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Abstract

In the Masters Project we give a complete proof of the Factorization theorem in Conformal
Field Theory and Local freeness of the sheaf of conformal blocks. We apply these results
to give a proof of the Verlinde formula. Except for the part on Verlinde formula (Chapter
8), we mostly follow the description given in [TUY]. For the Verlinde formula, we follow
the article [Beau]. We do not claim any originality of the work. We have attempted to
elaborate the existing proofs mainly due to Tsuchiya, Ueno and Yamada.
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Introduction

This is my master’s project report presented to the University of North Carolina at
Chapel Hill. We have tried to give a self contained proof of the Factorization theorem of
conformal blocks and local freeness of the sheaf of conformal blocks. We mostly follow
the description given in [TUY]. Our goal is to elaborate on their proofs and improve the
clarity of the above mentioned papers. We later apply the above mentioned theorem
to derive the Verlinde formula. We now discuss and give a broad overview of the main
results we considered.

We start with a compact Riemann surface C' of genus ¢ and distinct marked points
Q1,Q2,--- ,Qn on C. The number of points is chosen such that the automorphism
group of the curve is finite. To the N-pointed curve C' we associate the data X =
(C;Q1,Q2, -+ ,Qn;m,m2- -+ ,Mn), where n); are formal coordinates at the point @;. For
details we refer to section 1.1.2.

Now let g be a complex simple Lie algebra and X = (A1, A2, -+, Ay) € PN be the rep-
resentations attached to the marked points on C'. We associate certain finite dimensional
vector space (space of covacua or conformal blocks) V(%) to X and X. Details of this
construction is given in section 3.1. These conformal blocks are basic objects of study in
Rational Conformal Field Theory. The conformal blocks also have a nice interpretation
in the settings of algebraic geometry as the spaces of regular sections (“generalized theta
functions”) of a line bundle on the moduli space 9 of semistable principal G-bundles on
C'; where G is a connected, simply connected, affine, simple algebraic group over C. This
interpretation has been worked out in [Kum-3|, also in [Fal] and for the case G = SLy,
we refer to [BL]. We restrict our discussion to the space of conformal blocks.

We add a point P (distinct from each @;) to the curve C' and take the trivial rep-
resentation corresponding to P. The data associated to the (N + 1)-pointed curve C
is denoted by X = (Cu Qh Q27 T 7QN> p;7717772 e 777N777N+}/)7 where TIN+1 is a formal
coordinate at P. Then there is a natural isomorphism V; 0(%) o~ V;\.(.’f) This is known
as Propagation of Vacua. For details we refer to section 3.2.

The moduli space M,y parameterizes projective nonsingular curves of genus g to-
gether with N-distinct marked points. M,y has a compactification M, x whose points
correspond to N-pointed curves C' with at most nodal singularities. The N marked points

on C should be non-singular and ' satisfies some stability condition equivalent to the
finiteness of the automorphism group of C'. The space of conformal blocks | |, Myx V;(.’f)

form a vector bundle V; on the moduli space M, . It is important to study whether the

vector bundle extends to a vector bundle over M, . Or in other words it is interesting
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to see how conformal blocks behave when the Riemann surface C' degenerates to a curve
with nodes. So we need to define the data X and conformal blocks V;(.’{) for nodal curves.

For details we refer to sections 1.2 and 3.1. It turns out that the vector bundle V; extends

to a vector bundle on Mg, ~- We denote it also by V/T\. For a proof we refer to chapter 7.

_ Let C be a curve of genus g with a single node P. Associated to C' is its normalization
C and we have a map v : C — C such that v=}(P) = {P’, P"}. We have described
normalization and its important properties in section 1.1.1. Corresponding to the curve
C and formal coordinates 7’ and n” at the points P" and P"” respectively, we have the data
X=(C;P,P"Q1,Qa - ,Qn;1,n" ,m,m2- -+ ,nn). The conformal blocks associated to
C'is intimately connected with the conformal blocks associated to C'. There is a canonical
isomorphism P, p, Vl’m’x(%) ~ Vi.(%) This is known as Factorization theorem. It gives
a decomposition of a conformal block on a genus g curve into conformal blocks on curves
of lower genus. We give a complete proof in chapter 5.

Why is the above decomposition of conformal block important? Suppose we are
interested in finding the dimension of conformal blocks V}(%) associated to a curve C' of

genus g > 0. Since V;r\» extends to a vector bundle on Mg, ~, the rank is constant. If C'
is smooth, we degenerate it to a nodal curve C’ of genus g. Since V; is a vector bundle
on M, y, the dimension of the conformal block on C' is the same as the dimension of
the conformal block on C’. Now we can apply the factorization theorem and reduce our
calculation over the normalization of C’ which is a curve of lower genus. We can repeat
this process and ultimately everything boils down to a computation on the projective line
P

The Verlinde formula is an explicit formula for computing the dimension of the con-
formal blocks. The calculations rely on the factorization theorem and the fact that V;

is a vector bundle on M% ~. The next question is, how do we determine the dimension
of the conformal blocks on the projective line P! ? Even for a projective line with three
marked points, the dimension of the conformal block is not easy to calculate. It turns
out that an explicit knowledge of the fusion ring R,(g) is required to complete the proof
of Verlinde formula. G. Faltings gave a complete proof of the Verlinde formula for the
classical Lie algebras and G5. The other cases were proved by C. Teleman. For details,
refer to section 8.3.

The organization of the project report is as follows:

In chapter 1, we introduce some notation and talk about the data associated with
a N-pointed curve. We also describe the normalization of a nodal curve and derive the
genus formula for a connected nodal curve C'. The second section in chapter 1 introduces
the sheaf of Kahler differentials and the dualizing sheaf of a N-pointed semistable curve.
We prove a version of Serre duality which is relevant to our use.

Next in chapter 2, we talk about the representation theory of an affine Lie algebra
g. We give a complete proof of the classification theorem of irreducible highest weight
integrable g-modules. Towards the end we introduce the energy momentum tensor and
introduce the Virasoro operator L, and give a proof that L,’s form a Virasoro algebra.
We close this chapter by giving a filtration on H) using L.



We then move on to define the space of vacua in chapter 3, and give a proof of
the Propagation of Vacua. We include a much simpler proof (theorem 7) of the finite
dimensionality of conformal blocks. lemma 7 clarifies the original proof of Propagation
of Vacua in [TUY]. We have elaborated the proof of propagation of vacua, especially the
“inductive steps using gauge symmetry”.

In chapter 4, we introduce the correlation function of currents and prove some interest-
ing results about a meromorphic form associated to the correlation function of currents.
The correlation function of current is very important to us and is one of the important
tools to analyze the decomposition of conformal blocks apart from gauge symmetry. We
include some computations with the correlation function of currents for N-pointed pro-
jective line P! and 1-pointed elliptic curve. We clarify some of the computations in [U1]
and [U2]. Chapter 4 also sets up the necessary notations for the proof of the factorization
theorem which we give in chapter 5. We have attempted to supply the missing details
and of the proof of the factorization theorem in [TUY], [U1] and [U2].

Chapter 6 discusses the Kodaira-Spencer mapping for smooth and versal families of
N-pointed stable curves of genus g. We state without proofs some important theorems in
algebraic geometry and complex deformation theory. We use them in chapter 7 to give a
proof of the local freeness of the sheaf of conformal blocks. In chapter 7 we also introduce
the sewing construction of Ueno. We also clarify some of the lemmas in [TUY], [U1] and
[U2] which leads us to theorem 23. We do not proof a convergence result of the formal
construction of sections by sewing.

Finally in chapter 8, we develop the necessary background for analyzing the fusion ring
R.(g). We state some results from [Fal], [Beau] and [Tel] to give a complete description
of the characters of Ry(g). We end by giving a proof of the Verlinde formula.
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Chapter 1

Stable Pointed Curves

1.1 Stable N-pointed curves

In this section we define the stable N-pointed curves and give some examples.

1.1.1 Nodal curves and normalization

By a nodal curve C', we mean an algebraic curve whose singular points are nodes. Ana-
lytically around the singular points there is a neighborhood U, where the curve is given
by U = {(z,w)|zw = 0}.

If P be a node of a nodal curve C, then we can desingularize the node by separating
Ui =UN{w=0} and U- = U.N{z = 0}. Thus P breaks up into two points P, and
P_. The new curve C' obtained by desingularizing the nodes is called the normalization
at the point P. Topologically algebraic curves can be thought of as a ramified cover
7 of P!. By normalization, we are completing the cover by removing the ramification
point and adding more points. We start with a neighborhood of 7 (P) which is evenly
covered outside the point 7(P). If we remove the singular point P of the curve C' and
also the point 7(P) on the base, then the evenly covered neighborhood of P looks like

— {O}. We take all the punctured disc in the inverse image of the 7(P) and add a
point to each of them to get an unramified cover at that point. We can put a structure of
an algebraic variety to the new curve C obtained after normalization. There is a natural
holomorphic mapping v : C' — C, such that it is identity on C' — {P.,P_}toC — P and

v I(P)={P;,P}.

We can reverse our construction and degenerate a smooth curve to get a singular
curve. We start with a compact Riemann surface R and take two distinct point P, and
P_ on it. We choose coordinates z and w of P, and P_ respectively with center P, and
P_. Let us identify the point P, and P_ and obtain a new curve C. In a neighborhood
of P, C'is given by zw = 0. We can identify C' — P with R — {P,, P_}. The new curve
C is a nodal curve. Thus we obtain a nodal curve from a compact Riemann surface R.

11



1.1.2 Stable N-pointed curves

We define stable N-pointed curves as follows:

Definition: The data X = (C;Q1,Qs,- -+ ,Qn) consisting of a curve C' and points
Q1,Q2, -+ ,Qn on C is called a stable N pointed curve, if the following conditions are
satisfied:

(1) The curve C' is a compact Riemann surface or a nodal curve.
(2) Q1,Qs, -+ , QN are nonsingular points of the curve C'.

(3) If an irreducible component of the curve C; is a projective line i.e. P!, then the
sum of the number of intersection points of C; with other components and the number of
Q;’s is at least three. If C; is a rational curve with one double point or an elliptic curve,
then the sum of the number of intersection points of C; with the other components and
the number of ); should be at least one.

(4) dlm(c Hl(C7 Oc) =4d.

The condition (3) is equivalent to saying that Aut(X) is a finite group, so that X does
not have infinitesimal automorphisms. We often add one more condition.

(5) Each component C; must have at least one @);.

We give some examples of stable N-pointed curves.

Examples:

e For g = 0, we have N = 3 . Any 3-pointed stable curve looks like Fig-1 in Figure
1.1.

e Any 4-pointed stable curve of genus 0 is isomorphic to one of the following in Fig-2
and Fig-3 in Figure 1.1.

e Any one pointed curve of genus 1 is isomorphic to one of the following in Figure
1.2.

12



Fig-1 Fig-2

Fig-3

Figure 1.1: Stable 3 and 4 pointed curves of genus 0.

0©

Figure 1.2: Stable 1-pointed curves of genus 1.
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We give the genus formula for nodal curves.

Proposition 1. Let C' be a connected nodal curve. Py, Ps,---, P, be the nodes of the
curve C. C1,Cy, -+, C,, be the irreducible components of geometric genus g1, 9o, -+ , Gm-
Then the arithmetic genus g of C' defined by dime H*(C, O¢) is given as,

QZZ(gi—l)Jqurl:ZgiJrq—erl. (1.1)

i=1 i=1

Proof. Let @ be the normalization of C;. By abuse of notation we write,

Oz = Z Og..
=1

Then we have a exact sequence of sheaves given by,
' q
0— Oc —"0Og —>TZCP¢ — 0,
j=1

where the map r is given by f(P,+) — f(P,—). We take the corresponding long exact
sequence in cohomology.

0 — HY(C,0c) —' H(C,05) —" Eq: Cp,
j=1
—% HY(C,0¢) — HY(C,0z) — 0.
We get,
dime HY(C,0¢) = dime HY(C,0z) 4 q — dime H(C, Og) + dime HY(C, O¢)

= Zgi+q_m+1~

=1

Next we define n-th infinitesimal neighborhood s™ of C at a point Q.

Definition Let C' be a curve and () be a nonsingular point on C. We define the n-th
infinitesimal neighborhood s™ of C' at the point @ to be the C-algebra isomorphism

st Ocq/mp = C[[E]]/(€"),

where mg is the maximal ideal of O¢ g consisting of germs of holomorphic functions
vanishing at ). So by the above isomorphism, we are considering functions which vanish
at the point () at most n times. As n — oo, we get an isomorphism

591 O =~ C[[€]].
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This isomorphism is known as the formal neighborhood of C' at ). We often drop the oo
in 5, so a formal neighborhood is denoted by s.

Definition The data X = (C;Q1,Q2, -+ ,QnN; 51,82, - ,Sn) is called a stable N-
pointed curve with of genus g with formal neighborhoods if,

(1) (C;Q1,Qq,- -+ ,Qp) is a N-pointed stable curve of genus g.
(2) s; is a formal neighborhood of C' at Q);.

We can define a stable N- };)omted curve of genus g with n-th formal neighborhood as
above only replacing s; by 3 The data for n-th formal neighborhoods will be denoted
by,

x(n):(C;QlaQQa QN781 y So )7 a3§\7))~

1.2 Serre Duality

In this section we talk about the dualizing sheaf of a stable N-pointed curve and state a
version of Serre Duality Theorem. For further details we refer to [HM].

1.2.1 Residue pairing

Let C' be a nodal curve and Qf, be the sheaf of Kahler differentials. wc be the dualizing
sheaf on the curve C'. Near a singular point P, the curve is analytically isomorphic, or in
other words locally given by the equation

zy = 0.
The sheaf of Kahler differentials 2}, is expressed as,
Qf = (Ocdx + Ocdy) /(vdx + ydy)Oc.

The dualizing sheaf of a nodal curve C can be defined as a subsheaf of the pushforward
of the sheaf of rational differentials on C. It associates on an open subset U of C, the
space of rational I-forms T on v~ (U) C C having at worst simple poles at the point P; ,
and P, _ lying over each node P;. Moreover for each such pair of point we have,

ReST—l—ReST =0.

z+ 7,7

Let v : C — C be the normalization ofC. Py, P,,---, P, be the set of double points of
the curve C'. For each of these double points, put v=*(P;) = {P; 4, P, _}. Then,

q q

0— we — WG(ZUDH +P,_)) =" @C — 0,

% i=1

15



where at each double point the mapping  is given by the sum of the residues at F; ; and
P _ie.
Res( )+ Res( ).

1 + 1 -
Our discussion can be summarized in the form of the following Lemma:
Lemma 1. Let T be a holomorphic section of the dualizing sheaf wc. We consider T as

a rational section of meromorphic 1-forms on the normalization C' with at worst simple
poles at the points P; 1 and P; _. Then the sum of the residues of T is zero.

1.2.2 Serre duality

Our next lemma is about the Laurent expansion of global meromorphic functions on the
stable N-pointed curves.

Lemma 2. Let X = (C;Q1,Qa, - ,QnN; 51,52, -+ ,Sn) be a stable N-pointed curve of
genus g with formal neighborhoods satisfying the condition (5) of the definition in section
1.1.2. By t;, we denote the Laurent expansions at (); with respect to a formal parameter

& = S]_l<§) Then the following homomorphisms are injective:

t=et;: H'(C,0c(+Y_Q) — PT&)

Jj=1

t:@tj:H°<O,wc<*ZQj>> o @@((@))d@;

where we s the dualizing sheaf of the curve C' and

N N
H°(C, Oc(* Z )) = lim H°(C, Oc(n Z
N N
HY(C,we(x ) Qy)) = lim HY(C,we(n) | Q))).
j=1 j=1

Proof. If t;(f) = 0, for an element f € H°(C,Oc¢(* Zjvzl @,)), then it vanishes on
the whole component of the curve. By condition (5) of the definition in section 1.1.2,
the existence of (); on each components forces the function to vanish on every com-
ponent. Thus f = 0. So the mapping ¢; is injective. A similar proof follows for

we H(Cowe(+XY, Q). -

By the above lemma we can consider H°(C, O¢ (x Zjvzl Q;)) and H°(C, we (* Zjvzl Q;))
as a subspace of @jvzl C((¢;)) and @jvzl C((&;))d¢&; respectively. There is a natural residue

16



pairing between @jvzl C((&;)) and @j\;l C((&;))d¢; given by,

P=
a
:@
@2

C((&))d¢; — C.

J=1

(fi(&), - fnn); gi(&)dsr, - s gn(En)dén) — Zggg(fj(fj)gj(fj)dfj)-

We can introduce the same pairing between

N

) x H°(C,we(* ZQj)) — C.

j=1

H(C, Oc(*

IIMZ

Theorem 1. Under the above pairing, the vector space H(C,Oc(x Z;VZI Q,)) and the
vector space H(C, we(x Zj\[:l Q);)) are annihilators of each other.

Proof. We know that the residue is independent of the choice of local coordinates. So we
can do the computation using the formal coordinates at the point ();. For any positive
integers m and n, we have the following exact sequence of sheaves:

N N N m—1
0= Oo(-=m)_Q;) = Oclny_Q;) ~ P P "~
j=1 j=1 j=1 k=—n

From the long exact sequence in cohomology,

N N m-1
0 — H°(C,0q( mZQJ )) — H(C, Oc(n Z Q) Hp@ EBijk
j=1 =1 =1 k=—n
N j JN
¢ HY(C,0c(-m Y Q) — HY(C,0c(nY_ Q) — 0
P =1

Now by the usual Serre duality theorem (see [HM] for reference) for stable N-pointed
curves, we get H°(C,wc(m Z;VZI Q;)) and H'(C,Oc(—m Z;VZI Q;)) are dual to each
other under the residue pairing. We will prove that on the image of ¢ the pairing is given

by,
(,):H (COC—mZQJ ) x H°(C,we(m ZQJ

j=1

(c(®)19:(&)), ZResgj ()75, (1.2)

where g;(¢;) is an element of @' C¢;* and 7 is an element of H(C,we(m Z] 1 Q).
7; is the Laurent expansion 7 about the point (); in formal coordinates ;. It is known
for compact Riemann surfaces but we will extend it to nodal curves. For the moment we
assume (1.2) and complete the proof of the theorem.
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Now @7, g;(§;) is in the image of H(C, O¢(n Zjvzl Q);)) if and only if
N
E = g] 5] Tj = 07

Jj=1

for any 7 € H°(C,wc(m Zjvzl @;)). This follows from the above long exact sequence in
cohomology, Ker(c) = Im(p) and Serre Duality. We will use this in the proof.

Assume that under the residue pairing @L, f;(§;) € ®;2,C((;)) is annihilated by
H°(C, we(x Zjvzl Q;))- We want to show that &, f;(§;) € HO(C Oc(* Zj 1 Q))).

We fix a positive integer m and consider @j:1(fj (&§5)) mod &, That is if

o0
k
)= aig’,

k=—mn;

then we define )

Fim(&) = > &
k=—n;
Now since &1, f;(&;) is annihilated by H°(C,we(x Zjvzl Q;)), 50 BN, fim(&;) is annihi-
lated by H°(C,we(m Zjvzl @;)). We choose n = maz(n;) and by our previous discussion,
we get that f;,, comes form an element f™ of H°(C, O¢(n Zjvzl Q;)). We claim that if
we choose our m big enough, the element f(™) is same as D1 (&)
Let f(m) (&;) be the Laurent series expansion of f (™) around (; with formal parameter

&;. Suppose f(™(&;) and f;(&;) are not the same, we consider the difference g;(¢;). We
have

9i(&) = f3(&) — f"(&) =0 mod (™).
If all the g;’s are zero, then f(™ and @N 1fi(&;) are same. So without loss of generality,
we can assume that gi(&) is not zero. Let s > m and

B =) ba&®
i=0

Also assume that b, # 0. Now we know that 65 V. £i(&) and f(™) are both annihilated
by H(C,we(m Y2, Q))). So @, g;(§) is also anmhﬂated by HO((J we(mY 2, Q))).

Now we choose m large enough such that H°(C,wc((s + 1)Q))) has a nontrivial
element. Take w € H(C,wc((s+1)Qk))). We now compute the residue pairing of w and

©7L195(&5). We get,
N

; P}Sg 9;(&)w;(&5) = 52%) grwi (&) = bs # 0,

where w;(&;) is the Laurent expansion of w around ;. This is a contradiction to the fact
that @ ,g,;(¢;) is annihilated by H°(C,wc(m Zjvzl ();)). This completes the proof for
the functions. We now prove (1.2).

18



Given a nodal curve C, we have a natural smooth curve associated to it namely its
normalization C. We start with the usual residue on C' and extend it to nodal curves.
For simplicity assume C' is a nodal curve with only one node at P. Let v . C — C be
the normalization map. We get v*we = wg(Py + P-). Now v*we = ws(Py + P-). This
implies that for m large enough,

H(Cowg(m Y Q) C v H(Cowo(m Y Q5)

Now if ®¥ g;(¢;) is annihilated by HO(C,we(m 30, Q;)), this implies that &, g;(¢;)
is annihilated by H(C,wgz(m Z;]N:l Q;)). By the previous argument, we get @, g;(&;)
comes from an element g of H(C, Og(x Ejvzl Q);)). If we can show that g can be realized

as an element of H°(C, Oc(x Zjvzl ();)) we are done. So we need to show,
g(Py) = g(P-).

o N = N
We choose an element 7 in v*H*(C,we(my>;_, Q;)) \ H(C,wa(m Y ;, Q;)). A large
enough m will guarantee the existence of such an element 7. Since the sum of the residues
of a meromorphic 1-form is zero,

N

Res(g7) = 0.
Z Qes(gT) 0
7j=1

J

Now 7 has a pole of order 1 at the point P, and at P_. Now g is holomorphic at P, and
also at P_. So

l})(is gT + %?S gr = 0,
g(Py)ResT +g(P-)Rest = 0.
Py P

Now since 7 comes from a section of we, we know that

ResT+ ResT = 0.
P, P_

This implies that g(Py) = g(P_). Thus g can be realized in H°(C, O¢(x Zjvzl Q;))-

The proof for H(C,wc(x Zjvzl ();)) relies on the same argument. We describe it
below. For every m and n, we have an exact sequence of sheaves given by,

N N N m-1
0— wc(—mZQj) — wc(nZQj) — @ @ C¢iFde; — 0.
j=1 j=1 j=1 k=—n
This gives rise to a long exact sequence is cohomology.
N N N m—1
0= H(Cowo(-m Y Q) — H(Cowe(n ) Q) =" (P P C&dg;
j=1 j=1 j=1 k=—n
N
—¢ HY(C,we( mZQJ )) — H'(C,we( nZQ]
7=1 7j=1
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We know by Serre duality, that the dual of H(C,we(—m Zjvzl ();)) is isomorphic with
HO(C,0c(m Y, Q). Thus &, h;(&;)de; € @, @y, C&*d¢; is annihilated by
H°(C,Oc(m Zjvzl Q;)) if and only if it is the image of an element of H°(C, we(n Zjvzl Q,))
under the map p. Now we assume that &7, h;(;)d¢; is annihilated by H%(C, O¢ (x Z?]ﬂ Q;))-
As before we fix a positive integer m and n consider &7, (h;(&;d¢;)) mod £ That is if

hy(&)d; = Z a; k& d;,

k=—mn;

we define h;,,(&)d&; = D0 ! a1 €.

k=—n,

Since @7, h;(&;)d¢; is annihilated by H®(C, O (* ZjV:1 Q;)), we get &N hjm(&5)dE;
is annihilated by H°(C, O¢(m Z;VZI Q;)). Choose n = maz(n;). Thus by our previous
discussion, we get that &, hj ,d€; comes from an element 2™ of H(C,we(n Zjvzl Q;))-
Now if we choose our m big enough, the element A™ is same as DN hy(&5)dE;.

