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Abstract. We show that if G is a real semi-simple Lie group,
and Γ is a discrete subgroup of G containing a subgroup Σ acting
ergodically (in a strong sense) on the Furstenberg boundary of G,
then Γ is not isomorphic to a free product of Σ with Z. Moreover,
if Σ has algebraic entries, then Γ has algebraic entries as well. As
a consequence, we show that if all irreducible discrete subgroups
of SL2(R)×SL2(R) act ergodically on S1×S1, such groups cannot
be free groups (or even Gromov hyperbolic). In the appendix, we
discuss a connection between the existence of discrete irreducible
groups and diophantine properties of Lie groups.

1. Introduction

Discrete subgroups of semi-simple Lie groups have been intensively
studied for more than a century. However, a fairly comprehensive
understanding of discrete subgroups of SL2(C) (the Kleinian groups,
or equivalently, the fundamental groups of complete hyperbolic three-
orbifolds) has emerged only over the past three decades. The classi-
fication of finitely generated Kleinian groups was completed through
the proof of Marden’s Tameness Conjecture by Agol [Ago04] and in-
dependently by Calegari–Gabai [CG06], together with the proof of
the Ending Lamination Conjecture by Brock, Canary, and Minsky
[Min10, BCM12].

Nonetheless, for general semi-simple Lie groups, even for SL3(R), a
classification of finitely generated discrete subgroups, if such a clas-
sification is possible at all, remains far out of reach. Moreover, for
higher-rank Lie groups, there is a striking scarcity of “geometrically
infinite” examples.

For example, consider PSL2(R)×PSL2(R). To the best of our knowl-
edge, the only known examples of discrete subgroups are either irre-
ducible lattices (all arithmetic by Margulis) or groups whose projection
to one PSL2(R) factor is discrete. The latter class includes direct prod-
ucts of discrete subgroups of PSL2(R) (and their subgroups, e.g. fiber
products), as well as subgroups that are Anosov (or, more generally,
relatively Anosov, transverse, and so on).
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A natural way to search for irreducible discrete subgroups of PSL2(R)×
PSL2(R), i.e., discrete subgroups whose projection is dense in each
PSL2(R) factor, is to enlarge a diagonally embedded lattice. However,
an application of our main result, Theorem 1.8, shows that such con-
structions might only yield known classes of subgroups. This answers
the first part of Question 6.12 of Benoist–Miquel [BM20] in the case of
the modular group:

Theorem 1.1. Suppose that Γ < PSL2(R) × PSL2(R) is a Zariski
dense discrete subgroup whose intersection with the image of the diag-
onal embedding ∆ : PSL2(R) → PSL2(R) × PSL2(R), g 7→ (g, g), is
commensurable to ∆(PSL2(Z)). Then Γ is either commensurable to a
subgroup of PSL2(Z)× PSL2(Z) or an irreducible arithmetic lattice in
PSL2(R)× PSL2(R).

A possible explanation for the scarcity of irreducible discrete sub-
groups may come from their boundary dynamics. To the best of our
knowledge, the only known examples of irreducible discrete subgroups
are arithmetic lattices; see the recent works [BFMv25, FMVL24] for
related questions. Irreducible subgroups can be shown, by an elemen-
tary argument, to act minimally on the Furstenberg boundary S1 × S1

and ergodically on each S1 factor.
In this regard, it seems plausible that the following question has an

affirmative answer:

Question 1.2. If Γ < PSL2(R) × PSL2(R) is irreducible, must it act
ergodically on the Furstenberg boundary S1 × S1?

Furthermore, the following question, attributed to Yves Benoist (see
the historical discussion in [BFMv25] and also [BM20, Ques. 6.12]), is
open:

Question 1.3. Suppose a subgroup Γ < PSL2(R)×PSL2(R) is discrete
and irreducible. Can Γ be isomorphic to a free group?

If Question 1.2 indeed had an affirmative answer, then our main
result would provide a negative answer to Question 1.3:

Theorem 1.4. Suppose every irreducible discrete subgroup of G =
PSL2(R)×PSL2(R) acts ergodically on the boundary S1×S1. Then no
irreducible discrete subgroup Γ of G is hyperbolic, and, in particular,
such groups Γ cannot be free

We refer to Theorem 5.5 for a more general statement.

1.1. Main result. For the rest of the article, let G denote a connected
noncompact real semi-simple Lie group with finite center. Let B be a
maximal connected amenable subgroup ofG, and call the quotientG/B
the Furstenberg boundary of G.

Before stating our main result, we introduce a few definitions:
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Definition 1.5. We say that a subgroup Γ of a real semi-simple Lie
groupG has algebraic traces (respectively, integral traces) if, for any γ ∈
Γ, the trace of Ad(γ) (the image of γ under the adjoint representation)
is an algebraic number (respectively, an algebraic integer).
Definition 1.6. We say that a subgroup Γ of a real semi-simple Lie
group G has algebraic entries (respectively, integral entries) if, for some
faithful representation ρ : G→ GL(V ) on a real vector space and some
appropriate basis of V , the image ρ(Γ) consists of matrices with entries
in the algebraic numbers Q̄ (respectively, with entries in the algebraic
integers). This property is independent of the representation; see 2.4.

Finally, throughout, we will use the following nonstandard notion.
Definition 1.7. We say that a subgroup Σ < G acts strongly ergodi-
cally on the Furstenberg boundary if every finite-index subgroup of Σ
acts ergodically on the Furstenberg boundary of G.

Our main result, stated below, fits into the general philosophy that
sufficiently large discrete subgroups of semi-simple Lie groups have al-
gebraic constraints (both group-theoretic and arithmetic):
Theorem 1.8 (Main result). Let Γ be a finitely generated Zariski-dense
discrete subgroup of G, and suppose that Σ < Γ is a subgroup such that
Σ acts strongly ergodically on the Furstenberg boundary G/B. Then:

(i) If Σ has algebraic entries, then Γ has algebraic entries.
(ii) If Σ has integral entries, then Γ has integral entries.
(iii) For every non-trivial γ ∈ Γ, the natural homomorphism from

the abstract free product ⟨γ⟩ ∗ Σ → Γ is not faithful.
The main ideas in the proof of our theorems come from the work

of Chatterji–Venkataramana [CV25], as well as from by-now-classical
ideas in proofs of local rigidity and super-rigidity of lattices. Chat-
terji–Venkataramana obtain superrigidity under hypotheses involving
higher-rank lattices. Our results establish group-theoretic and arith-
metic restrictions under a boundary-ergodicity hypothesis, which also
applies to rank-one diagonal lattices. Nonetheless, in Appendix A, we
also provide an alternative geometric proof of Item (3) in some special
cases, using a more geometric argument.

Examples beyond lattices satisfying the strong-ergodicity hypothesis
in Theorem 1.8 arise from diagonally embedded lattices Λ in semi-
simple Lie groups H, ∆(Λ) < G = H ×H. Such examples also occur
when G is simple. In rank one, they include finitely generated Kleinian
groups with full limit set; see [Can08]. More recently, in joint work
with Frączyk [DFH26], we showed that lattices in the standard sub-
group SO(n, 1) of SO(n, 2) act strongly ergodically on the Furstenberg
boundary of the latter.

We will now discuss some consequences of our work and highlight
some questions for further research.
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1.2. Subgroups of products containing diagonal lattices. To the
best of our knowledge, the following question is open:

Question 1.9. Let G be a noncompact real semi-simple Lie group with
trivial center, and let Σ < G be a lattice. Let ∆ : G → G × G be
the diagonal embedding, and suppose that Γ is an irreducible discrete
subgroup of G×G that contains ∆(Σ). Is Γ necessarily a lattice?

We remark that the condition “irreducible” in the above question
cannot be replaced by the condition “Zariski dense,” as Bass–Lubotzky
[BL00] constructed Zariski-dense discrete subgroups Γ of G×G, where
G = F−20

4 , that are not lattices in G × G, yet whose intersection with
the diagonal copy of G in G × G is a lattice. Moreover, these groups
are super-rigid and were the first counterexamples to a conjecture of
Platonov (a conjecture that remains open for simple higher-rank Lie
groups).

