(()), we can find homogeneous elements
Fy, ..., Fy, € S(X)g, for some d > 0, such that

= Fi11/F; foralli<j,
L F;/F} for all i > j

(that is, Fj is a ‘common denominator’ for fi,..., f). Now clearly f =
(Fy: Fy i+ Fp).

We conclude this section with a discussion of the degree of a projective
variety. If X C P is a curve (i.e., all irreducible components of X have
dimension 1), then I(X) = (F') for a homogeneous polynomial F(z,y,z),
unique upto a constant factor. If this polynomial has degree d, and is not
divisible by z, then for ‘general’ a,b € k, the equation F'(z,axz+b,1) =0 in
z has d distinct roots. We may interpret this to mean that a ‘general’ line
intersects X in d points. This property of X gives an interpretation of the
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integer d without directly refer to the defining polynomial F'.

In general, there is no single defining polynomial, nor even any preferred
set of defining polynomials, for a projective variety. However, we can still
associate a certain positive integer, which we call its degree, to any projective
variety X. Geometrically, the degree is thought of as follows: if X C P}
has dimension m, then

(i) a ‘general’ linear subspace L = P ™™ should intersect X ‘transver-
sally’ in a finite set of points

(ii) the number of points in such a general linear intersection is indepen-
dent of the ‘general’ L chosen, and is an invariant of the embedding
of X.

This directly generalizes the example of curves in Pi. However, one then
needs to make precise the notions of ‘general’ and ‘transversal intersection’,
and to prove the property (ii). This can be done. More generally, the
degree should be a special case of the ‘intersection number’ of two projective
varieties of complementary dimension in a given projective space. This
should have several ‘intuitively obvious’ properties. For example, if X; is
a ‘continuously varying’ family of projective varieties of a given dimension
r in P}, and Y is a given variety of complementary dimension n — r, the
intersection number (X; -Y') of X; and Y should be independent of ¢. The
theory of intersection multiplicities arises out of these ideas, but there are
formidable technical difficulties in carrying this out with full rigour.

For technical reasons, it turns out to be better to define the degree in
another way (similarly, the desired intersection theory is also set up in an
indirect way; this is pursued later in this course).

If R = ®s>0R; is a graded k-algebra, with Ry = k, such that dimy Ry =n
is finite, and R = Ro[R1] (i.e., R is generated as a k-algebra by elements of
degree 1), then R is a graded quotient of a polynomial ring k[Xy,..., X,].
Hence

H(R,s) = dimy Rs

is finite, for each s > 0; in fact
n+s
OgH(R,s)SH(k:[XO,...,Xn],S):( )

The function H(R,s) is called the Hilbert-Samuel function of the graded
k-algebra R. Similarly, if M is a finitely generated graded R-module, then
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we can define its Hilbert-Samuel function to be
H(M,s) := dimy, Mj,

where M = @4ez M, (we allow M to be non-zero in negative degrees, but
M, = 0 for all sufficiently negative s, since M is finitely generated). Clearly
it suffices to discuss Hilbert-Samuel functions of finitely generated graded
modules over a polynomial ring, since in the above situation, we may regard
M as a k[Xy, ..., X,]-module.

Now one has the following general result on Hilbert-Samuel functions.

Lemma 1 Let M be a finitely generated graded module over the polynomial
ring k[Xo, ..., Xy]. Let

r+1=dim M := dimk[Xy, ..., X,]/Ann (M)

(so that r = dim V(Ann (M)) C P}). Then there exist (unique) integers
€0, Cl, -, Cp with cg > 0, such that

S S S
H(M,s) = + NI v .
(M, s) = co <T> 1 <r _ 1) Cr <0> §s>>0

In particular, for all sufficiently large s, H(M,s) equals a polynomial in s
with rational coefficients, which is called the Hilbert-Samuel polynomial of
M.

A proof is given in [H], I, Theorem 7.5. It is by induction on r, and relies
on the facts that

(i) the primary decomposition of a finitely generated graded k[ X, ..., X,]-
module is given by graded submodules

(ii) any finitely generated graded k[Xj,..., X,]-module has a finite filtra-
tion by modules of the form (k[Xy, ..., X,]/P)(t), where P is a graded
prime ideal, and (¢) indicates that the grading is shifted by the integer
t (thus

M(t)s == Mgy,
for any graded module M)

(i) if 0 - M — M — M"” — 0 is an exact sequence of finitely gener-
ated graded modules over k[Xy, ..., X,], then H(M,s) = H(M',s) +
H(M",s). .
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Applying the above lemma to M = S(X) for a projective variety X C P}
of dimension r, we get that

‘s

H(S(X),s) = d(X)% + lower degree terms in s,

where d(X) is a positive integer. We define d(X) to be the degree of X in
Py

Since the d-tuple embedding of a projective variety X has coordinate ring
®s>05(X)sa, the above lemma implies that the degree of X in its d-tuple
embedding is d"d(X), where d(X) is the degree in the original embedding.
This is consistent with our idea of intersection numbers, since we can find
a continuously varying family of varieties in P?, one member of which is
a given hypersurface of degree d, and another member of which consists of
d general hyperplanes (if F, G = G1G3 - - G4 are the respective equations,
consider the family in P™ x Al given by tF + (1 — t)G = 0, where ¢ is
the coordinate on A}t). Now intersection (in the d-tuple embedding) with a
linear space of codimension r is the intersection (in the original space) with
r hypersurfaces of degree d, each of which we ‘replace’ by d hyperplanes,
all mutually in general position. This leads us to intersecting X with d"
different linear spaces in P, each of codimension r. Each such intersection
should contribute d(X) points, so all of them should contribute d"d(X)
points. As the reader can imagine, it seems difficult to make such reasoning
rigorous, though it seems plausible. The statement about degrees defined
via Hilbert-Samuel functions is, however, easy to prove, as we have seen.

In a similar fashion, we would expect that if X = X;UXs where dim X; =
dim Xy > dim X; N Xy, then d(X) = d(X;) + d(X2). This is easily deduced
from the exact sequence of graded S = k[Xj, ..., X,]-modules

0= S/I(X) = S/I(X1) & S/1(Xs) — S/(I(X1) + I(X2)) — 0,

after noting that dim S/(I(X1) + I(X2)) = dim S//(I(X1) + I(X2)) =1+
dim(X; N Xo) (thus H(S/(I(X1) + I(X2)),s) is a polynomial of degree <
dim X = dim Xj, for all s >> 0).
Example 2.8: Let X C P} with I(X) =< F >, where F € k[Xo,...,X,]
is homogeneous of degree d. Then d(X) = d.

To prove this, consider the exact sequence of graded S = k[Xo, ..., X,]-

modules
0— S(—d) -5 S — S(X) — 0,
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where S(—d) is S with its grading shifted (so that S(—d); = Si_4), and -F
denotes multiplication by F. Hence

H(S(X),s) = (”“) - <”+3_d> Vs> d.

n n

The right side is of the form

s" _ .
(l + ap_15"" 1 + lower degree terms in s) —
n!

— d n
((Sn') +an—1(s — d)n—l + lower degree terms in (s — d)) ,

where a,,_1 is a rational constant. Thus

n—1

(n—1)!

H(S(X),s)=d + lower degree terms in s.

The degree of a projective variety X has another interpretation, in terms
of projections.

Theorem 4 (Projective Noether normalization) Let X C P} be an irre-
ducible projective variety with dim X = r. Then we can find a linear sub-
space L C P}, of dimension n —r — 1 such that

(i) LNX = ¢, and the projection P} — L — PJ, restricts to a morphism
[+ X — P}, with finite fibres

(i1) the field extension k(X)/ f*k(P},) is separable algebraic, and [k(X) :
fTk(PR)] = d(X)

(iii) there is a non-empty Zariski open subset U C P} such that for
all Q € U, the fibre f~1(Q) C X has d(X) points.

(In fact the ‘general’ linear subvariety L = P}'~"~1 € P} will have the stated
properties).

Proof:  We first use the affine version of Noether normalization, proved
in §1. We have dimS(X) = r + 1; let x; € S(X) be the image of the
variable X;. Then according to affine Noether normalization, we can find
r 4+ 1 homogeneous linear polynomials yqg, ..., y, in the x; such that if B =
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Elyo,...,yr], then B is a polynomial ring, and A = S(X) is a finite B-
module, and the quotient field of A is separable algebraic over that of B.
Then A is in fact a finite graded B-module, where we give the polynomial ring
the usual grading (y; are homogeneous of degree 1). Thus we can consider B
to be the homogeneous coordinate ring of Pj. For each 0 < j < r, choose a
linear homogeneous polynomial Y; in Xo, ..., X, such that Y; — y; € S(X).
Then the homomorphism B — A can be considered as induced by the
rational map f = (Yp : Y1 : --- : Y;) : X — Pj. By construction f is a
morphism on X — V(< Yp,..., Y, >).

In particular, if B4 = ®s>0Bs is the irrelevant maximal ideal of B, then

S(X)/ByS(X) = S(X)/ <wo,-- - yr >

is a finite dimensional graded B/B, = k vector space. Hence \/B1S(X) =
S(X)4, and so V(< Yp,...,Y, >)NX = ¢. Hence f : X — Pp is a
morphism on all of X.

Next, consider the field extension K (X) of K(P},). From Theorem 3, we
have K(X) = A()), and K (P},) = B(())- The localization of B with respect
to the set of homogeneous elements of By is clearly just B((O))[t,t_l] =
K(P7)[t,t7Y], where t € By is any non-zero homogeneous element of degree
1 (if F € B; is homogeneous of degree s, then F' = (F/t*)t® with (F/t°) €
B()))-

Now the localization of A with respect to the homogeneous elements of
A4 equals the localization with respect to the homogeneous elements of B,
since /B+A = A4, and B is a finite A-module. This localization of A is
thus equal to A [t, t=1], where t € By is the element chosen earlier.

Hence the quotient field of B is K (P},)(¢), while that of A is K(X)(t); the
degree of the quotient field of A over that of B is thus [K(X) : K(P})] =d,
say. We will show below that d = d(X). Assuming this, the affine Noether
normalization lemma will then imply that (i) K(X)(t) is separable over
K(P})(t), i.e., K(X) is separable over K(P7,), (ii) all fibres of f are finite
(since A is a finite B-module), and (iii) the ‘general’ fibre of f has cardinality
d(X).

Since A is a finite graded B-module, we can define the Hilbert-Samuel
function of A as a B-module, which equals that of its Hilbert-Samuel func-
tion as a graded A-module. Since [K(X) : K(P})] = [K(X)(¢) : K(P})(t)] =
d, the K(P})[t,t !]-module K(X)[t,t"!] is Z-graded and free of rank d,
generated by the images of homogeneous elments of A. Hence there is a
K (P})-basis consisting of elements F1,...,Fy € A, for some m. The F;
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determine a map of graded B-modules

where B(—m)s = By,—s is B with its grading shifetd, and ¥(b1,...,bq) =
> biF;. Since v is an isomorphism when tensored with K (PJ,), the kernel
and cokernel of v are annihilated by some non-zero homogeneous element
of B4. We have a formula relating Hilbert functions

H(S(X),s) = H(A,s) = HB(—m)®,s) — H(ker1, s) + H(coker1, s).

From lemma 1, all the Hilbert functions equal polynomials in s for s >> 0;
H(S(X),s) and H(B(—m)®? s) = dH(B,s —m) are polynomials in s of
degree r, while H(ker),s) and H(coker,s) are each of strictly samller
degree in s (the precise degrees depend on the dimensions of the subvarieties
of P}, defined by the annihilators of ker v and coker in B). In particular,
the leading coefficients of H(S(X),s) and H(B(—m)%%, s) are equal, i.e.,
d(X) =d. O
&®

3 Geometry of projective varieties-I

In this section we discuss some aspects of the extrinsic geometry of projective
varieties. We begin with projective plane curves.

A curve is a variety all of whose irreducible components have dimension
1. A projective plane curve is a curve which is a projective variety in P%.
In this section, ‘curve’ will mean ‘projective plane curve’ unless specified
otherwise.

Let X,Y, Z be variables giving the homogeneous coordinates on P%. If
C C P3% is a curve, then I(C) C k[X,Y, Z] is a radical homogeneous ideal
which is purely of height 1, hence is a principal ideal generated by a homo-
geneous polynomial F(X,Y, Z), unique upto a constant. The degree of C is
defined to be the degree of the polynomial F; as seen in §2, Example 2.8,
this agrees with the definition in terms of Hilbert-Samuel polynomials.

A line is a projective plane curve of degree 1, i.e., is defined by a ho-
mogeneous linear polynomial. Any two lines in P% are isomorphic, via an
automorphism of Pz given by a homogeneous linear change of variables (in
fact these are the only automorphisms of P2, as we will see later). A conic
is a curve of degree 2. It can either be irreducible, or a union of two distinct
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(intersecting) lines. Two conics are isomorphic via an automorphism of P?
if either both are reducible, or both are irreducible. The classification of
curves of degree > 3, however, gets progressively more complicated as the
degree increases. For example, there are infinitely many isomorphism classes
of irreducible non-singular curves of any degree d > 3.
From the Jacobian criterion, a point P = (a :b: ¢) on a curve C = {F =

0} in P? is a non-singular point precisely when one of

oF OF OF

67X(a7 b7 C)v 67(@7 b7 C)a 87(@7 bv C)
is non-zero. In this case the projective tangent variety to C' at P is a line in
Pi, with equation

oF OF OF
Xa—X(a,b, c) + Ya—Y(a,b, c)+ Za—Z(a,b, c)=0.

We denote the projective tangent line to C' at P by Tpc. At a singular
point, the projective tangent space is of course the whole plane.

For any point P on a curve C, we have a surjection Opp2—Opc,
whose kernel (which we denote Ip¢) is a radical ideal which is purely of
height 1, and is hence principal, say generated by f. If m is the maximal
ideal of Opp2, then there is a unique r > 0 such that f € m" — m" 1 (this
is because N,~om" = 0); the integer r does not depend on the choice of f.
This integer r is called the multiplicity of P on C, and is denoted by mp(C).
This is computed in practice as follows: after a linear change of variables,
we may assume P = (0:0:1). Then we can uniquely write

F(xaya]-) :Fr(xay)+Fr+l(x7y)+”'

where Fj is homogeneous of degree s, and F,. #0. Now P € Uy = D, (Z) C
P?, and Opp2 = k2, Y] (z,y)> Wwhere we have affine coordinates v = X/Z,y =
Y/Z on Us. Now m = (x,%), so m"/m"*! is identified with the space of
homogeneous polynomials in x,y of degree r. Also, the coordinate ring of
the affine curve C N U is

ACAUs) = k[z, 9]/ < F(z,y,1) > .

Hence we may take f = F(x,y,1). Thus F(x,y,1) € m" — m"*! where
F,.(z,y) is the first non-zero homogeneous term in the expansion of F'. If m
is the maximal ideal of Op ¢, then

m/m’ = m/(m*+ fOpp2).
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Hence P is a non-singular point precisely when mp(C) = 1. The terms
Fi(z,y) are the terms in the Taylor expansion of F(z,y,1) at P. So the
multiplicity is the order (number of derivatives) of the first non-vanishing
term of the Taylor expansion of F(z,y,1) at P. The multiplicity is a first
measure of how singular a curve is at a point; for example, proofs of the
theorem of resolution of singularities® for curves usually work by induction
on the maximum multiplicity of the singular points.

A basic fact about projective plane curves is that any two of them must
intersect, unlike the case of affine curves in A%; thus there are no parallel
lines in P?. In fact a stronger result is true: if C' and D are non-singular
curves of degrees m and n respectively which meet transversally (i.e., with
distinct tangent lines at each point of intersection), then Bezout’s theorem
states that C'N D consists of exactly mn points. More generally, Bezout’s
theorem states that if C' and D have no common irreducible components
(equivalently C'N D is finite), then ‘counted properly’ there are again mn
points of intersection. This is made precise via the notion of intersection
multiplicity, which we now introduce.

Suppose C, D are curves with no common irreducible component passing
through P € CND. Let f,g € Opp2 generate the ideals of C, D respectively.
Since Opp2z is a UFD, the elements f, g are relatively prime, and form a
regular sequence in Opp2, such that /< f,g > is the maximal ideal of
Opp2. Define ’

I(P;C, D) = dimg Opp2/ < f,g >

to be the intersection multiplicity of C and D at P. Note that
(i) I(P;C,D) >0, and
(i) I(P;C,D)=1% < f,g>=m, the maximal ideal of Opp:.

But < f,g >=m < f,g are linearly independent modulo m?, i.e., Opc
and Op p are regular, and C, D have distinct tangents at P. Thus a transver-
sal intersection of non-singular curves has intersection multiplicity 1.

Theorem 5 (Bezout) Let C, D be projective plane curves such that C N D
is a finite set (i.e., C, D have no common irreducible components). Then

Z I(P;C,D) = (deg C)(deg D).
PeCND

2This states that for any curve C, there is a morphism f : C — C from a non-singular
projective curve C, such that (i) f is surjective with finite fibres, and (ii) if U C C'is the
open set of non-singular points, then fﬁl(U) — U is an isomorphism.
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Proof: Let I(C) =< F >, I(D) =< G > where F,G are homogeneous
polynomials of degrees m = degC and n = degD respectively. If S =
k[X,Y, Z], then there is an exact sequence of graded S-modules

0 — S(—mn) -+ S(—m) & S(—n) L S = §/ < F,G >— 0.

Here (A, B) = AF + BG, and o(A) = (—AG,AF). The exactness is
equivalent to the statement that F,G form a regular sequence in S, which
holds because S is a UFD, and F,G have no common prime factor (since
C, D have no common irredcuible component). Since the Hilbert-Samuel
function of S is known, we can use the exact sequence to compute the
Hilbert-Samuel function of the graded ring R = S/ < F,G >; carrying out
the computation, we find that

H(R,s) =mnV¥ s>>0.