Let h(™(¢;)d¢; be the Laurent expansion of h™ around Q; . Suppose h(™(¢;)d¢;
and h;(&;)d¢; are not equal. We consider their difference g;(§;). Now

9;(&)d€; = hy(&)de; — ™ (&;)dg; =0 mod (™).

If all the g;’s are zero, then R(™ and @jyzlhj(fj) are same. So without loss of generality
we can assume that gi (&) is not zero. Let s > m.

g(&)dé; = Z bl de;.

Assume that by # 0. Now we know that &} h;(&;)d¢; and h{™ are both annihilated by
H°(C,0c(m Zjvzl Q;))- Thus &Y, g; (@)d{a is also annihilated by H°(C,O0c(m Z] LQ;)).
Choose m large enough such that HY(C,0c((s+1)Q4))) has a nontrivial element f. We
now compute the residue pairing of f and EB;VZI 9;&;d&;. We get,

N

Z; Res £3(€)9;(8)d6; = Rese.—ou(§)gn(G) = bs # 0

where f;(§;) is the Laurent expansion of f around Qj This is a contradiction to the fact
that @& ,9;(¢;)d¢; is annihilated by H°(C,we(m Z] 1 ®Q;)). This completes the entire
proof. ]
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Chapter 2

Affine Lie algebras and Highest
Weight Integrable Modules

2.1 Representations of complex semi-simple Lie al-
gebras

In this section we recollect some theorems about representations of complex semi-simple
Lie algebras.

2.1.1 Complex simple Lie algebras

Let g be a finite dimensional complex simple Lie algebra. We know that all linear repre-
sentations (finite dimensional) of g are completely reducible. Let h be a Cartan subalgebra
of g and b D h be a Borel subalgebra. Let A be a root system of (g, h). A = AT A~
be the decomposition of the root system into positive and negative roots. We know,

AT =AY,

b be the real span of A and h* = hr®C. Let {ay,--- ,a,} C A be the set of simple roots
in A and {1, -+, )} C b be the corresponding simple coroots, where r = dimc . For
any a € A, g, C g be the root space corresponding to the root a. For each element of
t € b, there is an unique element \; € h* such that:

)‘t(h) = (tv h)v
for all h € . Using this we can introduce an inner product ( , ) on h* given as follows:
()\7 H) = (t)\J t,u)u

where ¢ and ¢, are the unique elements of h corresponding to A and p respectively. We
define the highest root of (g, h) to be the root § € A* such that:

9+051¢A7
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for all simple roots «;. For type A, the highest root is given by,
a1+ Qg+ - Q.

For type B, it is given by,
aq —+ 2 Z Oéj.
j=2

A list of the highest roots can be found in [Hum].

Let (, ) denote the normalized Cartan Killing form on g such that (0, 6) = 2, where
0 is the highest root of (g, h). For sl(C), the normalized Cartan Killing form is given by,

(X,Y) =Tr(X.Y).

2.1.2 Representation of semi-simple Lie algebras

Let g be a complex semi-simple Lie algebra. V be a g-module not necessarily finite
dimensional and w € bh* be a linear form on h. Let V¥ be the set of all vectors in
v € V such that Hv = w(H)v, for all H € §h. The dimension of V* is defined to be the
multiplicity of V* and w is called a weight of V. A primitive element v of weight w of
a g-module V' is a vector such that the line Cuv is stable under the action of the Borel
subalgebra b. We state the following theorem from [Ser]:

Theorem 2. Let V' be an irreducible g-module containing a primitive element v of weight
w. Then:

(a) v is the only primitive of V' of weight w upto scalar multiplication and w is called
the highest weight of V.

(b) The weights m of V' are of the form,
m™=Ww — Z m;o

with m; € N. They have finite multiplicity and in particular w has multiplicity 1. One
has V. =>% VT,

(c) For two irreducible g-modules Vi and Va with highest weights wy and wy to be
isomorphic, it s necessary and sufficient that wy = ws.

We state another useful theorem from [Ser].

Theorem 3. (a) For any w € b*, there is an irreducible g-module of highest weight w.

(b) Let E, be the irreducible g-module with highest weight w. For E, to be finite
dimensional, it is necessary and sufficient that Vo € AT we have w(t,) € ZTU{0}, where
to 18 the element corresponding to «. 77" denotes the set of positive integers.
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2.1.3 Casimir element of a representation

We recall the Casimir element corresponding to a representation of a semi-simple Lie
algebra g of dimension n. Let ¢ : g — gl(V') be a faithful finite dimensional representation
of g, we define a bilinear form § on g by S(z,y) = Tr(¢(x)é(y)). We claim that 5 is
nondegenerate, symmetric, g-invariant. Let X, Y and Z be endomorphisms of a finite
dimensional vector space, then [X,Y]|Z = XYZ - YXZ and X|Y,Z] = XYZ - XZY.
But Tr(Y(XZ)) =Tr(X(ZY)). We get,

Tr(X,Y]Z)=Tr(XYZ) = Tr(YXZ) = Tr(XYZ) = Tr(XZY) = Tr(X[Y Z)).

Now to show (3 is g-invariant, we need to show §([z,y], z) = ((z, [y, z]). In other words
Tr([p(z), p(y)|o(2)) = Tr(o(z)[o(y), d(2)]) which is clear from the previous identity.
Thus ( is g-invariant.

The radical of asymmetric form is defined to be S = {x € g|3(¢(x), ¢(y)) = 0 Vy € g}.
Since 3 is g-invariant, the radical of 3 is an ideal in g. We can use Cartan Criterion for

solvability to conclude ¢(S) is solvable. But ¢ is faithful, which implies ¢(S) = S. So
S = 0. Thus [ is nondegenerate.

Let 3 be any nondegenerate symmetric associative bilinear form on a semisimple Lie
algebra g and ¢ : g — gl(V') be any representation. Since 3 is a nondegenerate bilinear
form on g, it identifies g with its dual. Let (x1, 2z, ,x,) be a basis of g of dimension
n. Let (y1,v2, -+ ,yn) be the dual basis with respect to the bilinear form £.

Suppose [z, ;] = Y7, aiyx; and [z,y;] = > 7, bijy;, where a;; and b;; are constants.

Since x; and y; are dual to each other we can write ay, = G([z, =], yr) = B(—[zs, z], yr) =
B(x’h _[CC7 yk]) = _ﬁ('rm [CC', yk]) = _blk

Define ¢y(3) = > i, &(x;)é(y;). We often drop § in the notation. Now ¢, is an
element of gl(V'). We compute the Lie bracket of ¢, with ¢(z), where x € g.

n

(B(x),co(B)] = D _[d(x), (:)b(w:)]

[6(x), d(x:)]b(y:) + Z &(:)[d(x:), (3]

1
- -
s M: i
= —

= a;;o(z;)o(y;) + Z bijo(x5)d(vi)

=1 =1

<.

I
=

Thus ¢, () is an endomorphism of the V' commuting with ¢. In particular if ¢ : g — gl(V)
be a faithful representation with non degenerate trace form, then 5(z,y) = Tr(¢(z)o(y)).
We fix a basis (21, 3, - -, x,). We define the Casimir element of the representation by ¢,
with respect to the above basis. In particular if ¢ is irreducible, then by Schur’s lemma,
ce 1s a scalar. The trace of ¢, is given by Tr(cy) = > i Tr(p(z:)p(y;)) = n. So ¢, is

Tr(ce)
dim(V')

given by . Hence the Casimir element is independent of the basis.
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2.2 Affine Lie algebras

C[[¢]] and C((£)) be the ring of formal power series and the field of formal Laurent power
series in & respectively. Let A = C[¢,£71]. We define the affine Kac-Moody algebra (for
short the affine Lie algebra)

g=g® Ao Cec

The bracket operation is given as follows:
[.CE X gm + )"Ca Yy ® gn + ﬁC] = [[B, y] ® €m+n + C'<$7 y>5m+n,07

where ¢ is an element of center of g; x,y € g; m, n € Z and A\, 3 € C. We are interested
in the completion

g=9®C((&)) ®Cc

The bracket operation is given as follows:

e @p+Arey®q+fd=zy @pg+clr,y)Resqdp,

where p,q € C((§)), x,y € gand \, 3 € C.
Clearly g is a Lie subalgebra of g. The Lie algebra g admits a derivation d given by,

dp
d_f),

for p € C((§)) and z € g. Tt is clear that d keep g stable. So we have the following
semidirect products Cd x g and Cd x g.

dc)=0, dz®p) =1

Define the (formal) Loop algebra
L(g) = 9 @ C((£))-
The bracket operation is defined by,
[z ®p,y©ql = [r,y] ©pg;

where z,y € g and p,q € C((§)). We can view g as a one dimensional central extension
of L(g), i.e.
0—Cc—g— L(g) — 0.

For proofs see [Kuml], [Gar].

2.2.1 Some subalgebras of g

Now g is embedded in g as a subalgebra g®@£°. We define the standard Cartan subalgebra
/f]\ =h® o Ce.
The standard Borel subalgebra

b:=g® (C[E]]) @b @ Ce.
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More generally for any parabolic subalgebra p of g, we can define a subalgebra
p=g@ (ECE)op® Ce

The subalgebras will be referred to as standard parabolic subalgebras of g.

For any standard parabolic p of g, let [ be its unique Levi component which is stable
under the adjoint action h and u be the nilpotent radical of p. Thus we have p = u® .
Define the following subalgebras of p:

T, = [®aCe
i, = geflousd
In fact we have,
Pi=1U, @I,
We also define
i, =¢'Clegau @,
where u=! to be the nilradical of the opposite parabolic p~! C g. We get,

g=pau,.
Now at the end we define the principal three dimensional subalgebra
ti=goRE D y®EDClc—0Y),

where gy is the root space corresponding to the highest root 6 and 6Y € b is the coroot
corresponding to 6. We take zy € gg and yy € g_g satisfying (zg, ys) = 1. This subalgebra
t is isomorphic to sly(C) under the map X — 4y @&, Y - zp® & and H — ¢ —6V.

2.2.2 Integrable, highest weight g and g-modules

Let s be a Lie algebra and V' be a s-module. Then V is called a locally finite s module if,
for v € V there exists a finite dimensional s stable subspace V,, of V' containing v.

Let T : V — V be a linear operator of vector spaces. T' is said to be locally finite if,
for every v € V, there exists a T-stable subspace V, of V' containing v. T' is said to be
locally nilpotent if, for v € V| there exists n, € Z* such that T (v) = 0.

A representation H of g or g is called integrable, if H is locally finite as a g-module
as well as a locally finite as t-module. Clearly any submodule and quotient module of a
integrable representation is integrable.

A representation H of g is called a highest weight integrable representation if, H is a
integrable g-module with highest weight vector v, € H such that the following holds:

(a) The line Cuv, is stable under the action of the b, and

(b) vy generates H as a g-module or in other words the only g-submodule of H
containing v, is the whole H.
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Similarly it is defined for the Lie algebra g, where we replace the Borel subalgebra b
of g by the standard Borel subalgebra

b:=gRCE] Db ®Ce.
Since
g = bou,,

g = bou,.

It follows that any highest weight g-module is also a highest weight g-module. Any
quotient module of a highest weight module is also a highest weight module.

For \ € 6*, let us now define the Verma module

o~ o~

MO‘) - U(ﬁ) ®U(B) CX;

where U(g) is the universal enveloping algebra of g. Cj is a 1-dimensional b-module on
which b acts by A. Since Cs is 1-dimensional it is killed by [b, b]. Further we know,

b=bho[b, b

The action of U(b) on U(g) is by multiplication on the right and the action of U(g) is by
multiplication on the left. Now M (M) is a highest weight g-module. Any highest weight
g-module is a quotient of M()).

Similarly we can define M (X), a Verma module for g. Now we know that g C g. Also
g=bou,andg=0bPu,.
By the Poincare-Birkoff-Witt theorem, we see M (X) and M (X) are isomorphic. The

isomorphism is induced by the canonical inclusion of g C g. The g-module structure on
M()) is induced by the g-module structure on M(\).

Let I;(V) be a g-module such that ¢ acts on V' by ¢ and P ® = acts on v by P(0)x.v.
We now define the generalized Verma module

—

MV, 0) = U(8) @ug, L(V),
where p, = g ® C[[¢]] ® Cc. We note that p, is nothing but the standard parabolic
algebra defined earlier where p = g.

Similarly we can define the generalized Verma module of g

MV, 0) =U(8) @ue,) L(V),
where p is defined by p; = g ® C[¢] @ Ce. Define ti; := g ® £~ C[¢7!]. So now
g = P,
g = prou,.

Thus again using the last relation and Poincare-Birkoff-Witt theorem,

— —~

MV, 6) = M(V,0).
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We are interested in the case when V' is generated by the highest weight vector v, such
that h acts on vy by A(h), where A € h*. We define an element A\, of h* such that A,
restricted to b is A and A\y(c) = £. We have a map,

W.K-/I\(S\\g) — .//\/\l(V,ﬁ),
1®)\g — 1®/U+.

Since v, generates [,(V) as a g-module, the map 7 is surjective. Hence we conclude that
the M(V,¢) is a highest weight g-module.

Next we claim that M (V,0) is a locally finite g-module.

Lemma 3. ﬂ(V, ) is a locally finite g-module.

Proof. We will use the Poincare-Birkoff-Witt theorem to construct an isomorphism and
then later show that it is a g-module isomorphism. We know that § = p, @ ﬁ;. Using
Poincare-Birkoff-Witt theorem we get,

U(g) = U(p+) @c U(ty).
We have produced an isomorphism of vector spaces,
i:Uuy) @c (V) — U(@) Qug,y L(V).

The action of g on U (ﬁ;) is given by the adjoint action and the g action on the target
space is by its inclusion in g. If we show the above defined action makes the linear
isomorphism a g-module isomorphism, we are done. This follows as I,(V) is a locally
finite g-module and U (ﬁg) is also a locally finite g-module under the adjoint action.

iz (a®v)) = i(adz(a) ®v+a® z.v)
= i(adz(a) ® v) +i(a ® z.v)
= (adr)a®@v+a® v
= (ra—ar)®v+a®z.v
z® (i(la®v)).

]

For A € P, let V(A) be the finite dimensional irreducible g with highest weight A.
We define R R R R
P:={Aebh*: Ay Py and Ac) — A\(0") e ZT}.

Let A € P and ¢ = A(c). In this chapter we fix £. We define M, = M\(V(A),é). Let us
define a new g-module

M

Hy = U@) (xg ® €N @0, )
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where 4 is a nonzero element of gy and v, is a nonzero element of the line Cv, C V())
which is stable under action of b. We also observe,

~

SR P!
NOY) =25

~ |

and (0,6) = 2. Thus A(6¥) = (6, ). Now by definition it is a quotient of a highest weight
g-module, so it is also a highest weight g-module. We need to show, it is an integrable
g-module. By the above lemma H, is a locally finite g-module. We still need to show,
H, is a locally finite t-module. We state the following lemma without proof:

Lemma 4. (a) Let s be a Lie algebra and let x € s be any element. Define
s, :={y € 5: (adx)™y =0 for some y € N},

where N is the set of strictly positive integers. Then s, is a Lie subalgebra of s.

(b) For any representation (V, ) of s and x € s, we define V, = {v € V : n(z)™v =0
for some n, € N}. Then V, is a s,-submodule of V.

(c) Let (V,m) be a representation of s such that it is generated as a Lie algebra by the
set

Fy ={x € s : adx acting on s is locally finite and 7(x) is locally finite}.

Then

(1) s is spanned over C by Fy. In particular, if s is spanned by the set I of its ad
locally finite vectors, then F spans s.

(2) If dims < oo, then any v € V' lies in a finite dimensional s-submodule of V.

Thus we are now ready to prove the following theorem:

Theorem 4. H) is a locally finite t-module.

Proof. Let x5 € gg be any root vector and n € Z, then we can show that
ad(rs ®&") 19— g

is a locally nilpotent transformation. For x = 2y ® %, V = H, and s = g, apply the
part (a) of lemma-4. We get s, is a subalgebra of s and s, = s. Clearly 1 ® v, € V.. By
part (b) of lemma-4, V, is a submodule of V. Further the s-submodule of V' generated
by 1® v, is whole of V. This follows from the fact M (X) is isomorphic with M (X) and
there is a surjective map 7 from M (:\\) to Hy. Thus zg ® €71 acts locally nilpotently on
the whole of V.

Using similar argument we can show that z_y ® & acts locally nilpotently on H,. A
5l5(C)-module on which X and Y acts locally nilpotently is also a locally finite sly(C)-
module. This follows from the part (c-1) of the lemma-4. We know that v is the principal
sl5(C) inside g. Thus H, is a locally finite as t-module. O
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A Cd x g-module V is said to be integrable if it is integrable as a g-module. It is
called a hz‘gl}fst weight Cd x g-module, if there exists a line C(v,) C V which is stable

under Cd x b and v, generates V as a Cd x g-module. Similarly we can define a highest
weight integrable Cd x g-module. We state the following theorem without proof. For a
proof see [Kum2].

Theorem 5. Any integrable highest weight Cd x g-module is irreducible.

We now state and prove a theorem that characterizes all highest weight integrable
modules of the affine Lie algebra g.

Theorem 6. Any nonzero integrable, highest weight g-module is isomorphic to Hy with
a unique \ € P.

Thus we have, X and H are in a bijective correspondence with P and the set of isomor-
phism classes of nonzero highest weight integrable g-modules. More Hy is an irreducible
g-module.

Proof. Let V be any non zero integrable highest weight g-module. Cv, be the line stable
under b and \ € E* be the character by which b acts on Cuv,. Since it is locally finite
as g-module, we get that the submodule V0 generated by the highest weight vector v, is
finite dimensional. b acts on vy by Ay and it keeps the line Cv, stable. Using theorem
3 we get X\b € P,. From sly(C) representation theory it follows that A(c) — A(8) € Z*.
Thus A € P.

A~ A~

Since [b, b] annihilates v, we get that g ® (C[[¢]] annihilates v;. Hence it annihilates
the whole of V°. So we get a surjective map g-module map

¢ My —V.
It maps takes I,(V(\)) — V? isomorphically as a (g & Cc)-module, where \ = X\h-
Using sl3(C) representation theory and the isomorphism of t with sly(C), we get
(2o @& OV Qo =0,
where (¢ = /):(c) Thus the maps ¢ factors as a surjective map
¢ Hy— V.

Now if we are able to show that H, is irreducible, we are done. The generalized Verma
module has an action of d, where d acts on U(g ® ¢ 'C[¢71]) ®@c I(V') by derivation on
U(g @ E71C[¢7Y]) and acts trivially on I,(V). This action descends down to a action
on Hy. Now this is clearly an integrable highest weight Cd x g-module hence also a
Cd x g-module. Hence by using the previous theorem, we get H, is irreducible as a
Cd x g-module. So it is also as a Cd x g-module. We need to show that it is also
irreducible as a g-module.

Let N be a g-submodule of Hy. We consider a decomposition of
Hy = @iez+Ha(i),
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where
HA(i) :={v e Hy:dv=—iv}.
We now observe that for any n € Z and z € g,
(fn ® JI)H)\@) C H)\(Z — n)

For any nonzero vector v € H,, consider the decomposition of v = > v;, where v; € H, (7).
We set [v] = > such that v; # 0. We choose a non zero vector v € N such that
|v°] < ||, for all nonzero vectors v € N. Then we get (£" @ z).0 = 0, for all n > 1 and
x € g. If not, then |(£" @ x).0° < [0°|, which is a contradiction to the choice of v°.

Next we claim that |[0°] = 0. If [v°] > 0, then take a nonzero component of v with
io > 0. By the above we get that (" ® x).v) =0, for all n > 1 and = € g. By using
Poincare-Birkoff-Witt theorem, we see that the Cd x g-submodule generated by v?o is
a proper Cd x g-submodule of H, which is a contradiction to the irreducibility of H,.
Thus we get |v°] = 0 and v° € H,(0). Again, the Poincare-Birkoff-Witt theorem tell us
that the Cd x g-submodule generated v is same as g-submodule generated by v°. Hence
N = H,. Thus H, is irreducible.

Define a g-submodule of H
HY = {v € Hy: (8 @EC[E]]).v = 0},

Then clearly as a g-submodule of H,, we have 1 ® V(\) = H,(0)°. We take the decom-
position of

H = P HA)".

i>0

Now for any 7 > 0, we claim that H,\(i)o = 0. If it is not, then the g-submodule of H,
generated by H A(z’)o will be proper, which is a contradiction since H, is irreducible. Thus
we get,

HY =1®@ V().
Now if H, and ‘H,, are isomorphic, then the corresponding H} and HfL are also isomorphic.

So we conclude that V' (A) and V(u) are isomorphic. From representation theory of finite
dimensional complex simple lie algebras, we immediately get,

Ay = Hjp-

Since A and 7i acts by the same scalar, we also get /):(c) = 1i(c). Thus X = 7i. This
completes the proof of the theorem. O

2.3 Energy momentum tensor and filtration

Fix a positive integer ¢. We define
Pr={ e P, :0<(0,\) <}
The dominant weights A are characterized by
w(A) < A,
for all elements w in the Weyl Group ( W ).
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2.3.1 Energy momentum tensor

We use the following notation

X(n) = X®,

ZX —nl

ne”L

where z is a variable.

The normal ordering 9 ¢ is defined as follows:

X(n)Y (m) if n <m,
X ()Y (m)y =1 5(X()Y(m) +Y(m)X(n))  if n=m,
Y (m)X(n) if n > m.

We also have,
°X(n)X(m)o = X(n)X(m) — népimo(X, X).c.

We define the Energy Momentum Tensor to be
dim g

LS o)

T =577 £

where J%’s form an orthonormal basis for the Lie algebra g under the normalized Cartan
Killing form (, ) and g¢* is the dual Cozeter number (to be defined) and ¢ is the Level.