Venkataramana studied subgroups containing diagonally embedded
lattices in various works (see, e.g., [Ven87, Ven95]) and proved, for
example, that if G is a higher-rank Lie group, such subgroups must
be super-rigid. He also showed that such subgroups must sometimes
necessarily be lattices. (For example, he showed that if PSL2(Z) ⊊ Γ ⊂
PSL2(Z[

√
2]), then Γ must be a finite-index subgroup of PSL2(Z[

√
2]);

see [Ven95, Prop. 2.1].)
Since lattices Γ of G act doubly ergodically on the Furstenberg

boundary of G, we have the following corollary of Theorem 1.8:

Corollary 1.10. Let Γ be a Zariski-dense discrete subgroup of G×G
such that Γ contains ∆(Σ). Then Γ is not equal to a nontrivial free
product with ∆(Σ) as a free factor. Moreover, if Σ has algebraic (resp.
integral) entries, then Γ has algebraic (resp. integral) entries.

Remark 1.11. Unless Σ is a non-uniform lattice in G = SL2(R), it
follows that Γ is not even abstractly isomorphic to a non-trivial free
product, as Σ is one-ended and one-ended subgroups of free products
are contained in one of the factors up to conjugation.

Consider a closed surface of genus g ≥ 2, and take two discrete and
faithful embeddings ρi : π1(S) → PSL2(R), i = 1, 2. Let

Γ = {(ρ1(γ), ρ2(γ)) | γ ∈ π1(S)},

which is a discrete subgroup of PSL2(R)×PSL2(R) (we will call these
subgroups Anosov surface groups). Based on Corollary 1.10, we expect
a negative answer to the following question:

Question 1.12. Suppose that a Zariski-dense subgroup Γ < PSL2(R)×
PSL2(R) contains an Anosov surface group. Can Γ be written as a
nontrivial free product?
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It is shown in [DFH26] that if ρ1 not equivalent upto an automor-
phism of PSL2(R) to ρ2, then Γ does not act ergodically on the Fursten-
berg boundary. So, Theorem 1.8 does not give an immediate negative
answer to the question above. However, if all irreducible discrete sub-
groups of PSL2(R) × PSL2(R) were known to act ergodically on their
Furstenberg boundary S1 × S1, then a negative answer would follow
from Item (2) of Theorem 5.5.

1.3. Hyperbolic manifolds with integral traces. If Γ is a lattice
in G = Isom+(Hn) and n ≥ 3, then it follows from local rigidity that Γ
has algebraic entries (in any faithful representation; see Theorem 2.5).
Let Ad(Γ) be the image of Γ under the adjoint representation, and let
G be the Zariski closure of Ad(Γ).

If we let k be the adjoint trace field (the field generated by traces
in the adjoint representation), then it follows that, up to conjugation,
Ad(Γ) < G(k) and k is the smallest such field (see [Vin74]). We will
identify Γ with Ad(Γ). Let Ok be the ring of integers in k.

Definition 1.13. Let us define the integral subgroup of Γ as

Γ0 := Γ ∩G(Ok),

and define the integral critical exponent δΓ0 as the critical exponent of
Γ0.

Although the group Γ0 is only well-defined up to finite index, the
integral critical exponent is well defined. We have the following ele-
mentary proposition:

Proposition 1.14. If Γ is a lattice in Isom(Hn), n ≥ 2, and |Γ0| = ∞,
then:

(1) Γ0 is commensurated by Γ.
(2) Γ0 has full limit set.
(3) δΓ0 > 0.

Alan Reid has asked the following question:

Question 1.15. Can Γ0 = {e}? Equivalently, can a hyperbolic mani-
fold have non-integral traces for all non-trivial elements?

Not much is known about how large or small Γ0 can be, and one can
ask the following question:

Question 1.16. For fixed n ≥ 2, and among lattices Γ in Isom(Hn),
what are the possible values of δΓ0? Is this set of values dense in [0, n−
1]?

Similar to the results proved by Bader–Fisher–Miller–Stover [BFMS21],
one can ask:
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Question 1.17. Suppose Γ is a lattice in Isom(H3), and suppose that Γ
contains infinitely many surface subgroups (i.e., subgroups isomorphic
to the fundamental group of a closed surface and not commensurable
with one another) with integral entries. Does Γ have integral entries?
What can we say when n > 3?

The following result follows from Theorem 1.8:

Corollary 1.18. Suppose Γ is a lattice in Isom(Hn), and suppose that
a subgroup Γ0 < Γ acts strongly ergodically on ∂Hn and has integral
entries. Then Γ has integral entries.

This implies, in particular, that if Γ is a lattice in Isom(H3) and con-
tains one geometrically infinite surface subgroup with integral traces,
then Γ has integral traces, as geometrically infinite surface groups al-
ways act ergodically on ∂H3 (this last fact can be proved more elemen-
tarily using the fact that geometrically infinite surface groups virtually
fiber over the circle).

1.4. Acknowledgments. We would like to thank many people for var-
ious conversations and discussions related to this work, among them:
Yves Benoist, David Fisher, Mikolaj Fraczyk, Misha Kapovich, Moishe
Kohan, Alex Lubotzky, Yair Minsky, Juan Piriz Lorenzo, Ilia Smilga,
Mohan Swaminathan, and Wouter Van Limbeek.

1.5. AI Disclosure. The authors used LLM tools to assist with liter-
ature searches and learning purposes. All the main ideas and contri-
butions of this manuscript are solely human made.

2. Preliminaries

Unless stated otherwise, we will use the following notation through-
out this paper:

2.1. Notation. Let G denote a semi-simple real Lie group with finite
center. Let A denote a choice of a Cartan subgroup of G, Let B
be a minimal parabolic subgroup of G containing A (B is the unique
maximal connected amenable subgroup of G up to conjugation) and
let K be a maximal compact subgroup of G. Let M < K be the
centralizer of A in K, and N be the unipotent radical of B. We have
that B = MAN . We also recall the Iwasawa decomposition of G
given by G = KAN . Let us define the Furstenberg boundary to be
F := G/B.

2.2. Strong ergodicity. The groupG acts continuously on the bound-
ary F by left multiplication and preserves the Lebesgue class (but does
not preserve the Lebesgue measure). We will use the following defini-
tion (the second part is not standard):
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Definition 2.1. We say that a subgroup Σ < G acts ergodically on
the Furstenberg boundary F if any Lebesgue measurable set which is
Σ-invariant, has zero or full Lebesgue measure. We say that Σ acts
strongly ergodically on F if every finite index subgroup of Σ acts er-
godically on F .

Not every group that acts ergodically on the boundary necessarily
acts strongly ergodically as it was pointed out to us on MathOverflow
by Moishe Kohan [Koh]. Examples of such kind are as follows:

Example 2.2. Let G = PSL2(R), consider Γ0 < G so that H2/Γ0 is
a Zd-cover, d ≥ 3, of a compact hyperbolic surface, and let Γ1 < Γ0

be the index two subgroup of Γ0, such that H2/Γ0 is obtained from
H2/Γ1 by cutting along a simple non-separating geodesic, obtaining a
hyperbolic surface S with two boundary geodesics, and then doubling
along this geodesics. The group Γ0 acts ergodically on S1 because
bounded harmonic functions on Zd are constant, but Γ1 does not act
ergodically because due to the transience of the random walk on Zd, a
Brownian in path in H2/Γ1 will eventually enter one of the two copies
of S and never come back to the other copy. See [LS84, Ug01] for more
details.

Consequently, if Γ is a torsion-free uniform lattice in PSL2(R), then
the commutator subgroup Γ0 := [Γ,Γ] acts ergodically but not strongly
ergodically on S1.

2.3. Boundary Map. We will make use of the following lemma, at-
tributed to Furstenberg. See [Zim84], Corollary 4.3.7 and Proposition
4.3.9 for a proof. For completeness, we provide a different proof using
the existence of conditional measures:

Lemma 2.3. Suppose that Γ < G is a discrete subgroup of a semi-
simple Lie group G, and suppose Γ acts continuously on a compact
metric space X, then there exists a Borel measurable map ϕ : F →
Prob(X) which is Γ-equivariant.