After a linear change of variable, we may assume without loss of gen-
erality that C N DNV (Z) = ¢ (i.e., no point of intersection of C, D lies
on the line Z = 0). Then the image z of Z in R satisfies V2R = Ry by
the homogeneous Nullstellensatz, since V(Z) N C N D = ¢. We claim that
multiplication by z yields an isomorphism Ry — Rgsy1 for all s >> 0. One
way to prove this is as follows: since Rs, Rsy1 are both k-vector spaces of
the same dimension mn, it suffices to show multiplication by z is surjective;
but R/zR is an Artinian graded ring, so is 0 in large enough degrees. This
implies that the localized ring R[1/z] = Ry,)[z,z7'] is a Laurent polynomial
ring over the Artinian ring R(,), with dimy, R(,) = mn (in fact Rs — R(,2z°
is an isomorphism of k-vector spaces, for all large s).

Now

R[1/z]= S[1/Z]] < F,G >
= S(Z)[Z, Z71/ < F(X/Zl, Y/Z,1),G(X/Z,Y/Z,1) >
= (klz,yl/ < f9>)z271],
where = X/Z,y = Y/Z give the affine coordinates on D, (Z) = A%, and
f=F(z,y,1), 9= G(z,y,1). Thus R,y = k[z,y]/ < f,9 >.

If Py,..., P, € A? are the points of intersection of C' and D, with max-
imal ideals my,...,m, C k[z,y], then < f,g >=J N JyN---NJ,, where

Jl/ = k[%?/] N (< fvg > k[x7y]mu
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is the primary component of < f,g > for the prime ideal m,. Since the
ideals J,, are pairwise co-maximal, the Chinese remainder theorem gives

Ry = (k[z,yl/J1) x - x (k[z,y]/ ;). (3)
Also, from the definition of intersection multiplicity,
dimy, ]{J[ZU, y]/Jz/ = I(Py; C, D),

since k[z,y]|/J, is local, and so is unchanged upon localization at m. Hence
Bezout’s theorem follows from (3) and the formula dimy, R,y = mn. O

The conclusion of Bezout’s theorem may be restated in the language of
zero-cycles. We define a zero-cycle on a variety X to be an element of the
free abelian group on the points of X; we write a zero-cycle as a formal
linear combination of points ), n;P;, where P; are points. The degree of a
zero-cycle 6 = >, n;P; is defined to be the integer ), n;, and is denoted by
deg . We define the intersection cycle of two curves C, D with no common
component by

(C-D)= > I(P;C,D)P.
PeCnND

Then Bezout’s theorem states that
deg(C - D) = (deg C)(deg D).

Later we will interpret this equation in terms of the multiplication in the
Chow ring of algebraic cycles on P3.

In the proof of Bezout’s theorem, we saw that multiplication by z on
R is an isomorphism in sufficiently large degrees. In fact S = k[X,Y, Z]
is Cohen-Macaulay and graded, and F,G,Z are homogeneous such that
V< F,G,Z > =8y, i.e., they form a homogeneous system of parameters;
hence F, G, Z form a regular sequence on S, i.e., z is a non zero-divisor on R.
Another way to see this is as follows (see [F], page 113 ). Since F(X,Y,0) and
G(X,Y,0) are homogeneous, each factorizes into homogeneous linear factors,
which correspond to points of CN{Z = 0} and DN{Z = 0}, respectively; in
particular, F(X,Y,0) and G(X,Y,0) are relatively prime in k[X,Y]. Now if
ZH = AF+ BY , then A(X,Y,0)F(X,Y,0) = —-B(X,Y,0)G(X,Y,0); hence
A(X,Y,0) = E(X,Y)G(X,Y,0) and B(X,Y,0) = —E(X,Y)F(X,Y,0), so
that A— E(X,Y)G =ZA" and B+ E(X,Y)F = ZB'. Then

ZH = AF+BG = (A- E(X,Y)G)F +(B+E(X,Y)F)G = Z(A'F+ B'G),
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so that H = A'F + B'G. Hence the image h of H in R is annihilated by 2
< h=01in R, i.e., z is a non zero-divisor in R.

We use this to prove another interesting result on plane curves, Max
Noether’s theorem. Loosely speaking, it states that if C = {F =0}, D =
{G = 0} are curves with no common component, and Cy = {H = 0} is
a curve passing through all points of C' N D (including the ‘infinitely near’
ones’), then H = AF + BG for some homogeneous polynomials A, B. If
C, D intersect transversally at non-singular points, the condition is just that
CND C Cy. If some intersections have intersection multiplicity > 1, a more
subtle condition is needed at P. One way of stating Noether’s theorem is
as follows; the hypothesis (4) is clearly necessary for the conclusion of the
theorem to hold.

Theorem 6 (Noether’s AF' + BG theorem) Let C, D be plane curves with
no common component, and I(C) =< F >, I(D) =< G >. Suppose Cj is
a plane curve, with 1(Cy) =< H >, such that for each point P € CN D, we
have

Ipc, CIpc+1Ipp COP,PQ‘ (4)

Then H = AF + BG for some homogeneous polynomials A, B.

Proof:  Assume without loss of generality that C N DN {Z = 0} = ¢.
Then as seen above, z € R = S/ < F,G > is a non zero-divisor. Let
f,g,h respectively denote the images of F(z,y,1),G(z,y,1), H(x,y,1) in
Siz) = k[x,y]. Since z is a non-zero-divisor on R, to check if H maps to 0
in R, it is sufficient to check that A maps to 0 in k[z,y]/ < f,g >. From
(3), with the notation as there, we see that h €< f,g > < h € J, for each
v=12,...,r. But

(he J, =k[z,y)N(< f,g > klz,ylm,) & (he< f,g>k[z,y|lm,) .
and the last condition is just (4). O

Corollary 2 Suppose each point of intersection of C' and D is non-singular
on D. Then H= AF + BG < I(P;Cy,D) > I(P;C,D) forall P € CND.

Proof: Op is aregular local ring of dimension 1, i.e., a discrete valuation
ring (d.v.r.). Hence for any curve Cj through P, if fj is a generator for the
ideal of C’ in Opp2, and fo is its image in Op ¢, we see that I(P;C,C")
is the valuation of fy. In a d.v.r., an ideal ] =< a > is contained in
J =< b > precisely when the valuation of b is < that of a. Hence the
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Noether conditions (4) are equivalent to an inequality between valuations,
i.e., between intersection multiplicities. O
Some applications (taken from [F]) are the following.

Example 3.1: A non-singular point P on a curve C'is called an inflection
point (or just flezx), if I(P;Tpc,C) > 3. Here we assume C' is not a line,
so that Tp ¢ is not a component of C. Let I(C) =< F >C S = k[X,Y, Z].
One can show that if k£ has characteristic 0, then P is a flex < H(P) =0,
where H is the determinant

0*F 9*F 9*F
X2 0X9Y 0X0Z
9*F

H = 9*F 0*F
9YpX  oy? Y.0Z
0°F 0°F 0’F

0Z0X  0Z0Y 072

is the Hessian of F'. This follows from a local calculation in affine coordi-
nates. Clearly deg H = (d — 2), where d = deg C. Now Bezout’s theorem
implies that C has d(d — 2)? flexes, ‘counted with multiplicity’. See [F],
Ex. 5.23.

Example 3.2:  Let C, D be cubics with (C-C") = P+ - -+ Py (where some
P; may be repeated). Suppose D is a conic, such that (C-D) = Py+---+ P,
where P; € C are distinct and non-singular. Then Pr, Pg, Py lie on a line.
Indeed, I(P;C",C) > I(P;; D,C) for 1 < i < 6, so if I(C) =< F >,
I(D) =< G > and I(C') =< H >, then H = AF + BG, where we must
have deg B = 1. Now V(B) is the desired line.

We deduce Pascal’s theorem: if a hexagon is inscribed in a conic, the
opposite sides intersect in collinear points. Take C to be three of the sides,
C’ the other three sides (so that the intersections of opposite sides are in-
terpreted as some of the intersections of C' and C”). Take D to be the
conic.

A particular case is Pappus theorem: if L, M are two lines, Py, P, Py €
L — M and Q1,Q2,Q3 € M — L distinct points, and L;; the line though F;
and @Q;, then the points L12N La1, L13 N L3jandLa3 N L3z are collinear. Here
we interpret L U M as a conic, and the union of the L;; as a hexagon.

Example 3.3:  We first obtain one more corollary of the AF + BG the-
orem. Let C be an irreducible non-singular cubic, and D another cubic,
with (C'- D) = Py + --- + Py. Suppose C’ is another cubic such that
(C'C/):P1+"'+P8+P. Then P = P.
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Indeed, suppose L is a line through Py which does not contain P. Let
(L-C)=Py+Q+R. Then ((LUC")-C)=(D-C)+ P+ Q+ R. Hence if
I(LUC'y =< H >,I(C) =< F >,1 <D >= G, then H= AF+ BG. Since
deg H = 4, A and B are homogeneous linear. If M is the line { B = 0}, then
(M-C)=P+Q+R. Hence L = M (both pass though Q, R, if Q # R, and
both are tangent to C at the same point Q = R, otherwise). This implies
P =P,

This can be used to put a group law on the points of a non-singular
cubic curve C. Fix a point O € C, which will be the additive identity. For
any pair P,Q € C, let (P, Q) be the point R such that P + @ + R is the
intersection cycle of C' with the line through P and Q. If P = Q, we take
the line through P and ) to mean the tangent line.

Now define P x Q = ¢(O, p(P,Q)). It is fairly easy to check that x is a
commutative binary operation, such that O is a 2-sided identity, and * has
a 2-sided inverse. The tricky point is to check that x is associative. This
will use the above corollary to the AF + BG theorem.

Suppose P,Q,R € C. Let Ly, My, Ly be lines such that (L; - C) =
P+Q+S, (M -C)=0+5+S8,and (Ly-C) =S+ R+ T'. Then the
line through 7" and O determines (P * Q) * R.

Let Ms, L3, M3 be lines such that (M -C) = Q+ R+ U, (L3 -C) =
O+ U+4U" and (M3-C) =P+ U+ T". Then the line through 7" and
O determines P * (Q x R). So we need to prove 77 = T”. This follows by
taking L1 U Lo U Ly = D, and My U My U M3 = C’, in the above corollary
of the AF + BG theorem.

We next introduce the dual curve of a projective plane curve. To do this,
we first note that the set of hyperplanes in P} is itself a projective space of
dimension n. The identification is as follows: if H C P} is a hyperplane,
the ideal I(H) =< F > for some linear homogeneous polynomial F', which
is unique upto a constant multiple.

Let V denote the vector space k"1, Then P} = V — {0}/ ~, where
v~ w < v = w for some A € k*. Of course this construction makes sense
for any finite dimensional k-vector space V; the corresponding quotient space
is denoted by P(V), the projective space associated to V. If dim; V = n+1,
and we choose a basis of V', then we obtain a bijection of P(V') with P},
which we can use to regard P(V') as a variety; if we choose a different basis,
the variety structure on P(V) (i.e., its Zariski topology, the rings of regular
functions on open sets, and its local rings) remains unchanged.

The homogeneous coordinate ring of P(V) is now naturally identified
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with the symmetric algebra S(V*), where V* is the dual vector space to
V. This is clear, if we think of the homogeneous coordinate ring as the
affine coordinate ring of the cone, i.e., of the original vector space V'; now
the coordinate functions are linear functions V' — k, that is, are linear
functionals on V. Thus polynomials in the coordinate functions are naturally
elements of the symmetric algebra of V*.

In particular, a hyperplane in P(V') determines a non-zero linear homoge-
neous polynomial, well defined upto scalar multiples; this can be considered
as a well defined element of the projective space P(V*). Conversely a point
of P(V*) corresponds to a linear homogeneous polynomial, whose zero-set in
P (V) is a hyperplane. We call P(V*) the dual projective space to P(V). If
P is a projective space over some vector space, we denote its dual projective
space by P.

If we fix a basis of V, identifying it with k"*!, the dual basis for V*
identifies P(V*) also with P}. Now if H is a hyperplane, with equation

apXo + -+ an Xy =0,

then the corresponding point of P(V*) = P(V) is (ag: a1 : - : ay).
The relationship between P(V') and P(V*) is encapsulated in the inci-
dence variety, which is the projective variety

I(V)={(P,[H]) e P(V)xP(V*) | P € H}.

Let p: I(V) = P(V) and ¢ : I(V) — P(V*) denote the two projections. If
P C P(V) is any projective linear subspace, then

P*=q(p~'(P)) = {[H] e P(V") | P C H}

is called the dual linear subspace to P. Then dim P+dim P* = dim P (V') —1;
thus the dual of a point is a hyperplane, the dual of a line is of codimension
2, etc.

Note that the set of hypersurfaces in P} of a fixed degree d are in bi-
jection with the hyperplanes in PY, where N = ("jird) — 1, via the d-tuple
embedding; hence hypersurfaces of degree d in P} are parametrized by the
points of the dual projective space Piv (in more invariant terms, the pa-
rameter space is P(S%(V*)), where S¢(V*) is the dth symmetric power of
V* = k),

Returning to our plane curve C' C P2, suppose P € C is a non-singular
point. Then the projective tangent line Tpc to C' at P gives a point of the
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dual projective plane [H] € Pi. If FF = 0 defines C, then the tangent at
(a:b:c)is

oF oF oF
87X(04, b, C)X + 87}/(0/, b, C)Y + 67(@, b, C)Z = O,
so that OF OF oF
[H] = (87(07 b,c): 67(6% b,c): 87(@7 b,c)).

Thus the association ,
D(C): P~ [Tpc| € Py,

is a rational map, given by

OF o OF . OF

D(C)(P) = (55 (P): 5 (P): 5 (P).

In particular, if C' is non-singular, then the 3 partial derivative polynomials
have no common zeroes in P%, so that they define a morphism D(C) : P7 —

Pi, the dual map associated to C'. The image of C' under this morphism is
another projective plane curve C*, the dual curve to C. The restricted map
C — C* is also called the dual map of C. Even if C' is singular, let U C C
be the open set of smooth points; then define C* to be the Zariski closure
of D(C)(U). The terminology ‘dual curve’ is justified, because D(C)(U) is
a point < C is a line; so if deg C' > 2, then C* is also a curve in Pk.

We claim that if C is irreducible and deg C' > 2, and if k has character-
istic 0, then the rational map D(C) : C' — C* is a birational isomorphism
(i.e., has a rational inverse). In fact, one can prove that D(C*) o D(C) is
the identity rational map on C'. This imples that for all but a finite set of
non-singular points of C, the tangent line to C' at P is not tangent to C at
any other point of intersection with C, 7.e., C' has only a finite number of
bitangents. Next, the degree of C* is the number of points of intersection of
C* with a general line in 1527 i.e., the number of intersections of C' with a
general curve of degree d — 1 of the form

oF n b@F n oF 0
0=+ b—+c—==
0X oY 07 ’
where a,b, c € k. Hence by Bezout’s theorem, we see that deg C* = d(d—1).
In fact, if C is non-singular and k has characteristic 0, then in general
(i.e., for C'in a nonempty Zariski open set in the projective space of curves
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of degree d), the only singularities of C* are those where the local equation
for C is of the form

xy + (higher order terms) = 0
(this is called a node of C') or of the form
2% + 9 + (higher order terms) = 0

(this is called an ordinary cusp of C'). Note that in each cae the multiplicity
of the singular point (the origin, in the system of coordinates) is 2. Then
the number of nodes of C* is the number of bitangent lines (lines tangent to
C' at 2 points), C' has no tritangent lines (lines tangent at 3 points), and the
number of cusps of C* equals the number of flexes of C'. The above facts
about C* are to be found in [F], and in [H], IV, Ex. 2.3.

One final remark about the dual curve is the following: let P,..., P,
denote the singular points of an irreducible curve C, and for 1 < i < r, let
L; = P be the line in Pi parametrizing lines in Pz passing through P;.
Then points of U = ]::’i —(C*ULyU---UL,) correspond to lines H C P?
such that H N C' is not tangent to C' at any of its points of intersection,
i.e., H N C consists of d = degC distinct points. Note that U is a non-
emty Zariski open set of lines in P%; thus we see that the ‘general’ line in
P? intersects C' transversally in d points. This assertion is the first case of
Bertini’s theorem, which we discuss below.

We will first generalize the discussion of the duals to the case of irre-
ducible varieties of arbitrary dimension. If X is an irreducible projective
variety of dimension d, and P € X a non-singular point, then the projective
tangent space Tp x is a linear subvariety of PJ of dimension d. So we can
consider 2 types of duals, when X is non-singular:

i) the variety of hyperplanes H in P} such that Tpx C H for some
k k)
P € X — this is a variety in PZ;

(ii) the variety of tangent spaces Tp x, considered as a subvariety of a
parameter variety for all linear subvarieties L C P} with dim L = d.

In the second case, we need to first put a natural structure of a variety on
the collection of all linear subvarieties of dimension d in P}, i.e., on the
collection of all d + 1-dimensional linear subspaces W C V = g"+1,

In the first type of dual, we see that if Tx C P} x P} is the projective
tangent variety, we have

Jx = {(PlH]) € X x P} | Tpx C H)
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is a subvariety, whose image X* C PZ under the second projection is called
the dual variety to X in PZ. To see that Jy is indeed a subvariety, note
that if

p1: PP x P x P, — P},

po i P x P} x P — P?,
p3: P x PR x P = P)

are the projections onto the 3 factors, then
_ -1 -1
Tx =p1xp2 ((p1 % p2) ™ (Tx) N (p2 x p3) (1))

where I C P?x P}, is the incidence variety. Now Jx is Zariski closed because
p1 X po is a closed map (since P}, is complete).

One can of course also choose homogeneous generators Fi,..., Fs for
I(X) C S = k[Xo,...,Xy], and using the Jacobian matrix of the F}, write
down equations defining .J, in order to prove J is a closed subvariety.