We define the n'* Virasoro operator as follows:

dim g

L, = QMZZW m)J(n —m)2.

a=1 meZ

If n # 0, the operator L,, acts on H), and by the last identity we do not need the normal
ordering to define L,. So it can be defined as

dim g

L, = g+€ZZJa m)J(n —m).

a=1 mezZ
If n = 0, we need the normal ordering to define Ly. So we get,

dim g

L= (glJrE)Z(J“J“nLZJ“ T )>

We have the following :
= Z L,z""2
nez
Lyg is the generalization of the Casimir operator for the affine Lie algebra. We know that
the Casimir element belongs to the center of the U(g). So on simple g-modules it acts
by scalar multiplication. It is easy to compute the scalar for a irreducible highest weight
g-module.
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Lemma 5. A € P, and V(\) be the corresponding irreducible highest weight g-module
of highest weight \. Then the Casimir element ¢ acts by

(A A) +2(A, p)).id,
where p= 33 cav .

Now g acts on itself by adjoint. Under the adjoint representation, g is irreducible.
The highest weight of g considered as an ad(g)-module is 6. Define the dual Coxeter
number

g-=1+2(0,p).
So the action of the Casimir element ¢ on g considered as a ad(g)-module is given by the
scalar

0,0) +2(0,p) =2g".
We prove some very useful identities which we use for finding the commutation relation
with an element of the affine Lie algebra and the Virasoro operator L,,.

Lemma 6. For X € g; m,n € Z,
dim g

> {IX, I (m) I (n) + J(m)[X, J*)(n)} = 0,

where J*’s form an orthonormal basis for the Lie algebra g under the normalized Cartan
Killing form.

Proof. We know that the Cartan killing form is ad-invariant, i.e.
(X, Y], 2) +(V,[X, Z]) = 0,

for any element XY, Z € g. Using the normalized Cartan form and writing [X, J%] in
terms of the basis J"’s we get,

DO N m)I ) = Yy (X, I, ) (m) T (n)}

= = S X I I m) g (n))
dim gdim g

= =D D S m{n X T ()}
a=1 b=1
dim gdim g

= =) > Sm){(X, T, I ()}

:—Zﬁ X, J*)(n)
= —fﬁ X, 7% (n).

This completes the proof. n
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Proposition 2. For X € g and n,m € Z, we have
(Lo, X ()] = —mX(n+m)

Cy
Ly, L] = (n —m) Lyt + E(n3 — 1)0p4m.0,

_ {¢dimg
where ¢, = pra

Thus the L, ’s form a Virasoro algebra with central charge

¢dimg
g+

C, =

Proof. We prove the first statement, the proof of the second follows from similar compu-
tations as the proof of the first one

29"+ OX(m). L) = 3 (X ). 3000 — 3)2)
dim g

Z ZJ“ VI (n — j)] Zjan—J )J%(5)])

i>5
dim g

ZZ ). ()% (n = )] +ZZ ), (= )1 (7))

a1]>7

Let us consider the first term on the right hand side of the last equation

dim g

>3 IX( (7)J*(n — j)]

a=1 j<"

dim g

—ZZ

()] (n = j) + J*(7)[X (m), J*(n — 5)])

dim g

==E:}:GXNVWn+jNWn—j%%PUMXwWOn+n—J»
+ )N (X, T g0 (0 = §) + (X, TSm0 (7))

a=1 j<
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The second term of the righthand side of the first equation in the proof looks like
dim g

>3 X — 3)J°()]

alj>7

dim g

= Z Z ), J (= J)1J(7) + T (n = §)[X (m), J*(j)])

dim g

— . n
a=1 ]>§

=3 > (X INm 40— §)JG) + T (n = §)X, T (m + )

dim g

a1j>

+ 30N (0m(X, T msn g0 T () + (X, T 0 (0 — )

Putting 7 by n—j and reindexing, the first term on the right hand side of the last equation
can be rewritten as,

dim g

> Z (X, J)(m + §)J*(n — ) + J(H)[X, J)(m +n — j))

Putting things together we get,

dim g

> D [X(m), I (n = §)J° ()]

a1‘7>7

dim g

=22 (5T Um+ I (= )+ T (X I Tm o+ n = )

dim g

a1]>

+ D (mdX, T om0 *(F) + Em(X, TV om0 (0 — j))
Now,
dim g

a=1 j€EZ

DO (mdX, T omijio (0= §) + (X, J)omsn—j0d*(§)) = 2mEX (m + n)
In the next computation we use the following facts

([X,J,J*) =0, for all a
and the Casimir element of the adjoint representation is given by

dim g

> IIX, T, T = 20" X.

a=1
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So 2(g* + £)[ X (m), L,] can be rewritten as,

29" + O[X (m), L,
dimg
=2>" Z (X, JY(m + §)J*(n — §) + J*(H)[X, T (m +n — 7))
+Z (12, T m o+ 2)°(5) + T (X, T (m o+ 5)

N (Om(X, TSm0 (0 = ) + X, T) om0 (7))
a=1 jEZ
dim g

=2 Z (1, %1 + ) (n = ) + T ()X, T (m + n — )

+2ZJ” X, J9( m+ +Z X, J%, J%(m +n)

dim g

=23 Z (I, J9)(m + §)J(n — ) + J* ()X, J] (m +n — )
dimg

+2ZJ” )X, J( m+2)+29*X(m+n)

dmg

+ 0D (X, T (0 = ) + (X T (3)).

a=1 j€EZ

Let m > 0, we show

> (3 (X T4 )T (0 = ) + T G)X, T+ = ) + T()X, T*)(m + 3)

a= j<%

1
(m—1)g"X(m +n).
Using the lemma-6 we get,

dim g

> (Z (X T (m )7 (n = 5) + T G)X, T (m+ = ) + (5 5)[X, I (m —>)

a=1 J<E
dim g

= > D> AT m + DX I = 5) + T GIX TN m 40— )}

j— - n
a=1 ]<E

On the right hand side of the equation only the 1st term where § —m < j < & survives,
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rest all gets killed. Thus we are left with

dim g

So> —IMm A+ X, I (n - ).

1 n . _n
a=1 57m<]<§

Let us analyze this.

dimg dim g
YooY TUmENX SN —)) = Yo X I m ) (- ).
a=1 Z-m<j<yg a=1 3 -m<j<3g

Reindexing 7 by —j, we get

dzmj_; QX J(m +7)J*(n — j)
:(gj n;>n[X,J“](m—j)Ja(”+j)
) i 3 OOl (X )
_ i Z L0+ DX, T = ) + 70 + DX, T = )}

dim g

+ Z )X, I, J)(m + n)

dim g

= ¥ %{[X,Ja](m—jw“(nﬂ)+Ja(m+j)[X,J“](m—j)}

— n n

+ Z X, I, I (m +n) — > (n =1 1ix g9, g4 m + n)

N Z Z %{[X, JU(m = j)J(n + j) + J*(m + §)[X, J](m — j)}

dim g

|, J(m +n).

Pairing the terms on the right hand side of the above equation in opposite order, i.e. pair
the first one on the left with the last one on the right, the second one on the left with
the second to last one on the right and applying lemma-6, it follows that

dim g

3 Z {XJ“ — ) (n+j) + I (m+ j)X, J*(m — j)} = 0.

m—5>j>—% a=1
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Thus,

dim g dim g

> X sl = Y O )
_ (m; D f}gua, 1% X]|(m + n)
(Using the lemma on Casimir operators) = (m —1)g"X(m + n).

This completes the proof. The second claim follows the same way with little more com-
putations. 0

Corollary 1.

(L, X(2)] = zn(zdiz +n+1)X(z).

For I(2), f(2) € C((z)), let
X[f] = Res(X(2)f(2)dz)
and
70 = Res(T(2)(2)d2)
where £ = ¢(z)dz. Under this notation we get,
no, d
T[ﬁd—g] = E{:eos(%zz Ln§ 2£d_§)
na d
= B L)
= Lo.

Thus, if we identify the derivation with d = — Ly, we get a Ly action on H,. X[f] and
T'[¢] also acts on Hy.

Proposition 3.

X[f] = X @ f(€).
(710, X[f]] = =X[e(f)].
(71, Tlm]] = ~T(L m]] + 75 Res(¢"mdz = 0).

Proof. Let f(z) =>.o2 a;z". Then,

t=—ng

X[f] = Res(X(2). Y a2')

- Bfg(ZZX(m)z_m_l. i_o: a;z")
~ Xaf (€)-
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Let £(z) = oo ny Oi 2*. Then,
(T10, XA} = D _[biaLi, X @ f(£)]
= ibm[Li,X ® [(£)]
S izmﬂammxw
= ZZblHam —mX(m +1))
- —szbmam (m + 1)

= X [E[f]]-
Let m(z) = Y2, ¢;2', where m = mL.
(71, Tlm]] = > [js1 Ly mipa L]
k.j
= Z@Hmkﬂ[[ﬁa Lk]
k.j
= Z€j+1mk+1{(j — k)L Gk T 12(33 o j>5j+’“’0}'
Now,
d
Z( Z £j+1mk+1 —J)) an and
n j+k=n
D lamia (57 = )6jn0 = Y Gam_ i (5° = 4) = Res(fm( Jym(z)dz).
k.3 J
This completes the proof. n

2.3.2 Filtration on H,

In this section we define a filtration {F,} on the highest weight integrable g-module
coming from the derivation. We define

H(i) ={v € Hy: Lo.v = (Ax+1i).0},

where

D)+ 200 p)

A pr—
g 2(g* + )

Since for m > 0, J%(m) kills vy, we get
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dim g
1
L. _ a 70 a a
0-Ux (g +€>Z<JJ +ZJ )) U
1 dim g
= > g
2(g* + 0) ; o
A A +20p)

2(g* +0)
= A)\U)\.

LU\

For m > 0 and v € H,(0) we get,

Lemma 7.
LoX(—m).v = (Ax+m)X(—m).v.

Proof.
LoX(—m)wv = X(—m)Lo.v+ [Lo, X(—m)].v

= X(—m).Ayv+m.X(—m).w

= A\X(—m)v+m.X(—m)v

= (Ax+m)X(—m).v.

]

Lemma 8. For non negative integers my, mao, -+ ,my, v € Hy(0) and X1, Xo,--+ , X}, €
g we have,

LOXl(—ml) . -Xk(—mk).v = (A,\ + mq + mo 4+ 4+ mk)Xl(—ml) e Xk(—mk).v

Proof. The proof of the above is by induction on k. The base case follows from the
previous lemma and for the induction step we assume,

LoXl(—TTLl) e XZ(—mZ)v = (A)\ + mq + Mo + -+ mz)Xl(—ml) s XZ(—mz)v
Hence,
LOXl(_ml) o 'Xi+1(_mi+1)-v
= (Xi(=m1)Lo + [X1(=ma), Lo]) Xo(=m2) - -+ Xiy1(=mip1).0
= Xl(—ml)Lon(—mz) e ‘Xi+1(—m7;+1)-v + lel(—ml).Xz(—mz) e 'Xz'+1(—mz‘+1)-v
= (Ax+ma+ -+ mi) Xa(=my) Xo(—ma) - Xipa (=miy).v

+m1X1(—m1)X2(—m2) s Xi+1(—mi+1).v
= (A)\ + my + ™mo 4+ -+ ml)Xl(—ml) s XiJrl(—miJrl).’U.

39



Clearly
Hy = EPHAG).
=0

We define the filtration {F,H,} on H, to be,

F,Hy = ém@').

i=1

Define
H! = Homg(H,, C).

Hi\ naturally gets a right g-module structure. Also
Hy=[]H6).
i=0
We can define a filtration { FPHy} on H} by,
FPHL =[] HAT ).
i>p

The right module structure on H; can be converted to a left g-module structure by
defining the new action as

X(n).f = =fX(-n),
where f € Hi\ and X € g and n € Z. The action of X (n) and L, on H, are follows:
X(m)Hx(i) C Ha(i —m).

LmH)\(i) - H)\(l - m)

Define AT = —w(\) where w is the longest element of the Weyl group. We prove the
following which establishes relation between the left and right g-modules.

Proposition 4. There is a pairing ( | ) unique up to a constant multiple on Hy X Hyi
such that
(X (n)u,v) + (u, X(—n)v) = 0.

The pairing restricted to Hx(i) x Hyi (') is trivial if i # 4.
Proof. We prove the existence of the pairing by induction on the filtration of H, and
Hyi. For the case p = 0, we consider V(\) ® V(AT). It contains a trivial 1-dimensional

g-module generated by the element 0, ® 0. On it, we have a bilinear form ( | ) unique
up to a constant multiple which is an element of Homg4(V () @ V(AT), C).

Now assume that we have a bilinear form ( | ) € Homgy(F,H) ® F,H,:,C). We want
to define a form ( | ) € Homg(F,11Hx @ Fpp1Hyt, C).

Every element of F,1H, looks like X (—m)u for some u € Hy, X € g and m € Z*
and v € F11Ht+. Define

(X (—m)u,v) = —(u, X(m)v).
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Now X(m)v € Fyi1-mHy, so the right hand side is already defined. Thus the pairing
makes sense. We have the property that

(X (—m)u,v) + (u, X(m)v) = 0.
This pairing ( | ) satisfies the required properties. This completes the proof. H

Corollary 2. There is a canonical left g-module isomorphism between
H; ~ ﬁxr,

where 7?(” is the completion of the left g-module Hy: under the filtration {F,}.
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Chapter 3

Conformal Blocks and Propagation
of Vacua

3.1 Conformal blocks

Let
%:(C;QDQ%”' 7QN;77177]2"' 77]N)7

be the data associated to a N-pointed stable curve C as defined in section 1.1.2. In this
section we want to define the space of covacua associated to a curve and the conformal
blocks on X.

Let g be a complex simple Lie algebra, fix a non negative integer ¢ and consider the
set Py. For \; € P, define
)\ - {)\1,)\2,"' ,)\N} € PEN.

We define a new Lie algebra

gv = PeeC(E)) eC

j=1

where ¢ belongs to the center of the Lie algebra g. The commutation relation which
comes from the affine Lie algebra g defined component wise i.e.

X5 ® [3,Y; @ 9] = [X5. Y] @ f9; + (X5, Y)) Res g,

where f;, g; € C((&;)) and X, Y] € g.

We have shown in lemma 2 of section 1.2 that H°(C, O¢(* Zjvzl ();)) can be naturally
embedded inside &7, C((&;)) via the mapping ¢. Since the sum of the residues of a
meromorphic 1-form on a Nodal curve is 0, we define another Lie subalgebra of gy by,

9(X) =g H(C,0c(*

”MZ
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Let H,, be the highest weight integrable g;-module with highest weight \;, where
9, =90C((&)eCe

For each X we define,
Hs =Hx QHy\, @ @ Hyy-

Now Hy can be regarded as a gy-module under the component wise action. The action
on {X;[f:]} of g(X) is given by,

(X1®f17X2®f27"' 7XN®fN)-(U1 ®U2®"'®UN)

N
=) p(X; @) (1 @une--@uy)

j=1

N
=D 1@ @ (X ® f;)v) @ Dy,
=1

where

Xj ® fj €ge (C((gj))’ v; € HM
and p; is the representation which acts on the jth component.

Define
H;. = HOHl@(H)\l ® HAQ Q- HAN’ C)

We have a natural g-invariant bilinear pairing,
(,):H xHy— C.
(u, av) = (ua,v),
where u € Hy+, a € g and v € Hy. We can extend this pairing to a gy-invariant paring,
(,):HLxH; —C,
defined by
(M1 ®@ho®---®@hn), (11 ®Ua ® -+ @ Un)) = (h1,v1)(h2,va) - - (hn, vN),

where v; € 'H), and h; € H:r\ The pairing defined above is perfect. We now define the
space of covacua associated to X.

The space of covacua associated to X is defined as,
Vi(X) = Hz/9(X)Hx

or in other words the orbits of the g(X) action on Hy. We will prove that it is a vector
space of finite dimension.

The conformal block or the space of vacua associated to X is defined as,
V(%) = Home (V5(X),C).
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Remark: The space H°(C, Oc(* Zj\;l @;)) can be embedded inside &N C((&;))
under the condition (5) of definition in section 1.1.2. We will show that condition (5)
is not required as long as conformal blocks are concerned. This is because of the fact
that we can add a point with trivial representation. Due to propagation of vacua (to
be defined), the conformal block with an added point is canonically isomorphic to the
conformal block without the added point. So while working with conformal blocks we
can always assume that the condition (5) in the definition of stable N-pointed curves in
section 1.1.2 is always satisfied.

The bilinear pairing ( , ) also induces an perfect pairing between
(,):VHE) x V(%) — C.

We observe V;(%) satisfies the following condition which we state as lemma,

Lemma 9.

Vi) = {wenl: vgx) =0}

The condition in the above lemma is called the gauge condition. It plays a fundamental
part in the theory of conformal blocks. We define the data X for disconnected semistable
curves C' = C| |Cy. Let C) be a N; pointed semistable curves and X; be the data
associated to it,

xl:(OI;PhPQa'”7PN1;817827"'7SN1)
Similarly, let Cs be a Ny pointed semistable curves and X5 be the data associated to it,
:{2:(02;@17@27"' ﬂQNz;tlat27"' 7tN2)

Consider the curve C' = C}| | Cy. We define the data

X=%| |%
as,
X = (C;Pla-PQa"' 7PN1aQ17Q27“' ’QNQ;ShSQa'” 7SN17t1at27"' 7tN2)'

The data X satisfies the conditions in the definition in section 1.1.2 except the connectivity
of the curve. We can still define conformal block V;(%) and the space of covacua Vy(X).
The following proposition follows directly from the definition.

Proposition 5. Let )\ql lies in PZN ' and A; lies in PKNQ. With the above settings there are
canonical isomorphisms

Vi(.'f) ~ Vi (%)) ® V;Q(-”Q)»
X) = V5 (X1) @ Vg, (X2);

1

%
—

where X = (X1, X).
We state and prove the following from [Sor].
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Lemma 10. Let A be a Lie algebra and H be a A-module of finite type i.e. H = U(A).V,
where V' is a finite dimensional vector space. Suppose there exists a basis e; of A such
that the action of e; on H is locally finite (i.e. the vector space generated by the action
of the powers of e; on H is finite dimensional ). Let A, = {X € A|X.V =0} and K be
a Lie subalgebra of A such that (KK + Ay) has finite codimension in A. Then H/KH is

finite dimensional.

Theorem 7. The conformal block V;(%) and the space of covacua Vs (X) is finite dimen-
stonal.

Proof. We apply the above lemma to our present case by choosing K = g(X), A = gy
and ‘H = H;. Since we know that the representation Hy is locally finite, it satisfies the
conditions of the previous lemma. The Riemann-Roch theorem tell us that (g(X) +gn)
is of finite codimension in gy. Let e; be the elements such that

A=K+ A @ @Ce]

Thus we get,

UA) = Y UK - efVU(AL).

m1,ma, MmN

Now since A, acts trivially on V', we get U(A,)V = V. Thus

H= > UK ey V.

mi,mz, -, MmN

Since e;’s act on V' locally finitely, we get L= > el - - elyN.V is finite dimen-

mi,ma, ,MN
sional. Thus H = U(K)L, where L is finite dimensional. Now there is a surjection from
L — H/KH. This completes the proof. O

3.2 Propagation of vacua

We start with the usual data

%:<C;Q17Q27”' 7QN;7717772"’ 777N)

We now add a new point and take the trivial representation corresponding to that point;
so on the same curve C' we have N + 1 marked points. The new data is denoted by

%: (Ca Q1>Q27"' 7QN7QN+1;7717772"' 777N7?7N+1)7

where P = Q41 is the new added point and 7y, is_the formal neighborhood around
the point P. The conformal block corresponding to X is denoted by VT . We have a

natural mapping

t:Hy — H;®Ho,
v — v®O0p,
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where Op is the primitive element of the trivial representation at the point P. The map
¢ induces a surjection,

T HL ®HT—>HT

which when restricted descends to a map
~. yt (x T
L: VX,O(%) — HX‘

We claim that the target space is actually V;(%)

Lemma 11. The mapping © induced from the bilinear pairing is actually a map from

~. b (¥ T
71 VLX) = Vi),

Proof. Let U = 7(¥). We need to show that 7(¥) satisfies the gauge condition or in other

words
> Ty (X1f]) = 0

on Hs, for all X € g and for all f € H(C,Oc(x* Z;VZI Q;)). The proof follows easily

from the gauge condition on W. Choose a function f € H°(C, O¢(* Z;VZI Q;)). Since
the function does not have any poles at the point P, we can consider f as an element of
H°(C, Oc(* ZNH Q);)). Now by the gauge condition on ¥ we know that for u ® Op €

H;5 ® Hyp, we have
N+1

> (W, (X[ (u®0)) =0.

j=1
Since the function is holomorphic at the point P and the representation corresponding
to the point P is trivial; we get py41(X[f]).0p = 0. Thus for u® 0p € Hy ® Ho, we have

N
Z (U, pi (X[f1)(w® 0p)) + (¥, prsa (X[f])0p) = 0.
Thus,
N
Z (W, pj(X u®0p)) =0
7=1
So we get,
N
> (W pi(X[fD(w) =0
7j=1
This completes the proof. O

Next we claim the map 7 is injective.

Lemma 12. _
T v;.’o(ae) — V(%)

X
18 1njective.
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Proof. With the notation same as that of the previous lemma we need to show that if
U = 0 on Hy, then ¥ is zero on Hy ® Hy. We prove it by induction on the filtration {F,}
of Hy. For the base case we know that

(U, u®0p) = (U, u);

where u € Hy. But by assumption (U, u) = 0. So the base case is done. Assume for u®v
the lemma is true, where u € Hy and v € F,Hy. In other words,

(W, u®wv) =0.

Now any element of F},,1H, can be written as X (—m)v; where m is a nonnegative integer
and v € F,Hy. We now choose a function f € H°(C, O (x Zj\f:ﬁl(Q]))) such that at the
point P we get,

1

)
nm

f

mod (n
where M is a non negative integer such that for all £ > M,
(X @n").w=0;
for v € F,Hy. Such an M exists due to the local nilpotentcy for the action of the element
X. The number M depends upon the vector v and the element X of the Lie algebra g.
By gauge symmetry
N
= =) (U (X[ uww)
j=1
= 0 ( By induction hypotheses ).
For any element u ® v and v € Hy, we have proved
(U, u®v)=0.

Hence V is zero on ‘Hy ® Hy. Thus the map 7 is injective. This completes the proof. [
We recall some identity before we move on investigating further the map 7. We know
that for n even
n—1
(1) = -2
i=1

and for n odd we get



Gauge symmetry tell us,
(W, (X[D"(u®wv) = 0
= X (1) ey (K1)

= (U, (X[fD)"u©v) + (¥, u® (X[f])"v)

n—1

+ (n) (W, (X[ ue (X[f]) ).