Proof. Consider the suspension space Y := (G×X)/Γ, obtained from
the action on X, where action of Γ is via γ.(g, x) = (gγ−1, γx) . G acts
by left multiplication on Y .

We can construct a Radon measure µ that projects to Haar measure
in G/Γ, and which is B-invariant (recall that F = G/B and B is
amenable).

Consider the space MY of Radon measures on Y that project to
Haar measure on G/Γ, one can show that MY is non-empty. Consider a
Folner sequence Fn of B, and take µ0 ∈MY , and consider the averages:

µn :=
1

mB(FN)

∫
Fn

p∗µ0 dp.



8 SUBHADIP DEY AND SEBASTIAN HURTADO

Take a sub-sequential limit µ of {µn}. Such limit µ exists and must
be B-invariant. We can lift µ to a measure µ̂ on G ×X that projects
to Haar measure, and which is Γ-invariant, moreover such measure is
also B-invariant, for the right B-action. The existence of conditional
measures with respect to the X-foliation implies that for Haar a.e.
g ∈ G there is a probability measure mg on X, and from the invariance
conditions we have for Haar a.e. g ∈ G, and every p ∈ B, that mpg =
mg, and mgγ−1 = γ∗mg.

Therefore the assignment g → mg, induces a map ϕ : G/B →
Prob(X) which is Γ-equivariant. □

2.4. Algebraic and integral traces. Let G be a real connected semi-
simple Lie group without compact factors and finite center, and let Γ be
a subgroup of G. Let Ad : G→ End(g) be the adjoint representation.

Definition 2.4. We say that Γ has algebraic traces (respectively, inte-
gral traces) if for any γ ∈ Γ, the trace of Ad(γ) is an algebraic number
(respectively, algebraic integer). We let kΓ denote the field generated
by all such traces, and refer to kΓ as the adjoint trace field.

If the group Γ is finitely generated, the adjoint trace field kΓ is finitely
generated. If Γ has algebraic traces, [kΓ : Q] <∞.

The following is well known to experts, but we were not able to find
a proof in the literature.

Theorem 2.5. Let G be a semi-simple real algebraic group with trivial
center, and Γ < G be a Zariski dense subgroup. The following are
equivalent:

(i) Γ has algebraic traces (respectively, integral traces).
(ii) For every faithful representation ρ : G→ GL(V ) of G such that

for every γ ∈ Γ, ρ(γ) has algebraic traces (respectively, integral
traces).

(iii) For every faithful representation ρ : G→ GL(V ) of G and every
γ ∈ Γ, the eigenvalues of ρ(γ) are algebraic numbers (respec-
tively, algebraic integers).

(iv) Every faithful representation ρ : G→ GLn(C) can be conjugated
by an element of GLn(C) so that ρ(Γ) < GLn(k) (respectively,
GLn(Ok)) for some number field k.

Proof. We prove only the facts for algebraic traces; the facts about
integrality follows along the same lines with minor modifications.

The equivalence between items (ii) and (iii) follows for a given rep-
resentation ρ : Γ → GL(V ), because for every γ ∈ Γ, the coefficients
of the characteristic polynomial of ρ(γ) can be expressed via Newton’s
identities (for symmetric polynomals) as a polynomial with rational co-
efficients on the traces of powers tr ρ(γk), and so algebraic traces imply
algebraic eigenvalues.
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Item (i) is equivalent to (iii), because of the following fact from rep-
resentation theory: if ρ0 : G → GL(V ) is an irreducible faithful repre-
sentation, then any irreducible representation of G appears as a direct
summand of the representations obtained by (iterated) tensor products
of ρ0 and its dual; see [DMOS82, Ch. I, Prop 3.1]. Using this fact, and
the fact that the eigenvalues of tensor product of representations can be
expressed polynomially in eigenvalues of the representations involved,
we have that if the elements in the image of Γ under the adjoint rep-
resentation (or any faithful representation) have algebraic eigenvalues,
then the same must be true for any faithful irreducible representation.

Item (iv) follows because if Ad(Γ) is Zariski dense in Ad(G), one can
construct a faithful representation ρ : G→ GL(V ) where the entries of
ρ(Γ) (for a well chosen basis of V ) lie in kΓ (This fact appears in the
work of Vinberg, see [Vin74]; for a proof see Mostow’s [Mos80, section
2.5]) and this prove item (iv) for ρ. By taking tensor product of ρ and
its dual and arguing as before, we can suppose that the same is true
for any irreducible representation. □

3. Strong ergodicity and boundedness

The following result will be important in our proofs of the main state-
ments in the introduction. The ideas in its proof come from the works
of Venkataramana [Ven95] and Chatterji–Venkataramana [CV25].

Theorem 3.1. Let G be a semi-simple real Lie group with finite center,
Γ be a discrete subgroup of G, and let Σ < Γ be a subgroup. Let k be a
non-Archimedean local field of characteristic 0 and let

ρ : Γ → GLn(k)

be a homomorphism such that the Zariski closure H ⊂ GLn(k) of the
image of ρ is connected and semi-simple. Suppose also that Σ acts
strongly ergodically on the Furstenberg boundary G/B. Then if ρ(Σ) is
pre-compact, then ρ(Γ) is pre-compact.

Proof. Since the Zariski closure H of ρ(Γ) in GLn(k) is connected and
semi-simple, Weyl’s theorem on complete reducibility implies that the
finite-dimensional H-module kn decomposes as a direct sum of irre-
ducible H-modules:

kn = V1 ⊕ · · · ⊕ Vp.

Since Γ < H is Zariski dense, this decomposition is also a decomposi-
tion of Γ-modules. Therefore, to prove that ρ(Γ) is bounded, it suffices
to treat the case where kn is irreducible under Γ (and hence under H).

Furthermore, the connectedness of H implies that any finite-index
subgroup Γ0 ≤ Γ is Zariski dense in H. It follows that kn remains
irreducible under Γ0, so the Γ-module kn is strongly irreducible, i.e.,
no finite-index subgroup preserves a proper nonzero subspace.
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Applying Lemma 2.3 to Γ < G, we have a Γ-equivariant measurable
map:

ϕ : G/B → Prob(Pn−1(k)).

We show that ϕ is constant.
By Zimmer [Zim84, Thm. 3.2.6], it follows that GLn(k) acts smoothly

on Prob(Pn−1(k)), i.e., every GLn(k)-orbit in Prob(Pn−1(k)) is locally
closed. Thus, the orbit space

Prob(Pn−1(k))/GLn(k)

is countably seperated. Let

ϕ̄ : G/B → Prob(Pn−1(k))/GLn(k)

be the composition of ϕ with the quotient map Prob(Pn−1(k)) →
Prob(Pn−1(k))/GLn(k). Since the codomain of ϕ̄ is countably separated
and Γ ↷ G/B is ergodic, ϕ̄ is essentially constant, i.e., on a co-null set
in G/B, ϕ takes values in a single GLn(k)-orbit in Prob(Pn−1(k)). So,
we can identify ϕ with a Γ-equivariant measurable map ϕ : G/B →
GLn(k)/L, where L < GLn(k) is a closed subgroup.

Since GLn(k) is a locally compact totally disconnected group, there
exists a sequence of compact open subgroups Cn < GLn(k) such that
Cn → {1} in the topology of Hausdorff convergence. For n ∈ N, let

Σn := Σ ∩ Cn.

Since the image of ρ(Σ) is bounded, Σn < Σ is of finite index and thus
acts ergodically on G/B by our hypothesis. Since Cn is compact, it
acts smoothly on GLn(k)/L and thus by a similar argument as above,
the image of ϕ lies in a single Cn-orbit. Since Cn → {1}, it follows that
the image of ϕ is constant.