The fibre of the first projection p : J — X over a point P is just T} v,
the dual linear space to T p x; in particular, p is surjective, and all its fibres
have dimension n —d — 1 (since for any linear subvariety L C P, we have
dim L + dim L* = n — 1). Hence

dimJy =dimX +(n—d—-1)=n—1.

Now consider the second projection ¢ : Jx — PZ, whose image is X*. Then
dim X* < dimJ =n — 1. In particular, X*QPZ

Again as for plane curves, there is a ‘double duality’ theorem, that if
k has characteristic 0, then (X*)* = X. In fact one can show that the
transpose of Jx (obtained by interchanging the factors in X x X*) is Jx+,
the analogue of Jx associated to the projective variety X*. As with curves,
in order to do this, we have to extend the notions of Jx and the dual
to irreducible, possibly singular varieties, by taking the Zariski closure of
the variety defined as before over the non-singular points. A proof that
(X*)* = X over C can be found in [La]. A local analysis of singularities
and the dual, and related topics, can be found in [Lo]. Another source for
duals from an algebraic point of view, with an analysis of the situation in
characteristic p > 0 as well, is [SGA 7 II].

Note that if X is a non-singular hypersurface, then T} y is a point,
so that the first projection Jxy — X is an isomorphism. Hence Jyx is the
graph of a morphism X — X*, which we call the dual morphism of the
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hypersurface X. As for curves, one can show it is given by the linear system
of partial derivatives of the defining polynomial of X, which extends to a
morphism on all of P?. This implies it has finite fibres (see Example 2.7).
Since the fibres of Jx — X™* over non-singular points are just projective
spaces (since they are isomorphic to fibres of Jx+ — X*), these fibres must
be points, i.e., X — X* is an isomorphism over the open set of non-singular
points of X*.

Theorem 7 (Bertini’s theorem) Let X C P} be an irreducible projective
variety. Then for all hyperplanes [H] & X* C PZ, the variety X N H is non-
singular of dimension d — 1. In particular, the ‘general’ hyperplane section
of X is non-singular.

Proof: Let P € X; since X is non-singular, Op x is a regular local ring
of dimension d. It suffices to show that if H is a hyperplane such that
Tpx ¢ H, then Op xng is a regular local ring of dimension d — 1.
Let F € S = k[Xy, ..., X,] be a linear homogeneous polynomial defining
H. We may assume after a linear change of coordinates that P = (1:0:0:
-1 0); now z; = X;/Xo, 1 <i <mn are affine coordinates on Uy = D (X)),
and P is the origin. Let f = F(1,z1,...,2,), and let I C k[z1,...,z,] be
the ideal of X N Uy. Then f is still linear homogeneous, since H passes
through the origin P. If m =< z1,...,z, > is the maximal ideal of P, then
I C m; if m is the maximal ideal of P in A(X NUp), then

m/m’ =~ m/(I + m?)

Let W = ker(S; — m/m? be the vector space of linear homogeneous
polynomials ‘vanishing to order > 2 along X near P’. Then Tp xny,) =
Uop N Tpx is the linear subvariety of Uy = A} defined by

{RQeA}|GQRQ)=0VG e W}.
Since this linear subvariety is not contained in H, we must have f & W.

Hence the image f of f € m does not lie in m?, i.e., f € m is part of a
regular system of parameters. In particular, the ideal fOp x is prime, and

Opxnu = Opx/\/ [Opx = Opx/fOpx

is a regular local ring of dimension d — 1. O
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The above analysis shows that if Tp x C H, then f € m?, so the quotient
local ring is not regular, unless X C H (since Opx is regular, hence an
integral domain, the quotient local ring is not regular unless f = 0).

The second version of the dual variety involves the Grassmann variety
parametrizing d-dimensional linear subvarieties of P}, or equivalently, d+ 1-
dimensional vector subspaces of k"*1. We construct the Grassmannian in a
slighly more intrinsic manner, as follows.

Let V be a vector space of dimension m. We construct a projective
variety G(r, m) parametrizing r-dimensional subspace of V. Let

Z ={viAN---ANvp | v1,...,v, are linearly independent} C A"V — {0}

be the set of non-zero decomposable tensors in A”V. The set of r-dimensional
subspaces of V' is naturally in bijection with the image of Z in P(A"V); the
image of a subspace W is defined to be the class of v; A --- A v, where
V1, ..., 18 a basis for W. Any other basis is of the form Awvq,..., Av, with
A € GL (W), the general linear group of linear automorphisms of W, and
Avi A - N Av, = det(A)vy A -+ A vy, from the definition of determinants;
hence the map from the collection of subspaces to P(A"V) is well defined.
Clearly the map is surjective onto the image of Z. To show that it is also
injective, we need to show that if
vl/\---/\vT:Ui/\---/\v’

T

then {v1,...,v,} and {v],...,v.} span the same r-dimensional subspace of
V. But one verifies easily that if vy,...,v, are linearly independent, then
the kernel of the linear map

YV o ANV ) =vA (oA Ay

is precisely the linear span of {v1,...,v,} (to verify the claim, note that
{v,v1,...,v,} is linearly independent precisely when (v) # 0).

So it remains to show that Z/ ~, the image of Z in P(A"V), is a pro-
jective variety. Note that Z is conical, i.e., if w € Z, then Aw € Z for all
A € k*. Let

(Z] ~)=Y Cc P(N"V).

Now coordinates on P(A"V) = P,ST )1 are given by elements of (A"V)* =
ATV*. Choose a basis eq, ..., e, of V, and dual basis ¢1,...,¥¢,, of V*. Then
iy N--- A&, with i) < --- < i, form a basis for A"V*. The set

Uiy evsip = {lw] € P(NV) | by A- - AN, (w) # 0}
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is the an affine space = A,gr )71, and‘these give the standard open covering of
the projective space P(A"V). We will show that Yy = Y NUj ..., is a (closed)
affine subvariety in Uy ... r; a similar argument proves that Y NU;, ...;. is an
affine variety in U;, . ;, for all 4y < ... < i,. This implies Y C P(A"V) is
Zariski closed.

Let w; = Z’j”:l wsjej for 1 < j < r be a basis for a subspace W corre-
sponding to a point of Yy. Then the matrix

T = [wijli<ij<r
is non-singular, since
AN ANl(vr A Avy) =det T

Hence W has a unique basis v;, 1 < i < r, such that for this basis, the
matrix T becomes the identity, i.e., we have

m—-r

v,;:e,-—l—ZaijeHleSiSr
Jj=1

(equivalently, write V' = V; @ Vo where V; is spanned by ey,...,e,, and
V5 is spanned by e,41,...,en; then the projection onto V; with kernel Vs
maps W isomorphically onto Vi, and v; is the preimage of e; under this
isomorphism).

Conversely, for any r x (m — r) matrix [a;;], the vectors v; = e; +
275" ajjejr span an r-dimensional space W, with [W] € Yp, and the v;
then give the distinguished basis for W. Thus as a set, Yy = k"(™=7). Our
aim is to show that Yy = A;(m_r) suitably embedded as a closed subvariety

of U1727...,r = A]gr)_l.
Considering Yy C Up, the coordinate functions on Uy are 9, .. ;. defined
by
Yiyoin W) =i ppin (V1 A - A0y,

where vy, ..., v, is the distinguished basis for W, and
i1 <o <idpy, {01,000 A {12, 1)

Note that £1A- - -Alp(v1A- - -Avy) = 1, so the remaining ¢, z...n;, do determine
affine coordinates.

Now ;,,.. 4, is the determinant of the (r x r)-submatrix consisting of
the 44" ... and " columns of the (r x m)-matrix [I,, A], where I, is the
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r x r identity matrix, and A = [a;;]. In particular, it is a polynomial with
integer coefficients in the a;;. On the other hand, for any 1 < i < r and
1 <j<m—r, we compute that

P12, i1t 1, e ((W]) = (—1)T_iaij,

since the left side is the determinant of a matrix which is the identity I,
with its i*" column removed, and with the j*® column of A added on as the
new r** column.

Thus if we write

UO — A](Cr)_l — A};(mﬂ”) % A](Cr)_l_r(m_r),

where the first factor corresponds to the coordinate functions

(=112, i1t s

and the second factor corresponds to the remaining 1;, . ;., then Yy maps
isomorphically onto Az(m_” under the first projection, and we identify Yj
with the graph of a morphism

AT AL

—1—r(m—r)

In particular Yy = Az(m_r) and Y[ is a Zariski closed subvariety of Uyp.

This completes the proof that Y = Gg(r,m) is a projective variety, and
further, shows that it has a covering by Zariski open subvarieties isomorphic
to Az(m_r). In particular Gg(r,m) is a non-singular irreducible projective
variety of dimension r(m — ).

Now again, one proves (using the above local coordinates, for example)
that the incidence variety

I={(P,[W]) €P} x Gp(d+1,n+1) | P e W}

is an irreducible, non-singular projective variety in P} x Gg(d+ 1,n + 1).
This implies that

J = {(P, [W]) € X x Gk(d—l- 1,n+1) | TP,X :W}

is Zariski closed in X X Gg(d+1,n+ 1), and gives the graph of a morphism
Dx : X = Gg(d+ 1,n+ 1), which we call the dual morphism.

We end this section with another application of the tangent variety, to a
result on embeddings. An embedding of X into Y is an isomorphism of X
with a closed subvariety of Y.
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Theorem 8 (Whitney embedding theorem)

(i) Let X be a non-singular affine variety of dimension d. Then there is an
embedding of X into Ai‘“‘l.

(ii) Let X be a non-singular projective variety of dimension d. Then there
is an embedding of X into Pi‘“‘l.

Proof:

We give the proof in the affine case. The proof in the projective case is
similar, and left to the reader.

We first note that the tangent variety is functorial for morphisms, i.e.,
if f: X — Y is a morphism of affine varieties, there is a natural morphism
df : Tx — Ty giving rise to a commutative diagram

% 1
{ {
x Ly

where the vertical arrows are the natural projections. Here df is defined as
follows: if P € X, the homomorphism f* : Ofp)y — Opx yields a linear
map

my(p)/my(p)3* — mp /mp,

hence a map on dual spaces in the reverse direction. We now write this out

explicitly in coordinates.
If X c AL, Y Cc A" and f = (f1,..., fm), where f; € k[x1,..., 2],
then one can check that df : Tx — Ty C Ap" x A} is the map

(fl(xla"'afm(xla"'7:En)7ff\1/7?2/7"'7ﬁ/n)7

where for 1 < 7 < m we have

~ n af
fj(xlw"axnaylv"'vyn):fj(xlv"-a$n)+ (yi_xz) j(l'ly-'wajn)-
ox;
i=1 v
Here Tx C Ay x Ay, and y1,. ..,y are the coordinates on the second factor

of A7. The definition of f; is motivated by the formula (essentially the chain
rule for differentiation)

ngk—fk 2288* i — i),

=1
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valid for any polynomial h, which implies via the Jacobian criterion that
df(Tx) cTy.
We make use of the following lemma.

Lemma 2 Let f: X — Y be a morphism between affine varieties. Suppose
(i) A(X) is a finite A(Y')-module
(ii) f is injective and dominant (i.e., has Zariski dense image)

(iii) for each point P € X, the tangent mapping df : Tpx — Typ)y
18 injective.

Then f is an isomorphism.

Proof:

Since f is dominant, f* identifies A(Y") with a subring of A(X). We first
claim that f: X — Y is in fact surjective, hence bijective. This is because
A(X) is a finite module over the subring A(Y); hence for any point Q € Y
with maximal ideal m of A(Y'), the ring A(X) ® 4(y) A(Y)m is a non-zero
(since it contains A(Y )m), finite, A(Y)m-module. Hence A(X)/mA(X) # 0,
by Nakayama’s lemma. Hence there is a maximal ideal n of A(X') containing
mA(X), which corresponds to a point P of X with g(P) = Q.

We have noted that A(X) ®4(y) A(Y)m is a finite A(Y)m-module, for
each maximal ideal m of A(Y'). Since f is bijective, there is a unique max-
imal ideal n of A(X) lying over m, and so A(X) ®4y) A(Y)m = A(X)n-
Let P € X correspond to n, so that f(P) € Y corresponds to m.

Since df : Tpx — Typ)y is injective, m/m? — n/n? is surjective.
Hence from Nakayama’s lemma, mA(X ), = nA(X)n, and so A(X)/mA(X) =
k. Again from Nakayama’s lemma, we get that 1 € A(X ), generates A(X)n
as an A(Y)m module, i.e.,

A(Y)m — A(X)n = A(X) ®A(y) A(Y)m

is surjective. Since this is true for every maximal ideal m of A(Y'), we see
that A(Y) — A(X) is surjective, i.e., f : X — Y is a closed subvariety.
Since f is bijective, f is an isomorphism, from the Nullstellensatz. O

Now to prove the theorem, start with some embedding of f : X — AJ.
If n < 2d + 1 there is nothing to prove. So suppose n > 2d + 1. Let
m A — AZdJrl be the projection onto the first 2d + 1 coordinates. We
will show that there is a non-empty Zariski open set U C GL (k) such
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that for ¢ € U, the composite Ttooo f : X — A%dﬂ is an embedding.
Equivalently, if z1,...,z, are the given coordinate functions on X, and
Yl, .- Y2q+1 are 2d + 1 ‘general’ (homogeneous) k-linear combinations of
the x;, then y1,..., Y2441 give an embedding of X in Aidﬂ.

First, from the proof given for Noether normalization, there is a non-
empty open set U; C GL (k) such that for o € Uj, the composite

X L5 A7 T Al

makes A(X) a finite module over A(A¢), a polynomial subring; here 7’ is
the projection onto the first d coordinates. Since 7’ oo factors through woo,
we see that there are homomorphisms of k-algebras

(moo)*

A(Af) =AM T AA]) D AX),
we see that A(X) is also a finite (m o0 o f)*A(AidH)—module. In more
concrete terms, if A(X) is a finite module over its k-subalgebra generated
by yi1,...,yq, then it is also finite over the larger subalgebra generated by
Y1, -+ Y2d+1-

Next, consider the set I" of all o € M,,(k), the set of n x n matrices, such
that m o o(f(P)) = moo(f(Q)), for some P # @ in X. We want to prove

this set is not Zariski dense in M,,(k) = ’,;,Lz; it Uy is the complement of its

Zariski closure, then for o € Us, the map 7 o ¢ restricts to an injective map
) 2d+1

f:X = A

Let Ax C X x X be the diagonal; then X x X — Ax is a quasi-projective
variety of dimension 2d. Note that for any R € A}, the morphism

Lp:My(k) = A — A2 — p2d+1

Lr(o) = moo(R),

is a linear transformation k"° — k241 which is surjective if R # 0, where
0 € k™ = AJ is the origin. Hence if R # 0, then ker Ly, is a linear subvariety
of AZQ of dimension n? — 2d — 1. Consider the subvariety

T={((P,Q),0) € (X x X = Ax) x Ma(k) | Ly(p)—s(0)(@) = O},

k2d+1

where the equation on the right side is between vectors in . Clearly

the image of I in M, (k) is T.
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Each fibre of I — X x X — Ay is an affine space of dimension n? —2d —1,
so that
dim7I = dim(X x X —A)+n?—2d—1=n?—1.

Hence the Zariski closure of the image I' C M, (k) of I has dimension <
n? — 1, i.e., is a proper subvariety of M, (k) = AZQ.

Finally, we claim that there is a non-empty Zariski open set Us C
M, (k) = 22 such that for o € Us, and each P € X, the map

d(ﬂ' o O’) : Tf(P),f(X) — Twoaof(P),A2d+1’ (5)

induced by 7 o o, is injective.
Since 7 o ¢ is linear, and T(x) C f(X) x A}, we have

Typ),x C{f(P)} x A, Tﬂogof(p),AQdH C{mooo f(P)} x Aidﬂa

and the map d(m o o) is just

d(moo)(f(P),Q) = (mooo f(P),moo(Q)),

that is, it is the restriction of a linear transformation to an affine linear
subspace with origin f(P). Hence if it is non-injective, there must exist

Q # f(P) with Q € Ty(py s(x) such that oo (Q) =7 oo o f(P).
For each fixed (f(P),Q) € Tyx) C Aj X A}, the morphism

Dpg : My (k) = A — A2d+1 — p2d+1

Dpg(o) =moa(Q - f(P)),

is a linear transformation, which is surjective if Q # f(P) (i.e., if the ‘tan-
gent vector’ @ — f(P) is non-zero). In fact Dpg is just the natural map

o= (roo)(Q— f(P)).

To prove the injectivity of the map in (5), consider the subvariety

J={(P,Q),0) € (Tyx)— Asx)) X My(k) | Dpg(o) = 0}.

We claim that the image of J in M, (k) is not Zariski dense. Assuming this,
let Us C M, (k) be a non-empty Zariski open set in the complement of the
image of J; then for o € Us, the map (5) is non-zero on @ — f(P) for all
Qe Tf(P),f(X)v for each P € X and each Q) € Tf(P),f(X) with @ 7'5 f(P) By
the linearity of (5), this means (5) is injective.
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We now compute the dimension of J. The fibre of .J over (f(P), Q) (with
Q € Typ PLEX) ~ {f(P)}) is an affine space of dimension n? —2d — 1, so that
dim.J = n* —2d — 1+ dimTjx) = n* — 1 < dim M, (k), as before (this
is where the non-singularity of X is used; we then have dim Ty x) = 2d).
Hence the projection J — M,, (k) is not dominant.

Now take U = U; N Uz NUs. By construction, for any ¢ € U, the map
mooof=g:X — A2 has the properties that (i) g* makes A(X) a finite
A(A2d+1) module (11) g is injective (iii) for each P € X, the tangent map
Typy,px) — T( P),A2d+1 is injective.