=1

Similarly for 1 < k& < n, by gauge symmetry and similar techniques; we get

(W, (X" F. (e (X)) = 0

S(n—k n—k—j Ek+j
_ ( j )@,(X[f]) w® (XU 0).

J

We use another identity for 0 < k <nand 0 < k+j <n:

,Zj;(_”(kii) (=)= (5)

Now for n even, using the previous computation we get,

- (7{) (W, (XU (w® (X[f])0)) - (Z) 0, (XL (u ® (Xf])20))
' (Z)“’ (XD (w® (XUD0)) ~ <—1)”(nﬁ1)<\1f XI[f)-(w e (X[f)""0)

Again by gauge symmetry;

n—1

3 (”) (S, (XU (u @ (X[f]))) = 0.

- 7
=1
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So we have,

WX o) — Y (

= —(V,u® (X[f])"v) + (¥ (X[f])"u®v) ifn is even,
= (U, u® (X[f)"v) + (¥ (X[f])"u®wv) ifnisodd.

Let f be a function with a simple pole at the last marked point on a curve. We have
proved the following lemma.

Lemma 13.

(W, u® (X[ f))"0) = (V,u @ (Xe(—l))"‘v>

— (_1)"2 <n1|n2 ) Hpj (Xolf])™.u®v),

where 11 is the collection of all N-tuples of nonnegative integers such that their sum is n.

In the next lemma we show that the mapping 7 is also surjective. We prove it by
explicitly constructing an element Ve VT (%) corresponding to an element U € Vi (%)

Lemma 14.

~. i (x T
L VX,O(%) — Vx(%)

18 surjective.

Proof. Given an element ¥ € Vi(.'{), we construct an element ¥ € V;i»o(.'%). We do this

by induction on the filtration {F,} of the Verma module M, corresponding to the trivial
representation and forcing the gauge symmetry. We will later on show that the action of
the element constructed descends to an action on Hj; ®@ H.

For the base case, we want to define the linear functional U as
<@7U®OP> = <\Ij7u>
The right hand side is well defined and for

f € H(C,0c(x ) Q)

we get,
D AV (X[Mu©0p) = D (W, pi(X[f)))

( By gauge symmetry ) =
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Assume that W is defined for H; ® F,Mj and with the condition that
N ~
> (W pi(X[f)u@v) =0;

Jj=1

for w € Hy, v € Fy,Mp and [ € H°(C,Oc(x Zjvzl Q;)). We will now define ¥ on
Hy ® F,y1My. Any element of F, 1M, can be written as X (—m)v for some nonnegative
integer m and for some v € F,M,. We choose a function f € H°(C,O¢(x Zj\gl(Q])))
such that at the point P:

1

f=—- mod (n"),
n
where M is a non negative integer such that,
(X @n")w=0,

for v € F, My. Such an M exists due to the local nilpotentcy of the action of the element
X. Let us define

(V0@ X(=m)o); = =Y (U, p;(X[f])u@0).

j=1
The right hand side is already defined, so the definition makes sense but we still need to
check that it does not depend upon the choice of the function f.

Let g be another function satisfying the same properties as that of the function f.

We consider the function h = f — g. This function does not have any poles at the point
P and hence defines an element of H°(C, O¢(x Zjvzl ();)). By induction we have,

> (U, pi(X[h]).u® v) =0.

=1

Thus we get,

g

which implies that the definition is independent of the choice of the function f satisfying
the required conditions.

We have to check for g € H°(C, O (x Z;VZI Q;));
N ~
> (T, pi(X[g))u @ w) =0,
j=1

where w € Fj,;1 M, and v € H,. This follows from the definition since any w is of the
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form w = X (—m)v; where m and v are as before. Now,

Z (0, p;(X[ghu® X(~m)v) = ZZ (W, pr(X[f])p; (X[g])-(u @)

( By commutation relations ) = — Z <\T/,pj(X[g])pk(X[f]).(u ®v))

= 0.

This proves the induction step. Also observe that the gauge symmetry is built into the

definition. We can show that
N+1

> Tpy(X[) =0

on Hy ® F, 1My, where h € H(C, Oc(* ZN+1 Q;)). This follows from the definition

since,
N

(U0 ® py1 (X[A)X (=m)v) = =D (W, p;(X[h]).u @ X (=m)v).

J=1

Next we show that the element ¥ obeys the Lie algebra relations. In other words we
need to show,

(U, u ® X(=m)Y (~ma)v) — (U, u® Y (—ma) X (—mq)v)
= <\Dv u® ([X> Y](_ml - m2) + €'<X> Y>'(_m1)5m1+m2,0)v>'

We choose elements
N+1

f?.g € HO(C? OC(* Z Qj))a

j=1

such that it obeys the previous condition for m = m; and m = my respectively. Thus by
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definition we get,

For j # k, the element p;(X[f]) and py(Y[f]) commutes. Thus there is cancelation of
similar terms. The only interesting case which remains is the case when j = k. Using
commutation rules we get,

(U, u ® X(=m)Y (=ma)v) — (U, u® Y (—ma) X (—my)v)
= (V,u® ([X,Y](—m1 — mg) + (X, Y).(—m1) 0y 1ms.0)V)-

Thus we have shown that ¥ can be defined as a linear functional from H; ® Mg to C.

It needs to be checked that ¥ descends to a linear functional on H;®Ho where u € Hy,
and 0 is a long root of g. We need to prove the following:

(U, u® (Xo(—1))*.0p) = 0.

We first prove the above for large enough n. We know that g acts locally nilpontently
on the highest weight integrable representations. So, for u € Hy there is an integer n
depending on u such that for all £ > n/N. We get

pi(Xo[f])*.0p =0,

where we choose f as in the previous proof with the condition that m = 1. Thus by using
lemma-13 for v = 0p, we have

(0,0 ® (X[ f])".0) = (¥, u ® (Xp(~1))".0)

= (=1)" Z (—nlan!n.!_ .nN!> <H pi(Xo[f1)" .u®0)

= 0,

where
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Let us recall the definition of principal three dimensional Lie subalgebra T of g.

ti=goRE T @g aREDC(c—0Y),

where gy is the root space corresponding to the highest root 6 and ¥ € b is the coroot
corresponding to 6.

We take xy € gy and yy € g_g satisfying (zg, yy) = 1. This subalgebra t is isomorphic
to sly(C) under the identification, X — ¢y @€, Y — 2@ and H — ¢ — 6.

Now since Op is the trivial representation of the Lie algebra g and ¢ acts on the
representation by ¢ we have,
H.Op = C.Op = EOP

Define a new vector subspace U of the Verma Module M, by
U:=> CXy(—1)".0p.
k=1

By a simple computation, we see that the following holds
HY*0p = (£—2k)Y*0p,
XY 0p = (k6K +k)Y" 1 0p.

From the above calculation, it follows that the vector space U is a v = sly(C) module.
We define B
Up:={velU: (V,uxv) =0},

for all u € H;. By the identity we see that Uy is also a v module. For large enough integer
m, we see that Y™.0p € Uy . Thus the quotient space U/Uj is a finite dimensional ¢
module. Let 0p be the image of 0p in U/Uy. Then we have

H.0p = (0p.
Hence from sly(C) representation theory,
Y& .0p = 0p.

This implies that N
(U, u® Xp(—1)"1.0p) = 0.

So U e V,T?o(:%) and 7(¥) = U. This completes the proof. O

So combining the previous three lemmas we have proved the following important
theorem often known as the propagation of vacua.

Theorem 8. The canonical surjection v is actually a canonical isomorphism between
Ty ~ Pl
VXO(%) i~ VX(%).
Corollary 3. There is a canonical isomorphism between

Vio(®) = Vy(%).
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Chapter 4

Correlation Function and some
global meromorphic forms on
semistable curves

4.1 Correlation functions

Let C be a semistable curve and we be the dualizing sheaf. Let O™ be the product of

M copies of the curve.
M

M —TxCx--x0. (4.1)

Since CM is locally a complete intersection and has singularities of codimension one, we
can define the dualizing sheaf weanof CM and in this case

WoM = w?M.

wg™ = 77 (we) @ T3 (we) ® - - @ Ty (wo),

M

where 7; is the projection to the ith factor from C™ to C.

We define the 7, j-th diagonal
Aij:{(PbP%“' 7PM)PZ:ID]}

Fix a N-pointed semistable curve C' and marked @1, Qs,--- ,Qn. We have the following
data:

X=(C;Q1,Q, - ,QN;M,M2, -+ ,7N)-
Let Py, P, --- , Py, Ppriq be points on the curve C' and define the following:

%:(C;QMQ?’”' JQN7P17P27"’ 7PM;77177727"' 777N+M)

consisting of the points @);’s and the first M of the P;’s. For all ;s and all points P;’s
on the curve we have,

X = (C;Q17Q27”' 7QN7P17P27“' JPM7PM+1;77177727"' 777N+M777N+M+1)
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Let

—

A= (Aly)\%'” a)\N)
as before; where \; € P,. Similarly define

6M:(O707 7O>7

where 0 is the weight associated to the trivial representation of the Lie algebra g and
6M+1 = (0,0, T 70)
—_——
M+1

By the propagation of vacua consider the following isomorphism:
T VHE) =2 VL ().
Similarly consider the isomorphism

Vi () =V (%)

O = T X0m

Using the above maps define the element W = 73, (¥) and also define ¥ = 7;(¥). Let z be
a variable. The one form given by (¥, X (2)®)dz; has a local expansion around a point
Q;. For ¥ ¢ Vi (X) and ® € Hy ® Hg,, the local expansion about a point @); is given
by,

D (W, pi (X (n))@)&dg.

nez

For each j define
wi =Y (U, p;(X(n)) @& d;.

nez

Locally w; defines a meromorphic form on the curve C around the point ;. We first
proceed with a lemma that defines an element of the cotangent space to the curve C' at
a point P with parameter 7.

Lemma 15. Foru € H; ® Hg, and X € g
(U, T @ X (~1)0p)dn
defines an element of TEC' and s independent of the choice of the local parameter 1.

Proof. We know that X (n) acts locally nilpotently on Hy. Let n; be integers such that
pi(X ®&™).0 = 0. Consider a function f € H(x(P + Q1)) such that

1
= — + regular at P and
n
= 0 mod (£") at Q; for all j # 1,
where & = n;7(€).
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We have by gauge symmetry,

Thus, we get

> (<\Tf,pj(X[f])ﬂ®0p>> + (0, U ® pp(X[f])0p) = 0.

Then, (U, ® pp(X[f])0p) = (¥,7® 0p)
N+M

= = 2 (W (X[f)a e 0p)
= (U, pu(X[f)E ® Op).

If there is a holomorphic change of coordinates, or in other words if

?]/ = Z a’ini7
i=1
where a; # 0. Then

! (0,7 ® X(—1).0p)

(0,7@ X(~1)0p); = - ,

which depends only on the first order deformation of the coordinates. Thus we see that
(¥, u® X(—1)0p)dn defines an element of T5C. Further dn = a,dn, we get

(0,7 ® X(—1)0p)dif = (U, 7 ® X(—1)0p),dn.
Hence it is independent of the choice of the local holomorphic coordinates. O

Lemma 16. The w;’s defined earlier comes form a global holomorphic form

N+M

w € HY(C,we(* Z Q;))
i=1
such that
t(w> = (wlaw2a Tt 7wN+M)7

where the mapping t = @;V:JEMtj and t; is defined as the Laurent expansion of w around
the point Q;.

Proof. If we are able to show that for any function f € H°(C,O¢(* Zjvth Q,)), the
residue pairing defined earlier is zero; then we are done since HO(C, Og(x SN+ Q;))

7=1
and H(C,we(x S Q;)) are annihilators of each other.

o7



Let t;(f) = f; and f;(§;) = an—no a;n&;". We need to show that

N+M

> Res [j(§)w;dé; = 0.
=1

But
N+M N+M
> Resfi(&widsy = 3 D (W pi(X ()@
j=1 7j=1 né€ezZ

= (U, X @t(f).®)
= 0.

Since by gauge symmetry, we get 0. (X®t(f)) = 0. Thus there exists w € H*(C,w¢ (x ZfVTM Q;))
such that t(w) = (w1, wa, -+ ,wnyar). This completes the proof. ]

Next we try to relate the form w as cotangent vector to a point P on the curve with
the cotangent vector in the first lemma given by (¥, u ® X (—1)0p)dn.

Lemma 17. As cotangent vectors to a point P on the curve C, we get w and (¥, T ® X (—1)0p)dn
coincide.

Proof. Since w is holomorphic at the point P, the value of w at the point can be computed
by Resp %w, where 7) is the parameter at the point P.

We know that X(n) acts locally nilpotently on Hy. Let n; be integers such that
p;i(X®&™).u =0 and fw be holomorphic at the point @;, for j # i. Consider a function
f € H°(x(P + @Q;)) on the curve C such that,

1
f = —+ regular at P and
Ui

f = 0 mod (§) at Q;, for all j # i where §; =1~ L),

We have by gauge symmetry,
so we get

Thus we have

Z ( (XUDES0R) )+ (8,76 pr(X)0) =0

Hence, (U, 0@ pp(X[f))0p) = (U, 7® X(—1).0p)
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We also have,

Rpes(lw) = R}gs(fw)
N+M

= - ; Res(fw)

= —Res(fw)

=~ Res (6) ST X ()TN

&=0 p
= —@,pi(X[f])ﬂ)
= —(, pi(X[f])a)
= (U, 7® X(—1).0p).
]

Let t =u® X1(—1)0p, ® Xo(—1)0p, ® - - - @ Xps(—1)0p,, where X/s € g and P;’s are
points on the curve. Then our above discussion shows that for all ¢, 5, k,m; P; # (); and
P # P,,; the element

(U, @)y - - dnas
defines an element of T5 C @ T C ® --- @ Tp C.

Since the points where that form has poles has codimension greater than equal to 2.
By Hartog’s theorem, we conclude it is an element of

HOCH (Y w8+ 305 (0
1<J i=1 j=1
A holomorphic section of the above sheaf is denoted by,
(U, X1 (P1)Xo(Py) -+ - Xpr(Pap)uydPidPs - - - dPyy.

Combining the three lemma’s and the above discussions we have proved the following
theorem:

Theorem 9. Let ¥ € V;(%); X1, Xy, , Xy € g and ® € H;. Define the element

of
M N
M
H(CM,w & Z*A” +ZZ*TF (@)
1<j i=1 j=1
where

Ay ={(Pr, P, -+, Pu): P, = P;}.
The form F has the following properties:
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(1) when M = 0 then it is the canonical pairing,
(2) F is linear in ® and multi-linear in X,

(8) For o € Sy the form F is independent under the action of o; where Sy is the
permutation group on M letters.

For X € g and & = n; ' (€), let us consider
(W, X (&) X1(P)X2(Py) -+ - Xng (Por)-®)de.
Using lemma-16, it can be expressed in the form of
(U, X (&)-X1(—1)0p, @ Xo(—1)0p, @ - - - @ Xps(—1)0p,,.P)dE.
It can be rewritten as,

(U, X (&) X1(=1)0p, © X5(=1)0p, @ - - - @ Xpr(=1)0p,, @ ®)dé
= D (WX (=1)0p, ® Xa(=1)0p, @ -+ ® Xar(=1)0p,, (X (n)) )& d&

neL

= > (U, X1 (P)Xa(Py) -+ Xar(Par)pi(X (n)) )& " d.

nez
So from the above computation, we get the following theorem:

Theorem 10.
Res (610, X(€) X R)Xa(P) -+ Xua(Pr).0) )

= (U, X0 (P1) Xao(Py) - - - Xar (Pur)-(px (X (). D).
Using the above theorem we can get a local meromorphic expansion

(W, X (&) X1 (P1) Xo () - X (Por)- @)
= (U, X1 (P) X(Py) -+ Xas(Par)-(pr(X (). @) & d&.

neL

Let P be a point on the curve C' and U be a coordinate neighborhood of P with
coordinate z centered at P. P’ be another point in U close to P and w = z — z(P’) be a
coordinate of the point P’. Consider the function

N+M

feH(C,Oc(x(P+ > Q)

i=1
such that .
f = — +regular at P.
z
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We can adjust the coordinate z such that f = % at the point P. Also let a = z(P’), so
the expansion of f around the point P’ looks like

f =

= 1(1__+__...)_

a a a?
Consider the following element of T5(C) @ T3, (C)
(U, X (=1)0p @ Y(=1)0p @ ®)dzduw,

where
O =X;(—1)0p, ® Xo(—1)0p, ® -+ @ Xps(—1)0p,, @ O

and U* is the image of ¥ under the propagation of vacua. By gauge symmetry, we get
U* X[f] =0.

which implies
U X[f.(0p @ Y (=1)0pr @ ®) = 0.

Now,

(T, p1 (X[f))0p ® Y(~1)0p © ®)
— (U, X (=1)0p © Y (=1)0p @ D)

== % (@Y (10000 (XL ) + (F,pr(XUDY (100 0 D).

The first term on the right hand side in the above expression

N+M

> (@Y (=100 @ oy (X))
can be rewritten as
> (0Y (P).pi(X[f)D);

which is holomorphic at the point P’. The second term can be simplified and expanded
in the following way:
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1 1

XY (1)0pr = (X @ ———)(V(-))0p
1 1 1 1
= (X @),V ()0p + YV ()X @ ——)0p
= [(X® =), Y(l0p + V()X © (1 2 45— ))0p
— (Yo )Y (e
- (X ),

The above computation can be summarized in the form of the following theorem.

Theorem 11. For a local coordinate z at a nonsingular point P on the curve C we have
the following

(U, X(P)Y (P').X1(P) X2 (Py) - - Xag (Par)-@)

O LxY)
= (P = Z(lp,))2)<q]aX1(Pl>X2(P2) X (Pay). D)
—i—m(\ﬁ, (X, Y](P").X1(P)X2(Py) - - - Xpr(Pa). D)

+ regular at P = P'.

Let z be a local coordinate centered at the point (); on the curve C' and P be a
point near @);. As before w = z — z(Q;) be the coordinate centered at the P. For
velV;=V, @V, ® - ®@V\, CHs; where V), = H,,(0) =1 ® V(\;). We consider the
following;: R

(U, X(—1)0p ® v)dz,
where

V= X1(_1)0P1 & XQ(_]-)OPQ - XM(_1>OP1\/1 Q0.

Counsider a function
N+M

f e HY(C,Oc(+(P + ) Q)
i=1
such that 1
f = — +regular at P.
w
We can adjust the coordinate z such that f = % at the point P. Also let a = 2(Q;). So
the expansion of f around the point Q); looks like,

;o= 1

w—a-+a




We have by gauge symmetry

vX[f1=0
So we get,
U.X[f1(0p ® D) = 0.
Thus,
Z ((\Tl,pj(X[f])i?@ 0p>> + (U, 7@ pp(X[f])0p) =
Hence,

(0,7 @ pp(X[f])0p)
= (0,7 ® X(—1).0p)

= — Z (T, p;(X[f])D)
= (T X[ — 3 (W py(X[f))7)-
j#i, j=1

The first term on the right hand side of the equation gives %(\TJ, pi(X)v) and the
second term is holomorphic in ();. Thus the above computation can be summarized in
the form of the following theorem.

Theorem 12. For a local coordinate z at a point QQ; on the curve C we have the following:

1
_ m(m,xl(a))@(g) e Xy (Pag)pri(X)0)

+ reqular at P = Q);.

The function F' is called the correlation function of currents and plays an important
role in the decomposition of conformal blocks. We started with a simple looking mero-
morphic form and it turns from our above discussion that the poles of that form is rather
well behaved. In the next section we compute the correlation function for the projective
line P! and a one pointed elliptic curve. We end this section by stating a theorem without
proof which tell us about the connection of this form with the Energy Momentum Tensor.

Define

2—;im i YY) J(w zdw
(U, T(2)®)dz* = ) lim ( > (U, T (2) ] (w).D)dzd

_ L.dimg

oo (I)}dzdw) .
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where Jt, J2,--- , J%, -+ J9M9 ig an orthonormal basis of g with respect to the normal-
ized Cartan Killing form ( , ). Then the following holds and can be proved by direct
computation:

Proposition 6.

Res (@"H@IJ,T(&)cI»)dsk = (W, p(L,) D).
ot
So we have an expansion,

(U, ®)d> =D (¥, pr(Ln). )" 2G>,

nel

4.2  Correlation functions for N-pointed projective
line P!

Let z be a global coordinate of C and 2z, 29, 23,--- , 2y be N points on the projective
space P! and & be the local-coordinate at the point z;. In this case we can explicitly
write &; as

&=

{z—zi if z; # o0,

Let
%: (]P)l;zb"' 7ZN;£17£2a”' 7§N)

be the data associated to the N-pointed projective line P*.
Proposition 7. Let Vi = (Vy, ® V), ® --- ® V), ), where
X= (A, -, \y) €PN
The restriction map
Home(Hy, C) — Home(Vy, C)

induces an injective homomorphism

L V}(%) — Homy(Vy, C).

Proof. First we show that we land up in the right target space. For ¥ € V/T\.(%) and X € g

we have
N

> (X ®1)=0.

j=1

Since the action of g on a 1 dimensional g-module is trivial, we get the image ¢ lies in
Homg(Vx, C)

If «(¥) = 0, by induction on F,Hy, we show that W restricted to F,Hy is 0.
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For p = 0, this is true by the assumption ¢(¥) = 0. Now by induction, assume W
restricted to F,;H; = 0. Now any element ® of F},|H; can be written as

pj(X(=n))v, wve F,(Hy),
for some j and a positive integer n. Consider the function
1
(z = 2)"

Observe that these function f does not have any other poles except at the point z = z;.
Then,

f=
(W) = (V.p,
= (U

= 0 ( By induction ).

We list down some computation on the dimension of conformal blocks on P!.

(1) For N =1 and A # 0, we have

Vi(x) =o0.
(2) For N = 2, we have

Vi, (X)=C if p=A,
other wise 0.

(3) For N =3 and X = (u, v, \), we have

V;(%) ~ Wx.

where

Wy = {¢ € Homy(V5.C)| condition (*) },
The condition (x) is defined below. Let

t=CXydpCX_ 4y (C[Xg, X_g]

be the principal three-dimensional subalgebra of g.

02

Vi = @ Wi
=0
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be the irreducible decomposition as a t-module. Then the condition (x) is given by,
\II|Wu,k®Wu,i®W)\,j =0, Zf k+i +7> l.

For a proof of above we refer to [Beau].

There is no holomorphic one form on P'. For X € g and v € H;(0), if none of the
points are oo, we get from theorem 12

(U, X (2) :ZN:

We compute the residue at the points z; (z; could be co) of (¥, X (z).v)dz. We know that
the form can be expanded in local coordinates around z; as

D (W pi(X ())&

nez

(X).v)dz.