So, Γ preserves a probability measure µ on Pn−1(k).
Suppose now, to the contrary, that ρ(Γ) is unbounded in H <

GLn(k). Let
[ · ] : GLn(k) → PGLn(k)

be the canonical map. Since H is semi-simple, it follows that [ρ(Γ)] is
unbounded. Since µ is invariant, by Furstenberg’s lemma (see [Zim84,
Lem. 3.2.1]), there exist subspaces V,W ⊂ kn of smallest possible
dimensions such that dimV, dimW < n and µ is supported on P(V ) ∪
P(W ). Thus, Γ preserves V ∪W , which contradicts strong irreducibility
of kn. □

We also present an “Archimedean version” of the preceeding theorem,
although it will not be used in this paper. According to Bader–Furman
[BF14], an action of a countable group on a Lebesgue space (X,µ) is
called isometrically ergodic if for any action of Γ on a separable metric
spaceM by isometries, any Γ-equivariant map f : X →M is essentially
constant.
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Theorem 3.2. Let G, B, Γ, and Σ be as in Theorem 3.1. Let ρ : Γ →
G′ be a homomorphism into a real algebraic group G′, whose image
has connected and semisimple Zariski closure. Suppose that Σ acts
isometrically ergodically on G/B. If ρ(Σ) is pre-compact, then ρ(Γ) is
pre-compact.

Proof. Without loss of generality, we may assume that the Zariski clo-
sure of the image of ρ is G′. Suppose that G′ is noncompact, and
let P ′ be a minimal parabolic subgroup of G′. By Benoist–Labourie
[BL93, Appen. A], there exists γ ∈ Γ such that ρ(γ) is regular. Let
ϕ : G/B → Prob(G′/P ′) be a Γ-equivariant map as in Lemma 2.3.
Since ρ(Σ) is pre-compact, G′/P ′ admits a ρ(Σ)-invariant Riemannian
metric. The induced Wasserstein metric on Prob(G′/P ′) is invariant
and induces the weak topology. Thus isometric ergodicity implies that
ϕ is essentially constant, with value a ρ(Γ)-invariant probability mea-
sure µ. Since ρ(γ) is regular, its recurrent points on G′/P ′ form a finite
set of fixed points. By Poincaré recurrence, µ is supported on this set.
Hence ρ(Γ) preserves the finite set supp(µ). By Zariski density and
connectedness, G′ fixes each point of this set, contradicting P ′ ̸= G′.
Thus G′ is compact. □

4. Proof of Theorem 1.8

We will restrict to the case where G is connected and has trivial
center. In this case [Zim84, Prop. 3.1.6], there exists a connected
semi-simple algebraic group G defined over Q such that G ∼= G(R)0
(see [Zim84, Prop. 3.1.6]).

We will split the proof of Theorem 1.8 into three Theorems. We will
first consider the fact about algebraic and integral traces.

4.1. Restriction on traces.

Theorem 4.1. Let Γ < G = G(R)0 be a finitely generated Zariski
dense discrete subgroup of G such that there exists a subgroup Σ < Γ
such that

Σ < G(Q̄)

and that Σ acts strongly ergodically on the Furstenberg boundary G/B.
Then, Γ has algebraic traces.

Proof. Since Γ is finitely generated, there exists a finitely generated
Z–subalgebra R ⊂ R such that Γ < G(R). Let F = Frac(R) and
define

k := F ∩ Q̄.
By [Sta25, Lem. 9.26.11], k is a number field. The intersection A :=
R ∩ Q̄ is a finitely generated Z-algebra, hence there exists d ∈ Z such
that A ⊂ Ok

[
1
d

]
, where Ok is the ring of integers of k. Therefore

(4.1) Σ < G
(
Ok

[
1
d

])
.
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Suppose, to the contrary, that there exists γ0 ∈ Γ such that tr(Ad(γ0))
is not algebraic. Let Hom(Γ, G) be the variety of homomorphisms from
Γ into G. We consider its subvariety

(4.2) V := {φ : Γ → G | ∀γ ∈ Σ, φ(γ) = γ}.

To see that V is defined over k, fix a finite set of generators s1, . . . , sn
of Γ and a presentation Γ = ⟨s1, . . . , sn | Ri, i ∈ I⟩. Then, we may
realize

V ⊂ Gn

as the zero set of the polynomials in variables (s1, . . . , sn) given by:
(i) The relations Ri, i ∈ I of Γ, and
(ii) A countable set of equations determined for each γ ∈ Σ (written

as a product of the si’s).
The polynomials in the first category have Z-coefficients whereas the
second ones have coefficients in k.

We equip V with the euclidean topology.

Lemma 4.2. V has positive dimension, V (R ∩ Q̄) is dense in V , and

φ0 := idΓ ∈ V

is not an isolated point.

Proof. Since V is defined over a number field k ⊂ R, V (R∩ Q̄) is dense
in V . Moreover, since tr(Ad(γ0)) ̸∈ Q̄, we have φ0 ̸∈ V (R ∩ Q̄). The
claim follows from this. □

Now, consider the trace function

trγ0 : V −→ R.

given by trγ0(φ) := tr(Ad(φ(γ0))). By Lemma 4.2, there exists a se-
quence φ′

n ∈ V converging to φ0 such that

φ′
n(Γ) ⊂ G(R ∩ Q̄), for all n ∈ N.

Since trγ0(φ
′
n) is algebraic for all n but trγ0(φ0) is not, and

lim
n→∞

trγ0(φ
′
n) = trγ0(φ0),

it follows that the function trγ0 : V → R is non-constant near φ0 ∈ V .
Consequently, for all large enough prime numbers p ∈ Z, there exists

φp ∈ V such that φp → φ0 as p→ ∞ and

(4.3) trγ0(φp) =
m

p
, for some m ∈ Z ∖ pZ.

Similar to Lemma 4.2, we also have:

Lemma 4.3. {φ ∈ V (R∩ Q̄) : trγ0(φ) =
m
p
} is dense in V ∩ tr−1

γ0
(m
p
).
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Fix a prime p ∈ Z such that p ∤ d, where d is as in (4.1). We can
(and will) further assume that (4.3) is satisfied by our choice of p and
that the homomorphism

φ′ := φp

has Zariski dense image.
By Lemma 4.3, there exists a finite extension l ⊂ C of k such that

φ′(Γ) < G(l).

Extending l if necessary, we will further assume that l contains all the
eigenvalues λi of φ′(γ0).

Let ν denote the p-adic valuation on Q, which we extend to a valu-
ation on l. By the ultrametric inequality we have that

min
i
{ν(λi)} ≤ ν

(∑
i

λi
)
= ν(trγ0(φ

′)) < 0.

So, we have that
max

i
|λi|ν > 1,

where | · |ν := e−ν(·) is the norm on l. Let lν (a finite extension of Qp)
denotes the completion of l with respect to this norm.

Consider the group G(lν), which is a connected and semi-simple Q-
group (since G is assumed to be so).

Lemma 4.4. The homomorphism

(4.4) φ′ : Γ −→ G(lν)

is unbounded.

Proof. Since the maximum | · |ν-norm of the eigenvalues of γ0 ∈ Γ
is strictly greater than 1, it follows that the subgroup ⟨γ0⟩ < Γ is
unbounded in G(lν). □

It follows that G(lν) is noncompact. Consequently, G(lν) has a
nonzero l-rank, i.e., it has a nontrivial l-split torus.

Lemma 4.5. φ′(Σ) < G(lν) is bounded.

Proof. This follows from our choice of p (that it does not divide d) and
the assumption (4.1) that Σ < G(Ok

[
1
d

]
). □

Lemma 4.6. φ′(Γ) is Zariski dense in G(lν).