Hence if we set Y = g(X), the Zariski closure of g(X) in A2 then
Lemma 2 applied to g : X — Y shows that g is an isomorphism. O

4 The Hodge Decomposition

4.1 Type decomposition of differential forms and Dolbeault
cohomology

If X is a complex manifold of dimension n, then for each point x € X we can
find an open neighbourhood U of z in X and local holomorphic coordinates
21,...,2p, on U, identifying U with a polydisc in C". If we write z; = x;+1y;,
then dz1,dyy, . .., dxy,, dyy, give a real basis for the real cotangent space Ty X
to X at each point y € U, and hence also a C-basis for Ty X¢c = T; X @r C.
Then dz; = dx; +1dy;, dz; = dv; —1dy;, 1 < j < n, give another C-basis
for this space, for each y. Define the subspaces

n

T,°=> Cdz, T,)'=> Cdz;.
- =

Similarly, the complexified tangent space T\, Xc = T, X ®gr C has a basis
given by

9 _1 i,i O _ (0 9N .,
0z oz; oy ) oz 2\ow; oy ) ==

This basis is dual to the basis dzj, dz;, 1 < 7 < n. With this notation, the
exterior derivative has the formula

< 8f 8f _
df—]zlax ]+— Z a ——dz;
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The Cauchy-Riemann equations, which describe the necessary and sufficient
conditions for a smooth function f to be a holomorphic function, now reduce

to of
— =0, 1<j<n.
8zj
If we choose another set of holomorphic coordinates wi,...,w, on an
open set V C X, so that w; = w;(z1,...,2,) are holomorphic functions on

U NV, then the Cauchy-Riemann equations imply that for all y € U NV,

the subspaces
T,° C T,Xc, T)' C T,Xc

defined by the two sets of coordinates z; and w; are the same, since dwj is a
linear combination of only the dz;, and dw; is similarly a linear combination
of only the dz;. Thus these subspaces are independent of the choice of
local cordinates, and define C*° complex sub-bundles of the complexified
cotangent bundle
T C Ty TY' C Tk e
Further, the matrix entries of the transition matrices for the vector bun-

ow;
dle T )1(’0 are the holomorphic functions 8—J, so that T)O(’1 is in fact a holo-

2k
morphic vector bundle of rank n, the holomorphic cotangent bundle. The
ow; 0w,
transition matrix entries for T)Ogl are the conjugate functions ?j = <6J> ,
Rk Rk

so that T)O(’1 is the complex conjugate vector bundle to T)lgo.
Similarly, we can decompose any C*° 1-form w uniquely as a sum

w= w0 £ O
and correspondingly write the exterior derivative operator
d=0+20,
where for any C'*° function f,
(f) = (df)*,0(f) = (df)™.

Now the Cauchy-Riemann equations reduce further to

) =o.
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The decomposition of T  into a direct sum of two complex sub-bundles
induces a decompositon on the bundles of k-forms, for all k& > 0,

k

/\T)*(,C = @ T,%qa
P,q=>0
p+q==k

where

p q
% = NT" @ \ Ty

is the bundle wih local basis
del/\' . ‘/\dep/\dfklA- . '/\dqu, 1< <+ < jp <n, 1<k <---< k}q <n.

Thus any smooth k-form w has a unique decomposition into smooth forms

k
W= Z wp,kfp;
p=0

we say w has type (p,q) if w = wP? in this decomposition.

The decomposition into types is compatible with the exterior product of
forms, in the sense that if w is of type (p,q), and 7 is of type (r,s), then
w A n is of type (p+r,q + s). Similarly, the exterior derivative operator d
on k-forms can be decomposed as

d=0+0,
where for w of type (p, q),
Ow = (dw)P™, duw = (dw)P1+,

Finally, the Cauchy-Riemann equations imply that for any smooth k-form
w of type (k,0), w is holomorphic < dw = 0, and in this case, dw = Jw.
The condition that d o d = d?> = 0 implies the following identities:

P =0 =004+00=0.

In particular, we can define the Dolbeault cohomology groups (in fact C-
vector spaces) by

HPYX — .
9 {On for smooth (p,q — 1)-forms n}

(X) = {smooth (p, q)-forms w with dw = 0}
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We may compare this definition with that of the de Rham cohomology groups

{smooth k-forms w with dw = 0}
Hf)R(Xv C) =

{dn for smooth k — 1-forms n}

A further analogy between de Rham and Dolbeault cohomology is given
by the following lemma, which is the analogue of the Poincaré lemma. Later,
we will use it to derive a sheaf-theoretic interpretation of Dolbeault coho-
mology.

Lemma 3 (0-Poincaré lemma) If A= A(s)={|z|<s, 1<j<n}is
a polydisk in C", then Hg’q(A) =0 for all ¢ > 0, and Hg’O(A) is the space
of holomorphic p-forms on A.

Proof: That HB’O(A) is the space of holomorphic p-forms, is an immediate
consequence of the Cauchy-Riemann equations. So we may assume ¢ > 0.

Let z1,...,z, be the holomorphic coordinates on A(s). If w is any
smooth (p, ¢)-form, then we may uniquely write
w= Z dzr A\ wry,
I
where I runs over all (ordered) subsets of {1,...,n} of cardinality p, dz;y =

Nierdz;, and wr is a smooth (0, ¢)-form. Then

gw:Zdzf ANOwr =0 < 0wy =0 for all I.
I

Hence we reduce at once to the case when p = 0. Now we proceed by
induction on ¢ > 1.

Let w be a smooth (0, ¢)-form on A(s). We first show that for any r < s,
there is a smooth (0,q — 1)-form n with dn = w on A(r). We work by
induction on k, such that w is a linear combination (with smooth function
coefficients) of wedge products of dz,...,dZ;. The case k = 1 is trivial, so
assume k > 1. Write

w = dzZp N wy + wa,

where w; is a smooth ¢ — 1-form which is a linear combination of wedges of
dzi,...,dZ_1, and ws is a smooth g-form which is also a linear combination
of wedges of the same differentials. Then Ow = dZj, A Owy + Owy = 0 implies
that if we write

wp = Zwld?[,
kel
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then
Owr

— =0Vji>k

0z, J
This means wy is holomorphic in z; for all j > k. Now we solve the differ-
ential equation in 1 variable z

o _
0z} !
by the integral formula
() 1/ ( )dwk/\d@k
Z) = — WI(Z1y v ey Zh—1s Why Bt 1y - vy Zn) ——————.
n 2m S wy < s | (%1 k—1, Wk Zk+1 LA

The integral converges absolutely, since s < r, and gives a well-defined
smooth function on open polydisk A(s), such that (by differentiating under
the integral sign) ny is holomorphic in z; for all j > k; further, by a standard
Stokes theorem argument in 1 (complex) variable wy, we see also that

onr _
0z, !

holds. Hence if we set n = >°;n;dzr, then w — 9n is a (0, q)-form which
involves only the differentials dz1,...,dz,_1.

To finish the proof, let r,, be an increasing sequence of positive real
numbers converging to r. Since we can 7, on A(r,,) with on,, = w, we
can find such 7, on A(r) such that d(n,,) = w holds on A(r,,) (first choose
Nm arbitrarily; then replace each 0, by @mnm+1, for a suitable bump func-
tion ¢y, which is 1 in a neighbourhood of A(ry,) and is supported within
A(rmi1)).

We wish to modify our sequence 7, to a new sequence 7),, which con-
verges uniformly on compact sets. We now work by induction on ¢q. Suppose
q > 2. Take 73, = n; for i < 2. Now O(Nma1 — lm) = 0 on A(ry,), so that
by induction, we can find a smooth (0,q — 2)-form 5 on A(r) such that
OB = Nm+1 — m o0 A(ry—1). Take 41 = N1 + 05; then 01,41 = w on
A(rm+1), and 41 = T on A(ry,—1). Hence {7,,} converges uniformly on
compact subsets to a smooth (0,q — 1)-form 1 with 9n = w on A(r).

If ¢ = 1, then 7, is a sequence of smooth functions. Modify it to a
sequence 7}, as follows: 7; = n; for i < 2; if 1, is already determined, then
O(Mm+1 — Tm) = 0 on A(ry,), i.€., Nmi1 — Tim is a holomorphic function on
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A(ry,). Hence it is represented by a convergent power series in A(ry,). Let
B8 be a polynomial obtained by truncating this power series so that

Sup | M1 — e — B <27
A(rm—1)

Set
N+l = Nma1 — B

Then Ofme1 = w on A(Tma1), Tmt1 — Tm is holomorphic on A(r,) and
uniformly bounded by 2™ on A(r,,—1). Hence li7¥lnﬁ = 7 is smooth, and

satisfies On = w on A(r). O

4.2 Harmonic forms and the Hodge theorem

Since T?(’l is the complex conjugate bundle to the holomorphic cotangent
bundle T)l(’o, a smooth section h of T)l(’0 QT )0(’1 is identified with a smoothly
varying family of R-bilinear forms on the holomorphic tangent spaces, h, :
T, ®r T X — C, which are C-linear in the first argument and conjugate
linear in the second argument. If in addition h, is positive definite Her-
mitian, we call A a smooth Hermitian metric on X. Thus we can locally
write h = Zj,k hjrdz; @ dzy; then h defines a smooth Hermitian metric if
the matrix [hji ()] is positive definite Hermitian for each .

The real and imaginary parts of a positive definite Hermitian form on
a complex vector space V respectively yield a positive definite inner prod-
uct, and a skew-symmetric form, on the underlying real vector space of V.
Hence, Re(h), the real part of h, gives a Riemannian metric on X, while
the imaginary part of h yields a real 2-form on X. The imaginary part of h
is expressible as > ;. hjrdz; A dzy for a positive definite Hermitian matrix
hji.

A coframe for the metric h on an open set U C X is defined to be
an n-tuple of smooth forms @1, ..., ¢, of type (1,0) on U such that h =
Yoie1 @i @ @; on U, i.e., which correspond to the choice of an orthonormal
basis with respect to h(z) of the holomorphic tangent space T,X, at each
point z € U. Such coframes always exist locally, by the applying the Gram-
Schmidt process to dzi,...,dz,. Then the imaginary part of h is locally
given by the 2-form

n
1 _
7=1
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from which we see that w is a (1,1)-form, with @ = w (i.e., w is a real 2-
form). In this case, a volume form for X (with respect to the Riemannian
metric determined by the real part of h) is given by

W (_1)n(n71)/2(1)n - -
This is an easy computation, using the fact that if ¢; = a; +13;, then the
associated Riemannian metric is }-;  aj ® ai + B; ® Bk, and the volume
element corresponding to this is

a1 ABirANag ABa A Nap A By

The metric i induces Hermitian metrics on all the tensor bundles 7%,
where {¢7 AP}, for all multi-indices I, J with cardinality p, g respectively,
form an orthogonal set of elements each of length given by || o1 A @, ||* =
2PH4¢ (note that || dz ||* = 2 on C). We can then define the Hodge star
operator on (p, q)-forms as a bundle map

. TP n—p,n—q
¥ I — Ty ,

where

+2—n

*or NPy =2P""e 107 NPT,

where I = {1,...,n} — I, J = {1,...,n} — J are the complementary sets of
indices, and e5; is the sign of the permutation

/ / / . . -/ Y ~ ~ ~
(1,2,...,m, 1,20 o m0) = (e, s e Jign 0= Ly ey S5+ - o5 Jing)-

Then one verifies that x * w = (=1)PT%w on (p, q)-forms w. The important
property of * is that the inner product on (p, ¢) forms is given by

hw,n)® = w A *n.

Thus if AP9(X) is the space of global smooth forms on X of type (p, q),
and X is a compact complex manifold, then we have a positive definite
Hermitian inner product on AP¢ defined by

(w,n):/Xh(w,n)q):/Xw/\*n.

This makes AP?(X) into a pre-Hilbert space. We compute that of ¢ €
AP4=1(X), then

@) = [ T ns
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=(—1)”+q/XwA5*n+/X5(wA*n)

=(—1)P*q/XwA5*n+/Xd(wA*n),

since d = d on forms of type (n,n — 1). But [y d() A *n) = 0 by Stokes’
theorem. Hence we deduce that

@) == [ 6D,

Hence 8 has an adjoint & = — % O with respect to the Hermitian inner
product on AP4(X).

Lemma 4 A 3—01086@ (p, q)-form 1 has minimal norm in its cohomology
class in Hg’q(X) &0 =0.

Proof: If 3"t = 0 then for any (p,q — 1)-form n with 9y # 0, we have

|4 +an | = (¢ + On, ¢ + dn)
= 19 12+ 1 9n ||* + 2Re (v, 9n)

19 12+ @ |I* + 2Re (9", n)
= Il |2+ 9 |
> I |2

Hence % has minimal norm. Conversely, if 1/ has minimal norm, then for
any 7 € API-1(X),

0 = .2
a” Y+t || |=0= 0.

This gives 2Re (1, 0n) = 0. Applying the same argument to 1 gives also
21Im (v, dn) = 0. Hence

(0", m) = (,dn) = 0.

O
Notice that from the lemma, a Dolbeault cohomology class contains a
unique form of minimal norm, if one exists.

Definition: A (p,q) form w € APY(X) is called 0-harmonic if Ow =
9w =0.
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Equivalently, w is 9-harmonic < Agw = (00" + 9 9)w = 0. Indeed, if
Azw = 0, then
0= (Ag(w),w) = (90" w,w) + (7w, w) = (|| 9w > + || T'w ||’

which implies that w is 0-harmonic; the converse clearly holds. Notice that
the operator Ay is self-adjoint.

One of the first major results of Hodge theory is the following. The proof
is beyond the scope of these lectures.

Theorem 9 (9-Hodge Theorem) Let HP4(X) denote the space of harmonic
forms of type (p,q) on X. Then for each p,q we have:

(i) HPY(X) is finite dimensional

(ii) the orthogonal projection H : AP9(X) — HPU(X) is well-defined,
and there exists a unique operator (the Green’s operator) G = GP? :
APY(X) — APA(X) with kernel HP?, such that G commutes with both
9 and 8", and

H + Azo0G = identity

on AP4(X).
Thus there is an orthogonal direct sum decomposition for each p,q
APU(X) = HPI(X) + AP (X)) 4 9* AP (X)),

Corollary 3 There is a natural identification of HP4(X) with HZ*(X).

Proof: If w is O-closed, then
w=H(w)+ 00 Gw) + 0 0Gw
= H(w) + 9(9" Gw) + 8 Gow
= H(w) + 9(8" Gw).

Hence w and H(w) represent the same element of Hg’q(X)7 i.e., HPU(X) —
HZY(X) is surjective. If w € HP(X) is O-exact, i.e., w = Jn, then

| w ? = (w,0n) = (0w, ) =0,
that is, w = 0. O
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In a similar vein, one has the Hodge theorem for the exterior derivative
operator d. Let A*(X) be the vector space of smooth (C-valued) k-forms
on X. Then the Hodge star operator gives a map * : A¥(X) — A?"=F(X),
and hence we obtain a Hermitian inner product on A*(X) by

(w,m) =/ w A 1,
X

as before. This is in fact the Hermitian extension of a positive definite inner
prodcut on the R-subspace of real forms in A¥(X). This is because the
Hodge *-operator is in fact a real operator.

Now the exterior derivative operator d has an adjoint d* = — * d*, and
we can define the corresponding Laplace-Beltrami operator Ag = dd* + d*d.
A smooth k-form w is d-harmonic (or just harmonic) if dw = d*w = 0, or
equivalently, if Agqw = 0.

Theorem 10 (‘Real’ Hodge theorem) Let H¥(X) c A¥(X) denote the
space of harmonic forms of degree k on X. Then for each k, we have:

(i) HF(X) is finite dimensional

(i) the orthogonal projection H : AF(X) — HF(X) is well-defined,
and there exists a unique operator (the Green’s operator) G = GF :
AF(X) — AF(X) with kernel HF, such that G commutes with both d
and d*, and

H+ Ago G = identity

on AF(X).
Thus there is an orthogonal direct sum decomposition for each k
APU(X) = HPIU(X) + d(AH (X)) + d*(AH(X)).

Finally, d, d*, H, G are all real operators, i.e., commute with complex
conjugation on forms.

Corollary 4 There is a natural identification of H¥(X) with the de Rham
cohomology HgR(X), compatible with complex conjugation.
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4.3 The Kahler condition

Recall that a Hermitian metric h has an associated (1,1) form w, given
by the imaginary part of h. We say h is a Kdhler metric if dw = 0. Two
basic examples of Kéhler metrics on a complex manifold are (i) the standard
Hermitian metric >27_; dz; ®dz; on C", and (ii) the Fubini-Study metric on
P& —if Xo, ..., X, are standard homogenous coordinates on P&, and U is
the open set with X # 0, let z; = X; /X be the standard affine coordinates
on U; then

1 Xjdzp Ndzy (30 Z5dz) A (3, widwy)

2 | 1 +Zj Z2iZj (1 +Ej ijj)2

isa (1,1) form on U, which extends to a (1, 1) form on P¢ which is invariant
under the group PGL,(C) of projective linear transformations, and is the
imaginary part of a unique, PGL, (C)-invariant Hermitian metric on P¢.
Since one computes readily that dw = 0, we see that the Fubini-Study
metric is Kédhler. Further, one can compute that H%,(P%) = C for any
n > 1, and the class of w is a generator; under the isomorphism H?% p(Pg)
H?(PY,C) = H?(PY,Z) ® C given by de Rham’s theorem, in fact w is a
generator of H?(PY,Z) = Z.

Lemma 5 Let X CY be a complex submanifold of a complexr manifold Y,
and let h be a Hermitian metric on Y. Then the restriction h |x of h to X
is a Hermitian metric on X, such that if i : X — Y is the inclusion, then
the corresponding (1,1) forms are related by

-k
U Wh = Why -

In particular, if h is a Kdhler metric on'Y', then h |x is a Kdahler metric on
X.