The residue at z; is
§E§<‘I’»X(§i)-v>d§i = (¥, pi(X).v).

The sum of the residues is
N

> (T, pi(X)0) = T.X(v).

i=1
By gauge symmetry, we know that W.X = 0. The expression
1

Z—Zj

(W, pj(X).v)dz

does not have poles at any other point zp, where k ## j. This is true since

1 1

zZ— 2z 2= 2+t 2k — 2
1 Z— 2k Z— ZE\2
2k — % 2k — % Rk — %5

is holomorphic. Now if one of the points say z; is infinity, we consider the form

= (¥, X(z).v)dz —

The residue of the form ZJ e (W, p;(X).w)dz at infinity is — Z?ZQ(\IJ, p;(X).v). But
by gauge symmetry, we know it is same as (¥, p;(X).v). We have already shown that
the residue of the form (¥, X (z).v)dz at the point z; = oo is also (¥, p;(X).v). Thus the
residues of the form w at all the z;’s is zero. Now since there are no holomorphic 1-forms

on P!, we get
N

(U, X(2).v)dz — Z
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Let X,Y € gand ¥ € V}L\»(f{) and v € H;(0). Now let a = 2(P) — z(w). Modify it a
little bit to get a = z(P) — z+ 2z — z(P’), where z is centered at the point P. So z(P) =0
and w = z — z(P’) is a coordinate centered around P’. Thus, we get a = z — w. From
the theorem 11 on correlation functions we get,

AT
(z —w)? zZ—w
+ poles at z = z;.

(U, X(2)Y (w).v)dzdw =

(U, [ X, Y](w).v)dzdw

(¥, X(2)Y (w).v)dzdw has simple poles at the points z = z;. Assume that none of the
z;’s are infinity. The residue of the form at z; is (¥, Y (—1)0p ® p;(X)v). Since there are
no holomorphic one forms on P! x P!, we get the form

(U, X(2)Y (w).v)dzdw

looks like,

If one of the z; say z; = oo, we get by gauge symmetry and computing residues.

(U, X(2)Y (w)w)dzdw = ————(V,0) (U, [ X, Y](w).v)dzdw

(= ) Z—w

S Y (). (X))

I\

Now we are interested in the special case when X =Y. Using the above computations
we get,

(U, X (2) X (w).v)dzdw = %(\II, v)dzdw + ﬁ(\p, (X, X](w).v)dzdw
; z —1 zj (W, X (w).p;j(X).v)dzdw
= HX, X) (U, v)dzdw
(z—w)?
+ZZ (z — Zj)l(z ) (U, pr(X)p; (X)v)dzdw



By the definition of the correlation function for the energy momentum tensor we
conclude,

N dim g
k=

(0T ()02 = s S oy Z_Zk) S, (J)p; (%) 0)d2?

1 j=1 a=1

4.3 Correlation function for 1-pointed elliptic curve

Let z be a global coordinate of the complex plane C and 0 be the origin. For simplicity
let 0 be the marked point of the elliptic curve. Since the genus of elliptic curve is 1, we
know that there is only one global holomorphic one form on the elliptic curve generated

by Cdz.

Also we know from complex analysis that there is no meromorphic function on the
elliptic curves with a single simple pole. The Weierstrass g function is one such function
which has a pole of order two at the origin and is given by the following expression:

1
+ ;0 ( (z —w) wz)’
where I' is the lattice such that £ = C/T". Let X is the data associated to 1-pointed
Elliptic curve. For X € g, v € H,(0) and ¥ € V] (X), we consider the meromorphic one
form (U, X (2).v)dz. By the theorem 9 we know that this has poles only at the origin.
Taking the Laurent series expansion around the origin, we can write it as

(U, X (2)v)dz = Z(W,X(n)v)z‘"‘ldz

= Z(QJ, X(—n)v)z""tdz

n>0

Since the meromorphic form cannot have a single simple pole at the origin, we have
(U, X.v) = 0. This implies that the form is holomorphic. By our remark, we know that
the form should look like kdz; where k € C. So this implies (¥, X (—n).v) =0 if n # 1.
Thus, we get

(U, X (2)v)dz = (¥, X (—1)v)dz.

Let X € g and w be a global coordinate centered at the point P # 0. We want to
compute the form (¥, X (z) X (w).v)dzdw. From the proof of theorem 11, we get

0(X, X)

(T, X(=1)0p @ X (=1)0p @ v) = ——L(T 0) — (¥, X (=1)0p © X(=1)v).

a
Now let us consider the term (¥, X (—1)0p @ X(—1)v). By gauge symmetry, this is same
as —(¥, X(—1).X(—1)v). Thus we get

(0, X (2) X (w)-ohdedw = S 0y ) dedw + (0, X (—1).X(<1).0)d=duw.

(2 —w)
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From the definition of (¥, T'(z).v)dz? and using the above computation

dim g

> (W, T (=1).J(~1)v)dz.

a=1

1

<\I’, T(Z).U>d2’2 = m

Thus we see that the form is actually homomorphic and has no poles at 0.
Again by proposition-6
(U, T(2)0)dz> = > (U, L)z 2d2".
nez
Now for n > 0, we know that L,.v = 0. So the above expression can be rewritten as,
(U, T(2).w)dz* = Z(\I/,an>z_"_2d22

n<0

= (U, Low)z 2dz* + (¥, L_1.w)z td2? + (U, L_y.v)d2? - - -

Since the form is holomorphic, we get

(U, T(2).v)dz* = (¥, L_y.v)dz>.
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Chapter 5

Decomposition of Conformal Blocks

5.1 Factorization

In this section we describe a decomposition of conformal blocks. We state and give a
proof of the Factorization theorem of conformal blocks. The conformal block of a pointed
stable curve is intimately connected with the normalization of the curve. We start with
a N-pointed stable curve C' and we have the following data.

%:(C;QDQ%”' 7QN;771an2"' 777N)

For simplicity assume that the curve C' has a single node P. Let C be its normalization

and B
v:C —C

such that v=Y(P) = {P’, P"}.

Associated to a curve C , we have another data

%: (5;P,7P//7QlaQ27"' 7@]\7;77/777”77717772"' 777]\7);

where ' and n” are formal parameter at the new added points. For p € P, and w, the
longest element of the Weyl Group, we set

We also have
w(AT) = A",

For the new added points P’ and P” to the normalization C of the N -pointed nodal
curve C, consider the representation p and u'; where i € P,. The conformal block for
the above data is denoted by B

Vi (X).

ot X

We would like to connect it with the original conformal block V;(%) associated to the
data X. We have the following theorem which gives a decomposition of conformal blocks
over a curve into conformal blocks over a curve with lower genus.
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Figure 5.1: Normalization of a curve at P
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Theorem 13. (Factorization)
For a N-pointed stable curve C' and the following data

x:(O;QhQQa”' 7QN;7]17772"' 777N>

Let C be its normalization and we the following data

%: (5;P,7PH7Q1’Q27"' 7QN;n/777”777177727"' anN)'

We have a canonical isomorphism

Py () =Vix).

INTION
HEP,

We prove the theorem in various steps. First we construct injective maps
LoV (X)) - V).
STNT:

Then we paste these maps together to get a map

T=a@ T
L= LM @ u;ﬂ)\ X(:{)

HEP,

Then we show the map 7 is injective and surjective respectively. Let us start by
defining the map 7,,. Let 0, ,+ be the generator of the g-module V,, ® V,+. The action of
gon0,, is given by

P1 (X)Ou,;ﬁ + p2<X)0,u,,uT = 0;

where X is an arbitrary element of the Lie algebra g. The g-module H, .+ x contains
Owﬂ ® Hx, 1.e.
H}L,}LT,X D0, ® Hy =~ Hs.
Given an element of ¥ € V' : (%), we define U € H;' by
BT, A
(U, ®) = (0,0, @ D).

If we can show that this element W respects the gauge condition, then we can define
7,(0) = 0. For all f € H(C, O (x E] L Q;)), we need to show that

= Z‘I’-pj(X[f]) =0

on Hy. The function f can be considered as an element of H 0(5 , Oa(x Z;VZI Q;)) such
that f(P’) = f(P"). The diagonal action of g gives,

Pp (X[f])ou,;ﬂ + ppr (X[f])ou,;ﬁ =0.
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Thus

Y (U (XID®) = D (T, 9 (X[f])-0,,0 @ D)

J=1 J=1
N+2

(T, p(X[]).0p1 ® ®)

Il
(]

j=1
U X[f](0,,0 @ D)
= 0 ( By gauge symmetry ).
We have proved that following,

Lemma 18. VU is an element of V;(%) and we can define T,(¥) = V.

Lemma 19. The map
~ . yf r T
VLB — k)
18 1njective.

Proof. We would like to consider the form (¥, X (P;).®)dP; as a form on C. We claim
that it is the same as the form (¥, X (P;).0, ,+ ® ®)dP;. For that we need to check that
at each @);, the local expansion of the above two forms are the same.

Using theorem 9 on correlation functions, we see that (¥, X (P;).®)dP; has a local
expansion at (); with respect to the formal parameter §;

D (W, pi(X (n) @) ;.

neL

Using theorem 9 again, we see that around (), the form (0, X(P).0,,+ ® ®)dP; has an
expansion

D (0,0 (X (n).0,, @ VTG = D> (V0,0 ® p; (X (n)D)E " d;

neL nez

= Y (T (X (n))2)E " e

ne’

Repeating the same argument, one can show that the form
(U, X1(P)Xo(Py) - XN(Pn).®)dPdPs - - - dPy
considered as a form on the curve C' is same as the form
(U, X1 (P1)Xo(Py) - Xn(Pn).0, 0 @ @)YdPdPs - - - dPy.
Now if we assume that ¥ = 0, we see the form
(U, X1 (P1)Xo(Py) - - Xn(Pn).0y 0 @ @)dP1dP; - - - dPy

is also zero.
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So the local expansion around the point P’ and P” is also zero. Using the expansion
of correlation functions we see,

(U, Xy(Py) - Xn(Py).pp(X1(n))0, 4 © ®) =0,

Repeating the above process, we have for integers m and n and X; € g, we have the
following;:

(T, pp (X1 (n))ppr (Xa(m))0,, @ D) = 0.
(W, pp (X1(n))ppr(X2(m))0, 1 ® ) =
(W, ppr(Xi(n))ppr(Xa(m))0, i @ @) =
Repeating the above process, we get (\IJ (ID) — 0 where ® € H b X This is possible since

H, ®H,+ is an irreducible g x g-module. So any element of Hu ®H + can be generated by
multiplying on the left of 0,, ,+ by elements p; (X (m)), p2(Y'(n)); Where X, Y are arbitrary

elements in g and m, n are integers. Repeating the same process, we get (\If <I>> 0,
(%) to V;(.’f) via the map 1,,.

]

where ® € H ¢ x- S0 we have a C-linear injection Vi
122y uvﬂTu

For every ;o € P, we have a map of the form 7,,. We paste all these maps together to
we get a C-linear map

T=an: P VLM(%) — Vi(%).
HE Py

We will show in steps that the map 7 is an isomorphism. Before we proceed, we associate
certain right g-module and highest weight integrable right g-module to the points P’ and
P

We fix an element ¥ € V;\(}I) Let h e HY(C, Og(* Zjvzl (;)) such that
h(P")=1 h(P")=0.
For u € Hy, consider the following expression

N

> (W, py (X[R])-u).

j=1

Let h be another function satisfying the same conditions as that of A. Then h — A’ can
be considered as an element of H(C, Oc(x Zjvzl ();)). By the gauge condition, we get

N

Z (W, p;(X[R])-u) = D (W, p;(X[R]).w).

j=1

Hence we have shown that the expression Z;.V:1<\If7pj(X [h]).u) is independent of the
choice of the function h satisfying the specified conditions.
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Now, for each X € g, we define an element V.pp/(X) € Home(Vy, C),

N
(V.pp (X (U, pj(X[R]).u);

Jj=1

where V; = V), ® --- ®@ V), and let u € V5. The above is well defined since we have
proved that the right hand side of the expression is well defined. For X,Y € g we define
the element

N

(W.pp(X)pp (Y =D > AW pe(Y[hao])py (X [n]) )

=1 k=1

where h; and hs satisfy similar conditions as that of the function h. From the previous
argument it is clear that the above expression is independent of the choice of the function
hy. We need to show that it is independent of the choice of the function h;. For that
consider the form hydhy. This is a meromorphic form on the curve C' and has poles only
at the point @);. Thus, we get

N
> Res(hydhy) = 0.

=1

The right hand side is well defined hence the left hand side is independent of the choice
of the functions h; and hs. Also we observe from the equality above that,

(W-(pp (X)pp (V) = pp (Y)pp (X)) = (T.pp ([X, Y])).
So we have defined a right g-module U(¥) at the point P’. Similarly we can define a
right g-module at the point P”.

Using similar techniques we will define an integrable right g-module at the point P’.
For any integer n, we define an element W.pp/(X(n)) € Home(Hy, C) as follows:

Let g be a meromorphic function on the curve C' such that for a large integer M we
have

N
g € *ZQJ
7j=1
g = &" mod (&) at P,
g(P") = 0

76



where & = n7'(¢) is a formal parameter at the point P’. For any u € Hjy, we define

(Wpp (X (W, p;(X[g])-w).

Jj=1

By previous type of arguments, it is clear that the expression is independent of the choice
of the function g satisfying the above mentioned properties.

We define
(C.pp (X (n))pp (Y (m)))(u) = Z D (W, pe(Y]g2))pi(X[gn]) w),

where g; and g satisfy “similar” conditions as that of the function g. This is independent
of the function ¢g; and gy satisfying the above properties. We also have the following
equality:

23V Il (XloD ) = 323 (XKlaor(Y o)
_Z<\I/7pj([X7Y]<hlh2))'u> - £'<X7Y>n6n+m,o<\lj,u>.

Hence,

(o XY (1)) = pr¥ () (X))
= (V.pp (X, Y](m+n)))+ (X, Y)N0pimo(V).

So we have constructed a right g-module u (U). Since the action of g on H; is locally

nilpotent, the action of pp (X (m)) is also locally nilpotent. Hence U(W) is an integrable
right g-module of level /.

We define a finite dimensional right g-module at the point P’

= |J u(¥) cHome(V,C)
\yevT (%)

and an integrable right g-module at the point P’ as

|J U(¥)c Home(H;,0).

wevl(x)

Using complete reducibility, we get

upyvix) =pv™,

HEP,

77



where n, is the multiplicity of the representation V,,. We also have

UuWix) = @™

HE Py
We are ready to prove the injectivity of the map 7.

Lemma 20. The C-linear map
PV ) — Vi)
18 1njective.

Proof. Using the fact that the maps 7, are injective, we only need to show that the
images of 7, and 7, do not meet. Let ¥ = 7,(V). We choose a meromorphic function
h € H(C.Og(x Y Q;)) on C, such that h(P') = 1 and h(P") = 0.

By gauge symmetry, we have

(U, ppr(X1(0)) -+~ ppr (X1(0)).0, 1 © )

=(-1) Z<‘I’70P’(X2(0)) o ppr(X3(0)).0,u1 @ pjy (X[R]).u)
= (-1)? | Z (U, ppr (X3(0)) -+ ppr (X5(0)).0,, 1 ® pjy (X[A]) s, (X[R]).1)

= (=D Yo W0, @ ps (X [R]) - s (Xilh))u)

Ji=1j2=1, jr=1
N

= (-1 Yo (W (Xalh]) - (Xalh])u)

Ji=Lg2=1, jx=1
N

= (=D Yo (Wi (XlR]) - s (Xi[h])u).

J1=1,J2=1,- gp=1

The last equality follows from the fact that the p;,(X[h]) commutes with p;, (X[h]).
Then by definition for a fixed u € Hj,

(W.ppr(X1).pp(X2). -+ - ppr (X)) (u)

=(-1f > (W (Xalhl) - ps (Xe[h])-u).

Hence,
(U-pp (X2)-ppr (Xa)- - ppr (X)) () = (= 1) (T, ppr (X1(0)) - - ppr (X(0)) 0,00 @ ).
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Now the elements pp/(X1(0)) - - - ppr (X} (0)).0,, ,+ generate an irreducible left g-module
isomorphic to V,. Thus we conclude

Uw) c v

Now for ¥, € Vl,m,x<3€)’ v, € VI,I/T,X(:{) and p # v, we have

UT,Y,) NUTT,) = 0.

This means that there images do not intersect. Since 7,,’s are injective, 7'is also injective.

O

Lemma 21. The map

~. T ¥ I

PV ) — Vi)

HEP,
18 surjective.
Proof. Given an element ¥ € V;\.(%) we consider its decomposition
U= U
HEP,

where ¥, € VT Let 'H, = H, ® H,+ ® H;. First we construct an element \If €

Hom¢ (H ot X0 (C) and then show that it obeys the gauge condition. The g-module V), ®V t
is generated by the elements of the form,

pp(X1).pp (Xa) - ppr(X) ppr (Y1) ppr (Y2) -+ - ppr (Yin) O p it
where X; and Y; are elements in the Lie algebra. For v € Hy we define
(U, 0,0 @) = (¥, 0).

Now we know that LA{(\II”) C Home(Hy, C). Since the diagonal g action on 0, ,+ is trivial

we have,

po it

pP’(Y)O,u pt pP”<Y)0u pt = 0.

Thus,
,OP”(Y )ppu(}/é) C pP”(Y ) ON,NT X v
= ( )ppu(}ﬁ)ﬂpu(}/é) pP/(Y )OH wt X v
= (=Dpp (Yom)ppr (Y1) ppr(Y2) - - ppr (Yim-1)-0put @ v
(=)™ (V) ppr(Ya) - pr(V2) Dyt G 0
We define

(s ppr (X1)ppr(Xa) - por(X) pion (Vo) prn(Ya) -+ - o (Vi) 0yt @ )
= (=1)" (T, ppr (X1(0))-ppr (X(0)) -+ ppr (X (0) ppr (Y (0)) - - - pr (Y1(0))) ().
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The above is well defined and we have an element,
U, € Home(V, ® V1 @ Hy, C).

This is the base case. Now we assume that for nonnegative integers p and ¢ we have
produced an element ¥, € Hom¢(FyH, ® F,/H,+ ® Hy,C). We would like to define an

element \TJM € Home(Fp11H,, ® FyH,+ @Hs, C). We note that any element of F,11H,, can
be written as X (n)u; where n is a integer and u € F,H,,. Thus we consider the element

pP/(X(n))U & U/ XKV E Fp-i—lHl/« X FqH#T ® H;\’,
where u' € F/H i

Now we choose a meromorphic function fon the curve C' such that
N N
f € HC,0x(x Z Q; + *xP' + «P")),
j=1

f = & mod (€M) at P,
f = 0mod (&) at P";
where M is a positive integer large enough such that pp (X (n)).u = 0 and ppr(X(n)).u =

0 for all n > M . The integer M ( as we have remarked before ) depends on the element
X € g. Now, let us define

N
(W, prr(X(n))u @' @ 0) = = (U, p;(X[f])u @ ' @),

J=1

The above is well defined, i.e. independent of the function fchosen If there is another
function g satisfying the same properties as f , then we consider the function f g. On
the curve C' we can consider f — g as element of HO(C, O¢(x 3.V i=1@j)). Thus by gauge
symmetry we have,

N N
Z(E/M,pj(X[f]).uG@u'@v Z s P (X[0]).u @ u' @ v).

=1

We have constructed an element ¥, € Home(Fp1H, ® FyH,+ ® Hy,C). Similarly we
can construct an element

U, € Home(FyH, ® FyyiH,: @ Hy, C).
Continuing in this way we can show that there is an element
U, € Home(H, ® H,i @ Hy, C).

The construction of the element \Tlu using the function ]7 at each stage ensure that \i“
obeys the gauge condition. Thus

and ?#(\Tlu) = W¥,. Thus 7 is surjective. O
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Combining the Last three lemmas, we see the map 7" defines a canonical C-linear
isomorphism of Vi it (%) on V;(%) This completes the proof of the main theorem in
this section. The f(’)llé)wing is immediate.

Corollary 4. There is a canonical isomorphism

Vuyutx(%) ~ Vx(%) .

Remark: The above theorem also known as the Factorization theorem is very sig-
nificant step as it enable us to compute the dimension of conformal block on pointed
stable curves of genus g via an induction on the genus of the curve. We will show that
the dimension of the conformal block only depends upon the genus of the curve and the
representations. To compute the dimension of a conformal block on a smooth N-pointed
curve C' of genus g we deform the curve to a N-pointed stable curve C' of genus g. We
consider the normalization C' of the curve C'. The genus of C' is less than the genus of the
curve C' unless C' is a pointed projective line. Using the normalization theorem we see
that we are reduced to compute the dimension of conformal blocks on a curve of genus
less than g. We continue this step till we are reduced to the case of the pointed projective
line. For projective space everything can be explicitly calculated. In the later sections
we describe all these in more details.

For N-pointed projective line we have proved earlier
VL(X) € Homy(V5,C),

where X is the data associated to the N-pointed P!. But this is not true if the genus of
the underlying curve is positive. Take for example

X =(E;Q;n);

where F is an elliptic curve, () is a point 7 is a formal neighborhood. For the trivial
representation at the point @), it can be shown that

dime V(%) = € +1,

where as dim¢ Homgy(V,, C) = 1.
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Chapter 6

Kodaira-Spencer Mapping

In these section we mostly give definitions and state without proof some theorems from
complex deformation theory and algebraic geometry. We will be using them in the later
chapters while proving the local freeness of the sheaf of conformal blocks.

6.1 Complex analytic family

We start with a complex analytic family of compact Riemann surfaces. It means we have
a holomorphic mapping 7 between two complex manifolds 7 : C — B; where C is a
complex (m+ 1) dimensional manifold and B is a complex m dimensional manifold which
satisfies the following conditions:

(1) 7 is proper,
(2) 7 is smooth and holomorphic and for any point P € C, the derivative at P

d7Tp : TP(C) — Tf(p)B

is surjective,
(3) For any point b € B the fiber 771(b) is connected.

The conditions imply that for every point b € B, the fiber at (;, at b is a compact Rie-
mann surface. Also for a point by in B, the compact Riemann surface Cj, is a deformation
of the Riemann surface Cj,. Given a complex analytic family of compact Riemann sur-
faces and a holomorphic map h : S — B, we define the pullback of the family 7 : C — B
to be the fiber product C xg S — S. It can be easily shown that the pull back family of
a complex analytic family is also complex analytic.