Proof. By hypothesis, Γ is Zariski dense in G. So, we can choose φ′(Γ)
also to be Zariski dense in G. Since G(lν) is a k-group, a theorem due
to Rosenlicht and Chevalley (see Zimmer [Zim84, Thm. 3.1.9]) asserts
that G(k) is Zariski dense in G(lν). Hence the conclusion follows. □

As the action of Σ on G/B is strongly ergodic while the Zariski
closure G(lν) of φ′(Γ) in GLn(lν) is connected and semi-simple, we
can apply Theorem 3.1 to conclude that φ(Γ) must be bounded in
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G(lν), which contradicts Lemma 4.4. The proof of Theorem 4.1 is now
complete. □

Theorem 4.7. Under the same hypothesis as in Theorem 4.1, suppose
further Σ < G(OQ̄), where OQ̄ is the ring of algebraic integers in Q̄.
Then, the traces of elements of Γ are algebraic integers.

Proof. Suppose to the contrary that there exists γ0 ∈ Γ such that
α := tr(γ0) is not an algebraic integer. By Theorem 4.1, we know that
α ∈ Q̄. After a small deformation of Γ as in Lemma 4.3, we have a
number field k ⊂ R such that Γ < G(k) and α ∈ k.

Since α /∈ Ok, we can choose a discrete valuation ν such that ν(α) <
0. Let kν denote the completion of k with respect to the norm | · |ν ,
and let φ : Γ → G(kν) the induced homomorphism. By the same
argument used in the proof of Theorem 4.1, ⟨φ(γ0)⟩ and, hence, φ(Γ)
are unbounded subgroups of G(kν).

Since Ok ⊂ kv is bounded and Σ < G(Ok), Σ < G(kv) is bounded.
Thus, one finishes the proof in the same way as before. □

Remark 4.8. In the statement of Theorem 4.1 (resp. Theorem 4.7),
if we assume that Σ is also Zariski dense in G, then we could replace
the assumption that Σ < G(Q̄) ∩ Γ by the weaker assumption that
Σ has algebraic traces (resp. integral traces). In that situation, by
Theorem 2.5, we could find a faithful representation ρ : G → GLn(C)
such that ρ(Σ) < GLn(k) (resp. ρ(Σ) < GLn(Ok)), for a number field
k. In that situation, ρ(G) will be defined over k, and Theorem 4.1
applies to get the same conclusion.

4.2. Obstruction to Free products.

Theorem 4.9. Let Σ < G be a finitely generated discrete subgroup
which acts strongly ergodically on G/B, and let γ ∈ G non-trivial ele-
ment. If the group Γ generated by Σ and γ is Zariski dense, then the
natural homomorphism

(4.5) φ : Σ ∗ ⟨γ⟩ −→ G

is either not discrete or not faithful.

Proof. We can assume that γ /∈ Σ, and arguing by contradiction that
Σ ∗ ⟨γ⟩ is faithful and discrete, we can also assume that γ has infi-
nite order, and therefore the group Γ generated by Σ and γ must be
isomorphic to Σ ∗ Z.

Let H be the Zariski closure of Σ in G. The ergodicity assumption
implies that Σ is not virtually solvable, and therefore H must have a
Levi factor L which is simple and noncompact, and the natural homo-
morphism ρ : Σ → L has Zariski dense image.

We can assume that ρ(Σ) < L(k) for a number field k (otherwise,
we can look at representation variety of such representations, and find
another representation ρ′ so that ρ′(Σ) < L(k)). From the finitely
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generated assumption, we can assume that there exists a prime non-
Archimedean valuation ν so that L(kν) is not compact, and the induced
homomorphism ρ′′ : Σ → L(kν) has compact image. We can take a non-
compact element γ′′ of L(kν) and extends ρ′′ to Σ ∗ Z by sending the
generator of Z to γ′′, and this is clearly contradicts Theorem 3.1. □

The condition that Σ < G is finitely generated is perhaps redundant
in the above result. For instance, a minor modification of the argument
shows the following:

Theorem 4.10. Let Σ < G be a discrete subgroup which acts strongly
ergodically on G/B and let γ ∈ G be an infinite order element. Suppose
that Σ ∼= F∞, the free group on (countably) infinitely many generators.
Then the natural homomorphism φ : Σ∗⟨γ⟩ −→ G is either not discrete
or not faithful.

Sketch. Realize Σ as a subgroup of SL2(Z), which is a lattice in L(R),
where L = SL2. With this, repeat the proof of Theorem 4.9. □

In [DH25], it is shown that in any non-compact connected real semi-
simple Lie group G with finite center, there exist infinitely many reg-
ular loxodromic elements gn ∈ G, n ∈ N, freely generating a discrete
subgroup Γ of G such that their attractive fixed points in G/B form a
dense set. Thus Γ acts minimally on G/P . Now, consider the subgroup
Γ0 := ⟨g2, g3, . . .⟩ of Γ, which, for a similar reason, acts minimally on
G/B. Moreover, Γ is naturally isomorphic to ⟨g1⟩ ∗ Γ0. Thus, by The-
orem 4.10, some finite index subgroup of Γ0 cannot act ergodically on
G/B. So, we have the following:

Corollary 4.11. Every non-compact connected real semi-simple Lie
group G with finite center contains an infinitely generated discrete sub-
group that acts minimally but not ergodically on G/B.

5. Irreducible discrete subgroups of PSL2(R)× PSL2(R)

Recall that an irreducible subgroup in a semi-simple Lie group G is a
subgroup that projects densely in each of the simple factors of G. For
the rest of the section, we let

G := PSL2(R)× PSL2(R), H := ∆(PSL2(R)),
and let πi : G → PSL2(R) denotes the i-th coordinate projection for
i = 1 or 2.

5.1. Discrete subgroups intersecting the diagonal in a lattice.
Let Γ be a Zariski dense discrete subgroup of G, which intersects the
diagonal H = ∆(PSL2(R)) in ∆(Λ), where Λ is a lattice in PSL2(R).
To simplify notation, we will identify Λ with ∆(Λ). Moreover, for a
subgroup J of PSL2(R), let kJ denote the field generated by the matrix
coefficients of Ad J with respect to the standard rational basis of sl2.
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The following statement gives a bound on the degree of kπi(Γ) over kΛ,
for i = 1, 2.

Proposition 5.1. One of the following two alternatives hold:
(1) kπ1(Γ) = kΛ = kπ2(Γ).
(2) kπ1(Γ) = kπ2(Γ), and it is a quadratic extension of kΛ, and its

nontrivial automorphism σ ∈ Gal(k/kΛ) satsfies σ(Ad(π1(γ))) =
Ad(π2(γ)) for all γ ∈ Γ.

The following lemma is the main input in the proof, whose main idea
comes from Bader–Furman [BF14, Sec. 3]:

Lemma 5.2. Let ρ : Γ → PSL2(C) be a homomorphism such that for
all λ ∈ Λ, ρ(λ) = λ. Then ρ = πi|Γ for some i ∈ {1, 2}.

Proof. Recall that PSL2(R) acts on M = S2 by conformal automor-
phisms. By Lemma 2.3, there exists a measurable ρ-equivariant map

ϕ : G/B = S1 × S1 → Prob(M).

We show that there exists some constant c ∈ [0, 1] such that

(5.1) ϕ(x, y) = c δx + (1− c)δy for a.e. (x, y).

Suppose that ϕ(x, y) (M2 ∖ {x, y}) > 0 for a positive measure set
of points (x, y). This set is Λ-invariant, so either null or conull by
ergodicity. Let ϕ1(x, y) be the normalized restriction of ϕ(x, y) on M2∖
{x, y}. So,

ψ(x, y) = δx ⊗ δy ⊗ ϕ1(x, y), a.e. (x, y)

is a measurable Λ-invariant function from S1×S1 → Prob(M (3)), where
M (3) is the space of distinct triples in M . However, since the action of
Λ on S1 × S1 ergodic but Λ acts properly discontinuously on M (3), no
such function ψ can exist, which gives a contradiction.

Therefore, we must have that for a.e. (x, y)

ϕ(x, y) = c(x, y)δx + (1− c(x, y))δy

for some function c. Since ϕ is Λ-invariant, same is c, which must be
constant by ergodicity. This proves (5.1).