Proof: Let dimX = m, dimY =n. Foreach x € X, T, X C T,Y, and
we have a corresponding restriction map 7Y =77 X. By Gram Schmid,
we can find a coframe @1, ..., ¢, for Y near x, such that p;, m+1<j<n
lie in the kernel of the restriction map to X. Then i*p;, 1 < j < m are a
coframe for h |x, and clearly

n m
Fwp, = Z*(Z TINDE Zi*goj NiD; = Wy -
j=1 j=1
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O

Thus, any non-singular complex projective algebraic variety X has a

Kahler Hermitian metric. If A is a Kéhler metric on X, the associated

(1,1)-form w is called the Kdhler form on X. We call such a pair (X, h) or

(X,w) a Kdihler manifold; however, we will often abuse notation and refer

to X itself as a Kéhler manifold, meaning that there is a choice of Kéher
metric implicit in the discussion.

Lemma 6 Let X be a compact Kdahler manifold.

(i) The even de Rham cohomology groups Haw(X) are all non-zero,
0<k<n=dimX.

(ii) The space of holomorphic k-forms injects into HER(X), .e., all
non-zero holomorphic k-forms are d-closed, and non d-exact.

(i) If V. C X is any closed analytic subvariety, of codimension p,
then the corresponding fundamental cohomology class ny € H%p 7(X)
18 non-zero.

Proof: (i) Since w is d-closed, w* represents an element of H2%(X), for
each 1 <k <n =dim X. If w* = dn, then w" = d(nAw*") is exact as well,
and so [y w™ = 0. This contradicts that w™ is a non-zero positive multiple
of the volume form of X.

(ii) If n is a holomorphic k-form, k¥ < n = dim X, and we have a local
expression

n=>_ner
I
for a local coframe, then we compute that

nATG = nmier Ne;
Ia

<

since

wnik =C} Z YK NPg
#K=n—k

for a certain non-zero constant C), we then have

_ _ Ck 2
NATAWF = (—E— n - .
G )

66



Hence
/ NATAWF £0
X

if n # 0. On the other hand, if n = du is exact, then n A A W F =
d(p AT A W™ F) is exact as well, and hence has vanishing integral over X;
hence if 7 is non-zero holomorphic, then 7 is non-exact. This also forces 7 to
be closed, else dn = dn would be a non-zero, exact holomorphic k + 1-form.

(iii) We first recall the definition of the fundamental class 7y in the
de Rham cohomology H%p »(X). From the de Rham theorem and Poincaré
duality, the pairing H%pR(X) ® Hgg%(X) - C,w®n— [ywAn,is a
perfect pairing of finite dimensional C-vector spaces. Now V determines a
functional

HY % (X) = C,

w»—>/ kW |y+,
v

where V* C V is the dense open subset of non-singular points (i.e., the
set of points of V' where V' is a complex submanifold of X). One first
needs to prove that this is well-defined, i.e., that the integral is finite for
any closed form w, and vanishes for exact forms; the first property can be
proved by locally representing V' as a branched covering of a polydisk in C™
(m = dim V'), and the second follows from a version of Stokes’ theorem (see
the book [GH], pages 32-33 for details). Now one appeals to Wirtinger’s
theorem, which states that

/ WP |y+= (n — p)! Volume (V*),
V*

where the volume is measured using the volume form of the Riemannian
metric induced on V* from that on X; this is of course finite, as a par-
ticular case of our earlier remarks, and it is evidently positive. Hence the
functional ny € Hl%p 7(X) is non-zero. (Incidentally, Wirtinger’s theorem is
a consequence of lemma 5, since h |y= is the induced Kéahler metric from
X, with corresponding Kahler form w |y«; now the n — p-th power of this is
proportional to the volume form on V*.) O

Remark: The condition (iii) of the above lemma has been used by Hiron-
aka to construct examples of non-singular ‘abstract’ algebraic varieties over
C which are compact, but not projective. See [H], Appendix. His argument
is actually valid over any algebraically closed field, but then uses the inter-
section theory of algebraic cycle classes in place of de Rham cohomology.
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Let X be a compact Kéhler manifold with Kéahler form w. Let L :
APA(X) — APHLAHL (X)) denote the Lefschetz operator defined by

L(n) =wAn,

and let A = L* : APHLat1(X) — AP4(X) be its adjoint. Define new opera-
tors

d°=—(@-0), Ay=1Dy=00"+ 0.
47

One computes at once that

dd°+d°d =0
and .
dd® = —00.
27

Further, taking complex conjugates, the analogue of the Hodge theorem
(Theorem 9) is valid for Ay as well.

Lemma 7 (Kihler identitites) The following formulas hold.
(i) (Basic Identity) [L,d*] = 47d® and [A,d] = —4md*.
(i) [A,0] = —10* and [A,0] =10".
(iii) [L,d] =[A,d*] = 0.
(w) [L,Ag =[AAg =0, and 35" +3 0 = 9*0 + d0* = 0.

1
(v) Do=25=3Au

Proof:  The two forms of the Basic Identity, as well as the two formulas
in (ii) are (respectively) equivalent to each other, by adjointess. Further, by
decomposition into types, (ii) is equivalent to (i). These identities are proved
by first proving analogous identities for the standard metric on C", where
the operators are now regarded as acting on compactly supported smooth
forms on C" (so that we still have Hermitian inner products on spaces of
forms, and adjoints make sense). This involves elementary, but tedious,
computations (see pages 111-114 in [GH]). The general case is reduced to
this by showing that for any = € X, the Kéler metric has a unitary coframe
@l,..., ¢, near x such that dy;(z) = 0 for all j. Now one argues that, if
one tries to carry out the same computations as in the Euclidean case, say
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for the identity [A,J] = —10*, we get all the same terms as before, as well
as additional terms which contain factors of first derivatives dp; (on C", we
would get d(z;) = 0). But at z, all these additional terms will vanish, so
the desired identity will hold at x.

Since w is closed, d(w An) = w A dn, and so [L,d] = 0; adjointness gives
[A,d*] = 0. We now compute that

(L, Ag] = Ldd* + Ld*d — dd*L — d*dL

= dLd*+Ld*d—dd*L—d*Ld = d(Ld*—d*L)+(Ld*—d*L)d = 4r(dd°+d°d) = 0.

By adjointness, [A,Ag] = 0 (since Ay is self-adjoint). Next, since &' =
—1[A, 0], we get that

180" 4+ 8°8) = 9[A, 8] + [\, 8]0

= OND — O*A + AD? — OAD = 0.

Now adjointness gives 9*0 4+ 00* = 0.
Hence

Ag=(0+0)(0"+0)+ (0" +9)(0+0) = Ay + Ag.
It remains to show that Az = Ay. For this we use
—1Ay = I9[A, 0] + [A, 9]0

= OAD — DOA + ADD — DO,

and so _ _
1A5 = J[A, 9] + A, 9]0
= 0AO — 00\ + AOO — OAO
=140y,
since 99 + 00 = 0. O

As a consequence, we obtain that d-harmonic forms are d-harmonic.
We also get that Ay preserves the type decomposition; in particular, if w =
> pgw??, then w is harmonic <« each wP? is harmonic. Finally, we obtain
the decomposition

k _ p,k—p
HH(X) = EPHE" T,

p=>0
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which can be viewed as a decomposition on cohomology groups

7k_
Hpp(X) = P HE" 7(X).
p=>0

Identifying HE p(X) with the singular cohomology H*(X, C), we obtain the
Hodge Decomposition

H*(X,C) = (P HP" P (X),

p=>0

where HPF~P(X) is the image of ’H%’k_p under the above series of identifi-
cations; we then have also

Hp*=p(X) = H*"PP(X) (Hodge symmetry)

Since Hg’o (X) = 7—[%’0 is naturally identified with the space of holomor-
phic p-forms, we get that holomorphic forms on X are harmonic for any
Kahler metric on X. Another consequence is that the odd Betti numbers of
a compact Kdhler manifold X are even, since

k k
dime H*H(X,C) = Y dime HP?F T 7P(X)+dime H** M 7PP(X) =2 dim HP2H17P(X),
p=0 p=0

4.4 The Hard Lefschetz Theorem

Theorem 11 (Hard Lefschetz Theorem) Let X be compact Kdhler of di-
mension n. Then the map

LF: H" kX, C) — H" K (X, C)

s an isomorphism, for each k < n. If we define the primitive cohomology
by
P"E(X, C) = ker (LM HH(X, €) - H"H42(X, €)),

then we have the Lefschetz decomposition

H™(X,C) =P LP™*(X,C).
k>0
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Note that the Lefschetz decomposition is compatible with the Hodge decom-
position, in the sense that if we define

P(X) = P'H(X,C) N H™(X),

then
P™(X,C) =P P H(X).
E>0

If the class of w in H%p(X) = H?*(X,Z) ® C corresponds to a rational
cohomology class under the above de Rham isomorphsim, then the Hard
Lefschetz Theorem, the definition of primitive cohomology and the Lefschetz
Decomposition are valid for cohomology with rational coefficients as well.
However this is not the case with integral cohomology, in genenral. If the
Kihler class is induced from a projective embedding X « P, then the
Kahler class is indeed an integral, hence rational cohomology class. In this
case, L has the following geometric/topological interpretation: it is the cup
product with the fundamental cohomology class of a hyperplane intersection
H N X, where H = Pgl is a projective linear hyperplane intersecting X
transversally. This is because the Kéahler class of the Fubini-Study metric
on Pg is the fundamental cohomology class of any hyperplane.

We may use the Hard Lefschetz Theorem to state the Hodge-Riemann
bilinear relations. Define a bilinear form on H" *(X,C) (k > 0) by the
formula

Q(n,w:/xnwwk.

Since w is a real form, @) in fact defines a real valued bilinear form on
H" k(X R). Also H?? and H?¢" are orthogonal with respect to @ unless

(p.a) = (d.p).
Now the bilinear relations assert that for any £ € P™*(X),

lr—S(_1)(n—fr—s)(n—r—s—l)/2Q(€’g) > 0.
In particular, if » + s is even,
s (1)) nr—s=1)/2
defines a positive definite quadratic form on
(P (X)® P*"(X))NH (X, R).

If r+s is odd, then @ defines a non-degenerate alternating form on P"+5(X).
Since Q(LFn, L¥)Q(n, ) for any primitive classes 1,1 we have by the Lef-
schetz decomposition that Qis non-degenerate on H"*(X, C).
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5 Topology of Varieties

In this lecture we discuss several aspects of the topological structure of
algebraic varieties. We begin with an outline of the proof of the Lefschetz
Hyperplane Theorem via Morse Theory, following Andreotti and Frankel (as
exposed in [Mi]).

5.1 Review of Morse Theory

We first review, without proofs, some of the basis facts from Morse Theory.
We begin by recalling the basic definitions.

Let M be a smooth manifold, and f : M — R a smooth function.
A point x € M is called a critical point for f if df(z) = 0; equivalently,
if x1,...,x, are local coordinates on M near x, then é%/(:1;) = 0 for all
1 <4 < n. We say that a critical point x is non-degenerate if, in any such

system of local coordinates, the matrix of second partial derivatives

0% f

is non-singular. One checks easily that the definition of non-degeneracy of
a critical point is independent of the choice of local coordinates. Finally, a
critical value of f is the image of a critical point of f.

The matrix of second partial derivatives (the Hessian)

[ e

is symmetric, and defines a quadratic form

32
G- om) = 3 55— @)y,
ivj ! J

The equivalence class of this form, i.e., the nullity and index, are independent
of the choice of local coordinates; here recall that the nullity is the number
of 0-eigenvalues of H, and the index is the number of negative eigenvalues
of H. One has the following lemma.

Lemma 8 Let f: M — R be a smooth function on a smooth n-manifold,
and x € M a non-degenerate critical point. Then there is a system of local
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coordinates x1, . ..,Tyn on M in a neighbourhood U of x such that on U, we
have

f(l“l,---,ivn)If($)+$%+"'+xi—k—xi—k+1—"'—9531-

The integer k depends only on f, and is the index of the critical point.
In particular, any non-degenerate critical point is isolated.

Finally, a Morse function on a manifold M is a smooth function f such
that

(i) the sets My, = f~'((—o0,(]) are compact, for all c € R

(ii) the critical points of f are all non-degenerate.

Theorem 12 (Main Theorem of Morse Theory) Let f : M — R be a Morse
function on a smooth manifold M. Then M has the homotopy type of a CW
complex, whose k-cells are in bijection with the critical points of f of index

k, for each k > 0.

The proofs of the above lemma and theorem can be found in §2-3 of Milnor’s
book [Mi] on Morse Theory.

5.2 The distance squared as a Morse function

Let M C R™ be a closed smooth submanifold (by the Whitney Embedding
Theorem, every smooth n manifold M can be realized as a closed smooth
submanifold of R2”+1). Let p € R™ be a point, and let f, : M — R be the
function given by the square of the Euclidean distance from p,

@) =z—p|P=<z,2>+<pp>-2<z,p>. (6)

Here <, > denotes the Euclidean inner product. Following the treatment
of Milnor’s book [Mi], §6, we discuss when this is a Morse function, and
show how to compute the index of f at a critical point of f in terms of other
data.

Let N denote the normal bundle of M. It may be regarded as the set

N ={(z,v) € M x R™ | vis normal to M at z}.

Consider the map
o:N—>R" (x,v)—x+0.
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Then ¢ is a smooth map between smooth m-dimensional manifolds, whose
Jacobian is non-singular at points (z,0) (the zero-section of N). Recall that
a critical point of ¢ is a point where the Jacobian (with respect to any
system of local coordinates) is singular; a critical value is the image of a
critical point. By Sard’s Theorem, we know that the set of critical values of
¢ has measure 0in R™ (see [Mi2], Chapter 2, for a proof of Sard’s Theorem).

We call a point y € R™ a focal point of multiplicity p of (M,x) if y =
o(z,v), where (x,v) is a critical point of ¢, and

p = dimg ker(dy o : Ty o N — T,R™).

Note that if y is a focal point of (M, z), then v = y — z is normal to M at
x. We say y € R™ is a focal point of M if it is a focal point of (M, z) for
some z; equivalently, y is a critical value for ¢.

The interest in this concept for us is seen in the following lemma.

Proposition 13 (i) x € M is a critical point for f, & v=p—2xis
normal to M at x

(i1) x € M is a degenerate critical point for f, : M — R if and only if
p is a focal point of (M, x)

(111) If x is a non-degenerate critical point for f,, then the index of
fp at x equals the number of focal points for (M,z), counted with
multiplicity, which lie on the line segment joining x and p. This index
s always < n = dim M.

In particular, for almost all p € R™, f, is a Morse function on M.

Proof: This is a local computation. Suppose z € M. Let uy,...,u, be
local coordinates on M on a neighbourhood U of x, and let

w1 = (w117 .- -awlm)’- -y Wm—n = (wm—nly s ’wm—nm)

be local vector (R™) valued functions on U whose values at any y € U give
an orthonormal basis of the normal space Ny,M to M aty. If 7: N — M is

the projection, then we have coordinates w1, ..., un, t1,...,tm_pn on 7~ 5(U),
where
(U, ey Uy tly ey tmen) — (z(u),v),
x(u) = (z1(ut, oy Up)y ey T (U, oy ug)), v = thwj(ul, ceyUp)).
J
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In terms of these corrdinates, ¢ is given by

m—n
O(ULy ey Uny by e ey tpen) = T + Z tjw;.
j=1
This has partial derivatives

Oy

Z 8w]
Ou; 6u2 79
9 _
o,

Now form the matrix of inner products of these m partial derivative vectors
with the m linearly independent vectors

ox ox1 0xm

- 1<i<
ou; Bui’ ’ ou; )7 ==

This is equivalent to multiplying the Jacobian matrix of ¢ by a non-singular
matrix (and hence preserves the rank). We obtain the m x m matrix

J K
Omanm Imfn

or Ox ow; Oz
= t: < —2
J=|<=— u’ B >+Z <

where

)
. Ouy,
1<i<n,1<k<n

)

1<i<n, 1<I<m—n

0,xs 18 an r X s matrix of zeroes, and I, is an identity matrix of size r. This
follows by a simple computation using the formulas

Zt-<8w wy >

ox

<wj,%>:0 Vi<i<n,1<j<m-—n
(2

<wj,w; >=03 V1<51<m—n
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(the first set of formulas express that each w; is normal to M, and the
second, that the w; give an orthonormal basis for the nromal space at each
point.)
Thus, (u1,...,Un, t1,...,tm—pn) is a critical point precisely when the ma-
trix
ox 8x wj Ox
J=|< = Ju +Zt B>

1<i<n,1<k<n
is singular. Now using
0 Oox ow; Ox 0%z

0= — < w;, — >=< — >+ < wj, — >
Ou; 7 Ouy, Ou; " Ouy 77 Ou;Ouy,

we may rewrite J as

where

or Ox 0%z
k=< 77— >, lix = 7——F%—, v=) tjwj;
ik 8’&1 8uk ik 5u18uk z]: I
here v is a nomal vector to M at = z(uq,...,uy,).

Hence we have proved:

Lemma 9 For v € R™, the vector x + v is a focal point for (M,x) with
multiplicity < the matriz

J = [gik— < v, lix >]
is singular, with nullity (i.e., dimension of kernel) equal to p.

We now want to relate this to critical points for the distance function
fp- We have from equation (6) that

ofp x
aui =2< aui’

T—p>,

so that x is critical for f, < v = p — x is normal to M at x; in this case,
the Hessian at x is

%

Hence from the lemma, we conclude that x is a degenerate critical point for
fp © pis a focal point for (M, z).
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Now suppose p is not a focal point for M, so that f, is a Morse function.
As above, z is critical for f, precisely when v = p — x is normal to M at =.
The index of f, at x is then given by the number of negative eigenvalues,
counted with multiplicity, of

J = [gi— < v, by >].