CXBSHC
S—" B

We wish to study a complex analytic family locally 7 : C — B by using local coordinates.
Choose a point 0 in the base B and a coordinate neighborhood U centered at 0. Let
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w = (uy,ug, -+ ,Uy) be the local coordinates. Now Let 7= (U)’s is covered by open sets

U, such that
= '(U)=JU.
AeT

As we vary the parameter u in the base we change the patching of 771(U). Further we
can assume that U,’s are coordinate neighborhood with coordinates (u, z,). For u = 0,
we get a complex structure for the Riemann surface Cy. If we change u a little from 0,
we get a complex structure of the Riemann surface Cy. Now when u = 0, the equation
connecting the z,’s looks like,

N = fM(O, Zu).

Similarly for any other point a = (ay,as,- -, an), the compact Riemann surface C, has
a patching functions of the form,

2 = fHuula, z,).

The degree one term in the Taylor expansion of fy, at point 0 gives the first order
deformation of the complex structures of Cy. More concretely if Uy N U, # 0, then

{ af)\,,u
ouk

contains information about deformations of the compact Riemann surface Cj.

(0,2z,)} 1<k<m

For U, N U, # 0, we consider the holomorphic tangent vector field

Ofap 0
8uk (07 ZM) 82)\

on the curve C, N U, NU,. For a triple intersection U, N U, N Ug # () we have,

o =

= f)\#(u, Zu)
= fA,,u(% fuﬂ(uv Zg))
= f,\ﬂ(u, Zﬁ).

Thus on the triple intersection Uy N U, N Usz # 0,

® _ 9 0
Os = ouk (0,25)82)\
_ af/\,u afu,ﬁ 9
- azu (07 f/lﬁ(O?zﬁ))‘ 8uk (0>zﬁ) 62)\
af)\,/,L

0
+ ouk (O,fA,u(fuﬁ(O’ Zﬁ))a_/?)\

Ofup O f, 9 (k)
= 85k (07’2,3)( @ZHM (Ouf#ﬂ(O?Z/@))a_Z)\) +8)\,u
of., 0
= S0, bt o)
_ gk (k)
— 9#’5 + QAvp'
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We see that {9 } is a C'ech 1-cocycle with coefficients in the holomorphic tangent vector
fields. Hence it deﬁnes a cohomology class in H'(Cy, ©); where @ 1s the sheaf of germs

of holomorphic vector fields on Cy. The cohomology class of {9 } is uniquely deter-
mined if we fix local coordinates u and is independent of the cover m L(U) by coordinate
neighborhoods with local coordinate (u, zy). We can define a linear mapping py from the
holomorphic tangent vector space at 0 of B to H'(Cy, ©) by

Po - T()B — Hl(CO,@), (61)
0

This linear mapping is known as the Kodaira Spencer Mapping. There is nothing special
about the point 0 in B, in particular if we put

 Of )
)\,u(w) - Jwk (Z,U«?w)az)\a

by the same argument we can show that {9&’2(@0)} € H'(Cy,0¢,). As before we have a
Op-module map

P'@B — Rlﬂ*@c/s,
Zak Zak w)}.

The mapping p is a Sheaf Version of the mapping defined in 6.1. ©¢/s is the sheaf of
relative holomorphic tangent vector fields of 7 : C — B which is also defined by the exact
sequence

0— O¢c/p— O¢c — 108 — 0.
The mapping p in this case is also called the Kodaira-Spencer mapping. The Kodaira-

Spencer map is the connecting homomorphism 7 as shown below:

T.0c — O —" Rlﬂ'*@c/lg — R'7.0¢.

6.1.1  Versal family

A complex analytic family of compact Riemann surfaces 7 : C — B is said to be complete
at a point 0 € B if it satisfies the following properties:

(1) Let Cyp = 7 1(0). Given a complex analytic family 7 : M — & of compact
Riemann surfaces, a point s € § and an analytic isomorphism fy : 7 1(s) — C there
exists a holomorphic mapping g from a neighborhood U of s in § to B and a map f from
7~ YU) to C such that

g(s) = 0
Tt = Jo
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More over for any point a € U, the map f restricted to 7! (u) is an analytic isomorphism
from 71 (a) to 77 !(g(a)) with the commutative diagram

7 (U) L

o

U g

In this case 771 (U) — U is complex analytically isomorphic to the pull back of the family
m:C — B to U by the map g.

If the family 7 : C — B also satisfies the condition that dg, is uniquely determined,
the family 7 : C — B is said to be versal at the point 0. If g is uniquely determined, then
the family 7 : C — B is defined to be universal at the point 0.

We state the following theorems without proof which are useful for applications.

Theorem 14. If a complex family m : C — B of compact Riemann surfaces of genus
g > 2 1is complete at every point of a neighborhood of 0 € B and versal at the point 0,
then the family w: C — B is universal at the point 0.

The next theorem connects the Kodaira-Spencer mapping with a versal Family.

Theorem 15. If the Kodaira-Spencer mapping of a complex analytic family 7 : C — B
is surjective at a point b € B, then the family is complete at the point b.

Theorem 16. A complex analytic family = : C — B is versal at the point 0 € B if and
only if the family m : C — B is complete at each point in a neighborhood of the point
0 € B and the Kodaira-Spencer mapping po : ToB — H'Y(Cy,©) at the point 0 is an
1somorphism.

For a proof of these theorems we refer the reader to [Ul]

6.2 Deformation of pointed curves

For a compact Riemann surface we have discussed the deformation in the previous section.
We have seen that the data of deformation is captured in the Kodaira-Spencer mapping
and are parameterized by the cohomology group H'(C,©O¢). Similarly the deformation
of the data

x(n) = (Ca Q17 Q27 e 7QN’ 77§n)7 n;n)7 e 777](\7;))
of a N-pointed Riemann surface of genus g with n-th infinitesimal neighborhood is pa-

rameterized by the group H'(C,Oc(—(n + 1) Zjvzl @;))). Now we would like to do the
same for semistable N-pointed curves.

If C is a nodal curve, a deformation of C is defined as a proper flat holomorphic
mapping 7 : X — Y of complex spaces with a prescribed point y € Y such that 7~ (y)
is isomorphic to the curve C'. In this case, the infinitesimal deformation is parameterized
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by the cohomology group Extg, C(Qé, Oc¢). The infinitesimal deformations of a stable
N-pointed curve

:{(n) = (C;Q1>Q2>”' 7QNa771 ’7,]271)’. ) ’771(\771))

with n-th infinitesimal neighborhoods are parameterized by the cohomology group
N
Exto, (6, Oc(—(n+1) ) Q;))

where QF is the sheaf of Kahler differential on the curve C'. We can regard the exact
sequence,
0— Zo/Té — QU @ Oc — Q — 0

as the definition of the sheaf Q;; where Z¢ is the ideal sheaf of the curve C' in X. Let
O¢ = Hom,, C(Q}J, O¢). We have an exact sequence of the form,

0— H'Y(C, @c(—(n+1)ZQj)) N Extggc(szg,oc(—(nH)ZQj))
—  H°(C,Exty, (2, 0¢)) — 0

The group H(C,0¢c(—(n+ 1) Zjvzl ();)) corresponds to an infinitesimal deformation of
the data

%(n) = (Ca Ql: Q2> e 7QN; 77§ 777§n)7 e 777](\7;))
preserving the singularities.

Definition The data (7 : C — B;s1,89, + ,SN;M1,72,- -+ ,nn) is called a holo-
morphic family of N-pointed stable curves of genus g with formal neighborhood if the
following conditions are satisfied:

(1) C and B are connected smooth complex manifolds, 7 : C — B is a proper flat
holomorphic map and s, s9,- -+, Sy are holomorphic sections of .

(2) For each point b € B the data (Cy, = 7 1;51(b), s2(b), - - , sn(b)) is an N-pointed
stable curve of genus g.

(3) m; is an Op-algebra isomorphism,
1+ Oc/s;(B) = lim Oc/I} =~ Op[¢]];
where [; is the defining ideal of s;(B) in C.
Similarly we can define a family of stable N-pointed curves of genus ¢
(m:C — B;si, 89,7, SN,77§ )aﬂén)f ) ,m(?))
by changing the third condition by the Og-algebra isomorphism:
" Oc /I = Op[[e]] /1.

For a holomorphic mapping f : S — B we can define the pull back f*(X™) of the family
of the N-pointed stable curves with n-th infinitesimal neighborhoods over the base S by
the mapping f.
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Definition A family
%:(W:C—>B;317527"'751\7;7]5“)7775”)7' 777](\7[1)>

of N-pointed curves with n-th formal neighborhoods is said to be versal (resp universal
) at a point b € B, if for any deformation

T M—=S8

of the data 771(b) = (Cy, Q1,Q2, -+ ,Qn;M1,M2, -+ ,nn) With a prescribed point s € S,
there exists a holomorphic mapping ( unique holomorphic mapping ) from a neighborhood
of s € § to B such that the pullback family f*X is isomorphic to the family 7 in a
neighborhood of s and furthermore df( respectively f ) is uniquely determined at the
point s. If the family is versal at all points of the base B, then the family X is called
versal (universal). As in the previous section we state some theorems relating the Kodaira-
Spencer mapping with a versal family.

For a proof we refer to [U2].

Theorem 17. For a family (v : C — B;s1, 82, ,8n) of N-pointed stable curves of
genus g and for each point b € B, there exists a C-linear mapping

Mz

o TyB — Exté Cb’ Oc, (—

sj(b
Jj=1

where Cy = 7 1(b).
This C-linear mapping p, is called the Kodaira-Spencer mapping of the family
(m:C — B;sy,82, -+ ,SN)
at the point b. A sheaf version of the above theorem is given by the following corollary.

Corollary 5. With the same setting as the previous theorem, the Kodaira-Spencer map-
ping pp at a point b € B induces an Og-module homomorphism

N
p: O — R Hom(Qp s, Oc(—(n+1) Y 5;(B)))
j=1

The criterion of the versality as in the case of the complex analytic family of compact
Riemann surfaces is given by,

Proposition 8. A family (7 : C — B; sy, 82, -+ ,Sn) of N-pointed stable curves of genus
g 1s versal a point b € B if and only if the Kodaira-Spencer mapping

Pb - TbB — Ext}o ch, ch Z 8]

is an isomorphism at the point b; where Cy, = 7w (b).
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The existence of versal family of N-pointed stable curves is given by the following
theorem.

Theorem 18. For each N-pointed stable curves (C,Q;, Qa2,- - ,Qn) of genus g there
exists a family

§=(m:C— B;sy, 82, -+ ,5n)

with prescribed point b € B, such that m=1(b) is isomorphic to (C,Q1,Qa,- -+ ,Qn). More
over the family § is versal at the point b . Further if C and B are complex manifolds, then
the family § is versal at each point of a small neighborhood of b € B. If the automorphism
group of the N-pointed stable curve is trivial then the family § is also universal at b.

For a versal family

F=(m:C— B;si,s2, -+ ,5n)
of N-pointed stable curves of genus g. We define

¥ = {PeCldnp:TpC — Typ)B is not surjective}
D = =n(%).

The set X is called the critical locus of the family § and the set D is called the discriminant
locus of the family §. We have the following theorem.

Theorem 19. Assuming 2g — 2+ N > 1. For a versal family § of N-pointed stable
curves of genus g,

§=(m:C— B;si,s0, . sn).
(1) We have

dimB = 3¢g—3+ N and
dimC = 3g—2+ N,

(2) The critical locus X is a smooth subvariety of codimension 2 in C,

(8) The discriminant locus D is divisor with normal crossings in B.

For a proof we refer to [Ar], [U1].

6.3 Versal family of stable pointed curves

We start with a versal family
F=(m:C— B;si,s2, -+ ,5n)

of N-pointed stable curves of genus g. We study the family locally. For that purpose we
introduce the following local coordinates of C. For a point P in X of the critical locus

of m we can choose a neighborhood (uy,ug, -+ ,upr, z,w) of C with center P. The local
coordinates (71,7, -+ ,7ar) of B with center w(P) such that the map is given by,
(wp, U, - up—1, 2, w) — (Ur,Ug, -+ up—1, 2.w) = (71, T2, -+, Tar)-
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For a point P € C — 3, we can choose local coordinates (uy,us, -+ ,up, z) centered at P
of C such the mapping m is given by,
(w1, ug, -+ s ung, 2) — (ug, ug, - un) = (71,72, T

Since the fibers of the family may not be smooth we ca not talk about the sheaf of relative
tangent vector fields. Instead we start with the relative sheaf of differentials Q!¢ /B Which
is defined by the exact sequence

71'_19(1;/3@03 — Qlc — Qlc/B — 0.

The sheaf Q'¢/p is called the sheaf of germs of relative 1-forms of the family = : C — B.
Locally in a neighborhood of a point P € C \ X, it is isomorphic to Ocdz and around a
point P € ¥ we have an O¢-module isomorphism

Qé/B ~ (Ocdz 4+ Ocdw) /O (wdz + zdw).

We define the relative dualizing sheaf of the family § = (7 : C — B;s1,82, -+ ,Sy) to
be the Oc-module
weys = we ® (T*wg');
where we is the canonical sheaf of a complex manifold C.
Now we put O¢/p = HomOC(Qé/B, Oc). With this notation we have the following:

Lemma 22. O¢/3 defined above is an invertible Oc-module and there is an isomorphism

Oc/s ~ Hom(we/s, Oc).

We define
@3(—10gD) = {X - @B’X(ID) C ID};

where Zp is the sheaf of defining ideal of the divisor D in B and ©p is the sheaf of
holomorphic vector fields on B.

Theorem 20. § = (7 : C — B;sy,892,-++,8n) be a versal family of stable N -pointed
curves of genus g. Then there exists an Og-module isomorphism

p: Op(—log D) ~ R'm.(Oc/5(—S));

where we put S; = s;(B) and S = Zjvzl S;. The homomorphism p is also known as the
Kodaira-Spencer mapping.

We end this section by explicitly computing the action of the Kodaira-Spencer map
on the Lie bracket of holomorphic vector fields on B.

Proposition 9. In the setting as that of the previous theorem, let X,Y be holomorphic
vector fields on B. p be the Kodaira-Spencer map. We have

p([X,Y]) = [p(X), p(V)] + X (p(Y)) = Y(p(X));
where we put
p(X) ={bu}, p(Y) ={m,}
and X (p(Y)) is the cocycle
T;\“u = X (Tap)-
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Proof. We assume that Uy, is a sufficiently fine cover of C. Let u = (uq,ug,- -+ ,Up)
be the coordinates of B and (u, z)) be the coordinates of Uy. We may also assume that
U,, for j € I is a coordinate neighborhood of s;(B) and locally defined by the equation
z; = 0. Thus as before for a nonempty intersection Uy N U, # (); we have

2= oy, 2,).
The vector field X = > a,-(u)a%i induces an infinitesimal transformation of the
coordinates u which is of the form
(ug,ug, -+ Um) — (g + €ag(u), Uy + €y, (u));
where €2 = 0. We write for simplicity,
u— u+eX.
Since the family is versal, we have
Hoalu+eX, z,) = fru(u, z,) +ely,(u, 2,).

Similarly for the vector field
N

0

i=1

we have
fA,u(u +0Y, Zu) = fA,u(u7 Zu) + 5m>\7u(u, Zu)?
where 62 = 0. Let us put

0 14 _(9
A = b ;
a "0z,
0
TA:” = m>‘7/~L ;
0z,

First act by the vector field X and then by Y to get
Pop(w, 2, +0Y) + €ly (u+ Y, 2y + 0my )

ol
= Frn(ts ) + 511 20) + ot 22) + €DV (Cul, 20))) + 5
If we act in the reverse order, we get
om
Pau(t; zu) + €y, 23) 4 0mu(u, 23) + €6(X (mau(u, 23))) + lap 8zi7u
If we put
p([X7 Y]) - {@)\p}7
we have
) am/\ H ag}\ I 0
= R ip— ’ X =
e o 0z T 0z * (m*’“)}am

= [l + LX) = Y ()}
= [p(X). (V)] + X (oY) — Y(p(X)).
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Chapter 7

Sheaf of Conformal Blocks

7.1 Sheaf of conformal blocks and coherency

In this section we define the sheaf of conformal blocks of a family § of stable N pointed
curves with formal coordinates. Let as before § = (7 : C — B;s1,82,** ,SN; 1, ,1IN)
be a family of N-pointed stable curves of genus ¢g; C and B are finite dimensional com-
plex manifolds. Also assume that each fiber of the family satisfies the conditions (5) of
definition in section 1.1.2. We do not assume that the family is connected.

Definition: The sheaf gy (B) of affine Lie algebra over the base B is defined to be a
sheaf of Og-module as

an(B) =g ®c (EB O5((&5))) @ Os.c.

The Lie bracket us given by,

(X1 ® fr, s XN @ fn), (Y1 ® g1, , YN ® gn)]

= ([X1,Y1] @ (fig1), -, [ XN, YN] @ (fngn))
@(jzz;(XjaYﬁgfg(gjdfj))-C,

where ¢ belongs to the center; X, Y; belong to the simple Lie algebra g and f;, g; belong
to Op((&5))-
Let N
S=7 s(B)
=1

J
and we consider the sheaf of functions O¢(*S) on C which have poles of arbitrary order
at S. This is also the same as

O(xS5) = lim O¢ (kS).
k
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Now we consider the sheaf

T (Oc(x5)) = lim 7. Oc (kS).
k

The sheaf of affine Lie algebras associated to the family § is defined by
9(8) = g ®c m(Oc(%5)).

There is a local expansion of functions using the formal neighborhood 7; which gives rise
to a homomorphism

t: T (Oc(xS)) — Op((&))).

Using the above homomorphism we can regard g(§) as a Lie subalgebra of gx(B). We
fix an integer ¢ and for any

X= (A, dw) € PN,

we define
Hx(B) = B ® H;y
and similarly we define
H'.(B) = Homo,, (Hz(B), Op).

The pairing on the Highest Weight Integrable g-modules also induces a canonical bilinear
Op-bilinear pairing between HTX(B) and Hy(B)

<,>:Ht

L(B) x H5(B) — O,

such that
(V.a,®) = (U, a.Q)

for any a € gy(B). The action of a on H;(B) is given by
(X1@> andl), - (Xn @) annlh))(f © D)

ne” ne”Z

=D > (an).f ® p;(X;(n))@.

n€eZ j=1

As usual the action of gx(B) on H;(B) is the dual of its action on Hy(B).

We define the sheaf of covacua Vy(§) and the sheaf of vacua or the sheaf of conformal
blocks V;(%) respectively as follows:

Vi(®) = H3(B) /8(3)H5(B),
Vi(§) = Homo, (V5(3), Os).

As in the case of a curve
VI(3) = {¥ € HL(B)|[W.a = 0 Va € §(F)}.
The bilinear pairing ( , ) defined above descends to a nondegenerate Op bilinear pairing
(,):ViB) x Vx(3) — Os.

With the above notations and definitions we have the following lemma:
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Lemma 23. Let s be a point on the base space B and

s = (m7();51(s), - sw(s)ymulm™ (), |7 (s))

be the data restricted to the fiber at s. Let Cy = Ops/my where my is the mazimal ideal
of functions vanishing at the point s. Then we have the following isomorphisms:

Cs ®oz Hy(B) ~ Hy,

C, ®o, n(B) =~ @,
9(%) ®o, C, 9(3s);

Vi(8) ®op Cs V(3.

12

12

Proof. The first and the second isomorphism are obvious and follows directly from the
definition. For the third, we need to use the fact that if m is sufficiently large, we have
the base change,

N
C, ®0s m(Oc(mS)) ~ H(Cy, Oc,(m Y~ s;(s
7=1
Since for m large enough, we have
N
C’S, Oc.(m Z s;(s
j=1

for each point s € B. For a proof we refer to [Hart] Chapter III, cor 12.9. This gives
the third isomorphism. For the fourth, we consider the following commutative diagram
of exact sequences.

0
C. ® @@ Hz(B) —= (@(3) © C.)(C, © Hy(B))
C,® 7:;(8) : H;
C, ® Vx(3) d Vi(3s)
0 0

We know that ~ is an isomorphism and [ is surjective. Since the diagram is commutative
the v induces an isomorphism between Im(«) and Im(e), which forces the mapping § to
be an isomorphism. This completes the proof. O]
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Let f: Y — B be a holomorphic mapping and §y be the pullback of the family § by
the morphism f, we have the following isomorphisms:

Oy ®o, H5(B) =~ H;z(Y),
Oy ®og 8n(B) =~ gn(Y),
9(3) ®os Oy =~ 8(Fy),
Vi(§) ®0s Oy~ Vi(8y).

Next we prove that Vy(§) is a coherent Og-module. We state and prove the following.

Lemma 24. Let A be a Lie algebra and H be a A module of finite type i.e. H = U(A).V
where V' is a finite dimensional vector space. Suppose there exists a basis e; of A such
that the action of e; on H is locally finite. Let A, ={X € A|X.V =0} and K be a Lie
subalgebra of A such that KK + A, has finite codimension in A. Then H/KH is finite
dimensional.

Theorem 21. Vi (F) is a coherent Og module.

Proof. We apply the above lemma to our present case by choosing K = g(F), A = gn(B)
and H = Hy(B). Since we know that the representation Hy is locally finite which satisfies
the first conditions. Now from the Riemann-Roch theorem it follows that (g(F)+gn(B).)
is of finite codimension in gy (B). Using finite codimension let e; be the elements such
that

A=(K+A) o @036]

Thus, we get
UA) = D UK).el" - ey U(Ay).

mi,ma, -, MmN

Now, since A, acts trivially on V| we get that U(A.).V = V. Hence

H= Y UK eV

mi,m2, ;MmN

Since e; act on V locally finitely, L= D g my €1 en™.V is finite dimensional.

Hence H =U (IC).E, where L is finite dimensional. Now there is a surjection from
L —H/KH.

Thus we are done. O

7.2 Local freeness for smooth case

In this section we prove that the sheaf of conformal blocks V;(S) is locally free for a

smooth family §. We define a Og-submodule L(F) of @;Vzl 05((551))¥ and an action

of £ on the sheaves of vacua and covacua as first order twisted differential operators.
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7.2.1 Differential operators on V;(3)

Let §© = (7:C — B;sy, -+, sy) be a versal family of N-pointed stable curves of genus
g. Let ¥ be the locus of the double point of the fibers. Let D = 7(¥). Now X is
a nonsingular submanifold of codimension 2 in C and D is a divisor of B with normal
crossing. For j =1,--- | N; the formal coordinate

n; = Oc/5;(B) = Os[[¢]]

be given. Assume for simplicity that they are holomorphic in a neighborhood of s;(B)
and let §; = nj_l(f)

F=(m:C— B;si,s2, -+ ,SN;M1, 5 N)

be a family of N-pointed stable curves of genus g with formal neighborhoods. We have
the following:
0 — O¢/s — O¢ -4 7105 — 0,

where O¢/p is the sheaf of vectors fields which are tangent to the fibers of the family §.
We define a new sheaf
Oc.. = dr ' (7~ 'Op(—logD)).