By ρ-equivariance, we obtain that for all (γ1, γ2) ∈ Γ and a.e. (x, y),

c δγ1x + (1− c)δγ2y = c δρ(γ)x + (1− c)δρ(γ)y,

If c = 0 (resp. 1), then we obtain that ρ = π2|Γ (resp. ρ = π1|Γ).
Otherwise, c ∈ (0, 1). In this case, the above equality implies that
ρ(γ)(x) ∈ {γ1x, γ2y}, for a.e. (x, y). If ρ(γ)(x) ̸= γ1x a.e., then
ρ(γ)(x) = γ2y for a positive measure set of points (x, y) ∈ S1 × S1,
which is absurd. Thus, ρ(γ) = γ1, (and similarly, ρ(γ) = γ2) for all
γ ∈ Γ. □

Now we complete the proof of Proposition 5.1:
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Proof. Let i = 1 or 2. Every embedding ι : kπ1(Γ) ↪→ C fixing kΛ gives a
representation ρι : Γ → PSL2(C), fixing Λ pointwise. By the preceding
lemma, ρι is one of the two projections. Thus kπi(Γ) has at most two
complex embeddings over kΛ. Thus [kπi(Γ) : kΛ] = 1 or 2.

If both degrees are one, the first alternative follows.
Otherwise, suppose [kπ1(Γ) : kΛ] = 2 and let σ be its nontrivial au-

tomorphism. Since ρσ ̸= π1|Γ, by the above lemma we must have
ρσ ̸= π2|Γ. Hence σ intertwines the adjoint coefficients of the two pro-
jections, giving the conclusion. □

Since the invariant trace field of an arithmetic lattice in PSL2(R) is
totally real, we have the following:

Corollary 5.3. If Λ is an arithmetic lattice in PSL2(R), then the in-
variant trace field of πi(Γ), i = 1, 2, is a totally real number field.

Now we finish the proof of Theorem 1.1:

Proof. By Proposition 5.1, the common field k = kπ1(Γ) = kπ2(Γ) is
either Q or a real quadratic field. Both projections π1 and π2 take values
in PGL2(k). Since Γ is finitely generated, after passing to a finite-
index subgroup containing Λ, we can assume that both projections
take values in PSL2(k).

By Theorem 4.7 and Theorem 2.5, every matrix A ∈ SL2(k) repre-
senting an element of either projection has trace in Ok. Indeed, if its
eigenvalues are λ, λ−1, then λ2, λ−2 are eigenvalues of A for the adjoint
action, so λ2+λ−2 = (λ+λ−1)2− 2 ∈ Ok, showing that trA = λ+λ−1

must be in Ok. Since πi(Γ) contains PSL2(Z), we can write each entry
of A as sums of traces of elements, so each entry of A must lie in Ok.

Therefore, it follows that

Γ ⊂ PSL2(Ok)× PSL2(Ok).

If k = Q, then Γ ⊂ PSL2(Z) × PSL2(Z). Else, k is a real quadratic
extension of Q. In that case, there exists a finite index subgroup Λ ⊂
PSL2(Z) such that

Λ ⊂ π1(Γ) ⊂ PSL2(Ok).

Since Γ is Zariski dense in G, [π1(Γ) : PSL2(Z)] = ∞.
By a result of Venkataramana [Ven95, Prop. 2.1], if Λ = PSL2(Z),

π1(Γ) is a finite index subgroup of PSL2(Ok). Since we need a version
of this result for finite index subgroups Λ of PSL2(Z), we give a proof
using a recent result of Benoist–Miquel [BM20]:

Lemma 5.4. For any v ∈ P1(k) ∖ P1(Q), there exists a hyperbolic
element λ ∈ Λ such that λ fixes v.

Proof. In the affine coordinate, write v = [x : 1]. Then x satisfies a
quadratic equation, ax2 + bx + c = 0, for some integers a, b, c with
discriminant D = b2 − 4ac being a nonnegative square-free integer.
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Let (m,n) ̸= (1, 0) be integer solutions to the Pell–Fermat equation
m2 −Dn2 = 1. Then,[

m− bn −2cn
2an m+ bn

]
︸ ︷︷ ︸

=:h

[
x
1

]
= (2anx+ bn+m)

[
x
1

]
.

It can be checked that deth = 1, so h ∈ PSL2(Z), which fixes v.
Also, | tr(h)| = 2|m| > 2, so h is hyperbolic. Since Λ is a finite-index
subgroup of PSL2(Z), for a suitable power N ∈ N, hN ∈ Λ. □

Let γ ∈ π1(Γ) be any element outside PSL2(Q). Then there exists
w ∈ P1(Q) such that v := γw ∈ P1(k) ∖ P1(Q). Thus if u0 ∈ Λ is an
unipotent matrix fixing w, then u := γu0γ

−1 fixes v. Let λ ∈ Λ be a
hyperbolic matrix fixing v. Then

⟨λuλ−1, u⟩
is an indecomposable lattice in the maximal unipotent subgroup of G
fixing v. Thus by Benoist–Miquel [BM20, Thm. 2.16], π1(Γ) is a finite
index subgroup of PSL2(Ok).

Since the second projection π2 is a conjugate of π1 by the element σ
in Proposition 5.1, Γ is an irreducible arithmetic lattice in G. □

5.2. Irreducibility vs. ergodicity. The following statement shows
that an affirmative answer to Question 1.2 will have a number of re-
markable consequences, including a negative answer to Question 1.3:

Theorem 5.5. If every irreducible discrete subgroup of G acts ergodi-
cally on the Furstenberg boundary S1 × S1, then the following hold:

(i) No irreducible discrete subgroup Γ of G is Gromov hyperbolic.
(ii) Let Γ be a hyperbolic group, which embeds discretely as a sub-

group of G. Then Γ is virtually either a free group or a surface
group.

(iii) If M is a finite volume hyperbolic 3-manifold, then π1(M) does
not admit any discrete and faithful homomorphism into G.

Regarding the final item, note that for cohomological reasons, if M
is a closed hyperbolic n-manifold where n ≥ 4, then π1(M) does not
embed discretely as a subgroup of G.

We will make use of the following elementary observations:

Lemma 5.6. Let Γ be a finitely generated dense subgroup of PSL2(R).
Then, Γ contains an infinite order elliptic element.

Proof. Since Γ is finitely generated, Selberg’s Lemma [Sel60] implies
that Γ contains a finite-index, torsion-free subgroup Γ′ (which must be
dense in PSL2(R) since Γ is).

Recall that elliptic elements g in PSL2(R) are characterized by the
trace condition | tr(g)| < 2. Since Γ′ is dense in PSL2(R), it follows that



IRREDUCIBLE GROUPS AND ERGODICITY IN THE BOUNDARY 19

{tr(γ) : γ ∈ Γ′} is dense in R. In particular, Γ′ contains an elliptic
element, which must be of infinite order since Γ′ is torsion-free. □

Proposition 5.7. If Γ < G is an irreducible discrete subgroup, then Γ
contains two elements γ1 = (e1, h1) and γ2 = (h2, e2), where ei’s (resp.
hi’s) are infinite-order elliptic (resp. hyperbolic) elements in PSL2(R)

Proof. Using the fact that the projection of Γ in the first factor of G is
dense, it follows by Lemma 5.6 that Γ contains an element γ1 = (e1, h1),
where e1 ∈ PSL2(R) is an infinite order elliptic element. Since Γ is
discrete in G, ⟨h1⟩ is an infinite discrete cyclic subgroup of PSL2(R);
so, h1 must be a parabolic or hyperbolic element. We show that h1
can be taken to be a hyperbolic element: indeed, suppose that h1 is
parabolic. Consider the group ∆ generated by γ1 and a conjugate
γ′1 = (e′1, h

′
1) of γ1 by an element of Γ of the form (g1, g2), where g2

is an infinite order elliptic element. Thus, g2x ̸= x, where x denotes
the unique fixed point of h1 in S1. Applying the classical ping-pong
argument, it is easily seen that for all large enough n ∈ N, we have the
following:

(1) ⟨hn1 , h′n1 ⟩ is a discrete subgroup of PSL2(R), freely generated by
hn1 and h′n1 .

(2) The parabolic elements of ⟨hn1 , h′n1 ⟩ can be conjugated into ⟨h1⟩
and ⟨h′1⟩.