We may always make a linear change of coordinates (in the w;) so that g
is the identity matrix; then the index of f, at x is the number of eigenvalues
of [< v, £, >] which are > 1. If ¢ is such an eigenvalue, then clearly x4+t v
is a focal point for (M, z), lying on the line segment joining x to p. This
implies that index of f, at x equals the number of focal points for (M, z),
counted with multiplicity, which lie on the line segment joining z and p.
This finishes the proof of Proposition 9. O

Remark: Note that since ¢ : N — R™ is always a diffeomorphism on a
neighbourhood of the 0-section M x {0} C N, x € M is never a focal point
for (M, x).

Corollary 5 Any smooth manifold of dimension n has the homotopy type
of a CW complex of dimension < n.

5.3 The Lefschetz Hyperplane Theorem

Theorem 14 (Weak Lefschetz, first form) Let M C CV be a closed complex
submanifold of dimension n (for example, a nonsingular affine variety of di-
mensionn). Then M has the homotopy type of a CW complez of dimension
<n.

Proof: We make use of 2 lemmas.

Lemma 10 Let Q(z1,...,2,) = Y aij2iz; be a quadratic form in n complex
variables, and let

Q(x1,.. ., TnyY1y---,Yn) = Real part of Q(x1 +1y1, ..., Tn +1yp).

If e is an eigenvalue of@ of multiplicity p, then —e is also an eigenvalue of
multiplicity .

Proof:  Since Q(121,...,12,) = —Q(z1,...,2,), the quadratic forms Q
and —(@ are related by an orthogonal transformation, and hence have the
same eigenvalues, with multiplicites. O

7



Lemma 11 Ifz € M, and x +v € CN = R* is a focal point for (M, x)
with multiplicity p, then x — v s also a focal point for M with the same
multiplicity.

Proof: For v,w € CV¥ = R?", we can consider the Euclidean innder
product < v, w > as the real part of a Hermitian inner product,

N
<< v w >>= 0w
=1

Choose anaytic coordinates z1, ..., z, on M near x so that z;(x) = 0 for all
1. Let v be a vector normal to M at z. Let w,...,wy be the coordinate
functions on M, so that w; = w;(z1,. .., 2,) are holomorphic functions in a
neighbourhood of the origin. Then << w,v >> is a holomorphic function
of z1,..., 2z, near the origin, and so has a power series expansion

N
<< w,v >>= Zwi(zl, ..y 2n)0; = constant+Q(z1, . . ., z,)+higher degree terms,
i=1

where () is a homogeneous quadratic polynomial in the z; (there is no linear
term since v is normal to M at z). Hence if we set z; = z; + 1y;, then
< w,v > has a real power series expansion

< w,v >= constant + @(331, e sTny Y, -, Yn) + higher terms,

where the notation CNQ is as in lemma 10. Since the eigenvalues of @ occur
in opposite pairs, the focal points of (M, x) along the normal line x + Rwv
occur in pairs x =+ tv. O

Now we complete the proof of theorem 14, as follows. Choose a point
p € CV = RN such that fp is a Morse function for M. If x is any critical
point for f,, then the index of f,, at  is the number of focal points, counted
with multiplicity, lying on the line segment joining z to p (where p — x is
normal to M at z). There are at most 2n such focal points on the line
z+ R(p—x), and if = + t(p — z) is a focal point with multiplicity p, so is
x —t(p — x). Hence at most n of these, counted with multiplicity, can have
the form = 4 t(p — ) with 0 < ¢t < 1. Thus the index of any critical point of
fp is always < n = dimc M. In particular, Theorem 12 imples that M has
the homotopy type of a CW complex of dimension < n. O
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Corollary 6 (Lefschetz hyperplane theorem) Let X C Pg be a projective
variety of dimension n, and H C P](\jf a hyperplane containing the singular
locus of X, i.e., such that X — X N H is a non-singular affine variety of
pure dimension n. Then H;{(X N H,Z) — H;(X,Z) is an isomorphism for
i <n—1, and is surjective for i =n — 1.

Proof:  From the long exact sequence of homology groups of the pair
(X, XNH), the above result is equivalent to the vanishing of H;(X, XNH;Z)
for i < n—1. By Lefschetz duality, H;(X, XNH;Z) = H>" (X - XNH;Z),
and since X — X N Z is non-singular affine of dimension n, its cohomology
groups H’(X — X N H;Z) vanish for j > n. O
A slight refinement of the above argument yields the following stronger con-
clusion.

Theorem 15 (Lefschetz) Let X € PY and H be as above. Then
(X, XN H)=0 fori<n.

Proof: (Sketch) Let p be a point in CY = PY — H such that f, is a Morse
function for X — X N H. Consider the function f: X — R,

0 ifzeXnH
flz) = { —— otherwise
fp(z)
This is again sort of a Morse function on X — X N H, such that each critical
point now has index > n. Hence, for any € > 0, a variant of Theorem 12
implies that if X. = f~1([0,¢]), then (X, X.) has the homotopy type a rel-
ative CW complex with finitely many cells, each of dimension > k. Hence
mi(X,X:) = 0 for all i < k. Now one argues that X, has the same homo-
topy type as X N H, for small enough &, for example since there exists a
triangulation of X such that X N H is a subcomplex. a

5.4 Example: hypersurfaces and complete intersections

Let X C P’é+1 be a hypersurface of degree d. Then we may regard X as a
hyperplane section of P’é“ embedded in some projective space Pg via the
d-tuple embedding. From the Lefshctz Hyperplane theorems for homology
and homotopy (Corollary 6 and Theorem 15), it follows that

m(X) = mPEY), Hi(X,Z) — H(PEH, Z)
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are isomorphisms for ¢ < n and are surjective for ¢ = n. This gives that if
n > 2, then X is simply connected. Further,

0 if i <mn is odd
H{(X,Z) = Z if i < n is even
Z3(?) ifi=niseven.

Suppose further that X is non-singular. Then Poincaré duality implies
that H;(X,Z) & H?""%(X,Z) for all i. Since also H*(X,Z) = Hom (H;(X,Z),Z)
for i < n (by the Universal Coefficient Theorem in topology, since the ho-
mology in degrees < n is torsion-free), we get that

i ] 0 ifi#nisodd
H(X’Z)_{ Z ifi+#niseven

Further,

n ) Q® PH™(X,Z) ifi=mniseven
H(X’Q)_{ PH™"(X,Q) ifi=nisodd.

Here PH"(X,Q) = ker(H"(X,Q) — H""2(X,Q)) is the primitive middle-
dimensional cohomology (in the sense of the Lefschetz decomposition, give
by the Hard Lefschetz theorem).

Now we may proceed further as follows. Recall that a complete intersec-
tion of dimension n in Pg is a subvariety X, such that for some homoge-
neous polynomials Fi, ..., Fy_,, the homogeneous ideal I(X) is generated
by Fi,...,Fn—_pn. Let X be a non-singular complete intersection of dimen-
sion n. Bertini’s Theorem then implies that there exist N — n non-singular
hypersurfaces X1,..., Xny_, such that X = X1N---NXy_,, and all of the in-
tersections X 1N---NX;, 2 <i < N—naretransverse. ThenY; = X;N---NX;
is non-singular, for each ¢, and Y;;1 is a non-singular hypersurface section
of Y;. Hence by the Weak Lefschetz theorems for homology and homotopy,
we see by induction that

7TJ'(}/Z') - Wj(Pg)a Hj(}/iv Z) - HJ(Y;’ Z)
are isomorphisms for j < dimY; = N — ¢ and are surjective for j = N — 1.
Since Yy_,, = X, we conclude the following (using also Poincaré duality).

Corollary 7 For any smooth projective complete intersection X of dimen-
ston n, we have
0 if i #n is odd
H{(X,Z) = Z if i £ n is even
Zd(7) ifi=mn is even.
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i ] 0 ifi#nis odd
H(X’Z)_{ Z ifi#nis even

n ] Q®PH™(X,Z) ifi=n is even
(X, Q) = { PH"(X,Q) if i = n is odd.

If X is a smooth surface in P?(’;, then by the above, the only ‘unknown’
cohomology group is H?(X,Z). Since X is simply connected, the Universal
Coefficient theorem implies that this cohomology group is torsion-free, hence
is free abelian of finite rank, equal to the second Betti number by. We now
sketch an argument to compute by of a surface in P?é. This depends on
the following result, which is interesting in its own right. Recall that the
topological Fuler characteristic of a space X is defined to be

Xtop(X) = Y _(=1)"bi(X),
i>0
where b;(X) = dimq H;(X, Q) is the i-th Betti number of X; for xop(X)
to be well-defined, we must have that b; < oo for all 4, and is non-zero
for only finitely many 4. Since any projective algebraic variety over C is

known to have a finite triangulation, its topological Euler characteristic is
well-defined.

Proposition 16 Let f : X — C be a morphism from a projective variety X
to a smooth projective curve C, over the complex number field C. Assume
that there exists a finite set S = {z1,...,2,} C C such that f~1(C — S) —
C'— S is a smooth morphism (i.e., has non-zero differential everywhere). Let
F be any fiber of f over a point of Cs, and let F; = f~'(x;) be the “singular
fibers” of f. Then the topological Fuler characteristic of X satisfies the
formula

n

Xtop(X) = Xtop(C)Xtop(F) + Z(Xtop(Fi) - Xtop(F)>-

Proof:  Since f: f~1(C —S) — C — S is a smooth and proper morphism
(since f is proper), it is in fact a C'™ locally trivial fiber bundle, all of whose
fibers are diffeomorphic to F.

Lemma 12 Let m : E — B be a locally trivial fiber bundle with fiber F,
where B, F' are finite CW complezes. Then Xiop(E) is defined, and

Xtop(E) = Xtop(B)Xtop(F)'
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Proof:  We can find a finite open covering of B by subsets U;, 1 <1i < m,
such that f~1(U;) = U; x F for all i, and V; = Uy U- - -UU; and U;NV;_1 have

~

well-defined topological Euler characteristics, for all i > 2. Now 7~ 1(U;) &
U; x F, so by the Kunneth formula,

XtOP(W_l(A)) = Xtop(A) Xtop(F)

for any subset A C U; for which xop(A) is well-defined. Then from the
Mayer Vietoris sequences (homology is with Q-coefficients)

- Hy(U;NVisy) = Hi(Up) @ Hy(Vie) = Hi(Vi) = Hioa(Vica NU) — -+
and
- Hy(n Y (Ui N Vier)) = Hi(n ™Y (U3)) © Hi(n ™ (Vier)) —
Hy(n ™' (Vi) = Hia(n ' (Viea NUL)) = -
we conclude that
Xtop(Vi) = Xtop(Us) + Xtop(Vie1) = Xtop(Us N Vi),
Xtop(m (Vi) = Xtop(7 " (Ui)) + Xtop(m ™ (Vi1)) = Xeop(n ™ (Us N V1)),

and hence by induction on ¢, that

Xtop(ﬂil(vé)) = Xtop(‘/;)Xtop(F)v

for all . The conclusion of the lemma is the case i = m. O
In our context, choose a small neighbourhood W of S in C, such that W
is a disjoint union of open disks W, centred at each z;. Let V be a smaller
neighbourhood which is a union of concentric disks. Then from the lemma,

me(f_l(c = V) = Xtop(C = V) xtop(F).

Further, if S; C W;—V; is a small circle in W; around V;, then S; <— W, —Vj is
a homotopy equivalence; hence also f~1(S;) < f~1(W; — V;) is a homotopy
equivalences, since f~1(W; — V;) — W; — V; is a locally trivial fiber bundle
(with fiber F). By the lemma, xtop(f1(S5)) = Xtop(Si)Xtop(F) = 0, since
S; is a circle, and hence has vanishing Euler characteristic. Hence

Xtop(Wi = Vi) = Xtop(f *(W; = V3)) =0
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for all 4. Finally, one can show that F; — f~}(W;) is a homotopy equiv-
alence, provided W; are sufficiently small disks around x;; this follows, for
example from the fact that X and C have triangulations, such that S C C,
f~Y(S) € X are subcomplexes. Hence

Xtop(f_l(Wi)) = Xtop(Fi) = Xtop(Wi)Xtop(F) + Xtop(-Fi) - Xtop(F)a

since xtop(W3) = 1 (as W; is contractible). Again arguing as in the proof
of the lemma, using the Mayer-Vietoris exact sequences for the open cover
{W,C — V} of C, and the induced covering of X, we deduce the formula
claimed in the proposition. a

Now to apply this to study surfaces in P¢,, we use the technique of
Lefschetz pencils. Let L C P% be a line, and consider all hyperplanes
H C PSC such that L C H. There is a line L in the dual projective space

f’:é parametrizing these hyperplanes H. Now let F(z,y,z,w) = 0 be the
defining equation for the surface X C Pg of degree d. The tangent plane to
XatP=(a:b:c:d)is

OF OF oF oF
m%(a, b,c,d) + ya—y(a, b,c,d) + za(a, b,c,d) + w%(a, b,c,d) = 0.

. ., .. 53 . .
This corresponds to the point in P with coordinates

oF oF oF oF
(%((I, ba Gy d) : aiy(av b7 Gy d) : E(avba G d) : %(a7b7 ) d))

~3
Consider the morphism D : P — Pg given by

OF OF OF OF
D(a:b:c:d) = (= R . . ‘
(a:b:exd)=(5—(abcd) a9y (a:b,¢,d) : 5—(a,b,¢,d) : 5-(a,b,¢,d))
Then X — D(X) is dual morphism of X. One knows that this is in fact

birational (for a given X, this can of course be checked explicitly), and if

X = D(X), then one has the “double duality theorem” (X) = X (the dual
of a singular hypersurface is defined to be the closure of the dual of its non-
singular locus). Further, local calculations show that D is an isomorphism
near x € X < the tangent hyperplane P7, N X is a curve with an ordinary
double point at = (a plane curve singularity with a local analytic equation
2122 = 0). Of course PT,, N X is a curve in PT, X = PZC of degree d.

In particular, one may choose the line L so that the dual line L intersects
D(X) = X only at smooth points of X, and the intersection is transverse.
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This will imply that if H corresponds to a point of Ln )?, then H = PT, X
for a unique point # € X (namely z = D~1(H)), and H N X is a plane
curve of degree d with one ordinary double point. We can also assume that
L meets X transversally; this will force the finite set D~1(X N L) N X to be
disjoint from L (if the tangent hyperplane to X at a point x € L contains L,
then LNX is a hyperplane section through x of the singular curve X NP7, X,
which will force x to be a singular point of L N X).
Let
X ={(z,t) e X x L |z € Hy}.

One sees by a simple local calculation that X — X is the blow up of X at
the set of d points L N X. Hence one sees easily that

Xtop(X) = d + Xtop(X).

On the other hand, f : X 5L~ P& has singular fibres over the points
LN X. Now D_l(f/) is a subvariety of P& defined by 2 homogeneous
polynomials of degree d — 1 (linear combinations of partial derivatives of
F(z,y,2,w)). Hence by Bezout’s Theorem for Pg,, LNX = D_l(f/) NX

consists of d(d — 1)? points. Finally, the general fiber F of f is a non-

(d—1)(d—2)

singular plane curve of degree d, which has genus , hence has

Euler characteristic d? — 3d; any singular fiber Fj is a plane curve of degree
d with 1 ordinary double point, so that Xtop(Fi) — Xtop(F) = 1. Hence we
see that

Xtop(X) = Xtop(PE)(d” — 3d) +d(d — 1)°

=d(d—1)* —2(d* — 3d) = d* — 4d* + 7d.

Hence
Xtop(X) = d* — 4d® + 6d.

But the Betti numbers of X satisfy by = by = 1, and b; = b3 = 0. Hence
by = Xtop(X> —2= d3 —4d2 + 6d — 2.
For example, this formula gives the following.

(i) If d = 1, then by = 1, which is consistent with the fact that X is a
plane.

(ii) If d = 2, then by = 2, which is consistent with the fact that X =
P& x PG
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(iii) If d = 3, then by = 7; in fact it is known that a general cubic surface
in PSC is the blow up of P? at 6 distinct points, so our formula is
consistent with this.

(iv) If d = 4, then by = 22. In fact, a quartic surface in Pg is an example
of a K3 surface; one knows that these types of surfaces have by = 22.

5.5 Barth theorems

We saw above that by the Lefschetz hyperplane theorem, the homology and
homotopy groups of a projective complete intersection of dimension n agree
with those of projective space, in degrees < n. A line of argument, origi-
nating with ideas of Barth, implies that similar conclusions can be obtained
about the homology and homotopy of an arbitrary non-singular projective
variety X C Pg of dimension n, provided the codimension N —n is “small”
compared to the dimension.

A new approach was found to such results by Fulton and Hansen, via
the following “connectedness theorem”.

Theorem 17 Connectedness Theorem Let X be a projective variety of di-
mension n, f : X — P& x P& a morphism with finite fibers. Let A C
& x P& be the diagonal. Then

(i) if n > m, then f~1(A) is non-empty
(ii) if n > m, then f~1(A) is connected

(iii) ifn > m and X is locally analytically irreducible, then 71 (f~1(A))
m1(X) is surjective

(iv) if X is a local complete intersection at each point not in f~1(A),
then
(X, f1(A)) 2 m(PE x PE,A)

for alli <n —m.

For a proof, see [Ful] and the (extensive) bibliography given there. Note

that
Z ifi=2
(P m _
m(PE X PE, A) = { 0 otherwise, for i < 2m
As a corollary, we get the following, proved originally for non-singular V'
by Barth (for homology) and Larsen (for homotopy).
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Corollary 8 (Barth-Larsen theorem) In V C P& is an n-dimensional local
complete intersection (for example, a nonsingular variety), then

(PR, V) = H(PE,V;Z) =0 fori <2n—m+1.

To prove the corollary, one applies the Connectedness Theorem to the in-
clusion of X =V x V into P& x P&, to try to conclude that

W,(V) = m(V x VN A)—)—MTZ(V X V) = TI'Z(V) X 71'%(‘/)

But if the diagonal homomorphism A — A x A of an abelian group is
surjective, then clearly A = 0. This argument is not quite correct, since
mo (P& x P&, A) = Z is non-zero, but the argument can be modified to take
care of this problem.