So @gﬂ is the set of vector fields tangent along >, whose horizontal components i.e. if we
write a local expansion in terms of the coordinates of the base B, it is constant along the
fibers. In other words let locally u = {u;} is a system of local coordinates of B and z,u
form a local coordinate for C. The mapping 7 is given by projection to v and 7(¥) = D
is given by the equation,

U U+ * * Uy = 0.

Then @/CJT consists of vector fields whose germs are of the form:

m n a
(JL(z,u)a + Zﬁ(u)uia i + Z gz(u)a%.
1=1 1=m+1

We also have an exact sequence,
0 — O¢/5(—5) = (O¢5(x5)) =" @D Oclé;']-— — 0.

This is just the Laurent expansion around s;(B) using the formal neighborhood upto the
zeroth order. Applying the functor m,; we get

N m
0 — m.(O¢/B(xS)) @@ Os&; k— — R! 7.0¢/8(—S).

j=1 k=0
If we choose m large enough, the Riemann-Roch theorem tell us,

Rlﬂ'*@c/[g(mS) = 0.
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Thus we have the following exact sequence:

d

N
0 — m.(O¢/5(x5)) =" P Og[ijl]d— - Rlm,0¢/5(—S) — 0.
j=1

&)

We can also define the sheaf ©,(mS), as the one consisting of germs of meromorphic
vector fields of the form:

where A has poles of order at most m along S. Now we have a exact sequence of sheaves
of Lie algebras,

0 — O¢/5(mS) — Op(mS),; = 77105(~logD) — 0.

Now O,(mS), is also a sheaf of Lie algebras under the usual bracket operation of vector
fields. The above exact sequence is also an exact sequence of sheaves of Lie algebras also.
By applying 7, and choosing m large enough, we get an exact sequence of Og-modules,

0 — m.0¢/5(mS) — 1.0 (mS), — Op(—logD) — 0.
Taking limits m — oo, we get
0 — m.O¢/5(xS) — m.Op(xS), =™ O5(—logD) — 0.

Now we have the following commutative diagram:

0 — m.O¢/5(*S) 7,00 (%5), — = Op(—logD) 0

N 114 1
0 — mOc/5(*S) — B2 08l¢; |35 — R'm.O¢/5(—S) — 0.

p is the Kodaira-Spencer mapping of the family §©. p is given by the taking the non-
positive part of % part of Laurent expansion of the vector fields in m,0¢(mS), about

s;(B) using formal coordinates.

The Kodaira Spencer mapping is an isomorphism of Og-modules since the family is
versal. By five lemma, we conclude p is also an isomorphism. Let p be the Laurent
expansion at s;(B) of m@’c(*S )= - Now p being the projection to the nonnegative part
of the Laurent expansion is an isomorphism, so p is injective. Let us put

L(F) = D(m.Oc(x5)x).
We have an exact sequence of Og-modules:
0 — T.O¢/5(xS) — L(F) = Op(—logD) — 0.
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The Lie bracket [ , |4 of £(F) is by using the exact sequence of Og-modules. For ¢ and m
in £(F) we define the bracket

— —

[0, m)a = [0, ]y + 0(0) (1) — 0(71) (0);

—

where [, ]o is the usual bracket of formal vector fields and the action of 6(¢) on

L d d

m = (m1d—§17"' ’mNd§+N)

is defined b

1s defined by ) p ) p
<9<€)(m1)d—§17~~ ,9(€)<mw)d§7

Then the exact sequence is also that of the sheaves of Lie algebras. For (e L(F) we

—

define an action D(¢) on Hy(B) by,

).

— —

D(O)(f @) =0()(f) © @ - f-(Z pi(T1L5])®;

where f € Op and ® € Hy and

Z: (éla T >£N) € ‘C(S’)
With this definition we have the following proposition:

Proposition 10. For { = ({,,--- ,Ly) € L(F), the action of D(f) on Hy(B) defined has
the following properties:

(1) Let f € Op, we have

(2) For { and m in L(F), we have
= - Co o d3(;
[D(f), D(?’?L)] = D([f, m]d) + — Z R€S§j:0 (—jm]dfj) Zd,

(3) For f € Op and ® € H}(B), we have

— — —

D(6)(f.@) = (0()(f))-@ + f.D()(D).

— — —

D(?) is the first order twisted differential operator if §(¢) # 0. The action on D(¢) on
H;»(B) is defined by,

— —

D) (fo W)= 0(0)f) @V + Z Fpi(TIL]);

where f € Og and ¥ € H;
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For any ¥ € H}(B) and ® € Hy(B), we have,

This follows from the definition of the action of D(¢). If U = f; @ ¥ and ® = f, ® ® we
get,

—

(DIOY(fr @), fo @ ®) + (f1 @ ¥, D(()(f> © D))

= (OO F)-S(0, @) + > fr-fo-(W.p5(TIL)), @)

+£1.(0(0) f2). (U, ®) — Zfl.fz.w?pj(ﬂzj]).@

1

Proposition 11.
D()(@(F)H5(B)) C 8(F)Hx(B).

— —

This proves that D(¢) acts on V(§) as a first order differential operator if () # 0.

Proof. Let t;(h) be the Laurent expansion of h at S; = s;(B) with respect to the param-
eter ;. Now we know that g(§)H;(B) consists of linear combination of elements of the

form f® (Z;\f:l pj(X ®@t;(h)).®); where f € Op, X € g, h € m,Oc(xS) and ® € Hy. We
prove the following equality:

DY s 0 ()] = 3y (08 (0031 ) + £,05(01) )

—

where t;(h) has coefficients in Og and 0(¢) operates on them. Now (€)(t;(h) +£;(t;(h)))
is the Laurent expansion at s;(B) of a meromorphic function 7(h). 7 is the inverse image

of [ € 7.(0,(%S),) under the map p. Then the proof of the proposition follows from
the above equality. By part (c) of the previous proposition, it is sufficient to prove it for
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CDEH;\*.

DO (X 0 4().8) = 3 py(X © ;W) (D(0)0)

Jj=1

—

Similarly we can also show that the D(¢) acts on V}(S) as twisted first order differential
operator. ]

7.2.2 Local freeness for smooth family

The main theorem we prove is in this section is:

Theorem 22. The Og-module Vs (F) is locally free on B\ D where D = w(X) is the
singular locus consisting of points in the base space whose fiber is a singular curve.

Proof. Let s € B\ D; where §; is the data restricted to the fiber at s. C, = Ops/m;
where my is the maximal ideal of functions vanishing at the point s. We have the following
isomorphism:

V3(8) @05 Cs = V3(3).

Let (vy,vs,--- ,vy) be local holomorphic sections of Vy(§) in a neighborhood of s such
that {vi(s), - ,vn(s)} form a basis of Vy(F;). Suppose there is a nontrivial relation

a1v1 + agvy + - -+ + Gy, = 0;

where a;’s are holomorphic functions in a neighborhood of s. Since v}s form a basis of
Vi(8s), we get a;(s) = 0 for all i. Now reordering the suffixes if necessary, we may assume
that there is a positive integer k such that

a; € mP\mtt!

and a; € ml;
fori =2,3,--- ;mand [ > k. We choose a; so that k is the smallest among the relations.
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Let 7 be a nowhere vanishing vector field in a neighborhood of s such that 7(a;) €

mf~L By an exact sequence,

0—>7T* @C/B *S @Og j df R?T*@c/g( S)—>0
J

discussed earlier, we see that 0(3 = 7. Now we apply 7 to the relation among the sections
to get,

Z(T(CLZ'> + Z CLjOéji>Ul' = 0, (71)

where we have,

Thus the above relation is nontrivial and
m
T(ay) + Zajozjl €mi !,
j=1

This is a contradiction to the choice of k. Hence Vg(§) is a locally free sheaf of Og-module
at s. [

For a coherent O-module G, the locus of points over which V;(F) is not locally free
is a closed analytic subset of B of codimension at least 2. So we get the following:

Corollary 6. W be the mazimal subset of B over which V5(§) is not locally free, then
W is a analytic subset of B and W is properly contained in D.

Since

V;(%) = Homy, (V5(3), Os).

we get,

Corollary 7. V;(S) restricted to B\ D s a locally free sheaf of Og-modules and for any
subvariety Y of B\ D we have an Oy isomorphism

Oy @0, VHE) ~ ViEy).
Let § is a family of N-pointed smooth curves with formal neighborhoods. The previous

discussions tell us, Vy(§) and V;(S) are locally free Og-modules dual to each other.

7.3 Local freeness in general case

In this section we prove the local freeness of the sheaves Vy(§) and V§(%) in the general
case.
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7.3.1 Sewing method

Let
3’(0) — (ﬂ;C—)B;Sl,SQ,"' 7SN)

be a versal family of N-pointed stable curves of genus g.
F=(m:C— Bisi,s0,- SN, 1N)

be a family over §© with formal neighborhoods. Let D = m(X) be the discriminant locus
and D = Ule D; be the decomposition of D into irreducible components. Since D is
a divisor in B with normal crossings, the number is k is the maximal number of double
points of a fiber in the family. More precisely it means that if a fiber C at s € B has m
double points, then exactly m components of D pass through s.

Let us choose D;, consider the restriction of the family 7 : C — B to D;. Denote it
7p, : Cp, — D;. The normalization of mp, : Cp, — D, along the double point of the fibers
over D; is denoted by 7p, : Cp, — D;. Let s',s"” be the sections corresponding to the
double points.

Proposition 12. The family
5;())3 = (7p, 35Di — Dj; 81, 89, - ,SN;S/,SN)

is a local universal family of (N + 2)-pointed stable curves. The family may not be
connected. If Cp, is connected, then it consists of a family of stable curves of genus
g — 1. If not connected, then it consists of two disconnected families over D; of (N7 + 1)
and (Ny + 1)-pointed stable curves of genus ¢’ and g" over D;. Also Ny + Ny = N and

g+9"'=g
Let us recall the following lemma which we have proved in chapter 2.
Lemma 25. There exists a bilinear pairing
(|):HyxHu —C,
unique upto a constant multiple such that we have
(X (n)ulv) + (u|X(=n)v) =0,
for any X € g andn € Z and v € H, and v € H,r. Moreover (| ) is zero on
H,u(d) x H i (d) if d # d'.

We know that H,(d) is a finite dimensional vector space. Let it is of dimension m.
Choose a basis {vi(d), va(d), - - - , Uy, (d)}. With respect to the pairing ( | ), choose a dual
basis {v!(d), v*(d),- - - ,v™(d)} of H,i(d).

The sheaf Vl,u’f,X@Di) is IOCflly free on D;\U,; D;. Consider a section U of V;,M,X(%Di)'
We wish to define an element ¥ € H;(Dl)[[q]] associated to W. For each d > 0, we define
an element ¥, € H}(Di). Then we can simply define ¥ € H;(DZ)[[Q]] to be:

Ef = i \deqd.
d=0
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The action of U on @ € Hy(D;) is given by,
=D (V0@
d=0

So it remains to define the element W,;. We define it by its action on any ¢ € H;(Di) :

mq

(Tg, @) =Y (T, 0;(d) @ v'(d) @ P).

=1

Definition The construction qA#\TJ with the previous U is known as sewing; where
A, is as before defined by
_ {wn+p)
(gt 1)

and ¢* is the dual Coxeter number. It is true that the formal construction v actually
converges. We do not prove this fact here. For a proof we refer to [Ul]. We show here
that U satisfies the formal gauge condition. The following two lemma makes it precise.

Lemma 26. There is a Op,-module injection:

R Oc(xS)p, = FpuOg, (+(s' + "+ 5)[la]
o= D s
k=0
where fi, € Tp,.Og, (%S + k(s + s")).

Proof. The proof is by looking at the double points and analyzing the Laurent expansion
at that point. Let P be a double point of a fiber of mp,. We choose local coordinates
(uy,ug, -+ ,up—1, z,w) of C with center P and (uy,us, -+ ,up—1,q) with center w(P) of
B. m is given by projection on the first M — 1 coordinates and on the last one it is given
by the equation ¢ = zw. We denote u = (uy,us, -+ ,up—1). Since f is holomorphic at P
we have an expansion of the form:

(aw) = 3 funl

m>0,n>0

Let P’ and P” are the points in Cp, obtained from the point P after normalization. Let
us define gp/(u, q, z) as:

gP’(ua% ) UZ— nguz

where

z) = Z fg(uw)z™
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Similarly define hp~ as
hpr(u, q,w) = f(u, —w thuw

where
= fem(ww""
n=0

For a point () in the fiber which is not a double point the map 7 is just given by projection
onto the first M coordinates. Thus we have an expansion of the form:

flu,q,z Zkauz

Now the data (gk, bk, fox) defines a local holomorphic section of the sheaf
7p,0g, (S + k(s'+5")).
]

Lemma 27. U constructed using the sewing method satisfies the formal gauge condition.
In other words for f € m.Oc(xS)p,, consider the expansion Y .-, frq® given by the
previous lemma. Then,

N
> U Z (X @ fi)d") = 0.
j=1

Proof. We will show that for any ® € H;(D;) :

<ZEJ'(ZPJ‘(X ® fr)q"), ®) = 0.

In the proof of the previous lemma we have,

X®gk mek pa m_k))a

X®hk kan pgu n—k))
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Now using the above we get,

ﬁ;@-(;m()( ® fi)d"), @)

°°0 mmzqi W,y (X @ fo)wi(d)  v'(d) @ D)
- ;iiq“d(@,pg/(x ® gr) + por (X @ ). (vi(d) © v'(d) ® D))
_ —iiiiqu )W, o (X (1 — ). (01(d) @ (d) @ @)
_22 m1 S (0T por (X (1 — F)) n(d) © 0 (d) ® B))

ZZqu*dfmk (0, por (X (m — k). (03(d) @ '(d) © B))

> 2 il por (X (=m D) (3(d =+ K) & (d = m+ ) ©.9))

k=0 d=0 =1

So we are reduced to proving that

Z Por (X (m — k)).(v;(d) @ v'(d) @ B) +

dzﬁjk por(X(—m + k)).(v;(d —m+ k) @ v'(d —m+ k) ® ®) = 0.

j=1
By the bilinear form ( | ) described earlier we have the following equality:
(X(m — k)v(d), v (d —m + k) + (v;(d)| X (k — m)v/(d — m — k)) = 0.

The rest of the proof follows by computing the coefficients of the vectors using the pairing
( | ) after writing in terms of basis and using the above equality. This completes the
proof. O

Let R
OB\Di = ll_I)nOB/]ZZ’)Z

We can identify, R
Os\p, ~ Op,|[4]]-

Lemma 28.

~

Vip, = (¥ € HY(D; |Z\If2p]X®fkq—O}
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for all f € m,0c(xS). Then there is an Op,-module isomorphism,

Vi) @0, O\p, = V}\ by

Proof. Since the (53\ p,-module is faithfully flat Og-module, we have the following adjoint
isomorphism:

V;r\‘(g) ®OB @B\D¢
= Homp,, (V5(8), OB) ®oy On\p;
~ Homg  (Vi(§) ®os O, Op\p,).
We have an isomorphism,
Hs(Di)[[gl] ~ M5z ®o,s O\,
By faithful flatness,
V5 (8) ®0s Op\p, ~ {H; ®0, Op\p, }/{(@(F))Hz @05 On\p, }-
Now, R
9(8)H; @os Op\p, = 8(F)H5(D;)l[q]]-
Thus we have,
Vi(8) ®0s Omp, > {Hz ®0, Op\p, }/{(@(3)Hs @0, Op\p, }
Hs(Di)[[ql]/8(F)Hx(D:)[[q]]-

12

7.3.2 Local freeness

The main theorem is,

Theorem 23. The sheaf V5(§) is locally free Og-module. Hence V;(S) is also locally
free Og-module. For any holomorphic mapping Y — B, consider the pullback §y of the
family §. We have a canonical isomorphism:

V/T;(S) ®oy Oy V;(gy)-

We prove the theorem in steps. If D = (), then the theorem is true by 22 in this
chapter. Therefore we may assume that D # (). Let D = UY_; D; be the decomposition
into irreducible components. We prove the theorem by induction of k. As mentioned
before k is the maximal number of double points present in a fiber of the family F(©.

Let us assume that £ = 1. Then the family §g) is a versal family of (N + 2)-pointed
smooth curves. Choose B small enough such that P ,cp VI _(Fp) is Op free. Let
¢ ppt

{\Ijla\IJ% T 7\I;m}
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be a Op basis of sections of Vl i X(E’D). Using sewing construction we consider the

elements

{\’1717 \’1727 e 7ijm}
The correspondence ¥; — \Tfi, gives an Op-module homomorphism:
T
@ V X VA\D
HEPy

Lemma 29. L B
{qjlv \1127 T 7\Ijm}

generate a free Opl[q]]-submodule of 17;\1)

Proof. Suppose they have a nontrivial relation

where a;(q) € Opllqg]]. If all the a; vanish at 0, we can divide it by highest power of gq.
We can assume that not all a; vanish at 0. Thus we put ¢ = 0 in the above equation to

get,
> ai(0)T; =
=1

This is a contradiction since W;’s are Op-linearly independent. So for all i we get,
a;(0) = 0. This proves ¥,’s are all linearly independent hence generates a free Op[[q]]-

$i)
submodule of VX\D' O

Now we complete the proof for the case when k£ = 1. We choose a point x € D and
s € B\ D. We will show that the rank of the coherent sheaf V;(&) is constant. Then the
conclusion will follow from Nakayama’s lemma. Lemma 29 and lemma 28 tell us,

dime V5(3) ® C, = dime VI(F) @ C,
> n= Z rankVLMT’X@D).

HE P,
By factorization theorem we also have,

dime Vi(§) @ C, = Z dimc¢ V ot 5 SD) C,

HEP,

= Zdlmcv SD) x

HEP,
= n.

Hence,
dim¢ Vx(g) ® C, > dime VX(S) ® C,.
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Since Vi (F) is coherent, we get the following:

dim¢ Vx(g) ® C, < dimc Vx(g) ® C,.
Thus we have,

dim¢ Vx<3) ® C, = dimg¢ Vx<8) ® C,.

This proves V;(§) is locally free.

Next we consider the case when £ > 2. We have the decomposition
D = U D;

into irreducible components. Dg;,, be the singular locus of the D. Our above argument
shows that V() is locally free on B\ Dyjng.

Lemma 30. If V;(3p,) is a locally free Op,-module for all i, then V5(§) is a locally free
Op-module.

Proof. Let
rank(Vs(3)18\Duin,) = M-

Then the rank of V;(3p,) is also m. Hence for each point x € B we have,

dim¢ VX(‘Sx) = dim¢ Vx(%') ®C, =m.

This implies that V;(§) is generated by m sections for each point € B in a neigh-
borhood of = as an Op-module. Suppose at a point y € Dy, the sheaf V;(F) is not
locally free, then it is generated by more than m sections as an Og-module. Since Vi (F)
is coherent using Nakayama’s lemma we see that rank of Vi(F) is constant. Hence it is
locally free. O]

So our problem reduces to proving that the coherent sheaf is Vy(Fp,) is locally free
Op,-module. Let jp, be the mapping:

Jp; VX(SD/L) - @ VM7MT75\'<§D1-)

HEP,

by sending,
[(b] - [Ou,;ﬁ ® (I)];
where [®] is just the image of ® in Hy(D;) and [0, ,+ ® ®] is the image of [0, ,+ ® ®] in

H, +5(D;). With this setting we have the following lemma:

Lemma 31. The mapping jp, is well defined and surjective and if VN#T’X(%DJ s a
locally free Op,-module, for p € Py, then jp, is also an isomorphism. Hence, V(Sp,) is
locally free.
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Proof. Let ® and @ be elements which are in the same equivalence class in Vy(§p,). So
they satisfy a relation of the form:

=0+ ) (Xy® fo)Ou;

where (X, @ f,) € §(Fp,) and &, € Hy(D;). Now let f, be the pull back of f, to Fp,.
Since f, is holomorphic at s'(D;) and s”(D;), we get the following:

ps’(Di)(Xn ® ﬁl)ou,;ﬂ + ps”(Di)(Xn ® ],E;L)Ou,;ﬁ =0.
Thus we have,

Oyt @' = 0,1 @D+ > (X ® £)0,0 @ Dy
Hence,

[OHW«T X (I)] = [0#7/” X (b’].

This proves that the map jp, is well defined.

Consider the exact sequence,

VX(S'Di) - @ VN,HT7X(§’DZ') - COkeeri — 0.

HEP,

We have an isomorphism ( factorization of covacua ),

V5(&p,) ®Co ~ PV, 1 5@p) ®C

HEP,
Hence,
Cokerjp, ® C, = 0.
By Nakayama’s lemma, Cokerjp, = 0. Thus jp, is surjective. Next we consider the
sequence,

0 — Kerjp, — V¢(8n,) @ ot N SD — 0.

HEP,
Assume that @ ,cp, V, .1 /\(3 p,) is locally free. Then we have,
NEPZ

Thus we have an exact sequence of the form,

0 — Kerjp, ® C, — V5(8p,) ®Co = PV, 1 5(8:) ® C, — 0.

HE Py

Thus we see that,
rank(Kerjp,) = 0.

Hence by Nakayama’s lemma, we get Kerjp, = 0. So jp, is an isomorphism. O]
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After working out all these little important lemma it is time to patch them all up to
give a proof of theorem 23. We prove the theorem by induction on (g, N). First for the
case ¢ = 0 and N = 3, there is only one N-pointed stable curve. So B is a point. Hence
the theorem is true. Assume that the theorem is true for ¢ = 0 and N < M. We would
like to show that theorem is true for N = M + 1. Then for a local universal family FO of
N-pointed stable curves of genus 0 and D # (), S([())B is a disjoint union of local universal
family of (N'+1) and (N”+ 1)-pointed stable curves of genus 0. Moreover N'+ N” = N.
Since N'4+1 < M and N”+1 < M, we get by induction hypothesis Vp,pT,X(§Di> is locally
free. Hence by lemma 31, we are done.

Now we assume that the theorem is true for any (g, N) where ¢ < hand N < M. Then
by repeating the argument before, we see that the theorem is true for (g, M +1). Now let
gg) be a local universal family of N-pointed stable curve of genus (h+ 1) with N < M .
If the discriminant locus of the family is empty, then the theorem is automatically true.
Otherwise the discriminant locus is nonempty, then S b, 1s a local universal family of
(N’ + 1)-pointed stable curves of genus ¢’ and (N” + 1) pointed stable curves of genus g”
with N+ N”" = N and ¢’ + ¢" = h. If ¢ < h and ¢” < h, then by induction hypothesis
the theorem is true. Otherwise if, ¢ = 0 and N” > 2, the theorem holds by induction.
Thus ¢” = h and N” + 1 < N. Therefore again by induction the theorem is true. This
completes the proof.
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Chapter 8

Fusion Rules, Fusion Rings and
Verlinde Formula

In this section we talk about fusion rules and study in details the most relevant example
of fusion rules coming from the dimension of conformal blocks on a N-pointed stable
curve. Using the fusion rules we define the Fusion ring R,(g) and subsequently move on
to give a proof of Verlinde formula. We mostly follow the descriptions of [Beau].