Fix such an n. Considering the traces, it can be seen that en1 (en2 )k is
elliptic for infinitely many values of k ∈ N. Let k be such a number so
that en1 (en2 )k is elliptic (which is again of infinite order). Then, for the
element (en1 (en2 )k, hn1 (hn2 )k) ∈ Γ, the first component is elliptic, whereas
the second one is hyperbolic (due to conditions (i) and (ii) above).

Similarly, Γ contains an element γ2 = (h2, e2), where h2 (resp. e2)
are infinite order hyperbolic (resp. elliptic) elements of PSL2(R). □

We remark that any discrete subgroup G generated by two elements
γ1 and γ2 of the form given by Proposition 5.7 is necessarily irreducible.

We can now start the proof of Theorem 5.5.

Proof of Theorem 5.5 Item (i). Suppose, to the contrary, that Γ is a
discrete, irreducible, hyperbolic subgroup of G. Since Γ is finitely gen-
erated, by applying Selberg’s Lemma, we can assume that Γ and its
projections to each factor of G are torsion-free.

Clearly, no powers of γ1 and γ2 are conjugate in Γ (since these are
not conjugate in PSL2(R)). Since Γ is a torsion-free hyperbolic group,
again by a ping-pong argument, it can be seen that for all large enough
n ∈ N, the natural homomorphism ρ : ⟨γn1 ⟩ ∗ ⟨γn2 ⟩ → Γ is injective.
Note that the image of ρ is also irreducible in G.

Thus, the proof now reduces to case when Γ is the free group F2

generated by γ1 and γ2, as in Proposition 5.7.
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In this case γ21 and γ22 also generate an irreducible discrete subgroup
F of G, which by assumption acts ergodically, which moreover does not
contain the element γ1γ2. Observe that γ21 and γ22 and g1g2 generate
the free group F3.

It is easy to see that any finite index subgroup F contains some
powers of γ1 and γ2 and, hence, and so by our assumption on irreducible
groups acting ergodically, we have that F acts strongly ergodically.

Thus, by Theorem 4.9, the natural homomorphism

ρ : F ∗ ⟨g1g2⟩ → G

cannot be discrete and faithful, which gives us a contradiction. □

Before proving Item (ii), we need the following:

Lemma 5.8. Let Γ be a torsion-free non-elementary hyperbolic group,
which embeds discretely as a subgroup of PSL2(R) × P , where P is a
solvable Lie group. Then the projection of Γ to the PSL2(R)-factor is
discrete and faithful.

In particular, Γ is either a free group or a surface group.

Proof. Let
ρ : Γ → PSL2(R)× P

be a discrete and faithful homomorphism. Let pr1 and pr2 denote the
projections of PSL2(R) × P onto the first and second factors, respec-
tively. We will identify Γ with its image ρ(Γ).

Set
N := ker

(
pr2|Γ

)
◁ Γ.

Since Γ is discrete in PSL2(R)× P , the subgroup N < PSL2(R)× {e}
is also discrete. In particular, pr1|N : N → PSL2(R) is discrete and
faithful.

Because P is solvable, the quotient Γ/N ∼= pr2(Γ) is solvable. Since
Γ is not solvable, N must be non-trivial, hence infinite, and hence
nonelementary. Thus pr1(N) is a nonelementary discrete subgroup of
PSL2(R).

Since pr1(N) is normal in pr1(Γ), pr1(Γ) must be discrete in PSL2(R);
otherwise, the identity component H of its closure would have positive
dimension, would centralize pr1(N) (by discreteness), and this would
be impossible since pr1(N) is a nonelementary discrete subgroup of
PSL2(R).

Now consider
K := ker

(
pr1|Γ

)
◁ Γ.

Since K injects into P , K is solvable. Since Γ is a torsion-free nonele-
mentary hyperbolic group, any nontrivial normal subgroup of Γ is non-
solvable. Thus K must be trivial, so pr1|Γ is faithful. □
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Now we return to the proof of Theorem 5.5, item (ii). We will es-
sentially show that if Γ is a hyperbolic discrete subgroup of G, which
is virtually neither a free group nor a surface group, then Γ must be
irreducible.

Proof of Theorem 5.5 Item (ii). Suppose, to the contrary, that there
exists a hyperbolic group Γ, which is virtually neither a free group nor
a surface group, such that it admits a discrete and faithful homomor-
phism

ρ : Γ → G.

Using Selberg’s Lemma, we may assume that Γ is torsion-free. We also
will identify Γ with its image ρ(Γ).

Note that the projections of Γ into the any of the factors of G cannot
be bounded, since otherwise, due to discreteness in G, Γ would act
properly discontinuously on H2 through the projection into the other
factor – this would be impossible since then Γ would be a free group or
a surface group. Moreover, these images cannot also lie in a parabolic
subgroup of PSL2(R), as rulled out by Lemma 5.8. Thus, we can
assume that the projection of Γ to each factor is Zariski dense. Thus,
we have the following three mutually exclusive possibilities:

Case 1. Suppose that the image of Γ in each factor is discrete. In this
case, Γ virtually embeds into a direct product of two torsion-free finitely
generated discrete subgroups of PSL2(R). Since every hyperbolic group
is finitely presented [Gro87], Γ is of type FP2 and thus by [BHMS02,
Thm. A], Γ is virtually a direct product of at most two surface or free
groups. Since Γ does not contain any Z2, it follows that Γ is either a
surface group or a free group, which is a contradiction.

Case 2. Suppose that Γ has a discrete projection in one factor, say
the first, and an indiscrete projection in the other (i.e., the second).
Since the projection of Γ to the second factor is also Zariski dense, this
projection is (topologically) dense.

Let N denote the kernel of the projection of Γ into the first factor.
Since Γ is discrete in G, N acts properly discontinuously on the hy-
perbolic plane H2 through the projection into the second factor. Since
the image of Γ is dense in the second factor, we see that the normalizer
of N , where N is viewed as a discrete subgroup of the second factor
through the projection, is dense in PSL2(R). But the normalizer of
a discrete subgroup of PSL2(R) must be closed. Hence, N must be
a normal subgroup of PSL2(R). So, N is central (hence trivial since
Γ is torsion-free) and, consequently, Γ embeds discretely in PSL2(R)
through the first projection, which is impossible.

Case 3. Suppose that Γ to both factors of G are indiscrete. Since the
two projections are Zariski dense, both projections are topologically
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dense and hence Γ is irreducible. Thus, if all irreducible discrete sub-
groups of G were to act ergodically act on S1 × S1, then by Item (i) of
Theorem 5.5, Γ cannot be hyperbolic, again a contradiction. □

Proof of Theorem 5.5 Item (iii). If M is closed, then one can argue as
in (ii) to obtain the result. In general, it is known that π1(M) contains a
plethora of quasifuchsian surface groups [KM12, CF19, KW21]. Hence
one can find a subgroup isomorphic to π1(S) ∗ Z inside π1(M), where
S is a closed hyperbolic surface, and the conclusion then follows from
(ii). □

6. Proofs of Corollary 1.10 and Corollary 1.18

6.1. Proof of Corollary 1.10. If Σ is a lattice in a semi-simple Lie
group with finite center, the Howe-Moore ergodicity implies that Σ
acts ergodically on G/B × G/B as this space is isomorphic to G/A,
where A is the Cartan subgroup. Therefore, ∆(Σ) acts ergodically
on G/B × G/B = (G × G)/(B × B). Therefore Theorem 1.8 implies
Corollary 1.10.

6.2. Proof of Corollary 1.18. If Γ is a lattice in G = SO(n, 1) =
Isom(Hn), then Γ is Zariski dense on G. In fact, since the subgroup Γ0

acts ergodically on the boundary Sn−1 of G, it has a full limit set in Sn,
and hence Γ0 is also Zariski dense in G. In this situation, if Γ0 has in-
tegral (resp. algebraic) traces, then Theorem 4.7 (resp. Theorem 4.1),
together with Remark 4.8, shows that Γ has integral (resp. algebraic)
traces.