Similarly, one can prove the following.

Corollary 9 Let Y C P& be a local complete intersection of codimension
d, and h : V. — P& a morphism with finite fibres, where dimV =n, and V'
s also a local complete intersection. Then

m(V.h7H(Y)) = m(PE,Y)
s an isomorphism for i <n —d, and is surjective fori=n—d+ 1.

The proof proceeds by applying the Connectedness Theorem to V x Y —

¢ x PE. Taking Y =V, we get the earlier corollary, while taking YL, a
projective linear subspace, we obtain a version of the Lefschetz hyperplane
theorem. &

6 Sheaves

Let X be a topological space. The open sets in X are partially ordered by
inclusion, hence may be regarded as a category® Tx, whose objects are the
open sets in X, and a unique morphism U — V if U C V.

A presheaf of setson X is a functor Ty — Set, where Set is the category
of sets.

Thus if F is a presheaf on X, then for each open set U C X, we are
given a set F(U), and for any smaller open subset V' C U, a restriction

3Category theory and homological algebra are briefly reviewed in an appendix to this
section.

86



map pyy 2 F(U) — F(V), such that pyy o pyy = pyw for WV C U.
Elements of F(U) are called sections of F over U; if U = X, they are called
global sections. We sometimes also use the notation I'(U, F) instead of F(U).

Morphisms of presheaves are just natural transformations of functors. A
presheaf F' is called a sub-presheaf of F if F'(U) C F(U) for each U, and the
restriction maps for F’ are obtained by restricting those for 7. If f : F — G
is a morphism of presheaves, then U — (imageF(U)) is a presheaf, which is
a sub-presheaf of G.

For example, let A be a set. For any topological space X, let F(U) = A
for all open sets U, and let pgry be the identity for all V' C U. Then F is a
presheaf on X called the constant presheaf associated to A.

A presheaf F is called a sheaf if for any open set U of X and any open
cover {Ug }aea of U, the following conditions hold.

(i) For any sections s,t € F(U), if pyy, (s) = pyy, (t) for all a € A, then
s=t.

(ii) Let Uyg = Ua N Ug for any «, f € A; then for any family of sections
sa € F(Ua), a € A, such that py,p,,(sa) = pu,u,,(sp) for all o, B €
A, there exists a (necessarily unique, by (i)) s € F(U) such that
puu, (8) = sq for all a € A.

(iii) If U = ¢ is empty, then F(U) is a 1-point set (i.e., a final object in the
category Set).

Morphisms of sheaves are defined to be morphisms of the underlying
presheaves. Thus we can make sense of subsheaves of a sheaf. However, if
f ' F — G is a morphism of sheaves, the image presheaf is not a sheaf in
general.

Some basic examples of sheaves for this course are as follows.

(i) The structure sheaf Ox of an algebraic variety X (with its Zariski
topology) over a given field k; this is the sheaf given by Ox(U) =
O(U), the ring of regular functions on U.

(ii) The structure sheaf Ap; of a smooth manifold M; here Ap(U) is the
C-algebra of complex valued smooth (i.e., C*°) functions on U; we
may similarly consider real valued functions.

(iii) The structure sheaf Ox of a complex manifold X; this is the sheaf
Ox(U) = H(U), the C-algebra of holomorphic functions on U.
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(iv) The sheaf of smooth differential forms A%}, on a smooth manifold M;
here A%, (U) is the C-vector space of smooth n-forms on U.

(v) The sheaf Q% of holomorphic n forms on a complex manifold X.

(vi) The sheaf Q7% Ik of algebraic n-forms on a non-singular variety over the
field k.

The stalk F, of a presheaf F at x € X is defined as

Fo = lim F(U).
Usx

Define
GFHW) =] 7
zelU

(If U = ¢, define G(F)(U) to be a final object in Set.) Then G(F) is a
sheaf, such that all the restriction maps p;;y, are surjective; a sheaf with this
property is called flasque (or flabby). For each open set U, there is a natural
map F(U) — [l,cr Fe, giving a morphism of presheaves F — G(F). If F
is a sheaf, this is injective, giving an isomorphism of F with its image. In
general, the image of F is a sub-presheaf. Let a(F) be the intersection of
all the subsheaves of G(F) which contain the image of F (since G(F) is one
such, the family of subsheaves is non-empty, and clearly any intersection
of subsheaves is a subsheaf). If f : F — F’ is a morphism of presheaves,
there is an induced morphism of sheaves G(F) — G(F') compatible with
f, and hence a morphism a(F) — a(F’). In particular, if 7' is a sheaf, so
that 7' — a(F’) is an isomorphism, we see that f factors uniquely through
F — a(F). Thus a is a functor from presheaves to sheaves on X, which
is left adjoint to the inclusion functor from sheaves to presheaves. We call
a(F) the sheaf associated to the presheaf F.

A presheaf of abelian groups (or rings, or modules over a ring ...) on
X is a functor from 7" to the category Ab of abelian groups (or rings,
or modules over a ring, ...). It is a sheaf if the analogues of the conditions
(1), (ii), (iii) above are satisfied. If F is a presheaf of abelian groups, G(F),
a(F) are sheaves of abelian groups; a similar claim holds for sheaves of rings,
modules, etc. In particular, for any abelian group A, we have the constant
sheaf Ax associated to A, which is the sheaf associated to the constant
presheaf determined by A (discussed earlier). If A is a ring, Ay is a sheaf
of rings. An important example is the sheaf Zx of rings determined by the
ring Z of integers.
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More generally, we may consider sheaves with values in any category with
arbitrary products and finite inverse limits, and which has a final object,
since the sheaf conditions may be rephrased using only these notions.

Let F be a sheaf of abelian groups on X, and s € F(U). Then the
support of s is the set | s | = {x € U | s, # 0}, where s, is the image of
s in the stalk F,. One sees easily that | s | C U is closed. We define the
support of F to be the union of the supports of its sections, which is the set
| F | ={z € X | F; # 0}. This need not be closed in general. However, we
will see later that this is the case for coherent sheaves of Ox-modules on a
‘reasonable’ scheme X.

Let Ox be a presheaf of rings on a topological space X. A presheaf
of Ox-modules is a presheaf F of abelian groups together with an Ox (U)-
module structure on each abelian group F(U), such that if V' C U, then
puy 2 F(U) = F(V)is Ox(U)-linear, where F(V) is regarded as an Ox (U)-
module via the ring homomorphism pgy : Ox(U) — Ox (V) and the given
Ox (V)-module structure. If Oy is a sheaf of rings, a sheaf of Ox-modules
is a sheaf of abelian groups which has the structure of a presheaf of Ox-
modules. A sheaf of Z x-modules is just a sheaf of abelian groups. In another
direction, if X = {z}, then all presheaves which satisfy the sheaf condition
(iii) are in fact sheaves; a sheaf of rings Ox is identified with a ring R (the
stalk of Ox at z), and the category of sheaves of Ox-modules is identified
with the category of R-modules.

Convention: whenever we consider sheaves of Ox-modules, we will as-
sume that Ox is a sheaf of rings.

The category of presheaves of Ox-modules on a topological space X
forms an abelian category in a natural way. The category of sheaves of Ox-
modules is a full additive subcategory, which is also an abelian category; for
any morphism f : F — F’, the sheaf kernel of f is the presheaf kernel, but
the sheaf cokernel is defined to be a(coker,(f)) where ‘coker,’ denotes the
presheaf cokernel. In particular, one sees that a sequence

0—F - F—=F"=0
of sheaves of Ox-modules is exact iff
0= G(F)—=G(F)—=GF")—0
is exact as a sequence of presheaves; this is equivalent to the exactness of

0— F, — Fp— Fy—0
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for each z € X.

The category of presheaves of Ox-modules has direct sums, and direct
and inverse limits over directed sets. A finite (presheaf) direct sum of sheaves
of Ox-modules is a sheaf. The inverse limit presheaf of a directed family
of sheaves of Ox-modules is in fact a sheaf, but the direct limit in the
category of sheaves of Ox-modules is the sheaf associated to the presheaf
direct limit. However there is one case where the presheaf and sheaf direct
limits coincide: when the topological space X is Noetherian, i.e., satisfies the
descending chain condition for closed subsets, that any strictly descending
chain of closed subsets of X is finite.

We mention some other basic operations on presheaves and sheaves. If
f X — Y is a continuous map, and F is a presheaf on X, then we can
define a presheaf f,.F on Y by f. F(U) = F(f~1(U)). We call f,.F the direct
image of F. If F is a sheaf, so is fiF. If Ox is a sheaf of rings on X, then
f+Ox is a sheaf of rings, and for any Ox-module F, the direct image f.F
is an f,Ox-module in a natural way. The direct image functor is left exact.

The direct image functor f, from presheaves (or sheaves) of abelian
groups on X to those on Y has a left adjoint f~!, called the inverse image
functor. On presheaves, it is defined (on objects) by

(fT'AU) = lim F(V).
Vo f(U)

This clearly defines a presheaf on X, and the adjointness property
Hom (f~'F/, F) = Hom (F', f.F)

is easily verified. The sheaf inverse image is the sheaf associated to the
presheaf inverse image; the adjointness property follows from the adjoint-
ness at the level of presheaves, and the adjointness of the ‘associated sheaf’
functor a. If f(x) = y, then for any presheaf F on Y, we have an identi-
fication of stalks f~1(F), = F,. In particular, f~! is an exact functor. If
Oy is a sheaf of rings, then so is f~'Oy, and f~! takes Oy-modules into
f~1Oy-modules, and converts Oy-linear maps into f~'Oy-linear ones.

In particular, if j : U < X is the inclusion of an open subset, we have
(j7LF)(V) = F(V) for any open set V C U. We also denote j~'F by F |¢.
The functor j~! from sheaves of abelian groups on X to those on U has a
left adjoint ji, called extension by 0, where jF is the sheaf associated to the
presheaf

FV) fvcU
VH{ 0 #VegU
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The sheaf 5| F is characterized by the properties that j~'jF = F and
(1F)e = 0 for z € X — U. Note that there is a natural inclusion ji(F |) —
F for any sheaf F os abelain groups.

If i :+ Z < X is the inclusion of a closed subset, let F |z= i lF.
The functor i, gives an equivalence of categories between sheaves of abelian
groups on Z and the full subcategory of sheaves of abelian groups F on X
with F |x_z=0.

If Ox is a sheaf of rings on X, let Oy = Ox |y. If F, G are presheaves of
Ox-modules, define a presheaf of abelian groups Hom o, (F,G) by the as-
signment U — Hom o, (F |v,G |v). If F, G are sheaves, so is Hom o, (F,G).
If Ox is a sheaf of commutative rings, Hom o, (F,G) is a sheaf of Ox-
modules in a natural way. In particular, if Ox is commutative, we have a
notion of dual; the dual F* of a sheaf F of Ox-modules is Hom o, (F, Ox).

If Oy is a sheaf of rings, not necessarily commutative, let OF be the
corresponding sheaf of opposite rings, so that an O-module is a right
Ox-module. For any OF-module F, and any sheaf H of abelian groups,
the sheaf Hom z, (F,H) is an Ox-module in a natural way, via the action
(s-9)(f) = @(s- f) for sections s € OF(U) = Ox(U), f € F(U) and
v € Homz, (F,H)(U).

Let Ox be a sheaf of rings, F an OF-module. The functor H —
Hom 7z, (F,H) (from the category of Zx-modules to that of Ox-modules)
has a left adjoint G — F ®p, G. Thus, by definition, there are natural
isomorphisms

Hom o, (G, Homz, (F,H)) = Homz, (F ®o, G, H),

which characterizes F ®p, G in terms of the usual universal property for
bilinear maps of sheaves F x G — H. One checks that the sheaf associated
to the presheaf U — F(U) ®0, () G(U) satisfies this universal property, so
that this defines the sheaf F ®p, G. When Ox is commutative, if H is also
an Ox-module, then we have a commutative diagram

Hom o, (G, Hom z, (F,H)) =, Homz, (F ®o, G, H)
) )
Hom o, (G, Hom o, (F,H)) — Homo, (F @0y G, H)

1%

where the vertical arrows are each induced by the natural inclusion of the
abelian group of Ox-linear maps into that of Zx-linear ones.

In a similar fashion, one may define symmetric powers, exterior powers,
etc. when Ox is commutative.
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Convention: from now onwards, we will assume Oy is a sheaf of commu-
tative rings, unless explicitly mentioned otherwise. Some statments made
below may have generalizations to the non-commutative case; we leave these
to the interested reader.

One way to define a sheaf on a space X is through patching: let {U;}ier
be an open cover of X, and let F; be a sheaf on Uj;, for each ¢, such that
(i) for any pair of distinct indices 4, j there is an isomorphism

SOZ‘] : Fz ‘UiﬂUj;> -Fj |UiﬁUj

(ii) ji = oy,

(iii) for any 3 distinct indices 7, j, k we have ;i 0 p;; = i, on U; N U; N Uj.
Then there is a sheaf F, such that there are isomorphisms ¢; : F |y,— F;
compatible with the ¢;;; further such an F is unique upto unique isomor-
phism compatible with the ¢;;. One way to construct F is to define a
presheaf Fy as follows: let U be the collection of open subsets of X which are
contained in some U;, and choose a function f : U — I such that V' C Uy,
for all V' € U. Define Fo(V) = 0 for V ¢ U, and Fo(V) = Fpu(V) for
V € U. Using the isomorphisms ¢;; we see that there are natural restriction
maps making Fy a presheaf, together with given isomorphisms Fy |¢,= F;.
Then F = a(Fy) is the desired sheaf obtained by patching the F; using
the isomorphisms ¢;;. We leave it to the reader to check the uniqueness
assertion.

An Ox-module is free of rank n if it is isomorphic to O?@". An Ox-
module F is called locally free (of finite rank) if each z € X has an open
neighbourhood U such that F |y is a free Oy = Ox |y-module of finite
rank. A locally free O x-module of rank 1 is called an invertible Ox-module.

Locally free modules have several good properties. For example, if £ is
locally free, then the functors F — E®p, F, F — Hom o, (£, F) are exact.
We also have isomorphisms of functors (in F) Hom o, (£,F) = £* @o, F,
and Hom o (£, F) = (cE* ®0, F)(X). The natural map & — (£*)* from
€ to its double dual is an isomorphism. For any locally free Ox-module
&, there is a natural Ox-linear surjection £ ®p, £* — Ox, which is an
isomorphism if £ is invertible. However, note that in general, locally free
Ox-modules are not projective objects in the category of Ox-modules.

Recall that an object I of an abelian category A is injective if the functor
X — Hom 4(X,I) is exact. For any (possibly non-commutative) sheaf of
rings Ox, the abelian category of sheaves of Ox-modules has enough injec-
tives, i.e., for any sheaf F of Ox-modules, there is a monomorphism F — Z,
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where 7 is an injective Ox-module. To prove this, one notes that if J is
an injective sheaf of abelian groups, then Z = Hom gz, (OF,J), which is
naturally an Ox-module, is in fact injective; this follows from the natural
isomorphism

Hom o, (F,Hom z, (0¥, T)) = Hom gz, (OF ®o, F,J) =Homz(F,J)

for any sheaf F of Ox-modules. This reduces us to proving the result when
Ox = Zx. One sees easily that if {I,;},cx is a family of injective (=
divisible) abelian groups indexed by points of X, and Z(U) = [[,cy I+, then
7 is an injective sheaf of abelian groups. Now for any sheaf F of abelian
groups, if we choose inclusions F, < I, into injective abelian groups, then
we obtain an injection of sheaves G(F) — Z, where Z is defined by the
chosen family {I,},cx; composing with the natural injection F < G(F)
(since F is a sheaf, the natural map is an inclusion), we are done.
Thus any sheaf F of Ox-modules has an injective resolution

O=-F—=>Lo—-T1— - —=Ly— -

in the category of Ox-modules, and this is unique upto chain homotopy
(by standard arguments using the universal property of an injective object).
Hence for any left exact functor F' from the category of sheaves of Ox-
modules to an abelian category, we may define its derived functors R'F
by

R'F(F) = i*" cohomology object of the complex F(Is).

If0 — F' — F — F” — 01is an exact sequence of sheaves, we have functorial
boundary maps R'F(F") — R F(F') giving a long exact sequence of
derived functors (where we identify ROF with F)

0= F(F) = F(F) > F(F") = RFF)—>-—
R'F(F)— R'F(F) = R'F(F") » RN F) — -

Any natural transformation between left exact funtors induces a unique
natural transformation between their derived functors, compatible with bound-
ary maps in the respective long exact sequences.

Important examples of left exact functors on sheaves and their derived
functors are as follows.

(i) Let f: X — Y be a continuous map, Ox a sheaf of (possibly non-
commutative) rings on X. Then f, is a left exact functor from Ox-
modules to f,Ox-modules, whose derived functors R’ f+« are called the
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higher direct image functors of the map f. In particular, if Y = {y}
is a point, then f,Ox is identifed with the ring R = Ox(X), and f.F
is identified with the R-module F(X) of global sections. The sheaves
R f.F yield R-modules H*(X, F) called the cohomology groups (really,
cohomology R-modules) of F.

(ii) Let G be an Ox-module. Then
F = Homo,(G,F), F—Homo,(G,F)

are left exact functors. Their i*! derived functors are denoted by
Extl, (G,F) and Extl (G, F), respectively.

We have a natural isomorphism Hom o, (Ox,F) = F(X) = H(X,F).
Hence there are natural isomorphisms Ext{, (Ox,F) = H(X,F). Note
that if Ox is commutative, and £ is a locally free Ox-module, then

Ext iy (E,F) =0 for all i >0,
and there are natural isomorphisms
Exty (€, F) = H(X,E* ®oy F).