8.1 Fusion rules

Let us recall the Grothendieck ring R(g) of finite dimensional g-modules for a simple
Lie algebra g. The elements of the ring are isomorphism classes of finite dimensional
g-modules. We denote the isomorphism class of a g-module V' by [V]. Let [V,] denote
the isomorphism class of a irreducible finite dimensional g with highest weight \. It turns
out that R(g) is a Z-module generated with basis as [V}]. The multiplication is defined
by,

VALV = VA @ VL.

Thus R(g) is a commutative ring.

For each g-module V', the dual module V* is defined to be Hom¢(V,C). The action
of g on V* is given by,
X.f(v) = —f(Xw);

where X € g and v € V. In particular if V' is simple, then V* is also a simple g-module.
For A € P,, the dual g-module is V)- of highest weight A\*. A* = —w(\), where w is the
longest element in the Weyl group. The map

A — A",

induces a Z linear involution on P. This also induces an involution of the root system
and it preserves the long root 6. Thus F; is preserved under the involution.

The following lemma is trivial.
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Lemma 32. There exists a unique involution automorphism of R(g) given by A —
lambda* such that for every element [V] in R(g) we get

VI =[]

We prove a useful fact about conformal blocks which we will use in later while dis-
cussing fusion rules.

Proposition 13. Start with a N-pointed stable curve C' with the following data:

x:(C;Q17Q27”' 7QN;7717772"' 7T]N)

Let X- = (AL AL, -+, Ay); where X — X* is the involution. Then there is a natural
1somorphism between

Vi(X) = Vi (%).

Proof. Using the above lemma, we see that there is a automorphism o of g such that
for all finite dimensional representations p of g, we have p o ¢ is isomorphic to p*. The
automorphism of g extends to a automorphism & of g, which preserves the decomposition

0=09- ©gdCcoyy,

where we define gy = g ® EC[[€]] and g_ = g ® £!C[¢7!] as subspaces of g. For \ € B
consider the representation

p/\)\ : ﬁ S End(H,\)

Then the representation py o & is also simple. The subspace of H, annihilated by g, is
V). On V) the action of g is by py o o, therefore py o @ is isomorphic to py«. Thus there
is a C-linear isomorphism

Ty : Hyx — Hx-,
such that for X € g and v € H,
Th(Xw) =0(X).Ty(v).
Now we define the map

TX . HX_>H>}
TX = If)\l ®t)\2 ®"'®t>\1\1'

It follows that for X € g and f € H°(C, O¢(* Zj.V: LQ);
T3(X ® f)(v) = (0(X) & f)T;(v).
Thus T induces a C-linear isomorphism of Vy(X) onto Vi (X). O
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Let us denote by NQ(X), the dimension of V;(%); where the underlying curve has genus
g. As we have already proved that the dimension depends only on the genus of the curve
and A = (A1, A, -+, An). The above proposition tell us,

N, (%) = N, (X°).

We start with a genus g curve and we deform it to a nodal curve of genus g and consider
its normalization which has genus g — 1. Since the dimension of the conformal block does
not change under deformations, by using the factorization theorem, we have

Ny(X) =Y Nyoi(X,w,0%). (8.1)

veP,

Let ji = (p1, fto, - -+ , pear) be another set of points. Then for the N+ M pointed curve C' of
genus g we consider the deformation of the curve C' into a nodal curve whose components
are N and M pointed curve of genus h and k. Moreover h + k = g, where h and k are
positive integers less than ¢g. By factorization we have,

Ny(X, ) = > Nu(X, v)Ni(ji, v°). (8:2)

vePy

For the genus g = 0 case, we have shown that

for A # 0 and Ny(0) = 1. Further
]\/v()(/\7 ,u) =0

unless g = \* and Np(\, \*) = 1.

Let I be a finite set with an involution A — \*. We denote by N’, the free commutative
monoid generated by the set /. It is the set of sums of the form ) ., n,a with n, € N.
We extend the involution of I by linearity to an involution on NI,

Definition: A fusion rule on I is a map
N:N — 7,

such that
(1) N(0) =1 and N(«) > 0 for some « € I,
(2) N(x*) = N(z) for every x € N/,
(3) For all x and y in N/, one has

N(z+y)=> N(z+MN(y+r).

el
We define the Kernel of the fusion rule to be the set of all elements o € I such that
N(a+z) =0,
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for all # € N/. The fusion rule is said to be nondegenerate, if the kernel N is trivial.
Let N is a fusion rule, we can consider the restriction of the fusion rule on N’=%. Then
the restricted fusion rule Ny is nondegenerate. In this section we will restrict ourselves
to nondegenerate fusion rules. Next we consider the most relevant example of the fusion
rule.

For a simple complex Lie algebra g and a level ¢. For I = P, and for weights X =
(A1, Ag, - -+, Ay) consider the fusion rule defined by,

N ) = dime(VE(%));

where X is the N-pointed projective line P! and \;’s are the weights associated to the
point Q; on PL. It is clear from the previous discussion that N is a nondegenerate fusion
rule on P,.

For a commutative ring R with a involutive ring homomorphism and a Z-linear form
t on R such that the bilinear form

(z,y) = t(zy")
is symmetric. I be a orthonormal basis containing 1, we define a map
N:N —Z

by,
N ngp) =t ] 8").

Then N is a nondegenerate fusion rule on I and in particular we have t(z*) = ¢(x) and
for z,y € R we have,

try) =D txA)tyA").

Ael

We have a converse in the following proposition.

Proposition 14. Let N : N — Z be a nondegenerate fusion rule on I. Then there exists

a Z-bilinear map
7' x7' — 7'

which turns Z' into a commutative ring and a linear form t uniquely determined such
that
N _ngB) =t([[5™)
for all elements Y ngB € N'. Also, we have
t(OZ,ﬁ*) = 604,,37
fora,B8 € 1.

Proof. Putting x = y = 0 in the first rule, we get

> N =

Ael
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Since N () takes values in the integers; there exists an element € € I such that N(e) =1
and € = €* we also have N(\) = 0 for A # e. Using the second fusion rule and putting
y = 0, we see that

N(z) = Y N(z+ AN
N(x + €)N(e)
= N(z+¢) ( Propagation of Vacua).

With x = a and y = o* and using rule 3, we get

N(a+a*) =Y N(a+X)?> N(a+a).
Ael

Now if N(aw+ A) =0 for all A € I, then we see from the third fusion rule that
N(a+x)=0

for all #z € NZ. This is a contradiction since N is nondegenerate. Thus the only possibility

is that N(a+ a*) =1 and N(a+ \) =0 if, X # o*.

Now we are ready to define a multiplication on the ring Z! as follows

aB=> N(a+pB+A)\

Ael

and extend the definition by bilinearlity. The law is clearly commutative and we next
show that it is also associative. For a, 3,7 € I we have,

(a.B)y = (ZN(@ + B4+ A\

A€l

= ) > N(a+B+N)NA+7+p )

xel pel

= > Y NB+v+X)N(a+ A+ p)p

pnel Ael

= (D_N@B+y+r))aA

A€l

= a.(D_N@B+7+A)N)

A€l

= a.(B9).

By induction on N, for o; € I, we get the following:

al.az---aN:ZN(&1+042+--~+04N+)\*))\.
Ael

Again,
ca = ZN(e—i—omL)\*))\ = a.
xel
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N(z*) = N(x) implies, x — z* is a ring homomorphism.
t: 72 — 7,

is defined as
E NaQ — Ne.

From the previous discussion we see,
t(ar.ag.---ay) = N(ag +as + -+ + ay).
Since N(a + A) =0, unless o = * and N(a + a*) = 1. Thus, we get

t(aﬂ*) == 50&73'

]

Definition The ring Z’ with the multiplication defined in the previous proposition
is called the fusion ring associated to N. We denote it by Fy or simply F. Now, the
bilinear form (z,y) = t(zy) defines an isomorphism of F with the Z-module Homgz(F, Z).
The element Tr in Homy(F,Z) is defined by the trace of the endomorphism induced by,
multiplication L, by x. We claim that the element corresponding to Tr in F is the
Casimir element ¢ defined by,

c=) A\

el
We know that
vy =Y N(z+y+\)\

Ael
Thus,

Tr(z) = Y N(z+A+X\)
Ael

= ) t(A\z)
Ael
= t(cx).
Proposition 15. Given a sequence of maps

N,:N — 7,

such that, Ny = N and
Ny(x) =Y Nya(w+ A+ 1),

Ael

for allz € N' and g > 1. Then, for oy, g, -+, € 1,

Ng(Oél +oay+ -+ am) = t(a1a2 .. Oszg) = Tr(a1a2 .. amcgfl)_
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Proof.

Ny(ar + -+ ay,) = ZNg_l(a1+---+ozm+>\1+A§)

zel
= 3TN Nyalar 4o+ A+ A+ A
Mel Aael
_ Z No(ar + 4 + A+ A+ X 4o+ A
A1, A2, Ag €T
= Y t@maranAde s AN )
AL, A2, Ag€ET

= t(ag @)

= Tr(a - apct).

Remark:The above defined linear form ¢ gives rise to a canonical bilinear form:
N'xN' — Z
define by (x,y) = t(xy*), such that I is an orthonormal basis with respect to the bilinear
form. Since * is a ring homomorphism for z,y, 2 € F one gets,
(zy,z) = (2,57 2).
This imposes further restriction on the ring F.

We state without proof a proposition and corollary of the proposition. For a proof
see [Beau].

Proposition 16. The Q algebra Fog = F ® Q is isomorphic to a product [[ K; of finite
extensions of Q, preserved by the involution, which are of the following two types:

(a) a totally real extension of Q with the trivial involution,

(b) a totally imaginary extension of Q which is a quadratic extension of a totally
real extension of Q, the involution being the nontrivial automorphism of that quadratic
extension.

A character y of the ring F to C is defined to be the algebra homomorphism of F
to C. We denote by S the set of characters of the fusion ring F to C. By the previous
theorem, we get:

Corollary 8. (a) The map
Fe — C5
given by,
z — (X(2))xes

s an isomorphism of C-algebras and

(b) x(z*) = x(x) for x € S and x € F.
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Now by the above isomorphism, studying the fusion ring is reduced to studying the
characters on the fusion ring. With the same notation as that of the proposition on N,
we have,

Proposition 17.

Ny(on +an+ -+ +ay) = x(on)x(az) - x(an)x(e)
XES

where x(c) = > \¢; IX(N)[2.

Proof. For x € F the corresponding element in C* is (y(x),es). Thus multiplication by
x is same as the multiplication by the diagonal matrix whose entries are (x(z)yes). Thus

Tr(x) = Zx(x)

XES

Hence,

Ny(ay+ - +ay,) = Tr(ag - apc™?)

= ) xlar) - x(am)x(e)

XES

8.2  Fusion rings

Earlier we talked about the Grothendieck ring of finite dimensional representations of
g. It has a multiplication structure induced by the tensor product of g-modules. Now,
we consider the analogue of R(g) for level £ representations of g. But the multiplication
structure can not be given by simply taking the tensor product as the tensor product
of two level ¢ representations has level 2¢. Instead we use the fusion rule to define a
multiplicative structure.

To a simple Lie algebra g we have associated a fusion rule
N — 5 T .
N i) = dime VE(X);

where X is the data associated to the N-pointed projective line P!.

Let R,(g) be the Z-module generated with [V,] as basis where A € P;. We define the
multiplication

VALIVa = Y N+ 8+ )V,

HEP,

Under this multiplication, R,(g) gets the structure of a commutative ring. It is a subgroup
of R(g) but not a subring since the multiplication in R,(g) is completely different form
the multiplication in R(g).
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We recall some basic facts about Weyl chambers and dominant weights. Let P denote
the weight lattice for the Lie algebra g. For each root a the equation A\(H,) = 0 defines
a hyperplane, known as the walls in the vector space P ® R. The connected components
of the compliments of the wall are known as chambers. The chambers are fundamental
domains for the Weyl group action on P®R. To a basis (a1, ag, -, a,.) of a root system
A, we assign the chamber C'| known as the Weyl chamber. It is defined by the conditions
A(H,,) > 0. The weight which lie in the interior of the Weyl chamber are known as
dominant regular weights. Since C' is a fundamental domain for the action of the Weyl
groups, every element of P can be written as a wA,; where w € W and A\, € P,. The
stabilizer of an element belonging to the interior of the Weyl chamber is trivial. Let p be
the half sum of positive roots. Since

p(Ha,) =1;

A+ + p belongs to the interior of the Weyl chamber, for any A, € P,. Moreover the
weights which belong to the interior of the Weyl chamber are of the form A + p.

For studying the ring R,(g), we consider a analogue of the Weyl group known as the
affine Weyl group W,. The affine Weyl group W, is generated by W and translations of
the form

r— a4+ ({+g")0;

where 6 is a long root and ¢g* = 2p(Hy) + 1 is the dual Coxeter number. Since each long
root is conjugate to # under the action of the Weyl group W, we see that

Wy=W x ({+g")Quy,

where Q4 is the sublattice of P spanned by the long roots. Here the affine walls are
defined by the relations

ANHy) = (L + g")n.
for each root o and n € Z. The connected components of the compliment of the affine
walls are called affine chambers. As in the case of the Weyl group the affine chambers

are fundamental domain for the action of W, on P ® R. The alcove A contained in C
and containing 0 is defined by the equation

A H,,) >0,
for each element «; in the basis and A\(Hp) < (¢ + g*). As before the weights belonging

to the interior of the alcove A are of the form A, + p where A\, € P,.

Let Z[P] denote the group ring of P generated by elements of the form e* for A € P.
The multiplication of the basis is given by,

el = A,

We extend the multiplication by Z-linearity. Let Z[P]y denote the quotient of Z[P] by
the lattice generated by elements of the form:

(a) e* — sgn(w)e*?, where A € P, w € W and sgn(w) denote the sign of the element

w,
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(b) e*, where X\ belongs to the wall.
Observe that for A in a wall we have,
2¢* = et — sgn(sy)esW.

Similarly we define Z[P)w,, where we replace the W by W, in the above definition. We
have the following lemma:

Lemma 33. The linear maps,
¢:R(g) — Z[Plw and ¢¢: Ri(g) — Z[Plw,

defined by, [V\] — eM* is bijective.

Proof. We prove this by constructing a map in the opposite direction. We define a linear
map,

¢ Z[P] — R(g)
in the following way. If A € P does not lie on the wall, then it is of the form w(A; + p)
where A\, € P,, w € W are uniquely determined. We define,

w(eh) = sgn(w)[Va,]  if A does not belong to the wall.
770 otherwise.

The map 9 factors through the zZ : Z|Plw — R(g). It is easy to show that ¢ is
inverse of the map ¢. O]

By the above lemma we see there is a map 7 : R(g) — R,(g), such that the following
diagram commutes:

R(g) —— Re(g)
2 2
é¢ é@z

Z|Plw —— Z[P)w,

where the map p is the projection map. From the proof of the previous lemma we
also see that,

7([Va]) = 0 if A+ p belongs to the affine wall,
W([V)\]) = [V)\] for A € P,.

We are interested in the characters of the fusion ring R,(g). For convenience, we
replace g by the simply connected Lie group G whose Lie algebra is g. We also replace b
by T, the maximal torus in G. Any element A € P defines a character e* on T as follows.
Since any element of 7' can be written in the form exp(H), for some H € b,

eNexp(H)) = X,

This defines an isomorphism of the character group of 7" with P.
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For each t of T' defines a character Tr,(t) on R(g). It takes a g-module V' and assigns
the number Try (t). The Weyl character formula gives us an explicit way of computing
Tr. We introduce the anti-symmetrization operator as,

J(eM) = Z sgn(w)e™™.

One has,
J(ef) =¢€f H (1—e9)

acAt

We define an element ¢ of T to be a regular element, if

() # 1,

for each root a. Equivalently the action of the Weyl group on ¢ has trivial stabilizer. The
Weyl character formula tell us that, for a regular element ¢;

J(eM7)(t)

J(er)(t)
Now we define the analogue of regular elements for the case of the affine Weyl group. Let
T, denotes the set of all elements ¢ € T', such that e*(t) = 1 for each a € (¢ + g*)Qy,.

T, is the regular elements in Tp. The elements of 7, play a key role in determining
the characters of the ring R,(g).

TI"VX (t) =

Lemma 34. With the above set up we have,
(1) Fort € T;*, the character Tr.(t) factors thorough 7 : R(g) — Re(g),

(2) We identify P ® C with § using the normalized Cartan Killing form. Then the
map,

A — exp 27
P (+g*

induces an isomorphism of P/({ + g*)Qiy onto Ty,
(3) The map X\ — exp QWi%, induces a bijection of P, onto T, /W

Proof. (1) Let t € T,;*. Let us define the map j; by,

e
M) = T

The Weyl character formula gives us the following diagram:

R(g)
! Tr.(t)
e
/ Jt
Z[Plw —C.

We have to show, j; kills all elements of the kernel p. The kernel of the map 7 corresponds
to the kernel of the map p. The kernel of p is generated by elements of the form e —
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sgn(we)e” t*, where o € (¢ + g*)Q;, and also by element of the form e for some p in
the affine wall. Since w, = w x a, we get, sgn(w,) = sgn(w). Since t € T, we know
e®(t) = 1. Thus,

J(sgn(w)e™ **)() = Y sgn(w')sgn(w)e” " )(t)

= J(e").

So, j; kills elements of first kind. By a previous remark, 2e# is an element of the first
kind. Also 2j,(e*) = 0. We get, j;(e*) = 0. This completes the proof of (1).

For (2) we consider the exact sequence:
0 — 2miQY — b — T — 0;

where @V is the coroot lattice of the root system of g. Let us denote by Pl\g/ CQRVeQ,
to be the set of elements H, such that for all o € Q,:

a(H) € Z.

The map,

H — eXp(£+g*H),

induces an isomorphism of P/ /({+ g*)Q" onto Tj. After identifying Q" ® Q with P ® Q
using the normalized Cartan Killing form, we see Pl; is identified with the dual lattice of
Qiy- In other words, the set of all elements A in P ® Q, such that (X, ) € Z for each long
root #. This is equivalent to A(Hg) € Z. But the elements Hg span the coroot lattice
QY. Thus we see that the dual of @, is P. Similarly we see, @)V identified with the dual
lattice Q)i of P.

(3) The isomorphism of P/(¢ + ¢*)Qi; ~ T; is equivariant under the action of the
Weyl group W. The Weyl group orbits of P/(¢ + ¢g*)@, are in one-one correspondence
with the affine Weyl group orbits in P. These are the elements of P which lie in the
affine alcove. The orbits where W acts freely corresponds to the weights which lie in the
interior of the alcove. This completes the proof. O

We still have the same notation Tr.(¢), for ¢ € T;“, obtained by passing to the
quotient of the map 7. If A\ € P, and it does not belong to any affine wall, 7([V4]) = [V)].
The map Tr,(¢) only depends upon the class of ¢t € T, /W. We state without proof a
result from [Fal].

Lemma 35. The following conditions are equivalent:
(1) The map 7 : R(g) — R(g) is a ring homomorphism.
(2) m([Va @ V]) = [Va)-[V.], for each X\ € Py and each fundamental weight w € Py.
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(3) The linear forms Tr.(t) fort € T, /W are characters of the fusion ring R(g).

When these conditions hold, the characters of Ry(g) are of the form Tr.(t), for t €
T,/ W.

We state another lemma without proof from [Fal:

Lemma 36. The above conditions holds when g is of type A,, B,, C., D, and Gs.

The proof for other exceptional Lie algebras can be found in [Tel].

8.3 Verlinde formula

To compute the dimension of the conformal blocks we only need to know how to compute
the trace of the Casimir element Y, p [x(A)[*. We have the following:

Proposition 18. Let t € T,;. Then,

,_ T
> 1T (0 = 57

AeP,
where
A =17EN) = ] (@) - 1).
acAt
Proof. For \ € P, we denote
+p

ty = exp 271 .
A Xpﬂ€+g*

The t,’s form a system of representative of 7, /W. The Cartan Killing form is invariant
under the action of the Weyl group. So, we have

J(eM—p) (tu) _ Z sgn(w) exp 2mi <w()\ z——f)g;:i + p>
_ J(euﬂ)) ().

By the Weyl character formula we have,

> P = Y g e

)\EP@ )\EP@
1
= [ T(e ) ()]
A &

Define h(t) = J(e#**(t)) be a function on T. Observe that h(wt) = sgn(w)h(t), for
w € W and t € T. Also note h vanishes on non regular elements of 7. Since t is
nonregular, there is an reflection s, such that s,(tf) = t. Using the fact that h is anti-
invariant we get,

h(t) = h(sa(t)) = =h(t).
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But |h|* is W invariant. Therefore,

17 )OI = (J(e’””) J (7))

_ |Z|Jeu+p

teTy

= |W’Z|J€M+p t>\ s
/\EP

where the norm is the standard L? norm of functions on the finite group 7;. Hence,

S = il

We wish to show that the restriction of the characters e®#**+?) are all distinct, where w is
an arbitrary element in the Weyl group. By the orthogonality relations for the characters
of a finite group we get,

|7 (e )] = [W].

Suppose the character’s are not distinct; then there exists distinct elements w and w’ in
the Weyl group W such that

(w(p+p) —w'(u+p),\) € (l+g")Z, foral \e P.

But we have seen that the dual lattice of P is ;4. This is equivalent to the following:

ptp—w ' (p+p) € (0+g")Quy-

This implies the existence of a nontrivial element in W, such that, (u + p) is fixed by it.
This is a contradiction. O

An immediate corollary is the following:

Corollary 9. ( Verlinde formula ) Let g be a complex simple Lie algebra, and a N -pointed
stable curve C of genus g.

X=(C;Q1,Q2 - ,Qn;m,m27 - ,1N)

be the associated data.

X:()\b)\%'” 7)\N)

are the representations corresponding to the N points on the curve. Then one gets,

TT’VX (t)
N

. T - —1

dime VI(X) = [T )
teT,; % /W

2—2g

= |T,o ! Z Try, (exp 2m H ‘QSIHW ,u—l—p)‘

neP, aEAT
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Proof. By proposition-17,

dime VEX) = > x(u)x(h2) -+ x(Aw)x(e)!

XES
TI'Va(t>
— T g—1 X
T 2 R
teT, % /W
- At p ot )
= |Ty)? 1z:Trvﬂ(eprM -) H ‘QSIHTF—*l
HEP, ’ t+yg acAt t+yg
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