Appendix A. A geometric proof of Corollary 1.10 in the
cocompact case

In this section, we provide a geometric proof of part of Corollary 1.10
in the case where the lattice is cocompact. This proof is more geomet-
ric, and does not use boundary maps.

Let G denote a connected real semi-simple Lie group with finite
center and without compact factors. We let K be a maximal compact
subgroup, let A be a Cartan subgroup and P a minimal parabolic
subgroup containing A, and let N be the unipotent radical of P so
P = AN . We have the Iwasawa decomposition G = KP . Let Λ < G be
a cocompact lattice and let ∆ : G→ G×G be the diagonal embedding.

Theorem A.1. Let Γ be a Zariski dense discrete subgroup of G×G that
contains ∆(Λ), then Γ is not isomorphic to a non-trivial free product.

Proof. The proof is by contradiction. We assume that Γ is isomorphic
to a free product, and by considering an infinite order element not in
∆(Λ), and possibly replacing Γ with a subgroup, we can assume that
Γ = ∆(Λ) ∗ Z.
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We will use the following elementary proposition which follows from
the Zariski density of Γ.

Proposition A.2. There exists (γ1, γ2) ∈ Γ such that:
(1) The group generated by ∆(Λ) and (γ1, γ2) is naturally isomor-

phic to ∆(Λ) ∗ Z
(2) There exists kP ∈ G/B, where k ∈ K, such that γ1kP = γ2kP

Choose (γ1, γ2) and kP as in Proposition A.2. We write γik = k′pi
for some k′ ∈ K and p1, p2 ∈ P . Take a to be an element of A so that
N is the stable horospherical subgroup of P , that is

N = {n ∈ G, such that lim
t→∞

d(atna−t, 1) = 0}.

Because of our assumption that Λ is a uniform lattice, there exists
a compact set C ⊂ G, such that for every x ∈ G the intersection
Γ ∩ Cx ̸= ∅.

Therefore for every t > 0, there exists ct ∈ C and λt ∈ Λ such
that ctatk = λt, and similarly there exists c′t ∈ C and λ′t such that
c′ta

t.k′ = λ′t.

Proposition A.3. There exists a compact set C1 ⊂ G×G, such that
for every t > 0, the element (λ′t, λ′t)−1(γ1, γ2)(λt, λt) ∈ C1.

Proof. We have the following equation:

(λ′t)
−1γiλt = (k1a

−t(c′t)
−1)−1γi(ka

−tc−1
t )

= c′ta
t(k−1

1 γik)a
−tc−1

t

= c′t(a
tpia

−t)ct

Observe that by our choice of a, the element atpia−t lies in a bounded
set independent of G and as ct, c′t lie in the compact set C, we are done.

□

The discreteness of Γ implies that the set of elements

S := {(λ′t, λ′t)−1(γ1, γ2)(λt, λt) for t > 0}
in A.3 is a finite collection of elements in Γ, but as λt, λ′t diverge in G
as t → ∞, there exists s, t > 0, such that λs ̸= λt and λ′s ̸= λ′t such
that

(λ′t, λ
′
t)

−1(γ1, γ2)(λt, λt) = (λ′s, λ
′
s)

−1(γ1, γ2)(λs, λs),

which contradicts that ∆(Λ) and (γ1, γ2) generate a free product. □

Appendix B. Some connections between irreducible
groups and diophantine properties of Lie

groups

The main point of this appendix is to show that proving certain
irreducible groups are discrete is at least as hard as constructing new
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examples of dense subgroups satisfying a non-abelian diophantine prop-
erty.

Let G be a semi-simple Lie group, and Γ < G, a finitely generated
dense subgroup, let S be a finite generating set of Γ. Fix d to be a left
invariant metric in G, and let BG(g, r) denote the metric ball centered
at g ∈ G of radius r ≥ 0.

Definition B.1. We say that Γ is strongly diophantine if there exists
c1, c2 > 0 such that BG(1G, c1e

−c2n) ∩ Sn = {1G}. We say that Γ is
weakly diophantine if there exists c1, c2 > 0

lim sup
n→∞

log |BG(1G, c1e
−c2n) ∩ Sn|

log |Sn|
< 1

Observe that this definition is independent of the generating set S.
If S consists of elements with algebraic entries (under some faithful
representation of G), then Γ is strongly diophantine.

If G is compact and simple, Benoist-DeSaxce [BdS16] (following
work of Bourgain and Gamburd for SU(n) [BG08, BG12]) have shown
that being almost-diophantine (a condition related to being weakly-
diophantine) is equivalent to having a spectral gap for the averaging
operator T : L2

0(G) → L2
0(G) given by

T (f) =
1

|S|
∑
s∈S

f ◦ s

The existence of the spectral gap for this operator (i.e. ∥T∥op < 1)
has been conjectured by Sarnak to hold in the case when S = S−1 and
the generators of S are Haar generic, but the only known examples (as
far as we know) are when S consists of elements with algebraic entries
(up to conjugation).

Consider the following irreducible subgroup:

Let θ ∈ [0, 2π] be an irrational multiple of 2π, and λ > 0, define the
matrices

Rθ :=

[
cos(θ) −sin(θ)
sin(θ) cos(θ)

]
and Aλ :=

[
eλ 0
0 e−λ

]
Define the subgroup of SL2(R)× SL2(R)

Γθ,λ := ⟨Rθ × Aλ, Aλ ×Rθ⟩

Let ∆θ,λ be the projection of Γθ,λ in the first factor (or second factor,
as they are the same).

The following holds:
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Proposition B.2. For every θ ∈ [0, 2π] irrational multiple of π, and
λ > 0, the group Γθ,λ is an irreducible subgroup of SL2(R) × SL2(R).
Moreover for Lebesgue a.e. θ, λ, the group Γθ,λ is free.

Question B.3. Does for Lebesgue a.e. θ, there exists λθ, such that for
every λ ∈ [λθ,∞), the group Γθ,λ is discrete?

The reason why one might expect something like this to hold is that
for a non-trivial word w(x, y) in the free group F2, it seems plausible
that at least one among w(Rθ, Aλ) or w(Aλ, Rθ) must be far from the
identity. Nonetheless, this seems difficult to achieve because of the
following:

Proposition B.4. If Γθ,λ is discrete, then the projection ∆θ,λ into one
(both) of the SL2(R) factors is strongly diophantine.

Proof. Suppose that ∆θ,λ is not strongly diophantine, then if we let
C := 3 log ∥Aλ∥ + 1, there exists a divergent sequence {nk}k > 0, and
words wk of length nk in S such that

0 < d(Id, wk(Rθ, Aλ)) < e−Cnk

Consider the word w′
k = [wk(x, y), x

lwk(y, x)x
−l] where [, ] denotes

the commutator, and l is a fixed integer to be determined later. We
show that both projections tend to the identity as k goes to infinity.

The projection in the first factor is:

[wk(Rθ, Aλ), R
l
θwk(Aλ, Rθ)R

−l
θ ]

Observe that ∥wk(Aλ, Rθ)∥ < e
C
3
nk , where ∥.∥ denotes the operator

norm (which is submultiplicative), and so one can check easily that:

d(1, [wk(Rθ, Aλ), R
l
θwk(Aλ, Rθ)R

−l
θ ]) < Me−

C
3
nk

for some constant M > 0 (independent of k, but possibly depending
on l).

One shows similarly the second projection

[wk(Aλ, Rθ), A
lwk(Rθ, Aλ)A

−l]

satisfy a similar inequality and so if Γλ,θ were discrete, then for k large
enough, we have that both projections are trivial, and so for k large
and l = 1, 2, 3, we have wk(Rθ, Aλ) and Rl

θwk(Aλ, Rθ)R
−l
θ commute,

and also wk(Aλ, Rθ) and Alwk(Rθ, Aλ)A
−l commute, by considering the

action by these matrices in the hyperbolic plane, one can see that this
only can happen if Aλ and Rθ commute, a contradiction, and therefore
Γλ,θ is not discrete. □
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