Derived functors may also be computed using acyclic resolutions, i.e., if
0 — F — Fe is a resolution, and F' a left exact functor with R'F(F;) = 0
for all i > 0, j > 0, then the i*® cohomology object of the complex F(Fa) is
naturally isomorphic to R'F(F).

We claim that flasque sheaves of abelian groups are acyclic for f, for any
map f: X — Y. Indeed, one shows that the following statements hold (see
[H], II, Ex. 1.16).

(i) Injective sheaves of abelian groups are flasque. Indeed, if j : U — X
is an open set, then the map Homg, (Zx,Z) — Homz, (71Zy,Z),
induced by the inclusion of sheaves jiZy — Zx, is surjective for any
injective sheaf Z, i.e., px ¢y : Z(X) — Z(U) is surjective. Similarly,
working with Ox and 5Oy, we see that injective Ox-modules are
flasque for any (possibly non-commutative) sheaf of rings Ox.

(i) f0 - F — F - F" = 0 is exact with F’ flasque, then F(U) —
F"(U) is surjective for each open U C X.

(iii) If 0 - F' — F — F” — 0 is exact with F', F flasque, then F” is
flasque.
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From (i) and (iii), the quotient of an injective sheaf by a flasque subsheaf
is flasque. From (ii), given a short exact sequence 0 — F' — F — F" — 0
with F’ flasque, we get that for any continuous map f : X — Y, the direct
image sequence 0 — foF' — foF — foF” — 0 is exact. Hence if F is
a flasque sheaf of Ox-modules, 0 — F — Z, is an injective resolution by
sheaves of Ox-modules, then 0 — f.F — f.Ze is exact for any continuous
map f: X — Y. Hence R'f.F =0 for all i > 0.

Since injective Ox-modules are flasque, we see that the cohomology (or
higher direct images) of an O x-module F, computed with resolutions by in-
jective Ox-modules, equals the cohomology (or higher direct images) of the
underlying sheaf of abelian groups F. Another application is the following:
if f: X — Y is the inclusion of a closed subset, then f, is an exact functor
from sheaves of abelian groups on X to those on Y, which sends flasque
sheaves on X to flasque sheaves on Y. Hence R'f,F = 0 for all i > 0, and
there are natural isomorphisms H*(X,F) = H(Y, f..F) for all i > 0 (an
injective resolution of F on X yields a flasque resolution of f,F with the
same complex of global sections).

Another important class of acyclic sheaves are fine sheaves on a para-
compact space. For a proof, see [Sw] or [W]. Recall from general topology
that (i) any metric space is paracompact (ii) a second countable T3-space* is
paracompact. In particular, a simplicial complex with countably many cells
is paracompact. Thus all the spaces usually encountered in algebraic geom-
etry over C (with their Euclidean topology, rather than Zariski topology)
are paracompact.

A sheaf F is fine if for any open set U C X, and any locally finite® open
cover U = {U,} of U, there exist endomorphisms ¢, : F |y— F | such that
suppta C U, for all . The t, act like partitions of unity, allowing us to
patch up locally defined sections of the sheaf. One can prove the acyclicity of
fine sheaves by showing that if 0 - F — G — H — 0 is exact, and F is fine,
then for any open set U C X, the map G(U) — H(U) is surjective. Since
F |y is also fine, we reduce to considering the case when U = X; now given
a section s € H(X), and local liftings s; € G(U;) of s, one uses the partitions
of unity to modify these lifts s; by sections ¢; € F(U;), so that s; + t; patch
together to give a global lift of s — we leave the details of this argument
to the reader. Now we apply this lemma to an exact sequence where F

4A Ty space is a HausdorfT space in which any point and a disjoint closed set can be
separated by open neighbourhoods.

®Recall that a family of subsets of X is locally finite if each point of X has a neigh-
bourhood which intersects only a finite number of sets in the family.
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is fine and G is flasque (say, injective), to conclude that H is flasque; this
implies that F is acyclic, from the long exact sequence of derived functors
associated to the short exact sequence of sheaves 0 - F — G — H — 0.

(We note here that our definition of a fine sheaf differs slightly from that
in the literature ([Sw], for example); it is usually only assumed that F has
a partition of unity associated to an open cover of X (rather than of an
arbitrary open U). But this extra condition is always satisfied in practice.
This modification was suggested to me by R. R. Simha.)

If X is a topological space, Ox a fine sheaf of (commutative) rings, then
any sheaf of Ox-modules is fine. Examples of fine sheaves of rings are (i) the
sheaf of continuous functions on a paracompact space (ii) the sheaf of C'*
functions on a smooth manifold (i.e., a C*° differential manifold). For any
locally finite open cover {U, }, the endomorphisms ¢,, then become functions,
which can be even chosen to have values in the interval [0,1] C R, and are
called a partition of unity subordinate to the covering {U,}.

Fine sheaves are used to prove that on a paracompact, locally con-
tractible space X, the sheaf cohomology groups H" (X, Ax) with coefficients
in a constant sheaf Ay, associated to an abelian group A, are naturally iso-
morphic to the singular cohomology groups H™(X, A) defined in algebraic
topology.

Thus, for example, on a smooth manifold, the constant sheaf C has a
resolution by the de Rham complex of sheaves of C*° differential forms (with
complex values)

0—+Cx —»Ax - Ay - A% — -+,

where A])'( is the sheaf of smooth j-forms, and the maps in the complex are
given by exterior differentiation of forms. We deduce that

closed smooth n-forms

1%

H"(X,Cx)

exact smooth n-forms

On the other hand, one can construct another fine resolution of C
0Cx =Sy -8k =>8% — ...

where Sg( is the sheaf of singular complex valued cochains on X (this is
the sheaf associated to the presheaf of singular cochains). One shows that
Sg( is fine, and the complex I'(X,S®) is the complex of singular cochains
modulo the subcomplex of locally trivial cochains (cochains which vanish
on simplices of sufficiently small support). By a subdivision argument, one
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shows the complex of locally trivial cochains is acyclic, so that H"(X, Cx)
is identified with singular cohomology. We obtain deRham’s theorem, iden-
tifying the quotient of the closed forms modulo the subspace of exact ones
with the singular cohomology of X. For a detailed proof, see [Sw| or [W].
A similar theorem is valid for cohomology with real coefficients, and real
valued differential forms.

One important tool in computing sheaf cohomology is Leray’s theorem,
which relates the cohomology groups defined above to Cech cohomology. We
first recall the definition of Cech cohomology (in a simple context sufficient
for our needs). Let U = {U;}ier be an open covering of a topological space
X, where we fix a well ordering of the index set I, and let F be a sheaf of
abelian groups on X. Define groups

cPU,F)= ] FWU,n---nU,)

1<t < <ip
and maps 6P : CP(U, F) — CPTH (U, F) by

p+1

(5pa)i07'-~7ip+1 = Z(_l)]ai07.__7{;7...71‘p+1 |U¢0ﬁ“'ﬂUip+1’
j=0

where i; means that the index i; is omitted. Then (C*(U, F),8°) is a com-
plex, called the Cech complex of F with respect to U, whose cohomology
groups are called the Cech cohomology groups of F with respect to U, and
are denoted by H* (U, F).

There is a natural map H (U, F) — H'(X,F) for each i (see [H], III,
(4.4)). Leray’s theorem asserts that if H/(Uj, N---NU;,,F) = 0 for all
finite intersections of open sets in the covering, and for all j > 0, then these
natural maps are isomorphisms (see [H|, III, Ex. 4.11).

A Review of categories and homological algebra

We will assume some acquaintence with the notions of categories and func-
tors.

Thus, in a category C, one is given a collection Ob C of objects. For any
pair of objects A, B we are given a set Hom ¢ (A, B) of morphisms (or arrows)
between them, with an associative composition law, such that each object
A has an identity arrow 14 which is a left and right identity for composition
of morphisms.
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If C,D are categories, a (covariant) functor F' : C — D between them
associates to each object A of C an object F'(A) of D, and for any pair A, B
of objects of C, a map of sets

Hom (A, B) — Hom¢(F(A), F(B)),

f=E(f),

such that F'(14) = 1p(ay, and F(fog) = F(f)o F(g).
If C is any category, define its opposite category C°P to have the same
objects, with
Hom ¢op (A, B) := Hom¢(B, A),

and with composition of arrows reversed from C (i.e., f°P 0 g°? = (go f)°P).
A contravariant functor C — D is a functor C°? — D.
If C, D are categories, their product C x D has ObC x D = Ob(C x Ob D,
and
Hom¢xp((A4, B), (C,D)) = Hom¢(A,C) x Homp(B, D),

with composition rule (f,g)o (h,k) = (foh,gok).

If F,G are functors from C to D, then a natural transformation n :
F — G is a rule which associates to each object A of C an element n(A) €
Hom p(F(A),G(A)), such that for any morphism f : A — B in C, the
diagram below commutes:

FA) ™ g
u(B)

A natural isomorphism between functors is a natural transformation n
such that for any object A, the morphism 7(A) is an isomorphism. A functor
F : C — D is called an equivalence of categories if there is a functor G : D —
C such that the two composities F'oG and GoF' are each naturally equivalent
to the respective identity functors.

Let Set denote the category of sets. A pair of functors F': C — D and
G : D — C are said to be an adjoint pair (in which case we say F' is left
adjoint to G, and G is right adjoint to F') if there is a natural isomorphism
of functors D°P x C — Set,

Hom ¢(F(A), B) — Hom p(A, G(B)).



For example, if N is an abelian group, and C = D = Ab, the category of
abelian groups, then F(A) = N ®z A and G(B) = Homgz(N, B) are an
adjoint pair; this is equivalent to the universal property of tensor products.
Given a functor, the construction of an adjoint for it amounts to solving a
class of universal mapping problems: for example, given G, for any A we
want in particular to define F'(A) such that there is an arrow A — GF(A),
corresponding under the natural isomorphism to the identity arrow of A; this
is universal among arrows from A to objects G(C), in the obvious sense.

An initial object of C is an object O such that for any object A, there
is a unique morphism O — A. A final object of C is an object E such that
there is a unique morphism A — FE for each object A. For example, the
empty set is the initial object for Set, and a one-point set is a final object
for Set.

An additive category is a category C such that (i) Hom¢(A, B) has the
structure of an abelian group, such that composition of morphisms is bilinear
(ii) there is an object 0 which is both an initial and a final object (iii) for
a pair of objects A, B there is a direct sum A & B, which is also a direct
product, i.e., there are morphisms iy : A - A® B, is : B - A® B,
j1: A& B — A, jo: A® B — B such that jioi; = 14, joois = 1p,
jiote =0, jooi; =0, andjloil + jooip = 1,4@3.

An additive functor between additive categories is a functor which pre-
serves 0 objects and direct sums, such that the maps on Hom sets are ho-
momorphisms of abelian groups.

If A is additive, an arrow k : C' — A is called a kernelof f : A — B if for
any D, the sequence of abelian groups (with maps induced by composition
with k and f respectively)

0 — Hom 4(D,C) — Hom 4(D, A) — Hom 4(D, B)

is exact. The definiton of a cokernel of f is dual: it is an arrow B — C’
such that for any D, the sequence of abelian groups

0 — Hom 4(C’, D) — Hom 4(B, D) — Hom 4(A, D)

is exact. A kernel or cokernel, if it exists, is unique upto unique isomorphism;
we let ker f (or ker(f)) denote the kernel of f, and coker f (or coker (f)) the
cokernel.

Suppose every arrow in A has a kernel and cokernel; then for any arrow
f, we have a unique arrow

coker (ker(f)) — ker(coker (f)).
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An abelian category is an additive category A such that every arrow has a
kernel and cokernel, and the above arrow coker (ker(f)) — ker(coker (f)) is
an isomorphism, for any morphism f. This last condition means f cann be
factored into the composition of a surjection (coker = 0), an isomorphism
and an injection (ker = 0). Equivalently, an arrow with 0 kernel and cokernel
is an isomorphism. There are additive categories C which are not abelian,
where every arrow has a kernel and cokernel (for example, the category of
Banach spaces and linear continuous maps, or the category of vector spaces
with a given filtration, and linear maps preserving the filtrations).

Abelian categories provide the natural context for doing homological al-
gebra; the usual basic lemmas (snake lemma, five lemma) which hold for
the category of abelian groups also hold in any abelian category; in particu-
lar, a short exact sequence of complexes in an abelian category gives rise to
a long excat sequence of (co)homology objects. The category of (co)chain
complexes in an abelian category A is again abelian, where the kernel and
cokernel of a morphism of complexes is defined term by term. One has a
notion of (co)chain homotopy between two morphisms of complexes, and ho-
motopic morphisms induce the same morphism on (co)homomolgy objects.
From now onwards, we work only with cochain complexes and cohomology
objects; the theory of chain complexes and homology is dual (i.e., is obtained
by working in the opposite category). For example, if

0—-Co—C,—>Co—---,0>Dy— Dy —Dy---

are complexes, and fe,ge : Co — De are 2 morphisms of complexes, a
homotopy between them is a sequence of arrows k, : C,, — D,_1 (with
ko = 0), such that

Op o kp + (=1)"kn41 000 = fr — gn

for all n.

Let C*[m] be the shifted complex with (C*[m])* = C™*", and differen-
tial (—=1)™"9dg on C™*" = (C*[m])". Then H™(C*[m]) = H"*™(C"®). For
any morphism f°: C* — D°® between complexes, we can define its mapping
cone by

C(f‘)n — Cn-{—l ® D"

with differential C(f*)" — C(f*)"*! represented by the matrix

(1) Hae
0 Op
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Then there is a short exact sequence of complexes
0—=D"—=C(f*) = C[1] = 0,

such that the boundary morphism in the long exact sequence of cohomology

objects
H"H(C*[1]) - H"(D")

is identified with f" : H"(C*) — H™(D®). In particular, f° induces an
isomorphism on all cohomology objects < C(f°) is exact.

An injective object of an abelian category A is an object I such that the
functor Hom 4(—, I) is exact. Equivalently, for any injective map i : A — B,
any arrow f : A — I factors though i (i.e., f extends to B). A projective
object is an injective object in the oposite abelian category.

We have the following lemma.

Lemma 13 Let
0>A—=>Co—>Cy— -+

be a resolution, and let
0—-B—1Iy— 11 — dots

be a complex, with I; injective for all j. Then the natural map from the
group of homotopy classes of maps of complexes Co — Is to Hom (A, B) is
an isomorphism of abelian groups (i.e., , any f : A — B lifts to a map of
complexes Co — I, which is unique upto homotopy).

This is easily proved by starting with a map f, and using the defining
property of injective objects to construct the map of complexes inductively.
Similarly given two such lifts, a homotopy between them may be constructed
inductively.

We say that an abelian category has enough injectives if every object is
a subobject of an injective object. Now suppose F' : A — B is a left exact
(additive) functor between abelian categories A and B, and A has enough
injectives. We define the right derived functors R"F(A) by

R"F(A) = H"(F(L.))

where
O—-A—-Iy—-1L —I,—- -
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is an injective resolution of A. From the lemma, any two injective resolutions
are homotopy equivalent, so have the same cohomology; hence the derived
functors are well defined. Clearly ROF(A) = F(A), i.e., RV is isomorphic to
the given functor F.

If0 - A — B — C — 0is an exact sequence in A, then we can
extend it to a compatible short exact sequence of injective resolutions as
follows: first choose injective resolutions 0 —+ A — Iy — I; — --- and
0—>C — Jy— J;y — ---. Then we can inductively construct an injective
map B — Iy ® Jg and differentials I,, ® J, — I,+1 & Jp41 such that

(i) 0= B—= {o®Jy) = (I1 ®J1) — --- is a resolution, which we denote
by 0 - B — Ko, and

(ii) the split exact sequences 0 — I, — I,, ® J,, — J,, — 0 fit together into
an exact sequence of complexes 0 — le — Ko — Jo — 0.

Thus for any left exact functor F' : A — B, we obtain a short exact sequence
of complexes
0— F(le » F(Ke) = F(Jo) — 0,

which gives rise to a long exact sequence of derived functors

0 — F(A) - F(B) - F(C) - R'F(A) — R'F(B) —
R'F(C) — R*F(A) - R*F(B) — - --

The notion of derived functors of objects can be generalized to ‘derived
functors of complexes’, in the following sense. A map of complexes is called
a quasi-isomorphism if it induces isomorphisms on cohomology objects, or
equivalently, if its mapping cone is exact. Suppose A has enough injectives.
Given a complex 0 — Cy — C; — Cy — --- in A, there is a morphism of
complexes Co — o where 0 — Iy — I} — --- is a complex of injectives,
such that C* — I° is a quasi-isomorphism, and any two such complexes
of injectives are homotopy equivalent via unique (upto homotopy) cochain
maps. If Ce is a single object A in degree 0, Ie is just an injective resolution
of A. Define the hyper-derived functors of C* to be

R"F(C*) = HV(I").

The definition is immediately extended to all complexes bounded below by
shifting, using the formula

R"F(C*[m]) = R"™™F(C").

Again, one shows that
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(i) a short exact sequence of complexes (which are bounded below) in-
duces a long exact sequence of hyper-derived functors

(ii) a quasi-isomorphism between (bounded below) complexes induces iso-
morphisms on hypercohomology

(iii) there are two functorial convergent spectral sequences
[EP9 = RIF(CP)=>RPHF(C®)

and
1 EYY = RPE(HY(C~H=RPTIF(C®)

In particular, a morphism of complexes C° — D°® inducing isomor-
phisms R"F(C™) — R"F(D™) for all m,n induces isomorphisms on
hyperderived functors R"F(C*) — R"F(D").

Hyperderived functors (like hypercohomology groups of a complex of sheaves)
arise naturally in algebraic geometry. For example, with the last remark
above as a starting point, Grothendieck has given a purely algebraic defini-
tion of ‘de Rham cohomology groups’ for an algebraic variety over k, which
are k-vector spaces, and for non-singular varieties over C agree with the
usual de Rham cohomology (and hence with singular cohomology).

&®
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